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1. In the present report we suppose *** that
the hypothetic “ fundamental ” length / without which
it is impossible to describe correctly physical processes
occurring at high energies or, respectively, in small
space-time scales, is simultaneously a constant de-
fining the intensity of weak interactions™. This means
that the geometric structure of the x-space “in small
scale” and the p-space “in large scale ” must be closely
connected with weak interactions of elementary
particles **) and, possibly, we may now expect the
explanation of such an original “ geometrical ”
property of weak processes as the non-conservation
of the space parity *** and non-invariance under
“strong ” time reversal. This last remark is used
by us as an auxiliary argument in the choice of a new
geometry for p-space.

We note beforehand that the requirement of
invariance under the space inversion P and “ strong”
time reversal 7, might be eliminated if P and T,
belong to a group of transformations which does not
correspond to any physical symmetry. In the usual
theory such a group is formed, e.g., of translations
in the momentum space. To these transformations
there do not correspond any laws of conservation
and, in general, they may be neglected, if in the theory
there is a vacuum state having a certain smallest (e.g.
zero) value of the four-momentum i.e. if in p-space

there is a singled cut point. It is natural to expect,

even from the arguments of correspondence, that
any modification of the existing theory will have no
requirement of invariance under translations in the
momentum space. Taking into account this cir-
cumstance and the above-mentioned arguments we
may now assume that the new geometry of p-space
must be such that P and 7, are translations in this
space.

2. Itturnsout that already the simplest generalization
of the pseudo Euclidean momentum space (space of
a constant curvature ****)5.6)) pogsesses the desired
properties. Namely, if n5—n —n2—n3—en2 = —¢ is
a five-dimensional hypersphere (' simulating such a
p-space (diametrically opposite points of the hyper-
sphere are identified,” & = + 1) then for ¢ = 1 among
the transformations of translations there is 7, and for
¢ = — 1 the inversion P¥. Using the arguments of
section 1 and supposing in addition that in the theory
with a curved p-space the CPT-theorem remains valid
we may draw a conclusion about the possibility of
elimination of the requirement of 7, and P-invariance
in this theory (independing of the choice of ¢).

In contrast to > *® we shall call the four-momentum

vector p, (m=0,1,2,3) the coordinates of the
projections of the hypersphere points on the plane
ne=01e. p,=mn,. For e=1 all the p,’s lie in
the region p* = pi—p*=—1 (in the following Q),

(*) In D [ is chosen to be equal to “f—decay length™: V' Glhe = 610717 cm (G is the Fermi constant).
(%) Perhaps, in the spirit of the theory of general relativity (see V).
(=#%) Shapiro ¥ was the first to point out the possibility of explaining the non-conservation of parity of weak interactions on the
basis of a new concept of the space structure in scales of the order of G/fc.
(xx%%) By analogy with ® a corresponding formalism is called the quantized space-time theory.
() The hypersphere radius is assumed to be equal to A/l where / is “ the fundamental length . We use a system of units in
which 4 = ¢ =/ =1. In this case, obviously, in passing to the usual theory (/—0) it is sufficient to assume all quantitites
having the dimensions of energy-momentum to be much smaller than unity.
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for ¢ = —1 in the region p*<1. We choose ¢ = 1
since in this case there is no restriction on the masses
of the physical systems. The boundaries of the
region Q lie in the hypersphere and the points p,
and —p,, for which p*> = —1 are therefore identical.
The transformation of the vector p,, under translation
by the vector k, in the curved space is written as
follows

JR— l
pm(+)km = G[Pm‘f'km(\/l -|—-p2 +_____I_)._<___>:l ,
14V 1+K

o= sgn(x/l +p2\/1. +Kk? +pk)

2.1

From (2.1) it follows that
LH(p(+)k)? = N1+ p* V1+ K2 + pk)? 20

i.e. transformations (+4) do not take p,, outside Q.
If p=(m,0) and k=(u,0) then obviously p(+)k=0
and po(+)ko = m(+)u = mv 1+ p*>+u/1+m>.  The
operators of coordinates are defined as infinitesimal
translation operators of (2.1) i.e.

P(p(+)k) = (L= ix"k,)$(p)

for small k,’s. If ¢(p) is a scalar, then

— 3
x"=iv1+ ng (2.2)

the spectrum of x being discrete, and that of ¢ continu-
ous. From (2.2) follows the existence of the relation
[, p] = 0 which allows to transfer from the (p, , p)-
representation to a “mixed ” (¢, p)-representation.
This fact seems to be essential for a further develop-
ment of the theory in the considered scheme (e.g.
for formulating the causality principle). It is this
fact that underlies the redefinition of the four-
momentum.

The volume element of p-space in the coordinates
under consideration is
d*p
p= T/
Vi+p

40, -~z ¢

where g is the determinant of the metric tensor.
Obviously, dQ, = dQ, sy #+ dQ),- This property
of the “right invariance ” of d2, under translations

(2.1) underlies the definition of convolution of func-
tions f;(p) and f,(p) in the curved p-space:

J1(p)+/2(p) = !jzfl(Q)fz(*(Q(_)P))qu (2.3)

By replacing the variables g(—)p = — ¢’ which is equi-
valent to ¢ = —(q¢'(—)p), we can see that (2.3) is
commutative: fixf, = f,«f;. However, the usual
associative property in (2.3) is lost. Assuming in (2.3)
that f1(p) = 0(p), f2(p) = f(p) we have:

3(p)f(p) = v — 2(0) f(—(0(—)p))
=f(p) = [o(g(—)Pf(¢)dQ,

On the other hand, d(g(—)p) = o(p(—)q) since if
g(—)p = 0, then p(—)g = 0 and for the remaining p
and ¢ we have always J(g(—)p) == d(p(—)q) = 0.
Therefore o(p(—)g) is analogous to the ordinary
fourdimensional function d(p—¢g). Obviously,

1
o(p(—=)q) = —=—=0(p—q)
—g(p)

In considering F[f(p)] in the curved p-space we
shall always assume that

oF
SF[f(p)] = —(S%'i)laf(q)dszq
and hence
ofp) .
— = d(p(— 2.4)
5@ (p(—)q) (

3. The author has considered the scalar model of
field theory in the curved p-space, to which in the
x-representation of the usual theory there corresponds
the interaction Lagrangian £(x) = gy*()yY(x)¢p(x)
(Y and ¢ are the charged and the neutral scalar fields
with masses m and u respectively). The free field
formalism was transferred to the new scheme with
the following modification: instead of d(p—q) entering
the relativistically covariant writing of commutation
relations, “ normal” and “ chronological ” pairings,
we used O(p(—)g). To construct the S-matrix it
was necessary to generalize the quantity

&

F(q) = fe_i"x«? (x)dx = —==y*(q)=P(q)+1(q)
\/211



702 Session F

(we use the convolution symbol) since ji”(x)dx = ;@(O).
It was found that in spite of the non-associativity
of (2.3) this generalization is performed in a unique
manner, if the requirement of the hermiticity of the
Lagrangian is taken into account:

P(q) = —=[y* (@@ ]+ ()
7I

\r

and hence

70 - j U= (KNI, 2,
T

Further investigation showed that to construct
in the given scheme the scattering matrix having no
divergences it is necessary to start from that form of
the ordinary S-matrix in which all internal integrations
are carried out over the Euclidean space. In such an
approach the role of the S-matrix in the developed
theory is played by the functional @ (comp. with ).

S =" exp [ [y (OW(= (p(+)k)p(k)dR,d 2, ]
(3.1

where
L[ do, 6?
4n) WP k2 Sp(k)SP(—k)’

- IJ de 5
©2n) m* + pl SY(p)oy*F(—p)’

all integrations being carried out over a curved
four-dimensional space with a positive definite
metric which is analogous to the Euclidean four-
dimensional space ' and the functional derivatives
are considered in the sense of (2.4). “ True ” matrix
elements are obtained by taking the variation of
S’ with respect to ¥, y/*, ¢ by putting these arguments
equal to zero (comp. with §47 from '®) and by
analytical continuation of the type p,——ip, of
the obtained expressions into the physical region of
the four components of the external momenta 7.
For example, for a mass diagram of the second order
we have (constant factors are omitted)

2,(p*) = anal. continuationj de2,
pa=> —ipo [m*+(p(—)k)2][1* + k3]
1
=J____ J ___d“k 32
J 1+ da(l—o)p® A VR g-io?
where
B (1 —a)p® +am?
VI+da(l—ap
LK) —(1— KWV 1 +4a(1—x)p® o

21+ da(1 — o) p?
it p* < (m(+)w?

A characteristic feature of the integrals obtained in
such a way is the absence of the divergences.
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() A similar functional has been considered by Golfand 9.

(+") The region £ in this space is of the form p2<C1, the volume element df2,
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(1) To describe correctly the singularities arising in the physical region it is necessary to add - ie. to the mass.
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DISCUSSION

THIRRING: 1 think always in these quantized space time
theories certain conceptual difficulties arise, namely the co-
ordinates x are no longer commuting quantities; they are
operators. On what Hilbert space do they act, and in particular
what is the physical significance of the eigenstates of the operators
x? Do they simply mean that we measured that there was a
point x?

Toporov: Until now in Kadyshevsky’s work the x space
is almost completely excluded from consideration. The author
tries to work only in momentum space. It is wellknown that

in present day quantum field theory the co-ordinates x and
the momenta p play quite different roles, although in quantum
mechanics we say that x- and p-spaces are equivalent. We
are usually working in p-space, and for example, the Lorentz
invariance in p-space is much better experimentally checked
than Lorentz invariance in x-space. We do not even know
what is the physical meaning of a point in x-space. We know
for example that if we try to localize a particle at a point, we
have to give it a big momentum and we will find, instead of
one particle, a multiplicity of pairs.

GENERALISED COMMUTATION RELATIONS AND STATISTICS

S. Kamefuchi
Imperial College, London.
and

Y. Takahashi

Dublin Institute for Advanced Studies, Dublin.

(presented by S. Kamefuchi)

Before going into my talk, I must mention that
exactly the same conclusion has been reached before
independently, in a way somewhat different from ours,
by V. Glaser and M. Fierz. This report is, therefore,
to be taken as a contribution from these authors and
ourselves.

We would like to present here a general method of
field quantisation and discuss its application to ele-
mentary particle physics. The question we ask
ourselves is the following: when we require a field
operator Y(x) to satisfy the relation

P(x)
0x,

= l[lp(X), Pu] s (1)

(where P, is the energy-momentum four vector)
what are the most general commutation relations for
the operator ¥ ?

It is convenient to discuss the problem in momentum
space by introducing Fourier coefficients of ’s
a, and a;. To determine the commutation relations
between the a, and a; in a self-consistent fashion we
consider the following infinitesimal transformation

. . -+
ak_')al,c =dg—1 z amékm— l Z Ay M »

m m

@

+ + + . + g% .
ag —')all\ = dy +1 Z a, ékm +1 Z amgmk (r,;:m = ka) H
m m

and distinguish the following two cases (R) and (S).
Case (R): The transformations (2) belong to an infinite-
dimensional rotation group, provided

élikm = émk >
3
nkm+’1mk =0.



