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We consider the longitudinal instabilities of a bunched beam subject to a non-harmonic rf potential.
Assuming the unperturbed bunch to be described by a Maxwell-Boltzmann distribution, our treatment
is based upon the linearized Vlasov equation. The formalism developed is exact, and in particular,
correctly describes the effect of the dependence on amplitude of the synchrotron oscillation frequency.
We discuss the fast blowup limit, and extend Wang and Pellegrini’s treatment of the microwave
instability to include the case of a non-Gaussian bunch. Next, within the short-bunch approximation,
we determine the Landau damping of coupled-bunch oscillations that results from the use of a
higher-harmonic (Landau) cavity.

I. INTRODUCTION

We consider a beam bunched by a non-harmonic rf potential and discuss the
longitudinal coherent instabilities™* resulting from the interaction of the beam
with the impedance of the storage ring. Assuming the unperturbed bunch to be
described by a Maxwell-Boltzmann distribution,®> we base our calculations upon
the linearized Vlasov equation. The amplitude dependence of the synchrotron-
oscillation frequency is taken into account by the use of action-angle variables,*
and we derive an infinite set of linear homogeneous equations describing the
coherent oscillations. These equations are used to extend Wang and Pellegrini’s®
treatment of the microwave instability to include non-Gaussian bunches. The
Boussard criterion® for stability is derived, having the form of a coasting-beam
stability condition, except that the average current of the coasting beam is
replaced by the peak current of the bunch.

In general, the equations describing the coherent oscillations cannot be solved
analytically, but these equations do become tractable in certain asymptotic limits.
In the treatment of the microwave instability, we consider modes whose growth
times are short compared with the synchrotron-oscillation period (fast blowup).
The wavelengths of the perturbing electromagnetic fields are assumed to be short
compared to the bunch length and the high frequency impedance is supposed to
have a bandwidth large compared with the inverse bunch length. Eigenmodes are
found that correspond to line-charge density modulations taking place within a
small portion of the bunch, having dimension much shorter than the bunch length.
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The growth rate of an eigenmode is proportional to the line-charge density of the
bunch at the location where the coherent oscillation corresponding to the mode is
centered. Thus, the fastest-growing modes have growth rates proportional to the
peak current of the bunch.

In contrast to the case just discussed, a resonant impedance having narrow
bandwidth can result in coupled-bunch instabilities with growth rates proportional
to the average current in the ring. As a soluble example, we consider the idealized
case of a multibunch mode driven by the impedance Z,, only for n = n,. In this
case, the dispersion relation describing the coherent oscillations is determined
from a single diagonal matrix element, corresponding to the revolution mode n,
rather than from an infinite determinant. Analytic results are obtainable yielding
insight into the behavior of instabilities due to more general resonant impedances.

Assuming the impedance Z, to be negligible for n > 1/L, where L is the bunch
length in radians, a perturbation expansion’ can be developed in the limit when
the bunch length is short compared with the wavelength of the perturbing
electromagnetic fields. Keeping terms only up to a given order in the small
parameter, bunch length divided by wavelength, the infinite set of linear equations
describing the coherent oscillations becomes of finite rank. Therefore, the infinite
set can be replaced by a finite set of linear equations and the dispersion relation is
derived from the vanishing of a determinant of finite dimensions. An interesting
application of this short-bunch approximation is the derivation of the dispersion
relation describing the Landau damping of coupled-bunch instabilities resulting
from the use of a higher-harmonic (Landau) cavity.®

Our paper is organized as follows: In Section II, we discuss the nonlinear
synchrotron oscillations resulting from a non-harmonic rf potential in the absence
of the ring impedance. Then, in Section III, we take the impedance into account
by using the linearized Vlasov equation, and we derive Egs. (3.25)—(3.27) which
describe the coherent oscillations. In the remainder of the paper, these equations
are studied in special limits amenable to analytic approximation.

In Section IV, we show how our equations simplify in the fast-blowup limit
when the growth rate is faster than the synchrotron-oscillation frequency and in
Section V, we discuss the microwave instability. At the end of this section, we
comment on the work of Messerschmid and Month.® The idealized case for which
Z, is negligible except for n = +£n, is considered in Section VI, and in Section VII
we derive the short-bunch expansion and discuss its relation to the synchrotron
mode expansion.

In the final two sections, we illustrate the general formalism by studying two
concrete examples. In Section VIII, we present an overview of the longitudinal
instabilities of Gaussian bunches subject to a harmonic rf potential. Our emphasis
is on the behavior of long bunches having lengths greater than the wavelengths of
the perturbing electromagnetic fields. We exhibit the crossover between the
dominance of the synchrotron modes and the coasting-beam-like distortions of
the bunch distribution, which occurs as the real or imaginary part of the coherent
oscillation frequency becomes large compared with the synchrotron-oscillation
frequency.

In Section IX, we consider a potential comprised of the sum of a harmonic and
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a quartic term. Our discussion allows us to determine the Landau damping
resulting from the use of a Landau cavity.

II. EQUATIONS OF MOTION FOR SYNCHROTRON OSCILLATIONS

Consider a storage ring having a circumference 27R. To simplify our notation, we
shall assume that the energy of a circulating particle is large compared with its rest
mass, so its velocity is very close to the speed of light c¢. A particle is called
synchronous if the energy it gains at the rf cavity is equal to the energy it loses
during one revolution. We denote the energy of a synchronous particle by E, and
its angular velocity by w,=c¢/R. The azimuthal angular position of a circulating
particle relative to a stationary observer is denoted 6, where 6 is the instantaneous
value of the angular velocity. In writing the equations of motion, we measure the

azimuthal position ¢ and energy ¢ relative to a synchronous particle, i.e.

¢ =0-wot (2.1)
and

e=E—-E,. 2.2)

The equations of motion describing the synchrotron oscillations are
b=—""¢ (2.3)

¢ = ‘;% (V (&) + Vi(d, 1)), (2.4)

where e is the electric charge of the particle, « is the momentum compaction,
V,:(¢) is the rf potential and V;(¢, t) is the induced potential resulting from the
impedance of the storage ring.

The induced potential is due to a collective effect involving all the circulating
particles. In order to describe mathematically the induced potential, we introduce
the distribution function ¢(¢, ¢, t), normalized by

] dé d (b, b, 1) = Ne, (2.5)
where N is the total number of particles in the storage ring. The line charge
density A(¢, t) is related to ¢ by

A, 0= [ dbw(d, 4. @6)
Of particular interest to us is the determination of the conditions under which

there exists a coherent oscillation with frequency €). To be specific, we shall study
the conditions under which the line-charge density has the form

A, t) = po(d) + p(d)e ¥, (2.72)

giving rise to an induced potential

Vi(e, 1) = V() + Vi(d)e . (2.7b)
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Introducing the Fourier transform of p(¢) via

¢ e in

we express V;(¢) in terms of the impedance Z,(w) of the storage ring,

Vi($) =~ X, puZ, (o + Q)e™™. 2.9

By defining the Fourier transform p,, of py(¢) in a manner analogous to Eg.
(2.8), the time-independent piece of the induced potential is

Vo(d) =—w, Z Po,nzn("wo)ei"d)- (2.10)

From Eq. (2.4), it is clear that V(¢) corresponds to a distortion of the rf
potential V(¢), and consequently, gives rise to a change in the equilibrium
bunch shape. In this paper we shall ignore Vy(¢), and we shall suppose the
equilibrium bunch shape to be that given by the rf potential. Our attention shall
be focused on the coherent instabilities which can arise as a result of the induced
potential V;(¢) exp (—i€dt). Upon ignoring V,(¢), the equations of motion given
in Egs. (2.3) and (2.4) can be combined to yield

awo ewo

¢=—"7"7T-— — (V@) + Vi(@)e™ ). (2.11)

Neglecting the effect of V(¢) results in an over-estimate of the real frequency
shift.

It is useful to conmsider this equation of motion as being derived from a
Hamiltonian

H=1p>+U(4, 1), (2.12)

where p is the dynamical variable conjugate to ¢. Since,

b —ﬁl =p, (2.13a)
ap
. _Q-I U
p= Py 5 d> (2.13b)
and
. U
¢ = 5 ¢ (2.13¢)
we see that,
U(g, t) = Uy(¢) + Ui (o) exp (—i€dt), (2.14a)
with
_ oo e [
Uy(o) = E, 27 J V¢ (2.14b)
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and

b
awg ewg
() =220 &0 | Ty, 2.14
Ui(¢) E, 277] i (2.14¢)

For a harmonic rf potential, V,;(¢)= V¢, hence
Uo(¢) =30 ¢, (2.15)
with the harmonic synchrotron frequency w, given by

awgy ewg

E, 27

W= (2.16)
Note that if the harmonic potential is to be thought of as an approximatiop to the
sinusoidal potential, V sin (hd + @), then in Eq. (2.16), we have V =hV cos ¢,,
where ¢, is the synchronous phase.

Before treating the full Hamiltonian of Eq. (2.12), let us consider the Hamilto-

nian H,, describing the synchrotron oscillations in the absence of the impedance,
H,=3p*+ Ug(¢). (2.17)

Consider a Hamilton-Jacobi transformation from ¢, p to the new canonical
variables Q, P. The generating function W(¢, P) is determined by

1/0W\?
E(a%/) +Udd)=P, (2.18)
and
aw
P=%0 (P - Uq(o)))? (2.19)
_awW_ ¢ deo’
©= oP J (2(P—-Uy(d"))"?" (2.20)

The time dependence of the new variables Q, P result from the transformed
Hamiltonian Hy= P, hence

. 8H,
P=-—2= 2.2
30 0, (2.202)
and
Q= —aalp’l" =1, Q=t+Q,. (2.20b)

Let us suppose the rf potential is such that the synchrotron motion is periodic
with period T,(P), and angular frequency

o, (P) =27/T,(P). (2.21)

In this case of periodic motion, it is often useful to introduce the action-angle
variables'® 6, J. We define

1
J= oy § pdo, (2.22)
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where the integral is over one period of the motion. Using Egs. (2.19) and (2.13a)
in (2.22), we see that & 1

dP w,(P)’

In terms of the action-angle variables the transformed Hamiltonian is fIO =P()),
and

(2.23)

_0H,_
)

J= 0. (2.242)

. oH,

0=6—10=ws(]), 0 = w,(J)t+ 6. (2.24b)
From Eq. (2.24b), it follows that the change of 6 in one period is 2, independent
of J. This is in contrast to the behavior of the variable Q, which changes by T,(P)
in one period. Because the increment in 6 in one period is independent of J,
action-angle variables offer a significant advantage over the conjugate pair Q, P.

The solution of the equations of motion of the synchrotron oscillations,

corresponding to the Hamiltonian H, of Eq. (2.17), can be written

¢ = ¢0(J9 0)3 (2.25)

where ¢o(J, 0+27) = ¢(J, 6). Equation (2.25) will be of great use to us in the
following sections of this paper, when we study the effect of the induced potential.

Let us include here for later reference, some results valid for a symmetric
potential, Uy(d) = Uy(—¢). Denote the amplitude of the synchrotron oscillation
by

r= bmax; (2.26)
so Hy= Uy(r). Then,
J =% I dé2Uy(r)— Ug(d)))"?, (2.27)
and
27 ’ de
Tod) 28
.M w,(J) 4,[) 2(Uo(r)— Ug(d)) 2 (2.28)

The function ¢, of Eq. (2.25) is implicitly determined by
do'

(2(Us(n = Uq(M)'?

where r=r(J) is found as a function of J from Eq. (2.27).

b
0 =w,(J) I (2.29)

III. VLASOV EQUATION
The Vlasov equation for the distribution (p, @, t) can be written as

M )=
at+(¢:, H)=0, 3.1)
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where the Poisson-Bracket is defined by

_9YoH ayoH
_9%oH dyoH
T 903J oJ 06 (3.2b)

The equality between the expressions of (3.2a) and (3.2b) follows because the
Poisson—-Bracket is invariant under canonical transformations. Moreover, since ¢
and p are conjugate variables, their Poisson-Bracket is unity, so

dpdp d¢dp
= Sl A . 33
1= p) =037 ar a6 (3-3)
The right-hand side of Eq. (3.3) is the Jacobian a(¢, p)/a(6, J); therefore
dd dp=dedJ. 3.9

We shall first consider a single bunch, but at the end of this section we shall
show how the results carry over to the case of M equally spaced bunches all
having the same number of particles. Using action-angle variables, the full
Hamiltonian given in Eq. (2.12) can be written,

H = Hy(J)+ U(do(J, 0))e ", (3.5)

where ¢o(J, 0), defined in Eq. (2.25), describes the unperturbed motion existing in
the absence of the induced potential. We look for a solution of the Vlasov
equation (3.1) having the form

¥ = Yo()+ ¢ (J, 0)e ™. (3.6)

Here, ,(J) is the equilibrium bunch distribution, and ;(J, 8) exp (—i€}t) corres-
ponds to a coherent oscillation with frequency (.

As discussed in Section II, following Eq. (2.10), we have neglected the
potential-well distortion which would modify the time-independent part of the
distribution. The work in later sections of this paper will be based upon the
assumption that the equilibrium distribution has the Maxwell-Boltzmann? form

Po(J) = Ae ™DV, (3.7
In terms of the variables ¢ and p, this distribution can be written as
Po(p, ) = Ae P2~ Vol®)o? (3.8)

From Eq. (3.8) it is evident that o represents one standard deviation of the
distribution in p = ¢, i.e. o is the spread in revolution frequency among particles
in the bunch. Since from Eq. (2.3), ¢ = —awye/E,, it is evident that o is related to

the energy spread o, by aw,

o= o..
E,

3.9)
The constant A is determined from the normalization condition of Eq. (2.5),

Aa«/ZTI dpe Vo ®/o* = Ne, (3.10)
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To proceed with our study of the coherent instabilities induced by the beam
interacting with the impedance of the storage ring, we insert Egs. (3.5) and (3.6)
into the Vlasov equation (3.1), and linearize the result by dropping terms of
second order in ;. In this manner, we derive the linearized Vlasov equation

‘l’t %(Dwzo, (311)

—iQy; + o, (J)a 20

where we have defined
Yo(J) = dio/dJ. (3.12)
Using the definition of U; given in Eq. (2.14b), we obtain

aUi(¢o(J, 9)) _ ﬂa;% Qawg €wg

6¢o
20 ddo 00 B 2 V(¢O(J 0)) (3.13)

Now expressing V; in terms of the impedance via Eq. (2.9), and defining

_ %o €®o .14
27K E, 2 W, (3.14)
it follows that
aU; J, 0 d
—'(‘qg(g . ad;" L ouZy (ot Q). (3.15)

By using Eq. (3.15), we can rewrite the linearized Vlasov equation of Eq. (3.11)
as

i+ w0, (T) % = x(9), (3.16)

where x(6) = x(0+2x) is defined by

3¢o(-’ 0) Z 0

x(0) = —2mkH(J) ——— Z, (nwg+ Q) e -0, (3.17)

The first-order differential equation of Eq. (3.16) has the periodic solution

elQ(])O 2] \ —iowme ,
W0 = e L_z,, d6'e=OD (6, (3.18)
where
QW) =Q/w,(J). (3.19)

Note that Q(J) defined here is different from the quantity Q used in Section III.
Inserting the defining expression (3.17) for x(0) into (3.18) and making a change
of integration variable, we obtain

27k Pi) Z 0.7 J 0 ddo(J, 6+06") ei"¢0(1,b+e') QU

0.(0) T=e>moD &l | | 4875

¢, 0)= (3.20)



NON-HARMONIC RF POTENTIAL 117

where we use the shorthand notation,
Z,=Z,(nwy+ Q). (3.21)

Equation (3.20) has the important property that it expresses the perturbed
distribution ¢;(J, ) in terms of the Fourier coefficients p, of the perturbed
line-charge density. On the other hand, p(¢) is determined from the distribution

¥ by

o()= [ dowiio, @), (6.22)
as seen from Egs. (2.6), (2.7a) and (3.6). The Fourier components are given by
d .
pu= [ 22 e [ ap o, 9, (323)
T
which can be rewritten as an integral over action-angle variables using Eq. (3.4)
0 oo
P = 1 j dej dJ i, (J, 0)e b, (3.24)
2 —2r 0

Equation (3.24) expresses p, as a functional of ¢;(J, 6), hence using (3.24) and
(3.20), we can derive an infinite matrix equation determining the Fourier compo-
nents

Pm=2 TouPus (3.25)

where
Tmn = _KZnan, (326)
and

) ¥ o po
an =L d]ws(])(lo_ezmo(])) de do e QU)o

—2 —2T
1 @i (nBeJ.0+0)—mdb(1.0) w . 3.27)
20

After solving Eq. (3.25) for the Fourier coefficients p,, we can determine the
distribution ¢;(J, 6) from Eq. (3.20).

Equations (3.25)-(3.27) provide the basis for the discussions presented in the
rest of this paper. The coherent frequency (1 is fixed by the dispersion relation

det (8 — Trun () =0, (3.28)

where §,,,, represents the unit matrix. In general, analytic results cannot be found,
and one would have to proceed numerically. However, in the following sections,
we shall consider some special limiting cases for which analytic solutions are
obtainable.

Before going on to consider solutions of the equations, we first want to
conclude the present discussion by briefly noting how the results thus far obtained
carry over to the case of M equally spaced bunches each containing the same
number of particles. Let us label the bunches by [ =0, 1,2, ..., M—1, and specify
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¢ to be the phase relative to the center of the [=0 bunch. Denoting the
symmetric multibunch modes by s=0,1,2,..., M—1, the distribution function
for the Ith bunch in the sth mode is

05 6 0=0(6 - 22, ) + ey (62T e (329)
The full distribution,
woS e (3.30)
=0
is normalized by Eq. (2.5) to the total number of particles in the ring. Therefore,

the distribution ¢, in Eq. (3.29) is normalized to the number of particles in one
bunch. The linearized Vlasov equation for the | =0 bunch in the sth mode is

P ; awg ewo 61{/0
oy~ Us®) S 3R MVi@)

where we have suppressed the superscript “0” referring to the zeroth bunch. The
induced potential MV; is defined by

—iQy;

(3.31)

ML 2k
S - 2risl/M. _
MVi(d) = kgo e v<d> Sva ) (3.32)
where
V(@) =—wo L PuZee™. (3.33)

n=-—oo

Together, Egs. (3.32) and (3.33) show that

Vi@)=—wo 2, puZ,e™ (n=Mj+s) (3.34)
jm—eo

The linearized Vlasov equation of Eq. (3.31) is seen to be the same as that for a
single bunch, except the sum in Eq. (3.34) relating V§ to the impedance is
restricted to n=Mj+s (j=—,...,), and there appears a multiplicative factor
M in the last term in Eq. (3.31). Since ¢, is normalized to the number of particles
in one bunch, the last term in Eq. (3.31), the impedance term, is proportional to
the total number of particles in all bunches.

In conclusion, all results derived earlier in this section for a single bunch carry
over to the case of M equally spaced bunches each containing N/M particles. One
merely normalizes the equilibrium distribution ¢, appearing in Eq. (3.27) to the
total number of particles in the ring, N, and restricts the values of the indices
m,n=Mj+s (j=—ox,...,), for fixed mode number s=0,1,2,...,M—1.

IV. FAST-BLOWUP LIMIT
When the growth rate Im €} of the coherent oscillation is large compared with the

synchrotron oscillation frequency, a useful asymptotic expression for the matrix
element F,,, (Eq. (3.27)) can be obtained. Taking the limit Im Q(J) — +o in the
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integrand of Eq. (3.27), and performing a partial integration with respect to the
variable 6, we find

m [~ . o) IO i do(J; )
F == J‘ dJ de imé,(J,0) _ O 7/
mn N (J) oy ¢ 00
. "’0 O’ eIQWY indJ.0+6") “4.1)
—2r

Now since Im Q(J) is very large, we can Taylor expand ¢(J, 0 + ') about 8'=0
in the last integral of Eq. (4.1), then keeping only up to second order in 6’,

F zr_r} Im d]lll(’)(J) J’O dee_imd)o(l,ﬂ) QM_)
mn n 0 (IJS (]) 2 ae

*Iw do’e PP exp [m(qﬁo(l 0)+6¢0 +2 a;(;i;o )] (4.2)

It is helpful to rewrite Eq. (4.2) by introducing the time derivatives of ¢,:

dott, 0)= 22529, (4.32)
and
b0, 0= 2220 ) (4.3b)
Also, from Egq. (3.7), we note that
W0 === 0. (D). 4.4)

Now changing the integration variable in Eq. (4.2) from 6’ to £¢=0'/w,(J), we

obtain
]

1 b A .
Fon~——5" I dJlllo(])j doe’ ™m0 bo(J, 6)
(o)

—2ar
% J' ° dge 1M indo.00E pind 1.0)E2/2 4.5)
Further simplification of the expression for F,, results upon changing the
integration variables J, 6 to ¢, ¢. This is accomplished by using Eq. (3.4), which
states that dJd0 = d¢ d¢, and the result is
Fp~——— AJ. dge ¥ I b dpe— 41207 gindt
o°n L.

* J’ dpe™Usd)/o? gitn—m)é g —inUy(b)e2/2 (4.6)

In Eq. (4.§), we have used the expression of Eq. (3.8) for (¢, ¢), and we have
replaced ¢(J, ) by
$o(J, ) = —dU,ldd =—Uj(o). (4.7)
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The Gaussian integral over ¢ in Eq. (4.6) can be performed and we obtain the
desired form of the asymptotic expression for the matrix element F,,,:

I 0
F=~—imov2m A j £ dgeiMemm N2

*j- dd)ei(n—m)¢e-U0(d>)/aze—inU,g(d>)§2/2, (4.8)

where the normalization constant A is explicitly given in Eq. (3.10).
In the special case of a harmonic potential, U, = w2¢?/2, the integral over ¢ in
Eq. (4.8) can be performed, yielding for Im ) — 4+ and mn >0,

—2mimo?

0
Fn= e"("‘m)szlej £ dte Mg (4.9)

Ws

where the bunch length L in radians is related to the spread o in rotation
frequency by o=l (4.10)

When mn <0, Eq. (4.8) is only good enough to give the leading behavior for
Im Q>»V|mn| o, o2 )
TG (n-myL22 A
F,.= o, e AQZ. 4.11)
This matrix element is seen to be very small when n and m are large in
magnitude, but of opposite sign. A more detailed discussion of the harmonic
potential is given in Section VIIIL.

The asymptotic analysis presented above leading from Eq. (4.8) to Egs. (4.9)
and (4.11) is not sufficient to estimate the magnitude of neglected terms. How-
ever, that the obtained results are correct for the harmonic potential can be seen
from the matrix element T,,, derived in Section VIII and given in Eqgs. (8.16) and
(8.17). Recalling the definition of F,,, in Eq. (3.26), the results of Section VIII
show that

im 2'”'0'2 e—(m2+n2)L2/2 21 . {06 L2 cos 6
F.=— >0 do sin 6e""e ,
W5 1-e o

where A is given below in Eq. (4.12), Q =Q/w, and o = o,L. In the fast-blowup
limit, Im Q — 4+, so exp (2#iQ) vanishes and the integral in the above
expression for F,, is seen to be dominated by the region near 6 =0, since
|cos 8= 1. For mn >0, the integral can be approximated by

J‘ * 9 deeiQSean2(l—62/2),
(0]
so defining ¢ = 6/w,, we obtain the asymptotic expression for F,,, given in Eq.
(4.9). When mn <0, the leading behavior of the integral in the expression for F,,,
is given by o 1

j 0 dge' e = —— e™L?

0 Q?
which yields the result given in Eq. (4.11).

>
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Recall that the matrix T,, of Egs. (3.25) and (3.26) is related to F,, by
T...=—kZ,F,.. with k defined in Eq. (3.14). From Eq. (3.10), we see that for the
harmonic potential,

_ o,Ne
TH 2

(4.12)

27O

where N is the total number of electrons in the ring. It now follows from Eq. (4.9)
that

)
—iawgelo Zy (. pprepn ( Q )
= 000 T —tnmLop2yy 4.13
™ 2@Ey0* n ¢ ovmn (4.13)

with I,= Newo/27 being the average current in the ring and the function h(x)
defined by

h(x) = rf dée™e 5 (4.14a)
0

=e*D_,(—ix), (4.14b)

where D_,(£) is a parabolic cylinder function discussed in Gradshteyn and
Ryzhik."* Equation (4.13) has been found previously in Ref. 5.

The function h(x) defined in Eq. (4.14) can be expressed as a dispersion
integral. Suppose Im x >0, and insert the Fourier integral representation of the
Gaussian function

2 “ d i 2
e 2= J -——,——22 e HeT2 (4.15)
) w

into (4.14a). After changing the order of integration and performing the integral
over & we find h(x) is equal to the dispersion integral

* dz e *?

h(X)z—-[_w ﬁ(_z——;)—z’ 4.16)

which is well known from the study of the instabilities of coasting beams.
Let us close this discussion of the function h(x) by noting that it is easily seen
from Eq. (4.14a) that for Im x =0,

lh(x)| =1, (4.17)

with the equality only holding for x =0, and again for Im x =0,
-1
h(x)~—£5 for |x|— 0. (4.18)
V. MICROWAVE INSTABILITY

We shall now discuss the microwave instability of a single bunch. This case may
be described as high-frequency fast blowup. In addition to the condition that the
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growth rate be fast compared with the synchrotron frequency, we also require the
wavelength of the perturbing electromagnetic field to be short compared with the
bunch length. The expression for F,,, derived in Eq. (4.8), valid in the fast-
blowup limit, simplifies further when we also consider

|n| L — oo, (5.1)

where L is the bunch length in radians.
Let us rewrite Eq. (4.8) using the new integration variable x = |n| o¥,
_m~2m

0
F,~—i—— Aj x dxe ¥/nl o gmx?/2
n? o ).

) . 2
*I d¢ei(n—m)¢e-U0(d>)/o-2 exp (_El U(,)(d’) ﬁ%&) (52)

The factor exp(—x?/2) in the integrand of Eq. (5.2) restricts |x|=<1, and
exp (—Uy(d)/a?) restricts ¢ <L, where L is the bunch length in radians. Assum-
ing Uy(¢) is smooth enough so that its derivative, U\(¢), is not very large for
¢ <L, it follows that in the limit |n| — %, we can make the approximation

iox?
€xXp —5 []0((]5)——2 =1. (5.3)
no
If Uy(L)~LP~0o? and U)(L)~LP*, then U)(L)/no*~1/nL, and Eq. (5.3) is
seen to hold for nL > 1.

When the approximation of Eq. (5.3) is made in the integrand of Eq. (5.2), the
double integral is seen to factor into the product of two single integrals. Evaluat-
ing the constant A using the normalization condition (3.10), we find that for mL
and nL large, (mn>0)

i N Q
Frn=2 22 )=, 549
no® \nlo
where the function h(x) was defined in Eq. (4.14) and B(m — n) is the normalized
Fourier transform of the bunch distribution function exp (— Uy(d)/0?),

oo

dpeim—mée—Un@Vo?

B(m—n)=—= (5.5)

J dpe™ Voo

In writing Eq. (5.4), we have made the approximation m/n*=1/n, since B(m —n)
is a sharply peaked function about m =n, whose width is 1/L. The matrix
T,.. = —«Z,F,,, of Egs. (3.25) and (3.26) is now given by (mn>0)
. 2
_lawoeIo Z,,l ( Q )
~—————h|—— —n), 5.6
27E0® 1 B(m—n) (5.6)

T o

where I, = New,/2m is the average current, and recall that Z, = Z(nw,+ Q).
Let us consider the case of a wake field (Fourier transform of the impedance)
whose range is short compared with the bunch length L. To be more specific, we
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assume that

Z,~2Z, for |n—no=A, (5.7)
where A is of the order of the inverse range of the wake field, so A > 1/L. We shall
now look for a coherent frequency near w = nowy+ Q= nywy, where no>»A. For
no—A<m, n<ny+A, we can approximate Eq. (5.6) by

iel, Z, ( 0 )
—— Zro - 58
Lo ™~ =3 Eea(oJEP 1o " oo /)? (m =n), (5.8)

where Eq. (3.9) has been used to express o in terms of the energy spread o..

The discussion leading to Eq. (3.25) showed that the condition for the existence
of a coherent oscillation is -

o= 2 Touibrs (5.9)

where p, is the Fourier coefficient of the perturbed line-charge density. There can
be no solution of Eq. (5.9) as long as the maximum eigenvalue of T,,, is less than
unity, and this condition determines a threshold current for the instability.

To proceed, let us find the approximate solutions of Eq. (5.9) for which p,, is
negligibly small when |m —no|> A. In this case we can restrict our attention to the

finite set of equations
no+A

Pm= Y Tobrs |m—ng=A. (5.11)
n=ny—A
Since B(m —n) is sharply peaked about m =n, the peak width being of order
1/L <A, we expect that the largest eigenvalues do not depend strongly on the
cutoff value A. Therefore, they should be closely approximated by the eigenvalues
of the easier problem

ACvn = i B(m —n)vy (5.12)

n=—co

which results upon letting the cutoff approach infinity. The eigenfunctions of
(5.12) are

o) = e, (5.13)

and the corresponding eigenvalues are

A Q)= Y B(n)e, (5.14)
where ¢ (0={<2a) parametrizes the different eigensolutions. Substituting the
defining expression (Eq. (5.5)) for B(n) into Eq. (5.14), and using the Poisson
summation formula, we rewrite Eq. (5.14) in the form

2,"_ Z e—Uﬂ(§+2-rm)/a2

h=-—o0

A7) = (5.15)

I d¢e—U0(d>)/a'2
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For a Gaussian bunch B(n)=exp (—n?L?/2). Since this expression is always
positive, it follows from Eq. (5.14) that the largest eigenvalue corresponds to
{=0. When L =2, B(n) falls off sufficiently rapidly so that only one term in Eq.
(5.14) needs to be retained, and

A ~B0)=1. (5.16)
On the other hand, when L« 1, Eq. (5.15) provides the rapidly convergent
representation of the eigenvalue and in this case

A:mz——ﬁ——. (5.17)

j dpe™ VsV

When Uy(¢)/a>= ¢>/2L?, o
A= ~3m]L. (5.18)

The Fourier transform of the bunch density, B(n), is no longer positive definite
for a general non-harmonic potential Uy(¢). Therefore, we cannot argue directly
from Eq. (5.14) that the maximum eigenvalue always corresponds to ¢=0.
However, from Eq. (5.15), it can be seen that for sufficiently small o, the
maximum eigenvalue will indeed correspond to { =0, since the minimum of the
potential Uy(o) is located at ¢ =0. Taking Uy(0) =0, it is found that Eq. (5.17)
holds also for the non-harmonic potential.

It is important to now note that the value of A5, given in Eq. (5.17) is equal to
the ratio of the peak current to the average current. To see this, recall that the
unperturbed bunch distribution is

Yolp, d) = AeTP27eT Vo @V, (5.19)
The line-charge density is given by

o= | dotolp. 4, (5.20)
hence its average is
1 A —p2/202 —U,@#)o?
Pav==| dop(d) =— | dpe® dpe™ Dol (5.21)
2 2
The peak value of the line-charge density is
Ppeax = p(0) = AI dpe P, (5.22)
Therefore
ppeak — 271'

, (5.23)
pav J- d(be_Uﬂ(d,)/o-z

Equations (5.17) and (5.23) establish that for small o,
/\:nax = ppeak/pav' (5 24)
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FIGURE 1 The ratio of the largest eigenvalues corresponding to finite bandwidth A and infinite
bandwidth, plotted against LA, where L is the bunch length in radians.

Let us now return to the eigenvalue problem of Eq. (5.11) and study the
validity of the approximation just discussed, in which we let the cutoff go to
infinity. To illustrate the rate of convergence, we have solved numerically for the

eigenvalues of
nyg+A

ANv, = ), e LAy, (5.25)

n=no—A

corresponding to a harmonic potential. In Fig. 1 we plot A%,,./A .y, as a function
of LA. It is seen that the error is less than 10% when LA>3.
To gain some insight into the nature of the perturbed line-charge density, let us

take as an approximation to the eigenvectors of Eq. (5.25)
P =02(0) for |n—nol=A

o (5.26)

=0 for |n—ng|>A

where v;;({) is defined in Eq. (5.13). The perturbation to the line charge density is

p(d) =2 poe™, (5.27)
and substituting (5.26) into Eq. (5.27), we obtain
ng+A
pld)= L em@O=emOf (¢ ), (5.28)

n=ny—A
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/A

: 4.
L

FIGURE 2 Sketch of a localized eigenmode having peak width of order ‘1/A, in a bunch of length L
radians.

where
sin (A+1/2)(¢ — {))
sin (¢ — £)/2)

fald—0) = (5.29)

The perturbation p(¢) of the line-charge density is a plane wave modulated by
the function fp(¢ — ). For large A, fa(¢ —¢) is sharply peaked about ¢ = ¢, and
the peak width is of order 1/A, see Fig. 2. The detailed structure within the peak
will depend upon the details of the short-distance behavior of the wake field,
which has been ignored in making the approximation of Eq. (5.7), and hence is
outside the scope of our discussion.

The growth rate of the mode corresponding to the maximum eigenvalue Ap,, of
Eq. (5.12) is determined by the dispersion relation

_ielo)\:ax(o') ( Q )Z(nowo)
=1. .
B0 B gl o) ng (330
We shall now define a threshold current I;, by
ely, Z(nowo) _
ZﬂEOa(UE/Eo)Z No h 1. (531)

From the definition of h(x) in Eq. (4.14), it is seen that
lh(x)|=1 for Imx=0. (5.32)
Therefore there will exist no coherent frequency with Im Q>0 as long as

I\ ax(0) < L. (5.33)
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When the inequality (5.33) holds there is no microwave fast blowup. If
I\ (o) = I, then there is a solution of (5.30) only for

ImQ

nogo

— 0", (5.34)

From Eq. (5.16), we see that if o is large, then
Amax(0) = 1. (5.35)

In this case, corresponding to a bunch length comparable to the ring circumfer-
ence, the threshold condition of Eq. (5.33) says simply that the average current
I, <I;. On the other hand, when the bunch length is short compared with the ring
circumference, corresponding to small o, Eq. (5.24) shows that

/\max(o') = Ipcak/IO5
so the condition for the absence of microwave fast blowup becomes

Z(nywo)
o

el,cox
2mE a(0./E,)?

=1 (5.36)

This condition was conjectured by Boussard® on the basis of an intuitive physical
argument. He noted that when the perturbing electromagnetic fields have
wavelengths short compared with the bunch length, the bunch looks like a
coasting beam having a current equal to the peak current of the bunch.

In order to emphasize the correspondence between our results and those known
for coasting beams, let us consider the dispersion relation (5.30) far above
threshold, so that |Q] » |n,| 0. From its definition in Eq. (4.13), we see that when
Imx=0,

h(x)=-x"2 for |x|»1, (5.37)

hence far above threshold, the dispersion relation becomes

2
02— eawy

~'27E,

nOZnQIOI\;ax(O-)’ (5.38)

which is the well-known dispersion relation for a coasting beam with current
I (o).

Let us conclude this section by commenting on the attempt made by Mes-
serschmid and Month® to describe the microwave instability. Their approach was
based upon the ansatz, p(¢)=exp (ingd)po(p), where po(p) is the unperturbed
bunch density. This has the form of a plane wave modulated by a shape function;
however, the shape function is always taken to be po(¢) independent of the
bandwidth A of the impedance. Our discussion leading to Eq. (5.28) shows that
this is incorrect, and that the shape function should have a peak width of the
order of 1/A, the range of the wake field. This local behavior is closely related to
the peak current dependence of the coherent frequency for A>» 1/L. Whereas the
ansatz of Messerschmid and Month is inconsistent with their results for the case of
a broad-band impedance, it is more appropriate to the case of a narrow-band
resonant impedance with A« 1/L. Then, as discussed in the following section, the
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coherent frequency depends on the average current instead of the peak current
(Eq. (6.8)) and the perturbed density is approximately as given in Eq. (6.9).

VI. FAST BLOWUP DUE TO A HIGH-Q RESONANCE

We suppose the storage ring contains M equally spaced bunches, each having
N/M particles, interacting with a resonant element whose impedance is so sharply
peaked that to a good approximation'?

Z,=2Z, 8+ Z% 5 (6.1)

n,ng o n,—ng*

Here §,,,,, is the Kronecker delta vanishing when n# n, and having value unity
when n = n,. Let us assume n,= Mj,+ s, where j, is an integer and the multibunch
mode number s is not zero. We now write the condition (Eq. (3.25)) for the
existence of a coherent oscillation as

o= 2 Tounbro (6.2)
j=—o0
where the indices m and n take only the values Mj+s. Recalling from Eq. (3.26)
that T,,, =—«Z,F,,, it follows that when the impedance is given by Eq. (6.1),
then Eq. (6.2) becomes simply

P = ToinsPr, (6.3)

There is no contribution from the n=-n, term of the impedance, since it
corresponds to a different multibunch mode number. It is clear that in order for
Eq. (6.3) to be satisfied, it is necessary that

Ty, = 1. (6.4)
In the fast blowup regime, F,,, is given by Eq. (4.7). Now let us suppose that
Im Q> |ny| o, (6.5)
then the expression for F,,, simplifies to
—imNe
Fon=—g2" B(m—n), (6.6)

where the normalized Fourier transform 8 of the bunch distribution was defined
in Eq. (5.5). Therefore, when the inequality (6.5) holds,

: 2
lmawo

=5 502 - 6.7
T"’mc 2‘7TE002 IOZYIQB (m no): ( )

where I,= Newy/27 is the average current in the ring. The dispersion relation
(6.4) giving the growth rate of the coherent oscillation is

. 2
QZ _ lawq

B 27wE,

elonoZ,,, (6.8)
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which is the coasting-beam dispersion relation found earlier in Eq. (5.38). In
addition, the perturbed line-charge density can be determined from Egs. (6.3) and
(6.7), and up to a multiplicative constant

d .
p(d)= Py (e™*po(d)), (6.9)
where py(@) is the unperturbed line charge density
po(p) ox e~ o @V, (6.10)

As in the case of the microwave instability, we can derive an inequality assuring
the absence of fast blowup. From the expression for F,,, given in Eq. (4.8), we see
that

o )
Fund=norvamal edgeser | ageviore (611

Performing the Gaussian integral, and using the normalization condition of Eq.
(3.10) for A, Eq. (6.11) becomes

Ne
n00'2 ’

(6.12)

|Fgnol =

There can be no solution of Eq. (6.3) if |T,,.|<1, and using Eq. (3.26) for T,,,,
we find there will be no solution of Eq. (6.3) as long as
eIO lanl

<1. 6.13
2wEya(o,/Ey)? ng ( )

This is the usual Landau damping condition known from the study of coasting
beams and differs from the Boussard criterion of Eq. (5.20) only in that the
average current I, appears in Eq. (6.13) rather than the peak current.

VII. SHORT-BUNCH APPROXIMATION

When the bunch length is short compared to the wavelengths of the perturbing
electromagnetic fields, Egs. (3.25)—(3.27) describing coherent oscillations become
amenable to solution by a perturbation expansion.” The function ¢(J, 0), defined
in Eq. (2.25), is in general of the form ¢y(J, 6) = rdy(r, 8), where 8,(r, 6) goes to a
finite limit as the amplitude r approaches zero. As a consequence, when the bunch
length is short, it is useful to expand (3.27) in a power series in ¢,. If we truncate
the series, then the resulting infinite-dimensional matrix T,,, becomes one of
finite rank.

Assuming n¢, and m¢, to be small, we expand the exponential,
exp (indo(J, 0+ 0') — imy(J, 0)), appearing in Eq. (3.27) in a Taylor series. Let us
define the functions F,(n,J) and ®9(J) by

oo

e = ¥ F, (n, J)e? (7.1)

p=-—0
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and

o

(6o, 0)Y = X DD(J)e. (1.2)

w=—c0

From Egs. (7.1) and (7.2), we see that

AR ED) (’]”) ) 1.3)
i=o I*
The matrix T, as given by (3.26) and (3.27) now becomes
e ni L ¥ “(n J)F*(m J)
Ty = =2rikc “zz_m L dIyi(J) ol (7.4)
PSR/ SR n) (- tm)" ‘I"')(J)@“"(J)
- A ZZ T I VD oy 7Y

where in going to (7.5) from (7.4), we used the fact that u ®P()O*)(J)=01if j=0
or k=0.

From (7.2) and the fact that ¢o~r as r~0, we have ®P(J)~r in the same
limit. For a short bunch, if we truncate the summation in j and k in (7.5) at
j =k = jmax, On the ground that 3(J) is neglible unless r is small, then T,,, as
given by (7.5) becomes a matrix of rank=<j_,,, and the infinite dimensional
secular equation (3.25) reduces to one of dimension j.,

det (Skj _Mk]) = 0, (7.6)

where My; iS @ jnax-dimensional matrix
Jmax
My (@) = =27k Y, (ZeahaDy(Q) (yj=1, ..., jmar)- (7.72)
=1

The matrix M is seen to be proportional to the matrix product of an effective

impedance matrix*®
& Z, (in)(—in)"
Zeu= X TR (7.70)

and a matrix of dispersion integrals

=)

D,@= ¥ [ )

p=—00

(I)(J)(J)(I)(l) (J)
o,(J)

In the lowest-order approximation, j..= 1, Egs. (7 6) and (7.7) become

(7.7¢)

1=—-4mikZ 4 i w J- dJyi(J) MMZ(LZ(‘(I;‘; (7.8a)
where T s
Zoa= 2, nZ,. (7.8b)
Using Eq. (4.4), we see that Eq. (7.8) is equivalent to
4'7TlK w2 |@LU)?

1= (7.9

eﬁj dIo(NwiJ) Z_ ———2—2(—1—)
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When there are M equally spaced bunches, each containing N/M particles, ¢, is
normalized to N by Eq. (3.10) and the sum } nZ, in the definition of Z.4 in Eq.
(7.8b) is taken only over the values n=Mj+s (j=—co, ..., ). Within the same
approximation, T,,, is given by

2 2 (1) 2
Tmn—4“§" mZ[ dTpo(J) Z e m'f) 2((,]))‘ : (7.10)

From (7.10) and (3.25), we have p,, = im up to a multiplication constant, so we
see that p(¢) is proportional to the derivative of a periodic delta function. This
corresponds, of course, to the rigid oscillation of a point bunch.

We can make contact with the results of Section VI, by considering the fast
blowup limit Im {} — +o. When Im () is greater than all the relevant synchrotron
oscillation frequency spreads, lw,(J), Eq. (7.3) becomes
4 1
T,, ~ 3™ 7 L j AR NwD) 3 uw? PP (7.11)

0' Q w=1
From the definition of ®’(J) in Eq. (7.2), it is clear that Eq. (7.11) can be written
as

1 2
T, ~ikmZ, 2QZI d.I:po(J)I dog2(J, 6). (7.12)

Applying Eq. (3.4), let us change the integration variables from J, 6 to é, . Then
using the representation of s, given in Eq. (3.8), we obtain

1 o
T, = ikKAMZ, 292Id¢¢2e_“’2’2"zjd¢e‘”°(“’)’”2. (7.13)

Now we perform the integration over ¢, use the normalization condition of Eq.
(3.10) to evaluate A, and invoke the definition of x given in Eq. (3.14) to finally
get

iowzel, mZ,

T,.,.=~ , 7.14
mn 2’7TEO QZ ( )
where I,= New,/2 is the average current in the ring.
The dispersion relation is now
. 2 I
2 100050 7 (7.15)

27TEO

It is noteworthy that in the long-wavelength limit (short-bunch limit), the disper-
sion relation (7.15) is just the linear superposition of the coasting-beam results for
the different values of n. For a short-wavelength case, this is no longer true.

VIII. HARMONIC POTENTIAL: Uy(¢) = w2$2/2

It is worthwhile to discuss in some detail the special case of a harmonic potential.
A distinguishing feature of harmonic motion is that the oscillation frequency is
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independent of amplitude. From Egs. (2.27) and (2.29), it follows that for a
harmonic potential

¢o(J, 8) =r cos 6, (8.1)
where the oscillation amplitude r is related to the action variable J by

r=2Jw,)". 8.2)
Using Eq. (8.1), we see that

)

eI =Y v] (nr)ee, (8.3)

n=—0c0

showing that the synchrotron-mode coefficients F, (n, J) defined in Eq. (7.1) are in
this case expressed as Bessel functions

F,(n,J)=i"J,(nr). (8.4)
The unperturbed distribution (J), as defined in Eq. (3.7), is given by
Po(J) = Ae™", (8.5)
with
w,Ne
=——, 8.6
2mo? (8.6)

Employing Eq. (8.4) and recalling that the synchrotron frequency is independent
of J, we can write the synchrotron-mode expansion of Eq. (7.4) as

) Zn ) w Ioo
=— — / . 8.7
Ton 21K " u;wﬂ_uws X dJo(NJT, (nr)J, (mr) 8.7)

The integral over J in Eq. (8.7) can be performed using Eq. (8.2) and

J. rdre ] (nr)J, (mr) = L?e~"*"2[ (mnL?), (8.8)

0

where I, is the Bessel function of imaginary argument. We derive

: 2 ) 2

—lawOeIO Zn —(m2+n2)L.2/2 IJ«IM(an )
Ton=——">55—¢€¢ " " —_— 8.9
™ 2wEyw?L? n Mzz_m w—Q (8.9)

In the above equation, I, = New,/27 is the average current,
Q =Q/w;, (8.10)

and Egs. (3.14) and (8.6) have been employed to evaluate k and A, respectively.
The bunch length L in radians is related to the spread in revolution frequency o
via

o = Lw,. (8.11)

In the case of the slow blowup of a synchrotron mode w = wy, we have Q = u,,
so the sum in Eq. (8.9) is dominated by a single pole. For a short bunch (long
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wavelength), nL and mL are small, therefore,
anz) Ho
2 b

1
I, (mnL*)~— (
o!
and
lawoeIO Z, L*—? m““ﬂn“0

T,
mn 2mEqws n 2%o(e— 1)1 Q) — wow;

(8.12)

Since this matrix is of rank one, the dispersion relation is given by Y, T, = 1.
Therefore, when the impedance Z, is negligible for n =1/L, we obtain

lawOeIO Lzuo_
2mE o, 2% (po— 1)!

Q- pow; = Y n2o1z, (8.13)

in agreement with the result of Wang.'* Recall that in the case of M equally
spaced bunches each containing N/M particles, the sum in Eq. (8.13) is only over
n=Mj+s (j=—o,...,) for fixed s=0,1,2,...,M—1).

When there is fast blowup, Im ) » w,, the synchrotron-mode expansion of Eq.
(8.9) is not a very useful representation for T,,,, because many terms in the sum
over [ contribute. This is in fact also true for the slow blowup of a long bunch due
to a high-frequency impedance Z,, with nL » 1. To study these cases, we shall
replace the synchrotron-mode expansion by an equivalent integral representation.
Upon differentiating the generating function for the I, Bessel function,

er 0= Z 1,(z)e™, (8.14)

p=—00

with respect to 6, it is easily verified that the identity holds

y O _ g, q), (8.15)
pee b —Q
with
2’"’
H(z, Q)= —%m—oj d0 sin ge' e 1=z cos o (8.16)
(0]

Using this identity in the synchrotron-mode expansion of Eq. (8.9), we derive the
integral representation

- iawoeIO Z

Tmn—m I g (mi— l"|)2L2/21‘I(I’}'H’lL2 Q). (8.17)
(0)

In the fast blowup limit, Im Q — +o°, an asymptotic analysis of the integral in
Eq. (8.16) shows that

H(z, Q)= h(%), z>0 (8.18)

and

H(z,Q)z—ée*ﬂzl, 2<0, ImO»[zl. (8.19)
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From Eq. (8.17), these imply that for Im Q — +oo,

—iaw?2 V4 )
T,. z_'a_wLIoz_ e (m—nyL /zh( )mn >0, (8.20)
27Eyw?L?* n mnL
and
i 2 I 2] .2
T,. z;"“‘g‘; 8 (MZ)e ™ <0, ImQ»[mn|L. (8.21)
T

The function h(x) was introduced earlier in Eq. (4.14), and Eqgs. (8.20) and (8.21)
are seen to agree with the results of Egs. (4.11) and (4.13).

We can obtain additional insight by studying the behavior of the integral in Eq.
(8.16) in a new asymptotic limit, relevant to the instability of a long bunch due to
a high-frequency impedance Z,, n>» 1/L. The growth rate is only restricted by
Im Q « nL, so both slow blowup and fast blowup are included. To be specific, let

|z] = o, |Q| < |z|, Im Q<<\/|Tz-l, (8.22)
then one can show that the asymptotic behavior of H(z, Q) is given by
Q\ = Q >
H(z, Q)zh(—>——(i+cot mQ)—=e 2, z>0 (8.23)
V2! 2 Vz
and
-1 T Q
H(z, Q)= ——=e 2l z<0. (8.24)
sinmQ V 2 V|z|

The matrix T,,, of Eq. (8.17) is determined by using Egs. (8.23) and (8.24) with
z =mnL>

The poles at Q = integer in the function cot 7Q, in Eq. (8.23) correspond to the
synchrotron-oscillation modes, which are dominant for slow blowup. When
Im Q » 1 or Re Q »Vz, the second term in Eq. (8.23) becomes negligible, due to
the factors (i +cot wQ) and exp (—Q?/2z), respectively. Then we are left with the
coasting beam type of behavior described by the function h(Q//z).

In the case of a coasting beam, different revolution modes m and n are not
coupled. On the other hand, these modes are coupled for a bunched beam by the
matrix T,,,. However, when nL and mL are large in magnitude, and the growth
rate is fast (Im Q » 1), then Eqgs. (8.24) and (8.21) show that the coupling between
modes with mn <0 becomes negligible. That is, there is no coupling between the
slow and fast waves. We also see from Eq. (8.24) that when nL and mL are large
in magnitude and Re Q » VImn|L, then the slow and fast wave decouple, even if
the growth rate is slow.

IX. QUARTIC POTENTIAL: Uy(¢)= wlidp>*/2+bd*/4

When a quartic term is added to the harmonic potential discussed in the last
section, the equations of motion become nonlinear. Consequently, the
synchrotron-oscillation frequency now varies with amplitude r. From Eq. (2.28),
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the amplitude dependence of the frequency is
_T 2 211/2
ws(r)—ﬁ(wso+br ) ’ (91)

where K = K (k) is an elliptic integral of the first kind, with the modulus k given
by

(2= br?/2

w2+ br?’

9.2)

The action variable J can be related to the amplitude r using Eq. (2.27), and it
follows that

4 b

T= 2 @+ b (w22 )R 00— 02 ), 9.3)
3wb 2

where E (k) is an elliptic integral of the second kind. From Eq. (2.29), we see that

the synchrotron motion is given in terms of the Jacobi elliptic function cn (u; k),

and

2K
do(J,0)=rcn (— 0; k). 9.4)
T
The Fourier expansion of ¢, is
dolJ,0)= L @, (re™”, (9.5)
'_‘,:—m

where the Fourier coefficient vanishes for u even, and is given for u odd by

w/2

- 4
®@,(r) KK1+q"’ (9.6)
with

q = exp (—7K'/K) 9.7)
where K’'=K(k')= K(¥1—k?). A useful expansion for calculating q when k is

small is L2 K2\ 2 K2\3
=) rsa(S) 9.8
1716 8(16) 1 ©8)

The results discussed in Section VIII for the harmonic potential are recovered
in the limit k — 0, or r— 0. In this limit, K~ /2, K'=In (4/k), K — E =~ 7k?/4,
and cn (x, k) =cos (x).

A second limiting case, which will be of particular interest to us, corresponds to
w,o="0. This condition is achieved in a storage ring by using a Landau cavity.® A
Landau cavity operates at an integral multiple of the fundamental rf frequency
with its voltage and phase chosen such that for small-amplitude oscillations the rf
“potential energy” becomes Uy(¢) = bp*/4, with b>0. The use of such a cavity
results in a non-Gaussian bunch density, po(¢)x exp (—Uy(¢)/a?), and an in-
crease of the rms bunch length. Hence, the use of the Landau cavity reduces the
peak current and allows the threshold (expressed in terms of the average current)
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of the microwave instability to be increased. In addition, because of the nonlinear
restoring force, the Landau cavity produces a large spread of synchrotron-
oscillation frequencies within the bunch. This provides stability via Landau
damping against coupled-bunch instabilities. When w,,=0,

1
=1/2, K=K'=—=T?%1/4)=1.85, 9.9
/ W (1/4) (9.92)
w,(r)= 3K Vbr, (9.9b)
=35ﬁ;r3, (9.9¢)
3w
®,(r) = il (w odd). (9.94)

V2K cosh (u —1/2)m

Recall that Eq. (9.2) determines k as a function of r, and it implies that as long
as b =0, the modulus is bounded by k*=1/2. Since q is an increasing function of
k, it follows that g is always small, and is bounded by its value at k>=1/2, i.e.
q=exp (—)=0.043. This shows that to a good approximation, ®,(r)=r/2 and
®,(r), w>1, can be neglected. Hence, we can replace Eq. (9.4) by

¢do(J, 0)=r cos 6, (9.10)

where r is related to J via Eq. (9.3). Within this approximation, the synchrotron-
mode coefficients F,(n, J) of Eq. (7.1) are expressed in terms of Bessel functions
as in Eq. (8.4). Hence the synchrotron-mode expansion is approximately

T =28 5 u[ a2,
g n s( )

p,=—oo
In writing this equation, we have used Eq. (4.4) to express o(J)=
-0 2w,(J)Y(J), and we have transformed the integration variable from J to r
using the derivative

(9.11)

dJ_ dJ dH, _
dar dH, dr

= Uy(r)/w(r). (9.12)

The approximate expression for the matrix T,,, appropriate for a short bunch
was discussed in Section VII, and the dispersion relation was given in Eq. (7.9).
Neglecting all terms in the summation with |u|> 1, we find for the particular case
under consideration

1:

4mikZ g I PRUAGINGIAGICAGS (9.13)

02— wi(r) ’

ag

where Z.; was defined in Eq. (7.8b) to be

Zeg= Y nZ,. 9.14)
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For equally spaced bunches, each having N/M particles, the sum in Eq. (9.14) is
over n=Mj+s (j=—o,...,) for fixed s=0,1,2,..., M—1. Upon making the
further approximation, ®,(r) = r/2, Eq. (9.13) would follow from keeping only the
w==1 terms in Eq. (9.11), and using the small-argument approximation for the
Bessel function, J;(x)= x/2.

Let us now write the dispersion relation (9.13) for the special case

Wso = 09 UO((b) = b¢4/4 (915)
In this case the unperturbed bunch distribution is
Yo(r) = A exp (=r%/ry), (9.16)
where
ro=(40?/b)"*, 9.17)

and the normalization constant A is determined from Eq. (3.10) to be

_ Nev2|m
OT, Or(l/ 4) )
The dependence of oscillation frequency on the amplitude w,(r) is given in Eq.

(9.9b). It is convenient to introduce a measure Aw, of the synchrotron-oscillation
frequency spread in the bunch by

(9.18)

Aw, = o, (ro) =£{ (4ba?)V*, (9.19)

Employing (9.15)-(9.19) and the definition of k given in Eq. (3.14), the dispersion
relation (9.13) becomes

—iawielyZ o j * x%e™"
e ol JoA [P RN :
2”TEO(Aws)2 4 o d x2— o .20
(Aw,)?
with the constant
1672
Cy=— 2T 2(1) = 4.30. (9.21)

T KT(1/4)

In the fast blowup limit, Im Q> Aw,, the dispersion relation of Eq. (9.20)
simplifies to

. 2 o
_ la(l)oeIoZeﬂ J 6 —x4
——__27TEOQ2 C, X dxx®e™". (9.22)
Upon noting that
j dxxSe " =1/4T(7/4)=0.99/C,, (9.23)
0

we see that Eq. (9.22) is very close to the exact result of Eq. (7.14), i.e.

iacwielyZ o

1
2 ’TrEoﬂ 2

(9.24)
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Thus dropping the terms in Eq. (7.9) with |u|> 1 has resulted in only a 1% error
in the fast blowup limit.
Let us define the dispersion integral G(q) by

i © x%e
G(q) J‘0 x%— q2

In Fig. 3, we plot Im G(Q) against the Re G(q) at threshold, Im q =0+, and
above, Im g =0.1. It is convenient to define

aw %elozeﬁ

2 —
(50%) 27E,

(9.26)

then the dispersion relation of Eq. (9.20) can be written as

4.3(890) G(A > (9.27)

FIGURE 3 Stability boundaries.
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A stability condition, in the sense of Keil and Schnell, corresponds to the
minimum of |G| along the threshold curve. From Fig. 3 we find min |G|= 1.7, so
we have stability for

1800/ <0.6 Aw,. (9.28)

There have been discussions by F. Sacherer* and by Y. Chin® on the problem of
longitudinal instabilities subject to a purely quartic rf potential, Uy(¢) = bop*/4.
They attempted to solve the problem by ignoring the coupling between the
different synchrotron modes, w =0, +1, +2,.... This, in our opinion, is inade-
quate. For a purely quartic potential, the harmonics, pw,(r), of the synchrotron
frequency vanish at r =0 for all w’s. This causes the different synchrotron modes
to couple, no matter how small I,Z.4; is, and the mode number u ceases to be an
appropriate parameter to classify the eigensolutions. In other words, these authors
are using a nondegenerate perturbation method for a highly degenerate case.

Let us illustrate our point by considering the case of a very short bunch in a
quartic potential. This case is simple because the contribution of the higher
modes, |u|>1, is negligible. However, as is clear from Eq. (9.20), we can not
ignore the coupling between the modes w =1 and —1 even in such a simple limit.
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