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Abstract. A time-oriented semiclassical boundary state is introduced to calculate the
correlation function in the Lorentzian Engle-Pereira-Rovelli-Livine spinfoam model. The
resulting semiclassical correlation function is shown to match with the one in Regge calculus in
a proper limit.

To test the semiclassical behavior of the Engle-Pereira-Rovelli-Livine (EPRL) spinfoam
amplitude [1], we compute the two-point correlation functions for the Penrose metric operator
in the Lorentzian signature. The setting is the one introduced in [2] and developed in [3, 4].
In particular, the correlation functions are calculated on a time-oriented semiclassical state [4],
which is peaked on the space-like boundary geometry of a Lorentzian 4-simplex.

1. The time-oriented boundary states
The boundary of a Lorentzian 4-simplex consists of five space-like tetrahedra a which meet at
ten triangles (ab) (a,b = 1...5 and a < b). Suppose all the time-like normals to the tetrahedra are
outward-pointing, then the tetrahedra can be divided into two types: the time-like normals to
the tetrahedra are either future-pointing or past-pointing. Each triangle, with the two adjoining
tetrahedra, defines a wedge. These wedges are then classified into two types: it is called in
[5, 6] thick wedge if the incident tetrahedra are of same pointing type, which means both future-
pointing or both past-pointing, otherwise called thin wedge. Let us assign a quantity to the
triangle (ab) to denote this classification:
0, thick wedge;
Map = { m, thin wedge. (1)

Consider the complete graph I' dual to the boundary of the 4-simplex, with five nodes a
dual to tetrahedra and ten links (ab) dual to the corresponding meeting triangles. Consider
the group SU(2), the spin network states |I',jup,1q) supported on this graph are given by
coloring each link (ab) with an irreducible representation j,; (a spin), and coloring each node
a with an SU(2) intertwiner i,. These spin network states span the truncated SU(2) Hilbert
space Hr of loop quantum gravity (LQG). There is another (overcomplete) basis of Hr, which
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is Lorentzian coherent spin network states with nodes labeled by Lorentzian Livine-Speziale
coherent intertwiners[4]:

|F7jaba Ta(ﬁ» = exXp (_i Z Habjab)|r7jaba (I)a(ﬁ»- (2)
(a<b)

Notation is as follows. On the right hand side, ®,(7) denotes the Euclidean coherent intertwiner
between the representations ju;(b # a) [7],

P4 (1) :/ dh H (Jab> Mab|P|jab, Tan) (3)
SUR) e

where the integral measure dh is the SU(2) Haar measure and |jup, M) denotes the SU(2)
coherent state in the spin-j representation to the link (ab) of the boundary graph T'; these
coherent states |j, 1) are peaked on the geometry of a classical triangle: 7i are associated to unit-
normals to triangles of a tetrahedron, and j areas of the triangles. We assume all the normals
outward to the tetrahedron, which satisfy j171 + joiio + janiz + jafia = 0, thus we associate to
each triangle (ab) normals —7i,, when a is target of the triangle and respectively iy, when b is
the source. Given a tetrahedron a, the Lorentzian-geometry phase exp (=i ;- , Ilapjap) maps
the Euclidean coherent intertwiners into the Lorentzian ones [4]:

Vo) = exp (=i Y Mapjap) (i), (4)
b>a

where the Lorentzian coherent intertwiner Y (7) in the Lh.s. is defined by time reversing the
past-pointing tetrahedra of the Euclidean coherent intertwiner ®(7i):

T(7) = ®(7i), for future-pointing tetrahedra; (5)

" | T®(77), for past-pointing tetrahedra.

Given a Euclidean coherent intertwiner in equation (3), the effect of time reversal 7" on the
(past-pointing) coherent intertwiner is defined as

T(I)a(ﬁ) = / dh H <jaba mab|hfab’jabaﬁab>a (6)
SU(2) bta

where “thickener” Tvab associated to triangle (ab) time-reverses thin wedges but unchanges thick
wedges:

=l =y ] Ldabs Tab), for thick wedge;
Tavlan, i) = { (—1)7ab|jap, Tap), for thin wedge. (7)

The action (7) of the thickener T can be reexpressed as

j;ab|jabu ﬁab> = eXp(_iHabjab)‘jab’ ﬁab>) (8)

with Tl related to the Lorentzian geometry by equation (1), and thus equation (4) can
be obtained by combining equations (5)-(8). The Lorentzian coherent spin network state
T, jab, Yo (7)) with nodes labeled by Lorentzian coherent intertwiners Y, (7) is thus given by
equation (2).



Loops 11: Non-Perturbative / Background Independent Quantum Gravity IOP Publishing
Journal of Physics: Conference Series 360 (2012) 012044 doi:10.1088/1742-6596/360/1/012044

Before going to use the Lorentzian coherent spin network states to construct the boundary
semiclassical states, we want to make clear two points: (i)The Lorentzian coherent intertwiner
is obtained by time-reversing the past-pointing tetrahedra and unchanging the future-pointing
ones; the effect of the time reversal on tetrahedra is given by thickener Ty, on each triangle (ab).
The action (7) of thickener T, ub is defined by “time-reversing” thin wedges and unchanging thick
wedges. The action of the time-reversal on the thin wedge is motivated from the time reversal
T|j, i) = (—1)7|4, —ii) in quantum mechanics. However, there is a slight difference between them
of the minus sign for 7. This minus sign is supposed to keep normals outward-pointing after
time reversal. (ii)The two phases from the intertwiner relation (4) and from the spin network
relation (2) are different, in the sense that a is fixed in the former but free in the latter. In fact,
the latter phase is product of the five phase in the former form. However, here, we call both of
them Lorentzian-geometry phase, if no confusion arises.

Now let us come to the Lorentzian semiclassical state superposed by the Lorentzian coherent
spin network states. Let ¢, label the simplicial extrinsic curvature, which is an angle associated
to the triangle shared by the tetrahedra; a Lorentzian semiclassical state peaked both on intrinsic
and extrinsic geometry can be given by a superposition of Lorentzian coherent spin network

states:
Z%o,% )3, X(7)) (9)

Jab

with coefficients 1;, 4. (j) given by a gaussian times a phase [2],

. — ex ab % (ab)(cd) Jab (jo)ab jcd - (jo)cd
Vo0 (J) =€ p( Z’)’¢ (Jab — ]o)ab)) x e p( %’ya Toom oo ) :

(10)

where the 10 x 10 matrix «(®(d) is assumed to be complex with positive definite real part.
In the following we will use the Lorentzian semiclassical state (9) to calculate the Lorentzian
two-point correlation function.

2. The EPRL correlation functions
The connected two-point correlation function G4 on a semiclassical boundary state |¥,) is
defined as

G = 5By, By, -Ey) — (Ep-Ey) (Ey,-Ey) (11)

where (E%); is a flux operator through a surface f,, dual to the triangle between the tetrahedra
a and n, parallel transported in the tetrahedron n. Here the dynamical expectation value of an
operator O on the semiclassical state |¥,) is defined via

(W|O|w,)

(0) = W,

(12)

where W is the EPRL spinfoam amplitude [1]. The correlation function (11) can be reexpressed
in terms of group integral [4]:

qobed _ 22 Vi J A9 A0z gPare” 3y [dlgdl%z gie” 37,4 [ dlgd'Cz giie® (13)
Y [digdifz ed S [digdi0zeS Y gy [digdi0zeS

Notation is as follows. The coefficient 1); is short for 1;, 4, (j) given in equation (10). The
group integral d*g is short for the Haar measure of SL(2,C)*, one per each tetrahedron, and
one redundant integral is removed to obtain the finite integral [8]. We consider an irreducible
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representation of the Lorentz group SL(2,C) on the space H ;) of homogeneous functions
f%l(z)(hp) on complex projective line P, and the integral d'°z is over one P per each triangle, up
to a factor —((Zab, Zav)(Zpas Zpa)) L, With Zy, = glz and Zp, = gzz. The “action” S is given by

. <J€aba Zab>2<Zbaa€ba>2 .. <Zba7 Zba> . . )
S(g,z) = ab lo +iYjap log ———— — illpdap | » 14
(g ) (ang) <] bio8 <Z(lb7 Zzzb> <Zba’ Zba> TJab 08 <Zab) Zab> bJab ( )

with v the Barbero-Immirzi parameter; the spinor ¢ € C? is related to the coherent state |j, 77) in
the sense that the corresponding SU(2) group element n(&) rotate the direction (0,0, 1) in sphere
S? into the 7 direction. The antipodal vector —ii(£) can be associated to J¢, i.e. —ii(§) = 7i(J€).
The insertion ¢ is given by

<53Zan7 éan> . <5:Zlm7 5bn>
<Zan7§an> <an7£lm> )

The large-spin asymptotics of the correlation function (13) can be obtained via stationary
phase approximation [3, 6], which is given by (for details, see [4]):

a2 = v janjon (15)

Grn(@) = (7o) (Ripi(a) + O(7)) (16)
with
paved _ L 3 Q! 5‘1?5’ 5?5? (17)
R p<qr<s PO Dy Djrs
and
~alab)(cd) ,

=— . 1
Q(ab)(cd) mm + SRegge ( 8)
If we take the classical limit, introduced in [3], where the Barbero-Immirzi parameter is taken
to zero v — 0, and the spin of the boundary state is taken to infinity j — oo, keeping the size
of the quantum geometry A ~ j finite and fixed, the two-point function (16) we obtain exactly
matches the one obtained from Lorentzian Regge calculus [9].

Deriving the LQG correlation function at the level of a single spin foam vertex is certainly
only a first step. Within the setting of a vertex expansion, an analysis of the LQG correlation
function for an arbitrary number of spinfoam vertices is needed. It would be interesting to
investigate the contribution of the y-term to correlation functions when more than a single spin
foam vertex is considered.
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