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ABSTRACT 

The p l e a s a n t  i n c i d e n c e  p r o p e r t i e s  o f  t h e  f i n i t e  p r o j e c t i v e  g e o m e t r y  P O ( m , 2 )  a r e  i n v o k e d  i n  

o r d e r  t o  h a n d l e  n i c e l y  c e r t a i n  o o m m u t a t t v i t y / a n t l - o o m m u t a t t v i t y  a s p e c t s  o f  t h e  r e a l  

Clifford algebras Cl(0,d), d = [PG(m,2)I= 2 m+l - I , m = 2,3 .... 

l~Introduotlon 

As in [i],[2] we deal with an irreducible representation of Cl(0,d), d = 2 m+1 - I, 

(m ~ 2), in which the operators FI, F2 ..... Fd satisfy 

(rp) 2 = -I , rprq = -rqrp, p # q , (1.1) 

and 

T~T2 , , .  Fd = + I .  ( 1 , 2 )  

L e t  S = { 1 , 2  . . . . .  d } .  T h e n  f o r  e a c h  a e P ( S ) ( =  p o w e r  s e t  o f  S)  we c a n  d e f i n e  a n  

a s s o c i a t e d  e l e m e n t  F(a) i n  o u r  r e p r e s e n t a t i o n .  F o r  e x a m p l e  i f  a = { 2 , 3 , 7 , 8 }  t h e n  

r(a) = Fzr~r~ro . 0f course F({p}) = rp . It follows from (1.1),(1.2) that 

r(~)r(~) = , r (~a~) , r ( s )  = + I  ( I .3)  

w h e r e  c ~ )  d e n o t e s  t h e  s y m m e t r i c  d i f f e r e n c e  o f  t h e  s u b s e t s  a , ~  o f  S .  U s i n g  A a s  

a d d i t i o n ,  o b s e r v e  t h a t  P ( S )  i s  a v e c t o r  s p a c e ,  o f  d i m e n s i o n  d ,  o v e r  t h e  f i e l d  F= = { 0 , 1 )  

o f  o r d e r  2 .  I n  p a r t i c u l a r  aA~  = ~ (= t h e  z e r o  v e c t o r  o f  P ( S ) ) .  Wha t  i s  m o r e ,  n o t i n g  

t h a t  c~ ( / ]A~)  = (o/3~)A(cdl~)  , we s e e  t h a t  ( P ( S ) , A , n )  i s  a F 2 - a l g e b r a  h a v i n g  S a s  1 

( s i n c e  aRS = a ) .  

Let  us now i n t e r p r e t  S as the se t  o f  p o i n t s  o f  a f i n i t e  p r o j e c t i v e  geomet ry  PG(m,2) , 

o f  ( p r o j e c t i v e )  d imens ion m over  F2. Because o f  the  p e c u l i a r  n a t u r e  o f  F2, i n  wh ich  

A ~ 0 i m p l i e s  A = I , we may v i e w  S as c o n s i s t i n g  o f  the  nonzero V e c t o r s  o f  a v e c t o r  

space V o f  d imens ion  m+l ove r  Fz, t h r e e  d i s t i n c t  p o i n t s  p , q , r  o f  S be ing  c o l l t n e a r  

i f  and o n l y  i t  p+q+r = 0 . Now JV[ = 2=*~ , and so iS[ = 2m. 1 - Z = d , as announced 

above. Le t  Sr denote ,  f o r  r = 0,1 . . . . .  m, the  se t  o f  a l l  the  r - f l a t s  o f  PG(m,2),  and 

l e t  Cr denote t h a t  v e c t o r  subspace o f  P(S) wh ich  i s  spanned by the  complements o f  the  

r-flats: 

(1.4) 

c o n s i s t i n g  o f  a l l  t h e  e v e n  Observe t h a t  Co c o i n c i d e s  w i t h  the  subspace B(S) o f  P(S) 

s u b s e t s  o f  S:  

co  = E ( s )  = ( ~ e p ( s )  : I ~ l e z Z )  • 

Since ¢c = -AS , we have P(S) = C== ~S• . In  p a r t i c u l a r  

( 1 . s )  

d im Co = d - 1 .  ( C a u t i o n :  

i n  [ 1 ] , [ 2 ]  we v i e w e d  Co s l i g h t l y  d i f f e r e n t l y ,  a s  t h e  q u o t i e n t  P ( S ) / ~ S ~  , a n d  u s e d  

m u l t t p l i c a t t v e  n o t a t i o n ,  w i t h  Co i s o m o r p h i c  t o  t h e  e l e m e n t a r y  a b e l l a n  g r o u p  ( Z 2 ) d ' ~ . )  

527 



2. Some abellan results 

Denote by F(S) the F2-vector space consisting of all the forms on S (i.e. all the 

functions S~F2). For r>0 , let Fr = Fr(S) denote the vector subspace of F(S) 

consisting of all the forms of degree r. Thus F~ Is spanned by forms of the kind 

flf= ... f~ where each fl is a llnear form, arising (by restriction to S) from an 

element of the dual space V ffi L(V,F2). For feF(S) we define ~(f)eP(S) by 

~ ( f )  = {pGS : f ( p )  = I }  . ( 2 . 1 )  

LZK~A A The m a p p i n g  ~ : f ~ ~ ( f )  y i e l d s  an  i s o m o r p h i s m  

(F(S), + , • , 0 , I) ~ (P(S), a , n , ~ , S) (2.2) 

of F2-algebras. (In the algebra F(S) the multiplication is polntwlse multlplication of 

forms, and 0, I denote the forms taking the constant values 0, I respectively.) Upon 

restriction the algebra isomorphism ~ yields the isomorphlsms of F2-vector spaces 

Fr ~ C m - r  , r ffi 0,1 . . . . .  m, ( 2 .3 )  

(where,  f o r  conven ience ,  we d e f i n e  Fo t o  be ( 0 ) ) .  

f2 = f, fag4h2 = f g h ,  etc., and  

( 2 . 4 )  

(2.~) 

A l t e r n a t i v e l y  the i n c l u s i o n s  

,m-l, the 

Now, on account of the peculiar nature of F2, we have 

c o n s e q u e n t l y  we h a v e  t h e  n e s t i n g  

F(S) ~ Fm ~ Fm-~ ~ ." ~ Fo = (0) , 

and also the equalltles 

Fr = F(S) , for r > m . 

From (2.3), (2.4) we obtain immedlately the next 1emma. 

C¢ ~ Cr+i follow from theorem 2.3 of [1], and the fact that, for r = 0,I .... 

£ncluslon is proper follows, for example, from (2.7) below. 

LBZZA B E(S) = Co ~ CI D ... D Cm = (~) . (2.6) 

THBOR~ C For r = 1,2 .... ,m there exists a unique linear isomorphism 
^ 

~ r  : ^rV ~ Cm-~/Cm-r+~ ( 2 . 7 )  

such that, for arbitrary fl ..... freV , 

~r(fI^ , . .  Afr) ffi f l ( f l ) n  . . .  n f l ( f r )  mod Cm-r÷ I . ( 2 . 8 )  

By i n v e r t i n g  t h e  i s o m o r p h i s m  ~ m # * - r  a nd  u s i n g  t h e  p r o p e r t i e s  o f  t h e  ( u n i q u e ,  o v e r  F2)  

P o t n c a r ~  i s o m o r p h i s m  ^m+~- r  ~ ~ ^ r  V we o b t a i n  a l s o  t h e  n e x t  t h e o r e m .  

THBOREM D F o r  r = 1 , 2  . . . . .  m t h e r e  e x i s t s  a u n i q u e  l i n e a r  s u r J e c t i o n  

@r : Cr-~ * ^rV 

such that 

which are spanned by 

Cr-1 on to the whole 

ker ~r = Cr , and we have the linear isomorphism 

C r - i / C r  Z ArV , r = 1 . . . . .  m . ( 2 . 9 )  

@¢(Join(vl ..... v~)~) = el^ ...^v~ 

h o l d s  w h e n e v e r  v t ,  . . .  , Vr a r e  l n d e p e - d c . L  p o i n t s  o f  S, 

(Thus the usual PlUcker map, from Sr-~ on to those rays of ^rV 

decomposable r-vectors, "extends" to a linear map from the whole of 

of ^rV .) Moreover 
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Convenient bases for the subspaces Cr can be displayed In terms of the faces of a chosen 

Simplex of reference for PG(m,2). Let ~, denote the set of s-faces of the simplex and 

let C, = {~c : ~e~,}. By appealing to standard bases in the exterior algebra ^V, o r  

otherwise, one obtains the next lemma. 

LEMM* E C=., UC=-2 U . . .  U~r i s  a b a s i s  f o r  Cr • Consequen t l y  
m+l. m+l m+l 

dim Cr = ( i ) * ( 2 ) + ''' + (m-r) ' (2.10) 

Finally, recalling that ^rV is known to be irreducible under the natural action of GL(V) 

GL(m+I; F=), the leomorphlsm (2.9) yields the following result. 

2REOK~M F Under the natural action of GL(V), the subspace chain (2.6) is a composition 

s e r i e s .  

REMARK I f  m = 3 then,  by ( 2 . 1 0 ) ,  dim C1 = 10 . As d e s c r i b e d  i n  [ 1 ] ,  the  21o = 1024 

figures of Ci fall into seven GL(4;F2)-orbits. At the tlme of wrltlng the paper [1] 

the author was not aware of the isomorphlems (2.3), and so did not see the tle-up with the 

classlflcatlon of quadrles In PG(3,2), as given In Tables 15.4 and 15.9 of [3]. 

Similarly, in the case m=4, the classification in [2] of the 2 ts = 32,768 figures of Ct 

into eight GL(S;F2)-orhlts tles in, via the isomorphism F2 ~ Ca , with the classiflcatlon 

of quadrlce in PG(4,2). For example, each 153 figure, see [2], in C2 Is a non- 

degenerate quadrlo whose equatlon can be taken to be xlx2 + x3x4 = (xs) 2 , and one finds 

that there are 13,888 such quadrlcs in PG(4,2), in agreement with equation (4.10) in [2]. 

~. Some Clifford algebra consequences 

Loosely speaking, we now deal wlth m-dimensional projective geometry In which the "points" 

rp anticommute. The chief llnk-up of the incidence properties of PG(m,2) wlth commuta- 

tlvlty/anti-oommutatlvlty properties of Cl(O,d) is by way of the next lemma. The first 

Part of thls lemma follows from (1.I), (1.2) upon using the fact that a projective 

subepace has an odd number of points. 

L_LEMM* G If ~eSr , ~S, , with r Z 0 , s Z 0 , then 

r(~)r(a), if ~ meets 
r(~)r(~) = (3.1) 

[r(D)r(~), i f  a i s  skew t o  

Also, for r Z I , we have r(~) 2 = +I . 

For r = 0,1 ..... m we shall be interested in the finite groups 

Gr = ~ ± r(~) : ~eSr > . (3.2) 

For r E 1 , Gr is a proper subgroup of the finite group Go generated by the rp. This 

g r o u p  i s  o f  o r d e r  2 d ,  a n d  i s  i s o m o r p h i c  t o  t h e  " e v e n  D l r a c  g r o u p "  c o f l s t s t l n g  o f  p r o d u c t s  

o f  a n  e v e n  n u m b e r  o f  e l e m e n t s  d r a w n  f r o m  a u s u a l  o r t h o n o r m a l  s e t  ( e ,  . . . . .  e a }  o f  v e c t o r s  

g e n e r a t i n g  C l ( O , d ) ,  C l e a r l y  

G r / {  ± I }  ~ Cr . ( 3 . 3 )  

( I n c i d e n t a l l y ,  t h e  f a c t  t h a t  t h e  c o m m u t a t o r  s u b g r o u p ,  F r a t t l n l  s u b g r o u p  a n d  c e n t r e  o f  Go 

are all equal to (± I) means that 0o is an extra-speclal 2-group; see for example [4], 
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w h e r e  f u r t h e r  r e f e r e n c e s  c a n  b e  f o u n d . )  C o n s e q u e n t l y ,  f r o m  lemma B, we h a v e  t h e  s u b g r o u p  

c h a i n  

Go ~ G~ ~ . . .  ~ Gm = (±  I }  . ( 3 . 4 )  

L E n A  H F o r  r = 0 , Z  . . . . .  m, Gr l i e s  i n s i d e  t h e  c e n t r a l i z e r  o f  e m - r  w i t h i n  Go.  

T h i s  f o l l o w s  f r o m  lemma G, s i n c e  e a c h  r - f l a t  m e e t s  e v e r y  ( m - r ) - f l a t .  H o w e v e r ,  lemma H 

c a n  b e  s t r e n g t h e n e d  a s  i n  t h e  n e x t  t h e o r e m  w h i c h ,  a s  p o i n t e d  o u t  i n  s e c t i o n  VI o f  [ 1 ] ,  i s  

a f a i r ] y  e a s y  c o n s e q u e n c e  o f  t h e o r e m  F a n d  lemma H. ( I n  [ 1 ]  o u r  p r e s e n t  t h e o r e m  F 

a p p e a r e d  o n l y  a s  a c o n j e c t u r e . )  

T ~ E o ~  I F o r  r = 0 , 1  . . . . .  m, Gr iS  t h e  f u l ~  c e n t r a l i z e r  o f  Gm-r w i t h i n  Go. 

CO~OLLX~Y J I f  m = 2~ i s  e v e n ,  t h e n  G~ i s  a m a x i m a l  a b e l J a n  n o r m a l  s u b g r o u p  o f  Go.  

I~LUST~ATZOS I n  t h e  c a s e  m = 4 ,  i . e .  C l ( 0 , 3 1 ) ,  a m a x i m a l  a b e l i a n  n o r m a l  s u b g r o u p  o f  Go 

i s  G2 ~ {± I )  x K2,  w h e r e  K2 ~ C2.  A p o s s i b l e  c h o i c e  o f  f l f t e e n  i n d e p e n d e n t  g e n e r a t o r s  

o f  Kz I s  a c c o r d i n g l y ,  b y  lemma E, t h e  s e t  ( r ( a )  : a e ~  U ~=} a s s o c i a t e d  w i t h  t h e  t e n  

2 - f a c e s  a n d  f i v e  S - f a c e s  o f  t h e  c h o s e n  s i m p l e x  o f  r e f e r e n c e  f o r  P G ( 4 , 2 ) .  The 2 zs s e t s  o f  

s i m u l t a n e o u s  e t g e n v a l u e s  (± 1 . . . . .  ± 1)  o f  t h e  f i f t e e n  m u t u a l l y  c o m m u t i n g  i n v o l u t i o n s  

r ( a )  w i l l  l a b e l  t h e  2 zs = 3 2 , 7 6 8  l i n e a r l y  i n d e p e n d e n t  s p i n o r  s t a t e s  o f  o u r  i r r e d u c i b l e  

r e p r e s e n t a t i o n  o f  C 1 ( 0 , 3 1 ) .  

L~XMA K L e t  a , ~  d e n o t e  a r b i t r a r y  s u b s e t s  o f  S .  Then  

I )  r ( a )  2 = ( - I )  q ( a J , "  w h e r e  q ( a )  = ~ ] a l ( ] a  ] + I )  * 2Z,  

i l )  r ( a ) r ( ~ )  = e ( a , ~ ) r ( ~ ) r ( a )  , w h e r e  e ( a , ~ )  = ( - l ) v ~ , ~  ~, w i t h  b ( a , p )  = rafSpl + [ a ~  

+ 2Z e Z / 2 Z  = F2 • 

i l l )  b ( . , . )  i s  a n  a l t e r n a t i n g  b l l l n e a r  f o r m  on  P ( S ) ,  

LBmXA L L e t  bo d e n o t e  t h e  r e s t r i c t i o n  o f  b t o  Co x Co (So b o ( a , ~ )  = [ a ~ [  + 2 Z . )  

Then  bo i s  a n o n - d e g e n e r a t e  s c a l a r  p r o d u c t  on  Co a n d ,  w i t h i n  Co,  Cr i s  t h e  o r t h o g o n a l  

subspaee to C ~ - r  : 

C~ = (Cm-~) ± ,  r = 0 , I  . . . . .  m . ( 3 . 5 )  

The e q u a l i t y  ( 3 . 5 )  f o l l o w s  b y  d i m e n s i o n s  ( lemma E ) ,  a f t e r  n o t i n g  t h a t  we h a v e  t h e  

inclusion Cr ~ ( C = - r )  1 (because each r-flat meets every (m-r)-flat). 

REMARK Since bo(a,~) = 0 if and only if £(a) commutes with r(p), observe that (3.5) 

provides us with a second proof of the full centralizer property of theorem I. 
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