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A s imple kinematic  argument can b e  used t,o extend t h e  c a l c u l a t i o n s  of 

B a r b i e l l i n i ,  Bologna, Diambrini and Murtas' and Uberal.1." t o  g ive  t h e  e f f e c t  

of measuring only a s m a l l  angular  reg ion  of t h e  bremsstrahlung produced 

from t h i n  c r y s t a l s .  The n e t  r e s u l t  i s  t h a t  it should be p o s s i b l e  t o  change 

t h e  sha rp  breaks  i n  t h e  bremsstrahlung, c a l c u l a t e d  and observed by Barb te l l - i n i  

e t  a l . ,  i n t o  very narrow sp ikes  and hence ob ta in  e s s e n t i a l l y  monochromatic! 

bremsstrahlung.  See F ig .  1. 

-- 

The major curve i s  taken  from R e f .  1. The shaded area i s  t h e  spectrum 

which should r e s u l t  i f  an  angular  diameter  of 

The expected enhancement inc reases  wi th  inc reas ing  e l e c t r o n  energy. 

O.'i mc2/Eo is  accepted.  

The approximation is  v a l i d  f o r  p e r f e c t  c r y s t a l s  and t h e  e x t e n t  t o  

which t h e  a c t u a l  c r y s t a l  w i l l  reduce t h i s  e f f e c t  i s  not  determined. It 

would seem reasonable  s i n c e  t h i s  is only a kinematic ex tens ion  of t h e  above 

c a l c u l a t i o n s  t h a t  it should b e  val id  t o  t h e  same e x t e n t .  

The p re sen t  paper i s  merely an  observa t ion  t h a t  s i n c e  t h e  Bragg condi- 
-3 

t i o n  causes  t h e  momentum q t r a n s f e r r e d  t o  t h e  c r y s t a l  l a t t i c e  t o  be 

quant ized  and normal t o  a set  of c r y s t a l  l a t t i c e  p l anes ,  t h e  momentum + 
p 1 
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of t h e  combined photon and output  e l e c t r o n  i s  completely determined by a 

knowledge of t h e  input  momentum 

nh where h i s  Planck 's  p lane ,  8 , and t h e  l a t t i c e  spacing,  d; q = - 

cons tan t ,  and n i s  an  in t ege r .  The combined energy of t h e  f i n a l  photon 

and e l e c t r o n  i s  equal  t o  t h a t  of t h e  inc iden t  e l e c t r o n  s i n c e  t h e  energy 

t r a n s f e r r e d  t o  t h e  l a t t i c e  can be ignored. 

-+ po, t h e  ang le  of incidence t o  l a t t i c e  

-4 

0 d 

This  a l lows  a l a r g e  number of poss ib l e  momentum t r a n s f e r s  correspond 

ing  t o  d i f f e r e n t  p o i n t s  i n  t h e  inve r se  l a t t i c e .  

narrowing of t h e  spectrum one must a l s o  (as i n  Ref. 1) make use  of t h e  

f a c t  t h a t  t h e  momentum t r a n s f e r ,  a long  t h e  d i r e c t i o n  of t h e  incoming 

e l e c t r o n ,  i s  of c r i t i c a l  importance and t h e  beam must be  s o  o r i e n t e d  w i t h  

r e spec t  to t h e  c r y s t a l  t h a t  many inve r se  l a t t i c e  p o i n t s  s u f f e r  t h e  same 

l o n g i t u d i n a l  momentum t r a n s f e r .  

To o b t a i n  a u s e f u l  

-+ Since  p, i s  determined, t h e  fol lowing kinematic r e l a t i o n s h i p s  

+ -3 

exis t  ( s e e  F igs .  2 and 3) where k i s  t h e  photon momentum and p2 t h e  

f i n a l  e l e c t r o n  momentum. 

and m i s  t h e  e l e c t r o n  mass. 

I n  t h e  fo l lowing  t h e  v e l o c i t y  of l i g h t  = 1 

= p o + q 2 - 2 p q s i n e  2 
p: 0 0 

p2 = p: + k2 - 2 p k COS Bk 
2 1 

Since  t h e  i n i t i a l  and f i n a l  energ ies  are t h e  same. 

1 

p', + k2 - 2k (p', + m 2 F =  ) p, 2 ( 3 )  

(4) 
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This  gives:  [ e l imina t ing  p, from (1) and ( b ) , ]  

2p q s i n  eo - q2 
0 

k =  1 
+ m2)* - ( p ~  + q2 - 2p q s i n  eo)T cos Bk] 

0 

( 5 )  

Equations 3 and 4 of r e fe rence  1 express  t h e  energy spectrum of t h e  

coherent  bremsstrahlung i n  terms of t h e  momentum t r a n s f e r  t o  t h e  inverse  

l a t t  i c e  e 

Equation 3, Refs  1. 

m X 
x, 6 = -  (E) i s  t h e  minimum momentum t r a n s f e r r e d  t o  t h e  l a t t i c e  k - =  

O" t h e  C 
PO 2P0 

L i n  u n i t s  of m. I) g ive  t h e  incoherent  bremmstrahlung and 

coherent  e 

Equation 4, R e f .  1. 

12 

Here A i s  t h e  volume of a u n i t  c e l l  i n  t h e  l a t t i c e .  IF1 i s  t h e  Laue Bragg 

s t r u c t u r e  f a c t o r ,  f3 = 

vec to r  i n  u n i t s  of m. I n  t h e  case  considered which is  t h e  same as t h a t  

of r e fe rence  1, w e  are cons ider ing  momentum t r a n s f e r s  i n  t h e  

b, = [ 0  0 11 

111 
A = 126, and g i s  t h e  r e c i p r o c a l  l a t t i c e  *' 

-$ 
b 2 I [l TO] 

+ 
plane  of t h e  inve r se  l a t t i c e  of diamond ( s e e  F ig .  4) and 
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+ +  
g2 = g . b2 > 6/e0.  

minimum p o s s i b l e  l o n g i t u d i n a l  momentum t r a n s f e r  the  a c t u a l  m i l l i m u m  

It is  poin ted  out  by Uberal12 t h a t  w h i l e  F is  t h e  

q t  i s  a func t ion  of t h e  t r a n s v e r s e  momentum t r a n s f e r  q l , o r  q t  = E + -  q: 

PO rnin rnin 

This  i s  a n e g l i g i b l e  c o r r e c t i o n  and w e  use  q t  " 6 .  
min 

These sums are made over a l l  va lues  of g 8 > 6 and t h e  sharp  breaks  
2 0 -  

i n  t h e  s p e c t r a  of B a r b i d l i n i e t  a l .  occur when g 8 = 6 . It can b e  seen 

from equat ions 7 and 8 t h a t  t h e  peak energy of each inve r se  l a t t i c e  

2 0  -- 

p o i n t  i s  determined by g 8 and not  by g .  This  leads t o  t h e  o r i e n t a t i o n  

used by W b i e l l i n i  e t  a l .  and i l l u s t r a t e d  i n  F ig .  4. The momentum vec tor  of 

t h e  incoming e l e c t r o n  i s  a t  a small ang le  t o  t h e  bl a x i s  and so  

i n c l i n e d  t h a t  t h e  p lane  of minimum momentum t r a n s f e r  (a t  t h e  energy of t h e  

f i r s t  "break") i n t e r c e p t s  t h e  f i rs t  column of i nve r se  l a t t i c e  po in t s .  

2 0  

-- 

I n  

t h e  i l l u s t r a t i o n  g iven  t h e s e  a l l  c o n t r i b u t e  a s i n g l e  energy determined by 

t h e  l o n g i t u d i n a l  momentum t r a n s f e r  g2e0. For higher  energy photons o r  

smal le r  ang le s ,  eo, t h e s e  inve r se  l a t t i c e  p o i n t s  w i l l  no t  c o n t r i b u t e  a t  

a l l ,  whi le  f o r  lower ene rg ie s  o r  l a r g e r  angles  they  w i l l  c o n t r i b u t e  a 

sma l l e r  amount. The shaded a r e a  of F ig .  4 would then  l i e  c l o s e r  t o  t h e  

b3 a x i s .  

energy s u f f e r  t h e  same l o n g i t u d i n a l  momentum t r a n s f e r .  It is  i n t e r e s t i n g  

In a l l  conf igu ra t ions  a l l  l a t t i c e  c e n t e r s  emi t t i ng  t h e  same 

then  t o  express  our kinematic r e l a t i o n ,  Eq. ( 5 ) ,  i n  terms of t h e  long i tud i -  

n a l  momentum t r a n s f e r ,  q t  = q s i n  Go qeo 
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k i s  not  completely determined by t h e  l a b o r a t a r y  ang le  of emission and 

q, s i n c e  Ok refers t o  p, which varies w i t h  g .  However, i n  t h e  case 

considered t h e  va lues  of $ are very much r e s t r i c t e d .  If w e  examine 

Eqs. (7 )  and (8), we s e e  tha t  over h a l f  of t h e  i n t e n s i t y  comes from t h e  

4 inverse  l a t t i c e  p o i n t s  c l o s e s t  t o  t h e  b2 a x i s  for which q i s  < 0.04 m. 

But 

4 + 

+ 

o r  ne < 0.04 
PO P p e ,  = 1 

where 0 8  i s  t h e  range of v a r i a t i o n  of el. 

Hence if we are cons ider ing  ang le s  apprec iab ly  l a r g e r  t han  t h i s ,  Ok 

measured wi th  r e s p e c t  t o  t h e  i n i t i a l  beam d i r e c t i o n .  

s i d e r e d  i n  F ig .  4 

1 

can b e  

For t h e  case  con- 

m 0.51 
1000 

_ -  
P O  

eo = 11.3 

6m m x  
e - - 0.02 - - 

p 1 - x  eopo 0 
lmin 

A s  a r e s u l t  8 w i l l  vary only i n  one plane whic., is t i l t e d  a t  a n  ang le  
1 

X t o  t h e  p lane  de f ined  by t h e  beam and t h e  b, a x i s .  0.02 - - 

Equation 9 can be  s i m p l i f i e d  t o  g ive  t h e  more approximate r e l a t i o n  

m 
p 1 - x  
0 

k 1 
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photons of d i f f c r e n t  ene rg ie s  C o m c  * i t  d i f f e r e n t  va . lnes  of Each break  

comes a t  8 = 0 and lower eriPrgiPs come from success ive ly  l a r g e r  angles .  

Ok. 

k 

To f i n d  out  t o  what. ex t en t  the  v a r i a t i o n  i n  8 can be ignored we 
I. 

must see w i t h  what prec  i s ion Qk m u s t  b e  con tzo l l ed  t o  g ive  a p r e c i s e  

energy d e f i n i t i o n .  Equation 10 can b e  expressed as 

X 
0 x =  

L + e;"(i - x0)  

where x is  tjhc energy of t h e  "break,"  o r  
0 

x - x  o = 
x(1. - x ) 

0 

x_ - x 0.1 

x - x  0.33 
and when = 0.1, e; = . 

X (1 - x )" 
0 0 

From t h i s  it is  apparent  t h a t  v a r i a t i o n s  1 i m i t  us  t o  s p e c t r a  wi th  

widths  of .01. o r  more. The sharpness  of t h e  break  remains and t h e  l i m i t a -  

t i o n  applies to t h e  sharpness  of t h e  drop on t h e  low energy s i d e .  

1 0.33 
The spectrum shown i n  F i g .  1. i s  f o r  t h e  8 < -- case .  k -  (1 - xo)% 

An addi t ional  g a i n  is made by t h e  angular  s e l e c t i o n  s ince  only a 

small f r a c t i o n  of t h e  incoherent ly  produced background spectrum i s  t r a n s -  

mitted. This causes  a r educ t ion  of about  a f a c t o r  of 6 in the c a s e  
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considered and t h e  reduct ion  would be l a r g e r  f o r  a narrower energy resoll l-  

t i o n .  A s  i s  poin ted  out  by BarbieLlini, Bologna, Djambrini and M u r t a s 3  

t h e  enhancement inc reases  g r e a t l y  wi th  increas ing  e l e c t r o n  energy and 

hence f o r  very high energy e l e c t r o n  a c c e l e r a t o r s  e s s e n t i a l l y  monochromat i c 

bremsstrahlung should i n  priric i p l e  be poss ib l e .  

It is not  c l e a r  t o  what ex ten t  such monochromatic beams can be  

obtained.  

reduced ang le s  w a s  used but t h e  incoming beam apparent ly  had ang le s  

apprec i ab ly  l a r g e r  and w a s  f u r t h e r  widened by mul t ip l e  s c a t t e r i n g .  

In  t h e  work of B a r m i n i  e t  a1.l a co l l ima to r  diameter of 0.f) -- 

Mul t ip l e  s c a t t e r i n g  w i l l  make necessary t h e  use  of c r y s t a l s  about 

r a d i a t i o n  l eng ths  t h i c k  and beam angular  divergences of t h e  order  

m of 0.1 -. 
of approximately t h i s ,  and it i s  hoped t h a t  a t  h igher  energ ies  t h e  angular  

divergence w i l l  be  correspondingly smaLler. It w i l l  be  most d i f f i c u l t  to 

control.  t h e  c r y s t a l  axes  wi th  s u f f i c i e n t  accuracy e s p e c i a l l y  a f t e r  hea t ing  

by an  i n t e n s e  e l e c t r o n  beam. Since  t h e  enhancement c a l c u l a t i o n s  are  

approximate o the r  more i n t r i n s i c  d i f f i c u l t i e s  may appear.  

The Stanford  1 Gev l i n e a r  a c c e l e r a t o r  has  an  angular  divergence 
P O  
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