
DISS. ETH NO. 14734

The Jacobi-Davidson algorithm for solving large sparse
symmetric eigenvalue problems with application to the design

of accelerator cavities

A dissertation submitted to the

SWISS FEDERAL INSTITUTE OF TECHNOLOGY ZURICH

for the degree of

Doctor of Technical Sciences

presented by

ROMAN GEUS

Dipl. Informatik-Ing. ETH

born 6. September 1970

citizen of Arbon, Switzerland

accepted on the recommendation of

Prof. Dr. Walter Gander, examiner
Prof. Dr. Henk van der Vorst, co-examiner

Dr. Peter Arbenz, co-examiner

2002



Acknowledgements

This work would not have been possible without the help of many people. First of all I would
like to thank Prof. Dr. Walter Gander for giving me the opportunity to do my Ph.D. thesis in his
group. His guidance and encouragement were always a great help.

My special thank goes to Dr. Peter Arbenz, my supervisor during all these years. With his
support he contributed a great deal to this work. He was there to answer many of my questions
and to help me dealing with difficult problems. He gave me the opportunity and freedom to
learn a great variety of methods and to realise my own ideas.

I’m very much obliged to Prof. Dr. Henk van der Vorst for accepting to be co-examiner of
this thesis.

I’m very grateful to the three of them for reviewing the entire thesis and giving valuable
suggestions.

A special thank goes to all my present and former co-workers in the group, Oliver Bröker,
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Zusammenfassung

Diese Arbeit bescḧaftigt sich mit der Berechnung elektromagnetischer Schwingungen in Ka-
vitäten von Teilchenbeschleunigern. Die zeit-harmonischen Maxwell-Gleichungen, welche die-
se elektromagnetischen Schwingungen beschreiben, werden mit der Methode der finiten Ele-
mente diskretisiert und so in ein allgemeines symmetrisches Matrix-Eigenwertproblemüberge-
führt. Von diesem Eigenwertproblem sollen die 10 bis 20 kleinstenpositivenEigenwerte mit
den zugeḧorigen Eigenvektoren berechnet werden.

Werdenübliche knotenbasierte finite Elemente verwendet, so wird das Eigenwertproblem
viele unphysikalische Eigenlösungen (sog.spurious modes) mit positiven Eigenwerten aufwei-
sen.

In einem ersten L̈osungsansatz verwenden wir weiterhin dieüblichen knotenbasierten fi-
niten Elemente und führen einen zus̈atzlichen Strafterm ein. Die gewünschten Eigenlösungen
können dann mit der “shift-and-invert” Spektraltransformation berechnet werden.

In einer zweiten Variante verwenden wir Néd́elec-Vektorelemente. Alle spurious modes ha-
ben dann den Eigenwert Null. Wir stellen verschiedene Methoden vor, welche die effiziente
Berechnung der geẅunschten Eigenlösungen mit positivem Eigenwert erlauben.

Als Eigenwertl̈oser benutzen wir einerseits das ARPACK Softwarepaket, welches die Lan-
czos Methode mit implizitem Neustart implementiert, und andererseits unsere eigene, für das
symmetrische Eigenwertproblem optimierte Implementation der Jacobi-Davidson Methode.

Ein weiterer Schwerpunkt dieser Arbeit bildet die Optimierung der Matrix-Vektor Multi-
plikation für schwach-besetzte Matrizen. Wir stellen Verfahren vor, welche diese Operation
substanziell beschleunigen.

Unsere Software haben wir als Python-Module implementiert, wobei die zeitkritischen Be-
rechnungen als Erweiterungsmodule in C realisiert wurden.

Wir haben effiziente und stabile Verfahren entwickelt, um die gewünschten Eigenlösungen
zu berechnen. Unsere Software ist in der Lage, grosse Eigenwertprobleme (Ordnung grösser
als zwei Millionen) auf einer Einprozessormaschine zu bewältigen. Mit der Python-Implemen-
tation haben wir eine Softwareumgebung geschaffen, welche die implementierten Methoden
einfach benutzen, kombinieren und erweitern lässt.



Summary

This thesis deals with the computation of electromagnetic oscillations in cavities of particle
accelerators. The time-harmonic Maxwell equations, which describe these electromagnetic os-
cillations, are discretised using the finite element method. Of the resulting generalised sym-
metric matrix eigenvalue problem, the 10 to 20 smallestpositiveeigenvalues together with the
associated eigenvectors have to be computed.

If ordinary node-based finite elements are used, then the eigenvalue problem will exhibit
many non-physical eigensolutions (so-calledspurious modes) with positive eigenvalues.

In a first approach we use node-based finite elements and introduce an additional penalty
term. The desired eigensolutions can then be computed using a shift-and-invert spectral trans-
formation.

In a second variant we use Néd́elec vector finite elements. All spurious modes then have
the eigenvalue zero. We present different methods, which allow us to efficiently compute the
desired eigensolutions with positive eigenvalues.

As eigenvalue solvers we use on the one hand the ARPACK package, which implements
the Implicitly Restarted Lanczos method, and on the other hand our own implementation of the
Jacobi Davidson method optimised for the symmetric eigenvalue problem.

A further emphasis of this thesis is the optimisation of the matrix-vector multiplication for
sparse matrices. We present techniques, which accelerate this operation substantially.

We implemented our software as Python modules. The time-critical computations were
realised as extension modules written in C.

We developed efficient and stable methods for computing the desired eigensolutions. Our
software is able to handle large eigenvalue problems with an order of over two million on
a single-processor workstation. With the Python implementation, our methods can be used,
combined and extended easily.
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Notation

A, . . . ,Z matrices
aij entry of matrixA in thei-th row and thej-th column
A(i, j) alternate notation foraij

A(i, :), A(:, j) i-th row, resp.j-th column ofA
A([i1, i2, i3], :) submatrix, consisting of rowsi1, i2 andi3 of A
A(:, [j1, j2, j3]) submatrix, consisting of columnsj1, j2 andj3 of A
a, . . . ,z vectors
A, . . . ,Z vectors
〈a,b〉 〈a,b〉 =

∫
Ω
a · b dx

a · b scalar dot product
a.∗b element-wise multiplication
a./b element-wise division

Symbols

ξ = (ξ, η, ζ)T Cartesian coordinates in the unit tetrahedron
x = (x, y, z)T Cartesian coordinates
L1, L2, L3, L4 simplex coordinates in a general tetrahedron, functions

in x, y, z
(xi, yi, zi) coordinates of tetrahedron corners,1 ≤ i ≤ 4
Nk scalar, global basis functions for the FEM
N

(e)
k scalar, local basis functions for the FEM, defined

in tetrahedrone
N

(0)
k scalar, basis functions for the FEM, defined in the unit

tetrahedron
Nk global vector basis functions for the FEM
N

(e)
k local vector basis functions for the FEM, defined in

tetrahedrone
N

(0)
k vector basis functions for the FEM, defined in the

unit tetrahedron
u, u solutions of differential equations
Ω domain on which the differential equations are solved
Γ boundary ofΩ, surface
Te e-th tetrahedral element
T0 unit tetrahedron
A(e) stiffness element matrix or curl element matrix
M (e) mass element matrix
N (e) divergence element matrix
e index over finite elements
i, j indices over global degrees of freedom (DOFs)
A, M global matrices of the generalised eigenvalue problem
Y sparse basis of the null space ofA
C C := MY
H H := Y T C, used in the projectorPR(Y )⊥M



ii

s penalty parameter
α parameter for Bespalov term
σ shift for “Shift-and-Invert” spectral transformation
τ target value used in the Jacobi-Davidson algorithm
K preconditioner, approximation ofA− σM ,

resp.A− θM
V basis of search subspace used in eigensolvers
V A V A := AV
G G := V T V A, interaction matrix for Rayleigh-Ritz step
(θ,u) Ritz pair
W , S [W , S] = eig(G), eigenvectorsW and eigenvaluesS

of G
Q matrix of converged eigenvectors
QM QM := MQ

Q̂ Q̂ := [Q,u]

Q̂M Q̂M := MQ̂

Q̂K Q̂K := K−1Q̂, preconditioned eigenvectors

F̂ F̂ := Q̂
T

KQ̂M , matrix used in the correction equation
of JDSYM
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1 Introduction/Overview

In this thesis we deal with the computation of electromagnetic oscillations in cavities of particle
accelerators. This problem has several aspects that have to be understood in order to develop
software for efficiently calculating the desired electromagnetic fields. These aspects include
mathematics, physics, computer science and numerical analysis.

The following paragraphs introduce the different aspects. The chapter continues with a list
of our aims for this dissertation. The introductory chapter concludes with a paragraph describing
the organisation of this thesis.

1.1 Design of Particle Accelerators

The common way to produce accelerating electromagnetic fields in cyclic accelerators like the
one represented below1 is to excite standing waves in accelerating cavities.

The mathematical model for these high frequency electromagnetic fields is an eigenvalue prob-
lem derived from the Maxwell equations [1]. Usually, the eigenfield corresponding to the fun-
damental mode of the cavity is used as the accelerating field. A few modes of higher order have
to be analysed as well because these modes can be excited due to higher harmonic components
contained in the RF (radio frequency) power fed into the cavity and also through interactions
between the accelerated particles and the electromagnetic field. The RF engineer designing such
an accelerating cavity therefore needs a tool to compute the fundamental and about 10 to 20 of
the subsequent eigenfrequencies together with the corresponding electromagnetic eigenfields.

1590 MeV Ring Cyclotron at Paul Scherrer Institute



2 Introduction/Overview

The most interesting quantities besides the eigenfrequencies are local maxima of the eigen-
modes as well as the fields on the surface that induce heat in the metallic boundary and deter-
mine the power loss from surface currents.

For our calculations we assume perfectly conducting walls and vacuum in the interior. By
means of a time-harmonic ansatz for the electric and the magnetic field and by eliminatingH,
one obtains the following form of Maxwell’s equations [1]

rot rot e(x) = λ e(x), x ∈ Ω, λ := ω2/c2, (1.1a)

div e(x) = 0, x ∈ Ω, (1.1b)

n× e = 0, x ∈ Γ. (1.1c)

e(x) represents the amplitude of the electric field at positionx andc is the speed of light. We
are interested in the 10 to 20 solutions of (1.1) with the lowest eigenfrequenciesω.

1.2 Applying the Finite Element Method

We discretise (1.1) using the finite element method (FEM). The interior of the cavity is ap-
proximated by a tetrahedral mesh. To implement the divergence-free condition (1.1b), two
approaches, thepenalty methodand theNéd́elec finite element discretisation, are established
[45]. Both of them are investigated in this thesis.

The Penalty Method In the penalty method ordinary nodal elements are used. If the divergen-
ce-free condition was omitted, one would get the desired divergence-free eigensolutions, but
also undesired solutions (spurious modes) with non-vanishing divergence, which are spread
over the entire spectrum [38].

To enforce the divergence-free condition, a penalty term that increases the eigenvalue of the
spurious modes [46][1][45] is added. If the penalty term is chosen large enough, the region of
interest of the spectrum is free of spurious modes.

This approach yields a matrix eigenvalue problem

Ax = λMx,

where bothA andM are symmetric positive definite.
The desired, smallest positive, eigenvalues are extremal and can be computed using a shift-

and-invert spectral transformation.
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The Nédélec finite element discretisation In this approach Ńed́elec vector finite elements,
which were designed for solving problems containing therot rot-operator, are used [54].

This approach yields a matrix eigenvalue problem

Ax = λMx,

where bothA andM are symmetric.M is positive definite, whileA is only positive semi-
definite. The dimension ofA’s null space is huge, about a sixth of the order ofA. The vectors
in the null space ofA correspond to those functions in the Néd́elec finite element space that
have non-zero (discrete) divergence. So, all eigensolutions not satisfying the divergence-free
constraint correspond to the eigenvalue zero.

Thus, a few of the smallestpositiveeigenvalues, together with the corresponding eigenvec-
tors, have to be computed. In contrast to the penalty method, the sought eigenvalues are no
longer extremal. We present several approaches, how the desired eigensolutions can be com-
puted efficiently. Some of them exploit the knowledge of a sparse basis of the null space.

1.3 Methods and algorithms

Numerous algorithms for solving the generalised matrix eigenvalue problem are available.
However, since our matrices are sparse and can get very large (order> 106), our choice of
algorithms narrows down to methods that preserve the structure of the matrices and access them
only via matrix-vector multiplications. Since we are only interested in a very limited number of
eigenpairs,subspace methodsare ideal for this task.

Subspace methods are iterative methods, that build asearch subspacefrom which the eigen-
vector approximations are selected. In the symmetric case, this is usually done using a Rayleigh-
Ritz step. In each iteration the search subspace is expanded by one or more new search direc-
tions. Restarted subspace methodslimit the dimension of the search subspace by discarding
some search direction periodically.

In this thesis we focus mainly on the Jacobi-Davidson eigensolver [68]. We propose a vari-
ant called JDSYM, which is optimised for the generalised symmetric eigenvalue problem. As
a second method we use is the Implicitly Restarted Lanczos algorithm (IRL). We compare the
performance of both these restarted subspace methods by the means of numerical experiments.

We study a number of preconditioners, which we use to speed up the inner iterations. Apart
from Jacobi, SSOR and incomplete factorisation preconditioners, we also discusshierarchi-
cal basis preconditioners, that exploit the hierarchical organisation of the finite element basis
functions.

We also focus on the sparse matrix-vector multiplication. This numerical kernel uses up to
80% of the total computation time, but unfortunately runs very ineffectively on modern RISC
based processors. We discuss optimisation techniques, which improve the performance of this
kernel and also describe its parallelisation using message-passing.

1.4 Scripting Languages in Scientific Computing

In scientific computing, software is traditionally developed using compiled languages for maxi-
mal performance. Fortran and C are the most widely used languages. However, for most appli-
cations the time-critical portion of the code, that requires the efficiency of a compiled language,
can be organised in a small set of well-defined functions. Implementing the remaining part of
the application using an interactive and interpreted high-level language has many advantages:
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. Thanks to the high-level data types and the dynamic typing make, software is easier and
faster to develop. The language assists the programmer in focusing on the problem, in-
stead of on implementation details.

. Since the language is interpreted, turnaround times are substantially reduced.

. Interactive languages help the user to solve the problem in an explorative manner.

. High-level languages offer better possibilities for code sharing and code reuse. It is in
general easier to combine modules and construct new applications.

In this thesis we study this mixed-language programming approach. All sparse and dense
linear algebra routines, including iterative solvers, preconditioners, sparse matrix factorisations
and the eigensolver are implemented in C. The input/output routines, the computational steering
and the finite element application are implemented in Python.

Python offers some appealing features which make it ideal for our purposes: It combines
remarkable power with very clear syntax. It has modules, classes, exceptions, very high level
dynamic data types, and dynamic typing. Python code can be easily interfaced to C or C++
code.

1.5 Aims of this thesis

The aim of this project is to develop software for efficiently and accurately computing electro-
magnetic oscillations in cavities of particle accelerators. The thesis tries to find answers to the
following questions:

. Which type of finite element discretisation is best suited to solve the Maxwell eigenvalue
problem?

. How can the indefinite eigenvalue problem stemming from the discretisation with Néd́elec
vector finite elements be solved efficiently?

. How does the performance of JDSYM compare to the performance of the well-established
IRL method for our symmetric generalised eigenvalue problems?

. How big is the performance penalty that has to be paid if the mixed-language program-
ming approach with Python is used for solving the Maxwell eigenvalue problem?

1.6 Organisation of this thesis

Chapter2 describes the scalar Laplace eigenvalue problem. We are not really interested in its
eigensolutions. Instead we illustrate the finite element method (FEM) and introduce coordinate
transformations and basis functions by the means of this problem. These are then used in Chap-
ter 3, which describes the Maxwell eigenproblem and introduces two types of finite elements:
nodalandNéd́elec vectorelements. In the same chapter we also deal with the implementation
of the boundary conditions and the divergence-free conditions of the Maxwell equations and
conclude with a comparison of the finite element types.

Chapter4 describes, how we compute the desired eigensolutions (10 to 20 of thesmallest
positiveeigenvalues with the corresponding eigenvectors) of the matrix eigenvalue problem
stemming from the finite element discretisation.
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The eigensolvers themselves are described in Chapter5. The Jacobi-Davidson algorithm,
along with its relatives, the JOCC and the Davidson algorithms, and the Implicitly Restarted
Lanczos algorithm are discussed. We thoroughly describe JDSYM, which is our implementa-
tion of the Jacobi-Davidson algorithm.

In Chapter6 we give a brief overview over the iterative methods we used for solving the
inner linear systems occurring in the eigensolvers.

In Chapter7 we focus on the matrix-vector multiplication with sparse matrices. Several
optimisation techniques, as well as the parallelisation using message-passing are presented.

In Chapter8 the preconditioners we used to accelerate the eigen- and the linear solvers are
presented and compared.

Chapter9 describes our Python implementation, which consists ofPySparse(extensions for
supporting sparse linear algebra) andPyFemax(the finite element application).

The appendix contains useful reference information: We describe the storage formats we
used for storing sparse matrices, the machines we ran the numerical experiments on and the
analytic solutions of the scalar Laplace and the Maxwell problem for a rectangular box-shaped
domain. In addition there is detailed information on the tetrahedral grids and the global fi-
nite element matrices, that we used in our experiments. Furthermore we list the formulae for
calculating the various element matrices.

Thenumerical experimentsare scattered throughout the document: Chapter3 features some
calculations to demonstrate the advantages and disadvantages of various types of finite ele-
ments. In Chapter4 the solution methods for the indefinite eigenvalue problem are compared
using a set of experiments. In Chapter5 we try to find good values for JDSYM’s parameters
using numerical experiments. In Chapter7 the effectiveness of the optimisation techniques for
the sparse matrix-vector multiplication is investigated by the means of numerical experiments.
In the same chapter we also present our results for the parallel matrix-vector multiplication.
Speedup figures for six different multiprocessor systems are shown. The efficiency of the pre-
conditioners is evaluated with experiments in Chapter8. Finally, in Chapter9 we investigate
the overhead of the Python implementation on the basis of numerical experiments. In the same
chapter we report our experience with solving large Maxwell eigenproblems.

If not mentioned otherwise, we used a Sun Enterprise E3500 for the numerical experiments
(cf. AppendixB for precise specifications).
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2 Problem I: 3D Laplace-Problem

The first mathematical problem to be treated is the scalar Laplace equation in a three dimen-
sional domain. Differential equations of this kind can be used to describe e.g. oscillations in
cavities [65, page 396]. Because of its simplicity, this problem is often used as a reference
problem for eigenvalue solvers. In this chapter the derivation of the matrix eigenvalue problem
using thefinite element methodis described.

2.1 Fundamental equations

We consider the Laplace eigenvalue problem

∆u + λu = 0 u : R3 → R in Ω (2.1a)

u = 0 on ∂Ω = Γ (2.1b)

in an open, simply connected, bounded three dimensional domainΩ. Typically, we assume, that
the boundary is composed of polygonal faces. The Problem (2.1) is going to be transformed
into a matrix eigenvalue problem using thefinite element method(FEM).

To apply the FEM, the Equations (2.1) have to be transformed to integral form. We use
Ritz-Galerkin’s method[65, page 45] to this end.

Galerkin’s method and more generally themethod of weighted residualscan be described
as follows: The desired functionu shall be approximated as a linear combination of suitably
chosen linearly independent functionsN1, . . ., Nm, of the form

ũ =
m∑

k=1

ukNk, u = [u1, . . . , um]. (2.2)

The functionsNk satisfy the homogeneous boundary conditions and thus are equal to zero on
the boundaryΓ because of (2.1b). Therefore, the solutioñu satisfies the boundary conditions
for arbitrary coefficientsuk. We call the functionsNk theglobal basis functions, since they are
defined on the whole domainΩ.

If Equation (2.2) is inserted in the differential Equation (2.1a) a residualR := ∆ũ − λũ is
resulting. To solve the eigenvalue problem (2.1), we apply themethod of weighted residuals,
which requires that the integral overΩ of the residualR, weighted with certain weight functions,
vanishes.

Equation (2.2) containsm parametersu1, . . ., um. Thus the condition can be formulated
for m linearly independent weight functions. From them equations the parametersuk can be
determined.

When using theRitz-Galerkin method[17] the weight functions are chosen to be the basis
functionsN1, . . ., Nm. If the weight functions are chosen in this way, then the residualR
is orthogonal to the subspace, which is spanned byN1, . . ., Nm. The resulting approximate
solutionũ is optimal with respect to this subspace [17].

According to Galerkin’s method we get∫
Ω

RNj dΩ =

∫
Ω

(∆ũ + λũ)Nj dΩ = 0 ∀j = 1 . . . m. (2.3)

In view of applying the FEM, it is crucial to eliminate the second derivatives [65, p. 46]. We
apply Green’s formula[18, p. 578] to (2.3) and obtain∮

Γ

Nj∇ũ · n dΓ−
∫

Ω

∇ũ · ∇Nj dΩ +

∫
Ω

λũNj dΩ = 0 ∀j = 1 . . . m. (2.4)
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Since the global basis functionsNj satisfy the homogeneous boundary conditions, the surface
integral in (2.4) is equal to zero.

The discretised integral form of (2.1) is then

Find λ ∈ R, ũ ∈ span{N1, . . . Nm} such that∫
Ω

∇ũ · ∇Nj dΩ = λ

∫
Ω

ũNj dΩ ∀j = 1 . . . m.
(2.5)

By inserting (2.2) the followinggeneralised eigenvalue problemis obtained:

Find (λ,u = [u1, . . . , um]) ∈ R× Rmsuch that
m∑

i=1

ui

∫
Ω

∇Ni · ∇Nj dΩ = λ
m∑

i=1

ui

∫
Ω

NiNj dΩ ∀j = 1 . . . m.
(2.6)

Equation (2.6) is equivalent to thematrix eigenvalue problem

Au = λMu, (2.7)

with

aij =

∫
Ω

∇Ni · ∇Nj dΩ and mij =

∫
Ω

NiNj dΩ. (2.8)

A is called the globalstiffness matrixandM is called the globalmass matrix.
From the equations for the matrix entries (2.8) it follows immediately, that bothA and

M aresymmetric. A andM arepositive definite. The quadratic formsuT Au anduT Mu
correspond to the integrals

∫
Ω
∇ũ∇ũ dΩ and

∫
Ω

ũ2 dΩ, both of which are positive for̃u 6=
0 ∧ (ũ = 0 on Γ). u is defined by

u = [u1, . . . , um] with ũ =
m∑

k=1

ukNk.

2.2 Exploiting symmetries

If the domainΩ is symmetric, the later calculation effort can be reduced, by cutting the domain
along its symmetry plane. The differential equation is then solved only over one half of the
domain. The boundary conditions at the symmetry plane are not definite. The conditionu = 0
as well as the condition∂u

∂n
= 0 lead to valid, symmetric solutions of Equation (2.1). Therefore

two eigenvalue problems with different boundary conditions must be solved in order to obtain
all solutions of the original problem. Should several symmetry planes exist, then the eigenvalue
problem has to be solved for all possible combinations of boundary conditions. E.g. for three
symmetry planes eight eigenvalue problems have to be solved. Nevertheless it is worthwhile
exploiting the symmetry planes, because firstly, the eigenvalue problems are much smaller, and
secondly, the smaller eigenvalue problems are better conditioned due to a better separation of
the eigenvalues. Solving all small eigenvalue problems is more economic, than solving the
original large eigenvalue problem.

2.3 Description of the finite elements

In this section we describe how the domain is discretised and how we choose the ansatz func-
tions to approximate the solution in the tetrahedral elementsTe. We also show, how the local
basis functionsN (e)

i can easily be defined with the aid of affine transformations onto the unit
tetrahedronT0.
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Discretisation of the domain For the practical solution of the eigenvalue problem (2.6) the
domainΩ is divided into simple sub-domains, the so-called finite elements. This makes the
calculation of the integrals feasible and also simplifies the definition of the global basis func-
tions. In this work, only tetrahedral elements are used for discretising the domainΩ, because
with them arbitrary domains can be approximated easily (cf. Figs.D.2, D.3 and D.5 in the
appendix).

Following the partitioning of the domain into the elements the so-calleddegrees of freedom
(DOFs) are numbered consecutively. We use the termsglobal basis functionanddegree of free-
dominterchangeably. Each DOF is also associated with one particular entry in the eigenvectors.
The index of that entry corresponds to the indexk of the global basis functionNk. Since for
Problem I the DOFs correspond to function values at particular nodes, the DOFs are called node
variables in this case.

Coordinate transformations The formal representation as well as the numerical computation
of the local basis functionsN (e)

j are simplified, if these are defined in the unit tetrahedronT0

(Fig.2.1). They can then be carried over to a general tetrahedron using an affine transformation.
Furthermore, the evaluation of the integrals in (2.6) is much easier, if they are transformed to
the unit tetrahedronT0.

(0, 0, 0)

(0, 1, 0)

(0, 0, 1)

(1, 0, 0)

z

x

y

Figure 2.1:Unit tetrahedron

The affine transformation can be formulated throughsimplex coordinates2 defined in the
general tetrahedron shown in Fig.2.2. In a general tetrahedron the location of a pointP is
determined through the four simplex coordinatesL1, L2, L3, L4 [65, p 109]. Each simplex
coordinateLk is a linear function inx, y andz. Its value is1 at the cornerPk and0 at all other
corners.

P3(x3, y3, z3)

P1(x1, y1, z1)

z

y

x
P2(x2, y2, z2)

P4(x4, y4, z4)

P (x, y, z)

Figure 2.2:Simplex coordinates in the tetrahedron

2Simplex coordinates are often calledbarycentric coordinates.
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The simplex coordinates are defined by

L1 =
V1

V
, L2 =

V2

V
, L3 =

V3

V
and L4 =

V4

V
, (2.9)

whereV1 is the volume of the tetrahedronPP2P3P4, V2 the volume of the tetrahedronPP3P4P1,
V3 the volume of tetrahedronPP4P1P2, V4 the volume of the tetrahedronPP1P2P3, andV the
volume of the entire tetrahedron with

V = V1 + V2 + V3 + V4. (2.10)

From (2.9) and (2.10) we obtain

L1 + L2 + L3 + L4 = 1.

This volume can be calculated with the aid of the following determinants:

V1 =
1

6

∣∣∣∣∣∣∣∣
1 x y z
1 x2 y2 z2

1 x3 y3 z3

1 x4 y4 z4

∣∣∣∣∣∣∣∣ , V2 =
1

6

∣∣∣∣∣∣∣∣
1 x1 y1 z1

1 x y z
1 x3 y3 z3

1 x4 y4 z4

∣∣∣∣∣∣∣∣ ,

V3 =
1

6

∣∣∣∣∣∣∣∣
1 x1 y1 z1

1 x2 y2 z2

1 x y z
1 x4 y4 z4

∣∣∣∣∣∣∣∣ , V4 =
1

6

∣∣∣∣∣∣∣∣
1 x1 y1 z1

1 x2 y2 z2

1 x3 y3 z3

1 x y z

∣∣∣∣∣∣∣∣ ,

V =
1

6

∣∣∣∣∣∣∣∣
1 x1 y1 z1

1 x2 y2 z2

1 x3 y3 z3

1 x4 y4 z4

∣∣∣∣∣∣∣∣ .

(2.11)

The relation between the basis functionsN (e) defined in an arbitrary tetrahedronTe and the
basis functionsN (0) defined in the unit tetrahedronT0 is given by

N (e)(x, y, z) = N (0)(ξ(x, y, z), η(x, y, z), ζ(x, y, z)),

with

ξ(x, y, z) = L2

η(x, y, z) = L3

ζ(x, y, z) = L4.

According to [65, p. 135] the equations for the back transformation are given by

x = x1 + (x2 − x1)ξ + (x3 − x1)η + (x4 − x1)ζ

y = y1 + (y2 − y1)ξ + (y3 − y1)η + (y4 − y1)ζ

z = z1 + (z2 − z1)ξ + (z3 − z1)η + (z4 − z1)ζ.

(2.12)

Now let’s define the ansatz functions in the unit tetrahedron. For our calculations we use
two different forms: a tri-linear

u(0)(ξ, η, ζ) = c0 + c1ξ + c2η + c3ζ (2.13)
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and a tri-quadratic one

u(0)(ξ, η, ζ) = c0 + c1ξ + c2η + c3ζ

+ c4ξ
2 + c5η

2 + c6ζ
2 + c7ξη + c8ξζ + c9ηζ. (2.14)

However, it is easier to describe the functions as linear combinations of so-called (local) basis
functions. In this manner the continuity between two elements can easily be accomplished [64,
page 58].

Linear basis functions in tetrahedra In the linear element, the node points are located at
the four corners of the tetrahedron according to Fig.2.3. The degrees of freedom (node vari-
ables) are the function values at the node points. As basis functions we are using interpolation
functions with the following property:

z

y

x1

2

3

4

Figure 2.3:Linear tetrahedral element

N
(0)
i (ξj, ηj, ζj) 6= 0 for j = i, and

N
(0)
i (ξj, ηj, ζj) = 0 for j 6= i.

(2.15)

The (ξj, ηj, ζj) are the coordinates at the node points. We define the basis functions inT0,
satisfying (2.15), by

N
(0)
1 (ξ, η, ζ) = 1− ξ − η − ζ

N
(0)
2 (ξ, η, ζ) = ξ

N
(0)
3 (ξ, η, ζ) = η

N
(0)
4 (ξ, η, ζ) = ζ.

(2.16)

In an arbitrary finite elementTe, the basis functions are easiest expressed using the simplex
coordinates defined inTe,

N
(e)
1 (x, y, z) = L1

N
(e)
2 (x, y, z) = L2

N
(e)
3 (x, y, z) = L3

N
(e)
4 (x, y, z) = L4.

(2.17)
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z

y

4

2

8

3

1 5

7

10

x

9

6

Figure 2.4:Quadratic tetrahedral element

Quadratic basis functions in tetrahedra For the quadratic tetrahedral element the six edge
mid-points are used as node points in addition to the four corners (cf. Fig.2.4). The node
variables are again the function values in all node points. Therefore, a quadratic tetrahedral
element has 10 node variables.

For the selection of the quadratic basis functions there are basically two possibilities to
choose from:

1. Interpolatorybasis functions according to condition (2.15)

2. Hierarchical basis functions [10],[9]: The linear basis functionsN (0)
1 , N

(0)
2 , N

(0)
3 and

N
(0)
4 from (2.16) of the linear element are taken over and supplemented with quadratic

basis functionsN (0)
5 , . . .N (0)

10 , which are assigned to the edge mid-points. These six new
basis functions satisfy the interpolation condition (2.15): Each one of the basis functions
N

(0)
5 , . . .N (0)

10 has a positive value at its assigned edge mid-point and a zero value at all
other edge middle points and all corners.

In the context of this work, we are using exclusively hierarchical basis functions, because we
want to use their properties for preconditioning the eigenvalue system. Hierarchical basis pre-
conditioning is described in Section8.3.

The hierarchical basis functions defined in elementTe are given by

N
(e)
1 = L1 N

(e)
5 = L1L2

N
(e)
2 = L2 N

(e)
6 = L1L3

N
(e)
3 = L3 N

(e)
7 = L1L4 (2.18)

N
(e)
4 = L4 N

(e)
8 = L2L3

N
(e)
9 = L2L4

N
(e)
10 = L3L4

One easily verifies that the quadratic functionsN
(e)
6 , . . . , N (e)

10 satisfy the interpolation condi-
tion (2.15).
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In the unit tetrahedronT0, the basis functionsN (0)
5 , . . . , N

(0)
10 thus become

N
(0)
5 (ξ, η, ζ) = ξ − ξ2 − ξη − ξζ

N
(0)
6 (ξ, η, ζ) = η − η2 − ξη − ηζ

N
(0)
7 (ξ, η, ζ) = ζ − ζ2 − ξζ − ηζ

N
(0)
8 (ξ, η, ζ) = ξη

N
(0)
9 (ξ, η, ζ) = ξζ

N
(0)
10 (ξ, η, ζ) = ηζ.

(2.19)

The basis functionsN (0)
1 , . . . , N

(0)
4 are the same as in (2.16).

2.4 Piece-wise representation of the solution

We consider the global representation of the solution functionũ in the entire domainΩ, which
is the union of all elementsTe. The functionũ is composed of all functions̃u(e) defined in the
elementsTe. Each of the global basis functionsNi is combined piece by piece from those local
basis functionsN (e)

k , that are assigned to the node variablei. From this it becomes apparent,
thatNi is equal to zero in all but those elements, which have nodei in common. It is easily seen
that the global basis functionsNi constructed in this way are continuous.

2.5 Calculation of the element matrices

In this paragraph we are dealing with the calculation of the integrals∫
Te

N
(e)
i N

(e)
j dΩ and

∫
Te

∇N
(e)
i · ∇N

(e)
j dΩ,

which are used for the calculation of the integrals over the entire domainΩ in (2.6). To compute
the so-called element matrices these integrals must be evaluated for each elementTe. The entries
of the so-calledmass element matricesM (e) andstiffness element matricesA(e) are defined
through

m
(e)
i,j =

∫∫∫
Te

N
(e)
i N

(e)
j dx dy dz and

a
(e)
i,j =

∫∫∫
Te

∇N
(e)
i · ∇N

(e)
j dx dy dz.

(2.20)

To simplify the calculation, we formulate the integrals overTe using integrals overT0. We
apply the coordinate transformation derived from paragraph2.3.

According to (2.12) and by elementary rules of integral calculation, we replace the volume
elementdx dy dz by

dx dy dz =

∣∣∣∣∣∣
x2 − x1 x3 − x1 x4 − x1

y2 − y1 y3 − y1 y4 − y1

z2 − z1 z3 − z1 z4 − z1

∣∣∣∣∣∣ dξ dη dζ = det J dξ dη dζ.

The Jacobi matrixJ contains all derivatives ofx, y andz with respect toξ, η andζ. From
(2.11) results, that the Jacobi determinantJ := det J can be calculated throughJ = 6V .
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Mass element matrix The integrals for the mass element matrix can easily be calculated
through

m
(e)
i,j =

∫∫∫
Te

N
(e)
i N

(e)
j dx dy dz = J

∫∫∫
T0

N
(0)
i N

(0)
j dξ dη dζ. (2.21)

It is to be noted, that the integrals overT0 have to be calculated only once. We store these
integrals temporarily in an element matrixM (0) with

m
(0)
i,j =

∫∫∫
T0

N
(0)
i N

(0)
j dξ dη dζ. (2.22)

The mass element matrices then are calculated from

M (e) = JM (0).

The matrixM (0) is printed in AppendixF.1.

Stiffness element matrix For the integrals required for the calculation of the entries of the
stiffness element matrixA(e) we are using the generalised chain rule [18, page 278] to convert
the derivatives:

∂N (e)

∂x
=

∂N (0)

∂ξ

∂ξ

∂x
+

∂N (0)

∂η

∂η

∂x
+

∂N (0)

∂ζ

∂ζ

∂x

∂N (e)

∂y
=

∂N (0)

∂ξ

∂ξ

∂y
+

∂N (0)

∂η

∂η

∂y
+

∂N (0)

∂ζ

∂ζ

∂y

∂N (e)

∂z
=

∂N (0)

∂ξ

∂ξ

∂z
+

∂N (0)

∂η

∂η

∂z
+

∂N (0)

∂ζ

∂ζ

∂z
.

(2.23)

The derivatives ofξ, η andζ with respect tox, y andz are given by

∂ξ

∂x
=

1

J

∣∣∣∣z3 − z2 y3 − y2

z4 − z2 y4 − y2

∣∣∣∣ ,
∂ξ

∂y
=

1

J

∣∣∣∣x3 − x2 z3 − z2

x4 − x2 z4 − z2

∣∣∣∣ ,

∂ξ

∂z
=

1

J

∣∣∣∣y3 − y2 x3 − x2

y4 − y2 x4 − x2

∣∣∣∣ ,

∂η

∂x
=

1

J

∣∣∣∣y3 − y1 z3 − z1

y4 − y1 z4 − z1

∣∣∣∣ ,
∂η

∂y
=

1

J

∣∣∣∣z3 − z1 x3 − x1

z4 − z1 x4 − x1

∣∣∣∣ ,

∂η

∂z
=

1

J

∣∣∣∣x3 − x1 y3 − x1

x4 − x1 y4 − x1

∣∣∣∣ , (2.24)

∂ζ

∂x
=

1

J

∣∣∣∣z2 − z1 y2 − y1

z4 − z1 y4 − y1

∣∣∣∣ ,
∂ζ

∂y
=

1

J

∣∣∣∣x2 − x1 z2 − z1

x4 − x1 z4 − z1

∣∣∣∣ ,

∂ζ

∂z
=

1

J

∣∣∣∣y2 − y1 x2 − x1

y4 − y1 x4 − x1

∣∣∣∣ .

In order to simplify the writing of the following equations we define the coordinate vector

ξ = (ξ, η, ζ).

For further transformations the scalar product is expanded:

a
(e)
ij =

∫∫∫
Te

∇N
(e)
i · ∇N

(e)
j dx dy dz

=

∫∫∫
Te

∂N
(e)
i

∂x

∂N
(e)
j

∂x
+

∂N
(e)
i

∂y

∂N
(e)
j

∂y
+

∂N
(e)
i

∂z

∂N
(e)
j

∂z
dx dy dz.
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By inserting (2.23) and adapting the volume element we get an expression with integrals over
T0,

a
(e)
ij =

3∑
k,l=1

∫∫∫
T0

∂N
(0)
i

∂ξk

∂N
(0)
j

∂ξl

dξ J

[
∂ξk

∂x

∂ξl

∂x
+

∂ξk

∂y

∂ξl

∂y
+

∂ξk

∂z

∂ξl

∂z

]
.

For an efficient calculation, we store the integrals that are independent of elements in the auxil-
iary matricesK11

ξ , K22
ξ , K33

ξ , K12
ξ , K13

ξ andK23
ξ , with

kkl
ij =

∫∫∫
T0

∂N
(0)
i

∂ξk

∂N
(0)
j

∂ξl

dξ. (2.25)

The stiffness element matrixA(e) is then calculated from

A(e) =
3∑

k,l=1

Kkl
ξ J

[
∂ξk

∂x

∂ξl

∂x
+

∂ξk

∂y

∂ξl

∂y
+

∂ξk

∂z

∂ξl

∂z

]
. (2.26)

Thereby
Kkl

ξ = K lk
ξ

T

holds. The matricesK11
ξ , K22

ξ , K33
ξ , K23

ξ , K13
ξ andK23

ξ are listed in AppendixF.1.

2.6 Construction of the global matrices

This paragraph describes how the matricesA andM of the eigenvalue problem (2.7) are con-
structed.

Matrix Assembly The process of constructing the global matricesA andM from the element
matricesA(e) andM (e) is calledassembly.

The degrees of freedom are numbered globally from1 . . . m. These global numbers corre-
spond to the row and column indices of the matricesA andM .

Apart from the global numbering, the degrees of freedom are also numbered consecutively
element-wise (locally) from1 . . . 4 for linear elements, resp. from1 . . . 10 for quadratic ele-
ments. For the assembly of the global matrices the mappingsτ (e) from the local numbering to
the global numbering is used as follows:

For each elementTe the entries of the element matricesA(e) and M (e) are added up
according to mappingsτ (e) into the matricesA and M . The individual contributions∫

Te
∇N

(e)
i · ∇N

(e)
j dx and

∫
Te

N
(e)
i N

(e)
j dx are accumulated until finally the desired integrals∫

Ω
∇Ni · ∇Nj dx and

∫
Ω

NiNj dx reside in the matrix entries.
This procedure is best illustrated using an algorithm:
A = 0; M = 0
for e over all elements

for iloc = 1:nelem

for jloc = 1:nelem

i = τ (e)(iloc); j = τ (e)(jloc)

A(i, j) = A(i, j) + A(e)(iloc, jloc)

M(i, j) = M(i, j) + M (e)(iloc, jloc)
end for

end for
end for
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Herenelem is the number of local DOFs, which 4 for linear and 10 for quadratic elements.
When usingquadratic elementsthe global numbering is chosen in such a way, that firstly, the

linear degrees of freedom (associated with the corners of the tetrahedra) get the smaller numbers
than the quadratic degrees of freedom (associated with the edge mid-points), and secondly the
numbering of the degrees of freedom at the corners of the tetrahedra are identical with their
numbering when using linear elements. In this way the matricesA andM have a2×2-block
structure

(
A11 A12
A21 A22

)
u = λ

(
M11 M12
M21 M22

)
u, whereas the matricesA11 andM 11 correspond to the

global matrices when using the linear elements.

Treatment of the boundary conditions The matricesA andM have been assembled accord-
ing to the above description without consideration of the boundary conditions. The boundary
condition (2.1b) implies, that the functionu vanishes at the boundary of domainΩ. This then
indicates, that the DOFsui at nodal points on the boundary must take on the value zero. This
amounts to eliminating the respective rows and columns of the matricesA andM .

Storage format for matrices A and M Since the global basis functionsNi are different
from zero only in a local area, the matricesA andM , calculated according to (2.8), must have
many zero elements.

It is easily seen, that for regular grids, the number of non- zero elements per line is bounded
by a small constant, that is independent of the mesh size. Thus, the matricesA andM are
sparse.

Since the matricesA andM are sparse and are symmetric, we are using theSymmetric
Sparse Skyline(SSS) format [59], which stores all non-zero entries of the lower triangle of the
matrix. A detailed description of the SSS data structure is given in AppendixA.3.

Practical implications with regard to the implementation During the assembly process it
is not feasible to store the matricesA andM in SSS format, because then it would be very
expensive to add new non-zero entries. We use the LL format, which is described in detail in
AppendixA.4. The LL format, which stores every matrix row in a linked list of non-zero entries,
has important advantages over the SSS format: Firstly, adding and removing elements is cheap,
and secondly, the total number of non-zero entries does not have to be known beforehand. After
the assembly the LL format can be converted cheaply to the SSS format in a 1-pass scheme.

For the treatment of the boundary conditions it is advantageous to identify the rows and
columns that have to be eliminated prior to the assembly. This information can then be taken
into consideration when assembling the matrices, both to save storing space and to prevent
unnecessary computation.
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3 Problem II: Electromagnetic waves in cavities

This chapter describes the second mathematical problem, which is being dealt with in this work:
For the design of particle accelerators, electromagnetic fields in cavities need to be calculated.
Using the finite element method, a modified form of Maxwell’s equations is transformed to a
matrix eigenvalue problem.

Dr. Stefan Adam, Paul Scherrer Institute (PSI), introduced us to this problem. In collabora-
tion with Dr. Adam various approaches to the solution have been worked out.

3.1 Fundamental Equations

As already outlined in the introduction, the mathematical model for the electromagnetic fields
in accelerator cavities is an eigenvalue problem derived from Maxwell’s equations.

For our calculations it is assumed that the metallic surface has perfect conductivity, and that
the interior of the cavity is in perfect vacuum. Under these assumptions the electromagnetic
field can be described by the following (simplified) Maxwell equations [43, p.353], [48], [21,
§I.4],

−1

c

∂

∂t
E(x, t) + rotH(x, t) = 0, (3.1a)

div E(x, t) = 0, x ∈ Ω, t > 0, (3.1b)
1

c

∂

∂t
H(x, t) + rotE(x, t) = 0, (3.1c)

div H(x, t) = 0, (3.1d)

whereE represents the electric andH the magnetic field andc the speed of light. The boundary
conditions result from the perfect conductivity of the surface and demand that the tangential
components ofE and the normal components ofH disappear, therefore

n× E = 0, n ·H = 0, x ∈ Γ. (3.2)

The vectorn is the outer normal toΓ.
By means of a time-harmonic ansatz forE andH and by eliminatingH, one obtains the

differential equation [1]

rot rot e(x) = λ e(x), x ∈ Ω, λ := ω2/c2, (3.3a)

div e(x) = 0, x ∈ Ω, (3.3b)

n× e = 0, x ∈ Γ. (3.3c)

e(x) designates the spatial component ofE(x, t) and represents the amplitude of the electric
field at positionx. Solutions to (3.3) exist only for certain eigenfrequenciesω.

As described in Chapter2, we form the solution as a linear combination of the global basis
functionsN1, . . ., Nm,

e =
m∑

k=1

ukNk. (3.4)

TheNk satisfy the boundary conditions

n×Nk = 0, x ∈ Γ,
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butdiv Nk 6= 0 is possible.
Equation (3.3a) is transformed according to Galerkin’s method into a discretised integral

equation ∫
Ω

(rot rot e− λe) ·Nj dΩ = 0 ∀j = 1 . . . m. (3.5)

With the aid of the Nabla calculus [18, page 576] the following equivalence is derived [18,
page 577, rule 3]

(rot rot u) · v = (rot u) · (rot v) + div((rot u)× v). (3.6)

According to Green’s 2nd theorem [18, page 579] and (3.6) the double derivatives are eliminated
from (3.5),∫

Ω

(rot e) · (rotNj) dΩ +

∮
Γ

[(rot e)×Nj] · n dΓ

− λ

∫
Ω

e ·Nj dΩ = 0 ∀j = 1 . . . m. (3.7)

The surface integral in (3.7) disappears, sinceNj satisfies the boundary conditionsNj ×n = 0
and therefore vector(rot e)×Nj is orthogonal to the outer normal vectorn.

A simplistic approach for solving (3.3) is

Find λ ∈ R, e ∈ span{N1, . . .Nm} such that∫
Ω

(rot e) · (rotNj) dΩ = λ

∫
Ω

e ·Nj dΩ ∀j = 1 . . . m.
(3.8)

If the finite elementsNj would be divergence-free, then (3.8) would be a valid approximation
for (3.3). It is however difficult to implement the divergence-free condition practically [46].

A simplistic procedure would be to use ordinary node based finite elements and to omit the
divergence-free condition. One would then get the desired divergence-free eigensolutions, but
also undesired solutions with non-vanishing divergence.

These undesired solutions (so-called spurious modes) are spread over the entire spec-
trum [38] and therefore cannot be identified through their eigenfrequencies. However, it is
possible to eliminate these spurious modes on the basis of the divergence of their eigenfunc-
tions. For this purpose, for all eigensolutions(λi, ei) the integral

∫
Ω
(div e)2 is calculated. Using

a threshold value the undesired solutions are then ruled out [1].
The procedure described above has several disadvantages: Many of the computed eigen-

solutions are discarded after-wards. Also, the method is mathematically not well established.
The method worked in preliminary experiments, but its reliability is doubtful. Furthermore, the
choice of the threshold value is delicate.

For these reasons, we did not further investigate this method. In Sections3.2 and3.3 we
now present two methods, by which the calculation ofspurious modesis prevented completely.

3.2 Penalty Method

The penalty method is a variant to introduce the divergence-free condition in (3.8) [46][1][45].
By inserting (3.4) into the integral in (3.8) and by adding a penalty term we get thegeneralised
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eigenvalue problem

Find (λ,u = [u1, . . . , um]) ∈ R× Rm such that
m∑

i=1

ui

∫
Ω

rotNi · rotNj dΩ + s

m∑
i=1

ui

∫
Ω

div Ni div Nj dΩ

= λ
m∑

i=1

ui

∫
Ω

Ni ·Nj dΩ ∀j = 1 . . . m.

(3.9)

The penalty term, which is used to complement the discretised weak formulation (3.8), only
affects eigensolutions, that are not divergence-free and increases their eigenvalue. If the param-
eters > 0 is chosen large enough, the first few eigensolutions with the smallest eigenvalues are
guaranteed to be divergence-free.

It is possible to estimate, how larges has to be chosen at least, such that all calculated
solutions, whose eigenvalue are smaller than the given valueν, are guaranteed to be divergence-
free [1]. For this, a lower bound of the smallest eigenvalueµmin(Ω) of the negative Laplace
operator−∆ onΩ needs to be computed (cf. Problem I). Thens µmin(Ω) ≥ ν must hold [51].
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Figure 3.1:Eigenvalues ofbox8x4x6in the interval (0,100) computed using the penalty method
for 0 ≤ s ≤ 2.

Fig. 3.1 shows the eigenvalues of the meshbox8x4x6(cf. Appendix D) in the interval
(0, 100), which were computed using the penalty method. The penalty parameters varies from
0 to 2 on thex-axis. For smalls the interval is contaminated with eigenvalues, that belong
to divergence-afflicted solutions. These eigenvalues grow linearly withs, while the desired
eigenvalues remain constant, i.e. are independent ofs. If s is chosen sufficiently large, then the
undesired eigenvalues disappear from the interval(0, 100). If e.g. the eigenvalues in the interval
of (0, 100) are to be calculated, thens = 1.5 is an appropriate selection: In accordance with
AppendixC.1 the smallest eigenvalue of the negative Laplace operator isµmin(ω) = 61

9
π2 and

1.5µmin(ω) ≈ 100.34. All spurious modes are therefore larger than100.34.
Equation (3.9) is equivalent to thematrix eigenvalue problem

Au = λMu, (3.10)
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with

aij =

∫
Ω

rotNi · rotNj + s div Ni div Nj dΩ and

mij =

∫
Ω

Ni ·Nj dΩ.

(3.11)

From (3.11) follows immediately, that both matricesA andM aresymmetric.
The quadratic formsuT Au anduT Mu match the integrals

∫
Ω
(rot ẽ)2 + s(div ẽ)2 dΩ and∫

Ω
ẽ2 dΩ. u is defined throughu = [u1, . . . , um] with ẽ =

∑m
k=1 ukNk.

The integral
∫

Ω
ẽ2 dΩ is positive forẽ 6= 0. ThereforeM must bepositive definite. As

shown in [35, remark 3.9 and 3.10, page 47], the only function, which satisfiesdiv ẽ = 0
androt ẽ = 0 and the boundary conditions, is the functionẽ = 0. In other words: a non-
disappearing, divergence-free functionẽ, which meets the boundary conditions, can not be
curl-free. Therefore, the integral∫

Ω

(rot ẽ)2 + s(div ẽ)2 dΩ

is positive fors > 0 and henceA is positive definite.

3.2.1 Finite Elements for the Penalty Method

For the finite element formulation of the penalty method, we are usingnode based tetrahedral
elements, as described in Chapter2. In contrast to earlier times, the basis functions are now
vector functions.

For the definition of the basis functions and their integration, we are working again in the
unit tetrahedronT0 and with the coordinate transformation introduced in Section2.3.

We are now introducing two tetrahedral elements: one with linear basis functions and an-
other with quadratic basis functions. The basis functions are set uphierarchicallyas in Prob-
lem I. As node points, we are again using the corners and the edge mid-points (cf. Figs. in
Section2.3). To each node point three node variables are assigned: the three field components
in each coordinate direction. Thus, for the linear element, the vector valued basis functions in
the tetrahedronT0 are defined as follows:

N
(0)
i =

N
(0)
i

0
0

 , N
(0)
i+4 =

 0

N
(0)
i

0

 , N
(0)
i+8 =

 0
0

N
(0)
i

 , i = 1, . . . 4. (3.12)

The basis functions for the quadratic element are defined as

N
(0)
i =

N
(0)
i

0
0

 , N
(0)
i+10 =

 0

N
(0)
i

0

 , N
(0)
i+20 =

 0
0

N
(0)
i

 , i = 1, . . . 10. (3.13)

The Ni are the scalar hierarchical basis functions from (2.16) and (2.19) respectively, which
were defined for Problem I.
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3.2.2 Element matrices

For the calculation of the integrals in (3.11), mass element matricesM (e), curl element matrices
A(e) and divergence element matricesN (e) are used. They are defined as follows:

m
(e)
i,j =

∫∫∫
Te

N
(e)
i ·N

(e)
j dx dy dz, and (3.14a)

a
(e)
i,j =

∫∫∫
Te

rotN
(e)
i · rotN

(e)
j dx dy dz, and (3.14b)

n
(e)
i,j =

∫∫∫
Te

div N
(e)
i div N

(e)
j dx dy dz. (3.14c)

Mass element matrix In the computation of the mass element matrixM (e) the basis functions
corresponding to different coordinate directions do not interact. Therefore the mass matrix has
the form

M (e) = J

M (0) 0 0

0 M (0) 0

0 0 M (0)

 , (3.15)

whereM (0) is the element matrix defined in (2.22).

Auxiliary matrices To facilitate the calculation of the curl element matrices and the diver-
gence element matrices, we introduce some auxiliary matrices.

In order to simplify the notation, we are using the coordinate vectors

x = (x, y, z) and ξ = (ξ, η, ζ)

as in Chapter2.
We define the matricesK11

x , K22
x , K33

x , K12
x , K13

x UN K23
x , which contain the integrals

overTe. Their entries are calculated according to the formula

kkl
x,ij =

∫∫∫
Te

∂N
(e)
i

∂xk

∂N
(e)
j

∂xl

dx, 1 ≤ l ≤ k ≤ 3. (3.16)

Using the generalised chain rule [18, page 278] the matricesK11
x , K22

x , K33
x , K12

x , K13
x and

K23
x can be calculated from the element independent matricesK11

ξ , K22
ξ , K33

ξ , K12
ξ , K13

ξ and
K23

ξ , which were defined in (2.25). First, we define the Jacobi matrixΥ with the derivatives of
ξ, η andζ with respect tox, y andz,

Υ =


∂ξ
∂x

∂ξ
∂y

∂ξ
∂z

∂η
∂x

∂η
∂y

∂η
∂z

∂ζ
∂x

∂ζ
∂y

∂ζ
∂z

 . (3.17)

The elements ofΥ

υij =
∂ξi

∂xj

, 1 ≤ i, j ≤ 3

are constant and are resulting from (2.24). Υ satisfies

Υ dx = dξ and J dξ = dx and therefore Υ = J−1.

The matricesKkl
x can now be calculated from linear combinations of theKrs

ξ

Kkl
x =

∑
1≤r,s≤3

υrkυslK
rs
ξ , 1 ≤ l ≤ k ≤ 3. (3.18)
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Curl element matrices The curl element matrixA(e) is defined in (3.14b). The integrand
in (3.14b) is expanded as follows:

rotNi rotNj =
∂ni,x

∂y

∂nj,x

∂y
+

∂ni,x

∂z

∂nj,x

∂z
− ∂ni,x

∂y

∂nj,y

∂x
− ∂ni,x

∂z

∂nj,z

∂x

+
∂ni,y

∂x

∂nj,y

∂x
+

∂ni,y

∂z

∂nj,y

∂z
− ∂ni,y

∂x

∂nj,x

∂y
− ∂ni,y

∂z

∂nj,z

∂y

+
∂ni,z

∂x

∂nj,z

∂x
+

∂ni,z

∂y

∂nj,z

∂y
− ∂ni,z

∂x

∂nj,x

∂z
− ∂ni,z

∂y

∂nj,y

∂z
.

Theni,x, ni,y, ni,z are the components of the basis functionsN
(e)
i .

Due to the definition of the basis functionsN
(e)
i in (3.12) and (3.13) most of the terms are

zero. The curl element matrixA(e) also has a3×3-block structure,

A(e) = J

K22
x + K33

x −K12
x −K13

x

−K21
x K11

x + K33
x −K23

x

−K31
x −K32

x K11
x + K22

x

 (3.19)

with
K lk

x = Kkl
x

T
, 1 ≤ l ≤ k ≤ 3.

Divergence element matrix As for the curl element matrix the integrand of the divergence
element matrixN (e) in (3.14c) can be expanded:

div Ni div Nj =
∂ni,x

∂x

∂nj,x

∂x
+

∂ni,x

∂x

∂nj,y

∂y
+

∂ni,x

∂x

∂nj,z

∂z

+
∂ni,y

∂y

∂nj,x

∂x
+

∂ni,y

∂y

∂nj,y

∂y
+

∂ni,y

∂y

∂nj,z

∂z

+
∂ni,z

∂z

∂nj,x

∂x
+

∂ni,z

∂z

∂nj,y

∂y
+

∂ni,z

∂z

∂nj,z

∂z
.

Again the divergence element matrixN (e) can be represented in a3×3-block structure with
the aid of the matricesK11

x , K22
x , K33

x , K12
x , K13

x andK23
x :

N (e) = J

K11
x K12

x

T
K13

x

T

K12
x K22

x K23
x

T

K13
x K23

x K33
x

 . (3.20)

3.2.3 Construction of the matrix eigenvalue problem

The assembly of the global matricesA andM is done according to the same scheme as in
Problem I (cf. Section2.6). Keep in mind that by suitably numbering the degrees of freedom,
a matrix eigenvalue problem with2×2-block structure

(
A11 A12
A21 A22

)
u = λ

(
M11 M12
M21 M22

)
u emerges, if

quadraticbasis functions are used. Then the matricesA11 andM 11 correspond to the global
matrices using linear elements.
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3.2.4 Boundary conditions

In this section we show how the boundary conditions are implemented. If all faces ofΓ are pla-
nar and orthogonal to each other, and are also oriented coordinate direction, only the respective
degrees of freedom need to be eliminated. In all other cases a considerable amount of effort
is needed, in order to treat the boundary conditions correctly. This is one of the reasons, why
vector elements, as discussed in Chapter3.3, are being used instead of the penalty method (with
node elements).

Two different types of boundary conditions may occur: At perfectly conducting surfaces of
the cavitye × n = 0 holds. Here, the electric field is orthogonal to the surface. On symmetry
planes eithere× n = 0 or e · n = 0 hold (electric field is tangential to the symmetry plane)3.

For the implementation of the boundary conditions five cases are distinguished, and they all
need to be treated differently:

1. Boundary points withe× n = 0, which are located on a physical edge4 or corner on the
surface.

2. Boundary points withe × n = 0, which arenot located on a physical edge or corner on
the surface.

3. Boundary points withe · n = 0, which reside on exactly one symmetry plane.

4. Boundary points withe · n = 0, which reside on exactly two symmetry planes.

5. Boundary points withe · n = 0, which reside on three or more symmetry planes.

Boundary points with e × n = 0, which are located on a physical edge or corner on the
surface The electric field needs to be orthogonal to both (resp. all three) bordering surfaces.
This is only possible, when the electric field disappears completely at these points. All three
degrees of freedom, which correspond to the three field components in such a point, will be
eliminated, i.e., the respective rows and columns are deleted from the matricesA andM .

Boundary points with e×n = 0, which are not located on a physical edge or corner on the
surface Here the electric field is orthogonal to the surface. The surface normal vector at the
boundary point is generally not known. However, it can be approximated by different methods:

. using the normal vector of any adjacent surface triangle

. using an “average”, formed by the normal vectors of all adjacent surface triangles

. using Newell’s formula, a method used for determining the normal vector to a plane.
A 3D-polygon is given by three or more vertex points, which lie (or almost lie) in this
plane [27, page 476–477].

To simplify matters, we decided to use the second variant. For calculating the normal vector
at a boundary point, we use the formulan :=

∑
i ni/‖

∑
i ni‖2. Theni are the normal vectors

of the adjacent boundary faces.

3Cf. Section2.2
4Physical edges are located on the surface of the domainΩ. They are not the edges, which are simply introduced

by mesh generation.
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Let e = (e1 e2 e3)
T be the electric field and letn = (n1 n2 n3)

T be the approximated surface
normal vector at the boundary point. Thene1/n1 = e2/n2 = e3/n3 holds. If one of theei is
given, the other two are resulting thereof. So there is only one degree of freedom left at such a
boundary point.

So if (without loss of generality)e1 is given, thene2 ande3 are obtained by

e2 =
n2

n1

e1 = c2e1

and
e3 =

n3

n1

e1 = c3e1.

Without loss of generality we assume thatu1 andu2 are the degrees of freedom which corre-
spond toe1 ande2. u2 shall now be eliminated from the FEM-calculation.
The functionu is approximated by

u =
n∑

k=1

ukNk.

TheNk are the global ansatz functions. For each rowi of the matrix eigenvalue problem

n∑
s=1

aijuj = λ
n∑

s=1

mijuj

holds. This can be expanded to

n∑
s=1

(〈rotNi, rotNj〉 − λ〈Ni,Nj〉)uj = 0.

Here we are using the notation
∫

Ω
a · b dx = 〈a,b〉.

We now introduce the conditionu2 = c2u1 into the calculation.

[〈rotNi, rotN1 + c2 rotN2〉 − λ〈Ni,N1 + c2N2〉]u1 +
n∑

s=3

· · · = 0.

Due to the linearity of therot operator

[〈rotNi, rot(N1 + c2N2)〉 − λ〈Ni,N1 + c2N2〉]u1 +
n∑

s=3

· · · = 0

holds.
N1 is now replaced byN1 +c2N2, andN2 is eliminated.N1 +c2N2 is linearly independent

of all Nj for j > 2. Therefore, Galerkin’s method continues to be valid.



24 Problem II: Electromagnetic waves in cavities

The elimination ofu2 can be carried out using the matrix operations only: MatrixÃ is the
matrix that results when eliminatingu2 from A. Ã is computed as follows:

ã11 = 〈rot(N1 + c2N2), rot(N1 + c2N2)〉
= 〈rotN1, rotN1〉+ c2〈rotN1, rotN2〉+ c2〈rotN2, rotN1〉

+ c2
2〈rotN2, rotN2〉

= a11 + c2(a12 + a21) + c2
2a22

ã1j = 〈rot(N1 + c2N2), rotNj〉
= 〈rotN1, rotNj〉+ c2〈rotN2, rotNj〉
= a1j + c2a2j

ãi1 = 〈rotNi, rot(N1 + c2N2)〉
= 〈rotNi, rotN1〉+ c2〈rotNi, rotN2〉
= ai1 + c2ai2

Thus, thec2-fold of the second column is added to the first column, and then thec2-fold of
the second row is added to the first row, or vice versa. Afterwards the second column and the
second row are eliminated from the matrix.

The correctness of this procedure shall be illustrated with entryã11. For the remaining
entries in the first row, resp. first column, the correctness is obvious.

A’ is the matrix created by adding thec2-fold of the second row to the first row ofA:

a′11 = a11 + c2a21 and a′12 = a12 + c2a22.

After the subsequent addition of thec2-fold of the second column of A to its first row we have

ã11 = a′11 − c2a
′
21

= a11 + c2a21 + c2(a12 + c2a22)

= a11 + c2(a12 + a21) + c2
2a22.

The matrix operations which are necessary to eliminate the degree of freedomu2 are also
valid for matrixM . The derivation can be done by analogy.

This procedure can be applied to eliminate any degree of freedom. It can be shown that
several degrees of freedom can be dealt with independently, according to the scheme mentioned
above.

By eliminating the degrees of freedom, no new non-zero elements are created in the matri-
cesA andM , since the three degrees of freedom of a grid point always belong to the same
elements.

Pivoting When treating a boundary point, one has the choice to eliminate any one of the
three field components. To ensure that the condition numbers of the matricesA andM are
not substantially degrading, it is advisable tonot eliminate the component showing the largest
magnitude in the normal vector. By this choice, multiples with a factor less or equal than
one of the rows and columns to be eliminated are added, sincemaxn1,n2,n3 |n2/n1| = 1, for
n2

1 + n2
2 + n2

3 = 1 and|n1| > |n2| > |n3|. This ensures that the elimination will not generate
arbitrarily large entries in the matrix.
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Boundary points with e · n = 0 on exactly one symmetry plane For each boundary point
of this kind three orthonormal vectorsn1, n2 andn3 are determined.n1 is orthogonal to the
symmetry plane;n2 andn3 are tangential to it.

Letu be the electric field at such a boundary point.u can be expressed as linear combination
of ni:

u = (n1,n2,n3)w.

The wi are the components ofu with respect to the basis(n1,n2,n3). Since the electric
field is tangential to the symmetry plane,w1 is equal to0. Forw2 andw3 we get

w2 = n2u

w3 = n3u.

The old degrees of freedomu1, u2 andu3 are eliminated and replaced byw2 andw3. Similar
to the section above, the respective linear combinations of the matrix rows and columns are
formed.

Boundary points with e · n = 0 on exactly two symmetry planes A boundary point of this
kind is located on the line of intersection of two symmetry planes. Since the electric field must
be tangential to both symmetry planes, it has only one component in the direction of the line of
intersection.

Let u be the electric field at such a boundary point and letn be the normalised direction of
the line of intersection. The degrees of freedomu1, u2, andu3 are being replaced by the degree
of freedom

w = n · u.

Boundary points with e · n = 0 on three or more symmetry planes A boundary point of
this kind lies at the intersection of three or more symmetry planes. Since the electric field must
be tangential to all symmetry planes, it has to disappear.

All three degrees of freedom that belong to such a boundary point are eliminated.

3.3 Mixed method

The node elements together with the penalty-method as presented in Section3.2 have the dis-
advantage that the boundary conditions can only be included into the calculation with a consid-
erable effort [45, page 231] (cf. Section3.2.4). Also, choosing the penalty parameters may be
a problem. This motivates to use so-calledNéd́elec vector elements[54]. With vector elements
the degrees of freedom are not assigned to function values at certain nodes, but to moments
(integrals) over edges, faces and volumes. The elements are often callededge elements, as the
DOFs of the lowest order basis functions are associated with edges.

We start directly from the discretised integral formulation (3.8). It turns out that by using
the vector elements discussed in this section, all divergence-afflicted solutions (spurious modes)
belong to the multiple eigenvalue zero and the matrix on the left hand side of (3.8) has a non-
trivial null space. Furthermore, the vectors which span this null space can be calculated with
little effort [4, 5]. This will be discussed further in Section3.3.5.
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3.3.1 Description of the vector elements

The degrees of freedom of the linear and the quadratic vector elements are assigned to the edges
and faces of the tetrahedral element. The numbering of the nodes and edges we use is indicated
in Fig. 3.2. We number the faces sequentially as follows:(1, 2, 3), (2, 3, 4), (1, 3, 4), (1, 2, 4)5.

2̄
5̄

6̄

3

4̄

2

1̄

1

4

3̄

Figure 3.2:Numbering of nodes and edges

For the definition of the basis functions we are using the scalar functionsL1 . . .L4, as defined
in (2.9), which supply the respective simplex coordinate in dependence ofx, y andz.

The linear functionLi has value1 at the tetrahedron corneri and value0 at all other corners.
The gradients∇L1 . . .∇L4 areconstantvectors. ∇Li is orthogonal to the tetrahedron face
Li = 0, i.e. the face opposite to the cornerPi. ∇Li points from that face in direction of the
cornerPi.

The basis functions of the vector elements are defined in such a way that the tangential
components of the representable field are continuous across the element boundaries. The normal
components may jump [62]. For this reason, the elements are also calledtangential vector
elements[54], [78].

We use vector elements of order1 and2. They are described in the following two sections.

Linear vector element We define the six basis functions of thelinear vector elementas fol-
lows [66]:

N
(e)
1 = L1∇L2 − L2∇L1

N
(e)
2 = L1∇L3 − L3∇L1

N
(e)
3 = L1∇L4 − L4∇L1

N
(e)
4 = L2∇L3 − L3∇L2

N
(e)
5 = L2∇L4 − L4∇L2

N
(e)
6 = L3∇L4 − L4∇L3.

(3.21)

HereN
(e)
i is assigned to edgei. As an exampleN(e)

1 is shown in Fig.3.3.
We now derive some properties of the six basis functions:

Directed degrees of freedom The basis functions of the formLi∇Lj − Lj∇Li depend on the
direction of the edge. If the orientation of the edge is reversed, i.e. the indicesi andj are
swapped, then the three components of the corresponding basis function change the sign.

5The three numbers in parentheses represent the numbers of the corners belonging to the face.
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1
2

4

Figure 3.3:Nedelec basis functionN(e)
1

The direction of the edges are defined both locally and globally. The direction of the local
degrees of freedom is indicated in Fig.3.2using arrows.

The edge directions have to be considered at two places:

1. During the assembly of the global matrices, when contributions to the integrals from
different elements are added up: If the local edge orientation does not match the
global edge orientation, the element matrices have to be adjusted accordingly before
adding them to the global matrices.

2. When building the sparse matrixY : The entriesyij depend on the orientation of the
edges (cf. Section3.3.5).

Divergence-free interior It turns out, that the divergence of the basis functionsN
(e)
1 . . .N

(e)
6

vanishes in the interior of the tetrahedral element,

∇(Li∇Lj − Lj∇Li) = Li∇∇Lj − Lj∇∇Li = 0,

because the double derivatives of the linear functions are equal to zero.

Constant tangential component Without loss of generality we show this and the next property
only for N(e)

1 . Lete1 be the unit vector that points from node1 in direction of node2. Let
l1 be the length of edgē1. We now calculate the dot product ofe1 and∇L1: Let γ be the
angle betweene1 and∇L1 and leth1 be the distance between node1 and face(2, 3, 4).
From the definition of the dot product follows thate1 ·∇L1 = 1

h1
cos γ. We now consider

the triangle(1, 2, H1), whereH1 is the point nearest to the plane(2, 3, 4). The straight
line from node1 to H1 is collinear to∇L1.
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1

h1

π
2

H1

2

1̄

l1
π − γ

γ − π
2

The figure on this page shows thath1

l1
= sin(π/2− γ) = − cos γ.

From the above considerations follows, thate1 · ∇L1 = −1/l1. Similar considerations
show, thate1 · ∇L2 = 1/l1. Thereforee1 ·N(e)

1 = L1+L2

l1
= 1−L3−L4

l1
. Along the edgē1

we havee1 ·N(e)
1 = 1/l1, becauseL3 andL4 are equal to zero there. That means, that the

basis functionN(e)
1 has aconstant tangential componentalong edgē1.

No tangential components on other edges N
(e)
1 has no tangential component on the faces

(1, 3, 4) and (2, 3, 4). It immediately follows, thatN(e)
1 has no tangential component

on all edges except̄1.

Non-uniform polynomial degree Often the functionsN(e)
1 . . .N

(e)
6 are called aCT/LN-basis,

because they can represent a field with constant tangential components and linear normal
components at the element boundaries [62]. Thus the representable vector fields do not
have the same polynomial degree in each direction.

Quadratic vector element For thequadratic vector elementwe are using hierarchical basis
functions as we have done for Problem I. Thus the first six basis functions are adopted from the
linear vector element.

The basis functionsN(e)
7 . . .N(e)

12 are also assigned to the edges1 . . .6 [66],

N
(e)
7 = L1∇L2 + L2∇L1

N
(e)
8 = L1∇L3 + L3∇L1

N
(e)
9 = L1∇L4 + L4∇L1

N
(e)
10 = L2∇L3 + L3∇L2

N
(e)
11 = L2∇L4 + L4∇L2

N
(e)
12 = L3∇L4 + L4∇L3.

(3.22)

As an example,N(e)
7 is shown in Fig.3.4.

The properties of the basis functionsN
(e)
7 . . .N(e)

12 are different from those of the first six
basis functions. Their tangential component is no longer constant on their assigned edge. To-
gether with the functionsN(e)

1 . . .N(e)
6 one would get a complete linear polynomialx, y andz

for each field component.
The functionsN(e)

7 . . .N(e)
12 are not divergence-free in the interior of the element, since

∇(Li∇Lj + Lj∇Li) = Li∇∇Lj + Lj∇∇Li + 2∇Li∇Lj 6= 0.
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4

1
2

Figure 3.4:Nedelec basis functionN(e)
7

They are howevercurl-free in the interior, since

∇× (Li∇Lj + Lj∇Li) = ∇Li ×∇Lj +∇Lj ×∇Li = 0.

To define the remaining basis functionsN
(e)
13 . . .N(e)

24 , three out of four of the functionsL1

. . .L4 are used at a time. They are therefore assigned to a face of the tetrahedral element [66].

N
(e)
13 = ∇L1 L2L3, N

(e)
17 = ∇L2 L3L1, N

(e)
21 = ∇L3 L1L2, (3.23)

N
(e)
14 = ∇L2 L3L4, N

(e)
18 = ∇L3 L4L2, N

(e)
22 = ∇L4 L2L3, (3.24)

N
(e)
15 = ∇L3 L4L1, N

(e)
19 = ∇L4 L1L3, N

(e)
23 = ∇L1 L3L4, (3.25)

N
(e)
16 = ∇L4 L1L2, N

(e)
20 = ∇L1 L2L4, N

(e)
24 = ∇L2 L4L1. (3.26)

As an example,N(e)
16 is shown in Fig.3.5.

The vector fields∇Li LjLk, i 6= j 6= k, areunidirectional. It is orthogonal to the face
opposite of cornerPi. On both faces adjacent to edge(j, k), the field has a quadratic component.
On the other two faces the field vanishes.

Out of the three degrees of freedom assigned to a face, one is arbitrarily chosen and elimi-
nated [66, page 299], since their tangential components are linearly dependent [78]. This choice
cannot simply be done element-wise. It has to match with the corresponding DOF of the neigh-
bouring element. Therefore we initially compute the element matrices for all24 basis functions.
Only after the global numbering is known, we can eliminate one degree of freedom per face.

The functionsN(e)
1 . . .N(e)

24 are often referred to as aLT/QN-basis, since they can represent
fields with linear tangential components and quadratic normal components [62].
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1

4

2

Figure 3.5:Nedelec basis functionN(e)
16

3.3.2 Calculation of the element matrices

The mass element matrixM (e) and the curl element matrixA(e) are used to calculate the inte-
grals in the discretised weak formulation (3.8). They are defined as follows:

m
(e)
i,j =

∫∫∫
Te

N
(e)
i ·N

(e)
j dx dy dz, and (3.27a)

a
(e)
i,j =

∫∫∫
Te

rotN
(e)
i · rotN

(e)
j dx dy dz. (3.27b)

We now describe how we compute these element matrices in practice.

Mass element matrix We exemplify the calculation of the mass element matrix for matrix
entrym

(e)
12 :

m
(e)
12 =

∫∫∫
Te

N
(e)
1 ·N

(e)
2 dx dy dz

=

∫∫∫
Te

(L1∇L2 − L2∇L1) · (L1∇L3 − L3∇L1) dx dy dz.

(3.28)

Expanding the formula and factoring out the constant gradients∇Li yields

m
(e)
12 = ∇L2 · ∇L3

∫∫∫
Te

L1L1 dx dy dz

+∇L1 · ∇L1

∫∫∫
Te

L2L3 dx dy dz

−∇L1 · ∇L2

∫∫∫
Te

L1L3 dx dy dz

−∇L1 · ∇L3

∫∫∫
Te

L1L2 dx dy dz.

(3.29)
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Since the integrands in (3.29) contain only scalar quantities, the transformation of the integrals
overTe into integrals overT0 is straight-forward. E.g.∫∫∫

Te

L2L3 dx dy dz =
J

120
.

J is the determinant of the Jacobi matrix, as defined on page12. Thus form(e)
12 we get

m
(e)
12 = ∇L2 · ∇L3

J

60
+∇L1 · ∇L1

J

120
−∇L1 · ∇L2

J

120
−∇L1 · ∇L3

J

120
.

To simplify the calculation ofM (e), we store the gradients∇Li and their inner products. We
store the constant gradients∇Li in the vectorsg1, . . . ,g4:

gi := ∇Li. (3.30)

We store the dot products of thegi in G ∈ R4×4:

gij := gi · gj. (3.31)

We also need to know the integrals
∫∫∫

Te
LiLj dx,

∫∫∫
Te

LiLjLk dx and∫∫∫
Te

LiLjLkLl dx. They can all be computed using the well known volume integration
formula for simplex coordinates,∫∫∫

Te

Lp
1L

q
2L

r
3L

s
4 dx dy dz = 6V

p!q!r!s!

(p + q + r + s + 3)!
. (3.32)

Using this information the entries ofM (e) can be computed efficiently. E.g. matrix entry
m12 is then calculated by

m12 = J/120(g11 − g12 − g13 + 2g23).

A complete list containing the formulas for all entries is given in AppendixF.2.1.

Curl element matrix The curl element matrixA(e) is defined by

a
(e)
i,j =

∫∫∫
Te

rotN
(e)
i · rotN

(e)
j dx dy dz.

Using the nabla calculus, the curl of the basis functionNi can be calculated:

∇× (Li∇Lj − Li∇Li) = 2(∇Li ×∇Lj) (3.33a)

∇× (Li∇Lj + Li∇Li) = 0 (3.33b)

∇× (∇Li LjLk) = Lk(∇Lj ×∇Li) + Lj(∇Lk ×∇Li). (3.33c)

As can be seen from (3.33), the vector cross products of the∇Li are needed to calculatea(e)
ij .

We store the vector cross products inc1 . . .c6,

c1 := ∇L1 ×∇L2, c2 := ∇L1 ×∇L3,

c3 := ∇L1 ×∇L4, c4 := ∇L2 ×∇L3,

c5 := ∇L2 ×∇L4, c6 := ∇L3 ×∇L4.

(3.34)
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Their inner products are stored inC ∈ R6×6,

cij := ci · cj. (3.35)

For the calculation of thea(e)
ij , the following special cases of (3.32) are needed,∫∫∫

Te

dx dy dz =
J

6
and

∫∫∫
Te

Li dx dy dz =
J

24
. (3.36)

We exemplify the calculation of the curl element matrix for the entrya
(e)
1,13:

a
(e)
1,13 =

∫∫∫
Te

rotN
(e)
1 · rotN

(e)
13 dx dy dz

=

∫∫∫
Te

2(∇L1 ×∇L2)·

[L3(∇L2 ×∇L1) + L2(∇L3 ×∇L1)] dx dy dz

= −2

(
c11

∫∫∫
Te

L3 dx dy dz + c12

∫∫∫
Te

L2 dx dy dz

)
= −J/12 (c11 + c12).

(3.37)

The other matrix entries can be computed using the same scheme. A complete list containing
the formulas for all entries is given in AppendixF.2.1.

3.3.3 Matrix eigenvalue problem

In this section we transform the integral Equation (3.8) into a matrix eigenvalue problem of the
form Au = λMu. The global matricesA andM are defined by

aij =

∫
Ω

rotNi · rotNj dΩ, and

mij =

∫
Ω

Ni ·Nj dΩ.

(3.38)

The matrix assembly is realised using the same scheme as for Problem I (cf. Section2.6). It
is to be noted that with an appropriate numbering of the degrees of freedom, the resulting matrix
eigenvalue problem shows a2×2-block structure,

(
A11 A12
A21 A22

)
u = λ

(
M11 M12
M21 M22

)
u, if quadratic

elements are used. Due to the hierarchical basis, theA11 andM 11 matrices then coincide with
the global matrices when using linear elements.

For the later discussion of the eigensolvers, the properties of the matricesA andM are
essential. They shall be derived in this section.

From (3.38) follows immediately thatA and M are symmetric. The quadratic forms
uT Au and uT Mu match the integrals

∫
Ω
(rot ẽ)2 dΩ and

∫
Ω
ẽ2 dΩ. u is defined through

u = [u1, . . . , um] with ẽ =
∑m

k=1 ukNk.
The integral

∫
Ω
ẽ2 dΩ is positive forẽ 6= 0. ThereforeM must bepositive definite. The

integral
∫

Ω
(rot ẽ)2 dΩ is positive unless̃e is curl-free inΩ. In this case the integral is equal to

zero. Thus the matrixA is onlypositive semi-definite.
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3.3.4 Boundary conditions

There are two kinds of boundary conditions: On the perfectly conducting surfacee × n = 0
must hold. Thus the electric field is orthogonal to the surface there. On possible symmetry
planes, eithere × n = 0 or e · n = 0 (electric field is tangential to the symmetry plane) must
hold.

Boundary condition e × n = 0 The boundary conditione × n = 0 is forcedby setting all
degrees of freedom located on such a boundary surface to zero. This eliminates all tangential
components on the boundary surface, because all remaining degrees of freedom either are zero
on the surface or only have components normal to it.

In practice this boundary condition is implemented by eliminating the corresponding rows
and columns from the global matrices. It is advantageous to identify the degrees of freedom
that are to be eliminatedbeforethe matrix assembly.

Boundary condition e · n = 0 Let (λ, e) be a solution of the weak form of (3.3),∫
Ω

rot rot e ·Ψ− λ e ·Ψ dΩ = 0, (3.39)

for any suitably chosen functionΨ. Note that for this discussion we considere andΨ arbitrary
continuous functions. They are not picked from a restricted FEM function space.

According to (3.7), Equation (3.39) is equivalent to∫
Ω

rot e · rotΨ− λ e ·Ψ dΩ−
∫

Γ

rot e · (n×Ψ) dγ = 0, (3.40)

for all Ψ. If Ψ is chosen s.t.n × Ψ = 0 on Γ, then the surface integral vanishes, and Equa-
tion (3.39) is equivalent to ∫

Ω

rot e · rotΨ− λ e ·Ψ dΩ = 0,

where(λ, e) satisfies (3.39). Since the volume integral in (3.40) vanishes, also the surface
integral must vanish, thus∫

Γ

rot e · (n×Ψ) dγ = −
∫

Γ

(n× rot e) ·Ψ dγ = 0.

Since the surface integral is zero for any functionΨ,

n× rot e = 0

must hold and is therefore a natural boundary condition.
According to the time-harmonic Maxwell equations, the magnetic fieldh is collinear to

rot e [1]. Sinceh · e = 0, the conditionn× rot e = 0 implies

e · n = 0,

which can therefore also be considered a natural boundary condition.
This means, that we do not need to enforce conditione·n = 0 on the boundary. It is satisfied

naturally.
Of course, in the finite element calculatione · n = 0 is only satisfied approximately. How-

ever, the finer the discretisation, the better we can expect it to be satisfied.
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3.3.5 Matrix form of the constraint div e = 0

Weak form of div e = 0 As there are no divergence-free finite elements, it is customary to
replace the constraint

div e = 0 (3.41)

by ∫
Ω

div e q dΩ = 0, (3.42)

for all smooth functionsq, that are zero on the boundary. (3.42) is equivalent to∫
Ω

e · grad q dΩ = 0. (3.43)

The latter form (3.43) has the advantage, that there are no derivatives ofe involved. To this end
(3.43) is transformed into discretised integral form using the method of weighted residuals. The
discretised integral form of (3.41) is∫

Ω

e · grad qj dΩ = 0 ∀j. (3.44)

Theqj are scalar functions, that can be expressed as linear combinations of theN1 . . .Nm
6

qj =
m∑

k=1

qjkNk. (3.45)

Theqj must have the same polynomial degree as theNk from (3.4).
Here we essentially work with two different kinds of finite element approaches:e is rep-

resented using vector basis functionsNi (Néd́elec basis functions) and theqj are represented
using ordinary scalar basis functionsNj (Lagrange basis functions). This approach is there-
fore often called amixed method, or more specifically a mixedNéd́elec-Lagrange finite element
discretisation.

Matrix form of the constraint div e = 0 Thus we define the matrixC as follows

cij =

∫
Ω

Ni · gradNj dΩ. (3.46)

The matrix form of the divergence-free condition is then

CTx = 0. (3.47)

Constructing matrix C from matrix M The matrixC could be assembled in the same way
as the matricesA andM . Element matrices storing the inner products of the vector basis
functionsN(e)

i and the gradients of the scalar basis functionsN
(e)
j as defined in Chapter2 have

to be computed.
We chose a different approach, which leads to a more efficient implementation. We use the

fact that the gradients of theNj lie in the space spanned by the vector basis functionsNi [35].
We begin by showing this property for a single finite element.

6The scalar functionsN1 . . .Nm were defined in Chapter2. They are the global basis functions of node
elements.
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Computing gradN
(e)
k The gradients of the scalar functionsN

(e)
i from (2.17) and (2.18)

are representable as linear combinations of the vector basis functionsN
(e)
i . The gradients of

the scalar basis functions have the form∇Li or∇(LiLj) (cf. Equation (2.18)). The necessary
calculation steps are now demonstrated for∇L1 and∇(L1L2):

−N1 −N2 −N3 = L2∇L1 − L1∇L2 + L3∇L1 − L1∇L3

+ L4∇L1 − L1∇L4

= ∇L1(L2 + L3 + L4)− L1(∇L2 +∇L3 +∇L4)

= ∇L1(1− L1)− L1(∇L2 +∇L3 +∇L4)

= ∇L1 − L1(∇L1 +∇L2 +∇L3 +∇L4)

= ∇L1

and
N7 = L1∇L2 + L2∇L1 = ∇(L1L2).

Equation (3.48) contains all the formulas required to show, how the gradients of all nodal
basis functions can be computed using linear combinations of the vector basis functions:

∇N
(e)
1 = ∇L1 = −N

(e)
1 −N

(e)
2 −N

(e)
3

∇N
(e)
2 = ∇L2 = +N

(e)
1 −N

(e)
4 −N

(e)
5

∇N
(e)
3 = ∇L3 = +N

(e)
2 + N

(e)
4 −N

(e)
6

∇N
(e)
4 = ∇L4 = +N

(e)
3 + N

(e)
5 + N

(e)
6

∇N
(e)
5 = ∇(L1L2) = N

(e)
7

∇N
(e)
6 = ∇(L1L3) = N

(e)
8

∇N
(e)
7 = ∇(L1L4) = N

(e)
9

∇N
(e)
8 = ∇(L2L3) = N

(e)
10

∇N
(e)
9 = ∇(L2L4) = N

(e)
11

∇N
(e)
10 = ∇(L3L4) = N

(e)
12 .

(3.48)

Examining the formulas in (3.48), a scheme for calculating the∇N
(e)
i can be discovered:

The gradients of the linear functionsN (e)
1 , . . . ,N (e)

4 are equal to the sum of the three linear
vector basis functions that are associated with the edges connected to the respective node (cf.
Fig.3.2). If the edge pointsto the respective node, the vector basis function is added. If the edge
pointsaway fromthe respective node, the vector basis function is subtracted. So, e.g., inspecting
Fig. 3.2, node2 is connected to edges̄1, 4̄ and5̄. Edge1̄ points to node2, whereas edges̄4 and
5̄ point away from node2. According to the rule above,∇N

(e)
2 is equal to+N

(e)
1 −N

(e)
4 −N

(e)
5 .

The gradients of the quadratic basis functionsN
(e)
5 , . . . , N (e)

10 are even easier to compute,
they are equivalent to the vector basis functionsN

(e)
7 , . . .N(e)

12 .
This demonstrates that

gradN
(e)
i ∈ span{N(e)

1 , . . . ,N
(e)
k } ∀i

holds for all elementse.
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Going from local to global functions The rules for computing the gradients of the scalar
element basis functions can be extended for the global basis functions:

The gradient of the basis function associated with mesh nodej, gradNj is a linear combi-
nation of the vector basis functionsNk associated with edges connected to nodej. The linear
factors are again either−1 or 1, determined by the direction of the edge. If the edge pointsto
the nodej, the factor is1. If the edge pointsaway fromthe nodej, the factor is−1.

Analogous to the above paragraph, the gradient of the (quadratic) basis function associated
with a particular edge mid-point is equal to the (quadratic) vector basis function associated with
the edge, where the same mid-point is located.

ThusgradNj ∈ span{N1, . . . ,Nk} for all j and furthermore

gradNj =
m∑

i=1

yijNi. (3.49)

The factorsyij are either−1, 0 or 1 depending on the rules given above. Since theNj are
associated with nodes and edge mid-points in the interior of the domain, all connected edges
are also in the interior. Thus, despite certain boundary DOFs are eliminated to implement the
boundary conditions, (3.49) still holds.

By inserting (3.49) into the definition ofC in Equation (3.46) and considering the definition
of M in Equation (3.27), it is obvious that the columns ofC are linear combinations of the
columns ofM ,

C = M [y1, . . . ,ym] =: MY , yl = (y1l, . . . , ynl)
T , (3.50)

where the factorsyij form a sparse matrixY ∈ Rn×nc. As shown above,Y can be computed
easily from the mesh data.

Sparse basis of the null space ofA An important property of the mixed Ńed́elec-Lagrange
finite element discretisation described in this section is that

N (A) = R(Y ),

which is now shown:

{AY }ij =
∑

k

aikykj

=
∑

k

∫
Ω

rotNi · rotNk dΩ ykj

=

∫
Ω

rotNi ·
∑

k

rotNkykj dΩ,

and due to the linearity of therot-operator

=

∫
Ω

rotNi · rot(
∑

k

Nkykj) dΩ,

and by inserting Equation (3.49)

=

∫
Ω

rotNi · rot grad qj dΩ,
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and sincerot grad qj = 0

= 0.

Thus we have
AY = 0. (3.51)

As shown in [35], the sparse matrixY is a basis of the null space ofA.

Constrained matrix-eigenvalue problem The constrained matrix-eigenvalue problem now
has the form

Ax = λMx, CTx = 0. (3.52)

SinceY is a basis of the null spaceN (A), the constraintCTx = MY Tx = 0 forcesx to M -
orthogonal toN (A). The eigensolutions of (3.52) are therefore eigensolutions ofAx = λMx
with positiveeigenvalues.

Methods for computing the smallest positive eigenvalues of (3.52) are presented in Sec-
tion 4.2.

3.4 Linear or quadratic elements?

In Chapters3.2 and3.3 linear and quadratic node and vector elements were described. This
section deals with the question, whether linear or quadratic elements should be preferred.

Given a mesh, linear elements have the advantage that they yield global matrices with
smaller order. Furthermore the number of non-zeros per matrix row is smaller. The compu-
tation time is therefore substantially smaller. On the other hand, with quadratic elements more
accurate solutions are computed due to their superior approximation properties. Furthermore,
quadratic elements make it possible to use the efficient hierarchical preconditioner (cf. Sec-
tion 8.3).

Because the linear basis functions are contained in the quadratic ones, it is evident that so-
lutions computed with quadratic elements are always at least as accurate as solutions computed
with linear elements, if the same mesh is used7.

In the following numerical experiments we compare the ratio of computation time and the
accuracy of the calculated eigenvalues for all element types.

To this end we use a rectangular brick-shaped domainΩ = (0, 5.2)×(0, 3.3)×(0, 0.77) for
which we know the analytic eigensolutions (cf. AppendixC.2on page157). We discretise the
domainΩ using different refinements and compute the ten lowest positive eigenvalues. Us-
ing the analytic solution we compute relative accuracy of the 10th largest eigenvalueλ10 and
compare it with the spent computation time.

For this experiment we use the JDSYM eigenvalue solver and a stopping tolerance of
ε = 10−8 (cf. Section5.22on page65). We chose the SSOR preconditioner as described in
Section8.1.2for this calculation.

Fig. 3.6shows the results for nodal elements8. The two curves indicate that quadratic node
elements are far superior for all mesh sizes.

7This observation is however only exact for nodal elements. Due to the constraintdiv e = 0, the function space
spanned by the linear basis functions is not contained in elements the function space spanned by the quadratic basis
functions with vector elements.

8For the penalty parameter we choses = 1.5.
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Figure 3.6:Relative accuracy ofλ10 vs computation time for node elements

Fig.3.7shows the results for vector elements. To compute the smallest positive eigenvalues,
we used the AD-method (cf. Section4.2.3). The two curves show that quadratic elements are
superior to linear elements for all relevant mesh sizes. Only for very coarse meshes, linear
elements seem to be the better choice.
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3.4.1 Upshot

The results in Figs.3.6 and 3.7 clearly indicate, that quadratic elements are to be preferred
over linear elements. The possibility to use the hierarchical basis preconditioner instead of the
SSOR-preconditioner makes the advantage even greater.

3.5 Comparison of FEM approaches

In Sections3.2 and3.3, two different approaches to discretise Maxwell’s problem (3.8) using
the FEM were introduced.

Thepenalty methoduses ordinary node elements and leads to a matrix eigenvalue problem
of the form

Ax = λMx, (3.53)

with symmetric positive-definite matricesA andM .
The mixed methoduses vector elements and leads to a matrix eigenvalue problem of the

form
Ax = λMx, CTx = 0, (3.54)

with symmetric positive semi-definite matrixA and positive-definite matrixM .

Speed To compare both methods, we calculate ten eigensolutions using four different meshes
and compare the execution times. We use quadratic elements and the JDSYM eigensolver (cf.
Section5.1.2) for this experiment. For vector elements, the matrix eigenvalue problem (3.54) is
solved using the AD-method as described in Section4.2.3.

Quadratic node elements (penalty method)
Mesh itin itout ttot teig

box8x4x6 5.1 72 17.0 15.5
boxcav16x10x3 4.5 67 128.0 118.5
copcav18 4.9 70 215.0 201.5
cop20k 4.0 63 570.0 520.9

Quadratic vector elements
box8x4x6 4.5 83 24.0 22.9
boxcav16x10x3 3.7 72 174.0 163.5
copcav18 5.1 78 319.0 302.1
cop20k 4.1 80 1181.0 1090.4

Table 3.1:Comparison of execution times with penalty and mixed method
The penalty parameters was set to1.5 for all meshes.

The results in Tab.3.1 show that the ten eigensolutions are computed much faster with
the penalty method. The matrix eigenvalue problem (3.53) can be handled more efficiently
than (3.54). The reason for this is, that additional effort is needed to enforce the constraint
CTx = 0 (cf. Section4.2).

Tab. 3.2 shows eigenvalues calculated for rectangular brick-shaped domain (meshbox-
cav16x10x3) using both approaches, together with the analytic eigenvalues. The numbers indi-
cate that both FEM-approaches show similar accuracy9.

9Actually the eigenvalues computed using vector finite elements are about one digit more accurate than the
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Node elements Vector elements Analytic
λ1 53.79846641 53.79779566 53.79784076
λ2 73.39956507 73.39645992 73.39657161
λ3 95.31908131 95.30824191 95.30992408
λ4 97.69334032 97.68127749 97.68216391
λ5 107.61501301 107.59418189 107.59568152
λ6 123.96242187 123.92506944 123.92922552
λ7 125.46833267 125.42374390 125.42559190
λ8 139.34042652 139.27131895 139.28485761
λ9 146.88245386 146.78857970 146.79314322
λ10 148.04689261 147.95031359 147.96324075

Table 3.2:Eigenfrequencies in MHz ofboxcav16x10x3, calculated using the penalty and the
mixed method compared to analytically calculated eigenvalues.

Boundary conditions The following difficulties arise when implementing the boundary con-
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Figure 3.8:Boundary conditions for(a)vector- and(b) node elements

Electrical field on a surface The boundary conditionn×e = 0 from (3.3) demands, that
the electrical fielde is perpendicular to the surface, i.e. collinear to the surface normal vectorn.

With node elements, the electrical field is defined through thex-, y- andz-components at
the node points. We approximate the surface normal vectorn at surface node points using the
mesh geometry data and force the electrical field to be collinear ton (cf. Section3.2.4) at these
points. The electrical field is interpolated between the surface node points. As can be seen from
Fig. 3.8a, the interpolated electrical field is not orthogonal to the surface.

With vector elements, the degrees of freedom themselves are vector functions. All degrees
of freedom on the surface are eliminated. The remaining degrees of freedom are either zero on
the surface or are orthogonal to it. Since the representable field is allowed to be discontinuous

eigenvalues computed using node elements. This can be explained with the fact that the dimension of the eigen-
value problem generated using vector elements is about 50% larger than the dimension of the eigenvalue problem
generated using node elements (cf. Tab.E.1).
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at the element boundaries, it is possible to have the electrical field orthogonal to the surface
everywhere (cf. Fig.3.8b).

Treatment of physical edges on the surface Another problem arises when dealing with
physical edges on the surface. Note that here we do not mean edges of the tetrahedral mesh
lying on the surface.

When using node elements, such edges require special treatment (cf. Section3.2.4). Because
the electrical field cannot be orthogonal to two faces, it must vanish at node points lying on such
edges. The field components are set to zero here.

With vector elements however, no special treatment is required.

Figure 3.9:Electrical field on a 90◦ edge

If both faces adjacent to the edge are orthogonal, the electrical field can be represented
correctly with both node and vector elements, i.e. the properties of the analytic solution can be
represented (cf. AppendixC.2).

(a) (b)

Figure 3.10:Boundary conditions of node and vector elements

If the adjacent faces form an obtuse angle, vector elements can represent a more realistic
solution. As can be seen from Fig.3.10a, the field disappears completely on the edge when
using node elements. Vector elements are more flexible: the field is orthogonal to both faces,
but does not have to disappear on the edge (cf. Fig.3.10b). The field representable by node
elements is too smooth.
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Due to the reasons above, the electrical field representable by node elements is unrealistic for
arbitrary domainsΩ. To illustrate this effect, we compute the ten smallest positive eigenvalues
for an “eight-shaped” cavity (meshcopcav18, cf. AppendixD) with both types of elements.

Node elements Vector elements
λ1 57.00939678 58.11875417
λ2 90.29582738 97.71888041
λ3 111.51167826 104.73392285
λ4 125.11387346 130.67271534
λ5 129.24351844 140.82439688
λ6 149.47719254 150.60510255
λ7 152.21375981 165.05269329
λ8 156.47921848 169.36294623
λ9 169.22317313 184.98521572
λ10 175.86034665 187.45850060

Table 3.3:Eigenvalues ofcopcav18calculated using quadratic node and vector elements.
The analytic eigenvalues for this domain are not available.

The results in Tab.3.3show the deviations in the eigenvalues calculated using node and vec-
tor elements. These deviations can be traced back primarily to the fact, that the electrical field
cannot be accurately represented on the surface of meshcopcav18when using node elements.
For the rectangular brick-shaped meshboxcav16x10x3the field can be represented correctly,
which manifests itself in the accurate eigenvalues listed in Tab.3.2.

Conclusion Discretisations with node elements lead to matrix eigenvalue problems, that can
be solved more efficiently, than discretisations stemming from vector elements. However, find-
ing a suitable value for the penalty parameters may be costly. For arbitrary domainsΩ, it is not
possible to implement the boundary conditions correctly with node elements. This can lead to
substantial inaccuracies.

Node elements can only be used safely, if all surfaces ofΩ are planar, i.e.Ω represents a
polyhedron, and all adjacent faces of this polyhedron form acute angles (≤ 90◦). Examples for
such polyhedra are the rectangular cuboid or the equilateral tetrahedron. IfΩ does not satisfy
these properties, vector elements must be used.
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4 Matrix eigenvalue problems

Two mathematical problems were introduced in Chapters2 and3. Both of them result in a
generalised matrix eigenvalue problem. The emerging matrix eigenvalue problems can be cate-
gorised into two classes:positive definite eigenvalue problemsandindefinite eigenvalue prob-
lems with constraints.

To calculate the desired eigensolutions we use on the one hand an implementation of the
Jacobi-Davidson algorithmcalled JDSYM, which was developed in the course of this disserta-
tion. On the other hand, we use the widely-known ARPACK package, which implements the
Implicitly Restarted Lanczos method (IRL).

This chapter discusses, how the two types of eigenvalue problems can be solved efficiently
using JDSYM and ARPACK. The eigenvalue solvers themselves are discussed in Chapter5.

4.1 Positive definite eigenvalue problems

Positive definite eigenvalue problems

Ax = λMx, A, M > 0, (4.1)

result from Problem I and Problem II, if node elements are used. BecauseA as well asM are
symmetric positive-definite, the eigenvalue problem (4.1) has all real and positive eigenvalues.
According to the problem statements in Chapters2 and3, 10 to 20 of the smallest eigenvalues
together with corresponding eigenvectors of (4.1) are to be computed.

To compute these eigensolutions we use theshift-and-invertspectral transformation with
ARPACK. The transformed eigenvalue problem is

(A− σM)−1Mx = µx, µ :=
1

λ− σ
, A, M > 0. (4.2)

The shiftσ is chosen smaller than the smallest eigenvalue of (4.1) (cf. Section4.3on page55).
With this choice ofσ, all linear systems to be solved in ARPACK are positive-definite.

In JDSYM the expansion of the search space is computed by solving the so-called correction
equation (5.24) which has the form10

P (A− σM)P Tv = P r. (4.3)

The linear systems to be solved are not necessarily positive-definite, since the shiftσ is not
constant in JDSYM. Usually the shift is set to the Ritz value closest to a given target valueτ ,
which is chosen a little smaller than the smallest eigenvalue of (4.1) (cf. Section5.1.2).

The symmetric positive definite eigenvalue problem (4.2) can be solved in a straight-forward
manner without special considerations. Due to the appropriate choice ofσ andτ respectively,
ARPACK and JDSYM converge to the desired smallest positive eigenvalues and corresponding
eigenvectors.

4.2 Indefinite eigenvalue problem

The second kind of eigenvalue problems of the form

Ax = λMx, A, M ∈ Rn×n (4.4a)

Y T Mx = CTx = 0, C ∈ Rn×nc (4.4b)

10The correction equation is discussed in Section5.1.2. The matrixP is a projector.
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emerges from Problem II, if vector finite elements are used. HereA is symmetric positive
semi-definite andM symmetric positive-definite. The eigenvalues of (4.4) are all real and non-
negative. According to the problem statement in Chapter3, we have to compute 10 to 20 of
the smallestpositiveeigenvalues together with corresponding eigenvectors of (4.1). Because
(4.4a) shows the eigenvalue0 with high multiplicity11, the desired eigenvalues are located in
the interior of the spectrum of (4.4a).

The following discussion is going to demonstrate, that the eigenvalue problem (4.4) cannot
be solved using the shift-and-invert approach onAx = λMx in a straight-forward manner.

For theshift-and-inverttransformed eigenvalue problem

(A− σM)−1Mx =
1

λ− σ
x, A ≥ 0, M > 0, (4.5)

the shiftσ must be chosen in the interior of the spectrum, in order that the absolute values of the
transformed desired eigenvalues become large. However, then the linear systems to be solved
become indefinite.

The transformed zero eigenvalues have an absolute value of1
|σ| . If σ is chosen near the

desired eigenvalues, then the eigenvector approximations in ARPACK and JDSYM will always
have substantial components in the unwanted null space. This severely deteriorates the conver-
gence to the desired eigensolutions.

Figure 4.1:meshbox8x4x6

We use a cuboid with dimensions[1.0 × 0.5 × 0.75] to illustrate these difficulties. The
five smallest eigenvalues together with the corresponding eigenvectors shall be computed us-
ing linear vector elements. The cuboid is discretised using 1152 tetrahedral elements (cf.
Fig. 4.1). The resulting eigenvalue problem has ordern = 1050 and null space of dimen-
sion dim(N (A)) = 105. The five smallest positive eigenvalues areλ1 ≈ 27.3, λ2 ≈ 48.8,
λ3 ≈ 56.5, λ4 ≈ 56.6 andλ5 ≈ 67.1.

Usually the shiftσ is chosen as an approximation of the smallest positive eigenvalue. Fig.4.2
shows all eigenvaluesλi smaller than 70 on thex-axis and the corresponding transformed eigen-
valuesνi = 1

λi−σ
for σ = 22 on they-axis. Sinceν1 is by far the largest eigenvalue, an

eigensolver will converge rapidly to eigenvalueλ1. The components in direction of the cor-
responding eigenvectorx1 are strongly amplified. It is however tougher to compute the other

11multiplicity nc
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Figure 4.2:Absolute values of shift-and-invert transformed eigenvalues forσ = 22

non-zero eigenvalues. Their transformed eigenvalues are smaller in magnitude than the trans-
formed zero-eigenvalues. The high dimension of the null space makes it even more difficult.

The shift-and-invert spectral transformation is unable to calculate the desired smallest posi-
tive eigenvalues of (4.4a). Sections4.2.1to 4.2.5discuss five methods that accomplish this. All
these techniques (with the exception of EIGSOLV in Section4.2.5) make use of an important
feature of the mixed Ńed́elec-Lagrange FEM-discretisation (cf. Section3.3.5)

CTx = 0 ⇐⇒ x ⊥M N (A). (4.6)

Eigenvectors that satisfy the constraintCTx = 0 are associated withpositiveeigenvalues and
vice-versa.
The property (4.6) can be used in the following ways:

. If the constraintCTx = 0 is enforced during the solution of the eigenvalue problem, then
the desired eigenvalues become extremal. Therefore the shift-and-invert approach can be
used as in Section4.1.

. If the eigensolutions(xi, λi) with positive eigenvaluesλi are computed by any means,
then these solutions automatically satisfy the constraintCTxi = 0.

In the following the five methods for computing the desired solutions of (4.4) are presented.

4.2.1 Direct projection method (DIRPROJ)

The desired eigenpairs(λ,x) (with positiveλ) satisfyCTx = 0. We use theM -orthogonal
projector

PR(Y )⊥M = I − Y H−1CT , H := Y T C, (4.7)

to keep the search space of the eigensolver inN (CT ).
The direct projection method uses the property, that bothM andA − σM mapR(Y )⊥M

one-to-one ontoR(Y )⊥. Since the eigensolver only performs operations like vector updates,
dot products and matrix multiplications with the matrices mentioned above, it is sufficient to
make the initial subspace satisfy the condition (4.6) using the projectorPR(Y )⊥M .

ARPACK as well as JDSYM solve linear systems involving the shifted operatorA − σM
(cf. JDSYM’s correction equation (5.24) and equation (5.43) for ARPACK). These equations
have to be solved subject to the linear constraintCTx = 0. I.e., in both cases we have to solve
systems of the form

(A− σM)x = b, CTx = 0. (4.8)



46 Matrix eigenvalue problems

Typically, a preconditioner is used to accelerate the linear solver. After invoking the precon-
ditioner, the projectorPR(Y )⊥M must be applied, since otherwise the preconditioned vector
would no longer be inN (CT ).

The actual implementation of this method simply inserts projections (4.7) at certain places
in the algorithm. As stated above, it is essential to project the initial subspace and the precondi-
tioned vectors. Due to rounding errors, additional projections are needed: We project the right
hand sides of the linear systems (4.8). Otherwise, the convergence would deteriorate, since the
components in direction ofR(Y ) would never disappear from the residual vector. Additionally,
we project the approximate solutionx of the linear system (4.8).

Without those additional projections, the method is unstable and does not converge in certain
cases.

4.2.2 Simplified augmented system (SAUG)

In contrast to the direct projection method, the linear system (4.8) is solved differently with the
SAUG method [6].

The linear system (4.8) can be viewed at as an augmented system[
A− σM C

CT 0

] [
x
x′

]
=

[
b
0

]
. (4.9)

The matrix in (4.9) is non-singular ifσ < λ1. For anyx satisfyingCTx = 0, the vector
A − σMx is orthogonal toR(Y ). Therefore, ifY Tb = 0, then the solutionx from (4.8)
satisfies the second equation of (4.9). SinceC has full rank and due to (4.8), the first equation
of (4.9) holds if and only ifx′ = 0.

The symmetric indefinite matrix in (4.9) has an order ofn + nc. It hasn positive and
nc negative eigenvalues. The advantage of solving the augmented system (4.9) instead of the
original system (4.8) is, that no explicit constraints have to be considered. On the other hand,
the augmented system (4.9) has more unknowns. Also, to enforce the constraintCTx = 0, the
augmented system has to be solved accurately.

It can be shown that this method is very similar to the direct projection method with respect
to the actual implementation: If a preconditioner of the form[

K C
CT 0

]
, with K ≈ A− σM

is used, then the implementation is the same, with the exception of the preconditioner. Instead
of I−Y H−1CT , the more complicated termI−K−1C(CT K−1C)−1CT K−1 has to be used
for the preconditioner [6].

This augmented method can be simplified and made more efficient: As shown in [6], the
method is modified by using a cheaper preconditioner of the form[

K C1

CT
1 0

]
, C1 = M 1Y . (4.10)

M 1 is the2×2 block diagonal matrix12, constructed fromM . The initial guessx0 must satisfy
CTx0 = 0 and the right hand sideb has to be in the range of the operator, i.e.Y Tb = 0,

12The 2×2 block structure results from the hierarchical construction of the basis functions as explained in
Section3.3.3. For linear elementsM1 is simply equal toM .
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for the above simplifications to be valid. If the Conjugate Gradient (CG) method is applied
to solve (4.9) using the preconditioner (4.10), the method is simplified in such a way, that all
operations withC andC1 become superfluous.

Hence in effect, the standard preconditioned CG method is applied to the system(A −
σM)x = b. As with the the direct projection method, certain vectors are kept inR(Y )⊥M

using projections. But in contrast to the DIRPROJ method, the projection in the precondition-
ing step is omitted. In effect, no projections at all are necessary in the inner iteration loop.
The name “Simplified augmented system” refers to the underlying idea and not to the actual
implementation of the method.

Since the system matrix is not positive definite, it is unclear whether this method is stable.
The constraintCTx′ = 0 is not satisfied exactly until the iterative method has converged. If
the iteration is stopped earlier, as e.g. with the Jacobi-Davidson method, the constraint has to
be enforced explicitly after the iteration (by projection).

Even if the stability of the SAUG method could not be proven, the experimental results
in Sections4.2.6, 4.3 and 8.4 show very good results anyway. And even if the validity of
the SAUG method has only been derived for the CG iteration, it also worked well with other
iterative methods like SYMMLQ, MINRES, QMRS and CGS.

4.2.3 AD method (AD)

The AD method by Arbenz and Drmač [3] is a technique for accurately and efficiently calcu-
lating the Cholesky factors of a symmetric positive semi-definite matrix, if a basis of the null
space of that matrix is known. The insights gained from this method can be used for solving the
matrix eigenvalue problem (4.4).

Let Y ∈ Rn×nc be the matrix, whose columns span the null space ofA and letC = MY
(cf. Section3.3.5). Let W be the matrix

W :=

[
In−nc Y 1

0 Y 2

]
, Y =

[
Y 1

Y 2

]
, Y 2 ∈ Rnc×nc.

We assume, thatY 2 is invertible. If that should not be the case, the matrix has to be permuted
accordingly. The following equations hold:

W T AW =

[
I 0

Y T
1 Y T

2

] [
A11 A12

A21 A22

] [
I Y 1

0 Y 2

]
=

[
A11 0
0 0

]
and

W T MW =

[
M 11 C1

CT
1 H

]
with

C =

[
C1

C2

]
=

[
M 11 M 12

M 21 M 22

] [
Y 1

Y 2

]
, H = Y T MY = Y T C.

The matricesA11 andM 11 are positive definite. By using the 2×2-blockLDLT -factorisation

W T MW =

[
M 11 C1

CT
1 H

]
= P T

[
S 0
0 H

]
P , P =

[
I 0

H−1CT
1 I

]
with the Schur complementS = M 11 −C1H

−1CT
1 , and in consideration of

P−T W T AWP−1 = W T AW ,
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we get the matrix eigenvalue problem[
A11 0
0 0

] [
y1

y2

]
= λ

[
S 0
0 H

] [
y1

y2

]
(4.11)

with

y =

[
y1

y2

]
= PW−1x.

In the matrix eigenvalue problem (4.11) y1 andy2 are decoupled. Sinceλ > 0, y2 = 0
holds, and hence only the(1, 1)-block has to be considered. Thus, the positive eigenvalues of
(4.4) are the eigenvalues of

A11y1 = λ(M 11 −C1H
−1CT

1 )y1 = λSy1. (4.12)

The matrixS = M 11 − C1H
−1CT

1 is positive-definite. Ify1 is an eigenvector of (4.12),
then because of

P−1 =

[
I 0

−H−1CT
1 I

]
,

the corresponding eigenvector of (4.4) is calculated by

x = WP−1

[
y1

0

]
=

[
y1 − Y 1H

−1CT
1 y1

−Y 2H
−1CT

1 y1

]
= (I − Y H−1CT )

[
y1

0

]
. (4.13)

Implementation The global matricesA, M , C, Y andH are constructed as usual. After-
wardsnc rows fromY are selected, which then form the non-singular matrixY 2.

The basic procedure is the following: For each columnj of the sparse matrixY we identify
the largest row indexij of all non-zero entries in that column, i.e.ij = max(i | yij 6= 0). If all
ij are distinct, thenY 2 can be built from the rowsi1, . . . , inc. Y 2 is non-singular, since it can
be brought into triangular shape using column permutations.

In general theij will not be all distinct. Therefore the algorithm needs to be extended
slightly: As stated above, for each column the largest row index of all non-zero entries in
that column is identified. If that row was already eliminated for an earlier column, a Gauss
elimination step is performed, which eliminates the non-zero entry with largest row-index in the
current column. This is repeated until a row index is identified, that has not yet been eliminated.

After the calculation of the row indicesi = (i1, . . . , inc) the matrixY 2 = Y (i, :) is con-
structed. Afterwards the rowsi1, . . . , inc are eliminated from the matricesY andC, which
yields the matricesY 1 andC1. From A andM the corresponding rowsand columns are
eliminated to formA11 andM 11. This elimination of rows and columns can be done in place.

In the eigenvalue solver the matrix vector product

y←Mx

is replaced by
y← (M 11 −C1H

−1CT
1 )x.

It is not advisable to construct the matrixM 11−C1H
−1CT

1 explicitly, sinceC1H
−1CT

1 is not
sparse.
The calculated eigenvectors are transformed back according to (4.13).
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function i = AD ELIM(n, nc, Y )
g = zeros(n, 1)
i = zeros(nc, 1)
E = sparse(n, nc)
for j = 1 to nc

c = Y (:, j)
Selectij = max(i | ci 6= 0)
while g(ij) 6= 0

k = g(ij)
α = −E(ik, k)/c(ij)
c = αc + E(:, k)
Selectij = max(i | ci 6= 0)

end
E(:, j) = c
g(ij) = j

end
end

Algorithm 4.1:Selection of rows
This procedure computes the indicesij of the rows, which are selected from the matrixY to form the
non-singular matrixY 2.

Remarks If IRL is used as the eigensolver, then it could be beneficial to use the shiftσ = 0. In
this way, no expensive operations withC1H

−1CT
1 have to be performed in the inner iterations.

Even with JDSYM, it could be beneficial to setτ = 0. However, due to the dynamic shift, not
all correction equations will be solved withθ = 0.

Tab.4.1compares the performance of the AD method, ifσ andτ are set in different ways.
In one caseσ andτ are set to zero, and in the other caseσ andτ are set a little smaller than the
smallest positive eigenvalue.

The results in Tab.4.1 clearly indicate that it is advantageous to setσ = 0 or τ = 0,
respectively.

4.2.4 Bespalov term (BESPALOV)

In [14] Bespalov suggests to solve the eigenvalue problem

(A + CSCT )x = λMx, A ≥ 0, M , S > 0

instead of (4.5). SinceS is positive definite, the zero eigenvalues are moved to the right in the
spectrum. The desired eigensolutions are not affected, since they are inN (CT ). This idea is
similar to the penalty method described in Section3.2.

As suggested by Bespalov, we chooseS = αI with α > 0. The parameterα must be
chosen large enough, such that shifted zero-eigenvalues do not interfere with the desired ones.
However, asα is increased, the condition of the linear systems to be solved becomes more and
more ill-conditioned. In addition, inaccuracies in the calculated solutions may emerge.

Choosing a suitableα is a difficult matter. The parameterα depends on the fineness of the
mesh, since‖A‖ grows with the mesh size, but‖M‖ and‖C‖ do not. We have not been able
to find a good heuristic, and thus we chooseα empirically.
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Grid σ resp.τ itin itout ttot teig
JDSYM

boxcav16x10x3 0.0 3.7 35 88.0 77.4
boxcav16x10x3 1.15 3.7 35 114.0 103.6

copcav18 0.0 5.0 37 157.0 140.9
copcav18 1.4 4.6 36 201.0 185.1

cop20k 0.0 4.0 39 595.0 507.6
cop20k 5.0 4.1 39 829.0 741.1

ARPACK
boxcav16x10x3 0.0 28.0 26 156.0 145.4
boxcav16x10x3 1.15 28.2 26 281.0 271.0

copcav18 0.0 35.2 26 262.0 246.0
copcav18 1.4 39.5 26 605.0 588.4

cop20k 0.0 28.1 26 792.0 704.1
cop20k 5.0 28.8 26 1795.0 1705.7

Table 4.1:AD method: Choice ofσ
itin is the average number of inner iterations per outer iteration,itout is the number of outer
iterations,ttot is the total computation time (including the construction of the global matrices
and the preconditioner, but not including mesh the generation) andteig is the time spent for
solving the matrix eigenvalue problem.

α itin itout ttot teig t11

100 convergence to wrong eigensolutions
101 no convergence
102 no convergence
103 no convergence

5 · 103 no convergence
104 374 72 36401 36334 9548

5 · 104 339 64 30180 30115 7956
105 571 63 48586 48652 12741

5 · 105 572 68 52474 52407 13879
106 641 58 47948 47883 12607

5 · 106 766 61 64807 64742 17133
107 708 81 81943 81878 21503

Table 4.2:Bespalov method: choice of parameterα

Tab.4.2shows the influence of parameterα on the convergence of the Bespalov method. For
this experiment, we use the meshcop10kXv2 (cf. AppendixD) and quadratic vector elements
and calculate the smallest five positive eigenvalues and the corresponding eigenvectors to an
accuracy ofε = 10−4. The boundary conditione× n = 0 is enforced on all symmetry planes.
The JDSYM eigensolver is used for this experiment.

If α ≤ 5 · 103, then either the wrong eigensolutions are computed, or JDSYM doesn’t
converge at all. The zero eigenvalues were not shifted far enough. Forα ≥ 104 JDSYM
converges to the desired eigensolutions. Ifα is chosen too large, then the condition of the matrix
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of the correction equation worsens and the number of inner iterations increases accordingly.
This manifests itself in longer computation times.

Implementing the Bespalov method is rather straight-forward: In the eigensolver, each
matrix-vector multiplication withA is replaced by a multiplication withA + αCCT .

4.2.5 Eigensolver (EIGSOLV)

Instead of transforming the eigenvalue problem or introducing projections ontoN (CT ), con-
vergence to the desired eigensolutions can also be ensured by extending the capabilities of the
eigenvalue solvers themselves accordingly.

JDSYM can avoid convergence to zero eigenvalues by adaptive adjustment of the target
valueτ and clever sorting of the Ritz values (cf. Appendix5.1.5). ARPACK can be configured
to calculate only eigenvalues larger thanσ. This is done by selecting the shifts for QR-sweeps
accordingly (cf. Appendix5.2.1).

The EIGSOLV method has the advantage thatnoexpensive operations withC, Y andH−1

are necessary. These matrices are not required by the EIGSOLV method and thus they don’t
need to be constructed. As a consequence, the EIGSOLV method consumes less memory than
the other methods. In particular, not needing to store the Cholesky factor ofH saves a lot of
space.

4.2.6 Experimental results

In this section, the above methods are compared by means of computational examples. For
these experiments, we use the four meshesboxcav16x10x3, copcav18, cop10kandcop20k13

(cf. AppendixD) and compute the smallest five positive eigenvalues and the corresponding
eigenvectors using quadratic vector elements up to an accuracy of at least10−4. The exper-
iments are performed for both eigensolvers (ARPACK and JDSYM) using the 2LevJACssor
preconditioner (cf. Section8.3).

JDSYM
Method itin itout ttot teig tc

DIRPROJ 3.7 35 104.0 94.7 14.2
SAUG 4.9 33 79.0 69.2 16.2
AD 3.7 35 87.0 76.5 18.3
BESPALOV 439.9 63 9988.0 9955.6 2464.8
EIGSOLV 7.6 45 141.0 136.1 29.9

ARPACK
DIRPROJ 31.0 26 296.0 285.3 56.2
SAUG 30.8 26 187.0 177.3 58.5
AD 28.0 26 154.0 144.1 66.3
BESPALOV 4057.0 26 32823.0 32790.7 9641.3
EIGSOLV 35.3 26 223.0 218.6 67.6

Table 4.3: Comparison of methods for the indefinite eigenvalue problem with meshbox-
cav16x10x3.

13For the meshescop10kandcop20kthe conditione× n = 0 is enforced on all symmetry planes.
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JDSYM
Method itin itout ttot teig tc

DIRPROJ 4.8 39 204.0 188.4 34.5
SAUG 6.5 35 144.0 128.5 39.6
AD 5.0 37 148.0 132.6 33.4
BESPALOV 753.5 66 25995.0 25939.7 6139.2
EIGSOLV 11.5 51 307.0 299.7 94.3

ARPACK
DIRPROJ 38.8 26 610.0 593.4 138.2
SAUG 37.3 26 342.0 326.4 137.7
AD 35.2 26 251.0 235.2 115.1
BESPALOV 7625.7 26 83371.0 83316.1 22123.2
EIGSOLV 40.7 26 379.0 371.0 149.0

Table 4.4:Comparison of methods for the indefinite eigenvalue problem with meshcopcav18.

JDSYM
Method itin itout ttot teig tc

DIRPROJ 3.9 39 218.0 198.1 38.8
SAUG 5.1 36 160.0 140.6 43.7
AD 3.9 39 160.0 141.2 27.9
BESPALOV 339.5 63 12217.0 12155.5 2735.2
EIGSOLV 8.8 49 297.0 287.9 88.5

ARPACK
DIRPROJ 30.3 26 553.0 532.4 128.8
SAUG 29.7 26 335.0 315.8 130.8
AD 29.2 26 239.0 220.9 95.8
BESPALOV 2929.2 26 39238.0 39174.5 10196.7
EIGSOLV 32.9 26 372.0 362.0 146.8

Table 4.5:Comparison of methods for the indefinite eigenvalue problem with meshcop10k.

Tabs.4.3to 4.6summarise the results.itin is the average number of inner iterations per outer
iteration,itout is the number of outer iterations,ttot is the total computation time (including the
construction of the global matrices and the preconditioner, but not including mesh generation)
and teig is the time spent for solving the matrix eigenvalue problem.tc is the time spent for
operations with the matricesC, Y andH−1.

When comparing the total computation timesttot, it is evident, that the SAUG and AD
methods are fastest for all grids when using the JDSYM eigensolver. SAUG is usually a little
(at most 10% in our experiments) faster than the AD method.

The DIRPROJ and EIGSOLV methods are both considerably slower. Compared to DIR-
PROJ, SAUG is very efficient, because it doesn’t require any operations with the matricesC,
Y andH−1 in the inner iteration. On the other hand the average number of inner iterationsitin
is higher for SAUG.

When using the ARPACK eigensolver, SAUG and AD are again the fastest methods. How-
ever, in contrast to JDSYM, here AD is considerably faster than SAUG.
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JDSYM
Method itin itout ttot teig tc

DIRPROJ 4.0 40 798.0 709.5 144.5
SAUG 5.1 36 526.0 437.2 153.2
AD 4.0 39 579.0 495.2 112.0
BESPALOV 402.3 66 47014.0 46614.4 9755.0
EIGSOLV 9.6 48 952.0 915.9 337.1

ARPACK
DIRPROJ 29.5 26 1973.0 1881.0 479.3
SAUG 28.7 26 1093.0 1002.8 476.6
AD 28.1 26 760.0 676.6 322.1
BESPALOV 3354.8 26 135063.0 134668.2 31984.4
EIGSOLV 32.7 26 1163.0 1126.2 538.2

Table 4.6:Comparison of methods for the indefinite eigenvalue problem with meshcop20k.

The shift applied to matrixA when using the BESPALOV method worsens the condition
of the linear systems. Very high inner iteration counts are the consequence. As a result, the
BESPALOV method is so slow, that it is useless for even modestly sized meshes.

If the fastest methods for both eigensolvers are compared, it becomes clear, that JDSYM is
faster than ARPACK for all meshes. The difference in timings can be mainly attributed to the
fact that JDSYM allows for inaccurate solutions of the correction equation, whereas ARPACK
requires an accurate solution of the shifted operator.

The EIGSOLV method is considerably slower than the respective fastest method for all
meshes and eigensolvers. However, its key advantage over the other methods is its modest
memory consumption. The EIGSOLV method does not rely on the matricesC, Y andH−1,
and therefore a lot of memory can be saved. To investigate the memory consumption of the
various methods, we determined the memory footprint of the whole eigensolver application for
two large meshescop20kandcop40kas shown in Tab.4.7.

meshcop20k
Preconditioner Footprint for SAUG Footprint for EIGSOLV
2LevJACssor 441.3 MB 183.5 MB
diag 407.2 MB 149.5 MB

meshcop40k
2LevJACssor 887.2 MB 370.5 MB
diag 795.4 MB 276.7 MB

Table 4.7:Memory footprint of the eigensolver application
The table shows the memory footprint of the eigensolver application, comparing the SAUG and the EIG-
SOLV methods when used with the JDSYM eigensolver and the 2-level or the diagonal preconditioner.
The memory footprint was obtained using the UNIXtop command. It incorporates all private and shared
memory regions used by the application.

The data in Tab.4.7 clearly show that the EIGSOLV method uses less than half of the
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memory required by the other methods14.

4.2.7 Conclusions

Out of the five presented methods to calculate the smallest positive eigenvalues of the indefinite
eigenproblem, the AD and SAUG methods are the fastest.

The SAUG method, combined with the JDSYM eigensolver, is the fastest way to compute
the desired eigensolutions. However, the stability of the SAUG method has not been proven,
and it was derived using the Conjugate Gradients algorithm, which may not be applied on
indefinite linear systems. To make the SAUG method work reliably together with the JDSYM
eigensolver, additional projections had to be incorporated in the implementation of JDSYM, to
keep the search space orthogonal toR(CT ).

The AD method, combined with the JDSYM eigensolver, is usually a little (up to 10%)
slower than the SAUG method. This method leads to a generalised positive-definite eigenvalue
problem, which (provably) yields the desired eigensolutions. The AD method poses no special
requirements on the eigensolver, and thus it can be used together with the standard JDSYM
algorithm. However, more effort (both in terms of the implementation and the computational
cost) is necessary, to construct the global finite element matrices. The AD method has the
disadvantage, that the right-hand-side matrix can not be stored explicitly, since it is almost full.
This causes difficulties when constructing certain types of preconditioners.

DIRPROJ is always considerably slower than the SAUG method and therefore there is no
need to consider it. The BESPALOV method is ridiculously slow and thus can also be discarded.

However, if memory is an issue (memory will most certainly be an issue if large meshes
are used) then EIGSOLV is the method of choice. EIGSOLV uses less than half of the memory
required by the other methods, and thus allows to solve much larger problems. Although the
EIGSOLV method is considerably slower than AD or SAUG for smaller and for medium-sized
problems presented in this section, this is not the case for larger problems, as the results in
Section8.4 indicate.

14The DIRPROJ and the AD method require about the same amount of memory, since they all make use ofC,
Y andH−1. The BESPALOV method requires less space, because it doesn’t useH or H−1.



Choice of the shift 55

4.3 Choice of the shift

For the shift15, two choices seem reasonable:

Positive shift, close to desired eigenvaluesWe choose the shift close to, and smaller than
the smallest positive eigenvalue. With this choice, the convergence in the outer iteration is
accelerated, since the desired eigenvalues are close to the shift and therefore the components in
direction of the associated eigenvectors are amplified.

Shift equal to zero Here the shift is set to zero. The advantage is, that the number of mul-
tiplications withM is substantially reduced in this way. In ARPACK, no multiplications with
M are needed at all in the inner iteration, since the shift is constant. Due to the dynamic shift
in JDSYM, the multiplications withM are not totally eliminated in the inner iteration, but
nevertheless their number is still substantially reduced.

The advantage is especially significant with the AD method, since expensive operations with
M 11 −C1H

−1CT
1 can be saved.

Notice that if the shift is set to zero, the linear systems become singular (with the exception
of the AD method and the BESPALOV method). The direct projection method operates in
the positive definite subspace of the system matrix and can be applied despite the singularity.
The simplified augmented method could be problematic, since no projections onto the positive
definite subspace are carried out. Our practical experience showed no difficulties however. If
the EIGSOLV method is used, the shift must not be set to zero, because the inner iteration
operates also in the null space of the system matrix.

As described above, the DIRPROJ, SAUG, BESPALOV and AD methods can be used with
a shift equal to zero. However, the zero shift may not be used for the preconditioner. If e.g.
the 2-level hierarchical basis preconditioner is constructed with a shift equal to zero, a singular
preconditioner will result. In this case the methods DIRPROJ, SAUG and BESPALOV fail too.
As a consequence, the shift for the preconditioner must not be zero. We set it positive, smaller
than the smallest positive eigenvalue ofAx = λMx. The AD method does not suffer from
these problems, since the matrixA11 is positive definite.

Experimental results Since it is a priori not clear, which choice of the shift is better, we try to
decide by running numerical experiments. We use three different meshes (cf. AppendixE) and
calculate the five smallest positive eigenvalues and the corresponding eigenvectors to a accuracy
of at least10−4. The calculations were performed using quadratic node- and vector elements
and both eigensolvers (ARPACK and JDSYM). For all runs the 2LevJACssor preconditioner
was used (cf. Section8.3).

The results for the quadraticnodeelements are summarised in Tab.4.8. The numbers show,
that choosing a zero shift is usually a bit faster. However, it makes not much difference how
the shift is chosen. Since matrixA is three times more dense than matrixM , the savings made
possible by the zero shift are not great.

The results for the quadraticvectorelements are summarised in Tab.4.9. We report results
for the AD method, which particularly benefits from the choiceσ = 0, and the SAUG method.
The numbers show clear cut, that a zero shift is the better choice. Since matrixM is denser
than matrixA when using vector elements, the savings are remarkable, especially for the AD
method.

15The shift is the parameterσ in ARPACK, and the parameterτ in JDSYM
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JDSYM
Mesh σ, τ itin itout ttot teig

boxcav16x10x3 0.0 4.5 34 66.0 56.8
boxcav16x10x3 1.15 3.9 32 64.0 55.4
copcav18 0.0 4.8 35 108.0 94.8
copcav18 1.4 5.0 35 117.0 104.2
cop20k 0.0 3.8 34 310.0 263.7
cop20k 5.0 4.0 33 339.0 291.8

ARPACK
boxcav16x10x3 0.0 33.2 26 182.0 173.4
boxcav16x10x3 1.15 33.8 26 187.0 178.3
copcav18 0.0 42.6 26 356.0 343.4
copcav18 1.4 52.8 26 445.0 431.5
cop20k 0.0 29.0 26 831.0 783.6
cop20k 5.0 29.4 26 859.0 811.5

Table 4.8:Influence of the shift when solving the positive-definite eigenvalue problem
Quadratic node elements are used for this experiment.itin is the average number of inner iterations per
outer iteration,itout is the number of outer iterations,ttot is the total computation time (including the
construction of the global matrices and the preconditioner, but not including mesh generation) andteig is
the time spent for solving the matrix eigenvalue problem.



Choice of the shift 57

JDSYM
Mesh Method σ, τ itin itout ttot teig

boxcav16x10x3 SAUG 0.0 4.9 33 82.0 71.9
boxcav16x10x3 SAUG 1.15 4.7 34 93.0 82.8
boxcav16x10x3 AD 0.0 3.7 35 87.0 76.7
boxcav16x10x3 AD 1.15 3.7 35 115.0 105.0
copcav18 SAUG 0.0 6.5 35 148.0 131.8
copcav18 SAUG 1.4 6.2 35 163.0 146.3
copcav18 AD 0.0 5.0 37 156.0 140.0
copcav18 AD 1.4 4.6 36 202.0 185.8
cop20k SAUG 0.0 5.1 36 538.0 446.4
cop20k SAUG 5.0 5.0 36 590.0 496.4
cop20k AD 0.0 4.0 39 589.0 502.0
cop20k AD 5.0 4.1 39 840.0 752.7

ARPACK
boxcav16x10x3 SAUG 0.0 30.8 26 191.0 181.0
boxcav16x10x3 SAUG 1.15 30.0 26 220.0 209.1
boxcav16x10x3 AD 0.0 28.0 26 153.0 142.2
boxcav16x10x3 AD 1.15 28.2 26 283.0 272.8
copcav18 SAUG 0.0 37.3 26 354.0 337.5
copcav18 SAUG 1.4 37.0 26 401.0 383.4
copcav18 AD 0.0 35.2 26 260.0 243.9
copcav18 AD 1.4 39.5 26 612.0 595.7
cop20k SAUG 0.0 28.7 26 1125.0 1031.3
cop20k SAUG 5.0 29.6 26 1304.0 1208.0
cop20k AD 0.0 28.1 26 789.0 702.3
cop20k AD 5.0 28.8 26 1772.0 1684.4

Table 4.9:Influence of the shift when solving the indefinite eigenvalue problem
Quadratic vector elements are used for this experiment.itin is the average number of inner iterations per
outer iteration,itout is the number of outer iterations,ttot is the total computation time (including the
construction of the global matrices and the preconditioner, but not including mesh generation) andteig is
the time spent for solving the matrix eigenvalue problem.
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5 Eigensolvers

To compute the desired eigensolutions for the matrix eigenvalue problems discussed in the
previous chapter, we use two kinds of eigensolvers. The first method is an implementation
of the Jacobi-Davidsonalgorithm, called JDSYM, which was developed in the course of this
dissertation. The second method is theImplicitly Restarted Lanczosmethod (IRL). We use the
publicly available software package ARPACK, which implements the IRL method.

In the following sections, both algorithms are discussed and compared to each other. In the
case of JDSYM, the implementation and various variants are discussed in detail.

5.1 Jacobi-Davidson algorithm

5.1.1 Description of the algorithm

The Jacobi-Davidson algorithm was suggested in 1996 by Sleijpen and Van der Vorst [68].
Because the algorithm borrows ideas from both theDavidsonand theJacobi’s Orthogonal
Component Correctionalgorithm, these methods are presented first.

Davidson method The Davidson method is an iterative subspace method for calculating
eigensolutions. It is particularly well-suited for diagonally dominant matricesA.

Let span{v1, . . . ,vj} be a search subspace, in which the matrixA has a Ritz valueθj and
a corresponding Ritz vectoruj. The matrixV ∈ Rn×j stores the orthogonal basis vectorsv1,
. . . ,vj.

The various subspace methods for calculating eigensolutions differ mainly in the way they
expand the search subspace. The idea behind the Davidson method is the following:

If the desired eigenvalueλ would be known beforehand, then an optimal expansion of the
search subspacez satisfies

A(uj + z) = λ(uj + z)

and thus is calculated by
(A− λI)z = λuj −Auj.

With this choice ofz, the residual would vanish and the method would converge to the exact
eigenvector in the next iteration step. Since the wanted eigenvalue is not known, the approxima-
tion θj is used instead. Besides that, to keep the cost for solving the linear system of equations
low, Davidson proposes to use the diagonalDA as an approximation forA. In the end, this
leads to the following equation for the expansion of the search subspace

(DA − θjI)z̃ = −rj (5.1)

with rj := Auj − θjuj. The vector̃z is then orthogonalised againstv1, . . . , vj and added to
the search subspace as the new directionvj+1. This process is repeated, until‖rj‖ falls below a
given boundε, i.e.(θj,uj) is accepted as a converged eigenpair.

The Davidson method is often used in quantum chemistry applications. In these applica-
tions the matrices are large, symmetric and strongly diagonally dominant, and thereforeDA

is quite a good approximation forA. It is reported that for these applications the Davidson
method is substantially faster than the Lanczos method [22]. Alg. 5.1shows a straight-forward
implementation of the Davidson method. Alg.5.2 shows an orthogonalisation routine needed
by Alg. 5.1.
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function [λ, u] = DAVIDSON(A, v0, ε)
DA = diag(diag(A));
v0 = v0/‖v0‖; vA = Av0;
V = v0; j = 1; initialise search subspace
G = vT

0 vA; initialise projected matrixG
while 1

[W , S] = eig(G);
[θ, imax] = max(diag(S)); compute largest Ritz valueθ
u = V W (:, imax); and associated Ritz vectoru
r = VAW (:, imax)− θu; compute residualr (without accessingA)
if ‖r‖ < ε, break; end if stopping criterion
z = −(DA − θI)−1r compute correctionz
z = mgs(V , z); z = z/‖z‖; orthonormalise z against V using modified

Gram-Schmidt
vA = Az;
V = [V , z]; addz to search subspace
VA = [VA,vA];
G = [G, V TvA;vT

AV ,vT
Az]; updateG

j = j + 1;
end while
λ = θ;

end function

Algorithm 5.1:Davidson method
This routine is a straight-forward implementation of the Davidson method without restart and without
the possibility to compute more than one eigenpair.
DAVIDSON computes the largest eigenvalueλ of the matrixA and the corresponding eigenvectoru. v0

is the initial subspace.ε is the tolerance for the stopping criterion.
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function u = MGS(Q, u)
m = size(Q, 2)
for i = 1:m

s = uT Q(:, i)
u = u− sQ(:, i)

end for
end function

Algorithm 5.2:Modified Gram-Schmidt orthogonalisation
The routine MGS orthogonalises the vectoru vs. the columns ofQ using the modified Gram-Schmidt
approach.

The method can be extended for matrices that are not diagonally dominant, by computing
the expansion vector̃z using the equation

(K − θjI)z̃ = −rj, (5.2)

whereK − θjI is an approximation ofA− θjI [53]. Morgan and Scott [53] noticed however,
that this generalised Davidson method suffers from the weird property that the approximation
K must not be too good, because otherwise the method could stagnate or even break down.
This problem becomes obvious, ifK is set equal toA. If K = A, the search subspaceV is
not expanded at all, which leads to immediate stagnation of the method.

Jacobi’s orthogonal component correction method (JOCC) In 1846 Jacobi proposed a
method for the calculation of eigenvalues and eigenvectors of symmetric diagonal dominant
matrices [44].

Let A be a symmetric diagonally dominant matrix, whose diagonal entrya1,1 is the entry
with the largest modulus. Thenα = a1,1 is an approximation for the eigenvalue with the largest
modulus ande1 = (1, 0, . . . , 0)T is an approximation for the corresponding eigenvector.

The eigenvalue problem to be solved is

A

[
1
z

]
=

[
α bT

b F

] [
1
z

]
= λ

[
1
z

]
. (5.3)

Let λ (close toα) andu = (1, zT )T be the desired eigenvalue and eigenvector. The matrix
eigenvalue problem (5.3) is equivalent to

λ = α + bTz (5.4)

(F − λI)z = −b. (5.5)

Jacobi suggested, to solve (5.5) iteratively, using the Jacobi iteration for linear systems (cf.
Section8.1.1). The Jacobi iteration is modified, such thatλ is updated in each iteration step
according to (5.4). z0 = 0 is used as the initial guess. Alg.5.3shows an implementation of the
JOCC method.

Alg. 5.3 is not identical to the method originally suggested by Jacobi. In the original work,
λ is updated only in every second step and using the diagonal system the increment∆z is
calculated, instead of solving forz directly. With regard to the derivation of the Jacobi-Davidson
method, the representation in Alg.5.3 is better suited for our purposes.
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function [λ, u] = JOCC(A)
— extract parts of matrix —
n = size(A, 1);
F = A(2:n, 2:n); d = diag(F );
b = A(2:n, 1);
α = A(1, 1);
— initialisation —
z = zeros(n− 1, 1);
— iteration —
while not converged

λ = α + bTz; updateλ
z = (d.∗z− F z− b)./(d− λ); Jacobi iteration step

end while
u = [1; z];

end function

Algorithm 5.3:Jacobi’s orthogonal component correction

Comparison of the Davidson method with the JOCC method

Search subspace The Davidson method chooses the Ritz pair(λ,u) as the current eigenpair
approximation.u is in the space spanned by all corrections computed so far. The JOCC
method on the other hand calculates the current eigenvector approximation as a simple
linear combination of the initial vectoru1, the old eigenvector approximationuk and a
correction[0; z].

Orthogonalisation JOCC calculates corrections, that are orthogonal tou1 = e1. The orthog-
onalisation results implicitly from the method. In contrast, the corrections calculated by
the Davidson method are explicitly orthogonalised to the whole search spaceV (therefore
they are also orthogonal tov1).

Eigenvalue approximations The Davidson method uses a Ritz value as the eigenvalue ap-
proximation, whereas JOCC computes the eigenvalue approximation according to Equa-
tion (5.4) using an approximation forz.

The following problems can occur when using the Davidson method:

1. Cancellation effects caused by the explicit orthogonalisation will render the correction
ineffective, if it has large components in direction of the search space ran(V ).

2. Approximating the matrixA by its diagonalD makes sense for strongly diagonally dom-
inant matrices. For other matrices, this approximation is not accurate enough. If the gen-
eralised Davidson method is used, another weakness of the Davidson approach manifests
itself: If the approximation of the eigenvalueθ is very accurate, then the system matrix
in the correction equationK − θI becomes almost singular. This results in ineffective
corrections, or if an iterative solver is used, in slow convergence.

3. If the current approximation is far away from the wanted eigenvalue, a poor correctionz
is computed. Therefore the rate of convergence degrades.
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The basic Jacobi-Davidson algorithm The Jacobi-Davidson algorithm suggested in 1996
by Sleijpen and Van der Vorst [68] is quite similar to the generalised Davidson method, but
without inheriting its weaknesses. The most important difference is the way the correctionz
is calculated. Here Jacobi’s idea to keep the correction orthogonal to the eigenvector approx-
imation, is adopted. As in JOCC, this is not made sure by explicit post-orthogonalisation, but
by incorporating the orthogonality requirement into the correction equation. In that sense, the
Jacobi-Davidson algorithm is a combination of the JOCC method and the Davidson method.

Instead of solving
(A− θI)z = −r

approximately like in the generalised Davidson method (cf. Equation (5.2)), the correction equa-
tion for the Jacobi-Davidson method is formulated as

(I − uuT )(A− θI)(I − uuT )z = −r and z ⊥ u, (5.6)

whereupon the first equation may be solved approximately.
The correctionz can be computed in two ways [68]:

1. z is calculated from

(I − uuT )(K − θI)(I − uuT )z = −r and z ⊥ u (5.7)

by a direct method (e.g. Gauss-elimination).K is an approximation ofA, with which
linear systems are cheaper to solve.K must exist explicitly as a matrix.

Since the correctionz must satisfyz ⊥ u,

(I − uuT )z = z (5.8)

must hold. Due to (5.8) the projection on the right in (5.7) can be omitted. The projection
on the left is replaced by adding a vector collinear tou. Thus we get

(K − θI)z− εu = −r. (5.9)

The correctionz is calculated from

z = (K − θI)−1(εu− r). (5.10)

The value ofε is given by the conditionz ⊥ u:

ε =
uT (K − θI)−1r

uT (K − θI)−1u
. (5.11)

The augmented correction equation withA approximated byK[
K − θI u

uT 0

] [
z
−ε

]
=

[
−r
0

]
(5.12)

is equivalent to (5.9) together with the orthogonality constraintuTz = 0.

2. (5.6) is solved iteratively by e.g. SYMMLQ, CGS, GMRES, etc. The iteration is stopped,
as soon as the residual norm falls below a given bound.

It has to be ensured, that the iterative method operates in the subspaceR(u)⊥. Otherwise
the linear system may become singular. This is done by choosing the initial subspace
orthogonal tou and keeping all relevant vectors in the iterative method inR(u)⊥.
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In this dissertation we deal solely with the second approach, because it offers important
advantages over the first one:

. The quality of the approximation can be controlled easily by adjusting the stopping crite-
rion. Thus, it is possible to dynamically adjust the approximation. This can substantially
improve the convergence of the Jacobi-Davidson algorithm (cf. Section5.1.2).

. The first method is in some sense a special case of the second method: The approximation
K − θI can be viewed as a preconditioner for the second method.

function [λ, u] = JD(A, v0, ε)
— initialise search subspace and Rayleigh-Ritz procedure —
v0 = v0/‖v0‖; vA = Av0;
V = v0; j = 1;
G = vT

0 vA;
u = V ; θ = G;
r = vA − θu;
while 1,

— expanding the search subspace —
Correction equation: Solve (approximately) forz

(I − uuT )(A− θI)(I − uuT )z = −r and
zTu = 0

z = mgs(V , z); z = z/‖z‖; orthonormalisez againstV using modified Gram-
Schmidt

V = [V , z]; vA = Az;
— compute Ritz pairs —
G = [G, V TvA;vT

AV ,vT
Az]; updateG

[W , S] = eig(G); solve projected eigenproblem
[θ, imax] = max(diag(S)); select largest Ritz value
u = V W (:, imax); and associated Ritz vector
r = Au− θu; compute residual
j = j + 1;
if ‖r‖ < ε, break; end if stopping criterion

end while
λ = θ;

end function

Algorithm 5.4:Basic Jacobi-Davidson algorithm
This subroutine is a straight forward implementation of the Jacobi-Davidson algorithm without restarts
and without the possibility to compute more than one eigenvalue.
JD computes the largest eigenvalueλ of the matrixA and the corresponding eigenvectoru. v0 is the
initial subspace andε is the tolerance for the stopping criterion.

Alg. 5.4shows a Matlab implementation of a straight forward variant of the Jacobi-Davidson
method. Since the largest eigenvalue (Ritz value) is extracted from the projected eigenproblem,
the method converges to the largest eigenvalue of the matrixA and its associated eigenvector.
Alg. 5.4 does not support the calculation of more than one eigensolution and also restarts (for
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limiting the memory requirements) are not implemented. Furthermore, many other details that
are critical for an efficient implementation are missing. The fully-fledged algorithm for the
symmetric eigenvalue problem of the formAx = λMx is discussed in Section5.1.2.

5.1.2 Jacobi-Davidson algorithm for the symmetric eigenvalue problemAx = λMx

Several papers on the Jacobi-Davidson algorithm for the generalised eigenvalue problemAx =
λM with arbitrary matrices exist [67], [26]. We are however interested in an efficient imple-
mentation of the Jacobi-Davidson algorithm for the symmetric eigenvalue problem.

The work described in this section has been published in [5]. A very similar approach was
later published in [8, Section 5.6]. The differences between the two approaches are described
in Section5.1.6.

This section deals with the formulation and implementation of the Jacobi-Davidson algo-
rithm for the generalised eigenvalue problem

Ax = λMx (5.13)

with real, symmetric matrixA and real, symmetric and positive definite matrixM .
The generalised eigenvalue problem (5.13) has the same eigensolutions as the standard

eigenvalue problem
M−1Ax = λx. (5.14)

Properties of the eigensolutions Let A ∈ Rn×n be symmetric andM ∈ Rn×n be symmetric
positive definite.

Then two matricesX ∈ Rn×n andΛ ∈ Rn×n exist, such that

XT AX = Λ and XT MX = I (5.15)

holds. Λ is a diagonal matrix holding the eigenvaluesλk of M−1A on its diagonal. The
columnsxk of X are the associated eigenvectors ofM−1A.

Description of the eigensolutions to be calculated The task of the algorithm is to compute a
partial eigenvalue decompositionof dimensionkmax for the eigenvalue problem (5.13). So, we
are looking for aQ ∈ Rn×kmax and a diagonal matrixΛ ∈ Rkmax×kmax, such that

AQ = MQΛ with QT MQ = I. (5.16)

The algorithm shall compute thekmax eigenvalues (together with associated eigenvectors),
that are closest to a given target valueτ .

The converged eigensolutions(qk, λk) are required to satisfy

‖rk‖2 := ‖Aqk − λkMqk‖2 < ε, (5.17)

i.e. the 2-norm of the associated residualrk is smaller than a given boundε.

Organisation of the algorithm The following sections describe the implementation details
of the JDSYM algorithm, which computes eigensolutions of the symmetric eigenvalue prob-
lem (5.13). Many ideas were adopted from the JDQR and JDQZ algorithms described in [26].
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Rayleigh-Ritz step As described in Section5.1.1for the basic Jacobi-Davidson algorithm, in
each iteration step an approximationu for the eigenvector is computed from the search subspace
R(V ). The Galerkin condition requires orthogonality to a test subspace. According to the
Rayleigh-Ritz approach we choose the test subspace identical to the search subspaceR(V ) and
get

r = Au− θMu ⊥ R(V ), u ∈ R(V ). (5.18)

Since the eigenvectors of (5.13) areM -orthogonal, it is convenient to have the columns ofV
M -orthogonal as well,

V T MV = I.

In this way, theprojected eigenvalue problemderived from Equation (5.18)

Gw := V T AV w = sV T MV w = sw (5.19)

becomes a standard eigenvalue problem. This small dense eigenvalue problem is solved using
the symmetric QR-method (LAPACK Routinedsyev), yielding

GW = WS, (5.20)

whereW = [w1,w2, . . . ,wj] is the matrix containing the eigenvectorswi of G, andS =
diag(s1, s2, . . . , sj) is the matrix containing the eigenvaluessi of G.

Selection of Ritz values By selecting the appropriate Ritz value as the current eigenvalue
approximation, the Jacobi-Davidson iteration can be controlled to converge to a specific eigen-
solution. Since we are interested in eigenvalues close to the target valueτ , we choose the Ritz
value closest toτ as the approximation for the eigenvalue to be calculated.

It turns out to be of advantage to sort the eigensolutions stored inW andS, such that

|s1 − τ | ≤ |s2 − τ | ≤ . . . ≤ |sj − τ |. (5.21)

With this ordering, the implementation of the restart and the calculation of more than one eigen-
solution are simplified (cf. page70).

The Ritz pair(u, θ) is then calculated by

u = V w1 and θ = s1.

The associated residual then is
r = Au− θMu.

Calculating the residual has two purposes: On the one hand, the residual is used in the correction
equation, and on the other hand, it is used in the convergence criterion for the eigensolution
approximations(u, θ).

Convergence criterion for eigensolutions The Ritz pair(u, θ) is accepted as a converged
eigensolution, if the residual norm falls below a given bound,

‖r‖2 = ‖Au− θMu‖2 < ε. (5.22)

If this condition is satisfied, a series of operations have to be performed, before the calculation
of the next eigenpair can be started:
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. Vectoru is appended to the matrix containing the converged eigenvectors:Q := [Q,u].
Q is empty initially.

. In order to start the search for the next eigenvector, the search subspace must be adjusted,
such that it isM -orthogonal to the converged eigenvectoru (and to the other converged
eigenvectors stored inQ). Therefore we span the new search subspace using the Ritz
vectorsV W (:, 2) . . .V W (:, j), and thus

V new := V W (:, [2, . . . , j]).

. Due to the change ofV , alsoG must be adjusted,

Gnew = V T
newAV new = W (:, 2:j)T GoldW (:, 2:j) = S(2:j, 2:j).

. For this reason also, the eigenvectorsW of G change,

W new = I.

The correction equation For the generalised eigenvalue problem (5.13), the correction equa-
tion (5.6) becomes [5][8, Section 5.6]

(I −MuuT )(A− θM)(I − uuT M)z = −(I −MuuT )r = −r

with (I − uuT M)z = z.
(5.23)

In view of the solution of the correction equation using iterative methods, the formulation in
(5.23) proves itself to be advantageous, since the matrix is symmetric. The matrix in (5.23)
mapsR(u)⊥M ontoR(u)⊥.

The projections on the right hand sides in (5.23) drop out, sincer ⊥ u as shown in (5.18).
If more than one eigenpair is to be calculated, the correctionz must be orthogonal not only

to u, but also to all already converged eigenvectorsq1 . . .qk. Therefore the following extended
correction equation is used:

(I − Q̂MQ̂
T
)(A− θM)(I − Q̂Q̂

T

M )z = −(I − Q̂MQ̂
T
)r

with (I − Q̂MQ̂
T
)z = z,

(5.24)

with Q̂ := [q1, . . . ,qk,u] = [Q,u] andQ̂M := MQ̂. In contrast to (5.23), the projector on
the right hand side cannot be removed in (5.24), since according to inequality (5.40), r is only
approximately orthogonal tôQ.

Instead of using (5.24), the correctionz could also be computed using (5.23). But then
z has to be orthogonalised againstQ afterwards (implicit deflation). Experimental results in
[26] show, that theexplicit deflation16 in (5.24) improves the condition of the linear system, and
therefore iterative solvers converge in less iteration steps. Our experimental results indicate, that
the reduction of iteration steps outweighs the increased cost due to the projections in almost in
all cases.

16In explicit deflation, the computation continues with the deflated matrix(I−QMQT )(A−θM)(I−QQT
M )

after convergence of eigenvectors. In implicit deflation, the computation continues with original matrix(A−θM).
The projection occurs just before adding the new direction to the search subspace.
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We solve (5.24) approximately using iterative methods (more specifically Krylov subspace
methods) as already mentioned in Section5.1.1. The methods we implemented are SYMMLQ,
MINRES, QMRS and CGS (cf. Chapter6).

These methods cannot be applied in a straight-forward manner, since the system matrix in
(5.24) doesn’t mapR(Q̂M )⊥ onto itself. In the following section it is shown, how this issue
can be resolved elegantly when using a preconditioner.

Preconditioning the correction equation To improve the convergence speed of the iter-
ative solver, we choose a preconditioner of the form

(I − Q̂MQ̂
T
)K(I − Q̂Q̂

T

M ) (5.25)

for (5.24). K is a symmetric matrix, which approximatesA− τM and is cheap to “invert”.
Thus, in each preconditioning step an equation of the form

(I − Q̂MQ̂
T
)K(I − Q̂Q̂

T

M )c = b and Q̂
T

Mc = 0 (5.26)

is solved. The right hand sideb is orthogonal toQ̂, sinceb is constructed by multiplying with
A andM .

Sincec is required to satisfŷQ
T

Mc = 0, Equation (5.26) is simplified to

(I − Q̂MQ̂
T
)Kc = b. (5.27)

The projection(I−Q̂MQ̂
T
) adds components in direction of the columns ofQ̂M . We therefore

write (5.27) as follows:
Kc− Q̂Mε = b (5.28)

or equivalently
c = K−1Q̂Mε + K−1b. (5.29)

From the orthogonality requirement forc

0 = Q̂
T

Mc = Q̂
T

MK−1Q̂Mε + Q̂
T

MK−1b

with Q̂K := K−1Q̂M andF̂ := Q̂
T

KQ̂M follows

ε = −F̂
−1

Q̂
T

Kb.

By inserting this into (5.29) we get the solution of (5.26)

c = K−1(I − Q̂M F̂
−1

Q̂
T

K)b

= (I − Q̂KF̂
−1

Q̂
T

M )K−1b.
(5.30)

The preconditioner (5.30) mapsR(Q̂)⊥ back ontoR(Q̂M )⊥. Thus the preconditioner serves
two purposes: Firstly it improves the condition of the correction equation, and secondly it causes
the preconditioned vector to be in the correct subspace.

The following table shows how a Krylov subspace method is used, to solve the correction
Equation (5.24) to a given accuracy.
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system matrix: (I − Q̂MQ̂
T
)(A− θM)

preconditioner: (I − Q̂KF̂
−1

Q̂
T

M )K−1

right hand side: −(I − Q̂MQ̂
T
)r

initial vector: 0

The projection to the right ofA − θM in (5.24) drops out, since the preconditioner maps
the iteration vector and the search direction ontoR(Q̂M )⊥. The initial vector0 satisfies the
constraint trivially.

Both the system matrix and the preconditioner are symmetric. However, because of the
shift θ or τ respectively, they can become indefinite. For this reason, the QMRS iterative solver
[30][29] is particularly well suited (cf. Chapter6).

Even if no preconditioner is to be used, the projection ontoR(Q̂M )⊥ must still be performed
in the preconditioning step:

system matrix: (I − Q̂MQ̂
T
)(A− θM)

preconditioner: (I − Q̂Q̂
T

M )

right hand side: −(I − Q̂MQ̂
T
)r

initial vector: 0

An alternative formulation for the correction equation is obtained, by left-multiplying Equa-

tion (5.24) by the matrix(I − Q̂KF̂
−1

Q̂
T

M )K−1. Together with the identity [25]

(I − Q̂K(Q̂
T

KQ̂M )−1Q̂
T

M )K−1(I − Q̂MQ̂
T
)

= K−1 −K−1Q̂MQ̂
T

− Q̂KF̂
−1

Q̂
T

MK−1 + Q̂KF̂
−1

Q̂
T

MK−1Q̂MQ̂
T

= K−1 − Q̂KQ̂
T

− Q̂KF̂
−1

Q̂
T

K + Q̂KQ̂
T

= (I − Q̂KF̂
−1

Q̂
T

M )K−1

this yields the preconditioned correction equation

(I − Q̂KF̂
−1

Q̂
T

M )K−1(A− θM)z = −(I − Q̂KF̂
−1

Q̂
T

M )K−1r

with (I − Q̂MQ̂
T
)z = z.

(5.31)

Here the preconditioner is incorporated into the system matrix. With this formulation of the
correction equation the system matrix is not symmetric. Only Krylov subspace methods for
general non-symmetric matrices can be used, as e.g. CGS or BiCG-Stab.

The following table shows how a Krylov subspace method is used, to solve the correction
equation (5.31).

system matrix: (I − Q̂KF̂
−1

Q̂
T

M )K−1(A− θM)
preconditioner: I

right hand side: −(I − Q̂KF̂
−1

Q̂
T

M )K−1r
initial vector: 0
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Since the preconditioner is incorporated into the system matrix, the corresponding software
routine is called as if no preconditioner would be used.

If no preconditioner is to be used, the iteration vectors must still be kept in the correct

subspaceR(Q̂M )⊥. We replace(I−Q̂KF̂
−1

Q̂
T

M )K−1 by (I−Q̂Q̂
T

M ) and obtain a simplified
unpreconditioned form of the correction equation.

system matrix: (I − Q̂Q̂
T

M )(A− θM)
preconditioner: I

right hand side: −(I − Q̂Q̂
T

M )r
initial vector: 0

Choice of the preconditionerK The task of the preconditioner is to improve the con-
vergence rate of the Krylov subspace method, which is employed to approximately solve the
correction equation (5.24). K is a symmetric matrix, that approximatesA− θM and is cheap
to “invert”.

Sinceθ is updated in every step of the Jacobi-Davidson iteration, the preconditionerK and
the preconditioned eigenvectorŝQK should be updated too. However, for almost all precondi-
tioners these operations are very expensive. Thus, we construct the preconditioner only once in
the beginning, namely in such a way that it approximatesA − τM . In [26], Fokkema et al.
show that the convergence rate is almost as high as ifK andQ̂K were updated in each iteration
step.

The various preconditioners investigated in this dissertation are discussed in Chapter8.

Stopping criterion and selection of the initial guess for solving the correction equation
The stopping criterion and the initial guess are both crucial ingredients of a Krylov subspace
method. They are discussed in this section.

The more accurate the eigenvalue approximation is, the better the expansion of the search
space potentially is. In the extreme case, whereθ = λ, the subspace expansion is optimal,
i.e. the desired eigenvector will lie in the new search subspace. Whereas if the eigenvalue
approximation is very imprecise, the calculated correction will generally be ineffective and will
not lead to a substantial reduction of the residual, as a general rule. In this case it makes no
sense to solve the correction equation accurately.

For this reason, we use a variable stopping criterion of the form

‖r̃i‖2 < γ−istep‖r̃0‖2,

as suggested by Fokkema et al. in [26]. Here r̃0 is the initial residual and̃ri is the residual
associated with the current guess of the inner iteration.istep is the number of JD iterations,
which were already executed for calculating the next eigenpair. In other words,istep is a counter
that is incremented in each JD iteration, and reset to zero every time a new eigenpair is found.
Thus, with the progression of the JD-iterations the correction equation is solved more and more
accurately, until the eigenpair has converged.

The initial guess for the iterative method must lie inR(Q̂M )⊥. Since no cheaply obtainable
estimate for the solutionz is available, we use the zero vector as the initial guess for the inner
iteration.
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Choosing the shift in the correction equation As discussed in the previous section, the
calculated correction is ineffective if the shift in the correction equation is far away from the
desired eigenvalue. With this insight, the choice of the shift can improved: Ifθ, the Ritz value
closest toτ , is a bad approximation for the desired eigenvalue, the target valueτ itself, being a
better approximation, should be used as the shift instead ofθ.

This is implemented as suggested by Fokkema et al. in [26]: If the residual norm from
Equation (5.22) is larger than a given boundεtr, we chooseτ as the shift, otherwise the Ritz
valueθ is used.

This strategy has two advantages: Firstly, the expansion of the search space is improved
(especially in the first few iteration steps), and secondly, convergence to the eigenvalues closest
to τ is enforced.

Restart In each Jacobi-Davidson iteration a new expansion of the search subspace is com-
puted from the correction equation. Thus, in each JD iteration the dimension of the search
subspace increases by one.

There are two reasons to restrict the dimension of the search subspace: Firstly this limits the
memory consumption of the algorithm and secondly, it also limits the computational cost of a
Jacobi-Davidson iteration step.

Thus, we define the maximal dimension of the search subspacejmax. As soon as the max-
imal dimension is reached, a so-calledrestart is undertaken, and thereby the search subspace
dimension is reduced tojmin.

This gives rise to the question, whichjmin search directions should be kept. Since we are
interested in eigenvalues closest toτ , we choose thejmin Ritz vectors with associated Ritz values
closest toτ , as the basis for the new search space. Due to the ordering (5.21), the Ritz values
s1, . . . , sjmin are closest toτ .

The following steps are undertaken to perform the restart:
Setj the to new search subspace dimension,

j ← jmin.

Replace matrixV by the firstj Ritz vectors,

V new := V W (1:j, :).

Down-size matrixS,
Snew := S(1:j, 1:j).

Due to the change inV , G must be updated also:

V T
newAV new = Gnew := S.

Therewith the eigenvectorsW of G need to be updated too:

W new := I.

The actions for implementing the restart are almost the same as the actions performed when a
new eigenpair has converged (cf. page65).



Jacobi-Davidson algorithm 71

Orthogonalisations in the Jacobi-Davidson algorithm To ensure the stability and efficiency
of the Jacobi-Davidson method, it is essential to keep the columns ofQ andV M -orthogonal.
Thus, it must be guaranteed, that

QT MQ = I (5.32)

V T MV = I (5.33)

V T MQ = 0. (5.34)

Additional orthogonalisations are necessary in the iterative method for solving the correction
equation.

For the inner iteration we useclassical Gram-Schmidt orthogonalisations, i.e. operations of
the form

y = (I −QQT
M )x and y = (I −QMQT )x.

These type of orthogonalisation is the cheapest, but also the most inaccurate. In the inner
iteration they are used for both the system matrix and the preconditioner (cf. Alg.5.9).

Afterwards, the correctionz computed in the inner iteration is orthogonalised more accu-
rately using themodified Gram-Schmidt method. This orthogonalisation can be implemented
efficiently, since we have the matrixQM = MQ available (cf. Alg.5.5).

function u = MGSM(Q, QM , u)
m = size(Q, 2)
for i = 1:m

s = uT QM (:, i)
u = u− sQ(:, i)

end for
end function

Algorithm 5.5:ModifiedM -orthogonal Gram-Schmidt orthogonalisation
The routine MGSMM -orthogonalises the vectoru vs. the columns ofQ using the modified Gram-
Schmidt approach.QM is equal toMQ.

The vectorz is the extension of the search space and therefore it must beM -orthogonalised
against all existing search directions, i.e. against the columns ofV . Since we do not explicitly
storeM V , modified Gram-Schmidt orthogonalisation would be too expensive, because many
multiplications withM would be required. Therefore we use theiterative classical Gram-
Schmidtmethod (cf. Alg.5.6), which is cheaper in this case and also more accurate than the
modified Gram-Schmidt method [16].

The JDSYM algorithm In this section, Alg.5.7, our implementation of the Jacobi-Davidson
algorithm, optimised for the symmetric, generalised eigenvalue problem (5.13) is presented in
a Matlab-like notation. Alg.5.8. . . 5.10are auxiliary routines called by Alg.5.7.

Note, that in Alg.5.7, the matrixQ̂ corresponds to matrixQ, expanded by an additional
vector. Accordingly, the matriceŝQM , Q̂K and F̂ are related toQM , QK and F . This
notation was chosen to keep the Matlab-like code short and simple. In an optimised version of
the code, these matrices would share the same memory space.
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function [u, r1] = ICGSM(Q, M , u)
α = 0.5; itmax = 3; it = 1
uM = Mu
r0 =

√
uTuM

while 1
u = u−Q(QTuM )
uM = Mu
r1 =

√
uTuM

if r1 > α r0 or it ≥ itmax then break end if
it = it + 1; r0 = r1

end while
if r1 ≤ α r0 then

warning(’loss of orthogonality’)
end if

end function

Algorithm 5.6: Iterative ClassicalM -orthogonal Gram-Schmidt orthogonalisation
The routine ICGSMM -orthogonalises the vectoru vs. the columns ofQ using the Iterative Classical
Gram-Schmidt method.
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function [λ, Q] = JDSYM(A, M , K, v0, τ , ε, kmax, jmin, jmax, εtr, itmax, γ)
Initialisation according to Alg.5.8
while it < itmax,

— Projected eigenproblem —
[W , S] = eig(G)
[W , S] = sorteig(W , S, τ)
while 1

— Ritz approximation —
u = V W (:, 1); θ = S(1, 1); uM = Mu; uK = K−1uM

r = Au− θuM

Q̂ = [Q,u]; Q̂K = [QK ,uK ]; Q̂M = [QM ,uM ]

F̂ = [F , QT
MuK ;uT

KQM ,uT
MuK ]

if not (‖r‖2 < ε and (j > 1 or k = kmax− 1)) then break end if
— Convergence —
λ = [λ, θ]

Q = Q̂; QM = Q̂M ; QK = Q̂K ; F = F̂
V = V W (:, 2:j); S = S(2:j, 2:j); G = S; W = Ij

j = j − 1; k = k + 1; istep = 1
if k = kmax then return endif

end while
if j = jmax then

— Restart —
j = jmin

V = V W (:, 1:j); S = S(1:j, 1:j); G = S; W = Ij

end if
— Expansion of the subspace —
if ‖r‖2 < εtr then σ = θ else σ = τ end if
Calculate the correctionz according to Alg.5.9
z = mgsm(Q̂, Q̂M , z)
[z, r] = icgsm(V , z); z = z/r
V = [V , z]; zA = Az; G = [G, V TzA; zT

AV , zTzA];
j = j + 1; istep = istep+ 1; it = it + 1

end while
end function

Algorithm 5.7:Jacobi-Davidson algorithm
JDSYM is an implementation of the Jacobi-Davidson method. JDSYM calculates eigensolutions
(λk,qk) of the generalised eigenvalue problemAq = λMq

n = size(A, 1); it = 0; istep = 0
j = 1;v0 = v0/‖v0‖; V := v0; G = vT

0 (Av0)
k = 0; Q = zeros(n, 0); QM = zeros(n, 0); QK = zeros(n, 0); λ = []

Algorithm 5.8: Initialisation of JDSYM
This code sequence belongs to Alg.5.7and is given here due to space constraints.
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Use iterative method for symmetric matrices according to scheme

System matrix: (I − Q̂MQ̂
T
)(A− σM)

Preconditioner: (I − Q̂KF̂
−1

Q̂
T

M )K−1

Right hand side: −(I − Q̂MQ̂
T
)r

or use iterative method for general matrices according to scheme

System matrix: (I − Q̂KF̂
−1

Q̂
T

M )K−1(A− σM)
Preconditioner: I

Right hand side: −(I − Q̂KF̂
−1

Q̂
T

M )K−1r
with initial vector0.
Stop after reduction of the residual norm by a factor ofεlin = γ−istep or
until itmax,lin iterations have been executed.

Algorithm 5.9:Solution of the correction equation
This code sequence belongs to Alg.5.7and is given here due to space constraints.

function [W , S] = SORTEIG(W , S, τ )
[tdummy, i] = sort(|diag(S)− τ |)
S = S(i, i)
W = W (:, i)

end function

Algorithm 5.10:SORTEIG
SORTEIG sorts the eigenpairs in(S,W ) such, that|S(i, i)− τ | ≤ |S(i + 1)− τ | for i = 1, . . . , j − 1.
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Important properties of the matrices in the JDSYM algorithm The eigenvectors of (5.13)
areM -orthogonal to each other. Thus

QT MQ = I (5.35)

holds. As a result of the way the search space is constructed in Alg.5.7

V T MV = I (5.36)

holds. In Alg.5.7the search space is keptM -orthogonal to the already converged eigenvectors.
Therefore

V T MQ = 0 (5.37)

must hold. Due to the orthogonality constraint, on which the Rayleigh-Ritz approach is based
on,

V T r = V T (Au− θMu) = 0 (5.38)

holds. Sinceu lies inR(V ),
uT r = 0 (5.39)

must hold. The relation betweenr andQ is less obvious. From the definition ofr follows

QT r = QT Au− θQT Mu.

Sinceu ∈ R(V ) and because of Equation (5.37) we haveu ⊥M Q, or rewrittenQT Mu = 0.
Now, let’s assume that the eigenvectors stored inQ are exact to machine precision. Let

Q⊥ be the matrix of eigenvectors not contained inQ. Sou ∈ R(Q⊥) holds. Lett store the
components ofu in direction of the columns ofQ⊥.

QT Au = QT A[Q, Q⊥][0, t]T

= (QT AQ)0 + QT AQ⊥t

and because of (5.15)

= Λ0 + 0t

= 0.

However, the eigenpairs (qk, λk) calculated by Alg.5.7are not exact to machine precision, and
thus the above calculation is not valid. Instead the eigenpairs (qk, λk) satisfy

‖Aqk − λkMqk‖2 < ε ∀k,

for the given boundε (cf. Section5.1.2). In the following estimation we take into account that

the eigenvectorsQ are not exact and denote these withQ̃. Accordingly we definẽQ
⊥ ∈ Rn×n−k

with (Q̃
⊥
)T MQ̃

⊥
= I andQ̃

T
MQ̃

⊥
= 0. Then we haverank([Q̃, Q̃

⊥
]) = n.

We define
R := AQ̃−MQ̃Λ

with
‖R‖F ≤

√
k ε.
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By transposition and by multiplication with̃Q
⊥

from the right we get

RT Q̃
⊥

= Q̃
T
AQ̃

⊥ −ΛQ̃
T
MQ̃

⊥
= Q̃

T
AQ̃

⊥
.

SinceR(V ) ⊆ R(Q̃
⊥

), u can be represented by its components inR(Q̃
⊥

) (analogous to

above):u = Q̃
⊥
t. This finally yields the following estimation:

‖Q̃T
r‖2 = ‖Q̃T

(Au− θMu)‖2 = ‖Q̃T
Au‖2

= ‖Q̃T
AQ̃

⊥
t‖2

= ‖RT Q̃
⊥
t‖2

≤ ‖R‖F‖Q̃
⊥
t‖2

≤
√

k ε‖u‖2.

(5.40)

Due touT Mu = 1 we have

1/
√
‖M‖2 ≤ ‖u‖2 ≤

√
‖M−1‖2.

Computational cost and memory requirements The memory requirements of Alg.5.7 are
governed by the matriceŝQ, Q̂M , Q̂K andV . They occupy(3kmax + jmax) n memory loca-
tions17. All other matrices arekmax × kmax or jmax × jmax at the most, and therefore can be
neglected for realistic problem sizes. The memory taken up by the matricesA, M and the
preconditionerK is not taken into account here.

For the analysis of the computational cost we only consider operations that depend on the
matrix ordern.

Tab.5.1shows the computational cost for the Jacobi-Davidson iteration, subdivided into the
various parts of Alg.5.7. The Ritz approximation and the expansion ofV are carried out in
every JD iteration step. The other parts are carried out when necessary.

Tab.5.2 shows the computational cost for applying the operator and preconditioner in one
inner iteration. Operations executed by the iterative solver itself, are not counted. Usually these
are a few DAXPY- and DDOT operations per iteration. The cost of these operations is small,
when compared to the costs shown in Tab.5.2. E.g., the QMRS iterative solver executes 3
DAXPY- and 3 DDOT-operations per iteration step. The CGS iteration executes (apart from
two multiplications with the system matrix and two preconditioning steps) 2 DDOTs and 6
DAXPYs in each iteration.

5.1.3 Choosing suitable parameters for the Jacobi-Davidson algorithm

The performance of the JDSYM algorithm (Alg.5.7) depends on the values of many param-
eters. Only for some parameters a good choice is obvious or already given by the underlying
problem:kmax is the number of requested eigensolutions andε is the requested error tolerance.
The parameteritmax can safely be chosen very large, such that all requested eigenvalues are
computed. The parameterτ determines which eigensolutions JDSYM will converge to. How-
ever, if extremal eigenvalues are computed, there is still some freedom for choosingτ .

17By the termmemory locationwe refer to the space taken up by one floating point number (usually 8 bytes for
a double precision number)
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Ritz approx. 1 1 1 3 j+k 1 2
Expansion 1 2 2 2(k+1) k+1 k+1

of V + j + 3
Convergence j j(j−1)
Restart jmax jmaxjmin

Table 5.1:Computational cost of various parts of the JDSYM algorithm
The MEMOP column shows the number of memory copy and memory write operations, that are not part
of the other listed operations.
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Symmetric form 1 1 1 4(k+1) 1
Non-symmetric form 1 1 1 2(k+1) 1

Table 5.2:Computational cost of an inner iteration step

For the other parametersjmin, jmax, εtr, itmax,lin andγ the best choice is not evident. This is
also true for the shiftσ, which is used to construct the preconditionerK. Since it is difficult
to describe the impact of these parameters on the execution time of JDSYM theoretically, we
ran a series of numerical experiments to better understand their influence on the performance of
JDSYM and to find good choices for them.

We implemented a simple optimisation scheme: We start with reasonable values for all pa-
rameters and then optimise each parameter individually, one after the other. This is repeated
over and over again. To optimise one parameter a simple procedure is undertaken: The eigen-
value problem is solved for (about 10) different values of this parameter. The value which yields
the best execution time is then used for subsequent calculations.

We performed this optimisation for the Maxwell eigenvalue problem (Problem II) using
vector finite elements with the SAUG and the EIGSOLV approach. For all calculations we used
the Prec2LevJACssor preconditioner. The optimisation was carried out for four different grids:
copcav2, boxcav16x10x3, cop10kandcopcav18and forkmax = 5, 10 and20. Some parameters
are fixed: We setε = 10−6 anditmax = 1000. The optimisation was run for the parametersτ ,
σ, jmax, jmin, εtr, itmax,lin andγ.

The amount of data generated by these experiments is large, since the eigenvalue problems
are solved hundreds of times. We abstain from reporting raw data. Instead we discuss our
experience for choosing each parameter.
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Target τ We did not optimise this parameter for EIGSOLV, since this method adjustsτ
dynamically. The initial value is set close to but smaller thanλ1.

When using the SAUG method the parameterτ is chosen in the range[0, (λ1 + λkmax)/2].
Choosingτ larger will result in convergence to wrong eigensolutions. Choosingτ = 0 has
the advantage, that the number of multiplications with the matrixM is reduced. In most cases
τ = 0 seems to be the best choice. In the other cases the optimal value is close to but smaller
than(λ1 + λkmax)/2.

For kmax = 20 and the two larger gridsτ has a large impact on the performance of the
algorithm. In these cases settingτ to zero results in a gain of over100% in execution time
compared to the worst case. For smallerkmax the parameterτ has only a limited impact on the
execution time of the eigensolver. Then one can gain about15% if τ is chosen optimally.

Shift for the preconditioner σ We choose the parameterσ from the range(0, (λ1 +
λkmax)/2]. The choiceσ = 0 is not possible, since this would result in a singular preconditioner.
σ has a large impact on the performance of the eigenvalue solver especially for the larger grids,
where fluctuations can amount to more than100%.

For the EIGSOLV method the optimal value is always close to but smaller than(λ1 +
λkmax)/2. Forkmax = 5 andkmax = 10 this is also true with SAUG in most cases. Forkmax = 20
with SAUG a value close to but smaller thanλ1 seems to be the better choice.

It turns out, that the optimal values of bothσ andτ are often close together.

Minimal and maximal dimension of the search spacejmin and jmax The parameterjmax

is chosen in the rangejmin + 1, . . . , 6kmax andjmin is chosen in the range1, . . . , jmax− 1. The
experimental results show, that the execution time is almost insensitive to the choice ofjmin and
jmax.

When using SAUG the performance degrades ifjmin is very small (jmin < kmax/4) or if jmin

andjmax are very close (jmax− jmin ≤ 3). With EIGSOLV the algorithm is still efficient for very
small values ofjmin. In some casesjmin = 1 yields the best results.

In all cases except the ones mentioned above the execution time only fluctuates by a few
percents. So there is no point in choosing these parameters large, as this would waste mem-
ory. A reasonable choice isjmin = kmax/2 andjmax = kmax. With these settings, the memory
requirements of the JDSYM algorithm amount to4kmax floating point numbers (cf. page76 ff).

Tracking parameter εtr The parameterεtr is chosen in[ε, 102]. The choice ofεtr can have
a large impact on the performance of JDSYM and result in a gain of up to80% in execution
time, compared to the worst choice. Unfortunately the optimal value depends heavily on the
grid, kmax and the solution method (SAUG or EIGSOLV).

For SAUG the optimal value is in the range[ε, 10−4]. For EIGSOLV the optimal value is
larger, usually in the range[1, 100]. There are however many exceptions to this rule. Therefore
we suggest to useεtr = 10−3 if no better value is known.

Maximal number of inner iterations itmax,lin The parameteritmax,lin is chosen in the in-
terval2, . . . , 500.

With the SAUG method andkmax = 5 or kmax = 10 the optimal value seems to be approx-
imately20. However the performance of JDSYM seems to be almost indifferent to the value
itmax,lin for any value larger than15 in this case. Forkmax = 20 the best results were obtained
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with itmax,lin = 5. For the two large grids the gain amounts to almost90%, compared to the
worst choice.

With EIGSOLV the optimal value foritmax,lin tends to be larger. It is usually around50 for
all values ofkmax. The performance seems to be almost indifferent to the choice ofitmax,lin as
long as it is chosen larger than15 for anykmax.

It must be noted, that settingitmax,lin very small can be dangerous, especially if ill-condition-
ed inner systems have to be solved. The corrections computed in the inner iteration may be
ineffective, and JDSYM may fail to converge.

Decay parameterγ We chooseεtr in [1.1, 5.0]. The execution time is not very sensitive
to the value ofεtr; it fluctuates by15% at the most. For SAUG the optimal choice forγ is in the
range[1.5, 4.0]. For EIGSOLV the optimal value is in the range[2.4, 3.6].

Summary In this section we showed, that choosing good parameters for JDSYM is not a
simple task. For most parameters, the optimal choice depends on the grid, the method for
solving the indefinite eigenproblem and the number of eigenvalues to be computed. We have
not examined the influence of the preconditioner, but it certainly has an impact onitmax,lin.
Further, it has to be noted, that the guidelines given in this section cannot be generalised to
other problems.

5.1.4 Block Jacobi-Davidson Algorithm for the generalised symmetric eigenvalue prob-
lem

In this section we consider a block version of the JDSYM algorithm discussed in Section5.1.2.
The eigenvalue problem is expected to have the same form and properties as for JDSYM.

With the conventional Jacobi-Davidson algorithm problems can arise, if the desired eigen-
values are multiple or if they are very close together: If the current eigenpair approximation
(λ,u) is very accurate, the system matrix of the correction equation becomes ill-conditioned.
If λ is simple and well separated from the rest of the spectrum, then working in the orthogonal
complement remedies the ill condition. Ifλ is a multiple eigenvalue then this is not enough; the
constrained system can be almost singular, too. Though the projections in the correction equa-
tion remove components in one “bad” direction, the other “bad” directions stemming from the
multiple eigenvalue remain. In fact the system matrix can become almost singular. We suspect
that this may result in an unsatisfactory convergence behaviour of the iterative method.

The block version of the algorithm presented in this section tries to fix these issues. The idea
is the following: The block algorithm is parametrised by an additional parameter: the block size
nb. Now nb Ritz pairs are computed in each JD iteration, instead of only one. For each of these
nb Ritz pairs a search direction is computed from the correction equation. The projections in
the correction equation are adjusted in such a way, that they keep the solutions orthogonal toall
Ritz vectors. These modification prevent the system matrix from becoming nearly singular.

The following list describes the changes made for the block version in detail:

Initialisation The JD algorithm is started with a search space of dimensionnb.

Projected eigenvalue problem no changes

Ritz approximation nb Ritz pairs with Ritz values closest toτ are calculated.nb new columns
or rows and columns respectively are calculated forQ̂, Q̂M , Q̂K andF̂ .
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Convergence There are two variants: In the first case, the iteration continues until allnb Ritz
pairs fulfil the convergence criterion. In the second case the Ritz pairs are treated in-
dividually and removed from the search space as soon as they satisfy the convergence
criterion.

Restart no changes

Subspace expansion The correction equation is solvednb times with nb different shifts and
right hand sides. This results innb new search directions.

Correction equation Q̂ includes the selectednb Ritz vectors. The projections in the system
matrix and in the preconditioner keep the new search directionsM -orthogonal to allnb

Ritz vectors.

Experimental results We now try to confirm the advantages of the block algorithm by means
of a concrete example.

Because Problems I and II do generally not yield eigenvalue problems with multiple eigen-
values, we artificially create such an eigenvalue problem: We use a small eigenvalue problem
Au = λMu stemming from Problem II and construct two5 × 5 block diagonal matrices̃A
andM̃ , by using the original matricesA andM as diagonal blocks. This yields a matrix
eigenvalue problem

Ãu = λM̃u, (5.41)

with all eigenvalues being fivefold. This eigenvalue problem is now solved with the Jacobi-
Davidson block algorithm using several different block sizesnb. In this experiment we calculate
30 eigenpairs using the parametersjmin = 30, jmax = 40 and no preconditioner.

nb teig it inner, avg

1 28.86 19.12
2 29.51 19.62
3 30.81 20.52
4 30.85 20.55
5 31.79 20.04
6 38.75 23.31
7 41.01 24.39
8 42.62 24.74
9 44.75 24.95

10 40.55 22.32

Table 5.3:Experiment with the JD block algorithm
nb is the block size,teig is the total computational time for computing30 eigenpairs,it inner, avg is the
average number of inner iterations for solving the correction equation.

Tab.5.3 shows the results for different block sizesnb. The row withnb = 1 corresponds
to the non blocked JDSYM algorithm (Alg.5.7). It is apparent that the block algorithm shows
no improvement when compared to the standard algorithm with this problem. The standard
JDSYM algorithm has no difficulties computing the multiple eigenvalues. The misgivings ex-
pressed before came out to be causeless. This behaviour has been observed with other matrix
eigenvalue problems, too.
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It remains to be clarified why the standard JDSYM algorithm has no difficulties computing
multiple eigenvalues. Two effects are responsible for this:

. By analogy to the inverse power method [36, page 408], components in direction of the
eigenvectors associated with a multiple eigenvalueλ1 close to the shiftσ will be ampli-
fied. The correctionz will be orthogonal to the Ritz vectoru, but still have components
in direction of the eigenspace associated withλ1. So, while the convergence to the first
eigenvector ofλ1 is underway, the components in direction of the remaining eigenvectors
associated withλ1 are also accumulated in the search space. Typically, the convergence to
the first eigenvector is slow, but once it has converged, the other eigenvectors associated
with λ1 will quickly follow.

. Since the system matrix of the correction equation becomes nearly singular, certain com-
ponents of the residual are reduced only slowly. However, since only modest accuracy
is required for the correction, usually only few inner iterations are needed to satisfy the
stopping criterion, anyhow.

. The right hand side of the correction equation is orthogonal toR(V M ). Close to conver-
gence one can expect that the solutionz has only small components on direction of the
(approximate) eigenvectors corresponding toλ.

5.1.5 Solving the indefinite eigenvalue problem

If Problem II (time-independent Maxwell equations) is solved using vector finite elements as
described in Section3.3, then matrix eigenvalue problems of the form

Ax = λMx, A, M ∈ Rn×n (5.42)

emerge.A is symmetric positive semi-definite with a null space of high dimension, andM
is symmetric positive definite. The task is to compute the smallestpositiveeigenvalues and
associated eigenvectors of (5.42). This section describes, how the JDSYM algorithm can be
extended to avoid convergence to the unwanted zero eigenvalues.
Three steps are necessary:

1. The target valueτ is chosen near, but smaller than the smallest positive eigenvalue of
(5.42).

2. If an eigenpair converges in the JD algorithm, the target valueτ is set equal to the just
converged eigenvalue. Thus,τ is increased and is now further away from zero and also
nearer to the next desired eigenvalue.

3. As described earlier the Ritz pairs computed in the Rayleigh-Ritz step are ordered ac-
cording to equation (5.21) on page65 by their distance fromτ . With this ordering, the
Ritz value closest toτ is used as the eigenvalue approximation.

The ordering must be adjusted, such that all Ritz values smaller than the current target
τ are moved all the way to the bottom. In this way, convergence to the null space is
prevented effectively, since now no undesired Ritz value is chosen as eigenvalue approx-
imation and also because the Ritz vectors with large components in direction of the null
space are eliminated when the next restart happens.

In the numerical experiments we conducted, this method worked effectively for all grids we
tested. Experimental results are given in Section4.2.6.
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5.1.6 Related work

In [8, Section 5.6] Sleijpen and van der Vorst present the application of the Jacobi-Davidson
approach to the generalised Hermitian eigenvalue problem. Their algorithm, which is of course
also applicable to the generalised symmetric eigenvalue problem (5.13), shares many similari-
ties with JDSYM (Alg.5.7). The differences are the following:

. The algorithm presented in [8, Section 5.6] stores the matricesAV andMV explicitly.
Thus, it requires storage for(3kmax + 3jmax) n floating point numbers, whereas JDSYM
only needs space for(3kmax + jmax) n floating point numbers (cf. page76 ff).

. The algorithm in [8, Section 5.6] does not project the right-hand-side of the correction
equation ontoR(Q)⊥.

. The use of iterative solvers for symmetric linear systems like SYMMLQ, MINRES or
QMRS is not studied in [8, Section 5.6].

. The authors suggest the use of harmonic Petrov values instead of Ritz values if interior
eigenvalues are computed. JDSYM uses the techniques described in Section5.1.5to do
the same.

In [32] Genseberger and Sleijpen present a new variation of the Jacobi-Davidson algorithm.
In contrast to the standard algorithm the new JDV method keeps the correctionz implicitly
orthogonal toall search directions. In this way the authors seek to obtain a better-conditioned
system matrix in the correction equation. This approach is similar to our block approach, both in
terms of the motivation and also in terms of the implementation. However, the results presented
in [32] indicate, that JDV is inferior to the standard Jacobi-Davidson algorithm.

5.2 Implicitly restarted Lanczos algorithm (IRL)

The standard Lanczos method as e.g. described in [57][37][36, p. 470 ff.] is one of the best
known algorithms for computing eigensolutions of sparse symmetric eigenvalue problems. The
number of required iterations taken by the Lanczos method can be very high, depending on the
matrix properties. A high memory consumption for storing the basis vectors of the search space
and a large computational cost for the orthogonalisations are the outcome. Sorensen suggested
the “Implicitly Restarted Lanczos” method (IRL method), which deals with this problem by
employing a clever variant of the restart [49]. The Fortran 77 software package ARPACK by
Lehoucq and Sorensen implements the IRL method. The IRL method is outlined below:

The Lanczos iteration with the shift-and-invert spectral transformation

qj+1βj+1 = rj+1 = (A− σM)−1Mqj − qjαj − qj−1βj, (5.43)

with αj = qT
j M(A− σM)−1Mqj and qT

i Mqj = δij,

is executed forj = 1, 2, . . ., until j = jmax. Here,jmax is the maximal dimension of the search
space. For stability reasons complete reorthogonalisation is performed, i.e. each newqj+1 is
M -orthogonalised to the whole search space. The search spaceV j is spanned by the vectors
q1, . . . ,qj. Let

V j = [q1, . . . ,qj],
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and let

T j = tridiag

 β2 β3 · · · βj

α1 α2 · · ·· · · αj

β2 β3 · · · βj

 . (5.44)

After jmax iterations the Lanczos relation

(A− σM)−1MV jmax = V jmaxT jmax + rjmax+1e
T
jmax

(5.45)

is satisfied. Nowk = jmax− kmax sweeps of the QR algorithm with the shiftsµ1, . . . , µk are

applied onT j, such thatT̂ = Q̂
T
T jQ̂ with Q̂ = Q1 . . . Qk, whereQi represents the QR

sweep with shiftµi. After multiplication withQ̂ from the right we get

(A− σM)−1MV jmaxQ̂ = V jmaxQ̂(Q̂
T
T jQ̂) + rjmax+1e

T
jmax

Q̂. (5.46)

Since the orthogonal matricesQi have Hessenberg form, the matrix̂Q hask sub-diagonals.
Because of this only the lastk + 1 columns ofrjmax+1e

T
jmax

Q̂ are non-zero.

Let V̂ kmax the matrix consisting of the firstkmax columns ofV jmaxQ̂ and letT̂ kmax be the

diagonal block of̂T = Q̂
T
T jQ̂ consisting of the firstkmax rows and columns and letr̂kmax+1 be

thekmax+1-th column ofβkmax+1V Q̂ added tokmax-th column ofrjmax+1e
T
jmax

Q̂. Then we can
write

(A− σM)−1MV̂ kmax = V̂ kmaxT̂ kmax + rkmax+1e
T
kmax

. (5.47)

Equation (5.47) corresponds to the Lanczos relation, that one would get, ifkmax steps of the
iteration (5.43) where performed with the start vectorV̂ kmaxe1. Since the information ofjmax−
kmax search directions is lost at each restart, the IRL method converges slower than the Lanczos
method.

In the above discussion, the choice of the shifts was not considered. In the ARPACK pack-
age, when using standard settings, they are set to thek eigenvalues of̂T kmax with the smallest
magnitude18. If the shiftsµ1, . . . , µk are equal to eigenvalues of̂T kmax, they are calledexact,
or perfect shifts. With perfect shifts all components in direction of the associated Ritz vectors
are eliminated. Other variants for choosing the shifts are possible [50]. However, the ARPACK
strategy has provided satisfactory results in our practical experiments.

The memory requirements of Alg.5.11 add up to2njmax floating point numbers. This
corresponds to the maximal size of matricesV andV M . Alongside memory is needed for the
matricesA andM . To solve the linear system of equations withA − σM efficiently, it may
be beneficial to store this matrix separately19.

5.2.1 Solving the indefinite eigenvalue problem

If Problem II (time-independent Maxwell equations) is solved using vector finite elements as
described in Section3.3, then matrix eigenvalue problems of the form

Ax = λMx, A, M ∈ Rn×n (5.48)

emerge.A is symmetric positive semi-definite with a null space of high dimension, andM
is symmetric positive definite. The task is to compute the smallestpositiveeigenvalues and

18The eigenvalues of̂T kmax with the smallest magnitude correspond to the Ritz values of the original problem,
that are furthest away fromσ.

19In contrast to the JD algorithm this is feasible here, since the shiftσ is constant.
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associated eigenvectors of (5.48). This section describes, how the ARPACK software can be
configured to avoid convergence to the unwanted null space.
Three measures are necessary:

1. The shiftσ is chosen near, but smaller than the smallest positive eigenvalue of (5.48).

2. ARPACK must be called using the parameterWHICH = ‘LA’. In this way ARPACK is in-
structed to converge to eigensolutions with associated eigenvalues closest toσ, but larger
thanσ.

The parameterWHICH = ‘LA’ affects the way the shiftsµ1, . . . , µk for the QR sweeps are
chosen: Instead of selecting the Ritz values with smallest magnitude, the algebraically
smallest Ritz values are chosen. As mentioned above, all components in direction of
the k associated Ritz vectors are eliminated from the search spaceV . Thus, IRL will
converge to the eigensolutions with the algebraically largest transformed eigenvalues.
This corresponds to the desired eigenvalues, that are closest to shiftσ and also larger than
σ. However, slow convergence is possible.

In the numerical experiments we conducted, this method worked effectively for all grids we
tested. Experimental results are given in Section4.2.6.
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function[V , λ, it ] = irl(A, M , kmax, jmax,q, σ, ε)
n = size(A, 1); it = 1; j = 1
— Initialisation of the Lanczos iteration —
q = q/sqrt(qT Mq); qM = Mq
V = [q]; V M = [qM ]
solve(A− σM)z = qM

α = [zTqM ]; β = [0]
r = z− α1q
while 1

j = j + 1; it = it + 1
— Lanczos iteration and complete reorthogonalisation —
βj = sqrt(rT Mr)
q = r/βj; qM = Mq
V = [V ,q]; V M = [V M ,qM ]
solve(A− σM)z = qM

h = V T
Mz; r = z− V h

c = V T
Mr; r = r− V c; h = h + c

αj = hj

— Eigenvalue decomposition of the tridiagonal matrixTj —
[θ, S] = qrsym(α, β)
[θ, ii] = sort(−θ); θ = −θ; S = S(:, ii)
— Convergence criterion —
if kmax≤ j and all(βj|S(j, 1:kmax)| < ε), break, end
— Implicit restart —
if j = jmax

[Q̂, α, β] = perfectshiftqr(α, β, θ(kmax + 1:jmax))

r = V Q̂(:, kmax + 1)βkmax+1 + rq̂jmax,kmax

V = V Q̂(:, 1:kmax); V M = V MQ̂(:, 1:kmax)
α = α(1:kmax); β = β(1:kmax);
j = kmax

end
end
V = V S(:, 1:kmax); λ = σ + 1./θ(1:kmax)

Algorithm 5.11:IRL
Implicitly restarted Lanczos algorithm with complete reorthogonalisation for the generalised symmetric
eigenvalue problemAx = λMx, with A, M symmetric andM > 0, using the shift-and-invert spectral
transformation
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5.3 Comparison of eigensolvers

The section briefly discusses the common features and differences of both the JDSYM and
the IRL methods. Numerical results comparing the performance of both solvers are given in
Section4.2.6.

Both methods compute anM -orthogonal basis for the search subspace and perform restarts
to limit the dimension of this subspace. The IRL method computes a Krylov subspace, but
JDSYM does not. Both methods solve a linear system of equations in each iteration. IRL
solves a system of the form(A − σM)z = qM with a constantσ to high accuracy20. Here
high accuracy means, that a more stringent stopping criterion is used for the linear system than
for the eigenvalue solver. JDSYM solves the correction equation with a variable shift in each
iteration. The correction equation includes expensive projection and is usually solved only
approximately. The memory consumption of both methods is comparable.

Comparing the computational cost of both methods is difficult, since the number of inner
and outer iterations is a priori unknown. For this reason we restrict ourselves to compare the
performance of the two methods by the means of numerical experiments.

The experimental results reported in Sections4.2.6 and 8.4 show that JDSYM is faster
than ARPACK in all cases. This can be mainly attributed to the fact that JDSYM allows for
inaccurate solutions of the correction equation, whereas ARPACK requires an accurate solution
of the shifted operator.

20The ARPACK documentation [50] states, that the convergence test for the inner iteration must be more strin-
gent than the accuracy requirements for the eigenvalue approximations.
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6 Iterative methods

In this chapter the iterative methods used in the eigensolvers are briefly introduced. It is not the
intention of this chapter to give very detailed description or even to derive these methods. For a
more thorough look at iterative methods see e.g. [11].

In the simplest case, the linear systems of equations have the form

Aσx = b, (6.1)

with symmetricAσ = A − σM . If the indefinite eigenvalue problem is solved, the linear
system may include additional terms with the matricesC, Y and/orH, depending on the
method chosen (cf. Section4.2). If JDSYM’s correction equation (5.24) is solved, additional
projections ontoR(Q)⊥M are necessary.

When using the IRL eigensolver, the shiftσ can be chosen in such a way, that the sys-
tem matrix is positive definite. On the other hand, in JDSYM the shift is determined by the
eigensolver, and thus the system matrix may become indefinite. For one form of the correction
equation the linear system may even become non-symmetric (cf. page68).

All methods presented in this chapter fall into the category ofKrylov subspace methods. So,
the approximate solution after thek-th iterationx(k) lies in the Krylov subspace

Kk(Aσ, r
(0)) = span{r(0), Aσr

(0), . . . ,Ak−1
σ r(0)},

with r(0) = b−Aσx
(0), wherex(0) is the initial guess.

Method Mult Prec Daxpy Ddot Storage
CG 1 1 3 2 4n
SYMMLQ 1 1 9 2 5n
MINRES 1 1 3 3 7n
QMRS 1 1 5 2 6n
CGS 2 2 7 3 8n

Table 6.1:Computational cost per iteration
The table shows the number of matrix-vector multiplications, the number of preconditioner invocations,
the number of vector updates, the number of inner products per iteration and the memory requirements
for each iterative method. The storage space is given in the number of floating-point numbers to be
stored. The solution vectorx and the right-hand sideb are not counted.

Tab.6.1summarises the computational costs per iteration and also the memory requirements
for the various iterative methods.

6.1 CG

The Conjugate Gradients method by Hestenes and Stiefel [39] is over 50 years old, but still the
method of choice for symmetric positive definite linear systems.

The CG method derives its name from the fact that it generates a sequence of conjugate (or
orthogonal) vectors. These vectors are the residuals of the iterates. They are also the gradients
of a quadratic functional, the minimisation of which is equivalent to solving the linear system.
CG is an extremely effective method when the coefficient matrix is symmetric positive definite,
since storage for only a limited number of vectors is required (cf. Tab.6.1).
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The CG method implements theRitz-Galerkin approachwhich requires, that the residuals
are orthogonal to the Krylov subspace, thusb−Aσx

(k) ⊥ Kk(Aσ, r
(0)).

We use the CG method for Problem I and also for Problem II if node finite elements are used,
because in this cases the system matrix is positive definite. In the indefinite case (Problem II
with vector finite elements) CG can only be employed if the method can operate in the positive
definite subspace, as it is the case for the DIRPROJ, the BESPALOV and the AD method (cf.
Sections4.2.1, 4.2.4, 4.2.3)

However, the CG method can not be used together with JDSYM. Due to the variable shift
σ, it is not guaranteed that the system matrix is positive definite. Thus for JDSYM, one of the
other methods below has to be used.

6.2 MINRES and SYMMLQ

MINRES and SYMMLQ by Paige and Saunders [56] are computational alternatives for CG
for coefficient matrices that are symmetric but possibly indefinite. The preconditioner is still
required to be positive definite.

MINRES is aminimum residual approach, that requires‖b−Aσx
(k)‖2 to be minimal over

Kk(Aσ, r
(0)). On the other hand SYMMLQ is aminimum error approachthat minimises‖x−

x(k)‖2 over AσKk(Aσ, r
(0)). SYMMLQ generates the same iterates as CG, if the coefficient

matrix is symmetric positive definite.
We employ MINRES or SYMMLQ with JDSYM, but only in the cases we are sure, that the

preconditioner is positive definite, or when we operate in a subspace in which the preconditioner
is positive definite (DIRPROJ, BESPALOV and AD methods).

We obtain slightly better results with MINRES, because the cost per iteration is smaller (cf.
Tab.6.1), and because for SYMMLQ the factorAσ in front of the Krylov subspace may lead to
a delay in convergence proportional to the condition number ofAσ [69].

6.3 QMRS

QMRS (Quasi Minimal Residual Simplified) is a variation of the QMR-method by Freund and
Nachtigal [28] for J -symmetric matrices21. As shown in [30] a linear system withJ -symmetric
coefficient matrix can be constructed from the symmetric linear system (6.1) preconditioned by
symmetricindefinitematrix. Thus, the QMRS method solves linear systems with symmetric
indefinite matrix and symmetric indefinite preconditioner.

The QMR and the QMRS methods follow thePetrov-Galerkin approach, which requires,
that the residualb−Aσx

(k) is orthogonal to some suitablek-dimensional subspace other than
Kk(Aσ, r

(0)). In fact, for QMR-type methods the residual is orthogonal toKk(AT
σ , r(0)).

We use the QMRS method for the indefinite systems with a possibly indefinite precondi-
tioner arising from SAUG and EIGSOLV methods (cf. Section4.2).

6.4 CGS

The Conjugate Gradient Squared method (CGS) by Sonneveld [70] is a variant of Biconjugate
Gradient method (BiCG). The BiCG method generates two CG-like sequences of vectors, one

21Let J be a nonsingular matrix. The matrixB is calledJ -symmetric, ifBT J = JB.
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based on a system with the original coefficient matrixA, and one onAT . Instead of orthog-
onalising each sequence, they are made mutually orthogonal, or “bi-orthogonal”. Like QMR,
also BiCG follows thePetrov-Galerkin approach.

CGS applies the updating operations for theA-sequence and theAT -sequences both to the
same vectors. Ideally, this would double the convergence rate, but in practice convergence may
be more irregular than for BiCG, which may sometimes lead to unreliable results. A practical
advantage is, that CGS does not need the multiplications with the transpose of the coefficient
matrix. CGS solves linear systems with ageneral non-symmetriccoefficient matrix.

We use the CGS method for the non-symmetric form of the correction Equation (5.31) of
JDSYM. For our symmetric problems CGS proved to somewhat less efficient than the methods
discussed before.

While the choice of methods mentioned in the sections above is more or less evident due to
the limited number of efficient methods available, this is not really the case with CGS. CGS is
one of many methods suited for general non-symmetric linear systems. Numerical experiments
with Matlab have shown that for our non-symmetric problems CGS was superior to BiCG, Bi-
CGSTAB, QMR and GMRES. Fokkema et al. made similar observations on the usefulness of
CGS in the context of Newton processes [24].
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7 Matrix-vector products

The sparse matrix-vector product is an important computational kernel that runs ineffectively
on many computers with super-scalar RISC processors. In this chapter we analyse the perfor-
mance of the sparse matrix-vector product with symmetric matrices originating from the FEM
and describe three techniques that lead to a fast implementation. We also show how these opti-
misations can be incorporated into an efficient parallel implementation using message-passing.
The benefit of these optimisations is documented by experimental results on six different ma-
chines. The work presented in this chapter is published in [34].

Tab.7.1 shows the percentage of time spent in the sparse matrix-vector multiplication, de-
pending on the preconditioner and the method for solving the eigenvalue problem (cf. Sec-
tion 4). The numbers shown in Tab.7.1are averages, that were obtained from experiments with
several different grids.

Method None Diag SSOR 2LevJACjac 2LevSGSssor
SI 77.3% 78.4% 43.6% 49.9% 29.8%
SAUG 67.4% 62.6% 43.2% 32.0% 20.5%
AD 41.6% 40.4% 29.5% 26.0% 20.8%
EIGSOLV 74.6% 74.8% 44.8% 39.5% 22.9%

Table 7.1:Percentage of time spent in the sparse matrix-vector multiplication
Percentage of time spent in the sparse matrix-vector multiplication with respect to the total time spent for
solving the matrix eigenvalue problem. The percentage is given for various different preconditioners and
various different methods for solving the positive-definite and the indefinite matrix eigenvalue problem.
The values shown were obtained using a straight-forward implementation of the matrix-vector multi-
plication (cf. Alg.7.1). The numbers were obtained using JDSYM and represent averages over several
grids.

The data in Tab.7.1 shows that a substantial amount of time is spent in the sparse matrix-
vector multiplication routine. Using no preconditioner or the diagonal preconditioner leads to
a lot of inner iterations. Thus, the ratios in Tab.7.1 are highest for these two preconditioners.
Even if the more efficient SSOR preconditioner is used (cf. Section8.4) usually about45%
of the computation time is consumed by multiplying sparse matrices with dense vectors. So,
from this point of view, it is worthwhile to spend some effort into the optimisation of this
computational kernel.

7.1 Performance analysis of the sparse matrix-vector product

In this paper we focus on large symmetric sparse matrices, that do not fit into the memory
cache. While our ideas can be applied to general sparse matrices, we present algorithms and
results for matrices stored insymmetric sparse skyline format(SSS). We use the SSS format,
that is described in detail in AppendixA.3 on page150, for symmetric global finite element
matrices, like e.g.A or M . For such matrices, the SSS format is much better suited than the
CSR or the CSC format, since it requires only about half the memory and the matrix-vector
product is also much faster.

Algorithm 7.1 shows a straight-forward matrix-vector multiplication codey := Ax for a
matrix stored in SSS format. The accesses to the matrix data structure are in a stride-1 loop, the
access pattern onx andy is irregular and depends on the sparsity structure ofA.
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for (i = 0; i < n; i ++) { /* loop over rows of lower triangle */
xi = x[i]; /* load x[i] */
s = 0.0;
k2 = ia[i+1];
for (k = ia[i]; k < k2; k ++) { /* loop over nonzero elems of row */
j = ja[k]; /* load column index j */
v = va[k]; /* load matrix element A[i,j] */
s = s + v*x[j]; /* s = s + A[i,j] * x[j] */
y[j] = y[j] + v*xi; /* y[j] = y[j] + A[j,i] * x[i] */

}
y[i] = da[i]*xi + s; /* y[i] = A[i,i] * x[i] + s */

}

Algorithm 7.1:matrix-vector multiplication code for matrices stored in SSS format
This C code is a straight-forward implementation of the matrix-vector multiplication for sparse symmet-
ric matrices stores in SSS format.

To compute an upper bound for the performance of the sparse matrix-vector product for a
given architecture, profound knowledge of the design of the processor and the memory subsys-
tem is required.

In [76] Wadleigh and Potler show how to compute the optimal out-of-cache performance
of the BLAS-1daxpy() routine for the HP PA-8500 architecture. For this computation they
need to know the cache line size, the cache miss22 penalty and how many outstanding memory
requests the processor supports. Computing the optimal out-of-cache performance of the sparse
matrix-vector product in this manner is much more difficult as its performance also depends on
the sparsity pattern of the matrix.

Often the details, that need to be known for such a computation, are not published or difficult
to access. Our straight-forward approach is more portable and gives comparable results:

We compute the ratioη of the number of floating point operations to the number of bytes
of memory traffic. For the best case scenario wherex andy are read only once from memory
and then kept in-cache, the number of floating-point operations (flops) is4nnz + 2n and the
amount of data transferred from and to memory is12nnz + 28n bytes23. For this approximation
we assume a very large write-back cache24 and double precision arithmetic. This yields

η =
4nnz + 2n

12nnz + 28n
.

For the test matricescav1andcav2(see AppendixE), that are used in this chapter for numerical
experiments, we getη ≈ 0.32.

If we multiply η by the memory bandwidth of the system we get an upper bound of the
performance (Mflop rate) of the sparse matrix-vector product.

22A cache miss is a failure to find requested data in the cache memory; this means the slower memory must be
searched.

2312nnz + 12n bytes for reading the matrix data,8n bytes for readingx and8n bytes for writingy
24The write-back cache is a caching method in which modifications to data in the cache aren’t copied to the

cache source until absolutely necessary. Data modifications (e.g., write operations) to data stored in the L1 cache
aren’t copied to main memory until absolutely necessary. In contrast, a write-through cache performs all write
operations in parallel – data is written to main memory and the L1 cache simultaneously. Write-back caching
yields somewhat better performance than write-through caching because it reduces the number of write operations
to main memory.
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Measured Max. Measured
System Bandwidth Perf. Perf.

Mbytes/s Mflops/s Mflops/s
Intel Linux PC 261.44 81.10 32.50
Sun Enterprise 3500 248.71 76.52 28.59
DEC Workstation 245.74 75.61 42.66
HP X-Class 558.14 171.74 48.22
HP V-Class 552.14 169.89 75.02
IBM SP2 1165.05 358.49 56.33
Intel Paragon 186.67 57.43 8.04

Table 7.2:Machines used for the numerical experiments, their measured memory bandwidthβ,
the predicted maximal performanceropt and the measured performanceract of Alg.7.1.
βη =: ropt ≥ ract. The numbers in the last column are measured using the matrixcav2. Detailed
specifications of the computers used in this experiment are given in AppendixB.

We determine the memory bandwidth by benchmarking highly optimised computational
kernels tuned for the given hardware. For this benchmark we use the vendor supplied BLAS
daxpy and other routines that have a similar ratio of read to write operations as the sparse
matrix-vector product. This gives more realistic results than using the peak memory bandwidth
reported by the vendor.

From Tab.7.2 one can observe that the measured performance of the sparse matrix-vector
multiplication code is far below the computed optimal performance, which is limited only by
the memory bandwidth. The compiler is unable to generate efficient code, mainly because of
data dependencies and irregular loops in Alg.7.1. On the other hand, the assumptions on which
this calculation is based, are not wholly realistic, because the accesses on the vectorsx and
y generate additional cache-misses. Especially on the IBM SP2, the cache is too small (128
Kbytes) to keep the vectorsx andy in the cache.

For all experimental results in this chapter, we used the standard vendor supplied C compil-
ers with all (safe) optimisations turned on. On the Intel Linux PC we used the GNU C compiler
for our benchmarks.

7.2 Design of a fast sparse matrix vector product for one processor

We applied three techniques to improve the implementation of Alg.7.1:

7.2.1 Software pipelining

We reorganise the source code in such a way, that the processor pipelines are better filled
and thus the instruction level parallelism is increased. We achieve this by reducing the data-
dependencies in the innermost loop iteration of Alg.7.1 and by loading the data into registers
earlier (data prefetching). We refer to this technique by the termsoftware pipelining.

Most compilers are unable to perform these optimisations by themselves in a satisfactory
way. Often compilers do not have the information necessary to reorder the instructions safely
in such a way, that the load instructions are issued earlier. They end up generating conservative
code.

Another reason for the bad measured Mflop rates in Tab.7.2 is the compiler’s inability to
unroll more complex loops. E.g., revisiting Alg.7.1, none of the compilers we used were able
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to unroll the inner loop overk.

k = ia[0];
for (i = 0; i < n; i ++) {

/* initialisation and mult with diagonal element */
xi = x[i]; di = da[i];
s = 0.0; k2 = ia[i+1]; yi = di*xi;
if (k < k2) {
/* first iteration: prefetch data */
j = ja[k]; v = va[k]; yj = y[j];
k ++;
while (k < k2) {

/* prefetch j and v for next iteration */
j_ = ja[k]; v_ = va[k];
/* calc using prefetched data */
s += v*x[j];
y[j] = yj + v*xi;
/* prefetch y for next iteration */
yj = y[j_];
/* "rename" prefetched data */
j = j_; v = v_;
k ++;

}
/* last iteration: no prefetch */
s += v*x[j];
y[j] = yj + v*xi;

}
y[i] = yi + s;

}

Algorithm 7.2: Optimised matrix-vector multiplication routine for sparse matrices stored in
SSS format
Variant of Alg.7.1, optimised by hand.

Alg. 7.2 is an optimised version of Alg.7.1. Here all data is loaded from memory one loop
iteration before it is actually needed. Thus the processor can better overlap computation and
memory transfers. The time the processor is waiting for outstanding data is reduced.

7.2.2 Register blocking

The performance of the sparse matrix-vector multiplication routine is achieved byregister
blocking:

We split up the matrixA into a sum ofm matrices

A = A1 + · · ·+ Am.

Each matrixAi consists of small dense blocks of afixed size[71]. Fig. 7.1 shows a simple
example of such a matrix splitting.
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Figure 7.1:Example for register blocking
Splitting of the matrixA into a sum of two matricesA = A1 + A2. A1 consist of dense2×2-blocks,
while A2 holds the remaining non-zero entries.

The storage format of the blocked matrices is equivalent to the SSS format, with the exception,
that for each column index a whole dense block is stored instead of just one non-zero entry.
This block oriented storage format has the following advantages:

Reduction of memory accesses When a matrix-vector multiplication with such a blocked ma-
trix Ai is performed, fewer indicesj have to be loaded from memory, because only one
is needed per block.

Reuse of data When multiplying with a dense block, the needed (consecutive) vector elements
of x andy can be loaded into the registers once and then be reused several times; thus,
the name “register blocking”.

Choice of block sizes In our approach we store at least two matrices: one contains the small
dense blocks of equal size and the other contains the remaining nonzero elements25.

We ran our experiments with3×3, 3×1, 1×3, 2×2, 2×1, and1×2 blocks. The remaining
entries are stored unblocked.

On the one hand, reasonable block-sizes depend on the number of floating-point registers. A
complete dense block must fit in the registers. If register blocking is used together with software
pipelining (cf. Section7.2.1), then two complete blocks must fit into the registers.

To choose a reasonable block size, also the matrix has to be considered: It only makes sense
to use a certain block size, if the original matrix, contains many dense blocks of this size. When
using the finite element method, this is often the case: When more than one degree of freedom
is associated with the grid points, edges or faces of the mesh, the dense blocks emerge naturally,
if an appropriate numbering of the DOFs is used.

If e.g. Problem II is discretised using node elements (cf. Section3.2), the global FEM ma-
trices consist of dense3×3 blocks only, since the three components of the electrical field are
stored per grid point. Due to the elimination of certain boundary DOFs, some of the3×3 blocks
are destroyed.

25In [41] another approach is presented: the authors store thewholematrix in small dense blocks, at the expense
of having to store some zero entries explicitly.
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Implementation As mentioned above, to store the matrixAi of small dense blocks we use
the same data structure as for the original matrix (SSS format, see AppendixA.3), with the
exception that we store a whole block for each coordinate pair(i, j) instead of just one value.
We build this data structure using a linear-time greedy algorithm that scans the matrix row by
row.

The actual matrix-vector multiplication can be implemented in two ways:

Multiplying matrix-after-matrix Multiply each matrixAi with vectorx and sum the results.

Multiplying row-after-row Multiply with all Ai at the same time, row-by-row. When using
this variant one can optionally store the nonzero elements in the same sequence as they
are accessed, i. e. store dense blocks ofdifferentsize in each row instead of storing the
matricesAi separately.

We implemented all above variants. None of them was clearly superior. The optimal routine
has to be chosen depending on the matrix and the machine.

7.2.3 Matrix Reordering

As a third optimisation, we permute the matrixA in various different ways, to speed up the
matrix-vector multiplication,

Cuthill-McKee reordering[33] is a heuristic algorithm to symmetrically permute the rows
and columns of a matrix, in order to reduce its bandwidth:

Arcm = PAP T . (7.1)

In addition, we investigate the so-calledreverse Cuthill-McKee reordering, a slightly altered
variant of Cuthill-McKee reordering.
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Figure 7.2:Example for Cuthill-McKee reordering
Original matrixA and Cuthill-McKee reordered matrixArcm with noticeably reduced bandwidth.

We expect the following consequences:
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Reduction of cache misses Because of the smaller bandwidth it is more likely that during
matrix-vector multiplication vector elements that are accessed in a particular matrix row
will be accessed again in the following row. Thus matrix reordering can reduce cache
misses that accesses tox andy generate [71].

Construction of dense blocks The reordering alters the non-zero structure of the matrix. If the
original matrix only has few dense blocks, the reordering may actually increase the num-
ber of dense blocks, and make register blocking (see Section7.2.2) more efficient.

Parallel efficiency The matrix bandwidth has a direct influence on the number of messages, that
have to be sent and received in a message-passing parallel implementation of the sparse
matrix vector product. Thus, the reduced matrix bandwidth increases parallel efficiency
of the sparse matrix vector multiplication.

7.2.4 Experimental results

For the numerical experiments we use the matricescav1andcav2stemming from the grids
boxcav20x13x3andboxcav30x20x4(see AppendicesD andE). These matrices originate from
Problem II, discretised using quadratic node elements. The matrices have a large amount of
small dense blocks, because three degrees of freedom are located at each grid point of the FEM
mesh. The exact amount of dense blocks are listed in the legend of Fig.7.4.

For the experiments presented in this section (Figs.7.3-7.6) we only show the results for
matrixcav2. The results for the smaller matrixcav1are similar throughout.

The experiments are carried out on seven different machines as listed in Tab.7.2. More
detailed information on these machines is found in AppendixB. Even though some of these are
parallel machines, the experiments of this subsection were all carried out ononeprocessor. The
experiments are organised as follows: First we benchmark the three optimisations separately
(Figs. 7.3-7.5), then we measure the best performance by applying all optimisations at once
(Fig. 7.6).
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Figure 7.4:Performance of the codes that use register blocking.
The darker bars (bottom) show the overall performance of the code, including the blocked portion and the
unblocked portion. The whole bars (including top parts in light gray) represent the performance of the
code portion that multiplies the blocked part of the matrix only. The number in brackets is the percentage
of nonzero elements that are stored in dense blocks of the given size

Fig. 7.3shows the performance of software-pipelined code in comparison with the original
code from Alg.7.1. The benefit is substantial on all platforms. The improvement ranges from
24% on the Intel Linux PC to110% on the IBM SP2.

Fig. 7.4 shows the impact of the block size on the performance of the register-blocked
code. The maximal improvement is69% on the Intel Linux PC. On the other platforms the
improvement lies between6% and48%. As can be seen by the lighter coloured bars in Fig.7.4
the performance of the code can be substantially higher for matrices consisting solely of small
dense blocks.

Fig. 7.5 shows the performance of the unoptimised code when multiplying matrices with
different orderings. Compared with the original ordering the performance cannot be increased
substantially with Cuthill-McKee-type reorderings. However, the experiments with random
ordering indicate that the performance depends heavily on the matrix ordering. In cases, where
the original ordering is not so well suited for matrix-vector multiplication as in our case, the
improvement of Cuthill-McKee-type reorderings is more substantial [71].

For each platform we choose the fastest code that takes all discussed optimisations into
account and compare it with the corresponding unoptimised version. The results are shown in
Fig. 7.6 and Tab.7.3. On the SP2 we achieve an overall improvement of151%, on the Intel
Linux PC we still get an improvement of97%, while on the HP X-Class, Sun Enterprise Server,
HP V-Class and DEC Alpha Workstation we get performance increases of80%, 73%, 51% and
43%. The results in Tab.7.3 show that the performance of the best code is quite close to the
predicted maximal performance (cf. Section7.1) on some machines. On the Intel Linux PC and
the DEC Workstation we reach 80% of the predicted maximal performance.
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Figure 7.5:Performance of the codes when working on matrices with different orderings.
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Figure 7.6:Performance of the best code and the unoptimised code.
For each architecture we use the code that performs best and compare it against the unoptimised code.
The labels on top of the bars show the block sizes that yield the best performance for register blocking.
(E.g. “3x3, 2x1” means that the matrix is split into three matrices, one containing all 3x3-blocks, the
next containing the remaining 2x1-blocks and the third containing the still remaining elements.)
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Maximal Unoptimised Optimised
System Perf. Perf. Perf.

Mbytes/s Mflops/s Mflops/s
Intel Linux PC 81.10 32.50 64.73
Sun Enterprise 3500 76.52 28.59 49.33
DEC Workstation 75.61 42.66 60.95
HP X-Class 171.74 48.22 86.71
HP V-Class 169.89 75.02 114.40
IBM SP2 358.49 56.33 141.48

Table 7.3:The predicted maximal performance and the performance of the unoptimised and the
best code.
The predicted maximal performance and the performance of the unoptimised code are explained in
Tab.7.2.
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7.3 Parallel matrix-vector multiplication

This section deals with the parallelisation of the matrix-vector multiplication using the message-
passing programming paradigm. We chose the MPI (Message Passing Interface) library to
implement the communication between the processors.

7.3.1 Parallel implementation

For the parallel implementation we distribute the lower triangular part of the matrixA stored
in SSS format by block-rows (see Fig.7.7). To balance the load we assign the same number
of nonzeros to each processor. The distribution of the vectorsx and y corresponds to the
distribution of the matrix rows.

In a preprocessing step each processor collects the necessary information for the actual
matrix-vector multiplication. This is done in the following way:

. The SSS storage format of the matrix implies that processori needs only elements of
the local portions of thex-vector from processorj wherej < i. For this purpose, the
smallest block containing all the needed elements is determined in a preprocessing step.
This information is exchanged.

. During the actual matrix-vector multiplication processori receives the corresponding por-
tion of they-vector from processorj. The same portion of thex-vector is sent to proces-
sorj. This is due to the symmetry of the matrix.

For the actual parallel matrix-vector code we implemented three slightly different routines:

1. Without latency-hiding: Communicate parts ofx-vector, then multiply with local part of
matrix, then communicate parts ofy-vector and form resulting vector.

2. With latency hiding (upper before lower triangle): Communicate parts ofx-vector and at
the same time multiply with local block-column in the upper triangle. Send they-vector
to the other processors. Upon arrival of the remote parts of thex-vector the local block-
row in the lower triangle can be multiplied. Upon arrival of they-vectors form resulting
vector.

P2

P1

P0

P3 P3

P2

P1

P0

(a) (b)

Figure 7.7:Data distribution for parallel implementation
The figure shows how the matrix is distributed across the processors for (a) a non-banded and (b) a
banded matrix. Because the matrix is symmetric, only its lower triangle is stored. The vectors depicted
on the right show the local portions of thex-vector and which portions of thex-vector must be known to
each processor for the multiplication of the local portions of the matrix.
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3. With latency hiding (diagonal block first): Communicate parts ofx-vector and at the
same time multiply with local diagonal block of the matrix [61]. Upon arrival of the
remote parts of thex-vector, multiply with the remaining local part of the matrix, then
communicate parts ofy-vector and form resulting vector.

Routine 1 is a reasonable choice for machines that do not support latency-hiding. Routine 2 has
the disadvantage that it does not exploit the symmetry of the matrix well, since the matrix has
to be read from memory twice. Routine 3 has the disadvantage that the diagonal block of the
matrix has to be stored separately to make the implementation efficient. This has to be done in
a preprocessing step.

The parallel algorithm benefits from the matrix reordering done for the optimisation of the
serial code (cf. Section7.2.3). As can be seen from Fig.7.7the number of messages is reduced
because of the smaller matrix bandwidth. Fig.7.7a shows the worst case: for the multiplication
the last processor (P3) needs parts of the vectorx stored on all other processors. Whereas in
Fig. 7.7b the same processor needs only the local parts of the neighbour processor. The results
in Fig. 7.13show how crucial the matrix reordering is.

7.3.2 Parallel Numerical Experiments

We carried out the parallel experiments on five platforms: the HP Exemplar X-Class and the
HP Exemplar V-Class systems, the Intel Paragon, a Linux workstation cluster and the IBM
SP2. The HP Exemplar X-Class and the HP Exemplar V-Class systems are both shared memory
machines with 32 processors and a crossbar-switch interconnection network. The Intel Paragon
has 150 compute nodes with distributed memory arranged in a 2D-grid. The Intel Beowulf
Cluster consists of 251 dual CPU Pentium III processors. These 251 computing nodes are
grouped into frames of 24 nodes. An Ethernet network connects the compute nodes. The
IBM SP2 is a distributed memory machine with 64 processors connected through a multistage
network. More detailed specifications of these machines are given in AppendixB.

The software-pipelining optimisation described in Section7.2.1was incorporated into the
parallel version. Although it would be entirely possible to implement register blocking also for
the parallel version, we did not do that. Unless otherwise mentioned the matrices are reordered
using the reverse Cuthill-McKee algorithm.

In Figs.7.8-7.13the speedups and Mflop-rates are reported for the five platforms described
above. The relation between the speedup and the Mflop-rate is linear and is given through the
formula MflopRate(p) = Speedup(p)×MflopRate(1). The speedup curves given in Figs.7.8-
7.13are calculated relative to the sequential version, optimised using software-pipelining. This
explains, why the speedup shown for one processor may be less than one. Fig.7.8 shows the
measured performance for the HP X-Class. For the smaller matrixcav1we get super-linear
speedup due to cache-effects. The results for the HP V-Class are shown in Fig.7.9. On this
platform we even get a higher super-linear speedup for matrixcav1. For this matrix the speedup
is 21 with 8 processors. The speedups for matrixcav2are higher compared to the HP X-Class.
The speedup for 8 processors is 6.7. Fig.7.10shows the measured performance for the Intel
Paragon. The code scales well, especially for the matrixcav2. Apart from the super-linear
speedups on the HP X-Class and the HP V-Class, this machine gives the best speedups, because
of its fast network compared to the performance of its processors. The results for the Intel
Beowulf Cluster are depicted in Fig.7.11. For the numerical experiments we used 1 CPU
per node. Up to 8 CPU’s, the measured speedups for the matrixcav2are comparable to the
speedups on the HP V-Class. The irregularities above 16 processors show up because in this
case some processors have to communicate with processors on another frame. Fig.7.12shows
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Figure 7.8:Performance of the parallel matrix-vector multiplication code on the HP X-Class
Speedups and Mflop-rates are reported for matrices (a)cav1and (b)cav2both using Cuthill-McKee
ordering.

the measured performance for the IBM SP2. The code does not scale as well as on the Intel
Paragon, because the SP2 has much faster processors and a relatively slow interconnection
network.

The results in Figs7.8-7.12show that apart from cache-effects the speedups forcav2are
always better than the speedups forcav1. This is due to the higher ratio of computational work
compared to the number of messages.

Fig. 7.13shows the influence of the reordering on the performance. When the matrices are
left in their original ordering, the performance is unacceptably low. Even for small numbers of
processors, where the number of messages is low, the performance is worse. These results are
conducted on the IBM SP2, but this behaviour can also be observed on the other platforms.

7.4 Summary

In this chapter an upper bound for the performance of the sparse matrix-vector product was
derived. It was shown, that straight-forward implementations perform poorly. The three tech-
niques presented in this chapter improved the sequential performance by up to 151%. The
message-passing implementation benefits from these optimisations and scales reasonably.

It would be worthwhile to extend the work presented in this chapter in order to allow the
automatic generationof sparse matrix-vector multiplication codes, which are optimised to a
given matrix and a given target architecture. The idea is to compute the set of optimal param-
eters (block size for register blocking, matrix reordering type, degree of loop-unrolling, etc.)
which leads to the fastest matrix-vector multiplication code for a given type of sparse matrix
on a specific architecture. This can be done by repeated benchmarking of the code for different
sets of parameters.

While this approach has been successfully applied to other applications, such as the FFT
[31] and the dense BLAS [77], no practical steps in this direction where done in the course
of this dissertation. Im [42] presents a toolkit called “Sparsity” for the automatic generation
of optimised matrix-vector multiplication codes. “Sparsity” focuses on general sparse matrices
and hence does not exploit the symmetry of the matrices. Bik’s thesis [15] describes a “sparse
compiler” that takes a dense matrix code as input, along with a sparse matrix, and generates a
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Figure 7.9:Performance of the parallel matrix-vector multiplication code on the HP V-Class
Speedups and Mflop-rates are reported for matrices (a)cav1and (b)cav2both using Cuthill-McKee
ordering. Note the scaling of the diagrams and the high speedups reached withcav1.

sparse version of the code. The compiler analyses the sparse input matrix, and then transforms
the dense matrix code using dependence analysis of data accesses.

Another logical step would be to apply our ideas to preconditioners, that operate on sparse
matrices. E.g., the forward- and backward substitution steps performed in the SSOR and the
ILUS preconditioners are similar to the matrix-vector multiplication with respect to the structure
of the innermost loop. The three optimisation techniques discussed in this chapter could be
applied with only little modification.
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Figure 7.10: Performance of the parallel matrix-vector multiplication code on the Intel
Paragon.
Speedups and Mflop-rates are reported for matrices (a)cav1and (b)cav2both using Cuthill-McKee
ordering.
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Figure 7.11:Performance of the parallel matrix-vector multiplication code on Intel Beowulf
Cluster
Speedups and Mflop-rates are reported for matrices (a)cav1and (b)cav2both using Cuthill-McKee
ordering.
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Figure 7.12:Performance of the parallel matrix-vector multiplication code on the IBM SP2.
Speedups and Mflop-rates are reported for matrices (a)cav1and (b)cav2both using Cuthill-McKee
ordering.
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Figure 7.13:Performance of the parallel matrix-vector multiplication code on the IBM SP2
with and without matrix reordering.
Speedups and Mflop-rates are reported for matrices (a)cav1and (b)cav2using their original ordering
and Cuthill-McKee ordering. For the reordered matrices only Routine 3 is shown, which gives the best
results in this case.
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8 Preconditioners

Both eigensolvers presented in Chapter5 use an inner-outer iteration scheme. In the inner itera-
tion a linear system of equations is solved using one of the Krylov subspace methods presented
in Chapter6.

With both JDSYM and ARPACK the cost for solving these linear systems is substantial. If
no preconditioner is used, the time spent in the inner iteration is 65% – 90% of the time spent
for solving the eigenvalue problem. The percentage depends on the grid and on the method
for solving the eigenproblem. These numbers clearly show, that the inner iteration is the most
time-consuming part of the eigensolver. In the following we discuss the preconditioners we
used to speed up the inner iteration.

For both eigensolvers the matrix to precondition has the formA − σM . When using
ARPACK, the shiftσ is constant, whereas with JDSYM the shift can change in each outer
iteration. Since it would be too costly to construct a new preconditioner in every outer iteration,
we construct a preconditioner forA − τM in the case of JDSYM.τ is the target parameter
used in the Jacobi-Davidson algorithm.

The goal of preconditioning is to find a matrixK with the following properties:

1. K is a good approximation of the matrixA− σM in some sense.

2. The systemKx = b can be solved much faster than the original system.

3. The cost for constructingK is smaller than the benefit gained by using the preconditioner.

If K is a good approximation of the system matrixA−σM then the preconditioned matrix will
have better spectral properties, and thus the number of steps required in the iterative method will
be reduced. Note, that the introduction of a preconditioner introduces additional costs: firstly
through its construction and secondly through its application. The use of a preconditioner only
pays off if it reduces the number of iteration steps significantly.

The preconditioner presented in this section can be classified by two categories:
So calledblack boxpreconditioners operate on the system matrix only, without requiring

information about the underlying problem. The Jacobi iteration, the Gauss-Seidel iteration
and the ILUS preconditioner described below all fall into this category. The Jacobi and the
Gauss-Seidel iterations belong to the family ofstationary methods, which can also be used for
preconditioning. Performing one step of the Jacobi iteration is equivalent to diagonal precondi-
tioning.

The ILUS preconditioner [20] constructs an incompleteLDLT -factorisation. ILUS is tai-
lored to sparse matrices stored in SSS format (cf. SectionA.3).

The second class of preconditioners are theproblem specific preconditioners. They make
use of the specific properties of the underlying problem.

The so calledtwo level hierarchical preconditionerbelongs to this category. This precon-
ditioner exploits the special structure of the global matricesA andM , which results from the
underlying hierarchical finite element basis.

8.1 Stationary iterative methods

Preconditioners of this type are based on a stationary iterative method, i.e. a method with a
constant iteration matrix. Applying such a preconditioner means performing a few steps of the
iterative method.
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A stationary method can be built by splitting the matrixA− σM according to

A− σM = S1 − S2, (8.1)

whereS1 must be non-singular. FromS1x = S2x + b we get the iteration step

S1x
(k+1) = S2x

(k) + b, (8.2)

or equivalently
x(k+1) = x(k) + S−1

1 r(k) (8.3)

with r(k) = b− (A− σM)x(k).

8.1.1 m-step Jacobi preconditioning

The weighted Jacobi iteration is obtained from the matrix splitting (8.1) with S1 = 1/ωD,
whereD is the diagonal ofA− σM . This yields the iteration

x(k+1) = x(k) + ωD−1r(k). (8.4)

The preconditioning step is made up of applying the iteration stepm times. The initial guess
x(0) is set to the zero vector.

Them-step Jacobi preconditioner is parametrised by the weightω and the number of itera-
tion stepsm.

Forω = 1 andm = 1 we obtain the simple and cheapJacobior diagonal preconditioner

x = D−1b. (8.5)

8.1.2 m-step SSOR preconditioning

TheSymmetric Successive Over Relaxation(SSOR) method is obtained from the matrix split-
ting (8.1) with S1 = 1/ωD + L. L is the strictly lower triangle of the matrixA− σM andD
represents its diagonal.

The first half-step of the SSOR iteration is [60, page 97]

x(k+1/2) = (D + ωL)−1
(
[−ωLT + (1− ω)D]x(k) + ωb

)
. (8.6)

The iteration matrix in (8.6) is not symmetric. However, we can obtain a symmetric method by
executing a second half-step (withL andLT interchanged):

x(k+1) = (D + ωLT )−1
(
[−ωL + (1− ω)D]x(k+1/2) + ωb

)
. (8.7)

Thus a SSOR iteration consists of a half-step (8.6), followed by a half-step (8.7).
The preconditioning step is made up of applying the SSOR iteration stepm times. The

initial guessx(0) is set to the zero vector.
We reduce the computational cost of them-step SSOR preconditioner by applying the

Conrad-Wallach trick[55, page 175]. This trick saves the computation ofLTx(k) in (8.6) and
the computation ofLx(k+1/2) in (8.7).

Like them-step Jacobi preconditioner, also them-step SSOR preconditioner is parametrised
by the weightω and the number of iteration stepsm.

Form = 1, the preconditioner becomes [60, page 267]

KSSOR= ω(2− ω)(D + ωL)D−1(D + ωLT ). (8.8)

Form = 1 andω = 1, we obtain thesymmetric Gauss-Seidel preconditioner:

KSGS = (D + L)D−1(D + LT ). (8.9)
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8.2 ILUS preconditioning

The incompleteLU -factorisation belongs to the most popular “black box” preconditioners. The
standard incompleteLU methods (ILU(0), ILUT and ILUTP) [60] do not exploit the symmetry
of the matrix:

. These methods traverse the entire system matrix row-wise. Thus the whole system matrix
(both the upper and the lower triangle) has to be stored in memory.

. An incompleteLU -factorisation is being computed. For symmetric matrices, aLDLT -
factorisation would be much more efficient in terms of memory consumption.

. The preconditioner constructed by these methods is generally non-symmetric, even if the
system matrix is symmetric.

The ILUS preconditioner is designed to compute an incomplete factorisation of sparse matrices
stored inSparse Skyline(SSK) format [59]. The method can be slightly modified to also support
(symmetric) sparse matrices stored inSymmetric Sparse Skyline(SSS) format (cf. AppendixA).
The ILUS preconditioner presented below employs a two-stage scheme for reducing the fill-in.
It also eliminates the disadvantages listed above.

Let Aσ = A − σM be the matrix, for which the symmetric ILUS factorisation shall be
computed. We define a sequence of matrices

Aσ
k+1 =

(
Aσ

k vk

vT
k αk

)
, (8.10)

with Aσ
1 = aσ

1,1 andAσ
n = Aσ. Let the incompleteLDLT -decomposition ofAσ

k computed by
ILUS be given by

Aσ
k = LkDkL

T
k . (8.11)

The incompleteLDLT -decomposition ofAσ
k+1 is then computed by

Aσ
k+1 =

(
Lk 0
yT

k 1

) (
Dk 0
0T dk+1

) (
LT

k yk

0T 1

)
(8.12)

with

yk = D−1
k L−1

k vk (8.13)

dk+1 = αk − yT
k D−1

k yk. (8.14)

Thus theLDLT -decomposition is computed row-by-row. To compute a new row ofL, a trian-
gular system has to be solved and an inner product weighted byDk has to be computed.

The difficulty lies in solving the triangular systemLkyk = vk efficiently. The straight-
forward approach is to solve the system exactly by forward substitution and then eliminate
elements with small magnitude. With this method, the whole matrixLk has to be accessed,
even ifvk is sparse. The computational cost for the factorisation is at leastO(n nnz(Aσ))26, if
the non-zero elements are more or less evenly distributed. For largen, the computational cost
is unacceptably high.

Saad suggests in [20] to solve the triangular systemLkyk = vk only approximately by
computing a Neumann series

yk = L−1
k vk = (I + Ek + E2

k + · · ·+ Ep
k)vk, (8.15)

26at leastn2 times the average number of non-zeros entries per row ofA
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with Ek = I −Lk. The matrixEk and its powers do not have to be computed explicitly, since
(8.15) can be calculated using a Horner scheme. The advantage of this approach, is that the
operations of the formy← Ex are in sparse-sparse mode. When performing such an operation,
only parts of the matrixE have to be accessed, i.e. only the columns that are multiplied by the
non-zero entries of the sparse vector. Since the entries ofE, resp.L are stored row-by-row (cf.
AppendixA), an additional data structure, that allows to traverse the matrix column-by-column
efficiently, is needed. We usen linked lists, where each list links the non-zero entries of one
column. Three additional integer arrays are needed to implement this. They almost double the
memory consumption for the matrix. The computational cost of this approach depends on the
structure of the matrix and is at leastO(n2 p) and the mostO(n2 p2). Since thep is typically
small (p < 10), this approach is usually faster than the straight-forward approach.

Alternatively, George and Liu’s algorithm for building the sparse Cholesky factorisation
[33], which is based on the elimination tree of the input matrix, could be adapted to the incom-
plete case. We did not investigate the idea further.

The number of non-zero elements in the factorL is controlled using the parametersεdrop and
nfill : For each newly calculated rowyk, only the nzk + nfill entries with the largest magnitude
are kept. nzk is the number of non-zero entries ofAσ(k, 1:k − 1). From the nzk + nfill entries
only those that satisfy the drop tolerance condition

|yi| ≥ εdrop‖Aσ(k, 1:k − 1)‖2, 0 < i < k, (8.16)

are stored in the incomplete factor.
In [20] Saad suggests, to monitor the stability of the factorisation by checking the value

‖L−1
k ‖. As a cheap to compute approximation he uses‖L−1

k 1‖∞, where1 is a vector with all
entries equal to1. As soon as this number exceeds a certain given bound, the factorisation is
aborted.

In addition, we abort the factorisation, if a diagonal element becomes smaller than the ma-
chine precisionεmach.

The ILUS algorithm for symmetric matrices is given in Matlab notation in Alg.8.1.
The existence of incomplete factorisation preconditioners like ILUS has been proved for

M-matrices. For indefinite matrices their use is potentially dangerous, since small diagonal
elements may lead to ill-conditioned factors. It might be more stable to construct a sparse
LDLT -factorisation using Bunch-Kaufmann-Parlett pivoting[19], whereD is a diagonal matrix,
or possibly block diagonal matrix (with blocks of order 1 and 2). We did not investigate this
idea.

Summary The ILUS preconditioner is an incomplete factorisation of the formAσ ≈ LDLT

which is obviously symmetric. Even if the original matrixAσ is positive-definite, this is not
necessarily the case for the preconditioner. The cost of computing the incomplete factorisa-
tion for the ILUS preconditioner as suggested in [20] is more thanO(n2). The construction
of ILUS preconditioner is much more expensive than the construction of its non-symmetric
cousins ILU(0), ILUT and ILUTP, because the latter do not require the solution of a sparse
linear system for each row. So, the ILUS preconditioner is certainly not well suited for large
matrices.
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function [L, D, r] = ILUS(A, εdrop, nfill , type, p, rlim)
n = size(A, 1); L = 1.0; d = A(1, 1)
if 1.0 + d1 = 1.0, error(’diagonal element close to zero’);end
u = 1.0; r = 1.0
for i = 2 : n

v = A(i, 1:i− 1); si = εdrop‖v‖
if type= 0

y = v/LT

else
y = v
for k = 1 : p

y = y − yLT + v
end

end
y = y./d
y = y. ∗ (|y| >= si)
[dum, idx] = sort(−|y|)
for k = nnz(v) + nfill + 1 : length(y)

yidx(k) = 0.0
end
y = sparse(y)
d(i) = ai,i − (y. ∗ d)yT

if 1.0 + di = 1.0, error(’diagonal element close to zero’);end
L = [L, sparse(i− 1, 1);y, 1.0]
u = [u; 1.0− yu]
if |ui| > r, r = |ui|; end
if r > rlim, error(’r exceeds limit: factorisation unstable’);end

end
D = spdiags(dT , 0, n, n)

end

Algorithm 8.1: ILUS preconditioner
This algorithm computes the ILUS preconditioner for a given symmetric matrixA. The fill-in in the
triangular matrixL is controlled by the parametersεdrop andnfill . Depending on the parametertype, the
triangular system is solved either by forward substitution or using a Neumann series of lengthp. The
stability of the factorisation is evaluated using the valuesr = ‖L−11‖∞ and|di|. The upper bound forr
is rlim .
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8.3 2-level hierarchical basis preconditioner

The two-level hierarchical basis preconditioner was suggested in [10] by Bank. The precondi-
tioner exploits the hierarchical organisation of the finite element basis functions, as described in
Chapters2 and3. In our case this simply means, that the basis functions for the quadratic finite
elements contain the basis functions of the linear elements.

Using quadratic finite elements and an appropriate numbering of the global DOFs , global
matrices with a2× 2-block structure emerge,

A =

(
A11 A12

A21 A22

)
, M =

(
M 11 M 12

M 21 M 22

)
, (8.17)

where the matricesA11 andM 11 correspond to the global matrices constructed using linear
elements.

The two-level hierarchical basis preconditioner is based on the approximate solution of a
linear system of the form (

Aσ
11 Aσ

12

Aσ
21 Aσ

22

) (
x1

x2

)
=

(
b1

b2

)
. (8.18)

The idea is the following: The (1,1)-block is solved exactly, which should produce already
a good “approximation”. The remaining parts of the matrix, which are considerably larger, are
taken into account only approximately.

The various variants of the two-level hierarchical basis preconditioner differ in the underly-
ing block method, and also in the approximation method for the (2,2)-block.

We consider two block methods: Theblock-Jacobi method

x1 ← Aσ
11
−1b1 (8.19)

x2 ← Ã
σ

22

−1
b2 (8.20)

and thesymmetric block-Gauss-Seidel method

t1 ← Aσ
11
−1b1 (8.21)

x2 ← Ã
σ

22

−1
(b2 −Aσ

21t1) (8.22)

x1 ← Aσ
11
−1(b1 −Aσ

12x2). (8.23)

For the approximation of the (2,2)-block we consider two inner iterations: Theweighted
Jacobi iteration(8.4) and theSSOR iteration(8.6) and (8.7). Both iterations are started with an
initial guessx0 = 0, and both iterations also are parameterised by the weightω and the number
of inner iterationsm.

For weighted Jacobi iteration andm = 1 we get

Ã
σ

22 = 1/ω D22 (8.24)

and SSOR iteration andm = 1 we get

Ã
σ

22 = (D22 − ωL22)D
−1
22 (D22 − ωLT

22). (8.25)

HereD22 is the diagonal andL22 is the strictly lower triangle ofA22.
The block methods and the inner iterations can be combined arbitrarily. Thus we get four

different variants for the two-level hierarchical basis preconditioner:
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1. 2LevJACjac(ω,m) is a block-Jacobi method, which uses the weighted Jacobi iteration for
approximately solving the (2,2)-block.

2. 2LevJACssor(ω,m) is a block-Jacobi method, which uses the SSOR iteration for approx-
imately solving the (2,2)-block.

3. 2LevSGSjac(ω,m) is a symmetric block-Gauss-Seidel method, which uses the Jacobi
iteration for approximately solving the (2,2)-block.

4. 2LevSGSssor(ω,m) is a symmetric block-Gauss-Seidel method, which uses the SSOR
iteration for approximately solving the (2,2)-block.

To exactly solve the linear system with the (1,1)-block, we use the SuperLU software pack-
age [23]. SuperLU is able to compute anLU -factorisation of a general non-symmetric, sparse
matrix using partial pivoting. Thanks to an elimination algorithm which is based on “super
nodes” a big portion of the factorisation can be implemented using fast routines for dense matri-
ces (BLAS-2 and BLAS-3 routines). In addition SuperLU is optimised for modern cache-based
computers.

As stated above, the SuperLU package computesLU -factorisations of general non-symmet-
ric, sparse matrices. Optimised support for symmetric matrices is documented, but not yet
implemented in the current 2.0 release. Therefore we have to use the standard algorithm for non-
symmetric matrices for our symmetric matrices, thereby doubling the memory consumption for
the factors and slowing down the forward- and backward substitution. Fortunately SuperLU
can be configured to switch off the partial pivoting scheme which would be disadvantageous for
positive-definite matrices.

8.4 Experimental results

A number of numerical experiments have been carried out to evaluate the performance of the
various preconditioners. We compared the preconditioners introduced in this chapter using both
the JDSYM and the ARPACK eigensolver.

Four different grids were used for the experiments:boxcav16x10x3, copcav18, cop20kand
cop40k. The number of tetrahedra in these grids range from 5760 to 38597. Detailed informa-
tion on these grids is given in AppendixD. The actual size of the resulting matrices depends on
the type of finite elements used (nodal or vector). The properties of the resulting matrices are
listed in AppendixE.

For all experiments quadratic elements were used, since they turned out to be far superior to
the linear ones (cf. Section3.4).

For the two-level and the SSOR preconditioner we chose the parametersm = 1 andω = 1
(these settings appear to be close to optimal in all cases).

The results for our implementation of the ILUS preconditioner were very disappointing,
no matter how we chose the parametersεdrop, nfill , type, p and rlim. Even for the smallest
grid, the eigensolver failed to converge within one hour. With the other preconditioners, the
eigensolver always converged in a few seconds for this grid. For this reason, no results for the
ILUS preconditioner are shown in the following paragraphs.

8.4.1 Positive-definite eigenvalue problem

Tabs.8.1 and8.2 show the results of the various preconditioners for the symmetric positive-
definite eigenvalue problem (cf. Section4.1). itin is the average number of inner iterations
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per outer iteration,itout is the number of outer iterations,ttot is the total computation time
(including the construction of the global matrices and the preconditioner, but not including
mesh generation) andteig is the time spent for solving the matrix eigenvalue problem.

Grid Precon itin itout ttot teig
boxcav16x10x3 None 20.1 38 110.0 101.8

Diag 8.9 34 59.0 50.7
SSOR 3.6 31 55.0 46.5
2LevJACjac 5.1 35 55.0 46.6
2LevJACssor 4.5 34 64.0 54.8
2LevSGSjac 3.6 31 61.0 51.6
2LevSGSssor 2.5 25 53.0 44.2

copcav18 None 28.0 38 179.0 168.8
Diag 14.2 37 107.0 95.3
SSOR 4.2 33 84.0 72.9
2LevJACjac 5.9 35 92.0 78.8
2LevJACssor 4.8 35 109.0 95.9
2LevSGSjac 4.3 33 110.0 96.5
2LevSGSssor 2.8 31 98.0 84.8

cop20k None 18.0 38 452.0 415.0
Diag 12.5 37 347.0 308.2
SSOR 4.3 32 279.0 240.2
2LevJACjac 4.2 35 265.0 219.6
2LevJACssor 3.8 34 302.0 256.9
2LevSGSjac 2.9 32 318.0 270.4
2LevSGSssor 2.1 29 296.0 247.4

cop40k None 19.2 36 889.0 818.3
Diag 15.0 36 752.0 677.3
SSOR 5.2 32 624.0 547.2
2LevJACjac 4.2 35 623.0 508.6
2LevJACssor 4.4 38 813.0 702.3
2LevSGSjac 3.0 31 709.0 595.7
2LevSGSssor 2.3 30 694.0 583.2

Table 8.1: Performance of preconditioners for the positive-definite eigenproblem and the
JDSYM eigensolver

By comparing the total execution times in Tabs.8.1 and 8.2, it becomes evident, that it
always pays off to use a preconditioner. The SSOR and two-level preconditioners work very
well. Out of the four two-level type preconditioners, 2LevSGSssor reduces the average number
of inner iteration steps the most. With JDSYM the cheaper 2LevJACjac variant is best in terms
of total execution time (at least for the three larger grids). With ARPACK 2LevSGSssor is
always the best choice.

It is remarkable, how well the standard SSOR preconditioner works, compared to the two-
level preconditioner. Their performance is comparable in almost all cases (large grids together
with ARPACK seem to be the exception).
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Grid Precon itin itout ttot teig
boxcav16x10x3 None 171.9 26 402.0 393.3

Diag 87.2 26 213.0 204.1
SSOR 34.1 26 175.0 166.4
2LevJACjac 41.0 26 148.0 139.4
2LevJACssor 33.2 26 177.0 168.5
2LevSGSjac 24.3 26 158.0 148.9
2LevSGSssor 15.7 26 138.0 128.8

copcav18 None 269.3 26 785.0 774.2
Diag 153.1 26 461.0 450.0
SSOR 41.3 26 304.0 292.9
2LevJACjac 54.4 26 307.0 294.5
2LevJACssor 42.6 26 359.0 346.1
2LevSGSjac 37.2 26 360.0 346.6
2LevSGSssor 21.3 26 267.0 254.2

cop20k None 159.4 26 1626.0 1588.3
Diag 135.4 26 1390.0 1351.6
SSOR 41.4 26 1021.0 982.8
2LevJACjac 34.2 26 703.0 656.5
2LevJACssor 29.0 26 802.0 755.8
2LevSGSjac 22.3 26 830.0 781.8
2LevSGSssor 14.0 26 657.0 608.4

cop40k None 175.8 26 3619.0 3545.1
Diag 165.0 26 3436.0 3361.8
SSOR 50.0 26 2413.0 2338.7
2LevJACjac 34.1 26 1672.0 1560.7
2LevJACssor 30.2 26 2032.0 1917.0
2LevSGSjac 22.0 26 2012.0 1894.3
2LevSGSssor 14.2 26 1512.0 1399.1

Table 8.2: Performance of preconditioners for the positive-definite eigenproblem and the
ARPACK eigensolver
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8.4.2 Indefinite eigenvalue problem

Tabs.8.4 to 8.3 show the results of the various preconditioners for the indefinite eigenvalue
problem. As described in Section4.2, several methods for solving the indefinite eigenvalue
problem were implemented. For the following experiments we chose the three most successful
methods: SAUG, AD and EIGSOLV.

Tabs.8.4and8.5show the results for JDSYM. For ARPACK we restricted our experiments
to grid cop20k. The results are given in Tab.8.3. itin is the average number of inner iterations
per outer iteration,itout is the number of outer iterations,ttot is the total computation time
(including the construction of the global matrices and the preconditioner, but not including
mesh generation) andteig is the time spent for solving the matrix eigenvalue problem.

Grid Method Precon itin itout ttot teig

cop20k SAUG None 336.4 26 2278.0 2203.6
Diag 262.3 26 1842.0 1768.2
SSOR 72.0 26 1220.0 1146.8
2LevJACjac 47.9 26 1352.0 1258.4
2LevJACssor 28.7 26 1131.0 1037.9
2LevSGSjac 35.9 26 1900.0 1805.5
2LevSGSssor 20.0 26 1324.0 1228.9

cop20k AD None 1001.0 26 5750.0 5676.1
Diag 1001.0 26 5861.0 5787.9
SSOR 635.3 26 8040.0 7967.1
2LevJACjac 49.3 26 1068.0 979.2
2LevJACssor 28.1 26 799.0 711.0
2LevSGSjac 35.5 26 1319.0 1233.2
2LevSGSssor 16.0 26 778.0 689.8

cop20k EIGSOLV None †

Diag †

SSOR 270.1 26 6262.0 6243.7
2LevJACjac 51.7 26 1451.0 1411.8
2LevJACssor 32.7 26 1223.0 1183.8
2LevSGSjac 37.8 26 1939.0 1898.8
2LevSGSssor 17.7 26 1087.0 1046.9

Table 8.3:Performance of preconditioners for the indefinite eigenproblem with gridcop20kand
the ARPACK eigensolver
† no convergence

For the SAUG and the EIGSOLV method, the Diag preconditioner already reduces the num-
ber of inner iterations and the execution times substantially. Oddly, this is not the case for the
AD method. Here the Diag preconditioner seems to have a detrimental effect for some grids.

The two-level preconditioners always reduce the number of inner iteration steps most effec-
tively. In almost all cases two-level preconditioners lead to the fastest execution times. Of the
four two-level variants, 2LevJACssor and 2LevSGSssor are faster than the other two.

The SSOR preconditioner yields significantly better results than the Diag preconditioner.
For the largest grid (cop40k) it even beats the two-level preconditioner in some cases. This
indicates, that the two-level preconditioners do not scale very well with respect to execution
time, due to the exact factorisation of the (1,1)-block.
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When the Diag preconditioner or no preconditioner at all is used, it often happens, that the
linear solver reaches the iteration step limit, without satisfying the convergence criterion. If this
happens with the ARPACK eigensolver, the calculation is aborted, since the IRL method relies
on an accurate Krylov subspace. In order to avoid such a breakdown, the maximum number of
iteration steps is usually set very high (1000 for these experiments) when using ARPACK.

JDSYM on the other hand has no such requirements and can continue safely even if the com-
puted correction does not meet the convergence criterion. Usually the outer iteration (JDSYM
iteration) will then converge more slowly.

When comparingitin for SAUG and AD, it is surprising to observe, that the two-level pre-
conditioners are more effective with AD, but the other preconditioners (None, Diag and SSOR)
are more effective with SAUG. We cannot explain this observation.
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Grid Method Precon itin itout ttot teig

boxcav16x10x3 SAUG None 71.2 42 506.0 496.5
Diag 18.6 39 117.0 108.2
SSOR 8.0 35 91.0 82.2
2LevJACjac 7.5 34 79.0 69.3
2LevJACssor 4.9 33 78.0 68.5
2LevSGSjac 4.9 34 97.0 87.0
2LevSGSssor 3.3 32 89.0 79.3

boxcav16x10x3 AD None 38.9 42 306.0 296.5
Diag 37.6 45 258.0 248.6
SSOR 10.3 42 134.0 125.0
2LevJACjac 6.2 36 94.0 84.2
2LevJACssor 3.7 35 83.0 72.8
2LevSGSjac 4.9 36 122.0 112.2
2LevSGSssor 2.4 31 87.0 76.8

boxcav16x10x3 EIGSOLV None 442.2 59 4181.0 4177.7
Diag 95.3 58 988.0 984.2
SSOR 42.4 50 645.0 640.7
2LevJACjac 11.4 47 151.0 146.9
2LevJACssor 7.6 45 138.0 133.4
2LevSGSjac 8.2 46 186.0 180.9
2LevSGSssor 4.6 41 134.0 129.5

copcav18 SAUG None 114.9 44 886.0 872.2
Diag 28.8 41 233.0 218.9
SSOR 10.4 38 157.0 142.3
2LevJACjac 13.2 31 196.0 178.9
2LevJACssor 6.5 35 174.0 157.5
2LevSGSjac 7.9 37 250.0 232.8
2LevSGSssor 4.1 33 183.0 165.4

copcav18 AD None 120.9 51 1095.0 1080.8
Diag 130.4 53 1355.0 1341.0
SSOR 32.3 50 507.0 492.9
2LevJACjac 8.6 40 228.0 211.8
2LevJACssor 5.0 37 183.0 165.8
2LevSGSjac 7.3 36 262.0 244.9
2LevSGSssor 3.2 32 169.0 151.7

copcav18 EIGSOLV None 627.6 66 8392.0 8387.4
Diag 182.6 61 2346.0 2340.3
SSOR 54.9 56 1178.0 1172.8
2LevJACjac 20.3 50 492.0 484.0
2LevJACssor 11.5 51 385.0 377.2
2LevSGSjac 13.0 49 507.0 499.4
2LevSGSssor 6.8 39 288.0 280.4

Table 8.4:Performance of preconditioners for the indefinite eigenproblem with the smaller grids
boxcavandcopcav18and the JDSYM eigensolver
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Grid Method Precon itin itout ttot teig

cop20k SAUG None 81.7 45 2297.0 2224.7
Diag 32.0 45 879.0 806.0
SSOR 10.2 42 575.0 501.8
2LevJACjac 8.1 36 585.0 492.2
2LevJACssor 5.1 36 538.0 446.1
2LevSGSjac 5.6 38 723.0 633.2
2LevSGSssor 3.3 33 572.0 478.2

cop20k AD None 170.8 54 6118.0 6045.0
Diag 212.6 56 8304.0 8231.2
SSOR 57.2 54 3054.0 2980.5
2LevJACjac 6.5 42 699.0 611.7
2LevJACssor 4.0 39 589.0 502.2
2LevSGSjac 4.8 38 729.0 644.6
2LevSGSssor 2.4 34 569.0 481.1

cop20k EIGSOLV None 520.6 63 22741.0 22724.8
Diag 176.3 57 7191.0 7172.2
SSOR 67.3 59 4839.0 4820.3
2LevJACjac 11.9 54 1105.0 1067.5
2LevJACssor 9.6 48 978.0 941.3
2LevSGSjac 9.7 48 1277.0 1241.0
2LevSGSssor 5.8 45 945.0 906.6

cop40k SAUG None 75.6 45 4678.0 4412.5
Diag 38.9 44 2451.0 2181.2
SSOR 11.3 43 1472.0 1205.1
2LevJACjac 8.6 38 1732.0 1383.3
2LevJACssor 5.3 36 1725.0 1337.7
2LevSGSjac 5.7 39 2137.0 1781.7
2LevSGSssor 3.4 34 1594.0 1251.3

cop40k AD None 288.9 57 31010.0 30739.4
Diag 331.7 62 28439.0 28169.5
SSOR 95.2 58 14476.0 14204.1
2LevJACjac 6.3 41 1856.0 1533.4
2LevJACssor 3.9 39 1645.0 1320.2
2LevSGSjac 4.8 37 1959.0 1632.1
2LevSGSssor 2.6 35 1561.0 1242.1

cop40k EIGSOLV None 528.3 61 49548.0 49513.9
Diag 231.6 60 21927.0 21889.2
SSOR 77.2 57 11823.0 11784.7
2LevJACjac 12.9 53 2830.0 2711.7
2LevJACssor 9.1 51 2457.0 2338.8
2LevSGSjac 8.9 50 3292.0 3171.9
2LevSGSssor 5.7 42 2180.0 2060.1

Table 8.5:Performance of preconditioners for the indefinite eigenproblem with the larger grids
cop20kandcop40kand the JDSYM eigensolver
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Summary The two-level preconditioners are very fast for both the positive-definite and the
indefinite eigenvalue problem. For the positive-definite eigenvalue problem, the 2LevJACjac
variant is usually fastest when using JDSYM. For ARPACK 2LevSGSssor is always fastest. For
the indefinite problem either 2LevJACssor and 2LevSGSssor are very effective. The downside
of the two-level preconditioners is their memory consumption: In our implementation they all
rely on an exact factorisation of the (1,1)-block ofAσ. Such a factor consumes e.g. twice the
amount of memory as the matrixAσ for grid cop40k.

The SSOR preconditioner turns out to be surprisingly effective if the SAUG method is used.
For large problems SSOR seems to be even faster than the two-level preconditioners in some
cases. The SSOR preconditioner is the method of choice for large grids, since it has modest
memory requirements compared to the two-level preconditioners (no factorisation needed).

For very large indefinite eigenproblems, the EIGSOLV method together with the SSOR
preconditioner is to be preferred. This combination requires no factorisations at all and still
converges reliably if JDSYM is used.

The Diag preconditioner should not be used, since it has no real advantages over the SSOR
preconditioner.
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9 Python implementation

This chapter describes the Python implementation of the finite element application for solving
Maxwell’s equations. The chapter starts with a section, that describes the development his-
tory which ultimately led to the Python implementation. In the following sections, the Python
language itself, and the main python packagesNumerical Python[7], PySparseandPyFemax
are introduced (PySparse and PyFemax are written by ourselves). The chapter concludes with
numerical results of large problems solved using the Python implementation.

9.1 Development history

Matlab implementation We started five years ago with the development of a code to solve the
Maxwell eigenvalue problem. The first implementation was written in Matlab. While Matlab’s
vector syntax and the built-in matrix data types greatly simplified the programming task, it soon
turned out, that a project of this scale cannot be done using Matlab.

Because Matlab’s sparse matrix operations are extremely slow (cf. examples in Sections9.4.1
and9.4.3), only very small toy problems could be solved. Another handicap was Matlab’s in-
flexible language: There may be only one (visible) function in a file; the name of the function
is bound to the file name. This makes it very hard to modularise the code. Also namespace col-
lisions hinder development of large applications using Matlab. Many other desirable language
features, such as exception handling, are also missing in Matlab.

Fortran/C implementation It was clear, that the application had to be rewritten. Because of
its vector operations, the inter-operability with Fortran 77 and the possibility to allocate memory
dynamically, we chose Fortran 90. Using mainly Fortran 90, we rewrote and extended the whole
application. Parts of the application were written in C or Fortran 77.

The native Fortran/C implementation includes all algorithms and methods described in this
thesis. The application contains the following modules:

. support for two different kinds of finite elements: nodal and vector elements with both
linear and quadratic basis functions

� calculation of local finite element matrices

� implementation of boundary conditions

� assembly of the global finite element matrices

. Jacobi-Davidson eigensolver implementation (JDSYM)

. driver code for the ARPACK eigensolver

. five methods for solving the indefinite eigenvalue program

. code for handling sparse matrices

. optimised code for sparse matrix-vector multiplication

. implementation of PCG, CGS and MINRES iterative solvers, interfaces to SYMMLQ
and QMRS iterative solvers

. implementation of Jacobi, SSOR, ILUS and 2-level hierarchical basis preconditioners
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. reading mesh geometry data from input files in 3 different formats

. generation of mesh data for simple box shaped cavities

. interfaces to SuperLU and HP MLIB direct solvers

. reading Windows style INI files, used for parameter input

The Fortran 90 implementation showed good performance. However, it turned out that
Fortran 90 was not very well suited for some tasks. Some parts had to be written in C or
Fortran 77. E.g. the low-level optimisations of the sparse matrix-vector multiplication had to
be implemented in C. Most other numerical kernels, like e.g. the SSOR preconditioner, were
implemented in Fortran 77, since code written in Fortran 77 usually ran a little faster than
Fortran 90 code27.

From today’s point of view Fortran 90 was not a good choice. The lack of general purpose
pointers and especially function pointers troubled us. Fortran 90 assumed-shape arrays were
another problem. They are not supported by any other language than Fortran 90 and their
internal structure is not standardised.

The development time of this code spanned four years. The code, written in Fortran 77, For-
tran 90 and C, is now approximately 33’000 lines long. The program is cluttered and no longer
well modularised, since a lot of features were added, that were not planned in the beginning.
This makes the code difficult to understand, maintain and extend.

Python implementation These reasons motivated us, to redesign and rewrite the application
a second time. We had the following goals in mind:

Modularity The code should be organised in reusable modules. These modules should have no
side effects.

Brevity The code should be short and concise, as e.g. Matlab code.

Object based Sparse and dense matrices and vectors should be implemented as objects, having
attributes and methods. This improves the readability and extensibility of the application.

High performance The code’s performance should be comparable to the Fortran/C implemen-
tation.

We felt Python to be the language of choice for the redesign. Python is aninterpreted,
interactive, object-orientedprogramming language [74]. Python combines remarkable power
with very clear syntax. It has modules, classes, exceptions, very high level dynamic data types,
and dynamic typing. New modules are easily written in C or C++. The Python implementation
is copyrighted but freely usable and distributable, even for commercial use.

Since Python is an interpreted programming language, it is not well suited for high-perfor-
mance numerical applications, out of the box. However, Python can easily be extended using
modules written in C for performance critical tasks.

TheNumerical Pythonpackage adds a fast, compact, multidimensional array language fa-
cility to Python. We use the Numerical Python package, which is written mainly in C, to
implement operations with dense matrices and vectors.

27In the mid-nineties Fortran 90 compilers were still quite fresh on the market and so Fortran 77 compilers still
seemed to optimise better at that time. This is however no longer the case now.
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For manipulating sparse matrices we designed and implemented thePySparsepackage.Py-
Sparseis an extension to Python, that introduces new sparse matrix object types, some iterative
solvers and preconditioners, the JDSYM eigensolver and an interface to the SuperLU direct
solver [23]. PySparseis implemented using highly optimised C code.

Using thePySparseandNumerical Pythonpackages as a foundation, thePyFemaxpackage
(written almost completely in Python) was developed.PyFemax(together withPySparse) is the
rewrite of the native C/Fortran code. Some features implemented in the C/Fortran code were
not ported toPyFemax(e.g. nodal finite elements, linear Néd́elec finite elements, the ILUS
preconditioner and the BESPALOV method). Still,PyFemaxhas everything necessary to solve
large problems using vector finite elements.

What we are calling “the Python implementation” is actually a set of modules which are
implemented using a mixed-language programming approach: The application logic, the in-
put/output routines and the finite element code are implemented in Python. On the other hand,
the time-critical parts, like the sparse and dense linear algebra routines, including iterative
solvers, preconditioners, sparse matrix factorisations and the eigensolver are implemented in
C and are tightly integrated into the Python framework.

Other people have successfully used Python for their scientific computing tasks. Quite
a number a papers have been published in this area since 1997. For example, in [40] Hinsen
demonstrates, how he developed parallel applications with the BSP (Bulk Synchronous Parallel)
approach using Python. In [13] and [12] Beazley and Lomdahl describe how they transformed
a monolithic molecular dynamics code for massively parallel processing systems into a flexible,
highly modular, and powerful system for performing simulation, data analysis, and visualisation
using Python.

9.2 The Python language

Python is aninterpreted, interactive, object-orientedprogramming language. It is often com-
pared to Tcl, Perl, Scheme or Java.

Python combines remarkable power with very clear syntax. It has modules, classes, excep-
tions, very high level dynamic data types, and dynamic typing. There are interfaces to many
system calls and libraries, as well as to various windowing systems (X11, Motif, Tk, Mac,
MFC). New extension modules are easily written in C or C++. Python is also usable as an
extension language for applications that need a programmable interface.

Python has a full set of string operations (including regular expression matching), and frees
the user from most hassles of memory management. These and other features make it an ideal
language for prototype development and other ad-hoc programming tasks.

Python also has some features that make it possible to write large programs, even though it
lacks most forms of compile-time checking: a program can be constructed out of a number of
modules, each of which defines its own name space, and modules can define classes which pro-
vide further encapsulation. Exception handling makes it possible to catch errors where required
without cluttering all code with error checking.

A large number of extension modules have been developed for Python. Some are part of the
standard library of tools, usable in any Python program (e.g. the math library and regular expres-
sions). Others are specific to a particular platform or environment (e.g. UNIX, IP networking
or X11) or provide application-specific functionality (e.g. image or sound processing).

Python also provides facilities for introspection28, so that e.g. a debugger or profiler for

28introspection is code looking at other modules and functions in memory as objects, getting information about
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Python programs can be written in Python itself. There is also a generic way to convert an
object into a stream of bytes and back, which can be used to implement object persistence as
well as various distributed object models.

The Python implementation is portable: it runs on many brands of UNIX, on Windows,
DOS, OS/2, Macintosh, Amiga, NeXT and BeOS.

To give an introduction to the Python language would be out of the scope of this the-
sis. Instead we refer to the documentation available at the official Python web sitehttp:

//www.python.org: To get started beginners should read thePython Tutorial[74]. The tutorial
introduces many of Python’s most noteworthy features, and gives a good idea of the language’s
flavour and style. ThePython Library Reference[73] documents Python’s standard objects and
modules, the standard types of the language and its built-in functions and exceptions. TheEx-
tending and Embedding the Python InterpreterandPython/C API Referencemanuals [72][75]
describe how to write modules in C or C++ to extend the Python interpreter with new modules.

9.3 The Numerical Python package (NumPy)

The Numerical Python extensions (NumPy henceforth) is a set of extensions to the Python
programming language which allows Python programmers to efficiently manipulate large sets of
objects organised in grid-like fashion. These sets of objects are called arrays, and they can have
any number of dimensions: one dimensional arrays are similar to standard Python sequences,
two-dimensional arrays are similar to matrices from linear algebra.

Why are these extensions needed? The main reason is that manipulating a set of a million
numbers in Python with the standard data structures such as lists, tuples or classes is much too
slow and uses too much space. A more subtle reason for these extensions however is that the
kinds of operations that programmers typically want to do on arrays, while sometimes very
complex, can often be decomposed into a set of fairly standard operations. A program using
such standard building blocks is typically shorter and easier to read. This decomposition has
been developed similarly in many array languages like e.g. Matlab, Fortran 90, and others.

Apart from the new multidimensional array type, together with basic array operations and
manipulations, NumPy comes with a set of libraries that support fast Fourier transforms, basic
linear algebra, random number generation and masked arrays. In addition, NumPy is accom-
panied by a Matlab compatibility library, which provides many functions, that compatible with
the Matlab function of the same name.

A thorough manual [7] for the Numeric package is available athttp://www.pfdubois.

com/numpy/. The manual describes the usage of NumPy and also explains how to access the
NumPy features from within other C extensions. The Numeric package, not yet being included
in the standard Python distribution, can be downloaded from the SourceForge project web page
athttp://sourceforge.net/projects/numpy.

9.4 The PySparse package

The PySparse package is our own implementation. It extends the Python interpreter by a set of
sparse matrix types. PySparse also includes modules that implement

. iterative methods for solving linear systems of equations,

. a set of standard preconditioners,

them, and manipulating them.

http://www.python.org
http://www.python.org
http://www.pfdubois.com/numpy/
http://www.pfdubois.com/numpy/
http://sourceforge.net/projects/numpy
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. an interface to a direct solver for sparse linear systems of equations,

. and the JDSYM eigensolver.

All these modules are implemented as C extension modules for maximum performance. In the
following sections all modules of PySparse are described in detail.

9.4.1 The spmatrix module

The spmatrixmodule is the foundation of the PySparse package. It extends the Python inter-
preter by three new types namedll mat, csr mat andsssmat. These types represent sparse
matrices in the LL-, the CSR- and SSS-formats respectively (cf. AppendixA). For all three
formats, double precision values (C typedouble) are used to represent the non-zero entries.

The common way to use thespmatrixmodule is to first build a matrix in the LL-format. The
LL-matrix is manipulated until it has its final shape and content. Afterwards it may be converted
to either the CSR- or SSS-format, which need less memory and allow for faster matrix-vector
multiplications.

A ll mat object can be created from scratch, by reading data from a file (in MatrixMarket
format) or as a result of a matrix operation (as e.g. matrix-matrix multiplication). Thell mat
object supports manipulating (reading, writing, add-updating) single entries or sub-matrices.

csr mat and sssmat are not constructed directly, instead they are created by converting
ll mat objects. Once created,csr mat andsssmat objects cannot be manipulated. Their main
purpose is to support efficient matrix-vector multiplications.

spmatrix module functions

ll mat(n, m, sizeHint=1000) creates all mat object, that represents a general, all zero
m × n matrix. The optionalsizeHintparameter specifies the number of non-zero entries for
which space is allocated initially.

If the total number of non-zero elements of the final matrix is known (approximately), this
number can be passed assizeHint. This will avoid costly memory reallocations.

ll mat sym(n, sizeHint=1000) creates all mat object, that represents asymmetric, all
zero n × n matrix. The optionalsizeHintparameter specifies, how much space is initially
allocated for the matrix.

ll mat from mtx(fileName) creates all mat object from a file namedfileName, which
must be stored in MatrixMarket Coordinate format as described athttp://math.nist.gov/

MatrixMarket/formats.html. Depending on the file content, either a symmetric or a general
sparse matrix is generated.

matrixmultiply(A, B) computes the matrix-matrix multiplication

C := AB

and returns the resultC as a newll mat object representing a general sparse matrix. The
parametersA andB are expected to be objects of typell mat.

http://math.nist.gov/MatrixMarket/formats.html
http://math.nist.gov/MatrixMarket/formats.html
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dot(A, B) computes the “dot-product”

C := AT B

and returns the resultC as a newll mat object representing a general sparse matrix. The
parametersA andB are expected to be objects of typell mat.

ll mat objects ll matobjects represent matrices stored in the LL format, which is described in
AppendixA.4. ll matobjects come in two flavours:generalmatrices andsymmetricmatrices.
For symmetric matrices only the non-zero entries in the lower triangle are stored. Write opera-
tions to the strictly upper triangle are prohibited for the symmetric format. Theissym attribute
of an ll mat object can be queried to find out whether or not the symmetric storage format is
used.

The entries of a matrix can be accessed conveniently using two-dimensional array indices29.
Following Python conventions, indices start with 0 and wrap around (so -1 is equivalent to the
last index).

The following code creates an empty 5×5 matrixA, sets all diagonal elements to their re-
spective row/column index and then copies the value ofA[0,0] to A[2,1].

>>> import spmatrix
>>> A = spmatrix.ll_mat(5, 5)
>>> for i in range(5):
... A[i,i] = i+1
>>> A[2,1] = A[0,0]
>>> print A
ll_mat(general, [5,5], [(0,0): 1, (1,1): 2, (2,1): 1,
(2,2): 3, (3,3): 4, (4,4): 5])

The Python slice notation can be used to conveniently access sub-matrices.

>>> print A[:2,:] # the first two rows
ll_mat(general, [2,5], [(0,0): 1, (1,1): 2])
>>> print A[:,2:5] # columns 2 to 4
ll_mat(general, [5,3], [(2,0): 3, (3,1): 4, (4,2): 5])
>>> print A[1:3,2:5] # submatrix

# starting at row 1 col 2,
# ending at row 2 col 4

ll_mat(general, [2,3], [(1,0): 3])

The slice operator always returns a newll matobject, containing a copy of the selected subma-
trix.

Write operations to slices are also possible:

29The standard Python language does not know multidimensional indices. However, thanks to Python’s clever
design, its easy to provide multidimensional indices for extension types, without any dirty hacks.

In the Python language, subscripts can be of any type (as it is customary for dictionaries). A two-dimensional
index can be regarded as a 2-tuple (the brackets do not have to be written, soA[1,2] is the same asA[(1,2)]). If
both tuple elements are integers, then a single matrix element is referenced. If at least one of the tuple elements is
a slice (which is also a Python object), then a submatrix is referenced.

Subscripts have to be decoded at runtime. This task includes type checks, extraction of indices from the 2-tuple,
parsing of slice objects and index bound checks.
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>>> B = ll_mat(2, 2) # create 2-by-2
>>> B[0,0] = -1; B[1,1] = -1 # diagonal matrix
>>> A[:2,:2] = B # assign it to upper
>>> # diagonal block of A
>>> print A
ll_mat(general, [5,5], [(0,0): -1, (1,1): -1, (2,1): 1,
(2,2): 3, (3,3): 4, (4,4): 5])

ll mat object attributes

A.shape returns a 2-tuple containing the shape of the matrixA, i.e. the number of rows
and columns.

A.nnz returns the number of non-zero entries stored in matrixA. If A is stored in the
symmetric format, only the number of non-zero entries in the lower triangle (including the
diagonal) are returned.

A.issym returns true (a non-zero integer) if matrixA is stored in the symmetric LL format,
i.e. only the non-zero entries in the lower triangle are stored. Returns false (zero) if matrixA is
stored in the general LL format.

ll mat object methods

A.to csr() returns a newly allocatedcsr matobject, which results from converting matrix
A.

A.to sss() returns a newly allocatedsssmatobject, which results from converting matrix
A. This function works forll matobjects in both the symmetric and the general format. IfA
is stored in the general format, only the entries in the lower triangle are used for the conversion.
No check, whetherA is symmetric, is performed.

A.matvec(x, y) computes the sparse matrix-vector product

y← Ax.

x andy are two double precision, rank-1 NumPy arrays of appropriate size.

A.matvec transp(x, y) computes the transposed sparse matrix-vector product

y← ATx.

x andy are two double precision, rank-1 NumPy arrays of appropriate size.

A.export mtx(fileName, precision=16) exports matrixA to file namedfileName. The
matrix is stored in MatrixMarket Coordinate format as described athttp://math.nist.gov/

MatrixMarket/formats.html. Depending on the properties ofll matobjectA the generated
file either uses the symmetric or a general MatrixMarket Coordinate format. The optional pa-
rameterprecisionspecifies the number of decimal digits that are used to express the non-zero
entries in the output file.

http://math.nist.gov/MatrixMarket/formats.html
http://math.nist.gov/MatrixMarket/formats.html
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A.shift(sigma, M) performs a daxpy-like operation on matrixA,

A← A + σM .

The parameterσ is expected to be a Python Float object. The parameterM is expected to an
object of typell mat.

A.copy() returns a newll matobject, that represents a copy of thell matobjectA. So,

>>> B = A.copy()

is equivalent to

>>> B = A[:,:]

which isnot the same as

>>> B = A

The latter version only returns a reference to the same object and assigns it toB. Subsequent
changes toA will therefore also be visible inB.

A.update add mask(B, ind0, ind1, mask0, mask1) This method is provided for effi-
ciently assembling global finite element matrices. The method adds the matrixB to entries of
matrixA. The indices of the entries to be updated are specified byind0andind1. The individual
updates are enabled or disabled using themask0andmask1arrays.

The operation is equivalent to the following Python code:

for i in range(len(ind0)):
for j in range(len(ind1)):

if mask0[i] and mask1[j]:
A[ind0[i],ind1[j]] += B[i,j]

All five parameters are NumPy arrays.B is an array of rank two. The four remaining parameters
are rank-1 arrays. Their length corresponds to either the number of rows or the number of
columns ofB.

This method is not supported forll matobjects of symmetric type, since it would generally
result in an non-symmetric matrix.updateadd masksymmust be used in that case. Attempting
to call this method using all matobject of symmetric type will raise an exception.

A.update add mask sym(B, ind, mask) This method is provided for efficiently assem-
bling symmetric global finite element matrices. The method adds the matrixB to entries of
matrixA. The indices of the entries to be updated are specified byind. The individual updates
are enabled or disabled using themaskarray.

The operation is equivalent to the following Python code:

for i in range(len(ind)):
for j in range(len(ind)):

if mask[i]:
A[ind[i],ind[j]] += B[i,j]

The three parameters are all NumPy arrays.B is an array of rank two representing a square
matrix. The four remaining parameters are rank-1 arrays. Their length corresponds to the order
of matrixB.
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A.delete rows(mask) deletes rows from matrixA. The rows to be deleted are specified
by the mask parameter, which is a 1D integer NumPy array. Ifmask[i] = 0, then rowi is deleted,
otherwise rowi is kept. This method may not be applied to a matrix in symmetric format.

A.delete cols(mask) deletes columns from matrixA. The columns to be deleted are spec-
ified by the mask parameter, which is a 1D integer NumPy array. Ifmask[i] = 0, then columni
is deleted, otherwise columni is kept. This method may not be applied to a matrix in symmetric
format.

A.delete rowcols(mask) deletes rows and columns from matrixA. The rows and columns
to be deleted are specified by the mask parameter, which is a 1D integer NumPy array. Ifmask[i]
= 0, then row and columni are deleted, otherwise row and columni are kept.

A.norm(p) returns thep-norm of matrixA. The parameterp is a string identifying the
type of norm to be computed. Ifp = ’1’ , then the 1-norm ofA is returned. Ifp = ’inf ’ , then the
infinity-norm ofA is returned. Ifp = ’fro’ , then the Frobenius norm ofA is returned.

csr mat and sssmat objects csr mat objects represent matrices stored in the CSR format,
which is described in AppendixA.1. sssmatobjects represent matrices stored in the SSS format
(c.f. AppendixA.3). The only way to create acsr mator asssmatobject is by conversion of a
ll matobject using theto csr() or theto sss()method respectively. The purpose of thecsr mat
and theto sss()objects is to provide fast matrix-vector multiplications for sparse matrices. In
addition, a matrix stored in the CSR or SSS format uses less memory than the same matrix
stored in the LL format, since thelink array is not needed.

csr mat and sssmat objects only provide limited capabilities to access matrix entries or
sub-matrices using two-dimensional indices.

csr mat and sssmat object attributes

A.shape returns a 2-tuple containing the shape of the matrixA, i.e. the number of rows
and columns.

A.nnz returns the number of non-zero entries stored in matrixA. If A is an sssmat
object, the non-zero entries in the strictly upper triangle are not counted.

csr mat and sssmat object methods

A.matvec(x, y) computes the sparse matrix-vector product

y← Ax.

x andy are two double precision, rank-1 NumPy arrays of appropriate size.

A.matvec transp(x, y) computes the transposed sparse matrix-vector product

y← ATx.

x andy are two double precision, rank-1 NumPy arrays of appropriate size. Forsssmatobjects
matvectranspis equivalent tomatvec.
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Example: 2D-Poisson matrix This section illustrates the use of thespmatrixmodule to build
the well known 2D-Poisson matrix resulting from an× n square grid.

def poisson2d(n):
L = spmatrix.ll_mat(n*n, n*n)
for i in range(n):

for j in range(n):
k = i + n*j
L[k,k] = 4
if i > 0:

L[k,k-1] = -1
if i < n-1:

L[k,k+1] = -1
if j > 0:

L[k,k-n] = -1
if j < n-1:

L[k,k+n] = -1
return L

Using the symmetric variant of thell matobject, this gets even shorter.

def poisson2d_sym(n):
L = spmatrix.ll_mat_sym(n*n)
for i in range(n):

for j in range(n):
k = i + n*j
L[k,k] = 4
if i > 0:

L[k,k-1] = -1
if j > 0:

L[k,k-n] = -1
return L

To illustrate the use of the slice notation to address sub-matrices, let’s build the 2D Poisson
matrix using the diagonal and off-diagonal blocks.

def poisson2d_sym_blk(n):
L = spmatrix.ll_mat_sym(n*n)
I = spmatrix.ll_mat_sym(n)
P = spmatrix.ll_mat_sym(n)
for i in range(n):

I[i,i] = -1
for i in range(n):

P[i,i] = 4
if i > 0: P[i,i-1] = -1

for i in range(0, n*n, n):
L[i:i+n,i:i+n] = P
if i > 0: L[i:i+n,i-n:i] = I

return L

Performance comparison with Matlab Let’s compare the performance of three Python
codes above with the following Matlab functions:

The Matlab functionpoisson2d is equivalent to the Python function with the same name
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Function n = 100 n = 300 n = 500 n = 1000
Pythonpoisson2d 0.44 4.11 11.34 45.50
Pythonpoisson2d sym 0.26 2.34 6.55 26.33
Pythonpoisson2d sym blk 0.03 0.21 0.62 2.22
Matlabpoisson2d 28.19 3464.9 38859 ∞
Matlabpoisson2d blk 6.85 309.20 1912.1 ∞
Matlabpoisson2d kron 0.21 2.05 6.23 29.96

Table 9.1:Performance comparison of Python and Matlab functions to generate the 2D Poisson
matrix
The execution times are given in seconds. Matlab version 6.0 Release 12 was used for these timings.

function L = poisson2d(n)
L = sparse(n*n);
for i = 1:n

for j = 1:n
k = i + n*(j-1);
L(k,k) = 4;
if i > 1, L(k,k-1) = -1; end
if i < n, L(k,k+1) = -1; end
if j > 1, L(k,k-n) = -1; end
if j < n, L(k,k+n) = -1; end

end
end

The functionpoisson2d blk is an adaption of the Python functionpoisson2d sym blk

(except for exploiting the symmetry, which is not directly supported in Matlab).

function L = poisson2d_blk(n)
e = ones(n,1);
P = spdiags([-e 4*e -e], [-1 0 1], n, n);
I = -speye(n);
L = sparse(n*n);
for i = 1:n:n*n

L(i:i+n-1,i:i+n-1) = P;
if i > 1, L(i:i+n-1,i-n:i-1) = I; end
if i < n*n - n, L(i:i+n-1,i+n:i+2*n-1) = I; end

end

The functionpoisson2d kron demonstrates one of the most efficient ways to generate the 2D
Poisson matrix in Matlab.

function L = poisson2d_kron(n)
e = ones(n,1);
P = spdiags([-e 2*e -e], [-1 0 1], n, n);
L = kron(P, speye(n)) + kron(speye(n), P);

The execution times reported in Tab.9.1 clearly show, that the Python implementation is
superior to the Matlab implementation. If the fastest versions are compared for both languages,
Python is approximately 10 times faster. Comparing the straight forwardpoisson2d versions,
one is struck by the result that, the Matlab function is incredibly slow. The Python version is
more then three orders of magnitude faster! This result really raises the doubt, whether Matlab’s
sparse matrix format is appropriately chosen.
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The performance difference between Python’spoisson2d sym andpoisson2d sym blk

indicates, that a lot of time is spent parsing indices.

9.4.2 The precon module

Thepreconmodule provides preconditioners, which can be used e.g. for the iterative methods
implemented in the in theitsolversmodule or the JDSYM eigensolver (in thejdsymmodule).

In the PySparse framework, any Python object that has the following properties can be used
as a preconditioner:

. ashapeattribute, which returns a 2-tuple describing the dimension of the preconditioner,

. and apreconmethod, that accepts two vectorsx andy, and applies the preconditioner to
x and stores the result iny. Bothx andy are double precision, rank-1 NumPy arrays of
appropriate size.

Thepreconmodule implements two new object typesjacobi andssor, representing Jacobi
and the SSOR preconditioners as described in Sections8.1.1and8.1.2.

precon module functions

jacobi(A, omega=1.0, steps=1) creates ajacobiobject, representing the Jacobi precondi-
tioner. The parameterA is the system matrix used for the Jacobi iteration. The matrix needs to
be subscriptable using two-dimensional indices, so e.g. anll mat object would work. The op-
tional parameterω, which defaults to1.0, is the weight parameter as described in Section8.1.1.
The optionalstepsparameter (defaults to1) specifies the number of iteration steps.

ssor(A, omega=1.0, steps=1)creates assor object that represents the SSOR precondi-
tioner. The parameterA is the system matrix used for the SSOR iteration. The matrixA has to
be an object of typesssmat. The optional parameterω, which defaults to1.0, is the relaxation
parameter as described in Section8.1.1. The optionalstepsparameter (defaults to1) specifies
the number of iteration steps.

jacobi and ssor objects Both jacobi and ssor objects provide theshapeattribute and the
preconmethod, that every preconditioner object in the PySparse framework must implement.
Apart from that, there is nothing noteworthy to say about these objects.

Example: diagonal preconditioner The diagonal preconditioner is just a special case of the
Jacobi preconditioner, withω = 1.0 and steps= 1, which happen to be the default values of
these parameters.

It is however easy to implement the diagonal preconditioner using a Python class:
class diag_prec:

def __init__(self, A):
self.shape = A.shape
n = self.shape[0]
self.dinv = Numeric.zeros(n, ’d’)
for i in xrange(n):

self.dinv[i] = 1.0 / A[i,i]
def precon(self, x, y):

Numeric.multiply(x, self.dinv, y)
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So,

>>> D1 = precon.jacobi(A, 1.0, 1)

and

>>> D2 = diag_prec(A)

yield functionally equivalent preconditioners.D1 is probably faster thanD2, because it is fully
implemented in C.

9.4.3 The itsolvers module

Theitsolversmodule provides a set of iterative methods for solving linear systems of equations.
The iterative methods are callable like ordinary Python functions. All these functions expect

the same parameter list, and all function return values also follow a common standard.
Any user-defined iterative solvers should also follow these conventions, since other Py-

Sparse modules rely on them (e.g. thejdsymmodule)

Parameter list Let’s illustrate the calling conventions, using the PCG iterative method defined
asinfo, iter, relres= pcg(A, b, x, tol, maxit, K).

A The parameterA represents the coefficient matrix of the linear system of equations.
A must provide theshapeattribute and thematvecandmatvectranspmethods for
multiplying with a vector.

b The parameterb, representing the right-hand-side of the linear system, is a rank-1
NumPy array.

x The parameterx is also a rank-1 NumPy array. On input,x holds the initial guess.
On output,x holds the approximate solution of the linear system.

tol Thetol parameter is a float value representing the requested error tolerance. The exact
meaning of this parameter depends on the actual iterative solver.

maxit Themaxitparameter is an integer that specifies the maximum number of iterations to
be executed.

K TheoptionalK parameter represents a preconditioner object that supplies theshape
attribute and thepreconmethod.

The iterative solvers may accept additional parameters, which are passed as keyword arguments.

Return value All iterative solvers return a tuple with three elements (info, iter, relres):

info is an integer that contains the exit status of the iterative solver.info has one of the
following values

2 iteration converged, residual is as small as seems reasonable on this machine.

1 iteration converged,b = 0, so the exact solution isx = 0.

0 iteration converged, relative error appears to be less thantol.

-1 iteration not converged, maximum number of iterations was reached.
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-2 iteration not converged, the system involving the preconditioner was ill-
conditioned.

-3 iteration not converged, an inner product of the formxT K−1x was not positive,
so the preconditioning matrixK does not appear to be positive definite.

-4 iteration not converged, the matrixA appears to be very ill-conditioned

-5 iteration not converged, the method stagnated

-6 iteration not converged, a scalar quantity became too small or too large to con-
tinue computing

So,info >= 0 indicates, thatx holds an acceptable solution, andinfo < 0 indicates
an error condition.

Note that not all iterative solvers check for all above error conditions.

iter holds the number of iterations performed.

relres holds relative error of the solution or the relative residual as computed by the iterative
method. What this actually is, depends on the specific iterative method used.

itsolvers module functions The module functions defined in theitsolversmodule implement
various iterative methods (PCG, MINRES, QMRS and CGS, cf. Section6). The parameters and
return values conform to the conventions described above.

pcg(A, b, x, tol, maxit, K) The pcg function implements the Preconditioned Conjugate
Gradients method.

minres(A, b, x, tol, maxit, K) Theminresfunction implements the MINRES method.

qmrs(A, b, x, tol, maxit, K) Theqmrsfunction implements the QMRS method.

cgs(A, b, x, tol, maxit, K) Themin function implements the CGS method.

Example: Solving the poisson system Let’s solve the Poisson system

Lx = 1, (9.1)

using the PCG method.L is the 2D Poisson matrix, introduced in Section9.4.1and1 is a vector
with all entries equal to one.
The Python solution for this task looks as follows:

import Numeric, spmatrix, precon, itsolvers
n = 300
L = poisson2d_sym_blk(n)
b = Numeric.ones(n*n, ’d’)
x = Numeric.zeros(n*n, ’d’)
info, iter, relres = itsolvers.pcg(L.to_sss(),

b, x, 1e-12, 2000)

The code makes use of the Python functionpoisson2d sym blk, which was defined in Sec-
tion 9.4.1.
Incorporating e.g. a SSOR preconditioner is straight-forward:
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import Numeric, spmatrix, precon, itsolvers
n = 300
L = poisson2d_sym_blk(n)
b = Numeric.ones(n*n, ’d’)
x = Numeric.zeros(n*n, ’d’)
S = L.to_sss()
Kssor = precon.ssor(S)
info, iter, relres = itsolvers.pcg(S, b, x, 1e-12, 2000, Kssor)

The Matlab solution (without preconditioner) may look as follows:

n = 300;
L = poisson2d_kron(n);
[x,flag,relres,iter] = pcg(L, ones(n*n,1), 1e-12, 2000,

[], [], zeros(n*n,1));

Performance comparison with Matlab and native C To evaluate the performance of
the Python implementation we solve the 2D Poisson system (9.1) using the PCG method. The
Python timings are compared with results of a Matlab and a native C implementation.

The native C and the Python implementation use the same core algorithms for PCG method
and the matrix-vector multiplication. On the other hand, C reads the matrix from an external
file instead of building it on the fly. In contrast to the Python implementation, the native C
version does not suffer from the overhead generated by the runtime argument parsing and calling
overhead.

Function Size tconstr tsolv ttot

Python n = 100 0.03 1.12 1.15
n = 300 0.21 49.65 49.86
n = 500 0.62 299.39 300.01

native C n = 100 0.30 0.96 1.26
n = 300 3.14 48.38 51.52
n = 500 10.86 288.67 299.53

Matlab n = 100 0.21 8.85 9.06
n = 300 2.05 387.26 389.31
n = 500 6.23 1905.67 1911.8

Table 9.2:Performance comparison of Python, Matlab and native C implementations to solve
the linear system(9.1) without preconditioning
The execution times are given in seconds.tconstr is the time for constructing the matrix (or reading it
from a file in the case of native C).tsolv is the time spent in the PCG solver.ttot is the sum oftconstrand
tsolv. Matlab version 6.0 Release 12 was used for these timings.

Tab.9.2 shows the execution times for the Python, the Matlab and the native C implemen-
tation for solving the linear system (9.1). Matlab is not only slower when building the matrix,
also the matrix-vector multiplication seems to be implemented inefficiently. Consideringtsolv,
the performance of Python and native C is comparable. The Python overhead is under 4% in
this case.
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9.4.4 The jdsym module

The jdsymmodule provides an implementation of the JDSYM algorithm (cf. Algorithm5.7),
that is conveniently callable from Python. The module exports a single function calledjdsym.

jdsym(A, M, K, kmax, tau, jdtol, itmax, linsolver, **keywords) invokes the JDSYM eigen-
value solver (cf. Section5.1.2). JDSYM computes eigenpairs of a generalised matrix eigenvalue
problem of the form

Ax = λMx (9.2)

or a standard eigenvalue problem of the form

Ax = λx, (9.3)

whereA is symmetric andM is symmetric positive-definite.

Arguments The jdsymfunction has seven mandatory arguments

A This parameter represents the matrixA in (9.2) or (9.3). A must provide theshape
attribute and thematvecandmatvectranspmethods.

M This parameter represents the matrixM in (9.2). M must provide theshapeattribute
and thematvecandmatvectranspmethods. If the standard eigenvalue problem (9.3)
is to be solved, theNone value can be passed for this parameter.

K TheK parameter represents a preconditioner object that supplies theshapeattribute
and thepreconmethod. If no preconditioner is to used, then theNone value can be
passed for this parameter.

kmax is an integer that specifies the number of eigenpairs to be computed.

tau is a float value that specifies the target valueτ . Eigenvalues in the vicinity ofτ will
be computed.

jdtol is a float value that specifies the convergence tolerance for eigenpairs(λ,x). The
converged eigenpairs satisfy‖Ax− λMx‖2 < jdtol.

itmax is an integer that specifies the maximum number of Jacobi-Davidson iterations to
undertake.

linsolver is a function that implements an iterative method for solving linear systems of equa-
tions. The functionlinsolver is required to conform to the standards mentioned in
Section9.4.3.

The remaining (optional) arguments are specified using keyword arguments:

jmax is an integer that specifies the maximum dimension of the search subspace. (default:
25)

jmin is an integer that specifies dimension of the search subspace after a restart. (default:
10)

blksize is an integer that specifies the block size used in the JDSYM algorithm. (default: 1)

blkwise is an integer that affects the convergence criterion ifblksize> 1 (cf. Section5.1.4).
(default: 0)
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V0 is NumPy array of rank one or two. It specifies the initial search subspace. (default:
a randomly generated initial search subspace)

optype is an integer specifying the operator type used in the correction equation. Ifoptype=
1, the non-symmetric version is used. Ifoptype= 2, the symmetric version is used.
See Section5.1.2for more information. (default: 2)

linitmax is an integer specifying the maximum number steps taken in the inner iteration (iter-
ative linear solver). (default: 200)

epstr is a float value setting the tracking parameterεtr described in Section5.1.2. (default:
10−3)

toldecay is a float value, that influences the dynamic adaption of the stopping criterion of the
inner iteration.toldecaycorresponds to the valueγ in Section5.1.2. (default: 1.5)

clvl is an integer specifying the “verbosity” of thejdsymfunction. The higher theclvl
parameter, the more output is sent to the standard output.clvl = 0 produces no
output. (default: 0)

strategy is an integer specifying shifting and sorting strategy of JDSYM.strategy= 0 enables
the default JDSYM algorithm.strategy= 1 enables JDSYM to avoid convergence
to eigenvalues smaller thanτ (cf. the EIGSOLV method described in Section5.1.5).
(default: 0)

projector is used to keep the search subspace and the eigenvectors in a certain subspace. The
parameterprojectorcan actually be any Python object, that provides ashapeattribute
and aproject method. Theproject method takes a vector (a rank-1 NumPy array)
as its sole argument and projects that vector in-place. This parameter can be used to
implement the DIRPROJ and SAUG methods described in Sections4.2.1and4.2.2.
(Default: no projection)

Return value Thejdsymmodule function returns a tuple with four elements (kconv, lmbd,
Q, it):

kconv is an integer that indicates the number of converged eigenpairs.

lmbd is a rank-1 NumPy array containing the converged eigenvalues.

Q is a rank-2 NumPy array containing the converged eigenvectors. Thei-th eigenvector
is accessed byQ[:,i].

it is an integer indicating the number of Jacobi-Davidson steps (outer iteration steps)
performed.

Example: Maxwell problem The following code illustrates the use of thejdsymmodule.
Two matricesA andM are read from files. A Jacobi preconditioner fromA − τM is built.
Then the JDSYM eigensolver is called, calculating 5 eigenvalues near 25.0 and the associated
eigenvalues to an accuracy of10−10. We setstrategy= 1 to avoid convergence to the high-
dimensional null space of (A, M ).
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import spmatrix, itsolvers, jdsym, precon

A = spmatrix.ll_mat_from_mtx(’edge6x3x5_A.mtx’)
M = spmatrix.ll_mat_from_mtx(’edge6x3x5_B.mtx’)
tau = 25.0

Atau = A.copy()
Atau.shift(-tau, M)
K = precon.jacobi(Atau)

A = A.to_sss(); M = M.to_sss()
k_conv, lmbd, Q, it = \

jdsym.jdsym(A, M, K, 5, tau, 1e-10, 150, itsolvers.qmrs,
jmin=5, jmax=10, clvl=1, strategy=1)

This code takes33.71 seconds to compute the five wanted eigenpairs. A native C version, using
the same computational kernels, takes35.64 for the same task. We expected the Python version
to be slower due to the overhead generated when calling the matrix-vector multiplication and
the preconditioner, but surprisingly the Python code was even a bit faster.

9.4.5 The superlu module

Thesuperlumodule interfaces the SuperLU library to make it usable by Python code. SuperLU
is a software package written in C, that is able to compute aLU -factorisation of a general
non-symmetric, sparse matrix with partial pivoting [23].

Thesuperlumodule exports a single function, calledfactorize.

factorize(A, diag pivot thresh, drop tol, relax, panel size, permcspec)
The factorizemodule function computes aLU -factorisation of the matrixA. All but the first
parameter are optional and can be specified using keyword arguments.

A is acsr matobject that represents the matrix to be factorised.

diag pivot thresh is a float value in the interval[0, 1] representing the threshold for partial
pivoting. diag pivot thresh= 0 corresponds to no pivoting.diag pivot thresh= 1
corresponds to partial pivoting. (default:1.0)

drop tol is a float value in the interval[0, 1] representing the drop tolerance parameter.
drop tol = 0 corresponds to the exact factorisation.
CAUTION: thedrop tol has no effect in the current and all older SuperLU releases
(versions 2.0 and below). (default: 0.0)

relax is an integer that controls the degree of relaxing supernodes. (default: 1)

panel size is an integer specifying the maximum number of columns that form a panel. (de-
fault: 10)

permcspec is an integer specifying the matrix ordering used for the factorisation:

0 natural ordering

1 MMD applied to the structure ofAT A

2 MMD applied to the structure ofAT + A

3 COLAMD, approximate minimum degree column ordering
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(default: 2)

The factorizefunction returns an object of typesuperlucontext. This object encapsulates
theLU -factors computed during the factorisation.

superlu context object attributes

shape The shapeattribute, returns a 2-tuple describing the dimension of the factorised
matrixA.

nnz Thennzattribute returns an integer holding the total number of non-zero entries stored
in both theL and theU factors.

superlu context object methods

solve(b, x, trans=’N’) The solvemethod accepts two rank-1 NumPy arraysb andx of
appropriate size and assigns the solution of the linear system

Ax = b

to x. If the optional parametertrans is set to’T’, then the transposed system

ATx = b

is solved instead.

Example: 2D Poisson matrix Let’s now solve the 2D Poisson system

Lx = 1,

using a factorisation.L is the 2D Poisson matrix, introduced in Section9.4.1and1 is a vector
with all one entries.
The Python solution for this task looks as follows:

import Numeric, spmatrix, superlu
n = 100
L = poisson2d_sym_blk(n)
b = Numeric.ones(n*n, ’d’)
x = Numeric.zeros(n*n, ’d’)
LU = superlu.factorize(L.to_csr(), diag_pivot_thresh=0.0)
LU.solve(b, x)

The code makes use of the Python functionpoisson2d sym blk, which was defined in Sec-
tion 9.4.1.
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9.5 The PyFemax package

PyFemaxis a set of Python modules which allow to compute eigensolutions of the time-
harmonic Maxwell equations (Problem II) using vector finite elements. These modules have
been designed to be efficient both in terms of memory and execution time.

PyFemaxbuilds on top of theNumericand thePySparsepackages (cf. Sections9.3and9.4).
PyFemaxconsist of several modules which will be briefly introduced in the following sec-

tions. We will not discuss every single function defined in these modules. Instead we will only
give a short description of the module and mention the functions needed for building a Maxwell
eigensolver.

Tab. 9.3 shows size of the source code of the Python implementation (consisting of Py-
Sparse and PyFemax) and the native C implementation. The numbers show, that the Python
implementation is considerably leaner, despite the fact, that it is designed to be reusable and
that it contains a fair amount of boiler plate code to implement Python interfaces.

Language PyFemax and
PySparse

Native imple-
mentation

Fortran 90 6300
Fortran 77 2800
C 7500 2700
Python 1200
Total 8700 11800

Table 9.3:Code size of Python and native implementation
The numbers given are lines of code, including comment. For the native implementation, only the parts
that are also implemented in PyFemax are counted. The whole native implementation is approximately
33’000 lines long.

9.5.1 The ansysmesh and psimesh modules

The purpose of theansysmeshandpsimeshmodules is to read mesh data from a file stored in
the ANSYS or the PSI30 format. Both modules define a functionread, which takes a file name
as its only argument. Theread functions return a MeshData object, that contains the read mesh
information. The MeshData class is defined in modulemesh.

9.5.2 The boxmesh module

Theboxmeshmodule is used to generate tetrahedral meshes of rectangular box-shaped domains.
The domain is first subdivided nelx times on thex-axis, nely times on they-axis and nelz times
on thez-axis. Thus, the domain is subdivided into nelxnelznelz equally sized bricks. Each brick
is then cut to form 6 tetrahedra of equal volume.

The moduleboxmeshdefines a functiongenerate, that creates a tetrahedral mesh as stated
above. It takes the dimensions of the domain and the subdivisions in each direction as argu-
ments. A third parameter allows the user to treat some of the surfaces as symmetry planes. All
arguments are lists of length 3. Thegeneratefunction returns a MeshData object, that contains
the generated mesh information. The MeshData class is defined in modulemesh.

30The PSI format is generated using a Fortran77 program written by Dr. Stefan Adam.
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The module functionanalyticEigvalscomputes analytic eigenvalues of the rectangular box-
shaped cavity, according to the process outlined in AppendixC.2. The arguments for this func-
tion are the same as the ones forgenerate. An additional parameter specifies the number of
analytic eigenvalues to compute.

9.5.3 The mesh module

The meshmodule is usually not directly imported by user-written modules, instead it is im-
ported by all modules that read or generate mesh data. Themeshmodule defines a class Mesh-
Data whose purpose is to hold all mesh information, such as node coordinates, information on
the connectivity of nodes, edges, faces and tetrahedra, mappings from local to global DOFs,
boundary and symmetry-plane data, etc. This data is supposed to be independent of a particular
finite element type.

9.5.4 The nedelec module

The purpose of thenedelecmodule is to create the global matrices necessary to solve the matrix
eigenvalue problem for the Ńed́elec finite element discretisation or the mixed Néd́elec-Lagrange
finite element discretisation.

The creation of the global matricesA, M , Y , C andH proceeds in several stages.

1. The preprocessing step, implemented by thepreprocessfunction

2. The matrix assembly step, implemented by theassemblefunction

3. Construction of theY matrix, implemented by theconstructYfunction

4. Calculation of theC andH matrices.

Steps 3 and 4 are not necessary, if the EIGSOLV method (cf. Section4.2.5) is to be used.

nedelec module functions

preprocess(meshData, symBCInfo) incorporates the boundary conditions and prepares
the data structures necessary for assembling the global finite element matrices. The parameter
meshDatais a MeshData object resulting from either reading a mesh file or generating a mesh.
The parametersymBCInfodetermines what kind of boundary conditions are implemented on the
symmetry planes. If biti is set, thene · n = 0 is implemented on symmetry planei, otherwise
e× n = 0 is implemented.

Thepreprocessfunction returns a PreprocessData object, which contains information such
as the order of the matricesA andM , the number of columns of matrixC and index arrays that
map old DOF numbers to new DOF numbers (the DOF numbers change because some DOFs
are eliminated due to the boundary conditions).

assemble(meshData, preprocessData) assembles the global FEM matricesA andM .
The first argumentmeshDatais a MeshData object resulting from either reading a mesh file or
generating a mesh. The second argumentpreprocessDatais a PreprocessData object generated
by preprocess(). The functionassemblereturns twoll matobjects representing the matricesA
andM .
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constructY(meshData, preprocessData) constructs the global FEM matrixY from the
edge-node connectivity information. The first argumentmeshDatais a MeshData object result-
ing from either reading a mesh file or generating a mesh. The second argumentpreprocessData
is a PreprocessData object generated bypreprocess(). The functionconstructYreturns anll mat
objects representing the matrixY .

Example code The following code shows how to read the mesh data from an ANSYS mesh
file and how to generate the matricesA, M , Y , C andH from it.

import ansysmesh, nedelec, spmatrix

meshData = ansysmesh.read(’boxcav16x10x3.ans’)
preprocessData = nedelec.preprocess(meshData, 0)
A, M = nedelec.assemble(meshData, preprocessData)
Y = nedelec.constructY(meshData, preprocessData)
C = spmatrix.matrixmultiply(M, Y)
H = spmatrix.dot(Y, C)

9.5.5 The nedelecprojection module

Thenedelecprojectionmodule implements the DIRPROJ and SAUG methods for solving the
(indefinite) matrix eigenvalue problem. As described in Sections4.2.1and4.2.2these methods
are realised by introducing projections at several places in the JDSYM eigensolver.

The projections are introduced in two ways:

. by adding the projection to thepreconmethod of the preconditioner object.

. by calling jdsymwith the optionalprojectorparameter and passing an object that invokes
the projection, when itsprojectmethod is called.

Both ways of invoking the preconditioner can be incorporated into the same object. The object
of type ProjectedPreconis then passed twice tojdsym: once as preconditioner and once as
projector.

Since the code of thenedelecprojectionmodule is very short and because it illustrates, how
complex operations can be built from simple building blocks in Python, some portions are given
here:
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class ProjectedPrecon:
def __init__(self, K, Y, Hsolve, C):

m, n = C.shape
self.shape = (m, m)
self.K = K
self.Y = Y
self.Hsolve = Hsolve
self.C = C
self.temp0 = Numeric.zeros(m, ’d’)
self.temp1 = Numeric.zeros(n, ’d’)
self.temp2 = Numeric.zeros(n, ’d’)

def precon(self, x, y):
"Computes y <- (I - Y*inv(H)*C’) * inv(K)*x"
self.K.precon(x, y)
self.C.matvec_transp(y, self.temp1)
self.Hsolve.solve(self.temp1, self.temp2)
self.Y.matvec(self.temp2, self.temp0)
y -= self.temp0

def project(self, x):
"Computes x <- (I - Y*inv(H)*C’)*x"
self.C.matvec_transp(x, self.temp1)
self.Hsolve.solve(self.temp1, self.temp2)
self.Y.matvec(self.temp2, self.temp0)
x -= self.temp0

The dirproj andsaug functions, which implement the methods of the respective name, now
become really simple.

def dirproj(A, M, K, Y, Hsolve, C, kmax, tau, tol, itmax,
itsolver, **keywords):

"DIRPROJ method"
# construct preconditioner that incorporates projection
Kproj = ProjectedPrecon(K, Y.to_csr(), Hsolve, C.to_csr())
# add projector object to the keyword arguments for jdsym
keywords[’projector’] = Kproj
# call jdsym and return results
args = (A.to_sss(), M.to_sss(), Kproj, kmax, tau, tol,

itmax, itsolver)
return jdsym.jdsym(*args, **keywords)

The only difference betweendirproj andsaugis, thatsaugpasses the original preconditioner
K.

def saug(A, M, K, Y, Hsolve, C, kmax, tau, tol, itmax,
itsolver, **keywords):

"SAUG method"
# construct preconditioner that incorporates projection
Kproj = ProjectedPrecon(K, Y.to_csr(), Hsolve, C.to_csr())
# add projector object to the keyword arguments for jdsym
keywords[’projector’] = Kproj
# call jdsym with orig preconditioner and return results
args = (A.to_sss(), M.to_sss(), K, kmax, tau, tol,

itmax, itsolver)
return jdsym.jdsym(*args, **keywords)

Section9.6.1contains a sample code, which illustrates the use of thenedelecprojectionmodule.
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9.5.6 The nedelecad and nedelecad opt modules

The nedelecad module implements the AD method for solving the (indefinite) matrix eigen-
value problem. For efficiency reasons some functionality is implemented in C (imported from
modulenedelecad opt).

As described in Section4.2.3 the AD method transforms the original matrix eigenvalue
problem into a positive-definite matrix eigenvalue problem with reduced dimension.

nedelecad module functions

ad(preprocessData, A, M, C, Y) prepares the matricesA, M andC for use with the
AD method. The function computes the indices of the Nedelec DOFs to be eliminated. The
corresponding rows and columns of matricesA, M andC are then removed. MatrixY is
unaltered. The resulting matricesA andM are positive definite.

Thead method returns a object holding information about the AD elimination process.

ad backtransform(adData, Y, luH, C, Qad) transforms the eigenvectors obtained from
the AD eigenvalue problem back to eigenvectors of the original problem.adDatais the object
returned by thead method. luH is an object for solving linear systems with matrixH. Qad
is the matrix of converged eigenvectors obtained from the AD transformed matrix eigenvalue
problem.Y andC are objects representing the corresponding matrices.

Thead backtransformmethod returns a matrix containing the corresponding eigenvectors
of the original indefinite eigenvalue problem.

9.5.7 precon2level module

Theprecon2levelmodule implements the four variants of the two-level preconditioner described
in Section8.3. The preconditioner is implemented as Python class namedprec2lev.
The constructor of classprec2levis called as follows:

prec2lev(type, A, n11, A11solve=None)

type selects the variant of the two-level preconditioner to be built.type can be one of
prec2lev.JACjac, prec2lev.JACssor, prec2lev.SGSjac, prec2lev.SGSssor.

A is anll matobject representing the matrix to precondition.

n11 is an integer representing the order of linear diagonal block, located in the upper left
corner of the matrixA.

A11solveis an object representing a solver for the (1,1)-block of matrixA. This object must
provide a methodsolve(b,x)which computesx← A11

−1b. If this parameter is not
specified, then a direct method is used, implemented by thesuperlumodule.

The usage of theprecon2levmodule is illustrated in Section9.6.

9.5.8 postprocess module

Thepostprocessmodule provides a set of functions for evaluating and processing the computed
eigensolutions.
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printModes(lmbd, Q, A, M) lists computed eigenvalues, the associated frequencies mea-
sured in MHz and the eigenpair residuals.

lmbdandQ are the objects containing the converged eigenvalues and eigenvectors.A and
M are the matrices forming the generalised eigenvalue problem.

The frequencies listed byprintModesare only correct, if the node coordinates in the mesh
data are given in metres.

exportVtk(meshData, preprocessData, lmbd, Q, selection, fileName)exports selected
eigensolutions to a VTK data file.

meshDatais an object holding the mesh data as defined in themeshmodule,preprocessData
is the object returned by thenedelec.preprocessfunction. lmbd andQ are objects containing
the converged eigenvalues and eigenvectors andselectionis an integer array holding the indices
of the eigensolutions to be exported. Ifselection = range(len(lmbd)), then all solutions are
exported.fileNameis the name of the file the VTK data is written to.

The exported VTK data can be viewed using the free MayaVi scientific data visualiser [58]
available athttp://mayavi.sourceforge.net. The VTK data format is described in [63].

9.5.9 The nedelecelmat and nedelecelmat opt modules

Thenedelecelmatandnedelecelmat modules are responsible for computing the element ma-
tricesA(e) andM (e). The most time consuming calculations were moved to thenedelecelmat
module, which is written in C. Both modules are usually not directly imported by the user.

9.5.10 The nedeleceval and nedeleceval opt module

The nedeleceval module provides functions for evaluating the electric field and its curl in a
tetrahedral element. For efficiency reasons some functionality is implemented in C (imported
from modulenedeleceval opt). Both modules are usually not directly imported by the user.

9.6 Experimental results

We illustrate the use of the PySparse and PyFemax packages by solving two Maxwell problems
calledSwiftTestandMonsterTest. The aim of these experiments is to show the clarity and easy
of use of the Python implementation and to estimate the efficiency of the Python implementation
by comparing timings with the native Fortran/C implementation and also to show the reliability
of the Python implementation by solving a really huge problem.

9.6.1 SwiftTest

The SwiftTest solves a Maxwell problem of considerable size (meshcop20k) using the SAUG
method and the two level preconditioner. This is the fastest approach we know of to compute
eigensolutions of the above mesh (cf. Section4). The same problem is also solved with the
native Fortran/C application using the same settings. The performance of both implementations
is then compared.

The Python code for SwiftTest is the following:

http://mayavi.sourceforge.net
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import spmatrix, itsolvers, precon, jdsym
import ansysmesh, mesh, nedelec, nedelec_projection, superlu
from precon2level import prec2lev

meshData = ansysmesh.read(’cop20k.ans’)
sigma = 5.0
preprocessData = nedelec.preprocess(meshData, 0x0)

A, M = nedelec.assemble(meshData, preprocessData)
Y = nedelec.constructY(meshData, preprocessData)
C = spmatrix.matrixmultiply(M, Y)
H = spmatrix.dot(Y, C)

Asigma = A[:,:]
Asigma.shift(-sigma, M)
K = prec2lev(prec2lev.JACssor, Asigma,

preprocessData.nMatNedLin)

Hlu = superlu.factorize(H.to_csr(), diag_pivot_thresh=0)

k_conv, lmbd, Q, it = \
nedelec_projection.saug(A, M, K, Y, Hlu, C, 10, 0.0, 1e-6,

300, itsolvers.qmrs,
jmin=10, jmax=20, eps_tr=1e-3,
toldecay=1.5, linitmax=500)

Function Time for
PyFemax

Time for
native imple-

mentation
Reading mesh data 59.5 1.4
Constr. of global matrices 89.1 66.3
Constr. of preconditioner 30.9 26.8
Solution time 1837.9 1590.5
Total time 2017.4 1685.0

Table 9.4:Performance comparison of PyFemax and native implementation
All execution times are given in seconds.

The results in Tab.9.4show that the native implementation is faster than the Python imple-
mentation.

Especially reading and processing the mesh data is slow using PyFemax. The reason is, that
the ansysmeshmodule is implemented entirely in Python, whose file I/O operations are quite
slow. ansysmeshcould be implemented as a C extension module to improve this. We feel that
this is not worth the effort, since compared to the solution time, the benefit would almost be
negligible.

The construction of the global matricesA, M , Y , C, H and H−1 is quite fast using
PyFemax, when taking into account that the majority of the code is interpreted.

The construction of the preconditioner is dominated by the factorisation of the matrixA11.
So the performance of PyFemax and the native implementation is expected to be roughly the
same.
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The execution time of the eigensolver is 15% slower in PyFemax. This has several reasons:

. In PyFemax, each time a matrix-vector multiplication, a preconditioner or a projection
is invoked, the corresponding method has to be called via Python. The arguments of the
method have to be checked for the correct type at runtime. The C arrays of typedouble

* have to be converted to NumPy arrays. In the native implementation, a simple function
call is necessary, which is of course much faster.

. The SAUG method is realised using theProjectedPreconclass in thenedelecprojection
module which is written in Python. So, in each inner iteration, a (small) piece of Python
code has to be interpreted.

. The matrix-vector multiplication and the SSOR preconditioner of the native implementa-
tion are written in Fortran 77, which is usually still a bit faster than the corresponding C
version, that was used for implementing thespmatrixmodule.

So, comparing the total execution times, PyFemax is 20% slower than the native implemen-
tation. That is the price we paid for having a clean, concise, well modularised code, that can
also be used interactively.

9.6.2 MonsterTest

The MonsterTest solves a really huge Maxwell problem (it’s actually the largest problem we
solved so far with our software). First, a tetrahedral mesh is generated for the rectangular box
cavity. The cuboid is divided into88×56×13 bricks, which in turn are divided into 6 tetrahedra
each, resulting in a total of 384384 tetrahedra.

The resulting global FEM matricesA andM are of order 2366746. The number of stored
non-zero values is 24.6 and 46.8 millions (only the lower triangle is stored).

To save memory the EIGSOLV method was used for avoiding convergence to zero eigen-
values. Also for memory reasons, the SSOR preconditioner was employed. The correction
equation was solved using QMRS. This combination of methods represents the best choice in
consideration of the given memory constraints. As can be seen in the code below, we freed the
memory for the objectsA, M, meshData andpreprocessData as soon as they were no longer
needed, to save storage space.

The code uses a total of 2.4 Gbytes memory for this problem. The matricesA andM use
together 823.1 Mbytes, the preconditioner uses another 536 Mbytes and the rest is mostly taken
up by the eigenvectors and temporary matrices in JDSYM.

The code shown below took 4 days and 13 hours of CPU time to compute the requested 10
eigensolutions to an accuracy of10−6 on the HP Superdome machine31. The calculation was
done in 116 Jacobi-Davidson iteration steps with an average of 321 inner iteration steps per
outer iteration step.

The MonsterTest demonstrates, that our methods and software (including the Python imple-
mentation) are well suited for large scale computations.

31The HP Superdome machine (stardust) was chosen for its large memory (cf. AppendixB). Only one processor
was used for this experiment.
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import boxmesh, nedelec, itsolvers, precon, jdsym

meshData = boxmesh.generate([5.2, 3.3, 0.77], [88, 56, 13],
[0, 0, 0])

sigma = 1.2

preprocessData = nedelec.preprocess(meshData, 0x0)
A, M = nedelec.assemble(meshData, preprocessData)

del meshData, preprocessData

Asigma = A[:,:]
Asigma.shift(-sigma, M)
Asigma_sss = Asigma.to_sss(); del Asigma
K = precon.ssor(Asigma_sss, 1.2, 1)

A_sss = A.to_sss(); del A
M_sss = M.to_sss(); del M

k_conv, lmbd, Q, it = \
jdsym.jdsym(A_sss, M_sss, K, 10, sigma, 1e-6, 150,

itsolvers.qmrs, jmin=10, jmax=20, eps_tr=1e-3,
toldecay=2.0, linitmax=300, strategy=1)
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10 Conclusions and future work

In this final chapter we restate our aims and then summarise the most important results from
the earlier chapters. We also mention some drawbacks of our methods and speculate how they
might be improved.

Aims

The aim of this project was to develop software for the efficient and accurate computation of
electromagnetic oscillations in cavities of particle accelerators. We tried to find answers to the
following questions:

. Which type of finite element discretisation is best suited to solve the Maxwell eigenvalue
problem?

. How can the indefinite eigenvalue problem stemming from the discretisation with Néd́elec
vector finite elements be solved efficiently?

. How does the performance of JDSYM compare to the performance of the well-established
IRL method for our symmetric generalised eigenvalue problems?

. How big is the performance penalty that has to be paid if the mixed-language program-
ming approach with Python is used for solving the Maxwell eigenvalue problem?

Results

In Chapter3 we studied both nodal finite elements and Néd́elec vector finite elements to dis-
cretise the Maxwell eigenvalue problem. We came to the conclusion that Néd́elec vector finite
elements are better suited for this kind of calculations, because they prevent spurious modes
and permit an easy incorporation of the boundary conditions. In addition, Néd́elec vector finite
elements yield accurate solutions for cavities of arbitrary shape. Node elements can only be
used safely for a very limited set of cavities.

In Chapter4 we studied ways to solve the matrix eigenvalue problems arising from the finite
elements discretisation. The symmetric positive-definite eigenvalue problem constructed using
node finite elements can be solved efficiently using a shift-and-invert based approach. For the
symmetric indefinite eigenvalue problem we developed a number of methods for computing
the desired smallestpositiveeigenvalues and the associated eigenvectors. The SAUG and AD
methods, which both exploit the knowledge of a sparse basis of the null space of matrixA,
turned out to be very efficient. The EIGSOLV method, which is a modification of the ARPACK
and JDSYM eigensolvers, is less efficient but requires less memory than the other two methods.
The numerical experiments presented in this chapter clearly show, that JDSYM is considerably
faster than ARPACK in all cases.

In Chapter5 we showed, how the Jacobi-Davidson algorithm can be adapted to solve the
symmetric generalised eigenvalue problem (JDSYM algorithm) efficiently. In addition we mod-
ified JDSYM to avoid convergence to zero eigenvalues. We pointed out, that it is hard to choose
JDSYM’s parameters optimally. The best choice depends on the problem and the mesh size.

In Chapter7, we derived an upper bound for the performance of the sparse matrix-vector
product and showed that straight-forward implementations perform poorly. The three opti-
misation techniques we presented try improve the instruction-level parallelism and the cache
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hit-rate. They increase the performance by up to 151%. Our message-passing implementation
also benefits from these optimisations and scales reasonably.

In Chapter8 we analysed a number of preconditioners. The two-level hierarchical basis
preconditioner turned out to be very effective. With this preconditioner the inner system can be
solved in only a few iteration steps. Moreover, the number of inner iterations seems to be in-
dependent of the mesh size. The drawback of the two-level hierarchical basis preconditioner is,
that it requires a factorisation of the upper left diagonal block of the matrixA−σM (the block
corresponding to the basis functions of the linear finite element). For very large eigenproblems,
where this factorisation is impractical, we use a standard SSOR preconditioner instead of the
two-level preconditioner, which turns out to be surprisingly effective.

The redesign of the finite element application using the mixed-language programming ap-
proach (using Python and C) was successful. The sparse linear algebra package (PySparse) we
developed is easy to use but also very fast. The experimental results in Chapter9 illustrate that
we get the performance of a native implementation combined with the ease-of-use of Matlab
code.

With our finite element package PyFemax, it is possible to write the entire finite element
application in a few lines of code, while providing full flexibility to steer the computation using
Python code. According to our experiments, the Python implementation is about 10%–20%
slower than the native implementation.

Conclusion

We developed efficient and stable methods for computing the desired eigensolutions. Our soft-
ware is able to handle large eigenvalue problems with an order over two millions on a single-
processor workstation. Using the Python implementation our methods can be used, combined
and extended easily.

Suggestions for future work

During this project it turned out, that the most effective methods (the projection methods de-
scribed in Chapter4and the two-level preconditioner discussed in Chapter8) require an accurate
solution of a linear system with a large sparse matrix. In our implementation these systems are
solved directly. However, for very large grids the required matrix factorisations are impractical.
The triangular factors become so large, that they occupy a multiple of the memory taken up by
the global FEM matrices.

Future work should aim at replacing those factorisations by a method that requires less
memory, but is efficient and still as accurate as a direct solution. Such a method will most likely
be an iterative method, which must be very efficient and converge in only a few steps since it
is called in each iteration of the linear solver. An algebraic multigrid approach should be inves-
tigated. This would turn the present two-level preconditioner into a multilevel preconditioner.
The matrix factorisations required when using algebraic multigrid are much smaller than those
necessary for a direct solution.

In the course of this project, other inverse-free eigensolvers gained some popularity. E.g., in
[2] Arbenz compares the BRQMIN [52] and the LOBPCG [47] eigensolvers with the JDSYM
eigensolver. The performance of BRQMIN and LOBPCG is very promising. The suitability
of these eigensolvers for solving large scale Maxwell eigenvalue problems should be further
examined.
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A Storage formats for sparse matrices

This paragraph describes the various memory storage formats for the sparse matrices we came
across during this project.

A.1 CSR Compressed Sparse Row Format

The Compressed Sparse Row format is the format we generally use for non-symmetric matrices.
Its data structure consists of three arrays.

va The double precision arrayva of lengthnnz contains the non-zero entries of the matrix,
stored row by row

ja The integer arrayja of lengthnnz contains the column indices of the non-zero entries stored
in va

ia The integer arrayia of lengthn + 1 contains the pointers (indices) to the beginning of each
row in the arraysvaandja. The last element ofia has the valuennz + 1.

Heren is the number of rows of the matrix andnnz is the number of its non-zero entries. Even
though the order of the entries is not prescribed in this format, we sort the entries of each
row by ascending column indices. This enables us to use more efficient algorithms for certain
operations.

A.2 CSC Compressed Sparse Column Format

The Compressed Sparse Column Format is identical to the Compressed Sparse Row Format
with the difference that the matrix is stored column-by-column instead of row-by-row. In other
words, a matrixA in CSR format is identical to the matrixAT in CSC format.

If a general matrix has more rows than columns (e.g.C andY ), we prefer storing it in
CSC format rather than in CSR format. In this way the performance of the matrix-vector mul-
tiplication tends to be slightly better, because of increased number of iterations in the inner
loops.

A.3 SSS Sparse Symmetric Skyline Format

The SSS format is closely related to the CSR format. It is used for sparsesymmetricmatrices.
The diagonal is stored in a separate (full) vector and the strict lower triangle is stored in CSR
format:

va The double precision arrayva of lengthnnz contains the non-zero entries of the strict lower
triangle, stored row by row

ja The integer arrayja of lengthnnz contains the column indices of the non-zero entries stored
in va

ia The integer arrayia of lengthn + 1 contains the pointers (indices) to the beginning of each
row in the arraysvaandja. The last element ofia has the valuennz + 1.

da the double precision arraydaof lengthn stores all diagonal entries of the matrix.
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Heren is the order of the matrix andnnz is the number of non-zero entries in the strict lower
triangle.

We sort the entries of each row by ascending column indices, like we do with the CSR
format.

The SSS format has the advantage over the CSR format, that it requires roughly half of the
storage space and that the matrix-vector multiplication can be implemented more efficiently (cf.
Section7.1).

We store the global matricesA andM in SSS format.

A.4 LL Linked List Format

The CSR, CSC and SSS storage formats described above are all memory-efficient and well
suited for doing matrix-vector multiplication. However, they are ill-suited adding new non-zero
entries or removing existing non-zero entries, because large amounts of memory would have to
be moved. E.g. for assembling the global matricesA andM all these storage formats are unfit.

For such operations we propose theLinked List Formatmatrix storage format. The non-zero
entries of each matrix row are stored as a linked list, sorted by ascending column index.

val The double precision arrayval of lengthnalloc contains the non-zero entries of matrix.

col The integer arraycol of lengthnalloc contains the column indices of the non-zero entries
stored inval

link the integer arraylink of lengthnalloc stores the pointer (index) to the next non-zero entry
of the same row. A value of -1 indicates that there is no next entry.

root The integer arrayroot of lengthn contains the pointers to the first entry of each row. The
other entries of the same row can be located by following thelink array.

free The integerfreepoints to the first entry of thefree list, i.e. a linked list of unoccupied spots
in theval andcol arrays. This list is populated when non-zero entries are removed from
the matrix.

Heren is the number of rows of the matrix andnalloc is number of allocated elements in the
arraysval, col andlink. Note that the number of stored non-zero entries is less or equal tonalloc.

Adding a new non-zero entry is rather cheap: It requires a linear search through the corre-
sponding linked list. If an entry with matching column index is found that entry is updated. If
the search was not successful, a new entry is created either by filling an empty spot from the
free list or by adding a new element at the end of theval, col andlink arrays.

Removing a non-zero entry also requires a linear search through the corresponding linked
list followed by some cheap linked list manipulation.

The linear searches can be aborted early, since the entries of each row are stored (linked)
with increasing column index.

Theval, col andlink arrays can be dynamically enlarged to make place for new entries. The
total number of non-zero entries does not have to be known beforehand.

If a symmetric matrix is to be stored in the LL format, we only store its lower triangular part
to conserve memory.

These properties make LL the ideal storage format for assembling global finite element
matrices and other matrix operations, such as e.g. the matrix-matrix multiplication.

Once the construction of a matrix in LL format is complete, the matrix can be converted to
other formats which support faster matrix-vector multiplications (like CSR, CSC or SSS).
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B Machines

B.1 Sun Enterprise E3500 (zuse)

This shared-memory multiprocessor machine is the application server at the Institute of Scien-
tific Computing at ETH Z̈urich. We used this machine for mostsequentialnumerical experi-
ments.

System information

Shared memory MIMD machine
6 CPUs
3 GB shared memory
CPUs 336 MHz SUN UltraSPARC-II

Architecture Superscalar SPARC Version 9, UltraSPARC
Cache 1st level: 16 KB instruction, and 16 KB data, on chip

2nd level: 4 MB, external
System interconnect

84 MHz Sun Gigaplane
Bandwidth 2.68 GB/s

B.2 DEC Alpha Workstation (darwin)

This single processor workstation installed at the Institute of Scientific Computing at ETH
Zürich was used for benchmarking the optimised sparse matrix-vector multiplication described
in Chapter7.

System information

Digital AlphaStation 500/500
512 MB memory
CPU Alpha 21164 EV 5.6

On-chip cache primary: 8 KB instruction, and 8 KB data
secondary: 96 KB 3-way data and instruction

External cache 8 MB data and instruction
Operating system Digital UNIX v.4.0d

B.3 HP Exemplar X-Class (sella)

The HP Exemplar X-Class machine was a shared memory super computer installed at ETH
Zürich, used mainly as an application server. It was operational from May 1997 until April
2000. We used this machine to measure the performance of the parallel sparse matrix-vector
multiplication as described in Section7.3.
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System information

HP Exemplar SPP2000/X-32 system
Shared memory ccNUMA MIMD machine
32 processors (2 hypernodes with 16 CPUs each)
8 GB shared memory (4 GB per hypernode)
CPUs HP PA-8000

PA-RISC 2.0 architecture (64-bit)
180 MHz clock cycle
720 Mflops peak performance
1-level, direct mapped cache, 1 MB instruction, 1MB data

Interconnect
Intranode 8×8 crossbar-switch (2 CPUs per port)

960 MB/s per port in both directions
15.3 GB/s total bandwidth

Internode CTI (derived from SCI)
Operating system SPP-UX

B.4 HP Exemplar V-Class (tornado)

The HP Exemplar V-Class machine is the successor of the HP Exemplar X-Class system in-
stalled at ETH Z̈urich since April 2000. We used sella for benchmarking the parallel sparse
matrix-vector multiplication described in Section7.3.

System information

HP Exemplar V2500 SCA system
Shared memory ccNUMA MIMD machine
32 processors (2 hypernodes with 16 CPUs each)
16 GB shared memory (8 GB per hypernode)
252 GB disk storage
CPUs HP PA-8500

PA-RISC 2.0 architecture (64-bit)
440 MHz clock cycle
1760 Mflops peak performance
one level, direct mapped cache

512 KB instruction, 1 MB data
Interconnect

Intranode 8×8 crossbar-switch (2 CPUs per port)
960 MB/s per port in both directions
15.36 GB/s total bandwidth

Internode CTI (derived from SCI)
Operating system HP-UX 11.10 64 bit

B.5 HP-Superdome (stardust)

The HP-Superdome machine is the successor of the HP Exemplar V-Class system (tornado)
installed at ETH Z̈urich since April 2001. We used stardust for benchmarking the parallel
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sparse matrix-vector multiplication described in Section7.3. The system information below
reflects the configuration at the time these experiments where conducted. It is now outdated.

System information

Shared memory ccNUMA MIMD machine
System topology 2 cabinets

6 cell boards per cabinet
4 CPUs and 4 GB memory in each cell board

Totalling 48 processors and 48 GB memory
360 GB disk storage
CPUs HP PA-8600

PA-RISC 2.0 architecture (64-bit)
552 MHz clock rate
2.2 Gflops peak performance
on-chip 1.5 MB ECC cache

Interconnect between cell boards
via a mesh of 4×4 crossbar switches
6.4 GB/s per to crossbar mesh
38.4 GB/s total

Interconnect in cell board
via cell controller ASIC
6.4 GB/s cell controller to CPU bandwidth
3.2 GB/s cell controller to memory bandwidth

Operating system HP-UX 11.11 64 bit

B.6 Intel Paragon

The Intel Paragon at ETH Z̈urich is the oldest computer, that we used for our parallel exper-
iments. Because the network capacity is very good compared to the single processor perfor-
mance, parallel algorithms usually scale well on this machine. The Intel Paragon at ETHZ was
operational from July 1994 until September 1999.

System information

Paragon XP/S 22 MP
Distributed memory MIMD machine
150 compute nodes, 6 service nodes, 1 boot node
64 MB memory per node,∼10 GB total memory
2 compute CPUs and 1 communication CPU per node
nodes are capable of doing computation and communication in parallel
48 GB total disk storage
CPUs Intel i860XP

Clock rate 50 MHz
Peak performance 75 Mflops

Interconnect 2D mesh, wormhole routing
Startup time 65µs
Peak bandwidth 167 MB/s

Operating system Paragon OSF/1
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B.7 IBM SP/2

The IBM SP/2 at ETH Z̈urich is a distributed memory machine mainly used for molecular
dynamics simulations. We used this machine for benchmarking the parallel sparse matrix-vector
multiplication described in Section7.3.

System information

IBM SP2 large scale server
64 node distributed memory MIMD machine
256 MB memory per node (total memory: 16 GB)
1 CPU per node
nodes are capable of doing computation and communication in parallel
CPUs POWER2 SC

Clock rate 160 MHz
L1 cache 128 KB data, 32 KB instruction
L2 cache n/a
performance peak: 640 Mflops

Linpack 100: 315 Mflops
Interconnect multistage network using 4×4 crossbar switches as

elements
Bandwidth 110 MB per link
Startup time 31 microseconds

Operating system AIX

B.8 Linux Workstation Cluster (asgard)

Asgard is a large (Beowulf) workstation cluster consisting of Intel Linux nodes installed at
ETH Zürich. We used asgard for benchmarking the parallel sparse matrix-vector multiplication
described in Section7.3. The system information below reflects the configuration at the time
these experiments where conducted. It is now outdated.

System information

Workstation cluster overview
3 login nodes
1 file server node
251 compute nodes

Compute node specs
Dual Pentium Intel N440BX mainboard
100 MHz system bus
2 Intel Pentium CPUs
1 GB main memory
6 GB local hard disk

Cluster topology grouped into frames of 24 nodes
Interconnect Ethernet technology

Intra-frame 100Mbit/s switched Ethernet
Inter-frame 1 Gbit/s switched Ethernet

CPU specs Intel Pentium III
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Clock rate 500 MHz
L1-cache 16 KB data, 16 KB instruction
L2-cache 512 KB

Operating system Linux
Distribution SuSE Linux 6.3
kernel 2.2.13-SMP
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C Model problems

This appendix describes the analytic solutions of Problem I and Problem II described in Chap-
ters2 and3 for a rectangular brick shaped domain.

We use the analytic solutions to validate our methods, algorithms and software. The analytic
solutions also help us to quantify the discretisation error of the various finite elements.

C.1 Laplace problem in a cuboid

This section describes the analytic solutions of Problem I

∆u + λu = 0 u : R3 → R on Ω (C.1a)

u = 0 on ∂Ω = Γ (C.1b)

in a rectangular brick shaped domain (cuboid)

Ω = [0, πa]× [0, πb]× [0, πc].

The analytic non-trivial eigensolutions of (C.1) are uniquely identified by theirwave mode
indiceskx, ky andkz, which are all positive integers. With givenkx, ky, kz the corresponding
eigenfrequencyλ is calculated by

λ = k2
x/a

2 + k2
y/b

2 + k2
z/c

2

and the associated eigenfunctions have the form

u = û sin(kxx/a) sin(kyy/b) sin(kzz/c).

The amplitudêu can be chosen freely.

C.2 Maxwell’s equations in a cuboid

This section describes the analytic solutions of Problem II

rot rot e(x) = λ e(x), x ∈ Ω, (C.2a)

div e(x) = 0, x ∈ Ω, (C.2b)

n× e = 0, x ∈ Γ. (C.2c)

in a rectangular brick shaped domain (cuboid)

Ω = [0, πa]× [0, πb]× [0, πc].

The analytic solutions of (C.2) are uniquely identified by theirwave mode indiceskx, ky and
kz, which are all non-negative integers. With givenkx, ky, kz the corresponding eigenfrequency
λ is calculated by

λ = k2
x/a

2 + k2
y/b

2 + k2
z/c

2

and the associated eigenfunctions have the form

e =

ex cos(kxx/a) sin(kyy/b) sin(kzz/c)
ey sin(kxx/a) cos(kyy/b) sin(kzz/c)
ez sin(kxx/a) sin(kyy/b) cos(kzz/c)

 .

The analytic solutions of (C.2) can be divided into three classes depending on the values of
the wave mode indiceskx, ky, kz:
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at least two wave mode indices are equal to zero In this case the electric fielde vanishes. This
are trivial solutions, that we are not interested in.

exactly one wave mode index is equal to zero In this case the electric fielde is parallel to a
coordinate axis in the entire domainΩ.

Without loss of generality we assumekz = 0. Then the resulting eigenfield has the form

e =

 0
0

ez sin(kxx/a) sin(kyy/b)


with

λ = k2
x/a

2 + k2
y/b

2.

The amplitudeez can be chosen freely.

all wave mode indices are greater than zero In this case the amplitude parameters are coupled
with the wave mode indices by the divergence free conditiondiv e = 0. This results in
the equation

kxex/a + kyey/b + kzez/c = 0.

With givenkx, ky andkz, two degrees of freedomremain to choose the amplitude param-
etersex, ey andez. That means that two linearly independent eigenfunctions belong to
the eigenfrequencyλ = k2

x/a
2 + k2

y/b
2 + k2

z/c
2. The eigenvalueλ has multiplicity 2 and

the corresponding eigenspace has dimension 2.

For calculating the electro-magnetic fields in cavities of particle accelerators, eigensolu-
tions of the second type are of particular interest. Eigenfields of this type have the smallest
eigenfrequencies. Most of the time, eigenfields of this type are used for the acceleration of the
particles.
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D Grids

This appendix describes the tetrahedral meshes, we used for the numerical experiments. Tab.D.1
contains a list of all grids, together with their properties.

Identifier # nodes # edges # faces # tetrahedra

box8x4x6 315 1674 2512 1152
boxcav16x10x3 1228 7463 11996 5760
boxcav20x13x3 1176 6573 10078 4680
boxcav30x20x4 3255 19254 30400 14400
boxcav88x56x13 71022 469005 782368 384384
copcav2 125 588 832 320
copcav14 1005 6176 9848 4368
copcav18 1653 10176 16264 7344
cop10k 2023 11758 18370 8634
cop20k 4431 26855 42879 20454
cop40k 7985 49643 80256 38597
cop300k 55210 362945 603474 295738
slac 122 546 751 326
accel 39826 238045 375260 177048

Table D.1:Properties of tetrahedral meshes

More detailed information on the meshes and their origin are presented in the following
sections.

D.1 Rectangular brick shaped cavity

We use rectangular brick shaped meshes for a number of reasons.
Firstly, the analytical eigensolutions of Problem I and II are known for this kind of domains

(cf. AppendixC). Thus these meshes are well-suited for validating our methods and software.
Secondly, in other publications, experimental results are often found for rectangular do-

mains. E.g. in [45] Jin presents results for a rectangular brick shaped cavity with the same
aspect-ratio as gridbox8x4x6shown in Fig.D.2.

Another reason is, that the cyclotron at the Paul Scherrer Institute has accelerating cavities
(cf. Fig. D.1), which are approximately cuboid shaped. Gridboxcav16x10x3in Fig. D.3 is
a model of such a accelerator cavity. Grids of this kind allow us to compare our calculated
eigensolutions with real measured data.

For gridbox8x4x6the cuboid shaped domainΩ = (0, 1.0) × (0, 0.5) × (0, 0.75) was sub-
divided into8 × 4 × 6 equally sized cubes. Each cube was then subdivided into 6 tetrahedra
of equal volume. For gridboxcav16x10x3the domainΩ = (0, 5.2) × (0, 3.3) × (0, 0.77) is
subdivided into16 × 10 × 3 equally sized cuboids. Each cuboid is then subdivided into 12
tetrahedra of equal volume.
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Figure D.1:PSI accelerator cavity, approximately cuboid shaped

Figure D.2:Grid for a cuboid shaped cavitybox8x4x6

Figure D.3:Grid for a cuboid shaped cavityboxcav16x10x3
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D.2 Eight-shaped cavity

The “eight-shaped” accelerator cavity is currently being developed at the Paul Scherrer Institute.
A smaller prototype (cf. Fig.D.4) has already been built.

The gridscopcav2, copcav14andcopcav18represent discretisations of this accelerator cav-
ity (cf. Fig. D.5). These grids all have three symmetry planes. The standing electromagnetic
waves in such cavities are symmetric with respect to these symmetry planes as well. It is there-
fore sufficient to discretise only one eighth of the cavity (cf. Figs.D.6and gridscop10k, cop20k,
cop40kandcop300k).

Figure D.4:PSI model/prototype of the “eight-shaped” accelerator cavity

Figure D.5:Grid copcav18of the “eight-shaped” accelerator cavity
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Figure D.6:Grid cop10kof one eighth of the “eight-shaped” accelerator cavity
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D.3 SLAC accelerator cavity

The gridslacrepresents a very coarse discretisation of a cavity installed at the “Stanford Linear
Accelerator Center”. This cavity is one element of a so-called linear accelerator. This grid also
takes symmetries with respect to three symmetry planes into account.

Figure D.7:Grid slac, cavity element of a linear accelerator

D.4 ACCEL cyclotron

The gridaccelrepresents a discretisation of a cyclotron RF-structure to be delivered by ACCEL
GmbH for the PSI PROSCAN project. It takes symmetry with respect to one plane into account.
Unlike all other grids,accelrepresents a complete RF-structure, not just one isolated cavity.

Figure D.8:Grid accel, cyclotron RF-structure
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E Matrices

This appendix describes the global finite element matricesA, M , C, Y andH−1, which were
used for the numerical experiments throughout this document.

Tab. E.1 lists the properties for the matrices stemming from rectangular box cavities and
Tab.E.2 lists the properties for the matrices stemming from the remaining meshes. The three
digit code in the second column specifies the type of finite element used to generate the matrices.
The first digit, beingX in all cases, says that 3D-Maxwell problem was solved. The second digit
indicates the type of finite element: It is eithern for node elements, orv for vector elements. The
third digit indicates the degree of the finite elements (1 for linear elements, or2 for quadratic
elements). n is the order of the matricesA and M . nc is the number of columns of the
matricesC andY . nnzA,M denotes the number of non-zero entries stored in the matricesA
andM together. nnzC,Y denotes the number of non-zero entries stored in the matricesC and
Y together. nnzH−1 is the number of non-zero entries stored in theL- andU -factors generated
by factorising matrixH.

Some of the grids include symmetry planes (cf. SectionD). The precise properties of the
corresponding matrices depend on the boundary conditions enforced at these symmetry planes.
The numbers in Tabs.E.1andE.2reflect the case, wheree×n = 0 is enforced at all symmetry
planes. For other combinations of boundary conditions the numbers in Tabs.E.1andE.2would
differ slightly.

Grid Code n nc nnzA,M nnzC,Y nnzH−1

box8x4x6 Xn1 457 7.4K
Xn2 4159 141K
Xv1 1050 105 11K 5.0K 1.8K
Xv2 6292 1.1K 143K 66K 144K

boxcav16x10x3 Xn1 2.6K 51.5K
Xn2 22K 939K
Xv1 6.0K 750 78.5K 38.5K 16.0K
Xv2 34K 6785 1.0M 492K 759K

boxcav20x13x3 Xn1 1948 37K
Xn2 17K 676K
Xv1 4.4K 456 52K 26K 18K
Xv2 26K 4.8K 674K 332K 896K

boxcav30x20x4 Xn1 6.3K 139K
Xn2 54K 2.3M
Xv1 14K 1.6K 183K 97K 129K
Xv2 83K 16K 2.2M 1.1M 5.9M

boxcav88x56x13 Xn1 185K 4.9M
Xn2 1.5M 72M
Xv1 428K 57K 5.9M 3.5M 43M
Xv2 2.3M 485K 71M N/A N/A

Table E.1:Properties of global finite element matrices stemming from rectangular box cavities
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Grid Code n nc nnzA,M nnzC,Y nnzH−1

cop10k Xn1 3.7K 81K
Xn2 32K 1.5M
Xv1 8.4K 919 111K 54K 48K
Xv2 49K 9.3K 1.4M 697K 2.1M

cop20k Xn1 9.1K 216K
Xn2 77K 3.8M
Xv1 20K 2.4K 287K 148K 247K
Xv2 119K 23K 3.5M 1.8M 10M

cop40k Xn1 17K 432K
Xn2 147K 7.4M
Xv1 40K 4921 568K 301K 781K
Xv2 229K 45K 6.9M 3.5M 30M

cop300k Xn1 141K 3.7M
Xn2 1.1M 61.3M
Xv1 326K 43K 4.8M 2.7M 25M
Xv2 1.8M 370K 60M N/A N/A

copcav18 Xn1 3.3K 80K
Xn2 29K 1.3M
Xv1 7.8K 867 98K 53K 61K
Xv2 45K 8.6K 1.1M 621K 2.0M

slac Xn1 107 1145
Xn2 1,0K 35.4K
Xv1 249 21 2.3K 672 82
Xv2 1.6K 270 37.5K 14.3K 6.1K

accel Xn1 106K 2.8M
Xn2 778K 43.4M
Xv1 197K 26K 3.0M 1.4M N/A
Xv2 1.1M 277K 34M 21.3M N/A

Table E.2:Properties of global finite element matrices stemming from other than rectangular
box meshes
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Fig. E.1 shows the non-zeros structure of the global FEM matricesA andM constructed
using quadratic node elements from meshslac. In the upper left corner the (1,1)-block of order
107 is visible. This diagonal block is equal to the entire global matrix obtained if linear node
elements were used.
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(a) matrixA

0 100 200 300 400 500 600 700 800 900 1000

0

100

200

300

400

500

600

700

800

900

1000

nz = 23959

(b) matrixM

Figure E.1: Non-zero structure of the global FEM matricesA and M constructed using
quadratic node elements from meshslac.

Fig. E.2 shows the non-zero structure of the global FEM matricesA, M , C andY con-
structed using quadratic edge elements from meshslac. In the upper left corner ofA andM
the (1,1)-block of order 249 is visible. The (1,1)-block is associated with the basis functions of
the linear vector element. The remaining (2,2)-diagonal block is associated with the additional
basis functions of the quadratic vector element. The (2,2)-block itself has also a2×2-block
structure, where the upper left diagonal block corresponds to edge DOFs and the lower right
diagonal block corresponds to face DOFs.

The columns of the matricesC andY are associated with the Lagrange DOFs described in
Section3.3.5. The first 23 columns belong to node DOFs while the remaining columns belong
to DOFs associated with edge mid-points.Y is extremely sparse. Its non-zero entries are either
1 or -1. The diagonal submatrix ofY as shown in Fig.2(d) is an identity matrix of order 249.
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Figure E.2:Non-zero structure of the global FEM matricesA, M , C andY constructed using
quadratic edge elements from meshslac.
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F Element matrices

This appendix contains detailed information on the element matrices mentioned in Chapters2.5
and3.2.2.

F.1 Element matrices for Problem I

The matrixM (0) is used for calculating the mass element matrixM (e). M (0) is defined by

{M (0)}ij =

∫∫∫
T0

N
(0)
i N

(0)
j dξ.

The matrix displayed below was computed using Maple V.

M (0) =
1

5040



84 42 42 42 14 14 14 7 7 7

42 84 42 42 14 7 7 14 14 7

42 42 84 42 7 14 7 14 7 14

42 42 42 84 7 7 14 7 14 14

14 14 7 7 4 2 2 2 2 1

14 7 14 7 2 4 2 2 1 2

14 7 7 14 2 2 4 1 2 2

7 14 14 7 2 2 1 4 2 2

7 14 7 14 2 1 2 2 4 2

7 7 14 14 1 2 2 2 2 4


Due to the hierarchical construction of the basis functions, the matrix used for linear elements
is the upper left4×4 diagonal block.

To calculate the element stiffness matrix, the matricesK11
ξ , K22

ξ , K33
ξ , K12

ξ , K13
ξ andK23

ξ

as described in Section2.5are needed. These matrices are defined by

{Kkl
ξ }ij =

∫∫∫
T0

∂N
(0)
i

∂ξk

∂N
(0)
j

∂ξl

dξ.

The matrices displayed below were computed using Maple V.

K11
ξ =

1
120



20 −20 0 0 0 5 5 −5 −5 0

−20 20 0 0 0 −5 −5 5 5 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 2 0 0 0 0 0

5 −5 0 0 0 2 1 −2 −1 0

5 −5 0 0 0 1 2 −1 −2 0

−5 5 0 0 0 −2 −1 2 1 0

−5 5 0 0 0 −1 −2 1 2 0

0 0 0 0 0 0 0 0 0 0


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K22
ξ =

1
120



20 0 −20 0 5 0 5 −5 0 −5

0 0 0 0 0 0 0 0 0 0

−20 0 20 0 −5 0 −5 5 0 5

0 0 0 0 0 0 0 0 0 0

5 0 −5 0 2 0 1 −2 0 −1

0 0 0 0 0 2 0 0 0 0

5 0 −5 0 1 0 2 −1 0 −2

−5 0 5 0 −2 0 −1 2 0 1

0 0 0 0 0 0 0 0 0 0

−5 0 5 0 −1 0 −2 1 0 2



K33
ξ =

1
120



20 0 0 −20 5 5 0 0 −5 −5

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

−20 0 0 20 −5 −5 0 0 5 5

5 0 0 −5 2 1 0 0 −2 −1

5 0 0 −5 1 2 0 0 −1 −2

0 0 0 0 0 0 2 0 0 0

0 0 0 0 0 0 0 0 0 0

−5 0 0 5 −2 −1 0 0 2 1

−5 0 0 5 −1 −2 0 0 1 2



K12
ξ =

1
120



20 0 −20 0 5 0 5 −5 0 −5

−20 0 20 0 −5 0 −5 5 0 5

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 1 1 0 −1 0 0

5 0 −5 0 1 1 1 −1 0 −1

5 0 −5 0 1 0 2 −1 0 −2

−5 0 5 0 −1 −1 −1 1 0 1

−5 0 5 0 −1 0 −2 1 0 2

0 0 0 0 0 0 0 0 0 0


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K13
ξ =

1
120



20 0 0 −20 5 5 0 0 −5 −5

−20 0 0 20 −5 −5 0 0 5 5

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 1 0 1 0 −1 0

5 0 0 −5 1 2 0 0 −1 −2

5 0 0 −5 1 1 1 0 −1 −1

−5 0 0 5 −1 −2 0 0 1 2

−5 0 0 5 −1 −1 −1 0 1 1

0 0 0 0 0 0 0 0 0 0



K23
ξ =

1
120



20 0 0 −20 5 5 0 0 −5 −5

0 0 0 0 0 0 0 0 0 0

−20 0 0 20 −5 −5 0 0 5 5

0 0 0 0 0 0 0 0 0 0

5 0 0 −5 2 1 0 0 −2 −1

0 0 0 0 0 1 1 0 0 −1

5 0 0 −5 1 1 1 0 −1 −1

−5 0 0 5 −2 −1 0 0 2 1

0 0 0 0 0 0 0 0 0 0

−5 0 0 5 −1 −1 −1 0 1 1



F.2 Element matrices for Problem II

F.2.1 Element matrices for Ńedélec vector elements

For the calculation of the element matrices, the gradients of the simplex coordinatesL1, . . . , L4
32

are required. These gradients are stored in the vectorsg1, . . . ,g4 according to (3.30).

gi = ∇Li.

The simplex coordinates are linear functions inx, y andz.

Li = c0,i + c1,ix + c2,iy + c3,iz.

From the interpolation condition at the cornersPj = (xj, yj, zj) of the tetrahedron

Li(xj, yj, zj) = δi,j

follows the matrix equation
1 x1 y1 z1

1 x2 y2 z2

1 x3 y3 z3

1 x4 y4 z4




c0,1 c0,2 c0,3 c0,4

c1,1 c1,2 c1,3 c1,4

c2,1 c2,2 c2,3 c2,4

c3,1 c3,2 c3,3 c3,4

 =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 .

32L1, . . . , L4 are function inx, y, z
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The coefficientscj,i can be obtained by inverting the matrix on the left side. The gradientsgi

are then computed from
gi = (c1,i, c2,i, c3,i)

T .

The inner products of thegi are stored in the matrixG ∈ R4×4 according to Equation3.31on
page31. The entries ofG are needed for calculating the entries of the mass element matrix
M (e).

Calculating the entries of the matrixC ∈ R6×6, which are needed for the curl element
matrixA(e) is trivial. It can be done according to Equation3.35on page32.

Mass element matrix The entries of the mass element matrixM (e), with

{M (e)}i,j =

∫∫∫
Te

N
(e)
i ·N

(e)
j dx dy dz,

are obtained from the formulas below. Due to symmetry reasons only the entries in the upper
triangle are given.

m
(e)
1,1 = J/60 (g11 + g22 − g12)

m
(e)
1,2 = J/120 (g11 − g12 − g13 + 2g23)

m
(e)
1,3 = J/120 (g11 − g12 − g14 + 2g24)

m
(e)
1,4 = J/120 (−g22 + g12 + g23 − 2g13)

m
(e)
1,5 = J/120 (−g22 + g12 + g24 − 2g14)

m
(e)
1,6 = J/120 (g13 + g24 − g14 − g23)

m
(e)
1,7 = J/60 (g22 − g11)

m
(e)
1,8 = J/120 (−g11 + g12 − g13 + 2g23)

m
(e)
1,9 = J/120 (−g11 + g12 − g14 + 2g24)

m
(e)
1,10 = J/120 (g22 − g12 + g23 − 2g13)

m
(e)
1,11 = J/120 (g22 − g12 + g24 − 2g14)

m
(e)
1,12 = J/120 (−g13 − g14 + g23 + g24)

m
(e)
1,13 = J/720 (g12 − 2g11)

m
(e)
1,14 = J/720 (g22 − g12)

m
(e)
1,15 = J/720 (−g13 + 2g23)

m
(e)
1,16 = J/360 (−g14 + g24)

m
(e)
1,17 = J/720 (2g22 − g12)

m
(e)
1,18 = J/720 (−2g13 + g23)

m
(e)
1,19 = J/720 (−g14 + 2g24)

m
(e)
1,20 = J/720 (−2g11 + g12)

m
(e)
1,21 = J/720 (2g23 − 2g13)

m
(e)
1,22 = J/720 (g24 − 2g14)

m
(e)
1,23 = J/720 (g12 − g11)

m
(e)
1,24 = J/720 (2g22 − g12)

m
(e)
2,2 = J/60 (g11 + g33 − g13)

m
(e)
2,3 = J/120 (g11 − g13 − g14 + 2g34)

m
(e)
2,4 = J/120 (g33 − g13 − g23 + 2g12)

m
(e)
2,5 = J/120 (g12 + g34 − g14 − g23)

m
(e)
2,6 = J/120 (−g33 + g13 + g34 − 2g14)

m
(e)
2,7 = J/120 (−g11 − g12 + g13 + 2g23)

m
(e)
2,8 = J/60 (g33 − g11)

m
(e)
2,9 = J/120 (−g11 + g13 − g14 + 2g34)

m
(e)
2,10 = J/120 (g33 − g13 + g23 − 2g12)

m
(e)
2,11 = J/120 (−g12 − g14 + g23 + g34)

m
(e)
2,12 = J/120 (g33 − g13 + g34 − 2g14)

m
(e)
2,13 = J/720 (−2g11 + g13)

m
(e)
2,14 = J/720 (−2g12 + g23)

m
(e)
2,15 = J/720 (2g33 − g13)

m
(e)
2,16 = J/720 (−g14 + 2g34)

m
(e)
2,17 = J/360 (−g12 + g23)

m
(e)
2,18 = J/720 (g33 − g13)

m
(e)
2,19 = J/360 (−g14 + g34)

m
(e)
2,20 = J/720 (−g11 + g13)

m
(e)
2,21 = J/720 (2g33 − g13)

m
(e)
2,22 = J/720 (g34 − 2g14)

m
(e)
2,23 = J/720 (g31 − 2g11)

m
(e)
2,24 = J/720 (2g23 − g12)
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m
(e)
3,3 = J/60 (g11 + g44 − g14)

m
(e)
3,4 = J/120 (g12 + g34 − g13 − g24)

m
(e)
3,5 = J/120 (g44 − g14 − g24 + 2g12)

m
(e)
3,6 = J/120 (g44 − g14 − g34 + 2g13)

m
(e)
3,7 = J/120 (−g11 − g12 + g14 + 2g24)

m
(e)
3,8 = J/120 (−g11 − g13 + g14 + 2g34)

m
(e)
3,9 = J/60 (g44 − g11)

m
(e)
3,10 = J/120 (−g13 − g12 + g34 + g24)

m
(e)
3,11 = J/120 (g44 − g14 + g24 − 2g12)

m
(e)
3,12 = J/120 (g44 − g14 + g34 − 2g13)

m
(e)
3,13 = J/720 (−g11 + g14)

m
(e)
3,14 = J/720 (−2g12 + g24)

m
(e)
3,15 = J/360 (−g13 + g34)

m
(e)
3,16 = J/720 (2g44 − g14)

m
(e)
3,17 = J/720 (−g12 + 2g24)

m
(e)
3,18 = J/720 (−2g13 + g34)

m
(e)
3,19 = J/720 (2g44 − g14)

m
(e)
3,20 = J/720 (−2g11 + g14)

m
(e)
3,21 = J/720 (2g34 − g13)

m
(e)
3,22 = J/720 (g44 − g14)

m
(e)
3,23 = J/720 (g41 − 2g11)

m
(e)
3,24 = J/720 (2g24 − 2g12)

m
(e)
4,4 = J/60 (g22 + g33 − g23)

m
(e)
4,5 = J/120 (g22 − g23 − g24 + 2g34)

m
(e)
4,6 = J/120 (−g33 + g23 + g34 − 2g24)

m
(e)
4,7 = J/120 (−g22 − g12 + g23 + 2g13)

m
(e)
4,8 = J/120 (g33 + g13 − g23 − 2g12)

m
(e)
4,9 = J/120 (−g12 + g13 − g24 + g34)

m
(e)
4,10 = J/60 (g33 − g22)

m
(e)
4,11 = J/120 (−g22 + g23 − g24 + 2g34)

m
(e)
4,12 = J/120 (g33 − g23 + g34 − 2g24)

m
(e)
4,13 = J/360 (−g12 + g13)

m
(e)
4,14 = J/720 (−2g22 + g23)

m
(e)
4,15 = J/720 (g33 − g23)

m
(e)
4,16 = J/720 (−g24 + 2g34)

m
(e)
4,17 = J/720 (−2g22 + g23)

m
(e)
4,18 = J/720 (2g33 − g23)

m
(e)
4,19 = J/720 (−2g24 + g34)

m
(e)
4,20 = J/720 (−g12 + 2g13)

m
(e)
4,21 = J/720 (2g33 − g23)

m
(e)
4,22 = J/720 (2g34 − 2g24)

m
(e)
4,23 = J/720 (g31 − 2g12)

m
(e)
4,24 = J/720 (g23 − g22)

m
(e)
5,5 = J/60 (g22 + g44 − g24)

m
(e)
5,6 = J/120 (g44 − g24 − g34 + 2g23)

m
(e)
5,7 = J/120 (−g22 + g24 − g12 + 2g14)

m
(e)
5,8 = J/120 (−g12 + g14 − g23 + g34)

m
(e)
5,9 = J/120 (g44 + g14 − g24 − 2g12)

m
(e)
5,10 = J/120 (−g22 − g23 + g24 + 2g34)

m
(e)
5,11 = J/60 (g44 − g22)

m
(e)
5,12 = J/120 (g44 + g34 − g24 − 2g23)

m
(e)
5,13 = J/720 (−g12 + 2g14)

m
(e)
5,14 = J/720 (−2g22 + g24)

m
(e)
5,15 = J/720 (−2g23 + g34)

m
(e)
5,16 = J/720 (2g44 − g24)

m
(e)
5,17 = J/720 (−g22 + g24)

m
(e)
5,18 = J/360 (−g23 + g34)

m
(e)
5,19 = J/720 (g44 − g24)

m
(e)
5,20 = J/360 (−g12 + g14)

m
(e)
5,21 = J/720 (2g43 − g23)

m
(e)
5,22 = J/720 (2g44 − g24)

m
(e)
5,23 = J/720 (g41 − 2g12)

m
(e)
5,24 = J/720 (g42 − 2g22)

m
(e)
6,6 = J/60 (g33 + g44 − g34)

m
(e)
6,7 = J/120 (−g13 + g14 − g23 + g24)

m
(e)
6,8 = J/120 (−g33 + g34 − g13 + 2g14)

m
(e)
6,9 = J/120 (g44 + g14 − g34 − 2g13)

m
(e)
6,10 = J/120 (−g33 + g34 − g23 + 2g24)

m
(e)
6,11 = J/120 (g44 + g24 − g34 − 2g23)

m
(e)
6,12 = J/60 (g44 − g33)

m
(e)
6,13 = J/720 (−g13 + 2g14)

m
(e)
6,14 = J/360 (−g23 + g24)

m
(e)
6,15 = J/720 (−2g33 + g34)

m
(e)
6,16 = J/720 (g44 − g34)

m
(e)
6,17 = J/720 (2g24 − g23)
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m
(e)
6,18 = J/720 (−2g33 + g34)

m
(e)
6,19 = J/720 (2g44 − g34)

m
(e)
6,20 = J/720 (−2g13 + g14)

m
(e)
6,21 = J/720 (g43 − g33)

m
(e)
6,22 = J/720 (2g44 − g34)

m
(e)
6,23 = J/720 (2g41 − 2g13)

m
(e)
6,24 = J/720 (g42 − 2g23)

m
(e)
7,7 = J/60 (g11 + g22 + g12)

m
(e)
7,8 = J/120 (g11 + g12 + g13 + 2g23)

m
(e)
7,9 = J/120 (g11 + g12 + g14 + 2g24)

m
(e)
7,10 = J/120 (g22 + g12 + g23 + 2g13)

m
(e)
7,11 = J/120 (g22 + g12 + g24 + 2g14)

m
(e)
7,12 = J/120 (g13 + g14 + g23 + g24)

m
(e)
7,13 = J/720 (g12 + 2g11)

m
(e)
7,14 = J/720 (g22 + g12)

m
(e)
7,15 = J/720 (g13 + 2g23)

m
(e)
7,16 = J/360 (g14 + g24)

m
(e)
7,17 = J/720 (2g22 + g12)

m
(e)
7,18 = J/720 (2g13 + g23)

m
(e)
7,19 = J/720 (g14 + 2g24)

m
(e)
7,20 = J/720 (2g11 + g12)

m
(e)
7,21 = J/720 (2g23 + 2g13)

m
(e)
7,22 = J/720 (g24 + 2g14)

m
(e)
7,23 = J/720 (g12 + g11)

m
(e)
7,24 = J/720 (2g22 + g12)

m
(e)
8,8 = J/60 (g11 + g33 + g13)

m
(e)
8,9 = J/120 (g11 + g13 + g14 + 2g34)

m
(e)
8,10 = J/120 (g33 + g13 + g23 + 2g12)

m
(e)
8,11 = J/120 (g12 + g14 + g23 + g34)

m
(e)
8,12 = J/120 (g33 + g13 + g34 + 2g14)

m
(e)
8,13 = J/720 (2g11 + g13)

m
(e)
8,14 = J/720 (2g12 + g23)

m
(e)
8,15 = J/720 (2g33 + g13)

m
(e)
8,16 = J/720 (g14 + 2g34)

m
(e)
8,17 = J/360 (g12 + g23)

m
(e)
8,18 = J/720 (g33 + g13)

m
(e)
8,19 = J/360 (g14 + g34)

m
(e)
8,20 = J/720 (g11 + g13)

m
(e)
8,21 = J/720 (2g33 + g13)

m
(e)
8,22 = J/720 (g34 + 2g14)

m
(e)
8,23 = J/720 (g31 + 2g11)

m
(e)
8,24 = J/720 (2g23 + g12)

m
(e)
9,9 = J/60 (g11 + g44 + g14)

m
(e)
9,10 = J/120 (g12 + g13 + g24 + g34)

m
(e)
9,11 = J/120 (g44 + g14 + g24 + 2g12)

m
(e)
9,12 = J/120 (g44 + g14 + g34 + 2g13)

m
(e)
9,13 = J/720 (g11 + g14)

m
(e)
9,14 = J/720 (2g12 + g24)

m
(e)
9,15 = J/360 (g13 + g34)

m
(e)
9,16 = J/720 (2g44 + g14)

m
(e)
9,17 = J/720 (g12 + 2g24)

m
(e)
9,18 = J/720 (2g13 + g34)

m
(e)
9,19 = J/720 (2g44 + g14)

m
(e)
9,20 = J/720 (2g11 + g14)

m
(e)
9,21 = J/720 (2g34 + g13)

m
(e)
9,22 = J/720 (g44 + g14)

m
(e)
9,23 = J/720 (g41 + 2g11)

m
(e)
9,24 = J/720 (2g24 + 2g12)

m
(e)
10,10 = J/60 (g22 + g33 + g23)

m
(e)
10,11 = J/120 (g22 + g23 + g24 + 2g34)

m
(e)
10,12 = J/120 (g33 + g23 + g34 + 2g24)

m
(e)
10,13 = J/360 (g12 + g13)

m
(e)
10,14 = J/720 (2g22 + g23)

m
(e)
10,15 = J/720 (g33 + g23)

m
(e)
10,16 = J/720 (g24 + 2g34)

m
(e)
10,17 = J/720 (2g22 + g23)

m
(e)
10,18 = J/720 (2g33 + g23)

m
(e)
10,19 = J/720 (2g24 + g34)

m
(e)
10,20 = J/720 (g12 + 2g13)

m
(e)
10,21 = J/720 (2g33 + g23)

m
(e)
10,22 = J/720 (2g34 + 2g24)

m
(e)
10,23 = J/720 (g31 + 2g12)

m
(e)
10,24 = J/720 (g23 + g22)

m
(e)
11,11 = J/60 (g22 + g44 + g24)

m
(e)
11,12 = J/120 (g44 + g24 + g34 + 2g23)
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m
(e)
11,13 = J/720 (g12 + 2g14)

m
(e)
11,14 = J/720 (2g22 + g24)

m
(e)
11,15 = J/720 (2g23 + g34)

m
(e)
11,16 = J/720 (2g44 + g24)

m
(e)
11,17 = J/720 (g22 + g24)

m
(e)
11,18 = J/360 (g23 + g34)

m
(e)
11,19 = J/720 (g44 + g24)

m
(e)
11,20 = J/360 (g12 + g14)

m
(e)
11,21 = J/720 (2g43 + g23)

m
(e)
11,22 = J/720 (2g44 + g24)

m
(e)
11,23 = J/720 (g41 + 2g12)

m
(e)
11,24 = J/720 (g42 + 2g22)

m
(e)
12,12 = J/60 (g33 + g44 + g34)

m
(e)
12,13 = J/720 (g13 + 2g14)

m
(e)
12,14 = J/360 (g23 + g24)

m
(e)
12,15 = J/720 (2g33 + g34)

m
(e)
12,16 = J/720 (g44 + g34)

m
(e)
12,17 = J/720 (2g24 + g23)

m
(e)
12,18 = J/720 (2g33 + g34)

m
(e)
12,19 = J/720 (2g44 + g34)

m
(e)
12,20 = J/720 (2g13 + g14)

m
(e)
12,21 = J/720 (g43 + g33)

m
(e)
12,22 = J/720 (2g44 + g34)

m
(e)
12,23 = J/720 (2g41 + 2g13)

m
(e)
12,24 = J/720 (g42 + 2g23)

m
(e)
13,13 = J/1260 g11

m
(e)
13,14 = J/2520 g12

m
(e)
13,15 = J/5040 g13

m
(e)
13,16 = J/2520 g14

m
(e)
13,17 = J/2520 g12

m
(e)
13,18 = J/2520 g13

m
(e)
13,19 = J/2520 g14

m
(e)
13,20 = J/2520 g11

m
(e)
13,21 = J/2520 g13

m
(e)
13,22 = J/1260 g14

m
(e)
13,23 = J/2520 g11

m
(e)
13,24 = J/5040 g12

m
(e)
14,14 = J/1260 g22

m
(e)
14,15 = J/2520 g23

m
(e)
14,16 = J/5040 g24

m
(e)
14,17 = J/2520 g22

m
(e)
14,18 = J/2520 g23

m
(e)
14,19 = J/2520 g24

m
(e)
14,20 = J/2520 g12

m
(e)
14,21 = J/5040 g23

m
(e)
14,22 = J/2520 g24

m
(e)
14,23 = J/1260 g21

m
(e)
14,24 = J/2520 g22

m
(e)
15,15 = J/1260 g33

m
(e)
15,16 = J/2520 g34

m
(e)
15,17 = J/2520 g23

m
(e)
15,18 = J/2520 g33

m
(e)
15,19 = J/2520 g34

m
(e)
15,20 = J/2520 g13

m
(e)
15,21 = J/2520 g33

m
(e)
15,22 = J/5040 g34

m
(e)
15,23 = J/2520 g31

m
(e)
15,24 = J/1260 g32

m
(e)
16,16 = J/1260 g44

m
(e)
16,17 = J/2520 g24

m
(e)
16,18 = J/2520 g34

m
(e)
16,19 = J/2520 g44

m
(e)
16,20 = J/2520 g14

m
(e)
16,21 = J/1260 g43

m
(e)
16,22 = J/2520 g44

m
(e)
16,23 = J/5040 g41

m
(e)
16,24 = J/2520 g42

m
(e)
17,17 = J/1260 g22

m
(e)
17,18 = J/5040 g23

m
(e)
17,19 = J/1260 g24

m
(e)
17,20 = J/5040 g12

m
(e)
17,21 = J/2520 g23

m
(e)
17,22 = J/2520 g24

m
(e)
17,23 = J/2520 g21

m
(e)
17,24 = J/2520 g22
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m
(e)
18,18 = J/1260 g33

m
(e)
18,19 = J/5040 g34

m
(e)
18,20 = J/1260 g13

m
(e)
18,21 = J/2520 g33

m
(e)
18,22 = J/2520 g34

m
(e)
18,23 = J/2520 g31

m
(e)
18,24 = J/2520 g32

m
(e)
19,19 = J/1260 g44

m
(e)
19,20 = J/5040 g14

m
(e)
19,21 = J/2520 g43

m
(e)
19,22 = J/2520 g44

m
(e)
19,23 = J/2520 g41

m
(e)
19,24 = J/2520 g42

m
(e)
20,20 = J/1260 g11

m
(e)
20,21 = J/2520 g13

m
(e)
20,22 = J/2520 g14

m
(e)
20,23 = J/2520 g11

m
(e)
20,24 = J/2520 g12

m
(e)
21,21 = J/1260 g33

m
(e)
21,22 = J/2520 g34

m
(e)
21,23 = J/5040 g31

m
(e)
21,24 = J/2520 g32

m
(e)
22,22 = J/1260 g44

m
(e)
22,23 = J/2520 g41

m
(e)
22,24 = J/5040 g42

m
(e)
23,23 = J/1260 g11

m
(e)
23,24 = J/2520 g12

m
(e)
24,24 = J/1260 g22

Curl element matrix The upper left diagonal block ofA(e), with

{A(e)}i,j =

∫∫∫
Te

rotN
(e)
i · rotN

(e)
j dx dy dz,

is obtained from matrixC defined in (3.35) by

A
(e)
1:6,1:6 := 2J/3 C.

Because of (3.33b), we have

A
(e)
7:12,1:24 = 0 and A

(e)
1:24,7:12 = 0.

The entries ofA(e)
1:24,1:6 andA

(e)
1:6,1:24 are calculated by the following formulas

A
(e)
1:6,13 = J/12 (−C1:6,1 −C1:6,2)

A
(e)
1:6,14 = J/12 (−C1:6,4 −C1:6,5)

A
(e)
1:6,15 = J/12 (−C1:6,6 + C1:6,2)

A
(e)
1:6,16 = J/12 (C1:6,3 + C1:6,5)

A
(e)
1:6,17 = J/12 (−C1:6,4 + C1:6,1)

A
(e)
1:6,18 = J/12 (−C1:6,6 + C1:6,4)

A
(e)
1:6,19 = J/12 (C1:6,3 + C1:6,6)

A
(e)
1:6,20 = J/12 (−C1:6,1 −C1:6,3)

A
(e)
1:6,21 = J/12 (C1:6,2 + C1:6,4)

A
(e)
1:6,22 = J/12 (C1:6,5 + C1:6,6)

A
(e)
1:6,23 = J/12 (−C1:6,2 −C1:6,3)

A
(e)
1:6,24 = J/12 (−C1:6,5 + C1:6,1)
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and

A
(e)
1:6,1:24 = A

(e)T

1:24,1:6

ForA(e)
13:24,13:24, formulas for the entries in the upper triangle are given. The remaining formulas

are omitted for symmetry reasons.

a
(e)
13,13 = J/120 (2c11 + 2c12 + 2c22)

a
(e)
13,14 = J/120 (c14 + 2c15 + c24 + c25)

a
(e)
13,15 = J/120 (c16 − c12 + c26 − c22)

a
(e)
13,16 = J/120 (−c13 − c15 − 2c23 − c25)

a
(e)
13,17 = J/120 (c14 − 2c11 + c24 − c21)

a
(e)
13,18 = J/120 (c16 − c14 + 2c26 − c24)

a
(e)
13,19 = J/120 (−2c13 − c16 − c23 − c26)

a
(e)
13,20 = J/120 (c11 + c13 + c21 + 2c23)

a
(e)
13,21 = J/120 (−c12 − c14 − 2c22 − c24)

a
(e)
13,22 = J/120 (−2c15 − c16 − c25 − 2c26)

a
(e)
13,23 = J/120 (c12 + 2c13 + c22 + c23)

a
(e)
13,24 = J/120 (c15 − c11 + c25 − c21)

a
(e)
14,14 = J/120 (2c44 + 2c45 + 2c55)

a
(e)
14,15 = J/120 (c46 − 2c42 + c56 − c52)

a
(e)
14,16 = J/120 (−c43 − c45 − c53 − c55)

a
(e)
14,17 = J/120 (c44 − c41 + c54 − 2c51)

a
(e)
14,18 = J/120 (c46 − 2c44 + c56 − c54)

a
(e)
14,19 = J/120 (−c43 − c46 − 2c53 − c56)

a
(e)
14,20 = J/120 (2c41 + c43 + c51 + c53)

a
(e)
14,21 = J/120 (−c42 − c44 − c52 − c54)

a
(e)
14,22 = J/120 (−c45 − c46 − 2c55 − c56)

a
(e)
14,23 = J/120 (2c42 + c43 + c52 + 2c53)

a
(e)
14,24 = J/120 (c45 − 2c41 + c55 − c51)

a
(e)
15,15 = J/120 (2c66 − 2c62 + 2c22)

a
(e)
15,16 = J/120 (−c63 − 2c65 + c23 + c25)

a
(e)
15,17 = J/120 (2c64 − c61 − c24 + c21)

a
(e)
15,18 = J/120 (c66 − c64 − c26 + 2c24)

a
(e)
15,19 = J/120 (−c63 − 2c66 + c23 + c26)

a
(e)
15,20 = J/120 (c61 + c63 − 2c21 − c23)

a
(e)
15,21 = J/120 (−c62 − 2c64 + c22 + c24)

a
(e)
15,22 = J/120 (−c65 − c66 + c25 + c26)

a
(e)
15,23 = J/120 (c62 + c63 − 2c22 − c23)

a
(e)
15,24 = J/120 (2c65 − c61 − c25 + 2c21)

a
(e)
16,16 = J/120 (2c33 + 2c35 + 2c55)

a
(e)
16,17 = J/120 (−c34 + c31 − 2c54 + c51)

a
(e)
16,18 = J/120 (−2c36 + c34 − c56 + c54)

a
(e)
16,19 = J/120 (c33 + c36 + c53 + 2c56)

a
(e)
16,20 = J/120 (−c31 − 2c33 − c51 − c53)

a
(e)
16,21 = J/120 (2c32 + c34 + c52 + 2c54)

a
(e)
16,22 = J/120 (c35 + 2c36 + c55 + c56)

a
(e)
16,23 = J/120 (−c32 − c33 − c52 − c53)

a
(e)
16,24 = J/120 (−c35 + c31 − 2c55 + c51)

a
(e)
17,17 = J/120 (2c44 − 2c14 + 2c11)

a
(e)
17,18 = J/120 (c46 − c44 − c16 + c14)

a
(e)
17,19 = J/120 (−c43 − 2c46 + 2c13 + c16)

a
(e)
17,20 = J/120 (c41 + c43 − c11 − c13)

a
(e)
17,21 = J/120 (−c42 − 2c44 + c12 + c14)

a
(e)
17,22 = J/120 (−c45 − c46 + 2c15 + c16)

a
(e)
17,23 = J/120 (c42 + c43 − c12 − 2c13)

a
(e)
17,24 = J/120 (2c45 − c41 − c15 + c11)

a
(e)
18,18 = J/120 (2c66 − 2c64 + 2c44)

a
(e)
18,19 = J/120 (−c63 − c66 + c43 + c46)

a
(e)
18,20 = J/120 (c61 + 2c63 − 2c41 − c43)

a
(e)
18,21 = J/120 (−2c62 − c64 + c42 + c44)

a
(e)
18,22 = J/120 (−c65 − 2c66 + c45 + c46)

a
(e)
18,23 = J/120 (c62 + c63 − 2c42 − c43)

a
(e)
18,24 = J/120 (c65 − c61 − c45 + 2c41)

a
(e)
19,19 = J/120 (2c33 + 2c36 + 2c66)

a
(e)
19,20 = J/120 (−c31 − c33 − c61 − c63)

a
(e)
19,21 = J/120 (c32 + c34 + c62 + 2c64)

a
(e)
19,22 = J/120 (2c35 + c36 + c65 + c66)

a
(e)
19,23 = J/120 (−c32 − 2c33 − c62 − c63)

a
(e)
19,24 = J/120 (−c35 + c31 − 2c65 + c61)
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a
(e)
20,20 = J/120 (2c11 + 2c13 + 2c33)

a
(e)
20,21 = J/120 (−c12 − c14 − 2c32 − c34)

a
(e)
20,22 = J/120 (−c15 − c16 − c35 − 2c36)

a
(e)
20,23 = J/120 (2c12 + c13 + c32 + c33)

a
(e)
20,24 = J/120 (c15 − 2c11 + c35 − c31)

a
(e)
21,21 = J/120 (2c22 + 2c24 + 2c44)

a
(e)
21,22 = J/120 (c25 + 2c26 + c45 + c46)

a
(e)
21,23 = J/120 (−c22 − c23 − c42 − c43)

a
(e)
21,24 = J/120 (−c25 + c21 − 2c45 + c41)

a
(e)
22,22 = J/120 (2c55 + 2c56 + 2c66)

a
(e)
22,23 = J/120 (−c52 − 2c53 − c62 − c63)

a
(e)
22,24 = J/120 (−c55 + c51 − c65 + c61)

a
(e)
23,23 = J/120 (2c22 + 2c23 + 2c33)

a
(e)
23,24 = J/120 (c25 − 2c21 + c35 − c31)

a
(e)
24,24 = J/120 (2c55 − 2c51 + 2c11)
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