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Zusammenfassung

Diese Arbeit besdhftigt sich mit der Berechnung elektromagnetischer Schwingungen in Ka-
vitaten von Teilchenbeschleunigern. Die zeit-harmonischen Maxwell-Gleichungen, welche die-
se elektromagnetischen Schwingungen beschreiben, werden mit der Methode der finiten Ele-
mente diskretisiert und so in ein allgemeines symmetrisches Matrix-Eigenwertprobége-

fuhrt. Von diesem Eigenwertproblem sollen die 10 bis 20 kleinptasitivenEigenwerte mit

den zugebrigen Eigenvektoren berechnet werden.

Werdenubliche knotenbasierte finite Elemente verwendet, so wird das Eigenwertproblem
viele unphysikalische Eiged$ungen (sogspurious modgsamit positiven Eigenwerten aufwei-
sen.

In einem ersten &sungsansatz verwenden wir weiterhin dldichen knotenbasierten fi-
niten Elemente undihren einen zugzlichen Strafterm ein. Die géwschten Eigeiilsungen
konnen dann mit der “shift-and-invert” Spektraltransformation berechnet werden.

In einer zweiten Variante verwenden wiebelec-Vektorelemente. Alle spurious modes ha-
ben dann den Eigenwert Null. Wir stellen verschiedene Methoden vor, welche die effiziente
Berechnung der gdaimschten Eigeflsungen mit positivem Eigenwert erlauben.

Als Eigenwertbser benutzen wir einerseits das ARPACK Softwarepaket, welches die Lan-
czos Methode mit implizitem Neustart implementiert, und andererseits unsere eigjedas f
symmetrische Eigenwertproblem optimierte Implementation der Jacobi-Davidson Methode.

Ein weiterer Schwerpunkt dieser Arbeit bildet die Optimierung der Matrix-Vektor Multi-
plikation fir schwach-besetzte Matrizen. Wir stellen Verfahren vor, welche diese Operation
substanziell beschleunigen.

Unsere Software haben wir als Python-Module implementiert, wobei die zeitkritischen Be-
rechnungen als Erweiterungsmodule in C realisiert wurden.

Wir haben effiziente und stabile Verfahren entwickelt, um dieigesehten Eigefilsungen
zu berechnen. Unsere Software ist in der Lage, grosse Eigenwertprobleme (Ordassey gr
als zwei Millionen) auf einer Einprozessormaschine zudiggen. Mit der Python-Implemen-
tation haben wir eine Softwareumgebung geschaffen, welche die implementierten Methoden
einfach benutzen, kombinieren und erweitersst.



Summary

This thesis deals with the computation of electromagnetic oscillations in cavities of particle
accelerators. The time-harmonic Maxwell equations, which describe these electromagnetic os-
cillations, are discretised using the finite element method. Of the resulting generalised sym-
metric matrix eigenvalue problem, the 10 to 20 smalfessitiveeigenvalues together with the
associated eigenvectors have to be computed.

If ordinary node-based finite elements are used, then the eigenvalue problem will exhibit
many non-physical eigensolutions (so-caligairious modgswith positive eigenvalues.

In a first approach we use node-based finite elements and introduce an additional penalty
term. The desired eigensolutions can then be computed using a shift-and-invert spectral trans-
formation.

In a second variant we useébElec vector finite elements. All spurious modes then have
the eigenvalue zero. We present different methods, which allow us to efficiently compute the
desired eigensolutions with positive eigenvalues.

As eigenvalue solvers we use on the one hand the ARPACK package, which implements
the Implicitly Restarted Lanczos method, and on the other hand our own implementation of the
Jacobi Davidson method optimised for the symmetric eigenvalue problem.

A further emphasis of this thesis is the optimisation of the matrix-vector multiplication for
sparse matrices. We present techniques, which accelerate this operation substantially.

We implemented our software as Python modules. The time-critical computations were
realised as extension modules written in C.

We developed efficient and stable methods for computing the desired eigensolutions. Our
software is able to handle large eigenvalue problems with an order of over two million on
a single-processor workstation. With the Python implementation, our methods can be used,
combined and extended easily.
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matrices

entry of matrixA in thei-th row and thej-th column
alternate notation fog;;

i-th row, resp.j-th column of A

submatrix, consisting of rows, 7, andis of A
submatrix, consisting of columns, j, andj; of A
vectors

vectors

(a,b) = [,a-bdx

scalar dot product

element-wise multiplication

element-wise division

Cartesian coordinates in the unit tetrahedron

Cartesian coordinates

simplex coordinates in a general tetrahedron, functions
inx,y,z

coordinates of tetrahedron cornersg 7 < 4

scalar, global basis functions for the FEM

scalar, local basis functions for the FEM, defined
in tetrahedrore

scalar, basis functions for the FEM, defined in the unit
tetrahedron
global vector basis functions for the FEM

local vector basis functions for the FEM, defined in
tetrahedrore

vector basis functions for the FEM, defined in the
unit tetrahedron

solutions of differential equations

domain on which the differential equations are solved
boundary of?, surface

e-th tetrahedral element

unit tetrahedron

stiffness element matrix or curl element matrix

mass element matrix

divergence element matrix

index over finite elements

indices over global degrees of freedom (DOFs)
global matrices of the generalised eigenvalue problem
sparse basis of the null spaceAf

C.=MY

H :=Y"C, used in the projectaP v,
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penalty parameter

parameter for Bespalov term

shift for “Shift-and-Invert” spectral transformation
target value used in the Jacobi-Davidson algorithm
preconditioner, approximation o — o M,

resp. A —0M

basis of search subspace used in eigensolvers
VA = AV

G := VTV 4, interaction matrix for Rayleigh-Ritz step
Ritz pair

(W, S] = eig(G), eigenvectord¥ and eigenvalueS
of G

matrix of converged eigenvectors

QM =MQ
Q:=[Q.u|
QM =MQ

Qi = K 'Q, preconditioned eigenvectors

F = Q. Q,,, matrix used in the correction equation
of IDSYM



Contents
1 Introduction/Overview 1
1.1 Design of Particle Acceleratots. . . . . . . ... ... L 1
1.2 Applying the Finite Element Method. . . . . . . ... ... ... ...... 2
1.3 Methods and algorithms. . . . . .. .. ... ... ... ... .. ...... 3
1.4 Scripting Languages in Scientific Computing. . . . . . ... ... .. ... 3
1.5 Aimsofthisthesis. . . . . . . . .. . . . . . e 4
1.6 Organisationofthisthesis. . . . . . .. .. .. ... ... .. ........ 4
2 Problem I: 3D Laplace-Problem 6
2.1 Fundamentalequations. . . . . . . . . . . . . . . e 6
2.2 Exploiting symmetries. . . . . . . . .. e 7
2.3 Description of the finiteelements. . . . . .. ... ... ... ........ 7
2.4 Piece-wise representation of the solution. . . . . .. .. ... ....... 12
2.5 Calculation of the elementmatrices . . . . . .. .. ... ... ....... 12
2.6 Construction of the global matrices . . . . . ... ... ... ........ 14
3 Problem II: Electromagnetic waves in cavities 16
3.1 Fundamental Equations. . . . . . . . . .. . ... .. 16
3.2 PenaltyMethod. . . . . . . .. . ... e 17
3.2.1 Finite Elements for the Penalty Methad. . . . . . . .. ... .. .. 19
3.2.2 Elementmatrices . . . . . . . . . .. e 20
3.2.3 Construction of the matrix eigenvalue problem. . . . . .. ... .. 21
3.2.4 Boundaryconditions . . . . .. ... ... .o 22
3.3 Mixedmethod . . . .. .. . . . .. e 25
3.3.1 Description of the vectorelements . . . . . . ... ... ...... 26
3.3.2 Calculation of the element matrices. . . . . . .. ... ... .... 30
3.3.3 Matrixeigenvalueproblem. . . . . ... ... o L 32
3.3.4 Boundaryconditions . . . . .. ... ... . 33
3.3.5 Matrix form of the constraintive=0 . . ... ... ... ...... 34
3.4 Linearorquadraticelements? . . . . . .. . ... .. oo 37
3.41 Upshot. . . .. . e 39
3.5 Comparison of FEM approaches. . . . . . ... .. ... ... . ...... 39
4 Matrix eigenvalue problems 43
4.1 Positive definite eigenvalue problems . . . . . . .. .. ... ... ... 43
4.2 Indefinite eigenvalue problem. . . . . . . .. ... L o o 43
4.2.1 Direct projection method (DIRPROJ) . . . . . .. .. ... .. ... 45
4.2.2 Simplified augmented system (SAUG) . . . . . . . . ... .. ... 46
4.2.3 ADmethod (AD). . . . . . . . 47
4.2.4 Bespalovterm (BESPALOV). . . . . . . .. ... .. ... .. ... 49
4.25 Eigensolver (EIGSOLV). . . . . . . . . . i i 51
4.2.6 Experimentalresults . . . . .. .. ... .. ... .. L. 51
427 Conclusions . . . . . . ... e 54

4.3 Choiceoftheshift . . . . . . . . . . . . . . 55



Eigensolvers 58
5.1 Jacobi-Davidson algorithm . . . . . .. .. .. ... ... .. .. .. ..., 58
5.1.1 Description ofthe algorithm . . . . . .. ... ... ... ...... 58

5.1.2 Jacobi-Davidson algorithm for the symmetric eigenvalue prodemn-
AMX . o e e e e e e e 64

5.1.3 Choosing suitable parameters for the Jacobi-Davidson algorithm. 76
5.1.4 Block Jacobi-Davidson Algorithm for the generalised symmetric eigen-

value problem . . . . . . ... 79

5.1.5 Solving the indefinite eigenvalue problem . . . . . .. .. ... .. 81
516 Relatedwork. . . . . . . ... . 82

5.2 Implicitly restarted Lanczos algorithm (IRL). . . . . . ... ... ... ... 82
5.2.1 Solving the indefinite eigenvalue problem . . . . . . .. ... ... 83

5.3 Comparisonofeigensolvers . . . . . . ... .. ... .. .. .. ... ... 86
Iterative methods 87
6.1 CG. . . e e e 87
6.2 MINRESand SYMMLQ. . . . . . . . . . . i et 88
6.3 QMRS. . . . .. e 88
6.4 CGS. . . . . e 88
Matrix-vector products 90
7.1 Performance analysis of the sparse matrix-vector product . . . . .. ... 90
7.2 Design of a fast sparse matrix vector product for one processor. . . . . . 92
7.2.1 Softwarepipelining . . . . . . ... 92
7.2.2 Registerblocking . . . .. ... ... o o 93
7.2.3 MatrixReordering. . . . . . . .. 95
7.2.4 Experimentalresults . . .. .. ... ... .. .. .. ... 96

7.3 Parallel matrix-vector multiplication . . . . . ... ... .. ......... 100
7.3.1 Parallelimplementation. . . . . ... ... ... ... .. ..., 100
7.3.2 Parallel Numerical Experiments. . . . .. ... ... ... ..... 101

T4 SUMMANY . . . . o o e e e e e e e e e e e e e e 102
Preconditioners 106
8.1 Stationary iterative methods . . . . . . .. ... ... ... ... ... 106
8.1.1 me-step Jacobi preconditioning. . . . . .. .. ... ... . ..., 107
8.1.2 m-step SSOR preconditioning . . . . . . .. ... .. ... ..... 107

8.2 ILUS preconditioning . . . . . . . . . . e 108
8.3 2-level hierarchical basis preconditioner. . . . . . .. ... ... ...... 111
8.4 Experimentalresults. . . . . . .. ... ... .. ... 112
8.4.1 Positive-definite eigenvalue problem . . . . . ... ... ... ... 112
8.4.2 Indefinite eigenvalue problem . . . . . . .. ... . oL 115
Python implementation 120
9.1 Developmenthistory. . . . . . . . . ... 120
9.2 ThePythonlanguage . . . . . . . . . . . . . . . . . . 122
9.3 The Numerical Python package (NumPy). . . . . . .. ... ... ..... 123
9.4 ThePySparsepackage. . . . . . . . . . i i i 123

9.41 Thespmatrixmodule. . .. ... ... ... ... ... ....... 124



10

9.42 Thepreconmodule. . . ... ... ... ... ... . ... ..., 131
9.4.3 Theitsolversmodule . . . . .. ... ... ... .. ... ... 132
944 Thejdsymmodule. . . . . .. .. .. .. ... .. .. 135
9.45 Thesuperlumodule. . . . .. ... ... . ... o 137
9.5 ThePyFemaxpackage . . . .. . . .. . . . . . . . . .. 139
9.5.1 The ansysmesh and psimeshmodules. . . . ... ... ...... 139
9.5.2 Theboxmeshmodule. . . . .. ... ... .............. 139
9.53 Themeshmodule. . . .. .. ... ... .. .. .. ... .. ... 140
9.54 Thenedelecmodule . ... .. ... ... ... ... .. ..., 140
9.5.5 The nedeleprojectionmodule . . . . . .. ... ... ... ..... 141
9.5.6 The nedelead and nedeleadoptmodules . . . ... .. ... ... 143
9.5.7 precon2levelmodule . . . . .. ... ... .. L L 143
9.5.8 postprocessmodule. . . . .. .. L 143
9.5.9 The nedeleelmat and nedeleelmatopt modules. . . . . ... ... 144
9.5.10 The nedeleeval and nedeleevaloptmodule . . . . . .. ... ... 144
9.6 Experimentalresults. . . . .. .. ... ... .. ... 144
9.6.1 SwiftTest. . . . . . . . . . e 144
9.6.2 MonsterTest. . . . . . . . . e e e 146
Conclusions and future work 148
Storage formats for sparse matrices 150
A.1l CSR Compressed Sparse RowFormat . . . . . .. ... ... ....... 150
A.2 CSC Compressed Sparse ColumnFormat . . . . .. .. ... ....... 150
A.3 SSS Sparse Symmetric Skyline Format. . . . . .. .. .. ... .. .... 150
A4 LLLinkedListFormat . . . . . . .. .. . . . . ... . 151
Machines 152
B.1 SunEnterprise E3500 (zuse). . . . . . . . . e 152
B.2 DEC Alpha Workstation (darwin). . . . . . . . .. ... ... . ... .... 152
B.3 HP ExemplarX-Class(sella) . . . . . . ... ... ... ... ... .... 152
B.4 HP Exemplar V-Class (tornado) . . . . .. ... .. .. ... .. ...... 153
B.5 HP-Superdome (stardust). . . . . . . . .. . .. e 153
B.6 IntelParagon. . . . . . . . . . . . .. ... 154
B.7 IBMSP/2 . . . . e 155
B.8 Linux Workstation Cluster (asgard). . . . .. ... ... ... ........ 155
Model problems 157
C.1 Laplace probleminacuboid . . .. ... ... ... ... ... .. .. ... 157
C.2 Maxwell's equationsinacuboid . . . . ... .. ... ... ......... 157
Grids 159
D.1 Rectangular brick shapedcavity . . . . .. ... ... ... ......... 159
D.2 Eight-shapedcavity . . . . . . . . . . . e 161
D.3 SLAC acceleratorcavity. . . . . . . . . . 0 i i e e e 163
D.4 ACCELcyclotron. . . . . . . . . e 163

Matrices



Vi

F Element matrices 168
F.1 Element matrices for Problem|. . . . .. ... ... ... .. ... ..... 168
F.2 Element matrices for Problem I

F.2.1 Element matrices for@delec vector elements



1 Introduction/Overview

In this thesis we deal with the computation of electromagnetic oscillations in cavities of particle
accelerators. This problem has several aspects that have to be understood in order to develop
software for efficiently calculating the desired electromagnetic fields. These aspects include
mathematics, physics, computer science and numerical analysis.

The following paragraphs introduce the different aspects. The chapter continues with a list
of our aims for this dissertation. The introductory chapter concludes with a paragraph describing
the organisation of this thesis.

1.1 Design of Particle Accelerators

The common way to produce accelerating electromagnetic fields in cyclic accelerators like the
one represented beldis to excite standing waves in accelerating cavities.

The mathematical model for these high frequency electromagnetic fields is an eigenvalue prob-
lem derived from the Maxwell equations [1]. Usually, the eigenfield corresponding to the fun-
damental mode of the cavity is used as the accelerating field. A few modes of higher order have
to be analysed as well because these modes can be excited due to higher harmonic components
contained in the RF (radio frequency) power fed into the cavity and also through interactions
between the accelerated particles and the electromagnetic field. The RF engineer designing such
an accelerating cavity therefore needs a tool to compute the fundamental and about 10 to 20 of
the subsequent eigenfrequencies together with the corresponding electromagnetic eigenfields.

1590 MeV Ring Cyclotron at Paul Scherrer Institute



2 Introduction/Overview

The most interesting quantities besides the eigenfrequencies are local maxima of the eigen-
modes as well as the fields on the surface that induce heat in the metallic boundary and deter-
mine the power loss from surface currents.

For our calculations we assume perfectly conducting walls and vacuum in the interior. By
means of a time-harmonic ansatz for the electric and the magnetic field and by elimiHating
one obtains the following form of Maxwell's equatiorg [

rotrote(x) = \ e(x), x €, M= w?/c, (1.1a)
dive(x) =0, x € (2, (1.1b)
nxe=0, xel. (1.1¢)

e(x) represents the amplitude of the electric field at positandc is the speed of light. We
are interested in the 10 to 20 solutions dflj with the lowest eigenfrequencies

1.2 Applying the Finite Element Method

We discretise 1.1) using the finite element method (FEM). The interior of the cavity is ap-
proximated by a tetrahedral mesh. To implement the divergence-free conditids, (two
approaches, thpenalty methodind theNécklec finite element discretisatipare established
[45]. Both of them are investigated in this thesis.

The Penalty Method Inthe penalty method ordinary nodal elements are used. If the divergen-
ce-free condition was omitted, one would get the desired divergence-free eigensolutions, but
also undesired solutions (spurious modes) with non-vanishing divergence, which are spread
over the entire spectrun3§|.

To enforce the divergence-free condition, a penalty term that increases the eigenvalue of the
spurious modesAp|[ 1][45] is added. If the penalty term is chosen large enough, the region of
interest of the spectrum is free of spurious modes.

This approach yields a matrix eigenvalue problem

Ax = \Mx,

where bothA and M are symmetric positive definite.
The desired, smallest positive, eigenvalues are extremal and can be computed using a shift-
and-invert spectral transformation.
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The Neédklec finite element discretisation In this approach Bcelec vector finite elements,
which were designed for solving problems containingitberot-operator, are useé4.
This approach yields a matrix eigenvalue problem

Ax = \Mx,

where bothA and M are symmetric.M is positive definite, whileA is only positive semi-
definite. The dimension afl’s null space is huge, about a sixth of the orde4ofThe vectors

in the null space ofdA correspond to those functions in th&dglec finite element space that
have non-zero (discrete) divergence. So, all eigensolutions not satisfying the divergence-free
constraint correspond to the eigenvalue zero.

Thus, a few of the smallegisitiveeigenvalues, together with the corresponding eigenvec-
tors, have to be computed. In contrast to the penalty method, the sought eigenvalues are no
longer extremal. We present several approaches, how the desired eigensolutions can be com-
puted efficiently. Some of them exploit the knowledge of a sparse basis of the null space.

1.3 Methods and algorithms

Numerous algorithms for solving the generalised matrix eigenvalue problem are available.
However, since our matrices are sparse and can get very large (srdéf), our choice of
algorithms narrows down to methods that preserve the structure of the matrices and access them
only via matrix-vector multiplications. Since we are only interested in a very limited number of
eigenpairssubspace methodse ideal for this task.

Subspace methods are iterative methods, that bsiéchech subspadeom which the eigen-
vector approximations are selected. In the symmetric case, this is usually done using a Rayleigh-
Ritz step. In each iteration the search subspace is expanded by one or more new search direc-
tions. Restarted subspace methduosit the dimension of the search subspace by discarding
some search direction periodically.

In this thesis we focus mainly on the Jacobi-Davidson eigensab@r Ve propose a vari-
ant called JDSYM, which is optimised for the generalised symmetric eigenvalue problem. As
a second method we use is the Implicitly Restarted Lanczos algorithm (IRL). We compare the
performance of both these restarted subspace methods by the means of numerical experiments.

We study a number of preconditioners, which we use to speed up the inner iterations. Apart
from Jacobi, SSOR and incomplete factorisation preconditioners, we also diseusshi-
cal basis preconditionerghat exploit the hierarchical organisation of the finite element basis
functions.

We also focus on the sparse matrix-vector multiplication. This numerical kernel uses up to
80% of the total computation time, but unfortunately runs very ineffectively on modern RISC
based processors. We discuss optimisation techniques, which improve the performance of this
kernel and also describe its parallelisation using message-passing.

1.4 Scripting Languages in Scientific Computing

In scientific computing, software is traditionally developed using compiled languages for maxi-
mal performance. Fortran and C are the most widely used languages. However, for most appli-
cations the time-critical portion of the code, that requires the efficiency of a compiled language,
can be organised in a small set of well-defined functions. Implementing the remaining part of
the application using an interactive and interpreted high-level language has many advantages:
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> Thanks to the high-level data types and the dynamic typing make, software is easier and
faster to develop. The language assists the programmer in focusing on the problem, in-
stead of on implementation details.

> Since the language is interpreted, turnaround times are substantially reduced.
> Interactive languages help the user to solve the problem in an explorative manner.

> High-level languages offer better possibilities for code sharing and code reuse. Itis in
general easier to combine modules and construct new applications.

In this thesis we study this mixed-language programming approach. All sparse and dense
linear algebra routines, including iterative solvers, preconditioners, sparse matrix factorisations
and the eigensolver are implemented in C. The input/output routines, the computational steering
and the finite element application are implemented in Python.

Python offers some appealing features which make it ideal for our purposes: It combines
remarkable power with very clear syntax. It has modules, classes, exceptions, very high level
dynamic data types, and dynamic typing. Python code can be easily interfaced to C or C++
code.

1.5 Aims of this thesis

The aim of this project is to develop software for efficiently and accurately computing electro-
magnetic oscillations in cavities of particle accelerators. The thesis tries to find answers to the
following questions:

> Which type of finite element discretisation is best suited to solve the Maxwell eigenvalue
problem?

> How can the indefinite eigenvalue problem stemming from the discretisation wikl &
vector finite elements be solved efficiently?

> How does the performance of IDSYM compare to the performance of the well-established
IRL method for our symmetric generalised eigenvalue problems?

> How big is the performance penalty that has to be paid if the mixed-language program-
ming approach with Python is used for solving the Maxwell eigenvalue problem?

1.6 Organisation of this thesis

Chapter2 describes the scalar Laplace eigenvalue problem. We are not really interested in its
eigensolutions. Instead we illustrate the finite element method (FEM) and introduce coordinate
transformations and basis functions by the means of this problem. These are then used in Chap-
ter 3, which describes the Maxwell eigenproblem and introduces two types of finite elements:
nodalandNeécklec vectorelements. In the same chapter we also deal with the implementation
of the boundary conditions and the divergence-free conditions of the Maxwell equations and
conclude with a comparison of the finite element types.

Chapter4 describes, how we compute the desired eigensolutions (10 to 20 sfrthkest
positive eigenvalues with the corresponding eigenvectors) of the matrix eigenvalue problem
stemming from the finite element discretisation.
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The eigensolvers themselves are described in Chaptéhe Jacobi-Davidson algorithm,
along with its relatives, the JOCC and the Davidson algorithms, and the Implicitly Restarted
Lanczos algorithm are discussed. We thoroughly describe JIDSYM, which is our implementa-
tion of the Jacobi-Davidson algorithm.

In Chapter6 we give a brief overview over the iterative methods we used for solving the
inner linear systems occurring in the eigensolvers.

In Chapter7 we focus on the matrix-vector multiplication with sparse matrices. Several
optimisation techniques, as well as the parallelisation using message-passing are presented.

In Chapter8 the preconditioners we used to accelerate the eigen- and the linear solvers are
presented and compared.

Chapte9 describes our Python implementation, which consis®y8parsdextensions for
supporting sparse linear algebra) ahg=emaxthe finite element application).

The appendix contains useful reference information: We describe the storage formats we
used for storing sparse matrices, the machines we ran the numerical experiments on and the
analytic solutions of the scalar Laplace and the Maxwell problem for a rectangular box-shaped
domain. In addition there is detailed information on the tetrahedral grids and the global fi-
nite element matrices, that we used in our experiments. Furthermore we list the formulae for
calculating the various element matrices.

Thenumerical experimentsre scattered throughout the document: Chdpteatures some
calculations to demonstrate the advantages and disadvantages of various types of finite ele-
ments. In Chapted the solution methods for the indefinite eigenvalue problem are compared
using a set of experiments. In Chapfewe try to find good values for JIDSYM'’s parameters
using numerical experiments. In Chaptahe effectiveness of the optimisation techniques for
the sparse matrix-vector multiplication is investigated by the means of numerical experiments.
In the same chapter we also present our results for the parallel matrix-vector multiplication.
Speedup figures for six different multiprocessor systems are shown. The efficiency of the pre-
conditioners is evaluated with experiments in ChapteFinally, in Chapte©® we investigate
the overhead of the Python implementation on the basis of numerical experiments. In the same
chapter we report our experience with solving large Maxwell eigenproblems.

If not mentioned otherwise, we used a Sun Enterprise E3500 for the numerical experiments
(cf. AppendixB for precise specifications).
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2 Problem I: 3D Laplace-Problem

The first mathematical problem to be treated is the scalar Laplace equation in a three dimen-
sional domain. Differential equations of this kind can be used to describe e.g. oscillations in

cavities p5, page 396]. Because of its simplicity, this problem is often used as a reference

problem for eigenvalue solvers. In this chapter the derivation of the matrix eigenvalue problem

using thefinite element method described.

2.1 Fundamental equations

We consider the Laplace eigenvalue problem

Au+du=0 u:R*—=R in 2 (2.1a)
u=>0 on ) =T (2.1b)

in an open, simply connected, bounded three dimensional ddmdaigpically, we assume, that
the boundary is composed of polygonal faces. The Probkef) is going to be transformed
into a matrix eigenvalue problem using thaite element metho@FEM).

To apply the FEM, the Equationg.(l) have to be transformed to integral form. We use
Ritz-Galerkin’s methog65, page 45] to this end.

Galerkin’s method and more generally tiiethod of weighted residuaten be described
as follows: The desired functiom shall be approximated as a linear combination of suitably
chosen linearly independent functiofs, . . ., V,,, of the form

0= upNp, w=[ug,...up). (2.2)
k=1
The functionsN,, satisfy the homogeneous boundary conditions and thus are equal to zero on
the boundary” because of4.1b). Therefore, the solutiofi satisfies the boundary conditions
for arbitrary coefficients:,. We call the functionsV,, the global basis functionssince they are
defined on the whole domain.

If Equation @.2) is inserted in the differential Equatiof.(lg a residualR := Au — A\u is
resulting. To solve the eigenvalue probletnlj, we apply themethod of weighted residuals
which requires that the integral ov@rof the residuakR, weighted with certain weight functions,
vanishes.

Equation £.2) containsm parameters, ..., u,,. Thus the condition can be formulated
for m linearly independent weight functions. From tieequations the parameteis can be
determined.

When using theRitz-Galerkin methodl17] the weight functions are chosen to be the basis
functions Vy, ..., N,,. If the weight functions are chosen in this way, then the residual
is orthogonal to the subspace, which is spannedVby. .., IV,,. The resulting approximate
solutionw is optimal with respect to this subspadé].

According to Galerkin’s method we get

/RdeQ:/(AaJr)\a)deQ:O Vi=1...m. (2.3)
Q Q

In view of applying the FEM, it is crucial to eliminate the second derivatiés p. 46]. We
apply Green’s formuld[8, p. 578] to £.3) and obtain

j{vaa-ndr—/va.VdeQ+/AadeQ:o Vi=1..m.  (2.4)
r Q Q
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Since the global basis functiodé; satisfy the homogeneous boundary conditions, the surface
integral in €.4) is equal to zero.
The discretised integral form o2(1) is then

Find A € R, a € span{Ny, ... N,,} such that

- - : (2.5)
/Vu-VdeQ:A/udeQ Vj=1...m.
Q Q
By inserting @.2) the followinggeneralised eigenvalue probldmobtained:
Find (M, u=[uy,...,un]) € R x R™such that
“ “ , (2.6)
i=1 Q i=1 Q
Equation 2.6) is equivalent to thenatrix eigenvalue problem
Au = \Mnu, (2.7)
with
Q Q

A is called the globastiffness matriand M is called the globaiass matrix

From the equations for the matrix entri€s ) it follows immediately, that bothA and
M aresymmetric A and M are positive definite The quadratic formsa” Au andu’ Mu
correspond to the integralf, VaVa dQ2 and [, a* dQ2, both of which are positive fofi #
0 A (@=0onT).uis defined by

u = [uy,...,uy,] with ﬁ:Zuka.
k=1

2.2 Exploiting symmetries

If the domain( is symmetric, the later calculation effort can be reduced, by cutting the domain
along its symmetry plane. The differential equation is then solved only over one half of the
domain. The boundary conditions at the symmetry plane are not definite. The conditién

as well as the conditio@% = 0 lead to valid, symmetric solutions of Equatich). Therefore

two eigenvalue problems with different boundary conditions must be solved in order to obtain
all solutions of the original problem. Should several symmetry planes exist, then the eigenvalue
problem has to be solved for all possible combinations of boundary conditions. E.g. for three
symmetry planes eight eigenvalue problems have to be solved. Nevertheless it is worthwhile
exploiting the symmetry planes, because firstly, the eigenvalue problems are much smaller, and
secondly, the smaller eigenvalue problems are better conditioned due to a better separation of
the eigenvalues. Solving all small eigenvalue problems is more economic, than solving the
original large eigenvalue problem.

2.3 Description of the finite elements

In this section we describe how the domain is discretised and how we choose the ansatz func-
tions to approximate the solution in the tetrahedral elemé&ntdVe also show, how the local

basis functionle.(e) can easily be defined with the aid of affine transformations onto the unit
tetrahedroryy.
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Discretisation of the domain For the practical solution of the eigenvalue problétrd) the
domain(2 is divided into simple sub-domains, the so-called finite elements. This makes the
calculation of the integrals feasible and also simplifies the definition of the global basis func-
tions. In this work, only tetrahedral elements are used for discretising the démaecause

with them arbitrary domains can be approximated easily (cf. Aig8, D.3 andD.5 in the
appendix).

Following the partitioning of the domain into the elements the so-calégplees of freedom
(DOFs) are numbered consecutively. We use the tglotsal basis functiomnddegree of free-
dominterchangeably. Each DOF is also associated with one particular entry in the eigenvectors.
The index of that entry corresponds to the indeaf the global basis functiotv,. Since for
Problem I the DOFs correspond to function values at particular nodes, the DOFs are called node
variables in this case.

Coordinate transformations The formal representation as well as the numerical computation
of the local basis functionsffe) are simplified, if these are defined in the unit tetrahedfpn
(Fig.2.1). They can then be carried over to a general tetrahedron using an affine transformation.
Furthermore, the evaluation of the integrals 2ng] is much easier, if they are transformed to

the unit tetrahedrofiy,.

Figure 2.1:Unit tetrahedron

The affine transformation can be formulated throsghplex coordinatésdefined in the
general tetrahedron shown in Fig.2. In a general tetrahedron the location of a paihis
determined through the four simplex coordinafgs L., L3, L4 [65, p 109]. Each simplex
coordinately, is a linear function inc, y andz. Its value isl at the cornel’, and0 at all other
corners.

Py(x4,y4,24)

P3(x3,93, 23)

Pa(x2,y2, 22)

Figure 2.2:Simplex coordinates in the tetrahedron

2Simplex coordinates are often calledrycentric coordinates
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The simplex coordinates are defined by

Vi Vs V3 Vi
Li=—, Ly=—, L3=— d Lij=— 2.9
1 V’ 2 V7 3 vV an 4 V’ ( )

whereV/] is the volume of the tetrahedrdt?, P; P, V5 the volume of the tetrahedrd?dPs P, P,

V35 the volume of tetrahedroR P, P, P,, V, the volume of the tetrahedradfP, P, P;, andV the
volume of the entire tetrahedron with

V=Vi+Va+Vs+ Vi (2.10)
From 2.9) and .10 we obtain
Li+ Lo+ Ls+Ly=1.

This volume can be calculated with the aid of the following determinants:

1 =z y =z Iz y1 o=
111 29 12 2o 1M1 = y =z
V = — ; V - = 9
"T6 1 Ys 23 >T6] 1 a3 Ys 23
1 24 ys 2 1 2y ya 2
I 21 y1 = I 1 y1 =
111 29 9o 2o 1 z2 y2 2
V — , V = — s 211
Tl oy 2 TGl s oys o2 ( )
1 x4 ys 24 1 =z y =z
Iz oy o=
]_ ]_ T2 Yz 29
V—_
6|1 x3 y3 23
I 24 ys 2

The relation between the basis functiaki§’ defined in an arbitrary tetrahedr@h and the
basis functionsV(® defined in the unit tetrahedrdh is given by

N(e) <m7 y? Z) = N(O) (£(x7 y? Z)’ n<m7 y? Z)? C(‘/I;’ y? Z))’

with
f(.’L’,y,Z) = L2
n(a:?yaz) = L3
((x,y,2) = Ly.

According to p5, p. 135] the equations for the back transformation are given by

Tr =T + (ZL‘Q — xl)f + (.173 — Il)n + (ZL’4 — ZL‘l)g
y=v1+ (W2 —y)&+ (yzs —y1)n + (ya — 11)¢ (2.12)
z2=214 (22— 21)€+ (23 — 21)n + (24 — 21)C.
Now let's define the ansatz functions in the unit tetrahedron. For our calculations we use
two different forms: a tri-linear

uO(&,1,¢) = co + 1€ + can + e5C (2.13)
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and a tri-quadratic one

O (£,1,¢) = o+ 1€ + can + ¢3¢
+ 18 4 s + c6C 4 crn + cs€C + conC. (2.14)

However, it is easier to describe the functions as linear combinations of so-called (local) basis
functions. In this manner the continuity between two elements can easily be accomphighed [
page 58].

Linear basis functions in tetrahedra In the linear element, the node points are located at
the four corners of the tetrahedron according to Bi§. The degrees of freedom (node vari-
ables) are the function values at the node points. As basis functions we are using interpolation
functions with the following property:

z

1 T

Figure 2.3:Linear tetrahedral element

O m:,6) #£0 for j =14, and
NO(&,m;,¢) =0 for j #1i.

The (¢;,n;,¢;) are the coordinates at the node points. We define the basis functidis in
satisfying .15, by

(2.15)

N (€,m,¢
N(€,m,¢
N (€, ¢

NP(€,n,¢) =

In an arbitrary finite elemerit,, the basis functions are easiest expressed using the simplex
coordinates defined i,

§—n—¢

—1—
=¢ (2.16)
="
C.

vvvv

Nz, y, 2) = L,

Nz(e)(x,y, z) = Lo (2.17)
Née)(x,y,z) =L .
N{(z,y, 2) = L.
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Figure 2.4:Quadratic tetrahedral element

Quadratic basis functions in tetrahedra For the quadratic tetrahedral element the six edge
mid-points are used as node points in addition to the four corners (cf2Fg. The node
variables are again the function values in all node points. Therefore, a quadratic tetrahedral
element has 10 node variables.

For the selection of the quadratic basis functions there are basically two possibilities to
choose from:

1. Interpolatorybasis functions according to conditiaha {5

2. Hierarchical basis functions0],[9]: The linear basis functionsV”, NQ(O), Ngfo) and
Nio) from (2.16 of the linear element are taken over and supplemented with quadratic
basis functionsNéO), . .foj), which are assigned to the edge mid-points. These six new
basis functions satisfy the interpolation conditi@nl): Each one of the basis functions
N N9 has a positive value at its assigned edge mid-point and a zero value at all
other edge middle points and all corners.

In the context of this work, we are using exclusively hierarchical basis functions, because we
want to use their properties for preconditioning the eigenvalue system. Hierarchical basis pre-
conditioning is described in Secti@3.

The hierarchical basis functions defined in eleni&rdire given by

N =L, N = LiL,
N =L, N = LiLs
N =L, N = L,L, (2.18)
N = Ly N = LoLy
N = LyL,
N = LsLy
One easily verifies that the quadratic functidmg), ce Nfg> satisfy the interpolation condi-

tion (2.15).
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In the unit tetrahedrof;, the basis functionﬂféo), e Nl(g) thus become
Ny (Em Q) =€~ € —n— &
N(Em. Q) =n—n* —&n—n¢
N{(Em Q) = ¢ = ¢ =& —nC
o) (2.19)
Ng"(§,m,¢) =¢&n
NS(€m, €) = &
N (€.m.¢) =nc.
The basis functions/!”, ..., N\” are the same as i2 (L6).

2.4 Piece-wise representation of the solution

We consider the global representation of the solution fundiionthe entire domaim which

is the union of all elements,. The functioni is composed of all functiong® defined in the
elements/,.. Each of the global basis functioi§ is combined piece by piece from those local
basis functionsN,ge), that are assigned to the node variablé-rom this it becomes apparent,
that V; is equal to zero in all but those elements, which have rnadeommon. Itis easily seen
that the global basis function; constructed in this way are continuous.

2.5 Calculation of the element matrices

In this paragraph we are dealing with the calculation of the integrals

NN A0 and / VN - VN dQ,

Te 8

which are used for the calculation of the integrals over the entire dofgiri2.6). To compute
the so-called element matrices these integrals must be evaluated for each &leraatentries
of the so-calledmass element matrice®f® and stiffness element matrice$'® are defined

through
m(e]) = // Ni(e)Nj(e) dedydz and
Te

() _ (e) ()
a; ; —//T VN;7 - VN; 7 dzdydz.

To simplify the calculation, we formulate the integrals o¥fgrusing integrals ovef,. We
apply the coordinate transformation derived from paragtaph

According to .12 and by elementary rules of integral calculation, we replace the volume
elementdx dy dz by

(2.20)

To —T1 T3 —T1 Tg— X1
dedydz =|yo—vy1 ys—11 ya—vy1| dédnd¢ = det JdEdndC.

Z9g —R21 R3—R1 R4 — 21

The Jacobi matrixJ contains all derivatives of, y and z with respect tc¢, n and¢(. From
(2.17) results, that the Jacobi determinani= det J can be calculated through= 6V'.
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Mass element matrix The integrals for the mass element matrix can easily be calculated

through
// NN dzdydz = J /// NON©® dg dpd¢.
T To

It is to be noted, that the integrals ové&g have to be calculated only once. We store these
integrals temporarily in an element matid (©) with

mi) = / / ) NN dg dpdc.
0

The mass element matrices then are calculated from
M = MO,
is printed in AppendiX-. L

(2.21)

(2.22)

The matrixM (¥

Stiffness element matrix For the integrals required for the calculation of the entries of the
stiffness element matrixd®) we are using the generalised chain rul8, [page 278] to convert
the derivatives:

ON© D9¢ ON©9n  ONO© g¢
oxr  0¢ Ox dn Oz o¢ Ox
ON©  oN©o¢ N on oNO 9
_ 9% on 9% (2.23)
Oy 9 gy on Oy 9C Oy
ON© 9N g¢  oN©on IN© o¢
0z  0¢ 0z on 0z oc 0z
The derivatives of, n and( with respect tor, y andz are given by
%:l 23 — 22 Y3 — Y2 %:l T3 —T9g 23— 22
Or  J|za— 22 Ys—Yy2| Oy J|ra—12 24— 20|’
%:l Ys — Y2 T3 — T2
0z J|ya—Y2 Ta— 33|’
@:l Y=Y zm— 2 @:l Z3—F&1 T3 — I
or  J|ya—wy1 24— 21| Oy J|za—2 w4— 11|
n Llzs —x1 y3— 1
A 2.24
0z J|ra—1 ys— 1|’ ( )
%:l 22— Y2— U1 %:l Lo — X1 22— 2
or J|za—21 Yya—wy1|’ Oy J|ra—11 24— 21|’
%:l Y=Y T2— 1
0z  J|ya—ty Ta— 11|
In order to simplify the writing of the following equations we define the coordinate vector
£=(&n,0).

For further transformations the scalar product is expanded:

= / / VNi(e) VNI dz dy dz
Te

9 ON® aN;e) ON© 9N aN'
/// 8x ox oy Oy + 0z 0Oz drdydz.
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By inserting .23 and adapting the volume element we get an expression with integrals over

To,
/// OOND o [0606 0606 0604
= T (%“k 8& Oor Ox Oy dy 0z 0z
For an efficient calculation, we store the integrals that are independent of elements in the auxil-
iary matricesK ;', K¢*, K, K;*, K’ andK?, with

The stiffness element matriz (© is then calculated from

3
06 0§ 0& 0§ 08 &

(e) _ kl Sk VS
A ZK&J[8x8x+8y8y+8zﬁz

(2.26)
k,l=1

Thereby
Klgl _ Klng

holds. The matriceX ', K3*, K¢°, K°, K’ and K¢* are listed in Appendix. 1.

2.6 Construction of the global matrices

This paragraph describes how the matrigdeand M of the eigenvalue problen2(7) are con-
structed.

Matrix Assembly The process of constructing the global matrideand M from the element
matricesA® and M © is calledassembly

The degrees of freedom are numbered globally fiom. m. These global numbers corre-
spond to the row and column indices of the matrideand M .

Apart from the global numbering, the degrees of freedom are also numbered consecutively
element-wise (locally) from ... 4 for linear elements, resp. from. .. 10 for quadratic ele-
ments. For the assembly of the global matrices the mappitig&om the local numbering to
the global numbering is used as follows:

For each elemenf, the entries of the element matrice§® and M® are added up
according to mappinge into the matricesA and M. The individual contributions
Jr. VN, (€) VN ) dx and Jr N ©) dx are accumulated until finally the desired integrals
Jo VN; - VN; dx and [, N;N; dx reS|de in the matrix entries.

This procedure is best iIIustrated using an algorithm:

A=0M=0
for e over all elements
for tioc = 1nelem
for jioc = Linelem
i=T1 (tloc); J = 7(©) (Jioc)
A(ZJ) = A(Z,]) + A(e)(ilomjloc)
M(Z,]) = M@J) + M(e)<i|007jloc)
end for
end for
end for
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Hereneem is the number of local DOFs, which 4 for linear and 10 for quadratic elements.

When usingyuadratic elementthe global numbering is chosen in such a way, that firstly, the
linear degrees of freedom (associated with the corners of the tetrahedra) get the smaller numbers
than the quadratic degrees of freedom (associated with the edge mid-points), and secondly the
numbering of the degrees of freedom at the corners of the tetrahedra are identical with their
numbering when using linear elements. In this way the matutesd M have a2x 2-block
structure(ﬁ; j;;)u = A(}2! 172 )u, whereas the matriced;; and M, correspond to the
global matrices when using the linear elements.

Treatment of the boundary conditions The matricesA andM have been assembled accord-

ing to the above description without consideration of the boundary conditions. The boundary
condition @.10 implies, that the functiom vanishes at the boundary of domédin This then
indicates, that the DOFs; at nodal points on the boundary must take on the value zero. This
amounts to eliminating the respective rows and columns of the matdiGesd M .

Storage format for matrices A and M Since the global basis function§; are different
from zero only in a local area, the matricdsand M, calculated according t@(8), must have
many zero elements.

Itis easily seen, that for regular grids, the number of non- zero elements per line is bounded
by a small constant, that is independent of the mesh size. Thus, the matriaed M are
sparse

Since the matricest and M are sparse and are symmetric, we are usingSyrametric
Sparse SkylingSSS) format$9], which stores all non-zero entries of the lower triangle of the
matrix. A detailed description of the SSS data structure is given in Appenaix

Practical implications with regard to the implementation During the assembly process it
is not feasible to store the matricesand M in SSS format, because then it would be very
expensive to add new non-zero entries. We use the LL format, which is described in detail in
AppendixA.4. The LL format, which stores every matrix row in a linked list of non-zero entries,
has important advantages over the SSS format: Firstly, adding and removing elements is cheap,
and secondly, the total number of non-zero entries does not have to be known beforehand. After
the assembly the LL format can be converted cheaply to the SSS format in a 1-pass scheme.
For the treatment of the boundary conditions it is advantageous to identify the rows and
columns that have to be eliminated prior to the assembly. This information can then be taken
into consideration when assembling the matrices, both to save storing space and to prevent
unnecessary computation.
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3 Problem Il: Electromagnetic waves in cavities

This chapter describes the second mathematical problem, which is being dealt with in this work:
For the design of particle accelerators, electromagnetic fields in cavities need to be calculated.
Using the finite element method, a modified form of Maxwell’'s equations is transformed to a
matrix eigenvalue problem.

Dr. Stefan Adam, Paul Scherrer Institute (PSI), introduced us to this problem. In collabora-
tion with Dr. Adam various approaches to the solution have been worked out.

3.1 Fundamental Equations

As already outlined in the introduction, the mathematical model for the electromagnetic fields
in accelerator cavities is an eigenvalue problem derived from Maxwell’s equations.

For our calculations it is assumed that the metallic surface has perfect conductivity, and that
the interior of the cavity is in perfect vacuum. Under these assumptions the electromagnetic
field can be described by the following (simplified) Maxwell equaticty p.353], 48], [21,

§1.4],

—%%E(x,t) +rot H(x,t) = 0, (3.1a)
dvE(x,t) =0, x€eQ ¢>0, (3.1b)

%%H(x, 1) + rot E(x, ) = 0, (3.1¢)
div H(x, 1) — 0, (3.1d)

whereE represents the electric akfithe magnetic field andthe speed of light. The boundary
conditions result from the perfect conductivity of the surface and demand that the tangential
components of and the normal components Hf disappear, therefore

nxE=0 n-H=0, xel. (3.2)

The vectom is the outer normal td'.
By means of a time-harmonic ansatz #6randH and by eliminatingH, one obtains the
differential equation]]

rotrote(x) = A e(x), x e, M= w?/c? (3.33)
dive(x) =0, x € (2, (3.3b)
nxe=0, x eI (3.3¢)

e(x) designates the spatial componentEik, t) and represents the amplitude of the electric
field at positionx. Solutions to 8.3) exist only for certain eigenfrequencies

As described in Chapte, we form the solution as a linear combination of the global basis
functionsNy, ..., N,,,

k=1
The N, satisfy the boundary conditions

nx Ny,=0, xeTl,
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butdiv N, # 0 is possible.
Equation 8.39 is transformed according to Galerkin’s method into a discretised integral
equation

/Q(rotrote—)\e)-deon Vj=1...m. (3.5)

With the aid of the Nabla calculud 8, page 576] the following equivalence is derivd®|
page 577, rule 3]

(rotrotu)-v = (rotu) - (rotv) + div((rot u) x v). (3.6)

According to Green’s 2nd theorerhq, page 579] and3 6) the double derivatives are eliminated
from (3.5),

/(rot e) - (rotIN;)dQ + j{[(rot e) x N,|-ndl’
Q r

—)\/e-deQ—() Vji=1...m. (3.7)
Q

The surface integral ir3(7) disappears, sind; satisfies the boundary conditiods x n = 0
and therefore vectdrot e) x N, is orthogonal to the outer normal vector
A simplistic approach for solving3(3) is

Find A € R, e € span{Ny,...N,,} such that

/(rote)-(roth)dQ:)\/e-deQ Vi=1l...m
Q Q

(3.8)

If the finite elementdN; would be divergence-free, theB.§) would be a valid approximation
for (3.3). It is however difficult to implement the divergence-free condition practicdi}. [

A simplistic procedure would be to use ordinary node based finite elements and to omit the
divergence-free condition. One would then get the desired divergence-free eigensolutions, but
also undesired solutions with non-vanishing divergence.

These undesired solutions (so-called spurious modes) are spread over the entire spec-
trum [38] and therefore cannot be identified through their eigenfrequencies. However, it is
possible to eliminate these spurious modes on the basis of the divergence of their eigenfunc-
tions. For this purpose, for all eigensolutidns, e;) the integral, (div e)? is calculated. Using
a threshold value the undesired solutions are then ruledlput |

The procedure described above has several disadvantages: Many of the computed eigen-
solutions are discarded after-wards. Also, the method is mathematically not well established.
The method worked in preliminary experiments, but its reliability is doubtful. Furthermore, the
choice of the threshold value is delicate.

For these reasons, we did not further investigate this method. In Seétidasd 3.3 we
now present two methods, by which the calculatiosmirious modets prevented completely.

3.2 Penalty Method

The penalty method is a variant to introduce the divergence-free conditiGg){46][ 1][45].
By inserting @3.4) into the integral in 8.8) and by adding a penalty term we get theneralised
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eigenvalue problem

Find (A, u=[uy,...,up]) € R xR™ such that
Zui/rotNi -rot N, dQ + sZui/divNidiijdQ
—~ " Jo —~ Ja (3.9

:AZui/Ni-deQ Vji=1...m.
i=1 2

The penalty term, which is used to complement the discretised weak formulatinoply
affects eigensolutions, that are not divergence-free and increases their eigenvalue. If the param-
eters > ( is chosen large enough, the first few eigensolutions with the smallest eigenvalues are
guaranteed to be divergence-free.

It is possible to estimate, how largehas to be chosen at least, such that all calculated
solutions, whose eigenvalue are smaller than the given valaiee guaranteed to be divergence-
free [1]. For this, a lower bound of the smallest eigenvalug,(2) of the negative Laplace
operator—A on {2 needs to be computed (cf. Problem I). Thanm,(2) > v must hold p1].

100

19
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Figure 3.1:Eigenvalues obox8x4x6in the interval (0,100) computed using the penalty method
for0 < s <2,

Fig. 3.1 shows the eigenvalues of the mesbx8x4x6(cf. AppendixD) in the interval
(0,100), which were computed using the penalty method. The penalty paramedges from
0 to 2 on thez-axis. For smalls the interval is contaminated with eigenvalues, that belong
to divergence-afflicted solutions. These eigenvalues grow linearly syithhile the desired
eigenvalues remain constant, i.e. are independentlbfs is chosen sufficiently large, then the
undesired eigenvalues disappear from the intdifzdl00). If e.g. the eigenvalues in the interval
of (0,100) are to be calculated, then= 1.5 is an appropriate selection: In accordance with
AppendixC.1the smallest eigenvalue of the negative Laplace operajoiitw) = %172 and
1.5umin(w) = 100.34. All spurious modes are therefore larger tHaf.34.

Equation 8.9) is equivalent to thenatrix eigenvalue problem

Au = \Mu, (3.10)
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with

Qi = / rot N, - rot Nj + sdiv N; div Nj d? and
“ (3.11)
Q

From (3.11) follows immediately, that both matrice$ and M aresymmetric

The quadratic forms” Au andu” Mu match the integralg, (rot &) + s(div €)* d©2 and
Jo, €% dQ. uis defined through = [uy, ..., u,] with & = 37" | w, N

The integral [, & dQ2 is positive foré # 0. ThereforeM must bepositive definite As
shown in B5, remark 3.9 and 3.10, page 47], the only function, which satisfieg = 0
androt e = 0 and the boundary conditions, is the functién= 0. In other words: a non-
disappearing, divergence-free functiénwhich meets the boundary conditions, can not be
curl-free. Therefore, the integral

/ (rot &)* + s(div é)? dQ
Q
is positive fors > 0 and henceA is positive definite

3.2.1 Finite Elements for the Penalty Method

For the finite element formulation of the penalty method, we are usiulg based tetrahedral
elementsas described in Chaptér In contrast to earlier times, the basis functions are now
vector functions.

For the definition of the basis functions and their integration, we are working again in the
unit tetrahedrorf, and with the coordinate transformation introduced in Secién

We are now introducing two tetrahedral elements: one with linear basis functions and an-
other with quadratic basis functions. The basis functions are sktewarchically as in Prob-
lem I. As node points, we are again using the corners and the edge mid-points (cf. Figs. in
Section2.3). To each node point three node variables are assigned: the three field components
in each coordinate direction. Thus, for the linear element, the vector valued basis functions in
the tetrahedroff}, are defined as follows:

NO 0 0
NO—| o |, NO=[NO)| N%=| 0], i=1,..4 (3.12)
0 0 N©

The basis functions for the quadratic element are defined as

NO 0 0
NO=[ o0 |, NV =[N, N% = 0], i=1,...10 (3.13)
0 0 NO

(2

The N; are the scalar hierarchical basis functions frai€) and .19 respectively, which
were defined for Problem I.
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3.2.2 Element matrices

For the calculation of the integrals i.(L1), mass element matricéd ), curl element matrices
A® and divergence element matricB&® are used. They are defined as follows:

m\e = / / N . N dzrdydz, and (3.144)
Te

a\) ::j(/)[ rot N© . rot N dzdydz, and (3.14b)

nt) = / / / div N div N dz dy dz. (3.14c)
Te

Mass element matrix In the computation of the mass element maiviX®' the basis functions
corresponding to different coordinate directions do not interact. Therefore the mass matrix has

the form
MO 0 0

MY9=Jg o MO o |, (3.15)
0 0o MY

whereM (©) is the element matrix defined i&.¢2).

Auxiliary matrices  To facilitate the calculation of the curl element matrices and the diver-
gence element matrices, we introduce some auxiliary matrices.
In order to simplify the notation, we are using the coordinate vectors

X:(gj’y72) and €:(§7H7C)

as in Chapte®.
We define the matrice&K ', K**, K**, K!*, K3 UN K?*, which contain the integrals
overT,. Their entries are calculated according to the formula

N oN©
kgli.:///a_l Iodx, 1<1<k<3 (3.16)
" T al’k axl

Using the generalised chain rulé§ page 278] the matricek'\', K**, K* 6 K!?, K* and
KZ’ can be calculated from the element independent mathicgs K¢, K¢*, K;°, K’ and
K7, which were defined in.25. First, we define the Jacobi matfik with the derivatives of
&, n and( with respect tar, y andz,

¢ ¢ ¢
ox y 0z
The elements ot ot
=, 1<i,j<3
Vjj &Uj <1

are constant and are resulting froth44). Y satisfies
Ydx = d¢ and Jd¢€ = dx andtherefore ¥ =J '
The matricesK*! can now be calculated from linear combinations of K¢

K= Y vguaKy, 1<1<k<3. (3.18)

1<r,s<3
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Curl element matrices The curl element matrixA(® is defined in 8.14H. The integrand
in (3.140 is expanded as follows:

t Nz tN. = 2,2 J,% 2,2 Jr 1,T iy iz .z
ro rot IN; dy Oy + 92 0s 9y O o

Oniy Onjy  Oniy Ongy 0Ny Onje — Oniy Onj.

oxr Ox 0z 0z ox Oy 0z Oy

8ni,z 8nj,z 8ni7z anj,z ﬁni,z 8nm 8ni,z 8nj,y

ox Ox dy Oy ox 0z oy 0z

Then, ., n;,, n; . are the components of the basis functi@ﬂ@.

Due to the definition of the basis functioNée) in (3.12 and .13 most of the terms are
zero. The curl element matriA® also has &x 3-block structure,

KiQ 4 Ki?) _K}CQ _Kpl(?)
A9 =g —-r?» KI4K3® _K® (3.19)
_Kil _KiQ K)lcl 4 K)Q(Q

with
KF=KMT  1<i<k<s

Divergence element matrix As for the curl element matrix the integrand of the divergence
element matrixV‘® in (3.149 can be expanded:

ONig 0Ny  OnigOnj,  Oniy0n,,
Oxr Ox oxr Oy Jxr 0z
OniyOnj,  Oni,0Ong,  Ong,on;,
Oy Ox dy Oy oy 0z
on;.0n;, On;,0n;, On;,0n;,
0z Ox 0z Oy 0z 0z

div ]NvZ div Nj =

Again the divergence element mati&® can be represented irBa 3-block structure with
the aid of the matrice&k ', K2*, K2*, K?, K* and K2*:

K}l{l K}l{QT K}l{3T
N© —J K2 K2 KiST _ (3.20)
K;lcg Ki3 Ki?,

3.2.3 Construction of the matrix eigenvalue problem

The assembly of the global matrices and M is done according to the same scheme as in
Problem | (cf. Sectior2.6). Keep in mind that by suitably numbering the degrees of freedom,
a matrix eigenvalue problem withx 2-block structure( 41 412 Ju = A( 37! 1712 )u emerges, f
guadraticbasis functions are used. Then the matridgs and M ;; correspond to the global

matrices using linear elements.
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3.2.4 Boundary conditions

In this section we show how the boundary conditions are implemented. If all facearefpla-

nar and orthogonal to each other, and are also oriented coordinate direction, only the respective
degrees of freedom need to be eliminated. In all other cases a considerable amount of effort
Is needed, in order to treat the boundary conditions correctly. This is one of the reasons, why
vector elements, as discussed in Chaptgrare being used instead of the penalty method (with
node elements).

Two different types of boundary conditions may occur: At perfectly conducting surfaces of
the cavitye x n = 0 holds. Here, the electric field is orthogonal to the surface. On symmetry
planes eithee x n = 0 ore - n = 0 hold (electric field is tangential to the symmetry plahe)

For the implementation of the boundary conditions five cases are distinguished, and they all
need to be treated differently:

1. Boundary points witlke x n = 0, which are located on a physical edge corner on the
surface.

2. Boundary points witle x n = 0, which arenot located on a physical edge or corner on
the surface.

3. Boundary points witle - n = 0, which reside on exactly one symmetry plane.
4. Boundary points witle - n = 0, which reside on exactly two symmetry planes.

5. Boundary points witte - n = 0, which reside on three or more symmetry planes.

Boundary points with e x n = 0, which are located on a physical edge or corner on the
surface The electric field needs to be orthogonal to both (resp. all three) bordering surfaces.
This is only possible, when the electric field disappears completely at these points. All three
degrees of freedom, which correspond to the three field components in such a point, will be
eliminated, i.e., the respective rows and columns are deleted from the matraed M .

Boundary points with e x n = 0, which are notlocated on a physical edge or corner on the
surface Here the electric field is orthogonal to the surface. The surface normal vector at the
boundary point is generally not known. However, it can be approximated by different methods:

> using the normal vector of any adjacent surface triangle
> using an “average”, formed by the normal vectors of all adjacent surface triangles

> using Newell's formula, a method used for determining the normal vector to a plane.
A 3D-polygon is given by three or more vertex points, which lie (or almost lie) in this
plane R7, page 476-477].

To simplify matters, we decided to use the second variant. For calculating the normal vector
at a boundary point, we use the formwa= ) . n;/|| >, n;|». Then,; are the normal vectors
of the adjacent boundary faces.

3Cf. Section2.2
4Physical edges are located on the surface of the dofhaliney are not the edges, which are simply introduced
by mesh generation.
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Lete = (e1 es e3)” be the electric field and let = (n, ny n3)” be the approximated surface
normal vector at the boundary point. Then'n; = es/ny = e3/ns holds. If one of the:; is
given, the other two are resulting thereof. So there is only one degree of freedom left at such a
boundary point.

So if (without loss of generalityy, is given, there, ande; are obtained by

€2 = —€1 = (€1
ny
and
ns
€3 = —€1 = C3€1
ni

Without loss of generality we assume thatandu, are the degrees of freedom which corre-
spond toe; ande,. u, shall now be eliminated from the FEM-calculation.
The functionu is approximated by

k=1

TheN, are the global ansatz functions. For each i@fithe matrix eigenvalue problem

n

n
E aijuj :>\ E mijuj
s=1

s=1
holds. This can be expanded to

Z((rot N;,rot N;) — A(N;,N;))u; = 0.

s=1

Here we are using the notatigf a - bdx = (a, b).
We now introduce the conditiom, = cyu; into the calculation.

[(rot N;, rot N; + ¢y rot Ny) — A(N;, Ny + ¢oNo)ug + Z RR—

s=3

Due to the linearity of theot operator

[(rot N;, rot (N + ¢,N3)) — AN, Ny + No)ug + Y -+ =0

s=3

holds.
N; is now replaced bW + ¢;N», andN is eliminated N; + ¢, N, is linearly independent
of all N, for 7 > 2. Therefore, Galerkin’s method continues to be valid.
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The elimination ofu, can be carried out using the matrix operations only: Matiis the
matrix that results when eliminating from A. A is computed as follows:

a;1 = (rot(N; + oNy), rot(N; + 2Ny))
= (rot Ny,rot N;) + ca(rot Ny, rot No) + co(rot Ny, rot Ny)
+ c5(rot Ny, rot Ny)
= a1 + c2(a12 + ag) + C§a22
aij; = (rot(N; + c2Ny), rot N;)
= (rot Ny, rot N;) 4 ¢ (rot Ny, rot N;)
= Q15 + C20Q9j
a;1 = (rot N;, rot(N; + ;N»))
= (rot N;, rot N;) + co(rot N;, rot Ny)

= a;1 + Ca0yo

Thus, thec,-fold of the second column is added to the first column, and then.tield of
the second row is added to the first row, or vice versa. Afterwards the second column and the
second row are eliminated from the matrix.

The correctness of this procedure shall be illustrated with entry For the remaining
entries in the first row, resp. first column, the correctness is obvious.

A’ is the matrix created by adding tlhe-fold of the second row to the first row of:

a’u = ay + ca;  and a’12 = ay2 + C2a992.
After the subsequent addition of the-fold of the second column of A to its first row we have

~ ! !
= a11 + Caa91 + c2(a1a + c2a22)

2
= a11 + c2(a12 + ag1) + czas.

The matrix operations which are necessary to eliminate the degree of fregdem also
valid for matrix M. The derivation can be done by analogy.

This procedure can be applied to eliminate any degree of freedom. It can be shown that
several degrees of freedom can be dealt with independently, according to the scheme mentioned
above.

By eliminating the degrees of freedom, no new non-zero elements are created in the matri-
cesA and M, since the three degrees of freedom of a grid point always belong to the same
elements.

Pivoting When treating a boundary point, one has the choice to eliminate any one of the
three field components. To ensure that the condition numbers of the matrieesl M are
not substantially degrading, it is advisablentat eliminate the component showing the largest
magnitude in the normal vector. By this choice, multiples with a factor less or equal than
one of the rows and columns to be eliminated are added, sinseg, ,,, ., [n2/n1| = 1, for
n? +n3 + n3 = 1 and|n,| > |ns| > |ns|. This ensures that the elimination will not generate
arbitrarily large entries in the matrix.
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Boundary points with e - n = 0 on exactly one symmetry plane For each boundary point
of this kind three orthonormal vectors, n, andns are determinedn; is orthogonal to the
symmetry planen,; andns are tangential to it.
Letu be the electric field at such a boundary pointan be expressed as linear combination
of n;:
u = (ny,ny, n3) W.

The w; are the components af with respect to the basi:;, ny, nz). Since the electric
field is tangential to the symmetry plane, is equal ta). Forw, andws we get

W92 = INNoUu

W3 = N3zu.

The old degrees of freedom, u, andus are eliminated and replaced hy andws. Similar
to the section above, the respective linear combinations of the matrix rows and columns are
formed.

Boundary points with e - n = 0 on exactly two symmetry planes A boundary point of this
kind is located on the line of intersection of two symmetry planes. Since the electric field must
be tangential to both symmetry planes, it has only one component in the direction of the line of
intersection.

Let u be the electric field at such a boundary point anchlee the normalised direction of
the line of intersection. The degrees of freedemu,, andus are being replaced by the degree
of freedom

w=nmn-u.

Boundary points with e - n = 0 on three or more symmetry planes A boundary point of
this kind lies at the intersection of three or more symmetry planes. Since the electric field must
be tangential to all symmetry planes, it has to disappear.

All three degrees of freedom that belong to such a boundary point are eliminated.

3.3 Mixed method

The node elements together with the penalty-method as presented in Se2t@ve the dis-
advantage that the boundary conditions can only be included into the calculation with a consid-
erable effort 5, page 231] (cf. Sectiof.2.4). Also, choosing the penalty parametemay be
a problem. This motivates to use so-calléeelec vector elemen{§4]. With vector elements
the degrees of freedom are not assigned to function values at certain nodes, but to moments
(integrals) over edges, faces and volumes. The elements are oftenatidle@lementss the
DOFs of the lowest order basis functions are associated with edges.

We start directly from the discretised integral formulati@g]. It turns out that by using
the vector elements discussed in this section, all divergence-afflicted solutions (spurious modes)
belong to the multiple eigenvalue zero and the matrix on the left hand side8ih@s a non-
trivial null space. Furthermore, the vectors which span this null space can be calculated with
little effort [4, 5]. This will be discussed further in Secti@n3.5
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3.3.1 Description of the vector elements

The degrees of freedom of the linear and the quadratic vector elements are assigned to the edges
and faces of the tetrahedral element. The numbering of the nodes and edges we use is indicated
in Fig. 3.2. We number the faces sequentially as follois:2, 3), (2, 3,4), (1,3, 4), (1,2,4)°.

Figure 3.2:Numbering of nodes and edges

For the definition of the basis functions we are using the scalar fundlipns L, as defined
in (2.9), which supply the respective simplex coordinate in dependenegyodndz.

The linear functior’; has valud at the tetrahedron cornéand value) at all other corners.

The gradientsVL, ...V L, areconstantvectors. VL, is orthogonal to the tetrahedron face
L; = 0, i.e. the face opposite to the cornBr. VL, points from that face in direction of the
cornerpb;.

The basis functions of the vector elements are defined in such a way that the tangential
components of the representable field are continuous across the element boundaries. The normal
components may jumpBp]. For this reason, the elements are also catlethential vector
element$54], [79].

We use vector elements of ordeand2. They are described in the following two sections.

Linear vector element We define the six basis functions of theear vector elemenas fol-

lows [66)]:
N = L,VL, — L,VL,
NS = L, VLs — L3V L,
NY) = [, VLy — L4V,
N = L,VLs — LyV L,
N = LyVLy — L4V Ly
N = L43VL, — L,V Ls.

(3.21)

HereN'” is assigned to edge As an exampl&N!” is shown in Fig3.3
We now derive some properties of the six basis functions:

Directed degrees of freedom The basis functions of the forth,VL; — L;VL,; depend on the
direction of the edge. If the orientation of the edge is reversed, i.e. the indicek are
swapped, then the three components of the corresponding basis function change the sign.

5The three numbers in parentheses represent the numbers of the corners belonging to the face.
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Figure 3.3:Nedelec basis functioNﬁe)

The direction of the edges are defined both locally and globally. The direction of the local
degrees of freedom is indicated in F&J2 using arrows.

The edge directions have to be considered at two places:

1. During the assembly of the global matrices, when contributions to the integrals from
different elements are added up: If the local edge orientation does not match the
global edge orientation, the element matrices have to be adjusted accordingly before
adding them to the global matrices.

2. When building the sparse matr¥: The entrieg);; depend on the orientation of the
edges (cf. Sectiof.3.9.

Divergence-free interior It turns out, that the divergence of the basis functlwﬁé e)

vanishes in the interior of the tetrahedral element,
because the double derivatives of the linear functions are equal to zero.

Constant tangential component Without loss of generality we show this and the next property
only forNge). Lete; be the unit vector that points from nodlén direction of node. Let
I, be the length of edgé. We now calculate the dot productef andV L,: Let vy be the
angle betweer; andV L, and leth; be the distance between notdand face(2, 3,4).
From the definition of the dot product follows that- VL, = -~ 0057 We now consider
the triangle(1, 2, H,), whereH, is the point nearest to the plal(lmi% 4). The straight
line from nodel to H, is collinear toV L.
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H,y

The figure on this page shows tr%t: sin(m/2 — ) = — cos .

From the above considerations follows, teat VL, = —1/l;. Similar considerations

show, thate, - VL, = 1/I;. Thereforee, - N§€> = LlZLQ = 1‘Ll31‘L4. Along the edgd

we havee; - Nf) = 1/1;, becausd.; and L, are equal to zero there. That means, that the
basis functiorNge) has aconstant tangential componeaibng edgd.

No tangential components on other edges NP has no tangential component on the faces

(1,3,4) and (2,3,4). It immediately follows, thaﬂ.\Ige) has no tangential component
on all edges except

Non-uniform polynomial degree Often the functionsN{” ... N' are called aCT/LN-basis
because they can represent a field with constant tangential components and linear normal
components at the element boundari&g.[ Thus the representable vector fields do not
have the same polynomial degree in each direction.

Quadratic vector element For thequadratic vector elemente are using hierarchical basis
functions as we have done for Problem |. Thus the first six basis functions are adopted from the
linear vector element.

The basis function®” ... N9 are also assigned to the eddes .6 [66],

N = [,VLy + LoV,
N = L, VLs + LsVL,
N = L,VL, + L,VL
g() | 1Viy 4V 1L (3.22)
N = L,VLs+ LV L,
N\ = L,VL, + L,VL,

N = LyVLy + L,V L.

As an exampleN'” is shown in Fig3.4.

The properties of the basis functiohéf) ...Ng? are different from those of the first six
basis functions. Their tangential component is no longer constant on their assigned edge. To-

gether with the function®'® ...N{” one would get a complete linear polynomialy andz
for each field component.

The functionsN(f) . .N(IZ) are not divergence-free in the interior of the element, since

V(L,VL; + L;VL;) = L;VVL; + L;VVL; + 2VL,VL; # 0.
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Figure 3.4:Nedelec basis functioN(f)

They are howeveturl-freein the interior, since

To define the remaining basis functioNﬁ? . .Néj), three out of four of the functions,
..L4 are used at a time. They are therefore assigned to a face of the tetrahedral e€inent [

13 = VL LyLs, N9 = VL, LyL, N = VLy L Lo, (3.23)
14 = VL, LyLy, N\ = VL3 LyLs,, N = VL, LyLs, (3.24)
15 = VLs LyLy, N\ = VL, LLs, N = VL, LyLy, (3.25)
N9 = VL, LiLs, N = VL, LyLy, N = VL, L,L,. (3.26)

As an exampleN'? is shown in Fig3.5.

The vector fieldsVL; L;L, i # j # k, areunidirectional It is orthogonal to the face
opposite of corneP;. On both faces adjacent to edgek ), the field has a quadratic component.
On the other two faces the field vanishes.

Out of the three degrees of freedom assigned to a face, one is arbitrarily chosen and elimi-
nated p6, page 299], since their tangential components are linearly depe@nt his choice
cannot simply be done element-wise. It has to match with the corresponding DOF of the neigh-
bouring element. Therefore we initially compute the element matrices 2t Aksis functions.

Only after the global numbering is known, we can eliminate one degree of freedom per face.

The functionsNge) . .Ngj) are often referred to asla/QN-basissince they can represent
fields with linear tangential components and quadratic normal comporghts [
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Figure 3.5:Nedelec basis functioN'?/

3.3.2 Calculation of the element matrices

The mass element matrix ) and the curl element matriA(® are used to calculate the inte-
grals in the discretised weak formulatioh ). They are defined as follows:

m{?) = / / N© . N dgdydz, and (3.27a)
T.
az(;) = /// rot N . rot Ng;) dzdydz. (3.27b)
T.
We now describe how we compute these element matrices in practice.

Mass element matrix We exemplify the calculation of the mass element matrix for matrix

entrym\?):
m§§) = /// Nf) -Nge) dxdydz

(3.28)
= /// (L1VL2 — LQVLl) . (L1VL3 — L3VL1) dx dy dz.
Expanding the formula and factoring out the constant gradi€iitsyields
m\) = VL, Vis /// L1 Ly dzdy dz
+ VLl : VLl /// L2L3 dx dde
¢ (3.29)

- VLl . VLg /// LlLQ d.ﬁEdde
Te
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Since the integrands ir3(29 contain only scalar quantities, the transformation of the integrals
overT, into integrals ovefly is straight-forward. E.g.

J
Ly L =
///T oLsdrdydz = 120"

J is the determinant of the Jacobi matrix, as defined on pagé&hus formgeg) we get

J J J J
m12 = VLQ VLg— —+ VLl Vle — VLl VLQE — VLl VLg 120
To simplify the calculation ofv(®), we store the gradienf§ L; and their inner products. We
store the constant gradierNg.; in the vectorg, ..., gu:
g, =VL,. (3.30)

We store the dot products of thegin G ¢ R**4:

9ij = 8i " 8j- (3.32)

We also need to know the integrals([[, L;L;dx, [[[. LiL;jLydx and
fffT L;L;LyL;dx. They can all be computed using the well known volume integration
formula for simplex coordinates,

/// [PLALILS dx dy dz = 6V pigir's! (3.32)
s Y Y g+ s+ 3) '

Using this information the entries d¥/( can be computed efficiently. E.g. matrix entry
mq2 IS then calculated by

mig = J/120(g11 — g12 — G13 + 2993)-

A complete list containing the formulas for all entries is given in Apperidix1

Curl element matrix  The curl element matrixd® is defined by

ag? = /// rot Nl(-e) -rot NS-E) drdydz.

Using the nabla calculus, the curl of the basis funcigrcan be calculated:

V x (L;VL; — L;VL;) = 2(VL; x VL;) (3.33a)

As can be seen fron8(33), the vector cross products of theéL,; are needed to calcula.téj).
We store the vector cross productscin. . .cg

Cp = VLl X VLQ, Cy = VLl X VLg,
C3 .= VLl X VL4, Cyq = VLQ X VL3,
C; = VLQ X VL4, Cg :— VL3 X VL4

(3.34)
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Their inner products are stored @ € R%*¢,
Cij -= C; - Cj. (335)

For the calculation of the!?, the following special cases 0332 are needed,

i !

/// dxdydz:i and /// Lidxdydz:i. (3.36)
T 6 3 24

We exemplify the calculation of the curl element matrix for the enﬁf%:

a113—/// rotN rotN d:cdydz

[L3(VL2 X VLl) + LQ(VL3 X VLl)] dz dy dz

= -2 (011/// Lgdxdydz+clg/// Lgdxdydz)
€ TE

= —J/12 (CH + 612).

(3.37)

The other matrix entries can be computed using the same scheme. A complete list containing
the formulas for all entries is given in Appendi2. L

3.3.3 Matrix eigenvalue problem

In this section we transform the integral Equati8rg] into a matrix eigenvalue problem of the
form Au = AMu. The global matricesA and M are defined by

a;j /rotNZ rot N;dQ2, and

/N -IN; dQ.

The matrix assembly is realised using the same scheme as for Problem | (cf. Segjtidin
Is to be noted that with an appropriate numbering of the degrees of freedom, the resulting matrix
eigenvalue problem shows2a2-block structure,( 41" 41 Ju = A( 372! 172 )u, if quadratic
elements are used. Due to the hierarchical basisAtheand M ; matrices then coincide with
the global matrices when using linear elements.

For the later discussion of the eigensolvers, the properties of the ma#tieesl M are
essential. They shall be derived in this section.

From (3.39 follows immediately thatA and M are symmetric. The quadratic forms
u’ Au and u” Mu match the integralg,(rot €)*dQ2 and [,&>dQ. u is defined through
u= [Ul, . ,'me] with & = Z;nzl upNy.

The integral [, € dS2 is positive foré # 0. ThereforeM must bepositive definite The
integral [, (rot €)* d(2 is positive unles$ is curl-free inQ. In this case the integral is equal to
zero. Thus the matrid is only positive semi-definite

(3.38)
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3.3.4 Boundary conditions

There are two kinds of boundary conditions: On the perfectly conducting sutfaca = 0

must hold. Thus the electric field is orthogonal to the surface there. On possible symmetry
planes, eithee x n = 0 ore - n = 0 (electric field is tangential to the symmetry plane) must
hold.

Boundary condition e x n = 0 The boundary conditior x n = 0 is forcedby setting all
degrees of freedom located on such a boundary surface to zero. This eliminates all tangential
components on the boundary surface, because all remaining degrees of freedom either are zero
on the surface or only have components normal to it.

In practice this boundary condition is implemented by eliminating the corresponding rows
and columns from the global matrices. It is advantageous to identify the degrees of freedom
that are to be eliminateoeforethe matrix assembly.

Boundary conditione-n =0 Let (), e) be a solution of the weak form 08(3),
/rotrote-\IJ—)\e-\Ilszo, (3.39)
Q

for any suitably chosen functiodr. Note that for this discussion we consideand ¥ arbitrary
continuous functions. They are not picked from a restricted FEM function space.
According to 8.7), Equation 8.39) is equivalent to

/rote'rot\Il—/\e-\IldQ—/rot&(n><\I’)dyzo, (3.40)
Q r

for all ¥. If ¥ is chosen s.tn x ¥ = 0 onT, then the surface integral vanishes, and Equa-
tion (3.39 is equivalent to

/rote-rot\If—/\e-\IldQ:(),
Q

where (), e) satisfies 8.39. Since the volume integral iB(40 vanishes, also the surface
integral must vanish, thus

/rote-(nx‘Il)dfy:—/(nxrote)-\lld*y:().
r

r

Since the surface integral is zero for any functibn
n xrote=20

must hold and is therefore a natural boundary condition.
According to the time-harmonic Maxwell equations, the magnetic fieid collinear to
rot e [1]. Sinceh - e = 0, the conditiom x rot e = 0 implies

e-n=0>0,

which can therefore also be considered a natural boundary condition.

This means, that we do not need to enforce conditian= 0 on the boundary. Itis satisfied
naturally.

Of course, in the finite element calculatienn = 0 is only satisfied approximately. How-
ever, the finer the discretisation, the better we can expect it to be satisfied.
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3.3.5 Matrix form of the constraint dive = 0

Weak form of dive = 0 As there are no divergence-free finite elements, it is customary to
replace the constraint
dive =0 (3.41)

by
/ dive ¢d2 =0, (3.42)
Q

for all smooth functiong, that are zero on the boundar$.42) is equivalent to

/ e-gradqdQ) = 0. (3.43)
Q

The latter form 8.43 has the advantage, that there are no derivativesmfolved. To this end
(3.43 is transformed into discretised integral form using the method of weighted residuals. The
discretised integral form of3(41) is

/ e-gradg;dQ2 =0 Vj. (3.44)
Q

Theg; are scalar functions, that can be expressed as linear combinations/of theVv,,®

q = ZijNk- (3.45)
k=1

Theg; must have the same polynomial degree agNlhdrom (3.4).

Here we essentially work with two different kinds of finite element approactés:rep-
resented using vector basis functidNs (Nédelec basis functions) and tlag are represented
using ordinary scalar basis function§ (Lagrange basis functions). This approach is there-
fore often called anixed methodor more specifically a mixeNédelec-Lagrange finite element
discretisation

Matrix form of the constraint dive =0 Thus we define the matri& as follows
Q

The matrix form of the divergence-free condition is then

C'x=0. (3.47)

Constructing matrix C from matrix M The matrixC could be assembled in the same way
as the matricesA and M. Element matrices storing the inner products of the vector basis
functionsNEe) and the gradients of the scalar basis functimjﬁ%) as defined in Chaptérhave
to be computed.

We chose a different approach, which leads to a more efficient implementation. We use the
fact that the gradients of th¥; lie in the space spanned by the vector basis functéng35].
We begin by showing this property for a single finite element.

6The scalar functionsV; ...N,, were defined in Chapte?. They are the global basis functions of node
elements.
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Computing grad N,Ee) The gradients of the scalar functiohée) from (2.17) and .19

are representable as linear combinations of the vector basis funNﬁhsThe gradients of
the scalar basis functions have the fo¥ri; or V(LZ,L;) (cf. Equation .18). The necessary
calculation steps are now demonstratedVdr; andV (L Ls):

~N;, — Ny — Ny = L,VL — [1VLy+ LyVL, — L1V L
+L,VL, — L,VL,
= VILy(Ly+ Ly + Ly) — Li(VLy + VL3 + VLy)
= VILi(1— L)) — Li(VLy + VLs + VL)
= VL, — Li(VLi + VLy+ Vs + VL)
= VL

and
N; = L1V Ly + LoV Ly = V(L1 Ly).

Equation 8.48 contains all the formulas required to show, how the gradients of all nodal
basis functions can be computed using linear combinations of the vector basis functions:

VN =V, = -N? - N§ - N{
VN = VL, = +N{” - N{Y - N
VNS = VL= +Ny + N{¥ - N
VN = VL, = +N{” + N{” + N{”
VN = V(L Ly) = N

0 (3.48)

Examining the formulas in3(49, a scheme for calculating tr@NP can be discovered:

The gradients of the linear functioméfe), e ,Nf) are equal to the sum of the three linear
vector basis functions that are associated with the edges connected to the respective node (cf.
Fig.3.2). If the edge point$o the respective node, the vector basis function is added. If the edge
pointsaway fromthe respective node, the vector basis function is subtracted. So, e.g., inspecting
Fig. 3.2 node2 is connected to edgéds 4 and5. Edgel points to node, whereas edgesand

5 point away from node. According to the rule abov&7 N is equal to+ N{” — N{¥ — N*).
The gradients of the quadratic basis functid‘tfg@, ...,N{g> are even easier to compute,

they are equivalent to the vector basis functibh(,é), . .Ng?.
This demonstrates that

grad N € span{N\" ... N9} vi

holds for all elements.
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Going from local to global functions The rules for computing the gradients of the scalar
element basis functions can be extended for the global basis functions:

The gradient of the basis function associated with mesh noglead /N, is a linear combi-
nation of the vector basis functiol$, associated with edges connected to npd&he linear
factors are again eitherl or 1, determined by the direction of the edge. If the edge pdmts
the nodey, the factor isl. If the edge pointaway fromthe nodej, the factor is—1.

Analogous to the above paragraph, the gradient of the (quadratic) basis function associated
with a particular edge mid-point is equal to the (quadratic) vector basis function associated with
the edge, where the same mid-point is located.

Thusgrad N; € span{INy,..., Ny} for all j and furthermore

i=1

The factorsy;; are either—1, 0 or 1 depending on the rules given above. Since Meare
associated with nodes and edge mid-points in the interior of the domain, all connected edges
are also in the interior. Thus, despite certain boundary DOFs are eliminated to implement the
boundary conditions 3(49 still holds.

By inserting 8.49 into the definition ofC' in Equation 8.46) and considering the definition
of M in Equation 8.27), it is obvious that the columns @' are linear combinations of the
columns ofM,

C= M[Y1, <o 7Ym] = MY7 Y = (yllu <o 7ynl)T7 (350)

where the factorg;; form a sparse matri¥” € R"*"<. As shown aboveY can be computed
easily from the mesh data.

Sparse basis of the null space oA An important property of the mixed &€Elec-Lagrange

finite element discretisation described in this section is that

which is now shown:

{AY };; = Z AikYkj

k

:Z/rotNi-rotdekaj
PRRAY

= [ rotN;- rot Ny d€2,
Jrose et Nun,

and due to the linearity of theot-operator

= / rot N; - rot(z Niyi;) dS2,
Q

k

and by inserting Equatior8(49

— / rot N; - rot grad ¢; d(2,
Q
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and sincerot grad ¢; = 0

Thus we have
AY =0. (3.51)

As shown in B5], the sparse matriY” is a basis of the null space ef.

Constrained matrix-eigenvalue problem The constrained matrix-eigenvalue problem now
has the form
Ax = \Mx, C'x =0. (3.52)

SinceY is a basis of the null spad€(A), the constrainC’x = MY x = 0 forcesx to M-
orthogonal toV'(A). The eigensolutions oB(52) are therefore eigensolutions dfx = AMx
with positiveeigenvalues.

Methods for computing the smallest positive eigenvalues3diZ are presented in Sec-
tion 4.2

3.4 Linear or quadratic elements?

In Chapters3.2 and 3.3 linear and quadratic node and vector elements were described. This
section deals with the question, whether linear or quadratic elements should be preferred.

Given a mesh, linear elements have the advantage that they yield global matrices with
smaller order. Furthermore the number of non-zeros per matrix row is smaller. The compu-
tation time is therefore substantially smaller. On the other hand, with quadratic elements more
accurate solutions are computed due to their superior approximation properties. Furthermore,
guadratic elements make it possible to use the efficient hierarchical preconditioner (cf. Sec-
tion 8.3).

Because the linear basis functions are contained in the quadratic ones, it is evident that so-
lutions computed with quadratic elements are always at least as accurate as solutions computed
with linear elements, if the same mesh is Used

In the following numerical experiments we compare the ratio of computation time and the
accuracy of the calculated eigenvalues for all element types.

To this end we use a rectangular brick-shaped dofain (0, 5.2) % (0, 3.3) x (0, 0.77) for
which we know the analytic eigensolutions (cf. Appen@ix on pagel57). We discretise the
domain( using different refinements and compute the ten lowest positive eigenvalues. Us-
ing the analytic solution we compute relative accuracy of the 10th largest eigenvglaad
compare it with the spent computation time.

For this experiment we use the JDSYM eigenvalue solver and a stopping tolerance of
e = 1078 (cf. Section5.22 on pages5). We chose the SSOR preconditioner as described in
Section8.1.2for this calculation.

Fig. 3.6 shows the results for nodal eleméhthe two curves indicate that quadratic node
elements are far superior for all mesh sizes.

"This observation is however only exact for nodal elements. Due to the consiiraint= 0, the function space
spanned by the linear basis functions is not contained in elements the function space spanned by the quadratic basis
functions with vector elements.

8For the penalty parameter we chose: 1.5.
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Figure 3.6:Relative accuracy ok, vs computation time for node elements

Fig. 3.7shows the results for vector elements. To compute the smallest positive eigenvalues,
we used the AD-method (cf. Sectidn2.3. The two curves show that quadratic elements are
superior to linear elements for all relevant mesh sizes. Only for very coarse meshes, linear
elements seem to be the better choice.
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3.4.1 Upshot

The results in Figs3.6 and 3.7 clearly indicate, that quadratic elements are to be preferred
over linear elements. The possibility to use the hierarchical basis preconditioner instead of the
SSOR-preconditioner makes the advantage even greater.

3.5 Comparison of FEM approaches

In Sections3.2 and 3.3, two different approaches to discretise Maxwell's problén®)(using
the FEM were introduced.
The penalty methodises ordinary node elements and leads to a matrix eigenvalue problem
of the form
Ax = \Mx, (3.53)

with symmetric positive-definite matrice$ and M .
The mixed methodises vector elements and leads to a matrix eigenvalue problem of the
form
Ax = \Mx, C'x=0, (3.54)

with symmetric positive semi-definite matrix and positive-definite matrid/1.

Speed To compare both methods, we calculate ten eigensolutions using four different meshes
and compare the execution times. We use quadratic elements and the JDSYM eigensolver (cf.
Section5.1.2 for this experiment. For vector elements, the matrix eigenvalue prolien) (s

solved using the AD-method as described in Secligh3

Quadratic node elements (penalty method)
Mesh itin itout ttot teig
box8x4x6 511 72 17.0 15.5
boxcavl16x10x3 4.5 | 67 128.0 | 118.5
copcavl8 49| 70 215.0 | 201.5
cop20k 4.0 63 | 570.0 | 520.9
Quadratic vector elements
box8x4x6 4.5 ] 83 24.0 22.9
boxcavl6x10x3 3.7 | 72 174.0 | 163.5
copcavl8 51| 78 319.0 | 302.1
cop20k 4.1 80 | 1181.0 | 1090.4

Table 3.1:Comparison of execution times with penalty and mixed method
The penalty parameterwas set tal.5 for all meshes.

The results in Tab3.1 show that the ten eigensolutions are computed much faster with
the penalty method. The matrix eigenvalue problén®® can be handled more efficiently
than @.54). The reason for this is, that additional effort is needed to enforce the constraint
C*x = 0 (cf. Sectiord.?).

Tab. 3.2 shows eigenvalues calculated for rectangular brick-shaped domain (mo&sh
cav16x10xBusing both approaches, together with the analytic eigenvalues. The numbers indi-
cate that both FEM-approaches show similar acciracy

9Actually the eigenvalues computed using vector finite elements are about one digit more accurate than the
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Node elements Vector elements| Analytic
A1 53.79846641 53.79779566 | 53.79784076
Ao 73.39956507 73.39645992 | 73.39657161
A3 95.31908131 95.30824191 | 95.30992408
A4 97.69334032 97.68127749 | 97.68216391
A5 107.61501301 107.59418189 | 107.59568152
A6 123.96242187 123.92506944 | 123.92922552
A7 125.46833267 125.42374390 | 125.42559190
Ag 139.34042652 139.27131895 | 139.28485761
A9 146.88245386 146.78857970 | 146.79314322
Ao | 148.04689261 147.95031359 | 147.96324075

Table 3.2:Eigenfrequencies in MHz dfoxcav16x10x3calculated using the penalty and the
mixed method compared to analytically calculated eigenvalues.

Boundary conditions The following difficulties arise when implementing the boundary con-
ditions with the penalty method:

4

A\ \
(a) (b)

Figure 3.8:Boundary conditions fofa) vector- and(b) node elements

Electrical field on a surface The boundary condition x e = 0 from (3.3) demands, that
the electrical fielek is perpendicular to the surface, i.e. collinear to the surface normal wector
With node elements, the electrical field is defined throughithe- and z-components at
the node points. We approximate the surface normal vecadrsurface node points using the
mesh geometry data and force the electrical field to be collinea(th Section3.2.4) at these
points. The electrical field is interpolated between the surface node points. As can be seen from
Fig. 3.8a, the interpolated electrical field is not orthogonal to the surface.
With vector elements, the degrees of freedom themselves are vector functions. All degrees
of freedom on the surface are eliminated. The remaining degrees of freedom are either zero on
the surface or are orthogonal to it. Since the representable field is allowed to be discontinuous

eigenvalues computed using node elements. This can be explained with the fact that the dimension of the eigen-
value problem generated using vector elements is about 50% larger than the dimension of the eigenvalue problem
generated using node elements (cf. Tak).



Comparison of FEM approaches 41

at the element boundaries, it is possible to have the electrical field orthogonal to the surface
everywhere (cf. Fig3.8b).

Treatment of physical edges on the surface Another problem arises when dealing with
physical edges on the surface. Note that here we do not mean edges of the tetrahedral mesh
lying on the surface.

When using node elements, such edges require special treatment (cf. SectprBecause
the electrical field cannot be orthogonal to two faces, it must vanish at node points lying on such
edges. The field components are set to zero here.

With vector elements however, no special treatment is required.

Figure 3.9:Electrical field on a 90 edge

If both faces adjacent to the edge are orthogonal, the electrical field can be represented
correctly with both node and vector elements, i.e. the properties of the analytic solution can be
represented (cf. AppendiZ.2).

%m

(b)

Figure 3.10:Boundary conditions of node and vector elements

If the adjacent faces form an obtuse angle, vector elements can represent a more realistic
solution. As can be seen from Fig.10a, the field disappears completely on the edge when
using node elements. Vector elements are more flexible: the field is orthogonal to both faces,
but does not have to disappear on the edge (cf. Fifb). The field representable by node
elements is too smooth.
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Due to the reasons above, the electrical field representable by node elements is unrealistic for
arbitrary domaing2. To illustrate this effect, we compute the ten smallest positive eigenvalues
for an “eight-shaped” cavity (mestopcav18cf. AppendixD) with both types of elements.

Node elements Vector elements
A1 57.00939678 58.11875417
Ao 90.29582738 97.71888041
A3 111.51167826 104.73392285
A4 125.11387346 130.67271534
A5 129.24351844 140.82439688
A6 149.47719254 150.60510255
A7 152.21375981 165.05269329
AR 156.47921848 169.36294623
Ag 169.22317313 184.98521572
Ao 175.86034665 187.45850060

Table 3.3:Eigenvalues otopcavl&alculated using quadratic node and vector elements.
The analytic eigenvalues for this domain are not available.

The results in Tal8.3show the deviations in the eigenvalues calculated using node and vec-
tor elements. These deviations can be traced back primarily to the fact, that the electrical field
cannot be accurately represented on the surface of owstavl18vhen using node elements.

For the rectangular brick-shaped mdsixcav16x10x3he field can be represented correctly,
which manifests itself in the accurate eigenvalues listed in Jab.

Conclusion Discretisations with node elements lead to matrix eigenvalue problems, that can
be solved more efficiently, than discretisations stemming from vector elements. However, find-
ing a suitable value for the penalty parametenay be costly. For arbitrary domaif it is not
possible to implement the boundary conditions correctly with node elements. This can lead to
substantial inaccuracies.

Node elements can only be used safely, if all surfaceQ afe planar, i.e{) represents a
polyhedron, and all adjacent faces of this polyhedron form acute angleg°j. Examples for
such polyhedra are the rectangular cuboid or the equilateral tetrahedtordols not satisfy
these properties, vector elements must be used.
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4 Matrix eigenvalue problems

Two mathematical problems were introduced in Chapasid 3. Both of them result in a
generalised matrix eigenvalue problem. The emerging matrix eigenvalue problems can be cate-
gorised into two classegiositive definite eigenvalue problemsdindefinite eigenvalue prob-
lems with constraints

To calculate the desired eigensolutions we use on the one hand an implementation of the
Jacobi-Davidson algorithmalled JDSYM, which was developed in the course of this disserta-
tion. On the other hand, we use the widely-known ARPACK package, which implements the
Implicitly Restarted Lanczos method (IRL).

This chapter discusses, how the two types of eigenvalue problems can be solved efficiently
using JIDSYM and ARPACK. The eigenvalue solvers themselves are discussed in Ghapter

4.1 Positive definite eigenvalue problems
Positive definite eigenvalue problems
Ax = \Mx, A M >0, 4.1)

result from Problem | and Problem II, if node elements are used. Bechasewell asM are
symmetric positive-definite, the eigenvalue problehi) has all real and positive eigenvalues.
According to the problem statements in Chapteesnd3, 10 to 20 of the smallest eigenvalues
together with corresponding eigenvectors4fly are to be computed.

To compute these eigensolutions we useghift-and-invertspectral transformation with
ARPACK. The transformed eigenvalue problem is

1
(A—oM) 'Mx = px, = 5 , A/ M >0. (4.2)

— 0

The shifto is chosen smaller than the smallest eigenvalué d) (cf. Section4.3on pagess).
With this choice ofr, all linear systems to be solved in ARPACK are positive-definite.

In IDSYM the expansion of the search space is computed by solving the so-called correction
equation $.24) which has the forr?

P(A—-oM)P"v = Pr. (4.3)

The linear systems to be solved are not necessarily positive-definite, since theishmtit
constant in JIDSYM. Usually the shift is set to the Ritz value closest to a given targetwalue
which is chosen a little smaller than the smallest eigenvalué.af (cf. Section5.1.2).

The symmetric positive definite eigenvalue problen?)can be solved in a straight-forward
manner without special considerations. Due to the appropriate choicamd r respectively,
ARPACK and JDSYM converge to the desired smallest positive eigenvalues and corresponding
eigenvectors.

4.2 Indefinite eigenvalue problem
The second kind of eigenvalue problems of the form

Ax = AMx, A, M € R™™ (4.4a)
Y "Mx=C"x =0, C c R (4.4b)

1°The correction equation is discussed in Secfidn2 The matrixP is a projector.
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emerges from Problem II, if vector finite elements are used. Heie symmetric positive
semi-definite andVI symmetric positive-definite. The eigenvalues©#j are all real and non-
negative. According to the problem statement in Chapteve have to compute 10 to 20 of
the smallespositiveeigenvalues together with corresponding eigenvectorg 4j.( Because
(4.49 shows the eigenvalue with high multiplicity!?, the desired eigenvalues are located in
the interior of the spectrum ofi(49.

The following discussion is going to demonstrate, that the eigenvalue proBlénténnot
be solved using the shift-and-invert approach4dx = AMx in a straight-forward manner.

For theshift-and-invertransformed eigenvalue problem

1
X

A—o

(A—oM) 'Mx = A>0, M >0, (4.5)

the shiftc must be chosen in the interior of the spectrum, in order that the absolute values of the
transformed desired eigenvalues become large. However, then the linear systems to be solved
become indefinite.

The transformed zero eigenvalues have an absolute valge. off o is chosen near the
desired eigenvalues, then the eigenvector approximations in ARPACK and JDSYM will always
have substantial components in the unwanted null space. This severely deteriorates the conver-
gence to the desired eigensolutions.

Figure 4.1:meshbox8x4x6

We use a cuboid with dimensions.0 x 0.5 x 0.75] to illustrate these difficulties. The
five smallest eigenvalues together with the corresponding eigenvectors shall be computed us-
ing linear vector elements. The cuboid is discretised using 1152 tetrahedral elements (cf.
Fig. 4.1). The resulting eigenvalue problem has order= 1050 and null space of dimen-
siondim(N(A)) = 105. The five smallest positive eigenvalues are~ 27.3, Ay ~ 48.8,
A3 &~ 56.5, \y =~ 56.6 and\s ~ 67.1.

Usually the shifv is chosen as an approximation of the smallest positive eigenvaluel. Eig.
shows all eigenvaluels smaller than 70 on the-axis and the corresponding transformed eigen-

1

valuesy; = — for o = 22 on they-axis. Sincey, is by far the largest eigenvalue, an

eigensolver will converge rapidly to eigenvaldle. The components in direction of the cor-
responding eigenvectot; are strongly amplified. It is however tougher to compute the other

Umultiplicity ne



Indefinite eigenvalue problem 45

0.25

0.2F

0.1r

0.05f

L L .l L L L L
0 10 20 30 40 50 60 70

Figure 4.2:Absolute values of shift-and-invert transformed eigenvalues for22

non-zero eigenvalues. Their transformed eigenvalues are smaller in magnitude than the trans-
formed zero-eigenvalues. The high dimension of the null space makes it even more difficult.

The shift-and-invert spectral transformation is unable to calculate the desired smallest posi-
tive eigenvalues of4.49. Sectionst.2.1to 4.2.5discuss five methods that accomplish this. Al
these techniques (with the exception of EIGSOLV in Sectichy make use of an important
feature of the mixed Bicelec-Lagrange FEM-discretisation (cf. Sectibf.5

C'x=0 < x 1Ly N(A). (4.6)

Eigenvectors that satisfy the constraffit x = 0 are associated withositiveeigenvalues and
vice-versa.
The property 4.6) can be used in the following ways:

> Ifthe constrainlC”x = 0 is enforced during the solution of the eigenvalue problem, then
the desired eigenvalues become extremal. Therefore the shift-and-invert approach can be
used as in Sectiof. 1.

> If the eigensolutiongx;, A;) with positive eigenvalues; are computed by any means,
then these solutions automatically satisfy the const@ihg; = 0.

In the following the five methods for computing the desired solutiong dj @re presented.

4.2.1 Direct projection method (DIRPROJ)

The desired eigenpairs\, x) (with positive \) satisfyC*x = 0. We use theM -orthogonal
projector
Ppypw =I-YH'C", H:=Y'C, 4.7)

to keep the search space of the eigensolvev (C”).

The direct projection method uses the property, that Bdtland A — o M mapR(Y )™
one-to-one ontR (Y)*. Since the eigensolver only performs operations like vector updates,
dot products and matrix multiplications with the matrices mentioned above, it is sufficient to
make the initial subspace satisfy the conditiérbf using the projectoP z y-) 1, -

ARPACK as well as JIDSYM solve linear systems involving the shifted operaterc M
(cf. IDSYM’s correction equatiorb(24) and equation.43 for ARPACK). These equations
have to be solved subject to the linear constréifitc = 0. I.e., in both cases we have to solve
systems of the form

(A-ocM)x=b, C'x=0. (4.8)
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Typically, a preconditioner is used to accelerate the linear solver. After invoking the precon-
ditioner, the projecto’r 1, Must be applied, since otherwise the preconditioned vector

would no longer be inv(C7).

The actual implementation of this method simply inserts projectidnd &t certain places
in the algorithm. As stated above, it is essential to project the initial subspace and the precondi-
tioned vectors. Due to rounding errors, additional projections are needed: We project the right
hand sides of the linear systemisd). Otherwise, the convergence would deteriorate, since the
components in direction 62 (Y") would never disappear from the residual vector. Additionally,
we project the approximate solutianof the linear systen¥(8).

Without those additional projections, the method is unstable and does not converge in certain
cases.

4.2.2 Simplified augmented system (SAUG)

In contrast to the direct projection method, the linear syste®) {s solved differently with the
SAUG method §].
The linear system¥(8) can be viewed at as an augmented system

Fe =) “

The matrix in €.9) is non-singular ifv < \;. For anyx satisfyingC”x = 0, the vector
A — o Mx is orthogonal taR(Y'). Therefore, ifY"b = 0, then the solutionx from (4.9
satisfies the second equation 4f9). SinceC has full rank and due ta!(8), the first equation
of (4.9) holds if and only ifx’ = 0.

The symmetric indefinite matrix in4(9 has an order ofi + n¢. It hasn positive and
ne Negative eigenvalues. The advantage of solving the augmented sys@nmgtead of the
original system4.8) is, that no explicit constraints have to be considered. On the other hand,
the augmented system.@) has more unknowns. Also, to enforce the constrélhk = 0, the
augmented system has to be solved accurately.

It can be shown that this method is very similar to the direct projection method with respect
to the actual implementation: If a preconditioner of the form

{(IZ{«T g] , with K~A—-oM

is used, then the implementation is the same, with the exception of the preconditioner. Instead
of I-Y H'C", the more complicated terih— K 'C(C* K 'C)~'C" K ' has to be used
for the preconditionerqd].

This augmented method can be simplified and made more efficient: As showjy thg
method is modified by using a cheaper preconditioner of the form

K C
{ClT 01] ., Ci=M,Y. (4.10)
M, is the2x2 block diagonal matri¥, constructed fromdVZ. The initial guessc, must satisfy
C'x, = 0 and the right hand sidb has to be in the range of the operator, ¥&'b = 0,

12The 2x2 block structure results from the hierarchical construction of the basis functions as explained in
Section3.3.3 For linear elementd/1 is simply equal taM .
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for the above simplifications to be valid. If the Conjugate Gradient (CG) method is applied
to solve ¢.9) using the preconditione#(10), the method is simplified in such a way, that all
operations withC' andC';, become superfluous.

Hence in effect, the standard preconditioned CG method is applied to the sfdtem
oM)x = b. As with the the direct projection method, certain vectors are kefit (il )
using projections. But in contrast to the DIRPROJ method, the projection in the precondition-
ing step is omitted. In effect, no projections at all are necessary in the inner iteration loop.
The name “Simplified augmented system” refers to the underlying idea and not to the actual
implementation of the method.

Since the system matrix is not positive definite, it is unclear whether this method is stable.
The constrainC”x’ = 0 is not satisfied exactly until the iterative method has converged. If
the iteration is stopped earlier, as e.g. with the Jacobi-Davidson method, the constraint has to
be enforced explicitly after the iteration (by projection).

Even if the stability of the SAUG method could not be proven, the experimental results
in Sections4.2.6 4.3 and 8.4 show very good results anyway. And even if the validity of
the SAUG method has only been derived for the CG iteration, it also worked well with other
iterative methods like SYMMLQ, MINRES, QMRS and CGS.

4.2.3 AD method (AD)

The AD method by Arbenz and Drrad3] is a technique for accurately and efficiently calcu-
lating the Cholesky factors of a symmetric positive semi-definite matrix, if a basis of the null
space of that matrix is known. The insights gained from this method can be used for solving the
matrix eigenvalue probleni(4).

LetY € R"*" be the matrix, whose columns span the null spacd @ind letC = MY
(cf. Section3.3.5. Let W be the matrix

L Infnc Yl _ Yl neXne
wie [l T v =[] vaemen

We assume, that, is invertible. If that should not be the case, the matrix has to be permuted
accordingly. The following equations hold:

-l 2]l 21314

YT YT Ay Axn| |0 Y, 0 0
and _
M, C
T - 11 1
WIMW = K H}
with

, H=Y"MY =Y"C.

o-[e] - 2

C, My Moy Y2_
The matricesd;, and M, are positive definite. By using the<2-block LD L”-factorisation

T My Cf  r|S O B I 0
WMW_[C{ g~ f o vl P= H'CT I

with the Schur complemet = M, — C;H 'C7, and in consideration of

PTWITAWP ' =wTAW,
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we get the matrix eigenvalue problem

Ay 0 [y S 0 yi
o e A @11
with
|y 1y
y = {yj =PW 'x.

In the matrix eigenvalue problem.(L]) y; andy, are decoupled. Since > 0,y; = 0
holds, and hence only th@, 1)-block has to be considered. Thus, the positive eigenvalues of
(4.4) are the eigenvalues of

Apy, =AMy, — CLH'CT)y, = \Sy,. (4.12)

The matrixS = M,, — C,H 'C7 is positive-definite. Ify, is an eigenvector of4(12),
then because of
1 I 0
= {—H—lc{ I’

the corresponding eigenvector d@f4) is calculated by

_ —1 T
x=Wp! {yol} = [”_Yfﬁﬂl C%fl] —(I-YH'C") {yol} . (4.13)

Implementation The global matriceA, M, C,Y and H are constructed as usual. After-
wardsn, rows fromY are selected, which then form the non-singular makfix

The basic procedure is the following: For each coluiafithe sparse matri¥” we identify
the largest row index; of all non-zero entries in that column, i£.= max(i |y;; # 0). If all
i; are distinct, therY’; can be built from the rows,, ..., 4, . Y is non-singular, since it can
be brought into triangular shape using column permutations.

In general thei; will not be all distinct. Therefore the algorithm needs to be extended
slightly: As stated above, for each column the largest row index of all non-zero entries in
that column is identified. If that row was already eliminated for an earlier column, a Gauss
elimination step is performed, which eliminates the non-zero entry with largest row-index in the
current column. This is repeated until a row index is identified, that has not yet been eliminated.

After the calculation of the row indicas= (iy,...,1i,, ) the matrixY, = Y (i,:) is con-
structed. Afterwards the rows, ..., i, are eliminated from the matricés and C, which
yields the matricey”; andC,. From A and M the corresponding rowand columns are
eliminated to formA,; and M ;. This elimination of rows and columns can be done in place.

In the eigenvalue solver the matrix vector product

y «— Mx

is replaced by
Yy < (M11 — Clﬂ_lc{)x.

It is not advisable to construct the matid ,; — C, H ' C7 explicitly, sinceC, H 'C7 is not
sparse.
The calculated eigenvectors are transformed back accordidgltd.(
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function i = AD_ELIM(n, n., Y)
g = zeros(n, 1)
i = zeros(n,, 1)
E = sparse(n,n,)
for j =1 ton.
c=Y(,7)
Selecti; = max(i | ¢; # 0)
while g(i;) # 0
k= g(i;)
o = —Biy, k)/c(iy)
c=ac+ E(,k)
Selecti; = max(i | ¢; # 0)
end
E(:,j)=c
g(i;) =J
end
end

Algorithm 4.1: Selection of rows
This procedure computes the indicgsof the rows, which are selected from the maf¥ixto form the
non-singular matrixy”,.

Remarks IfIRL is used as the eigensolver, then it could be beneficial to use thershifi. In
this way, no expensive operations with H ' C7 have to be performed in the inner iterations.
Even with JIDSYM, it could be beneficial to set= 0. However, due to the dynamic shift, not
all correction equations will be solved with= 0.

Tab.4.1 compares the performance of the AD method; dnd 7 are set in different ways.
In one case andr are set to zero, and in the other casandr are set a little smaller than the
smallest positive eigenvalue.

The results in Tab4.1 clearly indicate that it is advantageous to set= 0 or 7 = 0,
respectively.

4.2.4 Bespalov term (BESPALQOV)
In [14] Bespalov suggests to solve the eigenvalue problem
(A+CSCT)x = Mx, A>0, M,S>0

instead of 4.5). SinceS is positive definite, the zero eigenvalues are moved to the right in the
spectrum. The desired eigensolutions are not affected, since they &f@dh). This idea is
similar to the penalty method described in Secfioh
As suggested by Bespalov, we chodse= oI with « > 0. The parametetr must be
chosen large enough, such that shifted zero-eigenvalues do not interfere with the desired ones.
However, asy is increased, the condition of the linear systems to be solved becomes more and
more ill-conditioned. In addition, inaccuracies in the calculated solutions may emerge.
Choosing a suitable is a difficult matter. The parameterdepends on the fineness of the
mesh, sincé| A|| grows with the mesh size, bV || and||C|| do not. We have not been able
to find a good heuristic, and thus we choasempirically.
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Grid | oresp.t | it | itow | tior | e
JDSYM
boxcavl6x10x3 0.0| 3.7 35 88.0 77.4
boxcav16x10x3 1.15| 3.7| 35| 114.0| 103.6
copcavl8 0.0 50| 37| 157.0| 140.9
copcavl8 14| 46| 36| 201.0| 185.1
cop20k 0.0| 40| 39| 595.0| 507.6
cop20k 50| 41| 39| 829.0| 7411
ARPACK
boxcav16x10x3 0.0 28.0| 26| 156.0| 1454
boxcav16x10x3 1.15| 28.2| 26| 281.0] 271.0
copcavl8 0.0 35.2| 26| 262.0| 246.0
copcavl8 141|395 26| 605.0 5884
cop20k 0.0/ 28.1| 26| 792.0| 704.1
cop20k 5.0(28.8| 26| 1795.0| 1705.7

Table 4.1:AD method: Choice of

ity, 1S the average number of inner iterations per outer iteraiiQp, is the number of outer
iterations,t; is the total computation time (including the construction of the global matrices
and the preconditioner, but not including mesh the generationyani the time spent for
solving the matrix eigenvalue problem.

Q Z.tin ‘ Z‘tout ‘ ttot ‘ Zfeig ‘ tll
10" | convergence to wrong eigensolutions
10* no convergence
102 no convergence
103 no convergence
5103 no convergence

10* | 374| 72 36401| 36334 9548
5-10* | 339| 64| 30180| 30115| 7956
10° | 571 | 63| 48586| 48652| 12741
5-10° | 572| 68| 52474| 52407| 13879
10° | 641 | 58| 47948| 47883 | 12607
5-10% | 766 | 61| 64807 | 64742| 17133
107 | 708 | 81| 81943| 81878| 21503

Table 4.2:Bespalov method: choice of parameter

Tab.4.2shows the influence of parameteon the convergence of the Bespalov method. For
this experiment, we use the meshp10kXv2 (cf. AppendixD) and quadratic vector elements
and calculate the smallest five positive eigenvalues and the corresponding eigenvectors to an
accuracy of = 10~*. The boundary conditioa x n = 0 is enforced on all symmetry planes.
The JDSYM eigensolver is used for this experiment.

If o < 5103 then either the wrong eigensolutions are computed, or JDSYM doesn't
converge at all. The zero eigenvalues were not shifted far enougha Fer10* JDSYM
converges to the desired eigensolutions: i§ chosen too large, then the condition of the matrix
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of the correction equation worsens and the number of inner iterations increases accordingly.
This manifests itself in longer computation times.

Implementing the Bespalov method is rather straight-forward: In the eigensolver, each
matrix-vector multiplication withA is replaced by a multiplication witld + «C'C"”.

4.2.5 Eigensolver (EIGSOLV)

Instead of transforming the eigenvalue problem or introducing projections/¢t€s”), con-
vergence to the desired eigensolutions can also be ensured by extending the capabilities of the
eigenvalue solvers themselves accordingly.

JDSYM can avoid convergence to zero eigenvalues by adaptive adjustment of the target
valuer and clever sorting of the Ritz values (cf. Appenéix.5. ARPACK can be configured
to calculate only eigenvalues larger thanThis is done by selecting the shifts for QR-sweeps
accordingly (cf. Appendi¥%.2.]).

The EIGSOLV method has the advantage tihaéxpensive operations with, Y and H !
are necessary. These matrices are not required by the EIGSOLV method and thus they don't
need to be constructed. As a consequence, the EIGSOLV method consumes less memory than
the other methods. In particular, not needing to store the Cholesky facidr sdves a lot of
space.

4.2.6 Experimental results

In this section, the above methods are compared by means of computational examples. For
these experiments, we use the four medhmscavl6x10x3copcavlg coplOkand cop20Kk3

(cf. AppendixD) and compute the smallest five positive eigenvalues and the corresponding
eigenvectors using quadratic vector elements up to an accuracy of at(edstThe exper-

iments are performed for both eigensolvers (ARPACK and JDSYM) using the 2LevJACssor
preconditioner (cf. Sectiod.3).

JDSYM
Method itin W out tiot tejg te
DIRPROJ 3.7 35 104.0 94.7 14.2
SAUG 49| 33 79.0 69.2 16.2
AD 3.7 35 87.0 76.5 18.3
BESPALOV | 439.9| 63| 9988.0| 9955.6| 2464.8
EIGSOLV 7.6 45 141.0 136.1 29.9
ARPACK
DIRPROJ 31.0, 26 296.0 285.3 56.2
SAUG 30.8| 26 187.0 177.3 58.5
AD 28.0| 26 154.0 144.1 66.3
BESPALOV | 4057.0f 26| 32823.0| 32790.7| 9641.3
EIGSOLV 353 26 223.0 218.6 67.6

Table 4.3: Comparison of methods for the indefinite eigenvalue problem with rbegh

cav1l6x10x3

3For the meshesop10kandcop20kthe conditione x n = 0 is enforced on all symmetry planes.
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Table 4.4:Comparison of methods for the indefinite eigenvalue problem with ougstav18

JDSYM
Method itin 1tout tiot teig te
DIRPROJ 4.8 39 204.0 188.4 34.5
SAUG 6.5 35 144.0 128.5 39.6
AD 5.0 37 148.0 132.6 334
BESPALOV | 753.5| 66| 25995.0| 25939.7| 6139.2
EIGSOLV 11.5] 51 307.0 299.7 94.3
ARPACK
DIRPROJ 38.8| 26 610.0 593.4 138.2
SAUG 37.3| 26 342.0 326.4 137.7
AD 35.2| 26 251.0 235.2 115.1
BESPALOV | 7625.7| 26 | 83371.0| 83316.1| 22123.2
EIGSOLV 40.7| 26 379.0 371.0 149.0

JDSYM
Method itin 1tout tiot teig te
DIRPROJ 39| 39 218.0 198.1 38.8
SAUG 51| 36 160.0 140.6 43.7
AD 39| 39 160.0 141.2 27.9
BESPALOV | 339.5| 63| 12217.0| 12155.5| 2735.2
EIGSOLV 8.8| 49 297.0 287.9 88.5
ARPACK
DIRPROJ 30.3| 26 553.0 532.4 128.8
SAUG 29.7| 26 335.0 315.8 130.8
AD 29.2| 26 239.0 220.9 95.8
BESPALOV | 2929.2| 26 | 39238.0| 39174.5| 10196.7
EIGSOLV 329 26 372.0 362.0 146.8

Table 4.5:Comparison of methods for the indefinite eigenvalue problem with oogslOk

Tabs.4.3to 4.6summarise the resultg;,, is the average number of inner iterations per outer
iteration,it,, IS the number of outer iterations,, is the total computation time (including the
construction of the global matrices and the preconditioner, but not including mesh generation)
andt., is the time spent for solving the matrix eigenvalue problemis the time spent for
operations with the matriceS, Y and H ~'.

When comparing the total computation timgs, it is evident, that the SAUG and AD
methods are fastest for all grids when using the JIDSYM eigensolver. SAUG is usually a little
(at most 10% in our experiments) faster than the AD method.

The DIRPROJ and EIGSOLV methods are both considerably slower. Compared to DIR-
PROJ, SAUG is very efficient, because it doesn’t require any operations with the méffices
Y andH ! in the inner iteration. On the other hand the average number of inner iteratipns
is higher for SAUG.

When using the ARPACK eigensolver, SAUG and AD are again the fastest methods. How-
ever, in contrast to JDSYM, here AD is considerably faster than SAUG.
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JDSYM
Method itin 1tout tiot tejg te
DIRPROJ 40| 40 798.0 709.5 1445
SAUG 51| 36 526.0 437.2 153.2
AD 4.0 39 579.0 495.2 112.0
BESPALOV | 402.3| 66| 47014.0f 46614.4| 9755.0
EIGSOLV 9.6 48 952.0 915.9 337.1
ARPACK
DIRPROJ 29.5| 26 1973.0 1881.0 479.3
SAUG 28.7| 26 1093.0 1002.8 476.6
AD 28.1| 26 760.0 676.6 322.1
BESPALOV | 3354.8| 26 | 135063.0| 134668.2| 31984.4
EIGSOLV 32.7| 26 1163.0 1126.2 538.2

Table 4.6:Comparison of methods for the indefinite eigenvalue problem with oogs20k

The shift applied to matrixA when using the BESPALOV method worsens the condition
of the linear systems. Very high inner iteration counts are the consequence. As a result, the
BESPALOV method is so slow, that it is useless for even modestly sized meshes.

If the fastest methods for both eigensolvers are compared, it becomes clear, that IDSYM is
faster than ARPACK for all meshes. The difference in timings can be mainly attributed to the
fact that JDSYM allows for inaccurate solutions of the correction equation, whereas ARPACK
requires an accurate solution of the shifted operator.

The EIGSOLV method is considerably slower than the respective fastest method for all
meshes and eigensolvers. However, its key advantage over the other methods is its modest
memory consumption. The EIGSOLV method does not rely on the maificd and H ',
and therefore a lot of memory can be saved. To investigate the memory consumption of the
various methods, we determined the memory footprint of the whole eigensolver application for
two large meshesop20kandcop40kas shown in Tab4.7.

meshcop20k
Preconditioner| Footprint for SAUG| Footprint for EIGSOLV
2LevJACssor 441.3 MB 183.5 MB
diag 407.2 MB 149.5 MB
meshcop40k
2L.evJACssor 887.2 MB 370.5 MB
diag 795.4 MB 276.7 MB

Table 4.7:Memory footprint of the eigensolver application

The table shows the memory footprint of the eigensolver application, comparing the SAUG and the EIG-
SOLV methods when used with the JDSYM eigensolver and the 2-level or the diagonal preconditioner.
The memory footprint was obtained using the UNl%p command. Itincorporates all private and shared
memory regions used by the application.

The data in Tab4.7 clearly show that the EIGSOLV method uses less than half of the
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memory required by the other methétis

4.2.7 Conclusions

Out of the five presented methods to calculate the smallest positive eigenvalues of the indefinite
eigenproblem, the AD and SAUG methods are the fastest.

The SAUG method, combined with the JDSYM eigensolver, is the fastest way to compute
the desired eigensolutions. However, the stability of the SAUG method has not been proven,
and it was derived using the Conjugate Gradients algorithm, which may not be applied on
indefinite linear systems. To make the SAUG method work reliably together with the JIDSYM
eigensolver, additional projections had to be incorporated in the implementation of JDSYM, to
keep the search space orthogonaRtaC”).

The AD method, combined with the JDSYM eigensolver, is usually a little (up to 10%)
slower than the SAUG method. This method leads to a generalised positive-definite eigenvalue
problem, which (provably) yields the desired eigensolutions. The AD method poses no special
requirements on the eigensolver, and thus it can be used together with the standard JDSYM
algorithm. However, more effort (both in terms of the implementation and the computational
cost) is necessary, to construct the global finite element matrices. The AD method has the
disadvantage, that the right-hand-side matrix can not be stored explicitly, since it is almost full.
This causes difficulties when constructing certain types of preconditioners.

DIRPRQOJ is always considerably slower than the SAUG method and therefore there is no
need to consider it. The BESPALOV method is ridiculously slow and thus can also be discarded.

However, if memory is an issue (memory will most certainly be an issue if large meshes
are used) then EIGSOLYV is the method of choice. EIGSOLV uses less than half of the memory
required by the other methods, and thus allows to solve much larger problems. Although the
EIGSOLV method is considerably slower than AD or SAUG for smaller and for medium-sized
problems presented in this section, this is not the case for larger problems, as the results in
Section8.4indicate.

14The DIRPROJ and the AD method require about the same amount of memory, since they all mak€ use of
Y andH ~'. The BESPALOV method requires less space, because it doesrf usef ~*.
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4.3 Choice of the shift

For the shift®, two choices seem reasonable:

Positive shift, close to desired eigenvaluesWe choose the shift close to, and smaller than

the smallest positive eigenvalue. With this choice, the convergence in the outer iteration is
accelerated, since the desired eigenvalues are close to the shift and therefore the components in
direction of the associated eigenvectors are amplified.

Shift equal to zero Here the shift is set to zero. The advantage is, that the number of mul-
tiplications with M is substantially reduced in this way. In ARPACK, no multiplications with

M are needed at all in the inner iteration, since the shift is constant. Due to the dynamic shift
in JDSYM, the multiplications with\M are not totally eliminated in the inner iteration, but
nevertheless their number is still substantially reduced.

The advantage is especially significant with the AD method, since expensive operations with
M, — CH'CT can be saved.

Notice that if the shift is set to zero, the linear systems become singular (with the exception
of the AD method and the BESPALOV method). The direct projection method operates in
the positive definite subspace of the system matrix and can be applied despite the singularity.
The simplified augmented method could be problematic, since no projections onto the positive
definite subspace are carried out. Our practical experience showed no difficulties however. If
the EIGSOLV method is used, the shift must not be set to zero, because the inner iteration
operates also in the null space of the system matrix.

As described above, the DIRPROJ, SAUG, BESPALOV and AD methods can be used with
a shift equal to zero. However, the zero shift may not be used for the preconditioner. If e.qg.
the 2-level hierarchical basis preconditioner is constructed with a shift equal to zero, a singular
preconditioner will result. In this case the methods DIRPROJ, SAUG and BESPALOQV falil too.
As a consequence, the shift for the preconditioner must not be zero. We set it positive, smaller
than the smallest positive eigenvalueAk = AMx. The AD method does not suffer from
these problems, since the matrx; is positive definite.

Experimental results Since it is a priori not clear, which choice of the shift is better, we try to
decide by running numerical experiments. We use three different meshes (cf. Appgadic
calculate the five smallest positive eigenvalues and the corresponding eigenvectors to a accuracy
of at leastl0~*. The calculations were performed using quadratic node- and vector elements
and both eigensolvers (ARPACK and JDSYM). For all runs the 2LevJACssor preconditioner
was used (cf. Sectiod.3).

The results for the quadratimdeelements are summarised in Tal8. The numbers show,
that choosing a zero shift is usually a bit faster. However, it makes not much difference how
the shift is chosen. Since matrk is three times more dense than mathik, the savings made
possible by the zero shift are not great.

The results for the quadratiectorelements are summarised in TdkH. We report results
for the AD method, which particularly benefits from the chaoice- 0, and the SAUG method.
The numbers show clear cut, that a zero shift is the better choice. Since mvtisxdenser
than matrixA when using vector elements, the savings are remarkable, especially for the AD
method.

15The shift is the parameterin ARPACK, and the parameterin JDSYM
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JDSYM
Mesh o, 7 | ity | out | ot Leig
boxcavl16x10x3 0.0 45| 34 66.0 | 56.8
boxcavl6x10x3 1.15 | 3.9 | 32 64.0 | 55.4

copcavl8 0.0 48| 35 | 108.0 | 94.8

copcavl8 1.4 5.0 35 | 117.0 | 104.2

cop20k 0.0 3.8 | 34 | 310.0 | 263.7

cop20k 5.0 4.0 | 33 | 339.0 | 291.8
ARPACK

boxcavl16x10x3 0.0 | 33.2 | 26 | 182.0 | 173.4
boxcav16x10x3 1.15 | 33.8 | 26 | 187.0 | 178.3

copcavl8 0.0 |42.6 | 26 | 356.0 | 343.4
copcavl8 1.4 | 52.8 | 26 | 445.0 | 431.5
cop20k 0.0 |29.0| 26 | 831.0 | 783.6
cop20k 5.0 294 | 26 |859.0|811.5

Table 4.8:Influence of the shift when solving the positive-definite eigenvalue problem
Quadratic node elements are used for this experimenptis the average number of inner iterations per
outer iterationit.y,; is the number of outer iterations, is the total computation time (including the
construction of the global matrices and the preconditioner, but not including mesh generatiag) isnd
the time spent for solving the matrix eigenvalue problem.
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JDSYM
Mesh Method| o, 7 | ity | itout | tiot Leig
boxcavl6x10x3 SAUG | 0.0 49| 33 82.0 71.9
boxcavl6x10x3 SAUG | 1.15| 4.7 | 34 93.0 82.8

boxcav16x10x3 AD 0.0 3.7 35 87.0 76.7
boxcav16x10x3 AD 1.15 | 3.7| 35 115.0 | 105.0
copcavl8 SAUG | 0.0 6.5 35 148.0 | 131.8
copcavl8 SAUG | 14 6.2 | 35 163.0 | 146.3
copcavl8 AD 0.0 5.0 | 37 156.0 | 140.0
copcavl8 AD 1.4 4.6 | 36 202.0 | 185.8
cop20k SAUG | 0.0 51| 36 538.0 | 446.4
cop20k SAUG | 5.0 50| 36 590.0 | 496.4
cop20k AD 0.0 4.0 | 39 589.0 | 502.0
cop20k AD 5.0 4.1 39 840.0 | 752.7
ARPACK

boxcav1l6x10x3 SAUG | 0.0 | 30.8 | 26 191.0 | 181.0
boxcav1l6x10x3 SAUG | 1.15 | 30.0 26 220.0 209.1

boxcav16x10x3 AD 0.0 | 28.0| 26 153.0 | 142.2
boxcav16x10x3 AD 1.15 | 28.2 | 26 283.0 | 272.8
copcavl8 SAUG | 0.0 | 373 26 354.0 | 337.5
copcavl8 SAUG |14 |37.0| 26 401.0 | 3834
copcavl8 AD 0.0 | 352 26 260.0 | 243.9
copcavl8 AD 1.4 1395 | 26 612.0 | 595.7
cop20k SAUG | 0.0 |28.7| 26 | 1125.0 | 1031.3
cop20k SAUG | 5.0 |29.6| 26 | 1304.0 | 1208.0
cop20k AD 0.0 | 281 | 26 789.0 | 702.3
cop20k AD 5.0 | 28.8 | 26 | 1772.0 | 1684.4

Table 4.9:Influence of the shift when solving the indefinite eigenvalue problem

Quadratic vector elements are used for this experimenptis the average number of inner iterations per
outer iteration;jit,y; is the number of outer iterationg, is the total computation time (including the
construction of the global matrices and the preconditioner, but not including mesh generatiag) isnd
the time spent for solving the matrix eigenvalue problem.
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5 Eigensolvers

To compute the desired eigensolutions for the matrix eigenvalue problems discussed in the
previous chapter, we use two kinds of eigensolvers. The first method is an implementation
of the Jacobi-Davidsoralgorithm, called JDSYM, which was developed in the course of this
dissertation. The second method is thmlicitly Restarted Lanczamethod (IRL). We use the
publicly available software package ARPACK, which implements the IRL method.

In the following sections, both algorithms are discussed and compared to each other. In the
case of JDSYM, the implementation and various variants are discussed in detail.

5.1 Jacobi-Davidson algorithm
5.1.1 Description of the algorithm

The Jacobi-Davidson algorithm was suggested in 1996 by Sleijpen and Van der 6&rst |
Because the algorithm borrows ideas from both Erevidsonand theJacobi’s Orthogonal
Component Correctioalgorithm, these methods are presented first.

Davidson method The Davidson method is an iterative subspace method for calculating
eigensolutions. It is particularly well-suited for diagonally dominant matrides

Letspan{vy,...,v;} be a search subspace, in which the ma#tikas a Ritz valué; and
a corresponding Ritz vectar;. The matrixV' € R™*/ stores the orthogonal basis vectets
e ,Vj.

The various subspace methods for calculating eigensolutions differ mainly in the way they
expand the search subspace. The idea behind the Davidson method is the following:

If the desired eigenvalug would be known beforehand, then an optimal expansion of the
search subspaceesatisfies

A(Uj + Z) = )\(Uj + Z)

and thus is calculated by
(A — )\I)Z = /\Llj — Allj.

With this choice ofz, the residual would vanish and the method would converge to the exact
eigenvector in the next iteration step. Since the wanted eigenvalue is not known, the approxima-
tion 0; is used instead. Besides that, to keep the cost for solving the linear system of equations
low, Davidson proposes to use the diagohnl as an approximation faA. In the end, this

leads to the following equation for the expansion of the search subspace

(Dy —60,1)z = —r, (5.1)

with r; := Au; — 6;u;. The vectorz is then orthogonalised against, ..., v; and added to
the search subspace as the new direction. This process is repeated, unfil;|| falls below a
given bound, i.e. (¢,, u;) is accepted as a converged eigenpair.

The Davidson method is often used in quantum chemistry applications. In these applica-
tions the matrices are large, symmetric and strongly diagonally dominant, and thefefore
Is quite a good approximation fod. It is reported that for these applications the Davidson
method is substantially faster than the Lanczos metBaj Alg. 5.1 shows a straight-forward
implementation of the Davidson method. Alg2 shows an orthogonalisation routine needed
by Alg. 5.1.
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function [\, u] = DAVIDSON(A, vy, €)
D , = diag(diag(A));
vo = vo/|[vol[; va = Avy;

V =vy;, j=1; initialise search subspace

G = vlva; initialise projected matrixG

while 1
[W’ S} = eig(G)§
[0,imax = max(diag(S)); compute largest Ritz value
u=VW{(: imax); and associated Ritz vectar
r=V,aW(:,imax) — fu, compute residuat (without accessingl)
if ||r]] < e, break;end if stopping criterion
z=—(Ds—0I)"'r compute correctior
z=mgs(V.,z); z =z/|z|; orthonormalise z against V' using modified

Gram-Schmidt

va = Az;
V =[V,z; addz to search subspace
Va=[Va,val;
G =[G, Vv viV viz); updateG
J=J+1

end while

A=0;

end function

Algorithm 5.1: Davidson method

This routine is a straight-forward implementation of the Davidson method without restart and without
the possibility to compute more than one eigenpair.

DAVIDSON computes the largest eigenvalief the matrixA and the corresponding eigenvectorvg

is the initial subspace: is the tolerance for the stopping criterion.
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function u = MGS(Q, u)
m = size(Q, 2)
fori =1:m
s=ulQ(:,1)
u=u-—sQ(:,1)
end for
end function

Algorithm 5.2: Modified Gram-Schmidt orthogonalisation
The routine MGS orthogonalises the vectovs. the columns of) using the modified Gram-Schmidt
approach.

The method can be extended for matrices that are not diagonally dominant, by computing
the expansion vectar using the equation

(K —0,1)z = —r;, (5.2)

whereK — 0,1 is an approximation oA — 6,1 [53]. Morgan and Scott33] noticed however,

that this generalised Davidson method suffers from the weird property that the approximation
K must not be too good, because otherwise the method could stagnate or even break down.
This problem becomes obvious,K is set equal taA. If K = A, the search subspadé is

not expanded at all, which leads to immediate stagnation of the method.

Jacobi’s orthogonal component correction method (JOCC) In 1846 Jacobi proposed a
method for the calculation of eigenvalues and eigenvectors of symmetric diagonal dominant
matrices §4].

Let A be a symmetric diagonally dominant matrix, whose diagonal entryis the entry
with the largest modulus. Then= qa, ; is an approximation for the eigenvalue with the largest
modulus and; = (1,0,...,0)T is an approximation for the corresponding eigenvector.

The eigenvalue problem to be solved is

RA{AR|

Let \ (close toa) andu = (1,z7)T be the desired eigenvalue and eigenvector. The matrix
eigenvalue problenb(3) is equivalent to

A=a+blz (5.4)
(F— X\ )z = —b. (5.5)

Jacobi suggested, to solve.§) iteratively, using the Jacobi iteration for linear systems (cf.
Section8.1.7). The Jacobi iteration is modified, such thats updated in each iteration step
according to $.4). zo = 0 is used as the initial guess. Alg.3shows an implementation of the
JOCC method.

Alg. 5.3is not identical to the method originally suggested by Jacobi. In the original work,
A is updated only in every second step and using the diagonal system the incrament
calculated, instead of solving fardirectly. With regard to the derivation of the Jacobi-Davidson
method, the representation in Alg.3is better suited for our purposes.
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function [\, u] = JOCC(A)
— extract parts of matrix —
n = size(A, 1);
F = A(2:n,2:n); d = diag(F);
b= A(2:n,1);
a=A(1,1);
— initialisation —
z = zeros(n — 1,1);
— iteration —
while not converged
A =a+blz; update\
z = (d.xz — Fz —Db)./(d — \); Jacobi iteration step
end while
u = [1;z];
end function

Algorithm 5.3: Jacobi’s orthogonal component correction

Comparison of the Davidson method with the JOCC method

Search subspace The Davidson method chooses the Ritz gairu) as the current eigenpair
approximation.u is in the space spanned by all corrections computed so far. The JOCC
method on the other hand calculates the current eigenvector approximation as a simple
linear combination of the initial vectau,, the old eigenvector approximatian, and a
correction|0; z|.

Orthogonalisation JOCC calculates corrections, that are orthogonai,te= e;. The orthog-
onalisation results implicitly from the method. In contrast, the corrections calculated by
the Davidson method are explicitly orthogonalised to the whole search $péberefore
they are also orthogonal t9).

Eigenvalue approximations The Davidson method uses a Ritz value as the eigenvalue ap-
proximation, whereas JOCC computes the eigenvalue approximation according to Equa-
tion (5.4) using an approximation for.

The following problems can occur when using the Davidson method:

1. Cancellation effects caused by the explicit orthogonalisation will render the correction
ineffective, if it has large components in direction of the search spa¢®nan

2. Approximating the matrixA by its diagonalD makes sense for strongly diagonally dom-
inant matrices. For other matrices, this approximation is not accurate enough. If the gen-
eralised Davidson method is used, another weakness of the Davidson approach manifests
itself: If the approximation of the eigenvaldes very accurate, then the system matrix
in the correction equatio®& — 61 becomes almost singular. This results in ineffective
corrections, or if an iterative solver is used, in slow convergence.

3. If the current approximation is far away from the wanted eigenvalue, a poor correction
Is computed. Therefore the rate of convergence degrades.
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The basic Jacobi-Davidson algorithm The Jacobi-Davidson algorithm suggested in 1996

by Sleijpen and Van der Vors6§] is quite similar to the generalised Davidson method, but
without inheriting its weaknesses. The most important difference is the way the correction

is calculated. Here Jacobi’s idea to keep the correction orthogonal to the eigenvector approx-
imation, is adopted. As in JOCC, this is not made sure by explicit post-orthogonalisation, but
by incorporating the orthogonality requirement into the correction equation. In that sense, the
Jacobi-Davidson algorithm is a combination of the JOCC method and the Davidson method.

Instead of solving
(A—0I)z = —r

approximately like in the generalised Davidson method (cf. Equafi@))( the correction equa-
tion for the Jacobi-Davidson method is formulated as

(I —uu")(A -0 (I —uu')z=-r and z 1 u, (5.6)

whereupon the first equation may be solved approximately.
The correctiore can be computed in two way&§):

1. zis calculated from
(I —uu’)(K —0I)(I —uu’)z=-r and z Lu (5.7)

by a direct method (e.g. Gauss-eliminatiot. is an approximation oA, with which
linear systems are cheaper to sol¥.must exist explicitly as a matrix.

Since the correctiom must satisfyz | u,
(I —uu)z =z (5.8)

must hold. Due toX.8) the projection on the right irb(7) can be omitted. The projection
on the left is replaced by adding a vector collineantdrhus we get

(K —0I)z—cu= —r. (5.9)

The correctiore is calculated from

z=(K—0I)"(cu—r). (5.10)
The value of: is given by the conditioa | u:
u(K —6I)"'r
= . A1
© u’(K — 0I)~'u (®-11)

The augmented correction equation wdhapproximated by

{KH_T N 3] l—ze] N m (5.12)

is equivalent to§.9) together with the orthogonality constraimtz = 0.

2. (5.6) is solved iteratively by e.g. SYMMLQ, CGS, GMRES, etc. The iteration is stopped,
as soon as the residual norm falls below a given bound.

It has to be ensured, that the iterative method operates in the suligpage Otherwise
the linear system may become singular. This is done by choosing the initial subspace
orthogonal tau and keeping all relevant vectors in the iterative metho® jim).
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In this dissertation we deal solely with the second approach, because it offers important
advantages over the first one:

> The quality of the approximation can be controlled easily by adjusting the stopping crite-
rion. Thus, it is possible to dynamically adjust the approximation. This can substantially
improve the convergence of the Jacobi-Davidson algorithm (cf. Sesgtiof.

> The first method is in some sense a special case of the second method: The approximation
K — 61 can be viewed as a preconditioner for the second method.

function [\, u] = ID(A, vy, €)
— initialise search subspace and Rayleigh-Ritz procedure —
Vo = V0/||Vo||; va = Avg;

V=vyj=1
G = vivy;
u=YV,; 0=aG;
r=vy — fu;
while 1,

— expanding the search subspace —
Correction equation: Solve (approximately) for
(I —uu’)(A—-0I)(I —uu’)z=—-r and
z'u=0
z=mgs(V,z); z=1z/||z|]|; orthonormalisez againstV using modified Gram-
Schmidt
V =[V,z]; va = Az;
— compute Ritz pairs —
G =[G, Vv, vLV vihz]; updateG

(W, S| = eig(G); solve projected eigenproblem
[0,imax] = max(diag(S)); select largest Ritz value
u = VW{(: imax); and associated Ritz vector
r = Au—fu; compute residual
J=J+1L
if ||r]] < e, break;end if stopping criterion
end while
A=0;

end function

Algorithm 5.4: Basic Jacobi-Davidson algorithm

This subroutine is a straight forward implementation of the Jacobi-Davidson algorithm without restarts
and without the possibility to compute more than one eigenvalue.

JD computes the largest eigenvaluef the matrix A and the corresponding eigenvectar vy is the

initial subspace andis the tolerance for the stopping criterion.

Alg. 5.4shows a Matlab implementation of a straight forward variant of the Jacobi-Davidson
method. Since the largest eigenvalue (Ritz value) is extracted from the projected eigenproblem,
the method converges to the largest eigenvalue of the mdtaxd its associated eigenvector.

Alg. 5.4 does not support the calculation of more than one eigensolution and also restarts (for
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limiting the memory requirements) are not implemented. Furthermore, many other details that
are critical for an efficient implementation are missing. The fully-fledged algorithm for the
symmetric eigenvalue problem of the forAx = AMx is discussed in Sectidn 1.2

5.1.2 Jacobi-Davidson algorithm for the symmetric eigenvalue problemdx = A\Mx

Several papers on the Jacobi-Davidson algorithm for the generalised eigenvalue pfoblem
AM with arbitrary matrices exist§7], [26]. We are however interested in an efficient imple-
mentation of the Jacobi-Davidson algorithm for the symmetric eigenvalue problem.

The work described in this section has been published]in4 very similar approach was
later published in§, Section 5.6]. The differences between the two approaches are described
in Section5.1.6

This section deals with the formulation and implementation of the Jacobi-Davidson algo-
rithm for the generalised eigenvalue problem

Ax = \Mx (5.13)

with real, symmetric matrix4 and real, symmetric and positive definite mathik.
The generalised eigenvalue problem1 has the same eigensolutions as the standard
eigenvalue problem
M 'Ax = Ix. (5.14)

Properties of the eigensolutions Let A € R™*" be symmetric andI € R™*" be symmetric
positive definite.
Then two matricesX € R andA € R"*" exist, such that

XTAX =A and X'"MX =1 (5.15)

holds. A is a diagonal matrix holding the eigenvalugs of M ' A on its diagonal. The
columnsx;, of X are the associated eigenvector\df ' A.

Description of the eigensolutions to be calculated The task of the algorithm is to compute a
partial eigenvalue decompositiaf dimensionk, for the eigenvalue problenb(13. So, we
are looking for aQ € R™**mx and a diagonal matriA € Rkmakmax gych that

AQ = MQA with QTMQ=1. (5.16)

The algorithm shall compute thg,.x eigenvalues (together with associated eigenvectors),
that are closest to a given target vaiue
The converged eigensolutiofg, A;) are required to satisfy

[rell2 := [[Ady — MM a2 < ¢, (5.17)

I.e. the 2-norm of the associated residtjals smaller than a given bourd

Organisation of the algorithm The following sections describe the implementation details
of the JDSYM algorithm, which computes eigensolutions of the symmetric eigenvalue prob-
lem (5.13. Many ideas were adopted from the JDQR and JDQZ algorithms describ2d.in [
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Rayleigh-Ritz step As described in Sectioh.1.1for the basic Jacobi-Davidson algorithm, in
each iteration step an approximatiafor the eigenvector is computed from the search subspace
R(V). The Galerkin condition requires orthogonality to a test subspace. According to the
Rayleigh-Ritz approach we choose the test subspace identical to the search s@&i3paeed
get

r=Au—0Mul R(V), ueR(V). (5.18)

Since the eigenvectors df.(L3 are M -orthogonal, it is convenient to have the columng/of
M -orthogonal as well,
VIMV =1.

In this way, theprojected eigenvalue problederived from EquationH.18
Gw :=VTAVw = sVIMVw = sw (5.19)

becomes a standard eigenvalue problem. This small dense eigenvalue problem is solved using
the symmetric QR-method (LAPACK Routirgyev), yielding

GW = WS, (5.20)

whereW = [wy, ws,...,w;] is the matrix containing the eigenvectoss of G, andS =
diag(s1, s2, - . ., s;) is the matrix containing the eigenvalugf G.

Selection of Ritz values By selecting the appropriate Ritz value as the current eigenvalue
approximation, the Jacobi-Davidson iteration can be controlled to converge to a specific eigen-
solution. Since we are interested in eigenvalues close to the targetrvalgechoose the Ritz
value closest to as the approximation for the eigenvalue to be calculated.

It turns out to be of advantage to sort the eigensolutions storéd end S, such that

’51—T|§‘SQ—T‘S...S‘S]'—T|. (521)

With this ordering, the implementation of the restart and the calculation of more than one eigen-
solution are simplified (cf. pagé0).
The Ritz pair(u, 6) is then calculated by

u=Vw; and 0 = s.

The associated residual then is
r=Au-—6Mu.

Calculating the residual has two purposes: On the one hand, the residual is used in the correction
equation, and on the other hand, it is used in the convergence criterion for the eigensolution
approximationgu, ).

Convergence criterion for eigensolutions The Ritz pair(u, #) is accepted as a converged
eigensolution, if the residual norm falls below a given bound,

lr]|e = [|Au — 6 Mul|s < e. (5.22)

If this condition is satisfied, a series of operations have to be performed, before the calculation
of the next eigenpair can be started:
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> Mectoru is appended to the matrix containing the converged eigenvedrs: [Q, u].
Q is empty initially.

> In order to start the search for the next eigenvector, the search subspace must be adjusted,
such that it isM -orthogonal to the converged eigenveatofand to the other converged
eigenvectors stored i)). Therefore we span the new search subspace using the Ritz
vectorsVW (:,2) ...VW (., j), and thus

View:=VW(,[2,...,]]).

> Due to the change d¥, alsoG must be adjusted,

Grew = VZEWAVneW: W, 2:j)TGo|dW(:,2:j) = 5(2:7,2:9).

> For this reason also, the eigenvect@vsof G change,

WI’]EW: I

The correction equation For the generalised eigenvalue probléni(, the correction equa-
tion (5.6) becomesj][ 8, Section 5.6]

(I — Muu”)(A - OM)(I —uu’" M)z = —(I — Muu’)r = —r

with (I —uu’"M)z = z. (5:23)

In view of the solution of the correction equation using iterative methods, the formulation in
(5.23 proves itself to be advantageous, since the matrix is symmetric. The mat&ix2ig) (
mapsRk(u)'™ ontoR(u)*.

The projections on the right hand sides A3 drop out, since: 1 u as shown in%.19.

If more than one eigenpair is to be calculated, the correationust be orthogonal not only
to u, but also to all already converged eigenvectprs. .q,. Therefore the following extended
correction equation is used:

(5.24)

with Q == [qu,...,q,u] = [Q,u] andQ,, :== MQ. In contrast to $.23, the projector on
the right hand side cannot be removed52d), since according to inequalityp (40), r is only
approximately orthogonal Q.

Instead of usingH.24), the correctionz could also be computed using.23. But then
z has to be orthogonalised agair@tafterwards implicit deflatior). Experimental results in
[26] show, that theexplicit deflatioR® in (5.24) improves the condition of the linear system, and
therefore iterative solvers converge in less iteration steps. Our experimental results indicate, that
the reduction of iteration steps outweighs the increased cost due to the projections in almost in
all cases.

181 explicit deflation, the computation continues with the deflated mélrixQ ,, Q™ )(A— M) (I - QQ%,)
after convergence of eigenvectors. In implicit deflation, the computation continues with original (eatrxM ).
The projection occurs just before adding the new direction to the search subspace.
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We solve 6.24) approximately using iterative methods (more specifically Krylov subspace
methods) as already mentioned in Sectioh 1. The methods we implemented are SYMMLQ,
MINRES, QMRS and CGS (cf. Chaptéy.

These methods cannot be applied in a straight-forward manner, since the system matrix in
(5.29) doesn'’t mapR(QM)l onto itself. In the following section it is shown, how this issue
can be resolved elegantly when using a preconditioner.

Preconditioning the correction equation To improve the convergence speed of the iter-
ative solver, we choose a preconditioner of the form

(I-QnQ )K(I-QQy) (5.25)

for (5.24). K is a symmetric matrix, which approximatés— M and is cheap to “invert”.
Thus, in each preconditioning step an equation of the form

(I-QuQ )K(I-QQy)c=b and Qpc=0 (5.26)

is solved. The right hand sideis orthogonal taQ, sinceb is constructed by multiplying with
A andM. 7
Sincec is required to satisff ,,c = 0, Equation §.26) is simplified to

(I-Q,0 )Kc=h. (5.27)

The projectior(I—QMQT) adds components in direction of the columngxy;. We therefore
write (5.27) as follows:

A

Kc—Que=b (5.28)

or equivalently A
c=K'Qye+ K 'b. (5.29)

From the orthogonality requirement for
~T ~T 1 AT _
0=Qpc=QnK 'Qype+QyK b

with Q& := K~'Q,; andF := Q 1 Q, follows

A1 A

e=—F 'Qgb.
By inserting this into $.29 we get the solution off.26)

_ A A1 AT
C:KI(I—QMF QK)b

A A—1A~T _ (530)
=(I-QxF Qu)K 'b.
The preconditionery.30) mapsR(Q)"* back ontoR(Q,,)*. Thus the preconditioner serves
two purposes: Firstly itimproves the condition of the correction equation, and secondly it causes
the preconditioned vector to be in the correct subspace.
The following table shows how a Krylov subspace method is used, to solve the correction
Equation b.24) to a given accuracy.
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system matrix: (I —Q,,Q )(A —
preconditioner: (I — QxF Q) K™
right hand side: —(I-QnQ )r
initial vector: 0

The projection to the right oA — 6 M in (5.24) drops out, since the preconditioner maps
the iteration vector and the search direction oRt@Q,,)*. The initial vector0 satisfies the
constraint trivially.

Both the system matrix and the preconditioner are symmetric. However, because of the
shift 6 or T respectively, they can become indefinite. For this reason, the QMRS iterative solver
[30][29] is particularly well suited (cf. Chaptes).

Even if no preconditioner is to be used, the projection G?J@M)L must still be performed
in the preconditioning step:

A

system matrix: (I — Q,,Q" )(A — OM)
. A AT
preconditioner: (I -QQy)
right hand side: —(I-QuQ)r
initial vector: 0

An alternative formulation for the correction equation is obtained, by left-multiplying Equa-
tion (5.24) by the matrix(I — QB Q) K~". Together with the identityZ5]

AT

(I — Qu(Qx Q) ' Qry) K (I — Q1 Q")
K" -K'QunQ

— QKF_IQLK_I + QKF_IQZJF\/IK_IQMQT
= Kil - QKQT

Qi Qe+ Qi
= (- QuF QK

this yields the preconditioned correction equation

(I-—QuF 'Qu)K (A= 0M)z=—(I-QxF QK 'r
with (I — QMQT)Z =z

Here the preconditioner is incorporated into the system matrix. With this formulation of the
correction equation the system matrix is not symmetric. Only Krylov subspace methods for
general non-symmetric matrices can be used, as e.g. CGS or BiCG-Stab.

The following table shows how a Krylov subspace method is used, to solve the correction
equation $.31).

(5.31)

system matrix: (I — QxF Qp)K (A — M)
preconditioner: I
right hand side: (I - QwF QK '
initial vector: 0
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Since the preconditioner is incorporated into the system matrix, the corresponding software
routine is called as if no preconditioner would be used.

If no preconditioner is to be used, the iteration vectors must still be kept in the correct
subspac®(Q,,)*-. We replacél — QI Q)K" by (I-QQ,,) and obtain a simplified
unpreconditioned form of the correction equation.

A AT

system matrix: (I — QQ,,;)(A —6M)
preconditioner: I
right hand side: —(I-QQy))r
initial vector: 0

Choice of the preconditioner K The task of the preconditioner is to improve the con-
vergence rate of the Krylov subspace method, which is employed to approximately solve the
correction equationy(24). K is a symmetric matrix, that approximatds— 6 M and is cheap
to “invert”.

Sinced is updated in every step of the Jacobi-Davidson iteration, the precondi#¢rzerd
the preconditioned eigenvecta, should be updated too. However, for aimost all precondi-
tioners these operations are very expensive. Thus, we construct the preconditioner only once in
the beginning, namely in such a way that it approximates 7M. In [26], Fokkema et al.
show that the convergence rate is aimost as high A&sahdQ . were updated in each iteration
step.

The various preconditioners investigated in this dissertation are discussed in Ghapter

Stopping criterion and selection of the initial guess for solving the correction equation
The stopping criterion and the initial guess are both crucial ingredients of a Krylov subspace
method. They are discussed in this section.

The more accurate the eigenvalue approximation is, the better the expansion of the search
space potentially is. In the extreme case, where )\, the subspace expansion is optimal,
i.e. the desired eigenvector will lie in the new search subspace. Whereas if the eigenvalue
approximation is very imprecise, the calculated correction will generally be ineffective and will
not lead to a substantial reduction of the residual, as a general rule. In this case it makes no
sense to solve the correction equation accurately.

For this reason, we use a variable stopping criterion of the form

[F]]2 < "] o],

as suggested by Fokkema et al. #6]] Herer, is the initial residual and; is the residual
associated with the current guess of the inner iterati@g, is the number of JD iterations,
which were already executed for calculating the next eigenpair. In other wigggdis, a counter
that is incremented in each JD iteration, and reset to zero every time a new eigenpair is found.
Thus, with the progression of the JD-iterations the correction equation is solved more and more
accurately, until the eigenpair has converged.

The initial guess for the iterative method must Iié@r(]QM)i. Since no cheaply obtainable
estimate for the solution is available, we use the zero vector as the initial guess for the inner
iteration.
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Choosing the shift in the correction equation As discussed in the previous section, the
calculated correction is ineffective if the shift in the correction equation is far away from the
desired eigenvalue. With this insight, the choice of the shift can improvet:thie Ritz value
closest tor, is a bad approximation for the desired eigenvalue, the target vatself, being a
better approximation, should be used as the shift instedd of

This is implemented as suggested by Fokkema et al2éh [If the residual norm from
Equation 6.22) is larger than a given bound,, we chooser as the shift, otherwise the Ritz
valued is used.

This strategy has two advantages: Firstly, the expansion of the search space is improved
(especially in the first few iteration steps), and secondly, convergence to the eigenvalues closest
to 7 is enforced.

Restart In each Jacobi-Davidson iteration a new expansion of the search subspace is com-
puted from the correction equation. Thus, in each JD iteration the dimension of the search
subspace increases by one.

There are two reasons to restrict the dimension of the search subspace: Firstly this limits the
memory consumption of the algorithm and secondly, it also limits the computational cost of a
Jacobi-Davidson iteration step.

Thus, we define the maximal dimension of the search subsjpagceAs soon as the max-
imal dimension is reached, a so-callestartis undertaken, and thereby the search subspace
dimension is reduced tfin.

This gives rise to the question, whighi, search directions should be kept. Since we are
interested in eigenvalues closesttave choose thgni, Ritz vectors with associated Ritz values
closest tor, as the basis for the new search space. Due to the ordéring),(the Ritz values
1. .., S, are closest ta.

The following steps are undertaken to perform the restart:

Setj the to new search subspace dimension,

J < Jmin-
Replace matrid/ by the firstj Ritz vectors,
Vnew = ‘/‘4/_(:[]7 )

Down-size matrixs,
Snew = S(l], 1])

Due to the change iv, G must be updated also:
V?;eW-AVneW = Ghew = S.
Therewith the eigenvecto™’ of G need to be updated too:
Woew = 1.

The actions for implementing the restart are almost the same as the actions performed when a
new eigenpair has converged (cf. pad.
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Orthogonalisations in the Jacobi-Davidson algorithm To ensure the stability and efficiency
of the Jacobi-Davidson method, it is essential to keep the colum@sasfd V' M -orthogonal.
Thus, it must be guaranteed, that

Q'MQ=1 (5.32)
VIMV =1 (5.33)
VIMQ =o0. (5.34)

Additional orthogonalisations are necessary in the iterative method for solving the correction
equation.

For the inner iteration we us#assical Gram-Schmidt orthogonalisatione. operations of
the form

y=I-QQy)x and y=(I-QuQ")x

These type of orthogonalisation is the cheapest, but also the most inaccurate. In the inner
iteration they are used for both the system matrix and the preconditioner (ct A)g.

Afterwards, the correctiom computed in the inner iteration is orthogonalised more accu-
rately using thanodified Gram-Schmidt method his orthogonalisation can be implemented
efficiently, since we have the matr@,, = M Q available (cf. Alg.5.5).

function u = MGSM(Q, Q ,, v)

m = size(Q, 2)
fori=1:m
§= uTQM(:a Z)
u=u-—sQ(:,1)
end for

end function

Algorithm 5.5: Modified M -orthogonal Gram-Schmidt orthogonalisation
The routine MGSMM -orthogonalises the vectar vs. the columns of using the modified Gram-
Schmidt approachQ », is equal toM Q.

The vectorz is the extension of the search space and therefore it mukf fmethogonalised
against all existing search directions, i.e. against the columi&s. @&ince we do not explicitly
storeM V', modified Gram-Schmidt orthogonalisation would be too expensive, because many
multiplications with M would be required. Therefore we use fiterative classical Gram-
Schmidtmethod (cf. Alg.5.6), which is cheaper in this case and also more accurate than the
modified Gram-Schmidt method .

The JDSYM algorithm  In this section, Alg5.7, our implementation of the Jacobi-Davidson
algorithm, optimised for the symmetric, generalised eigenvalue prolielf) (s presented in
a Matlab-like notation. Alg5.8... 5.10are auxiliary routines called by Alg.7.

Note, that in Alg.5.7, the matrixQ corresponds to matri®, expanded by an additional
vector. Accordingly, the matrice®,,, Qx and F are related taQ,,, Qx and F. This
notation was chosen to keep the Matlab-like code short and simple. In an optimised version of
the code, these matrices would share the same memory space.
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function [u, | = ICGSM(@Q, M, u)
a=0.5; itmax=3; it =1
up = Mu
o =V uTuM
while 1
u=u-Q(Qun)
upy = Mu
n = valuy
if 1 > arg or it > itmax then break end if
=14t +1;, rg=mr
end while
if 11 < argthen
warning(’loss of orthogonality’)
end if
end function

Algorithm 5.6: Iterative ClassicalM -orthogonal Gram-Schmidt orthogonalisation
The routine ICGSMM -orthogonalises the vectar vs. the columns of using the Iterative Classical
Gram-Schmidt method.
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function [A, Q] =JIDSYM(A, M, K, vq, T, &, kmaxs Jmins Jmax €trs itmaxs V)
Initialisation according to Alg5.8
while it < itmax
— Projected eigenproblem —

(W, S] = eig(G)
(W, S| = sorteig(W, S, 1)
while 1

— Ritz approximation —
u=VW(,1); §=8(1,1); upy = Mu; ug = K 'up
r = Au— fup,

Q = [Q, u]; QK = [Qk, ukl; QM = [Qnr un]

if not (||r]]2 < eand (j > 1 or k = kmax— 1)) then break end if

— Convergence —
A=\ 0]
Q=Q; Q=Qn; Qr =Qg; FF=F
V=VW(,2j);, S=5(2,2j); G=S,W =1,
J=J—Lk=k+1; isep=1
if & = kmaxthen return endif
end while
if 7 = Jmax then
— Restart —
J = Jmin
V=VW(,1yj); §=8(1y,15); G=S;W =1,
end if

— Expansion of the subspace —
if ||r]l2 < ey then 0 = @ else 0 = 7 end if
Calculate the correctionaccording to Alg5.9
z = mgsm(Q, Qs 2)
[z,r] =icgsm(V,z); z=1z/r
V =[V,z]; 24 = Az; G =[G, V7T24;24,V,2"2,4];
J=7+1; tseep= tstep+ 15 1t =it + 1
end while
end function

Algorithm 5.7: Jacobi-Davidson algorithm
JDSYM is an implementation of the Jacobi-Davidson method. JDSYM calculates eigensolutions
(Ax, qx) of the generalised eigenvalue problebe = A\M q

n = siZe(A, 1), /lt == 0, istep: 0
j=1;vo = vo/[[vol; V := vo; G = v (Avy)
k= 0;Q = zeros(n,0); Qs = zeros(n,0); Q g = zeros(n, 0); A = ||

Algorithm 5.8: Initialisation of JDSYM
This code sequence belongs to Afg7 and is given here due to space constraints.
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Use iterative method for symmetric matrices according to scheme
System matrix: (I — Q,,Q )(A — o M)
Preconditioner: (I — QpF  Qp) K~
Right hand side: (I -0y Q)

or use iterative method for general matrices according to scheme
System matrix: (I — QuF  Qp)K (A — o M)
Preconditioner: I
Right hand side: (I - QuF QK 'r

with initial vectorO.

Stop after reduction of the residual norm by a factos;gf= ~ s or
until itmax iin iterations have been executed.

Algorithm 5.9: Solution of the correction equation

This code sequence belongs to Afg7 and is given here due to space constraints.

function [W, S]1=SORTEIGW, S, 7)
[tqummy, 1] = sort(|diag(S) — 7|)
S =5(,i)
W =W(,i)

end function

Algorithm 5.10:SORTEIG

SORTEIG sorts the eigenpairs (8, W) such, thatS(i,i) — 7| < |S(i+ 1) —7|fori=1,...,5 — 1.
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Important properties of the matrices in the JDSYM algorithm  The eigenvectors o6(13
are M -orthogonal to each other. Thus

Q'MQ=1 (5.35)
holds. As a result of the way the search space is constructed irb Alg.
VIMV =1 (5.36)

holds. In Alg.5.7the search space is kepf -orthogonal to the already converged eigenvectors.
Therefore
VIMQ=0 (5.37)

must hold. Due to the orthogonality constraint, on which the Rayleigh-Ritz approach is based
on,
Vir = VT (Au—-60Mu) =0 (5.38)

holds. Sincau liesinR(V),
u'r=0 (5.39)

must hold. The relation betweerand( is less obvious. From the definition ofollows
Q'r = QT Au— 0Q* M.

Sinceu € R(V') and because of Equatiof.87) we haveu L »; Q, or rewrittenQ” Mu = 0.

Now, let’s assume that the eigenvectors store@imare exact to machine precision. Let
Q™ be the matrix of eigenvectors not containeddn Sou € R(Q™) holds. Lett store the
components oft in direction of the columns o).

Q"Au=Q"A[Q,Q"][0,t]"
=(Q"AQ)0+ QTAQ "¢

and because 0b(15H

= A0+ 0t
= 0.

However, the eigenpairsgyf, \;) calculated by Alg5.7 are not exact to machine precision, and
thus the above calculation is not valid. Instead the eigenpaits\() satisfy

|Aqr — AdeMaylls < e Vk,

for the given bound (cf. Section5.1.2. In the following estimation we take into account that
the eigenvector§ are not exact and denote these v@hAccordingly we definei)L € Rrxn—k
with (Q7)"MQ = IandQ' MQ " = 0. Then we haveank([Q, Q ]) = n.
We define . .
R:=AQ — MQA
with
|R||F < Vke.



76 Eigensolvers

By transposition and by multiplication wib@L from the right we get
RTQJ_ :QTAQJ_ _AQTMQJ_ :QTAQJ_‘

SinceR(V) C R(QL), u can be represented by its componentgzi@l) (analogous to
above):u = QLt. This finally yields the following estimation:

1Q ]2 = |Q" (Au — M), = |Q" Aul,
—IQ"AQ ¢,
— |RTQ t), (5.40)

~ 1
< [R|FIQ t]2

ke||lul|s.

Due tou” Mu = 1 we have
/M2 < flulls < A/ |IM 7.

Computational cost and memory requirements The memory requirements of Al§.7 are
governed by the matrice®, Q M Q x andV. They occupy(3kmax + jmax) » Memory loca-
tionst’. All other matrices arémay X kmax OF jmax X jmax at the most, and therefore can be
neglected for realistic problem sizes. The memory taken up by the maicédd and the
preconditionerK is not taken into account here.

For the analysis of the computational cost we only consider operations that depend on the
matrix ordemn.

Tab.5.1shows the computational cost for the Jacobi-Davidson iteration, subdivided into the
various parts of Alg5.7. The Ritz approximation and the expansionVofare carried out in
every JD iteration step. The other parts are carried out when necessary.

Tab.5.2 shows the computational cost for applying the operator and preconditioner in one
inner iteration. Operations executed by the iterative solver itself, are not counted. Usually these
are a few DAXPY- and DDOT operations per iteration. The cost of these operations is small,
when compared to the costs shown in Tal2. E.g., the QMRS iterative solver executes 3
DAXPY- and 3 DDOT-operations per iteration step. The CGS iteration executes (apart from
two multiplications with the system matrix and two preconditioning steps) 2 DDOTs and 6
DAXPYs in each iteration.

5.1.3 Choosing suitable parameters for the Jacobi-Davidson algorithm

The performance of the JDSYM algorithm (Al§.7) depends on the values of many param-
eters. Only for some parameters a good choice is obvious or already given by the underlying
problem: kmax is the number of requested eigensolutions amglthe requested error tolerance.
The parameteftnox can safely be chosen very large, such that all requested eigenvalues are
computed. The parameterdetermines which eigensolutions JDSYM will converge to. How-
ever, if extremal eigenvalues are computed, there is still some freedom for cheosing

7By the termmemory locatiorwe refer to the space taken up by one floating point number (usually 8 bytes for
a double precision number)
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D
D N

& pe T W @
R N Q X 9
Ritzapprox. 1 1 1 3 Jj+k 1 2
Expansion 1 2 2 2(k+1) k+1 k+1

of V +7 +3
Convergence j j(7—1)
Restart Jmax  JmaxJmin

Table 5.1:Computational cost of various parts of the JIDSYM algorithm
The MEMOP column shows the number of memory copy and memory write operations, that are not part
of the other listed operations.

)
@ D
> ‘}* '*3\6: Q A
& & R
& <z / Q) \a
~ 474747 Q
Symmetric form 1 1 1 4(k+1) 1
Non-symmetricform 1 1 1 2(k+1) 1

Table 5.2:Computational cost of an inner iteration step

For the other parameteysin, jmax €tr» itmax,in @Ndy the best choice is not evident. This is
also true for the shift, which is used to construct the preconditiod€r Since it is difficult
to describe the impact of these parameters on the execution time of JIDSYM theoretically, we
ran a series of numerical experiments to better understand their influence on the performance of
JDSYM and to find good choices for them.

We implemented a simple optimisation scheme: We start with reasonable values for all pa-
rameters and then optimise each parameter individually, one after the other. This is repeated
over and over again. To optimise one parameter a simple procedure is undertaken: The eigen-
value problem is solved for (about 10) different values of this parameter. The value which yields
the best execution time is then used for subsequent calculations.

We performed this optimisation for the Maxwell eigenvalue problem (Problem II) using
vector finite elements with the SAUG and the EIGSOLV approach. For all calculations we used
the Prec2LevJACssor preconditioner. The optimisation was carried out for four different grids:
copcav? boxcav16x10x3oplOkandcopcavl8and forkmax = 5, 10 and20. Some parameters
are fixed: We set = 107¢ anditmax = 1000. The optimisation was run for the parameters
0, Jmaxs Jminy €try “maxlin and')/-

The amount of data generated by these experiments is large, since the eigenvalue problems
are solved hundreds of times. We abstain from reporting raw data. Instead we discuss our
experience for choosing each parameter.



78 Eigensolvers

Target = We did not optimise this parameter for EIGSOLYV, since this method adjusts
dynamically. The initial value is set close to but smaller than

When using the SAUG method the parametes chosen in the rand@, (A1 + \x,...)/2]-
Choosingr larger will result in convergence to wrong eigensolutions. Choosing 0 has
the advantage, that the number of multiplications with the maifixs reduced. In most cases
7 = 0 seems to be the best choice. In the other cases the optimal value is close to but smaller
than( A\ + Aja) /2.

For kmax = 20 and the two larger grids has a large impact on the performance of the
algorithm. In these cases settingo zero results in a gain of ovd00% in execution time
compared to the worst case. For smallgg, the parameter has only a limited impact on the
execution time of the eigensolver. Then one can gain abgatif 7 is chosen optimally.

Shift for the preconditioner & We choose the parameterfrom the range(0, (A\; +
M) /2] The choicer = 0 is not possible, since this would result in a singular preconditioner.
o has a large impact on the performance of the eigenvalue solver especially for the larger grids,
where fluctuations can amount to more tHan%.

For the EIGSOLV method the optimal value is always close to but smaller than-
Meman) / 2+ FOr kmax = 5 @andkmax = 10 this is also true with SAUG in most cases. Fggx = 20
with SAUG a value close to but smaller thanseems to be the better choice.

It turns out, that the optimal values of batrandr are often close together.

Minimal and maximal dimension of the search spacgnmi, and jmax The parametefmax
Is chosen in the ranggin + 1, .. ., 6kmax @andjmin IS chosen in the range . . ., jmax — 1. The
experimental results show, that the execution time is almost insensitive to the chgigeaofd
Jmax:

When using SAUG the performance degradeg,if is very small (min < kmax/4) O if jmin
andjmax are very closefnax— jmin < 3). With EIGSOLYV the algorithm is still efficient for very
small values ofjmin. In some casegnin = 1 yields the best results.

In all cases except the ones mentioned above the execution time only fluctuates by a few
percents. So there is no point in choosing these parameters large, as this would waste mem-
ory. A reasonable choice j&in = kmax/2 andjmax = kmax. With these settings, the memory
requirements of the JDSYM algorithm amounttg,.x floating point numbers (cf. pagés ff).

Tracking parameter e,  The parameter, is chosen irje, 10%]. The choice ofy, can have
a large impact on the performance of JDSYM and result in a gain of @%oin execution
time, compared to the worst choice. Unfortunately the optimal value depends heavily on the
grid, kmax and the solution method (SAUG or EIGSOLV).

For SAUG the optimal value is in the range 10~]. For EIGSOLV the optimal value is
larger, usually in the rangé, 100]. There are however many exceptions to this rule. Therefore
we suggest to usg, = 1072 if no better value is known.

Maximal number of inner iterations itmaxin  The parameteftax in IS chosen in the in-
terval2, ..., 500.

With the SAUG method anéln.x = 5 or kmax = 10 the optimal value seems to be approx-
imately 20. However the performance of JDSYM seems to be almost indifferent to the value
itmax in fOr any value larger thamb in this case. Fokmax = 20 the best results were obtained
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with itmaxiin = 5. For the two large grids the gain amounts to alm@st, compared to the
worst choice.
With EIGSOLYV the optimal value foitmax in tends to be larger. It is usually around for
all values ofknax. The performance seems to be almost indifferent to the choi¢g,gfiin as
long as it is chosen larger thda for any knayx.
It must be noted, that settingnax in Very small can be dangerous, especially if ill-condition-
ed inner systems have to be solved. The corrections computed in the inner iteration may be
ineffective, and JDSYM may fail to converge.

Decay parametery We choosey, in [1.1,5.0]. The execution time is not very sensitive
to the value oty; it fluctuates byl 5% at the most. For SAUG the optimal choice fors in the
range[1.5,4.0]. For EIGSOLYV the optimal value is in the ran@e4, 3.6].

Summary In this section we showed, that choosing good parameters for JDSYM is not a
simple task. For most parameters, the optimal choice depends on the grid, the method for
solving the indefinite eigenproblem and the number of eigenvalues to be computed. We have
not examined the influence of the preconditioner, but it certainly has an impagt,Qn.
Further, it has to be noted, that the guidelines given in this section cannot be generalised to
other problems.

5.1.4 Block Jacobi-Davidson Algorithm for the generalised symmetric eigenvalue prob-
lem

In this section we consider a block version of the JDSYM algorithm discussed in SBcti@n
The eigenvalue problem is expected to have the same form and properties as for JDSYM.

With the conventional Jacobi-Davidson algorithm problems can arise, if the desired eigen-
values are multiple or if they are very close together: If the current eigenpair approximation
(A, u) is very accurate, the system matrix of the correction equation becomes ill-conditioned.
If \is simple and well separated from the rest of the spectrum, then working in the orthogonal
complement remedies the ill condition Xfis a multiple eigenvalue then this is not enough; the
constrained system can be almost singular, too. Though the projections in the correction equa-
tion remove components in one “bad” direction, the other “bad” directions stemming from the
multiple eigenvalue remain. In fact the system matrix can become almost singular. We suspect
that this may result in an unsatisfactory convergence behaviour of the iterative method.

The block version of the algorithm presented in this section tries to fix these issues. The idea
is the following: The block algorithm is parametrised by an additional parameter: the block size
ny. Now ny, Ritz pairs are computed in each JD iteration, instead of only one. For each of these
np Ritz pairs a search direction is computed from the correction equation. The projections in
the correction equation are adjusted in such a way, that they keep the solutions orthogéinal to
Ritz vectors. These modification prevent the system matrix from becoming nearly singular.

The following list describes the changes made for the block version in detail:

Initialisation The JD algorithm is started with a search space of dimensgjon
Projected eigenvalue problem no changes

Ritz approximation ny, Ritz pairs with Ritz values closest toare calculatedn, new columns
or rows and columns respectively are calculatedoQ »,, Q . andF.
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Convergence There are two variants: In the first case, the iteration continues until, &litz
pairs fulfil the convergence criterion. In the second case the Ritz pairs are treated in-
dividually and removed from the search space as soon as they satisfy the convergence
criterion.

Restart no changes

Subspace expansion The correction equation is solveq times withn, different shifts and
right hand sides. This results i new search directions.

A

Correction equation @ includes the selected, Ritz vectors. The projections in the system
matrix and in the preconditioner keep the new search direciddnerthogonal to ally,
Ritz vectors.

Experimental results We now try to confirm the advantages of the block algorithm by means
of a concrete example.

Because Problems | and Il do generally not yield eigenvalue problems with multiple eigen-
values, we artificially create such an eigenvalue problem: We use a small eigenvalue problem
Au = AMu stemming from Problem Il and construct t§ox 5 block diagonal matricest
and M, by using the original matriced and M as diagonal blocks. This yields a matrix
eigenvalue problem

Au = \Mu, (5.41)

with all eigenvalues being fivefold. This eigenvalue problem is now solved with the Jacobi-
Davidson block algorithm using several different block sizgdn this experiment we calculate
30 eigenpairs using the parametggs, = 30, jmax = 40 and no preconditioner.

Np leig  Utinner, avg
1 28.86 19.12
2 2951 19.62
3 30.81 20.52
4 30.85 20.55
5 31.79 20.04
6 38.75 23.31
7 41.01 24.39
8 42.62 24.74
9 44.75 24.95

10 40.55 22.32

Table 5.3:Experiment with the JD block algorithm
np is the block sizet.;, is the total computational time for computiisg eigenpairs,itinner, avgiS the
average number of inner iterations for solving the correction equation.

Tab. 5.3 shows the results for different block sizegs The row withn, = 1 corresponds
to the non blocked JDSYM algorithm (Al§.7). It is apparent that the block algorithm shows
no improvement when compared to the standard algorithm with this problem. The standard
JDSYM algorithm has no difficulties computing the multiple eigenvalues. The misgivings ex-
pressed before came out to be causeless. This behaviour has been observed with other matrix
eigenvalue problems, too.
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It remains to be clarified why the standard JDSYM algorithm has no difficulties computing
multiple eigenvalues. Two effects are responsible for this:

> By analogy to the inverse power meth@®b6] page 408], components in direction of the
eigenvectors associated with a multiple eigenvaluelose to the shift- will be ampli-
fied. The correctior will be orthogonal to the Ritz vectar, but still have components
in direction of the eigenspace associated with So, while the convergence to the first
eigenvector of\; is underway, the components in direction of the remaining eigenvectors
associated with; are also accumulated in the search space. Typically, the convergence to
the first eigenvector is slow, but once it has converged, the other eigenvectors associated
with A1 will quickly follow.

> Since the system matrix of the correction equation becomes nearly singular, certain com-
ponents of the residual are reduced only slowly. However, since only modest accuracy
Is required for the correction, usually only few inner iterations are needed to satisfy the
stopping criterion, anyhow.

> The right hand side of the correction equation is orthogon& (¥ »,). Close to conver-
gence one can expect that the solutiohas only small components on direction of the
(approximate) eigenvectors corresponding to

5.1.5 Solving the indefinite eigenvalue problem

If Problem 11 (time-independent Maxwell equations) is solved using vector finite elements as
described in SectioB.3, then matrix eigenvalue problems of the form

Ax = \Mx, A, M cR"™" (5.42)

emerge. A is symmetric positive semi-definite with a null space of high dimension,ahd

is symmetric positive definite. The task is to compute the smatiesitive eigenvalues and
associated eigenvectors &f.42). This section describes, how the JDSYM algorithm can be
extended to avoid convergence to the unwanted zero eigenvalues.

Three steps are necessary:

1. The target value is chosen near, but smaller than the smallest positive eigenvalue of

(5.42.

2. If an eigenpair converges in the JD algorithm, the target valigeset equal to the just
converged eigenvalue. Thusjs increased and is now further away from zero and also
nearer to the next desired eigenvalue.

3. As described earlier the Ritz pairs computed in the Rayleigh-Ritz step are ordered ac-
cording to equationH.21) on paget5 by their distance fromr. With this ordering, the
Ritz value closest t@ is used as the eigenvalue approximation.

The ordering must be adjusted, such that all Ritz values smaller than the current target
7 are moved all the way to the bottom. In this way, convergence to the null space is
prevented effectively, since now no undesired Ritz value is chosen as eigenvalue approx-
imation and also because the Ritz vectors with large components in direction of the null
space are eliminated when the next restart happens.

In the numerical experiments we conducted, this method worked effectively for all grids we
tested. Experimental results are given in Sectich@
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5.1.6 Related work

In [8, Section 5.6] Sleijpen and van der Vorst present the application of the Jacobi-Davidson
approach to the generalised Hermitian eigenvalue problem. Their algorithm, which is of course
also applicable to the generalised symmetric eigenvalue prolilel (shares many similari-

ties with IDSYM (Alg.5.7). The differences are the following:

> The algorithm presented i8] Section 5.6] stores the matricdsV and MV explicitly.
Thus, it requires storage f@Bkmax + 3jmax) 7 floating point numbers, whereas JDSYM
only needs space f@Bkmax + jmax) 7 floating point numbers (cf. pagés ff).

> The algorithm in 8, Section 5.6] does not project the right-hand-side of the correction
equation ontoR(Q)*.

> The use of iterative solvers for symmetric linear systems like SYMMLQ, MINRES or
QMRS is not studied ind, Section 5.6].

> The authors suggest the use of harmonic Petrov values instead of Ritz values if interior
eigenvalues are computed. JDSYM uses the techniques described in Settido do
the same.

In [32] Genseberger and Sleijpen present a new variation of the Jacobi-Davidson algorithm.
In contrast to the standard algorithm the new JDV method keeps the correcnaplicitly
orthogonal taall search directions. In this way the authors seek to obtain a better-conditioned
system matrix in the correction equation. This approach is similar to our block approach, both in
terms of the motivation and also in terms of the implementation. However, the results presented
in [32] indicate, that JDV is inferior to the standard Jacobi-Davidson algorithm.

5.2 Implicitly restarted Lanczos algorithm (IRL)

The standard Lanczos method as e.g. describe87nd7][36, p. 470 ff.] is one of the best
known algorithms for computing eigensolutions of sparse symmetric eigenvalue problems. The
number of required iterations taken by the Lanczos method can be very high, depending on the
matrix properties. A high memory consumption for storing the basis vectors of the search space
and a large computational cost for the orthogonalisations are the outcome. Sorensen suggested
the “Implicitly Restarted Lanczos” method (IRL method), which deals with this problem by
employing a clever variant of the restat9]. The Fortran 77 software package ARPACK by
Lehoucg and Sorensen implements the IRL method. The IRL method is outlined below:

The Lanczos iteration with the shift-and-invert spectral transformation

Q11841 =Tj41 = (A —ocM) ' Mq; — qja; — qj_13;, (5.43)
with oy = qu(A — UM)_qu]' and qZTMq] = 51’]’7

is executed for = 1,2,..., until j = jmax. Here,jmax is the maximal dimension of the search
space. For stability reasons complete reorthogonalisation is performed, i.e. eacfnews
M -orthogonalised to the whole search space. The search ¥paisespanned by the vectors
di,---,9;- Let

Vi=lai,-..,q,
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and let
62 63 e ﬂj
T, =tridiag | an ay -+ a; | . (5.44)
Ba B3 - G
After jmax iterations the Lanczos relation
(A=oM) "MV, =V, T+ i1 (5.45)

is satisfied. NOWs = jmax — kmax SWeeps of the QR algorithm with the shifts, . . ., u, are
applied onT;, such thatl’ = Q T,Q with Q = Q, ... Q,, whereQ, represents the QR
sweep with shiff;. After multiplication withQ from the right we get

_ - AT -
(A - UM) 1MijaxQ = V]maxQ(Q T]Q) + rjmax“rleg;naxQ' (546)

Since the orthogonal matric€3; have Hessenberg form, the matdx hask sub-diagonals.
Because of this only the laét+ 1 columns ofr;,.1e) Q are non-zero.

max

Let V.. the matrix consisting of the firstmax columns of V. _Q and letT,. _ be the

Jmax

diagonal block of’ = Q' T';Q consisting of the firskmay rows and columns and Iéf, .., be
the kmax+ 1-th column of By,,..1V Q added tokmayth column ofr;, . 1el Q. Then we can
write

(A—oM) "MV = Vi T ke + Thnact €5 (5.47)

Equation b.47) corresponds to the Lanczos relation, that one would gét,df steps of the
iteration 6.43 where performed with the start vecﬂ?rkmaxel. Since the information Ofnax —

kmax S€arch directions is lost at each restart, the IRL method converges slower than the Lanczos
method.

In the above discussion, the choice of the shifts was not considered. In the ARPACK pack-
age, when using standard settings, they are set té tigenvalues oli“kmax with the smallest
magnitudé®. If the shiftsy,, ..., u; are equal to eigenvalues fﬁkmax, they are calledxact
or perfect shifts With perfect shifts all components in direction of the associated Ritz vectors
are eliminated. Other variants for choosing the shifts are pos&btleHlowever, the ARPACK
strategy has provided satisfactory results in our practical experiments.

The memory requirements of Al¢g.11 add up to2njmax floating point numbers. This
corresponds to the maximal size of matrid@ésandV ,,. Alongside memory is needed for the
matricesA and M. To solve the linear system of equations widh— o M efficiently, it may
be beneficial to store this matrix separatély

5.2.1 Solving the indefinite eigenvalue problem

If Problem 11 (time-independent Maxwell equations) is solved using vector finite elements as
described in Sectiof.3, then matrix eigenvalue problems of the form

Ax = \Mx, A, M eR"" (5.48)

emerge. A is symmetric positive semi-definite with a null space of high dimension, ahd
is symmetric positive definite. The task is to compute the smatiesitive eigenvalues and

8The eigenvalues off”kmax with the smallest magnitude correspond to the Ritz values of the original problem,
that are furthest away from.
91n contrast to the JD algorithm this is feasible here, since the sligftonstant.
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associated eigenvectors &f.49. This section describes, how the ARPACK software can be
configured to avoid convergence to the unwanted null space.
Three measures are necessary:

1. The shifto is chosen near, but smaller than the smallest positive eigenval6elé. (

2. ARPACK must be called using the parameétBICH = ‘LA’. In this way ARPACK is in-
structed to converge to eigensolutions with associated eigenvalues closeutdarger
thano.

The parameteWHICH = ‘LA’ affects the way the shifis,, . . ., u, for the QR sweeps are
chosen: Instead of selecting the Ritz values with smallest magnitude, the algebraically
smallest Ritz values are chosen. As mentioned above, all components in direction of
the k associated Ritz vectors are eliminated from the search spac&hus, IRL will
converge to the eigensolutions with the algebraically largest transformed eigenvalues.
This corresponds to the desired eigenvalues, that are closest te ahitalso larger than

o. However, slow convergence is possible.

In the numerical experiments we conducted, this method worked effectively for all grids we
tested. Experimental results are given in Sectich@
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function[V, A, it] = irl(A, M, kmax, jmax, 9, 7, €)
n =size(A,1); it=1; j=1
— Initialisation of the Lanczos iteration —
q = qa/sqrt(q" Mq); am = Mq
V =[d Vv = [am]
solve(A —oM)z = qu
a = [z"qm]; B=[0]
r=z—oq
while 1
j=j+1 it =it+1
— Lanczos iteration and complete reorthogonalisation —
B; = sqrt(r’ M)
q=r/8;; am = Mq
V=[V.d; Vm=[Vm am]
solve(A —oM)z = qum
h=Viz r=z-Vh
c=Vyr;r=r—Vc;h=h+c
Oéj = hj
— Eigenvalue decomposition of the tridiagonal maffjx—
[0, 8] = grsym(a, B)
[0,ii] = sort(—0);0 = —0;S = S(:,ii)
— Convergence criterion —
if kmax < jand all(3;1S(j, 1:kmax)| < €), break, end
— Implicit restart —
ifj = Jmax
Q, a,@] = perfectshiftqr(a, 3, @ (kmax + 1:jmax))
r= VQA<57 kmax + 1) Bmact1 + r@jmgx,kmax
V =VQ(, Lkna); V=V MmQ(, L:iknax
o = a(l3kmax>§ B = 6(1:kmax)§
J= Kmax
end
end
V =VS(, Likmax); A =0+ 1./0(1:kmay)

Algorithm 5.11:IRL

Implicitly restarted Lanczos algorithm with complete reorthogonalisation for the generalised symmetric
eigenvalue problemlx = A\Mx, with A, M symmetric andV > 0, using the shift-and-invert spectral
transformation
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5.3 Comparison of eigensolvers

The section briefly discusses the common features and differences of both the JDSYM and
the IRL methods. Numerical results comparing the performance of both solvers are given in
Sectiord.2.6

Both methods compute awl -orthogonal basis for the search subspace and perform restarts
to limit the dimension of this subspace. The IRL method computes a Krylov subspace, but
JDSYM does not. Both methods solve a linear system of equations in each iteration. IRL
solves a system of the forfd — o M)z = qu, with a constant to high accuracs. Here
high accuracy means, that a more stringent stopping criterion is used for the linear system than
for the eigenvalue solver. JDSYM solves the correction equation with a variable shift in each
iteration. The correction equation includes expensive projection and is usually solved only
approximately. The memory consumption of both methods is comparable.

Comparing the computational cost of both methods is difficult, since the number of inner
and outer iterations is a priori unknown. For this reason we restrict ourselves to compare the
performance of the two methods by the means of numerical experiments.

The experimental results reported in Secti@gn®.6 and 8.4 show that JDSYM is faster
than ARPACK in all cases. This can be mainly attributed to the fact that JDSYM allows for
inaccurate solutions of the correction equation, whereas ARPACK requires an accurate solution
of the shifted operator.

20The ARPACK documentatiorbp)] states, that the convergence test for the inner iteration must be more strin-
gent than the accuracy requirements for the eigenvalue approximations.
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6 Iterative methods

In this chapter the iterative methods used in the eigensolvers are briefly introduced. It is not the
intention of this chapter to give very detailed description or even to derive these methods. For a
more thorough look at iterative methods see €ldj. [

In the simplest case, the linear systems of equations have the form

A,x = b, (6.1)

with symmetricA, = A — oM. If the indefinite eigenvalue problem is solved, the linear
system may include additional terms with the matri€gsY and/or H, depending on the
method chosen (cf. Sectigh?). If IDSYM's correction equation3(24) is solved, additional
projections ontdR (Q)-™ are necessary.

When using the IRL eigensolver, the shiftcan be chosen in such a way, that the sys-
tem matrix is positive definite. On the other hand, in JDSYM the shift is determined by the
eigensolver, and thus the system matrix may become indefinite. For one form of the correction
equation the linear system may even become non-symmetric (cfg8age

All methods presented in this chapter fall into the categomrgfov subspace methodSo,
the approximate solution after tieth iterationx®) lies in the Krylov subspace

KAy, r9) = span{r® A,r .. A1 O

with r® = b — A, x, wherex® is the initial guess.

Method | Mult | Prec | Daxpy | Ddot | Storage
CG 1 1 3 2 4dn
SYMMLQ 1 1 9 2 5n
MINRES 1 1 3 3 ™m
QMRS 1 1 5 2 6n
CGS 2 2 7 3 8n

Table 6.1:Computational cost per iteration

The table shows the number of matrix-vector multiplications, the number of preconditioner invocations,
the number of vector updates, the number of inner products per iteration and the memory requirements
for each iterative method. The storage space is given in the number of floating-point numbers to be
stored. The solution vecter and the right-hand sidle are not counted.

Tab.6.1summarises the computational costs per iteration and also the memory requirements
for the various iterative methods.

6.1 CG

The Conjugate Gradients method by Hestenes and Sti&dgiq over 50 years old, but still the
method of choice for symmetric positive definite linear systems.

The CG method derives its name from the fact that it generates a sequence of conjugate (or
orthogonal) vectors. These vectors are the residuals of the iterates. They are also the gradients
of a quadratic functional, the minimisation of which is equivalent to solving the linear system.
CG is an extremely effective method when the coefficient matrix is symmetric positive definite,
since storage for only a limited number of vectors is required (cf. @d.
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The CG method implements thtz-Galerkin approachvhich requires, that the residuals
are orthogonal to the Krylov subspace, thus A,x® L KF(A,,r©®).

We use the CG method for Problem | and also for Problem Il if node finite elements are used,
because in this cases the system matrix is positive definite. In the indefinite case (Problem I
with vector finite elements) CG can only be employed if the method can operate in the positive
definite subspace, as it is the case for the DIRPROJ, the BESPALOV and the AD method (cf.
Sectionst.2.1,4.2.4 4.2.3

However, the CG method can not be used together with JDSYM. Due to the variable shift
o, itis not guaranteed that the system matrix is positive definite. Thus for IDSYM, one of the
other methods below has to be used.

6.2 MINRES and SYMMLQ

MINRES and SYMMLQ by Paige and SaundeES| are computational alternatives for CG
for coefficient matrices that are symmetric but possibly indefinite. The preconditioner is still
required to be positive definite.

MINRES is aminimum residual approaglthat requiresb — A,x*)||, to be minimal over
K*(A,,r®). On the other hand SYMMLQ is minimum error approachhat minimiseg|x —
x®||, over A,KF(A,,r®). SYMMLQ generates the same iterates as CG, if the coefficient
matrix is symmetric positive definite.

We employ MINRES or SYMMLQ with JDSYM, but only in the cases we are sure, that the
preconditioner is positive definite, or when we operate in a subspace in which the preconditioner
is positive definite (DIRPROJ, BESPALOV and AD methods).

We obtain slightly better results with MINRES, because the cost per iteration is smaller (cf.
Tab.6.1), and because for SYMMLQ the factet, in front of the Krylov subspace may lead to
a delay in convergence proportional to the condition numbet 0f69].

6.3 QMRS

QMRS (Quasi Minimal Residual Simplified) is a variation of the QMR-method by Freund and
Nachtigal p8] for J-symmetric matriced. As shown in B(] a linear system with/-symmetric
coefficient matrix can be constructed from the symmetric linear sysiethgreconditioned by
symmetricindefinitematrix. Thus, the QMRS method solves linear systems with symmetric
indefinite matrix and symmetric indefinite preconditioner.

The QMR and the QMRS methods follow tiRetrov-Galerkin approachwhich requires,
that the residuab — A,x*) is orthogonal to some suitabledimensional subspace other than
KF(A,,r®). In fact, for QMR-type methods the residual is orthogonattgAZ, r(©).

We use the QMRS method for the indefinite systems with a possibly indefinite precondi-
tioner arising from SAUG and EIGSOLV methods (cf. Sectiod.

6.4 CGS

The Conjugate Gradient Squared method (CGS) by Sonne¥@lds[a variant of Biconjugate
Gradient method (BiCG). The BiCG method generates two CG-like sequences of vectors, one

21| et J be a nonsingular matrix. The matrR is called.J-symmetric, ifB” J = JB.
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based on a system with the original coefficient matixand one onA”. Instead of orthog-
onalising each sequence, they are made mutually orthogonal, or “bi-orthogonal”. Like QMR,
also BiCG follows thePetrov-Galerkin approach

CGS applies the updating operations for thesequence and tha” -sequences both to the
same vectors. Ideally, this would double the convergence rate, but in practice convergence may
be more irregular than for BiCG, which may sometimes lead to unreliable results. A practical
advantage is, that CGS does not need the multiplications with the transpose of the coefficient
matrix. CGS solves linear systems witlg@neral non-symmetricoefficient matrix.

We use the CGS method for the non-symmetric form of the correction Equétidt) Of
JDSYM. For our symmetric problems CGS proved to somewhat less efficient than the methods
discussed before.

While the choice of methods mentioned in the sections above is more or less evident due to
the limited number of efficient methods available, this is not really the case with CGS. CGS is
one of many methods suited for general non-symmetric linear systems. Numerical experiments
with Matlab have shown that for our non-symmetric problems CGS was superior to BiCG, Bi-
CGSTAB, QMR and GMRES. Fokkema et al. made similar observations on the usefulness of
CGS in the context of Newton processad][
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7 Matrix-vector products

The sparse matrix-vector product is an important computational kernel that runs ineffectively
on many computers with super-scalar RISC processors. In this chapter we analyse the perfor-
mance of the sparse matrix-vector product with symmetric matrices originating from the FEM
and describe three techniques that lead to a fast implementation. We also show how these opti-
misations can be incorporated into an efficient parallel implementation using message-passing.
The benefit of these optimisations is documented by experimental results on six different ma-
chines. The work presented in this chapter is publishe@4h [

Tab. 7.1 shows the percentage of time spent in the sparse matrix-vector multiplication, de-
pending on the preconditioner and the method for solving the eigenvalue problem (cf. Sec-
tion 4). The numbers shown in Tab.1are averages, that were obtained from experiments with
several different grids.

Method None Diag SSOR | 2LevJACjac| 2LevSGSssof
SI 77.3% | 784% | 43.6% 49.9% 29.8%
SAUG 67.4% | 62.6% | 43.2% 32.0% 20.5%

AD 41.6% | 40.4% | 29.5% 26.0% 20.8%
EIGSOLV | 74.6% | 74.8% | 44.8% 39.5% 22.9%

Table 7.1:Percentage of time spent in the sparse matrix-vector multiplication

Percentage of time spent in the sparse matrix-vector multiplication with respect to the total time spent for
solving the matrix eigenvalue problem. The percentage is given for various different preconditioners and
various different methods for solving the positive-definite and the indefinite matrix eigenvalue problem.
The values shown were obtained using a straight-forward implementation of the matrix-vector multi-
plication (cf. Alg.7.1). The numbers were obtained using JDSYM and represent averages over several
grids.

The data in Tab7.1 shows that a substantial amount of time is spent in the sparse matrix-
vector multiplication routine. Using no preconditioner or the diagonal preconditioner leads to
a lot of inner iterations. Thus, the ratios in Tabl are highest for these two preconditioners.
Even if the more efficient SSOR preconditioner is used (cf. Se@idnhusually aboutt5%
of the computation time is consumed by multiplying sparse matrices with dense vectors. So,
from this point of view, it is worthwhile to spend some effort into the optimisation of this
computational kernel.

7.1 Performance analysis of the sparse matrix-vector product

In this paper we focus on large symmetric sparse matrices, that do not fit into the memory
cache. While our ideas can be applied to general sparse matrices, we present algorithms and
results for matrices stored symmetric sparse skyline form@SS). We use the SSS format,
that is described in detail in Appendix 3 on pagel50, for symmetric global finite element
matrices, like e.gA or M. For such matrices, the SSS format is much better suited than the
CSR or the CSC format, since it requires only about half the memory and the matrix-vector
product is also much faster.

Algorithm 7.1 shows a straight-forward matrix-vector multiplication cgde= Ax for a
matrix stored in SSS format. The accesses to the matrix data structure are in a stride-1 loop, the
access pattern anandy is irregular and depends on the sparsity structurd of
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for (i =0; 1 < mn; i ++) { /* loop over rows of lower triangle */
xi = x[i]; /* load x[i] */
s = 0.0;
k2 = iali+1];
for (k = ial[i]; k < k2; k ++) { /* loop over nonzero elems of row */
j = jalkl; /* load column index j */
v = valk]; /* load matrix element A[i,j] */
s = s + vxx[j]; /* s = s + A[i,j] * x[j] */
y[31 = y[j] + v*xi; /* y[3] = y[j] + A[F,1i] * x[i] */
}
y[i] = dalil#*xi + s; /* y[i] = A[i,i] * x[i] + s %/
}

Algorithm 7.1: matrix-vector multiplication code for matrices stored in SSS format
This C code is a straight-forward implementation of the matrix-vector multiplication for sparse symmet-
ric matrices stores in SSS format.

To compute an upper bound for the performance of the sparse matrix-vector product for a
given architecture, profound knowledge of the design of the processor and the memory subsys-
tem is required.

In [76] Wadleigh and Potler show how to compute the optimal out-of-cache performance
of the BLAS-1daxpy () routine for the HP PA-8500 architecture. For this computation they
need to know the cache line size, the cache fhjgsnalty and how many outstanding memory
requests the processor supports. Computing the optimal out-of-cache performance of the sparse
matrix-vector product in this manner is much more difficult as its performance also depends on
the sparsity pattern of the matrix.

Often the details, that need to be known for such a computation, are not published or difficult
to access. Our straight-forward approach is more portable and gives comparable results:

We compute the ratig of the number of floating point operations to the number of bytes
of memory traffic. For the best case scenario wheendy are read only once from memory
and then kept in-cache, the number of floating-point operations (flopBs),is+ 2n and the
amount of data transferred from and to memoryas,,, + 28n byte€3. For this approximation
we assume a very large write-back caérand double precision arithmetic. This yields

~ Anpz+2n
= 12nn, + 28n°

For the test matricesavlandcav2(see Appendix), that are used in this chapter for numerical
experiments, we get ~ 0.32.

If we multiply n by the memory bandwidth of the system we get an upper bound of the
performance (Mflop rate) of the sparse matrix-vector product.

22/ cache miss is a failure to find requested data in the cache memory; this means the slower memory must be
searched.

2312np, + 12n bytes for reading the matrix datgy bytes for reading and8n bytes for writingy

24The write-back cache is a caching method in which modifications to data in the cache aren’t copied to the
cache source until absolutely necessary. Data modifications (e.g., write operations) to data stored in the L1 cache
aren’t copied to main memory until absolutely necessary. In contrast, a write-through cache performs all write
operations in parallel — data is written to main memory and the L1 cache simultaneously. Write-back caching
yields somewhat better performance than write-through caching because it reduces the number of write operations
to main memory.
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Measured | Max. | Measured
System Bandwidth Perf. Perf.
Mbytes/s | Mflops/s| Mflops/s
Intel Linux PC 261.44 81.10 32.50
Sun Enterprise 3500 248.71 76.52 28.59
DEC Workstation 245.74 75.61 42.66
HP X-Class 558.14 171.74 48.22
HP V-Class 552.14 169.89 75.02
IBM SP2 1165.05 358.49 56.33
Intel Paragon 186.67 57.43 8.04

Table 7.2:Machines used for the numerical experiments, their measured memory bandwidth
the predicted maximal performancg,; and the measured performancg; of Alg. 7.1

Bn =: Topt > Tact- The numbers in the last column are measured using the nw@vi2 Detailed
specifications of the computers used in this experiment are given in AppBndix

We determine the memory bandwidth by benchmarking highly optimised computational
kernels tuned for the given hardware. For this benchmark we use the vendor supplied BLAS
daxpy and other routines that have a similar ratio of read to write operations as the sparse
matrix-vector product. This gives more realistic results than using the peak memory bandwidth
reported by the vendor.

From Tab.7.2 one can observe that the measured performance of the sparse matrix-vector
multiplication code is far below the computed optimal performance, which is limited only by
the memory bandwidth. The compiler is unable to generate efficient code, mainly because of
data dependencies and irregular loops in Ald. On the other hand, the assumptions on which
this calculation is based, are not wholly realistic, because the accesses on the xentdrs
y generate additional cache-misses. Especially on the IBM SP2, the cache is too small (128
Kbytes) to keep the vectossandy in the cache.

For all experimental results in this chapter, we used the standard vendor supplied C compil-
ers with all (safe) optimisations turned on. On the Intel Linux PC we used the GNU C compiler
for our benchmarks.

7.2 Design of a fast sparse matrix vector product for one processor

We applied three techniques to improve the implementation of Alg.

7.2.1 Software pipelining

We reorganise the source code in such a way, that the processor pipelines are better filled
and thus the instruction level parallelism is increased. We achieve this by reducing the data-
dependencies in the innermost loop iteration of Ald. and by loading the data into registers
earlier (data prefetching). We refer to this technique by the saftware pipelining

Most compilers are unable to perform these optimisations by themselves in a satisfactory
way. Often compilers do not have the information necessary to reorder the instructions safely
in such a way, that the load instructions are issued earlier. They end up generating conservative
code.

Another reason for the bad measured Mflop rates in Tabis the compiler’s inability to
unroll more complex loops. E.g., revisiting Alg.1, none of the compilers we used were able
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to unroll the inner loop ovek.

k = ial0];
for (i = 0; i < mj; i ++) {
/* initialisation and mult with diagonal element */
xi = x[i]; di = dalil;
s = 0.0; k2 = ial[i+1]; yi = di*xi;
if (k < k2) {
/* first iteration: prefetch data */
j = jalkl; v = valkl; yj = y[jl;
k ++;
while (k < k2) {
/* prefetch j and v for next iteration */
j_ = jalkl; v_ = valk];
/* calc using prefetched data */
s += v*x[j]l;
vyl = yj + vxxi;
/* prefetch y for next iteration */
vi =vyli-1s
/* "rename" prefetched data */
J= s V=g
k ++;
}
/* last iteration: no prefetch */
s += v*x[jl;
vyl = yj + wxi;
}
yli]l = yi + s;
}

Algorithm 7.2: Optimised matrix-vector multiplication routine for sparse matrices stored in
SSS format
Variant of Alg.7.1, optimised by hand.

Alg. 7.2is an optimised version of Alg/.1. Here all data is loaded from memory one loop
iteration before it is actually needed. Thus the processor can better overlap computation and
memory transfers. The time the processor is waiting for outstanding data is reduced.

7.2.2 Register blocking

The performance of the sparse matrix-vector multiplication routine is achieveeddister
blocking
We split up the matrix4 into a sum ofm matrices

A=A +---+ A,

Each matrixA; consists of small dense blocks ofiiged sizg71]. Fig. 7.1 shows a simple
example of such a matrix splitting.
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Figure 7.1:Example for register blocking
Splitting of the matrixA into a sum of two matricedd = A; + A,. A; consist of densex 2-blocks,
while A, holds the remaining non-zero entries.

The storage format of the blocked matrices is equivalent to the SSS format, with the exception,
that for each column index a whole dense block is stored instead of just one non-zero entry.
This block oriented storage format has the following advantages:

Reduction of memory accesses When a matrix-vector multiplication with such a blocked ma-
trix A, is performed, fewer indiceg have to be loaded from memory, because only one
Is needed per block.

Reuse of data When multiplying with a dense block, the needed (consecutive) vector elements
of x andy can be loaded into the registers once and then be reused several times; thus,

the name “register blocking”.

Choice of block sizes In our approach we store at least two matrices: one contains the small
dense blocks of equal size and the other contains the remaining nonzero eféments

We ran our experiments withx 3, 3x 1, 1x3, 2x2, 2x1, and1x2 blocks. The remaining
entries are stored unblocked.

On the one hand, reasonable block-sizes depend on the number of floating-point registers. A
complete dense block must fit in the registers. If register blocking is used together with software
pipelining (cf. Sectiory.2.1), then two complete blocks must fit into the registers.

To choose a reasonable block size, also the matrix has to be considered: It only makes sense
to use a certain block size, if the original matrix, contains many dense blocks of this size. When
using the finite element method, this is often the case: When more than one degree of freedom
is associated with the grid points, edges or faces of the mesh, the dense blocks emerge naturally,
if an appropriate numbering of the DOFs is used.

If e.g. Problem Il is discretised using node elements (cf. Seétign the global FEM ma-
trices consist of denséx3 blocks only, since the three components of the electrical field are
stored per grid point. Due to the elimination of certain boundary DOFs, some &kthblocks
are destroyed.

25|n [41] another approach is presented: the authors storetioséematrix in small dense blocks, at the expense
of having to store some zero entries explicitly.
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Implementation As mentioned above, to store the matdx of small dense blocks we use
the same data structure as for the original matrix (SSS format, see App&r&jjxwith the
exception that we store a whole block for each coordinate(pajy instead of just one value.
We build this data structure using a linear-time greedy algorithm that scans the matrix row by
row.

The actual matrix-vector multiplication can be implemented in two ways:

Multiplying matrix-after-matrix Multiply each matrixA; with vectorx and sum the results.

Multiplying row-after-row Multiply with all A; at the same time, row-by-row. When using
this variant one can optionally store the nonzero elements in the same sequence as they
are accessed, i. e. store dense blockdiféérentsize in each row instead of storing the
matricesA; separately.

We implemented all above variants. None of them was clearly superior. The optimal routine
has to be chosen depending on the matrix and the machine.
7.2.3 Matrix Reordering

As a third optimisation, we permute the matuk in various different ways, to speed up the
matrix-vector multiplication,

Cuthill-McKee reordering33] is a heuristic algorithm to symmetrically permute the rows
and columns of a matrix, in order to reduce its bandwidth:

A;em= PAPT, (7.1)

In addition, we investigate the so-callexyerse Cuthill-McKee reordering slightly altered
variant of Cuthill-McKee reordering.

0 T T T T T T T T T T 0

2t . 1 2t o

4F e . . . . R 4+
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Figure 7.2:Example for Cuthill-McKee reordering
Original matrix A and Cuthill-McKee reordered matrif ., with noticeably reduced bandwidth.

We expect the following consequences:
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Performance of software—pipelined code, matrix cav2
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Figure 7.3:Mflop rate of the software-pipelined and the unoptimised code

Reduction of cache misses Because of the smaller bandwidth it is more likely that during
matrix-vector multiplication vector elements that are accessed in a particular matrix row
will be accessed again in the following row. Thus matrix reordering can reduce cache
misses that accessesst@ndy generate71].

Construction of dense blocks The reordering alters the non-zero structure of the matrix. If the
original matrix only has few dense blocks, the reordering may actually increase the num-
ber of dense blocks, and make register blocking (see Sectio? more efficient.

Parallel efficiency The matrix bandwidth has a direct influence on the number of messages, that
have to be sent and received in a message-passing parallel implementation of the sparse
matrix vector product. Thus, the reduced matrix bandwidth increases parallel efficiency
of the sparse matrix vector multiplication.

7.2.4 Experimental results

For the numerical experiments we use the matrizasl and cav2 stemming from the grids
boxcav20x13xandboxcav30x20x4see Appendice® andE). These matrices originate from
Problem 11, discretised using quadratic node elements. The matrices have a large amount of
small dense blocks, because three degrees of freedom are located at each grid point of the FEM
mesh. The exact amount of dense blocks are listed in the legend af.&ig.

For the experiments presented in this section (Figs.7.6) we only show the results for
matrix cav2 The results for the smaller matroavlare similar throughout.

The experiments are carried out on seven different machines as listed iii.Zaldlore
detailed information on these machines is found in Appedikven though some of these are
parallel machines, the experiments of this subsection were all carried onenocessor. The
experiments are organised as follows: First we benchmark the three optimisations separately
(Figs. 7.3-7.5), then we measure the best performance by applying all optimisations at once
(Fig. 7.6).
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Performance of register blocked codes, matrix cav2
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Figure 7.4:Performance of the codes that use register blocking.

The darker bars (bottom) show the overall performance of the code, including the blocked portion and the
unblocked portion. The whole bars (including top parts in light gray) represent the performance of the

code portion that multiplies the blocked part of the matrix only. The number in brackets is the percentage
of nonzero elements that are stored in dense blocks of the given size

Fig. 7.3shows the performance of software-pipelined code in comparison with the original
code from Alg.7.1. The benefit is substantial on all platforms. The improvement ranges from
24% on the Intel Linux PC td 10% on the IBM SP2.

Fig. 7.4 shows the impact of the block size on the performance of the register-blocked
code. The maximal improvement 8% on the Intel Linux PC. On the other platforms the
improvement lies betweei?s and48%. As can be seen by the lighter coloured bars in Fig.
the performance of the code can be substantially higher for matrices consisting solely of small
dense blocks.

Fig. 7.5 shows the performance of the unoptimised code when multiplying matrices with
different orderings. Compared with the original ordering the performance cannot be increased
substantially with Cuthill-McKee-type reorderings. However, the experiments with random
ordering indicate that the performance depends heavily on the matrix ordering. In cases, where
the original ordering is not so well suited for matrix-vector multiplication as in our case, the
improvement of Cuthill-McKee-type reorderings is more substantigl [

For each platform we choose the fastest code that takes all discussed optimisations into
account and compare it with the corresponding unoptimised version. The results are shown in
Fig. 7.6 and Tab.7.3. On the SP2 we achieve an overall improvement®f’%, on the Intel
Linux PC we still get an improvement 67%, while on the HP X-Class, Sun Enterprise Server,

HP V-Class and DEC Alpha Workstation we get performance increas#®ofr3%, 51% and

43%. The results in Tabr/.3 show that the performance of the best code is quite close to the
predicted maximal performance (cf. Sectibi) on some machines. On the Intel Linux PC and
the DEC Workstation we reach 80% of the predicted maximal performance.
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Performance of codes with reordered matrices, matrix cav2
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Figure 7.5:Performance of the codes when working on matrices with different orderings.
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Figure 7.6:Performance of the best code and the unoptimised code.

For each architecture we use the code that performs best and compare it against the unoptimised code.
The labels on top of the bars show the block sizes that yield the best performance for register blocking.
(E.g. “3x3, 2x1” means that the matrix is split into three matrices, one containing all 3x3-blocks, the

next containing the remaining 2x1-blocks and the third containing the still remaining elements.)
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Maximal | Unoptimised | Optimised
System Perf. Perf. Perf.
Mbytes/s Mflops/s Mflops/s
Intel Linux PC 81.10 32.50 64.73
Sun Enterprise 3500 76.52 28.59 49.33
DEC Workstation 75.61 42.66 60.95
HP X-Class 171.74 48.22 86.71
HP V-Class 169.89 75.02 114.40
IBM SP2 358.49 56.33 141.48

Table 7.3:The predicted maximal performance and the performance of the unoptimised and the
best code.

The predicted maximal performance and the performance of the unoptimised code are explained in
Tab.7.2.
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7.3 Parallel matrix-vector multiplication

This section deals with the parallelisation of the matrix-vector multiplication using the message-
passing programming paradigm. We chose the MPI (Message Passing Interface) library to
implement the communication between the processors.

7.3.1 Parallel implementation

For the parallel implementation we distribute the lower triangular part of the mAtskored
in SSS format by block-rows (see Fig.7). To balance the load we assign the same number
of nonzeros to each processor. The distribution of the vectoasdy corresponds to the
distribution of the matrix rows.

In a preprocessing step each processor collects the necessary information for the actual
matrix-vector multiplication. This is done in the following way:

> The SSS storage format of the matrix implies that processaeds only elements of
the local portions of the-vector from processof where; < i. For this purpose, the
smallest block containing all the needed elements is determined in a preprocessing step.
This information is exchanged.

> During the actual matrix-vector multiplication processoeceives the corresponding por-
tion of they-vector from processor. The same portion of the-vector is sent to proces-
sorj. This is due to the symmetry of the matrix.

For the actual parallel matrix-vector code we implemented three slightly different routines:

1. Without latency-hidingCommunicate parts of-vector, then multiply with local part of
matrix, then communicate parts pfvector and form resulting vector.

2. With latency hiding (upper before lower triangl€yommunicate parts of-vector and at
the same time multiply with local block-column in the upper triangle. Seng hiector
to the other processors. Upon arrival of the remote parts af-thector the local block-
row in the lower triangle can be multiplied. Upon arrival of thhevectors form resulting
vector.

PO i PO

. 1 -
| - | -
D P3 D P3
(a) (b)
Figure 7.7:Data distribution for parallel implementation
The figure shows how the matrix is distributed across the processors for (a) a non-banded and (b) a
banded matrix. Because the matrix is symmetric, only its lower triangle is stored. The vectors depicted

on the right show the local portions of tlkevector and which portions of the-vector must be known to
each processor for the multiplication of the local portions of the matrix.
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3. With latency hiding (diagonal block firstlCommunicate parts ot-vector and at the
same time multiply with local diagonal block of the matri&l]. Upon arrival of the
remote parts of the-vector, multiply with the remaining local part of the matrix, then
communicate parts gf-vector and form resulting vector.

Routine 1 is a reasonable choice for machines that do not support latency-hiding. Routine 2 has
the disadvantage that it does not exploit the symmetry of the matrix well, since the matrix has
to be read from memory twice. Routine 3 has the disadvantage that the diagonal block of the
matrix has to be stored separately to make the implementation efficient. This has to be done in
a preprocessing step.

The parallel algorithm benefits from the matrix reordering done for the optimisation of the
serial code (cf. Section.2.3. As can be seen from Fi@.7the number of messages is reduced
because of the smaller matrix bandwidth. Figia shows the worst case: for the multiplication
the last processor (P3) needs parts of the vectstored on all other processors. Whereas in
Fig. 7.7b the same processor needs only the local parts of the neighbour processor. The results
in Fig. 7.13show how crucial the matrix reordering is.

7.3.2 Parallel Numerical Experiments

We carried out the parallel experiments on five platforms: the HP Exemplar X-Class and the
HP Exemplar V-Class systems, the Intel Paragon, a Linux workstation cluster and the IBM
SP2. The HP Exemplar X-Class and the HP Exemplar V-Class systems are both shared memory
machines with 32 processors and a crossbar-switch interconnection network. The Intel Paragon
has 150 compute nodes with distributed memory arranged in a 2D-grid. The Intel Beowulf
Cluster consists of 251 dual CPU Pentium IIl processors. These 251 computing nodes are
grouped into frames of 24 nodes. An Ethernet network connects the compute nodes. The
IBM SP2 is a distributed memory machine with 64 processors connected through a multistage
network. More detailed specifications of these machines are given in Appendix

The software-pipelining optimisation described in Secfioh 1was incorporated into the
parallel version. Although it would be entirely possible to implement register blocking also for
the parallel version, we did not do that. Unless otherwise mentioned the matrices are reordered
using the reverse Cuthill-McKee algorithm.

In Figs.7.87.13the speedups and Mflop-rates are reported for the five platforms described
above. The relation between the speedup and the Mflop-rate is linear and is given through the
formula MflopRatép) = Speedufp) x MflopRatg1). The speedup curves given in Figss-
7.13are calculated relative to the sequential version, optimised using software-pipelining. This
explains, why the speedup shown for one processor may be less than oné.8Biypws the
measured performance for the HP X-Class. For the smaller mzdxit we get super-linear
speedup due to cache-effects. The results for the HP V-Class are shown i3Fi@n this
platform we even get a higher super-linear speedup for mednd For this matrix the speedup
Is 21 with 8 processors. The speedups for matax2are higher compared to the HP X-Class.

The speedup for 8 processors is 6.7. Fig.0shows the measured performance for the Intel
Paragon. The code scales well, especially for the maaw2 Apart from the super-linear
speedups on the HP X-Class and the HP V-Class, this machine gives the best speedups, because
of its fast network compared to the performance of its processors. The results for the Intel
Beowulf Cluster are depicted in Fig.11 For the numerical experiments we used 1 CPU

per node. Up to 8 CPU’s, the measured speedups for the naiviXare comparable to the
speedups on the HP V-Class. The irregularities above 16 processors show up because in this
case some processors have to communicate with processors on another framé.2Bigpws
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Figure 7.8:Performance of the parallel matrix-vector multiplication code on the HP X-Class
Speedups and Mflop-rates are reported for matricesda) and (b)cav2 both using Cuthill-McKee
ordering.

the measured performance for the IBM SP2. The code does not scale as well as on the Intel
Paragon, because the SP2 has much faster processors and a relatively slow interconnection
network.

The results in Figg.87.12 show that apart from cache-effects the speedupsduR are
always better than the speedupsdarl This is due to the higher ratio of computational work
compared to the number of messages.

Fig. 7.13shows the influence of the reordering on the performance. When the matrices are
left in their original ordering, the performance is unacceptably low. Even for small numbers of
processors, where the number of messages is low, the performance is worse. These results are
conducted on the IBM SP2, but this behaviour can also be observed on the other platforms.

7.4 Summary

In this chapter an upper bound for the performance of the sparse matrix-vector product was
derived. It was shown, that straight-forward implementations perform poorly. The three tech-
niques presented in this chapter improved the sequential performance by up to 151%. The
message-passing implementation benefits from these optimisations and scales reasonably.

It would be worthwhile to extend the work presented in this chapter in order to allow the
automatic generatiomf sparse matrix-vector multiplication codes, which are optimised to a
given matrix and a given target architecture. The idea is to compute the set of optimal param-
eters (block size for register blocking, matrix reordering type, degree of loop-unrolling, etc.)
which leads to the fastest matrix-vector multiplication code for a given type of sparse matrix
on a specific architecture. This can be done by repeated benchmarking of the code for different
sets of parameters.

While this approach has been successfully applied to other applications, such as the FFT
[31] and the dense BLASTY[/], no practical steps in this direction where done in the course
of this dissertation. Im42] presents a toolkit called “Sparsity” for the automatic generation
of optimised matrix-vector multiplication codes. “Sparsity” focuses on general sparse matrices
and hence does not exploit the symmetry of the matrices. Bik’s thESisigscribes a “sparse
compiler” that takes a dense matrix code as input, along with a sparse matrix, and generates a
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Figure 7.9:Performance of the parallel matrix-vector multiplication code on the HP V-Class
Speedups and Mflop-rates are reported for matricesda) and (b) cav2 both using Cuthill-McKee
ordering. Note the scaling of the diagrams and the high speedups reacheadwilith

sparse version of the code. The compiler analyses the sparse input matrix, and then transforms
the dense matrix code using dependence analysis of data accesses.

Another logical step would be to apply our ideas to preconditioners, that operate on sparse
matrices. E.g., the forward- and backward substitution steps performed in the SSOR and the
ILUS preconditioners are similar to the matrix-vector multiplication with respect to the structure
of the innermost loop. The three optimisation techniques discussed in this chapter could be
applied with only little modification.
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Figure 7.13:Performance of the parallel matrix-vector multiplication code on the IBM SP2
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Speedups and Mflop-rates are reported for matricesg@) and (b)cav2using their original ordering

and Cuthill-McKee ordering. For the reordered matrices only Routine 3 is shown, which gives the best
results in this case.
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8 Preconditioners

Both eigensolvers presented in Chafiteise an inner-outer iteration scheme. In the inner itera-
tion a linear system of equations is solved using one of the Krylov subspace methods presented
in Chapter6.

With both JDSYM and ARPACK the cost for solving these linear systems is substantial. If
no preconditioner is used, the time spent in the inner iteration is 65% — 90% of the time spent
for solving the eigenvalue problem. The percentage depends on the grid and on the method
for solving the eigenproblem. These numbers clearly show, that the inner iteration is the most
time-consuming part of the eigensolver. In the following we discuss the preconditioners we
used to speed up the inner iteration.

For both eigensolvers the matrix to precondition has the fetm oM. When using
ARPACK, the shifto is constant, whereas with JDSYM the shift can change in each outer
iteration. Since it would be too costly to construct a new preconditioner in every outer iteration,
we construct a preconditioner fot — M in the case of JDSYMr is the target parameter
used in the Jacobi-Davidson algorithm.

The goal of preconditioning is to find a matrK with the following properties:

1. K is a good approximation of the matr& — o M in some sense.
2. The systemK'x = b can be solved much faster than the original system.
3. The cost for constructingg is smaller than the benefit gained by using the preconditioner.

If K isagood approximation of the system matdx- oM then the preconditioned matrix will

have better spectral properties, and thus the number of steps required in the iterative method will
be reduced. Note, that the introduction of a preconditioner introduces additional costs: firstly
through its construction and secondly through its application. The use of a preconditioner only
pays off if it reduces the number of iteration steps significantly.

The preconditioner presented in this section can be classified by two categories:

So calledblack boxpreconditioners operate on the system matrix only, without requiring
information about the underlying problem. The Jacobi iteration, the Gauss-Seidel iteration
and the ILUS preconditioner described below all fall into this category. The Jacobi and the
Gauss-Seidel iterations belong to the familystdtionary methodsvhich can also be used for
preconditioning. Performing one step of the Jacobi iteration is equivalent to diagonal precondi-
tioning.

The ILUS preconditioner0] constructs an incompleteD L”-factorisation. ILUS is tai-
lored to sparse matrices stored in SSS format (cf. Seétigh

The second class of preconditioners aregheblem specific preconditionerd’hey make
use of the specific properties of the underlying problem.

The so calledwo level hierarchical preconditiondselongs to this category. This precon-
ditioner exploits the special structure of the global matrideand M, which results from the
underlying hierarchical finite element basis.

8.1 Stationary iterative methods

Preconditioners of this type are based on a stationary iterative method, i.e. a method with a
constant iteration matrix. Applying such a preconditioner means performing a few steps of the
iterative method.
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A stationary method can be built by splitting the matAx— ¢ M according to

A—oM =S,-5,, (8.1)
whereS; must be non-singular. Froil; x = S>x + b we get the iteration step
Six+H) = §,x®) 4 b, (8.2)
or equivalently
xFH) = x(®0) 1 g7 1p(®) (8.3)

with r®) = b — (A — o M )x™®),

8.1.1 m-step Jacobi preconditioning

The weighted Jacobi iteration is obtained from the matrix splittihd)(with S; = 1/wD,
whereD is the diagonal ofA — o M. This yields the iteration

xEH) = x®) D7k, (8.4)

The preconditioning step is made up of applying the iteration stépnes. The initial guess
x() is set to the zero vector.

Them-step Jacobi preconditioner is parametrised by the weigiitd the number of itera-
tion stepsn.

Forw = 1 andm = 1 we obtain the simple and chedacobior diagonal preconditioner

x = D 'b. (8.5)

8.1.2 m-step SSOR preconditioning

The Symmetric Successive Over Relaxa(880OR) method is obtained from the matrix split-
ting (8.1) with S; = 1/wD + L. L is the strictly lower triangle of the matriA — c M andD
represents its diagonal.

The first half-step of the SSOR iteration &) page 97]

x* /2 — (D + wL)™! ([~wL” + (1 - w)D)x® + wb) . (8.6)

The iteration matrix in§.6) is not symmetric. However, we can obtain a symmetric method by
executing a second half-step (withand L” interchanged):

X = (D4 L") ([ + (1) D+ ub). @)

Thus a SSOR iteration consists of a half-ste), followed by a half-stepq.7).

The preconditioning step is made up of applying the SSOR iterationrstémes. The
initial guessx(”) is set to the zero vector.

We reduce the computational cost of thestep SSOR preconditioner by applying the
Conrad-Wallach tric55, page 175]. This trick saves the computationfdtx* in (8.6) and
the computation ofLx**1/2) in (8.7).

Like them-step Jacobi preconditioner, also thestep SSOR preconditioner is parametrised
by the weightv and the number of iteration steps

Form = 1, the preconditioner becomes( page 267]

Kssor=w(2 —w)(D +wL)D (D +wL"). (8.8)
Form = 1 andw = 1, we obtain thesymmetric Gauss-Seidel preconditioner
Kses= (D +L)D (D + L"). (8.9)
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8.2 ILUS preconditioning

The incompletd.U-factorisation belongs to the most popular “black box” preconditioners. The
standard incompletéU methods (ILU(0), ILUT and ILUTP)§0] do not exploit the symmetry
of the matrix:

> These methods traverse the entire system matrix row-wise. Thus the whole system matrix
(both the upper and the lower triangle) has to be stored in memory.

> An incompleteLU-factorisation is being computed. For symmetric matrices, 8" -
factorisation would be much more efficient in terms of memory consumption.

> The preconditioner constructed by these methods is generally non-symmetric, even if the
system matrix is symmetric.

The ILUS preconditioner is designed to compute an incomplete factorisation of sparse matrices
stored inSparse SkylingSSK) format p9]. The method can be slightly modified to also support
(symmetric) sparse matrices storedymmetric Sparse Skylig®SS) format (cf. Appendir).
The ILUS preconditioner presented below employs a two-stage scheme for reducing the fill-in.
It also eliminates the disadvantages listed above.

Let A° = A — oM be the matrix, for which the symmetric ILUS factorisation shall be
computed. We define a sequence of matrices

- A7
Akﬂz( - V’“), (8.10)

with A7 = a7, and A7 = A”. Let the incompletd. D L”-decomposition ofd] computed by
ILUS be given by

A? = L, D, L} (8.11)
The incompletel. D L -decomposition of47_ , is then computed by
A7 = (ﬁf (1)) (?ﬁ d}i) (ﬁ; yl’“) (8.12)
with
yi = Dy Ly vy (8.13)
dpy1 = i — yi Dy (8.14)

Thus theL D LT-decomposition is computed row-by-row. To compute a new roW,cd trian-
gular system has to be solved and an inner product weightdd,lyas to be computed.

The difficulty lies in solving the triangular systeilfy,y, = v, efficiently. The straight-
forward approach is to solve the system exactly by forward substitution and then eliminate
elements with small magnitude. With this method, the whole mdigixhas to be accessed,
even ifvy, is sparse. The computational cost for the factorisation is at @ashnz A7))?°, if
the non-zero elements are more or less evenly distributed. Forlatge computational cost
is unacceptably high.

Saad suggests ir2(] to solve the triangular systerh,y, = v, only approximately by
computing a Neumann series

vi=L.'vi=(I+ E,+ E; + -+ E})vy, (8.15)

263t leastn? times the average number of non-zeros entries per rad of
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with E, = I — L,. The matrixE,, and its powers do not have to be computed explicitly, since
(8.195 can be calculated using a Horner scheme. The advantage of this approach, is that the
operations of the forng < Ex are in sparse-sparse mode. When performing such an operation,
only parts of the matrid? have to be accessed, i.e. only the columns that are multiplied by the
non-zero entries of the sparse vector. Since the entri&s ofsp.L are stored row-by-row (cf.
AppendixA), an additional data structure, that allows to traverse the matrix column-by-column
efficiently, is needed. We uselinked lists, where each list links the non-zero entries of one
column. Three additional integer arrays are needed to implement this. They almost double the
memory consumption for the matrix. The computational cost of this approach depends on the
structure of the matrix and is at lea8{n? p) and the mosO(n? p?). Since thep is typically

small p < 10), this approach is usually faster than the straight-forward approach.

Alternatively, George and Liu’s algorithm for building the sparse Cholesky factorisation
[33], which is based on the elimination tree of the input matrix, could be adapted to the incom-
plete case. We did not investigate the idea further.

The number of non-zero elements in the fadias controlled using the parameteyg,, and
ng . For each newly calculated row,, only the nz + ng, entries with the largest magnitude
are kept. nzis the number of non-zero entries 4f (k, 1:k — 1). From the nz + ng entries
only those that satisfy the drop tolerance condition

‘yl| Z gdropHAU(k, 1]€ - ].)HQ, 0 < Z < k, (8.16)

are stored in the incomplete factor.

In [20] Saad suggests, to monitor the stability of the factorisation by checking the value
|L."|. As a cheap to compute approximation he ugbs'1|.., wherel is a vector with all
entries equal td. As soon as this number exceeds a certain given bound, the factorisation is
aborted.

In addition, we abort the factorisation, if a diagonal element becomes smaller than the ma-
chine precisioEmach

The ILUS algorithm for symmetric matrices is given in Matlab notation in Alg.

The existence of incomplete factorisation preconditioners like ILUS has been proved for
M-matrices. For indefinite matrices their use is potentially dangerous, since small diagonal
elements may lead to ill-conditioned factors. It might be more stable to construct a sparse
L DL -factorisation using Bunch-Kaufmann-Parlett pivotibg][ whereD is a diagonal matrix,
or possibly block diagonal matrix (with blocks of order 1 and 2). We did not investigate this
idea.

Summary The ILUS preconditioner is an incomplete factorisation of the fotfn~ LDL"

which is obviously symmetric. Even if the original matuX” is positive-definite, this is not
necessarily the case for the preconditioner. The cost of computing the incomplete factorisa-
tion for the ILUS preconditioner as suggested 29][is more thanO(n?). The construction

of ILUS preconditioner is much more expensive than the construction of its nhon-symmetric
cousins ILU(0), ILUT and ILUTP, because the latter do not require the solution of a sparse
linear system for each row. So, the ILUS preconditioner is certainly not well suited for large
matrices.
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function [L, D, 7“] = |LUS(A, Edropr Till » type p, Tlim)
n =size(A,1); L =1.0; d = A(1,1)
if 1.0+ dy = 1.0, error('diagonal element close to zerognd
u=1.0;»=1.0
fori=2:n
v =A(i, 119 —1); s; = earop|| V||
if type=0
y =v/L"
else
Yy=v
fork=1:p
y=y-yL"+v
end
end
y=y./d
y =y-*(lyl >=si)
[dum idx] = sort(—|y|)
for k = nnz(v) + ng + 1 : length(y)
Yiax(x) = 0.0
end
y = sparse(y)
d(i) = ai; — (y. *d)y”
if 1.0+ d; = 1.0, error('diagonal element close to zero’gnd
L = [L, sparse(i — 1,1);y, 1.0]
u = [u;1.0 — yu]
if |u;| > r, r = |u;|;end
if » > rim, error(’r exceeds limit: factorisation unstable’¢nd
end
D = spdiags(d”,0,n,n)
end

Algorithm 8.1:1LUS preconditioner

This algorithm computes the ILUS preconditioner for a given symmetric matrixThe fill-in in the
triangular matrixL is controlled by the parametergop andny . Depending on the parametgpe the
triangular system is solved either by forward substitution or using a Neumann series of gerigib
stability of the factorisation is evaluated using the values ||L~'1||, and|d;|. The upper bound far
IS 7lim .
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8.3 2-level hierarchical basis preconditioner

The two-level hierarchical basis preconditioner was suggesteiDjbyy Bank. The precondi-
tioner exploits the hierarchical organisation of the finite element basis functions, as described in
Chapters2 and3. In our case this simply means, that the basis functions for the quadratic finite
elements contain the basis functions of the linear elements.

Using quadratic finite elements and an appropriate numbering of the global DOFs , global
matrices with & x 2-block structure emerge,

A, A M, M,
(A21 A22> ’ <M21 M22> ’ ( )

where the matricegi;; and M {; correspond to the global matrices constructed using linear
elements.
The two-level hierarchical basis preconditioner is based on the approximate solution of a

linear system of the form
AT Acfz) (Xl) <b1)
o o = . 8.18
(A21 A%, ) \xy b, ( )

The idea is the following: The (1,1)-block is solved exactly, which should produce already
a good “approximation”. The remaining parts of the matrix, which are considerably larger, are
taken into account only approximately.

The various variants of the two-level hierarchical basis preconditioner differ in the underly-
ing block method, and also in the approximation method for the (2,2)-block.

We consider two block methods: Théock-Jacobi method

x; «— A7, 'b; (8.19)

1

Xy — Agy by (8.20)

and thesymmetric block-Gauss-Seidel method

t, — A%, 'b, (8.21)
~o —1

Xy Ay (b2 — AZity) (8.22)

x; — A7 7 (by — Afyxy). (8.23)

For the approximation of the (2,2)-block we consider two inner iterations: Wéighted
Jacobi iteration(8.4) and theSSOR iteratior§8.6) and @.7). Both iterations are started with an
initial guessxy = 0, and both iterations also are parameterised by the weiginid the number
of inner iterationsn.

For weighted Jacobi iteration amd = 1 we get

A;Q = 1/&) D22 (824)
and SSOR iteration and = 1 we get

Ay, = (Dyy — wLyy)Dyy (Dyy — wLl). (8.25)

Here D, is the diagonal and.,, is the strictly lower triangle ofA,,.
The block methods and the inner iterations can be combined arbitrarily. Thus we get four
different variants for the two-level hierarchical basis preconditioner:
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1. 2LevJACjagw, m) is a block-Jacobi method, which uses the weighted Jacobi iteration for
approximately solving the (2,2)-block.

2. 2LevJACssofw, m) is a block-Jacobi method, which uses the SSOR iteration for approx-
imately solving the (2,2)-block.

3. 2LevSGSjagw, m) is a symmetric block-Gauss-Seidel method, which uses the Jacobi
iteration for approximately solving the (2,2)-block.

4. 2LevSGSssdw, m) is a symmetric block-Gauss-Seidel method, which uses the SSOR
iteration for approximately solving the (2,2)-block.

To exactly solve the linear system with the (1,1)-block, we use the SuperLU software pack-
age R3]. SuperLU is able to compute ail/-factorisation of a general non-symmetric, sparse
matrix using partial pivoting. Thanks to an elimination algorithm which is based on “super
nodes” a big portion of the factorisation can be implemented using fast routines for dense matri-
ces (BLAS-2 and BLAS-3 routines). In addition SuperLU is optimised for modern cache-based
computers.

As stated above, the SuperLU package compliésactorisations of general non-symmet-
ric, sparse matrices. Optimised support for symmetric matrices is documented, but not yet
implemented in the current 2.0 release. Therefore we have to use the standard algorithm for non-
symmetric matrices for our symmetric matrices, thereby doubling the memory consumption for
the factors and slowing down the forward- and backward substitution. Fortunately SuperLU
can be configured to switch off the partial pivoting scheme which would be disadvantageous for
positive-definite matrices.

8.4 Experimental results

A number of numerical experiments have been carried out to evaluate the performance of the
various preconditioners. We compared the preconditioners introduced in this chapter using both
the JIDSYM and the ARPACK eigensolver.

Four different grids were used for the experimergxcav16x10x3Iopcavlgcop20kand
cop40k The number of tetrahedra in these grids range from 5760 to 38597. Detailed informa-
tion on these grids is given in Appendix The actual size of the resulting matrices depends on
the type of finite elements used (nodal or vector). The properties of the resulting matrices are
listed in AppendixE.

For all experiments quadratic elements were used, since they turned out to be far superior to
the linear ones (cf. Sectidh4).

For the two-level and the SSOR preconditioner we chose the parameter$ andw = 1
(these settings appear to be close to optimal in all cases).

The results for our implementation of the ILUS preconditioner were very disappointing,
no matter how we chose the parametefs,, 7, typg p andrin. Even for the smallest
grid, the eigensolver failed to converge within one hour. With the other preconditioners, the
eigensolver always converged in a few seconds for this grid. For this reason, no results for the
ILUS preconditioner are shown in the following paragraphs.

8.4.1 Positive-definite eigenvalue problem

Tabs.8.1 and 8.2 show the results of the various preconditioners for the symmetric positive-
definite eigenvalue problem (cf. Sectidnl). it;, is the average number of inner iterations
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per outer iterationjt,,; is the number of outer iterations,, is the total computation time
(including the construction of the global matrices and the preconditioner, but not including
mesh generation) and, is the time spent for solving the matrix eigenvalue problem.

Grid Precon itin | ttowt | ttot teig
boxcav16x10x3| None 20.1 38| 110.0| 101.8
Diag 8.9 34| 59.0| 50.7
SSOR 3.6 31| 55.0| 46.5

2LevJACjac | 51| 35| 55.0| 46.6
2LevJACssor| 45| 34| 64.0| 54.8
2LevSGSjac | 3.6 31| 61.0| 51.6
2LevSGSssor 2.5| 25| 53.0| 44.2

copcavl8 None 28.0 38| 179.0| 168.8
Diag 14.2 37| 107.0] 953
SSOR 4.2 33| 84.0| 729

2LevJACjac 59| 35| 92.0| 78.8
2LevJACssor| 4.8 35| 109.0| 95.9
2LevSGSjac | 4.3 33| 110.0| 96.5
2LevSGSssor 2.8 31| 98.0| 84.8

cop20Kk None 18.0| 38| 452.0| 415.0
Diag 12.5| 37| 347.0| 308.2
SSOR 43| 32|279.0| 240.2

2LevJACjac 4.2 35| 265.0| 219.6
2LevJACssor| 3.8 34| 302.0| 256.9
2LevSGSjac | 2.9 32| 318.0| 270.4
2LevSGSssor 2.1 29| 296.0| 247.4

cop40k None 19.2 36 | 889.0| 818.3
Diag 150| 36| 752.0| 677.3
SSOR 5.2 32| 624.0| 547.2

2LevJACjac 4.2 35| 623.0| 508.6
2LevJACssor| 4.4 38 | 813.0| 702.3
2LevSGSjac | 3.0 31| 709.0| 595.7
2LevSGSssor 2.3 30| 694.0| 583.2

Table 8.1: Performance of preconditioners for the positive-definite eigenproblem and the
JDSYM eigensolver

By comparing the total execution times in Talsl and 8.2, it becomes evident, that it
always pays off to use a preconditioner. The SSOR and two-level preconditioners work very
well. Out of the four two-level type preconditioners, 2LevSGSssor reduces the average number
of inner iteration steps the most. With IDSYM the cheaper 2LevJACjac variant is best in terms
of total execution time (at least for the three larger grids). With ARPACK 2LevSGSssor is
always the best choice.

It is remarkable, how well the standard SSOR preconditioner works, compared to the two-
level preconditioner. Their performance is comparable in almost all cases (large grids together
with ARPACK seem to be the exception).



114 Preconditioners

Grid Precon tin | “out tiot teig
boxcav16x10x3 None 171.9 26 | 402.0| 393.3
Diag 87.2 26| 213.0| 204.1
SSOR 34.1 26| 175.0| 166.4

2LevJACjac 41.0 26| 148.0| 1394
2LevJACssor| 33.2 26| 177.0| 168.5
2LevSGSjac | 24.3 26| 158.0| 148.9
2LevSGSssorr  15.7 26| 138.0| 128.8

copcavl8 None 269.3 26| 785.0| 774.2
Diag 153.1| 26| 461.0| 450.0
SSOR 41.3 26 | 304.0| 292.9

2LevJACjac 54.4 26 | 307.0| 2945
2LevJACssor| 42.6 26 | 359.0| 346.1
2LevSGSjac | 37.2 26 | 360.0| 346.6
2LevSGSssorr 21.3 26| 267.0| 254.2

cop20k None 159.4| 26| 1626.0| 1588.3
Diag 135.4| 26| 1390.0| 1351.6
SSOR 41.4| 26| 1021.0, 982.8

2LevJACjac 34.2 26 | 703.0| 656.5
2LevJACssor| 29.0 26 | 802.0| 755.8
2LevSGSjac | 22.3 26 | 830.0| 781.8
2LevSGSssor  14.0 26| 657.0| 608.4

cop40k None 175.8| 26| 3619.0| 3545.1
Diag 165.0/ 26| 3436.0| 3361.8
SSOR 50.0| 26| 2413.0| 2338.7

2LevJACjac 34.1 26 | 1672.0| 1560.7
2LevJACssor| 30.2 26 | 2032.0| 1917.0
2LevSGSjac | 22.0 26 | 2012.0| 1894.3
2LevSGSssor 14.2 26 | 1512.0| 1399.1

Table 8.2: Performance of preconditioners for the positive-definite eigenproblem and the
ARPACK eigensolver
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8.4.2 Indefinite eigenvalue problem

Tabs.8.4 to 8.3 show the results of the various preconditioners for the indefinite eigenvalue
problem. As described in Sectigh2, several methods for solving the indefinite eigenvalue
problem were implemented. For the following experiments we chose the three most successful
methods: SAUG, AD and EIGSOLV.

Tabs.8.4and8.5show the results for IDSYM. For ARPACK we restricted our experiments
to grid cop20k The results are given in TaB.3. it;, is the average number of inner iterations
per outer iterationjt,,; is the number of outer iterations,, is the total computation time
(including the construction of the global matrices and the preconditioner, but not including
mesh generation) and, is the time spent for solving the matrix eigenvalue problem.

| Grid | Method | Precon [ it | dtout | tiot | leig |
cop20k| SAUG None 336.4 26 | 2278.0| 2203.6
Diag 262.3 26| 1842.0| 1768.2
SSOR 72.0 26| 1220.0| 1146.8

2LevJACjac 47.9 26 | 1352.0| 1258.4
2LevJACssor| 28.7 26 | 1131.0| 1037.9
2LevSGSjac 35.9 26 | 1900.0| 1805.5
2LevSGSssor  20.0| 26| 1324.0| 1228.9

cop20k | AD None 1001.0| 26| 5750.0| 5676.1
Diag 1001.0| 26 | 5861.0| 5787.9
SSOR 635.3| 26| 8040.0| 7967.1

2LevJACjac 49.3| 26| 1068.0| 979.2
2LevJACssor| 28.1| 26| 799.0| 711.0
2LevSGSjac 35.5 26 | 1319.0| 1233.2
2LevSGSssor 16.0| 26| 778.0| 689.8

cop20k| EIGSOLV | None i
Diag f
SSOR 270.1 26 | 6262.0| 6243.7

2LevJACjac 51.7 26 | 1451.0| 1411.8
2LevJACssor| 32.7 26 | 1223.0| 1183.8
2LevSGSjac 37.8 26 | 1939.0| 1898.8
2LevSGSssor  17.7 26 | 1087.0| 1046.9

Table 8.3:Performance of preconditioners for the indefinite eigenproblem withap0kand
the ARPACK eigensolver
 no convergence

For the SAUG and the EIGSOLV method, the Diag preconditioner already reduces the num-
ber of inner iterations and the execution times substantially. Oddly, this is not the case for the
AD method. Here the Diag preconditioner seems to have a detrimental effect for some grids.

The two-level preconditioners always reduce the number of inner iteration steps most effec-
tively. In almost all cases two-level preconditioners lead to the fastest execution times. Of the
four two-level variants, 2LevJACssor and 2LevSGSssor are faster than the other two.

The SSOR preconditioner yields significantly better results than the Diag preconditioner.
For the largest griddop40R it even beats the two-level preconditioner in some cases. This
indicates, that the two-level preconditioners do not scale very well with respect to execution
time, due to the exact factorisation of the (1,1)-block.
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When the Diag preconditioner or no preconditioner at all is used, it often happens, that the
linear solver reaches the iteration step limit, without satisfying the convergence criterion. If this
happens with the ARPACK eigensolver, the calculation is aborted, since the IRL method relies
on an accurate Krylov subspace. In order to avoid such a breakdown, the maximum number of
iteration steps is usually set very high (1000 for these experiments) when using ARPACK.

JDSYM on the other hand has no such requirements and can continue safely even if the com-
puted correction does not meet the convergence criterion. Usually the outer iteration (JDSYM
iteration) will then converge more slowly.

When comparingt;, for SAUG and AD, it is surprising to observe, that the two-level pre-
conditioners are more effective with AD, but the other preconditioners (None, Diag and SSOR)
are more effective with SAUG. We cannot explain this observation.
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] Grid | Method | Precon [ it | dtous | trot | teig |
boxcav16x10x3| SAUG None 71.2 42 506.0| 496.5
Diag 18.6 39| 117.0| 108.2
SSOR 8.0 35 91.0 82.2

2LevJACjac 7.5 34 79.0 69.3
2LevJACssor 4.9 33 78.0 68.5
2LevSGSjac 4.9 34 97.0 87.0
2LevSGSsson 3.3 32 89.0 79.3

boxcav16x10x3| AD None 38.9 42 | 306.0| 296.5
Diag 37.6 45| 258.0| 248.6
SSOR 10.3 42 | 134.0| 125.0

2LevJACjac 6.2 36 94.0 84.2
2LevJACssor 3.7 35 83.0 72.8
2LevSGSjac 4.9 36 | 122.0| 112.2
2LevSGSsso 2.4 31 87.0 76.8

boxcav16x10x3 EIGSOLV | None 442.2 59 | 4181.0| 4177.7
Diag 95.3 58 | 988.0| 984.2
SSOR 42.4 50 | 645.0| 640.7

2LevJACjac 114 47 | 151.0| 146.9
2LevJACssor 7.6 45| 138.0| 1334
2LevSGSjac 8.2 46 | 186.0| 180.9
2LevSGSsso 4.6 41 | 134.0| 1295

copcavl8 SAUG None 1149 44 | 886.0| 872.2
Diag 28.8 41| 233.0| 218.9
SSOR 104 38| 157.0| 1423

2LevJACjac 13.2 31| 196.0| 178.9
2LevJACssor 6.5 35| 174.0| 1575
2LevSGSjac 7.9 37| 250.0| 232.8
2LevSGSssorl 4.1 33| 183.0| 165.4

copcavl8 AD None 120.9 51 | 1095.0| 1080.8
Diag 130.4 53 | 1355.0| 1341.0
SSOR 32.3 50 | 507.0| 492.9

2LevJACjac 8.6 40 | 228.0| 211.8
2LevJACssor 5.0 37| 183.0| 165.8
2LevSGSjac 7.3 36 | 262.0| 244.9
2LevSGSsso 3.2 32 169.0| 151.7

copcavl8 EIGSOLV | None 627.6 66 | 8392.0| 8387.4
Diag 182.6 61 | 2346.0| 2340.3
SSOR 54.9 56 | 1178.0| 1172.8

2LevJACjac 20.3 50 | 492.0| 484.0
2LevJACssor| 11.5 51| 385.0| 377.2
2LevSGSjac | 13.0 49 | 507.0| 499.4
2LevSGSssor 6.8 39| 288.0| 280.4

Table 8.4:Performance of preconditioners for the indefinite eigenproblem with the smaller grids
boxcavand copcavl8&nd the JIDSYM eigensolver
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| Grid | Method [ Precon [ it | itous | trot | teig

cop20k | SAUG None 81.7 45 2297.0| 2224.7
Diag 32.0 45 879.0 806.0
SSOR 10.2 42 575.0 501.8

2LevJACjac 8.1 36 585.0 492.2
2LevJACssor 51 36 538.0 446.1
2LevSGSjac 5.6 38 723.0 633.2
2LevSGSssorl 3.3 33 572.0 478.2

cop20k | AD None 170.8 54| 6118.0| 6045.0
Diag 212.6 56 | 8304.0| 8231.2
SSOR 57.2 54 | 3054.0| 2980.5

2LevJACjac 6.5 42 699.0 611.7
2LevJACssor 4.0 39 589.0 502.2
2LevSGSjac 4.8 38 729.0 644.6
2LevSGSsso 2.4 34 569.0 481.1

cop20k | EIGSOLV | None 520.6 63 | 22741.0| 22724.8
Diag 176.3 57| 7191.0| 7172.2
SSOR 67.3 59 | 4839.0| 4820.3

2LevJACjac 11.9 54 | 1105.0| 1067.5
2LevJACssor| 9.6 48 978.0 941.3
2LevSGSjac 9.7 48 | 1277.0| 1241.0
2LevSGSssorr 5.8 45 945.0 906.6

cop40k | SAUG None 75.6 45 | 4678.0| 44125
Diag 38.9 44 | 2451.0| 2181.2
SSOR 11.3 43 | 1472.0| 1205.1

2LevJACjac 8.6 38| 1732.0| 1383.3
2LevJACssor 5.3 36 | 1725.0| 1337.7
2LevSGSjac 5.7 39| 2137.0| 1781.7
2LevSGSssorl 3.4 34| 1594.0| 1251.3

cop40k | AD None 288.9 57 | 31010.0| 30739.4
Diag 331.7 62 | 28439.0| 28169.5
SSOR 95.2 58 | 14476.0| 14204.1

2LevJACjac 6.3 41 | 1856.0| 1533.4
2LevJACssor 3.9 39| 1645.0| 1320.2
2LevSGSjac 4.8 37| 1959.0| 1632.1
2LevSGSsso 2.6 35 1561.0| 1242.1

cop40k | EIGSOLV | None 528.3 61 | 49548.0| 49513.9
Diag 231.6 60 | 21927.0| 21889.2
SSOR 77.2 57 | 11823.0| 11784.7

2LevJACjac 12.9 53 | 2830.0| 2711.7
2LevJACssor 9.1 51| 2457.0| 2338.8
2LevSGSjac 8.9 50| 3292.0| 3171.9
2LevSGSsso 5.7 42 | 2180.0| 2060.1

Table 8.5:Performance of preconditioners for the indefinite eigenproblem with the larger grids
cop20kand cop40kand the JDSYM eigensolver
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Summary The two-level preconditioners are very fast for both the positive-definite and the
indefinite eigenvalue problem. For the positive-definite eigenvalue problem, the 2LevJACjac
variantis usually fastest when using JDSYM. For ARPACK 2LevSGSssor is always fastest. For
the indefinite problem either 2LevJACssor and 2LevSGSssor are very effective. The downside
of the two-level preconditioners is their memory consumption: In our implementation they all
rely on an exact factorisation of the (1,1)-block 4f. Such a factor consumes e.g. twice the
amount of memory as the matria” for grid cop40k

The SSOR preconditioner turns out to be surprisingly effective if the SAUG method is used.
For large problems SSOR seems to be even faster than the two-level preconditioners in some
cases. The SSOR preconditioner is the method of choice for large grids, since it has modest
memory requirements compared to the two-level preconditioners (no factorisation needed).

For very large indefinite eigenproblems, the EIGSOLV method together with the SSOR
preconditioner is to be preferred. This combination requires no factorisations at all and still
converges reliably if IDSYM is used.

The Diag preconditioner should not be used, since it has no real advantages over the SSOR
preconditioner.
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9 Python implementation

This chapter describes the Python implementation of the finite element application for solving
Maxwell's equations. The chapter starts with a section, that describes the development his-
tory which ultimately led to the Python implementation. In the following sections, the Python
language itself, and the main python packalyesnerical Pythorj7], PySparseand PyFemax

are introduced (PySparse and PyFemax are written by ourselves). The chapter concludes with
numerical results of large problems solved using the Python implementation.

9.1 Development history

Matlab implementation We started five years ago with the development of a code to solve the
Maxwell eigenvalue problem. The first implementation was written in Matlab. While Matlab’s
vector syntax and the built-in matrix data types greatly simplified the programming task, it soon
turned out, that a project of this scale cannot be done using Matlab.

Because Matlab’s sparse matrix operations are extremely slow (cf. examples in Seéetibns
and9.4.3, only very small toy problems could be solved. Another handicap was Matlab’s in-
flexible language: There may be only one (visible) function in a file; the name of the function
Is bound to the file name. This makes it very hard to modularise the code. Also namespace col-
lisions hinder development of large applications using Matlab. Many other desirable language
features, such as exception handling, are also missing in Matlab.

Fortran/C implementation It was clear, that the application had to be rewritten. Because of
its vector operations, the inter-operability with Fortran 77 and the possibility to allocate memory
dynamically, we chose Fortran 90. Using mainly Fortran 90, we rewrote and extended the whole
application. Parts of the application were written in C or Fortran 77.

The native Fortran/C implementation includes all algorithms and methods described in this
thesis. The application contains the following modules:

> support for two different kinds of finite elements: nodal and vector elements with both
linear and quadratic basis functions

¢ calculation of local finite element matrices
o implementation of boundary conditions
© assembly of the global finite element matrices

> Jacobi-Davidson eigensolver implementation (JDSYM)

> driver code for the ARPACK eigensolver

> five methods for solving the indefinite eigenvalue program
> code for handling sparse matrices

> optimised code for sparse matrix-vector multiplication

> implementation of PCG, CGS and MINRES iterative solvers, interfaces to SYMMLQ
and QMRS iterative solvers

implementation of Jacobi, SSOR, ILUS and 2-level hierarchical basis preconditioners

\%
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> reading mesh geometry data from input files in 3 different formats
> generation of mesh data for simple box shaped cavities

> interfaces to SuperLU and HP MLIB direct solvers

> reading Windows style INI files, used for parameter input

The Fortran 90 implementation showed good performance. However, it turned out that
Fortran 90 was not very well suited for some tasks. Some parts had to be written in C or
Fortran 77. E.g. the low-level optimisations of the sparse matrix-vector multiplication had to
be implemented in C. Most other numerical kernels, like e.g. the SSOR preconditioner, were
implemented in Fortran 77, since code written in Fortran 77 usually ran a little faster than
Fortran 90 cod€.

From today’s point of view Fortran 90 was not a good choice. The lack of general purpose
pointers and especially function pointers troubled us. Fortran 90 assumed-shape arrays were
another problem. They are not supported by any other language than Fortran 90 and their
internal structure is not standardised.

The development time of this code spanned four years. The code, written in Fortran 77, For-
tran 90 and C, is now approximately 33’000 lines long. The program is cluttered and no longer
well modularised, since a lot of features were added, that were not planned in the beginning.
This makes the code difficult to understand, maintain and extend.

Python implementation These reasons motivated us, to redesign and rewrite the application
a second time. We had the following goals in mind:

Modularity The code should be organised in reusable modules. These modules should have no
side effects.

Brevity The code should be short and concise, as e.g. Matlab code.

Object based Sparse and dense matrices and vectors should be implemented as objects, having
attributes and methods. This improves the readability and extensibility of the application.

High performance The code’s performance should be comparable to the Fortran/C implemen-
tation.

We felt Python to be the language of choice for the redesign. Python iistenpreted
interactive object-orientedorogramming languageé’fl]l. Python combines remarkable power
with very clear syntax. It has modules, classes, exceptions, very high level dynamic data types,
and dynamic typing. New modules are easily written in C or C++. The Python implementation
is copyrighted but freely usable and distributable, even for commercial use.

Since Python is an interpreted programming language, it is not well suited for high-perfor-
mance numerical applications, out of the box. However, Python can easily be extended using
modules written in C for performance critical tasks.

The Numerical Pythorpackage adds a fast, compact, multidimensional array language fa-
cility to Python. We use the Numerical Python package, which is written mainly in C, to
implement operations with dense matrices and vectors.

27In the mid-nineties Fortran 90 compilers were still quite fresh on the market and so Fortran 77 compilers still
seemed to optimise better at that time. This is however no longer the case now.
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For manipulating sparse matrices we designed and implement@®y8parseackagePy-
Sparsds an extension to Python, that introduces new sparse matrix object types, some iterative
solvers and preconditioners, the JDSYM eigensolver and an interface to the SuperLU direct
solver R3]. PySparsas implemented using highly optimised C code.

Using thePySparseandNumerical Pythorpackages as a foundation, tARgFemaxpackage
(written almost completely in Python) was developBgFemaxtogether withPySparsgis the
rewrite of the native C/Fortran code. Some features implemented in the C/Fortran code were
not ported toPyFemax(e.g. nodal finite elements, linearékElec finite elements, the ILUS
preconditioner and the BESPALOV method). SflyFemaxhas everything necessary to solve
large problems using vector finite elements.

What we are calling “the Python implementation” is actually a set of modules which are
implemented using a mixed-language programming approach: The application logic, the in-
put/output routines and the finite element code are implemented in Python. On the other hand,
the time-critical parts, like the sparse and dense linear algebra routines, including iterative
solvers, preconditioners, sparse matrix factorisations and the eigensolver are implemented in
C and are tightly integrated into the Python framework.

Other people have successfully used Python for their scientific computing tasks. Quite
a number a papers have been published in this area since 1997. For examgl Hm§en
demonstrates, how he developed parallel applications with the BSP (Bulk Synchronous Parallel)
approach using Python. 143] and [12] Beazley and Lomdahl describe how they transformed
a monolithic molecular dynamics code for massively parallel processing systems into a flexible,
highly modular, and powerful system for performing simulation, data analysis, and visualisation
using Python.

9.2 The Python language

Python is arninterpreted interactive object-orientedorogramming language. It is often com-
pared to Tcl, Perl, Scheme or Java.

Python combines remarkable power with very clear syntax. It has modules, classes, excep-
tions, very high level dynamic data types, and dynamic typing. There are interfaces to many
system calls and libraries, as well as to various windowing systems (X11, Motif, Tk, Mac,
MFC). New extension modules are easily written in C or C++. Python is also usable as an
extension language for applications that need a programmable interface.

Python has a full set of string operations (including regular expression matching), and frees
the user from most hassles of memory management. These and other features make it an ideal
language for prototype development and other ad-hoc programming tasks.

Python also has some features that make it possible to write large programs, even though it
lacks most forms of compile-time checking: a program can be constructed out of a number of
modules, each of which defines its own name space, and modules can define classes which pro-
vide further encapsulation. Exception handling makes it possible to catch errors where required
without cluttering all code with error checking.

A large number of extension modules have been developed for Python. Some are part of the
standard library of tools, usable in any Python program (e.g. the math library and regular expres-
sions). Others are specific to a particular platform or environment (e.g. UNIX, IP networking
or X11) or provide application-specific functionality (e.g. image or sound processing).

Python also provides facilities for introspectf®nso that e.g. a debugger or profiler for

28introspection is code looking at other modules and functions in memory as objects, getting information about
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Python programs can be written in Python itself. There is also a generic way to convert an
object into a stream of bytes and back, which can be used to implement object persistence as
well as various distributed object models.

The Python implementation is portable: it runs on many brands of UNIX, on Windows,
DOS, 0S/2, Macintosh, Amiga, NeXT and BeOS.

To give an introduction to the Python language would be out of the scope of this the-
sis. Instead we refer to the documentation available at the official Python webtsite
//www.python.org: To get started beginners should readRy¢ghon Tutorial 74]. The tutorial
introduces many of Python’s most noteworthy features, and gives a good idea of the language’s
flavour and style. Th@ython Library Referencly 3] documents Python’s standard objects and
modules, the standard types of the language and its built-in functions and exceptiosx-The
tending and Embedding the Python Interpresed Python/C API Referenamanuals 72)[ 75]
describe how to write modules in C or C++ to extend the Python interpreter with new modules.

9.3 The Numerical Python package (NumPYy)

The Numerical Python extensions (NumPy henceforth) is a set of extensions to the Python
programming language which allows Python programmers to efficiently manipulate large sets of
objects organised in grid-like fashion. These sets of objects are called arrays, and they can have
any number of dimensions: one dimensional arrays are similar to standard Python sequences,
two-dimensional arrays are similar to matrices from linear algebra.

Why are these extensions needed? The main reason is that manipulating a set of a million
numbers in Python with the standard data structures such as lists, tuples or classes is much too
slow and uses too much space. A more subtle reason for these extensions however is that the
kinds of operations that programmers typically want to do on arrays, while sometimes very
complex, can often be decomposed into a set of fairly standard operations. A program using
such standard building blocks is typically shorter and easier to read. This decomposition has
been developed similarly in many array languages like e.g. Matlab, Fortran 90, and others.

Apart from the new multidimensional array type, together with basic array operations and
manipulations, NumPy comes with a set of libraries that support fast Fourier transforms, basic
linear algebra, random number generation and masked arrays. In addition, NumPy is accom-
panied by a Matlab compatibility library, which provides many functions, that compatible with
the Matlab function of the same name.

A thorough manual{] for the Numeric package is available @attp: //www.pfdubois.
com/numpy/. The manual describes the usage of NumPy and also explains how to access the
NumPy features from within other C extensions. The Numeric package, not yet being included
in the standard Python distribution, can be downloaded from the SourceForge project web page
athttp://sourceforge.net/projects/numpy.

9.4 The PySparse package

The PySparse package is our own implementation. It extends the Python interpreter by a set of
sparse matrix types. PySparse also includes modules that implement

> iterative methods for solving linear systems of equations,

> a set of standard preconditioners,

them, and manipulating them.
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> an interface to a direct solver for sparse linear systems of equations,
> and the JDSYM eigensolver.

All these modules are implemented as C extension modules for maximum performance. In the
following sections all modules of PySparse are described in detail.

9.4.1 The spmatrix module

The spmatrixmodule is the foundation of the PySparse package. It extends the Python inter-
preter by three new types namédmat csrmatandsssmat These types represent sparse
matrices in the LL-, the CSR- and SSS-formats respectively (cf. Appehfix-or all three
formats, double precision values (C ty@@ible) are used to represent the non-zero entries.

The common way to use tlepmatrixmodule is to first build a matrix in the LL-format. The
LL-matrix is manipulated until it has its final shape and content. Afterwards it may be converted
to either the CSR- or SSS-format, which need less memory and allow for faster matrix-vector
multiplications.

A ll_matobject can be created from scratch, by reading data from a file (in MatrixMarket
format) or as a result of a matrix operation (as e.g. matrix-matrix multiplication). l[Timet
object supports manipulating (reading, writing, add-updating) single entries or sub-matrices.

csr-mat and sssmat are not constructed directly, instead they are created by converting
Il_matobjects. Once createdsr_matandsssmatobjects cannot be manipulated. Their main
purpose is to support efficient matrix-vector multiplications.

spmatrix module functions

Il _mat(n, m, sizeHint=1000) creates dl_mat object, that represents a general, all zero
m X n matrix. The optionakizeHintparameter specifies the number of non-zero entries for
which space is allocated initially.

If the total number of non-zero elements of the final matrix is known (approximately), this
number can be passedsiseHint This will avoid costly memory reallocations.

Il _mat_sym(n, sizeHint=1000) creates dl _mat object, that represents symmetric¢ all
zeron x n matrix. The optionakizeHintparameter specifies, how much space is initially
allocated for the matrix.

Il _mat_from _mtx(fileName) creates dl_mat object from a file namedileName which
must be stored in MatrixMarket Coordinate format as describédgi: //math.nist.gov/
MatrixMarket/formats.html. Depending on the file content, either a symmetric or a general
sparse matrix is generated.

matrixmultiply(A, B)  computes the matrix-matrix multiplication
C =AB

and returns the resulf’ as a newll_mat object representing a general sparse matrix. The
parametersA and B are expected to be objects of tyfhenat
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dot(A, B) computes the “dot-product”
C =A"B

and returns the resulf’ as a newll_mat object representing a general sparse matrix. The
parametersd and B are expected to be objects of tylbenat

Il _mat objects Il_matobjects represent matrices stored in the LL format, which is described in
AppendixA.4. Il _matobjects come in two flavourgieneralmatrices andymmetriamatrices.

For symmetric matrices only the non-zero entries in the lower triangle are stored. Write opera-
tions to the strictly upper triangle are prohibited for the symmetric format.iEkem attribute

of anll_matobject can be queried to find out whether or not the symmetric storage format is
used.

The entries of a matrix can be accessed conveniently using two-dimensional array’thdices
Following Python conventions, indices start with 0 and wrap around (so -1 is equivalent to the
last index).

The following code creates an emptyx5 matrix A, sets all diagonal elements to their re-
spective row/column index and then copies the valuge[of,0] to A[2,1].

>>> import spmatrix
>>> A = spmatrix.ll_mat(5, 5)
>>> for i in range(5):
Ali,i] = i+l
>>> A[2,1] = A[0,0]
>>> print A
11_mat(general, [5,5], [(0,0): 1, (1,1): 2, (2,1): 1,
(2,2): 3, (3,3): 4, (4,4): 5])

The Python slice notation can be used to conveniently access sub-matrices.

>>> print A[:2,:] # the first two rows
11_mat(general, [2,5], [(0,0): 1, (1,1): 2])
>>> print A[:,2:5] # columns 2 to 4

11_mat(general, [5,3], [(2,0): 3, (3,1): 4, (4,2): 5])
>>> print A[1:3,2:5] # submatrix

# starting at row 1 col 2,

# ending at row 2 col 4
11_mat(general, [2,3], [(1,0): 31)

The slice operator always returns a néwnatobject, containing a copy of the selected subma-
trix.

Write operations to slices are also possible:

29The standard Python language does not know multidimensional indices. However, thanks to Python’s clever
design, its easy to provide multidimensional indices for extension types, without any dirty hacks.

In the Python language, subscripts can be of any type (as it is customary for dictionaries). A two-dimensional
index can be regarded as a 2-tuple (the brackets do not have to be writtdn,,293 is the same as[(1,2)]1). If
both tuple elements are integers, then a single matrix element is referenced. If at least one of the tuple elements is
a slice (which is also a Python object), then a submatrix is referenced.

Subscripts have to be decoded at runtime. This task includes type checks, extraction of indices from the 2-tuple,
parsing of slice objects and index bound checks.
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>>> B = 11 _mat(2, 2) # create 2-by-2

>>> B[0,0] = -1; B[1,1] = -1  # diagonal matrix

>>> A[:2,:2] =B # assign it to upper
>>> # diagonal block of A

>>> print A
11_mat(general, [5,5], [(0,0): -1, (1,1): -1, (2,1): 1,
(2,2): 3, (3,3): 4, (4,4): 5])

Il_mat object attributes

A.shape returns a 2-tuple containing the shape of the ma#ix.e. the number of rows
and columns.

A.nnz returns the number of non-zero entries stored in ma#ixIf A is stored in the
symmetric format, only the number of non-zero entries in the lower triangle (including the
diagonal) are returned.

A.issym returns true (a non-zero integer) if matekis stored in the symmetric LL format,
I.e. only the non-zero entries in the lower triangle are stored. Returns false (zero) if sasrix
stored in the general LL format.

Il _mat object methods

A.to_csr() returns a newly allocatetsr_matobject, which results from converting matrix
A.

A.to_sss() returns a newly allocatesssmatobject, which results from converting matrix
A. This function works fotl_matobjects in both the symmetric and the general formatA If
is stored in the general format, only the entries in the lower triangle are used for the conversion.
No check, whethed is symmetric, is performed.

A.matvec(x,y) computes the sparse matrix-vector product

y «— Ax.

x andy are two double precision, rank-1 NumPy arrays of appropriate size.

A.matvec transp(x, y) computes the transposed sparse matrix-vector product
y — ATx.

x andy are two double precision, rank-1 NumPYy arrays of appropriate size.

A.export_mtx(fleName, precision=16) exports matrixA to file namedfileName The
matrix is stored in MatrixMarket Coordinate format as describectap: //math.nist.gov/
MatrixMarket/formats.html. Depending on the propertieslbfmatobject A the generated
file either uses the symmetric or a general MatrixMarket Coordinate format. The optional pa-
rametermprecisionspecifies the number of decimal digits that are used to express the non-zero
entries in the output file.
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A.shift(sigma, M) performs a daxpy-like operation on matri
A—A+oM.

The parametes is expected to be a Python Float object. The paramefeis expected to an
object of typdl _mat

A.copy() returns a nevl_matobject, that represents a copy of thenatobjectA. So,
>>> B = A.copy()
Is equivalent to
>>> B = A[:,:]
which isnotthe same as
>>> B = A

The latter version only returns a reference to the same object and assigiss §ubsequent
changes ta will therefore also be visible iB.

A.update_add_mask(B, indO, ind1, mask0, maskl) This method is provided for effi-
ciently assembling global finite element matrices. The method adds the matdentries of
matrix A. The indices of the entries to be updated are specifieddfyandind1. The individual
updates are enabled or disabled usingtiaskOandmasklarrays.

The operation is equivalent to the following Python code:

for i in range(len(ind0)):
for j in range(len(indl)):
if maskO[i] and mask1[j]:
A[indO0[i],ind1[j]] += B[i,j]

All five parameters are NumPy arrayB.is an array of rank two. The four remaining parameters
are rank-1 arrays. Their length corresponds to either the number of rows or the number of
columns ofB.

This method is not supported fibrmatobjects of symmetric type, since it would generally
resultin an non-symmetric matrixpdateadd masksymmust be used in that case. Attempting
to call this method using . matobject of symmetric type will raise an exception.

A.update_add_mask sym(B, ind, mask) This method is provided for efficiently assem-
bling symmetric global finite element matrices. The method adds the nfttix entries of
matrix A. The indices of the entries to be updated are specifidddyThe individual updates
are enabled or disabled using timaskarray.

The operation is equivalent to the following Python code:

for i in range(len(ind)):
for j in range(len(ind)):
if mask[i]:
Alind[i],ind[j1] += B[i,]]

The three parameters are all NumPy arraigsis an array of rank two representing a square
matrix. The four remaining parameters are rank-1 arrays. Their length corresponds to the order
of matrix B.
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A.deleterows(mask) deletes rows from matrid. The rows to be deleted are specified
by the mask parameter, which is a 1D integer NumPYy arragalk]i] = O, then rowi is deleted,
otherwise row is kept. This method may not be applied to a matrix in symmetric format.

A.delete cols(mask) deletes columns from matrid. The columns to be deleted are spec-
ified by the mask parameter, which is a 1D integer NumPy arragaBk[i] = O, then columni
is deleted, otherwise columiis kept. This method may not be applied to a matrix in symmetric
format.

A.deleterowcols(mask) deletes rows and columns from matdx The rows and columns
to be deleted are specified by the mask parameter, which is a 1D integer NumPy amask(ij
=0, then row and columnare deleted, otherwise row and columare kept.

A.norm(p) returns thep-norm of matrix A. The parametep is a string identifying the
type of norm to be computed. pf="1", then the 1-norm of is returned. Ifp ='inf’ , then the
infinity-norm of A is returned. Ifp =’fro’ , then the Frobenius norm of is returned.

csr_mat and sssmat objects csr.mat objects represent matrices stored in the CSR format,
which is described in Appendi.1. sssmatobjects represent matrices stored in the SSS format
(c.f. AppendixA.3). The only way to create esr mator asssmatobject is by conversion of a
ll_matobject using theo_csr() or theto_sss()method respectively. The purpose of ts_mat
and theto_sss()objects is to provide fast matrix-vector multiplications for sparse matrices. In
addition, a matrix stored in the CSR or SSS format uses less memory than the same matrix
stored in the LL format, since tHank array is not needed.

csr-mat and sssmat objects only provide limited capabilities to access matrix entries or
sub-matrices using two-dimensional indices.

csr_mat and sssmat object attributes

A.shape returns a 2-tuple containing the shape of the mattix.e. the number of rows
and columns.

A.nnz returns the number of non-zero entries stored in matix If A is ansssmat
object, the non-zero entries in the strictly upper triangle are not counted.

csr_mat and sssmat object methods

A.matvec(x,y) computes the sparse matrix-vector product
y «— Ax.

x andy are two double precision, rank-1 NumPYy arrays of appropriate size.

A.matvec transp(x,y) computes the transposed sparse matrix-vector product
y — ATx.

x andy are two double precision, rank-1 NumPy arrays of appropriate sizessBaratobjects
matvectranspis equivalent tanatvec
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Example: 2D-Poisson matrix This section illustrates the use of thgmatrixmodule to build
the well known 2D-Poisson matrix resulting froomax n square grid.

def poisson2d(n):
L = spmatrix.ll_mat(n*n, n*n)
for i in range(n):
for j in range(n):
k =1 + nxj

Llk,k] = 4

if 1 > 0:
Llk,k-1] = -1

if 1 < n-1:
Llk,k+1] = -1

if j > O:
Llk,k-n] = -1

if j < n-1:
L[k,k+n] = -1

return L

Using the symmetric variant of tHe matobject, this gets even shorter.

def poisson2d_sym(n):
L = spmatrix.ll_mat_sym(n*n)
for i in range(n):
for j in range(n):
kK = i + n¥j

Llk,k] = 4
if i > 0:
Llk,k-1] = -1
if j > O:
Llk,k-n] = -1
return L

To illustrate the use of the slice notation to address sub-matrices, let’s build the 2D Poisson
matrix using the diagonal and off-diagonal blocks.

def poisson2d_sym_blk(n):
L = spmatrix.ll_mat_sym(n*n)
I = spmatrix.ll_mat_sym(n)
P = spmatrix.ll_mat_sym(n)
for i in range(n):

I0i,i] = -1
for i in range(n):
Pli,i] = 4

if 1 > 0: P[i,i-1] = -1
for i in range(0, n*n, n):
Lli:i+n,i:i+n] =P
if i > 0: L[i:i+n,i-n:i] =1
return L

Performance comparison with Matlab Let’s compare the performance of three Python
codes above with the following Matlab functions:
The Matlab functiorpoisson2d is equivalent to the Python function with the same name
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Function n =100 | n =300 | n=>500 | n=1000
Pythonpoisson2d 0.44 4.11 11.34 45.50
Pythonpoisson2d_sym 0.26 2.34 6.55 26.33
Pythonpoisson2d_sym_blk 0.03 0.21 0.62 2.22
Matlabpoisson2d 28.19 | 3464.9 | 38859 00
Matlabpoisson2d_blk 6.85 | 309.20 | 1912.1 00
Matlabpoisson2d kron 0.21 2.05 6.23 29.96

Table 9.1:Performance comparison of Python and Matlab functions to generate the 2D Poisson
matrix
The execution times are given in seconds. Matlab version 6.0 Release 12 was used for these timings.

function L = poisson2d(n)
L = sparse(n*n);
for i = 1:n

for j = 1:n
k =i+ nx(j-1);
L(k,k) = 4;
if 1 > 1, L(k,k-1) = -1; end
if i < n, L(k,k+1) = -1; end
if j > 1, L(k,k-n) = -1; end
if j < n, L(k,k+n) = -1; end

end

end

The functionpoisson2d_blk is an adaption of the Python functignisson2d_sym blk
(except for exploiting the symmetry, which is not directly supported in Matlab).

function L = poisson2d_blk(n)
e = ones(n,1);
P = spdiags([-e 4*e -e], [-1 0 1], n, n);
I = -speye(n);
L = sparse(n#*n);
for i = 1:n:n*n
L(i:i+n-1,i:i+n-1) = P;
if i > 1, L(i:i+n-1,i-n:i-1) = I; end
if i < n*n - n, L(i:i+n-1,i+n:i+2*n-1) = I; end
end

The functionpoisson2d _kron demonstrates one of the most efficient ways to generate the 2D
Poisson matrix in Matlab.

function L = poisson2d_kron(n)
e = ones(n,1);
P = spdiags([-e 2xe -e], [-1 0 1], n, n);
L = kron(P, speye(n)) + kron(speye(n), P);

The execution times reported in Tahl clearly show, that the Python implementation is
superior to the Matlab implementation. If the fastest versions are compared for both languages,
Python is approximately 10 times faster. Comparing the straight forpeairslson2d versions,
one is struck by the result that, the Matlab function is incredibly slow. The Python version is
more then three orders of magnitude faster! This result really raises the doubt, whether Matlab’s
sparse matrix format is appropriately chosen.
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The performance difference between Pythgsssson2d sym andpoisson2d _sym blk
indicates, that a lot of time is spent parsing indices.

9.4.2 The precon module

The preconmodule provides preconditioners, which can be used e.g. for the iterative methods
implemented in the in thesolversmodule or the JIDSYM eigensolver (in tigsymmodule).

In the PySparse framework, any Python object that has the following properties can be used
as a preconditioner:

> ashapeattribute, which returns a 2-tuple describing the dimension of the preconditioner,

> and apreconmethod, that accepts two vectorandy, and applies the preconditioner to
x and stores the result y. Bothx andy are double precision, rank-1 NumPy arrays of
appropriate size.

The preconmodule implements two new object typesobi andssor, representing Jacobi
and the SSOR preconditioners as described in Secidnsand8.1.2

precon module functions

jacobi(A, omega=1.0, steps=1) creates gacobiobject, representing the Jacobi precondi-
tioner. The parameted is the system matrix used for the Jacobi iteration. The matrix needs to
be subscriptable using two-dimensional indices, so e.d._aratobject would work. The op-
tional parametew, which defaults td .0, is the weight parameter as described in Seciidnl
The optionalktepsparameter (defaults th specifies the number of iteration steps.

ssor(A, omega=1.0, steps=1)creates asorobject that represents the SSOR precondi-
tioner. The parameted is the system matrix used for the SSOR iteration. The matrhas to
be an object of typessmat The optional parameter, which defaults td..0, is the relaxation
parameter as described in Sectbfi.l The optionalktepsparameter (defaults tb) specifies
the number of iteration steps.

jacobi and ssor objects Both jacobi and ssor objects provide theshapeattribute and the
preconmethod, that every preconditioner object in the PySparse framework must implement.
Apart from that, there is nothing noteworthy to say about these objects.

Example: diagonal preconditioner The diagonal preconditioner is just a special case of the
Jacobi preconditioner, witly = 1.0 and steps= 1, which happen to be the default values of
these parameters.

It is however easy to implement the diagonal preconditioner using a Python class:

class diag_prec:
def __init__(self, A):
self.shape = A.shape
n = self.shapel[0]
self.dinv = Numeric.zeros(n, ’d’)
for i in xrange(n):
self.dinv([i] = 1.0 / A[i,i]
def precon(self, x, y):
Numeric.multiply(x, self.dinv, y)



132 Python implementation

So,

>>> D1 = precon.jacobi(A, 1.0, 1)
and

>>> D2 = diag_prec(A)

yield functionally equivalent preconditionerB1 is probably faster than2, because it is fully
implemented in C.

9.4.3 The itsolvers module

Theitsolversmodule provides a set of iterative methods for solving linear systems of equations.
The iterative methods are callable like ordinary Python functions. All these functions expect
the same parameter list, and all function return values also follow a common standard.
Any user-defined iterative solvers should also follow these conventions, since other Py-
Sparse modules rely on them (e.g. ji&ymmodule)

Parameter list Let's illustrate the calling conventions, using the PCG iterative method defined
asinfo, iter, relres= pcg A, b, x, tol, maxit, K).

A The parameteA represents the coefficient matrix of the linear system of equations.
A must provide theshapeattribute and thenatvecand matvectransp methods for
multiplying with a vector.

b The parameteb, representing the right-hand-side of the linear system, is a rank-1
NumPy array.

x The parametex is also a rank-1 NumPy array. On inputholds the initial guess.
On outputx holds the approximate solution of the linear system.

tol Thetol parameter is a float value representing the requested error tolerance. The exact
meaning of this parameter depends on the actual iterative solver.

maxit Themaxitparameter is an integer that specifies the maximum number of iterations to
be executed.

K Theoptional K parameter represents a preconditioner object that supplish dpe
attribute and th@reconmethod.

The iterative solvers may accept additional parameters, which are passed as keyword arguments.

Return value All iterative solvers return a tuple with three elemenitdd, iter, relres):

info is an integer that contains the exit status of the iterative soimén. has one of the
following values
2 iteration converged, residual is as small as seems reasonable on this machine.
1 iteration converged = 0, so the exact solution is = 0.
0 iteration converged, relative error appears to be lessttiian
-1 iteration not converged, maximum number of iterations was reached.
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-2 iteration not converged, the system involving the preconditioner was ill-
conditioned.

-3 iteration not converged, an inner product of the farfiK ~'x was not positive,
so the preconditioning matrik does not appear to be positive definite.

-4 iteration not converged, the matrik appears to be very ill-conditioned
-5 iteration not converged, the method stagnated
-6 iteration not converged, a scalar quantity became too small or too large to con-
tinue computing

So, info >= 0 indicates, thak holds an acceptable solution, ango < 0 indicates

an error condition.

Note that not all iterative solvers check for all above error conditions.

iter holds the number of iterations performed.

relres holds relative error of the solution or the relative residual as computed by the iterative

method. What this actually is, depends on the specific iterative method used.

itsolvers module functions The module functions defined in titsolversmodule implement
various iterative methods (PCG, MINRES, QMRS and CGS, cf. Se6jiofhe parameters and
return values conform to the conventions described above.

pcg(A, b, x, tol, maxit, K) The pcg function implements the Preconditioned Conjugate
Gradients method.

minres(A, b, X, tol, maxit, K) Theminresfunction implements the MINRES method.

gmrs(A, b, x, tol, maxit, K) Thegmrsfunction implements the QMRS method.

cgs(A, b, x, tol, maxit, K) Themin function implements the CGS method.

Example: Solving the poisson system Let’s solve the Poisson system

Lx=1, (9.1)

using the PCG method. is the 2D Poisson matrix, introduced in Sectibi.land1 is a vector
with all entries equal to one.
The Python solution for this task looks as follows:

import Numeric, spmatrix, precon, itsolvers

n
L
b
X

= 300
poisson2d_sym_blk(n)
Numeric.ones(n*n, ’d’)
= Numeric.zeros(n*n, ’d’)

info, iter, relres = itsolvers.pcg(L.to_sss(),

b, x, le-12, 2000)

The code makes use of the Python functjerisson2d _sym blk, which was defined in Sec-
tion9.4.1
Incorporating e.g. a SSOR preconditioner is straight-forward:



134 Python implementation

import Numeric, spmatrix, precon, itsolvers

= 300

poisson2d_sym_blk(n)

Numeric.ones(n*n, ’d’)

Numeric.zeros(n*n, ’d’)

L.to_sss()

Kssor = precon.ssor(S)

info, iter, relres = itsolvers.pcg(S, b, x, le-12, 2000, Kssor)

0 X o B
I

The Matlab solution (without preconditioner) may look as follows:

n = 300;

L = poisson2d_kron(n);

[x,flag,relres,iter] = pcg(L, ones(n*n,1), le-12, 2000,
[0, [1, zeros(n*n,1));

Performance comparison with Matlab and native C To evaluate the performance of
the Python implementation we solve the 2D Poisson systei (jsing the PCG method. The
Python timings are compared with results of a Matlab and a native C implementation.

The native C and the Python implementation use the same core algorithms for PCG method
and the matrix-vector multiplication. On the other hand, C reads the matrix from an external
file instead of building it on the fly. In contrast to the Python implementation, the native C
version does not suffer from the overhead generated by the runtime argument parsing and calling
overhead.

Function| Size tconstr tsolv tiot
Python | n =100 0.03 1.12 1.15
n =300 0.21 49.65 49.86
n=>500| 0.62| 299.39 | 300.01
native C | n =100 | 0.30 0.96 1.26
n=2300| 3.14 48.38 51.52
n =>500 | 10.86 | 288.67 | 299.53
Matlab n = 100 0.21 8.85 9.06
n=2300| 2.05| 387.26 | 389.31
n=>500 | 6.23 | 1905.67 | 1911.8

Table 9.2:Performance comparison of Python, Matlab and native C implementations to solve
the linear systen(9.1) without preconditioning

The execution times are given in secondsnst iS the time for constructing the matrix (or reading it
from a file in the case of native Clsq)y is the time spent in the PCG solvéy is the sum of ¢onsirand

tsolv- Matlab version 6.0 Release 12 was used for these timings.

Tab.9.2 shows the execution times for the Python, the Matlab and the native C implemen-
tation for solving the linear systemd.(l). Matlab is not only slower when building the matrix,
also the matrix-vector multiplication seems to be implemented inefficiently. Considgging
the performance of Python and native C is comparable. The Python overhead is under 4% in
this case.
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9.4.4 The jdsym module

The jdsymmodule provides an implementation of the JDSYM algorithm (cf. Algorithm),
that is conveniently callable from Python. The module exports a single function qadaa

jdsym(A, M, K, kmax, tau, jdtol, itmax, linsolver, **keywords) invokes the IDSYM eigen-
value solver (cf. Sectioh.1.2. JDSYM computes eigenpairs of a generalised matrix eigenvalue
problem of the form

Ax = \Mx (9.2)

or a standard eigenvalue problem of the form
Ax = )\x, (9.3)

where A is symmetric andVf is symmetric positive-definite.

Arguments Thejdsymfunction has seven mandatory arguments
A This parameter represents the matixn (9.2) or (9.3). A must provide theshape
attribute and thenatvecandmatvectranspmethods.

M This parameter represents the mafvikin (9.2). M must provide thashapeattribute
and thematvecandmatvectranspmethods. If the standard eigenvalue problén3)(
is to be solved, th&one value can be passed for this parameter.

K The K parameter represents a preconditioner object that suppliehépeattribute
and thepreconmethod. If no preconditioner is to used, then ke value can be
passed for this parameter.

kmax is an integer that specifies the number of eigenpairs to be computed.

tau is a float value that specifies the target vatueEigenvalues in the vicinity of will
be computed.

jdtol is a float value that specifies the convergence tolerance for eigeripais The
converged eigenpairs satisfydx — AMx||, < jdtol.

itmax is an integer that specifies the maximum number of Jacobi-Davidson iterations to
undertake.

linsolver is a function that implements an iterative method for solving linear systems of equa-
tions. The functiorinsolver is required to conform to the standards mentioned in
Section9.4.3

The remaining (optional) arguments are specified using keyword arguments:
jmax is an integer that specifies the maximum dimension of the search subspace. (default:
25)

jmin is an integer that specifies dimension of the search subspace after a restart. (default:
10)

blksize is an integer that specifies the block size used in the JDSYM algorithm. (default: 1)

blkwise is an integer that affects the convergence criteridvkgize> 1 (cf. Section5.1.4).
(default: 0)
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VO is NumPy array of rank one or two. It specifies the initial search subspace. (default:
a randomly generated initial search subspace)

optype is an integer specifying the operator type used in the correction equatimtyfje—=
1, the non-symmetric version is used.olptype= 2, the symmetric version is used.
See Section.1.2for more information. (default: 2)

linitmax is an integer specifying the maximum number steps taken in the inner iteration (iter-
ative linear solver). (default: 200)

epstr is a float value setting the tracking parametedescribed in Sectioh.1.2 (default:
1073)
toldecay s a float value, that influences the dynamic adaption of the stopping criterion of the
inner iteration.toldecaycorresponds to the valuein Section5.1.2 (default: 1.5)

clvl is an integer specifying the “verbosity” of thdsymfunction. The higher thelvl
parameter, the more output is sent to the standard outgut. = 0 produces no
output. (default: 0)

strategy is an integer specifying shifting and sorting strategy of JDS¥tvategy= 0 enables
the default JDSYM algorithmstrategy= 1 enables JDSYM to avoid convergence
to eigenvalues smaller than(cf. the EIGSOLV method described in Sectivr.5.
(default: 0)

projector is used to keep the search subspace and the eigenvectors in a certain subspace. The
parameteprojectorcan actually be any Python object, that providetapeattribute
and aproject method. Theproject method takes a vector (a rank-1 NumPy array)
as its sole argument and projects that vector in-place. This parameter can be used to
implement the DIRPROJ and SAUG methods described in Secfignsand4.2.2
(Default: no projection)

Return value Thejdsymmodule function returns a tuple with four elemerksdny Imbd

Q, it):

kconv is an integer that indicates the number of converged eigenpairs.
Imbd is a rank-1 NumPy array containing the converged eigenvalues.

Q is arank-2 NumPy array containing the converged eigenvectorsi-tiheigenvector
is accessed bg[:,1i].

it is an integer indicating the number of Jacobi-Davidson steps (outer iteration steps)
performed.

Example: Maxwell problem The following code illustrates the use of tfgsymmodule.

Two matricesA and M are read from files. A Jacobi preconditioner frodin— 7 M is built.

Then the JIDSYM eigensolver is called, calculating 5 eigenvalues near 25.0 and the associated
eigenvalues to an accuracy t§—°. We setstrategy= 1 to avoid convergence to the high-
dimensional null space oA, M).
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import spmatrix, itsolvers, jdsym, precon

A = spmatrix.ll_mat_from_mtx(’edge6x3x5_A.mtx’)
M = spmatrix.ll_mat_from_mtx(’edge6x3x5_B.mtx’)
tau = 25.0

Atau = A.copy()
Atau.shift(-tau, M)
K = precon.jacobi(Atau)

A =A.to_sss(); M = M.to_sss()
k_conv, 1lmbd, Q, it = \
jdsym. jdsym(A, M, K, 5, tau, le-10, 150, itsolvers.qmrs,
jmin=5, jmax=10, clvl=1, strategy=1)

This code take83.71 seconds to compute the five wanted eigenpairs. A native C version, using
the same computational kernels, také$4 for the same task. We expected the Python version
to be slower due to the overhead generated when calling the matrix-vector multiplication and
the preconditioner, but surprisingly the Python code was even a bit faster.

9.4.5 The superlu module

Thesuperlumodule interfaces the SuperLU library to make it usable by Python code. SuperLU
Is a software package written in C, that is able to compufg/afactorisation of a general
non-symmetric, sparse matrix with partial pivotirfy.

The superlumodule exports a single function, calléttorize

factorize(A, diag_pivot_thresh, drop_tol, relax, panel size, permcspec)
The factorizemodule function computes &U-factorisation of the matrixA. All but the first
parameter are optional and can be specified using keyword arguments.

A is acsr-matobject that represents the matrix to be factorised.

diag pivot thresh is a float value in the intervdD, 1] representing the threshold for partial
pivoting. diag pivot thresh= 0 corresponds to no pivotingdiag pivot thresh= 1
corresponds to partial pivoting. (defaultn)

drop_tol is a float value in the interval, 1] representing the drop tolerance parameter.
drop_tol = 0 corresponds to the exact factorisation.
CAUTION: the drop_tol has no effect in the current and all older SuperLU releases
(versions 2.0 and below). (default: 0.0)

relax is an integer that controls the degree of relaxing supernodes. (default: 1)

panelsize is an integer specifying the maximum number of columns that form a panel. (de-
fault: 10)

permcspecis an integer specifying the matrix ordering used for the factorisation:

0 natural ordering

1 MMD applied to the structure A’ A

2 MMD applied to the structure oA’ + A

3 COLAMD, approximate minimum degree column ordering
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(default: 2)
The factorizefunction returns an object of tymuperlucontext This object encapsulates
the LU-factors computed during the factorisation.

superlu_context object attributes

shape The shapeattribute, returns a 2-tuple describing the dimension of the factorised
matrix A.

nnz Thennzattribute returns an integer holding the total number of non-zero entries stored
in both theL and theU factors.

superlu_context object methods

solve(b, x, trans='N") The solvemethod accepts two rank-1 NumPy arraysindx of
appropriate size and assigns the solution of the linear system

Ax=Db
to x. If the optional parametdransis set to’T’, then the transposed system
A'x=b

is solved instead.

Example: 2D Poisson matrix Let’'s now solve the 2D Poisson system
Lx =1,

using a factorisationL is the 2D Poisson matrix, introduced in Sectibd.1and1 is a vector
with all one entries.
The Python solution for this task looks as follows:

import Numeric, spmatrix, superlu

n = 100

L = poisson2d_sym_blk(n)

b = Numeric.ones(n*n, ’d’)

x = Numeric.zeros(n*n, ’d’)

LU = superlu.factorize(L.to_csr(), diag_pivot_thresh=0.0)
LU.solve(b, x)

The code makes use of the Python functjerisson2d_sym blk, which was defined in Sec-
tion9.4.1
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9.5 The PyFemax package

PyFemaxis a set of Python modules which allow to compute eigensolutions of the time-
harmonic Maxwell equations (Problem Il) using vector finite elements. These modules have
been designed to be efficient both in terms of memory and execution time.

PyFemadbuilds on top of théNumericand thePySparsgackages (cf. Sectio®s3and9.4).

PyFemaxconsist of several modules which will be briefly introduced in the following sec-
tions. We will not discuss every single function defined in these modules. Instead we will only
give a short description of the module and mention the functions needed for building a Maxwell
eigensolver.

Tab. 9.3 shows size of the source code of the Python implementation (consisting of Py-
Sparse and PyFemax) and the native C implementation. The numbers show, that the Python
implementation is considerably leaner, despite the fact, that it is designed to be reusable and
that it contains a fair amount of boiler plate code to implement Python interfaces.

Language | PyFemax and Native imple-
PySparse mentation
Fortran 90 6300
Fortran 77 2800
C 7500 2700
Python 1200
Total 8700 11800

Table 9.3:Code size of Python and native implementation

The numbers given are lines of code, including comment. For the native implementation, only the parts
that are also implemented in PyFemax are counted. The whole native implementation is approximately
33’000 lines long.

9.5.1 The ansysmesh and psimesh modules

The purpose of thansysmeshndpsimeshmodules is to read mesh data from a file stored in
the ANSYS or the PSP format. Both modules define a functiosad, which takes a file name

as its only argument. Theadfunctions return a MeshData object, that contains the read mesh
information. The MeshData class is defined in moduksh

9.5.2 The boxmesh module

Theboxmesimodule is used to generate tetrahedral meshes of rectangular box-shaped domains.
The domain is first subdivided nelimes on thez-axis, ne), times on thegy-axis and neltimes

on thez-axis. Thus, the domain is subdivided into jredl.nel, equally sized bricks. Each brick

is then cut to form 6 tetrahedra of equal volume.

The moduleboxmesidefines a functiomenerate that creates a tetrahedral mesh as stated
above. It takes the dimensions of the domain and the subdivisions in each direction as argu-
ments. A third parameter allows the user to treat some of the surfaces as symmetry planes. All
arguments are lists of length 3. Theneratdunction returns a MeshData object, that contains
the generated mesh information. The MeshData class is defined in nodste

30The PSI format is generated using a Fortran77 program written by Dr. Stefan Adam.
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The module functiomnalyticEigvalscomputes analytic eigenvalues of the rectangular box-
shaped cavity, according to the process outlined in Appe@dixThe arguments for this func-
tion are the same as the ones fmnerate An additional parameter specifies the number of
analytic eigenvalues to compute.

9.5.3 The mesh module

The meshmodule is usually not directly imported by user-written modules, instead it is im-
ported by all modules that read or generate mesh datamBsémodule defines a class Mesh-

Data whose purpose is to hold all mesh information, such as node coordinates, information on
the connectivity of nodes, edges, faces and tetrahedra, mappings from local to global DOFs,
boundary and symmetry-plane data, etc. This data is supposed to be independent of a particular
finite element type.

9.5.4 The nedelec module

The purpose of theedeleanodule is to create the global matrices necessary to solve the matrix
eigenvalue problem for the@delec finite element discretisation or the mixeéldlec-Lagrange
finite element discretisation.

The creation of the global matrices, M, Y, C and H proceeds in several stages.

1. The preprocessing step, implemented bygreprocesgunction

2. The matrix assembly step, implemented by alssembldéunction

3. Construction of th&” matrix, implemented by theonstructYfunction
4. Calculation of theC' and H matrices.

Steps 3 and 4 are not necessary, if the EIGSOLV method (cf. Settidf is to be used.
nedelec module functions

preprocess(meshData, symBCInfo) incorporates the boundary conditions and prepares
the data structures necessary for assembling the global finite element matrices. The parameter
meshDatas a MeshData object resulting from either reading a mesh file or generating a mesh.
The parametesymBCinfaletermines what kind of boundary conditions are implemented on the
symmetry planes. If bitis set, there - n = 0 is implemented on symmetry planeotherwise
e x n = 0 is implemented.

The preprocesgunction returns a PreprocessData object, which contains information such
as the order of the matrice$ and M, the number of columns of matr& and index arrays that
map old DOF numbers to new DOF numbers (the DOF numbers change because some DOFs
are eliminated due to the boundary conditions).

assemble(meshData, preprocessData) assembles the global FEM matricdsand M.
The first argumenteshDatds a MeshData object resulting from either reading a mesh file or
generating a mesh. The second argunpeeprocessDat#s a PreprocessData object generated
by preprocess() The functionassembleeturns twal _matobjects representing the matricds
andM.
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constructY(meshData, preprocessData) constructs the global FEM matriX from the
edge-node connectivity information. The first argummaeshDatds a MeshData object result-
ing from either reading a mesh file or generating a mesh. The second arquey@ocessData
is a PreprocessData object generategieprocess() The functionconstructYreturns anl _mat
objects representing the matfix.

Example code The following code shows how to read the mesh data from an ANSYS mesh
file and how to generate the matricds M, Y, C andH from it.

import ansysmesh, nedelec, spmatrix
meshData = ansysmesh.read(’boxcav16x10x3.ans’)

preprocessData = nedelec.preprocess(meshData, 0)
A, M = nedelec.assemble(meshData, preprocessData)

Y = nedelec.constructY(meshData, preprocessData)
C = spmatrix.matrixmultiply (M, Y)
H = spmatrix.dot(Y, C)

9.5.5 The nedelegrojection module

The nedelecprojectionmodule implements the DIRPROJ and SAUG methods for solving the
(indefinite) matrix eigenvalue problem. As described in Sectibfisland4.2.2these methods
are realised by introducing projections at several places in the JDSYM eigensolver.

The projections are introduced in two ways:

> by adding the projection to th@reconmethod of the preconditioner object.

> by callingjdsymwith the optionalprojectorparameter and passing an object that invokes
the projection, when itprojectmethod is called.

Both ways of invoking the preconditioner can be incorporated into the same object. The object
of type ProjectedPrecornis then passed twice folsym once as preconditioner and once as
projector.

Since the code of theedelecprojectionmodule is very short and because it illustrates, how
complex operations can be built from simple building blocks in Python, some portions are given
here:
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class ProjectedPrecon:
def __init__(self, K, Y, Hsolve, C):
m, n = C.shape
self.shape = (m, m)

self .K = K
self.Y =Y
self .Hsolve = Hsolve
self.C = C

self.temp0 = Numeric.zeros(m, ’d’)
self.templ = Numeric.zeros(n, ’d’)
self.temp2 = Numeric.zeros(n, ’d’)
def precon(self, x, y):
"Computes y <- (I - Y*inv(H)*C’) * inv(K)*x"
self.K.precon(x, y)
self.C.matvec_transp(y, self.templ)
self .Hsolve.solve(self.templ, self.temp2)
self.Y.matvec(self.temp2, self.tempO)
y —= self.tempO
def project(self, x):
"Computes x <- (I - Y*inv(H)*C’)x*x"
self.C.matvec_transp(x, self.templ)
self .Hsolve.solve(self.templ, self.temp2)
self.Y.matvec(self.temp2, self.tempO)
x —-= self.tempO
The dirproj and saugfunctions, which implement the methods of the respective nhame, now
become really simple.
def dirproj(A, M, K, Y, Hsolve, C, kmax, tau, tol, itmax,
itsolver, *xkeywords):
"DIRPROJ method"
# construct preconditioner that incorporates projection
Kproj = ProjectedPrecon(K, Y.to_csr(), Hsolve, C.to_csr())
# add projector object to the keyword arguments for jdsym

keywords [’projector’] = Kproj
# call jdsym and return results
args = (A.to_sss(), M.to_sss(), Kproj, kmax, tau, tol,
itmax, itsolver)
return jdsym.jdsym(*args, *xkeywords)
The only difference betweedlirproj andsaugis, thatsaugpasses the original preconditioner
K.
def saug(A, M, K, Y, Hsolve, C, kmax, tau, tol, itmax,
itsolver, *xkeywords):
"SAUG method"
# construct preconditioner that incorporates projection
Kproj = ProjectedPrecon(X, Y.to_csr(), Hsolve, C.to_csr())
# add projector object to the keyword arguments for jdsym
keywords [’projector’] = Kproj
# call jdsym with orig preconditioner and return results
args = (A.to_sss(), M.to_sss(), K, kmax, tau, tol,
itmax, itsolver)
return jdsym.jdsym(*args, **keywords)
Section9.6.1contains a sample code, which illustrates the use afditelecprojectionmodule.
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9.5.6 The nedelead and nedelecad_opt modules

The nedelecad module implements the AD method for solving the (indefinite) matrix eigen-
value problem. For efficiency reasons some functionality is implemented in C (imported from
modulenedelecad opt).

As described in Sectiord.2.3the AD method transforms the original matrix eigenvalue
problem into a positive-definite matrix eigenvalue problem with reduced dimension.

nedelecad module functions

ad(preprocessData, A, M, C, Y) prepares the matriceg, M and C for use with the
AD method. The function computes the indices of the Nedelec DOFs to be eliminated. The
corresponding rows and columns of matricés M and C are then removed. Matri¥ is
unaltered. The resulting matricessand M are positive definite.

Thead method returns a object holding information about the AD elimination process.

ad_backtransform(adData, Y, luH, C, Qad) transforms the eigenvectors obtained from
the AD eigenvalue problem back to eigenvectors of the original probéelDatais the object
returned by thead method. luH is an object for solving linear systems with mat#X. Qad
is the matrix of converged eigenvectors obtained from the AD transformed matrix eigenvalue
problem.Y andC are objects representing the corresponding matrices.

The ad backtransformmethod returns a matrix containing the corresponding eigenvectors
of the original indefinite eigenvalue problem.

9.5.7 precon2level module

Theprecon2leveimodule implements the four variants of the two-level preconditioner described
in Section8.3. The preconditioner is implemented as Python class ngre®lev
The constructor of clagsrec2levis called as follows:

prec2lev(type, A, n11, Allsolve=None)
type selects the variant of the two-level preconditioner to be buipe can be one of
prec2lev.JACjacprec2lev.JACssoprec2lev.SGSjaprec2lev.SGSssor
A is anll_matobject representing the matrix to precondition.

nll is an integer representing the order of linear diagonal block, located in the upper left
corner of the matrixA.

Allsolveis an object representing a solver for the (1,1)-block of ma#ixThis object must
provide a methogolve(b,xwhich computesc < A;; 'b. If this parameter is not
specified, then a direct method is used, implemented bguperlumodule.

The usage of thprecon2levmodule is illustrated in Sectioh.6.

9.5.8 postprocess module

Thepostprocessnodule provides a set of functions for evaluating and processing the computed
eigensolutions.
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printModes(Imbd, Q, A, M) lists computed eigenvalues, the associated frequencies mea-
sured in MHz and the eigenpair residuals.

ImbdandQ@ are the objects containing the converged eigenvalues and eigenvettarsl
M are the matrices forming the generalised eigenvalue problem.

The frequencies listed yrintModesare only correct, if the node coordinates in the mesh
data are given in metres.

exportVtk(meshData, preprocessData, Imbd, Q, selection, fileName)exports selected
eigensolutions to a VTK data file.

meshDatas an object holding the mesh data as defined imteshmodule preprocessData
is the object returned by theedelec.preprocedsinction. Imbd and @ are objects containing
the converged eigenvalues and eigenvectorsafettions an integer array holding the indices
of the eigensolutions to be exported. silection = range(len(Imbd))hen all solutions are
exported fileNameis the name of the file the VTK data is written to.

The exported VTK data can be viewed using the free MayaVi scientific data visu&ier |
available ahttp://mayavi.sourceforge.net. The VTK data format is described i6J].

9.5.9 The nedeleeImat and nedelecelmat opt modules

Thenedelecelmatandnedelecelmat modules are responsible for computing the element ma-
tricesA® and M (©. The most time consuming calculations were moved tottelecelmat
module, which is written in C. Both modules are usually not directly imported by the user.

9.5.10 The nedele®val and nedeleceval opt module

The nedeleceval module provides functions for evaluating the electric field and its curl in a
tetrahedral element. For efficiency reasons some functionality is implemented in C (imported
from modulenedeleceval opt). Both modules are usually not directly imported by the user.

9.6 Experimental results

We illustrate the use of the PySparse and PyFemax packages by solving two Maxwell problems
calledSwiftTesandMonsterTestThe aim of these experiments is to show the clarity and easy
of use of the Python implementation and to estimate the efficiency of the Python implementation
by comparing timings with the native Fortran/C implementation and also to show the reliability
of the Python implementation by solving a really huge problem.

9.6.1 SwiftTest

The SwiftTest solves a Maxwell problem of considerable size (nnepR0R using the SAUG
method and the two level preconditioner. This is the fastest approach we know of to compute
eigensolutions of the above mesh (cf. Sectigpn The same problem is also solved with the
native Fortran/C application using the same settings. The performance of both implementations
is then compared.

The Python code for SwiftTest is the following:
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import spmatrix, itsolvers, precon, jdsym
import ansysmesh, mesh, nedelec, nedelec_projection, superlu
from precon2level import prec2lev

meshData = ansysmesh.read(’cop20k.ans’)
sigma = 5.0
preprocessData = nedelec.preprocess(meshData, 0x0)

, M = nedelec.assemble(meshData, preprocessData)
= nedelec.constructY(meshData, preprocessData)
spmatrix.matrixmultiply (M, Y)

spmatrix.dot (Y, C)

T Q< >

Asigma = A[:,:]

Asigma.shift(-sigma, M)

K = prec2lev(prec2lev.JACssor, Asigma,
preprocessData.nMatNedLin)

Hlu = superlu.factorize(H.to_csr(), diag_pivot_thresh=0)

k_conv, 1lmbd, Q, it = \
nedelec_projection.saug(A, M, K, Y, Hlu, C, 10, 0.0, le-6,
300, itsolvers.qmrs,
jmin=10, jmax=20, eps_tr=1le-3,
toldecay=1.5, linitmax=500)

Function Time for Time for
PyFemax | native imple-
mentation

Reading mesh data 59.5 1.4
Constr. of global matrice 89.1 66.3
Constr. of preconditioner, 30.9 26.8
Solution time 1837.9 1590.5
Total time 20174 1685.0

Table 9.4:Performance comparison of PyFemax and native implementation
All execution times are given in seconds.

The results in Tal®.4 show that the native implementation is faster than the Python imple-
mentation.

Especially reading and processing the mesh data is slow using PyFemax. The reason is, that
the ansysmesimodule is implemented entirely in Python, whose file I/O operations are quite
slow. ansysmeshould be implemented as a C extension module to improve this. We feel that
this is not worth the effort, since compared to the solution time, the benefit would almost be
negligible.

The construction of the global matrice$, M, Y, C, H and H ' is quite fast using
PyFemax, when taking into account that the majority of the code is interpreted.

The construction of the preconditioner is dominated by the factorisation of the natrix
So the performance of PyFemax and the native implementation is expected to be roughly the
same.
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The execution time of the eigensolver is 15% slower in PyFemax. This has several reasons:

> In PyFemax, each time a matrix-vector multiplication, a preconditioner or a projection
is invoked, the corresponding method has to be called via Python. The arguments of the
method have to be checked for the correct type at runtime. The C arrays afdypee
* have to be converted to NumPy arrays. In the native implementation, a simple function
call is necessary, which is of course much faster.

> The SAUG method is realised using tReojectedPrecortlass in thenedelecprojection
module which is written in Python. So, in each inner iteration, a (small) piece of Python
code has to be interpreted.

> The matrix-vector multiplication and the SSOR preconditioner of the native implementa-
tion are written in Fortran 77, which is usually still a bit faster than the corresponding C
version, that was used for implementing gpgmatrixmodule.

So, comparing the total execution times, PyFemax is 20% slower than the native implemen-
tation. That is the price we paid for having a clean, concise, well modularised code, that can
also be used interactively.

9.6.2 MonsterTest

The MonsterTest solves a really huge Maxwell problem (it's actually the largest problem we
solved so far with our software). First, a tetrahedral mesh is generated for the rectangular box
cavity. The cuboid is divided int88 x 56 x 13 bricks, which in turn are divided into 6 tetrahedra
each, resulting in a total of 384384 tetrahedra.

The resulting global FEM matriced and M are of order 2366746. The number of stored
non-zero values is 24.6 and 46.8 millions (only the lower triangle is stored).

To save memory the EIGSOLV method was used for avoiding convergence to zero eigen-
values. Also for memory reasons, the SSOR preconditioner was employed. The correction
equation was solved using QMRS. This combination of methods represents the best choice in
consideration of the given memory constraints. As can be seen in the code below, we freed the
memory for the objects, M, meshData andpreprocessData as soon as they were no longer
needed, to save storage space.

The code uses a total of 2.4 Gbytes memory for this problem. The matticesi M use
together 823.1 Mbytes, the preconditioner uses another 536 Mbytes and the rest is mostly taken
up by the eigenvectors and temporary matrices in JDSYM.

The code shown below took 4 days and 13 hours of CPU time to compute the requested 10
eigensolutions to an accuracy tf—¢ on the HP Superdome machfhe The calculation was
done in 116 Jacobi-Davidson iteration steps with an average of 321 inner iteration steps per
outer iteration step.

The MonsterTest demonstrates, that our methods and software (including the Python imple-
mentation) are well suited for large scale computations.

31The HP Superdome machine (stardust) was chosen for its large memory (cf. App&n@ixly one processor
was used for this experiment.
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import boxmesh, nedelec, itsolvers, precon, jdsym

meshData = boxmesh.generate([5.2, 3.3, 0.77], [88, 56, 13],
[0, 0, 01)
sigma = 1.2

preprocessData = nedelec.preprocess(meshData, 0x0)
A, M = nedelec.assemble(meshData, preprocessData)

del meshData, preprocessData

Asigma = A[:,:]

Asigma.shift(-sigma, M)

Asigma_sss = Asigma.to_sss(); del Asigma
K = precon.ssor(Asigma_sss, 1.2, 1)

A.to_sss(); del A
M.to_sss(); del M

A_sss
M_sss

k_conv, 1lmbd, Q, it = \
jdsym. jdsym(A_sss, M_sss, K, 10, sigma, le-6, 150,
itsolvers.qmrs, jmin=10, jmax=20, eps_tr=le-3,
toldecay=2.0, linitmax=300, strategy=1)
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10 Conclusions and future work

In this final chapter we restate our aims and then summarise the most important results from
the earlier chapters. We also mention some drawbacks of our methods and speculate how they
might be improved.

Aims

The aim of this project was to develop software for the efficient and accurate computation of
electromagnetic oscillations in cavities of particle accelerators. We tried to find answers to the
following questions:

> Which type of finite element discretisation is best suited to solve the Maxwell eigenvalue
problem?

> How can the indefinite eigenvalue problem stemming from the discretisation wibét
vector finite elements be solved efficiently?

> How does the performance of IDSYM compare to the performance of the well-established
IRL method for our symmetric generalised eigenvalue problems?

> How big is the performance penalty that has to be paid if the mixed-language program-
ming approach with Python is used for solving the Maxwell eigenvalue problem?

Results

In Chapter3 we studied both nodal finite elements anddslec vector finite elements to dis-
cretise the Maxwell eigenvalue problem. We came to the conclusion #ddlé¢ vector finite
elements are better suited for this kind of calculations, because they prevent spurious modes
and permit an easy incorporation of the boundary conditions. In additiedgdc vector finite
elements yield accurate solutions for cavities of arbitrary shape. Node elements can only be
used safely for a very limited set of cavities.

In Chapter we studied ways to solve the matrix eigenvalue problems arising from the finite
elements discretisation. The symmetric positive-definite eigenvalue problem constructed using
node finite elements can be solved efficiently using a shift-and-invert based approach. For the
symmetric indefinite eigenvalue problem we developed a number of methods for computing
the desired smallegtositiveeigenvalues and the associated eigenvectors. The SAUG and AD
methods, which both exploit the knowledge of a sparse basis of the null space of #atrix
turned out to be very efficient. The EIGSOLV method, which is a modification of the ARPACK
and JDSYM eigensolvers, is less efficient but requires less memory than the other two methods.
The numerical experiments presented in this chapter clearly show, that JDSYM is considerably
faster than ARPACK in all cases.

In Chapter5 we showed, how the Jacobi-Davidson algorithm can be adapted to solve the
symmetric generalised eigenvalue problem (JDSYM algorithm) efficiently. In addition we mod-
ified IDSYM to avoid convergence to zero eigenvalues. We pointed out, that it is hard to choose
JDSYM's parameters optimally. The best choice depends on the problem and the mesh size.

In Chapter7, we derived an upper bound for the performance of the sparse matrix-vector
product and showed that straight-forward implementations perform poorly. The three opti-
misation techniques we presented try improve the instruction-level parallelism and the cache
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hit-rate. They increase the performance by up to 151%. Our message-passing implementation
also benefits from these optimisations and scales reasonably.

In Chapter8 we analysed a number of preconditioners. The two-level hierarchical basis
preconditioner turned out to be very effective. With this preconditioner the inner system can be
solved in only a few iteration steps. Moreover, the number of inner iterations seems to be in-
dependent of the mesh size. The drawback of the two-level hierarchical basis preconditioner is,
that it requires a factorisation of the upper left diagonal block of the makrixo M (the block
corresponding to the basis functions of the linear finite element). For very large eigenproblems,
where this factorisation is impractical, we use a standard SSOR preconditioner instead of the
two-level preconditioner, which turns out to be surprisingly effective.

The redesign of the finite element application using the mixed-language programming ap-
proach (using Python and C) was successful. The sparse linear algebra package (PySparse) we
developed is easy to use but also very fast. The experimental results in Chdlpistrate that
we get the performance of a native implementation combined with the ease-of-use of Matlab
code.

With our finite element package PyFemayx, it is possible to write the entire finite element
application in a few lines of code, while providing full flexibility to steer the computation using
Python code. According to our experiments, the Python implementation is about 10%—20%
slower than the native implementation.

Conclusion

We developed efficient and stable methods for computing the desired eigensolutions. Our soft-
ware is able to handle large eigenvalue problems with an order over two millions on a single-
processor workstation. Using the Python implementation our methods can be used, combined
and extended easily.

Suggestions for future work

During this project it turned out, that the most effective methods (the projection methods de-
scribed in Chaptet and the two-level preconditioner discussed in Chafjtezquire an accurate
solution of a linear system with a large sparse matrix. In our implementation these systems are
solved directly. However, for very large grids the required matrix factorisations are impractical.
The triangular factors become so large, that they occupy a multiple of the memory taken up by
the global FEM matrices.

Future work should aim at replacing those factorisations by a method that requires less
memory, but is efficient and still as accurate as a direct solution. Such a method will most likely
be an iterative method, which must be very efficient and converge in only a few steps since it
is called in each iteration of the linear solver. An algebraic multigrid approach should be inves-
tigated. This would turn the present two-level preconditioner into a multilevel preconditioner.
The matrix factorisations required when using algebraic multigrid are much smaller than those
necessary for a direct solution.

In the course of this project, other inverse-free eigensolvers gained some popularity. E.g., in
[2] Arbenz compares the BRQMINoP] and the LOBPCG47] eigensolvers with the JDSYM
eigensolver. The performance of BRQMIN and LOBPCG is very promising. The suitability
of these eigensolvers for solving large scale Maxwell eigenvalue problems should be further
examined.
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A Storage formats for sparse matrices

This paragraph describes the various memory storage formats for the sparse matrices we came
across during this project.

A.1 CSR Compressed Sparse Row Format

The Compressed Sparse Row format is the format we generally use for non-symmetric matrices.
Its data structure consists of three arrays.

va The double precision arraya of lengthn,, contains the non-zero entries of the matrix,
stored row by row

ja The integer arraya of lengthn,,, contains the column indices of the non-zero entries stored
in va

ia The integer arraya of lengthn + 1 contains the pointers (indices) to the beginning of each
row in the arrayvaandja. The last element a& has the value,,, + 1.

Heren is the number of rows of the matrix amgl, is the number of its non-zero entries. Even
though the order of the entries is not prescribed in this format, we sort the entries of each
row by ascending column indices. This enables us to use more efficient algorithms for certain
operations.

A.2 CSC Compressed Sparse Column Format

The Compressed Sparse Column Format is identical to the Compressed Sparse Row Format
with the difference that the matrix is stored column-by-column instead of row-by-row. In other
words, a matrixA in CSR format is identical to the matrig” in CSC format.

If a general matrix has more rows than columns (&(ggandY’), we prefer storing it in
CSC format rather than in CSR format. In this way the performance of the matrix-vector mul-
tiplication tends to be slightly better, because of increased number of iterations in the inner
loops.

A.3 SSS Sparse Symmetric Skyline Format

The SSS format is closely related to the CSR format. It is used for spanseetrianatrices.
The diagonal is stored in a separate (full) vector and the strict lower triangle is stored in CSR
format:

va The double precision arraya of lengthn,,, contains the non-zero entries of the strict lower
triangle, stored row by row

ja The integer arraya of lengthn,,, contains the column indices of the non-zero entries stored
inva

ia The integer arraya of lengthn + 1 contains the pointers (indices) to the beginning of each
row in the arrayvaandja. The last element aa has the value,,, + 1.

da the double precision arraja of lengthn stores all diagonal entries of the matrix.
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Heren is the order of the matrix and,, is the number of non-zero entries in the strict lower
triangle.

We sort the entries of each row by ascending column indices, like we do with the CSR
format.

The SSS format has the advantage over the CSR format, that it requires roughly half of the
storage space and that the matrix-vector multiplication can be implemented more efficiently (cf.
Section7.1).

We store the global matrice4 and M in SSS format.

A.4 LL Linked List Format

The CSR, CSC and SSS storage formats described above are all memory-efficient and well
suited for doing matrix-vector multiplication. However, they are ill-suited adding new non-zero
entries or removing existing non-zero entries, because large amounts of memory would have to
be moved. E.qg. for assembling the global matrideand M all these storage formats are unfit.

For such operations we propose theked List Formainatrix storage format. The non-zero
entries of each matrix row are stored as a linked list, sorted by ascending column index.

val The double precision arrayal of lengthn o contains the non-zero entries of matrix.

col The integer arrayol of lengthngo. contains the column indices of the non-zero entries
stored inval

link the integer arrayink of lengthngec Stores the pointer (index) to the next non-zero entry
of the same row. A value of -1 indicates that there is no next entry.

root The integer arrayoot of lengthn contains the pointers to the first entry of each row. The
other entries of the same row can be located by followindittiearray.

free The integeffreepoints to the first entry of thigee list i.e. a linked list of unoccupied spots
in theval andcol arrays. This list is populated when non-zero entries are removed from
the matrix.

Heren is the number of rows of the matrix amgoc is number of allocated elements in the
arraysval, col andlink. Note that the number of stored non-zero entries is less or equgito

Adding a new non-zero entry is rather cheap: It requires a linear search through the corre-
sponding linked list. If an entry with matching column index is found that entry is updated. If
the search was not successful, a new entry is created either by filling an empty spot from the
free list or by adding a new element at the end ofitak col andlink arrays.

Removing a non-zero entry also requires a linear search through the corresponding linked
list followed by some cheap linked list manipulation.

The linear searches can be aborted early, since the entries of each row are stored (linked)
with increasing column index.

Theval, col andlink arrays can be dynamically enlarged to make place for new entries. The
total number of non-zero entries does not have to be known beforehand.

If a symmetric matrix is to be stored in the LL format, we only store its lower triangular part
to conserve memory.

These properties make LL the ideal storage format for assembling global finite element
matrices and other matrix operations, such as e.g. the matrix-matrix multiplication.

Once the construction of a matrix in LL format is complete, the matrix can be converted to
other formats which support faster matrix-vector multiplications (like CSR, CSC or SSS).
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B Machines

B.1 Sun Enterprise E3500 (zuse)

This shared-memory multiprocessor machine is the application server at the Institute of Scien-
tific Computing at ETH Zrich. We used this machine for mastquentiahumerical experi-
ments.

System information

Shared memory MIMD machine
6 CPUs
3 GB shared memory
CPUs 336 MHz SUN UltraSPARC-II
Architecture Superscalar SPARC Version 9, UltraSPARC
Cache 1st level: 16 KB instruction, and 16 KB data, on chip
2nd level: 4 MB, external
System interconnect
84 MHz Sun Gigaplane
Bandwidth 2.68 GB/s

B.2 DEC Alpha Workstation (darwin)

This single processor workstation installed at the Institute of Scientific Computing at ETH
Zurich was used for benchmarking the optimised sparse matrix-vector multiplication described
in Chapter?.

System information

Digital AlphaStation 500/500
512 MB memory
CPU Alpha 21164 EV 5.6
On-chip cache  primary: 8 KB instruction, and 8 KB data
secondary: 96 KB 3-way data and instruction
External cache 8 MB data and instruction
Operating system Digital UNIX v.4.0d

B.3 HP Exemplar X-Class (sella)

The HP Exemplar X-Class machine was a shared memory super computer installed at ETH
Zirich, used mainly as an application server. It was operational from May 1997 until April
2000. We used this machine to measure the performance of the parallel sparse matrix-vector
multiplication as described in Sectign3.
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System information

HP Exemplar SPP2000/X-32 system
Shared memory ccNUMA MIMD machine
32 processors (2 hypernodes with 16 CPUs each)
8 GB shared memory (4 GB per hypernode)
CPUs HP PA-8000
PA-RISC 2.0 architecture (64-bit)
180 MHz clock cycle
720 Mflops peak performance
1-level, direct mapped cache, 1 MB instruction, 1MB data
Interconnect
Intranode & 8 crossbar-switch (2 CPUs per port)
960 MB/s per port in both directions
15.3 GB/s total bandwidth
Internode CTI (derived from SCI)
Operating system SPP-UX

B.4 HP Exemplar V-Class (tornado)

The HP Exemplar V-Class machine is the successor of the HP Exemplar X-Class system in-
stalled at ETH arich since April 2000. We used sella for benchmarking the parallel sparse
matrix-vector multiplication described in Secti@rs.

System information

HP Exemplar V2500 SCA system
Shared memory ccNUMA MIMD machine
32 processors (2 hypernodes with 16 CPUs each)
16 GB shared memory (8 GB per hypernode)
252 GB disk storage
CPUs HP PA-8500
PA-RISC 2.0 architecture (64-bit)
440 MHz clock cycle
1760 Mflops peak performance
one level, direct mapped cache
512 KB instruction, 1 MB data
Interconnect
Intranode & 8 crossbar-switch (2 CPUs per port)
960 MB/s per port in both directions
15.36 GB/s total bandwidth
Internode CTI (derived from SCI)
Operating system HP-UX 11.10 64 bit

B.5 HP-Superdome (stardust)

The HP-Superdome machine is the successor of the HP Exemplar V-Class system (tornado)
installed at ETH Zrich since April 2001. We used stardust for benchmarking the parallel
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sparse matrix-vector multiplication described in Sectiod The system information below
reflects the configuration at the time these experiments where conducted. It is now outdated.

System information

Shared memory ccNUMA MIMD machine
System topology 2 cabinets
6 cell boards per cabinet
4 CPUs and 4 GB memory in each cell board
Totalling 48 processors and 48 GB memory
360 GB disk storage
CPUs HP PA-8600
PA-RISC 2.0 architecture (64-bit)
552 MHz clock rate
2.2 Gflops peak performance
on-chip 1.5 MB ECC cache
Interconnect between cell boards
via a mesh of 44 crossbar switches
6.4 GB/s per to crossbar mesh
38.4 GB/s total
Interconnect in cell board
via cell controller ASIC
6.4 GB/s cell controller to CPU bandwidth
3.2 GB/s cell controller to memory bandwidth
Operating system HP-UX 11.11 64 bit

B.6 Intel Paragon

The Intel Paragon at ETHich is the oldest computer, that we used for our parallel exper-
iments. Because the network capacity is very good compared to the single processor perfor-
mance, parallel algorithms usually scale well on this machine. The Intel Paragon at ETHZ was
operational from July 1994 until September 1999.

System information

Paragon XP/S 22 MP

Distributed memory MIMD machine

150 compute nodes, 6 service nodes, 1 boot node

64 MB memory per nodey10 GB total memory

2 compute CPUs and 1 communication CPU per node

nodes are capable of doing computation and communication in parallel
48 GB total disk storage

CPUs Intel iIB60XP
Clock rate 50 MHz
Peak performance 75 Mflops
Interconnect 2D mesh, wormhole routing

Startup time 658
Peak bandwidth 167 MB/s
Operating system Paragon OSF/1
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B.7 IBM SP/2

The IBM SP/2 at ETH Zrich is a distributed memory machine mainly used for molecular
dynamics simulations. We used this machine for benchmarking the parallel sparse matrix-vector
multiplication described in Sectioh 3,

System information

IBM SP2 large scale server

64 node distributed memory MIMD machine

256 MB memory per node (total memory: 16 GB)

1 CPU per node

nodes are capable of doing computation and communication in parallel

CPUs POWER2 SC
Clock rate 160 MHz
L1 cache 128 KB data, 32 KB instruction
L2 cache n/a

performance peak: 640 Mflops
Linpack 100: 315 Mflops

Interconnect multistage network using 4 crossbar switches as
elements
Bandwidth 110 MB per link
Startup time 31 microseconds

Operating system AIX

B.8 Linux Workstation Cluster (asgard)

Asgard is a large (Beowulf) workstation cluster consisting of Intel Linux nodes installed at
ETH Zurich. We used asgard for benchmarking the parallel sparse matrix-vector multiplication
described in Sectior.3. The system information below reflects the configuration at the time
these experiments where conducted. It is now outdated.

System information

Workstation cluster overview
3 login nodes
1 file server node
251 compute nodes
Compute node specs
Dual Pentium Intel N440BX mainboard
100 MHz system bus
2 Intel Pentium CPUs
1 GB main memory
6 GB local hard disk
Cluster topology  grouped into frames of 24 nodes
Interconnect Ethernet technology
Intra-frame  100Mbit/s switched Ethernet
Inter-frame 1 Gbit/s switched Ethernet
CPU specs Intel Pentium Il
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Clock rate 500 MHz
L1-cache 16 KB data, 16 KB instruction
L2-cache 512 KB
Operating system Linux
Distribution SuSE Linux 6.3
kernel 2.2.13-SMP
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C Model problems

This appendix describes the analytic solutions of Problem | and Problem Il described in Chap-
ters2 and3 for a rectangular brick shaped domain.

We use the analytic solutions to validate our methods, algorithms and software. The analytic
solutions also help us to quantify the discretisation error of the various finite elements.

C.1 Laplace problem in a cuboid
This section describes the analytic solutions of Problem |

Au+du=0 u:R*—=R on € (C.1a)
u=20 on =T (C.1b)

in a rectangular brick shaped domain (cuboid)
Q = 1[0,ma] x [0, 7b] x [0, 7c|.

The analytic non-trivial eigensolutions of (1) are uniquely identified by thewave mode
indicesk,, k, andk., which are all positive integers. With given, &, k. the corresponding
eigenfrequency is calculated by

N=klja® + B0+ K2/
and the associated eigenfunctions have the form
u = usin(k,x/a)sin(k,y/b) sin(k,z/c).

The amplitude: can be chosen freely.

C.2 Maxwell's equations in a cuboid

This section describes the analytic solutions of Problem Il

rotrot e(x) = \ e(x), x €, (C.2a)
dive(x) =0, x € ), (C.2b)
nxe=0J0, xel. (C.20)

in a rectangular brick shaped domain (cuboid)
Q = 1[0,ma] x [0, 7b] x [0, 7c|.

The analytic solutions of{.2) are uniquely identified by thewave mode indice’s,, k, and
k., which are all non-negative integers. With given k,, k. the corresponding eigenfrequency
A is calculated by
N=klja® + K /0° + K2/
and the associated eigenfunctions have the form

ey cos(kyx/a) sin(k,y/b) sin(k.z/c)
e = | e,sin(k,z/a) cos(k,y/b)sin(k,z/c)
e, sin(k,x/a) sin(k,y/b) cos(k,z/c)

The analytic solutions of.2) can be divided into three classes depending on the values of
the wave mode indicés,, &, k.:
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at least two wave mode indices are equal to zero In this case the electric fiekdvanishes. This
are trivial solutions, that we are not interested in.

exactly one wave mode index is equal to zero In this case the electric field is parallel to a
coordinate axis in the entire domdin

Without loss of generality we assurhe = 0. Then the resulting eigenfield has the form

0
e= 0
e, sin(k,x/a) sin(k,y/b)

with
A= kija®+ kb7

The amplitude=., can be chosen freely.

all wave mode indices are greater than zero In this case the amplitude parameters are coupled
with the wave mode indices by the divergence free condifiere = 0. This results in
the equation
kyes/a+ kye,/b+k.e./c = 0.

With givenk,, k, andk,, two degrees of freedoremain to choose the amplitude param-
eterse,, e, ande,. That means that two linearly independent eigenfunctions belong to
the eigenfrequency = k7 /a”® + k7 /b* + k2 /c*. The eigenvalue has multiplicity 2 and

the corresponding eigenspace has dimension 2.

For calculating the electro-magnetic fields in cavities of particle accelerators, eigensolu-
tions of the second type are of particular interest. Eigenfields of this type have the smallest
eigenfrequencies. Most of the time, eigenfields of this type are used for the acceleration of the
particles.
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D Grids

This appendix describes the tetrahedral meshes, we used for the numerical experimebts. Tab.
contains a list of all grids, together with their properties.

| Identifier | #nodes| # edges # faces| # tetrahedrd

box8x4x6 315 1674 2512 1152
boxcav16x10x3 1228 7463 | 11996 5760
boxcav20x13x3 1176 6573 | 10078 4680
boxcav30x20x4 3255| 19254| 30400 14400
boxcav88x56x13 71022 | 469005| 782368 384384
copcav2 125 588 832 320
copcavl4 1005 6176 9848 4368
copcavl8 1653| 10176| 16264 7344
coplOk 2023 | 11758| 18370 8634
cop20k 4431 | 26855| 42879 20454
cop40k 7985| 49643| 80256 38597
cop300k 55210| 362945| 603474 295738
slac 122 546 751 326
accel 39826| 238045| 375260 177048

Table D.1:Properties of tetrahedral meshes

More detailed information on the meshes and their origin are presented in the following
sections.

D.1 Rectangular brick shaped cavity

We use rectangular brick shaped meshes for a number of reasons.

Firstly, the analytical eigensolutions of Problem | and Il are known for this kind of domains
(cf. AppendixC). Thus these meshes are well-suited for validating our methods and software.

Secondly, in other publications, experimental results are often found for rectangular do-
mains. E.g. in45] Jin presents results for a rectangular brick shaped cavity with the same
aspect-ratio as gridox8x4xashown in Fig.D.2.

Another reason is, that the cyclotron at the Paul Scherrer Institute has accelerating cavities
(cf. Fig. D.1), which are approximately cuboid shaped. Goioxcavl6x10x3n Fig. D.3is
a model of such a accelerator cavity. Grids of this kind allow us to compare our calculated
eigensolutions with real measured data.

For grid box8x4x6the cuboid shaped domaih = (0,1.0) x (0,0.5) x (0,0.75) was sub-
divided into8 x 4 x 6 equally sized cubes. Each cube was then subdivided into 6 tetrahedra
of equal volume. For gridhoxcavl16x10x3he domain? = (0,5.2) x (0,3.3) x (0,0.77) is
subdivided intol6 x 10 x 3 equally sized cuboids. Each cuboid is then subdivided into 12
tetrahedra of equal volume.
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Figure D.1:PSl accelerator cavity, approximately cuboid shaped

Figure D.2:Grid for a cuboid shaped cavityox8x4x6

Figure D.3:Grid for a cuboid shaped cavityoxcav16x10x3
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D.2 Eight-shaped cavity

The “eight-shaped” accelerator cavity is currently being developed at the Paul Scherrer Institute.
A smaller prototype (cf. FigD.4) has already been built.

The gridscopcav? copcavldandcopcavl&epresent discretisations of this accelerator cav-
ity (cf. Fig. D.5). These grids all have three symmetry planes. The standing electromagnetic
waves in such cavities are symmetric with respect to these symmetry planes as well. It is there-
fore sufficient to discretise only one eighth of the cavity (cf. Figg$ and gridscop10k cop20k
cop40kandcop300K.

Figure D.5:Grid copcav18f the “eight-shaped” accelerator cavity
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Figure D.6:Grid cop10kof one eighth of the “eight-shaped” accelerator cavity
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D.3 SLAC accelerator cavity

The gridslacrepresents a very coarse discretisation of a cavity installed at the “Stanford Linear
Accelerator Center”. This cavity is one element of a so-called linear accelerator. This grid also
takes symmetries with respect to three symmetry planes into account.

Figure D.7:Grid slag cavity element of a linear accelerator

D.4 ACCEL cyclotron

The gridaccelrepresents a discretisation of a cyclotron RF-structure to be delivered by ACCEL
GmbH for the PSI PROSCAN project. It takes symmetry with respect to one plane into account.
Unlike all other gridsaccelrepresents a complete RF-structure, not just one isolated cavity.

Figure D.8:Grid acce| cyclotron RF-structure
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E Matrices

This appendix describes the global finite element matriked?, C, Y andH !, which were
used for the numerical experiments throughout this document.

Tab. E.1 lists the properties for the matrices stemming from rectangular box cavities and
Tab. E.2 lists the properties for the matrices stemming from the remaining meshes. The three
digit code in the second column specifies the type of finite element used to generate the matrices.
The first digit, beingX in all cases, says that 3D-Maxwell problem was solved. The second digit
indicates the type of finite element: It is eithreior node elements, arfor vector elements. The
third digit indicates the degree of the finite elemenrtsaf linear elements, o2 for quadratic
elements). n is the order of the matriced and M. n. is the number of columns of the
matricesC andY . nnz, »s denotes the number of non-zero entries stored in the matAces
and M together. nng y denotes the number of non-zero entries stored in the maticasd
Y together. nng-: is the number of non-zero entries stored in theandU-factors generated
by factorising matrixH .

Some of the grids include symmetry planes (cf. Seciign The precise properties of the
corresponding matrices depend on the boundary conditions enforced at these symmetry planes.
The numbers in Tab&.1andE.2reflect the case, wherex n = 0 is enforced at all symmetry
planes. For other combinations of boundary conditions the numbers inHaladE.2would
differ slightly.

Grid Code| n ne NNZa ar | NNZcy | NNZg—1
box8x4x6 Xnl 457 7.4K
Xn2 4159 141K

Xvl 1050| 105 11K 5.0K 1.8K
Xv2 6292 | 1.1K 143K 66K 144K
boxcavl6x10x3 | Xnl 2.6K 51.5K
Xn2 22K 939K
Xvl 6.0K | 750 78.5K | 38.5K| 16.0K
Xv2 34K | 6785 1.0M 492K 759K
boxcav20x13x3 | Xn1l | 1948 37K
Xn2 17K 676K
Xvl 44K | 456 52K 26K 18K
Xv2 26K | 4.8K 674K 332K 896K
boxcav30x20x4 | Xnl 6.3K 139K
Xn2 54K 2.3M
Xvl 14K | 1.6K 183K 97K 129K
Xv2 83K | 16K 2.2M 1.1M 5.9M
boxcav88x56x13 Xn1l | 185K 4.9M
Xn2 | 1.5M 72M
Xvl | 428K | 57K 5.9M 3.5M 43M
Xv2 | 2.3M | 485K 71M N/A N/A

Table E.1:Properties of global finite element matrices stemming from rectangular box cavities



165

Grid Code| n N NNZa pr | NNZey | NNZg—1
coplOok | Xnl1 | 3.7K 81K
Xn2 32K 1.5M

Xvl | 84K | 919 111K 54K 48K
Xv2 49K | 9.3K 1.4M 697K 2.1M
cop20k | Xnl1 | 9.1K 216K
Xn2 77K 3.8M
Xvl 20K | 2.4K 287K 148K 247K
Xv2 | 119K | 23K 3.5M 1.8M 10M
cop40k | Xnl 17K 432K
Xn2 | 147K 7.4M
Xvl 40K | 4921 568K 301K 781K
Xv2 | 229K | 45K 6.9M 3.5M 30M
cop300k | Xnl1 | 141K 3.7M
Xn2 | 1.1M 61.3M
Xvl | 326K | 43K 4.8M 2.7TM 25M
Xv2 | 1.8M | 370K 60M N/A N/A
copcavl8| Xnl1l | 3.3K 80K
Xn2 29K 1.3M
Xvl | 7.8K| 867 98K 53K 61K
Xv2 45K | 8.6K 1.1M 621K 2.0M

slac Xnl 107 1145
Xn2 1,0K 35.4K
Xvi 249 21 2.3K 672 82
Xv2 1.6K 270 375K | 14.3K 6.1K
accel Xnl | 106K 2.8M
Xn2 | 778K 43.4M

Xvl | 197K | 26K 3.0M 1.4M N/A
Xv2 | 1.1M | 277K 34M | 21.3M N/A

Table E.2:Properties of global finite element matrices stemming from other than rectangular
box meshes
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Fig. E.1 shows the non-zeros structure of the global FEM matridemnd M constructed
using quadratic node elements from meit In the upper left corner the (1,1)-block of order
107 is visible. This diagonal block is equal to the entire global matrix obtained if linear node
elements were used.

400 BF 400 I

i 3
500 500
600} 600l &

i i
70 B 700r
8001 8001

900 900 -

1000 - 1000~

Il L L L L L L L L L. il L L L L L L L L T~
0 100 200 300 400 500 600 700 800 900 1000 0 100 200 300 400 500 600 700 800 900 1000
nz = 48581 nz = 23959

(a) matrix A (b) matrix M

Figure E.1: Non-zero structure of the global FEM matrices and M constructed using
guadratic node elements from meshac

Fig. E.2 shows the non-zero structure of the global FEM matridesVI, C andY con-
structed using quadratic edge elements from n&at In the upper left corner cA and M
the (1,1)-block of order 249 is visible. The (1,1)-block is associated with the basis functions of
the linear vector element. The remaining (2,2)-diagonal block is associated with the additional
basis functions of the quadratic vector element. The (2,2)-block itself has @ls@-alock
structure, where the upper left diagonal block corresponds to edge DOFs and the lower right
diagonal block corresponds to face DOFs.

The columns of the matriceS andY are associated with the Lagrange DOFs described in
Section3.3.5 The first 23 columns belong to node DOFs while the remaining columns belong
to DOFs associated with edge mid-points.is extremely sparse. Its non-zero entries are either
1 or -1. The diagonal submatrix &f as shown in Fig(d) is an identity matrix of order 249.
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Figure E.2:Non-zero structure of the global FEM matricds M, C andY constructed using
guadratic edge elements from mesac
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F Element matrices

This appendix contains detailed information on the element matrices mentioned in CRapters
and3.2.2

F.1 Element matrices for Problem |

The matrixM (©) is used for calculating the mass element maivix®). M (©) is defined by

0 0
{M®};; = //T NN dé.
0

The matrix displayed below was computed using Maple V.

[(84 42 42 42 14 14 14 7 7 7]

42 84 42 42 14 7 7 14 14 7

42 42 84 42 7 14 7 14 7 14

42 42 42 84 7 7 14 7 14 14

@ _ L 14 14 7 7 4 2 2 2 2 1
5040 | 14 7 14 7 2 4 2 2 1 2

4 7 7 14 2 2 4 1 2 2

7 14 14 7 2 2 1 4 2 2

7 014 7 14 2 1 2 2 4 2

7 7 14 141 2 2 2 2 4

Due to the hierarchical construction of the basis functions, the matrix used for linear elements
is the upper leftt x4 diagonal block.

To calculate the element stiffness matrix, the matrikgs, K3*, K°, K;°, K;° and K}’
as described in Sectidh5are needed. These matrices are defined by

Kkl y :/// i J de.
Wi = |/, o6 o

The matrices displayed below were computed using Maple V.

[ 20 =20 0 0 0 5 5 -5 =5 0|

-20 20 0 0 0 -5 =5 5 5 0

0 O 000 0O 0O 0 0 0

0 0O 000 0 0O 0 0 0
L1 0 0O 002 0 0 0 0 0
€ 120 5 5 000 2 1 -2 -1 0
5 -5 000 1 2 -1 -2 0

-5 5 000 -2 -1 2 1 0

-5 5 000 -1 =2 1 2 0

0 0 000 0 0O 0 0 0]
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)

-5 0

0

-20 0 5

0

20

0 -5 0 =5

20

—-20 0

-2 0 -1

1
0

2
-1

-2

-1 0

-2 0

0

0

-2

0 -1 0

0

-5

-20 5 0 0 =5

0 0

20

)
-2
-1

-5 0 0

-5
2
1

20
-3
)

-20 0 O

-1
-2

00

00

5
5

0 0

0 0

2
1

-2 -1 00
-2 0 0

)
)

-5 0 0
-5 0 0

—1

-5 0 =5

5

0 =20 0 5
-5

20

20 O

-20 0

0
-1 0
-1 0

-1

0
1

-2

2

5 0 -1 -1 -1

0
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20 00 20 5 5 0 0 -5 —5
2000 2 -5 -5 0 0 5 5
0 00 0 0 0 0 0 0 0
0 00 0 0 0 0 0 0 0
L, 1|0 00 0 1 0 1 0-10
€120 5 00 -5 1 2 0 0 -1 -2
5 00 =5 1 1 1 0 -1 -1
5 00 5 -1 -2 0 0 1 2
500 5 -1 -1 -10 1 1
000 0 0 0 00 0 0|
[ 20 00 —20 5 5 0 0 -5 -5
0 00 0 0 0 0 0 0 0
2000 20 -5 -5 0 0 5 5
0 00 0 0 0 0 0 0 0
, 1|5 00 5 2 1 00 -2 -1
€ 120 0 00 0 0 1 1 0 0 -1
5 00 =5 1 1 1 0 -1 —1
5 00 5 -2 -1 0 0 2 1
0 00 0 0 0 0 0 0 0
5 00 5 -1 -1 -10 1 1 |

F.2 Element matrices for Problem Il
F.2.1 Element matrices for Nedelec vector elements

For the calculation of the element matrices, the gradients of the simplex coordinates, L,
are required. These gradients are stored in the vegtors. , g, according to 8.30).

gi = VL.
The simplex coordinates are linear functions:jry andz.
L; = coi + c1,w + ¢y + 3,2,
From the interpolation condition at the cornéts= (z;,y;, z;) of the tetrahedron
Li(zj, Y5, 2j) = 6
follows the matrix equation

I 21 y1 = Co1 Co2 Co3 Coa 1000
I 29 y2 2o i ce g cag| _ |0 100
I x3 y3 23 Ca1 C22 C23 Ca24 0010
I x4 ya 24 €31 C32 (33 C34 0001

3211, ..., Ly are function inz, v, z
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The coefficients:;; can be obtained by inverting the matrix on the left side. The gradggnts
are then computed from

g = (01,1', Co, C3,z’)T

The inner products of the; are stored in the matrig' ¢ R*** according to EquatioB.31on
page3l. The entries oiG are needed for calculating the entries of the mass element matrix
M©,

Calculating the entries of the matrix ¢ R®*5, which are needed for the curl element
matrix A®) is trivial. It can be done according to Equati®rB5on page3?2.

Mass element matrix The entries of the mass element mathik'®, with

M(e)}z’,j = /// Nge) . Ng»e) dxdydz,
Te

are obtained from the formulas below. Due to symmetry reasons only the entries in the upper
triangle are given.

m1 24 = J/720 (2922 — g12)

mﬁ = J/60 (911 + 922 — g12)

mg = J/120 (911 — g12 — 913 + 2923)

mf); = J/120 (911 — 912 — 914 + 2G24)

(
ml 4 = J/120 (—g22 + g12 + 923 — 2013)
m{ = J/120 (-

mgef)} = J/120 (913 + g24 — 914 — G23)

922 + g12 + G214 — 2914)

ml 7 = J/60 (g22 — g11)
ml 8 = J/120 (=g11 + g12 — 913 + 2923)
mgeg)a = J/120 (—g11 + g12 — g14 + 2924)
mgelo = J/120 (g22 — g12 + g23 — 2913)
mgen = J/120 (g22 — 912 + 924 — 2914)
mgeb = J/120 (—g13 — 914 + g23 + g24)
m1 13 = J/720 (912 — 2011)
mgem = J/720 (g22 — g12)
mgei5 = J/720 (—g13 + 2923)
m1 16 = J/360 (—g14 + go4)
mgew = J/720 (2922 — g12)
mflg = J/720 (—
m1 19 = J/720 (—
mge% = J/720 (=291 + g12)
m& = J/T20 (2923 — 2913)
m1 22 = J/720 (924 — 2g14)

(

mge% = J/720 (g12 — g11)

2913 + g23)
914 + 2924)

m2 2 = J/60 (g11 + 933 — 913)

m2 )= J/120 (911 — 913 — 14 + 2934)
m2 4 = J/120 (g33 — 913 — g3 + 2912)
mgeg = J/120 (g12 + 934 — 914 — g23)
m2 3= J/120 (—g33 + g3 + g1 — 2g14)
myy = J/120 (—gi1 — gi2 + g13 + 2923)
mgeg = J/60 (933 — g11)

m2 9 = J/120 (=g11 + 913 — g14 + 2934)
mg 10 = J/120 (g33 — 913 + g23 — 2912)
méeh = J/120 (—g12 — 914 + 923 + g34)
m2 12 = J/120 (33 — 913 + 934 — 2914)
m; )y = J/720

m2 ), =J/720

(
(—
(
(—2g11 + g13)
(—2g12 + g23)
m2 L, = J/720 (2933 — g13)
mg 16 = J/720 (—g14 + 2g34)
m2 17 = J/360 (—g12 + g23)
m2 18 = J/720 (933 — 913)
mg Jo = J/360 (—
m2 20 = J/720 (—
(
(
(
(

914 + g34)
g11 + g13)
m2 21 = J/720 (2933 — 913

)
mg 90 = J/720 (934 — 2914)
mz 23 = J/720 (931 — 2911)

)

mz 24 = J/720 (2g23 — 912
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m3 3 = J/60 (911 + gaa — g14)

méei = J/120 (912 + g34 — 913 — 924)

m:(f?, = J/120 (944 — 914 — g4 + 2g12)

(

miy = J/120 (gaa — 914 — gaa + 2013)
m§y = J/120 (—

m:(se% = J/120 (—g11 — 913 + 914 + 2934)
m39 = J/60 (gas — g11)

mgelo = J/120 (—g13 — 912 + 934 + 924)

911 — g12 + g14 + 2G24)

ms 11 = J/120 (gaa — g1a + 921 — 2912)
mgflz = J/120 (914 — g14 + 931 — 2913)
mgelg = J/720
m{), = J/720

m$ls = J/360

(
(
(=911 + 914)
(—2912 + g24)
(=913 + g34)
ml(Selﬁ = J/720 (2944 — g14)
méei7 = J/720 (—g12 + 2g24)
mgels = J/720 (—2g13 + ga4)
m:(selg = J/720 (2944 — g14)
mge%O = J/720 (=291 + g14)
mgem = J/720 (2934 — 913)
m{Yy = J/720 (gas — g1a)
mgﬁ%s = J/720 (941 — 2911)
m3 24 = J/720 (2924 — 212)

m4 4 = J/60 (g22 + g33 — g23)

mff% = J/120 (g22 — g23 — goa + 2934)

m4 ) = J/120 (g3 + go3 + g31 — 2924)
m4 ) = J/120 (—g22 — g1z + 923 + 2013)

(

mffg = J/120 (g33 + 913 — 923 — 2912)

mz(ies)) = J/120 (—g12 + 913 — goa + g34)

mz(xem = J/60 (933 — g22)

mfxeu = J/120 (—go2 + go3 — goa + 2934)
m4 12 = J/120 (g33 — g23 + g34 — 2g24)
mily = J/360

mff14 = J/720

(

(=912 + 913)

(—2g22 + g23)
m4 15 = J/720 (933 — go3)
m{le = J/720 (—goa + 2g34)
mffw — J/720 (—2g22 + ga3)
m4 ls = J/720 (2933 — g23)

(-

mz(xelg = J/720 (—2g24 + g34)

mz(f%o = J/720 (—g12 + 2913)

m4 21 = J/720 (2933 — g23)

m4 3o = J/T20 (2934 — 2924)

mz(l 53 = J/720 (931 — 2912)

m4 24 = J/T20 (923 — g2)

m5 5 = J/60 (ga2 + gas — go4)

mée% = J/120 (ga4 — g24 — g3a + 2923)
m5 7 = J/120 (—g22 + g24 — 912 + 2914)

mées)) = J/120 (944 + 914 — g24 — 2012)

(—
m5 8 = J/120 (—g12 + 914 — 923 + g34)
(
my = J/120 (—gaz — g23 + g24 + 2934)
méeh = J/60 (ga4 — g22)
mé 12 = J/120 (gas + 934 — g24 — 2923)
m5 13 = J/720
mil, = J/720

mis = J/720

(=912 + 2014)
(2922 + go4)
(—2g23 + g34)
mée%es = J/720 (2944 — g24)
méei7 = J/720 (—g22 + g24)
mé,lS = J/360 (—g23 + g34)
m{lo = J/720 (gas — g21)

mfff%o = J/360 (—g12 + g14)
m5 3y = J/720 (2913 — gos)
mé 52 = J/720 (2944 — g24)
mée%?, = J/720 (911 — 2912)
m5 24 = J/720 (g2 — 2g22)

méegs = J/60 (933 + gaa — g34)

m(ae; = J/120 (—g13 + g14 — 923 + g24)

mis = J/120

(—
méeg = J/120 (944 + 914 — 934 — 2013)
(-

m6 10 = J/120

933 + 934 — g13 + 2914)

933 + g34 — g3 + 2924)
m(s 11 = J/120 (gas + goa — g3a — 2g23)
mé 12 = J/60 (gaa — g33)

m6 13 = J/720 (—g13 + 2914)

m6 14 = J/360 (—

mé 15 = J/720 (—2g33 + g34)
m6 16 = J/720 (944 — g34)
mé?? = J/720 (2924 — g23)

923 + g24)
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m((aezz = J/720 (2944 — g34)

mG )3 = J/720 (2941 — 213)

mé824 = J/720 (ga2 — 2923)

m(f% = J/60 (911 + g22 + g12)

m7 ) = J/120 (911 + 12 + 913 + 2923

)
m7 9 = J/120 (g11 + g12 + 914 + 2924)
)
)

méem = J/720 (—2g33 + g34)
mé‘elg = J/720 (2944 — g34)
m6 2o = J/720 (~2g15 + g14)
méem = J/720 (9a3 — g33)

(

(

mgelo = J/120 (g22 + g12 + 923 + 2913

(

(

m7 11 = J/120 (g22 + g12 + g24 + 2914

mgem = J/120 (913 + g14 + g2z + g2a)

mgelzs = J/720 (g12 + 2911)

m;eh = J/720 (g22 + g12)

mgels = J/720 (913 + 2923)

mgelﬁ = J/360 (g14 + g24)

m;e%7 = J/720 (2922 + 12
(
(
(
(
(
(

)
mgels = J/720 (2913 + g23)
mgelg = J/720 (914 + 2g24)

)

m;ego = J/720 (2911 + g12

m7 2 = J/720 (2923 + 2013)

mgem = J/720 (g24 + 2g14)

mgegs =J/720 (g12 + g11)

m7 24 = /720 (222 + g12)

m8 8 = J/60 (g11 + g33 + g13)

mE;Q, = J/120 (911 + g13 + g1a + 2g34)
ms 10 = J/120 (g33 + 913 + g23 + 2912)

mgen = J/120 (g12 + 914 + 923 + g34)

(

(

méeu = J/120 (g33 + 913 + g3a + 2914)

ms 15 = J/720 (2911 + g13)

mily = J/720 (2012 + go3)

m§5615 = J/720 (2933 + 913)

ms Y6 = J/720 (914 + 234)

méew = J/360 (g12 + ga3)

méels = J/720 (g33 + g13)

ms 19 = J/360 (914 + g34)
( )

méem = J/720 (911 + 913

mée%1 = J/720 (2933 + g13)

m8 22 = J/720 (g34 + 2g14)

ms )3 = J/720 (g31 + 2g11)

mé 24 = J/720 (2923 + g12)

mgeg)a = J/60 (g11 + gas + g14)

m9 10 = J/120 (g12 + 913 + g24 + g34)
mg 11 = J/120 (gaa + g14 + g24 + 2912)
m9 Jo = J/120 (gas + g14 + g34 + 2013)
m9 13 = J/720 (911 + g14)

mg 14 = J/720 (2912 + g24)

m9 15 = J/360 (913 + g34)
ms()eie = J/720 (2944 + g14)
mg 17 = J/720 (g12 + 2924)
m9 18 = J/720 (2913 + g34)
ms(;i9 = J/720 (2944 + g14)
ms(),zo = J/720 (2911 + g14)
ms()e%1 = J/720 (2934 + g13)
mée%Z = J/720 (g1a + g14)
msg,23 = J/720 (941 + 2911)
ms()e%4 = J/720 (2924 + 2912)

mgeo)w = J/60 (922 + 933 + 923)

m§0)11 = J/120 (g22 + 923 + goa + 2934)
mgo)m = J/120 (933 + g23 + 934 + 2g24)
mgeo 13 = J/360 (g12 + g13)

mgo 10 = J/720 (2922 + g23)

mg%)ua = J/720 (933 + go3)
mgo)w = J/720 (g24 + 2934
mg%)u = J/720 (2922 + g23
m(lo),m = J/720 (2933 + g23
mg%),lg = J/720 (2924 + g34
mg%),zo = J/720 (g12 + 2913
m(1%)21 = J/720 (2933 + g3
MGy = J/720 (2934 + 2924)
mgo a3 = J/720 (g31 + 2912)
m(li))24 = J/720 (g23 + go2)
mgl)ll = J/60 (ga2 + gasa + go4)

mﬁ)u = J/120 (944 + 924 + g34 + 2g23)

)
)
)
)
)
)
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mi s = /720 (12 + 2914)
mgl 14 = J/720 (2922 + g24)
m§1 15 = J/720 (2923 + g34)
m§1),16 = J/720 (2944 + g24)
mi 1 = /720 (g22 + g24)
mg?@s = J/360 (g23 + g34)
mgel)w = J/720 (ga + goa)
mgl 20 = J/360 (g12 + g14)
m11 21 = J/720 (2943 + ga3

(

(

)
m§€1)22 = J/720 (2944 + g24)
m§1)23 = J/720 (ga1 + 2912)

)

mﬁ)m = J/720 (ga2 + 2922

m§2),12 = J/60 (933 + gaa + g34)

mg)w = J/720 (913 + 2914)

mgez)m = J/360 (g23 + g24)
m§2)15 = J/720 (2933 + g34)
mgz 16 = J/720 (944 + g34)
m12 17 = J/720 (2924 + g23)
mgez)ls = J/720 (2933 + g34)
m§2)19 = J/720 (2944 + g34)
mgez)zo = J/720 (2913 + g14)
m§2,21 = J/720 (ga3 + g33)
ng)QQ = J/720 (2944 + g34)
m§§)23 = J/720 (2911 + 2913)

m§2 94 = J/720 (ga2 + 2g23)
mi) 15 = J/1260 g1,
m{§ 1y = J/2520 gio
mg?, 15 = J/5040 g13
mi 16 = J/2520 g1
mgg)w = J/2520 g12
m§3)18 = J/2520 g13
mi) 1o = J/2520 g1
m§3 20 = J/2520 g1y
m13 21 = J/2520 g13
i) gy = J/1260 g1
mi ps = J/2520 g1y
mg?m = J/5040 g12
m§4),14 = J/1260 g2o

m(1il)15 = J/2520 g3
m{ 15 = J/5040 ga4
mﬁ)n = J/2520 g22
m(14),18 = J/2520 ga3
miS) 1o = /2520 g2
m§4)2o = J/2520 g12
m(14)21 = J/5040 ga3
miY gy = J/2520 gaa
m§4)23 = J/1260 go1
MY 5y = J/2520 gao
m55)15 = J/1260 g33
m&% 16 = J/2520 g34
mgs),w = J/2520 ga3
mg?lS = J/2520 g33
mg?w = J/2520 g34
mgs)zo = J/2520 g13
m§§>21 = J/2520 gss
m15 92 = J/5040 g34
mg?zzz = J/2520 g3
miY s = J/1260 gz
mg?lﬁ = J/1260 gaa
m§6)17 = J/2520 g24
mi s = J/2520 gz
mi 1o = /2520 gaa
mge)zo = J/2520 g14
miGy = J/1260 ga3
mg6)22 = J/2520 gua
m§66)23 = J/5040 ga1
MG py = J/2520 gao
mi? 17 = J/1260 ga»
mgf;)w = J/5040 g23
mi? 1o = J/1260 go4
mi? p0 = J/5040 g1
m§7)21 = J/2520 ga3
M7 py = J/2520 goa
miY ps = J/2520 gy
m§e7 04 = J/2520 ga2
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mg?lS = J/1260 gs3 m(gf) 0y = J/2520 g14
mig 1o = J/5040 gss M) g = J/2520 gny
mgs 20 = J/1260 g13 mgé)m = J/2520 g12
Mgy = J/2520 gs3 w1 = /1260 g
mg8)22 = J/2520 g3 méﬁ{m = J/2520 ga4
mgs)z?, = J/2520 g3 mg?% = J/5040 g3;
Moy = J/2520 g2 m)ps = /2520 gso
m§9 19 = J/1260 ga4 My s = J/1260 gaa
m19 20 = J/5040 g14 mé‘;)’zg = J/2520 g4
mig sy = J/2520 gas My py = J/5040 gao
mgg)zz = J/2520 gaa mg% = J/1260 g11
Mg a3 = J/2520 gay Moy = /2520 g1
mgg),24 = J/2520 ga2 mé‘fﬁ% = J/1260 ga»

My s = J/1260 g1y
mg(j))m = J/2520 g13

Curl element matrix  The upper left diagonal block cA®, with

A} = /// rot N . rot N;e) dz dy dz,

is obtained from matriC' defined in 8.35 by
Al s =2J/3C.
Because 0f%.33H, we have
A({im:% =0 and A@M:u =0.

The entries oA, ,.; and A%} ,.,, are calculated by the following formulas

A 15 = /12 (~Crg1 — Ci2)
Age()314_‘]/12( Ci64—Ciss)
Ageém_“]/l?( Ci6+ Crs2)
Ageém—J/l? (Cr63+ Cuss)
Ageéw—«]/u( Ci64+Cis,)
A§€%18_‘]/12( Ci6+ Cro4)
Age%19—<]/12 (Cir63+ Chrsp)
Age()mo—t]/lz( Ci61—Cis3)
Age()s21—=]/12(0162+0164)
Ag?%zz—(]/12(0165+0166)
Al a3 = J/12 (=Ci2 — Cr)
A§e<)324—J/12( Ci65+ Cie)
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and
(e)T
A16124 - A12416

ForA13 24.13:240 fOrmulas for the entries in the upper triangle are given. The remaining formulas
are omitted for symmetry reasons.

ag?% = J/120 (ce2 + c63 — 222 — C23)
ag?ls = J/120 (2c1; + 2¢12 + 2¢22) ag'?m = J/120 (2¢65 — c61 — Ca5 + 2¢21)
a$§) 14 = /120 (c14 + 2e15 + Co4 + C25) aiie = J/120 (23 + 2e35 + 2055)
a‘g?lo = J/120 (c16 — c12 + €26 — C22) ag%)” = J/120 (—c34 + 31 — 2054 + C51)
ags),us = J/120 (—c13 — ¢15 — 2¢23 — Ca5) a§6)18 = J/120 (—2c36 + €34 — C56 + C54)
al§) 17 = J/120 (c14 — 2e11 + 24 — €21) al§) 19 = J/120 (e33 + c36 + c53 + 2¢56)
al§) 15 = J/120 (c16 — c1a + 2c26 — C24) a{¢20 = J/120 (—c31 — 2¢33 — c51 — C53)
ag?w = J/120 (—2c13 — c16 — €23 — C26) a(16 21 = J/120 (2c32 + 34 + c52 + 2¢54)
ag?zo = J/120 (11 + 13 + 21 + 2¢23) a(1%)22 = J/120 (es5 + 2¢36 + ¢55 + ¢56)
agé)m = J/120 (—c12 — c14 — 2¢29 — C24) a56)23 = J/120 (—c32 — ¢33 — 52 — C53)
a§§)22 = J/120 (—2¢15 — c16 — Ca5 — 2Ca6) a(166)24 = J/120 (—c35 + 31 — 2¢55 + ¢51)
a'§) o5 = J/120 (c12 + 2c13 + C22 + C23) a\? 1, = J/120 (244 — 2614 + 2c11)
a§§)24 = J/120 (c15 — c11 + 25 — ¢21) ag?lg = J/120 (ca6 — cas — c16 + C14)
al{ 14 = J/120 (2cas + 245 + 2¢55) a$% 19 = J/120 (—ca3 — 216 + 2c13 + c16)
agi)m = J/120 (ca6 — 2¢42 + 56 — C52) a§7 90 = J/120 (ca1 + ca3 — c11 — c13)
agi)w = J/120 (—c43 — ¢45 — C53 — C55) ag?zl = J/120 (—caz — 2c44 + 12 + C14)
a§4)17 = J/120 (caa — ca1 + 54 — 2¢51) a17 22 = J/120 (=ea5 = ea + 215 + c16)
agi)w = J/120 (c46 — 2caq + 56 — C54) ag?Q?’ = J/120 (caz + €43 — c12 — 2c13)
a§4)19 = J/120 (—c43 — ca6 — 2¢53 — C56) a§7)24 = J/120 (2c45 — a1 — c15 + c11)
a7 50 = J/120 (2ca1 + caz + 51 + 53) 0% 15 = J/120 (2cq6 — 2c64 + 2c44)
a§4)21 = J/120 (—c42 — €44 — C52 — C54) ags),w = J/120 (—cg3 — o6 + Ca3 + Cap)
agi)zz = J/120 (—c45 — ca6 — 255 — C56) ag?m = J/120 (ce1 + 2¢63 — 2¢41 — C43)
a7 g3 = J/120 (2ca2 + caz + c52 + 2¢53) 08951 = J/120 (~2c62 — cga + Caz + Ca4)
a$9)y = J/120 (ca5 — 2ea1 + 55 — c51) 0935 = J/120 (—cg5 — 2cq6 + a5 + cas)
al¥) 15 = J/120 (2¢65 — 2ca2 + 2¢22) 0% 3 = J/120 (g2 + cg3 — 212 — Ca3)
ags)w = J/120 (—ce3 — 2¢g5 + Ca3 + C25) a§8)24 = J/120 (co5 — co1 — ca5 + 2c41)
a§€5)17 = J/120 (2c64 — c61 — 24 + C21) agg)m = J/120 (2¢33 + 236 + 2cc0)
a§5)18 = J/120 (ce6 — Coa4 — C26 + 2¢24) a§9),20 = J/120 (—c31 — ¢33 — c61 — Co3)
0l 1o = J/120 (—cas — 200 + 23 + 20) alg) a1 = J/120 (c33 + 34 + co2 + 2¢64)
a§5),2o = J/120 (ce1 + 3 — 2¢21 — C23) agg),zz = J/120 (2¢35 + c36 + o5 + Co6)
ag?ﬂ = J/120 (—cgo — 2ce4 + a2 + C24) a(1f))23 = J/120 (—c32 — 2c33 — o2 — Co3)
al¥) 35 = J/120 (—cos5 — co6 + ca5 + C26) 04554 = J/120 (—cs5 + ca1 — 2¢65 + ce)
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a;%)go = J/120 (2¢11 + 2¢13 + 2¢33)
aé%),Ql = J/120
aé%),zz = J/120

C12 — €14 — 2¢32 — C34)

—C15 — C16 — C35 — 2636)

aSg)pq = J/120 (c15 — 2¢11 + ¢35 — €31)
al)yy = J/120 (2625 + 2¢24 + 2c4s)

aéel)m = J/120 (ca5 + 2¢26 + C45 + C46)

(e)

(
(
(
aé%)gs = J/120 (2¢c12 + c13 + c32 + c33)
(
(
(
Q21,23 = J/120 (—ca2 — €23 — Ca2 — €43)

(1(261)724 = J/120 —Co5 + C21 — 2045 + C41)
aly) 5 = J/120 (2c55 + 256 + 2¢66)
ag;),zg =J/120

(

(

(—c52 — 2¢53 — 2 — C63)
aly s, = J/120 (

(

(

(

—Cs5 + C51 — Cg5 + CGl)
0% 55 = J/120 (2ca5 + 2c23 + 233)
ag?,zz; = J/120 (c25 — 2c21 + ¢35 — ¢31)

a(Qi),24 = J/120 (2¢55 — 2¢51 + 2¢11)



178 Bibliography

References

[1] S. Adam, P. Arbenz, and R. Geus. Eigenvalue solvers for electromagnetic fields in cavi-
ties. Technical Report 275, ETHZich, Computer Science Department, October 1997.
(Available at URLhttp://www.inf.ethz.ch/publications/).

[2] P. Arbenz. A comparison of factorization-free eigensolvers with application to cavity
resonators. In P. M. A. Sloot, C. J. K. Tan, J. J. Dongarra, and A. G. Hoekstra, editors,
Computational Science - ICCS 2Q0®lume 2331 ofLNCS pages 295-304. Springer,
2002.

[3] P. Arbenz and Z. Drmia On positive semidefinite matrices with known null space. Tech-
nical Report 352, ETH drich, Computer Science Department, November 2000.

[4] P. Arbenz and R. Geus. Parallel solvers for large eigenvalue problems originating from
Maxwell's equations. In D. Pritchard and J. Reeve, editBtgp-Par '98 Parallel Pro-
cessing Springer-Verlag, 1998. (Lecture Notes in Computer Science, 1470).

[5] P. Arbenz and R. Geus. Eigenvalue solvers for electromagnetic fields in cavities. In H.-J.
Bungartz, F. Durst, and C. Zenger, editorigh Performance Scientific and Engineer-
ing Computing pages 363-373. Springer-Verlag, 1999. (Lecture Notes in Computational
Science and Engineering, 8).

[6] P. Arbenz, R. Geus, and S. Adam. Solving Maxwell eigenvalue problems for accelerating
cavities.Phys. Rev. ST Accel. Beams22001, 2001. (Electronic journal available from
http://prst-ab.aps.org/).

[7] D. Ascher, P. F. Dubois, K. Hinsen, J. Hugunin, and T. OliphaRumerical Python
Lawrence Livermore National Laboratory, September 2001.

[8] Z. Bai, J. Demmel, J. Dongarra, A. Ruhe, and H. van der Vorst, editersplates for the
solution of algebraic eigenvalue problentSociety for Industrial and Applied Mathemat-
ics (SIAM), Philadelphia, PA, 2000. A practical guide.

[9] R. E.Bank.PLTMG: a software package for solving elliptic partial differential equations
Society for Industrial and Applied Mathematics (SIAM), Philadelphia, PA, 1994. Users’
guide 7.0.

[10] R. E. Bank. Hierarchical bases and the finite element metiAata Numerica5:1-43,
1996.

[11] R. Barrett, M. Berry, T. Chan, J. Demmel, J. Donato, J. Dongarra, V. Eijkhout, R. Pozo,
C. Romine, and H. Van der VorsTemplates for the Solution of Linear System: Building
Blocks for Iterative MethodsSIAM, Philadelphia, PA, 1994.

[12] D. M. Beazley and P. S. Lomdahl. Controlling the data glut in large-scale molecular-
dynamics simulationsComputers in Physi¢4.1(3):230-238, May/June 1997.

[13] D. M. Beazley and P. S. Lomdahl. Feeding a large-scale physics application to Python. In
Proceedings of the 6th International Python Confereri@etober 1997.



Bibliography 179

[14] A. N. Bespalov. Finite element method for the eigenmode problem of a RF cavity res-
onator. Soviet Journal of Numerical Analysis and Mathematical Mode]l3td.63—-178,
1988.

[15] A. J. C. Bik. Compiler Support for Sparse Matrix ComputationBhD thesis, Leiden
University, May 1996.

[16] A. Bjorck. Numerics of Gram-Schmidt orthogonalizationLinear Algebra Appl.
197(198):297-316, 1994. Second Conference of the International Linear Algebra Society
(ILAS) (Lisbon, 1992).

[17] D. BraessFinite elementsCambridge University Press, 1997.

[18] I. N. Bronstein and K. A. SemendjajewI'aschenbuch der Mathematik/erlag Harri
Deutsch, 24th edition, 1989.

[19] J. R. Bunch, L. Kaufman, and B. N. Parlett. Decomposition of a symmetric makumer.
Math., (27):95-109, 1976.

[20] E. Chow and Y. Saadl LU S: an incomplete.U preconditioner in sparse skyline format.
Internat. J. Numer. Methods Fluid25(7):739-748, 1997.

[21] R. Dautray and J.-L. LionsMathematical Analysis and Numerical Methods for Science
and Technologyvolume 1: Physical Origins and Classical Methods. Springer-Verlag,
Berlin, 1990.

[22] E. R. Davidson. Monster matrices: Their eigenvalues and eigenvedBosiputers in
Physics 7(5):519-522, Sep/Oct 1993.

[23] J. W. Demmel, S. C. Eisenstat, J. R. Gilbert, X. S. Li, and J. W. H. Liu. A supernodal ap-
proach to sparse partial pivotin§lAM J. Matrix Anal. Appl.20(3):720-755 (electronic),
1999.

[24] D.R. Fokkema, G. L. G. Sleijpen, and H. A. Van der Vorst. Generalized conjugate gradient
squared.J. Comput. Appl. Math71(1):125-146, 1996.

[25] D. R. Fokkema, G. L. G. Sleijpen, and H. A. Van der Vorst. Jacobi-Davidson style QR and
QZ algorithms for the reduction of matrix pencils. Technical report, Universiteit Utrecht,
Department of Mathematics, January 1996.

[26] D.R. Fokkema, G. L. G. Sleijpen, and H. A. Van der Vorst. Jacobi-Davidson style QR and
QZ algorithms for the reduction of matrix pencilSIAM J. Sci. Compyt20(1):94-125
(electronic), 1999.

[27] J. Foley, A. van Dam, S. Feiner, and J. Hugh&omputer Graphics: Principles and
Practice Addison Wesley, November 1992.

[28] R. Freund and N. Nachtigal. QMR: A quasi-minimal residual method for non-Hermitian
linear systemsNumer. Math,. 60:315-339, 1991.

[29] R. W. Freund and F. Jarre. A QMR-based interior-point algorithm for solving linear pro-
grams.Math. Programming76(1, Ser. B):183-210, 1997. Interior point methods in theory
and practice (lowa City, 1A, 1994).



180 Bibliography

[30] R. W. Freund and N. M. Nachtigal. Software for simplified Lanczos and QMR algorithms.
Appl. Numer. Math.19(3):319-341, 1995. Special issue on iterative methods for linear
equations (Atlanta, GA, 1994).

[31] M. Frigo and S. Johnson. FFTW: An adaptive software architecture for the FFT. In
ICASSR page 1381, 1998.

[32] M. Genseberger and G. L. G. Sleijpen. Alternative correction equations in the Jacobi-
Davidson methodNumer. Linear Algebra Appl6(3):235-253, 1999.

[33] A. George and J. W. LiuComputer Solution of Large Sparse Positive Definite Systems
Prentice-Hall, Englewood Cliffs, NJ, 1981.

[34] R. Geus and S.®&lin. Towards a fast parallel sparse matrix-vector multiplicatiearallel
Computing 27:883—-896, 2001.

[35] V. Girault and P.-A. Raviart.Finite Element Methods for the Navier-Stokes Equations
Springer-Verlag, Berlin, 1986. (Springer Series in Computational Mathematics, 5).

[36] G. H. Golub and C. F. van LoarMatrix Computations The Johns Hopkins University
Press, Baltimore, MD, 3rd edition, 1996.

[37] R.G. Grimes, J. G. Lewis, and H. D. Simon. A shifted block Lanczos algorithm for solving
sparse symmetric generalized eigenproblesh8M J. Matrix Anal. Appl.15(1):228-272,
1994.

[38] R. Gruber and J. Rappa&inite Element Methods in Linear Ideal Magnetohydrodynamics
Springer-Verlag, Berlin, 1985.

[39] M. Hestenes and E. Stiefel. Methods of conjugate gradients for solving linear systems.
Res. Nat. Bur. Stang49:409-436, 1952.

[40] K. Hinsen. High level scientific programming with Python. In P. M. A. Sloot, C. J. K. Tan,
J. J. Dongarra, and A. G. Hoekstra, editd@smputational Science - ICCS 2Q0®lume
2331 ofLNCS pages 691-700. Springer, 2002.

[41] E. Im and K. Yelick. Optimizing sparse matrix-vector multiplication on SMPsNinth
SIAM Conference on Parallel Processing for Scientific Compu®igM, March 1999.

[42] E.-J.Im.Optimizing the Performance of Sparse Matrix-Vector MultiplicatiBhD thesis,
University of California, May 2000.

[43] J. D. JacksonClassical ElectrodynamicaNiley, New York, 2nd edition, 1975.

[44] C. G.J. JacobiUber eine neue Aufisungsart der bei der Methode der kleinsten Quadrate
vorkommenden linearen Gleichungekstronom. Nachypages 297-306, 1845.

[45] J. Jin. The Finite Element Method in Electromagnetitgiley, New York, 1993.

[46] F. Kikuchi. Mixed and penalty formulations for finite element analysis of an eigenvalue
problem in electromagnetisn@omput. Methods Appl. Mech. En§4:509-521, 1987.



Bibliography 181

[47] A. V. Knyazev. Toward the optimal preconditioned eigensolver: locally optimal block
preconditioned conjugate gradient meth@&lAM J. Sci. Compuyt23(2):517-541 (elec-
tronic), 2001. Copper Mountain Conference (2000).

[48] L. D. Landau and E. M. LifshitzElectrodynamics of Continuous Medigergamon Press,
Oxford, 2nd edition, 1984.

[49] R.B. LehoucqgandD. C. Sorensen. Deflation techniques for an implicitly restarted Arnoldi
iteration. SIAM J. Matrix Anal. Appl.17(4):789-821, 1996.

[50] R. B. Lehoucq, D. C. Sorensen, and C. Ya#dRPACK users’ guideSociety for Indus-
trial and Applied Mathematics (SIAM), Philadelphia, PA, 1998. Solution of large-scale
eigenvalue problems with implicitly restarted Arnoldi methods.

[51] R. Leis. Zur Theorie elektromagnetischer Schwingungen in anisotropen Mdigth.
Z., 106:213-224, 1968.

[52] D. E. Longsine and S. F. McCormick. Simultaneous Rayleigh-quotient minimization
methods forAz = ABz. Linear Algebra Appl.34:195-234, 1980.

[53] R. B. Morgan and D. S. Scott. generalizations of Davidson’s method for computing eigen-
values of sparse symmetric matric€&AM J. Sci. Stat. Compuy#(3):817-825, July 1986.

[54] J. C. Necklec. Mixed finite elements iit*. Numer. Math.35:315-341, 1980.

[55] J. M. Ortegalntroduction to parallel and vector solution of linear systerR&num Press,
New York, 1989.

[56] C. Paige and M. Saunders. Solution of sparse indefinite systems of linear equatixis.
J. Numer. Anal.12:617-629, 1975.

[57] B. N. Parlett. The symmetric eigenvalue problensociety for Industrial and Applied
Mathematics (SIAM), Philadelphia, PA, 1998. Corrected reprint of the 1980 original.

[58] P. Ramachandran. Mayavi: A free tool for CFD data visualizationdtinAnnual CFD
SymposiumAeronautical Society of India, August 2001.

[59] Y. Saad. SPARSKIT: A basic tool kit for sparse matrix computations. Technical Report
90-20, Research Institute for Advanced Computer Science, NASA Ames Research Center,
Moffet Field, CA, 1990.

[60] Y. Saad.lterative Methods for Sparse Linear Systerf8VS publishing, New York, 1996.

[61] Y. Saad and A. Malevsky. P-SPARSLIB: A portable library of distributed memory sparse
iterative solvers. Technical Report UMSI 95-180, MSI, 1995.

[62] J. S. Savage. Comparing high order vector basis functions. Ansoft Corporation.
[63] W. J. Schroeder, editofhe VTK User’s GuideKitware, Inc., 2001.

[64] H. R. Schwarz. FORTRAN-Programme zur Methode der finiten Elemenieubner,
Stuttgart, 3rd edition, 1991.

[65] H. R. SchwarzMethode der finiten Elementd&eubner, Stuttgart, 3rd edition, 1991.



182 Bibliography

[66] P. P. Silvester and R. L. Ferrarkinite Elements for Electrical EngineersCambridge
University Press, Cambridge, 3rd edition, 1996.

[67] G. L. G. Sleijpen, A. G. L. Booten, D. R. Fokkema, and H. A. Van der Vorst. Jacobi-
Davidson type methods for generalized eigenproblems and polynomial eigenproblems.
BIT, 36(3):595-633, 1996. International Linear Algebra Year (Toulouse, 1995).

[68] G. L. G. Sleijpen and H. A. Van der Vorst. A Jacobi-Davidson iteration method for linear
eigenvalue problemsSIAM J. Matrix Anal. Appl.17(2):401-425, 1996.

[69] G. L. G. Sleijpen, H. A. Van der Vorst, and M. J. The main effects of rounding errors in
krylov solvers for symmetric linear systems. Technical Report 1006, University Utrecht,
Department of Mathematics, 1997.

[70] P. Sonneveld. CGS, a fast Lanczos-type solver for nonsymmetric linear sySeahs.J.
Sci. Stat. Comput10:36-52, 1989.

[71] S. Toledo. Improving memory-system performance of sparse matrix-vector multiplica-
tion. In Proceedings of the Eighth SIAM Conference on Parallel Processing for Scientific
Computing SIAM, 1997.

[72] G. van Rossum and F. L. DrakeExtending and Embedding the Python Interpreter
PythonLabs, April 2002.

[73] G.van Rossum and F. L. DrakBython Library ReferencePythonLabs, April 2002.
[74] G.van Rossum and F. L. DrakBython Tutorial PythonLabs, April 2002.

[75] G. van Rossum and F. L. Draké?ython/C API Reference ManuaPythonLabs, April
2002.

[76] K. Wadleigh and A. Potler. Advanced optimization for PA-8x00 processors. Presentation
at the HiPer'98 conference in Zurich, 1998.

[77] R. Whaley and J. Dongarra. Automatically Tuned Linear Algebra Software (ATLAS). In
SC '98 Proceedingsl998.

[78] T. V. Yioultsis and T. D. Tsiboukis. Development and implementation of second and
third order vector finite elements in various 3-D electromagnetic field probldEEE
Transactions on Magnetic83(2):1812—-1815, March 1997.



Curriculum vitae

Person
Name Roman Geus
Date of Birth 6. September 1970
Nationality — Swiss
Citizen of Arbon TG

Education
1985-1990 Mittelschule in Romanshorn TG, Matura Typus C
1990-1996 Study in computer science (llic) at ET&£h
1996 graduated as Dipl. Informatik-Ing. ETH
1996-2002 Ph.D. student and teaching assistant at the Institute of Scientific Computing,
ETH Zurich

Practical work
1992-2001 Design and implementation of software for calculating shapes of high-precision

cam lobes at “Sulzer iRi AG” and “hat engineering AG”, Arbon TG

1993 Development of database software for “Winterthur Versicherungen” during a
12 week internship

1995 Optimisation and parallelisation of software for the simulation of molecules
during the “Summer Student Internship Programs (SSIP’95)” at Centro
Svizzero di Calcolo Scientifico (CSCS), Manno TI

Interests and skills

¢ Programming in general (C, C++, Java, Fortran 77, Fortran 90, Python)

¢ Object-oriented programming with scripting languages

¢ Parallel programming, High performance computing

¢ Numerical algorithms, e.g. eigenvalue solvers and operations with sparse matrices
o Optimisation of algorithms (assembler, cache, ...)

¢ Network programming (Web applications, Peer-to-peer networking, .. .)



	Title page
	Acknowledgements
	Zusammenfassung
	Summary
	Notation and Symbols
	Contents
	Introduction/Overview
	Design of Particle Accelerators
	Applying the Finite Element Method
	Methods and algorithms
	Scripting Languages in Scientific Computing
	Aims of this thesis
	Organisation of this thesis

	Problem I: 3D Laplace-Problem
	Fundamental equations
	Exploiting symmetries
	Description of the finite elements
	Piece-wise representation of the solution
	Calculation of the element matrices
	Construction of the global matrices

	Problem II: Electromagnetic waves in cavities
	Fundamental Equations
	Penalty Method
	Finite Elements for the Penalty Method
	Element matrices
	Construction of the matrix eigenvalue problem
	Boundary conditions

	Mixed method
	Description of the vector elements
	Calculation of the element matrices
	Matrix eigenvalue problem
	Boundary conditions
	Matrix form of the constraint `39`42`"613A``45`47`"603Adive= 0

	Linear or quadratic elements?
	Upshot

	Comparison of FEM approaches

	Matrix eigenvalue problems
	Positive definite eigenvalue problems
	Indefinite eigenvalue problem
	Direct projection method (DIRPROJ)
	Simplified augmented system (SAUG)
	AD method (AD)
	Bespalov term (BESPALOV)
	Eigensolver (EIGSOLV)
	Experimental results
	Conclusions

	Choice of the shift

	Eigensolvers
	Jacobi-Davidson algorithm
	Description of the algorithm
	Jacobi-Davidson algorithm for the symmetric eigenvalue problem bold0mu mumu AAgshv:96AAAAx = bold0mu mumu MMgshv:96MMMMx
	Choosing suitable parameters for the Jacobi-Davidson algorithm
	Block Jacobi-Davidson Algorithm for the generalised symmetric eigenvalue problem
	Solving the indefinite eigenvalue problem
	Related work

	Implicitly restarted Lanczos algorithm (IRL)
	Solving the indefinite eigenvalue problem

	Comparison of eigensolvers

	Iterative methods
	CG
	MINRES and SYMMLQ
	QMRS
	CGS

	Matrix-vector products
	Performance analysis of the sparse matrix-vector product
	Design of a fast sparse matrix vector product for one processor
	Software pipelining
	Register blocking
	Matrix Reordering
	Experimental results

	Parallel matrix-vector multiplication
	Parallel implementation
	Parallel Numerical Experiments

	Summary

	Preconditioners
	Stationary iterative methods
	m-step Jacobi preconditioning
	m-step SSOR preconditioning

	ILUS preconditioning
	2-level hierarchical basis preconditioner
	Experimental results
	Positive-definite eigenvalue problem
	Indefinite eigenvalue problem


	Python implementation
	Development history
	The Python language
	The Numerical Python package (NumPy)
	The PySparse package
	The spmatrix module
	The precon module
	The itsolvers module
	The jdsym module
	The superlu module

	The PyFemax package
	The ansysmesh and psimesh modules
	The boxmesh module
	The mesh module
	The nedelec module
	The nedelec_projection module
	The nedelec_ad and nedelec_ad_opt modules
	precon2level module
	postprocess module
	The nedelec_elmat and nedelec_elmat_opt modules
	The nedelec_eval and nedelec_eval_opt module

	Experimental results
	SwiftTest
	MonsterTest


	Conclusions and future work
	Storage formats for sparse matrices
	CSR Compressed Sparse Row Format
	CSC Compressed Sparse Column Format
	SSS Sparse Symmetric Skyline Format
	LL Linked List Format

	Machines
	Sun Enterprise E3500 (zuse)
	DEC Alpha Workstation (darwin)
	HP Exemplar X-Class (sella)
	HP Exemplar V-Class (tornado)
	HP-Superdome (stardust)
	Intel Paragon
	IBM SP/2
	Linux Workstation Cluster (asgard)

	Model problems
	Laplace problem in a cuboid
	Maxwell's equations in a cuboid

	Grids
	Rectangular brick shaped cavity
	Eight-shaped cavity
	SLAC accelerator cavity
	ACCEL cyclotron

	Matrices
	Element matrices
	Element matrices for Problem I
	Element matrices for Problem II
	Element matrices for Nédélec vector elements


	Curriculum vitae

