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1.  I n t r o d u c t i o n  

Quantum algebras were intPoduoed at first in Refs.[1,2].Then this 

eonoept was developed in details in Refs.[3,4] and in the papers of 

other authors (see for example [5-11 ] and the papers oited there). Be- 

oause of deep analogy oonsistiug between quantum and usual Lie algeb- 

Pas whioh is reflected in the fast that the quantum algebra Aq(~,Pj of 

Order ~ and rank P transforms into usual Lie algebra A(~,P) in  the li- 
mit q~1 a number of notations and theorems of the theory of Lie algeb- 

ra representations oau be transferred onto quantum algebras. In parti- 

oular as it was shown in Eels [5-17] the q-analogs of well known quan- 

tities of Wigner-Raoah algebra (WRA) (3J, 6J, 9j-symbols eto. ) oan be 

introduced. The detail investigation of the representation of quantum 

algebras was begun with the simplest quantum algebra SUqC2J that is a 

q-analog of the angular momentum theory (AMT) [18-21 ]. 

In this paper we apply to this problem an original approach namely 

the projeotion operator method that was developed by us for usual Lie 

algebras in Refs [22,23] and appears rather e ffeotive as well in AMT 

as for higher Lie algebras. The important advantage of this method is 

the faot that for the oaloulation of quantities of WRA any explioit 

realization of algebra generators is unneoessary. Only oommutation ru- 

les for generators, their Hezamitian properties and the existenoe of 

the highest veotor are enough for the development of q-algebra unitar~ 

representation theory. Below it will be shown that most part of AMT 

formulae will oonser~e their shape in the ease of SUq(2) algebra ex- 

cept for exohange of usual numbers (X) by so oalled q-numbers [X] : 

[X]q - Ix] -= ( q=-  q-®) / (q  - q - l )  (1 .1)  

where q=e h. Obviously that [0]=0, [I]=I, [2]=q+q, [3]=q2+1+q, I-x]= 
=-[x], ~m[x]=(x), [X]q=[X]~. where q~q-l.Below we shall use the so 

q~l 
oalled q-faotorial 

[ n ] ,  = [ h i [ n - l ] . . . [ 2 ] [ 1 ]  ( 1 . 2 )  

Z o r  n o n n e g a t i v e  i n t e g e r  n .  As u s u a l l y  we a s s u m e  [ 0 ] '  = 1 a n d  [ - n ] :  = co 

at n = 1,2 ..... 
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The Planok's oonstant h will be assumed real in our oaloulation. The 

speoial ease when q is equal to the root of unit was oonsidered in 

Refe. [ 1 2 , 1 3 ] .  

2. SUq(2) algebra and l t s  irreducible  representat ions  

The q-analog of SU(2) algebra is defined by three generators Jo" 
J+, J_ with followin~ properties 

[Jo,J±] = ±J± , (2 .1 )  

[q2J o_ q-2J ol / 
[J+,J_] = [2J O] =- (q - q) , (2.2) 

Jo ÷ = ,.To " J±+ = J±" (2.3) 

The irreduoible (IR) ~ of highest weight J oontains the highest 

vector I J J> satisfying the equations 

J o l J J >  = JIJJ> , < J J I J J >  = I , (2.4) 
J ± l J J >  = 0 . (2 .5 )  

The general basis veotor of this IR having the weight moan be eon- 

struoted using the lowering generator J_ 

= IJm> / [2j],[j_rn],JJ_"~lJJ>. (2.6) 

The nonmalizing faotor oaloulated by using the relation 

J+J_" = J_~J+ + [n]J ~-I[2Jo-~+I ] (2.7) 

Per the finite dimensional IR D J only :I=0,1/2,1 .... and m=$,$-1, .... -~ 
are allowed. Thus the structure of SUq(2) IR's is similar to the IR's 

of usual SU(2) algebra and the dimension of IR's are the same in both 

of oases is equal to (2J+I). 

Aoting by generators J_ and J+ on vector (2.6) we obtain 

~ l J m >  = , , / [ J + m ] [ J - m + l ]  IJ ,m-~> , ( 2 . 8 )  

J+lJm> = J [ J - m ] [ $ + m + l ]  IJ ,m+l> . (2 .9 )  

Thus the explicit form of D J IR for SUe(2) eoinoides with ooz~es- 

pending formulae for SU(2) exoept for the substitution of usual number 
(J±m) and (J~m+l) by q-numbers in two last rows. 

In the theoz-J of SUq(2) IR the important role plays the 0asimir 

operator 
2 2 

C 2 = J_J+ + [Jo+I/2] = J+J_ + [Jo-I/2] , (2.10) 
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whioh is Hermitian one. The vectors (2.6) are its eigenveetors 

C21dm> = r J + l / Z ] Z l E m >  . ( 2 . 1 1 )  

3. Projection operators for s~(2) algebra 

First of all we are interesting in the pr~jeotion operator (PO) 

~j,j=~ having property the 

~lJ'm=J> = o~, j ,  tJJ>, (3.1) 

i.e, aoting on an ambitrar~ veotor ]J) of weight m=J 

Ira=J) = ~ Bj. IJ'J) ( 3 . 2 )  

J" >4 
the operator PJ projects the oomponent I J J> being the highest weight 

veotor of IR 

t U l J )  = B:FtJJ) • ( 3 . 3 )  

Similarly to Refs. [22-25] we seek this PO as a power series of ge- 

ner-ators j+ and J_ 

OO 

r~o C J_~J+~ (3.4) 

The exponents of these generators are the same due to oondition 

~,Jo J = o. (3.5) 
Sinoe 

l~lJJ> = IJJ> , ( 3 . 6 )  

we obtain because of (2.6) that 

O 0 = t (3.7) 
and 

CO 

J+ / ~ t J )  = J+ ,.~oC,,. J_'J+' tJ) = o . ( 3 . 8 )  

By us ing  o f  Eq. (2.7)  the f o l l o w i n g  r e o u r r e n t  r e l a t i o n  f o r  C o o e f f i -  
olents oan be found 

Or_ 1 + C t " ] [ 2 J + r ' + l ] O  = 0 . (3.9)  

Solving it we have 

[2J+1 ] ,  
O = ( - 1 ) "  (3.10) 

r [ r ] ,  [2J+r '+ l  ] ,  

Obviously the PO is Her~itian one 

( ~ ) +  = P'I. ( 3 . 1 1 )  
By Herm i t i an  oon juga t i on  o f  Eq. (3 .8)  we o b t a i n  an impor tan t  p r o p e r t y  
of PO 

P J = 0 . (3.12) 
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The operator 

= ~.OCr. 19j_ . -J , . =  J +'J-" (3.13) 

as in Eq. (3.10) is an extremal projeotor with the same ooeffioients C 

on the lowest weight of IR . 

The most general form of projeeting 

operator 

! ~ ,  -/ [2J],.[J-m],J-J-'~ 19 ÷ ~/ [2J],[J-m' ], 

will need in further oaloulations. These P0s have the properties 

4.  "Vector  coupl ing"  o f  q-ap4pzlar momenta 

Now we turn to the of "veotor ooupling" of angular momenta in the 

oase of SUq(2) algebra . The generators of summar~ angulam momentum 

J ( 1 , 2 )  ave of the form 

J~(1,2) = Jo( l )  + Jo(2), (4.1a) 

,;o(2) -Jo (1) J~+(1,2) = J+_(1) q + q J±(2) (4.1b) 

In standard notation for Hopf algebras the relations (4.1) must be 

written in the following form 

J~o = Jo ®I + I@Jo ' 

Jo -Jo 
= Z±¢q + q cJ, . 

However we shall use below notation (4.1) in order to oonserve the ma- 

ximal possible similarity with usual AMT. 

It is easy to prove that the operators (4.1) are satisfying to oom- 

mutation relations (2.1) and (2.2). 

The action of generators (4.~) on basis veotors IJ1m1>lJ2m2> of the 

tensor produot of IRs is given by formulae 

~ ( l . 2 )  lJ,m,>lJEaz> = (m~+m2) lJ~ml>lJ~2> , ( 4 . 2 a )  

J~(l.2) lJlral>lJ#',2> = q <J1'ml±llJ±lJlta1>lJlm~±l>lJ~2> + 

"-'~I + q <Jz,mz±llJ±lJzmz>lJlral>lJzm2±l> (4.2b) 

It should be remarked that the q-analog of the binomial expansion 

formula is valid 
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r" JO (2 )  - J o  ( 1 ) r 

~ [r] ' s ~-B SJo(2)-(~-a)Jo(1) 
= g±(1) J± (2) q . ( 4 . 3 )  

I s ]  ,. [ r - s ]  .v 8 

The generalization of the veotor eoupling prooedure on the ease of 

SU (2) oonsists in the following. It is neoess~ to oonstr~let from 

thqe tensor produot basis veoto~-s IJ1m1>IJ2m2> suoh linear oombinations 

I,]1,,f2Z,~m>cl = ~. <Jlml;J27/z21J11z> q tJll' ltl>lJ211z2> (4.4) 
m l "~2 

Whioh belong to the IR ~ of SUq(2), i.e. they are eigenveetors of the 

Oasimir operator C~(I,2) with eigenvalues A=[J+½]z: 
o~(1,2) lJlJz;Jm> = rJ+l/2]ZlJ~J2;Jm>q (4.5) 

The ooeffielent <Jlml;J2t lz21Jm> in linear combinations (4.4) are called 

as 01ebsoh-Gordan ooeffioients (q-0G0) for SUq(2) quantum algebra. To 

find them we shall use the P0 appPoaoh. Simultaneously the struotume 

of Clebsoh-Gomdan series for SUq(2) will be found or mope OorTeotly it 

will be oonfirmed that the 01ebsoh-Gordan series for SUq(2) ooinoides 

with the Eq. (4.1).However before to tulna to this point it is pertinent 

to list the orthormality relations for the q-0G0s 

<J/m,;JznzzlJm ~ <Jl=/;J_jA, zlJ 'm' ~ = O.,,,,,O,~, , ,  (4.5a) 
ml,m 2 

' , o  , .  ( 4 . 5 b )  j~.~ <jl,nl ;jEn~lJm>q <Lml ;JE~'elJm>q = o,~ ,"~ '~z,"~ 

The Q-0G0s form an oPthogonal matrix and the following equation 

whioh is inverse with 1~espeot to trg/Isformation (4:4) is valid 

IJ ,ml>lJ?z> ~ ~ <Jlr~,;Jz~zI,J=> tJlJz;Jnz> (4.6) 

5. Q-analogs of Clebsch-Gordan coefficients 

Using PO we oar, write the veotor (4.4) in a form 

IJ,.I2;.I,~ = r % ) - ' ~ : ~ ,  r l . 2 ) l j ,m; (  l ) > l j ~ ) c e ) > .  (5.1} 
where m'--m~+m 2. Thus the q-OGO oan be oaloulated as the matrix element 

of PO 

<J lm~ ,J  ~ z  l Jm>q = 

' > = (Q'q)-'<j~m, (1) l< jEne(z) I~:~,  (~ .z) ILm; (~)> I , 'E, /2)  (5.a) 
where Qq is a normalizing faotoP. As for values of re;and m~ in Eqs. 

(5.1) and (5.2) they oan be ohosen in avbitr~r~j manner but for simpli- 

fioation of oaloulations it is oonvenient to take m~=J I and m~=J-J I . 
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Then the Eq.(5.2) oan be rewritten in the form 

< J ~ m ~ ; J 2 m 2 1 J m ~  = 

= (~)-~<J~(1)l<J2rnz(2)l~:~(~,Z)lJIJ~(~)>lJz,J-J~(2)>, 
where 

(5.3) 

~ q 2  = <j1 j l ( l ) l< j z , j_ j l ( z ) l~ :~(1 , z ) l j~ j l ( l )> l j z , j_J~(2)>"  (5.4) 

Sines IJIJ1(1)> is a highest weight veotor the generators J+(1) in PO 

PJ'qfl,2) oanbe omitted and for the normalizing factor Qq we obtain 

Qq2 = <j1j l ; j z , j_ j l l j j>2  = <j2 , j_ j l (2 ) l~V) (g ) l j2 , j_J l (2 )>"  (5.5) 

where 

(-1)rE2J+11 ' -2~j 
1=~,q)(2) = ~ .  " l j  ~(2)j+r(2). (5.6) 

(J1 r>..o [rJ![2J+r+l]! q - 
Let's adopt an usual phase oonvention for Qq being positive (arithme- 

tie) square root of Qq2. As a results all q-OGOs will be real. 

It is clea~ from Eq.(5.3) that only values of summary angular mo- 

mentum J satisfying the oonditions -J2<~J-J1<~J2 are possible.It means 

the following restrietion 

J1-Jz ~ J ~ Jl+J2 • 

Sinoe angular momenta J1 and J2 are "equal in rights" the restriotion 
J~-J~ ~ J ~ J~+Jz 

is valid too. Combining two these oonditions we obtain for SUq(2) the 

same "rule of vector coupling" of augular momenta as for usual SU(2) 

algeb~a:IJi-J21<J 4 J1+J2. 
~inally the general expression for q-OG0s oan be written in form 

<J lrn ~ : J ~21Jrn> = 

<J ~m~ ( 1 ) I<JEn2(2) I I:~; ~ ( 1,2) I J~J~ ( 1 )>lJ2,J-J~ (2)> 
= (5.7) 

<JIJ1 (1) f<J2,J-Jl (2)IP J'q(1,2) IJIJ1 (1)> I,f2,J-J I (2)> 1/2" 

To oaloulate the numerator of this expression it is neoessar7 to exp- 

ress PO P~,jCIJ'q ,2) in tez~ns of generators J+(1,2)_ , then to do the bino- 
mial expansion of thei~ powers in terms of J±(1) and J±(2) using the 

Eq. (4.3). The last step is a oaleulation of matrix elements of j+s(~) 

using formulas (2.8), (2.9).Here we give an explioit expression only 

for denominator: 
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<J1Jl(l)l<J2,J-J1(2)lI:~:~(l,2)lJIJ1(l)>lJ2,J-Jl(2)> = 
-2~J 1 

[2J+l ] ! , [J t+Jz-J] !  ( - l ) r [ J -J l+J2+r ] !  q 
= ( 5 . 8 )  

[J-J +J ]~ [ r ] ! [ 2J+r+ l ]~ [J  +J -J-r]! 
This sum may be oaloulatedusing one of Vandermonde formulae [27].As a 

Pesult we find 

Qq2 = q(Jl+J2-J)rJ-Jl+J2 +I) [2Jl]![2J+1]! 
[J+Jl-Jz]![Jl+Jz+J+l]! 

It should be noted that the matPix element (5.8) can be oaloulated al- 

so in Peourrent manner [28]. Thus we obtain the following explioit 

analytioal formula fop q-OGOs 

<Jlml;JzrnzlJm~ =oj,~+~2 q- ~(J1+J2-J)($+$~+J2+I)+JWz-J2~ 

. /[2J+l][J+m]![J2-m2]![J~+Jz+J+l]![J~+Jz-J]![J1-J2 +J]! 
[J-m]t[J~-ml]![J~+ml]![J2+mz]~[J-J~+J2]~ 

(_l)Jl+J2-J-Z Z(Jl+~ 1 ) [2J2-z]![Jl+J2-m-z]!q 
(5.9) 

z [zl~[J1+Jz-J-z]![Jz-m2-zl![Jl+J2 +J+l-z]~ 

In a "olassioal" limit q=l it ooinoides with the general foz~nula fop 

OGOs obtained in Ref.[18]. It is onoe mope vePsion of q-OGOs fozvnulae 

alternative to ones dePived in Re~s . [9 -11 ,14-17 ] .  

Simple analytioal formulae oan be found fop important paPtioula~ 

oases [28] 

<oO;JmfJ'm'> = <Jrn;OOlJ'rn 'q> = 6 j , j ,  ~ , ,  

(_l )J -~ q~ <jm, j ' rn"  IOO>  = % ,  , j  , [2 j+I] " 

<Jlml;J2rnzlJJ>~ = 
j I (  

(-1) 1"~1 q'2 J1+J2-J)(J-Jl+J2+1 = ~ j , ~ 1 + ~  z 
)-(J+l)(Jl-r~ I) 

X 

(5.1o) 

(5.11) 

* ¢//~j [2J+l]t[Jl+ml]![J2+m2]t[J~+J2-J]~ 
1-ml]~[J2-m2]![Jl-J2+J]~[J-J1+Jz]~[Jl+J2+J+l]! 

, ( 5 . 1 2 )  
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<J ,J ~ ;J:Iz~lJnz> = O , j  ~"~2 
(J 1 +J2 -J  ) ( J - J  I +J2 + I ) - J  1 ( J " ~ )  

q 

[2J+l] [ j+m] , [2 j~] , [ j_nzz ] , [ j_ j~+j2]  ' (5.~3) 

6. 3J-symbols and their symmetry properties 

In Ref. [11 ] the q-analog of 3S-s~mbols was defined as a follows 

[~, '/~ J a ] ,  q (-1)J'-Jz-~a' = -5 (% -~2 ) 

In omdem to i~olude the Regge sym~etr~j properties of 3~-symbols it 

is oonvenient to introduoe the Regge symbol 

;, J2 J3] [J,+m, J2+~2 Ja+ma ] 
-= IJ~-m, J2-m2 Ja-ma | (6.2) 

, ma m a q Ua-J,+J2 Ja+J,-J2 -Ja+J,+J~q 

that is invamiant with respeot transposition and even pez~nutations of 

rows and oolumns. At odd permutations of rows and oolumns the phase 

faotor (-1) J1+J2+J3 appears and the substitution q * q takes plaoe. 

7. Tensor operators, Wlgner-Eckart theorem 
As a q-analog of rank /~ tensor operator we shall oonsider a set of 

21¢+I operators /~(q) (8e=~,~-I .... ,-/~+I,-~) satisfying the following 

oormnutation relations with generators of SUq(2) algebra 

[Jo,~(q)l = ae T~(q) , (7.1) 

- J o  

Aoting by generators Jo,± on veotors ~&,ae(q)-1~(q)iJm> and taking ao- 

oount (7.1) and (7.2) we obtain 

(7.4) 
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From the comparison of these expressions with (4.2) it is olear that 

veotora ~:~(q)  ~ e  t~form~ as basis veoto~s o~ the te~so~ p~o-  

duot ~®~ of IRs of b~/q(2) algebra. Therefore it is possible to ex- 

mJ'~:J~(q)belong to the IR of pand these veotoms on oomponents "m" 

SU (2) q 

Multiplying both sides of this equation by veoto~ <J'm' J and taking 

aooount the orthogonality px~opert~ 

where ~,~(q) is independent on m', m, ~ we obtain the q-analog of 

well known Wigner-Eokart theorem: 

<J'm' IT~a(q)IJm> = <Jm;~IJ'm'> (J" IT~(q)IJ) (7.7) 

or in more standard form 

<Jm;~lJ'm' >_ o.  
<J'm" t~(q)IJm> = ~( - l  )"~<J" igCq)l,,'>, (7.s) 

v/ '~ '$+1 ] 
As an example the  t e n s o r  o p e r a t o r  the  f i r s t  r ank  El(q) (ae=O,+l) i s  

oonstrueted by us from generators Jo,+_ in explicit form: 

q-SO j1+1(q ) = ~I J+_ , (7.9a) 

j~o(q) = 1 

I 

~ [ 2 ]  

q-1[2Jo + (q_q-1)j+j_) = 

[q-'CZ:o3 + (7.9b) 

It is clear that these expressions are more oomplioate then in 571(2) 

oase but in the limit q=1 they ooinoide with standard oyolio oompo- 

nents of angular momentum. Calculating neoessar~r OGOs we find the fol- 

lowing expression for the reduced matrix elements of the tensor (7.9) 

~ [ 2 J ]  [2J+1 ] [2J+2] . (7.~o) <Y' mJ~(q)I J> = ~j.j, [2] 

Yor the unit operator we have 

(J" aI6J)  = OA~,v/~+t] . (7.11 ) 
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On the base of the definition (7.1) and Wigner-Eoka~t theorem the 

total q-analog of the tensor ope~tor algebra oan be foz~nulated. 

In oonolusion of this seotion it should be noted that the deriva- 

tion of Wignez~-Eokart theorem in terms of quantum group SUq(2) was gi- 

ven by A.Klimyk.The definition of tensor operators olose to our one 

was given and aotively exploited in the fz-ame of q-boson oaloulus by 

T,. Biede~ [6]. 

8. Recoupltug of angular momenta, 6J-s~bol 

The veotor ooupling of three angular momenta oan be realized in two 

ways: (J1+J2)+J3 and j~1+(J2+Js). The tz~ansition between two these 

sohemes can be don~_~ming Raoah ooeffioients 

IJlJz(Jlz) 'J3:Jm>q=L-\'u(JlJzJ3;JlzJ23)q IJlJJ3(Je3):Jm>q (8.1) 
J3 

I t  i s  u s e f u l  t o  ~ t r o d u o e  a q - a n a l o g  o f  6 j - s y m b o I  i n s t e a d  o f  Raoah 

o o e f f i o i e n t s  

U(abco];e,f)q = ~/[2e+l][2.1'+l] (-1)a+b+c+c~ { :  b /[} (8.2) 
c q° 

If to express it in terms of 3j-symbols 

X 

then the symmetry properties of 6j-symbols ean be easy found. Namely 

the 6j-symbols are invariant with respeot to permutations of eolumns 

{ ]1 J2 J3} = f ]2 J1 J3} . . . .  (8.4.) 

~1 ~2 ~3 q Z2 ~1 L3 q 
Also they are invariant with respeot to substitution two arbitraz~j mo- 

menta in the first row by oozTesponding momenta from the seoond row 

{J, J2 J3} = ~1 ~ J3} . . . .  (8.5) 

~1 "L 2 7"3 q 1 "f 2 "t q 
Finally Raoah ooeffioients U(...) and 6j-s~rmbols are invariant with 

respeot to substitution q~q as it oan be seen from the general aualy- 

tioal formula (8.14) for Raoah ooefficients. The last one may be deri- 
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red usir4~ the projection operators in the manner used in Ref [18] for 

usual AMT. As a result we have 

u(J1J2JJ3;J12J23) q = v/[2J12+l][2J23+l] (_1) J-323.J12+J2 

MJ~J2J12) 5(J2J3J23) h(J12J3J) h(J1J23J) 
X X 

[J~-J2+J12]![-J1+J2+J12]![J2-J3+J23]![-J2+J3+J23] ! 

[ J12+J3+J+ l ]~ [J1+J23+J+ l ] !  
* , ( 8 . 6 )  

[Ji-J23+J]![-J12+J3+J]! 

(_l)~[jl÷j_J23+r]![j3+j_j12+r]![j2_j+j12+J23_r]! 
X • 

r [r]![2J+r+l]~[Ji-J+J23-r]![J3÷J12-J-r]![J2+J-J12-J23 +r]' 

Here 

['a+'b-c]![a-b+c]![-a+b+c]! 
n(abc) = 

[a+b+c+ l ] !  

In the particular ease of one vanishing angular momentum in the 6j- 

symbol we obtain 

{JoIJ2J32} ,.(,-1,) Jl+J2+J3 = ( 8 . 7 )  

J3 J ~ v/[zJ2+l][zJ3+1] 
Authors are thankful to A.N. Kirillov, A.U. Kllmyk and Ya. 8oibel- 

man for illuminating discussions. 
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