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ABSTRACT

Negative Modes in Vacuum Decay

Hak Joon Lee

A vacuum, a classically stable state, can decay to another vacuum by virtue of quantum tunneling.
Although vacuum decay is an interesting topic itself in field theory, when it combines with gravity,
it has wider applications and plays an essential role to understand the very early universe. The
semi-classical solution of vacuum decay is well-described by the WKB approximation both in flat
space and in curved space. Meanwhile, if we consider the configuration space of fields, we encounter
many kinds of problems related with gravitational fields since the mode spectrum in curved space
turns out to have an infinite number of negative modes in a de Sitter background. Despite of
infinitely many negative modes, the regime in the weak gravity limit can be smoothly connected
to flat space. To understand this, I discuss the nature of vacuum decay and various topics about

negative modes in this thesis.
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CHAPTER 1. INTRODUCTION 1

Chapter 1

Introduction

Quantum tunneling is one of the most significant phenomena predicted by quantum physics. It has
enormous numbers of applications to many areas and it has been one of the keystones in building
up modern science and technology. In theoretical physics, quantum tunneling is a somewhat old-
fashioned subject but, by virtue of quantum field theory, it can be turned into the vacuum decay
problem and it has been studied over the last few decades. The vacuum decay problem in the
presence of gravity has to be described in terms of quantum gravity which still has not been
understood completely. Furthermore, the vacuum decay in gravity becomes more interesting and
has wider applications in cosmology because it helps us to understand the very early universe and
is related to inflationary models[IH3].

The vacuum decay process was first studied by Coleman[4]. In field theory, a vacuum is a
classically stable state on a potential. If a field is located on a stable point, it stays there forever.
On the contrary, it may not be stable anymore in quantum mechanics and may decay to another
vacuum. This unstable vacuum is a so-called ‘false vacuum’ and the vacuum that the field on
the false vacuum tunnels to is called ‘true vacuum’, as shown in Figure As a consequence of
vacuum tunneling, a bubble of the true vacuum is formed in the background of the false vacuum.
The size of the bubble is determined by the ratio of the tension of the wall and the energy difference
between two vacua.

To describe vacuum decay, we need to find a classical path from the false vacuum to the true
vacuum on the potential. At a glance, there are no well-defined paths on the region where the

potential is larger than the energy of the system because this is a classically forbidden region
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false vacuum

true vacuum

vacuum decay

Figure 1.1: A false vacuum and a true vacuum.

because of energy conservation. However, if we can define a negative kinetic energy or reverse the

3

potential ‘V’ to ‘—V’, it is possible to find a classical path in a classically forbidden region. If a
Euclidean spacetime is constructed by the analytic continuation (7 = it), then the potential ‘V’
effectively behaves as a reversed one ‘—V’ in a Euclidean spacetime as in Figure We can find a
classical path in a Euclidean spacetime by using the WKB approximation. This also gives the decay
rate. This solution is called a ‘bounce’ and a bounce solution is a saddle point of the Euclidean
action. When a vacuum bubble is nucleated in real spacetime, the bounce solution gives the initial
value of the evolution of the bubble.

After finding the classical path, eigenmodes are obtained by investigating perturbative expan-
sions around the path. The false vacuum state is unstable and it can tunnel to the true vacuum
state through the channel governed by a negative mode. If we treat it as if it is a stationary point
despite of the instability, the energy of the false vacuum becomes a complex number due to a
negative mode. The energy is shifted by an imaginary number and the imaginary number gives us
the decay rate per unit volume. A negative mode must exist not only to explain the instability of
the state physically but also to give the factor of i that gives an imaginary part of the energy.[5]

On the other hand, by oscillating the path rapidly around the classical path with small ampli-

tudes, the kinetic term can increase as much as possible. This means it is possible to find as many
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true vacuum

false vacuum

-V

Figure 1.2: A reversed potential in a Euclidean spacetime. The potential ‘V’ effectively behaves as
a reversed potential ‘—V"’ in a Euclidean spacetime. A classical path of vacuum decay is found in

a Euclidean spacetime.

positive modes as we want in this way. There is no upper bound in the mode spectrum but the
lower bound should exist among slowly varying modes. This implies the number of negative modes
is restricted if they exist. It is known that there is only one negative mode in flat space[6].

In curved space, the way to find a bounce solution of a Euclidean action is similar to that in
flat space[7]. However, the number of negative modes can be totally different from the number in
flat space. In contrast with the previous example, a rapidly varying field with small amplitudes can
generate a negative mode instead of a positive mode in curved space. This implies that there could
be an infinite number of negative modes in curved space. This is an unusual effect of quantum
gravity. Because the mode spectrum in curved space can be totally different from the number in
flat space, we are led to ask about the physical interpretation of negative modes.

Vacuum decay is not only an interesting topic itself in field theory but also applicable to some
models in cosmology. It is believed that there was an exponential expansion in the very early
universe as known as ‘inflation’. Theoretically, the inflationary picture can explain why the universe
is so spatially homogeneous and isotropic, why the universe is so nearly flat and why magnetic

monopoles are hardly observed. Direct evidence of inflation, the detection of gravitational waves
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from inflation, was announced recently |8 [9].

Then, one can ask why there was an inflationary epoch at the very early universe. This is
because the universe has undergone a phase transition. There are two types of phase transitions.
The first one is a first-order phase transition, which creates a bubble of the new phase in the
background of the old phase. This is a consequence of the vacuum decay process that I described
earlier. The other one is a second-order phase transition, which is the case where the old phase
continuously transforms itself into the new phase.

The first inflationary model suggested by Guth[l] was based on a first-order phase transition.
However, it cannot explain how the universe reheats properly after being supercooled in the infla-
tionary phase[I10l [IT]. To solve this problem, Linde and, Albrecht and Steinhardt developed the
‘new inflation” model as known as slow-roll inflation[2} 3]. In this model, the field on the potential
rolls down slowly during inflation, and then inflation stops and reheating begins where the potential
becomes steeper. Some inflationary models imply that inflating bubbles can be created continu-
ously while the volume of the background fields also undergoes inflation. If the volume of the
background fields increases faster than the rate of bubble nucleations, the background space keeps
expanding exponentially. This is called ‘eternal inflation’. This also gives a multiverse picture,
typically a fractal structure. In the endless production of bubbles, each bubble can be seen as an
individual universe.

Vacuum decay is an essential concept to describe some inflationary models. It means that
studying the vacuum decay helps us not only to understand inflation but also to find out the exact
details of inflation, which has not been answered yet. To understand the vacuum decay process
better, I will discuss various topics about negative modes in vacuum decay in this thesis. This thesis
mainly consists of two parts. The first one is studying the nature of the vacuum decay process and
the other part deals with the negative modes problem of the tunneling procedure.

In Chapter [2] I start by describing the tunneling problem based on the WKB approximation in
both quantum mechanics and field theories. The decay rate turns out to depend on the Euclidean
action of the classical solution. By summing all possible configurations of bounces, we can find the
exact imaginary part of the energy shift. This gives the complete form of the decay rate.

In Chapter [3] I review vacuum decay in the presence of gravity. There are two different topolo-

gies of solutions. The first one implies a closed manifold which is approximated by a Euclidean
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de Sitter space. The other one is an open manifold that is topologically equivalent to a Fuclidean
flat space or a Euclidean anti-de Sitter space. After constructing proper boundary conditions, I
will determine the conditions for each case to exist. In a closed manifold, there are two unusual
solutions because of the finiteness of the spacetime. The first one is the tunneling from the true
vacuum to the false vacuum and the other one is a static solution known as the Hawking-Moss
bounce.

In Chapter [ I describe the thin-wall approximation. If the thickness of the wall is much less
than the other length parameters, we can construct a valid approximation which leads us to find
an analytic solution of the vacuum decay. Especially in curved space, we can see there are two
different types of solutions. The first one is the type A bounce whose radius is smaller than the
horizon. The other one is the type B bounce whose wall is located at the maximum of the metric
factor.

In Chapter [5] I talk about thermal aspects of vacuum tunneling in both flat space and curved
space. If and only if the volume of the curved spacetime is finite, the temperature of the system
is also finite. Then, the tunneling occurs by not only quantum fluctuations but also by thermal
excitation. By understanding the thermal picture in de Sitter background, we can find a Euclidean
time coordinate in an analogy of the Lorentzian time and this allows us to interpret the horizon
and the type B solutions properly.

In Chapter [6] I explain some negative mode issues in flat space based on Coleman’s argument.
I show there is one and only one negative mode in flat space and I introduce an approach to find
eigenmodes analytically with the thin-wall approximation. For more details, I analyze cases with
three vacua with one- or two-field potentials which have two negative modes. We will see how the
action behaves around the bounce solutions and find out the dominant configuration in the decay
process. If there are many vacua, there can be many small bubbles inside one large outer bubble.
I investigate how small inner bubbles contribute to the system.

In Chapter[7] I discuss negative mode problems in vacuum decay with gravitational fields. Using
a gauge independent approach, I show there are always an infinite number of negative modes for
a de Sitter space. These negative modes are found by varying perturbative fields very rapidly in
negative kinetic energy regions. There are two sorts of negative kinetic energy regions. The first

one is found on the bubble wall if the height of the potential is sufficiently large and the second
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one is located around the maximum of the metric factor. Because there is always a maximum if
the manifold is closed, every bounce in a de Sitter background has this kind of negative kinetic
energy region. These many negative modes could be removed if many bubbles are nucleated in de
Sitter space, in an analogy with flat space. Furthermore, I describe how an ordinary negative mode
behaves as the gravitational effects get stronger.

Finally I conclude in Chapter
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Chapter 2

Vacuum tunneling in flat spacetime

2.1 Vacuum tunneling in Quantum Mechanics

Let us briefly review one-dimensional quantum tunneling. By using the WKB approximation, a

wave function on a barrier ‘V(z)’ as in Figure is given by

U(z) = Leﬂfozp(x)d”” (2.1)
p(x)
where
p(z) = v2m[V(z) — E] (2.2)
Prob. = 1 V)
Prob. =T

Figure 2.1: The tunneling in quantum mechanics.
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We can find the tunneling coefficient (7") by matching boundary conditions,
T ~ e 2Jo p@)dz — =B (2.3)

where a is the end point of the barrier. The exponent B is defined by

a 0 a
B:A wa@—mw+/ 2Mw@—mﬂﬂﬁﬂA 2m[V(z) — Eldz.  (2.4)

In Euclidean coordinates, the potential ‘V(z)’ behaves as ‘—V(z)’ and the particle classically
moves back and force within two classical turning points(x;) such that ‘V(x;) = E’. Note that the
exponent B is the same as the Euclidean action of the particle for one period.

In this example, the tunneling amplitude informs us the probability to find the particle on the
other side. In other words, it is interpreted as the probability to penetrate through to the other
side when a particle hits the barrier.

If the potential has a classical equilibrium state, a so-called false vacuum as in Figure the
state entered on the false vacuum decays to the region outside the barrier because the false vacuum
is not a true minimum[4]. The decay rate is determined by

1 d
= _@£ E (2.5)
where VU is the wavefuction in the false vacuum side. By plugging the Schrodinger equation into

(2.5), we can find that the imaginary part in the energy contributes to the decay rate,
'=2-Im(FE). (2.6)

Since we treat the false vacuum as if it were a stationary state, the energy FE is allowed to be
complex.
The eigenvalue of the Hamiltonian becomes a complex number and its imaginary part con-

tributes to the decay rate. We can calculate the decay rate I' by evaluating the path integral

(fle~H7T)0) :/Da:eSEM. (2.7)

It is well-known that the decay rate is given by an expression of the form

I'= Ae P(1 4 O(h)) (2.8)
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where

B =2 / " 2m[V(z) = Eld. (2.9)
0

I will show how to evaluate the path integral in field theory in Section However, we can
still see the decay rate has to be given by Equation without calculating the path integral.
Consider the classical motion of the particles in a well. The average time between collisions with the
barrier is proportional to the inverse of the number of particles in the well. The number of decaying
particles is determined by the product of the rate of collisions and the probability to penetrate on

each collision, and the probability of penetration is the same as the tunneling coefficient.

(# of decaying particles per unit time) ~ T - |¥|?
~ (Prob. of penetration) x (# of hitting the barrier per unit time) ~ 7" - |¥|? (2.10)

This means the decay rate (I') is proportional to the tunneling coefficient (7).

' ~T~e B,
[ = Ae 5. (2.11)

We will check this again and find A exactly in Section

Let us move to the tunneling process in many dimensions. In the case of one dimension, there
is only one way to move classically so we do not have to worry about the path. There is only one
possible point to penetrate while conserving the energy. In the case of d-dimensions, the possible
penetration points form a (d-1)-dimensional surface. We can choose the initial point as the place
of the false vacuum (¢y). For given penetration point (g,), the path is determined by minimizing

the Euclidean action.

false
vacuum

Figure 2.2: The potential for the false vacuum decay.
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If we set the coordinates of the particle in the system (§), the Euclidean action is given by

SE—/dT <;Z§-3§I_+V@). (2.12)

The initial point (¢¢) should be reached asymptotically since it is a maximum of the Euclidean
potential (=V),

im ¢'=qy. (2.13)

The penetration point (g)) has to be the turning point so gf vanishes there. Because the range of
the time is infinite, we can set the time on the turning point to be 7 = 0,
dq
— =0 at7=0. 2.14
7 (2.14)
In other words, the path is found by solving the Euler-Lagrange equation for the FEuclidean

Lagrangian
d*q oV

a2 = og (2.15)

—

with two boundary conditions. The solution has a time reversal symmetry, ‘¢(7) = ¢(—7)’, so it

satisfies

0 [e%)
/ Lplg(r)]dr = /0 Lplg(r)ldr. (2.16)

—0o0

The decay rate is given by
I~ Ae 5. (2.17)

As in the one-dimensional case, B stands for the action along the classical path
0 o0
B = 2/ Lplq(r))dr = / Lplq(r)|dr = Sg. (2.18)
—00 —o0
Any points on the (d-1)-dimensional surface that preserve the energy can be the penetration
point, so there are many possible bounces. The preferred bounce is the one of minimum action, and
it also has the highest decay rate. If the potential has some symmetries, some paths with the same
symmetry are categorized and the decay rate (I') for the symmetry group is also given by the sum
of them. For example, if the potential is totally symmetric, every penetration point is equivalent

to each other and there is only one solution in the system.
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2.2 Vacuum decay in field theory

We have studied the decay problem in quantum mechanics. Most of the properties in quantum
mechanics are also applicable to quantum field theory, but one of the significant differences between
them is the locality of vacua. In the setup of quantum mechanics, a potential is a function of
coordinates so it is localized and the position of a local minimum is also fixed. On the contrary, in
field theory, a potential is described in terms of fields so the tunneling can be located anywhere. It
means the vacuum decay process can occur anywhere and the size of the false (or true) vacuum is
also flexible.

In quantum mechanics, the penetration point on the potential is uniquely determined for the
given path but it is not in the case of field theory because of the size of the false (or true) vacuum.
Of course, if we seek the configuration which minimizes the action, it turns out to be unique and the
penetration point is also always lower than the false vacuum. In the setup of quantum mechanics,
they have to be the same to preserve the energy. Meanwhile, fields which manipulate the potential
are dynamic variables in field theory, so they always have positive kinetic energy. Because the
spatial gradient of fields also contributes to the energy, the penetration point is lower than the false
vacuum to compensate for the energy due to the spatial gradient of fields as in Figure [2.3

Let us assume the whole space was initially filled with the false vacuum. If the decay process
takes place somewhere, then the true vacuum fills some finite regions. It has to be finite because
of the energy issue. This true vacuum area is called by a vacuum bubble. Even in a d-dimensional
Fuclidean spacetime, the true vacuum still forms d-dimensional bubbles in the tunneling process
for the same reason.

To describe the tunneling process in field theory, we can start with a scalar potential in flat

spacetime[4]. Then, the Euclidean action is written by

1
and the Euclidean equation of motion is
LA PR (2:20)
T2 N ' ’

We can find solutions of this equation after imposing proper boundary conditions to describe

the vacuum decay process. By assuming there is one bubble in infinitely large spacetime, we can
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Ulg) V(z)

turning point

turning point

false vacuum false vacuum

true vacuum & true vacuum T

(a) Field theory (U[¢]) (b) Quantum mechanics (V(x))

Figure 2.3: The vacuum tunneling path in quantum mechanics and field theory. In field theory (a),
the turning point is lower than the false vacuum but it is also higher than the exact true vacuum.
On the contrary, the turning point (b) in quantum mechanics has the same energy as the false

vacuum.

find the following boundary conditions[l]

At first, the initial state has to be a pure false vacuum.

lim ¢(7, %) = ;. (2.21)

T——00

We know there must be a classical turning point for the Euclidean potential ‘—U’. Since the initial

condition is defined at 7 = —oo, we can set the turning point as 7 = 0 without loss of generality,
d¢
—(0,%) = 0. 2.22
20,7 (222

The action has to be finite because the decay rate, I' = Ae™ 5, vanishes if B diverges. In other
words, the tunneling process does not take place if the action is not finite.

B = Sg[bounce] — Sg[¢f] = /deSx [; <Zi>2 + % (ﬁcb)z + (U -Uy)]| . (2.23)

To make the action finite, the scalar field should be constant at 7 = co. Thus, the field has to come

back to the pure false vacuum at 7 = co. This condition gives the last boundary condition,

lim ¢(7, %) = ¢y. (2.24)

T—00

'If there are many bubbles, this boundary condition is asymptotically valid provided they are widely separated.
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Em o(1,Z) = ¢y false vacuum T = 00

turning point
in Figure 2.3a

) true vacuum T=0
% 0.2 0.

lim ¢(r,Z) = ¢5 false vacuum T = —00

T——o0

Figure 2.4: Creation of a vacuum bubble and boundary conditions. The field inside a bubble is not
the exact true vacuum but the turning point as in Figure 2.3k, which is slightly higher than the

exact true vacuum.

Let us describe how the scalar field behaves with these three boundary conditions. As in Figure
the field starts from the false vacuum, and at 7 = 0, the field is approximately at the true
vacuum inside a vacuum bubble but it is near the false vacuum outside a vacuum bubble. With the
boundary condition , the field starts to go back to the initial configuration at 7 = 0 all over the
places. If there are only two vacua in the potential, the time reversal symmetry (¢(Z, 7) = ¢(Z, —7))
always exists but it is not necessarily true for generic potentials. Although fields would not follow
the same path as the first time when the symmetry is not applicable, they eventually come back
to the false vacuum. Since qS vanishes everywhere at 7 = 0, the solution can be also a solution in a
Lorentzian coordinate by taking ¢ = i7. These Euclidean solutions are called bounces.

dos|  _ doy

dr N

7,7 =0) = ¢r(Z,t = 0),
Os(#,7 = 0) = 61(7,t = 0) =

= 0. (2.25)
t=0

T=
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cj)_,r T = 00

N
o \___/ T=0

or T=—00

Figure 2.5: Many possible solutions with boundary conditions. The maximally symmetric one has

the lowest action.

With these condition, ¢, (Z,t) also obeys the Lorentzian equation of motion.

P

52 T Vi =U'[¢1] (2.26)

If we relax the second boundary condition , we can find more possible solutions. These
solutions also obey the equation of motion, the initial and the final boundary conditions. However,
they can not nucleate in a Lorentzian spacetime because there is no proper channel to continue
to 7 — ¢t. These solution only exist in a Euclidean spacetime so they are not bounces and the
interpretation of these solution is unclear. We will check an example of this case at the end of
Section [6.3.3

There are many possible classical solutions to satisfy these three boundary conditions as like
Figure Furthermore, every spatial translation of one solution is also a solution because the
Lagrangian and the boundary conditions are invariant under spatial translations.

Among such many solutions, we are interested in finding the solution with the lowest action,
which is the most preferred bounce. In most cases, the maximally symmetric solution with the same
boundary conditions tends to have lower action than other less symmetric solutions. In the case
of flat spacetime, it is proven by Coleman, Glaser and Martin that the O(4)-symmetric solution
always exists and has the lowest action[12].

Let us investigate the maximally symmetric case. We can find a O(4) symmetric field by defining

p = /72 + |Z|2. Then, the scalar field ¢(p) is a function of p only. The equation of motion becomes
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¢ 3dp
Bt s 2.2
it = Ul (2.27)
and the boundary conditions are
¢'(0) =0, (2.28)
¢(00) = ¢y. (2.29)
The action is given by
& 1
B = Sg[bounce] — Sg[¢f] = 27r2/ dpp® [2¢’2 +Ulo(p)] — Uy | . (2.30)
0

To find B, we need to evaluate Sg properly. It is always possible to find the solution which
satisfies the boundary conditions numerically but there is no simple way to find an exact solution
analytically for a generic potential. If the width of the wall between two vacua is much smaller
than the radius of the bubble, we can assume the width is negligible and it is possible to calculate
Sg analytically. This method is called the thin-wall approximation. We will discuss more details

in Chapter

2.3 Quantum approach of the tunneling rate

In this section, we study the quantum approach to the tunneling rate[5]. As we discussed in Section
the imaginary part of the energy determines the decay rate. Let us find out the complete form
of the decay rate by evaluating the path integral properly.

Let us define T as the range of 7. In the limit of 7" — oo, only the lowest energy state contributes
to the path integral so the imaginary part of the lowest energy contributes to the decay rate. To
be precise, the path integral

lim I(T) =

lim
T—o0 T—o0

(r=T/2le 1T |r = —T/2) = / DpeSr19T] (2.31)
is dominated by the lowest energy state as T — o0,

lim I(T) = lim > ailfe BT = e BT, (2.32)
%

T—o00

where |1 = —T/2) = 3. a;|E;) and set |ag|? = 1 for a convention.
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The functional integration becomes the product of ordinary integrations by the mode analysis

because of the orthogonality of the eigenfuctions
D¢ = [[(2nh)~dey. (2.33)

Let us think about an arbitrary configuration of the scalar field ¢. Then, ¢ is expressed by the
sum of the classical solution (¢) and eigenfunctions (¢,,) of the second variational derivative of S
at ¢ = ¢ as
d=¢+ cnn. (2.34)
n

Here, ¢,’s are coefficients of eigenfunctions. In our convention, the pre-factor (2wh)~1/2 is set to
satisfy that
_ _ _ a2 1
/H(Qwh) 12Gc, e~ 58/ = /H(Qﬂ'h) 124c,, e Amem/2h — HW (2.35)
n n n n

The lowest energy is given by

In I(T)

Eo = lim — (2.36)

T—o0
Because bubbles can be nucleated all over the whole space with the same decay rate, the decay

rate per unit volume is
2Im E 2Im (In I(T
ryy < 2mE o, 2m(n ()

Vv a T,V—o0 v

(2.37)

The path integral contains every possible configuration of fields and each configuration has a
certain number of bounces. Define I,, as the path integral of n bounces. Then, the path integral is

the sum of the path integrals of each number of bounces,
I=> Li=I+L+Ip+ . (2.38)

The first term (Ip) indicates a path integral of a homogenous field configuration. The field stays
on the false vacuum all over the spacetime classically, ¢(Z,7) = ¢¢. In this case, there is no bounce
and the path integral is

1
Iy = e SElPs], (2.39)
(det S2[p]) "

Since each Gaussian integration gives )\;1/ % in our convention l} Iy should contain the term of

det S%[¢f] = [ \i where \;’s are eigenvalues of S%[¢f]. SE[¢] is the operator which generates the
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eigenvalues and the eigenfunctions for given ¢. In the case of no bounce, we can write as
Sglos] = -0+ U"[¢s] = -0+ 2, (2.40)

because U”[¢¢] is a positive constant, w? = U"[¢¢].

The next step is evaluating ;. As a first thought, we can naively write I as like the I caseﬂ

A S—— (2.41)

(det S4[6]) "
Since the range of spacetime is infinite, a bubble can nucleate anywhere. A bubble is totally
equivalent to other bubbles nucleated at different positions (or times) with the same boundary
conditions. This implies the spatial (or time) translation symmetries of bubbles. These four
translation symmetries allow four zero modes in four dimension. Because these four zero modes
come out from the flat structure of the spacetime, they are universal in flat spacetime. If there are
some internal symmetries in the system, those symmetries generate more zero modes[I3]. Here, we
only care about the case without internal symmetries.

Because a bubble can be nucleated at any points and any time, the path integral for one bounce
(I1) should be proportional to the volume of the whole spacetime which is infinite. This infinity
does not cause any problems because we are interested in the decay rate per unit volume. Since

1

‘det S7[b] has four gi7z 'S, they have to be removed. Let us find explicit forms of these zero modes

first. If the field is shifted as

a¢(£u)

N 2
pr + O(a?), (2.42)

d(xy) = oz, + azr) = ¢(z,) + @

zero modes correspond to ®,, ~ 0,¢ for infinitesimal translations where i = 0,1, 2, 3, respectively.
Here, we denote four zero modes as ®,. In order to find a normalization constant for a zero mode,

we need to evaluate B,
a2 (1. —.u- 1 PR
B= | dz 5@(]58“(75 +U[¢] ) = 1 d*20,90" ¢. (2.43)

This gives a complete form of ®,,

®, = B7129,6. (2.44)

2Sg[b] stands for the action of one bounce.
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The path integral from the zero modes is given by

/H(Zﬂh)_lﬂdcue_fd%)‘“q)”q)“ = /H(Qﬂ'h)_l/QdCH 1= (27T1h)2 /Hdcu. (2.45)

If there were only four zero modes in the system, the field is expanded by

o(x,) = q@(mu) + ¢, @) = (;g(xu) + CMB*1/28M<;75(33M) = g?)(x# + cuBfl/Z), (2.46)

so the field ¢(x,,) is always described in terms of the classical solution ¢ but it is moved by cuB —1/2,
This implies that

a,uqb(zvl/) = a,uq_s(svu + CVB_I/Q)’ (2'47)

do(x,) = dz,, - Opd(zy) = dxy, - Oud(zy + c,B71%). (2.48)

In the expansion of (2.34)), ¢ can be varied only by changing ¢,’s because ¢ and ¢,,’s are fixed. To

sum up, it turns out to be
do(zy) = dey, - () = dey, - B_1/28ng_5(xl, + ¢, B71/?). (2.49)
Now we can find the relationship between dz,, and dc,, for zero modes,
de, = BY*dz,,. (2.50)

The path integral for zero modes (2.45)) gives that

B\ /2 B\ /2
/2. _ b _( L
/(27Th) dcy / <27rh> dt (27rh> T, (2.51)

/1;[(27rh)1/2dcu = (;;)21/? (2.52)

Since the zero eigenvalues does not contribute to the determinant, ‘det S%[b]’, it should be modified
to the determinant without zero modes, ‘det’ S%[b]".

There is one and only one negative modeﬂ For this negative mode, the gaussian integral over
c_ diverges. In order to avoid this problem, we need an analytic continuation of the integration

path. The existence of the negative mode implies that the bounce is on the saddle point, and the

3See Chapter |§| for details
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path of contour integration can be distorted to the upper half plane from the saddle point. The
imaginary part runs from 0 to either +oo (‘—’ when it goes to the lower half plane) not from —oo
to co. The factor of 1/2 came out after Gaussian integration through the steepest-descent method
because it only covers the half of the gaussian integration[5]. If the path is distorted to the upper
half plane, the factor of 7 also appears.

The negative mode integration gives
/ (27h) Y2 de_e~El0-1/0 = %\A_rl/? (2.53)

where c_ is the coefficient in Equation (2.34)), ¢_ is the negative eigenmode and A_ is the negative
eigenvalue.

To sum up, I is written by

[ B \? _
11=;<2h> VT |det'Sp[p]| " 520 = iV TKe P, (2.54)
™
Define K as,
i _ 1 ( B \?|det S 1/ (2.55)
- 2\2nh) |det S%[¢s] '

For n bounces case, if bubbles are separated widely so that each bubble behaves as one bubble,

then we can use the dilute gas approximation. Then, as like the I; case, I,, should be the form of
I, ~iVTKe BI, 1 ~ (iVTKe B)" I. (2.56)

More precisely, we need a factor of % because the path integral is invariant under exchanging any

two bubbles.

I _B\n
I, = o (iVITKe ") I. (2.57)
Rewrite Equation (2.38)),
. _ L. —B)\2 1. _B\3 . _
I=> I,=I+iVTKe BIO+§(1VTK6 B) Io+5; (VT Ke BY Iy+...=Ipexp (iVTKe 7).
(2.58)
The decay rate per unit volume is
B ) 2Im (In I(T))
F/V a T,%}Igoo vT
BN\ det' Sy |7V g (250)
= \2nh) |detSZles| ‘
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Note K is a pure imaginary because the contour integration for the zero mode gives a pure
imaginary number and the others should be real by the ordinary gaussian integration. Iy does not
contribute to the decay rate because it’s a real number.

This result shows that

L)V = Ae P (2.60)

B 2
A =
(277?1)

This gives the complete form of the decay rate.

and A is given by
det’ 57[p] |~/

det Sg[¢/]

(2.61)
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Chapter 3

Vacuum tunneling in curved

spacetime

The vacuum tunneling process itself is an important topic in quantum field theory but it becomes
more valuable in the context of quantum gravity because it helps us to understand the evolution
of the early universe. To describe the very early universe, ordinary four dimensional quantum
gravity would not be appropriate since the UV completeness problem arises beyond the Planck
scale. However, it is still useful to see how the gravitational effects contribute to the tunneling
process, and especially for the weak gravity limit, it gives well-suited results of the vacuum decay.

The first step to include gravity is constructing the metric to represent the spacetime manifold
of the system. There are lots of choices of the metric. The most general case is the O(4) symmetric
metric which is as known as the Coleman-de Luccia metric[7]. In the case of flat space, it is proven
that the maximally symmetric solution with the same boundary conditions has the lowest action,
which is our main interest. Meanwhile, in curved space, the O(4) symmetric solution seems to be
the lowest action but this has not been proven exactly yet[I4} [I5]. We shall see an O(5) symmetric
solution known as the Hawking-Moss solution which is more symmetric than the CdL solution[16].
Although we can check the HM solution has always higher action than the CdL case, it cannot be
a counterexample because it has different initial conditions. In this chapter, we focus on the O(4)

symmetric metric case.
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3.1 The set-up

As in the flat space case, we need a Euclidean spacetime to understand the tunneling problems.

Let us start with the Colemann-de Luccia metric, which is O(4)-symmetric,
ds® = B%de? + p(£)%dQ3. (3.1)
The scalar field in the curved space satisfies
VAV 9 =U". (3.2)
where V, is a covariant derivative in curved space. For the CdL metric, the field equation is given
by
b+ ?’[fqﬁ = BU'. (3.3)

Since the metric only depends on £, the 00-component of the Einstein equation, ‘Gog = kTpo’, gives
a constraint of the system, (k = 87 Q)
p? =B+ “52 <;¢32 — B2U> . (3.4)
The other components of the Einstein equation are either identities or trivial consequences of the
field equation and the constraint. If the metric is not O(4) symmetric, the system is not invariant
anymore under the rotational translation. Thus, the 0i-components of the Einstein equation,
‘Go; = kTp;’, come out and there are more constraints in the system.
Since we derived the above equations by using the covariant derivatives and the Einstein equa-

tion, the total action should contain the Einsten-Hilbert term and the action of the covariant fields.
4 1 1
Sg = [ dz/|g| §VM¢V“¢+ Ulg] — ETR

2n? [ e [p?’ (2;2& + U[qb]) b (4o - oB)| (3.5)

Equations and are also obtained by the Euler-Lagrange equations of this Lagrangian.
Since there is no B term in the Lagrangian, B is not a dynamical variable. It can be treated as a
Lagrange multiplier and the existence of a Lagrange multiplier always implies a constraint in the
system. As we checked earlier, this constraint is equivalent to the 00-component of the Einstein
equation . It is not a surprising result because B is the coefficient of d{ in the metric. The

constraint is also the same as 6£/0B = 0.



CHAPTER 3. VACUUM TUNNELING IN CURVED SPACETIME 23

This fact also implies a gauge symmetry in the system. For a given manifold, it is always
possible to choose any B without changing the manifold. Choosing different B means nothing but
rescaling a &-coordinate. We can also check the action is invariant regardless of the value of B.

For a given B, define d€ as

d¢ = Bd¢. (3.6)

It is easy to check that the Lagrangian satisfies

Il
B
<
—
I
N—
e
—
I
N—

oy

Il
=
—

w
BN |
N~—

SLIO(BE), p(BE): B

where £ is the Lagrangian in terms of .

The action is written by
sp = o [ T aen [p?’ <1¢2 + U[¢]> - (o6 + i — pB?)
5 0 232 K/BQ
— / dELIB(E), p(€): B]
Ofmax 1 -
BEIIlaX ~ o~ ~ ~ ~
- /0 GEEIOE), pE) B =1], (Emax = Bémax)- (3.8)

This is still true even if the range of £ is infinite so the action is gauge-invariant.

For convenience, let us set the gauge B = 1. Then, the constraint and the field equation become

2
ﬂ2=1+*§<;¢2—U), (3.9)
. 3p.  dU
b+ ?pgb =% (3.10)

By combining these two equations, we can find a useful but subordinate equation,
.. K i
pz—?p (¢ +0). (3.11)
In a closed manifold, the action is written by the following after the integration by parts.
2 3(1;9 3 .9
Sp=2m" [ dg|p" | 50" +U —;(pp +p)]. (3.12)
By plugging the constraint into (3.12), it can be rewritten as

Sp = 47r2/dg [p?’U — 3:] . (3.13)
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This is the simplest form of the action so we use this in most calculations.

If the manifold is open, the Gibbons-Hawking term[17] appears at the boundary,
1. 3 672
Sg = 2772/ [Pg <<Z>2 + U> - = (pp" + p)] dg + [Wp%}
M 2 K K

The GH term is canceled out in the calculation of B because the field is very close to the false

(3.14)

p=0M

vacuum for sufficiently large p. It is always possible to evaluate Sg[b] numerically but there is
no simple way to calculate it analytically, as in the flat space case. If the width of the wall is
thin enough, we can use the thin-wall approximation to find an analytical solution. Similarly, the
GH term in the action is treated as the region outside the wall in the context of the thin-wall

approximation so it is canceled out by the same way.

3.2 Boundary conditions

Our main goal is calculating the decay exponent B. In the case of flat space, it is given by
B = Sgl¢] — Sgléy] and it can be written by one integration B = [ d*z(L[¢] — L[¢f]). In curved
space, B has to be obtained by separate calculations because the range of £ of a bounce differs from
that in the pure false vacuum case.

B = Splt] - Spléy] = /

My

daLlo) - / daLlés). (3.15)

My

We need to construct proper boundary conditions to find physical solutions of the actions, Sg[b]
and Sg[¢f]. Because zeros of p are good candidates for boundaries, it is important to check the
existence of zeros of p in the system, and it is possible to show there must be at least one zero of p.

Suppose p is always positive so that there is no zero of p in the manifold. Then, £ has to run
from —oo to oo because £ can stop only at p = 0. If £ stops at some positive p other than p = 0,
a discontinuity of the manifold arises at that point so it is not a physical solution. This shows
that there must be a minimum of p, and p vanishes (p = 0) at the minimum. By analyzing the
constraint (3.9), U at the minimum (p = 0) has to be positive (U(pmin) > 0). At the minimum of
p, p is positive (p > 0) but Equation implies p < 0 if U(pmin) > 0. Thus, the assumption
that p is always positive leads to a contradiction. Q.E.D.

There are at most two zeros of p. If there are more than two, p is not continuous since p = +1

at p = 0 by the constraint. In other words, there can be only one or two zeros of p in the system,
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corresponding to an open or closed manifold, respectively.

In the limit p — 0, the metric behaves as
ds® = dé€® + (£ — &)%d3 (3.16)

to avoid a singular peak of the geometry. &y is the point where p = 0. This condition gives p = +1
at p = 0. We can doublecheck this by the fact that the constraint (3.9)) also gives p = +1 at p = 0.

Thus, we can construct the first boundary condition as
p==1, at p=0. (3.17)

The second term in the field equation 1' diverges as p — 0 unless qﬁ — 0. This gives the second
boundary condition,

=0, at p=0. (3.18)

If there are two zeros of p, the manifold is closed and there are two boundary conditions at each end.
In the case of one zero of p, the metric represents an open manifold and there are two boundary
conditions at p = 0, and the following condition is needed to make the action finite, as in the flat
space case.

® = ¢y, as p — 0. (3.19)

To summarize, there are four boundary conditions for a closed manifold: , on both
ends where p = 0, and there are three boundary conditions for an open manifold: two (,
(3.18])) on zero of p and one at the infinity of p. These conditions are written in terms of
p which represents a physical quantity locally but it would be better to describe them by using a
&-coordinate practically. Since € has a translational symmetry, it is possible to set a zero of p as
p(0) = 0 without loss of the generality. The geometry can exist on the side of either positive or
negative £&. Conventionally, we choose £ to run to the positive way. Then, the boundary condition
has to be p(§ = 0) = 1. Once we choose p(0) = 0 due to the translational symmetry of &, the

boundary conditions are written in terms of &,
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(a) In a closed manifold (U[p(¢max)] > Ulds]) (b) In an open manifold (U[¢(oc0)] = Ulgy])

Figure 3.1: The tunneling path in curved space. At £ = 0, the field starts at U[¢(0)] > Ul¢¢] in a

similar way to the flat space case but the end point is different from that if the manifold is closed.

3.23

p(0) =0 (open & closed), p(Emax) = 0 (closed), (3.20)
p(0) =1 (open & closed), p(&max) = —1 (closed), (3.21)
$(0) = 0 (open & closed),  G(Emax) = 0 (closed), (3.22)

(3.23)

¢(00) = ¢¢ (open).

For an open manifold, there is no &nax so the conditions at &nax cannot be determined. In a
similar way, the last one is omitted for a closed manifold. The number of boundary conditions
in terms of ¢ look different from the case in terms of p but the first condition is not a real
boundary condition but the definition of p = 0 points, so the condition is a redundant
condition. The condition ¢(c0) = ¢, for an open manifold would be fine at a glance but it turns

out to be wrong. We will discuss why this condition is not allowed later.
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3.3 Solutions

If the field is stationary ((;5 = 0) everywhere, it is easy to find the solution which satisfies the

boundary conditions. In this case, the field and the potential are
$=¢=0, U =0. (3.24)

Namely, the field should be in the vacuum. This in a trivial solution and it does not imply a
bounce. Let’s say Uy is the vacuum where the field is. If we define A% = niUo’ then the solution for

p is written by

Ag sin (%) if Up >0
p(€) ={ Agsinh (A%) if Up <0 (3.25)
§ if Up =0

Note that Agsinh <Ai0) = |Ag| sinh (IA%I) even if Ay < 0.
If Uy is positive, p behaves as a sine function so there are two zeros, and the range of £ is
[0,7Ag]. The geometry of this case is the same as a Euclidean de Sitter space. In the other cases,

there is only one zero so it represents an open manifold. The geometry for Uy < 0 is a Euclidean

anti-de Sitter space. The action for the stationary field for U[pg] = Uy > 0 is

wAg 3
Splgo] = 2n /D dg {pij’Uo == (ps" +p)]
= —47? /WAO AUy sin i cos i d€
0 0o Ao Ao
82 2472
= T A= .2
P 0 /<L2U0 (3 6)

If Uy is non-positive, the action diverges to —oo. Even though the action diverges, B can be finite
because the field configuration of the bounce for large enough p is almost the same as that of a
pure vacuum, so the infinities of Sg[b] and Sg[¢¢] cancel each other out. If there is a bounce with
a finite action in this background, B diverges to oo so the tunneling rate goes to zero. The bubble
cannot nucleate in this case.

We have studied that there are two possible cases of the manifold. Then, it is natural to ask
what kinds of conditions determine the topology of a manifold. We can answer this by analyzing

the constraint and the equation of the motion.
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dS->dS Tunneling

dS->AdS Tunneling
U(x)

e~ U=0

u=0

(a) dS — dS tunneling if Uy > U; > 0, (b) dS — AdS tunneling if Uy > 0 > Uy,

Y(X) AdS->AdS Tunneling

U

I
(=]

(c) dS — AdS tunneling if 0 > Uy > Uy.

Figure 3.2: The conditions for three types of tunneling.

First of all, if the potential is non-negative everywhere, the manifold is always closed. This is
the dS — dS tunneling case. Equation (3.11)) gives p < 0 for all &,

s RP (92 _kp
p=—" (¢ +U)< 20 < 0. (3.27)

This implies that p is always smaller than p on the pure true vacuum so p also moves slower than
the case of the true vacuum. For any £*, p and p obey

§* §* *
pe7) =1 +/0 pdé < 1 +/0 %Utdﬁ = cos (i) , (3.28)

&* * 3
p(€7) :/0 pdé < Aysin <f\t> , (Af = RUt> . (3.29)

This means p becomes 0 before £* = wA; (. Emax < m™A¢) so there are two zeros of p if the potential
is always non-negative.

On the contrary, if the potential is negative for all £, the manifold is always open. So as to
construct a closed manifold, p has to be 0 at a certain point because p is continuous. The right-hand

side of the constraint (3.9) is positive definite if the potential (U) is negative so the left-hand side
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(%) cannot be zero (p? > 0). This means there is no maximum of p. Since there is no turning
point to make the second zero, the manifold is open. This fact cannot be observed in the thin-wall
approximation approach but this is still true in more generic cases. Although the potential not in
the classical path can be positive (3¢ such that U[¢] > 0 for ¢ < ¢(0) or ¢ > ¢(c0) if ¢ > 0), this
argument is still true since the outside of the path does not affect on the dynamics at all.

The next case we consider where both vacua are negative but the potential between them is
positive in some area. We can also find the topology of this case by investigating the constraint.

Before doing that, we need to check the following identity,

d 1. L. 3p - 3p <o
—- U—¢2> =U' _¢¢_¢<_¢> = ——¢", 3.30
dg§ ( 2 ¢ P p (3.30)
1, $3p 1,
U—--¢ =Upy — —o¢°d¢. (Up=Uat&=0). (3.31)
2 =g+ o P
At p = 0 points, the constraint gives
1. £ 35 .
% =U—=¢* < Uy — / 3i’¢2d§. (3.32)
Kp 2 o P

The left-hand side is positive but the right-hand side is negative if Uy is negative and p is positive.
Before reaching p = 0 points, p is always positive. This implies there is no p = 0 point if the
potential starts from a negative value even if the potential becomes positive somewhere. We can
understand this in the other way. Before tunneling occurred, the spacetime was anti-de Sitter space
because the potential at £ = 0 is negative. If p had a maximum, B = Sg[b] — Sg[¢o] goes to oo so
the tunneling rate is zero. To sum up, in the case of the AdS — AdS tunneling, the manifold is
open no matter how the potential looks.

The last case we examine is the dS — AdS tunneling. This is the case that the false vacuum
is positive but the true vacuum is negative. If the field is in the true vacuum at £ = 0 (¢(0) = ¢),
the manifold is closed as in the dS — dS case. At the end of the day, p moves slightly faster than
Agsin(€/Af) so it has to go to zero. However, if the field starts from the false vacuum (¢(0) = ¢¢),
it would be possible to diverge since the field can eventually behave as A;sinh(£/A;), but we can
show this is not allowed.

Suppose the field starts from the false vacuum and the manifold is open. The boundary condition

shows us

AU = Ul¢ = 00 = UJ¢ = 0] = U, — Uy < 0. (3.33)
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£§=6

P1
P2

£=6

Figure 3.3: A hypothetical solution in dS — AdS tunneling. This cannot be a real solution.

Equation (3.30)) gives

AU = / (U — ¢2> = /OOO ?’p%?dg. (3.34)

In order to satisfy this, p has to be negative in some region as like Figure Let’'ssay p =0
at £ =& and § = & (§2 > &1). Then, p1 = p(&1) > p2 = p(&2).

& g 1., B B & ¢ 1 B _1.2 B _1.2>‘
/1 d§<¢ )f—/& d§<U ¢>d£—<U 2¢>L§1 <U 50 o (3.35)

This can be evaluated by two different ways. The constraint at p = 0 implies

1. 1. 3/1 1
(U — 2¢>2> - (U - 2¢>2>‘ == <2 - 2) <0 (. p1>p2). (3.36)
£=6 =6 F\PT P2
By integrating Equation (3.30]), we found
2.4 (1 2 3p .
/ ( ¢ — ) ds = —/ Li2de >0 (. p<0). (3.37)
& df 1 P

These results lead to a contradiction. This means the manifold is closed in the case of dS — AdS
tunneling. This also verifies that the boundary condition can be determined only for the
false vacuum since the true vacuum cannot be the state at £ — co. Even though there is subtlety in
defining the energy in curved space, if an open space is filled with the true vacuum after tunneling,

there must be a serious problem. The energy issue also directly came out by taking the Newtonian
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dS — dS dS — AdS AdS — AdS
Potential Ur>0,U;>0 Ur>0,U; <0 Ur<0,U; <0
Manifold closed closed open

possible but cannot be thermally assisted
True—VFalse || always possible impossible
from the pure true vacuum

Table 3.1: The three cases of CdL bounces.

limit. In the context of the thin-wall approximation, it is possible to change the topology of the
manifold after the tunneling but it is only within the confines of the approximation. If there is such
a solution, the tunneling rate B diverges so it becomes meaningless. However, we showed that it
does not exist. If the vacuum is on Uy = 0, it represents a flat spacetime. We can treat this case
as the limit of Ag — oo in the AdS geometry.

We checked the field has to be near the true vacuum at £ = 0 if the manifold is open. For
a closed manifold, the field can be initially at either false or true vacuum because the geometries
of both solutions are connected by the rotational symmetry. However, each case has a different
interpretation. If the system is on the true vacuum initially, then it cannot tunnel to the false
vacuum in flat space because of the conservation of the energy. However, the true vacuum is able
to tunnel to the false vacuum if the manifold is closed in the presence of the gravity due to the

finiteness of the spacetime[I8]. The tunneling amplitude of the true to false decay is given by

Bisj = Splb] — Sklét], (3.38)
and the ratio of the decay rates is
e_Bt%f

— = SEl¢fl+SEl¢]  J1/Ur=1/Us - 1 (3.39)
6_Bf~>t

The decay rate is smaller than the decay from false to true but it is finite. The true to false
decay has a different picture from an ordinary tunneling case. Because a false vacuum bubble,
if it exists, cannot be surrounded by the true vacuum, the true vacuum part remains inside the
bubble and the outside of the bubble tunnels to the false vacuum. The solution where the field (¢)

starts from the false vacuum at & = 0 can be interpreted as the decay from true vacuum to false
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P
True ™~
Vacuum False
Vacuum
L 13
é- &IH&_X
(a) False to True tunneling.
P
T
= True
Vacuum
False
Vacuum
é-ma_x - é- é-IIla.K

(b) True to False tunneling.

Figure 3.4: In a closed manifold, it is possible to find the solution (b) from the solution (a) because
these two solutions are connected by the rotational symmetry of the manifold. If the spacetime is
not finite, the symmetry does not exist so ¢ has to be at the true vacuum at & = 0. The picture

(b) implies the true to false tunneling process.

vacuum. This decay process can be understood more precisely with the thermal interpretation of
a CdL bounce. In the case of Uy < 0 and Uy > 0, the true to false tunneling would be possible if
the initial state is thermally overexcited. However, the probability to be overexcited from the pure
true vacuum is zero (e~ 3enitiall+Spléd — () 5o it turns out to be impossibl

It is possible to obtain the tunneling exponent B in curved space since it is found by a semi-
classical way. However, it is not easy to calculate the prefactor A exactly in the Coleman-de Luccia
action because the mode spectrum has many(or infinite) negative modes if the gravitational effects

get stronger. We will discuss more details about this in Chapter

1See Chapter |5| for more details
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Figure 3.5: Hawking-Moss solution.

There is another type of solution as known as the Hawking-Moss solution[I6]. It is the most

trivial solution such that the field is a constant all over the spacetime and tunnels homogeneously,

¢(§v£) = ¢top- (3.40)

For a HM solution, ¢ is a constant all over the space-time.

In flat space, this kind of solution also satisfies the field equation (2.27) . However, it cannot
be a real solution because it cannot cover the infinitely large spacetime with the same energy. In
the same way, the HM solution exists only in a de Sitter space background. Furthermore, it is also

possible to tunnel from the true vacuum to the HM case. The tunneling exponent is

2472 [ 1 1
B = Sg[étop) — SE[d0] = TZ (Uo — Uwp) ) (3.41)

The HM solution can only exist in a de Sitter background since B should not diverge.

A HM solution always exists if Uy > 0 since it is a trivial solution. Especially, if
Afop - (U (Brop)| < 4, (3.42)

the O(4) symmetric CdL solution may not exist. If the top of the potential gets flatter, the field at
&€ =10 (¢(0)) gets higher in order to compensate the time loss around the top since the field stays

longer around the top.
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Chapter 4

Thin-wall approximation

We have studied many properties of the vacuum tunneling process. Except for trivial solutions
like the Hawking-Moss case, it is not possible to find an exact analytical solution. However, it
would be helpful to understand the structure of the tunneling problems better if we can solve the
field equation analytically with a proper approximation. The thin-wall approximation is the only
way to find an approximate analytic solution. Let us investigate the thin-wall approximation more

precisely.

4.1 Flat space

First of all, consider tunneling without gravity. Imagine a bounce solution which looks like Figure

If Ap > p, we can approximately assume the field behaves like a step function,

oy if p<p—~Ap/2,

o(p) =14 dulp) ifp—Ap/2<p<p+Ap/2, (4.1)
o5 if p>p+Ap/2,
0 if p<p—A»Ap/2,

d(p) =1 ¢l(p) fp—Ap/2<p<p+Ap/2 (4.2)
0 if p>p+ Ap/2.

The field satisfies the field equation (2.27) on the wall but the second term is negligible if
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of

Figure 4.1: The thin-wall approximation is valid if Ap < p where p is the location of the wall and
Ap is the width of the wall.

p > Ap,
3
U' = ¢ly(p) + ;Qﬁiﬂ(p) ~ G (p)- (4.3)

This fact makes the action on the wall simpler. Define S; as the one-dimensional action of the wall,

5+ Ap/2
si=[ " (;¢’2+U[¢]>- (1.4)
p

—Ap/2

The action on the wall is given by
p+Ap/2 1 p+Ap/2 1
Syall = 2> / dpp? <¢’2 + U[¢]) ~ 2 p? / dp <¢’2 + U[¢>]> = 212538, (4.5)
p—Ap/2 2 p—Ap/2 2

The tunneling component B with the thin-wall approximation is written by
23 L 54 _
B = Sglt] - Splog) = 2251 — swipte, (e = Ulgy] - Ul (4.6)

For given S; and e, the size of the wall (p) is where the bounce action (Sg[b]) becomes the maxi-
murrﬂ Since Sg|¢y] is a constant, this condition is the same as

dB[ﬁa Sla 6]

pE = 6m2p%5) — 2n%pPe = 0. (4.7)

The radius of the wall in the thin-wall approximation turns out to be

38

p= — (4.8)

!The existence of a negative mode implies it has to be the maximum.
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This is the solution which is on the saddle point of the action in the configuration space.

However, the second derivative of the action,

d’B 187253
- <

dp® €

0, (4.9)

is negative. This means that the solution is on an unstable state and there is a negative mode in
the system.

Let us check the validity of the approximation. Like the term thin-wall, this approximation is
valid where the thickness of the wall is much smaller than any other length parameters. The size
of the wall (p) is the only length parameter and we checked the tunneling amplitude B with the
thin-wall approximation can be derived under the condition,

7> Ap. (4.10)

The width of the wall satisfies

A¢ _ 351
~ - > p=— 4.11
- > p c ( )

where ¢’ fv ~ U — Uy = AU. If the potential does not have an extreme peak, we can assume every

parameter from the potential except € has a similar mass scale,
Ap ~ (AU ~ (Y3 ~ . (4.12)

This showed the thin-wall approximation is valid if the difference between the two vacua is

much smaller than the mass scale of the potential,

e <mt ~ AU. (4.13)

4.2 Curved space

The next step is investigating the thin-wall approximation in curved space. Because there are more
parameters in this case, the validity condition is also more complicated, and the field and the metric
are written in terms of the &-coordinate. The size of the wall (p) is given by p = p(€). The physical
width of the wall, if it is well-defined, is Ap = p(& + AE/2) — p(€ — AE/2) =~ pAE. Here, € is the

location of the wall and A is the width of the wall in the £-coordinate.
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As in flat space, the field in the thin-wall approximation is given by

o if 0 <&<&—Ag/2

(&) =19 du(®)  ifE—AE/2<E<E+AL/2 (4.14)
Or if € > €+ AE/2,
0 if 0 < &< &—Ag/2,

) =1 dole)  fE—AL/2<E<E+AL)2 (4.15)
0 if &€ > &+ AgL/2.

Strictly speaking, ¢(§) is not on the exact ¢ nor ¢ in curved space, so we can treat ¢ and ¢
as the beginning point and the end point of the field, respectively. Note that the end point is the
exact ¢ if the manifold is open.

The field on the wall also satisfies the field equation but the second term is negligible if p >
Ap = pAg,
. 30 . . 30 . .
U = $o+ Lo~ du+ Ly ~ du. (4.16)
p p
With this condition, the field obeys that

S8+ Ulbu] = Ulgol. (417)

Here, ¢ is the initial value of ¢. Define the one-dimensional action on the wall by
E+AE/2 /q i E+AE/2
si= [ (5P vl -vied)de= [72wle - Ulade @as)
§—AE/2 §—AE/2
Let us assume that the field is in the true vacuum at £ = 0, the false to true vacuum tunnelingﬂ
Then, ¢g = ¢y in the previous formula. By using Equation (3.13), the tunneling exponent B on
the wall (B = Sg[b] — Sg[¢f]) is given by

Byl = 47r2/ ) p* (U —Ulgy]) dé = 271'2/)3/ ) 2(U = Ulgy]) dé = 2725 Sy (4.19)

The part inside the wall contributes to B,

N | 3
B = [} <p3U[¢t]— ”)—wﬁm)

K

2For a true to false vacuum case, the calculations of B are still valid because both cases have the same bounce

configuration but different initial states.
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(1 - é)m - 1] . (4.20)

Note that p = cosh(&/A) = (1 — p?/A?)Y/? for an open manifold. The above result is still true if we
define A% = % in both open and closed cases.

When calculating the outside of the wall, there are two different cases. In Equation , p is
always positive inside the wall but it can be negative in some regions outside the wall in the case
of the de Sitter background or always negative if p is negative right after passing the wall. If p still
increases after the wall (p > 0), it is an intuitively acceptable case and the true vacuum bubble
is surrounded by the false vacuum region. This solution is called by a type A bounce. On the
contrary, if p starts to decrease after the wall (p < 0), there is a subtlety in defining the outside of
the wall physically so the geometry of this bounce needs to be specified carefully. We shall see the
physical interpretation of this bounce in Chapter This solution is known as a type B bounce.
There are also types C and D bounces but they do not satisfy the equation of motion , SO we

do not have to count them in.[19H21]

Yacuum Yacuum
(a) Type A bounce (b) Type B bounce

Figure 4.2: Two different solutions in curved space.
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The decay exponent B for the outside the wall is

0 for type A,

Bout - 272 B 3/2 (421)
S, < — p2> for type B.

K

In the case of type A, the outside of the wall is the same as the part in a pure false vacuum so it
is canceled out. However, a type B bounce does not contain the region from the first p = p point
to the second p = p point so it gives a non-trivial contribution.

Summing everything up, we can find that B in the thin-wall approximation is given by

3/2 3/
=2 A2 A2 =2
:F<1—K?> +1 +”Kt[< —X—g) —1},

(— : type A, + : type B). (4.22)

7T2 2
Blp] = Sglb] — Sglés] = 202538, + ~

K

This formula is valid for both open and closed cases but there is no type B solution if the manifold
is open because a type B solution has a maximum of p. It is possible to check that B becomes
negative if type B solutions exist for an open manifold (Afc < 0), so this fact also implies that type
B bounces are allowed in only de Sitter backgrounds.

The tunneling from the true vacuum to the false vacuum is also possible if the true vacuum is

positive (U; > 0). In this case, the tunneling exponent B is also always positive for both cases,

0\ 3/2 2N 3/2
$<1—K§) 1 +4”1A?[(1—@) +1]>0,

(—: type A, + : type B). (4.23)

272
47rAf
3

Blp] = Sglb] — Sglp:] = 27°p°S1 +

The size of the bubble is determined by where the action of the bounce is stationary.

_ 5\ 1/2 9\ 1/2
dB 127%p P> P>
— =6m°p°S t{1-5 | —(1-%5 =0, at the solution p.  (4.24
P Tp St + - ( A? ( A%) , at the solution p (4.24)

The solution is found to be

1 1 € KkS1 2 1 € kST 2
_ N N (R 4.2
2o (351 I ) a2t <351 Ty > ’ (425)

with the conditions

€ kST

— > —, fort A
35, 4 or type A,
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€ kST
— < — for t B. 4.26
s < for type (1.26)

We can see that only type A bounces are allowed in the weak gravity limit. This is not surprising,
because the geometry of a type A bounce around the bubble is similar to the flat space case. The
term ﬁ is the inverse of the size of the bubble in flat space. If the size gets big enough to be
comparable with the Planckian scale, then the type B bounce starts to appear.

The second derivative of the action is

o\ 1/2 o\ 1/2]
d’B 1272 P> P>
—— = 12n°pS, + +(1-% —<1_>
dp? K ( A2 A?

!
o\ "2 _ o —1/2

12 2 2 2 2 2
R A A

K Af Af ne Az
1272 72 —1/2 2\ —1/2

L) -8
K A% A;
< 0: type A,
P (4.27)
> 0: type B.

This is also true for either open or closed manifold. The action of a type A bounce is at a maximum
in terms of p and it should be at a saddle point in the whole configuration space. This facts implies
the existence of a negative mode in the system. However, a type B bounce is at the minimum as
a function of p so it does not guarantee a negative mode, but this fact does not prove that there
is no negative mode in the system because there could be another way to lower the action in the
configuration space. We will study various topics about negative modes later on.

Let us check the validity of the thin-wall approximation in curved space. For either a type A

or a type B bounce, the following conditions are always satisfied in a de Sitter background,
Ap = pAE < A&, p < € < Epax. (4.28)

This implies that the thin-wall approximation condition is A¢ < p. As in the flat space case, A&

is approximately given by A& ~ \/AT% ~ % if the potential obeys the condition (4.12)). In the weak

gravity limit, p = % Thus, the validity condition is the same as in flat space 1)

e <mt ~ AU. (4.29)
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open closed flat

mass scale any scale | m < mp | m ~ mpy N/A

validity condition | € < m? e<m* | U << mt | e < m?

Table 4.1: The validity condition of the thin-wall approximation under the assumption A¢ ~
(AU)Y4 ~ (§1)Y3 ~m. Uy < m* also leads € < Uy < m* as like the other cases.

However, if the gravity is not weak enough, the size of the bubble (p) depends on the gravitational
factor . It should be always smaller than the horizon size (Ay) but it can be comparable with it

(p ~ Ay). In order to obey A¢ < p,

nen Ll L1 M (4.30)
~ — ~ —_— moyl. .
m kU m?v\/ﬁ m Pl

Since we assume that the gravitational effect is not weak, the mass scale of the potential can
be comparable with the Planck scale (m ~ myp). This means ‘my < m’ and ‘Uy < Upep'. If
Uy < Utop, then € < Uy < Uyop s0 it leads to the same condition as Equation (4.29)). Let us check

the condition that the size of the bubble becomes comparable with the horizon regardless of the

scale of the potential. According to Equation (4.25]), the condition is given by

3 SQ 6 2
e~ 25 N””;N(m) . (4.31)
mpl Mpl

If m ~ mp, then € ~ m*. Tt seems that it does not need a very small € but the width of the wall
(A€) is also comparable with the other length parameters so the thin-wall approximation breaks
down and it becomes a thick-wall case. If m < mp), then e < m? which is the same as the thin-wall
condition (4.13).

In an open manifold, the size of the bubble (p) is always larger than the size of the bubble in
flat space because the gravitational effects pulls the bubble out if the vacuum has negative energy,

so the same condition as in flat space is applied (A{ < % < p). It is also possible to check this

by 2 2
1 1 1 € kSt € __ 35
Sl S (T . Ly 4.32
22T <351 4) <<351> A (4:32)
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Chapter 5

Thermal aspects in vacuum tunneling

At the end of Chapter [3] we studied the Hawking-Moss solution. One can ask how such a static
solution can represent a tunneling process which is supposed to be dynamical. This motivates us to
study thermal aspects of vacuum tunneling[22]. Since every de Sitter space has its own temperature,
the thermal aspects are unavoidable in the de Sitter space. In addition, we shall see that the HM

solution is the case of a pure thermal tunneling.

5.1 Flat space

Before analyzing thermal tunneling in curved space, let us start from the flat space case. All the
properties we studied in Chapter [2] are based in the setup of zero temperature. In the absence
of temperature, the initial state has to be on the exact vacuum because there is no chance to be
excited thermally. At non-zero temperature, the energy of the initial state (E) is distributed by
the Boltzmann factor, P(E) ~ e BE=E0) where 8 = % and FEjy is the energy of the vacuum. It is
better to use Fy instead of £ because the true vacuum to the false vacuum decay as in the case
in a de Sitter background is possible at finite temperature.

Because a state with a higher energy has more chances to tunnel into the other side, the decay
rate at higher temperature should become larger and the tunneling exponent B for a higher energy
state also has to get smaller. If tunneling occurs by thermal excitation, the thermal tunneling rate

has to be proportional to the Boltzmann factor at the top which is the probability to reach the top
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thermally,

Ithermal ~ e_ﬁ(Etop_EO)‘ (51)

The real tunneling at non-zero temperature includes all the energy levels with the probability
given by the Boltzmann factor. Therefore, the decay rate becomes the sum of them. Without the

normalization factor, we can write

Elo
=Y e AE-EOp(E) ~ / " I Ee—B(E—Eo) . ~B(E) (5.2)
E Eo

B(E)> changes much faster than the pre-factor in the decay

We assume the exponential factor ‘e”
rate ‘A(E)’ here, so A(E)’s are not counted in. Furthermore, the dominant term comes from the

energy £* which maximizes the integrand, so the decay rate is

[ ~ ¢ BE"—Eo)—B(E") (5.3)

As we studied earlier, B(E) in flat space is given by

B— / ¥ di/2m(V (@) — B), (5.4)

where 71 and 75 are the points at V(&) = E.

To maximize the integrand of the decay rate, we got

d fz
= (5@; By +2 / dz\/2m(V (7) — E)) — 0 (5.5)
L E=E*
The solution is found as
d (32 -/32 m
=2 dz\/2m(V (Z) — E) =2 di | :
ST (/ PV )> IR =
E=E*
Since we know the Euclidean equation of motion gives
2(V (%) — E¥) dz
AN bl 5.7
m dr|’ (5:7)
we can evaluate § by
2 m T2 dr
=2 Az, | —————~ =2 dx =2(m — =A 5.8
R e e A - R USRS >

where 71 and 75 represent the Euclidean time at #; and 25, respectively. This means /3 is one period

of a bounce since it also takes the same time to bounce back to the initial point Z;. Recall the
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i T
T=f/2=00 T= /2
/_\ ]
-
U T7=0 7=0
T=-F/2=—00 T=-83/2
initial initial
(a) A bounce at zero temperature (b) A bounce at finite temperature
T
T= /2
-
T=0
T=—F/2
initial

(¢) A critical bubble

Figure 5.1: At zero temperature(a), the initial state is the pure false vacuum all over the region.
The field configuration is O(4) symmetric and the range of the Euclidean time is infinite (A7 =
B =1/T). At finite temperature(b), thermally excited states exist so it not the pure false vacuum
everywhere. The range of the Euclidean time is finite and it is given by the temperature. If the
temperature is sufficiently high, then it is thermally excited over the top of the potential and it

forms a critical bubble(c).

boundary condition ([2.29)) in flat space. One period takes an infinite time at zero temperature but
it is finite at non-zero temperature. We can also check the zero temperature limit (5 — oo) also

makes the period infinite (A7 — o00).
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Now, we can evaluate the tunneling rate ([5.3)). By using Equation (/5.8]),

AT
di\/2m(V (@) — E) = Ar(E* — Ep) + /0 dr2(V(7) — E)

AT AT
= [Tareva-m - [ ark = el T - Seloa ] (59)
0 0

i)

B(E* — Ey) +2/

xr1

Here, Sg[b; T| is the bounce action of the energy E* and Sg[¢o; T is the action for the initial pure
vacuum ¢q at finite temperature. Recall that Sp = [dr <%9?2 + V(f)) = [dr(2V(Z) — E). The

tunneling rate at finite temperature which has both thermal and quantum tunneling aspects is

T~ o~ SBbT1-Spl60iT], (5.10)

This approach is also applicable to field theory. In field theory, the energy is given by
3 (Lio 1 2
E=|dz §¢ + B (Vo) +Ul9] | - (5.11)

The optimal path E* is also determined by minimizing the exponent as well. In order to make the
energy finite, the thermally excited field configuration has to be localized. If it is excited all over

the space, then the energy difference diverges.
E*—E= /d% (U* — Up) — <. (5.12)

Thus, the initial state cannot be a constant field configuration, and this is one reason there is no

HM solution in flat space.

5.2 Curved space

The next step is investigating thermal aspects of the vacuum tunneling in curved space. There
are two different topologies in curved space. A closed manifold is topologically equivalent to a

Euclidean de Sitter space with the temperature,
Tys === —-. (5.13)

It is not always possible to define the temperature of a generic closed manifold since it is not
in thermal equilibrium. However, it cannot be also at the zero temperature so it naturally has

unavoidable thermal aspects. On the contrary, the thermal properties are optional in an open
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manifold, such as the case of flat space, so they do not show up at zero temperature. Let us
consider only closed manifolds here.

We can start with a pure Euclidean de Sitter space. The field is in the vacuum all over the
spacetime. The potential on the vacuum (¢g) is positive (U[¢o] > 0) and the geometry is O(5)-
symmetric. In the static patch coordinates, the range of the space is confined to the horizon and

the metric is given by

2 2\ —1
ds? = de? + A2sin2(€/A)dO2 = <1 - 17;2) dr? + <1 - 17;2) dr? + r2d02% = da? (5.14)

Tthis static patch space forms a 4-sphere with

x1 = rsinf cos ¢

T9 = rsin fsin ¢

r3 = 1 Ccos b

T4 = —\/msin(T/A)

25 = /A2 — 12 cos(/A). (5.15)

4-sphere T4

constant T
slice

Is

(b) Three-ball by taking a constant 7 slice

(a) Four-sphere given by (|5.15

Figure 5.2: The figure (a) describes the metric (5.15)). The figure (b) represents a three dimensional

ball whose radius is the horizon. This is equivalent to the thick dashed blue line, a constant 7 slice

in (a).
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The range of 7 is 7 = [0,27wA) with the period 2wA. The period is the same as § = 1/T = A7 in
flat space.

The horizon is located at 7 = A and 74 = x5 = 0 and it is a 2-sphere (2% + 23 + 23 = A?).
This is 7-independent so every slice along a constant 7 shares the same horizon. The center of the
geometry is at r = 0, which is equivalent to x; = x5 = 23 = 0 and z* + 2° = A%. Each constant 7
slice gives the configuration from the center (r = 0) to the horizon (r = A) in the static patch.

The Hawking-Moss solution has the same geometry as the pure vacuum case but the size of the
horizon is Apy. The temperature 7' = 1/(27w Ay ) is higher than the pure vacuum case. The initial
state, the 7 = 0 slice, is acquired from the pure vacuum state by thermal excitation, and it has a
homogenous configuration for a whole period, as in a critical bubble in flat space. This means this
is the case of a pure thermal tunneling since it stays as it is after the thermal excitation. If the

HM has a pure thermal nature, the tunneling amplitude is written by the form of

Tthermal ™~ e~ B Eam+5o o , (5.16)

and it also has to be

T ~ e—SE[¢top]+SE[¢0]. (5.17)

Let us check how these two different forms of the tunneling rate can coincide. The tunneling
amplitude in thermal picture is somewhat complicated in curved space because the temperature is
also affected by the geometry in de Sitter space. In other words, the only variable in flat space is
the scalar field (¢), and the spacetime is fixed and independent from the temperature. However, the
metric factor (p) is also a dynamical variable in curved space, and the structure of the spacetime
also changes when the field varies. When the field is thermally excited, the temperature is also
affected by the new field configuration. The energy is not well-defined in curved space so the
Boltzmann factor is also hard to define. The probability to move to the energy E in flat space is
given by the Boltzmann factor (e #(£~£0)) but this has to be e ##+FoFo if the temperature of the
excited state is well defined as 5. If each state has a different temperature, the pre-factor has to be
different but here we care about only the exponent term because it dominates the tunneling rate.
In curved space, the Boltzmann factor is not of the form e #¥ because the energy is ill-defined but
it can be replaced by e “E[EAl This is the result in quantum field theory at finite temperature

which can be made without constructing the Hamiltonian’s eigenstates. Thus, it is possible to use
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this in the setup of quantum gravityﬂ

If 5* can be well-defined, the dominant term (E*) in flat space would be given by
[ ~ e B E +H0E0 o =BIESH] | (Boltzmann factor) - e BIE87, (5.18)

This is translated to the following in curved space,

[ ~ ¢ SeldE0)]+SE(¢0:8] Seb]—-Se(¢(Z,0)] _ —(Sebl-Seldo;fo]) — ,—B (5.19)

Since Sg[¢o; o] is a constant, the dominant term comes from the saddle points of the bounce
action (Sg[b]). This means the dominant term satisfies the Euler-Lagrange equation, so it is the
same as the solution of the bounce and it is what we can expect.

The tunneling exponent B looks the same as in the result in Chapter [3] even though we include
thermal effects here. Let us investigate more carefully. When Sg[¢o] is subtracted from Sg[b] in
calculating B, ¢ = ¢y point never appears in the configuration of the bounce because the initial
point of the field ¢(0) is slightly higher than the exact vacuum (¢g) as in Figure if the manifold

is closed. The tunneling exponent Byyantum by quantum tunneling is

Bquantum = SE [b] - SE [¢(fa T = O)L (520)

but the initial configuration Sg[¢(#, 7 = 0)] is obtained from the pure vacuum state by the prob-
ability of e~ Bhermal — = (Se[¢(@7=0)l=5£[%0]) from the pure vacuum state. In Chapter [3| we just
subtracted the initial pure vacuum state Sg[¢pg] from Sg[b] without taking account of the initial
state (7 = 0) after the thermal excitation. As a consequence of the thermal process, we found the

actual B as

B = Bquantum + Bthermal = SE [b] - SE [d)O] (521)

One can ask if the field starts from ¢ (U(¢1) > U(¢o)), the part from ¢ to ¢1 in the potential
does not play any roles in tunneling process because the bounce is independent of the region.
Although it does not affect the bounce action, it does contribute to the decay rate. The tunneling
in a de Sitter background can be completely understood when we take account of the thermal

aspects since it has its own temperature. This thermal point of views also explain why the field

!There is still the UV completeness problem in this setup of quantum gravity but that is the problem when we

construct the Einstein-Hilbert action at the beginning. Let’s assume the Hilbert space is well-defined here.
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configuration cannot be on the exact vacuum in de Sitter background. Since a de Sitter space is
at non-zero temperature, the optimal path to decay is always thermally excited. In the case of the
HM bounce, Bquantum Vvanishes since there is no dynamics. It means the tunneling component B is
given by B = Bihermal for the HM case, and this fact does doublecheck that the HM bounce has a
pure thermal nature.

We checked that CdL bounces in closed manifolds always have both quantum and thermal
properties. The geometry of bounces is not O(5)-symmetric so the metric should be modified from
Equation . Since it has an O(4) symmetry, it is possible to choose the coordinates to form a

3-sphere with the radius p(&) in the &-coordinate,

yi + 5 + 3+ = p(€)
dyi + dy3 + dy3 + dyi = p(£)*d,
ya =¢. (5.22)

This choice of the coordinates is based on the O(4) symmetry in terms of £ so it is not adjusted to
see the thermal picture the evolution through a 7-coordinate.

If the thin-wall approximation holds, then the true vacuum side is filled with the field slightly
higher than the false vacuum so it has an approximately O(5) symmetry locally. In this case, we

can write the metric in the part of the false vacuum as

x1 = rsinfcos ¢
To = rsinfsin ¢

x3 = rcosf

X4 = —HA?E — 7’2 Sin(T/Af)
x5 = \/A} —r2cos(T/Ay). (5.23)

This is valid if x4 C (24 of the false vacuum side). The size of the horizon in this case is almost
the same as Ay for the type A case. There is also a true vacuum region inside the wall. The metric

in the side of the true vacuum(x4 C (x4 of the true vacuum side)) is modified as

T4 = —/A? — rZsin(7/Ay)
5 = Ay — r2cos(T/Ay). (5.24)

If the wall gets thicker, these coordinates cannot be applicable. However, the O(4) symmetry

still defines a 2-sphere as the horizon which is still shared for each 7 slice, but the size of the horizon



CHAPTER 5. THERMAL ASPECTS IN VACUUM TUNNELING 50

(par) is always smaller than the horizon of the false vacuum (pys < Ay) because the field is always
higher than the false vacuum (¢(%,79) > ¢ for V) in at least one configuration of a constant 7
and the gradient of the field also makes it more massive. In the case of type B, the horizon is
located on the wall and it can be much smaller than A;. We used 7 in the true vacuum side since
it is different from 7 in the false vacuum. When a constant 7 slice is taken from r = 0 to r = pyy,
7 runs faster than 7. This happens because a CdL bounce is not in thermal equilibrium and it is

also ambiguous how to choose a constant 7 slice properly. We shall check these shortly.

thermally excited

¢ =¢r

everywhere

not constant
all over the region

(1)

Figure 5.3: Interpretation of type A bounce. CdL bounces are interpreted in a thermal picture.
Before the thermalization, the field is on the exact false vacuum (1). The initial state (2) is given
by thermal fluctuations so the configuration of the field is not constant. This state tunnels into the

state at 7 = A71/2 (3).
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T=0 T=AT1/2

thermally excited T runs

o=
everywhere
r
T
|

not constant
all over the region

true

(a) Interpretation of True to False tunneling. The initial state is the case (3) in Figure Then, it tunnels
to the initial state of Figure

= T=AT7/2

thermally excited / T runs N\
¢ =dy ::> / ¢ Z o5 I::> ¢ 2 b \
everywhere | not constant not constant j
\  all over the reglon all over the region /

\\ / V4
™~ — // — //
A part of the wall] The rest of the wa]l —_
(2) @3
1)

4—sphere

7=0

false

(b) Interpretation of type B bounce. The radius of a constant 7 slice is given by pps which is somewhat
smaller than the horizon size of the false vacuum (pys < Ay) and only a part of the wall is embedded around

r S pm. We will study more details of interpretation of a type B bounce in Section

Figure 5.4: Interpretation of True to False tunneling and type B bounce
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5.3 Interpretation of the horizon

It is easy to check the existence of the horizon for the configuration of a constant ¢ such as a pure
false vacuum and the HM case. For an ordinary bounce, the metric is not static so it is not a
very straightforward result. Let us find a Schwarzchild-like metric when a bubble nucleates. At

7 =0 and A7/2, the field is static everywhere, % = % = 0. It is known that if the mass density

is static and spherically symmetric the metric is given by the form of the following metric[23],

ds? = —e2dt? + dr? + r2dQ3. (5.25)

1 2GM(r)

T

If the mass density is constant everywhere, this metric describes a de Sitter space and e*? =

1 2GM0) 2—22 The mass density of an ordinary CdL bounce is not constant so it cannot be

T
an exact de Sitter space, but the horizon still exists where 1 — % =0.

First of all, let us check the horizon in the setup of the thin-wall approximation. The integrated

mass at the radius 7 is defined by

M(r) = 4x /T r2U (r)dr + 47r/ r? <;¢’2 + U(r)> dr att=0, (5.26)
0 Wi

all
) 4%7,30} ito<r<p (5.27)
VT Rt ot ) U+ M if '
5P U+ (P =) Uy +4np?Myan i<

For a type A solution, the horizon has to be located at r = Ay,

2G M M
| 2OME) M)y, (5.28)
T drr
Since % = % =0 at t =0, the M.y in the &-coordinate is
1 ,2 d?“ 1 '2
Mian = dr{ ¢ +U(r)) = —|dé| 9"+ U(p(E)) ) att=0. (5.29)
wall 2 wall | d€ 2

Even though the wall is infinitely thin, the Jacobian factor is not constant on the wall. At the
beginning of the wall, it is given by the curvature of the true vacuum but the curvature of the false

vacuum determines it at the end of the wall,

,62

- =,
A

dr
dg

dr
dg

_ 1—

= L (5.30)
end A2

begin
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Since we don’t know the exact Jacobian factor on the wall in the thin-wall approximation, we
can take the leading order of the Jacobian as the average of each ends in order to complete the

integration of M. Up to the leading order, we find

Myan = /
wall

dr
d¢

d¢ <1¢'>2 + U(r)>

1 p p?
= 2( 1 ot 1 §>Sl. (5.31)

Plugging M1 into Equation (5.28)), we can find

(,/1—A2+,/ A2>Sl (5.32)

The solution of this equation for type A case ﬂ > %) is the same as the p equation (4.25]),

1 . 1 € Iﬁ:Sl 2_ 1 € KSl 2
7ot (es 1) catGs 1) (533

We can see here that taking the leading order in M,y is a valid approximation while the thin-wall

approximation holds.

By using the analysis for type A, it is possible to investigate the type B case. Consider the
e = 0 case at first. Define the maximum of p as pyr (p = 0 at p = pas). If p = pys represents the
horizon, then the horizon is located at the center of the wall. By assuming this, we can evaluate

the followings

ﬁ2

PR
At

72
1- % (5.34)

dr
dg

dr
dg

dr

:0 R
) d§

top

begin end

We want to check whether the horizon of type B is located on the wall. If it is so, the half of the

wall mass(S1/2) contributes to Myan< inside the horizon in the case of € = 0. The mass of the
wall inside the horizon is

1.
Mwall< = /wa11< (2¢2 + U(T))

- ;(H +0> | ae(5évee)
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1 Pt St S p?
- 3 (,/1—A?> L = 4‘/1_/\3‘ (5.35)

Note that only half of the wall contributes to the mass if the horizon is located at the middle of

the wall,
1

2o @dﬁ ¥ U(¢(£))) 5 [ e (;a%? ¥ U(cb(é))) - (5.36)

The horizon (pys) should satisfy that

4r,.3 2251 2
2GM "@(?T Ut +4m=p™ 1‘*2)
o 2EM) M0 atr=pur. (5.37)
r 4dnr

It is possible to check this holds by using Equation with pyr = p. Furthermore, integrating
the mass over the other part(false vacuum) gives the same result by symmetry. Thus, even though
it is hard to see the horizon of the type B bounce directly, it exists on the wall in the setup of the
thin-wall approximation upto the leading order of the Jocabian factor.

Let us consider a generic case of type B (¢ > 0). The true vacuum part has a larger portion of
the wall than the false vacuum in order to compensate the smaller mass density in(out)side of the

wall. Let us say « is the portion of the wall in the false vacuum part within the horizon.

1 52 OéSl 152
Miali< = 5 < 1- A%) Sy = TN 1- E (5.38)
The condition for the horizon is
4.3 2 2aS p?
2G M H(?T Ut—|—47r P T\/z)
1—7(021— A g at r = pp. (5.39)
T drr

We can check this conditions holds by using Equation (4.25) provided « is

1 2€

St . 5.40
2+3me (5.40)

o=

1

The minimum of « is 5, corresponding to the case that two vacua are degenerated (¢ = 0). The

portion of the wall in the false vacuum side becomes unity (o = 1) at the criteria of type A/B

4e
3&5%

solution ( = 1). The range of « is « = [1/2, 1], which verifies the true vacuum side contains

more parts of the wall.
Also, we can confirm this by assuming the false vacuum part contains the mass of the wall as

(1—-a)S
1 P _ (1-a)S p
Myal> = 3 ( 1 - A%) (1 —a)S1 = — /1~ T; (5.41)
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The condition for the horizon is also satisfied with Equations (4.25) and (/5.40)),

4m 3 2-2(1-a)S: p?

k| =Fr°Us+4 a1 = &
| 2GMe) (3 JEETT A?)
r - 4y

=0 atr=puy. (5.42)

We checked that the horizon of the type B bounce is located on the wall and the portion ()
of the wall in the true vacuum side is given by Equation . More generally, the maximum of
p (p = 0) indicates the horizon in any cases of field configurations. We can show this by using the
field equations.

For an arbitrary O(3)-symmetric field configuration, M (r) is given by the integration

* *

T 1 r 1 .
M(r*) = 477/ drr? <2¢’2 + U(r)) = 471/ drr? <2¢2 + U(r)) at t = 0. (5.43)
0 0
If the maximum of p becomes the horizon of the Schwarzchild-like metric, it should satisfy that

PM 2 (12
M K Jo dep <5¢ +U>
L M) o =0, p=0atp=pu. (5.44)
4o PM

The field equation (3.10]) gives us

Py 12
d (1q52 - U> =3P e = 3, (5.45)
2 p p

By using this identity, we can find that

d [pS @q's? — Uﬂ = —3p? (;q'ﬁ? + U> dp. (5.46)

The constraint equation at p = 0 is the following
_3 - _ 3 (5.47)

1 ‘2
(3¢-v) T
p=pu FPM FPM

By combining ([5.46)) and ({5.47]), we can show that the horizon condition (5.44]) holds at p = pyy,

3 1 '2_U
M wole (36 - U)|
- mMlea) PEPM. _ (), (5.48)
dmpp 3pm

This horizon condition is valid if the field is static, so either the 7 = 0 slice or the 7 = A7/2 slice
has the 2-sphere horizon at r = pjs. This result shows that the horizon exists for any kind of the

field configuration in a closed manifold, such as type A, type B and thick wall solutions. However,
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after a nucleation, the horizon and the inner field configuration can vary as time (¢) goes by because
the field is static only at a moment (7 =t = 0).

If the geometry of the solution is totally symmetric (O(5)), 7 is defined as Equation SO
there is no subtlety how to slice the equal 7 line. For a generic CdL bounce, slicing constant 7
lines is ambiguous except 7 = 0 and A7/2. The next easy example is the vertical line through the
horizon as like Figure Because ¢ is constant through the path, ¢’ = 0 everywhere but g—f #0.
Since this is not static, Equation is not the right form of the metric so the horizon is also

not well-defined. The integrated mass is

*

r 1 r 4 *\3 *
M(r*) = 477/ drr? <2<Z5/2 + U(r)) = 47r/ drr?U(r*) = A (r?)°U(r) )3U(T ) (5.49)
0 0
We can also check the 2-sphere at r* = pjs cannot be a horizon in this case,
2GM 2 1. 1.
1o 26M o) g 5Py 2 Lz 2 g o (5.50)
PM 3 2 2

where ¢y = 6 at P = PM-
This implies that each constant 7 slice ends at the 2-sphere at r = pjs but it can be the horizon

only if the field is static. A bubble can nucleate only with the condition % = % = 0 to satisfy

¢=0oum
T3 everywhere

B

(a) The vertical line through the horizon (b) Three ball along the thick blue line in (a)

Figure 5.5: The vertical integration path.
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Equation . Thus, the other non-static field configurations are not the channels to nucleate
and they only exist in a Euclidean spacetime. The coordinate of 7 on the slice at 7 = 0 and A1/2
is uniquely determined because 7 is analytically continued to ¢ in a Lorentzian coordinate when
it nucleates. However, choosing a constant 7 line not on the channels (7 # 0,A7/2) is just a
choice of a coordinate which does not change physical properties. The tunneling exponent B is also
independent of the choice of the coordinate 7.

In an anti-de Sitter geometry, thermal excitation has to be localized as in the flat space case

because the space is infinitely large. We need further investigations to study this problem.
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Chapter 6

Negative mode problem in flat

spacetime

We have investigated the bounce solution of the vacuum decay in various cases. The bounce
solution is the primary key to understand the tunneling process since it represents the dynamics in
a Euclidean spacetime and also contributes to the decay rate. Another essential fact in the vacuum
transition is the mode spectrum of the second order variation of the action at the bounce since it
gives the insight to understand how the bounce solution behaves and also determines the pre-factor
A in the decay rate. In particular, the negative mode in the spectrum implies the state is unstable
as the energy shift is imaginary. Let us discuss the negative modes in flat space in more details in

this chapter.

6.1 Coleman’s argument

There are several simple ways to find out the existence of a negative mode in flat space. The first
one is seen by the fact that the second order variation of the action in thin-wall approximation is
negative, as in Equation . The other approach is investigating zero modes. There are the four
translational zero modes and each mode has a node because all of them are [ = 1 modes. This
implies that there must be at least one negative mode since the eigenvalue of the mode without
nodes is less than zero. We also found that the factor of ¢ in the path integral comes out as the

consequence of the existence of a negative mode. Then, one can ask whether any number of negative
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modes in the system is allowed. It is possible to show there is one and only one negative mode
if the bounce action has a minimal tunneling path of the action among the configurations whose
Euclidean energy E is the same as in the solution at the turning point of the path[d].

Among the paths of the field through the configuration space, the FEuclidean energy at the
turning point is not necessarily the same as the energy of bounce solutions so there could be under-
and overshooting cases. A path whose energy differs from the energy of the system E can bounce
back since it does not have to obey the equation of motion in the configuration space. However, if
the path obeys the equation of motion, it keeps going ahead after passing a V = FE point or it turns
back before reaching a V' = F point and then keeps going to the opposite direction after passing
the original point. The former case is an overshooting case and the latter one is an undershooting
case.

Let us assume a functional of the paths that begins at the false vacuum and bounce back
somewhere on the V' = E hypersurface to avoid under- or overshooting mode. Among these paths,
the path which minimizes the action gives the bounce solution and satisfies the equation of motion.
There would be many possible bounce solutions but the path with the lowest action has the largest
decay rate (I' ~ e~5). This means the minimal tunneling path of the action becomes the dominant
channel in the tunneling process.

We can choose the minimal penetration path (go(t)) which gives the lowest action (2.18)).
B = Sglgo(t)]- (6.1)
Because it is at the minimum, any second order variations with fixed energy should be positive,
52531%(0 > 0. (6.2)
The minimal path (go(¢)) has a time reversal symmetry such that
qo(—t) = qo(t)- (6.3)

Since qo(t) is even, the eigenfuctions of the second variation of the action should be either even
or odd. This implies the lowest eigenfuction has to be even because an odd function cannot be the
lowest mode. Let us say the lowest negative mode ;. In order to verify that there is only one

negative mode, let assume that there is another negative mode 2. Neither negative mode, it can
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bounce back from a V' = E point because we checked every configuration which ends at a V = F
point cannot be a negative mode by the condition (6.2]). This implies that a negative mode should

be an under- or overshooting case. Namely, a negative mode () always satisfies that

$(0) - VV(go(0)) # 0. (6.4)

If 49 is even, it is possible to find coefficients a and b such that

(ah1(0) + bip2(0)) - VV(q0(0)) = 0. (6.5)

If we define a path with these negative modes,

(1) = qo(t) + A (apr(t) + bia(t)) (6.6)

then this path (¢i(t)) stops on a V' = E point at ¢ = 0 so it should obey the condition (6.2]).
However, the second order variation by the sum of two negative mode must be negative. This leads
to a contradiction.

If 95 is odd, 12(0) = 0 and it does not satisfy the condition so there is a contradiction.
To sum up, if there is another negative mode 5, we have a true contradiction so there must be
only one negative mode.

Let us briefly explain what happened here. A negative mode cannot bounce back froma V = FE
point by the condition . However, it is possible to make the sum of two different negative
modes turn back on a V = E point so this proves there must be only one negative mode. This
argument is true if the action has the minimum among the configurations with fixed energy F at
the turning point (¢ = 0). If it is not a minimum of the action, there can be more negative modes.

We shall discuss these cases in Section [6.3]

6.2 Thin-wall analysis

We have shown there is one and only one negative mode in the vacuum decay process. However, it
is hard to find an analytic form of the negative mode in general but it is possible to find it in the
format of the thin-wall approximation.

The field equation (2.27) and its derivative in flat space are

06 = ¢ + ‘o’f = U'[g] (6.7)
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3// 3/ " ,
S~y (68)

qz5/// +

Let us consider the perturbative expansion of the scalar field,

d(p, ) — d(p) + 2(p)Y1(2) (6.9)

where Y;(2)’s are the O(4) harmonics. Then, the mode equation for the perturbative field becomes

/
06 4+ U"[g] - ® = 0 — 3;1’ +l(l;f)@

We can check a translational zero mode(¢’(p)Y7) given by (2.44]) gives zero eigenvalue by ,

+U"[¢] - ®=\-D. (6.10)

30" 3 39" 3¢
¢+i§

—¥ - S+ U @ = g - +U"[¢]-¢' =0. (6.11)

For a zero mode, ¢'(p)Y; becomes an eigenfunction all the time. If the wall is infinitely thin, ¢’
vanishes in-/outside the wall and p is a constant (p) on the wall. Thus, we can write the mode

equation by assuming ® = ¢/,

mo_ y + I+ 2)¢/

—g =20 D g o = (6.12)
Z(H;)_Bcb’(f) =\ (0). (6.13)
A= l(l+ﬁ22)_3. (6.14)

The eigenfunction of the perturbative field is ¢'(p)Y;(2) and the corresponding eigenvalue is
(I(1 +2) — 3)/p?. This means the perturbative terms (6¢ = ¢'(p)Y;,(Q)) are always eigenvalues
for given [. This mode spectrum gives a negative mode for | = 0, four zero modes for [ = 1 and
many positive modes for [ > 2. Although this gives the whole negative mode and zero modes we
discussed in Section this spectrum cannot cover the whole eigenfunctions.

In the case of I = 0, the eigenfunction is ¢’ and the eigenvalue is negative (—3/p?). This is the
only negative eigenmode in flat space-time. This is a O(4) symmetric mode and it means that the

mode is one where the wall moves back and forth in a spherically symmetric way.

d(p) = d(p) + ad'(p) = ¢(p + ). (6.15)
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Zero modes are related with the translational invariance of the system. These are O(3) sym-

metric modes and mean the modes which move the wall in the same direction.

6(0) = 6(7) + ad! (p)pcost = 67+ az). (6.16)

If the wall has a finite width, Equation (6.14)) does not give an eigenvalue anymore but it still
approximately an eigenmode because (I(I +2) — 3)/p? is almost constant on the wall. However, if
the width of the wall gets thicker, then the thin-wall approximation fails and this approach does

not give the mode spectrum anymore.

6.3 Three vacua cases

If there are only two vacua in the potential, it is straightforward to determine the starting point
and the ending point in the tunneling process so there is only one wall which gives the only negative
mode. In the case of many vacua, there can be several choices of field configuration at a turning
point. There are many different walls and each wall implies a different negative mode. This means
there can be more than one negative mode. It seems to be contrary to Coleman’s argument but
we can point out how they are equivalent to each other. In this section, we assume that all the
tunneling process can be described in the thin-wall approximation. After that, we will cover the
tunneling problems with three vacua. The basic approach is finding all possible configurations by

fixing the energy in the system.

6.3.1 One bubble case

Before starting to study three vacua cases, let us consider one bubble case. The coordinates are

described in Figure [6.1] The euclidean time 7 is defined as
T = Rcosa, dr = Rsinadao. (6.17)
The euclidean action in quantum mechanics is written by
B:/MBf+W—%ﬂz/@%MV (6.18)
In field theory, it is possible to find the form

B:/mﬁxB&+;NwﬁuU—%ﬁ:/@%mm (6.19)
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Figure 6.1: One bubble case.

provided
1
ds® = /d?’x(dgb)Q, AU = /d% (2(v¢)2 + U — Uo)

because Equation (6.19) is equivalent with Equation (6.18)) if

1 2 2

L(dg\" _ / L (42N 3.

2 \dr 2 \dr

We can evaluate (ds) and AU separately.

(ds)® = / Bx(dp)? = AnR?sin? o / da (?)2 (dr)?

T

2
. cos?
ds = V4rR?sin’« -odo
sin «v

Note that d3z = 47 (Rsin? a)2dz. Derivatives of the field on the wall are given by

a9 2— d¢ 20082a d¢ 2— d¢ 20052a
dr )] \dr ’ de )  \dr '

Because the thickness of the wall (dz) is enlarged by 1/ sin «, this expression gives

B dp\*>  sina do\*
a—/dr <d7“> _c0820¢/amj <d7>

63

(6.20)

(6.21)

(6.22)

(6.23)

(6.24)
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which confirms Equation (6.22)).
We are considering a configuration such that the energy at the nucleation is the same as in the

initial state. This fact implies R has to satisfy at 7 = 0,
2 4 3
Adr R0 — gﬂ'R e=0. (6.25)

This condition gives the same result as Equation (4.8))

R=37 (6.26)

€
which is the radius of the wall in the thin-wall approximation. This is not surprising because the
solution is the only possible O(4) symmetric configuration of fields for given energy.

The potential part in the integration is

2
2AU = 2~47rRQSin2a/dm 1 % +U —2-4—7T6R3sin3a
2 \ Oz 3

1
= 47R%sin’a-o < + sin 04) — 2. 47R%0sin® o
sin «v

= 47R%0sinacos? . (6.27)

Now we can evaluate Equation (6.19)),

/2 7r2
B=Sg= 47rR30/ sin? v cos® ada = ZO‘RS. (6.28)
0

It is integrated over the lower semicircle as (7 = [—00,0]). The full action is twice of Equation
and it equals Equation .

If there are only two vacua, there is one O(4) symmetric configuration for given energy. Since
the maximally symmetric case has the lowest action in field space[l2], it satisfies the condition
. According to the result of Section there is only one negative mode. However, it does not
always guarantee the condition for many vacua cases. Let us investigate a three vacua case

as a simple example.

6.3.2 Three vacua problem in a one-field potential

Consider a potential with three vacua, as in Figure This type of potential has been studied

to explain resonant tunneling[24] but we focus on the negative modes of the potential. Here, we
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Ulgl

a2

€1

€2

(a) A potential with three vacua.

231

(b) The configuration of two bubbles.

Figure 6.2: Three vacua problem. o;: The wall tension between A and B, o9: The wall tension

between B and C, e = Uy — Up and e = U — Ug.
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still keep the O(4) symmetric condition of the field configuration. Then, it is possible to nucleate
two bubbles as described in Figure [6.2b] The coordinates obey

Rqcosap = Ry cos as, (6.29)

dr = Risinajda; = Ry sin asdas (6.30)

where the range of the a’s are a1 = [0, 7/2] and ae = [0, 7/2] and as is only defined if oy = [, 7/2]
if ag = COS_I(RQ/Rl).
In order to satisfy the energy condition at 7 = 0, the radii of the bubbles must obey

—%’rR €1+ 47rR101 — —R Se1 + 47rR%<71 =0,
—R3e1 +3R%01 — R3ea + 3R305 = (6.31)

Define stationary points of each bubble as
Ri=—, Ry=—. (6.32)

We can evaluate the action by following the approach of the two vacua case. First of all, the

(ds) term is written by

2 2
(ds)* = /d3x(d¢)2 = 4w R?sin® a - /R1 dx (ﬁ) (dr)* 4 47 R3 sin” vy - /R2 dx <§j_5> (dr)?,

(6.33)
(ds) (47701R% sin aq cos? a1)1/2 dr if 0 <oy <o, (6.34)
s) = .
Ao R? sin o cos? a + 4moa R2 sin ap cos? aq 1/2 dr if ag <oy < 7/2.
1 2
The potential part is given by
o1R?sinag (1+ 210 ) gip? i if 0 <ap <7/2,
2AU = ' i
alR% sin aq (1 + (1 2}1; ) sin a1> + 02R2 sin ao (1 + (1 — %) sin? a1> if ap < a1 < 7/2.
(6.35)
The action becomes
1/2

/2
Sp[R1, Ro] = 47r/ doq - Rysinag - (R%al sin o cos® oy + O(a — Oéo)R%O’Q sin g cos? 042)
0

2R 2R 1/2
. |:O'1R% sin o (1 + <1 — Rl> sin? a1> +O(a — a0)02R§ sin ap <1 + (1 — R2> sin? 042)] (6.36)

1 2
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with the energy condition (6.31]) and R cos a3 = Ry cos as.
If the radii are on the stationary points (R; = Ri, Ry = R»), it is possible to evaluate the
action. With this condition, the action (6.36)) is written by

/2
= = . . . 1/2
Sp[R1,Ry] = 47‘(‘/ doq - Rysinag - (R%O‘l sin aq cos® o + O(a — ozo)Rgo'g sin arg cos? OQ) /
0 1/2
. (alR% sin o cos® oy + O(a — Odo)JgR% sin g cos? 042)

ao
= 47‘(‘/ alR:f sin? oy cos? aday
0
/2
+47T/ (alR% sin? aq cos? o] + JgR% sin? fe%) cos? ag) R sin asday
0

2
= % (01 R} + 0o R3) . (6.37)

As we expected, this is the sum of each bubble’s action. We need to check if this action is at the
minimum under the variation of Ry and Rs.

Let us introduce small perturbations around the stationary point as
Ry = Rl + 61, Ro= RQ + d9. (6.38)
According to the energy condition (6.31)), §’s satisfy that

o1R101 + 02 R282 = 0,
5y = —oB1s) (6.39)

o2R2

Basically, we can write Sg[R1, Ro| in terms of one variable as Sg[d1]. Then, it is possible to check
d?Sg [61]

where it is on the minimum by taking . By expanding the action (|6.36) up to the second

s?
order in perturbations, it is given by
Sp[01] = Sp[R1, Re] — 3n01R167 — 3m°02Ra03
L R _ _
= Sp[Ri, Ry] — 3n° (Ul 1) - (o1R1 + 02R2) 62 (6.40)
oo Ry

This means that the action on R; = R; and Ry = Rs is not at the minimum. This is at the
maximum in the O(4) symmetric configurations for fixed energy but it is not at the maximum in
the whole configuration space because less symmetric cases imply higher actions. Then, one can
ask that there is a global minimum of the action in the three vacua case. If it exists it should be
on the stationary point in the whole configuration space including the cases which do not conserve

the energy. The only possible candidate is the one bubble limit as like Ry = Ry and Ry = 0.
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We can also check whether the one bubble limit is a minimum of the action by introducing
small perturbations,

Ry = Rl + 61, Ro =200 >0. (6.41)

The energy condition (6.31]) becomes
—301R161 + 30265 = 0. (6.42)

With this relationship, we can evaluate the action (6.36)),

_ _ R
SB[Rl,RQ]ZSB[R1,O]+7T20'1-53—37‘(2011’:51 1+ 1 1 -(5%. (6.43)
209 Rs

The lowest order in ¢y is O(5i’/ 2) from the §3 term, which is positive. Thus, the action monotonically
increases at the limit of R; — R; and Ry — 0. This means the action of this one bubble limit is
the global minimum in the whole configuration space for fixed energy.

Let us see what happens here. As we studied in Section the negative mode is the mode
which moves the wall in and out. The small variation of the wall Ry = R; + d; decreases the
action. If there is only one bubble, it cannot conserve energy so this mode does not show up in
the configuration with fixed energy. If there are two bubbles, it is possible to preserve the energy
by combining these modes. If each bubble moves in a different direction as in Equation , it
can keep the energy constant. Since each mode makes the action lower, it cannot be the minimum
of the action. This is the same process as choosing a and b in Equation . If there are indeed
two negative modes, it is possible to find the mode which maintains the energy of the system as
in Equation , so the action of the solution is not the lowest action for given energy. On the
contrary, the action becomes a minimum in the limit of Ry = R; and Ry = 0. As like the previous
example, the 67 term decreases the action. If there is only the term from the outer bubble (R;),
it cannot preserve the energy so it would not be allowed. However, the small inner bubble (d2)
makes up the energy loss and the action increases because of the inner bubble. In this case, there
is only one wall moving mode since moving the inner bubble does not take place near the solution
(Ry = R3). Namely, there is only one negative mode and the action is at the minimum.

We discussed the local properties around the maximum and the minimum of the action. We
need to see how the action behaves along the path which obeys the energy condition . The
path looks like Figure [6.4]
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If AU is always positive, the action is well-defined. We can check that the action has
a peak at the stationary point with two bubbles and gets the minimum in the one bubble limit
(R2 = 0). If AU is negative somewhere, the integration is ill-defined there so the Ry — Ry curve is
disconnected. We call the region where AU is negative a classically allowed region and the region
that AU is positive is a classically forbidden region. We can easily check there is no classically
allowed region around the stationary point with two bubbles (R; ~ R; and Ry ~ Rg). AU from
the outer bubble becomes negative for large R; but the positive contribution from the inner bubble
can make it up. This means AU can be negative if the inner bubble does not contribute when AU
by an outer bubble becomes negative. Thus, a classically allowed region would start to appear as

Ry gets smaller. Let us find out the condition for a classically allowed region more precisely.

AU AU

R /\
R | -
Ry ROV R,

(a) The case 1: no classically allowed region

(b) The case 2: classically allowed region

AU

R,y

RU R

(¢) The case 3: one classically forbidden region

Figure 6.3: Three cases of AU. r is defined as r = Rjsina;. Because of the energy condition,

AU =0atr=0and r = R;.
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There are three cases of AU as shown in Figure If there is classically allowed region, the
configuration of AU varies from case 3 through case 2 to case 1 as Ry increases. If there is no
classically allowed region, the configuration of AU stays as case 1 along the R; — Rg curve.

First of all, let’s find out the condition for case 3. As AU(R;) = 0 by the energy condition, it

becomes the case 3 if the derivative of AU at R; is positive. At the boundary between case 2 and

case 3, the potential obeys dgrU r—R, = 0. The condition % r—R, = 0 is found as
dU 3r? 3r”2
— =01 <T +R1> — 2617 + {02 < . +R2) - 2627’/2:| 1/ =0 atr=Ry,r =R,
dT‘ r=R; Rl R2 T
(6.44)
This gives that
201 —€1R1 + 209 — 2Ry = 0. (6.45)
The condition for the case 3, (dﬁTU r—Ry < O), becomes that
201 —€1R1 + 209 — 2Ry > 0. (6.46)

This is a straight line on the graph. If this line crosses the Ry — Ro curve, there is the case 3 below

the point they meet. Thus, the case 3 exists if
209 > 01. (6.47)

The next step is investigating the condition for case 2. Define Ry such that U;(Rp) = 0 where
Uy is AU in terms of only the outer bubble (Ry),

Ry

=0 at R=R,. 6.48
R 2 0 (6.48)

2
Ui(Ry) = alR% sin o (1 + (1 — ;;1) sin? al) =0, sina;=
1
Ry turns out to be
-
R = M (6.49)
2R — Ry

Define R* where the contribution from the inner bubble begins, then R* = (R} — R%)l/ 2,

AU(R*) is local minimum and it becomes the case 2 if its value is negative there. Namely, the

boundary between 1 and 2 is at Ry = R*. If R, =0 and Ry = Ry,

R* = Ry = Ry. (6.50)



CHAPTER 6. NEGATIVE MODE PROBLEM IN FLAT SPACETIME 71

2 R =Ry

6 R, = R
4
Mot physical
5 f Ry>Ry
0 1 2 - 3 4 5 f 7 Rz
(a) o1 > 209
12
-Case 3 \ ,_ase 2 R'= R,
10
sl Case
du =0
sk drlr=R; R = R
4-
Not physical
5 f Ry> Ry
u' '1"'3'”3“'4”'s””a'”vﬁ'ﬂ

(b) 01 < 209

Figure 6.4: ‘The R — Ry curve’ is given by Equation (6.31f). If Ry > Rj, the inner bubble is greater

than the outer bubble so it cannot be a physical solution. The cases 1, 2 and 3 are described in
Figure 6.3l The curve R* = Ry always meet the Ry = 0 point but the slope of the curve there is
determined by o1 and oo. If 01 > 209, there is no classically allowed region. However, if o1 < 209,
classically allowed region exist in the cases 2 and 3, so the curve is disconnected from Ro = 0 point

to R* = Ry point.
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In the one bubble case, it is hard to determine whether it is the case 2 or not. In order to see how

R* and R evolves as Rs increases, let’s find their derivatives.

d(R*)2 dR1 62R2 — 20‘2
=2R1— — 2Ry = 2Ry (1 4+ ———— ). 6.51
dRs ! dRs 2 2 + ey — 204 ( )
LR% _ 9 R\ R; B RlR% dRy 2R2R% e Ry — 209 (6.52)
dR2 2Ry — Ry (2R1 — R1)2 dRQ (2R1 — R1)2 1Ry — 20 . .
The difference of these derivatives is
d RZ 62R2 — 20‘2
— [(R")? - R = 2Ry (1 l__. : 6.53
d&K) o) 2<+@&—qum—%1 (6.53)
. This becomes positive in the limit Re — 0 if o9 > 07,
JLHHF-R@>0 as Ry — 0. (6.54)
dRs

. This means that the case 2 exists and there is a classically allowed region if o9 > 01. On the

contrary, Equation (6.53) is always negative if o9 < o7,

ﬁ{mﬁ-ﬁkr@ﬁﬁ—f@R—%)+—£E—~@R—%)<0 (6.55)

dR2 0 €1R1 — 20’1 1 ! (2R1 — R1)2 2 2 ' '
eqR1 — 201 — 2009 =€101 +01 —2c0-09 >0 (6.56)

where §1 = Ri—R; > 0 and a = % < 1. This implies (R*)Q—Rg is monotonically decreasing

function if o9 < 201. The case 2 does not exist because (R*)2 — R% =0 at Ry = 0 gives that
R* < Ry. (6.57)

To sum up, there is no classically allowed region and only the case 1 appears if o1 > 209.
Meanwhile, there is a always classically allowed region in the limit Ro — 0 and the potential (AU)
varied from case 3 through case 2 to case 1 as Ry increases if o1 < 207.

Let us interpret this result. The volume of the outer bubble when the inner bubble starts to
show up (ae = 0) gets larger as the size of the inner bubble (R3) gets smaller. The size of the
wall also increases but it grows up slower than the size of the bubble does. This means that if
a classically allowed region exists, it always appears at Ry — 0. This also implies the condition

for the existence of a classically allowed region is determined at Ro — 0. In this limit, the energy
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in the volume of the inner bubble is negligible compared to the energy in the inner wall, and the
energy in the outer wall increases twice as fast as than the energy in the volume of the outer bubble
decreases because of the volume/surface ratio. This explains why the condition only depends on
the mass densities of the wall (o1, 02). If there is a classically allowed region, the Ry — Ry curve
is disconnected. This would mean is the one bubble solution (R; = R; and Ry = 0) which gives
the global minimum of the action is disconnected from the stationary point with R; = R; and
Ry = Ro. However, it is only disconnected in the O(4) symmetric configuration space so they can
be connected through less symmetric configurations. We can conclude that the one bubble case
limit has the lowest action for a given energy regardless of the existence of a classically allowed

region.

(a) One inner bubble if V4T'y < 1 (b) Many inner bubbles if V4I's > 1

Figure 6.5: Two regimes when the radius of an inner bubble is much smaller than that of an outer

one.

There are two stationary points on the action. Since the one with lower action has a much
greater tunneling rate, we would expect that the tunneling with one bubble occurs much more
often. Suppose the radius of inner bubbles (R2) is much less than R;. Then, there can be many

small inner bubbles inside one outer bubble. In this case, the path integral is evaluated by

n

[e.9]
I = IOZ% iVlTlKle_Blz%(iV4ng_BQ)k
n=0"" k=0
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n

1 /i k
iVlTlKle_Bl Z g <;V4F2> ]

o 1
= 0
n=0 k=0

1 (i k
iNTiK e 51y = <;v4r2> ] (6.58)
k=0

= Ipexp

where

8172 (o1 4
v = (61) (6.59)

is the four-volume of the outer bounce and I'y is the bubble nucleation rate for inner bubbles.
Because the outer bubbles fills in infinitely large spacetime, the sum of n runs to the infinity
so it becomes an exponential. On the contrary, the volume of the outer bubble (V) is finite
so the sum does not have to be necessarily an exponential. In the expansion of an exponential,
e“=> %a” =1l+a+ %aQ + ..., the dominant term comes from n =~ «. This fact implies the two
following situations. If V4I'y < 1, the sum over k is dominated by the £ = 0. This corresponds to
just the one bubble case so there is no significant correction to I'y. If V4I's > 1, the sum over k is

approximately an exponential so Equation (6.58]) becomes
I~ Iyexp [z'vlTlKle*BI*MF?/Q} . (6.60)

This means many small inner bubbles effectively shift B; by

- i 2772 o} 3i Ty
By =By — Vg = S1-===). 61
1 1 2V42 > 6:1)’< 251) (6.61)
The leading order gives
€1 — €1 + ZF2/2 (662)

This is the same as shifting the energy density of vacuum B by the imaginary number, iy /2. This
effectively imaginary energy means the vacuum B is sufficiently unstable so the small inner bubbles

already exist when one outer bubble nucleates.

6.3.3 Three vacua problem in a multi-field potential

Let us move to another three vacua case. Consider a two-field potential with three vacua as in
Figure The bounce solution and negative modes of this case have been studied in [25] 20].
There are three kinds of walls (c4p, opc and o4¢). For the maximally symmetric configuration,

the field is O(3) symmetric because scalar fields in two dimension can create a junction of three
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o

Figure 6.6: Two-fields potential with three vacua.

walls that breaks the O(4) symmetry. For the saddle point of the action, the wall between two
different vacua forms a partial three-sphere with radius 30 /€, the same as in the one bubble case.

The tensions of wall are determined by

B —
045 — min /A Ay 2(U ()] — Vo),
C —
o.4¢ = min /A A 2UT(60)] - V),
C —
sBc = min /B A/ 2U (6] - Vo). (6.63)

These definitions of ¢’s imply triangle inequalities for the wall tensions,

oac < 0AB +0BC,
oA < 0ACc +O0BC,

opc < 0AB+0AC- (6.64)

Of course, the bounce solution we described in Section [6.3.2] exist. In this section we focus

on the bounce solutions with junctions of three walls as shown in Figure Among the many
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Figure 6.7: Many types of bounce solutions.

possible types of bounce solutions, let us deal with the simplest case to approach negative modes
problems, as shown in Figure Suppose 0 = o0ap = 0ac, 0 = opc and € = eap = €4c. We
are going to evaluate the action for a given energy by using the approach in Section Because
epc = 0, the wall between B and C has no curvature for the bounce solution. Among all possible
variations from the bounce solution, we consider only the case that the wall between B and C' has
no curvature, to reduce the number of degrees of freedom since we are mainly interested in local
behavior near saddle points.

To describe bounce solutions, we need to introduce the parameters (2’s, r's, §’s and o’s) which

are defined in Figure They obey the following relationships for a given 7 slice,

zg = Rpcosfp,

r = Rpsinfg,

rg = Rpsinapg,
Rpcosap = Rgcosac. (6.65)

In terms of these parameters, it is possible to write the area between A and B, the volume of B

and the area between B and C as

o
Area(o) : 2 <1 + ZB) = 27 R sin ap - (1 4 B> ,
T

B sin ap

2 2 2
Vol(e) : = [37“% +zp (7"123 - ?)} = “7R%sin® ap + R, cos, Op (sin2 ap —

cos? 0p
3 9

3

Area(o’) : m(rp—zp) =7wR% - (sin® ap — cos? 0p) , (6.66)
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Py

TB

Figure 6.8: The parameters of the barnacle of our example. (0 = o4 = cac, 0/ = opc and

€ = €AB = GAC)'

where cos, 0p is defined by

cosfp if cosfp < sinapg,
cosy Op = (6.67)
sin ap if cosfp > sinap.
Equation (6.20]) gives that
(ds) = [27rRQBa cos® ap (sinapg + cos, 0p) + 2rR% 0 cos® ac (sin ac + cos, 6c)] Y2 g
= V2r0R%sinag [sinag + cos, Op + sin ag + cos, 6¢]/? d(sin ap) (6.68)

and
2AU =27 {JRQB (sinap + cos, 0p) (1 + sin® ap) + oRZ (sinac + cos, ¢) (1 + sin® ac)
+U’R2B (sin2 apg — cosz 93) — 20% [R3B sin® ap + R:év sin® ac]
—% [R% cos, 0p (3 sin? g — cos? 0p) + R, cos, Oc (3 sin? ac — cos? 0c)] } . (6.69)

Recall that AU = 0 at 7 = 0 due to the energy condition. The radii of the bubbles have to be

R=Rp=Rc=R= 3{ at the stationary point. The angle § = g = 0¢ at the stationary point
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can be found by rewriting Equation ,

QAI/ OJ .9 2 OJ .9
gy 2(1+cosb) + 55 S0 0 cos (3 — cos”0) <20 cosf | -sin“0=0. (6.70)

This gives that AU =0if # =0 or cosf = % These two cases are shown in Figure

Define 6y = cos™! (%) which represents Figure . If % > 1, there is no solution for
cosf = % However, this case cannot arise because of the triangle inequalities of the o’s.

Let us see how the action behaves by varying the radii from the solution. In the case of three
vacua in a one dimensional potential, there is a constraint for R; and Rs so there is only one
direction to vary them. However, there are many degrees of freedom for barnacles.

Consider infinitesimal variations which do not change r, the radius of the wall between B and
c,

Rg =R+, Rc=R+dc, 0p=0p+A0g, 60c=0y+ Abc, (6.71)

where

r = Rpsinfp = R¢sinfc = (const.). (6.72)

The energy condition AU = 0 at 7 = 0 and the fact that r is fixed give that

Afp = —tand - (is = —Afc = tanfy - ig (6.73)

We can evaluate the action with these small perturbation by using Equations (6.68)) and (6.69)),

_ 1 _
S|Rp, Re] = S[R, R] = Smo R[12w — 126, + 4sin(260) + sin(46)] - 5%, (6.74)
A A
fo
B C
(a) The case § = p = cos™! (%) (b) The case 6 = 0

Figure 6.9: Two bounce solutions. The case 6 = 0 is the situation two bubbles meet at one point(b).
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The second derivative of the action is given by

d*R[Rp, R

2 _
dog Rp=Rc=R

= —moR[127 — 120y + 4sin(26p) + sin(46p)] < 0, (0 <6 < 7/2).
(6.75)
Note that the range of 6 is [0,7/2) in our example. This means the variations always lower
the action so it is the local maximum along a path which does not change r.
Consider another type of variations, R = Rgp = Rc = R + 6. The radius of each bubble equals

to each other in the variations. Then, the condition AU = 0 at a = 7/2 gives that

R O'/ R . 9
2 (1 = R) (14 cosb) + <20 — F cos 9) sin® 0 = 0. (6.76)

It is possible to see local properties of the action by considering the infinitesimal variation,
R=R+6, 0=0y+ A0. (6.77)

The condition (6.76|) gives that

—2 — 3 cos by + cos? b
Sin3 (90

AO = (6.78)

T =

We can expand the action around the solution,

S[R,0] = S[R,0y] — moR [67r —660p — 4 <—8 + csct <920>> sin 0y + 21 sin(26y) — 2sin(490)] 52
(6.79)

The second derivative of the action becomes

S
dg? R=R

—2mo R |:67T —660p —4 (—8 + csc? <020>> sin 0y + 21 sin(26p) — 251n(400)}

>0  if0<6p< b
_ 3 (6.80)
<0 if Oy < Oy < /2.
Here, 6y = 1.0181... is found numerically. Remind 6y = cos™(1/2) = 1.0472... if ¢/ = ¢. In this
case 0 is slightly larger than fo. In other words, the action is the local minimum for sufficiently
large o’. However, as o’ gets smaller, the action on the solution turns into the local minimum where
o’ is slightly bigger than o, (at 6y = 0p).
Let us see what happens here. According to [25], a barnacle has two negative modes. If a

wall between two vacua is bigger than a hemisphere, the mode moving the wall back and forth
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has a negative eigenvalue. On the contrary, moving the wall which is smaller than a hemisphere
cannot lower the action. In our example, moving cap and o4¢ give negative modes, since #p and
Oc cannot be greater than 7/2. The mode that varies r is a positive mode. In the first case we
studied, the radius between B and C, r, is fixed so the mode moving r is not included. This means
this variation is basically the sum of two negative modes which move the walls with ¢ 45 and o 4¢,
respectively. The sum of two negative modes decreases the action so we found a local maximum
there. For the variation with R4 = Rp, the inner radius r also changes as R4 and Rp vary. Since
the contribution from A and B is the same as each other, we can deal with them as one mode.
Thus, the variation is the sum of the mode which moves R = R4 = Rp and the mode by varying
r which has a positive eigenvalue. Because the variation is a mixed mode with different signs,
the action gets a local minimum where the positive mode becomes dominant. This explains why
large o/ makes the action to be a local minimum. On the other hand, the action becomes a local
maximum as o’ gets smaller.

Consider the case that the size of a bubble C' is much smaller than that of a bubble B. This
can happen if the radius of C' (R¢) is smaller than Rp or the angle 6p is very close to w (0 < 7).
Then, as in the case of Figure [6.5] a lot of small bubbles C can be attached to a bubble B. This is

a so-called ‘barnacle’[26]. In this case, the wall tension o 4p is shifted as
O’AB—>5AB=UAB—’iKb€_Bb =oap — I, (6.81)

where By is the increase in the action with one small bubble C' and I'y is the decay rate from the
wall to a bubble C per wall three-volume.

Coleman’s argument implies that Sp is not the minimum of the action for given Euclidean energy
if there are more than one negative modes. Because every barnacle solution has two negative modes,
it should not be the global minimum within the field configuration which preserves the Euclidean
energy according to Coleman’s argument. We have checked that the action on the bounce solution is
not the global minimum in either case. We can also see it is possible to construct the mode which
satisfies the energy condition by summing two negative modes since Sp is not at the minimum
among the states with fixed energy. The global minimum of the action is the one bubble case as
like the example in Section In this case, there is only one negative mode.

If there are more than three vacua in a multi-field potential, there can be more types of the
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bounce solutions. For the case of four vacua, the center of bubbles can form a triangld’} Because
a triangle is a two dimensional object, the plane which contains the triangle can be the 7 =t =0
slice. For the case of five vacua, the center of bubbles form a tetrahedron. Since a tetrahedron is
a three dimensional object, we can still find a 7 = 0 three dimensional slice such that ¢ =0. If
there are six vacua, the center of bubbles form a 5-cell which is a four-dimensional object bounded
by five tetrahedral cells. In this case, it is impossible to find a three dimensional slice which gives
é = 0. Because this solution does not obey the boundary condition , this is not a bounce

solution and the interpretation is unclear.

LA straight line is also an extreme case of a triangle.
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(a) Four vacua

Fig(c)

' ’

A

(b) Five vacua (¢) Five vacua

Figure 6.10: Bounce solutions for multiple vacua. Figure (c) is the five vacua case as seen in the
direction of the arrow in (b). If there are six vacua, the center of bubbles form a 5-cell, which is

hard to be drawn here.
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Chapter 7

Negative mode problem in curved

spacetime

This chapter mainly deals with the mode spectrum of Coleman-de Luccia bounces. We studied the
semi-classical approach of CdL in Chapter [3| and the quantum approach to the vacuum decay in
flat space is covered in Section One can ask how to develop a quantum approach in curved
space to fill the question marks in Figure 7.1

This is the area of quantum gravity so there are many open questions. In this chapter, we

Quantum
Coleman
Coleman
& Callan
@ Gravity @ Gravity
Quantum
Coleman & o
de Luccia (227)

Figure 7.1: A simple diagram about the vacuum decay.
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suggest the answer in the low energy limit, the weak gravity limit. Additionally, we can show many
interesting properties in the strong gravity case.

The first relevant work has been done by Lavrelashvili, Rubakov and Tinyakov[27]. They found
that the kinetic energy term in the second order Lagrangian in the O(4)-invariant perturbative
expansion with the ¥ = 0 gauge is given by

Sprr(quadratic in @) = wézdf, (7.1)
QLRT
where & is the perturbative field of ¢ and Qrrr = 1 — %np2U . They showed that Qrrr can
be negative somewhere so there can exist a large number of negative modes with rapidly varying
perturbations concentrated in the region where Qrrr < 0. They claimed these negative modes are
the consequences of the breakdown of the quasi-classical approximation.

After LRT’s work, Tanaka and Sasaki[28] argued that the negative kinetic energy region exists
in neither the O(4) symmetric case nor the case of a higher angular momentum by choosing the
gauge conditions A+¥ =0 and C = OE However, we will see that this result cannot be applicable
to the O(4) symmetric case in Section

We developed a gauge independent approach to the second order Lagrangian[29]. It shows us
that there is a negative kinetic region in the O(4) symmetric case, as LRT found before, and that a
negative kinetic region does not exist for a higher angular momentum case, as Tanaka and Sasaki
argued.

We will see that the second order Lagrangian in the O(4) symmetric perturbation expansions
can be written as Equation ,

3 3

2 _ P 2, P .2

If @ becomes negative in some region, it implies a negative kinetic term. Then, it is possible to
lower the action arbitrary by varying fields very rapidly so there are an infinite number of negative
modesﬂ If @ is positive everywhere on the bubble wall, there is a negative mode in analogy of

the negative mode in flat space. As gravitational effects get stronger, the eigenvalue of this mode

IThese fields are defined in Section [7.1.2

2See Section
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approaches zero and then it turns into a positive modeﬂ We will discuss this approach and its
interpretation throughout this chapter.

Let us warm up first before studying the details of the perturbative expansions. In Section [6.2
we developed an approach to find negative eigenvalues analytically with the thin-wall approxima-
tion. However, the thin-wall approximation no longer gives the eigenvalue in curved space because
gravitational effects on the wall cannot be described suitably in the format of the thin-wall approx-
imation. Nevertheless, it is still helpful to get an insight about the mode structure. Recall that the

field equation and its derivatives of the Coleman-de Luccia metric are given by

0(6) = 6(6) + ~Ld€) = Ul (73)
cee . .. 0 ‘2 . .
5425+ (220 6= urial -4, (7.4
P P P
By combining the constraint and the equation , we can rewrite as
3p . 3 K‘/p2¢2 C .
¢+p¢+p2<—1— . >¢U[¢]-¢. (7.5)

Compared to the case without the gravity, there is one extra term, /{p2¢2 /2. If we assume the mode
equation is given by the operator, ‘—[0 + U"[¢]’, as in the flat space caseﬁ the mode equation for
a perturbative field ¢ — ¢ + ®;(£)Y;(Q) is

d?  3pd 1(l+2
(—D—*—U”[Qﬂ) P, = |:_d§2_ppdf+ ( ;; ) —{—U”[Qﬁ]] D = \P;. (7.6)
Let us test the case ®;(¢) = ¢(€). Then, the mode equation becomes
I(1+2) -3 3w\ ; :
( ( +p2) — F”f >¢> — A\ (7.7)

Because ¢ is not constant on the wall, this cannot be an eigenmode. Although ® = (;5 is not an

eigenfunction, one can say there is at least one negative mode because the [ = 0 case implies that
3] " ; HPQ¢2 p)
p’o (-0+U"[¢]) ¢pdé = [ =3p |1+ ——— | ¢°dE < 0. (7.8)

2
3See Section

4This assumption is approximately valid only in the weak gravity limit.
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However, the action is approximately right only in the weak gravity limit. Since this approach
is based on the scalar field, it cannot explain the cases where the gravitational fields become
dominant. Although this cannot cover the whole case of the gravity, this confirms there is at least
one negative mode in the weak gravity and this also agrees with the analysis of the type A bounce
as in Equation . In order to explain a complete behavior of perturbative fields, we need the

perturbative expansions of the scalar field and the metric, as in Section [7.1

7.1 The perturbative expansion of the CdL bounce

The thin-wall approximation is a good tool to see a semi-classical bounce solution of the vacuum
tunneling. To describe the negative mode problem properly, we need to investigate the whole
configuration space, which the thin-wall approximation cannot take into account. There are several
attempts for decades to solve the negative mode problem of vacuum tunneling in the presence of the
gravity[20] 27, 28, [30H36]. The most common way is the perturbative expansion of the Lagrangian.
We have developed a gauge-independent approach which describes negative modes properly and

gives a good point of view of the vacuum decay process.

7.1.1 The O(4)-symmetric case
Let us consider the O(4)-symmetric perturbations of the Coleman-de Luccia metric,

ds® = (1+ A(€))%dE> + p(€)*(1 + ¥ (€))?d%, (7.9)
and define the perturbative scalar field by

P(§) = ¢(§) + @(¢). (7.10)

In the O(4)-symmetric case, these three perturbative variables (A, ¥ and ®) are the least
number of variables, needed to describe the system properly. In the case of the higher angular
momentum, we need two more extra perturbative terms. We will see this case in Section [7.1.2]

The background CdL action after integration by parts is given by (3.12)
2 3(1;9 3 .9
Sp =2n% [ dE |p 0 +U ) - - (pp”+p) |- (7.11)

The background fields (p, ¢) satisfy the constraint (3.9) and the field equation (3.10).
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Now we expand the total action around the background solutions. Then, the first order of
the action in perturbation vanishes by the constraint (3.9) and the field equation (3.10), and the

quadratic action is given by

S = 2w2/c§§)(q>,x11,A;<i>,\i;)d§ (7.12)
where
L2(®,0,4;0,¥) = —%p3\if2 + %pxlﬂ + %p%? + %p3U//<I>2 — 3700
- <—p3¢sci> + p3U'® + %pr\if + 2;)\1/) A— %prQAQ (7.13)
with .
Q=1- ﬁgp.f : (7.14)

The fact that the second order Lagrangian (Eg)) doesn’t contain a &-derivative of A implies
the existence of a constraint (C 1) = (5/5;32) /0 A) in the second order Lagrangian. Since varying A is
re-parameterizing the Euclidean time (), this is the same as the Einstein equation (Goo = —xTpo)
which gives the constraint equation for the background fields. It implies this constraint is the first

order expansion of the constraint of the background fields,
2 . . .
cm . % <¢c1> - U’<I>> - (pp'\I/ + m) + QA =0. (7.15)

The set of these perturbative fields has a gauge freedom as the set of the background fields
does. Under the transformation & — £ + a(§), the system is invariant under the following gauge

transformations

56® = da, 6cU ="a, cA=a. (7.16)
p
In other words, the second order Lagrangian is invariant under the gauge transformation,
3 . 3 1 . 1 .
b6y = —ZpM(0G0) + Zp(0a)? + 5N (060)* + SU” P (06®)? — 30 (66 W) (36 D)

N 6. . 6 3 .
b (<0000 + U Ga) + L Ga) + Lplact) ) () — Sp QA
= 0+ (total derivative term) (7.17)

and the constraint is also gauge invariant,

500 = *””6”2 (Q's(ac;@) - U’((SG(I))) - (pﬂ(tsé‘l’) - (6G\If)) +/*Q(6cA) = 0. (7.18)
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The second order Lagrangian has three variables (®, ¥ and A), a constraint (C))) and a gauge
condition which we have not imposed yet. If we eliminate A by using the constraint, the Lagrangian

has only two variables and a gauge condition. As the result, the Lagrangian ([7.13]) is written by

3
LP@ 0,9, ¥) = 2”@( _pj) ) +W[<1>,xp,¢/]—ipz”Q(c<l>)2
A P :
_ w(@_p ) +W[®, U, . (7.19)

The first term is the euclidean kinetic energy term and W is the sum of the first order time derivative

terms and the potential terms as

P d [ pé P ,20p  9Q 30 [ 26p® | pQ\ o

w o= 22 o+ L (20 - 228 X ) 9w - 2w
Qd€<p) § Q<2 ; Q) %m( 3 +Q>
P | EPPU kpdU’|

This new form of Lagrangian is still gauge invariant since the constraint which we used to
eliminate A term is also gauge invariant. This fact implies that it is possible to write the second
order Lagrangian in terms of gauge invariant variables.

Let us define a gauge invariant variable x (&),
X=®— pf (7.21)

then the derivative of y is given by

= — ”f\p T X (Mb> (7.22)

The kinetic term in terms of y should be

TR P2 po

0" = @{ df( >}
I PR AN N AT &@i@'ii@ 2
= 2Q<q’ p‘I’) Qd€< )q’“def(p)‘P“ Q{d£< )}‘p

(7.23)

The first order in ¢ derivative term(®®) has the same coefficient as the first order term(®¥) in

W. This means we can get rid of the first order terms by integration by part, so the kinetic term
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of the gauge invariant Lagrangian has to be proportional to x2. Without &-derivatives, x is the
only possible gauge invariant linear combination of ¥ and ®. Since the remaining terms have no
time derivatives, the potential term of the gauge invariant Lagrangian should be proportional to

x?. Thus, the following form is the only way to write the gauge invariant form of the Lagrangian.

3 3
£ (:x) = 2%>'<2 + Q%f(p, o)X (7.24)

To verify the Lagrangian can be written as (7.24), we need to check whether the following
equation combined by Equations (7.19)), (7.20)), (7.23) and (7.24) holds

NP N 0 AV Y N AV R AN
2! PO = Qdﬁ(p)w de&(p)w 2@{d5<p>}‘1’

p°d (pd) . o ;205 9Q 302 [ 26pd? | pQ\ o
PraAP2) o L (o — 222 _ %< gy - P g
TQae\ +p'2Q< i) e\ T
3 27712 N adi
+2p—Q U”+H;ﬁ2% +zﬁ;€g ®? + (total derivative term) (7.25)
_ p3 1" liszIQ KPQISU/ 2
= 2|V T aeg Tapg |
d | p*d (pd P ,20p  9Q
_ ey pe LA ) (s e P
i df{Qd€<p'>}+p'2Q< p Q)
- . \ Y
+ ;Z{g'{fi f?)}ﬁLlj_gQ (—QKQQS +ﬁg> U2 4 (total derivative term).
(7.26)
By using the identities,
PP | KPPU | kpdU’ po| dfpPd (pd P’ ;205 9Q
P \u S e e L Y s
2 | T30 T a0 2p¢[ dé{Qd£<ﬁ>}+b2Q< ; Q)]
_ (ﬂ “1d [otedd (oo | 307 [ 260d°  0Q
po 2d§ | Q p dE\ p KP2Q 3 Q|
(7.27)

the equation (7.26)) becomes the form we required

. N
3 3 271712 !
P 5 P y o kpU kppU pP o
Al o)X =~ U+ — + — ® — —T | + (total derivative term). 7.28
2Q (6. 9) 2Q 302°Q  3p°Q p ( o 72)
This means the second order Lagrangian is written as Equation (7.24]) and f(p, ¢) is given by
27712 iTT!
kpU KkppU
f(p? (b) = U'+

3p°Q  3p°Q
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e s o
6w o <3+/~cp¢ | 3rp%

¢ 3°Q  piQ st 27
1 3 5&(;'52 /£2,02 q34 ’€P2 ¢2

We can see that the sign of the kinetic term of this Lagrangian only depends on the sign of
Q. It means if ) becomes negative in some regions, we can lower the action arbitrarily by varying
fields rapidly there. We will check that every CdL bounce in a de Sitter background has a negative
@ region, in Section This means that every CdL bounce in a de Sitter space has infinitely
many negative modes. Actually, these negative kinetic regions were found before by Lavrelashvili,
Rubakov and Tinyakov[27] but the difference is that they claimed this only for the special gauge
choice (I = 0). Meanwhile, our approach is gauge-independent so this argument is valid for all
possible physical gauges. In other words, every CdL bounce has an infinite number of negative
modes regardless of a gauge choice, and it has to be true since the physical property does not
depend on the gauge choice. Of course, it is easy to check the second order Lagrangian becomes
LRT’s Lagrangian by choosing ¥ = 0 gauge.

We studied the boundary conditions (3.20)), (3.21) and (3.22)) for background fields in a closed

manifold are given by

p(O) = p(fmax) = 07
:0(0) =1, p({max) =-1,

$(0) = $(max) = 0. (7.30)

Because the perturbations of background fields can shift the end point of the coordinate, &,ax can
be also shifted. This means that there is a subtlety in dealing with the perturbative fields around
Emax-

Let us find out how to solve this issue. For a convenience, we define a new notation, ‘7, for the
actual variables including the perturbative term. Up to the first order in perturbation, the actual
fields are written by

b=0¢+®, f=p+dp. (7.31)

These actual fields also satisfy the same boundary conditions but the end point of & can be

moved to &max — émax as

p(0) = p(€max) =0
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ﬁ(O) =1, .5(gmax) =-1

&(O) = qs(gmax) =0.

The proper length (1) of £ is gauge independent since it is a physical quantity,

gmax
| = A)dE.
/0 (1+ A)de

To avoid the end point problem, we can choose the gauge such that

gmax = gmax-

By the definition of the end point, we find

gmax gmax .
| pae=0 [T nas o

The geometrical boundary condition (3.21]) at the both ends implies that

dip+dp) _dp  dop dp, dp .
U+ A)d  de  ae ac” " ae (at p =0, p=+1),

1. .
A= ;5,0=p(5p)-

We can also get this boundary condition from the constraint

CP |,z = pép— A =0. ( U+ ppl = p6p at p= 0.)

91

(7.32)

(7.33)

(7.34)

(7.35)

(7.36)

(7.37)

(7.38)

It is always possible to find the fields which obey the condition ([7.37)) in a closed manifold so the

gauge condition (7.34) is a valid condition. Because physical properties do not depends on the

gauge choice, the effect of moving the end point (&yax) does not give any significant contribution

even for some gauges which do not fix the end point (§max)-
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Types Scalar Vector Tensor
Fields A, B,U,C | B, E, E(a)
Divergenceless 7 N/A Yes Yes
Traceless ? N/A N/A Yes
Number of fields 4 4(=6-2) 2(=6-1-3)
Gauge freedoms 2 2(=3-1) 0
Constraints 2 2(=3-1) 0

Table 7.1: Vector type perturbative fields are divergenceless (V,B* = V,E® = 0) and a tensor
type perturbative field is divergenceless (V,E® = 0) and traceless (E%, = 0). The divergence and

the trace of the whole perturbative fields contribute to the scalar type perturbation.

7.1.2 Including Angular Momentum

In the O(4)-symmetric case, we need two perturbative fields (A and W) in the metric. To describe
more generic cases, more perturbative fields are required. We can write the perturbation of the
metric by performing a scalar-vector-tensor decomposition[37]. At linear order, the metric has the

form,

ds* = (14 2A)d¢* + (B, + V,B)déda
+0(£)? [gap(1 + 20) + 2V, V,C + V(, Ey) + Eap) | dadb. (7.39)

There are three types of perturbative fields. The properties of these fields are summarized in Table
By convention, V, means a covariant derivative with respect to the three-dimensional spatial
metric gup.

Since we do not deal with vector matter fields, B, and E, do not couple to matter fields.
There are four vector type perturbative fields but the actual number of degrees of freedom is zero
because of two constraints and two gauge conditions. The vector fields are invariant under the
gauge transformation, a — a + 4, where 3, is also divergenceless. The tensor fields F,) also has
two degrees of freedom. These give two modes of gravitational waves. They do contribute to the
action but do not couple to the scalar matter perturbation so they are not relevant for negative

modes. It means that only the scalar type perturbation matters in the vacuum decay process.
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Let us consider the scalar type perturbation only. Each perturbative field can be decomposed
into the part which depends on ¢ and the three-dimensional spherical harmonics (Y, (€2)). Then,
the metric given by

ds? = (14 24,(€)Yi(Q))de? + Bi(§)VaYi(Q)dda
+0(£)? [Gab(1 + 204(£)Y1(2)) + 2C1(§) (k> Va Ve + Jan/3)Yi(Q)] dadb  (7.40)

where gqp is the three-dimensional spatial metric. The Y;(Q)’s are eigenfunctions of the three-

dimensional Laplacian,

AYI(Q) = —I(1+2) - Yi(Q) = —k? - Vi(Q) (7.41)

For the simplicity, we set k? = (I + 2) and we will omit the angular momentum index [ in the
perturbative fields.
For the [ = 1 case, C(£) is a redundant field and we can set it equal to zero. In other words,

the identity for the [ = 1 mode,
vavbYImn(Q) - _gabYImn(Q)7 (742)

reduces one degree of freedom of the perturbative fields.
From the perturbative metric, we can find the second order Lagrangian including angular mo-

mentum as

: 1 g., 1 .
‘C(E2) — _%p?)\pQ_ g(k2_3>\112+§p3(1)2+§ (k2p+p3U”) (1)2_3p3¢\1/¢
3 2
PP (R =3\ 2 P2 2 20,2
L — (K- — L2 -3)v
+3- ( = )C %(k 3)C ?m(k 3)vC
. 6.,:. 6 2 3
+fw%@+ﬁW®+wa+ﬂu—ﬁmmw+ﬁu—ﬁﬁmcA—Hm@AZ
2Pk 20, 2p (K2=3\ . . 2
L PE A | Py 2P 3) ¢ 4 poo| 2B - * 2. (7.43)
K K 3k k2 Kp

This Lagrangian is also invariant under the following gauge transformation,

& — E+al)Y(Q) (7.44)

a — a+B€)Y(Q). (7.45)

5The ¥ and C fields are different from (7.39). This metric is defined so to make C vanish at { = 1.
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and the gauge transformation rule are given by
. ) k2 .
5o® = da, ¥ ="La— T deA=d, dgB=atp’B, 0C =K. (7.46)
P

Since there are two different gauge parameters (a, ), we also need two gauge fixing conditions.
Furthermore, this implies that there are two constraints in the system. One comes from the Gpg
equation, corresponding to «, and the other one comes from the Gp; equation which is related with
5. As we expect, there are no derivatives of the perturbative fields A and B in the Lagrangian. We
can treat A and B as Lagrange multipliers and those constraints can be found by taking derivatives

with respect to A and B, respectively.

1) . KJP ') — - _kj Q E -2 _
o (¢<I> U ) [pp\I/—F(l 3)<x1/+3 +5B| QA =0 (7.47)
. 2_3. ; ; 1
eV g3 e Py lp_y, (7.48)

3k2 2 P 0>

We can check that the second order Lagrangian and both constraints are also gauge invariant.
5oL =0, saCct =550 =0. (7.49)

This fact motivates us again to find a gauge independent form of the Lagrangian. There is only

one possible gauge independent linear combination of perturbative fields

v PPy POg (7.50)

p 3p

We can eliminate two Lagrange multipliers (A, B) by using the identity,

ea’ 4+ 6p% — yap

QA+ BB+ yAB + §A%* 4 eB? = (7.51)

v2 — 48¢
This gives
3 2 k2 —3\ .- Rk
@51 = pp2Q - kA pq/+ ) C + pp®
/<c 3K k
k2 . 6.,. 6 ) ) 2
“ap [—p3¢<l>+p3U’<I>+Kpp v+ — (1—k /3)p¥ + — (1—k /3)pC’]

2
.. 6 .
+— k2 [—p3¢<13 + U + E/')pz\l’ + - (1 —k2/3)p¥ + = (1 —k*/3)p

d
[?mi’;(’“l;?’)mpé@] }/{(2752) —4-ipﬁ2Q-Z}. (7.52)
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The kinetic terms in (7.52)) are given by

P 2 2 27\ 2 QQ(k2_3)2'2 ’@P% 2
Q(Q_kz/g)lﬁ(?,—% B e R
2— .. ; .« .
_gk 51— Q)iC + %(zﬁ )p%c + 3(k2 _ 3)”;@@ (7.53)

By combining with the kinetic terms in the Lagrangian (7.43]), we obtain the kinetic terms of

the Lagrangian after eliminating Lagrange multipliers,

) NG
3 2

pPA—Kk/3) [+ pops  po

— . |-V -] . 7.54

2(Q—12/3) AT (754
This is proportional to the kinetic part of x2,

i NG
Y2 = <<I> - pp(b\ll - gﬁC’) + (non-kinetic terms). (7.55)

We found the kinetic terms can be written in terms of x?. It implies the potential terms should
be proportional to x? because y is the only gauge invariant linear combination of fields. After
following the same steps we made in the O(4) symmetric case, we can find a gauge independent

form of the Lagrangian,

PP(L—k2/3) ., | p*(1 — k2/3)
2Q - 12/3)" T 2(Q—k2/3)

£y = flp, 0. k%)X, (7.56)

where

P . S {PU™ 4 p3U" — 2 (200U — 3°6°Q + pi?] }
R e p pp p p

i b3 R AN
e O ) e ()

S S . A ¢>2 21 @ T 22020
+(Q_k,2/3)“ Q- F/3)+ (1+3 < 2>>](1 K/3) - K=o }
(7.57)

We can see that the [ = 1 case do not contribute to the action. The kinetic terms cannot
be negative since both (1 — k?/3) and (Q — k?/3) are negative if [ > 2. We can still see the Q

dependence of the Lagrangian but the sign of ) does not determine the sign of the kinetic term.

k4

This also reproduces the O(4) symmetric case if [ = 0. The highest order of k2 in f is 3EQ-R2/3)"

This term is positive definite and diverges as k goes to infinity.
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=0 =1 [ >2
Physical variables o, U, A o,V A B o Vv A B, C
Number of variables 3 4 5
Number of Constraints 1 (01(41)) 2 (CS), C](;)) 2 (CS), C’g))
Number of Gauge freedom 1 (@) 2 (o, B) 2 (a, B)
Degrees of freedom 1 0 1
neg. Q regions exist N/A no neg. kinetic region

Table 7.2: For [ = 1 (k? = 3), there are four variables(®, ¥, A and B), two constraints and
two gauge conditions. Thus, there are no physical degrees of freedom. The Lagrangian vanishes
identically in this case (1 — k%/3 = 0). For [ > 2, the kinetic term is positive definite because both

(1 —k2/3) and (Q — k?/3) are negative, so there are no negative kinetic regions.

The result for the [ > 2 modes is somewhat similar with the result of Sasaki and Tanaka[2§].
Their second order Lagrangian is also proportional to (1 — k%/3) and has positive definite kinetic
terms for [ > 2. However, it is hard to see the () dependence in their action. Especially for
the O(4) symmetric case, the number of degree of freedom is inappropriate. Meanwhile, with the
gauge independent approach, we find that the O(4) symmetric mode can have an infinite number
of negative modes and higher angular momentum modes(! > 2) cannot. This is true regardless of
a gauge choice, and this property has to be gauge independent because physical properties do not

depend on the gauge.
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7.2 Properties of negative () regions

We showed that the vacuum decay process in curved space can have a negative kinetic region which
gives an infinite number of negative modes. In this section, we will show there are two different
kinds of negative @) regions and that a CdL bounce in a de Sitter space always has a negative
region. After that, we will discuss more details about negative () regions for small type A bounces,

large type A bounces and type B bounces.

7.2.1 Two kinds of negative () regions

There are two different types of negative () regions. The first one is found on the wall if the height of
the scalar potential is sufficiently high. The other case is a negative () region around the maximum
of p (p = 0). Because every CdL bounce in the de-Sitter background has a maximum of p(pas), the
latter one is an inevitable case.

Let us define Q, which has the same sign as Q,

2
~ U
O=p2Q=1- ”pg . (7.58)
The negative @ region on the wall exists if the height of the scalar potential is high enough to
satisfy
2
~ U
O=1- “pg <0. (7.59)

The above condition is valid regardless of the thickness of the wall. With the thin-wall approxima-

tion, we can rewrite this as
=2
o Kp Utop
3

where p is the size of a bubble with the thin-wall approximation.

1 <0 (7.60)

Here, Uyop is the top of the potential. Since the scalar field stays at Uy in the case of the
HM solution, the radius of the HM solution is determined by the value of the top of the potential.
Although this negative ) region on the wall is not directly related to the HM solution, we can find

the above condition is the same as

P>, (Atop ~ An = | — ) . (7.61)

At;op KUtop
Since the size of the HM solution is always smaller than that of the CdL solution (Apm < Ay),

this negative Q) region on the wall starts to appear before the wall reaches the type B solution as
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p is monotonically increased. For small bounces(p < Ay), the size of bounce barely depends on
the gravitational effects and the scale of the potential also has to be much smaller than the Planck
mass scale so p is smaller than Ay in most cases. This means it is hard to find a negative @
region on the wall in the case of small bounces. We will discuss more details in Section [7.2.2]

Let us study the second case of the negative @ region. We can always find negative Q regions
around the maximum of p(pps). At the maximum of p, the term <]52 is exponentially small but never
gets to exactly zero while p is zero. This means that the second term in ) goes to negative infinity
as p goes to its maximum, so ) has to be negative there. We can also see this result in Q .

The size( W) of de Sitter horizon given by Ul[p(par)] has to be pps if the wall is perfectly

thin(¢ = 0 outside the wall). However, if we see the small difference due to the infinitesimally small

b, RU(:;M) should be smaller than the maximum value of p (pps) since p increases faster than in

the static case(¢ = 0).

3
— < pu 7.62
U160 (762
Ko? [ ) p?
=14 5 (¢2 - U> >1-— TU’ p increases faster. (7.63)

Thus, Q is always negative at the maximum of p. We will also study some categories of the negative
@ region around the maximum of p in Section [7.2.2]

Because every CdL bounce in de Sitter background has unavoidable negative ) regions which
corresponds to negative kinetic terms, it has infinite number of negative modes. Since it is well-
known that gravitational fields have negative kinetic terms in general, it would be related to grav-
itational effects. We can easily check the negative kinetic terms due to gravity from the fact that
the kinetic term in terms of W at the second order Lagrangian is —%p?’\iﬂ, which should be the
same as the kinetic terms of pure gravitational cases. On the contrary, we can see the scalar fields
have a positive kinetic term in the second order Lagrangian. This implies that when we describe
the system in terms of the gauge invariant variable(x), the kinetic term becomes negative where
the gravitational effect dominates while it becomes positive where the fields effect gets stronger.

The sign of @ determines which one is stronger in the system and negative () regions are the area
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where the gravitational field dominates.

272 2
Kp“ @ 1 kpU
=1- == (1- . .64
< 65 p?( 3 ) (764

We can see that Q decreases as &, ¢2, U(¢) or p increases. Recall also that % decreases as p
increases. Larger x means stronger gravity and larger éz or U implies a higher mass density which
causes stronger gravitational field. When the bubble nucleates, the metric outside the bubble barely
changes so it is approximately same as in the pure false vacuum case. This means the gravitational
field outside the bubble increases linearly with the radius before or after the nucleation in Newtonian
gravity. Beyond Newtonian gravity, it is not linear anymore but it still has to increase as p increases.
To sum up, @ decreases as the gravitational effects gets stronger.

The above explanation cannot show why there must be a negative @) region around p = 0. In
order to understand this, let us think about the case where p is constant (p = 0) in a certain region
as the following

ds? = (14 A(£))%d€* + p*(1 + U (£)?)dQ3. (7.65)

This is a Euclidean cylinder which effectively behaves as a one dimensional case at the back-
ground level. Since p doesn’t change at all when the fields vary, the gravitational field and the
scalar field are decoupled completely in this case.

The second order Lagrangian on this Euclidean cylinder is given by
- 3 5. 3 1 .. 1 ..
L@, 0, 4;8,0) = —Zp502 4 Zpu? + T TR OL SRR T
K K '
515 L srg O P2
+ —P¢q)+pU(I>+;p\Il A—i—TA. (7.66)

After eliminating A, we can find the second order Lagrangian, which only depends on ¥,

212
Oy = i 18 (19T g (7.67)
K 52p¢2 6

It does not depend on ® anymore if p = 0. This also shows that these two fields are decoupled.

Even though the Lagrangian does not depend on @, & still exists and has any configuration that

does not violate the constraint C'(1).

2 212
1. 8P (s ina\ g BP0
o = (¢<1> U(I)) - =

A=0. (7.68)
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However, ® does not contribute to the Lagrangian since A in the constraint always cancels out

the contribution from ®. More precisely, we can write the second order Lagrangian as following,

Eg) = —§p3\i/2 - 18. (1 - W) T2 4 i CH(®, &, 0, A) : + (surface term). (7.69)
K K2 pe? 6 K2 pep?

The constraint (C(Y) is the Einstein equation (Gél) = —KT()%)) which is equivalent to the
conservation of the energy density. In this effective one dimensional case, there is no friction term
to decrease the energy. Thus, no possible configuration of ® and A can change the energy due to
the scalar field so the Lagrangian does not depend on them. Where p = 0, the scalar field effects
are ruled out and only the gravitational effects remain. This is why there is always negative Q
region near the maximum of p. Of course, although p = 0 is only at the maximum of p in the CdL
bounces, this argument is approximately applicable to the case near the maximum of p (|p| < 1).

In this case, the fields are barely coupled to each other and the scalar field effect is almost negligible.

7.2.2 Negative () regions for various types of bounces

We checked that there are two different kinds of negative @) regions. In this section, we investigate
the relationship between the energy condition and the width of a negative ) region for small
bounces, large bounces and type B bounces. We consider the condition, ‘{(A¢)* ~ (AU) ~ (51)*/3 ~
Utop ~ m?’, with the thin-wall approximation, as in Chapter[4l The energy condition and the width
of a negative @) region for each type of bounces are listed in Table [7.3

First of all, let us investigate the negative ) regions on the wall. The width of the negative Q
region is roughly

B 2 1 A 1 i :37/52
Ag_/d5 /1 d¢\/2(U_Uf) VAU m’ (U(¢1,2)— H)- (7.70)

Unless @ barely touches zero, the width of a negative () region is comparable with the width of
the wall. In other words, the width of a negative @) region is greater than the Planck length if the
mass scale of the potential (m) is smaller than the Planck scale (mp), but it is smaller than the
Planck length if m > my,).

For small bounces (p < Ay), it is possible to have negative @) regions only if the scale of the

potential is greater than the Planck scale. The size of bounce is approximately same as the size
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The width(AE) of negative @) region
Energy Condition
Wall pum (p=0)
m/o < mp None AL < le
Small bounces 1/ . 1"
m/aZmp1>>Uf AS S amy, A€<<m7p1
m < mp) A > mil A¢ < le
Large bounces 1" 1"
m 2 My ALS g ALR g
m < Mp] A¢ > L
Type B P mlpl
m 2 mp AL S Mol
Table 7.3: As in ChapterE we consider ‘m ~ (Ag)* ~ (AU) ~ (S1)¥/3 ~ Uop ~ €/c’. Tn the case

of small bounces, the width of negative @) region is always smaller than the Planck length. There
is no restriction of the range of the scalar potential for large bounces and the width depends on the
scale of the potential but negative Q regions on the wall exist only if p > A¢op. Type B essentially
becomes either the wall case or the maximum of p case but the width of the negative @) region is
the same as the wall case. For type B bounces, it is not necessary to be a sufficiently high potential
to find a negative () region since there is always a negative ) region around the maximum of p. If

the width of negative ) region is smaller than the Planck length, negative modes would not exist

physically.



CHAPTER 7. NEGATIVE MODE PROBLEM IN CURVED SPACETIME 102

without gravity
35 1
pr 21 —, (7.71)

€ am
where a = ¢/m < 1. To have a negative ) region,

=2 2
kp“Usop mT o
~ 1. 7.72

If m 2 amy, there is a negative () region on the wall. According to Table if the mass scale

of the potential is comparable with the Planck mass (m ~ my,), small bounces (p < Ay) can exist

4

where Uy < m* ~ mp)-

For large bounces (p < Ay), the condition to have a negative @ region does not depend on the
scale of the potential so a negative () region on the wall can exist with any scale if the potential

satisfies the condition ((7.60)),

KﬁQ Utop N P

1<
3 Atop

>1 (7.73)

In other words, if the size of the bubble gets larger than the horizon size of the HM solution, the
negative @) region on the wall starts to appear.

Now let us investigate the width of the negative @ regions at the maximum of p. Consider the
case where the mass scale of the potential (m) is much smaller than the Planck scale (m < my).
Then, the width of the wall is approximately 1/m, so the thin-wall approximation is valid for any

kind of potential. Then, we can write each background fields near the maximum of p as

¢ ~ me ™" (m>H)
(;'5 ~ m2€—m/H
p
)

12

1/H
cos(H0) (7.74)

12

where § is the displacement from the maximum of p and m is the mass scale of the scalar field.
Then, we can find where Q becomes zero,

272 2
T éQ
62 mIQﬂH2 sin”(H o)

Q=1 = 0. (7.75)

The size of the negative @ region(A¢) is smaller than the Planck length

¢ 1
AL =20p ~v —— K —. .
¢ % mp H? < mMpl (7.76)
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In the weak gravity limit, the size of bounce is much smaller than the horizon. In this case,
the gravitational effect barely contributes to the tunneling process so the field configuration near
the bounce is approximately the same as in the flat space. Thus, there is only one negative mode
which dominates the tunneling as in flat space, and the infinite number of negative modes around
the maximum of p would be physically meaningless because the negative @ region is less than the
Planck scale.

If € gets unusually small, the size of the bounce can be comparable to the horizon even in the
weak gravity case (m < mp1). It’s still the thin-wall case but gZ) becomes larger than the small
bounce case (qﬁ > m2e—m/H ). The width of the negative region is roughly

Qﬁ -~ mplg.b

mpH? mé

AE ~ (7.77)

This is also smaller than the Planck length since qb decreases exponentially outside the wall.

If the mass scale of the potential is much smaller than the Planck scale, type B bounces are
found only if the size of bounce in flat space for a given potential is much larger than the horizon
size or infinite (e = 0).

351 4

>— > A (7.78)

Pflat =
Phia € KkS1

For type B solutions, () becomes 0 when U satisfies

kU 1 1 KkS1 e \?
3‘&‘@+<4_w)’ (7.79)
U-U 2 6
w(U —Uy) = w5 _ € < m74' (7.80)
3 4 35 my

Since @) becomes 0 very near the false vacuum, the width of the negative ) region is almost the

same as the width of the wall. The width is larger than the Planck length in this case.
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A Slowly varying negative
Graphs Neg. @ Type Orientation
mode on the wall?

7.2 Not on wall | A-like N/A Yes

7.3 Not on wall | A-like N/A Yes

7.4 Not on wall | A-like N/A No

7.5 Wall A-like Erop < &1 < &min < &2 No, maybe

7.6 Wall A-like &1 < &top < Emin < &2 No

7.7 Mixed A-like | &1 < top < &min < Emr < &2 Don’t know

7.8 oM A-like | &rop < &1 < &min < & < &2 Yes

7.9 pM B-like | & < &op < Emin = &mr < &2 No

7.10 PM B-like | &1 < &top = &min = Em < &2 No

7.11 PM B-like | &1 < &top < &min = v < &2 | No, but possible outside the wall

Table 7.4: The preview of examples of the potential term and negative modes. In Figure (7.4} we
are able to see the ordinary negative mode turn into a positive mode as  — 0. For type B-like

bounces, it is hard to see slowly varying negative modes on the wall. ‘{1, &2, &op, Emin and &y’ are

defined in Equation ()

7.3 A slowly varying negative mode in curved space

As we studied in Chapter [6] there is one negative mode in flat space, corresponding to moving
the wall back and forth. In this section, we investigate how the ordinary negative mode behaves
as gravitational effects get stronger where @ on the wall approaches zero or becomes negative by
using the Lagrangian (7.24)).

The gauge invariant form of the Lagrangian basically consists of a kinetic term and a
potential term. The kinetic term becomes dominant for rapidly varying fields and it gives extra
negative modes. On the contrary, the potential term can be comparable with the kinetic term
for slowly varying fields. The ordinary negative mode from the U” term as in flat space can be
deformed where the gravitational terms dominate, but it is still a slowly varying mode. Table

shows how the potential term and the slowly varying mode behave in various cases.
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To find negative modes on the wall, we can rewrite the second order Lagrangian ((7.24)) by taking
y=x/V@Q,

3 3

£ sl = 50+ SV, (7.81)

where

U2 kpoU' | 3pQ Q| 3Q°
— U/l K‘p o % Qg
v T3P T | T 2Q 20 T

Uiﬂ /1,02U/2 /@pQZ;U, /£¢32

(1= p? ——— - (3-8p*Q +95'Q?) . 7.82
Q+2DQQ2+K)3Q2 ( pQ)+6ﬁ4Q2 ( pQ+95°Q%) (7.82)
The mode equation is given by
3
—jj— ?’)y VY =y (7.83)

In this form of the Lagrangian, the potential V determines the existence of a negative mode if @ is

positive everywhere. As () — 0, the dominant contribution diverges to +oco as

. . N\ 2
lim v = 52 <np22/g’2 + ”pggU, + ';ﬁ) = FKQQ (,OU’ + ‘ﬁ) — +00. (7.84)

The boundary conditions for y at the both ends are
y(0) = ©(0),  y(&max) = P(€max); and  H(0) = y(&max) =0 (7.85)

because the boundary conditions and give
p=0, ¢$=0, and =0 at both ends. (7.86)

For ‘x=0.01, 0.055, and 0.057’, we found a mode which converges after passing the wall but it
diverges at Q = 0 because V diverges where () becomes 0 near the maximum of p. This would
make a small error in the eigenvalue.

We can see how the potential term V changes for a given potential,
Ulgl = ¢*(¢ — 3)* +0.5¢” + 1.5, (7.87)

as K increases. First of all, in the case that ) on the wall is not much smaller than unity, the
potential term (V) behaves almost same as U”, as shown in Figure We will see that the
negative () region on the wall starts to appear at £ ~ 0.0575. This means that the case shown in

Figure is neither a very small bounce nor a very weak gravity limit since p ~ % pym and k = 0.01
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(d) The lowest mode(yg), Ao = —0.229

Figure 7.2: k = 0.01, U[¢] given by (7.87).

is approximately 1/6 of k &~ 0.0575. Nevertheless, if Qumin = 0.83 < 1, the U” term is the only
term which mainly contributes to V and there should be an ordinary negative mode which moves
the wall back and forth. By using the Lagrangian , we can find the lowest mode (yp) and its
eigenvalue numerically as in Figure[7.2d. The lowest eigenvalue is Ay = —0.229 and the lowest mode
looks almost the same as ¢. The eigenvalue with the thin-wall approximation is ‘~3/p% in flat
space, as in Section If we take p = 3.5, then —3/p? = —0.244, which is close to Ao = —0.229.
This also suggests that the gravitational effects do not mainly contribute to the tunneling.
At k = 0.055, @ is still positive on the wall but it is very close to zero (Qmin = 0.043 < 1) as
in Figure [7.3] The potential term V becomes deeper and negative in a narrower region than in the

x = 0.01 case so it looks quite different from the U” term. We can also find the lowest mode from

the Lagrangian ([7.81]). The lowest eigenvalue is \g = —0.0628 and its eigenfunction (yg) becomes
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(c)V (d) The lowest mode(yp), Ao = —0.0628

Figure 7.3: k = 0.055, U[¢] given by ((7.87).

sharper at the maximum as shown in Figure[7.3] The lowest eigenvalue becomes very close to zero
but it is still negative. If we take p = 0.28, then —3/p> = —0.383, which is quite different from
Ao = —0.0628.

At k = 0.057, the minimum of @ is 0.0008 so it barely touches the zero line as in Figure [7.4
Since @ is smaller than in the x = 0.055 case, the potential term ) becomes deeper and it becomes
negative in a narrower region. Although it does not look quite different from the x = 0.055 case,
the lowest eigenvalue is Ay = +0.0769, which is positive. We know that the lowest eigenvalue on the
wall gets closer to zero as the minimum of ) gets smaller. More precisely, the eigenvalue becomes
positive before the minimum of ) becomes negative.

The following cases (k=0.0575, 0.07 and 0.09) have a negative @ region on the wall. If @ is

negative, y becomes imaginary. To avoid a complex field, let us go back to the form of Lagrangian
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in Equation ([7.24)) and introduce a potential term W as
3 3
2 _ P 2 P a2
Ly = 20 + 5 Wx (7.88)
where
1 27712 e adi
w=L|gry U mpol (7.89)

Q 302Q  3p%Q |
Because the kinetic energy term can be negative, there is no lower bound of the mode spectrum.
Nevertheless, if the potential term (W) is positive on the wall, then we do expect there is no slowly

varying negative mode on the wall.

For a convenience, define {iop, Emin, Ear, §1 and & such that

¢t0P = ¢(§t0p)7 Q(gmin) = 07 P(&M) =0,
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Figure 7.6: k = 0.07, U|¢] given by (7.87).

and Q&) = Q(&) =0  (with § < &2). (7.90)

At k = 0.0575, there is a very narrow negative () region on the wall as in Figure The
potential term goes to —oo at £ = £ and diverges to +oo at £ = &. Because the potential is only
negative in very narrow region, if the field is concentrated on the region, the kinetic energy term
can be large enough to cancel the effect of the negative W. We don’t know yet about the existence
of a slowly varying negative mode, but it seems not to exist since neither the previous case nor the
next case has a negative mode.

At k = 0.07, the width of the negative () region becomes relatively wide as shown in Figure[7.6
The potential term goes to +00 at both & = & and £ = & and it is always positive on the wall.

We do not expect a slowly varying negative mode here.
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Figure 7.7: k = 0.09, U[¢] given by (7.87).

At k = 0.09, @ becomes negative from a point in the wall to the maximum of p as in Figure
We expect that there could be a slowly varying negative mode in this wide region but we need
a careful further investigation to check it.

Then, let us study why the potential term (J) behaves from Figures to Figures IfQ
becomes negative in a region on the wall, the U”/Q term gives a positive contribution there. This
means a slowly varying negative mode does not come from moving the wall but if it exists, it comes
from the gravitational effects. In the limit of @ — 0, the W term diverges to either +00 or —oo.

Let us define U = % (U’ + p%) = Q?W — QU". The sign of U determines the behavior of W
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around the ) = 0 points. Its sign around ¢ = ¢yp is given by

2y } >0 U >0 (&< Eop),
u="0 gy 2 (£ < Stop) (7.91)
3p Pp <0 iU <0 (E> Eop)
The equation ([7.91)) implies that
+ if &1 < &0
i W= 00 TS b (7.92)
€120

—00 if &1 > &iop-

In the thin-wall approximation, the minimum of @ is located at Uiop ({min = &top). As this
statement is only true within the approximation, we need to check more details without the ap-

proximation. The minimum of @ is found by

: d [ pd
R=0 < —|—|=0 at&=~E&nn, 7.93
i\ 5 (7.93)
dp(b_l .9 11 -2 : ] .
& (p) =52 [(p — pp) ¢+pp¢} = [(1 3p°Q) ¢>+ppU} =0 at&=E&nn  (7.94)
This means % (: %) is negative at & = & so the minimum of () has to appear after passing the

top of the potential all the time. In other words, it implies ‘§iop < Emin’- Let us say the coordinate

of the second zero of U is £ = £y. We know the first zero is located at { = £;op and the second zero

is found by ‘U’ + % =0". At £ = &, the equation ([7.94) becomes

a4 (po
a \ p

This implies & can be always found in &y < &min but it cannot be found in &y < € < & so the U

=-3Q¢>0. ifQ<0andé>0. (7.95)
§=%o

term is always positive at £ = &o,

lim W = +oo. (7.96)
£—&210

To sum up, there are two different cases of the behaviors of W. If the width of the negative @
region is narrow enough to satisfy ‘§iop < {1 < &min < &2, then W goes to ‘—o0” at { = &; as in
Figure If the width of the negative () region gets a bit wider, then the top of the potential is
located inside the negative @) region as ‘§1 < &op < &min < §2°. In this case, W diverges to 400

at & = & as in Figure Since the potential term is positive around the wall, there cannot be
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Figure 7.8: Negative @ region for a type A. k =1, U = ¢*(¢ — 1) + 0.1¢* + 0.1.

a negative mode by concentrating perturbative fields near the wall. However, we can still find a

slowly varying negative mode around the maximum of p because W goes to —oo there.

As the wall gets larger and thicker, the negative () region on the wall can meet the negative Q

region on the maximum of p as in Figure[7.7] In this case, these two negative ) regions mix, so the

potential term becomes negative in a wide region from a point of the wall to the maximum of p.

Let us move to the negative @ region at the maximum of p. Each case from Figure [7.§ to

Figure has a different potential U[¢], respectively. In Figure we can see a negative Q)

region around the maximum of p. This is a type A case because the wall is far away from the

negative ) region. The potential term VW behaves somewhat similar with Figure It goes to

—oo at £ = & and then diverges to +00 at £ = £ because the top of the potential is located outside

the negative @ region (&;0p < &1) as we checked in the case of a negative @ region on the wall.
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In Figure the top of the potential is located inside the negative () region so the potential
term W diverges to +00 at £ = €1 and £ = &. Just before reaching &;y, there is a tiny region whose
potential term is negative with a very small value.

In Figure [7.10] a symmetric potential is described. It looks very similar to Figure but the
potential term is always positive because it is totally symmetric.

In Figure the field at £ = 0 is quite closed to the top of the potential so U” is always
negative. The potential term behaves similarly with Figure on the wall but it is negative outside
the wall. A slowly varying negative mode does not exist on the wall but it can exist outside the
wall.

Then, let us investigate why the potential behaves as described. The top of the potential can

be placed either outside or inside the negative () region. The former case satisfies that ‘{iop <
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&1 < &min = Eu < & and this is a type A-like bounce as in Figure [7.8 The latter one obeys that
1 < top < Emin = Eu < & which is a type B-like bounce. If and only if the potential is totally
symmetric, the coordinates become ‘§1 < &op = Emin = Em < &2

Since @ diverges at £ = £y, the potential term vanishes there (W = 0, at & = &min = &ar). By

using the same approach in the case of the wall, we can find the potential behaves

+oo if & < &
lim W = 1< Geop (7.97)
—oo if &1 > &iop-
The second zero of U still satisfies £y < {min = {ar but it is very close to &min because of the 1/p

term. There is no longer a zero of U since both terms in U are positive if p < 0. This fact gives

lim W = +o0. (7.98)
£—&210
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In the range &op < € < &, the U term is negative. Since U”/Q) is positive there, the whole
potential term(W) is negative only in the region smaller than &op < & < &y. In other words,
W) < 0if &op < & < & < &y where W = 0 at £ = £* and € = &). The absolute value of
W is much smaller than U” outside the wall because the leading order of p in W around & = &y
is the O(p) term. This implies the potential term is negative only in a very small region with a
small value as in Figure and this kind of a type B-like bounce would not have a slowly varying
negative mode.

If the potential is totally symmetric, YW becomes zero only at & = &op = Emin = §m SO0 W
cannot be negative as in Figure and a slowly varying negative mode does not exist. If the
wall gets thick enough, the field at £ = 0 has a negative U” as in Figure Then, we expect a
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slowly varying negative mode outside the negative @) region. The potential term outside the wall
is approximately U” but inside the wall behaves as like a type B-like bounce.

In this section, we showed how the lowest mode on the wall is deformed from an ordinary
negative mode from the U” term as the minimum of () approaches zero. Especially, we checked
that the lowest eigenvalue becomes positive before the minimum of ) becomes negative. In most
cases where a negative () region appear, we do not expect a slowly varying negative mode there,
but we need further investigations for the cases of Figure and Figure These results showed
that a slowly varying mode is no longer the main channel of vacuum decay as the gravitational

effects get stronger.

7.4 Interpretation of negative modes

We saw that the existence of negative ) regions gave an infinite number of rapidly varying negative
modes in any kinds of CdL bounces. Since these modes still exist in the weak gravity limit, it looks
as if there is a discontinuity between the flat space case and the space which barely has gravitational

effects. In this section, let us check how they are connected to each other.

7.4.1 Negative modes with multiple bubbles

We found that if there is one bubble in de Sitter background, there are an infinite number of
negative modes. Let us consider multiple bounces and less symmetric cases.

The first step is investigating two bubbles in the O(4) symmetric case. This is a special case of
the oscillating bounces solution[3§]. The scalar field and the metric factor ‘p’ are exactly symmetric
with respect to the maximum of p, respectively. At the maximum of p, both p and gi) are zero
(QSM = pur = 0) so it is better to see the behavior of Q instead of Q. At the maximum of p, Q is
zero but the sign of Q around the maximum of p depends on the size of the bubbles.

~ kp2, U kpa (1 .
Ou =1-— P]\é M:1+?4<2¢%4—UM>:p?\4=0 (7.99)

By using the expansions

1 1
p(&nr + 68) = pur + prro€ + §ﬁM(5f)2 = pm + §Z5M(5f)2, (7.100)
(Ent + 5E) = dar + dardE + (667 = dns + Sdrr(86)%, (7.101)

2 2
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we can expand Q near the top as

K 4 7 \2 ! \2
Q(ém £68) = Qu + p; (1 - ”M(6UM)> (66)2 = pé (1 _ 3Wh) ) (56)2. (7.102)

i it 2&U]%4

If1- M < 0, negative @) regions exist around the maximum of p. If two bubbles are
large bounces, the potential at p = pps is a bit higher than the potential at the false vacuum so
there can be a negative () region around the maximum of p. Meanwhile, if the size of each bubble
is much smaller than the horizon size or the field configuration is close to the HM solution, the
potential at p = pps is very close to the false vacuum or the top of the potential, respectively, so
the potential increases slow enough to make ) negative when p decreases around the maximum of
p. In other words, () cannot be negative if @) is the local minimum at p = pyy.

Now let us break the O(4) symmetry of the background fields. The maximum number of
bubbles in the O(4) symmetric case is two but there is no limit on the number of bubbles in less
symmetric cases unless their total volume exceeds the size of the de Sitter space. The expected
number of bubbles is given by the tunneling rate (I') times the four dimensional volume of de Sitter
space. With the O(4) symmetric background fields, negative kinetic energy regions exist only if the
perturbative fields are O(4) symmetric. However, this argument is no longer valid after breaking
the symmetry of the background fields. Since we are interested in finding negative kinetic regions

kp2U

7 can be a good tool to verify them but we need to find

in less symmetric cases, Q =1-
appropriate variables which are equivalent to £ and p. In order to investigate the negative kinetic
energy regions, we need to extend the Lagrangian to generic cases. Instead of calculating directly,
we are going to make some qualitative arguments.

In the O(4) symmetric case, there can be only one or two bubbles as we studied. There is a
negative () region around the maximum of p since it is a Euclidian cylinder which locally decouples
each perturbative field, as in Section If we find such a Euclidian cylinder in less symmetric
cases, the region around the cylinder can be the negative kinetic region that implies an infinite
number of negative modes. However, it does not guarantee that a negative kinetic energy region
always implies the existence of a local Euclidean cylinder. For instance, the negative () region
on the wall is not the case. In other words, showing that there is no Euclidean cylinder in the

space-time does not mean that there is no negative kinetic energy region since the former is just a

necessary condition. Our main goal here is proving that there are no extra negative modes in the
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case of many bubbles. In order to make a sufficient condition, we need to restrict some conditions.

We assume the potential is less than the Planck scale (U < mfﬂ). Then, the negative ) region
on the wall appears only for large bounce cases. Let us forget about large bounces for a moment
so we consider only small bounces here.

In the O(4) symmetric case, negative kinetic regions exist only where p = 0 with the width
(A& < 1/mp). At p =0, the perturbation of the scalar field (®) does not contribute to the second
order Lagrangian, and it can be interpreted as a pure gravitational perturbation around. Since
a Euclidean cylinder effectively makes a one dimensional case, there is no damping term for the
scalar field and the constraint which implies the conservation of the energy always cancels out
the perturbation of the scalar field. However, if ¢ vanishes on that region as in the case of two
bubbles, this explanation is no longer valid and the kinetic energy terms of the perturbative fields
are ill-defined.

In the O(4) symmetric case, the curvature is given by,

p+p2—1 1 (2xU K¢?
Ry = PP p2 1 (¢)+i
6p 6 3 6
1 1 K2
- = M I 7.103
3 (A(¢)2 LT ) (7.103)
We can neglect ¢? terms since we are considering only small bounces. Then, we can write
1
Ry~ ——. 7.104
3A(6)? (109
The notation ‘~’ in this section means ‘=" without <z52 terms. Imagine the three dimensional

subspace which is perpendicular to the £ direction(or the direction of ﬁqﬁ), then the curvature of

the hyperspace is approximately

Ry~ —. 7.105
The three-curvature Rs cannot exceed the four-curvature Ry. If Ry =~ R4, R3 gets its maximum
and it points out where a Euclidean cylinder is. As we showed before, the width of the negative @

region (A¢) is less than the Planck length for small bounces. More precisely, the width is given by
(AE) ~ A%/ K2 (7.106)

because it is satisfied where ) = 0 that

k)P =~ ~ ~ . (7.107)
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The width of the area (Az) which satisfies R3 ~ R4 is found by

Lot
rcladreyer: + K2, (7.108)
and it satisfies
(Az) ~ A% - kd? ~ M/ kP2 - (AE) < (AL). (7.109)

Although both (Az) and (A&) are less than the Planck length, (Az) is even much smaller than
(A¢). This means that the approximation which neglects the R(;‘SZ terms to find a local Euclidean
cylinder is totally fine and the negative kinetic region around it also covers the area near the
Euclidean cylinder with the width (A¢).

Now, we think about less symmetric cases. If there is effectively a one-dimensional geometry,
there must be a negative kinetic energy region around it unless the gradient of ¢ vanishes there.
However, it is not sure if there is a different case of a negative kinetic region. Because we are
considering small bubbles, the scalar field outside bubbles are almost constant. This means that
the geometry outside bubbles is not very different from in the O(4)-symmetry case. If we define R3
as the curvature of three dimensional hyperspace which is perpendicular to the direction of ﬁ(b, it
is impossible to a find negative kinetic region far away from a R3 ~ R4 region since the geometry is
slightly different from the O(4) symmetric case. Rs mostly depends on the distance from the closest
bubble and Thus, there cannot be a negative kinetic regions except effectively a one-dimensional
area.

The fact that the whole geometry is approximately the same as the O(4) symmetric case allows

1
~ ) —. 7.110
P&\ 3 ( )

If &3 is defined to be a parameter which moves along the gradient of ¢, p3 approximately satisfies

us to define p3 in less symmetric cases.

2 1.
=14 o) <¢2—U>. (7.111)
3 2
We can calculate p3 by integrating outside the bubbles
2 1.
dps :j:\/l—i— R(?) <2¢2—U>d§3. (7.112)

Since the physical variables (p3, R3) do not depend on rescaling {3, ps is uniquely determined by

the above integration. Each bubble center is the point p3 = 0 and the integration path is unique
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Figure 7.12: Many small bubbles in Euclidean de Sitter space. The junctions of three dashed line is
the local maximum of p3 where p3 is defined by the integration (7.112f). If there are many bubbles
distributed, the maximum of p3 is less than the horizon size(A) so negative kinetic energy regions

do not show up.

except at the points ﬁgé = 0. At the points where 6¢> vanishes, the path would not be unique but
ps still does not depend on the path we choose. We expect that if there is one closest bubble, p3
is similar to the distance from the closet bubble. In the region that there are two or many closest
bubbles, ps increases more slowly than in one closest bubble case so ps is little bit smaller than the
distance from the closest bubble as we saw in the case of two bubbles.

As in the O(4) symmetric case, a negative kinetic energy region can exist around the points
where R3 ~ R4. In order to make R3 =~ Ry, the distance from the closest bubble has to be
approximately a horizon size (A). Since the width of the negative ) region is less than the Planck
length and the variation of the geometry from the O(4) symmetric case is also small, it is not
guaranteed that every R3 =~ R, point gives negative kinetic energy regions but Rz ~ R4 is a

necessary condition to find a negative kinetic energy region. To sum up, if there is a negative
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kinetic energy region in less symmetric cases, it should be approximately a horizon distance (A)
from the closest bubble. This result teaches us that if there are a few bubbles, the existence of
negative kinetic regions depends on how they are located. We cannot say that there is always
infinite number of negative modes for the few bubble cases. The expected number of bubbles in de
Sitter background is given by N =~ - VT ~ % where vy =T'/V. If N > 1, there are many bubbles
distributed randomly. Then, there cannot be negative kinetic energy regions because negative Q
regions given by one bubble are always interfered by another bubble. Each bubble has its own
slowly varying negative mode but there are no longer extra negative modes from the negative
kinetic energy regions.

In the case of large bubbles, most of the approaches for small bounces do not work anymore

since scalar fields outside bubbles are not almost constant any more. There cannot be many bubbles

because the background de Sitter space does not have enough space to fill them in.

7.4.2 Interpretation of multiple bubbles in a de Sitter background

In Section [7.4.1] we found that the infinite number of negative modes does not appear if many
bubbles are nucleated in a de Sitter space. Now, let us investigate how to evaluate path integrals
in the presence of gravity.

In the limit of zero temperature (f — o0) in a de Sitter space, the range of the Euclidean time
(T') of the tunneling also goes to the infinity. Within an infinitely large spacetime, the path integral
is given by summing all possible numbers of bubbles so it becomes an exponential. Thus, the result

is the same as the flat space case (2.58]).
L, o
I=1I) — (ike ByT)" = Iyexp [iKe VT . (7.113)
n=0

At finite temperature, T is finite so the volume of the spacetime is also finite. Furthermore,
the lowest energy state is not the only state contributing to the path integral as like the equation
(12.32),

I(T)=> cie BT # e 50T if T is finite. (7.114)

i

To keep the dominance of the lowest state, we need the condition,

AE-T>1. (7.115)
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By Equation ([2.40), AF is given by AE ~ w =, /UJ’/. The condition ([7.115]) turns out to be

Uy 1
AE-T ~ ~ >1 = my<my. (7.116)

\/liUf \/E‘mf

Here, we assume Uy = mf (U”)2. In other words, if m; < mp1, we can write the path integral

as

I=> coe T cpe FoT (7.117)
n=0

There is no ambiguity in defining the lowest eigenvalue (Ej) even in the case where there are many
negative modes because the real part of Ej is defined without the tunneling process. Then, the
decay rate per unit volume is given by

Im(In I(T))

=T ~2-
V=TV VT

(7.118)

As we mentioned in Section the dominant terms in the expansion of an exponential (exp[a] =
1+a+ %oﬂ + ...+ %a" + ...) come from n =~ «. Then, the expected number of bubbles in a

Euclidean de Sitter space (N), where AE-T > 1, is

7~ Ke BVT if
1 if

z L
(7.119)
<1

N ~

= 3

Let us consider the case of small bounces. Small bounces always satisfy the AE - T > 1
condition, my < my). There are two regimes, as in the example of three vacua in Section m If
H4 < 1, we expect that there is one bubble in a Euclidean de Sitter space. Only the one bubble
term contributes to the path integral. Because there are ‘1 4+ oo’ negative modes, we would rather
write the path integral as

1 .
I/Iy=>) = (iKe PVT)" = 1 +iKe PVT = 14 i®iKe PVT. (7.120)
n!
n

Although there are infinitely many negative modes in the system, those oscillating modes are
concentrated around the horizon with respect to the bubble. If we consider the local behavior of
the bubble, it is not very different from the behavior of a bubble in flat space. In other words,

the infinite number of oscillating modes could affect global properties of the system but they do

not contribute to the true vacuum bubble for the case of one small bubble. Those rapidly varying
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negative modes would give a interesting behavior around the horizon, but we are not able to see
it around a bubble so the decay rate could be well-defined despite of the infinitely many negative
modes. It is also possible to remove those negative modes by introducing a proper cutoff such as
the Planck mass because the width of a negative kinetic energy region is smaller than the Planck

length, as in Table Then, the decay rate is approximately
v~ 2Ke P (7.121)

instead of K in Equation , where K is real and has a similar analogy in flat space.

These two regimes could be also understood by considering the nature of the phase transition
in a de Sitter space. According to [I1], the system of bubbles percolates if the condition “y/H* > 1’
is satisﬁedﬁ In the one bubble case (y/H?* < 1), the cosmic expansion rate is larger than the rate
of the bubble nucleation so the true vacuum does not percolate. This implies that the false vacuum
persists and inflation turns out to be eternal.

If % 2 1, there can be many bubbles in a Euclidean de Sitter space. Then, the path integral

is approximated by an exponential as

L, 0 o — L, 2
I/I():Zn:n!(zKe BVT)nwl—i—zoozKe BVT—I—i(zKe BVT) + ..

A exp [iKe_BVT] . (7.122)

1

~iag < % This means that the volume for each

The size of the spacetime is restricted by T ~
bubble is not large enough to have a negative kinetic region. Thus, there are no extra negative
modes. This means K is real and the decay rate is
2Im(InT)

v ——

e 2Ke B, (7.123)

In this case, the system of bubbles does percolate and the false vacuum is unstable. The instability
of the false vacuum does not come from many rapidly varying negative modes but from the negative
modes on the bubble walls.

Let us think about a large type A bounce. For these bounces, € has to be sufficiently small if

my < mpy, so the condition AE - T > 1 is not necessarily satisfied. It means that the decay rate

5The condition for percolation is not exactly unity but order of unity.
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One small bubble

Many small bubbles

Large type A bubble

Conditions 71 51 il N<1
Negative modes 1+ 00 1 for each bubble (1 or0) 4+ oo

Path integral

1+ i®iKe BvT

exp [iKe*BVT]

1+ i®iKe BvT

False Vacuum Persists Unstable Persists
Percolation? No Yes No
Eternal Inflation? Yes No Yes

125

Table 7.5: The summary of three different cases of vacuum decay in a de Sitter background.

is not given by Equation (7.118)) if m; 2 mp). The path integral is given by Equation (7.120) as in
one small bounce and the expected number of bubbles (N) is just Ke PVT. If e < m < myy,

10 3
N~KeBVT ~ B2 m* e B . A% ~ (@) e~ (mn/m)” « 1 (7.124)
m
because of the conditions A ~ % and B ~ (%)3 for a large type A bounce. If m ~ myy,
N~ Ke BvT ~ 1. (7.125)

Thus, the number of bubbles is N < 1 for a large type A bounce. Even though the size of a bubble
is comparable with the size of the horizon initially, it does not percolate and inflation is eternal.
Let us speculate about the connection between these results and the flat space case. We have
studied the vacuum decay in flat space and it can be solved perfectly. When we turn on gravity,
there are an unavoidable infinite number of negative modes in a closed manifold, which is totally
different from in the flat space case. Nevertheless, those negative modes do not really contribute
to the path integral in the weak gravity limit because the negative modes disappeared if there are
many bubbles and the dominant term comes from a large number of bubbles. In the flat space
limit, there must be many bubbles in a de Sitter space because the size of the horizon goes to 400
so it is always % 2 1. As the gravitational effect gets stronger, the size of a bubble gets larger and
the expected number of bubbles decreases. Then, the negative modes arise in reality and it should

be understood in the context of quantum gravity.
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Chapter 8

Conclusion

I discussed various topics of negative modes in the vacuum decay over this thesis. The existence
of a negative mode implies the false vacuum is unstable and it may cause the tunneling process.
There is only one negative mode in flat space. On the contrary, there can be an infinite number
of negative modes in a de Sitter space background. In the weak gravity limit, we can see they
barely contribute to the physical properties, so it can be smoothly connected to the flat space case.
However, there is still lots of room for speculation about those negative modes if the gravitational
effects get stronger.

In Chapter 2] I described quantum tunneling in flat space. I started with tunneling in quantum
mechanics and then generalized it to a field theory. The decay rate is given by Ae™? where B is
the Euclidean action of the classical path. By successfully evaluating the path integral, we found
the complete form of the decay rate.

In Chapter |3] I reviewed the vacuum decay process in curved space. In the presence of gravity,
not only scalar matter fields but also gravitational fields become dynamic variables. I discussed some
aspects of the system such as gauge invariance, boundary conditions and topologies of solutions.

In Chapter {4, I introduced the thin-wall approximation which is the only way to find analytic
solutions. I discussed the validity of the approximation, which is given by Table There are two
types of solutions in curved space. The type A case is found where the size of a bubble is smaller
than the horizon. This has an analogy in flat space. The type B bounce exists where the wall is
located at the maximum of the metric factor as a consequence of strong gravity.

In Chapter 5] I dealt with the thermal approach of the vacuum tunneling. We checked that the
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nature of the tunneling has both thermal and quantum aspects. It also gave a good interpretation
of the horizon and a type B bounce in curved space.

In Chapter [6] I showed there is one and only one negative mode in the vacuum tunneling in flat
space. | introduced an approach to find eigenmodes analytically with the thin-wall approximation.
We analyzed the negative modes for one- or two-field potentials with three vacua.

In Chapter I discussed negative modes in curved space. I showed a gauge independent
approach of the second order Lagrangian. By using the approach, we saw how gravitational effects
affect the mode structure of the vacuum decay process. We showed that an ordinary negative mode
disappears as the gravitational effects get stronger. This means that a slowly varying mode is no
longer the main channel of vacuum decay if the gravitational effects dominate. We checked that
there exists a region which has a negative kinetic energy where the top of the potential is sufficiently
high or where the the metric factor becomes the maximum. This region implies the existence of
an infinite number of negative modes. There are two regimes that take account of these modes by
considering the nature of the phase transition. In the regime in the weak gravity limit, the system

successfully matches with an analogy in flat space.
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