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Abstract We investigate the global solutions of the Dirac equation on the Anti-
de-Sitter Universe. Since this space is not globally hyperbolic, the Cauchy prob-
lem is not, a priori, well-posed. Nevertheless we can prove that there exists unitary
dynamics, but its uniqueness crucially depends on the ratio beween the mass M of
the field and the cosmological constant A > 0: it appears a critical value, A /12,
which plays a role similar to the Breitenlohner-Freedman bound for the scalar
fields. When M? > A /12 there exists a unique unitary dynamics. On the contrary,
for the light fermions satisfying M? < A /12, we construct several asymptotic con-
ditions at infinity, such that the problem becomes well-posed. In all the cases, the
spectrum of the hamiltonian is discrete. We also prove a result of equipartition of
the energy.

1 Introduction

There has been much recent interest in the field theory in the covering space of the
Anti-de-Sitter space-time CAdS, that appears as the ground state of the gauged su-
pergravity group ?. This lorentzian manifold is the maximally symmetric solution
of the Einstein equations with cosmological constant —A < 0 included. Its topol-
ogy is tx%, but its causality is non-trivial because it is non-globally hyperbolic:
the Cauchy data on {t = 0} x* determines the evolution of the fields only in a re-
gion D, bounded by a null hypersurface, called a Cauchy horizon. More precisely

Dis defined by | 1 |< /3 (’zt — arctan (\/§ | X |> > Thus we can think that to

specify the physics apart from D, we have to impose some asymptotic constraint at
infinity as | X |— oe. Since the conformal boundary of CAdS is timelike, this condi-
tion can be considered as a boundary condition. It is exactly the case for the mass-
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less, conformally coupled scalar fields that are conformally invariant in CAdS, and
these fields have been studied in this spirit by Avis, Isham and Storey in ?. For the
massive fields the situation is different because the gravitational potential relative
to any origin increases at large spatial distances from the origin. It causes confine-
ment of massive particles and prevents them from escaping to infinity. In fact, the
situation is rather subtle and depends on the ratio between the mass from the field
and the cosmological constant. This phenomenon has been discovered by Breiten-
lohner and Freedman ??, who have showed the existence of two critical values, the
B-F bounds, for the scalar fields; the first one assures the positivity of the energy,
and the second one assures the uniqueness of the dynamics. In this paper, we es-
tablish a similar result for the Dirac ﬁeldsm The square of the mass of the spinors
is compared with a unique B-F bound that is equal to A/12. We shall see that
the physics of the heavy fermions (M? > A /12) is uniquely determined, but there
exists a lot of possible dynamics for the light fermions (M? < A /12), involving
the asymptotic forms, at the CAdS infinity, of classical boundary conditions, local
or non-local: MIT-bag, Chiral, APS conditions, etc. From the mathematical point
of view, the solutions of the initial value problem are given in D by the Leray-
Hadamard theorem for the hyperbolic equations 0, = H(X, dx )%, and on the
whole space-time, we solve the Cauchy problem by a spectral approach, i.e. we
look for the solutions formally given by ¥(z) = ¢"™¥/(0). Therefore we have to
construct self-adjoint extensions of the Dirac hamiltonian H(X, dx ). This method
was used by A. Ishibashi and R.M. Wald ??, for the integer spin fields.

The paper is organized as follows. In Part II, we briefly describe the Anti-
de-Sitter manifold, mainly the different systems of coordinates and the properties
of the null and time-like geodesics. The explicit forms of the Dirac equation on
CAdS are described in Sect. ??, and we state the main result, Theorem ??. We
perform the spinoidal spherical harmonics decomposition in the following part.
The asymptotic conditions and the self-adjoint extensions are discussed in the
final section. In a short appendix, we present a new proof of the B-F bounds for
the Klein-Gordon equation.

We end this introduction with some bibliographic information. Above all, we
have to mention the works treating the scalar fields on CAdS, ????. We refer to
??? for a presentation of the Anti-de-Sitter universe. There are many mathematical

gravitational potential plays the role of a variable mass that tends to the infinity
at the space infinity; the rather similar Dirac equation on Minkowski space with
increasing potential has been considered in ???. The literature on the boundary
value problems for the Dirac system is huge ; among important contributions,

global existence of fields on the non-globally hyperbolic lorentzian manifolds, in
particular 222?22 .

! The author thanks the anonymous referee for his valuable comments on the B-F bounds.
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2 The Anti-de-Sitter Space Time

Given A > 0, the anti-de-Sitter space AdS is defined as the quadric
3
embedded in the flat 5-dimensional space > with the metric

ds? = dU* +dv?* — (dXx")? — (dX?)? — (dx?)%.

AdS is the maximally symmetric solution of Einstein’s equations with an attractive
cosmological constant —A < 0. To describe AdS it is convenient to set

[A . [A
U:Rcos< 3T> , V:Rsm< 3T> ,

then we can see that
1.3
AdS = ST X (XI,XZ,X3)7

A
dsk s = ngde +dR* — (dX")? — (dX*)? — (dX3)?,

R = \/<X1)2+(X2)2+(X3)2+i'

For constant T, the slice {7} x> is exactly the 3-dimensional hyperbolic space H?>
that is the upper sheet of the hyperboloid (X ')+ (X?)2 + (X3)? —W? = — % in the
Minkowski space ?XI.XZ X3.W) with the metric (dX')? + (dX?)? + (dX3)* — dW>.

It is useful to use the spherical coordinates

1

r= \/(X1)2+ (X2)24 (X3)2 € [0,00], and if 0<r, ®=—(X' X X>)cS$?
r

for which the hyperbolic metric becomes

AN !
ds]%13 = (] —|—3r2> dr* + r*dw?,

where dw? is the euclidean metric on the unit two-sphere S2,
dw? =d6’+sin0de?, 0<0<m 0<¢<2r.

We shall use the nice picture of the hyperbolic space, the so called Poincaré ball.
We introduce

) A 1 .
IS‘]S?), X'l = 57)(‘],
1+,/1+472
/A
p= 346[0,1[,
1+4/1+472
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then H? can be seen as the unit ball
B={x:=(x" ) e p>=") +() P+ () <1}
endowed with the metric

sty = dp* +p*de?), 0<p <1, ocs

3
AT

We note that the time coordinate T is periodic, and this property implies the
existence of closed timelike curves. To avoid this unpleasant fact, we replace 7' €
S! byt €, i.e. we change the topology, and we consider in this paper the Universal
Covering Space of the anti-de-Sitter space-time, that is the lorentzian manifold
CAdS := (# ,g) defined by

3 _
M= X x2 x0) =0 B2 9y,

with the metric,

A AN\
guvdxtdx" = <1+3r2) dr’> — (1+3r2) dr* —Pdo?, 0<r<e, ®€ S,

2
1+p2\"  , 3 4 s s i
pr— o < .
(1—/)2) da A(1-p2) (dp*+p°dew’), 0<p <1, ®€S

It will be useful to introduce a third radial coordinate,

X = arctan (\//;r> = 2arctanp. (D)

Then the Anti-de-Sitter manifold can be described by:

(1,%,0,9) x[o,g[x[o, 7] % [0,271],

guvdxtdx¥ = (1 —|—tan2x) Guvdxtdx',

where g is given by
3
Guvdxtdx’ = dr* — X (dx* + sin> xd 6> + sin” xsin” 0d ¢*) .

Therefore, if the 3-sphere S° is parametrized by (x,8,¢) € [0, 7] x [0, 7] x [0,27],
and 3 is the upper hemisphere [0, [, x [0, 7] x [0,27[y, CAdS can be considered

as conformally equivalent to the submanifold .# =, ><S§r of the Einstein cylinder
(€,8).

&= xS, 2)

and the crucial point is that the boundary 9.7 =, x {x=Z}xS5 o is time-like.
Nevertheless, we should note that, unlike the black-hole horizon of the Schwarzschild
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metric (that is a characteristic submanifold of the Kruskal space-time), the time-
like infinity of CAdS, like the cosmological horizon of the De Sitter universe,
(or a rainbow) is seen in the same way by any observer: since CAdS is frame-
homogeneous (i.e. any Lorentz frame on CAdS can be carried to any other by the
differential map of an isometry of CAdS), no point is privileged.

Finally we recall that the null geodesics of AdS are straight lines in ?xl XEXUY)

and the timelike geodesics are ellipses, intersection of AdS with the 2-planes of 3
passing through the origin 0. As a consequence, CAdS is geodesically complete,
and time oriented by the Killing vector field d;, but its causality is not at all trivial:
(1) given a point P on the slice t = 0, the future-pointing null geodesics start-
ing from P form a curving cone of which the boundary approaches but does not

reach the slice 1 = %\/g, hence CAdS is not globally hyperbolic; (2) the future-
pointing timelike geodesics on CAdS starting from P, all meet a conjugate point Q

atr = n\/g , P and Q project on antipodal points of AdS. Therefore the time-like
geodesics on CAdS can be parametrized by (¢,x(¢));e, where the function ¢ — x(¢)

is t-periodic, with period 27r\//\E . These unusual properties yield important con-

sequences for the propagation of the fields: (1) suggests that we could have to
add some condition at the “infinity” S* = 9B to solve an initial value problem, at
least for the massless fermions; nevertheless, since the massive particles propa-
gate along the time-like geodesics, (2) seems to imply that such a condition is not
necessary for the massive fields. In fact, the situation is rather subtle and depends
on the ratio between the square of the mass of the fermion, and the cosmological
constant. We shall see that no asymptotic constraint at infinity is necessary for
the heavy spinors, but there are many possible physical constraints for the light
masses. In all the cases, the spectrum of the hamiltonian of the massive fields is
discrete.

3 The Dirac Equation on CAdS

We consider the Dirac equation with mass M € on a 3+1 dimensional lorentzian
manifold (.#,g):

iy(‘;)Vﬂw—My/:O. )

The notations are the following. V, are the covariant derivatives, 7(’; )’ o<u<
3, are the Dirac matrices, unique up to a unitary transform, satisfying:

. o . v v — HohV
o =Y No= N 1STS3 YWy thg¥p =261 @
Here A* denotes the conjugate transpose of any complex matrix A. We make the

following choices for the Dirac matrices on the Minkowski space time '+3: y* are
the 4 x 4 matrices of the Pauli-Dirac representation given for u =0, 1,2,3 by:

p-(a8) v (59)
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where

(10 (10 , (01 5 (0=
=(oh) = (65) 2= (V) = (74)

We also introduce another Dirac matrix that plays an important role in the bound-
ary problems:

S .. 0 2.3 017
: ! :1 ([O)’ (3)
that satisfies

Y +74yY =0, 0<pu<3.

We know that when the metric is spherically symmetric,

guvdxtdx” =F(r) r* (d6* +sin” 0d¢?)

1
2
F(r)
then, if we choose the local orthonormal Lorentz frame {e‘; ,a=0,1,2,3} defined

by

1
el =", if u=a, e¢}' =0 if u#a,

the Dirac equation has the following form in (¢,r,0, @) coordinates (see e.g. 2??):
Jd 1 F i d 1
F2 iF2 - = 4
{i 70 , HiERY <a t +4F> o <ae +2tan9>
y3 — M } v=0.
For the Anti-de-Sitter manifold we have
A
F(r)= <1 + 3r2> ,

and it is convenient to make a first change of spinor ; we use the radial coordinate
(??), and we put

rsm 6

1

7
D(t,x,0,0) ::r<1+/;r2> y(t,1,0,0). )

Then we obtain the Dirac equation on the Anti-de-Sitter universe with the coordi-
natesr €,x € [0,5[, 0 €[0,7], ¢ € [0,2x]:

\Eidwﬂfoyli smx{”%’z(ae 2taln9> smeyoy3 ]

COsx

®)
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Since the part of this differential operator involving d;, d, is with constant coeffi-
cients, the form of this equation is convenient to make a separation of variables by
using the
generalized spin spherical harmonics. But this decomposition has an inconve-
nience: since the one-half spin harmonics are not smooth functions on S2, the
functional framework involves spaces that are different from the usual Sobolev
spaces on S” as we shall see in the following part. It will also be useful to write
the Dirac equation with the coordinates (¢,p, 0, ¢) € x[0,1[x[0, ] x [0,27]. We
put

(Ib(t,p,e,qo) = @(l,x,&(p),

and the Dirac equation becomes:

30 14p2
\fazq”r( 2 >7’0
1 1 21M
lap py2<89 2tan6> psm6y38(p 1-p2

In the part involving y', ¥, ¥, we recognize the usual Dirac operator in spherical
coordinates on 3 with the euclidean metric. This is a nice way to get the Dirac op-
erator on CAdS in cartesian coordinates. Adapting an approach of ?, we introduce

5 =77 PP 7).

S(6,0):= AV, (6)
We easily check that
aa* =1, 8§ =1,

Ya=ap, Pa=ap, Pa=ay.

We put

)= 1
~ psin®

v,

Y (p,0):=7", ¥(p,0):= ;72, Y (p

7(p,0,9) :=cos @sinBy' +sin@sin Oy +cos 07,
7(p,0,0) ::;) (cos pcos 0y +sin@cos y* —sin 0y’ ,

) R R
7(p.6,0) = 5ne (—sin@y' +cospy’).

Tedious calculations give:

1<;j<3, S(0,0)Y(p.0)=7(p,0,9)S(6,9).
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1

The cartesian coordinates x := (x',x?,x%) on B being

xlzpcos(psine, xzzpsin(psine7 x3:pcose7 @)

we define the spinors ¥, donB by the relations

- 1
P(x' 3% x) = D(p,6,9) = 55(9,90)@(0,9@),

and the Dirac operators
d d d
Ll
D:=y +7282_H/38x37
8
—
= +y289+y3
d

P o 1 _
Y ap“’2<ae+2tane)+”3a<p'

We omit the direct calculus that gives the links between these operators:

@1

S

(DP) (2, %) = (D) <p,e,<p>=$s<97¢><D¢><p,e,<p>.

We denote S the operator that relates the spinors in cartesian and spherical
coordinates:

S: P —-SP=Y, (' 2= S(0,0)®(x,0,0). (8)

tan ()

Then, if ®(z,.) is a solution of (??), the Dirac equation satisfied by ¥(z,.) :=
S®(t,.) fort €, x = (x!,x%,x*) € B has the form:

14 p2 o  2M [3
\["Oaz < 2 )[ *”292 Yoet i\

Since the charge of the spinor is the formally conserved L? norm, it is natural
to introduce the Hilbert space:

L2 := [LZ (B 2dx>r (10)
K 9 1+p2 )

and given ¥ € L? we want to solve the initial problem, i.e. to find a unique

w=0. (9)

¥ e (L) (11)
solution of (??) satisfying:
¥(r=0,.)=%(.), (12)
and the conservation law:

vie, |[() l2=[ ¥ [z - (13)
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Moreover, since % is a Killing vector field on CAdS, it is natural to assume that

te— (% — P(1)), (14)
is a group acting on L2. Therefore we look for strongly continuous unitary groups

U(t) on L? that solve (2?). According to the Stone theorem, the problem consists
in finding self-adjoint realizations on L? of the differential operator

SCETWY NE JRY E BNEINE
HM'_1< 2 )yolyaxl+yzax2+y33x3+l—p2 Al (15)

with domain

D(Hy) = {¥ eL* Hy¥ € L*}, (16)

by adding suitable constraints at the CAdS infinity p = 1. The answer crucially
depends on the mass of the spinor.

First we discuss the massless case. When M = 0, the Dirac system is confor-
mal invariant, and it is equivalent to solving the Cauchy problem in the half of the
Einstein cylinder, ; x Si. Therefore we can extend the initial data from the hemi-
sphere Si to the whole sphere S, and solve the Cauchy problem on the Einstein
cylinder ; x S3. This is tantamount to solving Eq. (??) on ,><,3(, instead of ; x By.
This approach was used by S.J. Avis, C.J. Isham, D. Storey ? for the scalar field,
and later, by Y. Choquet-Bruhat for the Yang-Mills-Higgs equations ?. By this
way, we impose no boundary condition at the CAdS infinity, or, in other words, a
“perfectly transparent” boundary condition, and we easily obtain global solutions
on CAdS. We have to remark that since there exists a lot of ways to extend the
initial data, such a solution is not uniquely determined by the Cauchy data on S3+.
Moreover the effect of this “perfectly transparent” condition is to recirculate the
energy: the conserved charge is the L>-norm on $* while the L?-norm on 3 is
changing in time, and so (2?) is not satisfied. In order to assure the conservation
(??), we can take another route, and impose some “reflecting” boundary condi-
tions on {x = Z} x S2.1n ?, several conditions are discussed for the scalar mass-
less field. For the Dirac equation, we note that when M = 0, Eq. (??) has smooth
coefficients up to the boundary | x |= 1. Therefore, in the massless case, we deal
with a classical mixed hyperbolic problem, and different boundary conditions for
the Dirac system with regular potential are well known (see e.g. ??????). We re-
call an important local boundary condition for the Dirac spinors defined on some
open domain €2 of the space-time, the so called generalized MIT-bag condition:

ng (e, 2 %) = iei""’s'f’(t,xl,xz,x3), (t,x', 2%, x%) € 90,

where n* is the outgoing normal quadrivector at d2 and « € is the chiral angle.
When o = 0 this is the MIT-bag condition for the hadrons and when o = 7 this
is the Chiral condition. Another fundamental boundary condition is the non-local
APS condition introduced by M.F. Atiyah, V. K. Patodi, and I. M. Singer (see e.g.
?) and defined by

1]0700[ (D89> Y =0 on (99,
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where D, is the Dirac operator on dQ. More recently, O. Hijazi, S. Montiel, A.
Roldan ? have introduced the mAPS condition:

1), (Dgg) (Id —ny ") ¥ =0 on 9Q.

For Q2 =, xB, these boundary conditions become

BY(t,0) =0, (1,0)€ xS, (17
where
MIT — bag condition : By = 771 +ild, (18)
Chiral condition: PBep = 7' —ild, (19)
APS condition: PBps = 1)g [ (Dg2) , (20)
mAPS condition : PBuaps = 1. (D) (7' +1d), 1)

where Dy is the intrinsic Dirac operator on the two-sphere:
—— d 2\ =
DV =i V¥ —+7=—|P.

We conclude that there exists many unitary dynamics for the massless spin-% field
on CAdS, that we can easily construct by solving (??) with M = 0, (2?), (??2),
by invoking the classical theorems on the mixed hyperbolic problems. In conse-
quence, our work is mainly concerned with the massive field, and in the sequel,
we consider only this case.

When M # 0 the situation is very different because the potential blows up as
p — 1. The analogous situation of the infinite mass at the infinity of the Minkowski
space has been investigated in ??. In our case, the key result is the asymptotic
behaviour, near the boundary, of the spinors of D(H,,). We note that it is sufficient
to consider only the case of the positive mass, because the chiral transform

Y — Py
changes M into —M since we have
YHyY =H .

We remark that the MIT-bag and the Chiral conditions are exchanged by the chiral
transform, and the APS condition is chiral invariant. Let ¥ be in D (Hys)with
M €*. Then

P e [CO (]0,1[,3;11%(5;)}4, 22)

1
| 1960) B g, pdp < Bt I 3)
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When M? > f\—z, we have

| (p®) |l;2(52)=0O (ﬂ) . p— 1. (24)

When M2 = %’ we have

| #(pw) l25)= 0 (VP —1)In(1=p)), p—1. ©5)

1 4

When 0 < M? < f\—z, we put m := M %, and there exists ¥_ € {HZ(SZ)} ,
¥, e [LZ(SZ)]A', and y € [C° ([0, l]p;Lz(Sﬁ,))]4 satisfying

P(pw)=(1-p) " (0)+(1-p)" ¥ (o) +y(pw), (26)

'Y iy =0, 7Y —iP, =0, (27)

| ¥(p@) l253)=0 (VT=P), p—1. )

Conversely, for any ¥_ € {H%“”(Sz)} 4, Y, e {H%””(Sz)} ! satisfying (??), there
exists ¥ € D(Hy) satisfying (2?) and (??).

We shall see that (??) can be improved and when M? > f‘—z the elliptic estimate
below (2?) implies that [, || ¥(pw) ||22(S(20) (1217’73)2 < co. When M? > 4, then
¥ e [C°(o, 1]p;L2(S§))]4, but the trace of ¥ on 9B does not exist for M? < 1/\—2
Moreover we see with (2?) that when M # 0, Hy¥ = 0 implies ¥ = 0.The

4
situation is different when M = 0: we have ¥ € [Co (]O, l]p;H’%(S%o)} for
¥ € D(Hp), and this result is optimal: there exists ¥ € L2, ¥ #0, with Hy¥ =0
_1 4 4
and ¥ (o) [H 2(530)} VU [ s3]
We note that when M2 > f\—z, the elements of the domain of Hj, satisfy the
homogeneous Dirichlet Condition on dIB. We shall see that Hy, is self-adjoint.

On the contrary, when 0 < M < ]A—z, the trace of ¥ on dB is not defined, the
leading term (1 — p) ™Y satisfies the MIT-bag Condition and the next term (1 —

)", satisfies the Chiral Condition (and the converse for —/ % <M < 0). We

introduce natural generalizations of the classic boundary conditions in terms of
asymptotic behaviours near S°:

| 29(p0) ll253)=0 (VTI=p), (29)

and we consider the operators Hy, & = Byir, PBceri, Baps, PBmaps, defined as
the differential operator Hy; endowed with the domain

D(Hy) := {¥ € D(Hy): | B¥(p0) 2,0 (VI=P) }-
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We remark that (??), (??) and (??) imply:

D (Hg,,,) ={¥eDMy):; ¥, =0 ifM>0,% =0 if M <0},
D (Hg,,) ={¥Y€DMHy): ¥-=0 ifM>0,¥, =0 ifM<0},

D (H-@APS) =D (H-@mAPS) = {'P € D(Hy); Lo ,cof (Dg2) Wy = Ljg | (Dg2) ¥- :O} .

We now construct a large family of asymptotic conditions, generalizing the
previous one, by imposing a linear relation between ¥_ and ;.. If we denote ¥,

=" (yl, w3, yi,yl), the constraints of polarization (??) allow to express I,Ui’4 by
using wi’z:

(‘Vw%(w)> = +in.c (ﬁ(w)) : w.o:_iwfcj.

We consider two densely defined self-adjoint operators (A* D(A*)) on L?(S?)
x L2(S?), satisfying

D(AT) = LX(S?) x L*($?), D(A™) > H?(S%) x H2 (8%, (30)

A* (C(S%) x C(8%)) € H3"(S2) x H3*"(52). 31)

.. . 1
As an example, we can choose A~ any hermitian matrix of H2(5%;2%?), and A*

any hermitian matrix of H 2m NL>(S8%;2*?). We define the operators (Hy+,D(Hy+)),
(Hs-,D(H,-)), where

D(Hyx) = {'PED(HM); <‘£) =A% (%)}

For A~ = A" =0, we obviously have Hp= = H,,,,, Ha+ =Hg,,, if £ M > 0.
Furthermore, the chiral transform ¥ — )/5 Y leads to the exchanges M — —M,

Hayir — Wy Hacy — oy Hayps — Haypgr Ha A H@a,_o,\iw,a'
We now state the main theorem of this paper. [Main result] Given M €*, we

consider the massive Dirac hamiltonian Hy; defined by (22), (2?). When M? >

%, H,, is essentially self-adjoint on [C8°(IB%)]4, and if M? > f\—z, then D (Hy) =

[Hy (B)] * and for all ¥ € D (Hy/), we have the following elliptic estimate:

A A
\ 13 1 Hu¥ 2> <M| —\/12> V¥ 2 - (32)

2 _ A
When M* < 5, Hy+, Hy-, Hg, . H
=Hg,,\ps-
The resolvent of any self-adjoint realization of Hy;, M €*, is compact on L2,

and so, the spectrum of these operators is discrete.

B,aps are self-adjoint on L, and Hg,
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We see that % is an important critical value. It plays exactly the same role
that the bounds that Breitenlohner and Freedman have discovered for the scalar
massive fields ??. We recall that these authors have considered the Klein-Gordon
equation | g |’% dullg \% g*voyu ) — a%u =0, for which a = 2 corresponds
to the massless case. By a sharp analysis of the modes, they have established,
among other results, that: (i) the natural energy is positive when a < 9/4 | in
particular for the light tachyons associated with 2 < a < 9/4; (ii) the dynam-
ics is unique when a < 5/4 ; (iii) there exists a lot of unitary dynamics when
5/4 < a0 < 9/4. For the sake of completeness we give in the one-page Appendix,
a new and very simple proof of these results, based on a Hardy estimate and on
the Kato-Rellich theorem. For the spin-% field with real mass, the most impor-
tant conserved quantity is the L>-norm that is always positive, hence one bound
will suffice to distinguish the different cases: it is {‘—2 We have to emphasize that
this value was already presented in the discussion of the massive OSp(1,4) scalar
multiplet in ??. This multiplet consists of a Dirac spinor with mass M, and two
Klein-Gordon fields for which o =24 M+/3/A —3M?/A. We can easily check
that o < 9/4 for any M €, and o < 5/4 iff M?> > A /12. Therefore our own re-
sult is coherent with this particular model of Anti-de Sitter supersymmetry: the
constraints for the uniqueness of the dynamics are simultaneously satisfied for the
spin field and the scalar fields. The case o > 9/4 describes the heavy tachyons in
CAdS, and corresponds to the case of an imaginary mass for the Dirac field. This

regime seems to be unphysical since the energy of a scalar tachyon is not posi-

tive, and the L?-norm of a spin—% field with an imaginary mass is not conserved.

Of the mathematical point of view, it is doubtful that the global Cauchy problem
with these parameters is well posed, and of the physical point of view, we could
suspect that the AdS background is not stable with respect to the fluctuations of
such fields. We do not address this situation in this paper.

We now turn over to the Cauchy problem.

Given ¥ € L2, there exist solutions of (??), (??), (2?), and all the solutions
are equal for

3 /xm
(1,x) € xB, |1]< \/I(z —Zarctanp> . (33)

When M? > %, the Cauchy problem (??), (2?), (2?) has a unique solution. This
solution satisfies (??).

We achieve this part with a result of equipartition of the energy. We know,
2, that the solutions ¥ € C%(;;L?(3;*)) of the massive Dirac equation on the
Minkowski space-time, satisfy

lim | Py P (1 x)dx = 0.

‘llﬂoc 3

Since the spectrum of the possible hamiltonians for the massive fermions on CAdS
is discrete, we cannot expect such an asymptotic behaviour. Nevertheless, we es-
tablish the existence of a similar limit, in the weaker sense of Cesaro:
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Let ¥ € C%(;;L?) be a solution of (??), given by ¥ (¢)= "\/7 ¥(0), where H
is a self-adjoint realization of Hys, M €*. Then we have

Thm - / Y PP W (1,x)dxdt = 0. (34)

The proofs of these results are presented in Parts V and VI. They are made
much easier by the use of the spherical coordinates. Operator S, defined by (??),
that relates the spinors within the two systems of coordinates, is an isometry from

g2 [L2 ([o, g[xx[om]@ x [0,27[,sin deded(p)r, (35)

onto L2, and satisfies the intertwining relation
HyS = SH,,, (36)

where H,, is the differential operator

’707 Ep Smx[yoyz<89 2taln0) sm9yoyafp}

m 3
_m — My 37
cosxy07 n A 37

The problem essentially consists in finding self-adjoint realizations of H,, in .#2.
The difficulty comes from the blow-up of the gravitational interaction on the
boundary. We see that H is just the Dirac operator on the 3- sphere 83 [0, 7], x

[0, )9 % [0, 27, restricted to the upper hemisphere S3. < [0, Z[, [0, 7]¢ x [0,27[,.
The key result, Theorem ??, deals with the asymptotic behaV10ur of ® € D(H,,) at
the equatorlal
2-sphere S? = 851, as x — Z. The tool is a careful analysis based on the diag-
onalization of Dy, by the spinoidal spherical harmonics.

4 The Spinoidal Spherical Harmonics

We start by introducing several tools based on the spinor representation of the
rotation group (see ???). It is well known that there exists two Hilbert bases of

12(%), given by: (Tf <e,<p>) ,(Th <e,<p>) ,
L (1.n) T2 (1.n)

1 1
I:= {(l,n),le +§, n€+§, I—|n |€}

1
= {(l,n);le—i—27 n——l,—l—i—l,...,l}, €))

T,y 0(0:0) =€ PPy (cos6),
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where Pli . can be expressed in terms of generalized Jacobi functions:
2.1

£1-2n 120 dIT"
7

PL () = AL (1= X) 7 (1420757

[(1=x)5 (1 x4
and the constant
o CDFE JUF ) (2]
= oaaFEhy Ve -nVo4n
is chosen to normalize the basis functions (in comparison with the notations adopted
in the book ?, the functions Pr{z.,n are multiplied by /(2{ + 1) /4):

2 T -
/0 /0 7!, ,(8.9)T], (8.9)sin6d0dg = &1,
Therefore we can expand any function f € L%(S?) on both these bases bases

1(0,0)= 3, whn(NTy,(0,0), uen(f) €,

(Ln)el

and by the Plancherel formula:

1= Y [dh () P=)Y [ ()

(l,n)EI (l,n)e]

More generally, for s €, we introduce the Hilbert spaces W3 defined as the closure
of the space

W= Y Wb, T s, € 2)
finite 2
for the norm
1 2s
1A lhy= X (1+5) Tuba (O
+ 2
(Ln)el
We note that the basis functions are not smooth on S since Ti . H(G ,2T) = —Ti "
25 25

(6,0)#0. Hence W{ is not a classical Sobolev space on S?. We state some prop-
erties of these spaces. Firstly it is easy to prove that for

s20=wi={rer?(s); |/ llw<=},
and the topological dual of W3 can be isometrically identified with W_*:

se, (W) =wre.

Secondly we show that W contains the test functions on ]0, 7r[g %]0, 27[,. To
see that, we recall the differential equations satisfied by the basis functions:
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0 1 1 n ! 1 I
2 -\, =+ i) T 3
(86+2tan6> g sin@ " +5n l( +2> Fin' 3)
9 i -l
%Ti%,n = *lnTi%ﬂ. (4)

If f € C7(]0, [ x]0,27[y) then (Jp + 5 cot O F —=9,) f € CF (10, 7[o x]0,27[)

sin @
and for any integer N, the differential equation (??) assures that

Y = v, ([ 2L L 20T )
2) MEaI= "\ 196 2tan0:Fsin68gD '

We conclude that any test function belongs to W§ for any real s, and the series
Z]Ltltn
Ti%‘n € W converges in the sense of the distributions on ]0,7[sx]0,27[y, in

particular for all s < 0. We deduce that (dg + 3 cot  F =L50,), acting in the sense
of the distributions, is an isometry from W3 onto W;l. But we have to be careful
since the set of the test functions is not dense in general in W, s > 0: we cannot
identify W with a subspace of distributions, and there can exist f € W_*\ {0}

which is null in the sense of the distributions on ]0, [ x]0,27[,. For instance,
since (sin 6)’% € L*(5?), we have

1 1 _
P P

(Ln)el

but its restriction on the test functions is the null distribution because

| 1 i d 1
fricg(0.mlex1021(p) = [39 t5ang T sinG&(p] <m>
=0 in 2'(]0,%[x]0,27]).

Finally we investigate the links between W3 and W?. We know that

Pll :Pl 1 9
20 —2n
and
I _ (_q1\nFipl
Pogn =
hence
1 —
ulin(f):(_l)nqzzu:ﬁ—n(f)a
and we have

s€, feEWL=feWs, | flw=Ifllws-
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We warn that in general W # W* . Indeed, given fi € W1, we have by (??):

P 1 i 0 B , 1Y\ I 202
(35 sams o 9) = P (143) eatrorrly e 25

We deduce that
1 0
ewlnw! = — —
feW nws sinf do

1 3 ¢ 7]
T?,(6,9)=1/-—e 'Zcos~ € W/
%71( ,0) 47176 cosze v

2

fer*(s?.

Then if we consider

1
we see that == T;}l ¢ L*(S?), and we conclude that

[S]

wl£w!.
Therefore it is convenient to introduce the isometry _# on L?(S?) defined by
! _ 7l
g <T+%M) =7,
Then we have
* ! 7l
/ (Tf%,n) B TJr%,n7

and _Z is an isometry from Wy onto W*.

We now return to the Dirac field. In: the same way, we can expand any spinor

defined on §2, (0, ¢) € L*(5%*):

Mll’nTiéﬂn(Q’(p)
) 1
uZnT 1 (ea(p)
w0.0)= T |0 0| e
(l,nz)el ”é,an%’n(B,(p) )
uy, T', (6,9)

The main interest of this expansion is the following: if we consider the angular

part of the hamiltonian H,,,

: )+ P

, 0
D= i’y (86 T 2ane sin 6

an elementary but tedious computation shows that:

6,9)

6,9)

0.0) | &)
6,9)
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Hence it is natural to introduce the Hilbert spaces

W =W X Wi xWE x Wi
endowed with the norm:

2 . 1> I 2

lol=X ¥ (1+5) 1P ©
j=l({ln)el
W is also the closure for this norm, of the subspace
Wypi=Wg xW;erf_ fo.

As a differential operator, D acts from #* to #5~1 and D endowed with the do-
main 7! is self-adjoint on 7. We see that the spectrum of (D, #1) is {£(1+ %) , L€},

its positive subspace L3 (52;4) is spanned by the eigenvectors Ti L

7070aTl 1 >’
n +3.n

— 3,

<O, T-f-l o T!, n,O), (I,n) € I, and the negative subspace L* (S2;4) is spanned by
25

=

2 -

the eigenvectors <T’ L ,0,0,—TL, ), (07Tl =T ,O>, (I,n) € I. We can
—3.1 + +5.0 n

characterize these spaces by using the operator ¢ :

14
2 (2.4 _ X 2(Q2
Li(Ss)— i/x 7‘/’7%61‘ (S)
+ 7y
We easily obtain the orthogonal projectors K. on L% (52 A ):

10 0 +7
1[0 1 +7% 0 -
2l 0 272 1 0 |

70 0 1

K. =

K. can be extended into bounded operators on #°, s €. These operators are used
to define the global boundary conditions of M.F. Atiyah, V. K. Patodi, and 1. M.
Singer (see e.g. ?):

K.® =0, ®)
and the boundary condition introduced by O. Hijazi, S. Montiel, A. Roldan ?,
K, (Ild+vy")®=0.
W* is also invariant by the operator
By =7 +id" | ac,
involved in the local MIT-bag boundary condition:

By® =0,
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and the chiral condition:
B,®=0.

If we consider the operator A := ¥?¥?D as a positive, unbounded, selfadjoint
operator on #9 with domain 7!, then for 0 < s < 1, #% is the domain of A°, that
is to say, these spaces are spaces of interpolation (see e.g. ?):

W= w0, ,, 0<s<1

The link between this space and the usual Sobolev spaces on S is given by the
following:
For any s €, the linear map

P(0,0) — 'P(xl,xz,x3) =5(0,0)P(6,0), (xl,x2,x3) €S2,

defined from #; to [L? (Sz)r, where S is given by (??) and x/, 6, ¢ are related
to (??), can be extended into a bounded isomorphism from #* onto [HS(SZ)] 4.
A tedious but elementary calculation shows that:

_ (S Sz
5(6,9) = <521 522>,
where

. _i? 2] 2 . 9 . 2 0 _i? . 9
] L 1 14
(1+z)<e 2cos§+e251n§) (1+i)(e'zcos5 —e 'Zsin3

Sii=8»=

N =

. _;2 0 2 . 9 . i? 2] —_i2 . 9
(1—1)(—6 Tcosy+e'2sing ) (1—i)(e'2cos3+e'2sing

9

00
Sip=581= (0 0)~

Following ?, p.337, formula (3) with n = 0, we have

1
N/ESV AL 1 (cosB) = VI—m+1cos 6 Pl ,(cos0)
m 2 m,0

T3

=

+VI+msin <g> P,lnfl_ro(cos 0),

then since
Pl — (_ 1 )in+nPl

m,n n,m»

wegetforle,me, -l <m<I[+1:

_e 0\ i+! o [I—=m+1x53+1
EZZCOS<2>T§”%(G,q’):(—l)m 1\/1—&-71 > Y,,(6,9)
_ I+mx! —ix?
+(=1D)" 1\/m 3 Y 1(0,9),
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0 2] i+1 _ I—m+1x'+ix?
e'2 sin <2> T_%’Zm_%(e,(p) = (=" 1\/14—71 > Y,,(6,9)
_ I+ml—x3
+(=1)" l\lm 5 Y5 1(0,9).

In the same way, with ?, p.337, formula (4) with n = 0, we have

I+ 1Pl+7l ,(cos0) = —v/I—m+ Lsin (g) P}'[n,o(cose)
0
+v1+mcos (2> Prln—l,()(cose)7

then we getfor/ e, me, —I4+1<m<I:

" 0\ 4l I—m+1x"+ix?
€'2C05(2>T%7m2_%(9,‘l’)=(—1)m+1\/Z_H 7 Y,,(6,9)
I+mx3+1
+(—1)m\/m7%—1(9,¢),

o (0N i4) [—m+11-x
o (3) Tk 00 = o S e
I+mx!—ix?
1" ——"Y 0,0).
+ w: Y1 (6,9)

Since f + x/ f is bounded on H*(S?) and f belongs to H*(S?) iff

o 1
=YY anby, Y12 o, P<eo,
I=0m=—1 Lm

we conclude that the linear map @ — S(6, ¢)® = ¥ is bounded from % endowed
with the norm of #* to [HS(S2)]4, hence it can be extended into a continuous
linear map S : @ — ¥ from #* to [HS(SZ)T‘. Then S* is a bounded linear map
from [H’S(Sz)]4 to % ~* for any s €. Since S*WV = S*(0, @)V for ¥ € [Cg’(Sz)r,
and $*(0,¢0) = S~'(0, ¢), we conclude that SS* = Idys, S*S = Idys. O

5 Asymptotic Behaviour at the Boundary
In this part we investigate the properties of the spinors that belong to the natural
domain of the hamiltonian, especially the asymptotic behaviours near the bound-

ary. We begin with its form in spherical coordinates, H,, given by (??), and

D(Hy):={® € L% H,Pc.L*}. (1)
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For any @ € D (H,,) we have

pec (0. 27}), @)

| ®(x,.) || 1=0(vx), x—0, 3)

1
y/

and when 0 < m we have

3
2 dx
LIt B £ <l i e @
When % < m, we have
T T
| D) [lr2s2)= 0( 5 X> XS (5)

When m = %, we have:

lot g0 (| (=D (E-4) -2 ©

i 1
When 0 < m < %, there exists y_ € W2, x_ € W2, w;, x4 € L*(S?), and
¢ eC? ([07 %]X;L2(52;4)) satisfying

+0(x,0,9), (N
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1605, 2= o (\/T) . ®

1 1 1_ 1_
Conversely, for any y_ € w2, X- € Wj+m, voewr "y e w; " there
exists @ € D(H,,) satisfying (??) and (??).
When m = 0, then

pec (0,207 1). ©)

Equation (??) shows that when m > 0, H,® = 0 implies @ = 0. On the
contrary, when m = 0, the left member of (??) can be infinite even if Hy® =

1 . .
0. Furthermore the space %~ is optimal for the traces on x = 7: there exists
@ € D(Hyp) such that @(5) ¢ U __ ! #*. As an example, we consider a sequence

(C;ﬂn) (Ln)el C such that

—1 K
Y <l+;> ]C,’n]2<oo, “1<s= ) (H—;) ’Cl_’n|2:oo7
1 1

(l,n)E (l,n)E

1

we can take for instance C ,, = TTioelET)’ and we put
Til (9a (P)
iy | A
®(1,0,0)= ¥ Catan(3) | 771,00
’ 2
(Ln)el 0
0

Then we easily check that

T
®c £, Hyd =0, 0<s:>/2 | D(x,.) |2 dox = oo,
0

T

D(—,.
(2’

JEWTINU, W,

For0<m < %, the leading terms of @ satisfy the MIT-bag or the Chiral bound-
ary condition since:

L2
Bocb(x):2i<g—x)m l?li/i + Bog (%),
—ix+
v
Bndﬁ(x):—Zi(g—x)im jl?l;,i + B¢ (x).

ix—
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We expand any spinor @(x, 8, @) in the previous way:

l/tan(x)Ti%,n(@,(p)
! i
u2n('x)T 1 (6?(’))
D(x,0,0) = gL :
(1%61 Ml37n(x)Ti%7n(9,g0)
ufl,n(x)Ti%n(G?q))
and we have:
2 . 12
12 Pe=Y ¥ s
=1 (ln)el
Furthermore, for @ € D(H,,), (??) gives:
AT, (6.9)
f?l.n(x)T 1 (Gv(p)
H’ ¢(x797(p) = 7 +7’n )
g | At o0
/
f4,n('x)T+%7n(97(p)
with
Po(1+4
l (u3 n) + (sini> Mi n- Cg;x ll,n = ff,n’
. (144
- (ufl,n) + (Sini) ul3,n - cg;xué,n - fé,n7 (10)
. ro(+ '
! (ullvn) + (Sini) ul2,n &ué,n = f?{,n’
. ro(4+4
(i) b gt
and
2 3 I 2
1Hu® =Y, X 1l o) -
J=1(Ln)el

For 1 < h,k <4, we put

I+ Ny L+ _ gl ol
Upn = U p :I:tukﬁ, fhk,n = fh,nilfk,m

We have
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Given w!, € L*(0, %), any solution v/, of

d , 1+3

vV, — —
dx v sinx

T
I
Vi =wl, O<x<§,
oc

Do ey (a3
w =G (an(3)) - <m(;)) wh()dy. (1)

On the one hand, by integrating we get:

belongs to H}!,.(]0,%])  €°(]0, %]) and v/, can be written:

T
V() P+ D N7 + [l [7)- (12)

On the other hand, we easily show that for 0 < x < %

[ (an(2) =g (wn(3)) 7 (1- (@ (3)"):

therefore since tan(x/2) < x on [0, 7], we obtain that:

0 () ()T <10t e (1 ().

and we conclude that

21

T
Vi(g)ZOﬁ'lIVQ(X) P<|x (Il wh 117 - (13)

Now the solutions v\ of

d 1+3
—L 4 72\11, =wl er? (0,
dx sinx

); (14)

SRS

have the form

#@hc@qp)”+gczg

2

) w(y)dy. (15)

Then, when v_ € L*(0, Z)and [ > 0, we have C = 0. Since for 0 < x < 7 we have

f (@ (3) o< iy ((3)

we obtain that the L? solutions of (??) satisfy:

I+ 1) v ) P<] x| wh |17 - (16)
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For any x € Cg ([0, [), we apply the previous estimates to

1 Z;E 1 lm
Ve = XUpGaay e W T +(= )cosxx 34(12) ’Xf34 12), -2 “ (34) n

From (??) and (??), we deduce

4
Y @, P<CcQ) Ix I Y I d, 1+ 1 £, 17, A7)
hk=12,34 ji=1

where C(x) > 0 depends only on y. We get (2?) and (??) that are consequences
of (2?). When m = 0, we can take

! li I el F
Ve = Upaay e WET TYs012)0

and we get from (??) and (??) that
4
C+10)7" Y g, PSClx I Y w2+ fa 7. (18)
hk=12,34 j=1

This estimate yields (??).
Now we have

1
/ l_|_,
I.j:) m 2 1+
uy F— =4+ —= Uy
( 13,n CoSX 13n f 3 4w

1
/ l_|_,

I+ m Ut = ; 2 1+

(“24,n) T Uy, = ¢fz4n I——"Uy3 -

sinx >
Givenm > 0, wi € L*(0, %), any solution vﬂr of
%v{ﬁr%vi:wi, 0<x< g,
belongs to H}! ([0, %[)  €°([0, %[) and when
v, (0) =0,
vl can be written:
T X m
W (%) :/0)‘ (M) WL (v)dy. (19)
Therefore the Cauchy-Schwarz estimate yields
1 | | T
§<m:>|v+(x) [<SClwh 2 7% (20)

m:%:>|vl+(x)|§C|| wh ||, \/(Zx>ln(72tx>, @1)
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1 ; ; T m
0<sm< s = mI<Cw. |z (5-x)
We make this last estimate precise for 0 < m < %:
To\" [ T —m
=2 (G 2) [ fan (G -3)] o]

/ T m+2 / T
<c(hle (59" + 1o o) 5 ).

in particular we have

(22)

0<m= lim Ve (x) = 0. (23)

X—5
On the other hand the solutions v of

d m-
—y — "
dx cosx 2’

have the form

tw=alun(3-3)]"- [ (D) wom e

thus,

v(x) — ¢ [tan (% - ;)} ml <l lizeg) (/5 = (25)
and

vVer?(0,2), - <m=C; =0, (26)

0<met=a=L O+ [ (an(F-2))" W way

We pick x € C5(]0, 5] such that ¥ (5) = 1, and we apply the previous estimates
to

1
I, LF(E) I LFE) 1,:(F) Its 1) LF()
Ve = XU 3004y 0 WE T Wi3024) 0T :F<:l:)Xfl3(24),n+(7)l Sinxxu24(l3),n71/”13(24)#'

From (??) we deduce that when m > 0:

lim ull,n(x) - iué,n (x) = lim ul2,n (x) + iui,n(x) =0,
—7F —%

hence

lim 3 (ull’n(x)ulzyn () + (udh , (x)id (x)> ~0. 27)

X—5



The Dirac System on the Anti-de Sitter Universe 27

Now multiplying (2?) by u , and taking the real part we get:

. 1+ l) 4
1 ) ( 2 ! 2
73 (ul nuz n + (u3,nu47”l) + Sinx ; | ujyn

_ I [ 1 /. /A
=R (fl,nu47n +f2,nu3,n +f3,nu2,n +f4.,nul,n) ’

and thanks to (??) and (??) we obtain

z 4
/ <smx) ; |2dx<2||f1n“L27

that proves (??). We also see that:

4
s, 24 <O Y N finlle- (28)
j=1

Therefore when m > 1 , (2 and (??) follow from (??), (??), (2?) and (??). On
the other hand, when O <m< 2 (??7), (??7) and (??) assure there exists (p13(2(i:) n €
C%([0, %) such that:

= (5-2)" [ (an(3-3)) i on

We deduce that there exists W, x+ € L2(S?) such that & can be expressed accord-
ing to (2?), (2?). It remains to prove the regularity of y_ and y_. We consider

¥(x,0,0) :—< et )m(l—l—i}/l)db

1 +sinx

Equations (??), (??) assure that

v

Y(x,.) — —)icl;/_ in #° as x — g (29)
ix—
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We calculate

%‘P(x,,) — < cosx )’”(14—1'7/1)7/0 <ngb_.1])¢,>.

1+sinx sinx

Since @ € L? ([0, Z[; #'") by (2?), we deduce that

Yel? ([l,g[x;%’/l),

%lpeﬁ ([1,§[X;W°).

The theorem of the intermediate derivative (?, p. 23) shows that

T
L3l (7] )

1
2

lpeco([

1 1
Recalling that [7/1 , 7/0} = 7/%, we conclude by (??) that y_ e W2, y_ e W}.

(S

1 1
Finally we consider y. € W_ﬁm, X+ € ijFm, and we want to construct
® € D(H,,) satisfying (??) and (??). We choose f € Ci ([0, 1[) such that f(0) =1,
and we put

Y- L2
20=(59) | | PG| A e
ix- —ixy
where
ul, (y)T!

(In)el - 7%,n
iuim(%*)Ti%’n
ulfn(WﬁL)T_l

1
T m T uly ,(X+) 4l
(372 X UG=) -1 o

2M

T 2z twam (i(3x) o e 142m
G- <G ([ o)
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to get

|| ‘P(xa ) ||1%2(52)§

x 1(5-x) .\
2(3-x) T (/0 If’(t)|'+2mdt>
P () P L) ).

The dominated convergence theorem assures that ¢ satisfies (??), and so @ € .£>.
To achieve the proof, we have to show that H,,® € .Z 2 We calculate:

1
L
) l
T —m—1 Zx T wy (-7,
H,®(x)=m(=—x —2 > [ =—x tan
(x) (2 > ( cosx (l,n)elf( (2 )) flu,7n(y/,)Tlé7n
g I
GO
Mﬁ,n(W—)Tﬂl
r . )T
(- / r STy S
(2 x) (lnz)'elf (l(z x))l flul’n(l//,)Tiln
> 2
! 1
lu+,n(%*)T+% n

I
! r
T -m ] T 1 7”/‘7,11(‘// ) +1,
+(379) m (l%,f (15 -%)) (l +2> i T
s 2
ulfn(W*>Ti%n
ulf,n(er)Ti%’n
T \ml Z—x T Ml+,n(1+)Til7n
- (E —x) < ~ cosx ) (lnz)'elf <l (E_x)) iu! n(‘l’+)T121 .
7iu{hn(x+)T+%ﬂ
ulf,n(‘ler)Ti%?n
! 1
T m (T u+,n(%+)T+l7n
-(3-%) (,§€If (1G] RUAL
St
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_iuér,n(x+)Ti%7n

-l I
N . o | ert,
Zox) — H(Z=x)) 14+ 2
+<2 x) sinx<ln2)’61f( <2 x)) ( +2> i ()",
s 25
ulf.,n W+>T~lk%,n

In this sum, the leading terms have the form

o= (50" ¥ a(1(5-4)) (1+3) ho.0.

(Ln)el

where h € C7([0,1]) and

1 1F2m
Y (15) Ik <o [ g (@), (@)do = 6,6,
(Ln)el 2 s? '

Taking account of the support of &, we evaluate

1 2 z T +2m
k12 + 2
&% 117200 21xs52) = Y <l+ 2> 181 252 ﬁ:71 (5 —x)

(Ln)el

+((5))

1
g/ 2 ) P Y
0

(Ln)e

2
dx

1 1F2m
<l+ 2> I 85 252y < >
1

O

Since the map S given by (??) satisfies (??), (??) and (??) follow from Propo-
sition ?? and (??), and (??). Moreover, since 5 —x ~ %(1 —p), (22) and (2?)
imply (??) and (2?). Now, if we put
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4 4
Finally, for any ¥_ € [H%“"(Sz)} , Py e [H%””(Sz)} we define P (6,0)
=5%(0,9)¥(0) € W 1M When Wy satisty (??), then @, have the form

vi(6,0)

Lim Lim

D.(0,0) = izy/i( <)p) , llf_eW_z+ , x_ve+ ,
Fix+(0,9)

L—m

1
yeew? " yiew ",
and there exists @ € D(H,,) satisfying (??) and (2?). We conclude that ¥ := S,
belongs to D(Hy) and satisfies (??) and (2?). At last, Remark ?? directly follows
from (??), Proposition ?? and Remark ??. O
We end this part by an important result of compactness:
Let K be the set

K:={®EDHy), | P+ P %<1} (30)

Then, when m > 0, K is a compact of .Z2.
We consider a sequence (@), in K. We write

1 LVl
ulnT 2’ flnT_in
ulv ! flv I
2n 2n
v + N \% + N
P = Z , Hy® = Z /v )
ub¥ Tl VT
(I,n)el 3 N} 2’ (Ln)el 3.n 2 n
1 L,v l
u4nT+2’n f4n +2

and we have:

4

I l,
Y X gl + 11 i 205 < 1-
J=l(ln)el

2

The Banach-Alaoglu theorem assures that there exists ¢ € K and a sub-sequence
denoted (®"), . again, such that

l
ulnT L
l I
v u2”T+57
@ 4¢: Z l Tl 5
(Lm)el “3n 127
u4nT
f[ 11
n n
ATty
2n +

H,®" —~H,®= Y

Tl in L*—%, v— oo
(In)el f?n ;

f4,n +§_’n
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Since for any (I,n) €1, j=1,...4, uiz Y fjlm, in LZ(O,g) — % as

bl j7’1’ J?n
vV — oo, we deduce from (??), (??), (??) and (2?), that
T
Vxe [0,5], uly(x) = uf,(x), sup sup | uf(x)|< oo
20 ’ voxe0s]
Therefore
1 1
| ”j,‘:,*“j,n ||L2(0,%]*>07 vV — oo (3D
Moreove, since m > 0, (??) implies:
N & v e
sup Y (145 ) Xl =i [F .z < = (32)
V' (Ln)el j=1

For !l e +% we put

4 l
Lv . I, l 2
el _:Z Z I uj;—ujﬁ ”LZ(O,%)'
j=ln=—1

Equations (??) and (??) show that

1 1\?
VIE—I—E, Sl’v—>0, V — oo, A:=sup Z <l+2) e < oo,
Vole+)

. -2 . _—
Since &'V <A (I+ 1), the dominated convergence theorem implies that ¥, €V —
0, as v — oo, that is to say, @V strongly tends to @ in 2. O

6 Self-Adjoint Extensions
When 0 <m < %, we define the linear map

v
I': ®eD(Hy)— I'(P)= ﬁ* ew,

+

X+

where w4 and x4 are given by (??), and we put I'(®) = 0 when % < m. We note
that Theorem ?? assures that

1 1 1 1 _
vm €0, 5 . W2 w2 w2 x W2 " € T(D(Hy)). (1)

We introduce the matrix

00-1 0

00 0 —1
0=="r=|190 o

010 O
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The basic tool is a nice Green formula: Given 0 < m, for any @, € D(H,,)
we have

<Huy®,®> g0 — < D,Hy® > 0=2 < (D),0l (D) >,0. )

Equation (??) assures that any @ E D(H, m belongs to
L*([0,5];#'"), hence forany € >0, @ € H' (Je, 5 — e[; #°). Since (D, #'!) is
selfadjoint on #° we evaluate

o ~ T
<Hp®, ® > g2 = < P, Hy® > 2= lim < iyoyld)(a —e),
E—

~ T ~
(P(E —&) >0 — <Y’y D(e), B(e) >0,
and taking account of (??), (??), (2?), (??) and (??) we get (??). O

We now investigate the self—adjoint extensions (,D(s¢)) of H,,, with
cy (]0 Z[,x]0,m[px]0,27[p;*) C D(H). The adjoint S#* is just H,, with do-
main D(jf*) D(H,,), and we have:

Vb € D(H), VP € D(H*), <T(P),0I(P) >,0=0.

When m > % we immediately obtain a first result of self-adjointness of H,, on
L2

When § <m, H,, is essentially self-adjoint on [CJ (]0, Z[,x]0, 7[6x]

4
0,27[y)]".

Let 7 be the operator defined by the differential operator H,, endowed with
the domain D(#) = CF(]0, %[, x]0, [ x]0,27[;*). On the one hand, 7 is ob-
viously symmetric, and on the other hand, its adjoint 5#* is just H,, with domain
D(Hy,). Let any &4 be in D(H,,) such that 5#* Py +id, = 0, satisfies

F2i || @ ||f(52:< Hy, Dy, Py > g =< b, H, D > g0,

and we conclude by (2?) that . =0. O

When 0 < m < %, the situation is much more interesting: there exists a lot
of self-adjoint realizations of H,,. First, we introduce the operators 4 and
ey respectively associated with the MIT-bag and the Chiral boundary condi-
tions. They are defined as H,,, endowed with the domains

D (Jturr)

{(DED Y e(x,.) Fid(x, ) llpo=o0 ( Zx),xﬂ;r},

D (Hcnr)
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In fact these asymptotic conditions are reduced to linear constraints on the asymp-
totic profiles @, : we check by (??) that

v (6

'd(x,0,0)+id(x,0 +2 o (:
Y P(x,0,0) £iP(x,0,0)= l(§—x> ilwi(e
Fix+(0,

)

)) +(r' £i) 9(x,8,9).

?)

Thus (??) implies that

D () ={P € D(Hy); ¥: = x4 =0},

D(Hcnr) ={® € D(Hp); Y- =x- =0}.

We now construct a large family of self-adjoint extensions that are non-local
generalizations of the MIT-bag and Chiral conditions. We consider densely de-
fined self-adjoint operators (A%, D(A%)) on L2(S?) x L?(S?), satisfying

1 1
W2 x W2 CD(A™), D(AT) =L*(8%) x L*(S8?), 5)

1 1
A% (C3(10,7[x]0,27[2) € W2 x w2, ©6)

We introduce the operators .74, + defined as H,, endowed with the domain

D(%i):—{éeD(Hm); (W) = i(ﬁ)}

Xr
In particular, we have J,-_ ( = 1 and 54+ _o = FHcmy.
When 0 <m < %, ,+ and - are self-adjoint on £2.
Since AT are self-adjoint, we have for @, ® € D(.}+):

riener@>e=((32)(2) 4 () )= @

Therefore .7, + are symmetric. Moreover, given fP € D(s2), we have (??) for
any @ € D(#+) again. For all v, x4 € C5'(]0, 7[x]0, 27r ? ("") and (??) assure
there exists @ € D(.54,+) such that

F((D) = (A+(‘I/+7X+)>1V+,%+) or (W—>X—7A7(w—7%—)) .

() (5) (B =0

We conclude that @ € D(#+). O
Finally we consider the operators 4 ps, #¢naps associated with the APS and
mAPS boundary conditions:

Therefore
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D(ars) = { @ € D) [ K@) 0= o (15 ~x). v T},

D (Hmaps)
= {@DED(H,,,); Ky (Id+7") @(x,.) [0 = 0( ’;—x), ’HZ}’

where K is defined by (??).
When 0 < m < %, we have
D (aps) = D(Hpaps) = {(15 €D(Hp); Kid, =K, P_ = 0}7

and S ps = Hopaps is self-adjoint on 2.
By (2?), we have

1
Koo = (5-2) | 7w +isn)

—1

j*
.1
+(5-)" N v —i s ) R ().
j*
.l
K, (d+y) o) = (-0 (5 ) " | 74 | vizx)
/*
.1
w4 (50" | i)
/*

+K; (I1d+7") (),

thus we deduce from (??) that

| K. (x,.) 0 = (ﬁ) K (147) @05 o = 045 )

Sy ==xi fxs
s K o, =K, P_ =0. ®)

This equality assures that for @, ® € D (#4ps), we have < '®, Q' P >0 = 0,
i.e. #ips is symmetric. Moreover, for any @ € D (H4ps), D € D (Hpg), we
have

< Xty X— *l./*l’iff >L2(Sz) —< X7,2++if*l[7+ >L2(S2):0' )
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Since C(]0, [x]0,27[) C W, for any y+ € C(]0, w[x]0,27x[), 7 x+ belongs
to W! and by (2?) there exists @ € D(H,,) such that

—i 7 x-

. X7
i X+
X+

But such a & satisfies (??), that means that @ is in the domain of 7% ps. Since Y+
are arbitrary, (??) implies

()=

A= Fi 7P =0,
that is equivalent to (??). We conclude that @ € D (Haps). O
The remainder of the article is devoted to the demonstrations of the theorems

of Part 3. As we have explained above, it is sufficient to consider only the case
M > 0, since the chiral transform changes the sign of the mass.

We denote by H the operator Hy; endowed with the domain D(H) := [Cy 0%
Since Hy; = SH,,S™!, Proposition ?? assures that Hy; is essentially self-adjoint
on S (Cy (]0, %[ x]0,7[gx]0,27[p;*)) when M > /4. Proposition ?? and the

Sobolev Imbedding Theorem imply that this set is included in [C ( )]4. Since H is
symmetric, we deduce that it is essentially self-adjoint.

To determine its domain and establish the elliptic estimate, we prove an in-
equality of Hardy type. Given a real valued function f € C(l) (]0, 1), an integration
by part giveS'

/f TP = 2/f pzdp+/( pp2>(pf’(P))dp

fz/f TPty /pf/2 p)dp.

hence by density we get that W‘P € L? when ¥ € [H] ()] , and we have the
following Hardy estimate:

' 2
VW € H (B /|ly X |)dx</ IViP(x)Pdx.  (10)

Thus we see that [H] ()] C D(HM) and the graph norm of Hy, is bounded by the

H{ norm. Conversely, for ¥ € [C5°()]4, we use the Fourier transform of ¥, the
Parseval formula and the anticommutations relations (??) to remark that

/ Y QWYY+ oWt Yy o dx =0,
1<i<j<3

then we calculate

Ayfa ‘I’+ 2iM \/7

2
dx_/\V‘P|2 IZM) | |?

4am 3
+m Xley ’)/“de.
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Therefore the Hardy inequality (??) shows that when M > f\—z, the elliptic esti-
mate (??) holds:

2
12
| HyW ||]%22 (1 —M\/ A) /| V¥ |2 dx,

and the H}-norm on [C7 (O]* is bounded by the graph norm of Hy,. Since is
essentially self-adjoint, we have * = . On the one hand D(*) = D(Hy,). On the

other hand D() is the closure of [C °°()]4 for the graph norm. We conclude that
D(Hy) = [H] ()} when M > /4 and the first part of the theorem is proved.

Now when 0 < M < \/ 15, and A* satisfy (??) and (2?), then AT = STlAiS“

where Sp; is defined by (??), satisfy (??) and (??). We deduce fom Proposi-
tion ?? that H,~ = S.5%,-S~! is self-adjoint. On the other hand, we have Hg,,s =
S%’APSS’l =SHapsS™1 = H, ,ps that is self-adjoint by Proposition ??.
Finally {¥ € D(Hy), | ¥ [{, + | Hu¥ |[{,< 1} is equal to SK where K
defined by (??) is compact by Proposition ??. We conclude that the resolvent of
an
se%—adjoint realization of Hyy is compact. O
Theorem ?? provides a lot of solutions of the initial value problem: if H is a

. A
self-adjoint realization of Hy, ¥(z) = e"\/;H% is a solution of (2?2), (22), (2?)
and (??).

Since the maximal globally hyperbolic domain in & including {t =0} x [0, 7|, ><S
is given by 0 <| 7 |< \/g (5 —x) , the maximal globally hyperbolic domain in .#
including {t = 0} x? is defined by the same relation, that is in (¢,X) coordinates:
0<|r < \/g (5 —2arctanp). We show that all the solutions are equal in this
domain. Given ¥ satisfying (??), (2?), we introduce for all € > 0,

1 t+€
Y () = ) Y(s)ds.

It is clear that ¥ € C! (,,Lz) Y. — Y¥in CO%,L2 as € — 0. Moreover we can see
that ¥ is a solution of (2?), thus Hy,%¥; € C ,,Lz and

d 14+p%2 9 , . o
&<¢|%2>+Z 5 aJCPWW%):&

We integrate this equality on {( x),0<t<T, p<tan ( -T\/ 13 > } where 0

<T< %\/% , and applying the Green formula we get

\%Tx|ﬁ_/\%0@\ﬂ

/pgtan( —T‘/
/O<t=\/§(’2r—2a.rctanp)<T

| (t,%) P —%W*Ww,x)dc.
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The last integral is non-negative since | x; /¥ |[< p | ¥
€ — 0, we obtain

, and taking the limit as

W) P < / 1w (0.x) |? dx.
B

S
p<tan(f—T\/ {5

We conclude that ¥ =0 for 0 <|7 |< \/g (5 —2arctanp) if ¥ = 0. Finally when

M > 1"—2, we use the fact that Hy, is self-adjoint to write

z (e"’ﬂ'*wg(t)) =i/ (—i\EHM‘Pg(tHa,%(t)) =0,

. [A
and we deduce that ¥ (r) = e”\/;HM ¥, (0). Taking the limit in € again, we con-

LA
clude that ¥(r) = VA Mgy o
Since the spectrum of H is discrete, and 0 is not an eigenvalue when M > 0,

there exists an orthonormal basis of eigenvectors, (W), with Hy ¥ = A4 \/§ ¥,
A €*. Now the crucial point is that

[P rHmax=o. (1

To see that, we note that Hy; 7'y’ = —y?y Hy,, and we write

1
<P > = o <HuH YW >p
k

1

=-7 < YL Y HY W > 2
k

=— <Y YVV¥>p.

We can expand ¥ on this basis:

¥(r,x) = che’%k"ﬂ{(x), ¢k €, Z | cx |P< oo,
ke ke

and taking advantage of (??) we evaluate
[ [ £ ol i
— t,x)dxdt = CpCr———— X)dx.
T Jo Jm AT, PP (A —Ag)T JB 1 P

The dominated convergence theorem assures that this sum tends to 0 as T — oo.
O
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7 Appendix. Breitenlohner-Freedman Bounds for the Scalar Waves

We consider the Klein-Gordon equation on the Anti-de Sitter space-time

A
lg|? du (I g|? g“vavu) —ozu=0,

where o € is a coefficient linked to the mass ; the equation with o = 2 is con-
formally invariant and corresponds to the massless case. Using the radial coordi-

nate x given by (2?), we introduce f(t,x, ®) := ru(t\/g, r,®) that is solution of
d2f +hf =0 with
2—-a 1

— 4. (M

hi=—-97+=—= ——
COS“X  sIn“x

X

First we investigate the positivity of the potential energy

3 2—« 1
E(f) ::/ /2|axf|2+ | fP+—= Vg f [ dxdo.
0 N S X

cos2x in

To estimate the second term, we employ a Hardy inequality. Given ¢ € Cé ([o, %[,)

an integration by part gives

I, o) .. 1/ 1,
= [ <= d
/0 cos2x¢ (x)dx 0 cosx¢ (x) sinxdx < 2 Jo cos2x¢ (x)dx
+/72¢'2(x) sin® xdx,
0
hence

b4

/7 ! ¢%(x)dx < 4/7 0" (x)dx.
0 0

cos2x

We deduce that for all f € C5(]0, %[ xS%),

| :
<hf,f>Lzzm1n(9—4oc,1)/ /2|<9xf| dxd
0 N

E 1 9 1
Ve f|? dxdo > min(= — o, — 2
I g | Vs P st = min(G—a ) 71

and we conclude that the operator h endowed with the domain D(h) = C§ (]0, % [, xS%),
is (strictly) positive when ¢ is (strictly) smaller than the upper bound of Breitenlohner-
Freedman:

(respectively o < %) (2)

We note that for a = 9/4 and f(x,0) = /15555, we have E(f) = 0, hence
f € Ker(h*) # {0}.

o<

EEN INe)
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To study the self-adjointness, we expand f(x,.) on the basis of the spherical
harmonics (¥;"), by writing

7r
22 (10,5 1xs3) = EBL sz@ﬁ( Sh)exm,
therefore h is unitarily equivalent to ;- ,h; where:

> 2—a I(I+1)

hy = - e ( Y.
! a2 toostx T sin?x ma_?l o be
Since 30;20; + ’;’ntlx) —1 %2:2‘)2 - W; ) is a real valued function, bounded on 10, %[,

the symmetric form of the Kato-Rellich theorem (see ?, Theorem X.13) assures
that h; is essentially self-adjoint iff

2 2—a  I(+1) m=!
ﬁ—i_(%—x)z—‘r B ’ @ CO ®Yl ’

is essentially self-adjoint. By Theorem X.10 of 2, k; is in the limit point case at
zero when / > 1, and in the limit point case at % if2—a> %, i.e. o is smaller
than the lower bound of Breitenlhoner-Freedman

k/ =
X

o< g, 3

and if o > %, k; is in the limit circle case at 7. Then the Weyl’s limit point-limit
circle criterion (see e.g. 2, Theorems 6.3 and 6.5), assures that k; is essentially self-
adjoint when [ > 1, a < 2, and there exists an infinity of self-adjoint extensions
associated with boundary conditions at % when [ > 1, o« > %. The case [ =0
is particular. For o < §, the solutions of —u” + (2 — &)(% —x)2u =0 are u =

c(3 —x)%+ i +d(5 —x)%fv %70’, therefore ko is always in the limit circle
case at 5 and there exists a lot of self-adjoint extensions. By the Kato-Rellich
theorem (?, Theorem X.12), the same results are true for h;. Since the spherically
symmetric fields play a peculiar role, we introduce their orthogonal space

2 —{f€L2(]0,72t[><52); VgELz(]O,g[), /f(x,a))g(x)dxd(o—O} _éL,{

and h, denotes h endowed with the domain D(h..) = C(]0, Z[xS?)NL2, and con-
sidered as a densely defined operator on L2. Since this operator is strictly positive
when a < %, it is essentially selfadjoint iff its range is dense (?, Theorem X.26).

We easily prove that (Ran(h*))LLg =07, (Ran(h,))Lle, and we conclude that
h, is essentially self-adjoint when o < %. Finally we have proved the following:
When o < % (resp. o < %), h is a positive (resp. strictly positive) symmetric op-
erator on L*(]0, Z[x$?). When % <a< % there exists an infinity of self-adjoint
extensions of h, on L2, associated with boundary conditions on {4} x §%. When
o < 3, h, is essentially self-adjoint.
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