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Abstract

We consider an extended QED with the addition of a dimension-five Lorentz-breaking coupling between
spinor and gauge fields, involving a pseudo-tensor k“V*?_ The specific form of the Lorentz violating cou-
pling considered by us have been suggested in other works, and some of its consequences at the classical
level were already studied. Here, we investigate the consequences of this specific form of Lorentz violation
at the quantum level, evaluating the one loop corrections to the gauge field two-point function, both at zero
and at finite temperature. We relate the terms that are generated by quantum corrections with the photon
sector of the Standard Model Extension, discussing the possibility of establishing experimental bounds on
kHYPC  From the dispersion relations in the resulting theory, we discuss its consistency from the causality
viewpoint.
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1. Introduction

One of the most important directions of research related to Lorentz symmetry violations is the
study of the impacts of different Lorentz-breaking extensions of the known field theory models
at the classical and quantum levels. The concept of effective field theories is very appropriate
for this end, since it allows the incorporation in the Standard Model, which is known to describe
accurately physics in the current accessible energies, of small Lorentz violating terms, assumedly
originated in some more fundamental theory at very small length scales. Originally, a Lorentz
violating (LV) extension of the Standard Model, called the Standard Model Extension (SME),
including minimal (mass dimension up to four) LV terms, has been presented in [1], providing
a systematic framework for theoretical and experimental investigations. From the theoretical
standpoint, once LV terms are included in the Lagrangian, it is an interesting question how much
of the known structure of Quantum Field Theories is preserved, for instance, whether consistent
quantum corrections can be calculated. Regarding the perturbative generation of LV terms in one
sector of the theory (e.g. the photon sector) originating from another sector, such as the coupling
between the photon and a fermion, some known examples are the axial coupling used to generate
the CFJ term [3,4] and the magnetic one used to generate the aether term [5]. Nevertheless,
other couplings deserve to be studied as well, and in particular a systematic study of higher
dimensional operators, called non minimal LV terms, have been worked out in recent years. Some
interesting results for other couplings have been obtained in [6—8] where quantum corrections
in the extended QED with dimension-five tensor couplings have been considered, as well as
[9] where a possible generation of an axion-photon coupling from a LV model was discussed.
General discussion of higher-dimensional LV operators can be found in [10-12], and in [13]
a recent study of some specific dimension-six operators was reported.

An interesting example of a non minimal interaction based on a constant pseudo tensor k*"**
has been introduced in [14,15], in the form k*"**v0,,ysv F),, where o, = ’j [V vy ] In
those works, the contribution from this LV coupling to the Dirac equation was worked out in
detail, and some experimental constrains were obtained. A natural problem is the study of the
perturbative implications of this coupling, since, in principle, its contributions to the photon
sector could allow us to use the stringent experimental constraints on photon physics to put even
stronger limits on k*”*?_ Besides that, theories with non-minimal LV are potentially plagued by
problems regarding theoretical consistency, such as violations of causality and/or unitarity, and
we will also investigate some of these questions in our model.

In this paper, we consider one-loop corrections in the extended spinor QED involving this
pseudotensor LV coupling. We explicitly demonstrate that the consistent treatment of these inter-
actions will require introduction of specific LV terms in the purely gauge sector, already at tree
level. Afterwards, we discuss plane wave solutions and dispersion relations in the resulting LV
extension of Maxwell electrodynamics, giving some estimations for the Lorentz-breaking coef-
ficients based on known experimental data, as well as discussing the possibility of non-causal
wave propagation.

The structure of the paper is as follows. In Section 2, we carry out the one-loop calculations
of the two-point functions of the gauge and spinor fields, for zero and finite temperature. In
Section 3, we discuss the structure of the minimal LV coefficients in the gauge sector in the
resulting extension of QED, and the general structure of dispersion relations in this theory is
considered in Section 4, allowing us to discuss the causality of wave propagation. In Section 5,
we consider the non minimal LV contributions, again discussing the plane wave solutions and
related causality issues. Finally, in the section 6 we present our conclusions.
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2. Definition of the model and perturbative calculations

We start with a QED-like Lagrangian including a pseudo tensor Lorentz violating coupling,
given by

E():I/_f(ia—m—eé(—l'gKMVApO'MVJ/SF)\p)I/I. (1)

The LV pseudotensor satisfies k*"* = —kV*** and k*"** = —*"P* but for simplicity we as-
sume also that k*"* = *1V 5o that it has essentially the same symmetry properties as the
CPT even «F coefficient present in the photon sector of the SME [2]. We also remark that
K VAP 1}0,“,7/51& F), is a dimension five operator, which therefore is embedded into the non min-
imal sector of the SME. The LV coefficient «*V** is chosen to be dimensionless, whereas the
coupling constant g has dimensions of inverse of mass.

Before proceeding with the perturbative calculations, some comments are in order. First, a La-
grangian similar to Eq. (1), without the ys, was already extensively studied in the literature (see
f.e. [6,8]). The particular non-minimal LV coupling in Eq. (1) have been first introduced in [14,
15], where some of its tree-level consequences have been discussed. The presence of the y5 in
Eq. (1) inverts the parity properties of the corresponding operator, and because of that, the LV
coefficient k*V* in our case is a pseudo tensor, instead of being a tensor as in [6,8]. Despite that,
we are still dealing with a CPT even Lorentz violating operator. That may be seen by relating the
non minimal LV coupling in Eq. (1) with the general parametrization of the non minimal QED
extension proposed in [16] by using the identity o#Vy> = %E’“’“ﬂ 04, thus obtaining

1 s -
LoD —ZH; ) )
where
HI(:S)“Wﬁ = —ZgK”U)‘pe)»paﬂ. 3)

Therefore, the LV coupling considered by us can be seen as a particular form of the general CPT
even coefficient H }5)“ "*# introduced in [16]. Very few experimental constraints on these LV
coefficients exist in the literature. Some constraints for electrons and protons were first reported
on [16], and quite recently improved by two to three orders of magnitude as reported in [17,
18], in experiments involving trapped antiprotons at CERN. The best experimental result is that
some components of the dimensional combination H>**% ~ giciv*oe, paﬂ have constraints of
order 1078 GeV~! for protons, or 10~19GeV~! for electrons. One of our results will be that, via
radiative corrections, the specific H 1(;5) coefficient we consider will induce birefringent effects in
the photon sector, thus opening a possible window for more stringent constraints derived from
this sector.

From Eq. (1), one obtains the Feynman rules that can be used to calculate perturbative correc-
tions to the photon two-point function. Besides the usual free fermion propagator,

L @)

and the usual QED vertex iey”, we also have the LV trilinear vertex proportional to
igkMVrP o5, which we will distinguish from the LI vertex with a black dot in the diagrams. In
Fig. 1 we present the two LV corrections to the photon propagator that arise at one loop, which
will be calculated in this section.

S(p)=
—m
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k+p k+p
k Kk

Fig. 1. One-loop LV corrections to the photon propagator; the LV vertex i gichvAe ovYs5 is represented by the black dot,
while straight and wavy lines represent the free fermion and photon propagators, respectively.

We start by the diagram with two LV vertices, the left one in Fig. 1, which corresponds to the
following expression,

Sex (p) =t / (ffl; (i85 65 5) i% (igK™P o ys) i x
kf e () Fap (1) 5)
It will be convenient to introduce the notation
Fuv = kuvap F7 (6)

for the contraction of the electromagnetic field strength with the LV tensor. After some manipu-
lations we write

1
(k+ pl2 —m2) (2 —m2) "

X tr (Upa VSKUAG VSK + 0po V5 POre VSk + m20pa V50€ 75) . (7

_ _ d*k
__ 2 rpo re
Scc (p) =8 F™ (p) F (p)/ )

Using that k,k, = %kznﬂv under integration, we find that the first term in the equation above
vanishes since Yo"y, = 0. Calculating the relevant traces, from the second term inside the
brackets in Eq. (7), we have

SE (p) =48> F7P F*<x ®)
d*k ky, (po Npe — p,onae) + ke (ppnGA — Do 77p)») - pﬂkvgupoagv)»ea
(271)4 ([k + 17]2 _ mz) (kz _ m2) >

which, after introduction of a proper Feynman parameter, can be cast as

1

(a) (p) = —4g215”p1m€fdx < ©
0
d*k XD (Panpe - P,o’?ae) + Xpe (Pp’lok - Prf’lp)») - xpﬂpvgupoaevkea
@m)* (k2 +x[1 —x] p2 — m2)? '

From the third and last term inside the brackets in Eq. (7), after similar manipulations we arrive
at

d*k 1
27)4 (12 _ 2\
k +x[1—x]p2—m )

(b)(p) mg(F'OF — FPFp, /dx/(
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We notice that for both contributions the momentum integral to be calculated is

; sf a*—ek 1
:lj, — =
@m)*¢ (k2 +x[1—x]p>— m2)2

. _ 2 2
N ]

where dimensional regularization has been used. For convenience, in what follows we redefine
47 u? — 1%, The x integrals can be calculated exactly, and using the symmetry properties of the
tensor K8, We obtain the one-loop, second order in LV contribution to the photon propagator,

S (p) = ) {—4g2 [413“613)‘619;\170 — F"”F’kp"p"sﬂw“su;‘m] X (11)
2
2 () a2 P _p |
x| =—=y—= — an — | -
€ 2 p [4m? — p?

2 1 (mz) : 4m2_p2t -1 P 2
X|—-—y—In|— ) - ——— tan —_— | - .
& u? p VAm? = p?

We note that this contribution, being of the second order in the Lorentz-breaking parameters
K"V is extremely small and expected to be subdominant. Nevertheless, we will study some of
its possible consequences which can be relevant when higher-order contributions are discussed.

Now we calculate the diagram with one LV vertex, the right one in Fig. 1, which provides us
with

d*k K+p+m k+m
— o MVAD . .o
S (= tr/ O G T e A e
. d*k Euvap PP
= dimeg F"" A® / e : 12
¢ Qm)* (lk + pl* —m?) (k2 —m?) 12
where we have used that tr (7/5 YuYvYa yﬁ) = —4ie ves. We can rewrite the above expression by
noticing that
i =
guvaﬁAapﬂ: EguvaﬂFaﬂleuw (13)
where we have defined the dual electromagnetic field tensor as
~ 1 op
F/w = Egu,vaﬁF , (14)

thus obtaining

d*k 1
Qm)* (k + p)* — m?) (k2 —m?)

The remaining momentum integral has already been calculated, resulting in

S (p) = —4megl:"“”ﬁw
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0 O

Fig. 2. One loop LV contributions to the fermion propagator.

S (p)

4imeg1‘:“"l*:w 2 m? 24m? — p? | p
=—72 ——)/—111 ) + —tan T -21].
(4m) 3 M p Vé4m?* —p

(15)

One can also calculate the corrections induced by the LV insertions in the one-loop corrections
to the fermion propagator, by considering the diagrams depicted in Fig. 2. The corresponding
expressions are given by

d*k F-m
Qm)* k2 —m?

o

Y —n2

$1(p) = e § (= p)oys / (P — k) pat (). (16)

o k—m
E—m (p— 0?2

1A = d4k k—m 1
b ) 2 uvro, 'V p g o /
3(p) g k" ke Y (=p) BT YSIE k2

X (py. — k) (P — Kk dnpp (18)

Ao d*k
Xo(p) = —egk w(—p)/ Y owys(Pr —k)npa ¥ (p), (17)

Gu’vVSW(p) X

which, after integration, lead to

egkHvie m?  p? p m
Zi(p) = W(—p)rfﬂum(( )m/p+ <—— —) pm/p) v(p)+---,

1672 4 12 6 2
(19)
egkvie m?>  p? p m
) — _ R _ | _ = v e
2Wp) =GV e =g 5 ) pve )oY () £
(20)
2 2 AN -
X3(p) = ﬁ/ﬁw}"p'ﬂ o ¥ (— p) X

1
1
x / dx ((m + p)papu(l —x)* — 70m+ pOmam*(1 —x) — p*x(1 — x)]—
0
1
— Z(l —x)[m*(1 = x) — p*x(1 — )1 (vapw + V)JPA)) oy (p)+---=

2g2

)\. ’ /)“/ -
= Tomze " oo (=) x
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2mp L p
X | (54 Ppapi+ 5 G =mOGapy +vipi) =

12" 4
1 m3 m2 m 2 p2
— (7+T’”—T”—’”1—2 oV (p)+ - 1)

where the ellipsis stand for finite terms which we do not quote here.

In summary, we calculated the one-loop LV contributions arising in the two point vertex func-
tions due to the presence of the non minimal pseudotensor LV coupling in Eq. (1). All these
contributions are divergent, so that for consistency we are enforced to assume that these struc-
tures already exist in the tree level photon Lagrangian, so that one has enough counterterms
available to absorb these divergences. This renormalization procedure leave us with arbitrary fi-
nite counterterms, which have to be fixed by some physical conditions, or by comparison with
the experiment. This scenario is not new: the same happens when the tensor coupling (missing
the y5 present in our LV vertex) is used to generate the usual CPT even kf coefficient in the
SME, as discussed in [6] (see also [8]). A somewhat different sort of arbitrariness appears in the
perturbative generation of the CFJ term [4] and also the axion-photon coupling [9], where the
quantum corrections are finite but ambiguous (regularization dependent). On the other hand, it
has been shown that the perturbative generation of aether-like LV terms yielding well-defined,
finite quantum corrections, happens in different models [5]. We stress that our results are to be in-
terpreted within the framework of the effective field theory approach [19], according to which the
non-renormalizable models represent themselves as a low-energy effective description of some
more fundamental theory. In this context, coupling constants of non-renormalizable operators
have negative mass dimension, arising as a consequence of integrating out some heavy modes,
and being proportional to negative powers of some large mass scale. It is worth to point out that
originally, the SME itself has been introduced as a low-energy effective description of the string
theory [20]. Therefore, the appearance of non-renormalizable couplings and of divergent terms
in our theory is very natural.

The end result is that, to cancel one loop divergences, the effective Maxwell Lagrangian,
taking into account the LV terms that are generated by the fermion loop, should look like

1 . _ _ _ _
reff — —Z<F,WF’“’ + rimgFu F™ + rym? g2 F oy F™” 4 1362\ OF ™
+ r4gR0t Fuydy F“), (22)

where the r; are dimensionless renormalization constants. The terms proportionals to r; and
ro are minimal LV operators, being first and second order in the LV tensor, respectively, and
therefore should relate to the kr term of the photon sector of the minimal SME, while those
proportional to r3 and r4 are higher derivative, non-minimal terms. Since we are interested in
investigating the basic properties induced in the photon sector by these LV operators, we will
not pursue the task of fixing the exact values of r; in the following, instead they will be assumed
of order one, in order to establish rough order-of-magnitude constraints on «, as well as other
interesting physical consequences.

We close this section by making some comments about the extension of our results for fi-
nite temperature which we elaborate within the framework proposed in [21] and further applied
in [22,23] and other papers. To justify the validity of this approach, we remind that within
Lorentz-breaking theories, there are two types of Lorentz transformations, the observer ones,
which transform both dynamical fields and background coefficients, and the particle ones, which
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transform only the dynamical fields, see discussion in [1]. As a result, the Lagrangian is invariant
with respect to observer Lorentz transformations but not particle ones, and in within the observer
viewpoint we apply the usual finite temperature methodology. We proceed with the basic mo-
mentum integral in Eq. (10), which appears both in the minimal and non-minimal contributions.
For simplicity, we restrict ourselves to the minimal terms proportional to F*¥F,,, and F*’F,,,,
and the external momentum p in the denominator are set to zero. Following the Matsubara for-
malism, we carry out the Wick rotation and discretize the Euclidean pq variable according to
po=2nT(n+ %), for integer n. As a result, we have the following finite temperature result for
our basic integral (10):

o] 37
d’k 1
I=T Z / (27T)3 - 27 (23)
M (2 +m2 + 472720 + 1)?)

which, after integration yields
|- 1
l@)=1e5 ). :
1672~ 142+ (n+ %)2]%+e

where a = 577, and we have introduced the parameter € — 0 since at € = 0 the sum diverges.
Using the well-known sum formula [22], we obtain

(24)

oo
1 1 f dz 1
16m2e  4m2 ) /2 —gZe¥i+ 17
a

We note that the pole part explicitly reproduces the zero-temperature result as it should be. The
finite part of I (a) vanishes in the zero temperature limit (a — 00).

It is interesting to study the high-temperature (a — 0) behavior of this result as well. To avoid
the singularity in the lower limit of the integral above, we use the following analytic continuation
formula (see f.e. [22]):

I(a) =

(25)

o0

dz R 1 .
D2 — a2y i) — ]
a

00
1 3-2x dz 1
[ Re - -
2a2 1=\ (22 _ a2)k—1 e2m(z+ib) _ |

a

(e.¢]
1 1 / dz d? R 1 26)
_— — R
4a> 2= —=1) ) (22 —a?)P2dz2 ¥t
a

Applying it for our case A = 1/2, b = 1/2, and taking into account that the integral in (25) is
real, we represent this integral as:

00
dz 1 .
(ZZ _ a2)1/2 e2mz 41

a

oo ) oo

1|1 T tanh 7z
=—— —/dz(zz—az)l/z(l—tanhnz)—i——/612(22—612)3/272 . 27
a |2 3 cosh”“ 7z
a a
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The integrand in the parentheses in the r.h.s. displays no singularity at @ — 0. Hence, this integral
in the limit @ — O can be written as

o0

dz 1 Co
/(Zz_az)l/zeznZ+1—_a_2+"" (28)
a

where dots are for the subleading at a — 0 terms, and

o0

o0
c I/d (1 — tanh )+n2/d 3 tanhmz
=— zz(1 —tanhmwz) + — 7 ———
073 3 cosh’ 7z
0

0
is a finite constant. Thus, recovering the temperature dependence through using the explicit ex-
pression of a we can write the following higher-dimensional asymptotic form for 7 (a):

Co - ¢ T2+ (29)
1672¢ 47242 7T 1672 Oz

This result grows quadratically with the temperature. Such a behavior is not unusual, it occurs,
for example, for some contributions in [23].

The final minimal correction to the photon Lagrangian, in the finite temperature case, turns
out to be

I@)|a—s0=

L;‘ffZZ(ngzﬁl“)Fuv —mé‘gﬁuvﬁuv>1(a)a (30)

so the essential structure of the LV corrections induced in the photon two point function is pre-
served in the case of finite temperature.

3. The induced minimal LV term

Inspired by the results of the previous section, we now consider the following effective La-
grangian

1
Lf{)f =3 (FWF’“’ + clic/wa,geaﬂpa FMYFoo + czicwaﬁ/c“ﬂp“ F‘“’Fpg) , 31

where ¢ and c; are dimensionless constants. These corrections amount to a CPT even kr term
in the photon sector of the SME,

1
Lsme D K" Fup Foo . (32)
where
k;ﬂpd = Cl’(aﬂlweuvpﬂ + CZKaﬂMUKuva . (33)
In order to write this Lagrangian in a way that allows for more physical insight, we choose to
decompose k*# into three 3 x 3 matrices kg, kp, k. according to
(Ka)ij :KOilmEjlm , (343)
(cp)" =107, (34b)

(ko) = ethmeird ckmpa. (34c)
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This is the same kind of decomposition used for the kr tensor in the photon sector of the SME
[2], but here applied to a different object, whose symmetry properties are the same. Due to the
symmetries of k***, one can see that «j, and k. are symmetric matrices by definition.

Recalling the definition of the dual electromagnetic field tensor (14), together with the rela-
tions between the covariant tensors and the vectorial fields E and B,

FiO— gl Fii — _¢iikgk Fi0 — _pi fij — _iikpk (35)

we can cast Eq. (31) as
eff _ 1o ooy, 1 2 T
E(l) = 3 (E —B ) + EE [2C1Ka + (4Kb — Kak, )] -E

1 1
+E- |:cl (2Kb — EKC) + §C2Kal€c — 2cz/<b/<ai| -B

1 T L
— EBo 2c1kq — C2ky Ka + ZCZKC -B. (36)

It is instructive to compare this with the similar terms present in the SME,

E}g?%)tEon = % <E2—B2) + %E'KDE -E4+E-«kpp-B— %B'KHB -B. 37
We see that different combinations of «,, kp and k. contribute to the coefficients kpg, kpp and
KHB-

To simplify the analysis, we will first look at the first order terms in (36), which are naturally
the dominant ones. In this approximation, we see that the «, coefficients are responsible for
generating kpg and kg p terms, while the combination 2« — %/{C contributes with a kpp term,
according to the correspondence

KDE =KHB = 2C1Kq , (38a)
1
KpB =C1 <2Kb - 5/&) , (38b)

where we used the fact that both «;, and «, are symmetric matrices. We also recall that the LV
coefficients in Eq. (37) can be rewritten in terms of CPT even and odd parts as follows [2],

1 1 1
(Ket) = 3 (kpE +KkHB) , (Kew) = 3 (kpg —KHB) — gtrKDEs (39a)
1 1
(kox) = 3 (kpp T KkHE) = 3 (KDB :FKEB> , (39b)
Ko = gtrKDE, (39¢)

where «, and k, are CPT even and odd coefficients, respectively. In the photon sector of the
SME, the CPT even coefficient k% * is assumed to have vanishing double trace (k)" ., =0,
since any non-vanishing value for (xz)"" wv could be reabsorbed in a normalization of the usual
kinetic term; this leads to the vanishing trace of the combination kpg + kg g, which amounts to
trkpg = —trk g p. For the specific case of our model, in the currently considered approximation,
the correspondence given in Eq. (38) means that any non-vanishing trace of «, should lead to no
observable effect in the photon sector, and therefore we will assume trk, = 0 for the moment.
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Applying the decomposition given in Eq. (39) for the effective LV coefficients generated in
our model, according to Eq. (38), leads to

(Ke—i-) =2C1Kkq, (Ke—) =0, ke =0, (40)
(ko+) =0, (ko—) =1 <2Kb - %Kc) . (41)

Therefore, we have generated non-vanishing coefficients x4 and «,_, which are responsible for
birefringence effects in the propagation of light in vacuum and, as a consequence, have very
strong experimental constraints: typical bounds are of order 10737 from astrophysical observa-
tions, and 10~1° from laser interferometry [25]. We stress, however, that translating these bounds
on k.4 and k,_ to precise bounds on k, and k; + «. should take into account the mass of the
integrated fermion, the coupling constant g and, most importantly, the renormalization constant
r1. Assuming r; to be of order one, we can state the estimate

1
mgk, < 10737, mg <2/<b — EKC) < 10737, (42)

for the dimensionless combinations of fermion mass, coupling constant and the LV parameters.
For the electron mass of order 10~* GeV, that amounts to constraints of order 10733 GeV~! to
the corresponding coefficients in H 1(;)” vap , according to Eq. (3), while for the proton mass of
order 1 GeV, the bounds would of order 10737 GevV—1.

Now taking into account the second order terms, the correspondence (38) changes to

KDE =2C1kq + 2 (4/{5 — KaI(aT) , (43a)
1 (o)
kpg=ci | 2kp — EKC + ?KaKc — 2c2KpKg (43b)
T )
KHB = 2C1Kq — C2K,; Kq + ZKC s (43¢)

The new aspects arising from the second order contributions are that now the condition of zero
trace of x, is not enough to ensure that kpg + kgp is traceless, and in general we will have
ks # 0. Also, the non-birefringent coefficients k. and x,+ acquire non-vanishing values, which
are second order in k,, kp and k.. Typical experimental constraints for these non-birefringent
coefficients are of order 10~'8 from astrophysics, and 1013 from laser interferometry [25], but
from these we will not try to infer new constraints on the LV coefficients since they apply to
second-order combinations of «,, k, and k., and therefore could provide at the best very modest
constraints.

4. Covariant dispersion relations: the minimal case

To fully unveil the birefringence effects resulting from the minimal LV model defined in
Eq. (31), we calculate the dispersion relations using the formalism presented in [11]. The general
idea is to use a plane wave ansatz A, (x) = A, (p) e~iPX and write the covariant equations of
motion for the electromagnetic potential in the absence of sources in the form

M"" (p) A, (p)=0. (44)

For a LV Lagrangian of the general form we will be interested in,
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L= —%FWFW - %FM (kF)""*? Fup (45)
the matrix M assumes the explicit form

MH" = 2)A(lwvﬂpapﬁ ) (46)
where

X;wzvﬂ _ % (nuvnaﬂ . n/mnvﬁ) + (leF);wwﬁ ) (47)

Gauge symmetry implies that M*" p,, = 0, so that Eq. (44) always have the trivial, pure gauge
solution A, ~ p,,. This leads to the conclusion that det M = 0, so M has null spaces, i.e., its rank
is smaller than its dimension. By carefully studying the null space structure of M, using exterior
algebra tools, an explicit, covariant form for the dispersion relation can be shown to be [11]

S WIM2VIPL 5 V202033 5 PAIA4VIVE
€pipan3pa€vivavavg Pp1 Ppa Po3 Poa X X X =0. (48)

This equation can be applied for our model, after the proper identification of the coefficient
(/2 F)“ avp generated in the photon sector by the radiative corrections, which, in the minimal case,
is given by Eq. (33).

We will perform the calculation of the dispersion relation for a particular case. Taking into
account the decomposition (34), we set k, = k. = 0, and take «, as the antisymmetric matrix

0 K3 —k?
ko= | —«3 0 K! , (49)
k2 —k! 0

so that the LV is parametrized by a vector k = (Kl, K2, K3). By expanding the expression (48)

with this particular choice of k, we find a second order polynomial equation in ( po)?, which can
be solved to find

©+VE
6 (cok? — 1)2 — 8ck2

(po)? = (50)

where
® = 6p° + K2p? (6c§k2 +8¢% — 12@)
+(p x k) (—12c§ (k2)2 + 1262k + 16¢2,k? — 48c%) . 65D
and
E= {3 (1 - csz) [2p2 + 42K (p x k)% — 2c2k2p2]
+4c [4 0 x 1 (c2k* = 3) + 2K%p? }2
+4 (3 (czk2 - 1) 2 4C%k2) (462 (p xk)? — Pz)
x [3 (c2k2 - 1) <C2 (k-p)? — p2) — 43 (k- p)2] . (52)

One may verify that the usual result ( po)2 = (p)2 is obtained when x — 0. In the general case
in which E # 0, equation (50) exhibits the expected birefringence in the model, as predicted in
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the previous section. The propagation of light signals in this theory is also anisotropic, since the
phase velocity contains terms which depend on the relative orientation of p and k.

One interesting question that can be addressed with this result is the causality of the wave
propagation. We can obtain from Eq. (50) the phase, group, and front velocity for electromagnetic
waves, by means of

0 d 0
14 .
Uphase = ~—» Vgroup = —; - » Ufront = lim Uphase » (53)
p| dlpl Ip|— o0

and we say causality is ensured at the classical level if vgroup < 1 and vront < 1 [27]. We consider
the dispersion relation for two particular cases, namely, waves propagating in the same direction
as k, as well as in a perpendicular direction. To simplify the resulting expressions, we consider
that the LV parameters are very small, and so expand the results up to the second order in |k|.
We also verify that, in our case, the equality vVphase = Vgroup = Vfront holds for every case.

For p parallel to k, we choose, without loss of generality, p = (p, 0,0) and k = («, 0, 0), and
we obtain,

2
J3

as for the case of p perpendicular to k, we choose p = (p, 0, 0) and k = (0, 0, k), thus obtaining

2
Vgroup = 1 £ K|C1|+§KZC]2+O(K3) (for p || K) , (54)

1
vgroup = 1 + 2k <2c% + )2c% + 3czD +0 (K3) (forp LK) . (55)

We conclude that for the parallel case, one of the polarizations is generally non-causal, while for
the perpendicular case, if ¢ < 0, we can ensure that both polarizations are causal, otherwise one
of them will violate causality.

5. The induced non minimal LV sector

We now study the non minimal LV terms induced in the photon sector, corresponding to the
ones proportional to r3 and r4 in Eq. (22): both contribute to the non minimal kr term in the
SME [11],

1.
LsME D — Zk‘;iﬂ”" FupFpo . (56)

These terms are expected to be subdominant, so we will provide a more simplified discussion,
in order to provide insight into the kind of effects that could be generated at this level, yet point-
ing out that a more complete discussion, including for example higher loop orders, would be
necessary in order to provide conclusive results.

For simplicity, we will consider the two non-minimal terms separately, starting with

1
e = =7 (FuF* + 3k upo kP FPOOF ) . (57)
With the identification
]2‘;‘:/3'017 — —C3KHW)JKMVQ'B[72 , (58)

where the «#"?? tensor is decomposed according to Eq. (34), and using the standard definitions
for the non minimal coefficients Kpg, Kpg and Ky,
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(kpp)'* =k ekim, (59)

(Rpe)’* = —2&%% (59b)
. 1 .

(kup)* = Eeﬂmekpq;e;’"f’q , (59¢)

one obtains directly

ik
N \jk 1 /
(KDE)j = —4c§ <Kb2 — ZKQKZ> p2 s (60a)
N ik 2 T 1 2 7 2
(KHB)J =c3 (Ka Kg — ZKC> P, (60b)
” jk 2, T 1 7k 2
(KDB) =2c5 | K, kp — ZKaKC p-. (60c)

From this result, one can use the non minimal generalization of Eq. (39) to calculate the coef-
ficients K4, Ko+ and ky+ [11]. Instead of quoting the exact expressions, we comment on their
general features. First, the trace components K+ are generically nonzero, in the sense there is
not a simple condition on «, kj Or k. that can ensure k- = 0, as in the first order, minimal term
analyzed in Sec. 3. Second, we notice that k. ~ Kpg + K p is nonzero whenever any of the «,,
Kkp Or k. is nonzero (except for very specific values in which their contribution to k.4 cancel),
and since the k. is associated with birefringence, we can state that birefringence is a generic
feature of this model. The other birefringent coefficient, £,—, can only be nonzero if both «, and
K¢, Of kg and kp,, are nonzero.
Next, we consider the remaining non minimal term, as in

1
ﬁg)f =72 (FuuF’w + C4Kuvpakkwﬁaquaa)»Fwﬁ) ’ 61

and the identification with the SME 127:’3 P9 coefficient now reads
12‘;/3'00 = —c4k"" i, aﬁpﬂp’\ . (62)

The calculation of the corresponding kpg, Kpp and kg p is more involved in this case, but can
also be carried out directly. We will not quote the cumbersome expressions that result, but we
comment that birefringence is also a generic consequence of the Lagrangian in Eq. (61).

We can gain more insight into wave propagation in this model with the help of the covariant
dispersion given in Eq. (48), where now, we use

Iegcmﬁ __ (CgKuvpaKMUaﬁPZ + C4KMWMKM af pup)t> ) (63)

As before, we select a particular case to show what kind of physical effects we can expect in this
model. Again we consider k;, = k. = 0 and k, given as in Eq. (49). Expanding the dispersion
relation in Eq. (48) we obtain an eighth order polynomial in p°, whose solutions can be found in
explicit form with a computer algebra system such as Mathematica. The independent solutions
are

( p0>i —p?, (64a)

<p0)2 _Itak p)’

) 64b
b c3 k2 ( )
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( 0)2 1+ c3k?p? + 2¢4 (p x k)?
p’) = . :
c c3k

We find therefore three modes for electromagnetic wave propagation, one being completely
independent of the LV background, corresponding to the usual wave propagation in Maxwell
electrodynamics. The other two modes are inherently Lorentz violating, in the sense they do not
possess a smooth limit when k — 0, the corresponding poles in the complex p° plane going to
infinity in this limit.

For the first LV mode, ( po) »» We calculate the phase, group and front velocity, for the parallel
case (i.e., p=(p,0,0) and k = («, 0, 0)) as well as for the perpendicular case (i.e. p = (p, 0, 0)
and k = (0, 0, k). The results are

(64¢)

1 -1
Uphase =,/ 1 + Wa Ugroup = (vPhase) s Uront =1 (for p || K) , (65)
and
1

Uphase = —=——=—= = Ufyont» Vgroup =0
phase group
Ve pie?

Despite ( po) » Propagating with vphase > 1 in the parallel direction to k, this mode does not vio-
late causality because both vgroup and vone are less or equal to one. In the perpendicular direction,
( po) » 18 actually independent of p, so even if classically we can say causality is preserved since
Uphase = Vfront < 1, it is hard to imagine that a consistent quantum interpretation can be made for
this mode. As for the second LV mode, ( po)c, proceeding as before we obtain the same results

(forp LK) . (66)

as for (po)c in the case p || k. However, for p L k we have

C4 1 C4
Uphase =,/ 1 + 2; + W, Vfront =, /1 + 25, (67)

Vgroup = S (forp LK), (68)

corresponding to non-causal wave propagation. We conclude that the non-minimal piece of the
Lorentz violating model has unphysical modes, which is a general feature of the non-minimal
SME extensions [11,12] (see for example [13] for a detailed discussion of dimension six op-
erators). From the phenomenological viewpoint, understanding these models as effective field
theories, one can say that these unphysical modes are not expected to appear in low energy
experiments, but a deeper theoretical investigation about them is a non trivial and interesting
problem.

6. Conclusions and perspectives

We considered the quantum impacts of a dimension-five pseudotensor Lorentz-breaking
spinor-vector coupling, by calculating the one loop contributions to the two-point function of the
gauge field. These corrections turned out to be divergent, thus requiring the introduction of the
corresponding counterterms in the purely gauge sector in order to eliminate these divergences.
Therefore, the problem of studying the new extended LV Maxwell theory naturally arose. For
this theory, we obtained the dispersion relations and found different modes of wave propagation,
with only some of them being consistent with regard to the causality requirement. We found also
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that the birefringence is a general feature in our resulting model, and from it some constraints on
the LV parameter could in principle be imposed.

The mechanism presented in this, as well as in other works in the literature [4-7,9,26], involv-
ing Lorentz violating terms in the photon sector of the SME arising as perturbative corrections
originated from Lorentz violating couplings in other sectors, could lead to the translation of the
very stringent bounds found in the photon sector to these original couplings. Unfortunately, this
perturbative corrections rarely appear without some degree of uncertainty, due to ambiguities in
the calculation of Feynman diagrams, or to the renormalization procedure itself, as we discussed
in this work. This is certainly a subject that deserves further study.

Further continuation of our study could also consist in a deeper discussion of the impacts of
the higher-derivative terms generated by the pseudotensor coupling. The most interesting issue
would be the investigation of their influence on the unitarity of the theory. This question was
discussed for other non minimal couplings such as in [24], and more recently unitarity in the
presence of a Lorentz violating three-derivative term appeared in [28,29], so, performing a similar
analysis for the four-derivative term would be an interesting problem.
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