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Abstract

In this thesis, we study inflationary dynamics, cosmic evolution and structure of
hypothetical geometries. Firstly, we investigate the behavior of warm intermediate
and logamediate inflationary models for flat isotropic and homogeneous universe in
Einstein frame representation of f(R) gravity. In this scenario, we study the dynam-
ics of strong and weak constant as well as generalized dissipative regimes. In both
regimes, we discuss inflaton solution, slow-roll parameters, scalar and tensor power
spectra, corresponding spectral indices as well as tensor-scalar ratio for Starobinsky
inflationary model and determine their compatibility with Planck 2015 constraints.
Secondly, we study the existence of Noether symmetry and associated conserved
quantity of some isotropic as well as anisotropic universe models in f(R,T) gravity.
The cyclic variable is introduced to construct exact solution of Bianchi I model.
We also consider a generalized spacetime which corresponds to different anisotropic
homogeneous universe models and scalar field model (quintessence and phantom)
admitting minimal coupling with f(R,7T) models. For these models, we formulate
exact solutions without introducing cyclic variable. We investigate the behavior of
some cosmological parameters using exact solutions through graphical analysis.
Finally, we discuss wormhole solutions of static spherically symmetric spacetime
via Noether symmetry approach in f(R) and f(R,T) theories. We formulate symme-
try generators, associated conserved quantities and wormhole solutions for constant
as well as variable red-shift functions. For perfect fluid, we evaluate an explicit form
of generic function f(R) and also evaluate exact solution for f(R) power-law model.
In f(R,T) gravity, we consider two f(R,T) models appreciating indirect curvature-
matter coupling and formulate solutions for both dust as well as perfect fluids. We
study the behavior of null /weak energy conditions with respect to ordinary matter and

effective energy-momentum tensor for physically acceptable of wormhole solutions.
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Abbreviations

In this thesis, the signatures of the spacetimes will be (—, +,+, +).

use the following list of abbreviations.

BI:
BIII:
CDM:
CMBR:
DE:
EoS:
FRW:
KS:
LRS:
NEC:
WEC:
WH:

WMAP:

Bianchi Type I

Bianchi Type II1

Cold Dark Matter

Cosmic Microwave Background Radiations
Dark Energy

Equation of State
Friedmann-Robertson-Walker
Kantowski-Sachs

Locally Rotationally Symmetric
Null Energy Condition

Weak Energy Condition
Wormbhole

Wilkinson Microwave Anisotropy Probe
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Introduction

The standard model of the universe provides cosmological view of the early universe
(radiation or matter dominated phase) leading to decelerated expansion. This expan-
sion introduces some critical issues like horizon (why current universe seems to be
isotropically homogeneous?) and flatness (why total density of the universe is getting
closer to critical density?). To resolve these long standing issues, the inflationary
scenario proposed the most conclusive solution without disturbing the achievements
of cosmological model. Guth [1] introduced an epoch of rapid exponential expan-
sion before decelerated expanding universe, called “inflation”. This revolutionary
approach explains the origin of CMBR as well as distribution of large scale structure.
Inflationary scenario is referred as an intrinsic constituent of the standard model.
The inflationary paradigm follows a straightforward mechanism in which scalar
field acts as a source of rapid expansion known as “inflaton”. This field releases
potential energy when it moves from false to true vacuum. The released energy acts
as a repulsive force and hence inflates the early universe [2]. The existence of inflaton
field incorporating kinetic as well as potential energy leads to split inflation into
two distinct regimes, i.e., slow-roll and reheating. In slow-roll regime, the inflaton
field is found to be non-interacting which assures the existence of dominant potential

energy [3]. In reheating phase, the inflaton field appreciates strong interactions in true



vacuum as both kinetic and potential energies are approximately equivalent. This
defines an oscillatory motion of inflaton leading to dissipate into radiations around
origin of potential energy and consequently, introduces ending stage of inflation [4].

The inflationary paradigm triggered researchers to establish a smooth joining be-
tween infant and late-time universe. Berera [5] resolved this issue by introducing the
idea of warm inflation. In this scenario, inflaton appreciates interactions with back-
ground field that releases vacuum energy in slow-roll regime. When vacuum energy
completely dissipates into radiation energy, the inflating universe possesses enough
temperature to allow a graceful exit into radiation dominated era without admitting
any separate reheating phase. In warm inflation, the existence of thermal fluctuations
generates strong dissipation effects leading to create relativistic particles. The dissi-
pation coefficient determines the effect of dissipation by characterizing two important
regions, i.e., weak and strong dissipative regimes. In the region of weak dissipation,
the dissipation coefficient identifies a slow rate of decaying inflaton due to weak in-
teractions. However, strong interactions of inflaton with any other field yield enough
amount of dissipation that effectively increases the decay rate of inflaton in strong
dissipative regime.

The exact solutions of scale factor provide an optimistic approach to categorize
different inflationary models. The cold inflationary model corresponds to scale fac-
tor that measures de Sitter expansion (exponential expansion) while a scale factor
with quasi-de Sitter expansion leads to chaotic inflationary model. For intermediate
inflationary model, the scale factor incorporates expansion rate slower than that of
exponential expansion but faster than power-law expansion [6]. Herrera et al. [7]

studied intermediate as well as logamediate warm inflationary models and discussed



the behavior of these inflationary models through generalized dissipation coefficient
in both weak as well as strong dissipative regimes. Setare and Kamali [8] investigated
the dynamical role of warm vector isotropic inflation for same inflationary models
and observed the consistency of inflationary parameters with WMAPT constraints.
Sharif and Saleem [9] considered BI universe model to evaluate compatibility criteria
of these models in the context of warm vector inflation. After inflationary stage, the
cosmic journey represents radiation as well as matter dominated eras and eventually
demonstrates current stage of the universe.

Recent observations indicate late-time cosmic accelerated expansion showing the
presence of some mysterious force comprising repulsive gravitational effects, referred
as DE. There are two main proposals to explain its nature. In the first approach,
matter part while in the second approach geometric part of the Einstein-Hilbert action
is modified. The second proposal leads to modified theories of gravity like f(R) (R
represents Ricci scalar) theory which is obtained by replacing R with an arbitrary
function. This theory appreciates minimal coupling with matter part yielding some
interesting results in cosmology [10].

Felice and Tsujikawa [11] investigated the dynamics of non-warm inflation with
Starobinsky model in both Einstein as well as Jordan frames of f(R) gravity. Bamba
et al. [12] reconstructed some f(R) models via non-warm inflationary constraints and
identified that observational parameters relative to power-law model yield the most
compatible results. Artymowski and Lalak [13] extended Starobinsky inflationary
model in the context of non-warm inflation and obtained observational parameters
compatible with Planck and BICEP2 in both frames. Sharif and lkram [14] inves-

tigated dynamics of warm inflation via intermediate and logamediate inflationary



models in Jordan frame representation of f(G) gravity (G represents Gauss-Bonnet
term). The same authors [15] studied non-warm inflationary dynamics through scalar
field and fluid cosmology in this gravity.

The non-minimal coupling provides a fresh insight among researchers as it helps
to study various cosmological scenarios. Bertolami et al. [16] merged this concept be-
tween gravity and matter such that arbitrary function of R appreciates non-minimal
coupling with matter Lagrangian density (£,,). Harko et al. [17] developed an ex-
tension of f(R) gravity known as f(R,T) gravity (T identifies trace of the energy-
momentum tensor) incorporating non-minimal curvature-matter coupling. Sharif and
Zubair [18] explored cosmic evolution through reconstruction of some DE models with
energy conditions, exact anisotropic solutions, stability criteria and thermodynamical
picture in the this gravity.

The existence of continuous symmetry reduces complexity and yields connection
between differentiable symmetry and conserved quantity of the dynamical system.
The continuous symmetries relative to Lagrangian are characterized as Noether sym-
metries. Capozziello et al. [19] used this approach to determine a generalized exact
static spherically symmetric solution of f(R) power-law model. The same authors
[20] extended this work to non-static spherically symmetric solution as well as axially
symmetric model. Hussain et al. [21] found Noether symmetries relative to f(R)
power-law model for isotropic universe model and identified that the corresponding
boundary term turns out to be zero while Shamir et al. [22] determined some extra
symmetries with non-zero boundary term. Kucukakca and Camci [23] analyzed the
existence of Noether symmetry for the same universe model via Palatini f(R) formal-

ism. Momeni et al. [24] explored Noether symmetry in mimetic f(R) and f(R,T)



theories and analyzed stability of solutions in the presence of normal matter.

Sharif and Fatima [25] explored the existence of conserved quantities relative to
Noether symmetries in both vacuum as well as non-vacuum regions in f(G) grav-
ity. Shamir and Ahmad [26] obtained exact solutions through this approach in non-
minimally coupled f(G,T) gravity. Sanyal [27] found exact anisotropic solutions for
KS universe in modified gravity non-minimally coupled with scalar field. Camci and
Kucukakea [28] generalized this work to obtain explicit forms of scalar field for BI and
BIIT universe models. Kucukakca et al. [29] investigated the presence of continuous
symmetry and formulated anisotropic solutions in the same gravity. Subsequently,
Camci et al. [30] extended this work for BI, BIIT and KS universe models. Zhang et
al. [31] studied multiple scalar field scenario and found corresponding potential func-
tions that established a relation between quintessence and phantom models. Jamil et
al. [32] explored f(R) tachyon model and obtained explicit forms of potential as well
as f(R) functions.

The structure of WH geometry comprises a hypothetical tunnel or bridge through
which a smooth passing is possible in different regions of spacetime. Lobo and Oliveira
[33] discussed WH geometry for different fluids with constant red-shift function in
f(R) gravity. Bahamonde et al. [34] constructed non-static cosmological WH sup-
ported by perfect fluid in the same gravity. Mazharimousavi and Halilsoy [35] consid-
ered f(R) model admitting polynomial expansion and obtained a sufficient condition
leading to a near-throat WH solution for both vacuum as well as non-vacuum cases.
Sharif and Fatima [36] found physically acceptable static and non-static WH solutions
for galactic halo region and conformal symmetry in modified Gauss-Bonnet gravity,

respectively. Zubair et al. [37] discussed static WH solution and explored realistic



nature for isotropic, barotropic and anisotropic fluids in f(R,T) gravity. Bahamonde
et al. [38] used Noether symmetry technique to obtain exact solutions of red-shift
and shape functions. They also discussed geometry of WH solutions to determine
their realistic fate in scalar-tensor theory non-minimally coupled with torsion scalar.

This thesis is devoted to study cosmic inflation through warm inflationary universe
model and evolution of the universe for isotropic as well as anisotropic universe models
using Noether symmetry approach in f(R) and f(R,T) theories of gravity. We also
use this approach to investigate the existence of realistic and traversable static WH

solutions. This thesis is arranged as follows.
e Chapter One provides basic concepts and definitions related to this thesis.

e Chapter Two explores the dynamics of warm inflation via intermediate and

logamediate inflationary models in Einstein representation of f(R) gravity.

e Chapter Three investigates exact solutions of some isotropic and anisotropic
universe models via Noether symmetry approach for non-minimal curvature-

matter coupling appreciating minimal coupling with matter and scalar fields.

e In chapter Four, we discuss the existence of static spherically symmetric WH

solutions for both constant as well as variable forms of red-shift function.

e Chapter Five presents summary of all results and also specifies some issues for

future research.



Chapter 1

Basic Review

This chapter is dedicated to understand some basic aspects of modern cosmology

corresponding to this thesis.

1.1 Cosmic Inflation

The revolutionary idea of cosmic inflation was proposed to explain evolution in very
early phase of the universe (just after the Planck epoch but prior to radiation era).
This notable proposal is not a replacement of standard cosmological model as it
supports the standard achievements as well as successfully overcomes some critical
shortcomings of the model. Alan Guth defined this cosmological inflation as an
epoch in which the scale factor grows exponentially and @ > 0 leading to accelerated

expansion in early universe. For the existence of inflationary epoch, the necessary

d 1 <0
dt \aH ’

where (aH)™! defines comoving Hubble length (an approximate distance that light

condition is

covers during Hubble time H~') decreasing with time. The extent of inflation is



measured by number of e-folds given by

ty
N:In[Z—f]:/ H(t)dt,
i t:

where ?; and ¢; represent initial and end times of inflation. We study how inflationary
era solves long standing problems, i.e., horizon and flatness problems. The isotropic
temperature of CMBR leads to state horizon problem as “why photons of the CMBR,
coming from opposite directions today have the same temperature to high precision
while the size of causally connected regions at the last scattering is at most one
degree?” The flatness problem is “if the curvature of the universe is not very large at
present scale, then it must have been extremely small at early times”.

During inflation, the exponential expansion (H = Hy, where Hj is constant)
tremendously increases size of the universe while dramatic reduction of comoving
Hubble length indicates that current observable universe originates from a tiny re-
gion. This region establishes thermal equilibrium in past and therefore admits causal
contact between these regions. Thus, the temperature of CMBR seems to be isotropic
in opposite regions of sky because the particles were able to communicate in past.
Hence, the horizon problem remains no more a mystery. To resolve the flatness prob-
lem, the density parameter not only needs to close to one, in fact it must drives so
close to one that even all subsequent expansion from inflation to current cosmic eras
is entirely insufficient to move it away again. The exponential expansion with de-
creasing comoving Hubble length (aH increases with time) drives density parameter
extremely close to one implying flat geometry at very early times. Thus, the ne-
cessity of fine-tuned initial conditions is completely avoided and flatness problem is

successfully resolved.



1.1.1 Inflationary Dynamics

The inflationary scenario offers an admissible explanation for cosmologist to resolve
long standing issues but the question arises what factor is responsible to inflate early
universe? The satisfactory answer demands the presence of some ingredient possess-
ing large negative pressure. Our universe experiences a dramatic phase transition
(extensive change in cosmic properties) in early times. On relativistic grounds, this
early transition can be explained by scalar field (the only component of cosmic fluid)
with large negative pressure. In this regard, the homogeneous scalar field is referred
as perfect candidate to study dynamics of inflation.

In inflationary cosmology, the scalar field with potential energy (at each point) is
increasing very slowly as the universe expands and since, it is dynamical so kinetic

energy also appears. The Lagrangian density relative to scalar field is [39]

1
‘C¢ = _§gwjau¢au¢ - V(¢)7 (1.1.1)

where the first term identifies kinetic energy g while the second term denotes po-
tential energy. Due to incredible equivalence of scalar field with perfect fluid (along
zero momentum density and isotropic stress), the corresponding energy density and
pressure are defined as

(152

po =5 +VI(0), py="—VI(9), (1.1.2)

where dot defines time derivative. The corresponding continuity equation leads to

scalar wave equation as
¢+3Ho+V,, =0,

where subscript of V' denotes derivative with respect to ¢. When the scalar field ¢

rests at its minimum position (vacuum state), both energy density as well as pressure
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turn out to be zero implying %2 ~ |V(¢)]. In inflationary paradigm, there are two
vacuum states, i.e., false and true vacuum. The former stage is defined when ¢ = 0 but
the space is not empty while later stage appears when potential gets minimum with
¢ # 0and %2 ~ |V (¢)|. The cosmic inflation started its journey when inflaton initiates
to move out from false vacuum and begins to roll down very slowly demonstrating
slow-roll inflation.

In region of slow-roll, the inflaton field remains non-interacting with any other
background field. This non-interacting behavior leaves no possibility of radiation
production and consequently, vacuum energy density dominates as well as tempera-
ture of the universe dramatically drops down as it expands. The necessary conditions
of inflation are accelerated expansion and decreasing comoving Hubble length while
sufficient condition is slowly varying Hubble parameter that leads to define slow-roll
condition as follows

S_HiH?SO
a

This condition holds for H > 0 otherwise, we require —% < 1. Thus, the slow-roll

parameters are

9 . .
where € characterizes accelerated and decelerated expansion for ¢ < 1 and € > 1,
respectively. Besides specifying expansion, the qualitative analysis of these para-
meters indicate that the scalar field should not quickly roll down towards potential
origin. For this purpose, the slope of potential should not be too steep. The slow-roll
approximation also avoids gb from scalar wave equation and provides %2 << V(9).

After slow-roll, the inflaton must lead to the end of inflation but the supercooled

universe needs to attain enough temperature to enter into radiation dominated era.
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To achieve this ending phase, a separate reheating phase is introduced in which the
inflaton initiates oscillatory motion in true vacuum phase and kinetic energy becomes
equivalent to potential energy. This process decays inflaton into radiations and uni-
verse becomes hot enough to admit an exit from inflationary epoch to radiation

dominated universe. Thus, cosmological inflation ends for € ~ 1.

1.2 Warm Inflation

In cold inflationary era, the universe expands in one region (supercooled slow-roll
phase) while decay of inflaton occurs in another region (reheating phase). In contrast
to supercooled inflation, the idea of warm inflation significantly unifies these two dy-
namical regions. In warm inflation, inflaton interacts with background field implying
a continuous production of radiations (create relativistic particles) throughout the in-
flationary phase and dramatic fall of temperature is elegantly avoided. Therefore, the
salient characteristic of warm inflation is to connect end stage of inflationary epoch
with the current cosmos as it smoothly heats up enough to enter into radiation era.
During inflation, the vacuum energy density dominates over radiation density p, as

well as kinetic energy. The radiation density evolves as
pr + 4HP7~ = qua

where I'; represents dissipation coefficient and ng'ﬁz acts as a source term that en-
courages radiation energy while 4H p, is referred as sink term which throws them
away.

The radiation production (appears due to inflaton decay) is counterbalanced by
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dissipation effects introduced in the equation of motion of inflaton as

b+ (3H+T)d+ V(p) = 0.

Here source term appreciates thermal equilibrium during the decaying process of
inflaton. If a system does not admit thermal equilibrium then it is not possible to
explain the dissipation effect as well as decay of inflaton through source term [40]. In
the decay process, the energy released by inflaton converts into heat and consequently,
increases radiation density. During inflation, the Hubble parameter, dissipation factor
and inflaton possess an extremely small variation leading to a non-zero steady state
point of radiation density. Therefore, the radiation production is entirely based on
source rather than initial conditions. The dissipation factor can be considered as
constant, ¢-dependent function or in terms of thermal bath temperature T (due to
its interaction with T).

In the dynamics of warm inflation, thermal bath temperature plays a significant
role to determine the origin of density perturbations. In cold inflation, the quantum
fluctuations of inflaton generate initial density perturbations while these perturba-
tions emerge from thermal fluctuations in warm inflation. For the existence of warm
inflation, thermal temperature defines necessary condition T > H which indicates
that thermal fluctuations will dominate over the quantum fluctuations. In case of
slow-roll approximation, this temperature turns out to be constant and therefore,
successfully eliminates the necessity of reheating phase. The inflationary paradigm
is categorized in two distinct regimes relative to strength of dissipation. If the effect
of dissipation is small then particles belong to weak dissipative regime whereas the
intensive dissipation effect leads to strong dissipative regime. The warm inflation

experiences a graceful exit when vacuum energy density ps completely dissipates into
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radiation density.

1.3 Some Constraints on Inflationary Model

We have discussed fundamental features of inflation, just a theoretical phase occurred
in very early times but recent observations successfully support this hypothetical era
by evaluating some standard constraints. These observational constraints follow the
trail of quantum fluctuations relative to density perturbations (scalar perturbations
arising from inflaton) and gravitational waves (tensor perturbations appears from
metric tensor). The scalar and tensor perturbations leave a strong impact on the
spectrum of CMBR while the scalar perturbations only provide seeds for large scale
structure. The vacuum energy released by inflaton dominates over energy density
of the universe and generates small inhomogeneities defined as source for structure
formation. Recent cosmological observations measure the effect of these perturbations
leading to constrain the inflationary models.

To analyze variance in fluctuations, some important parameters like scalar power
spectrum (A%) and tensor power spectrum (A%) have been introduced [41]. For
quantum fluctuations, the scalar and tensor power spectra are calculated in terms of

slow-roll and Hubble parameters as

2k2H?

5 -

2
A% = (% < ¢ >) . AL = (1.3.1)

(e

For non-warm and warm inflationary models, < d¢ > is given by

2

H
< 5¢ >quantum™= 5, < 6¢ >thermal = (

THT?\ 1
2T

(47)?

A slight deviation of scalar and tensor power spectra from physical scale length is
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measured by the corresponding spectral indices given as
ng =1—06e+2n, np=—2e€.

Here n, and ny denote scalar and tensor spectral indices, respectively. If the spectral
index is unity, then the corresponding spectrum is referred as scale invariant. Recent
observations of Planck 2015 [42] provide constraints for spectral index and tensor-

scalar ratio (R) as ng = 0.9603£0.0062 (68%CL) and R < 0.10 (95%CL), respectively.

1.4 Modified Theories of Gravity

In the following, we discuss f(R) theory and its extension f(R,T) theory.

1.4.1 f(R) Theory

In Einstein-Hilbert action, the modification induces the replacement of linear scalar
curvature with a more generic function appreciating only minimal coupling with mat-

ter. Such gravitational modification defines the action as

I:/d4x\/—_g[f(R) + L), (1.4.1)

2kK2
where g identifies determinant of the metric tensor g,,, f(R) represents non-linear
generic function minimally coupled with Lagrangian density of matter L,,. There
are three standard variational approaches that derive f(R) field equations from ac-
tion (1.4.1). The first approach defines the metric formalism which drives the field
equations by metric variation of the action. In this formalism, the basic entity is the
dependence of affine connection I'j,, on g, while matter Lagrangian density depends

only on g,,. The second approach is referred as Palatini formalism that comprises
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IV, and g, as independent variables. In third approach, the same process of Palatini
formalism continues but here L,, is considered to be a function of both I'),, as well
as guw- Due to these distinct formalisms, the f(R) gravity is characterized as metric
f(R) gravity, Palatini f(R) gravity and metric-affine f(R) gravity. In the following,

we discuss basic formalism and standard models of metric f(R) gravity.

The metric variation of action (1.4.1) leads to
1
FrByuw = 5 f9m = ViV fr + 0B fr = KT, (1.4.2)

Here, fr shows derivative of generic function f with respect to R, V, represents
covariant derivative, O = V,V* and T, ,ST) denotes the energy-momentum tensor.

The equivalent form of Eq.(1.4.2) is

1 m c e
G = (1 + 1) = 327, (143

where G, T} and T:]/ identify Einstein, curvature and effective energy-momentum

tensors, respectively. The curvature terms relative to generic function define T,Eﬁ) as

- R
T;EIC/) = %Quu + vqufR - Dnguu' (144)

The stability analysis is a significant aspect in modified theories as it provides viability
criteria of different modifications in the Einstein-Hilbert action. These gravitational
theories avoid instabilities such as ghosts degrees of freedom endorsed in Ostrograd-
ski’s instability and Dolgov-Kawasaki instability [43]. Ghost is referred as a field
which consists of particles moving with negative kinetic energy. In f(R) gravity, the
appearance of ghost is avoided for fr > 0 [11]. Dolgov and Kawasaki [44] discussed
instability criteria of R — “—; model which becomes unstable if fzrr < 0 and sets sta-

bility condition for viable f(R) models as frr > 0. Thus, viable f(R) models require
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to satisfy stability constraints fr(R) > 0, frr(R) > 0, R > Ry, where Ry is the
current value of Ricci scalar.

In this thesis, we shall use three viable f(R) models to study early as well as
current cosmic expansion. The first f(R) model is Starobinsky inflationary model
given as [45]

f(R) = R+ uR?, (1.4.5)

where 1 is a positive constant. This model is also known as the first inflationary model
found to be consistent with anisotropy observed in CMBR. Thus, it can be considered
as a viable alternative to scalar field inflationary models. Besides explaining early
expansion, this model also leads to current cosmic expansion due to R? term. The

second model is f(R) power-law model defined as [46]
f(R) = foR", n#0,1, (1.4.6)

where n and fj represent constants. This model suffers from big-rip singularity for
n < 0 but for n > 1 with fy > 0, this singularity may be avoided. The third
f(R) model represents a generalization of Starobinsky model which includes an R™
extension as follows [47]

f(R) = R+ uR* +vR", (1.4.7)

where v > 3 and clearly, this model is free from singularity.

Jordan Frame of f(R) Theory

In Jordan frame, there is a direct interaction between geometrical and matter parts

in the action of f(R) gravity. We consider flat FRW metric as

ds? = —dt* + a*(t)(dz* + dy® + d2?), (1.4.8)
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where a is the scale factor. The energy-momentum tensor for perfect fluid is given by

T = (pm + Do) Uatly + Gy Dom,

where p,, and p,, identify energy density and pressure, respectively while 1, denotes
four-velocity of comoving fluid. For action (1.4.1), we obtain the following field equa-

tions along with perfect fluid

J—Rfr
2

+3H?fr+3H fr = K%pm, (1.4.9)

In order to evaluate an expression for a and H, we consider Starobinsky model (1.4.5)

with pu = where M is a positive constant having dimension of mass. Inserting

_1_
6M27
this model into (1.4.9) and (1.4.10), we obtain

M?(t —t;)?

a = a; exp HZ(t — tl) — 12 s T,

(1.4.11)

where t; denotes initial cosmic time whereas a; and H; represent scale factor and
Hubble parameter at t = t;, respectively. In order to discuss inflationary paradigm,
we need to consider perfect fluid as equivalent to scalar field implying p,, = pg =
% + V(o) and p,, = pg = %2 — V(¢). It is strongly claimed that the equivalence of
perfect fluid with scalar field is not viable in Jordan frame representation due to the
existence of negative kinetic energy [48]. To get rid of such negative kinetic energy,
the fourth order field equations are transformed conformally from Jordan to Einstein
frame which contains an additional scalar degree of freedom with positive kinetic term

[49].
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Einstein Frame of f(R) Theory

In the Einstein frame, the f(R) gravity indicates existence of extra scalar degree of
freedom which drives early as well as late-time cosmic acceleration. A conformal
transformation over a metric structure allows to scale time, length and mass whereas

angles remain unchanged. The action of f(R) gravity can also be written as

I= 53 [ @0V=3UrR = V(0) + Lanlgu ) (1.4.12)

where V(¢) = frR — f. For a conformal factor g, = ¢*¢uw = [frGu, this action

takes the form
4 ~ R L. v r -1 ~
Iy = / d'z\/—g (g — 50" 0u00,6 = U(6) + Lon( 5" (9) G- w>> S (14.13)

Here, U(¢) = Vf(f ) the considered conformal factor becomes field dependent as p? =
R

R = exp[\/g ko] and the gravitational term of action (1.4.1) takes equivalent form of

the Einstein-Hilbert action appreciating minimal coupling between matter Lagrangian

density and scalar field. In this frame, the flat FRW model becomes

d§* = —dt* + @*(1)(d2® + dy* + d=?), (1.4.14)
where
ds = \/frds, dt =+/frdt, a=+/fra. (1.4.15)

The energy-momentum tensor corresponding to matter and scalar parts are

2 9Lm e _ 2 OOV=9Ls) (1.4.16)

Tm — 2 -
i =g ogr’ T V=g  Ogm

where £~¢ represents Lagrangian density of a scalar field given by

1
‘C¢> = _§§HV8M¢8U¢ - U((b)
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For the action (1.4.13), the field equations and continuity equation turn out to be

312 -y dH
— =m, SH*+2— =—r"p, 1.4.17
dﬁm rr/o\ /[~ ~
—p 3O+ Prm) = 0. (1.4.18)
The energy density and pressure are represented by p,, = ’}—’; and p,, = Z}—? whereas
R R

H denotes Hubble parameter in this frame. In order to formulate expressions of ¢, a

and H for (1.4.5) with u = sz, e integrate Eq.(1.4.15) yielding
- 2 M?(t —t;)?
_ Hi(t —t;) — —— | 1.4.1
t M [ (t=t) 12 } ( %)

~ 2H,a; MM i = M M? M3\
a(f) = 1 BOHE) =21 1 .
a(?) M { 12H§} er, Hi) =3 [ GH? ( 12H3> ]

The conformal transformation allows a smooth transition between these two frames as
it only redefines the scales of fundamental quantities that retain physical predictions
in both frames [50]. The main difference in both frames is that the Jordan frame
defines f(R) gravity on the basis of metric tensor whereas Einstein frame describes
the theory with the help of metric tensor along with scalar field interacting with

matter sector.

1.4.2 f(R,T) Theory

The modification carried out by a direct coupling between curvature and matter
(known as non-minimally coupled gravity) put forward another step on the road of
theoretical developments. If such modification is introduced in f(R) gravity then
it yields a generalized theory of gravity named as f(R,T) gravity. For this non-
minimally coupled gravity, the Einstein-Hilbert action is modified as

f(R,T)

2k2

7= /d4x\/—_g[ + L] (1.4.20)
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The field equations are obtained through metric variation of this action as

R;wfR(Ra T) - %%wf(Ra T) + (gyuvuvy - Vuvu)fR<Ra T) + fT(R7 T)

XT + Ay fr(R,T) = £T,5" (1.4.21)

2

where subscripts of f define corresponding partial derivatives, and A, denotes

0*Lon

_goT, ;ET)
agHVagMV ’

— _oq(m) _ o v
i Gulm — 2T, 29

The curvature terms evolve as follows

1
TS = FT5 = frguln + 39u(f = RIp) + (ViVy = V¥V,g0) fr. (1.4.22)

In non-minimally coupled f(R,T') gravity, the covariant derivative of energy-momentum
tensor yields an extra force which behaves as a source of deviation for massive test

particles given by

fr

/€2— T

9 VT

VIUTIS’T/R) = (T/EZL) + AMV>VN ln fT + VMAMV -

Harko et al. [17] introduced some theoretical models in this gravity by taking

different choices of matter contribution as

o f(R,T)=R+2¢(T),
o f(R,T)=f(R)+g(T),

o f(R.T)=fi(R)+ fo(R)g(T).
The viability of these f(R,T) models can be analyzed through Dolgov-Kawasaki
instability which requires similar sort of constraints as in f(R) gravity along with an
additional constraint, i.e., 1 + fr(R,T) > 0 [51]. The viability criteria for f(R,T)

gravity is based on the following conditions

fr(R) >0, frr(R)>0, 1+ fr(R,T)>0, R>R,. (1.4.23)
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1.5 Noether Symmetry Approach

Symmetry defines features of a mathematical/physical system that are preserved un-
der some change. At geometric level, symmetry appears if the system remains invari-
ant in the presence of particular transformations, i.e., rotation, reflection or scaling
while mathematically, it specifies a point transformation. The symmetry which ap-
pears due to continuous changes in a system are referred as continuous symmetry
(spacetime symmetries) and the continuous symmetry corresponding to Lagrangian
of a system is called Noether symmetry. The physical features of a dynamical sys-
tem can be characterized by constructing the associated Lagrangian which describes
energy content as well as provides information about possible symmetries of the sys-
tem. Noether symmetry approach helps to construct new cosmological models and to
specify conserved quantities of a system. This is due to remarkable Noether theorem
which states that every symmetry generator yields associated conserved quantity if
pointlike Lagrangian remains invariant under a continuous group. If a system admits
translational symmetry in time and position then it undergoes conservation of energy
and linear momentum, respectively whereas rotational symmetry leads to conserva-
tion law of angular momentum.

Noether symmetry and associated conserved quantity are highly motivated from
Lie symmetries. For the sake of simplicity, we consider two-dimensional system in
which the point transformation is defined as Z = Z(x,y), ¥ = y(z,y) that maps the
pair (z,y) onto (Z,7). In order to evaluate symmetry of the system, we define an

infinitesimal parameter ¢ in point transformation as

T=2(x,y;e), y=ylz,y;e).



22

The corresponding infinitesimal generator can be found by Taylor series as follows

T(x,y;6) = v+ef(my)+..=v+ecKv+ ..,

y(z,y;e) = y+en(z,y)+..=y+eKy+ ..,

where K identifies the associated infinitesimal symmetry generator given by

- 0 0

where &(z,y) = %EHO, n(x,y) = g—g\gﬂo. This point transformation may also de-
termine infinitesimal generalized position as Q' = Q'(¢’,¢) that leads to define the

vector field for these generalized positions as

N ;)
K = é(ﬁ,Q’)a—ﬁJrﬁJ(ﬂ,ql)a—qj, (1.5.1)

where 9 represents affine parameter.

Noether symmetry requires the invariance condition given as
KWL + (DL = DB, ¢), (1.5.2)

where B identifies boundary term while the first order prolongation of vector field

KM and total derivative D are defined as

0 -0 . N
D= i~ gl — K T g — 7 —&iq'¢ ) =—. 1.5.3
o0 +q aqz7 +(7] 7’t9+7] i qd €7z9q 57 qq)aq] ( )

Symmetries from invariance condition leading to conserved quantities as follows
- TS
I=B—¢&L— (7 —¢&)—. 1.54
L—0 = a5 (1.5.4)

This quantity also called Noether integral or first integral. If the first order prolonga-

tion of vector field and boundary term of the extended symmetry vanish, then vector
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field (with complete lift), invariance condition and corresponding first integral take

the following form

9
oq'’

oL

Lxl =KL =0, I:—ﬁia,‘,
qz

K= () e+ | 50 (155)

where L is Lie derivative. For a dynamical system, the Euler-Lagrange equation and

the associated energy function are defined as

oL d [oc oL
2 (=) 2 i L= By
og  dt (&p) 0, Zi:q o T

The existence of Noether symmetry generator assures the presence of a cyclic
variable which significantly simplifies the complicated structure of the field equations
and leads to formulate corresponding exact solutions. Such variable is determined by
a point transformation, ¢ : X(z;) — Y (y;). This transformation defines an interior
product operator of the vector field K as ¢xdy; = 0 and prdy; = 1 with ¢ # j
yielding y; as cyclic variable. The complexity of the system will be reduced using this
transformation but the cyclic variable is not unique in a dynamical system, therefore
an appropriate choice of coordinates is quite critical. If the corresponding Lagrangian

is free form this variable then exact solution can be obtained successfully.

1.6 Wormbholes

A wormhole is defined as a theoretical geometry that creates a shortcut across long
distances spacetime. If speculative passage joins two distinct patches of the same
spacetime then intra-universe WH exists while inter-universe WH establishes for two
distinct spacetimes. The existence of exotic matter (matter possesses negative energy

density) at the WH throat encourages a smooth passing for an observer in tunnel but
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its sufficient amount yields a controversial existence of a realistic WH. The first hypo-
thetical structure is the solution of Einstein field equations named as Schwarzschild
WH which opposed the two-way traveling (non-traversable WH). The traversable
behavior is disturbed due to the existence of strong tidal forces destroying anything
that comes closer to WH throat. This destruction appears because of rapid expansion
(circumference expands from zero to finite) and subsequent contraction (compresses
to zero) of WH throat. Thus, the Schwarzschild WH strongly denies the presence of
stable antihorizon. In order to overcome these shortcomings, Morris and Thorne [52]
proposed the existence of unrealistic matter that pushes WH walls apart and keeps
the throat open for traversable motion. Different approaches like modified theories,
non-minimal curvature-matter coupling and scalar field models have been introduced
to investigate the existence of traversable as well as realistic WH [53].

A general static spherically symmetric spacetime is given by [19]
ds? = —efMqt2 + P2 + M (r)(d6? + sin® 0dp?), (1.6.1)

where @, b and M are radial functions. This static spacetime explains WH geometry
for e = (1 — @>_1, where h(r) is the shape function and a(r) is referred as
red-shift function determining gravitational red-shift. In order to identify a WH
throat, the radial coordinate admits non-monotonic behavior such that it starts from
infinity, decreases upto a minimum value 7 locating WH throat at h(ry) = o and then
starts increasing from minimum value to infinity providing r > ry. The derivative
condition h'/(rg) < 1 is introduced at throat, where prime denotes radial derivative.
The throat is considered to be the minimum radius of WH geometry leading to

the flaring-out condition, i.e., %j;(;”’“ > (0. Apart from throat, the shape of WH

h(r)

depends on asymptotically flat space implying =~ — 0. To avoid event horizon
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in traversable WH, the key point is to have a finite red-shift function everywhere
introducing negligible tidal forces at throat. If tidal forces are strong (magnitude
of these forces is same as forces at horizon) at throat then horizon will appear and
consequently, these forces would crush anything that tries to pass through.

The energy conditions provide a significant way to analyze physical existence of
cosmological geometries. The presence of physically acceptable traversable WH is
possible if the energy conditions are violated. Raychaudhari equations are considered

to be the most fundamental ingredients to define such energy bounds

o 1

—d = —562 - O',’U,O'“y + wul/wul/ - R,LLlll“ll/J (162>
-

doe 1

E = —562 - O-,uz/o-lw + wij/ﬂ/ - R,uz/k#k‘ya (163)

where ©, I*, k*, 0, and w,, represent expansion scalar, timelike vector, null vector,
shear and rotation tensors. The set of these two equations is defined for timelike
and null congruences. The positivity of the last term of both equations demands
attractive gravity. For the Einstein-Hilbert action, these conditions split into null
(NEC) (pm + pm = 0), weak (WEC) (p, = 0), strong (SEC) (pm + 3pm > 0)
and dominant (DEC) (p,, £ pm > 0) energy conditions [54]. As the Raychaudhari
equations are found to be purely geometric implying that T, ;ET)k:“k:” > 0 can be
replaced with T[jlff k*k¥ > 0. Thus, the energy conditions in modified theories of

gravity turn out to be [55]

NEC : Peff + Pess = 0,
WEC : Peff 205 pesp+ Pesy 20,
SEC : Peff+Desr 20, pegs + 3peps = 0,

DEC : Perf =0, pesr £ pess 2 0.



Chapter 2

Warm Intermediate and
Logamediate Inflation in f(R)
Gravity

This chapter investigates the dynamics of warm intermediate and logamediate infla-
tion for flat isotropic and homogeneous universe in Einstein frame representation of
f(R) gravity. For both inflationary models, we discuss dissipative effects with weak
and strong interactions of inflaton using constant as well as generalized dissipative
coefficient. In both dissipative regimes, we find inflaton solutions corresponding to
scalar potential and radiation density. Under slow-roll approximation, we also de-
termine observational parameter, i.e., scalar and tensor power spectra, their spectral
indices and tensor-scalar ratio for Starobinsky inflationary model. The behavior of
these parameters is analyzed graphically which lead to explore their compatibility
with Planck 2015 constraints. The chapter is organized as follows. In section 2.1,
we discuss dynamics of warm inflation in Einstein frame. Section 2.2 is devoted to
study warm intermediate strong and weak dissipation regimes for constant as well as
generalized dissipation coefficient with Starobinsky inflationary model while Section

2.3 evolves the analysis for warm logamediate inflationary model. The results of
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warm intermediate as well as logamediate models have been published [56, 57].

2.1 Dynamics of Warm Inflation in Einstein Frame

Here we explore the behavior of warm inflation in Einstein frame of f(R) gravity. The
interaction of scalar and radiation fields is considered to be the most basic elements
of the universe that realizes warm inflationary paradigm for a minimally coupled
scalar field subject to potential U(¢). The energy density (ps) and pressure (pg) of

self-interacting scalar field are

o ¢
po =57 +U0) Bo=55-—U6). (2.1.1)

In warm inflation, the total energy density of the universe not only consist of p, but
also contain radiation density p,. For such inflationary scenario, Eqs.(1.4.17) and

(1.4.18) yield

3H? . dH o

2 = pPo + Pr, 3H2+2E = —52(p¢+pr), (2.1.2)
dp, do\”

dpg Y 4Hp, —T (d_f) —0, (2.1.3)
dp L Ao\’

% +3H(pg + Py) + T (d_?) = 0. (2.1.4)

During inflation, the radiation density must attain a non-zero steady state point and

gets quasi-stable leading to the following conditions

dpr T~ dﬁr d¢ ?
"< Aflp, Prer (L2 2.1.5
g S g s <dt (2.1.5)

Using the above conditions in Eq.(2.1.2), we obtain

3 _[(do\? , . T
= () =Tt = 2.1.6
p 4f§T(dt> X Y= (2.1.6)
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Here, 7 describes the rate of dissipation factor relative to expansion of the universe
and y, = %, g. represents number of relative degrees of freedom.
In warm inflation, thermal fluctuations of inflaton field are considerable as T > H

and p, dissipates into pg, i.e., py > pr. Under this condition, the first field equation

The thermal bath temperature is evaluated by using Eq.(2.1.7) into (2.1.6) as

of (2.1.2) leads to

3f27dH/dE |*

T= |-
2r2x (1 +7)

(2.1.8)

Inserting Eqgs.(2.1.6) and (2.1.7) in (2.1.2), we obtain potential corresponding to in-

flaton as

_3H?  dH/dt 37
vio) =5 K2(1+7) {1 7]'

K

(2.1.9)

For Einstein representation of FRW universe model, the observational parameters

under slow-roll approximation (H = Hy/ fr) take the following form

221+ AT [Tas]’ d
AL = — e Bl ny=1——(nA%), 2.1.10
® 2dH /dt (4m)3 o mAR) ( )
. 192 ~ 193
Hf?2 THT?f2
A% = 8%2 [2—7{_}2] s nr = —26, < (5¢ >thermal = (ZLT)EKR > (2111)
1 -
A2 AfpdH/dE | (4n)3|? b
R = L=_ frdHjdt | ()15 g :/ H(D)di, (2.1.12)
Az m2(1+7)H=T | 7f2 &

where t; represents cosmic time at the beginning of inflation in Einstein frame.
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2.2 Warm Intermediate Inflation

Here, we analyze warm inflation in weak (7 < 1) as well as strong (7 > 1) dissipative
regimes for both constant as well as generalized dissipation coefficient corresponding
to a scale factor that represents expansion of the universe less than de Sitter but

greater than power-law expansion. In this case, the scale factor takes the form [58]
a(t) =a;exp[yty], v>0, 0<g<l1. (2.2.1)

In Einstein frame, the intermediate scale factor and corresponding Hubble parameter

turn out to be

af) = a l1 Mg{}exp ly(EM)g], 6 = 20t (2.2.2)

©12H? 2H, M
. 1da i
Ht - = = q . 22
0 = 3% =9 5] (223
In order to measure the extent of inflation, we have
- M1
N = t9 —t9). 2.2.4
G RGR (2:2.4)

2.2.1 Constant Dissipative Coefficient

First, we consider constant dissipation coefficient I' = I'; and analyze how inflaton
evolves from weak to strong dissipation regime. In region of weak dissipation, the

inflaton field reduces to

f 5 g g 20T
6= do+ anfh, wwzilm(M)(¢¢Q ], (2.2.5)

2H; ol

e i)

where
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In Einstein frame, the dimensionless slow-roll parameters are introduced as

N 11
1 dH ~ dH d*H

(2.2.6)

i di dr | di2
where dH /dt must be negative. For slowly varying inflaton field, the slow-roll para-

meters (2.2.6) and radiation energy density corresponding to (2.2.3) and (2.2.5) take

the form

. 1—9<2Hi)g V—%]_Q :2_9(2Hi>g [ﬁb—%}_Q
79 \ M ay 1T\ ay ’

. _ -9 (¢—¢0)_§'

2K2 Qaq

At the earliest stage of inflationary epoch, the inflaton field at ¢ = ¢; becomes

_avE romn
¢i=¢o+a1<1799) <2M’) .

The corresponding number of e-folds and inflaton field are given by

P <2j\[§i)g [(qs;ld)o)Q _ (%1%)2] 7 (2.2.7)

1

¢ = ¢o+a (QAZ) [ﬁ +%] . (2.2.8)

Y
In weak dissipative regime, the observational parameters like scalar and tensor power

spectra as well as their spectral indices become

85—5

K277, \1 s (2H\ P [N 1-g] ®
Ar = — 9)2(1—g)"1 [ == S
v = 5 (ee) o0t (5F) TS
~ —1
1 (8§-5\|N 1-3g
ng = 1__(9 ) —-f——,g ;
Y9 \ 49 Y9

~ ~ -1
w2t (N 1-g) g—1\ (N 1-3

Ar = = o+ , nT=2(—g_) —+== .
=\ 9 U ACEEEL
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Figure 2.1: n, versus N (left) for g = 0.7 (red), 0.999 (magenta) and R versus n,
1
(right) for g = 0.7 (green), 0.8 (magenta), 0.9 (red), v =1, I'; < x&, x» = 70.

The tensor-scalar ratio is

1 =3

4 r, \ ' /2H; AN 1-g\"

R = — : a-9? [—+—| .
) G ()

For weak dissipation regime, the decay rate of inflaton and Hubble parameter in terms

of thermal bath temperature turn out to be

i T, (2HZ-) { 85 — 5 y
r = — — )
3vg \ M ) [4vg(1 —ny)

1 3—4g
-~ QKZXr 1/ M\ (-9 1
H = A g)id-9 T
[(Fz'(l - 57)) <2Hz') 09

Figure 2.1 (left plot) represents the graphical behavior of n, against N in weak

4(1-g)

dissipative regime which are found in enough abundance to discuss inflationary epoch
whereas the right plot indicates compatible R for the proposed values of g. Figure
2.2 shows that T >> H (left panel) and # << 1 (right panel) for 0.7 < § < 0.9 which
assures the existence of warm intermediate inflation in weak dissipative regime.

In strong dissipative regime, Eqgs.(2.1.7) and (2.1.9) yield the inflaton field and

corresponding potential in the following form

2(g—1) 2

U(g) = % [w (;‘é)g <¢ gj)o) o ] , (2.2.9)

¢: ¢U+@2t~%7
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Figure 2.2: Log(H) versus T (left) for g = 0.9 (green) and Log(7) versus ng (right)
for g = 0.7 (red), 0.8 (green), 0.9 (magenta), vy =1, T'; < x£, x,» = 70.

where ¢ is an integration constant and &, is

_ 24(y9)*(1—g) ( M\
o= ML) (M1 2210

Using Egs.(2.2.3) and (2.2.9), the slow-roll parameters become

_1-g (2H;\" [¢ =% 5 C2-g (2H\ [¢— o 24
T (M> { s } 1= 73 (M> [ & } . (2.211)

For inflaton field (2.2.9), the radiation density and e-folds take the form

—2)

5 2(g
- 39 o M (9= o B

v M\ | (&= o ot ®i — ¢o T
L C [ = R = ) R

To evaluate an expression for this earliest inflaton field, we take e = 1 at the beginning

of inflationary epoch which yields

2g—1

Gi = do + iz [(%) (;‘é)g] B . (2.2.14)

Combining Eqgs.(2.2.13) and (2.2.14), we obtain inflaton in terms of e-folds as

25—1

¢:¢0+072(2Hi) 2 [ﬂ+ﬂ] - (2.2.15)

M Y g
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Figure 2.3: n, versus N (left) and R versus n, (right) for g = 0.71 (red), 0.8 (green),
0.89 (blue), v =1, T; o< x&, x, = 70.

The observational parameters like scalar and tensor power spectra along with their

indices as a function of e-folds turn out to be

I B ~ 3
I333 4 ( g >3 (2H¢)2 N 1-g3
Ar = i — —+ —
36(4m)3(2K2x,)2 | \1—7 M Y9

ng = 1——

Ll

25—1

. - . -1
26222 (N 1—g\ *’ g—1 N 1—g
b (5T ey (5 )
™ Y Y9 Y9 Y Y9
The ratio of tensor and scalar power spectra yields
144(47)3 (262X, ) MN: (N 1-g\ "
(1—3)} (W)(fjx) (_) N 1-9 .
T332 2H; Y9
The decay rate of inflaton field is given by
T, (28, 3 17
7= )
3vg \ M 4y(1 — ny)
In the background of thermal bath radiations, Hubble parameter takes the form

H = [(%;X’") (2]5) (v9)™ (1 - g) ' T*

N[

ot

R = [('yg)

1-g
2—-g
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Figure 2.4: Log(H) versus T (left) for g = 0.89 (blue) and Log(7) versus ns (right)
1
for g = 0.7 (red), 0.8 (green), 0.89 (blue), v =1, I'; x x7, x» = 70.

Figure 2.3 (left plot) shows the variation of e-folds which are found to be smaller
than its standard value, i.e., N = 19 at g =0.71, 0.8 and g = 0.89. The right panel of
Figure 2.3 indicates that R < 0.10 at ny = 0.9603 which implies compatibility of R
in strong dissipation regime. In order to investigate dominant characteristics of warm
inflation, we plot H versus T in left panel of Figure 2.4 which yields T >> H. The
right panel of Figure 2.4 implies that 7 >> 1 which assures the presence of inflaton

particles in strong dissipative regime.

2.2.2 Generalized Dissipative Coefficient

The most general form of dissipation factor is given by [59]

Tm

=l

(2.2.16)

where m represents an integer. For different values of m, dissipation coefficient cor-
responds to different physical processes, i.e., when m = 0, the dissipation coefficient
describes an exponential decay propagator in high temperature supersymmetry case.

For m = 1, it becomes proportional to thermal bath temperature while m = —1 deals
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with non-supersymmetry case [60]. In the present work, we study the behavior of
generalized dissipation coefficient in both dissipation regimes.

In weak dissipative regime, the constant as well as proposed generalized dissipative
coefficient leave the same effect over inflaton field, number of e-folds and slow-roll

parameters whereas radiation density becomes
2m-4g

4 m—4
1 T. i—m (OH.\ 4-m 4 222D 9go2)  a0-m)
Op = — —Zm : g(l —qg))F=ma, * g am
P 942 ((2/‘432)(7«)4) ( M) (7g( 9)) Q ¢ 7

The scalar and tensor power spectra, corresponding spectral indices and tensor-scalar

ratio are given by

(m—1)(2—g) _
K2 Tal™ o L (2H\ 2 Tamm
Ar = 5 55— A -gm
2| 26X, M
1
~ 2g(4=m)+m=5_ 1-m T-m
N 1-g g 2
« (¥ log |
Y 79
] <2m—10+g(17—5m)>
ng = — _ ,
2(4 — m)(1+ g(N — 1))
G-1
2’€2’72g2 2m — 10 + §(17 — 5m) : g§ : 2(1-9)
AT = 5 — (1 — TLS) g
7T g +2)(4—m)

S 2(9—1) (2m—10+g(17—5m))_1(1_n5)7

g (g +2)(4—m)

o A |Ta( g (20, (m‘1><1—2>{<1_ .
o2 262X, M s

lema —1

. <2m — 10+ (17 — 5m)> }39’”2] e

(g +2)(4—m)
The Hubble parameter in the background of thermal radiations and dissipation rate

of inflaton field take the form

2(5-1)
G1-m)—2

o FiO_éTil(l — g)_l _\ gU-m)=2 2H, %‘Hm—l)g—i’)
H = TR (vg) @-v [ ==
KeXr)™ ™

T4fm
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Figure 2.5: n, versus N (left) and R versus n, (right) for g = 0.79 (red), 0.8 (ma-
genta), 0.99 (green), v =1, I'; & x&, x, = 70, m = 0.

446m+2g(1—m)

- ]_ FZ _4(41:m) \_m N—1 QHZ 4-m
et — —_— m 1 — 4—m
" = 3 (g om0 (57)

4(1=g)+m(g—2)+2g(1—m)

y sz — 10+ g(17 — 5m)) - ns)ll 3=

(g +2)(4 —m)

The graphical behavior of ns against number of e-folds and variation of R versus ng

for generalized dissipative coefficient is given in Figures 2.5, 2.7 and 2.9 for m =0, 1
and m = —1, respectively. The e-folds are found to be lesser than standard value,
i.e., N = 60 while R remains compatible for all considered values of m. Figures
2.6, 2.8 and 2.10 assure the condition of warm inflation in weak dissipative regime
for different values of model parameter g.

In strong dissipative regime, the inflaton field and corresponding potential yield

3—m)(g—1)

_ 8(
_A(2g—1)+m(2-g) 3 M\ [ ¢\ @Dme-—35
= aat B U(d) = —(vg)? — 2.2.17

where

o = 1(57) (E) [<vg>8—m<1 — gy (%)“’”m]

2

) (4(29—1>im<2—g>)}3_'
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Figure 2.6: Log(H) versus T (left) for g = 0.975 (magenta) and Log(7) versus ng

(right) for g = 0.79 (red), 0.89 (magenta), 0.96 (green), v = 1, I'; & x&, X» =
70, m = 0.
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Figure 2.7: n, versus N (left) and R versus n, (right) for § = 0.85 (red), 0.9 (green),
0.95 (blue), vy =1, T < x&, x» =70, m = 1.
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(right) for g = 0.85 (red), 0.9 (green), 0.95 (blue), vy =1, I'; & x¢, x» =70, m = 1.
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Figure 2.9: n, versus N (left) and R versus n, (right) for § = 0.7 (red), 0.8 (green),
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(right) for g = 0.7 (red), 0.8 (green), 0.9 (blue), v =1, T'; o< x£, x» =70, m = —1.
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Under the influence of inflaton field (2.2.17), the corresponding radiation density,

Hubble and slow-roll parameters turn out to be

g _4B-m)(=2)
_ 3 (1 7 M \? [ ¢\ s Dme-9)
pro= 5579(1-9) o ) \a ,

L M\’ [ ¢ T 25)
H(t) = ~g <2H) (d_g) , (2.2.18)

(1 — 12g-1)+m(2-3)
€ = — )
oz
(2 g)( >( )< &
no= :
g

At the beginning of inflation (e = 1), the initial value of inflaton field leads to

__—4(B-m)g

4(2g—D+m(2—3)

- oHN\’ (N 1-g\| ™™
¢—a3{(M) <7+W>} : (2.2.19)

The corresponding scalar power spectrum and spectral index are

2
2 K 3
Ak = 6 [(2/{2)@)

3m+2
4

(25— 1) m(2— g))}

<F@-)3( 7)im+2 (2Hi>3+i{“”’“< ="
4dr M

~ %[<3—m>{§<m+2>—zm}g(l—)@)m(zg—l>+m<2—§>}]
s (N 1—3 e
X 643(1 m)} G ;
Y Y9
-1
3 1—g
B YE SRR A
8y \ v g
where
= 3[B=—m){glm+2)—2m}+(1—-—m){429—1)+m((2—9)}
Bo= = — .
8 (3—m)g

Similarly, tensor power spectrum and its spectral index become

242 ¥ o1—g)""" 29-1) (N 1-g)
- _ _ _
A7 = —5(79)? <—+—_g> ; nT:g’y—g_] <—+—_g> .
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The above observational parameters generate tensor-scalar ratio as

144 (2 4 op\ 3% (1=m)(4(29-1)—g(rm+2) 1
R K Xr 4 _\22-3m i 3=m)3 )
- 4 2
[”4 < 3 ) (F) 09) (M> aj

< (8901 —n.))/35) ™

The Hubble parameter in terms of thermal radiations and decay rate of inflaton field

o

take the form

Ol S LS

N
I\

\QQ

™ (4(25- 1)+ m(2-9)}

X
VR
oo
=
| =
S0
3
»
S~—
N——
Y]

where

s 1. om ( )

: i {4029 - 1) +m(2—g)}.

The graphical behavior of ng versus number of e-folds is shown in left plot of
Figures 2.11, 2.13 and 2.16 for m = 0, 1 and m = —1, respectively. The right plot
of Figure 2.11, 2.13 and 2.16 indicate that R is constrained at observational value
of ng which leads to the consistent behavior of inflationary model for different values
of model parameter g. Figures 2.12 (left plot), 2.15 and 2.17 (left plot) represent
graphical analysis of inflaton particles which satisfy the condition of warm inflation,
i.e, T >> H in strong dissipative regime for m = 0, 1, —1. Figures 2.12 (right plot),
2.14 and 2.17 (right plot) show that 7 >> 1 which implies that inflaton particles lies

in strong dissipative regime.
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Figure 2.11: n, versus N (left) and R versus n, (right) for § = 0.75 (red), 0.85
1
(green), 0.95 (blue), v =1071° T; o< x£, X, = 70, m = 0.
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Figure 2.12: Log(H) versus T (left) for g = 0.95 (magenta) and Log(7) versus ng
1
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Figure 2.14: Log(7) versus n, for g = 0.75 (red), 0.95 (blue) (left) and 0.85 (green)
1

(right), v =107 T, oc x£, x» = 70, m = 1.

Figure 2.15: Log(H) versus T for g = 0.95 (magenta)
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Figure 2.17: Log(H) versus T (left) for g = 0.95 (magenta) and Log(7) versus nj
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(right) for g = 0.75 (red), 0.85 (green), 0.95 (green), v = 107 T; o< x&, X, =
70, m = —1.

2.3 Warm Logamediate Inflation

Here, we analyze warm inflation in both dissipative regimes for logamediate inflation-

ary model whose scale factor is defined as [58]
a(t) = a;exp(g[Int)’), §>0, B>1. (2.3.1)

In Einstein frame, the logamediate scale factor and corresponding Hubble parameter

turn out to be

at) = a [1 — %] exp [g {m (;g)}
H() = gpi* {m Gg)} 71. (2.3.3)

2.3.1 Constant dissipation Coefficient

Ri

ZGiHi
i = : 2.3.2
] Ca=h (232)

In weak dissipative regime, Eqs.(2.1.7) and (2.1.9) yield the inflaton field and corre-

sponding potential in the following form

¢ = ¢o+a4{ln<fM)}2, 074:L 296 (2.3.4)

2H,
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2(8-1)

U@ = = |48 (Qj\éi)exp{— (%)BH} (0%) o 2, (2.3.5)

K2

The dimensionless slow-roll parameters for

where ¢y is an integration constant.

Eqgs.(2.3.3) and (2.3.4) become
1 [¢ y=n 1 [¢ 7 ¢ ) P
€= — {_—] ;N == [_—} 2{_—} -(B-1)). (2.3.6)
B9 Laa B9 | aa 0y
For inflaton field (2.3.4), the radiation density and e-folds take the form
T, (M ¢\ 7
Dy = — | = 2.3.7
o= (2Hi)exp[ (2) ] 237
20, s K
~ ~ . T
N = (g |ln (—l exp [(_i) ]) (_i)
M Oy Oy
2H 6 \F ]\ 6\ T
~ 1 i = = . 2.3.8
For the earliest inflaton field (e = 1), we have
= (2.3.9)

Gi = ¢o + au(gp)20-m .

B+1

- ! Y5 ?
¢ = o+ ay |In (2]\2'>+{;;+(§5)1i’—1n (;Z) B} - (23.10)

Combining Eqgs.(2.3.8) and (2.3.9), we obtain inflaton in terms of e-folds as

The corresponding inflationary parameters turn out to be

2/ T, \i/2H,\1 - N
Ar = %(25%) (M) (68)" exp [_Z{gffﬂgﬁ)lﬂ

1 M i
- n<2Hi)

Y[
——
=2
+
—
>
E\
7
®
|
=3
VR
[\
o=
N———
gl
——
@



o (N & MN\#| ©
nr = _gg{gg—i_(gﬂ) _6_1n<2Hi) } .

Taking the ratio of tensor and scalar power spectra, it follows that
73:;%Gi?f(%?yim—é{£+@@$—m(£g$}
The temperature of thermal bath radiations and decay rate of inflaton field are
- (o) e [ o -n () ]

f__ricm)% N+Cm$—m(M)£ﬁ
E A VA A VA 20,

=
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Figure 2.18 represents dominant characteristics of warm inflation, i.e., T >> H.

Both plots of Figure 2.19 imply that 7 << 1 which represents weak interactions

between inflaton and matter fields and assures the presence of inflaton particles in

weak dissipative regime. In Figure 2.20 (left plot), the variation of e-folds approaches

to its standard value, i.e., N = 60 as model parameter of inflationary model increases.
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Figure 2.18: Log(H) versus Log(T) for 8 = 1.5 (red), 2.5 (green), 3.5 (blue), § =
0.75, T’y o< x&, x» = 70.
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Figure 2.19: Log() versus n, (left) for 3 = 1.5 (red), 2.5 (green) and Log(7) versus

ng (right) for 8 = 3.5 (blue), ¢ = 0.75, T'; x X%, xr = 70.
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Figure 2.20: n, versus N (left) and R versus n, (right) 3 = 1.5 (red), 2.5 (green), 3.5
(blue), g = 0.75, T'; o< X, x, = 70.
The right panel of Figure 2.20 indicates that R < 0.10 at ny = 0.9603 which implies
compatibility of R in weak dissipation regime.

In case of strong dissipative regime, the inflaton field and potential become

vt 0= () (e (2) )]
(2.3.11)

where = represents incomplete gamma function given as

. _ 1 tM 2 - [ 3M
=(f) = ~1 s = —298\ [ 5=

The slow-roll parameters and radiation energy density corresponding to (2.3.11) are

given by

- 3R] e 0
pr = %{5‘1 (é)} [1“ (5_1 (a%) 2]\1?)]

At the initial stage of inflationary epoch, the inflaton at ¢t = #; gives

o= onva= (e |97 - (5] )

@




The number of e-folds and inflaton field turn out to be

v oo @ERE )R]

- @ (e - (g0)) ) 2312)
N ] i}
¢ = ¢o+ as= < exp (;; + (Qﬁ)l% —In (2]\2_2) ﬁ) (2.3.13)

In this case, the observational parameters take the form

2 A 2\3 130l % % ~ B 1 e
A, = B[ _(gB)RIV8E (ﬁ) N o (M)gﬁ
b 0 ((2“290");(47)3 M 95 T @A)~ 2H,; ’

223247 N . & M\ \° [2H\?

. i 7 L
n, = 1—M<N+(g5)lﬁﬂ_ln<M ga) |

2 (N
nr = ( +(98)*7 —In

IAE

The corresponding tensor-scalar ratio yields
144(47)3(262x, ) 2 (2Hi) . N B
R = . q3 exp | -2 —=+ (g0)™
[( Pipizh A ) 95) % (95)
5(6-1)

NG\ (¥ s M\a#\ *?
- (o) ) (gﬁ“gﬁ)”_m(w) )

The decay rate and temperature of thermal bath radiations generates

A <N+(aﬁ>&_m(;‘fh) ) <N+<gﬁ>£a
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Figure 2.21: Log(H) versus Log(T) (left) and Log(7) versus n, (right) for § = 2 (red),
2.4 (green), 2.7 (blue), g = 0.01, T'; < x¢, x, = 70.
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Figure 2.21 indicates that T >> H (left panel) and # >> 1 (right panel) for

=

2 < g < 2.7 which assures the existence of warm inflation for logamediate infla-
tionary model in strong dissipative regime. Figure 2.22 (left plot) represents the
graphical behavior of n, against N which are found in very small ratio due to strong
interactions and high dissipation rate whereas the right plot indicates compatible R

for the proposed values of g in strong dissipative regime.
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1
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2.3.2 Generalized Dissipative Coefficient

Here, the dissipative coefficient (2.2.16) takes the form

_ —dH /dt g m ™
5" = aet ™ (—ﬁ/ ) (1+7)"1fg,

where @,, = G 2Fi e For weak and strong regimes, the dissipative coefficient gives
K4Xr
dH/di \ ™" 2m
r = @m 1-m 4:1m ! 4— ;
(@mo™™) < 7 ) fr

AN
I' = @,0"™(-3— 2.
6 ( dt) I

In weak dissipative regime, the constant as well as generalized dissipative coefficient
preserve inflaton field, number of e-folds and slow-roll parameters whereas radiation
density for generalized dissipative coefficient becomes

ot () e
m — 4 Qy

4(m—1)
- 1 7ﬁ QHZ 4=m
r = 3 50m
P 2K2 M
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The scalar and tensor power spectra along with corresponding spectral indices and

tensor-scalar ratio are given by
Grum 1a3-1)

1
2| (N _ 2H,\ 5 | " _
Ar = % { —+(§ﬁ)%+1n ’) } exp [_m >

3 ~ 1
m O\ || N 5 2H;\ ¥
X ay 4<M) {gﬁ——l—(gﬁ)lﬁ—i—ln(M) }

The dissipation rate of inflaton and temperature of thermal radiations are

_ n _ o
p+1l  2(1-PB) 4 4(01—m)

1 /9HN\T= [ N 3 AL AN T
L e A+§615+m( Z)
393 ( M ) 98 (99) M

y I om — 4 N+(AB) o (2T
T 5 Am ex = 1- n
(262X, ) P m—4 \ g3 g M

H
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Figure 2.23: Log(H) versus Log(T) (left) for § = 2 (red) and Log(H) versus Log(T)
_ 1
(right) for 8 = 3.5 (green), 4.5 (blue), § =4, I'; < x¢, x» = 70, m = 0.
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Figures 2.23-2.25 assure the condition of warm inflation for m = 0, 1 and m = —1

in weak dissipative regime for different values of the model parameter 3. Figure 2.26
identifies the decay of inflaton particles for m = 0, 1 but this condition is violated
for m = —1. The graphical behavior of R versus n, and variation of n, against N
for generalized dissipative coefficient is given in Figures 2.27 and 2.28 which lead to
compatible results for m = 0 and m = 1 in weak dissipative regime.

In strong dissipative regime, the inflaton field admitting potential leads to

6=aiZa(d), Ule) =20 {5;3 (a%) }_2 [1“ (E;f (a%) zﬂé)] o

(2.3.14)
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Figure 2.24: Log(H) versus Log(T) (left) for § = 2 (red) and Log(H) versus Log(T)
_ 1
(right) for 8 = 3.5 (green), 4.5 (blue), § =4, I'; < x¢, x» =70, m = 1.
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Figure 2.25: Log(H) versus Log(T) (left) for § = 2 (red) and Log(H) versus Log(T)
(right) for 8 = 3.5 (green), 4.5 (blue), § =4, I'; x x£, X, = 70, m = —1.
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Figure 2.28: n, versus N (left) for m = 0 and n, versus N (right) for m =1, § = 1.25
(red), 1.45 (green), 1.65 (blue), g =2, I';  x¥, x, = 70.
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where

2

=) = (o[- = 25 () ])
G = [(3_—7”)8(61-81 K2 2R (00) (2]‘2)2(”1”)

2

m—2 (B—1)(m—8)—8 ﬁ
X 0 .
4

The corresponding radiation density, Hubble and slow-roll parameters turn out to be
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0 - ol (@) bEEHT
b EE )
- )R] (e ()2 -0-0)

For € = 1, the initial value of inflaton field leads to ¢ as

@i

. N o5 M\
o=z o | (@t m(5)7)

The corresponding scalar power spectrum and spectral index are

3m+2

1
a = B gyt (20T ()T (LY
L 2H, 22y, o
~ 1 l, ~
3m [ N _ 5 2H,\ 5 \ " N _ A
o2 (2L apt o (Y| (54 g
1 (gﬁ (98) i % (98)

3(m+2)(8-1)

L 88 ~ _
4+ In (QJ\ZL) gﬁ) {%Em (exp [(% + @B)Tfé




56

3(1—m)
2

|
=
VR
[\
o=
N——
%\‘H
N—
i

-1

B

e = 1= 2D (R g s ()

Similarly, tensor power spectrum and its spectral index become

25 72\2 Y . N\ P
25 (96)° exp [—2 <ﬁ+(§5)1fﬁ +1In (2]51) ﬁ)
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The above observational parameters generate tensor-scalar ratio as
1
R 144(4m)° (2k%x, o (45) t0-sm (2H; o _3(m—1) ’
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The decay rate of inflaton field and thermal radiations take the form
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Figure 2.29: Log(H) versus Log(T) (left) for m = 0 and Log(H ) versus Log(T) (right)
for m =1, 3 = 1.5 (red), 2.5 (green), 3.5 (blue), § = 0.01, T; o< x£, x, = 70.

N——
[}
El‘ =
N——
@i

— 1 ~
368 \* (2H, 1 (N 5 2H,
T = —— (= =
(2,4;%) (M)eXp 2(g 8P +H<M

o _ L\ 43
« (%Hﬁﬁ)l%ﬂn(ﬁ)”) .

Figures 2.29-2.31 represent graphical analysis of inflaton particles which satisfy

the condition of warm inflation, i.e, T >> H and also show that # >> 1. These
indications imply that inflaton particles lie in strong dissipative regime for m = 0,1
and m = —1. Figures 2.32-2.34 describe the graphical behavior of n, versus number
of e-folds and variation of R versus n, for m = 0, 1 and m = —1. These plots indicate
that R is constrained at observational value of n, which leads to consistent behavior

of inflationary model for different values of the model parameter g.
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Figure 2.30: Log(H) versus Log(T) (left) for g = 0.01, m = —1 and Log(7) versus nj
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Chapter 3

Some Exact Solutions via Noether
Symmetry Approach in f(R,T)
Gravity

This chapter investigates the existence of Noether symmetry of some isotropic as well
as anisotropic universe models in f(R,T') gravity. Firstly, we evaluate symmetry gen-
erators with associated conserved quantities of flat FRW and BI universe models by
taking two f(R,T) models admitting indirect curvature-matter coupling while cyclic
variable is used to construct exact solution of BI model. Secondly, we consider a gen-
eralized spacetime which corresponds to different anisotropic homogeneous universe
models in f(R,T) gravity admitting minimal coupling with matter and scalar field
models. In this case, f(R,T) models appreciate direct as well as indirect curvature-
matter coupling. For these models, we formulate corresponding symmetry generators,
conserved quantities and also determine exact solutions without introducing cyclic
variable.

The layout of this chapter is as follows. Section 3.1 is devoted to investigate the
existence of Noether symmetries of flat FRW and BI universe for both f(R,T") models

while the first model leads to evaluate exact solution for perfect fluid. In section 3.2,

60
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we explore all possible Noether symmetries and associated conserved quantities for
generalized metric of anisotropic models. We construct exact solutions for both dust
as well as perfect fluids. We also construct graphical analysis in both sections to
investigate behavior of some cosmological parameters through exact solutions. The

results of this chapter have been published in two papers [61, 62].

3.1 Noether Symmetry for BI Universe Model

We apply Noether symmetry approach to deal with non-linear partial differential

equation (1.4.21). We consider BI universe model given by
ds* = —dt* + a*(t)da® + b*(t)(dy* + d=?), (3.1.1)

where scale factors a and b measure expansion of the universe in x and y, z-directions,

respectively. For this purpose, we rewrite the action (1.4.20) as

7- /\/—_g[f(R, T) = MR — R) — (T — T) + L]dt, (3.1.2)

where \/—g = ab®, R, T represent dynamical constraints while \, y are Lagrange

multipliers given by

_ 2 . . .
R= ?(dlf + 2abb + 2bab + ab?), T = 3pm(a,b) — pm(a,b),
a

/\:fR(R7T)7 X:fT(R7T)

The field equation (1.4.21) is not easy to tackle with perfect fluid configuration and
also there is no unique definition of matter Lagrangian. Therefore, we consider £,, =

pm(a,b) [63] and construct Lagrangian as follows

L = abt’[f(R.T) = Rfr(R,T) = Tfr(R.T) + fr(R.T)(3pm(a,b) — pm(a,b))
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+ pmla,b)] — (4bab + 2ab?) fr(R, T) — (20%aR + 4abbR) frr(R, T) — (20°aT

+  4abbT) frr(R, T). (3.1.3)

The corresponding equations of motion and energy function of dynamical system

become

L
2_2 n %b _ _W%T)[f(z%, T) ~ Rfs(R.T) — Tfr(R,T) + fr(R.T)

X<3pm<a7 b) - Pm(a, b)) +pm(a7 b) + a{fT(Spmaa —Prmorg ) +pm7a } + 4b71bR

X fre(R,T) + 2Rfrr(R, T) + 2R? frrr(R, T) + ART frrr (R, T) + 2T frr(R, T)

4272 frrr(R, T) + Ab 0T frr), (3.1.4)
a db b 1

tat T TINED 2(f(R,T) — Rfr(R,T) — Tfr(R,T)

+fT(R T)(3pm( ) (a’ b)) + pm(a’ b)) + b{fT(Bpm’b —Pmy, ) + DPms, }]

+2(araR + R) frr + 2R* frrr + 2(a” T + T) frr + 2(b 'R + 2RT
+T12) frrr + 20T frrr = 0, (3.1.5)

b2 2ab 1 sz R 2T T
a 2( a >fRR(RT)+2< +a—>
b a b a

X fur(RT) + S(F(RT) = Rfu(R.T) = TJa(RT) + fo(RT)(Bpm(a )

2 T TR

—pm(a, b)) + pm(a,b))]. (3.1.6)

The conjugate momenta corresponding to configuration space (a, b, R, T') are

oL

Pa = 5o = —4bbfr(R,T) — 20*(Rfrr(R, T) + T frr(R, T)), (3.1.7)

m = gﬁ = —4fr(R,T)(ab + ba) — 4ab(Rfrr(R, T) + T frr(R,T)), (3.1.8)

pr = gé —(4abb + 2b%a) frr(R, T), (3.1.9)
o

pro= on= —(4abb + 2b%a) frr (R, T). (3.1.10)
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The vector field with complete lift (1.5.5) takes the following form

0 0 0 o .0 -0 .0 .0

where o, 3, v and 0 are unknown coefficients of vector field depending on variables

a, b, R and T while the time derivatives of these coefficients are

. da 00 .00 .00 . 08 08 .08 .0B
& = g tbop FRep +Tan, B=ag  +bap + Rop+To5,
9y 0y 0y 0y . 00 06 .08 .00
¥ o= a8a+b8b+R8R+T8T’ 5—aaa+bab+R8R+TaT.

Taking Lie derivative of Lagrangian (3.1.3) with respect to vector field (3.1.11) and
inserting time derivative of unknown coefficients, we obtain an over determined system
of equations by comparing the coefficients of a2, b2, R2, T2, ab, aR, aT, bR, bT,
RT and constant coefficient, given in Appendix A. We solve this non-linear system of
partial differential equations for two f(R,T') models and evaluate possible solutions

of symmetry generator coefficients as well as corresponding conserved quantities.

3.1.1 f(R,T)=R+2g(T)

If this model incorporates a trace dependent cosmological constant, then it corre-

sponds to standard ACDM model defined as
f(R,T)=R+2A+ g(T). (3.1.12)

To find solution of Eqs.(A1)-(Al1l), we consider power-law form of unknown coeffi-

cients of vector field as

a = qa®™b2RUTM, 3= ﬁoaﬂlbﬂQRﬁsTﬁzx’ (3'1'13)

Y= yaVRRBTH 5 = §ya’ b2 RBT, (3.1.14)
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where powers are unknown constants to be determined. Using these coefficients in

Eqgs.(A1)-(A9), we obtain

ap = —folae+2), =1, a3=0, au=0, =0,

fi = 0, fo=ay+1, [B3=0, B =0.
Inserting these values in Eq.(3.1.13), it follows that
o = _ﬁO(OKQ + 2)(1[)02, ﬁ — ﬁobaz-i-l_

In order to evaluate as, we substitute these solutions in Eq.(A10) which implies that

1

either ap = 0 or ap = 3.

Case I: as =0

In this case, the generator coefficients turn out to be

a = —20pa, = [pFb.

Insert these values in Eqgs.(3.1.4), (3.1.6) and (A11), we have

2

g(T) = LT +1,, 6=0, pm:lga_éb_g,

1 1.2
Pm == —5[2/\ + lg + (3[1 — 1)[3@731973].
1

Substituting all these solutions in Egs.(A1)-(A11), we obtain /; = —+. Consequently,

the coefficients of symmetry generator and f(R,7T) model become

197
= —250(1, ﬁ:ﬁoba 7207 5:()7 f(RaT) =R— 9?7

where g(T) = —8F —2A and T = %l:},a—%b—%. In this case, the constructed f(R,T)

model is found to be viable for I3 < 0. Using the values of vector field coefficients, we
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obtain symmetry generator and corresponding conserved quantity as follows

B 0 0 B : o
K= —Qﬁoa% + ﬁob%, Y = [y[—4abb + 4ab?].

The symmetry generator K indicates that scaling symmetry exists in this case.

We solve the field equations by introducing a cyclic variable whose existence is
assured by the presence of symmetry generator of Noether symmetry. We consider a
point transformation ¢ : (a,b) — (v, z) which implies that ¢xdv = 0 and prdz = 1.
The second mapping indicates that the Lagrangian must be free from the variable z.

Imposing this point transformation, we reduce the complexity of the system as

1 _lnb

v = (pa2b, =z ,
Co i

where z is cyclic variable and (y denotes arbitrary constant. The inverse point trans-

(3.1.15)

formation of variables yields

 30Gv¢
19

12
Here we redefine arbitrary constants as (5 = l3¢; °(, °. For the above solutions, the

1[N

1
a= Cﬂﬁe‘woz, b= Cﬁﬁoz, Pm =

P = (307 5. (3.1.16)

Lagrangian (3.1.3) and the corresponding equations of motion with associated energy

function (3.1.4)-(3.1.6) take the form
L= C4(4Bov 7 0% + 45207 22 — 3005),
28002 5+ 2820 252 — 12075 = 0,
8Byv2 + v 202 + 4By 25 — 20729 = 0,
3005 + 45202 3% + Bov 2075 — 2800203 = 0.
Solving the above equations, we obtain time dependent solutions of new variables

(v, 2) as follows

v=20t- G -2+ (), 2 [1206¢5 — 2.93 — 4In[(t — C1)3]),

~ 126,
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where (4 and (5 represent integration constants. Inserting these values into Eq.(3.1.16),

we obtain
a = ggle—%@‘s (t—C)3, b= ggze% (t—C) 5 (82 = 2tC + ¢2), (3.1.17)
30 1 2 1 2
P = —1—53[2@ — Q) =2t + )75, pm=G2(E— Q) =26+ ()] 5.

(3.1.18)

Now we study the behavior of some well-known cosmological parameters like Hub-
ble, deceleration and EoS parameters through exact solution of BI universe model.

Using Eq.(3.1.17), the Hubble and deceleration parameters turn out to be

1{a 2b 5Ce t H 3 .
Sl I [ I R - 1=_2 H2—1, (3.1.1
A b) 5 ( +§6>, 4=~ =G+ 1) , (3.1.19)

where (g = —(4. Inserting Eqs.(3.1.17) and (3.1.18) in (3.1.4) and (3.1.6), the effective

H:

EoS parameter becomes

Py Gt 3G 2+ ()5
Peff t=G

The corresponding r — s parameters yield

g 18

ro= Q+2q2—ﬁ:1+2—5(Q(t—C4)_4—2(t—C4)_3+(t—C4)_2>,
=11 B(t+¢)2 3\
eyt ()

Both plots of Figure 3.1 represent graphical analysis of the scale factors a and b which
show the increasing behavior in x and vy, z-directions, respectively. This increasing
nature of scale factors indicates the cosmic accelerated expansion in all directions.
The graphical analysis of Hubble and deceleration parameters is shown in Figure
3.2. Figure 3.2(i) shows that the Hubble parameter grows continuously represent-

ing expanding universe whereas Figure 3.2(ii) shows negative deceleration parameter
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(ii) Scale factor b

Figure 3.1: Plots of scale factors versus cosmic time ¢: (i) a(t) versus ;
(ii) b(t) versus t for (; = 0.15, {; = 0.09, {4 = —0.99, (5 = 0.5, By = 0.1.

(i) Hubble parameter

Log(H) (ii) Deceleration parameter
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Figure 3.2: Plots of (i) Hubble parameter and (ii) deceleration parameter versus
cosmic time t for (4 = —0.99.

which corresponds to accelerated expansion of the universe. In Figure 3.3, the first
plot indicates that the effective EoS parameter describes a smooth transition from
radiation dominated era to DE era while the region —0.3 > wesy > —1 character-
izes quintessence phase. Figure 3.3(ii) represents correspondence of the constructed
model with standard ACDM universe model as (r,s) = (1,0). Thus, the analysis of
cosmological parameters implies that the universe experiences accelerated expansion

for BI universe model.
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(ii) r—s parameters
=7

(i) EOS parameter
S
05 10 15 20

02
“““““““““““““““““ t
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—02}
—0.010 - /
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-06

Figure 3.3: Plots of (i) EoS parameter and (ii) r-s parameters versus cosmic time ¢

-0.8

for (g = —0.99.

Case II: a3 = 5
the coefficients of symmetry generator become

For ay = %,
5) 1 3
o = _§ﬁoab;7 ﬁ = ﬁobga

3my—1 3(5m3—4mq—2)
)

2
2(3mq—1)

3m7—

2N+ T, pn=mga 3171 b

whereas Eq.(A11) yields

g =0, ¢g(T)=
3m; — 1 3m?—3mi—1 3(5m?—4m;—2)
Pm = moa 3mi—1 | 2Bmp-1) ,
mi — 2
The above solutions satisfy the

where m; and msy represent arbitrary constants.
= %ﬁ. Under this condition, the solutions and

system of Eqs.(A1)-(A11l) for m;

considered model of f(R,T) gravity take the following form
+ 21

—2A + <¥> T’

5 1 3
_Eﬁﬂabia B = ﬂob§7 v, 5 = 07 g(T)
34 \/21) r

_34:\/5)%&)%7 HRT) =R ( 6

1
= mob2, pp=|——""—
S ( 9F V21
) mab?. Here, the constructed model ignores Dolgov-Kawasaki

(67

Pm

_ ( 30¥2v21
where 7' = ( o /o
instability as fr, frr, 1+ fr > 0. The symmetry generator and its corresponding
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conserved quantity turn out to be

5 9 s 0 S
K =~ foabs o+ fub* o, 5 = fyl6absh — 4b3].

We introduce z as a cyclic variable to evaluate exact solution which yields

1
2 2072
v =Mmgash, z=— 5
0

where mq denotes arbitrary constant. The corresponding inverse point transformation

_ 5( 502)5 _ ( 502>2
a = Mmquv2 _— s b:mg — 5
2 2

i ( 6oz>1 ~3FV2L\ ( 602)1
m = T2 5 ) m = == mam 5 )
p 212 5 P 9:F\/ﬁ 219 5

where m; and my are arbitrary constants. For these solutions, the Lagrangian (3.1.3)

leads to

becomes

5
+ mMov?2

-1
L = —2Bymim’ [5113@ — 663 5? (—@) -

2
6 F 21 .
9F V21 ’

which depends upon the cyclic variable z. Thus, the resulting symmetry generator

()

for ap = 0 yields scaling symmetry providing more significant results as compared to

1
04225.

3.1.2 f(R.T)= f(R) + ¢(T)

Here we consider f(R,T) model which does not encourage any direct non-minimal

coupling of curvature and matter. For vector field K (3.1.11), we substitute this
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model in Egs.(A1)-(A7) and (A9) which leads to

2ams 2ms

a = RV 2amy In(fr) — T 41n(b)amy — 61n(b)mga + mza,
B = \% + (s + In(fr)ma)b — (my + me)bIn(b) + mebln(a),
vo= —ﬁ [b((—3m4 — 4mg) In(b) + my + mg + %

+ me+me ln(a»(fR)% - meR] :

Here m; (i = 3,4,5,6,7,8) are arbitrary constants. Inserting these solutions in
Eq.(A8), we obtain two solutions for f(R) as f(R) = mgR + my which is simi-
lar to the previous case while the second solution increases the complexity of the

system. To avoid this situation, we consider f(R) = fyR™ which yields

mi1 + 2mqg) R T
a = amri, ﬁ = bm127 Y= ( 111 12) ) g(T) = - +ms,
-n 3
1
Pm = 12m [Rl_nbprmb —leg - 6R1—nm13 + 2R1_an + 6nm1gR] )
13

(M11apm 0 +M12bPmsb )
(mn + 2m12)

pm = 3foR"+ 3miz —

These solutions satisfy (A1)-(A11) for n = 2 which implies that f(R) = fyR?. Thus,

the matter contents and model of f(R,T) gravity turn out to be

) Ty 1 3¢ i bR
pm = 3foR"+3my3 + —5 0 Pm= o + 12m3R|
13

T
f(RvT) = f0R2+§+m137 T:3pm_pm

In this case, the constructed f(R,T) model is found to be viable as it preserves

stability conditions. The corresponding symmetry generator takes the form

0 0 0
K= amll% + meQ% — R(mq + 2m12)@.
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This generator yields scaling symmetry with the following conserved factors
Yy = 4ab’Rfy — 4*afoR, Yo = —24abbfoR — 8ab’RJ,,

where ¥; and X, are conserved quantities corresponding to my; and myo, respectively.
To reduce the complex nature of the system, we consider ¢ : (a,b, R) — (u,v,z)
implying that ¢xdu =0, pxdv = 0 and pxdz = 1. In this case, we choose z as cyclic
variable which gives

~  mi1t2mig ~  mi1t+2mig 1
u=Apa ™1 R, v=Ab ™2 R, z=————InR,
mi1 + 2m12

where Ay and A; denote integration constants. The corresponding inverse point

transformation yields

m

11 mi2
_ 11 +2m mi12 _ oy miitom mi2z __ _mi11+2mi2z
a = umi 12e R b=wvmn 12e , R=c¢ .

For these solutions, the Lagrangian (3.1.3) takes the form

1 miy
L = <24f02 Um11+2612 m3 um11+2m12 My + 60f0,z UM11+2m12 wmi1t2mi
(mu + 2m12)2

mil
2 ———or o 3, T Toms ——, 3 —— o
X m11m12 + 80fOZ rU'm11+2m12 m11m12u m11+2m12 _|_ 16f0/02u m11+2m12 m12U T mi1+2mg

. 2mio 3 - 2mi2 . ___mn ___2mip .
+ Afouzvmrutrremiiu mutime — 8 fpliimigmyv mutimzy a2 8 fouz

- u'm11+2'm12

2mqg 2mqo miq miq
X /U'm11+2'm12 u mi1+2mqi9 m12m11 + 8fovzu7n11+2m12 v 7n11+27n12 m12m11 _ <

m
mi1z mi12 _ 3mig 3mi0z 2 LS E— mii1z mif _Smip 3migz 2
< e ) my1 mi1+2mig o112 mi; — 4 [ ymiit2mig Ml Ymirt2amyp @212 mio

9 mi _2(mio+myq) 2myo 2my9o
— 4fov mium™it2mizy  miitms 4 48f02 um11+2m12 p™m11t+2mig m12 + 4ymiit2mig

m12
—= 3
=T 2 Ty ez | L i 3magz
X ymiit2mi2 fomuz — 4 (ymutmize vmitmiz e miimaz | -

Here, the Lagrangian again depends on the cyclic variable z. Consequently, this ap-
proach does not provide a successive way to evaluate exact solution of the anisotropic

universe model in this case.
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Now we determine Noether symmetry of isotropic as well as anisotropic homoge-

neous universe models in the presence of first order prolongation and boundary term

for f(R,T) = foR" + g(T) model.

Flat FRW Universe Model

For isotropic universe, the Lagrangian depends on configuration space (a, R, T

with tangent space (a, R, T, a, R, T) The Lagrange multiplier approach with
L., = pm(a) leads to

L = &[f(RT) = Rfp(R,T) = Tfr(R.T) + fr(R,T)(3pm(a) — pm(a)) + pm(a)]

6(ad®fr(R,T) + d*aRfrr(R,T) + a*aT frr(R,T)). (3.1.20)

The vector field with its first order prolongation is defined as

0 0 0 0
K = T(t,a/, R, T)a —i—a(t,a, R, T)% +6(t, CL,R, T)ﬁ +"}/(t,CL,R,T)a—T,
0 0 0 0 0 -0 0
K 78t+aaa+ﬂ8R+7 +a—+0—+7%

oT ~ 0da  "or  oT’

where 7, «, (8 and ~ are unknown coefficients of vector field to be determined and

the time derivatives of these coeflicients are

y= 0o g00  poa gl LT 0T pOT L 50T
ot T %a T or T or T Vot T%a T orR T aT [
. 98 .08 .08 .08 . [or or .0r .0r
O=art et Bar T Tor ™ ar Y% TR T Tor |
oy Oy -0y .0y .

or .0r .01 . 0T
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Substituting the values of vector field, its first order prolongation and correspond-
ing derivatives of coefficients in Eq.(1.5.2), we obtain the system of equations men-

tioned in Appendix A. Solving the system (A12)-(A20), it follows that

At(3Ashy — Ayds) | L
o A (3 GA2 3 5)+A8; a = Ay(Asa + Asa™),
6
Addy(As + Aa R o At S+
= ~ ) B - 5 = 0’ T Y +A ’
3 A 5 v 9(T) 3 7

where Aj (j = 1...8) are arbitrary constants. For these coefficients, the symmetry
generator becomes

. A4t(3A6A2 — A3A5) 4 A 2 I A4A3(A5 + Aw—z)R i

AG i ot Aﬁ(l — 77,) R

P ~ 0
Ay(A Aga™h) =,
+ 4( 2 + 3a )aa
This generator can be split as

9 (u&%AQ_JgAQ) 9 (AAAE+AMF%R> 0
K2: ~ +

5’ Aﬁ E A(;(l —n) aR

: 5 0
+ (AQCL + AgCLil)%,

where the first generator corresponds to energy conservation. The corresponding
conserved quantities are
t(BAGAQ — Agzzlg))
Ag
X QQaRR_l)nfoR"_l] + 6anfoR" (204 — (n — 1)aR'R) [(Aga + Aza™)

21 =

[a?’(foRm —n)+ Ay — %’”) —6(ad? + (n — 1)

A3<A5 + AGG_Q)R
A(;(l — ’l’L)

(3 A6 Ay — Ay As)
Ag

FR(3 A0 As — Agds)
Ag

Dy = —a*(foR"(1—n)+ Ay — %’”) — 6(ad® + 2(n — 1)a2aRR nfoR"".

—6n(n —1)fea*R"2a

Y
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BI Universe Model

For Q = {t,a,b, R, T}, the vector field and corresponding first order prolongation

take the form

K = T(t,a,b,R,T)aat—l—a(t a,b, R, T)§+ﬁ(t a,b, R T)aab

9 P
Y T
+ 7(t,a,b, R, )8R+(5(tabR )8T
o 9 o 9 9 9 .9
KU = = - - —_ _- i -
"ot T, +5 98 07 T Y4 +5 P ioR T g

&= Da—aDr, 3=DB—-bDr, 4=Dy—RDr, é6=D§—TDr.

Using the above vector field, its prolongation and coefficient derivatives in the invari-
ance condition (1.5.2), we formulate the system of equations provided in Appendix

A. Solving the system of equations (A21)-(A34), it follows that

T = Al; B = (Agt + Ag)A4A5, o = A5A6a, ﬁ = 1215121617,

_ A5A6R . _ 312121‘_14(/_17 + /_18 In a)
vo= , 0= O, Pm — — S )
2(1 - 7’L> ab AGAg
1 _
P = gl oR" + R Ay — Rufo)
T /_12144(1217 + Ag In CL)
R,T) = foR"— R" + R'"™Ay — Rnfy] — — :
f(R,T) Jo 6nfs [foR" + 9 n fol EY
The solution of these coefficients leads to
0 0 0 As AR 0O
K = A As A As Agh— —
o TG T A e T o ) aR
This generator can be split as
K, — 0 Ky — aﬁ b 0 R 0

da %—1_2(1—71)@’
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where the first generator yields energy conservation whereas the second generator

provides scaling symmetry. The corresponding conserved quantities are

S = —ab?[(foR™(1—n) + Ag — %’”) — nfoR"(2ab? + (n — )R~ (20%aR
+ 4abbR) + 4bab)],

22 = AQt + Ag - 4b2c'mf0R"_1.

3.2 Noether Symmetries of GGeneralized Anisotropic

Model

Here we investigate the existence of Noether symmetry in the context of a generalized
anisotropic universe model which identifies BI, BIII and KS universe models under
certain condition. The action incorporating gravity, matter and scalar field is given

as
7- /d4x\/_—g[£g b Lo+ L), (3.2.1)

We specify the above Lagrangian densities as
€
L,=f(R,T), Ly=npn(ab), Lysy= 59“”8ﬂ¢81,¢ - V(e), (3.2.2)

where € = 1 and -1 identify scalar field models, i.e., quintessence and phantom models,
respectively. Phantom model suffers with number of troubles like violation of dom-
inant energy condition, the entropy of phantom-dominated universe is negative and
consequently, black holes disappear. Such a universe ends up with a finite time future
singularity dubbed as big-rip singularity [64]. Different ideas are proposed to cure
the troubles of this singularity such as considering phantom acceleration as transient

phenomenon with different scalar potentials or to modify the gravity, couple DE with
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dark matter or to use particular forms of EoS for DE taking into account some quan-
tum effects which may delay/stop the singularity occurrence [65]. A generalization of

some anisotropic homogeneous universe models is given as [66]
ds® = —dt* + a*(t)dr® + b*(t)(d6* + ((0)d¢?), (3.2.3)

where ((0) = 6, sinhf, sin@ identify BI, BIII and KS models with the following

relationship

1d%C
¢ db?
For ¢ = 0,—1,1, the spacetime (3.2.3) corresponds to BI, BIIT and KS universe

= —¢.

models, respectively. Inserting Eq.(3.2.2) into (3.2.1), we obtain

7= [ atey=glLSEE + putat) + 50 0u00.6 - V(o) (3.2.4)

where
2 (., . . :
R=— (ab + 2abb + 2bab + ab? + ag) .
a

To evaluate Lagrangian corresponding to the action (3.2.4) for configuration space
Q = {a,b, R, T, ¢} and perfect fluid distribution, we use Lagrange multiplier approach
which yields

ép?

2

+ pm(a,b) — V()] — (4bab + 2ab® — 2a€) fr(R, T) — (20*aR + 4abbR)

L = abZ[f(Ra T) - RfR(R7 T) + fT(Ra T)(3pm(a, b) o an<a7 b) - T)

X frr(R,T) — (2b%aT + 4abbT) frr (R, T). (3.2.5)
For Lagrangian (3.2.5), the conjugate momenta take the following form

Do = _4bbe - 2b2(RfRR + TfRT)a Dy = —ab%{b,
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p = —Afr(ab+ba) —dab(Rfrr + T frr),

pr = —(4abb+20%a)frr, pr = —(4abb + 20%a) frr.

The dynamical equations of the system are

2fr(R,T) (Zz + " + Z§> + f— Rfr+ fr(3pm(a,b) — pm(a,b) —T)
Eh> o .
+ pmla,b) — % —V(¢) + a{fr(3Pmsrs —Pmsra ) + Pmsy } + 40" DR frr

+ 40T frp + 2R frr + 2R* frr + ART frrr + 2T frr + 272 frer = 0, (3.2.6)

2fR ( + _Z + 2) +f - RfR+fT<3pm<a’b) - pm(a7b> - T) +pm(avb)

- % — V(o) + g{fT(Spmn, — P ) + Py }+ 2(a" @R + R) frg + 212
X frar+2(a7raT +T) frr + 2067 '0R 4+ 2RT + T?) frrr + 26~ 0T frrr = 0,
(3.2.7)
frr(3pm(a,b) — pm(a,b) =T) =0, frr(3pm(a,b) — pm(a,b) —T) =0,

€p +2eb~'b¢ + eatag — V,, = 0. (3.2.8)
We formulate Hamiltonian as
b2 2'15 2% ) - 2% a\ .
H = 2fR< ab>+2<?+§>RfRR+2<€+g>TfRT+f—RfR

é¢?
2

%/fn

+ Fr(3pn(a.b) — pu(a.b) = T) + pu(a.b) + =

—V(¢)

(3.2.9)

The infinitesimal symmetry generator and corresponding first order prolongation yield

0 0 6 0 0 0 0 0 0
- 2.2 n _
K 78t+aa —|—ﬁ 3R 68T+n0¢> K Tat—I—ozaa—l—ﬂab
0 0 8 0 0 0 0 0
+ +6—+ n— + —+ + A=+ d— + 1— 3.2.10
ToR "¢ ﬁab OR  OT "a¢ ( )
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where time derivative of unknown coefficients 7, «, 3, 7, 6 and n are

6, = Do, —{'Dr, 1=1..5 (3.2.11)

l

Here o1, 09, 03, 04 and o5 correspond to «, 3, 7, o and n, respectively.

In order to discuss the presence of Noether symmetry generator and relative con-
served quantity, we insert Lagrangian (3.2.5) along with (3.2.10) in (1.5.2), it fol-
lows a system of equations given in Appendix A. From Eq.(A41), we have either
fr, frr, frr = 0 with 7,,, 7,,, 7,,, T,,7# 0 or vice versa. For non-trivial so-

7, = 0) as the first choice

lution, we consider second possibility (7 ms Top

T T

‘a ) )

yields trivial solution. We investigate the existence of symmetry generators, relative
conserved quantities for two f(R,T) models appreciating direct as well as indirect
curvature-matter coupling. We also formulate corresponding exact solutions to ana-

lyze cosmological picture of these two models.

3.2.1 f(R,T)=R~+2g(T)

To evaluate the coefficients of symmetry generator (3.2.10), we consider separation of

variables method which gives

a = a(t)ez(a)as(b)au(R)as(T)ag(¢), 6 = 01(t)d2(a)ds(b)os(R)d5(T)ds(6),

v = n6)r2(a)1b)nuR)rs(T)e(d), 1 =m(t)na)ns(b)na(R)ns(T)ns(4),
= Bu(t)B2(a)B5(0) Ba(R)B5(T) B6(9), 7 =Tu(t),

B = Bi(t)By(a)Bs(b)Bs(R)Bs(T)Bgs(9).

For these coefficients, we solve the system (A35)-(A56) yielding

o = —2ac, f(=cb ~v=0, 6=0, n=c,
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B = ct+c, T=c, V(p)=cd+c,,
c,c.lna+2cazb 26 ¢,Ina

Pmla,b) = —— e T (3.2.12)
3c,c, Ina+ 2c,azb 6§  3c,Ina

m(a,b) = ———= R e ey 3.2.13

pm(a;0) 2¢, b2 2c,ab? ( )

where ¢; (1 = 1...7) denotes arbitrary constants. For these coefficients, we split the

symmetry generator and corresponding first integral into the following form

0

Kl = aa El = _abZ{f - RfR+ fT(Bpm _pm _T) +pm - CG(b - C7}
. . ~ 12 192
+ 2a§fR—4babe—2abeR—6¢2ab,
K, = =2 3+ba Sy = —dabbfr + 4b%af
2 = aaa b’ 2 = aooJRr ajr,
0 .
Ky = —. Ya=cab’o.

For the considered model, the system (A35)-(A56) yields three symmetry generators
and associated conserved quantities. The symmetry generator K, leads to energy
conservation while Ky represents scaling symmetry corresponding to conservation of
linear momentum.

Next, we explore the presence of Noether symmetry in the absence of first order
prolongation and boundary term of extended symmetry which leads to establish cor-
responding conservation law. In this case, the infinitesimal generator of continuous

group for Q = {a,b, R, T, ¢} turns out to be

0 0 0 8 8 o .0 0
K =as+ 05+ 755 + 057 sl i S L (3.2.14
R JRET Y 68b Yor TooF Tipy BE
where & = dig—;, 3 = q’gg, A —qlg;, 5 = dig‘z aundn—qZ a". Due to the absence

of affine parameter, the separation of variables method yields

a = a(a)ag(b)az(R)as(T)as(¢), B = Bi(a)B2(b)Bs(R)B4(T)Bs5(),
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v = m(a)n0)(R)1s(0), 6= 01(a)dx(b)ds(R)d.(T)ds(9),

n = ma)n0)ns(R)na(T)ns(o).

In order to explore the consequences of indirect non-minimal curvature-matter cou-
pling, we evaluate symmetry generators with corresponding conservation laws for
non-existing boundary term. We also establish cosmological analysis through exact

solutions for both dust and perfect fluid distributions.

Dust Case

We consider 7, ,ET) = pmu,w, and solve the system for (3.2.14) via separation of vari-

ables which yields

a = —2ac,, [F=¢b =0, §=0, n=0,
£ 1 g
pm(a,b) = e, +a2b, ANT)= — 5 +¢,T + ¢,

where ¢,, ¢, and ¢, represent arbitrary constants. The corresponding symmetry

generator and associated conserved quantity are

K:—2aég+ 0

iop Fabay = 4¢ abbfr — 4¢,b*afg.

For dust fluid, there exists only scaling symmetry in the absence of affine parameter

as well as boundary term of extended symmetry and the considered model reduces to
f(R,T) =R+ 2¢,T + 2¢,. (3.2.15)

For exact solution of equations of motion, we insert density of dust fluid and model

(3.2.15) in Egs.(3.2.6) and (3.2.7) yielding

4
5

R R A A2
aft) = (40¢,t :—64063) bt = ¢, (40621?2— 40¢,)5 |
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To analyze the behavior of this power-law type exact solution, we construct cos-
mological analysis through some standard parameters such as Hubble, deceleration,
r—s and EoS. For generalized anisotropic universe model, the Hubble and deceleration

parameters turn out to be

2 64¢,(40¢,t + 40¢,) T
- ) q - .
3 8
In the present case, we obtain r = 0 with s = —g indicating that the constructed

model does not correspond to any standard cosmological model. The corresponding

effective EoS parameter is

1286, + (408, + 40¢,)5 (562,12 + 10¢,6,6,t + 5¢,¢2)
Wers = 128¢,

The potential and kinetic energies of the scalar field play a dynamical role to study

cosmic expansion. For accelerated expansion, the field ¢ evolves negatively and po-

tential dominates over the kinetic energy (%2 < V(¢)) whereas negative potential

follows the kinetic energy for decelerated expansion of the universe (%2 > —V(9))

[67]. Using Eq.(3.2.8), we obtain

6 = / m ((—g@ (25@3(40&2t+4063)
X Gyl 6,t+ 25(406,t + 40¢,) 36,62 + 89662>> é) ,
Vo) = 5o @ +126263t &) [25¢, (5E3% + 5¢,¢2 + 10¢2¢,t) (40¢,t
+406,)% + 82,8, (~2006,12 + 400,1) — 8 (4822 + 2008%) |

4 4
5 5

.12 + 50(40¢,t + 40¢,)

Figure 3.4 shows graphical analysis of scale factors for the dust case. The scale

factor a(t) indicates large cosmic expansion in z-direction but b(t) represents that
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Figure 3.4: Plots of scale factors a(t) (left) and b(t) (right) versus cosmic time ¢ for
¢, =0.24, &, = 0.45 and & = 5.5.
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Figure 3.5: Plots of Hubble H(t) (left) and EoS parameters w,sy (right) versus cosmic
time ¢.
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Figure 3.6: Plots of scalar field ¢(t) (left) versus cosmic time ¢ and potential energy
V(¢) versus kinetic energy %2 (right) for € = —1.

the universe is expanding very slowly in y and z-directions. Figure 3.5 (left plot)
indicates that Hubble parameter is decreasing with the passage of time. In the right
plot of Figure 3.5, the effective EoS parameter identifies that initially, the universe
appreciates radiation dominated era and after sometime, it corresponds to DE era by
crossing matter dominated phase.

Figures 3.6 and 3.7 analyze the behavior of scalar field and cosmic expansion via
phantom and quintessence models. The left plot of Figure 3.6 shows that the scalar
field is positive initially yielding decelerated expansion but gradually, it starts increas-
ing negatively which describes accelerated expansion. In case of quintessence model,
the scalar field grows from negative to positive indicating decelerated expansion of
the universe. The right plots of 3.6 and 3.7 satisfy %2 < V(¢) and %2 > —V(9)
implying that phantom model yields accelerated expansion while quintessence model
corresponds to decelerated expansion.

To analyze a big-rip free model, the key point is that if EoS parameter rapidly
approaches to -1 and Hubble rate tends to be constant (asymptotically de Sitter

universe), then it is possible to have a model in which time required for singularity
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Figure 3.7: Plots of scalar field ¢(t) (left) versus cosmic time ¢ and potential energy
V' (¢) versus kinetic energy %2 (right) for € = 1.

is infinite, i.e., the singularity effectively does not occur [68]. The occurrence of
maximum potential of a phantom scalar field is another fact to avoid this singularity.
The graphical behavior of EoS parameter represents that w.s¢ rapidly approaches to
-1 and Hubble rate is decreasing but potential is not maximum. We may avoid the
big-rip singularity in the present case if we choose ¢, to be negatively large that yields

asymptotic behavior of Hubble rate.

Non-Dust Case

In the absence of boundary term and affine parameter, the coefficients of symmetry
generator (3.2.14) corresponding to a,b, R, T, ¢ remain the same as in the presence
of boundary term of extended symmetry. Thus, generator of Noether symmetry and

associated first integrals reduce to

= —2ac——|—clb2+c3

'a db  0¢’
S = —de,abbfr + de,bPafr + éc,ab’o.
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In order to formulate exact solution of dynamical equations for perfect fluid distrib-

ution, we insert Egs.(3.2.12) and (3.2.13) into (3.2.6) and (3.2.7) yielding

(£)

[S1] 8]

(C2 Sin<c1ot) + Cq COS(Cmt))%

a(t) = 5t ’
1
C, (%) 5 (C2 Sin(clot) + Cy COS<Clot))%
bt) = 5% .

This describes oscillatory solution of f(R,T') model admitting indirect non-minimal
curvature-matter coupling. To study the cosmological behavior of this solution, we

consider cosmological parameters as follows

8¢,, (¢, sin(c, t) + ¢, cos(c, b))

H —
15(c, sin(c, t) + ¢, cos(c, t))
=8¢ cos?(c,ot) 4 Ted + 8¢ cos?(c,,t) + 157 4 16¢,¢, cos(c,,t) sin(c,,t)
¢ = 8(c, sin(c,t) + ¢, cos(c,qt))? ’
—TTc3 + 32¢3 cos?(c, t) — 45c2 — 323 cos? (¢, t) + 64cs cos(c,,t)cs sin(c, t)
ro= ’
32(—c2 cos?(c,,t) + 2c cos(c, t) ez sin(c, t) — 3 + 3 cos?(c, b))
s = (—45((4c} — 4¢)) cos® (e, t) — ¢ — 6ce, — 5ch — (8c’c, + 8c,c?)
X cos(cyt) sin(c, 1)) /256((c) + ¢i — 6¢2¢) cos® (c,ot) + (622 — 2¢1)
X cos*(cyt) + (—4clc, + 4e, @) sin(c, t) cos® (e, t) — 4e,c? cos(c,,t)
x sin(c,t) + ),
g¢?
o XBpn = p) P - L —V() + % + aBBpmsy —Pmsw ) + Prusa
eff — :

ép?
X(3pm - pm> +pm + % - V(d)) + (2)_5
The scalar field as well as corresponding kinetic and potential energies identify the

early as well as current cosmic expansion and also characterize decelerated expan-
sion of the universe when kinetic energy dominates negative potential. In this case,

Eq.(3.2.8) yields
h i
2
50603 cos(2clot2"—22F1 %,%,%,Sin[%—i—cmt] +4/2—2sin[2¢, 1] di

€c, — —— S : s
¢ _ / 16¢,, cos[z—i—clot] (cy (cos[c,yt]4sin[c yt]))
é(c, cosc,, t] + ¢, sinfe, t])8/°
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Figure 3.8: Plots of scale factor a(t) (left) and b(t) (right) versus cosmic time ¢ for
Cy = C3 = Cg = 5.5 and Ci0 = 0.005.
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Figure 3.9: Plots of H(t) (left) and ¢(¢) (right) versus cosmic time ¢.
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Figure 3.10: Plot of w.¢s and r — s parameters versus cosmic time ¢ for ¢, = c3 = 5.5
and cio = 0.005.
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Figure 3.11: Plots of scalar field ¢(t) (left) versus cosmic time ¢ and potential energy

2

V(¢) versus kinetic energy % (right) for ¢y = 5.5, ¢4 = —103, ¢ = 0.5 and ¢;9 = 0.005.

where o F} represents hypergeometric function.

In Figure 3.8, the right plot shows that the universe experiences immense amount
of expansion in y and z-directions whereas the left plot yields comparatively a small
amount of expansion in z-direction. Figure 3.9 provides information about increasing
rate of expansion through Hubble parameter while negatively increasing deceleration
parameter assures accelerated cosmic expansion. The left plot of Figure 3.10 charac-
terizes quintessence phase of DE era while the right plot identifies the » — s parameters

trajectories in quintessence and phantom phases as s > 0 when r < 1. Both plots
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of Figure 3.11 verify the current cosmic expansion for quintessence as well as phan-
tom models as ¢ continuously increasing negatively and potential energy of the field
is dominating over kinetic energy. The graphical interpretation of EoS parameter
yields wes¢ < —1 which is not a sufficient condition for the existence of singularity as
potential turns out to be maximum with the passage of time. Thus, we may avoid
big-rip singularity if Hubble rate decreases asymptotically in the presence of minimal

coupling of f(R,T) gravity with scalar field.

3.2.2 f(R,T)=f(R) + f2(R)g(T)

To analyze the effect of direct non-minimal curvature-matter coupling, we consider
this model and evaluate symmetry generators as well as associated conservation laws.
Inserting the model in Eqgs.(A36)-(A38), (A44), (A45) and (A49) and using separation

of variables approach, we obtain

b
g = _i + ¢Yi(t,a,b) + Ya(t, a,b),
fi(R) = ﬁ (—dsYia(R) + doYo(R)) + dsR + ds,
3
B(R) = =17 (~dsYo(R). +diR) +ds, g(T) = da+ daYio(T),
3

1= 3 il a YT+ Yo(R),,) — 6+ Yia(R),,.) + bor, ~20

X Ya(t,a,b) + bY14(t, a,b)],

where d; denote arbitrary constants. We substitute these values in Eqs.(A35), (A42)
and (A43) which yield

Yas (¢ 1
- / —%Odt +dst+dy, B = [6ab(Yig(T)d + d4ed?
4

1
+ KQ(T)d4€_R))/é(ta a, b)’t +6ab¢(§d4g¢2 + }/19(T)d46_R + 3/19(T>
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X dl)}/lﬁ(t; b)h: +3d4<2}/22<t7 a, b) + Q(b}/Ql (ta a, b)at +Clb2(b2}/23(t),t ):| )

Yio(T)ds + édyd
Yi(t,a,b) = Yig(t,b) 4+ Yis(a,b) Yip(T) = — 19(T)ds + éd ‘L

€dsdy
d2d4€7R _R
Yig(R) = - d + d6R + d7, YE)(R) = —€ d4 — 2d1R + dg,
3
Yo1(t,a,b)  badyéd;Yi6(t,b) + dgébadsYi6(t, b)
Y14(t,a,b) = = 21b2a€ ) - — 16( €b2ad36 i 16( —i-Y24(b, a).

To evaluate remaining unknown functions, we insert the above functions into (3, 7,

fi, g, fo and solve Eqs.(A39)-(A41) with (A46)-(A48) and (A50)-(A55) leading to

}/21 (t7 a, b) = Y'26(a7 b)7 }/22 (ta a, b) - dlﬂta 1/16 (ta b) = _dl2ba

Y15(a7 b) = d12b7 3/24(177 Cl) = 07 }/2(t7 a, b) = dgb,
. d11€RT
dy3

1
X (G_Rd4Td13d3 — dldlgdgT + (2((—2d5 + §Ed6)d3 + dldgé))d4).

}/23(75) = E(—ng + G_Rd4d3d116R + dg), 0= 0,

Using these solutions in Eq.(A56) with di;=0 and ds = 2% it follows that

= 44,
T = 3d9, Oé—dloa, ﬁ—b(dg—T), (5—0, ’7—0,
d 3dgeR
B = dt, n= —é—i‘zdud& fi(R) = ds + dsR — ZE )
€ dods€ — dgdy3T
fQ(R) = d4 — i(d467R + le — 2d1)7 g(T) = dg — 204€ _3 13 .
4d3 d46
Inserting fi, fo and g, the f(R,T) model becomes
3edg R dzdi3T

+dsR+dg + (dy — ——(dse™™ + dy R — 24, )(

f(R,T) = - i

d,e )

Thus, the constructed model also experiences a direct coupling between curvature

and matter parts. The symmetry generators and associated conserved quantities are

0 ) 1 :
K, = 3& + b%, Y, = @(_4@25%3& + 4d;gdsét + 3tab’dy RTdse
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K3
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9tab?dy Rpydsé + 3tab’dy Rpy,dse — 12td, Tabbdse — Ab>*dyT
ae” Rdse — AbPaTdye T dse — 9tab?dypme T dse + 3tab*dypm,
e~ Rdse + 6td,Tab’e e + 6tdyTage Rdye — 4bd,Tabe T dse
4b*aRd,Te Fdse + 4b?aTddse — 12tab*dyd € — 12tab®p,,
ds€ + 12tab?®V (¢)dsé — 24tdsabdsé — 24tdsaqdsé + 16bdsab
dsé + 36tab*d2dypy, — 12tab®d2dypy, + 18tedydiab® + 18t
dodiag — 12b2dydiab + AV di Tadse — 12b°Edydra + 16b%d;
adsé — 3tab*RdyTe dye + 12td  Tabbe Rdse + 36tedyd,abb
4bdy Tabdse + 6tab’ed?dse + 18tab’dipmdse — 6tab’dy ppdse
A8t dsabbdse — 6td, Tab?dsé — 6tdy Taqdse),

o bo b

an- = 5op T2 = _E(—abledg + 3abédyd, + abdyTe™"d;

dabdsds + bdy Tads + 4bdsads — 3bedydya — bdyTae™fdy),
10 )

TS Yy = ab’p, K, = 2dl28_¢’ %y = 2dypab%ep.

We see that scaling symmetry appears through generator K, with the first integral

Y9 leading to conserved linear momentum.

Now we investigate the existence of Noether symmetry in the absence of affine

parameter and boundary term of the extended symmetry and also study the effect

of direct curvature-matter coupling on conservation laws. For this purpose, we solve

Eqgs.(A39), (A40), (A43) and (A46)-(A55) which give

_—QYE;(GT)uT (%Yzl(a, b),, ¢+ 2Yy(a,b),, Yo(T)p + 2Yy(a,b),, Ys(b)o
¢*Ys(a,b),, +2Y7(a,b),, ¢) + Yia(a, R, T,b), fi(R) = kyR + ks,
b

a

(Yio(a, B, T,b) + aYs(a,b)), g(T) = ki + Yo(T)ks
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= %@2 +2Yo(T) + 2Ya (b)) Ya(a, b) + Ys(a, b)é + Ya(b, a),
h(R) = %—f%) Y = Yu(a,b.R.T).

a = —Yy(a,b)ap + Yio(a,b, R, T),

where k; are arbitrary constants. Inserting these solutions into the remaining equa-

tions of the system, we obtain

V(gp) = ki¢+ ki, Yiola,R,T,b)=ksa, Yi(a,b)=0,

Vi@, B TB) = =5 (elheT + ) + 2hi)b + ), Yi(ab) = 22
Yo(ba) = ko, Yo(T) = keT + kr,
P = 26129812160 A
P = Z—Z+6k2§4k3 —3k5+3k11+i—2+%+%

kg€ 1 kg

+ a_TEk:Gba? 4,

The corresponding Noether symmetry generator with associated first integral take

the form
o b kee\ O )
= a——-(1-22) =4+ R— — (ke e(keT 2
Kl aa& 5 (1 9 ) b + R&R (k,‘lé + kQ(E(k‘ﬁ + k‘7) + k‘4))
1 0  keep O - Vekia o . o
— — . Y= T — — VekeTa — backeksb
X 2k2 T 5 8¢’ 1 abbek6 /{12 €ERgd A AERGgR4
ba@k3Th  baekehzb  abbék, , bakekib  ab®Edked
— — bbeks — -
2 O AT 2
. b2ae2k2T
 abbky — 26%ksi — bRekra + %
K = 2w, ab’edk:
2 - a¢7 2 — 9.

Here the symmetry generator K yields scaling symmetry.



Chapter 4

Wormbhole Solutions via Noether
Symmetry in f(R) and f(R,T)
Theories

This chapter investigates WH solutions of spherically symmetric spacetime via Noether
symmetry approach in f(R) and f(R,T) theories. We formulate symmetry generators
with associated conserved quantities and WH solutions using constant and variable
red-shift functions in both theories. For perfect fluid, we determine an explicit form
of generic function f(R) and also evaluate exact solution of f(R) power-law model. In
f(R,T) gravity, we choose two f(R,T) models appreciating indirect curvature-matter
coupling and formulate solutions for both dust as well as perfect fluid. We analyze
the behavior of shape function and viability of constructed models graphically. To
analyze physical existence of WH solutions, we study the behavior of NEC and WEC
with respect to ordinary matter and effective energy-momentum tensor.

The format of this chapter is as follows. In section 4.1, we determine possible
Noether symmetry, corresponding conserved quantity and exact solutions of static
WH in the presence of minimal coupling of curvature and matter. Section 4.2 is

devoted to determine Noether symmetries as well as viable WH solutions under the

92
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influence of non-minimal curvature-matter coupling. The results of this chapter have

been submitted in two papers [69, 70].

4.1 Wormhole Solutions in f(R) gravity

We choose L,, = p,,(a) and use Eqgs.(1.4.2)-(1.4.4) and (1.6.1), it follows that

1 24 ’M’ 1 |eb(Rfg — f) M'R'
2/\// A/b/ = R/I
4( " +a” )= ml 2 + frr I
[;/R/ R
T ) + R”frrr — €bpm] ) (4.1.1)
_1(2(1// +a A/b/ 4M” QB/M/ . 2M’2) — i [(f — RfR)
4 M M M2 Ir 2
R/fRR M/ a o &/Pm
_ R I 4.1.2
o\ 2] P ) & (4.1.2)
Lo (f — Rfr) d'Rfrr
_ = M/ o blM/ 4 2Ml/ _ . /!
4(@ eb + )= 7 [ 5 5 R
VR fre | M'Rfre |
— R” — : b 4.1,
X frr — R” frRR 5 + ; + € Pm (4.1.3)
Solving Eqs.(4.1.1) and (4.1.2) simultaneously, we obtain
_ S Rfn fer (g MR VR | Rfarn | In
bm- = 2 eb R 2 * eb * 4eb
2a M’
x (20" +a”% —a't + ), (4.1.4)
_ Uy IR frm (g MROVRY R g
Pm = al [(b 0,) { 9 eb R M 2 + 68
+ fR ( A// + A/b/ 2d/{\2,) . Z“)/ fR ( A// + _ A/b/ MH
4eb M 4eb M
2N 20" —Rfp R M
_ WM 2MP, J - Ri fBRR =+ L) (4.1.5)
M M?2 2 e M 2
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The NEC relative to the effective energy-momentum tensor yields

(4.1.6)

1 M/2 d/M/ E/M/ QM”
e + e = —= ~ + ~ _'_ ~ - ~ .
Pesr TPttt = 5@ \ 02 " T M W

4.1.1 Point-like Lagrangian

In this section, we construct point-like Lagrangian corresponding to the action (1.4.1)

via Lagrange multiplier approach which gives

— [ VEalfR) ~ AR~ )+ paallin (4.1.7

where

(14w) ~ (14w)

A/ — :e%egM, )\:ij pm:pod_ 2w, pm:wpm:wpoa_ 2w,
1 ( &/2 d/b/ d/M/ 2M// b/M/ M/2 B d// 2€b>

~ ~ ~ ~

R=— +22
2 2 M M M 2M?

eb
Using these values in (4.1.7) and eliminating second order derivatives via integration

by parts, we obtain point-like Lagrangian for configuration space @ = {a, l;, M , R} as

s b " 2fR M/2 /M/
L = eze S < Rfr 4+ wpoa e ) -
J = Rfr+wpo I Ir 2M2 I
QM’ /
+ frr <d’R’+ MR)}. (4.1.8)

The Euler-Lagrange equation and Hamiltonian of the dynamical system or energy

function associated with point-like Lagrangian are defined as

oL dpZ B p
aqz d - 07 H Z q pz 7

The variation of Lagrangian with respect to configuration space leads to

3 (4w (3w 2fR) M? WM
e — Rfp+wpoa™ 2 — (1+w)poa™ 2 + —— | + — + —
(f I P ( o M 2M? M
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2N . OM'R
Y ) fr+ frr <b/R/ —2R" — i ) — 2R” frrr = 0,

; (te) 2 M? @M )
el (f—RfR%—wpoa_;w%— JfR>—fR< + —= )—fRR(a'R'

M oM2 M
IM'R
M

2 2 oM M

; te) 2 a? &y aM M
¢ (f—RfR+wpoa‘ %+ z\];%) +fR< i’

B/M/ M/Q ~ M/R/

17 + 2M2) + frr (b’R’ —d'R —2R" — v ) — 2R frrr =0,

R ) a2 d,(;/ &/M/ 2M// I;/M/ M/2

b N/

S =-R) - — - -+ ——a — 0.
[ (M ) 22 M M M2 ] Jan

The energy function and variation of Lagrangian relative to shape function yield

Lrl’ (QMW v a'M') "+ R frr(@ N+ 201)

S f = Rfp+wpoa "5 + Uz 1)
4.1.2 Noether Symmetry Approach
We consider a vector field
K = 7(r qi)g +U(r, qi)i (4.1.10)

or oq"’

where r behaves as an affine parameter while 7 and U* are unknown coefficients of

the vector field. In this case, the invariance condition (1.5.2) is defined as
KWL+ (D7)L = DB(r,¢"). (4.1.11)

The first order prolongation and total derivative are given by

. - 0 0 .0
KW =K+ (DU —¢"'D D= —+q"—.
+ ( q T) aqn? a/r + q aql

(4.1.12)
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For invariance condition (4.1.11), the first integral is defined as

oL
oq

S=B-7L—- U —q"7) (4.1.13)

The vector field and first order prolongation for configuration space @ = {a, l;, M, R}

take the following form

0 0 0 ) 0 0 0

_ Y v Y o s Y n_ 9 Y v

K Tar+a8&+ﬁai)+vaM+56R’ K Tar+aad+6az;
0 0 , 0 , 0 , 0 , 0

where the radial derivative of unknown coefficients of vector field are defined as

o/ = Do —q'Dr, j=1.4 (4.1.15)

j
Here 01, 09, 03 and o4 correspond to o, (3, v and §, respectively. Inserting Eqgs.(4.1.8),

(4.1.14) and (4.1.15) in (4.1.11) and comparing the coefficients of a2, a'b/M’, a'M"™

and a'R"?, we obtain

Tys fR:07 T?g fR:07 T7M fR:O, Tsr fRRZO- (4116)

This implies that either fr = 0 or vice verse. The first choice leads to trivial solution.
Therefore, we consider fr # 0 and compare the remaining coefficients which yield an
over determined system of equations given in Appendix B.

The geodesic deviation equation determines that M (r) = r?, sinr, sinhr for
K =0,1,—1 (K denotes curvature parameter) under the limiting behavior M(r) — 0
as 1 — 0, respectively [67]. In order to solve this system, we consider M(r) = 2 and

taking B,,, B B

v 'R

=0, Egs.(B1)-(B9) give

a=Ys(a,r), y=Yi(r), 6=Ys(r,R).
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Inserting these values in Egs.(B10)-(B13), we obtain

leR
fRR’

where ¢; and ¢, are arbitrary constants. For these solutions, the coefficients of sym-

}/1(7“):0, }/é(d?r) = Ca, KS(TaR): 62201+02—2T,T.

metry generator turn out to be

& = Cg, 6:201+627 V:07 626‘;fR7
RR

Substituting these coefficients in Eq.(B14), we formulate boundary term and explicit

T = ¢p. (4.1.17)

form of f(R) as follows

1 (1+43w) (14w) —a—b
R) = ——[—1+w iR £ 2w + e)poa e — Bege 5
f( ) 2(01+62> ( )pO ( 1 2)p0 4
B = 03+C47’3.

The coefficients of symmetry generator, boundary term and solution of f(R) satisfy
the system of Eqs.(B1)-(B13) for ¢; = 0. Thus, the symmetry generator and the

corresponding first integral take the form

0 0
K = om0 + o + o,
CO@T+CZafL+CQ i
Y = eyt —c e%e%TQ(f—RfR—i—wpgd_(l%) —|—2er_2)
6%7“2 -2 | A /. —1
+ —{fr(2r " +2d'r7") + frr(d'R +4R'r™")}
ez
— cge?(R'r2fRR+2rfR).

The verification of Eq.(B14) yields

dr + cs, (4.1.18)

b(r) / 8cer? + a'r? + 4a'r" + a"*r? — 4cy
T =
r(4+a'r)

where ¢; are arbitrary constants and this solution satisfies Eq.(B14) for w = 1,1/3,

—1/3,—1. To discuss physical features and geometry of WH via shape function, we
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take red-shift function, a(r) = k and a(r) = —%, k > 0, where k denotes constant
[71]. In the following, we solve integral for both choices of red-shift function.
Case I: a(r) =k
We first consider red-shift function to be constant and evaluate b(r) such as
b(r) = cgr? — ¢z Inr + cs. (4.1.19)

Consequently, the shape function turns out to be

h(r)=r(1 — e_i’(T)) — (1 — crre=o" ), (4.1.20)
In this case, the explicit form of f(R) reduces to

1 (143w) (1+w) —cgr2—cg5—k

f(R):—% —(I+w)pok™ 20 + 2weapok™ 257 — Begy/erre 2
2

(4.1.21)

We investigate viability of the constructed f(R) model and study WH geometry
graphically. In Figure 4.1, both plots indicate that the constructed f(R) model
(4.1.21) preserves stability conditions. Figure 4.2 shows graphical analysis of the
shape function. The upper left plot represents positive behavior of h(r) while the
upper right indicates that the shape function admits asymptotic behavior. The lower

left plot locates the WH throat at o = 4.4 and the corresponding right plot identifies

dh(ro)
dr

that = 0.9427 < 1. To discuss physical existence of WH, we insert constant

red-shift function and Eq.(4.1.19) in (4.1.6) yielding
rh'(r) — h(r)

3 < 0,

Peff + Deff =

which satisfies the flaring-out condition. Consequently, NEC violates, peff + pesr < 0

which assures the presence of repulsive gravity leading to traversable WH.
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Figure 4.1: Plots of stability conditions of f(R) model versus r for ¢, =5, ¢, = 0.01,
¢, = —0.35, ¢, =0.1, c, = —0.25 and k£ = 0.5.
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Figure 4.3: Stability conditions of f(R) versus r for ¢, = 5, ¢, = —0.5, ¢, = —0.35,
¢, =0.1,c, = —0.25 and k£ = 0.5.

Case II: a(r) = —k/r

In this case, we choose red-shift function in terms of r leading to

~ 1
b(r) = §(8C6T’3 — deghr? — 32cgrInr + 32r In(4r + k) — 8cr In(4r + k)
+ cehr®In(dr + k) — 8k/cg) +c5, k> 0. (4.1.22)

The corresponding f(R) and shape function become

_(l+3w) (14+w)

1 k 2w k T T 2w
Ry = —|-(1 —— 2 —— -6
f(R) 20 ( —|—w)p0( r> + w02,00( r> Cy
2, —(c TQ—CGkT—ﬁ)—c +k
X \/08r4<4r+k)—4+C7—’“866 ST ] (4.1.23)
2, cgkr
h(r) = r(1—eort(dr 4 k)T Ry, (4.1.24)

Figure 4.3 shows that the model (4.1.23) follows the stability condition for 0 < w <
—0.1, whereas Figure 4.4 represents the graphical behavior of the shape function. In
upper face, the left plot preserves the positivity of h(r) while the right plot ensures

asymptotic flat geometry of WH. In lower face, the left plot detects WH throat at
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Figure 4.4: Plots of h(r), @, h(r) — r and %(:) versus r for ¢, = —4, ¢, = 0.1,
cg = —1 and k = 0.25.

ro = 5.878 whereas the right plot indicates that dhé:o) = 0.1673 < 1. For Eqs.(4.1.6)

and (4.1.22), we obtain

Peff + Deff = 20 —kh(r)) i rh'(r) — h(T)

r3
Figures 4.5-4.7 indicate that p,,+pm, > 0, pp, > 0 and pers+pesr < 0forl <w < —1.

Thus, the physical existence of WH is assured in this case.

Power-law f(R) Model

Here, we construct a WH solution with symmetry generator and corresponding con-

served quantity for f(R) power-law model. We solve Egs.(B1)-(B9) leading to

a=Ysa,r), v=Yi(r), &=Ys(r,R).
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Figure 4.5: Plots of p,, + p., versus r for pg =1, co = 5 and ¢4, = —0.5.
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Figure 4.7: Plots of pess 4 pesy, versus r for pg = 1, ¢c; = 5 and ¢4 = —0.5.



103

Inserting this solution into Eqgs.(B10)-(B13), we obtain
Yi(r) =0, Ys(a,r)=ds, Ya(r,R)=d R, [=2(n—1)dy+dy—2T,,

where d; and d, represent arbitrary constants. For these values, the coefficients of

symmetry generator turn out to be
a=dy, [f=2n—1)dy+dy—27,, v=0, 0=dR. (4.1.25)

Substituting these coefficients in Eq.(B14) and assuming B = dy and 7 = 7, we have

~ 8dsr? + 2a"r* + 4a'r’ + a/*r* — 4d,
b(r) = . dr
r(4 4 a'r)
R 82 04/2 a0l 1a/2r2—4 dr
In | —d, +4 / ‘ e dr (4.1.26)
— In|— ) 1.
! r(4+a'r)

The resulting coefficients of symmetry generator verifies the system (B1)-(B13) for

dy = —2(n — 1)d;. The symmetry generator and associated first integral give
9 0 0
K = 19— —-2n—-1)di—=+di=—=
Togy — 2= Dz + gy
PO " a 9
X = do—1o [63637’20” — Rfp+wpoa™ % +2frr2) +
e2

X {fr(2r 24207 + frr(dR + 4R} — 2di(1 — n)e’s (R'r?

X frr+2rfr) — lefRRe%(d/TQ + 4r).
Now, we solve the integral (4.1.26) for constant and variable forms of red-shift function
and study WH geometry via shape function.
Case I: a(r) =k
For constant red-shift function, the integral (4.1.26) reduces to

. —d r?
b(r) = dyr® — dyInr — In (%) . (4.1.27)
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This satisfies Eq.(B14) for w = 1, %, —%, —1 and
foe?m) In d1+4;7.:) In2+41Indy

pPo = — , w#0. (4.1.28)

wdl — (1—1—w)

In this case, the shape function yields

h(r) =r [1 — dyr (ﬂ) edW] . (4.1.29)

r

We analyze WH geometry via shape function for n = %, 2 and n = 4. In upper face,
the left and right plots of Figure 4.8 show that h(r) remains positive and asymptotic
flat for n = % The lower left plot identifies WH throat at ro = 5.101 and right plot
satisfies the condition, i.e., h'(rg) = 0.17 < 1. In Figures 4.9 and 4.10, the shape
function preserves its positivity condition and also admits asymptotic flat geometry
for both n = 2 and n = 4. The WH throat is located at ro = 0.23 and ry = 2.052
for n = 2 and n = 4, respectively. The derivative condition is also satisfied at throat,
i.e., h(rg) =0.89 <1 and h'(rg) = —0.49 < 1. The NEC relative to effective energy-
momentum tensor verifies pesr + pess < 0 ensuring the presence of exotic matter at

throat.

Case II: a(r) = —k/r
In this case, the integral (4.1.26) implies that

- o rdil—=n)  di(1—n)*In(di(1—mn)+4r)

b(T) =T 9 + 3 4 <d1<1 _ n))Q
y B 1 41n(dy (1 —n) + 4r) B 4lnr (1 —n
{ (=) (= n)P (dl(l—n))2} ({1 =n)
X dy+4r)—1In {4/ i dll(l —) (r4(d1(1 —n)+ 4T)3+d1(1+n)

2_rdi(l1—n)  d1(1—n)
x e o T >d7’—d1},



Figure 4.8: Plots of h(r),
—22and n =

d4

Figure 4.9: Plots
d,=0.2and n = 2.
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Figure 4.10: Plots of h(r), @, h(r)—r and %Sf) versus r for d, = —200, d, = 1.001,
d, =0.2 and n = 4.

which satisfies Eq.(B14) for w = —1. The shape function of WH takes the form

h 2(1—n)2 2, T 1—n 1-n
h(r) — (1 —r4(dy(1 —n) —1—47‘)_3_d1 T gt 4Con) [/{47“ +dy

r

2(l—n)2 r 1—-n 1—n
x (I—n)}! (7’_4(d1(1 —n)+ 47")3+d1 S B )) dr — dl}) .

When red-shift function is not constant (a'(r) # 0), then the geometry of WH cannot

be analyzed for f(R) power-law model due to the complicated forms of b(r) and h(r).

4.2 Wormhole Solutions in f(R,T) Gravity

Now we formulate Lagrangian corresponding to the action (1.4.20) by using Lagrange

multiplier approach with £,, = pp.(a, b, M) as follows

~

7- / VILF(RT) — (R — R) — x(T — T) + po(a, b, ¥D)dr- (4.2.1)
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Here

a b o~
vV—g9g = €§€§M, )\:fR, X:fT7 T:3pm_pm7
1 P d/l;/ d/M/ 2M// E/M/ M/2 » er
R = — _7 4+ — - — —a + .

-t —+ —=
2 M M M 2M?2

~

(4.2.2)

Using these values in Eq.(4.2.1) and eliminating second order derivative trough inte-

gration by parts, it follows that

w\@

L= e M f Rfn— Tfu(R, >+fT(R,T)<3pm—pm>+pm+2A’;)

M/2 M/ , MIR/ 2M/T/
a' R+ - T + .
g <2M2 M ) fRR < M ) fRT ( M

(4.2.3)

w\m

The variation of Lagrangian with respect to configuration space @ = {a, b, M,R, T}

leads to

f—Rfr—Tfr+ fT(Bpm - pm) + Dm + Q{fT(Bpmm Py ) + Doy }
1 71 I 1" 2M/R/ e sl QMIT, 2
+E{fRR (bR 2R v + frr | DT - v — 2R” frrR

M/2 B/M/ QM” 2 b
— AR'T frpr — 2T/2fRTT} = f_{z ( + — + ]\Z) , (4.2.4)

eb \on2 M M
f - RfR - TfT + fT(3pm - pm) + Pm + Q{fT(Spm’g —Pmy ) +pm75 }

1 2M’R’ OM'T" fr [ M”
—— a'R' + — aT + — ===

A/M/ 2 b
k. (4.2.5)
M M

f - RfR - TfT + fT(gpm - pm) + Pm + Q{fT(3pm7M —Pms g, ) +pm>M }

M'R’
7 > —AR'T' frrr — 2177 frer — 2R

1 .
+= { frR (b’R’ — 'R —2R" -
€
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. M'T W
X frRRR + [RT (b'T' —a'T — 271" — = )} _ _In <—d” L %

d'M/ &/8/ N B/M/ M//)

~

e
oM 2 2M M

eg(fRT(gpm — pm — 1) + fRR(QM_lR —R)) + frr (—d” +

o M/ &/8/ B/ M/ M//
———t—+—-= | =0,

2M 2 2M M
b ~ 1 M/Z a2
€ (.fTT(?’pm - Pm — T) + fRT(2M— R— R)) + fRT —a" + QMQ - 7

o M/ d/l;/ B/ M/ M//
= + =0.
2M 2 OM M

For Lagrangian (4.2.3), the variation of energy function leads to

e = _ = . L.
f — Rfr —Tfr+ fr(3pm — pm) + Pm +2M =1 fg

The vector field and corresponding first order prolongation turn out to be

0 0 8 0

r

0
K = 1—+a«a

ar T O Yo T 08r Yar
0 0 0 0 0 0 0 0
KW = 71— ) ! —
Urw +aaA+ﬁab+vaM+ 8R+778T+aa”+ﬂabr
0 0 0
I — ! ! 4.2.

The derivative of unknown coefficients of vector field with respect to r are defined as
¢ = D¢ —q"Dr, (4.2.8)

where (i, (3, (3, (4 and (5 correspond to a, (3, v, 6 and 7, respectively. In-
serting Eqs.(4.2.3), (4.2.7) and (4.2.8) in (4.1.11) and comparing the coefficients of
Q2N @V M, &' M2, &/ R” and &/T", we obtain

Tya fR:07 Tvg fR:()a TaM fR:O, Tyr fRR:07 Tsr fRTIO' (429)
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This implies that either fr, frr, frr = 0 or vice verse. The first choice yields trivial
solution. Thus, we choose fr # 0 and equate the remaining coefficients leading to
system of equations (B15)-(B34) mentioned in Appendix B.

To solve over-determined system, we choose M (r) = r? and study possible exis-
tence of symmetry generators, associated conserved quantities lead to analyze WH
geometry for two f(R,T) models. We also construct corresponding exact solutions

to explore cosmological picture of these models. The models are given as
o f(R,T)=R+29(T),

o f(R,T)=f(R)+g(T).

421 f(R,T)=R+2g(T)
We formulate symmetry generators and conserved quantities by solving the system
(B15)-(B33) which yields

2co B
a = 07 6:_b7 7207 5:()7 77:0’ TZCl+/

r2

C2B

r2

" dr.

(4.2.10)

In the following, we explore the existence of realistic and traversable WH for dust as

well as non-dust distribution.

Dust Case

In order to evaluate matter component, we use Eq.(4.2.10) into (B34) which yields

(T)

e 2 g
AT) = —"——= T 4.2.11

2o (T) 5 Tal e, ( )

Pm = —
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where c3 and ¢4 represent arbitrary constants. Assuming B, = c¢5, the non-zero

coefficients of symmetry generator and f(R,T) model take the form

2
B = csr, 7'261—%, ﬁ:—622c5, f(R,T) =R+ 2c3T + ¢4.
r r

The symmetry generators and the corresponding first integral become

0 Co 0 202 0
K = 2 g=-29 2009
! or’ 2 rdr  rZop
—a—b
s | 2 2 4 24/
2 = Tt |2, + 5+ S| 4 20T
r2 Co r2
—a—b
a—b : 2 2 2+ 2a
do = r—l—cge‘zbr[b<204+—2+e >—|— —}—2@7“
r Co r
To determine WH solution, we insert Eq.(4.2.11) in (4.2.6) leading to
2, 2
- = + =L
b(r) __ r2 r
e’ = — (4.2.12)
200+ 5+
In the following, we solve Eq.(4.2.12) for a(r) = k and a(r) = —%, k> 0.
Case I: a(r) =k
In this case, Eq.(4.2.12) yields
-502 k4 2.2 2
- e 2r° + /e Frt 4 16cqrecs + 16¢
b(r) =2In |— v 2 2| (4.2.13)
de,(c,r? + 1)
which leads to shape function as
h(r) = [2r*(e *r? + ((e*§¢e—kr4 + 16¢,r2c2 + 16¢2 — 8c2c,) — 8c2c*r?)))]

X {(6—57,2 + \/e_kr4 + 16¢,r%c2 + 1663)2}_1'

The energy density of dust fluid becomes
v 3

2 '
koM ok
—e 2744 e 2 7‘4+167‘QC§C4+16C‘%
—In z

4(c2 (c47‘2+1))

[NIES

(&

pm =7 2¢,c,



111

2.5

095
LIGIR.
o

0.80

057 0.75

T T T T 1 T T T T T T T T T ]
0 1 2 3 4 5 20 40 60 80 100 120 140 160 180 200
r r

r
02 04 06 08 10 12 14 1.6 18 20 3.x10°74

-0.61 dh(r)
dr

-1.61 0 T u T ]
0 0.0005 0.0010 0.0015 0.0020

r

Figure 4.11: Plots of h(r), ™2 n(r) —r and ) versus r for ¢, = 30, ¢, = —0.5,

r dr

c, = —0.0095 and k& = —0.08.

Figure 4.11 shows graphical behavior of the shape function. In upper panel, the left

plot shows positively increasing shape function satisfying h(r) < ro while the right

h(r)

plot represents asymptotic flat behavior as =~ — 0 with r — oo. In the lower face,

o) <1,

r

the left plot identifies WH throat at ro = 0.001 and the right plot yields

dh(
d
Figure 4.12 exhibits energy density as positively increasing. For the existence of

realistic WH, we substitute constant red-shift function and b(r) from Eq.(4.2.13) in

(4.1.6), it follows that
rh/(r) — h(r)

Peff + Peff = .3
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0.044=

Figure 4.12: Evolution of p,, versus r.

Using flaring-out condition, this implies that p.sr + perr < 0, ie., NEC is violated
for effective stress-energy tensor. This indicates the presence of repulsive gravity and

consequently, assures the existence of physically viable traversable WH.
Case II: a(r) = —k/r
Here, Eq.(4.2.12) gives

b(r) = 21n[(e%r3 + {6%7“6 +16r'c,c? + 16r°c,c’k + 16¢2r* + 16037“1{:}%)

x (4 (cor (e,r*+ 1)) (4.2.14)
The corresponding shape function turns out to be

h(r) = (27‘2(616/7"7"5 + (@2%7“2{7“(616/7"7'5 —+ 1664037'3 + 16C4C§k’7"2 + 16637”

+ 16%03)}% — 8c,c3r?) + 8c,cakr® + (8kcs — 8037“503)))/(6%7”3

+ \/T(ek/rr5 + 16¢,c3r3 + 16¢,c3kr2 + 16¢3r + 16kc))>.

Figure 4.13 implies that h(r) preserves its positivity with h(r) < r while far from

throat, the shape of WH is found to be asymptotic flat in the upper face. The left
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h(r)

= 0.5, ¢, = 0.5,

versus r for c,

dh(r)
, h(r) —r and =

T

of h(r),

c,=11and k=5.

plot of the lower face locates WH throat at o = 0.95 and the corresponding right plot

indicates that dh(ro) < 1. To investigate the presence of traversable WH, we insert

Eq.(4.2.14) in (4.1.6) yielding

Peff + Deff (64(((e 2 %( Frpd 4+ 16¢,c2r® + 16¢,c2kr? + 16¢2r + 16ke )%

8c2c2rf) — + (8¢,k*r*c? — 8c2c2kr®)

(ek/r 6

8¢, c2r’k) + 4’k ric?
—8rc,c?) + 4k (c,r” + 1)c )/((62%7”3 + (r(e*mr®
16¢,c2r° + 16¢,c2kr? 4+ 16¢2r + 16kc§)%)) (r(e*/™r® + 16¢,c?

r® +16¢,c2kr” + 16¢2r + 16kc ))%)
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Figure 4.14: Plots of py, and pers + pesp versus r.

Figure 4.14 shows that density is positively decreasing while the effective energy
density and pressure are negatively increasing such that p,, > 0 and pess + pesr < 0.
This indicates the violation of NEC by effective energy-momentum tensor leading to

realistic traversable WH.

Non-Dust Case

In this case, we consider a particular relation between density and pressure such that

P, b, M) = wpy, (@, b, M) and solve Eq.(B34) which yields

—a—b

ez 9(T)
o AT = -2 LTy 4215
P 2¢, (6weg + w — 2¢)) (T) 2 talta ( )

where cg denotes arbitrary constant. Here, symmetry generators remain the same as

for dust case but the corresponding conserved integral gives

—a—b

ab ; 2 ez (2c3(3w—1)+1) 2+2a'r
Y. = —ezri|eb |2, + =
! c°r [e <c4+r2+ 2¢, (bweg + w — 2¢q) T ’

—a—b
asb . 2 e 2 (23(3w—1)+1) 2+ 2a'r

Ny = 2 “1 2, + =
2 Tt Ge r[e (C4+7“2+ 2¢, (6weg + w — 2¢q) + r2
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Inserting Eq.(4.2.15) in (4.2.6), we obtain

? 2(1+a
) = Utame (4.2.16)
2047”262 + 202 +e 2 22
Case I: a(r) =k
For this case, Eq.(4.2.16) yields
-5.2 oy 2.2 2
. —e 21r° 4 (/e Frt 4 16¢,7%c2 4 16¢
b(r) =21In v -2 2 (4.2.17)
4e,(e,r? +1)
The associated shape function takes the form
h(r) = —[2r3(—e " r?+ e_%\/e*’“?“4 + 16¢,72c2 4 16¢3 + 8cc, + 8c3¢7r?))]
X (e’§r2 — \/e—kr4 + 16¢,72¢3 + 16¢3) 2.
Inserting Eq.(4.2.17) in (4.2.15), we obtain
2, 3
757111476 2 +\/57kr4+1654r2c§+1655 5
2 4c2(c47‘2+1)
P = (4.2.18)

¢, (6weg + w — 2¢)

The upper plane of Figure 4.15 indicates that h(r) remains positive but it does not
preserve asymptotic flat shape. In lower face, the left plot identifies WH throat at
ro ~ 0.001 and the right plot satisfies h'(rg) < 1. Figure 4.16 shows that p,, and
Pm + Pm are positively increasing for 1 < w < 0.3 while pefs + perr < 0 in this case.

Therefore, a realistic traversable WH solution exists.
Case II: a(r) = —k/r
For variable red-shift function, Eq.(4.2.16) leads to

~ k

b(r) = In[(e?™r® + 8c2k + 8c2r’c, + e2r 2 (e*/7r® + 16kc; + 16c3r
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+ 160 kr? c, + 16027" c )%){87@%(1_’_27«204 + 2 ¢, +T402)} 1]'

(4.2.19)
The corresponding shape function is

h(r) = [(r® + 8c2k + (8¢ kr?c, — 8c2r’c,) + (62%7“5/2{6k/r +16¢2k
+ 16¢2r + 16c’krc, + 16¢r 4}2 8c2roe®))r] /(¥ 1P + 8c2k + 8cir
+ 8c2kric, +8cr’c, + 62rr5/2{ek/7" ° +16c3k + 16¢7r + 16¢7kr’c,
+ 16¢5r° 04} ).

Figure 4.17 indicates that h(r) < r, hgf”)

— 0 as r — 00, the minimum radius of

throat is located at ro = 1 with A'(ry) < 1. We insert Eq.(4.2.19) in (4.1.6) and
(4.2.15) which leads to graphical interpretation of energy density and pressure with
respect to perfect fluid and effective energy-momentum tensor. Figure 4.18 shows
that p,, > 0 and p,, + p,, > for 1 < w < 0.3 while pesp + pesr < 0 for 1 <w < —1.
Thus, a realistic traversable WH exists for variable red-shift function in non-dust

distribution.

4.2.2 f(R,T) = f(R) + ¢(T)

Now we consider a general f(R,T") model appreciating indirect non-minimal curvature-

matter coupling. We specify f(R) as follows
f(R,T) =R+ puR*+vR"+g(T), n >3, (4.2.20)

where p1 and v are arbitrary constants. We solve the system (B15)-(B33) for both
dust as well as non-dust distributions and discuss WH geometry for constant and

variable red-shift function.
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Dust Case

In this case, we solve the system (B15)-(B34) and obtain

a = d17 ﬂ:dl_2d47 7:07 5:07 77:07 T:d471, B:d57
5 1

pm = e 4% — W[—VR”T2 +vR™nr? — 2R — 1 4+ n)n + pr’*R* — 4uR
2T

— 2—1%ds], g(T) = dyT + ds, (4.2.21)

where d; represents arbitrary constants. The symmetry generators and corresponding

first integrals are found to be

g 0 0 0
YT e T e o
Y = —6%7’[2(1 + puR+nvR" ) + 1R (2u +n(n — 1)y R"?)],
Yo = —edT_BT[Qei)(n — DR 4+ 2(1 + puR +nvR™Y) + 4rR' (2u + nv
x (n—1)R"?)].
For b(r) = In <f2(r)>’ Eq.(4.2.6) reduces to
r (2(1 + 2uR))(1 + a'r)e?
- =0. 4.2.22
Crrh) ridy (4.2.22)
We solve this equation numerically for both a(r) = k and a(r) = —%.

Case I: a(r) =k

For constant red-shift function, we analyze the geometry of WH for both n = 0 as

well as n # 0. Inserting Eq.(4.2.2) in (4.2.22) for n = 0, it follows that

r(W(r)=1)
ro 2 5 2(h(r) —r)? ((h(r)—r)2 - h(rl)—r> _2((r) = 1)
h(r) —r  dyrt .

r3 r3
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L Ab(r) —r) | 3) N 1} 0. (4.2.23)

r r2

We solve this equation for h(r) and establish graphical analysis to study its geometri-

cal properties. Figure 4.19 identifies that all WH conditions are satisfied as h(r) < r,
h(r)

— 0, the minimum radius is ry = 0.45 with A/(r9) < 1. Hence, pess + pess < 0
holds trivially while Figure 4.20 indicates that energy density remains positive.
For n # 0, Eq.(4.2.22) reduces to

r 2¢k (2u (4<—r+ hr)) (2(—r+ h(r))? ( |

—r+h(r)  rid, T r =1+ h(r)

+ M) —2(—r+h(r))> +3) +nv (w+3

(—r + h(r))? r2 r r2

1 r(=14+h'(r)) 2
2 <_ oy iy ey ) (=7 +h(r)) 2(—r + h(r))
r3 o r3

—14n

+
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The numerical solution of h(r) provides two roots for n = 3 as shown in Figure 4.21.
The left plot of upper face represents that both roots remain positive with h(r) < r
while the right plot identifies asymptotic flat shape of WH. The lower plot locates

the corresponding throat at ro = 0.424 (red) and ro = 0.36 (blue).

Case II: a(r) = —k/r

For n =0, Eq.(4.2.22) gives

h(r)?”_ . (r tslgze (1 o (kQ(_’;; h(r)) | 4(=r J; h(r)) %
rCHR ) by

N § ( —rih() T (—r;:ir))Q) (=r +A(r)) +r_23 ((_ — +1h(r)

+ L) (ot n - (r ) ) ) =0 (4.2.25)

The numerical solution of this equation is shown in Figure 4.22 which shows that
all geometrical conditions of WH are preserved as h(r) < r, @ — 0, WH throat

is located at ro = 0.45 with h'(r9) < 1. Figure 4.23 shows that p,, > 0 and p.sr +
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Perr < 0 ensuring the violation of NEC for effective energy-momentum tensor yielding

physically acceptable traversable WH.
When n # 0, Eq.(4.2.22) takes the following form

r 2r + ke r KX(—r + h(r))  4(—r+h(r)) 2
— 142 =
—r + h(r) r9d, < +en ( 25 + r + r2
“rh(r) T (—rth(r)2 2(—r+ h(r))
+ ( 5 ) + = ((=r + h(r))

. (_ ~r +1 m(r) 7;(_—:: zf&/f;)g) - 1>) M <k2(_r27~+5 Cop %

1 r(=1+h'(r))
k (— =50 T Ay ) (=r + h(r))® AT b)) | 2T+ h(r)

2t r =
g ((_ - +1 nr) 2(—_rl++ h]?g)é ) (=r+h) - 1) > ‘””) -

This yields two solutions of the shape function whose graphical analysis is established

+

for n = 3. In Figure 4.24, the upper left plot shows that both solutions of h(r)
preserve positive behavior with h(r) < r while the corresponding right plot determines
asymptotic flat shape of WH. The lower plot identifies minimum radius of WH at

ro = 0.35 (red) and ry = 0.25 (blue).
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Non-Dust Case

For perfect fluid, we consider p,, = wp,, to evaluate symmetry generators and asso-

ciated conserved quantities. Solving Eqs.(B15)-(B34), we obtain

1 ~
— dy, Be—dsr, py— dse— P~ 4(r)R
T W P R (B — ) + w)rd, dse™ T alr)

+ ((((R:swjdl — Rw2d1) — dg(RT)2d1> — 2Rd1) — 4,uR2d1)] ) (4.2.26)

These coefficients lead to the following symmetry generators and conserved integral

o 0 0 0
! % T T o
Y = —6&7717?”[2(1 + pR+nvR") +rR (2p +n(n — 1)vR"?)),
Yy = —e‘%i’r?[R +pR? +vR" +ds+ (2/r* — R)(1 + 2uR + nvR"™)
dsy a(r) _b(r)

"~ R((Bdyw — dy) + w)rd, {Bw—1)+wh(dse” = "z a(r)R
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+ ((R*wr*dy — Rvr*dy) — d3(Rr)*dy) — 2Rdy) — 4uR*dy)] + 2

x (1+puR+nvR"Y) +4rR (2u + nv(n — 1)R™?)).

Substituting b(r) = 111( > in Eqgs.(4.2.6) and (4.2.22), we obtain Eq.(B35)

provided in Appendix B. We solve this equation numerically for both forms of red-

shift function.

Case I: a(r) =k

The numerical solution of Eq.(B35) for n = 0 leads to analyze WH conditions graphi-
cally. In Figure 4.25, the upper left plot shows that h(r) is positively increasing with
h(r) < r while the right plot assures asymptotic flat shape of WH. The lower left
plot determines throat at the minimum radius, i.e., ro = 0.456 whereas the right plot

preserves the derivative condition at throat as h'(rg) < 1. We examine the behavior of
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w=-03

Figure 4.26: Plots of p,, and p,, + p,, versus r.

energy density and pressure of perfect fluid for w = —0.3 in Figure 4.26. Both plots
indicate that NEC and WEC are preserved while NEC is trivially violated for the

effective energy-momentum tensor. Consequently, there exists a realistic traversable

WH for non-dust distribution.

Case II: a(r) = —k/r

In Figure 4.27, the left plot of upper panel represent positively increasing behavior
of h(r). The upper right plot indicates that WH appreciates asymptotic flat shape.
The lower left plot identifies the minimum radius at WH throat, i.e., 7o = 0.35 while
the right plot shows that derivative condition is satisfied at throat h'(ry) < 1. Both
upper plots of Figure 4.28 represent that NEC and WEC are recovered. For variable
red-shift function, the violation of NEC relative to effective energy-momentum tensor

is analyzed in lower plot. Thus, the existence of a realistic traversable WH is possible

for non-dust distribution with n = 0.
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Chapter 5

Final Results

In this chapter, we summarize all the results obtained and finally provide some future
lines of action.

Chapter 2 is devoted to investigate the dynamics of warm inflation for flat FRW
universe model in f(R) gravity. We have analyzed warm intermediate as well as
logamediate inflationary model in weak and strong regimes for both constant and
generalized dissipative coefficients. The results of warm intermediate inflationary

model are summarized as follows.

e For weak constant dissipative regime, viable e-folds are obtained only when
0.626 < g < 0.999 whereas the corresponding tensor-scalar ratio is found to
be compatible at the constrained value of scalar spectral index. For g = 0.9,
we have found T > H and 7 < 1 that verify the presence of inflaton in
weak dissipative regime and inflationary model is found to be consistent with

observational data.

e For strong constant dissipative regime, the number of e-folds remains less than
20 for 0.71 < g < 0.89 while the corresponding graphical behavior of R — n;

leads to compatible range of R, i.e., R < 0.10. At g = 0.89, the temperature

128



129

of thermal bath radiations is found to be greater than Hubble parameter which
leads to the existence of warm inflation and 7 > 1 indicates that inflaton

particles lie in strong dissipative regime.

e In case of weak dissipative regime, inflationary model is compatible for m =
0, 1, —1when 059 <g<1, 0.67<g<1, 0.55< g < 1 ranges, respectively.
For generalized dissipative coefficient in strong dissipative regime, the inflation-
ary model yields consistent results with Planck constraints when m =0, 1, —1

with 0.5 < g <1, 0.67 < g <1, 0.88 < g < 1 ranges, respectively.

It is worth mentioning here that for m = 3, the condition of model parameter is
violated, i.e., 0 < g < 1 leading to inconsistent behavior of inflationary model in
weak and strong dissipation regimes.

The summary of results for different values of logamediate model parameter f3 is

given as follows.

e For weak constant dissipative regime, the e-folds are found in abundance to
resolve flatness and horizon issues whereas the corresponding tensor-scalar ratio
is compatible at the constrained value of scalar spectral index . For 1.5 < 3 <
3.5, we have found T > H and 7 < 1 which verify the necessary condition
of warm inflation and also describe the existence of inflaton particles in weak
dissipative regime. This analysis implies that logamediate inflationary model is

found to be consistent with observational data.

e For strong constant dissipative regime, the number of e-folds remains less than
20 for 2 < 3 < 2.7 while the corresponding graphical behavior of R — ng leads

to compatible range of R, i.e., R < 0.10 in the same range. The temperature
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of thermal bath radiations is found to be greater than Hubble parameter which
leads to the existence of warm inflation and 7 > 1 indicates that inflaton

particles lie in strong dissipative regime for the proposed range of /3.

e For generalized dissipative coefficient in weak dissipative regime, the inflationary
model yields consistent results with Planck constraints for m = 0, 1 with 1.1 <
B < 4.5. For m = —1, the existence of warm inflation is verified in this range
but 7 is not found to be constrained at n, = 0.9603 which violates the condition
of weak dissipative regime. In case of strong dissipative regime, inflationary
model yields compatible results for m = 0, 1, — 1 with 1.1 < 8 < 3.5 but

F>1in1.1<3<1.9.

In Chapter 3, we have analyzed the presence of Noether symmetry of flat FRW
and BI universe models for two f(R,7T) models. We have formulated Noether sym-
metry generators, corresponding conserved quantities, matter contents (p,,, pm) as
well as particular forms of g(7T") for R+ 2¢(T") and fyR™ + g(T') models. Both models
explore symmetries of BI model in the absence of boundary term while the second
model provides symmetries and conserved quantities of both isotropic and anisotropic
models with non-zero boundary term. The graphical behavior of scale factors indicate
that the universe undergoes an expansion while cosmological parameters, i.e., Hub-
ble and deceleration parameters correspond to accelerated cosmic expansion whereas
EoS parameter identifies quintessence phase. The trajectory of r and s parameters
indicates that the constructed f(R,T) model corresponds to standard ACDM model.

We have also formulated Noether symmetry of generalized anisotropic homoge-
neous model in this gravity admitting minimal interactions with scalar field model.

We have considered f(R,T) models admitting direct and indirect curvature-matter
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coupling and formulated exact solutions for dust and perfect fluid distributions. The
indirect curvature-matter coupling yields three symmetry generators with non-zero
boundary term. The first generator defines translational symmetry in time yielding
energy conservation whereas the second generates scaling symmetry. For the second
model, we have found four conserved quantities relative to symmetry generators but
only one generator provides scaling symmetry. In the absence of boundary term, the
symmetry generator of first model assures the existence of scaling symmetry for dust
as well as perfect fluid while we have found two symmetry generators for the second
model.

We have also evaluated exact solutions for dust and perfect fluid with vanishing
boundary term in the background of indirect curvature-matter interactions. For dust
fluid, we have found power-law solution whose graphical analysis leads to decelerating
phase of the universe. The positively increasing scalar field and dominant kinetic en-
ergy ensure the decelerating behavior of cosmos for quintessence model. For phantom
model, the scalar field rolls down positively and tends to increase negatively while
kinetic energy dominates over potential energy. The graphical behavior of effective
EoS parameter identifies a transition from radiation to DE era. For perfect fluid, we
have found an oscillatory solution with increasing rate of Hubble parameter, negative
deceleration parameter, werr < —1 and s > 0 with » < 1 indicating phantom phase.
In this case, the scalar field increases negatively and potential energy dominates over
kinetic energy leading to an epoch of accelerated expansion. Thus, power-law and
oscillatory solutions of generalized anisotropic model characterize cosmic evolution
from decelerated to current accelerated phase.

Chapter 4 studies static wormhole solutions via Noether symmetry approach
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in f(R) and f(R,T) theories for constant as well as variable red-shift functions.
For constant (@’ = 0) and variable red-shift function (@’ # 0), we have found that

particular form of f(R) satisfies stability conditions while shape function preserves

dh(r)
dr

all geometric properties, i.e., h(r) > 0, < 1 at r = rg and asymptotic flat
geometry. The violation of NEC (using effective energy-momentum tensor) assures
the presence of repulsive nature of gravity for both forms of red-shift function whereas
the validity of NEC and WEC identifies ordinary matter when a’ # 0. These energy
bounds confirm the presence of a physically viable WH solution for variable red-shift
function. We have also formulated symmetry generator, corresponding first integral
and WH solutions for f(R) power-law model. When a'(r) = 0, we have established
graphical analysis of traversable WH conditions for n = 1/2, n = 2 and n = 4. In
this case, the shape function is found to preserve all conditions and pess + pesr < 0
assures the violation of NEC identifying the existence of exotic matter at throat. For
a’ # 0, we have found a complicated form of the shape function.

For the first f(R,T") model (admitting a correspondence with ACDM model) with
a’ = 0, WH solution satisfies all geometric conditions for dust distribution whereas
in non-dust case, the asymptotic flatness is not achieved. The energy density corre-
sponding to ordinary matter remains positive for both dust and non-dust cases while
the violation of NEC on effective energy-momentum tensor trivially holds. Thus, the
repulsive gravitational effects appear at throat leading to traversable WH while the
presence of ordinary matter leads to physically viable WH. When a’ # 0, we have
considered p,, = wp,, in non-dust case and all WH conditions hold for both fluid
distributions. In dust case, we have p,, > 0 while p,,, pm + pm > 0 for non-dust case

whereas pesr + pesr < 0 for both fluid distributions. These inequalities indicate that
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WH is found to be traversable and physically acceptable.

For the second model, we have evaluated WH solutions for both n = 0 and n = 3.
When @’ = 0 and n = 0, we have found that WH conditions are recovered while
the validity of NEC and WEC specify ordinary matter for both fluids. When a’ # 0
with n = 0, we have found viable WH solutions for both dust as well as non-dust
cases. The physical existence of WH is verified as p,, > 0 with pess + pesr < 0 for
dust distribution. For non-dust case, we have py,, pm + Pm > 0 and pegp + pesr < 0
except for w = 1. When n # 0 (dust fluid), we have found two solutions of shape
function which admit h(r) < r, h(r)/r — 0 and h(ry) = r¢ for both constant as well
as variable red-shift function. The summary for viable WH solutions corresponding
is given in Table 5.1.

Table 5.1: Viable WH solutions in f(R,T) gravity.

Red-Shift Function Model I Model II
a(r) =k dust dust & Non-dust, n =0
a(r) = —k/r dust & Non-dust | dust & Non-dust, n =0

Table 5.1 indicates that Noether symmetry approach leads to viable wormhole solu-
tions in most of the cases.

It would be interesting to extend this work on the following lines.

e To analyze the role of anisotropic warm inflationary model with different fluids

and scalar field models in Einstein frame representation of f(R) theory.

e To discuss warm inflationary scenario with/without bulk viscosity in Einstein

frame representation of modified theories.

e To investigate the existence of physically viable dynamical as well as non-

dynamical WH with anisotropic fluid through Noether symmetry technique in
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f(R) and f(R,T) theories.

e To discuss cosmic evolution from exact solutions of higher-dimensional isotropic
as well as anisotropic universe models via Noether symmetry approach in more
generalized non-minimally coupled modified theories minimally interacting with

different DE/matter models.

e To explore the effect of charge in WH geometry with non-commutative geomet-
rical background with/without Noether symmetry approach via different forms

of shape and red-shift functions.



Appendix A

For Lagrangian (3.1.3) and vector field (3.1.11), the invariance condition (1.5.5) yields
a system of equations as follows

(bav,, +2aB,, ) frr =0, (A1)
(bv, +2aB,. ) frr = 0, (A2)
20,, fr+ b7, frRR+ b0, frT =0, (A3)
b, frr + ba,y frR + 208, frr + 2008,, frr =0, (A4)
28frr + by frRR + U0 frRRT + b0, fRR + 2003, fRR + 206, fR+bV,8 fRR

+09,, frr =0, (Ab)
26 frr + by frrr + b0 frrr + bav,, fre + 2083, fre + 28, fr+ bV, [RR

+b0,,. frr =0, (A6)
26fr + 2byfrr + 260 frr + 2bav,, fr + 2a0,, fr+ 200, fr + 2aby,, frR

+0%,, frr + 2006, frr + %6, frr =0, (A7)
2ba frr + 208 frr + 2aby frrr + 2000 frrr + V0, frR + 2b0v,, fr+ 2ab

X By, frr + 2040, [r+ 2abY,, frr + 2abd,, frr =0, (A8)
2ba frr + 2aB frr + 2aby frrr + 2abd frrr + b*a,, frr + 2bo,, fr+ 2ab

X0, frr + 2a8,, fr+ 2aby,, frr + 2abd,,. frr =0, (A9)
afr+ayfrr+ ad frr + 2bav,, fr + 2a0,, fr + 2aby,, frr + 2ab0,,

X frr =0, (A10)

Valf — Rfg = Tfr + fr(3pm — pm) + Pm + a{ f1(3Pms0 —Pmsa ) + Pmisa Y] + B[2ab
X(f = Rfg = Tfr + fr(3pm — pm) + Dm) + ab*{ f1(3Dms, —Pm>y ) + Py }] + ab®
XY= (Rfrr + T frr) + [rr(3m — pm)] + ab®0[—(Rfrr + T frr) + frr

X (3pm — pm)] = 0. (Al1)
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For invariance condition (1.5.2), the Lagrangian corresponding to flat FRW uni-
verse leads to

7,,=0, 7,,=0, 7,=0, B,.=0, (A12)
n(n —1)foR" *a*a,, = 0, (A13)
n(n — 1) foa®R" 2a,,. = 0, (A14)
2acr,, +(n —1)aR™'3,,. =0, (A15)
6n(n —1)foa*R" *a,, = —B, (A16)
nfoR" '[2aa,, +(n — 1)a®*R7'3,,] = —B,,, (A17)
a+(n—1aR'B + 2aa,, —ar,, +(n —1)a*R™'3,, =0, (A18)

2(n — )R 'a+ (n —1)(n —2)aR?B+ (n — 1)aR 'a,, +2a,, —(n — 1)
xaR 1, +(n—1)aR™'B,,=0, (A19)
a3a*{foR"(L —n) + g(T) = T9(T).p +9(T).r (3p = pm) + P} + a*{9(T),;

X (3Pmsa —Pmsa )+ Py 3 = n(n = 1) foa® BB + a*vg(T) 1y (3pm — pm — T)
+a*r, {foR" (1 =n) + 9(T) = T9(T),p +9(T) .1 (30w = pm) + P} = B, . (A20)

For BI universe model, the invariance condition (1.5.2) yields

7,,=0, 7,=0, 7,=0, 7,=0, B,=0, (A21)
(bav,, +2aB,, )n(n — 1) foR"™* =0, (A22)
(b, +2af,, )n(n — 1) foR"* = 0, (A23)
26,, +(n —1)bR™"y,, = 0, (A24)
26, +(n — 1)bR™1y,, = 0, (A25)
ba,,. +af,,. +(n —1)abR™ 'y, =0, (A26)
n(n — 1) foR"2[2b%a,, +4abf,, ] = —B,,,, (A27)
nfoR" ' 4b3, +2(n — ¥Ry, ] = =B, (A28)
nfoR" [4ba,, +4aB,, +4(n — 1)abR 'y, | = —B,, , (A29)
a+ (n—1aR 'y + 2ba,, +2a83,, +2(n — 1)abR™'y,, —aT,, = 0, (A30)

203+ 2(n — 1)bR 'y + 2ba,, +2a3,, +2b3,, +2(n — 1)abR™'y,,
+(n — D)B*R™'y,, —2b7,, = 0, (A31)
2(n — )R™'B+ (n—1)(n — 2)bR™ 2y + (n — 1)bR'a,, +23,,,
+2(n — 1)aR™'3,, +(n — 1)bR 'y, —(n — 1)bR™'7,, = 0, (A32)
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2(n — )R 'a+2(n — 1)aR™ '8+ 2(n — 1)(n — 2)abR™ %y + 2ba, ,

+(n — 1)62R_1Oz,b +2(n — 1)abR_1ﬁ,b +2a5,, +2(n — 1)abR_1%R

—2(n — DabR'7,, =0, (A33)
valfoR"(1 = n) + g(T) = Tg(T),; +9(T)sr 3pm — pm) + pm + a{g(T),,

X (3Pmsa =Pmsa ) + Pmsa Y+ B2ab(foR" (1 —n) + g(T) = Tg(T),, +9(T),,

X (30m — pm) + Pm) + ab*{g(T) . (3Pms, —Pimsy ) + Py } — 0 — 1) foab® R™ 'y
+ab’0g(T),pp (3pm — pm — T) + ab’,, { foR"(1 —n) + g(T) — Tg(T),,

+9(T)s7 (3Pm = pim) + Pm} = B,, . (A34)

For invariance condition (1.5.2), the system of equations is

eab®n,, = -B,,, (A35)
ba + 2a3 + 2abn,, —abr,, = 0, (A36)
2b,, for +4aB,, for + aben,, =0, (A37)
2ba,, for + 203, for + aben,. =0, (A38)
48,, fr +2bv,, frr + 200,, frr + aben,, =0, (A39)
4ba,, fr+4ap,, fr+ 4aby,, frr + 4abd,, frr + aben,, = 0, (A40)
T fJR=0, 7,/r=0, 7., fre=0, 7,.frr=0, 7,,=0, (A41)
2b°,, frr + 4abB,, frr = —B,, , (A42)
20, frr +4abB,, frr = =B, , (A43)
bo,, frr + 2abB,, frr =0, (A44)
ba,,. frr + 2abB,, frr =0, (A45)
28,, fr+ bV, frRr + 05, frr =0, (A46)
4b3,, fr + 26%7,, frr + 2V%5,, frr = —B,,, (A47)
4bo,, fr +4apB,, fr + 4aby,, frr + 4abd,, frr = —B,, , (A48)
ba,, frr +ba,, frr + 2a8,, frr + 2a0,, frr =0, (A49)
afr+ayfrr+ ad frr + 2ba,, fr + 2a0,, fr + 2aby,, frr + 2ab0,, frr

—ar,, fr =0, (A50)
28frr + by frRR + 0O fRRT + b0, fRR + 2003, fRR + 20, fR+bV,8 fRR
+06,,, frr — b7, frr =0, (A51)

2Bfrr + by frrr + 0 frrr + bav,, frr + 2a83,, frr +208,, fr +b7,, frR



138

+b0,,. frr — b1, frr =0, (A52)
20fr + 2byfrr + 260 frT + 2bav,, fR +4af,, fr+ 200, fr + 2aby,, frr
+b*y., frr + 2ab6,, frr 4+ b°0,, frr — 2b7,, fr =0, (A53)
2ba frr + 208 frr + 2aby frrr + 2006 frrr + Uy, frR + 200, fR 4 2ab
X0, frr + 2a0,, fr+ 2abvy,, frr + 2abé,,, frr — 2abt,, frr =0, (A54)
2ba frr + 2aB frr + 2aby frrr + 2abd frrr + b*a,, frr 4 2bov,, fr+ 2ab

X By, frr +2aB,; fr+ 2aby,, frR + 200, frr — 2abT,, frT =0, (A55)

Valf — Rfr+ fr(3pm — pm —T) + pm = V(9) + a{ fr(3pms0 —Pimsa)

+Pmisa } + 28 fr] + B2ab(f — Rfr + fr(3pm — pm — T) + pm — V(9))

+ab*{ f1(3Pmsy —Pmsy ) + Py 3] + V[—ab*Rfpr + 2a€ frr] + 0[—ab*Rfrr
+2a€ frr) — ab®V,, 0+ 7, [ab*(f — Rfr + fr(3pm — pm —T) + P

—V(¢)) +2a€ fr] = B,, . (A56)



Appendix B

In f(R) gravity, the invariance condition (1.5.2) and Lagrangian (4.1.8) yield

B,=0, 71,=0, =0, 7, =0, 7,.,=0,
b
ez B

i R
e2(77rfR+M57rfRR) B,,,

e%(a MJFQ%T)JCRR:@B?R,
H(cv, fr+ s, M7 fr+26,, frr) = €2 B,
Voo fr+ MO, frr =0,
%,;fR‘i‘M%fRR:O
Oévl;fR+’YaBM71fR+2(5,5fRR:0
Mayl;fRR'f'Q’%l;fRR:Oa

Mo, frr + 27,5 frr =0,

[Slis8

e

frla—B—2yM™" +4Ma, o T, )+fRR(25+8M5>M)
frla = B +2a,, =27, +2v,  +27,,) + fRR(25 + 2M5,M +44,, ) =
fr(a,, +7,s M7Y) + frr(a— B+ Ma, o 27, =27, 420, ) + 20

X frrr = 0,

29, fr+ fRR(Moz — Mﬁ + 27+ QMoz,d —ZMT,T +47,, +2M§,R

><5fRRR=07
a b~ _u+w)  2fp
eQe?M{ (f Rfp 4+ wpoa™ 2«

(143w)

~

=B, .

+ = )(a+ﬁ—|—7‘,7)—%a(1+w)p0

(+w)

Xa~ 2o + 5M(2M71 — R)frr} + e%e*gﬂy(f — Rfr +wpoa™ 2o )

o ™
~ @

A~~~ N /N /N /N N
S Ot
M S N

(B12)

)+ 2M

(B13)

(B14)

In f(R,T) gravity, the over determined system of equations is given as follows

139
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¢4 (v, fn+ MO, fan+ N, frr) = 4B, (B16)
e5 (o, M + 27, ) frr = €3B,,,, (B17)
¢4 (o, M+ 27, )frr = ¢5B,,., (B18)
e%(a,r R+, M~ fr+26, frr+ 20, frr) = egB,M ) (B19)
Voo [R+ M6, frr+ Mn,, frr =0, (B20)
Vo fR+M(5,B fRR+M77>,; Jrr =0, (B21)
o, fr+ 7 M7 fr+ 20, frr+ 20, frr =0, (B22)
Mo, frr+ 27, frr =0, (B23)
Ma,, frr + 27, far =0, (B24)
Ma,, frr + 275 frr =0, (B25)
Mo, frr + 27, frr =0, (B26)
Ma,, frr+ 27, frr + Mo, frr + 27, frr =0, (B27)
frla— B —29M' + 4]\2/a,M +4v, . =27, ) + frr(20 + 8]\2/5,M )

+frr(2n + 8M7]7M ) =0, (B28)
frla— B+ 2a,, —27, +27,  +27,, M) + frr(26 + 2M0, _ +46,, )

+frr(2n + 2M77,M +4n,,) =0, (B29)
frlon, +7.0 MY + frr(a — B+ Ma,  +2y, =27, +25,,) +20

X frRrr + 20 frRT + 20, fRT = 0, (B30)
Fr(Quy 470 M) + frr(a = 8+ Ma,, +2y,, =27, +2n,, ) + 20

X frrr + 20 frRTT + 20, fRR =0, (B31)
29,0 [ + frr(Ma — MB + 2y + 2Ma,, —2Mr,, +4v,, +2M5,,,)

+2M S frrr + 2Mn frrr + 2Mn,, frr = 0, (B32)
29, fr+ frr(Ma — MB + 2y + 2]\A4oz,d —2Mr,, +47,., +2M5,R )

+2M 0 frpr + 2Mn frrr + 2M6,, frr =0, (B33)
33N | (f — Rfn+ fr(3pm — pm —T) +2f "+ py) (# 4 m)

+ a{fr(3Pmrs —Pmsa ) + Pmsa + + BUrBPmsy —Pmsy ) + Py ¥ +1{fr

X (3Dims, —Pmogy ) + Dy, Y+ YM T (f = Rfr + fr(30m — prm — T) + Pim)

+ 0{frr(—R+2M™Y) + frr(3pm — pm — T)} + 0{frr(—R +2M )

+ frr(3pm — pm — 1)} = B,, . (B34)
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For perfect fluid and f(R,T") model (4.2.20), we obtain

8 dA/4h N/ 42(1”3
(=7 +h(r 7’3Gd5( —7“—|—h( )62 6T h(r)pa” + 4ez2dsa’r

r)?ua” 2dsariuh(r) — 18¢%
Vo —r+h —r+h()62 1" uh(r) — 18¢>

x dgar*ph(r) g h(r) -2 %}1()62 ded>r* 1l (r) + 2e2 dg
x a3 h(r)*pu —m +38 %}L()mdﬁ&'zﬂh(ﬂm — 32e?
x dgd'r*h(r)p _%h(r) + 16 —ﬁegdﬁdlrzj’h(ﬂ?u — 10e2
x dgd'rh(r)*p _%h(r) + 18 —ﬁegdﬁ&’ﬂh( T\ — 10e2
% ded'rh (r) —ﬁ +8 %h()e dsh(r)prh/ () + 4e3

X _——T—lfh( )dGMa//T4+T ad — 161/ ;h()mdeur +16€2d67"
T T
————u — 16, | ——————e2dguh(r
. —r—l—h(fr)u —r+h(7’)€2 o/t \/ —r+h

~! 5 r a 3
2, | ——————e2dgr°h(r) — 2, | ————e2d, 10e2d,
X a'r’+ —T+h(r)€2 6T h(r) —T+h( )62 ot o5 5
R T T o
< @ -y K () + 2y [ = s e ()l ()
r r a
L eidga 10, |- eSdear ' + 16¢8d
+ —T+h(7’)62 o141+ 10 —7"—|—h(r)e2 60 "7 i + 1be2dg

~l 5 r T
———8 ——e3dga 32, /-
xXar /,L\/ , h \/ . h( )6 GCLT,LL . h
5d r) + 16 5d h(r 32
xend \/ e o Fut \ —7"+h

X dgpr — 8 g h(r)62d6r2h/( )+ 2 p— h(r)eQdGa/?Ah( )+ des
. T T o . a
X ooy [ =S = 8y [ e dah(r)n? + e da
r ~N 2 2
————~arh = 0. B35
)" (r) ) (B35)



Appendix C

List of Publications

The contents of this thesis are based on the following research papers published in
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Abstract This paper investigates the behavior of warm in-
termediate inflation for flat isotropic and homogeneous uni-
verse in Einstein frame representation of f(R) gravity. In
this scenario, we study the dynamics of two distinct regimes,
i.e., strong and weak constant as well as generalized dissi-
pative regimes. In both regimes, we find inflaton solution
corresponding to scalar potential and then evaluate dimen-
sionless slow-roll parameters. Under slow-roll approxima-
tion, we formulate scalar and tensor power spectra, their
spectral indices and tensor-scalar ratio for Starobinsky in-
flationary model and study the graphical analysis of these
observational parameters. It is concluded that isotropic in-
termediate inflationary model with constant as well as gen-
eralized dissipation coefficient for m =0, 1 and —1 remains
compatible with Planck 2015 constraints in both dissipa-
tive regimes. The inflationary model satisfies warm inflation
condition in both dissipation regimes but found to be incon-
sistent for m = 3.

Keywords Slow-roll approximation - Warm inflation -
f(R) gravity

1 Introduction

The most revolutionary advancement on the grounds of cos-

mology is the establishment of a cosmological model en-
titled as big-bang model. This standard model successfully
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describes some surprising observational facts such as the ex-
istence of cosmic microwave background radiations (CMB),
presence of primordial light elements and also explain cur-
rent cosmic expansion (Gamow 1946; Penzias and Wilson
1965; Perlmutter et al. 1999). However, it suffers from some
serious and long standing theoretical issues like horizon,
flatness, origin of fluctuations and monopole. To get rid of
these problems, the standard model demands an epoch of
rapid acceleration in the early universe named as “inflation”.
This epoch is defined as an era of few Planck lengths that
suffers an instant exponential expansion due to the presence
of some gravitational effects (Lyth and Liddle 2009).

The first idea of an accelerated epoch was given by Guth
(1981) and Sato (1981) who proposed that early stage of
the universe experiences a rapid expansion because of the
existence of false vacuum. They argued that the inflating
universe gets filled with bubbles at the end of inflation.
These bubbles introduced some shortcomings like inflation-
ary epoch corresponds to de Sitter expansion that yields
inhomogeneous universe at the end of inflation. Such seri-
ous shortcomings led to another version of inflation dubbed
as new inflation or chaotic inflation where a scalar field
being a combination of potential and kinetic energies be-
haves like a source of accelerated expansion (Linde 1983).
At the beginning of inflating universe, the potential energy
dominates over kinetic energy due to worthless interactions
between scalar and other fields and inflaton starts moving
very slowly towards the origin of potential (Hawking 1982;
Bardeen et al. 1983). After this evolutionary stage, ki-
netic and potential energies are comparable due to oscilla-
tory motion of inflatons around minimum position of po-
tential energy. Thus, the reheating phase is initiated due
to decay of inflatons into radiation and matter (Kofman
et al. 1994; Khlebnikov and Tkachev 1996; Bassett et al.
2006).
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The most attractive feature for researchers is how to
join the ending of inflationary epoch with present acceler-
ating universe. In order to study the possible joining mech-
anism, Berera (1995, 1997) presented a revolutionary idea
which is different from cold inflation as a separate reheat-
ing phase is avoided at the end of inflation. He proposed
warm inflationary scenario that unifies slow-roll and re-
heating regimes because production of thermal radiations
appeared during inflationary paradigm. The existence of
thermal radiations of density plays a crucial role in the pro-
duction of initial fluctuations which are elementary ingre-
dients of large scale structures. When vacuum energy dis-
sipates into radiation energy, the inflating universe allows
a graceful exit into radiation dominated era (Berera 2000;
Hall et al. 2004). Yokoyama and Linde (1999) investigated
possible behavior of warm inflation scenario and claimed
that it is very difficult to study the existence of warm infla-
tion for realistic models of elementary particles.

During warm inflation, thermal fluctuations and scalar
field interactions lead to its final outcome in the form of
strong dissipation effect which directly corresponds to par-
ticle production. This dissipation effect appears as a lin-
ear friction term whose characteristics are determined by
dissipation coefficient. Berera and Ramos (2001) explored
warm inflationary dynamics and low temperature regimes
for a particular form of dissipation coefficient correspond-
ing to supersymmetric models. In order to discuss decay
as well as scattering rates, Bastero-Gil et al. (2011, 2013)
studied warm inflation paradigm in quantum field theory.
In warm inflation, dissipation effect characterizes two im-
portant regimes, i.e., weak (I” <« H, I represents dissipa-
tion coefficient) and strong (I > H) dissipative regimes.
In non-warm inflation, the primordial density perturbation
spectrum is established on the basis of quantum fluctuations.
In weak dissipative regime, these perturbations are deter-
mined by thermal fluctuations whereas in strong dissipative
regime, the decay rate increases.

To classify various inflationary universe models, the scale
factor plays a vital role as its evolution corresponding to
cosmic time determines some interesting exact solutions.
When a scale factor possesses a de Sitter expansion (expo-
nential expansion), it leads to the inflationary model which
describes old inflation but when scale factor follows quasi-
de Sitter expansion, it corresponds to new or chaotic infla-
tion (Linde 1986). An intermediate inflationary model is ob-
tained for a scale factor whose expansion growth is faster
than power-law but slower than de Sitter expansion (Bar-
row 1990; Barrow and Saich 1990). Herrera et al. (2013)
analyzed the behavior of isotropic warm inflation for inter-
mediate as well as logamediate inflationary models in both
strong and weak dissipative regimes via general dissipative
coefficient. Setare and Kamali (2013) studied warm vector
isotropic inflation in intermediate as well as logamediate in-
flationary epochs. They discussed strong dissipative regime

@ Springer

for constant as well as variable dissipative coefficient and
found compatible results for WMAP7. Sharif and Saleem
(2014) found that locally rotationally symmetric Bianchi I
universe model yields consistent results in the context of
warm vector inflation. Sharif and Saleem (2015, 2016) ex-
amined warm anisotropic intermediate and logamediate in-
flation in strong as well as weak dissipative regimes via gen-
eral dissipative coefficient.

Recent observational evidences indicate that the uni-
verse is again experiencing an accelerated expansion whose
source is named as “dark energy” (DE). This cosmic ac-
celerated expansion motivates researchers to establish ex-
tended gravitational theories. Many modified theories of
gravity have been proposed to explain current cosmic ex-
pansion like f(R), f(G), f(R,G) etc. It is a well-known
fact that ghosts can occur in higher derivative theories of
gravity but they are not problematic in f(R) theory as
the Ostrogradski instability does not apply to this grav-
ity (Barth and Christensen 1983; Calcagni et al. 2005;
Chiba 2005). Unlike the case of f(R) gravity which pre-
serves Einstein—Hilbert action through conformal transfor-
mation, the f(G) or f(R,G) theories are not conformally
related to general relativity with a scalar field. This confor-
mal correspondence provides a motivation to choose f(R)
gravity to study early expansion through inflationary epoch
and also investigates the apparent late-time accelerating ex-
pansion of the universe.

Bamba et al. (2014) investigated observational parame-
ters of non-warm inflationary models through reconstruction
method in this gravity. They studied different f(R) models
and concluded that power-law model gives the best fit values
compatible with BICEP2 and Planck observations. We have
analyzed the behavior of chaotic inflationary paradigm for
isotropic and homogeneous flat universe model in the frame-
work of Jordan frame of f(R) gravity (Sharif and Nawazish
2016). Sharif and Ikram (2016) studied dynamics of warm
intermediate and logamediate inflation for flat FRW universe
model in Jordan frame of f(G) gravity.

Many theoretical efforts have been made to discuss cou-
pling of gravity with other interactions that demand exis-
tence of scalar fields in Jordan frame. Some researchers
argued that scalar-tensor gravity is unreliable in Jordan
frame as it gives rise to the problem of negative kinetic
energy (Teyssandier and Tourrenc 1983; Sokolowski 1989;
Santiago and Silbergleit 2000). In f(R) gravity, this issue is
resolved by introducing a conformal transformation that re-
lates Einstein—Hilbert action and f(R) action, consequently
Jordan frame is shifted to Einstein frame under that confor-
mal factor (Allemandi et al. 2006; Capozziello et al. 2006).
Inflationary scenario has become a debatable issue in Jor-
dan as well as Einstein frames. de Felice and Tusjikawa
(2010) studied inflationary dynamics of Starobinsky infla-
tionary model for both frames in f(R) gravity. Artymowski
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and Lalak (2014) investigated modified Starobinsky infla-
tionary model in both Einstein and Jordan frames and ob-
tained compatible results for Planck and BICEP2 observa-
tions.

In this paper, we study warm intermediate inflation via
Einstein frame representation of f(R) gravity for isotropic
and homogeneous universe. The format of this paper is as
follows. Section 2 describes some basic features of f(R)
gravity in Jordan and Einstein frames. In Sect. 3, we exam-
ine strong and weak dissipation regimes for constant as well
as generalized dissipation coefficient with Starobinsky infla-
tionary model and discuss their effects graphically. Finally,
we conclude our results in the last section.

2 Dynamics of f(R) gravity

In this section, we discuss basic formalism of f(R) grav-
ity both in Jordan as well as Einstein frames which lead to
investigate warm inflationary dynamics.

2.1 Representation of Jordan frame

In Jordan frame, there is a direct interaction between geo-
metrical and matter parts in the action of f(R) gravity given
by Nojiri and Odintsov (2011)

1
= —

= k2 d4x\’_gf(R)+'cm(g;wv ¥), (1)

where £,, represents matter Lagrangian. Varying the above
action corresponding to g,,,,, we obtain non-linear fourth or-
der partial differential equation as

1
SRRwy = 5 [0 = VuVufr + 8O fe =T, )
where fr = %, V,, describes covariant derivative and

0=V, V. Equation (2) can be written in the form
2
IR
where the effective energy-momentum tensor is

Teff_i(tgp.v(f_RfR)

ny o K2 2

G = (T + TlY),

+ V/.LVUfR - Dngp.v)~
We consider flat FRW metric as
ds* = —dr* + a* (1) (dx* + dy* + dz?), 3)

where a is the scale factor. The corresponding field equa-
tions (2) for perfect fluid lead to

#+3H2fR+3H.fR=K2/O, 4)

fr+2H fr — Hfr=—k*(p+ p). Q)

where p and p represent energy density and pressure of per-
fect fluid, respectively and dot denotes time derivative. In
order to evaluate an expression for a and H, we consider a
standard model given by Starobinsky (1980)

RZ
R)=R+ —, 6
F(R) e ©)
where M is a positive constant which has dimension of
mass. The first and second derivatives of this model corre-
sponding to R are positive which ensure its viability. Insert-
ing Eq. (6) into (4) and (5), we obtain

[ Mt — [i)2j|
a=ajexp|Hi(t = t;) = ————|,

12
) @)
H=H — M (l‘—l‘i)7

6
where #; denotes initial cosmic time whereas a; and H; rep-
resent scale factor and Hubble parameter at r = t;, respec-
tively. The f(R) gravity can be modified into scalar-tensor
theory by taking into account interactions of the scalar field
in Jordan frame but it is strongly claimed that this frame
is physically not suitable to discuss such interactions due
to existence of negative kinetic energy (Sokolowski 1989).
To get rid of such negative kinetic energy, the fourth or-
der field equations are transformed conformally from Jor-
dan to Einstein frame which contains an additional scalar
degree of freedom with positive kinetic term (Magnano and
Sokolowski 1994).

2.2 Representation of Einstein frame

In the Einstein frame, the f(R) gravity indicates existence
of extra scalar degree of freedom which drives early as well
as late-time cosmic acceleration. A conformal transforma-
tion over a metric structure allows to scale time, length and
mass whereas angles remain unchanged. The action of f(R)
gravity can also be written as

1
I=—— [ d*xv=g(f&R =V (@®) + Ln(guv- V). (8

- 2k2

where V(¢) = frR — f. For a conformal factor g,, =
<p2g,w = fR&uv, this action takes the form

R 1
Ip = f d*xy/~g (W — 58" udug — U (9)
+ L (fg @& w)). ©9)

Here, U(¢) = % the considered conformal factor be-
JR

comes field dependent as 0t = fr= expl %K¢] and the
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gravitational term of action (1) takes the form of Einstein—
Hilbert action along with a non-minimal coupling between
matter Lagrangian density and scalar field. In this frame, the
flat FRW model becomes

d5? = —di? + &%(D)(dx* + dy? + dz?), (10)
where
ds =/ frds, dif = v/ frdt, a=

The energy-momentum tensor corresponding to matter
and scalar parts are defined as

fra. an

Fo_ 2 00Y=&Ly)
Sy FT T e —g g

12

where L represents Lagrangian density of a scalar field
given by

1
[:d) = _Egltvaﬂ¢3v¢ - U(9).

For the action (9), the field equations and continuity equa-
tion turn out to be

3H? - dH .

2 = Pm; 3H2+2W=—K2[)m7 13)
dap, N -

% +3H@ (o + pm) =0. (14)

The energy density and pressure are represented by p, =

£ and p,, = % whereas H denotes Hubble parameter in

fR JR
Einstein frame. In order to formulate expressions of 7, @ and

H for standard model (6), we integrate Eq. (11) yielding

12
- 2Ha; M37 i
— idi |:1 — i|gMT7

H(f) = M[l - (1 mr >_2]
S22 6H? 1282) |

The conformal transformation allows a smooth transition
between these two frames as it only redefines the scales
of fundamental quantities that retain physical predictions in
both frames (Faraoni and Nadeau 2007). The main differ-
ence in both frames is that the Jordan frame defines f(R)
gravity on the basis of metric tensor whereas Einstein frame
describes the theory with the help of metric tensor along
with scalar field interacting with matter sector.

. 2[ Mz(t—ti)2:|
t=—|H{t—t;)————|,
M

15)
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3 Dynamics of warm inflation in Einstein frame

In this section, we explore the behavior of warm inflation
in Einstein frame of f(R) gravity. An interaction of scalar
and radiation fields is considered to be the most basic ele-
ment of the universe that realize warm inflationary paradigm
for a minimally coupled scalar field subject to potential
U(¢). The energy density (6g) and pressure (pg) of self-
interacting scalar field are

¢’ ¢
pp=5—+U(9), Pp=5——U(9). (16)
P 2k S
During warm inflation, the total energy density of the uni-
verse not only consists of gy but also comprises radiation
density p,. For such inflationary scenario, Eqs. (13) and (14)
yield

32 _ dH L
K—2=p¢+pr7 3H2+2f=—l(2(17¢+[7r)7 17)
dp, o~ dg\?

7 +4Hp,—F<d—(?> o0, (18)
dj - de\*
d—;’+3H(p¢+p¢)+F<d—(?) =0. (19)

In Eq. (18), the last term behaves like a source of radiations
whereas the second term responds as a sink term which dis-
sipates these radiations continuously. During inflation, the
Hubble parameter, dissipation factor and inflaton field vary
very slowly which imply that the radiation density must at-
tain a non-zero steady state point. Therefore, the radiation
production becomes independent of initial conditions and
gets quasi-stable which leads to the following conditions

dﬁr 7~ diar ¢ 2
= 4H p,, = rf—) . 20
dt < P dt < dt 20

Using the above conditions in Eq. (17), we obtain

SEENETAY 4 =L @D
=—-r|\ —= = Xr N r=—=.
Pr 2 di Xr 30

Here, 7 describes the rate of dissipation factor relative to
expansion of the universe via Hubble parameter and x, =
%, g, represents number of relative degrees of freedom
and 7 denotes temperature of thermal bath.

In warm inflation, thermal fluctuations of inflaton field
are considerable as T > H and pr dissipates into pg, i.e.,
Pg > pr. Under this condition, Eq. (18) leads to

) ]
("-‘i’) :_[72 _ ]d_f’. 22)
dt k2(1+7) | di
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The thermal bath temperature is evaluated by using Eq. (22)
into (21) as

2~ 17y ~1
Tz[ WT, 23)

22, (1+7)
Inserting Eqs. (21) and (22) in (17), we obtain potential cor-
responding to inflaton field as

dH /di L3
K2(1+7) 2 |

3H°

U) = 2t (24)
For warm inflation, the variance of inflaton field is described
by thermal fluctuations whereas in case of non-warm in-
flationary scenario, this variation is presented by quantum
fluctuation. Inflationary paradigm characterizes these fluctu-
ations into scalar and tensor perturbations that leave a strong
impact over the CMB anisotropy as well as on the large
scales. To evaluate the variance and characteristics of these
fluctuations, some important parameters like scalar power
spectrum (AZR), tensor power spectrum (AzT) and tensor-
scalar ratio (R) have been introduced (Linde 1990). For
FRW universe model in Einstein frame representation, these
parameters under slow-roll approximation (H = H./fg)
take the following form

- -~ i
A2 _7H2K2(1+F)T|:1"HfR*i|2
R— ’

dA/di | ()} 25)
d
nle—ﬁ(lnA%z),
172
AZT=8/<2|:2—£R] R ny = —2e€,
- (26)
FHT?fZ 4
<5¢)therma1:|:T)3R:| s
A2 AfpdH/di [ @n)} ]2
R:_ZT:_ SR ~/~i |:( 77)1] ) @7
AR a2(1+7)H2T pf]?

Recent observations of Planck 2015 (Ade et al. 2016) con-
strain spectral index and tensor-scalar ratio as ny = 0.9603 £
0.0062 (68 %CL) and R < 0.10 (95 %CL), respectively.

3.1 Warm intermediate inflation for I' = I'; = Constant

Here, we analyze warm inflation in strong (7 >> 1) as well as
weak dissipative regimes (7 << 1) corresponding to a scale
factor that represents expansion of the universe less than de
Sitter but greater than power-law expansion. In this case, the
scale factor takes the form (Muslimov 1990)

y >0,

a(t) =a; exp[ytg], 0<g<l. (28)

In Einstein frame, the intermediate scale factor and corre-
sponding Hubble parameter turn out to be

5=l M3 M\ . 2a;H;
a(t)y=a;|1 — ——=|ex , a; = R
i T2l KA 77 V7

(29)
- lda iM7e!
H 1)=——== . 30
) T yg[ZHi] (30)
In order to measure the extent of inflation, we have
_ T M8
N=| H@Hdi=y| —| (i —7°), 31
[ i Y| - 7) 61

where 7; represents cosmic time at the beginning of infla-
tion in Einstein frame. The approximate extent of inflation
is found to be 70 but fluctuation spectrum of CMB reveals
that this limit of e-folds should be less than 70.

In strong dissipative regime, Eqgs. (22) and (24) yield the
inflaton field and corresponding potential in the following
form

2g-1
¢p=¢o+air 7,
(32

3 M\S [ — o)\ FT ]2
—_ _ — %0 et
U(¢)—K2[Vg<2Hi) ( o ) ]

where ¢y is an integration constant and « is

24920 -9 ( M\
"“‘\/ k2T (28 — 1)? <2H,«) ‘ G

In order to discuss inflationary paradigm during slow-roll
dynamics, an approximation is considered when interactions
between inflaton and radiation or matter become meaning-
less and even potential energy dominates kinetic energy dur-
ing slowly varying inflaton field (Kolb and Turner 1994).
The dimensionless slow-roll parameters are introduced as
(Hwang and Noh 2002)

| dH -dH 'd*H

€E=——"—=, =—|H— — (34)
H? di di dr?

where d H /df must be negative. When € takes the value of
unity, the inflating universe vanishes which implies that €
and so 7 must be very small but positive for the existence of
inflationary epoch. Using Egs. (30) and (32), these parame-
ters become

1_g<2Hi>g|:¢_¢0i|m
€= —-| — S
vg \ M aj

sy [se]
= (M a '

(35
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Fig. 1 n; versus N (left) and R versus ng (right) for g = 0.71 (red), 0.8 (green), 0.89 (blue), y =1, I X,%, xr =170
For inflaton field (32), the radiation density and e-folds take 2K2y2g N 11— g 2%1
the form r= 2 (_ + ) ’
T 14 Y8 (42)
2g-2) -1 N 1-g\!
= 38 (LY (4=t0) T (36) "T:2(8—><_+—g> '
=220\ 5 ” . ve J\v  vg
fe M\E[ (¢ — o % b — o 23751 - The ratio of tensor and scalar power spectra yields
- 2H; ay aj ' dm oy Ll
s 3 (1446403 2% 1) 2\ 12
R=|(r)? (g (—— "
where ¢; denotes inflaton field at 7 = #;. To evaluate an ex- 74732
pression for this earliest inflaton field, we take € = 1 at the M ! Fo1- %
beginning of inflationary epoch which yields X ( ) <— + —g> . (43)
2H; 14 124
1—g M \¢ o The decay rate of inflaton field is given by
dpi=do+ar||— || == . (38)
v8 2H,; -
. I (2H; 3 T a4
Combining Egs. (37) and (38), we obtain inflaton in terms r= % M 4y (1 — ny) ’ (44)

of e-folds as
2g—1 ~
T IN
Y

The perturbation parameters like scalar and tensor power

2H;
M

1—e 1%
;g] ¢ . (39)

¢=¢o+a1(
V8

spectra along with their indices as a function of e-folds turn
out to be

ﬂ33%K4
36(47)3 (22,2

(e \(2EN (N
l—g/\ M Y
3TN 1-g7"
ng=1+— —+—g s
dy Ly 123
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1
1;g>]47 (40)
Y8

(41

In the background of thermal bath radiations, Hubble pa-
rameter takes the form

6

Fig. 1(left plot) shows the variation of e-folds which are
found to be smaller than its standard value, i.e., N = 19 at
g =0.71, 0.8 and g = 0.89. The right panel of Fig. 1 indi-
cates that R < 0.10 at ny; = 0.9603 which implies compati-
bility of R in strong dissipation regime. In order to investi-
gate dominant characteristics of warm inflation, we plot H
versus T in left panel of Fig. 2 which yields 7 > H. The
right panel of Fig. 2 implies that 7 > 1 which assures the
presence of inflaton particles in strong dissipative regime.

3g-2 1-¢g
T—g

‘o)

8

=
ﬁ(l —g)_lT4] )

(45)
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In case of weak dissipative regime (7 < 1), the inflaton
field reduces to

¢ = o+ i3,
() (46)
_ 3 M\ (p—go\ = |’
vo=alre(zm) (550) 7 |
where

o0 — 8y(l—g)( M \*#
2 k2g 2H; )

For slowly varying inflaton field, the slow-roll parameters
and radiation energy density corresponding to ¢ take the
form

=GR
ye \ M o '
2 g (2H\ [ -]
=G

) _n<1—g)<¢—¢o)‘%
pr=——"|— .

T k2 o)

At the earliest stage of inflationary epoch, the inflaton field
at f = f; becomes

i = 90 2 Ve M .

The corresponding number of e-folds and inflaton field
are given by

N:V(zﬂz)g[((p ;2%)2 - (¢io;¢°)2],

2HNI[N 1-g72
o= [
M 4 124

47

(48)

The corresponding observational parameters like scalar and
tensor power spectra as well as their spectral indices become

5 1 _1
K2 0N\, 3 (2H;\ 7

AR = — 1-— 7

R=7 <2K2Xr> (re) (-9 (M

N o1-g1®
—_ 4,
v s

(49)
1 /82—5\[N 1—g]7"
ns=1——( g )[—+—g} , (50)
vg\ 4g y 124
~ 2(g—1)
2u%2y2g2 (N 1—g\ ¢
()
Yy  ve 1)

—1\/N 1-—g\!
()5
125 14 Y8
The tensor-scalar ratio is

1 ~ =3

4 n \ '/2H STA(N 1—g\ %

= — 1-— —_t — .
n? [<2K2Xr> (M -9 y T

(52)

For weak dissipation regime, the decay rate and Hubble pa-
rameter in terms of thermal bath temperature turn out to be

1-g
. L (2H 8g—5 1=
"= 3)/g( M >[4yg(1 —ng] ©3)
(2 ) (2 getar]
= _— —_— (I-¢ .
na-go) 28 e
(54)

Fig. 3(left plot) represents the graphical behavior of ng
against N in weak dissipative regime which are found in
enough abundance to discuss inflationary epoch whereas
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the right plot indicates compatible R for the proposed val-
ues of g. Figure 4 shows that T > H (left panel) and
7 < 1 (right panel) for 0.7 < g < 0.9 which assures the ex-
istence of warm intermediate inflation in weak dissipative
regime.

3.2 Warm intermediate inflation for generalized
dissipative coefficient

In warm inflationary scenario, the dissipative coefficient
plays a dynamical role as it represents a physical process of
dissipation regarding to inflaton field and thermal bath. This
coefficient may be a function of inflaton field, or thermal
bath, or both. The most general form of dissipation factor is
given by Zhang (2009)
Tﬂ’l

where I denotes a constant that describes microscopic dy-
namics of dissipation process and m represents an inte-

r

)

@ Springer

ger. For different values of m, dissipation coefficient cor-
responds to different physical processes, i.e., when m = 0,
the dissipation coefficient describes an exponential de-
cay propagator in high temperature supersymmetry case.
For m =1, it becomes proportional to thermal bath tem-
perature while m = —1 deals with non-supersymmetry
case (Berera et al. 2009; Herrera et al. 2014). In the
present work, we study the behavior of generalized dis-
sipation coefficient in strong as well as weak dissipation
regimes.

In strong dissipative regime, the inflaton field and corre-
sponding potential take the form

_4Qg—D+m(2—g)

p=azi 0

8G3—m)(g—1)

) =D +m(2—g)
,

" (55)

2H;

¢

o3

)

3
U@)= K—2<yg)2(

where
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= {(52)(5)

2Hl' g(m—8)—4m %
x [(yg)*'"(l—g)“*’"( ) ]

M

8 =T
X .
(4(2g -1 +m(2—g))}

Under the influence of inflaton field (55), the corresponding
radiation density, Hubble and slow-roll parameters turn out
to be

(B3—m)(g—2)

5= 3 ei—o M 8 [ ¢\ W hinos
Pr=22"8 § 2H; a3 ’
43=m)(g—1)
G M \8 [ ¢\ Do
f= — - i
0 =rs| 5 1) \as
—43-m)g
(1—-g) <2H,- >g< ¢ )44(42g71)+m(277g)
€ = _ i ,
129 M a3

—4(3—m)g
<2 — g) (ZH,)K( ¢ )4(2g—1)+m(2—g}
n=(—)(=") (= :
143 M a3

At the beginning of inflation (¢ = 1), the initial value of in-
flaton field leads to express ¢ in the following form

(56)

Y AN N 1 4(25';(13)+rn)(2—g)
: — —m)g
(1):0{3{(71) <?+ Vgg)} ' or

The corresponding scalar power spectrum and spectral
index are

k2 3 g i\’ 3
AL =" 2 F(m+2)
R~ |: 2K2)(,) (471) g
343 (U= D-gn+2) 1
o (zHl)Z 4 GB-m)g a3(17m):|2
M 3
(58)
N

8y \v 78
where
fo = §|:(3—m){g(m+2)—2m}+(l—m){4(2g—l)+m(2—g)]:|
0=3 G-mg ‘

Similarly, tensor power spectrum and its spectral index be-
come

~ 2

2K2 N 1_g Z,(g*])
A== (Vg)z(— + —) ,
s Y V8

20— (N 1—g\~!
np = 28 )<_+ g) .
ve \v ve

The above observational parameters generate tensor-scalar
ratio as

2 3m+2 3
R— 144 2k, \ % [4m\’ ( )22743m
il 3 T Y8

3_3 { A—m)(42g—1)—g(m+2)) 1

2H,\ 271 G-mig 31 ]?
“\u %

x ((8y(1 —ny)3 —m)g) /(3[(3 —m){g(m +2)

_20e=D
“om) 4 (1 —m[d@g - D +m@— )]
(59)

The Hubble parameter in terms of thermal radiations and
decay rate of inflaton field take the form

- [(2%x L 2HNE
H—[( 3 )(1—g) (yg)'ﬂ<7> T]

(60)
~ _ m—4 m
F=amay " (Byg) T (1—g)%
2 H; \ I iy g Dim2—g))
(%)
( 8y(1—ny)3—m)g )4

3[3—m){g(m +2)—2m}+ (1—-m){42g—1) + m(2—g)}]
(61

where

1 m
(=—U-9+—2-9
g 4g

(m —1)

The graphical behavior of n; versus number of e-folds
is shown in left plot of Figs. 5, 6 and 7 for m =0, 1 and
m = —1, respectively. The right plot of Fig. 5, 6 and 7 indi-
cate that R is constrained at observational value of ng which
leads to the consistent behavior of inflationary model for dif-
ferent values of model parameter g. Figures 8 and 9 rep-
resent graphical analysis of inflaton particles which satisty
the condition of warm inflation, i.e, 7 > H in strong dis-
sipative regime for m = 0, —1. Figure 10 shows that 7 > 1
which implies that inflaton particles lies in strong dissipative
regime while Fig. 11 supports the existence of warm infla-
tion form = 1.

In weak dissipative regime, the constant as well as pro-
posed generalized dissipative coefficient leave the same ef-
fect over inflaton field, number of e-folds and slow-roll pa-
rameters whereas radiation density becomes
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4—m

The scalar and tensor power spectra along with correspond-

ing spectral indices and tensor-scalar ratio are given by

AR =

1—
[Fi“z " 264=m) (] _ gyn=3

—5— g g)

262 Xy
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X
n—1— ( 2m — 104 g(17 — 5m) ) 63) The Hubble parameter in the background of thermal radia-
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2(4 —m)(1 + g(N — 1)) tions and dissipation rate of inflaton field take the form

2.2.2 2= m—1 —1
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7’ y(g +2)(—m) @k 8

20-g) g(d—m)—
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x
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The graphical behavior of ng against number of e-folds and
variation of R versus ng for generalized dissipative coef-
ficient is given in Figs. 12, 13 and 14 for m =0, 1 and
m = —1, respectively. Figures 15, 16 and 17 assure the con-
dition of warm inflation in weak dissipative regime for dif-
ferent values of model parameter g.

4 Concluding remarks

In this paper, we have investigated the dynamics of warm
inflation for flat FRW universe model in Einstein represen-
tation of f(R) gravity. In warm inflation, a separate reheat-
ing phase is avoided and interactions between inflaton and
other fields such as matter or radiations are taken into ac-
count. These interactions give rise to friction term in equa-
tion of motion of inflaton which provides dissipation effects
in strong and weak dissipative regimes. We have analyzed

@ Springer

warm intermediate inflationary model in strong and weak
regimes for both constant and generalized dissipative coef-
ficients. To avoid negative kinetic energy of inflaton field,
we have studied inflationary paradigm for Starobinsky infla-
tionary model in Einstein frame.

We have explored solutions of inflaton field and cor-
responding potentials and also formulated dimensionless
slow-roll parameters in terms of inflaton field. In warm in-
flation, density perturbations appear due to thermal fluctua-
tions instead of quantum fluctuations and the characteristics
of these fluctuations are described by observational param-
eters such as scalar and tensor power spectra, their corre-
sponding spectral indices and tensor-scalar ratio. We have
calculated these parameters under slow-roll approximation
and studied their graphical analysis for different values of in-
termediate model parameter g. The results are summarized
as follows.

e For strong constant dissipative regime, the number of e-
folds remain less than 20 for 0.71 < g < 0.89 while the
corresponding graphical behavior of R —n; leads to com-
patible range of R, i.e., R < 0.10. At g = 0.89, the tem-
perature of thermal bath radiations is found to be greater
than Hubble parameter which leads to the existence of
warm inflation and 7 >> 1 indicates that inflaton particles
lie in strong dissipative regime.

For weak constant dissipative regime, viable e-folds are
obtained only when 0.626 < g < 0.999 whereas the cor-
responding tensor-scalar ratio is found to be compatible at
the constrained value of scalar spectral index in this inter-
val of g. For g = 0.9, we have found T > H and 7 < 1
which verify the presence of warm inflation in weak dis-
sipative regime and inflationary model is found to be con-
sistent with observational data.

For generalized dissipative coefficient in strong dissipa-
tive regime, the inflationary model yields consistent re-
sults with Planck constraints form =0, 1, —1 with 0.5 <
g<1,067<g<1,0.88 <g < 1, respectively. In case
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of weak dissipative regime, inflationary model is compat-
ible form =0,1,—1 with 0.59 < g <1, 0.67 < g < 1,
0.55 < g < 1, respectively.

Sharif and Ikram (2016) have explored the dynamics of
warm intermediate inflation for flat FRW universe model in

Jordan frame of f(G) gravity. They have found consistent
results for constant dissipation coefficient through e-folds
and tensor-scalar ratio whereas for generalized dissipative
coefficient with m = 3, the observational parameters lead
to inconsistent results. We have studied warm intermediate
inflationary dynamics in strong as well as weak dissipation
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regimes. For constant dissipation coefficient, we have found
consistent results for both regimes. The graphical analysis
ensures the presence of warm inflation (7 > H ) as well as
existence of inflaton particles in strong (7 >> 1) and weak
(F <« 1) dissipative regimes. In case of generalized dissi-
pative coefficient, we have obtained compatible results for
m =0, —1, 1 which satisfy warm inflation condition but for
m = 3, the observational parameters yield inconsistent re-
sults in both regimes.

Finally, it is concluded that isotropic warm intermedi-
ate inflationary universe model remains consistent to Planck
2015 constraints for constant dissipation coefficient as well
as generalized dissipation coefficient for m = 0,1 and —1
in weak and strong dissipation regimes. For m = 3, the
condition for intermediate model parameter is violated, i.e.,
0 < g < 1 which leads to inconsistent behavior of inflation-
ary model in weak and strong dissipation regimes.
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This paper investigates the dynamics of warm logamediate inflation for flat isotropic
and homogeneous universe in Einstein frame representation of f(R) gravity. In this
scenario, we study dissipative effects for weak and strong interactions of inflaton field
via constant and generalized dissipative coefficient. In both interacting regimes, we find
inflaton solution corresponding to scalar potential and radiation density of dissipating
inflaton. Under slow-roll approximation, we formulate scalar and tensor power spectra,
their spectral indices and tensor—scalar ratio for Starobinsky inflationary model and
construct graphical analysis of these observational parameters. It is concluded that this
model remains compatible with Planck 2015 constraints in weak and strong regimes for
constant dissipative coefficient. For generalized dissipative coefficient, the inflationary
model yields consistent results for m = 0,1 and —1 in strong regime while condition of
warm inflation is violated for m = —1 in weak regime.

Keywords: Slow-roll approximation; warm inflation; f(R) gravity.

PACS Number(s): 05.40.4j, 98.80.Cq, 95.36.+x

1. Introduction

The development of a standard model describing observational facts like the exis-
tence of cosmic microwave background radiations (CMBR), presence of primordial

1 is considered as the crucial advance-

light elements and current cosmic expansion
ment in cosmology. This model explains decelerated expansion at the initial stage
of the universe but leads to some issues like horizon, monopole and flatness. The
standard model needs an epoch of rapid acceleration in the early universe named
as “inflation”? to overcome these issues. It was suggested® that initial stage of the
universe passes through a rapid expansion due to the existence of false vacuum
filled with bubbles. The presence of these bubbles leads to de Sitter expansion

which yields inhomogeneous universe at the end of inflation. Consequently, another
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version of inflation dubbed as new or chaotic inflation was proposed.* According to
this proposal, a scalar field behaves like a source of accelerated expansion. At the
beginning of inflating universe, the potential energy dominates over kinetic energy
and inflaton starts moving very slowly towards the origin of potential.® After this
evolutionary stage, kinetic and potential energies are comparable due to oscilla-
tory motion of inflatons around minimum position of potential energy. Thus, the
reheating phase is initiated due to decay of inflatons into radiation and matter.®
Mukhanov and Chibisov” explored the existence of primordial curvature perturba-
tions via Starobinsky inflationary model.

Berera® presented a revolutionary idea to study possible joining of the early and
present universe entitled as warm inflationary scenario that unifies slow-roll and
reheating regimes. The existence of thermal radiations of density plays a crucial
role in the production of initial fluctuations which are elementary ingredients of
large scale structures. When vacuum energy dissipates into radiation energy, the
inflating universe allows a graceful exit into radiation dominated era.?!% Yokoyama
and Linde!! investigated possible behavior of warm inflation scenario and claimed
that it is very difficult to study the existence of warm inflation for realistic models
of elementary particles. During warm inflation, thermal fluctuations and scalar field
interactions lead to its final outcome in the form of strong dissipation effect which
directly corresponds to particle production. This dissipation effect appears as a
linear friction term whose characteristics are determined by dissipation coefficient.

Berera and Ramos!? explored warm inflationary dynamics and low temperature
regimes for a particular form of dissipative coefficient corresponding to supersym-
metric models. Watanabe and Komatsu'? studied decay process of inflaton in f(¢) R
gravity and found that such model successfully eliminates the necessity of explicit
couplings between ¢ and bosonic or fermionic matter fields. In order to discuss decay
as well as scattering rates, Bastero-Gil et al.'* studied warm inflation paradigm in
quantum-field theory. Takeda and Watanabe!® discussed the behavior of decaying
inflaton via Einstein frame picture of Starobinsky inflation model. In warm infla-
tion, dissipation effect characterizes two important regimes, i.e. weak (I' < H) and
strong (I' > H) dissipative regimes. In nonwarm inflation, the primordial density
perturbation spectrum is established on the basis of quantum fluctuations. In dissi-
pative regime, these perturbations are determined by thermal fluctuations whereas
decay rate determines the fate of inflaton particles.

The scale factor plays a crucial role in the classification of inflationary models
as its evolution determines some interesting exact solutions. When a scale factor
possesses a de Sitter expansion (exponential expansion), it leads to the inflationary
model which describes old inflation but when scale factor follows quasi-de Sitter
expansion, it corresponds to new or chaotic inflation.'® Logamediate inflationary
model is obtained by taking weak general conditions on cosmological model which
corresponds to power-law inflation for certain conditions.'” Herrera et al.'® analyzed
the behavior of isotropic warm inflation for intermediate as well as logamediate
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inflationary models in both dissipative regimes via general dissipative coefficient.
Setare and Kamali'® studied warm vector isotropic inflation for intermediate and
logamediate models. Sharif and Saleem?° found that locally rotationally symmet-
ric Bianchi I universe model yields consistent results in the context of warm vector
inflation. The same authors?! examined warm anisotropic intermediate and logame-
diate inflation in strong as well as weak dissipative regimes via general dissipative
coefficient.

The current cosmic accelerated expansion motivates researchers to establish
extended gravitational theories. The f(R) theory is one of such modifications where
the Ricci scalar (R) is replaced by a generic function f(R). The puzzling nature
of DE provides an interesting way to discuss the present inflating universe in the
context of modified theories of gravity via inflationary models. Bamba et al.?? inves-
tigated observational parameters of nonwarm inflationary models through recon-
struction method in this gravity and found compatible results for power-law model.
We have analyzed the behavior of chaotic inflationary paradigm for isotropic and
homogenous flat universe model in the framework of Jordan frame of f(R) grav-
ity.2? Sharif and Ikram?* studied dynamics of warm intermediate and logamediate
inflation for flat FRW universe model in Jordan frame of f(G) gravity.

Many theoretical efforts have been made to discuss coupling of gravity with
other interactions that demands existence of scalar fields in Jordan frame. Some
researchers argued that scalar—tensor gravity is unreliable in Jordan frame as it
gives rise to the problem of negative kinetic energy.?>3% In f(R) gravity, this issue
is resolved by introducing a conformal transformation that relates Einstein—Hilbert
action and f(R) action,? consequently Jordan frame is shifted to Einstein frame
under that conformal factor. Inflationary scenario has become a debatable issue in
Jordan as well as Einstein frames. Artymowski and Lalak?” investigated modified
Starobinsky inflationary model in both Einstein and Jordan frame and obtained
compatible results for Planck and BICEP2 observations. de Felice and Tsujikawa?®
studied inflationary dynamics of Starobinsky inflationary model for both frames in
f(R) gravity.

In this paper, we study warm logamediate inflation via Einstein frame repre-
sentation of f(R) gravity for isotropic and homogeneous universe. The format of
this paper is as follows. Section 2 describes inflationary dynamics of f(R) gravity
in Jordan and Einstein frames. In Sec. 3, we examine strong and weak dissipation
regimes for constant as well as generalized dissipative coefficient with Starobinsky
inflationary model and discuss their effects graphically. Finally, we conclude our
results in the last section.

2. Inflationary Dynamics of f(R) Gravity

In this section, we discuss basic formalism of f(R) gravity both in Jordan as well
as Einstein frame which leads to investigate warm inflationary dynamics.
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2.1. Inflationary dynamics in Jordan frame

In Jordan frame representation, the geometric part directly interacts with matter
part in the action of f(R) gravity given by?°

7y = 50 [Aev5H(R) + Loy ), 1

where L,, represents matter Lagrangian. Varying the above action corresponding
to g, we obtain nonlinear fourth-order partial differential equation as

1
fRR/,W - §fg;w - v,uvufR + gMVDfR = ’12T;W7 (2)
where fp = %, V. describes covariant derivative, 0 = V,V* and % = 871Gy =

55, M3, = 1.2x 10" GeV is the Planck mass. Equation (2) can be written in the
Pl

form

G = “—Q(T + 7
[22 72— fR nv uv /o

where the effective energy-momentum tensor is

Tslf/f _ i (guu(f - RfR)

K2 9 + VMVVfR - DfRQ;w) .

We consider flat FRW metric as

ds® = —dt* + a*(t)(dx® + dy® + dz?), (3)
where a is the scale factor. The corresponding field equations (2) for action (1)
become
- R .
%+3H2fR+3HfR:/€2Pa (4)
fr+2Hfr — Hfr = —r*(p +p), (5)

where p and p represent energy density and pressure of perfect fluid, respectively
and dot denotes time derivative. We evaluate a and H for a viable model given by3°
R2
f(R) =R+ ek (6)
where M is a positive constant with dimension of mass. Inserting Eq. (6) into (4)
and (5), we obtain

M2(t —t;)? e M2(t —t;)

a=a;exp|H;(t —t;) — 15 ; 6 (7)

where t; denotes initial cosmic time whereas a; and H; represent scale factor and
Hubble parameter at ¢ = t;, respectively.
In order to discuss inflationary paradigm, we need to consider perfect fluid as

equivalent to scalar field implying p = %2 + V(¢) and p = 72 — V(¢). During
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inflation, the interactions between inflaton field and matter or radiations are con-
sidered to be meaningless which implies that kinetic energy becomes smaller than
potential energy due to slow-roll approximation.! This approximation is carried
out to investigate inflationary paradigm via slow-roll parameters defined as
H H

- (3)

T HE'

where H must be negative. For the existence of inflating universe, e and 7 should
be very small but positive, while the inflating universe vanishes for ¢ = 1 = .32
The extent of inflation is measured by number of e-folds given by
ty
N = H(t)dt, 9)
ti

where t; represents cosmic time at the ending of inflationary epoch. It is strongly
claimed that the equivalence of perfect fluid with scalar field is not viable in Jordan
frame representation due to the existence of negative kinetic energy.?? This issue is
resolved by introducing a conformal transformation which connects Jordan frame
to Einstein frame with an additional nonlinear scalar field which contains a positive

kinetic term.3*

2.2. Inflationary dynamics in FEinstein frame

The Einstein frame representation of f(R) gravity contains an extra scalar degree of
freedom which analyzes early as well as late-time cosmic acceleration. A conformal
transformation provides a relationship between two metrics through a conformal
factor which allows to scale time, length and mass whereas angles remain unchanged
under this transformation. The action of f(R) gravity with a scalar field can be
rewritten as

1

1r=32

d*o/=g(frR = V() + Lon (g, V), (10)

where V(¢) = frR — f. For a conformal factor §,, = ¢>g., = frguw, this action
reduces to

Ip = /d4x\/—_§<2—1; — %g*‘”amaucb - U(¢) + Em(fgl(@fzumw))- (11)

Here, U(¢) = VI9)  the scalar field directly coupled with matter sector while con-

Iz
formal factor becomes field dependent as ¢? = fr = exp[\/gmgb].
In Einstein formulation, the gravitational term of action (1) takes the form of
Einstein—Hilbert action with a nonminimal coupling between matter Lagrangian
density and scalar field. In this frame, the flat FRW model becomes

d5% = —d® + a2(1)(da? + dy® + dz?), (12)
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where

ds = \/frds, di =\/frdt, a=/fra. (13)

For g"" = fp Lgw and \/—§ = f3+/—g, the energy—momentum tensor correspond-
ing to matter and scalar parts take the form

2 0(V=9Lm) 2 0(vV=gLy)

T(m) — T@) — _ 14
VA B T VS B T )
where L, represents Lagrangian density of a scalar field given by
1 ~ LV
L(b = _igu 8“d)8y¢ - U(d))
For the action (11), the field equations and continuity equation yield
3H? ~ dH
— =5, 3H*+2— =—Kk%*p 15
o =P +2— w25, (15)
dp Em o
L 3D+ 5) =0, (16)

where H denotes Hubble parameter whereas p = p¢ + pr and p = Py + P, represent
total energy density and pressure in Einstein frame given by

g_ldi_ 1 (. fr
H_adf_\/f_R<H+2fR>’

__ps 5, Pe P

In order to formulate £, @ and H for the standard model (6), we integrate Eq. (13)
yielding

2
M

- 2Ha; M3 wi - M M? M3\
a(f) = -2 e Al =2 (-2 |
alt) = =3 [ 12H3]e2’ ®) 2{ 6H§< 12H§> ]

In Einstein frame, the slow-roll parameters and extent of inflation are measured as

t=

ey 28]

12
(17)

~ ~ —1 ~ ~
1 dH 1(@) PH - f

dt

=-mag " F R N = &H(t)dt7 (18)
where t; represents initial time in Einstein frame. The approximate extent of infla-
tion is found to be 70 but fluctuation spectrum of CMBR reveals that this limit of
e-folds should be less than 70. Thus, the conformal transformation allows a smooth
transition between these two frames as it only redefines the scales of fundamental
quantities that retain physical predictions in both frames.?> The main difference in
both frames is that the Jordan frame defines f(R) gravity on the basis of metric
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tensor whereas Einstein frame describes the theory with the help of metric tensor
along with scalar field interacting with matter sector. The Einstein representation
of f(R) gravity admits an equivalence with scalar—tensor theory whose gravitational
part incorporates R¢. This equivalence provides a way to explore dissipation effects
in nonsupersymmetric background.

3. Warm Inflation in Einstein Frame

In this section, we study the basic mechanism of warm inflation in Einstein rep-
resentation of f(R) gravity. As opposed to the cold inflation, the most attractive
feature of warm inflation is not to have a separate reheating phase at the end of
rapid accelerated expansion of the universe. This happened due to the decay of
inflaton particles into radiations during slow-roll inflation. Consequently, temper-
ature of the universe drops down smoothly and the universe enters into radiation
dominated era. During warm inflation, the total energy density of the universe also
comprises radiation density p, while density perturbations arising from thermal
fluctuations are larger than those of quantum fluctuations. For such inflationary
scenario, Egs. (15) and (16) yield

3H? - dH o

= Pethr BHY 4275 = = (bs + Br), (19)
dpr - do\?

;{JerHer(—d?) —0, (20)
dpy oo g\

d;+3H(p¢+p¢)+F<—dE> =0, (21)

where I' is a dissipation factor which describes the decay of inflaton field into
radiations. In Eq. (20), the last term behaves like a source of radiations whereas the
second term responds as a sink term which dissipates these radiations continuously.
During inflation, the Hubble parameter, dissipation factor and inflaton field vary
very slowly which imply that the radiation density must attain a nonzero steady
state point. Therefore, the radiation production becomes independent of initial
conditions and gets quasi-stable which leads to the following conditions

dpy _ - dpy do\®
~ < 4Hpy,, —<I'l =] . 22
dt P i (dt (22)
Using the above conditions in Eq. (20), we obtain
3 _(do\? , . T
r=-T|—= | =x.1°, T=—%. 23
r= 4 (dt> X 3H (23)
Here, 7 describes the rate of dissipation factor relative to expansion of the universe
2
via Hubble parameter, x, = "38*, g« represents number of relative degrees of

freedom and T denotes temperature of thermal bath.
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In warm inflation, thermal fluctuations of inflaton field are considerable as T >
H and p, dissipates into pg, i.e. pg > p,. Under this condition, the first field

equation of (19) leads to
) N
di K217 di

The thermal bath temperature is evaluated by using Eq. (24) in (23) as
- 1
3rdH *

dt
T=|——7—"+"—— . 2
2/@2)(7,(1 +7) ( 5)

Inserting Eqgs. (23) and (24) in (19), we obtain potential corresponding to inflaton
field as

. dH
30> Vi 37
U¢)=—5+ n2(1dt+ 5 [1 + Er] (26)

For warm inflation, the variance of inflaton field is described by thermal fluctuations
whereas in case of nonwarm inflationary scenario, this variation is presented by
quantum fluctuation. Inflationary paradigm characterizes these fluctuations into
scalar and tensor perturbations that leave a strong impact over the CMB anisotropy
as well as on the large scales.’ To evaluate the variance and characteristics of these
fluctuations, some important parameters like scalar power spectrum (A%), tensor
power spectrum (A%) and tensor—scalar ratio (R) have been introduced.?¢ For FRW
universe model in Einstein frame representation, these parameters under slow-roll
approximation (H = H+/fz) take the following form

1
H?k2(14+7)T | TH |° d
A% = — = ., ng=1——(nA%), 27
dt
i 2
A2 = 8k? [%] . np = —2€, (28)
4dH )
A2 - 4 372
R=21I - _ dt [(”)} : (29)
Az m2(1+7)H2T| T
Thermal fluctuations for strong and weak dissipative regimes are found to be®37
1
rar |’ I
<5¢>thermal - W 5 <5¢>thermal - HT.
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Recent observations of Planck 20153 constrain spectral index and tensor-scalar
ratio as ns = 0.9603 £ 0.0062 (68%CL) and R < 0.10 (95%CL), respectively.

3.1. Warm logamediate inflation for I' = I'; = constant

For all inflationary models, the exact solutions are expressed in exponential or
power-law forms. Here, we analyze warm inflation in weak (7 < 1) as well as strong
(7 > 1) dissipative regimes for logamediate inflationary model whose scale factor
is defined as®’

a(t) = a;exp(g[nt]?), ¢>0, B>1. (30)

The logamediate inflationary model is motivated by weak general conditions
imposed on the indefinitely expanding cosmological models which corresponds to
power-law inflation for ¢ = p and 3 = 1.4° In Einstein frame, the logamediate scale
factor and corresponding Hubble parameter turn out to be

. M3T VAN 20, H;
a =a;|l — —== 1 a; = ’ 1
a(t) =a [ 12Hi2] exp[g{ n<2Hi>} ], a i (31)

H(l) = gﬁf_l{ln<§%>}ﬁl. (32)

Interactions of inflaton particles with matter leads to dissipate these particles

into thermal bath radiations. If these interactions are weak then dissipation will
be small and consequently, inflaton particles belong to weak dissipative regime. In
case of strong interactions, the dissipation effect will be large which leads to strong
dissipative regime. In weak dissipative regime, Eqs. (24) and (26) yield the inflaton
field and corresponding potential in the following form

B+1

tM 2 2 2
¢:¢0+a1{1n<;Hi>} ) al:m %fﬂ (33)

o= Sloan) () @) T e

where ¢g is an integration constant. In order to discuss inflationary paradigm during

slow-roll dynamics, the dimensionless slow-roll parameters for Eqs. (32) and (33)

2(1-p8) —23 2
L T e A N 9 B G
© By [al] T B LYJ (2{a1} v 1)>' %)

For inflaton field (33), the radiation density and e-folds take the form

T, [ M i
ﬁ'r = 2k2 <2HZ) exXp [_ (i) ﬁ ] ) (36)

1750191-9

become




M. Sharif and I. Nawazish
20 é EeY ¢ S
N =gl : @ i
79 H<M exp[<a1> D (a1>
2(B—1)

[ 2Hi )" ¢i\ 7
ool () ]) ()

where ¢; denotes inflaton field at ¢ = ¢;. To evaluate an expression for this earliest

(37)

inflaton field, we take ¢ = 1 at the beginning of inflationary epoch which yields

_p1
¢i = ¢o + a1 (gB) 2. (38)
Combining Eqgs. (37) and (38), we obtain inflaton in terms of e-folds as

B+1

M N RCAL
¢ = ¢o+ a1 ln(2Hi>+{g_ﬂ+(g6)lﬁﬁ_ln<2Hi> ﬁ} . (39)

The perturbation parameters like scalar and tensor power spectra along with
their indices as a function of e-folds turn out to be

CR2(OT, NP (2HN\TE 5[ N 5
AR_7<2H2XT> (M> (98) exp{—z{g—ﬁ‘i‘(gﬂ) K

A AEE 5 MN#)| 7
—ln(QHi)} {g—ﬁﬂng—ln(m)} o)

1
9k2 3202 N M 5) °
NI NS SO
@ 9B ;

2,
N M 77 % M \?
x{ﬁﬂgmw_m(m) } (Y, (@)
~ 1 —1
B 26—-1) | N £ M 97
1-3
2 [N MN\#| "
nT:—gﬁ{gﬁHgﬂ)l%_m(zHi) } . (43)

The ratio of tensor and scalar power spectra yields

4 (262, \ 7 (2H,\ 1 3( N MN\#)"

In order to verify the warm inflationary condition and presence of inflaton particles

|-
™

in weak dissipative regime, we evaluate temperature of thermal bath radiations and
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decay rate of inflaton field as

o \1/ M N e M7
7= (5= (1) e —{g—ﬂﬂgﬁ) s~ in( 57 ) } )
- Fz QHI ]\7 1% M 9% i
F= i (ar ) o {g_ﬁ“gﬂ) (5 }

i PN
x{g%—#(gﬁ)liﬁ—ln(;\]i)ﬁ} . (46)

Figure 1 (left plot) represents dominant characteristics of warm inflation, i.e.

T > H. The right panel of Fig. 1 identifies # < 1 specifying weak interactions
between inflaton and matter fields which assures the presence of inflaton particles
in weak dissipative regime. In Fig. 2, the left plot indicates the variation of e-folds
approaching to its standard value, i.e. N = 60 as model parameter of inflationary
model increases. The right plot represents R < 0.10 at ng = 0.9603 which preserves
compatibility of R in weak dissipation regime.

In case of strong dissipative regime (7 > 1), the inflaton field along with its
potential take the following form

¢ = ¢o + az=(t),

o2 () b @)

where = represents incomplete gamma function given as

- 1 tM 3M
=) =~(8, = 1 = 288, 2
( ) 7|:,372 n<2HZ>:|7 (0%) gﬁ Hi/’iQFi

Log(H)
Log(7)

—135r-

Log(T)

. . .
/ _140F
oL

~145F

=150

—155F

L T L L L
Ry
-3L 0.2 04 0.6 0.8 1.0

Fig. 1. (Color online) Log(H) versus Log(T) (left) and Log(7) versus ns (right) for 8 = 1.5 (red),

1
2.5 (green), 3.5 (blue), g = 0.75, T'; < x¥, xr = 70.
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Fig. 2. (Color online) ns versus N (left) and R versus ns (right) for § = 1.5 (red), 2.5 (green)
1
for 8 = 3.5 (blue), g = 0.75, I'; < x.2, xr = 70.

For slowly varying inflaton field, the slow-roll parameters and radiation energy
density corresponding to ¢ take the form

(1-8)
=mkE @)
Bg oo ) 2H;
1 M\ M
=g (= () am)] () am) o)
R CINCCIOED
Pr=oe 7 \as = a2/ 28, ‘

At the earliest stage of inflationary epoch, the inflaton field at ¢ = #; becomes

¢i = ¢o + a25<exp {(gﬂ)llﬁ o 2]\;2} >

The corresponding number of e-folds and inflaton field are given by

) IR

- @0 (™ -y ) } (15)

1N\ B
¢ = po + 2= exp(g%+(gﬁ)1—ﬁﬁ—ln<M) ) . (49)

The corresponding observational parameters become

1 1N 28
K2 (98)2T335 \* [N e M\ Y
Ar =" (—(%%)% (4@3) (ﬁ +(g8) 5 — m(m) ) . (50)
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223%g? N )\
AT:KTﬂzgeXP<—2{g—ﬁ+(gﬁ)lﬁﬁ—1n<2HZ_) })
N 8 M o5 2oy
ooy (o) ] , 1)

~ 1 -1
. 3B-1)(N o M\ o7
”8—1‘@@(95*(”) 155, ) |

- 1\ 1-8
2 (N s M \ 98
nT:_g_ﬁ<ﬁ+<gﬁ)l_ﬁ_ln<2Hi> ) )

The tensor—scalar ratio is found to be

144(47)3(2k2,.) & aE N 5 M)
R = K (rgwi;éX) )(96)51 exp | —2 (g—ﬁ+(gﬁ)lﬁ—ln<2Hi) )

5(8—1)
N 5 MN#\ 7
X <g_ﬁ + (gB)T7 —In (2H1> ) . (53)

The decay rate and temperature of thermal bath radiations turn out to be

(52)

N 8 MN7\ T
« (g—ﬁ + o)™ ~in( 57 ) ) , (54)
3 \1 1 (N AN
ngﬂ(wx ) b3 <g—ﬂ+(gﬁ)1—ﬂ —1n( H) )
N M\
x <gﬁ+(gg)% _ln<2Hi) ) . (55)

Figure 3 indicates that T >> H (left panel) and 7 > 1 (right panel) for 2 < g <
2.7 which assures the existence of warm inflation for logamediate inflationary model
in strong dissipative regime. Figure 4 (left plot) represents the graphical behavior
of ny against N which are found in very small ratio due to strong interactions and

high dissipation rate whereas the right plot indicates compatible R for the proposed
values of g in strong dissipative regime.
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Fig. 3. (Color online) Log(H) versus Log(T) (left) and Log(7) versus ns (right) for 3 = 2 (red),
1

2.4 (green), 2.7 (blue), g = 0.01, I'; & X, xr = 70.
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Fig. 4. (Color online) ns versus N (left) for g = 0.1 and R versus ns (right) for g = 0.01, 3 = 2

1
(red), 2.4 (green), 2.7 (blue), I'; o< x.2, xr = 70.

3.2. Warm logamediate inflation for generalized dissipative
coefficient

In warm inflationary scenario, the dissipative coefficient plays a dynamical role as
it represents a physical process of dissipation regarding to interacting inflaton field.
The dissipating effects appear from friction term which characterizes the process of
scalar field dissipating into thermal bath radiations via its interaction with other
fields. Due to such dissipative effects, radiations produced instantly during rapid
accelerated expansion of the universe and hence the universe smoothly entered into
radiation dominated era. This dissipative coeflicient may be expressed as a function
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of inflaton field, or thermal bath, or both. The most general form of dissipation
factor is given by*!
Tm
P=lim
where I'; denotes a constant that describes microscopic dynamics of dissipation
process and m represents an integer. In the background of thermal bath radiations,
this dissipative coefficient takes the form

dH\ *
4—m _ ny ~\ —
=2 :am¢1m % (1_|_7=) 4,
where «,, = %. For different values of m, dissipation coefficient corresponds
(2K2x7) 4

to different physical processes, i.e. when m = 0, the dissipation coefficient describes
an exponential decay propagator in high temperature supersymmetry case. For m =
1, it becomes proportional to thermal bath temperature while m = —1 deals with
nonsupersymmetry case.*? For weak and strong regimes, the dissipative coefficient
turns out to be

m

dH 4—m

4 o LdHN\ T
I'= (am¢1 )y % , I'= am¢1 <_3E> .

In the present work, we study the behavior of generalized dissipation coefficient
both in weak as well as strong dissipation regimes.

In weak dissipative regime, the constant as well as proposed generalized dissi-
pative coefficient leave the same effect over inflaton field, number of e-folds and
slow-roll parameters whereas radiation density becomes

o Lzt (2HN T N4 (0= 00\ agem
Pr= gzom M PI\m —4 Qo '

The scalar and tensor power spectra along with corresponding spectral indices and
tensor—scalar ratio are given by

B+1H(A—=m) _,’_2(5_1)

2| (N om\# )|
a5 { Svwat on(3E)" )
5] (N : ACAY r, \7m
X exp T—m <g—l3+(g,3)1[5 —|—ln( Ml> ) <2/f21Xr> (98)
)

2H; (m=5)(4—m) i=m
X { <W) O[é_m y (56)

1750191-15




M. Sharif and I. Nawazish

~ 1 11

1 [N 5 oi;\ o7 | ”
o1 2 s (22)
gﬁ2{gﬁ 99) i

x [{(5 ;(i)fln;)m) +2(8 - 1)}

N B 2H; 3 s m-—>5
x {ﬁﬂgﬁ)lﬁﬂn(M) } +<m> : (57)
212322 N ALY
Ar = K:ég exp —2<ﬁ+(gﬁ)l—ﬁﬂ+ln<M> B)
_ a1 Z(ﬁﬁ*l)
-\ 98
%%HM%H%?>> , (55)

(59)

The dissipation rate of inflaton field and temperature of thermal radiations are
found to be

1 (2H\ T [N 0555 [ 22 2y GGy + s
"= 3.3 — T =7 +In
396 ( M ) 93 9 ( % )
P’L 2m — 4 N B8 2Hl 55
o 25 1
) ((QHQXT)T> P 4 <gﬂ + (95)1 + n( % ) ) 7 (60)

1 ~ 1
1"2 2(m—4) N 8 2H 9B 2B6(4—m)
T=—-—5"~— — 7 +1 :
((2K2Xr)m2> <gﬁ by + n( M ) )

1
1 - BN
O\ 71 1m 1 (N s 2H,\ 7
X ( ) Oé§ exp m (g_ﬂ + (9,3) 1-5 +1H( ) ) . (61)

Figure 5 assures the condition of warm inflation for m = 0, 1 and m = —1

in weak dissipative regime for different values of the model parameter 5. Figure 6
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Fig. 5. (Color online) Log(H) versus Log(T) for 8 = 2 (red), 8 = 3.5 (green), 4.5 (blue), g = 4,
Iiocxe, xr =70, m=0,m=1and m = —1.
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Fig. 6. (Color online) 7 versus ns (left) for m = 0 and 7 versus ns (right) for m =1, 8 = 3.5
1

(red), 4.5 (green), g = 2, T'; o< x¢ , xr = 70.

identifies the inflaton particles for m = 0, 1 but this condition is violated for
m = —1. The graphical behavior of R versus ns and variation of n, against N for
generalized dissipative coefficient is given in Figs. 7 and 8 which lead to compatible
results for m = 0 and m = 1 in weak dissipative regime.

In strong dissipative regime, the inflaton field and corresponding potential take
the form

6=aiznl®, U =1L 0 (L) } (= (2) %)T”‘” |
(62)
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1
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1
(red), 1.45 (green), 1.65 (blue), g =2, I'; o< x.2, xr = 70.

where

(e ()

[(?"Tm)s oot o ()

(m _ 2) (5—1)(m—8)—8] Gy
X .
4

Under the influence of inflaton field (62), the corresponding radiation density, Hub-
ble and slow-roll parameters turn out to be

3P
Pr 2,2

{

= (@)} b @) m)]
-m Qg -m (%] 2Hz ’

1750191-18



Warm logamediate inflation in Starobinsky inflationary model

711 . gb M (B-1)
(& () am)]

(63)
For € = 1, the initial value of inflaton field leads to ¢ as
. 1\ 3
—_ N B M \ 97
¢ = 4Ep, § €xp <gﬁ + (9B) ™7 — ln(2Hi> )
The corresponding scalar power spectrum and spectral index are
1
3m—+42 b
2 m 3 : I,
Az B 3(m+2) I
BT [(gﬁ) o\ 2y in
i PR
exp|——— [ — =
T \gp Y "\
~ | Hmene-n
N J¢] QHZ 98
X | — +(g8)T7 +ln< ) 64
(g 5+ (a9) = (64)

3(1—m)
2

1
~ 1 B
N 8 M \ 97
Em - =5 —1 ’
X < oy exp (gﬁ + (g90) n<2Hi> >

~ 1 —1
 3m+B-1) (N s 2H;\ 7
ne =1 ) <ﬁ+(gﬂ) +ln<M> ) |

Similarly, tensor power spectrum and its spectral index become

2k2(gf)? N 5 oH,\ 7\ "
2 2 ¢
AT = 3 XD —2 + (gB)T7 +1n

9B

2(8-1)

~ 1 B
(o))

1-8

)‘*.

-

N _B_ QHZ
nr =g g—ﬂJr(gﬁ)H +ln< M)
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The above observational parameters generate tensor—scalar ratio as

144(4m)3 (262, \ T :
™ K™ Xr 10-3m  3(m—1
R= { 374 ( 3 > (98) 7 o )]

N
X oxp 3m48(% (gﬂ)iﬁ <2]\sz> 5)

(B=1)(10—3m)

N e 2H;\ 77 +
(ﬁJr(gﬁ) 7 111(?) )

i N3
N B 2H7, 9B

XS Em |exp| | — + ﬂlﬁ—l—ln( >
<gg (98) 7

The decay rate of inflaton field and thermal radiations take the form

~ _m m—4 2—m N B 2H@ g% %
=@ﬂﬁm)ﬂ@w>4wp2@ﬁ (98)77 + <M) )

3(m—1)

1-m

i>ﬁ>% .
T::(%ij>iemo<_%(;; (08755 + <2H{>b>
(;%Hgﬂ)ﬂ@ n(%@)glﬂ)%l (66)

Figures 9-11 represent graphical analysis of inflaton particles which satisfy the
condition of warm inflation, i.e. T > H and also show that 7 > 1. These indications
imply that inflaton particles lie in strong dissipative regime for m = 0,1 and m =
—1. Figures 12-14 describe the graphical behavior of ns versus number of e-folds
and variation of R versus ng for m = 0,1 and m = —1. These plots indicate that
R is constrained at observational value of ng which leads to consistent behavior of
inflationary model for different values of the model parameter g.

N 8 2
xai ™ 2,4 exp 6)T-7 + (

Q
Q=

4. Concluding Remarks

In this paper, we have investigated the dynamics of warm inflation for flat FRW
universe model in Einstein representation of f(R) gravity. In warm inflation, inter-
actions between inflaton and other fields like matter or radiations avoid a separate
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1
(right) for g = 0.0027, m =0, 8 = 1.5 (red), 2.5 (green), 3.5 (blue), I'; o< x.2, xr = 70.
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g = 0.2, and R versus ns (right) for m = 0, 8 = 1.1 (red), 1.15 (green), 1.2 (blue), g = 0.0027,

1
T o< x?, xr = 70.
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reheating phase in the inflationary universe. These interactions give rise to friction
term in the equation of motion of inflaton which yield dissipation effects in strong
and weak dissipative regimes. The strong dissipative effects lead to strong dissi-
pative regime whereas weak dissipation regime is supported by small dissipation
and weak interactions. We have analyzed warm logamediate inflationary model in
both regimes for constant and generalized dissipative coefficients. To avoid negative
kinetic energy of inflaton field, we have studied inflationary paradigm for Starobin-
sky inflationary model in Einstein frame.

We have explored solutions of inflaton field along with corresponding potentials
and also formulated dimensionless slow-roll parameters in terms of inflaton field. In
warm inflation, density perturbations appear due to thermal fluctuations instead
of quantum fluctuations and characteristics of these fluctuations are described by
observational parameters such as scalar and tensor power spectra, their correspond-
ing spectral indices and tensor—scalar ratio. We have calculated these parameters
under slow-roll approximation and studied their graphical analysis for different val-
ues of logamediate model parameter 3. The results are summarized as follows:

e For weak constant dissipative regime, the e-folds are found in abundance to
resolve flatness and horizon issues whereas the corresponding tensor—scalar ratio
is compatible at the constrained value of scalar spectral index. For 1.5 < g < 3.5,
we have found 7 > H and 7 < 1 which verify the presence of warm inflation and
also describe the existence of inflaton particles in weak dissipative regime. This
analysis implies that logamediate inflationary model is found to be consistent
with observational data.

e For strong constant dissipative regime, the number of e-folds remains less than
20 for 2 < 8 < 2.7 while the corresponding graphical behavior of R — ng leads
to compatible range of R, i.e. R < 0.10 in the same range. The temperature
of thermal bath radiations is found to be greater than Hubble parameter which
leads to the existence of warm inflation and 7 > 1 indicates that inflaton particles
lie in strong dissipative regime for the proposed range of .
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For generalized dissipative coefficient in weak dissipative regime, the inflationary
model yields consistent results with Planck constraints for m = 0, 1 with 1.1 <

B < 4.5. For m = —1, the existence of warm inflation is verified in this range but

7 is not found to be constrained at n, = 0.9603 which violates the condition of

weak dissipative regime. In case of strong dissipative regime, inflationary model
yields compatible results for m = 0,1,—1 with 1.1 < g < 3.5 but 7 > 1 in

1.1<B<1.9.

Finally, it is concluded that isotropic warm logamediate inflationary universe model

remains consistent with Planck 2015 constraints for both constant as well as gen-
eralized dissipation coefficient for m = 0, 1 and —1 in strong dissipation regime.

In

case of weak dissipation regime, the inflationary model yields compatible results

with constant and generalized dissipative coefficients for m = 0,1 but for m = —1,

the behavior of model is found to be inconsistent.
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Abstract This paper explores Noether and Noether gauge symmetries of anisotropic
universe model in f (R, T) gravity. We consider two particular models of this gravity
and evaluate their symmetry generators as well as associated conserved quantities. We
also find exact solution by using cyclic variable and investigate its behavior via cosmo-
logical parameters. The behavior of cosmological parameters turns out to be consistent
with recent observations which indicates accelerated expansion of the universe. Next
we study Noether gauge symmetry and corresponding conserved quantities for both
isotropic and anisotropic universe models. We conclude that symmetry generators and
the associated conserved quantities appear in all cases.

Keywords Noether symmetry - Conserved quantity - f(R, T) gravity

1 Introduction

In the last century, the crucial observational discoveries established revolutionary
advancements in modern cosmology that introduced a new vision of the current accel-
erated expanding universe. The accelerated epoch of the universe known as “dark
energy” (DE) possesses a huge amount of negative pressure. At theoretical level,
the conclusive evidences about accelerated expansion of the universe and enigmatic
behavior of DE lead to introduce modified theories of gravity. The f(R) gravity is
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the simplest proposal (R represents Ricci scalar) developed by replacing R with a
generic function independent of any non-minimal curvature and matter coupling in
the Einstein—Hilbert action.

Different researchers established basic review of f(R) gravity [1-3] and also dis-
cussed stability of its different models [4]. The idea of coupling between curvature and
matter was initially presented by Nojiri and Odintsov [5] who explored explicit and
implicit couplings in f(R) gravity. Harko et al. [6] developed a gravitational theory
involving both curvature as well as matter components known as f (R, T') gravity (T
denotes trace of the energy-momentum tensor). Sharif and Zubair [7-12] discussed
universe evolution via energy conditions along with stability criteria, reconstructed
different DE models, exact solutions of anisotropic universe and thermodynamical
picture in f(R, T) gravity.

The discovery of CMBR reveals that the early universe was spatially homogeneous
but largely anisotropic while this anisotropy still exists in terms of CMB temperature
in the present universe. We consider Bianchi type models which measure the effect
of anisotropy in the early universe through current observations [13]. The anisotropic
universe model indicates that the initial anisotropy determines the fate of rapid expan-
sion of the early universe which will continue for initially large values of anisotropy.
If the initial anisotropy is small then the rapid expansion will end leading to a highly
isotropic universe [14,15]. Akarsu and Kilinc [16] studied Bianchi type I (BI) model
that corresponds to de Sitter universe for different equation of state (EoS) models.
Sharif and Zubair [17] formulated exact solutions of BI universe model for power-law
and exponential expansions in f (R, T') gravity. Shamir [ 18] discussed exact solutions
of locally rotationally symmetric (LRS) BI universe model and investigated physical
behavior of cosmological parameters in this gravity. Kanakavalli and Ananda [19]
obtained exact solutions of LRS BI model in the presence of cosmic string source and
curvature-matter coupling.

Symmetry approximation plays a crucial role to determine exact solutions or ele-
gantly reduces complexity of a non-linear system of equations. Noether symmetry is a
useful approach to evaluate unknown parameters of differential equations. Sharif and
Waheed explored Bardeen model [20] as well as stringy charged black holes [21] via
approximate symmetry. They also evaluated Noether symmetries of FRW and LRS
BI models by including an inverse curvature term in the action of Brans-Dicke theory
[22]. Kucukakca et al. [23] established exact solutions of LRS BI universe model
through Noether symmetry approach in the same gravity. Jamil et al. [24] discussed
Noether symmetry in f(7) gravity (7 denotes torsion) that involves matter as well as
scalar field contributions and determined explicit form of f(7") for quintessence and
phantom models. Kucukakca [25] found exact solutions of flat FRW universe model
via Noether symmetry in scalar—tensor theory incorporating non-minimal coupling
with torsion scalar. Sharif and Shafique [26] discussed Noether and Noether gauge
symmetries in this gravity. Sharif and Fatima [27] explored Noether symmetry of flat
FRW model through vacuum and non-vacuum cases in f(G) gravity.

Capozziello et al. [28] explored Noether symmetry to determine exact solutions of
spherically symmetric spacetime in f(R) gravity. Vakili [29] obtained Noether sym-
metry of flat FRW metric and analyzed the behavior of effective EoS parameter in
quintessence phase. Jamil et al. [30] studied Noether symmetry of flat FRW universe
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using tachyon model in this gravity. Hussain et al. [31] studied Noether gauge sym-
metry of flat FRW universe model for f(R) power-law model which generates zero
gauge term. Shamir et al. [32] analyzed Noether gauge symmetry for the same model
as well as for static spherically symmetric spacetime and found non-zero gauge term.
Kucukakca and Camci [33] established Noether gauge symmetry of FRW universe
model in Palatini formalism of f(R) gravity. Momeni et al. [34] investigated the exis-
tence of Noether symmetry and discussed stability of solutions for flat FRW universe
model in f(R, T) and mimetic f(R) gravity. They also explored a class of solutions
with future singularities.

In this paper, we discuss Noether and Noether gauge symmetries of BI universe
model in f (R, T') gravity. We formulate exact solution of the field equations to discuss
cosmic evolution via cosmological parameters. The format of this paper is as follows. In
Sect. 2, we discuss a basic formalism of f (R, T') gravity, Noether and Noether gauge
symmetries. Section 3 explores Noether symmetry of BI model for two theoretical
models of f(R, T) gravity and also establish exact solution via cyclic variables. In
Sect. 4, we obtain symmetry generator and corresponding conserved quantities through
Noether gauge symmetry for flat FRW and Bl models. In the last section, we summarize
the results.

2 Basic framework

The current cosmic expansion successfully discusses not only from the contribution
of the scalar-curvature part but also describes from a non-minimal coupling between
curvature and matter components as well. This non-minimal coupling yields non-zero
divergence of the energy-momentum tensor due to which an extra force appears that
deviates massive test particles from geodesic trajectories. The action of such modified
gravity is given by [6]

f(R,T)
k2

z:/d4x¢—_g[ +£m], (1)

where f describes a simple coupling of geometry and matter whereas £, denotes the
matter Lagrangian. The variation of action (1) with respect to g, yields non-linear
partial differential equation of the following form

1
Sr(R, T)R;w - Ef(R’ T)g;w + (guvD - VMVV)fR(Ra T)+ fr(R, T)T;w

+fr (R, T)®uy = k> Ty, 2)

where V,, shows covariant derivative and

Af (R, T) Af (R, T)
O=vV,VH*, R T)=—-—-, R T)=——,
n fr( ) 3R Sr( ) 3T
g8 Ty g 0°Ln
®MV = (SgT = g,uvﬁm — 2T;w — 2ga W.
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The trace of Eq. (2) provides a significant relationship between geometric and matter
parts as follows

Rfr(R,T)+30fr(R,T) —2f(R,T)+ Tfr(R,T) + Ofr (R, T) = «T.

Harko et al [6] introduced some theoretical models for different choices of matter as
e f(R,T)=R+2f(T),
o f(R,T)= fi(R)+ fo(T),
e f(R,T)= fi(R)+ f2(R) f3(T).

Noether symmetry is the most significant approach to deal with non-linear partial
differential equations. The existence of Noether symmetry is possible only if Lie
derivative of Lagrangian vanishes, i.e., the vector field is unique on the tangent space.
In such situation, the vector field behaves as a symmetry generator which further
generates conserved quantity. Noether gauge symmetry being generaliztion of Noether
symmetry preserves some extra symmetries along a non-vanishing gauge term. The
vector field and its first order prolongation are defined as

ad

KM =K + (ﬁj,t +77j,i éi - 5,téj —&, qlq]> 8_cji’

where ¢ identifies as affine parameter, £, 7 are symmetry generator coefficients, g
represents n generalized positions and dot denotes time derivative. The vector field K
generates Noether gauge symmetry if Lagrangian preserves the following condition

KWL +(D&L = DG, ¢Y).
Here G(t, g') represents the gauge term and D denotes the total derivative operator
defined as
0 .0

p=2442
ot T4 o

According to Noether theorem, there exists a conserved quantity corresponding to each
symmetry of a system. In case of Noether gauge symmetry, the conserved quantity for
vector field K takes the form

2:6—55—(;71—415);76.

For the existence of Noether symmetry, the following condition must holds
LxL=KL =0,

where L represents Lie derivative while the vector field K and conserved quantity
corresponding to symmetry generator turn out to be
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Lt FA 100 | L S

The equation of motion and associated Hamiltonian equation of a dynamical system
are defined as

oL d [dL oL
dgi  dt

a_c]i =0, Eié’pi—E=H, pi:a_qi’

where p; represents conjugate momenta of configuration space.

3 Noether symmetry for BI universe model

Here we apply Noether symmetry approach to deal with non-linear partial differen-
tial Eq. (2) and evaluate symmetry generators as well as corresponding conserved
quantities of BI universe model given by

ds> = —di*> + a>(t)dx* + b*(1)(dy* + dZ°), 4)

where ¢ denotes cosmic time, scale factors @ and b measure expansion of the universe
inx and y, z-directions, respectively. We consider the perfect fluid distribution given
by

T,uv =(p+ p)uuuv + P8uvs

where p, p and u, represent pressure, energy density and four-velocity of the fluid,
respectively. To evaluate the Lagrangian, we rewrite the action (1) as

IZ/v—g[f(R,T)—A(R—R)—X(T—T)-i-ﬁm]dt, &)

where \/—g = ab?, R, T are dynamical constraints while A, x are Lagrange multi-
pliers given by

_ 2 . . . _
R = ?(dbz + 2abb + 2bab + ab?), T =3p(a,b) — p(a,b),
a
A= frR(R,T), x=fr(R,T).

The field Eq. (2) is not easy to tackle with perfect fluid configuration and also there
is no unique definition of matter Lagrangian. In order to construct Lagrangian, we
consider £,, = p(a, b) which yields

L(a,b,R,T,a,b,R,T)=ab’[f(R,T)— Rfg(R,T) — Tfr(R,T)
+ fr(R, T)(3p(a,b) — p(a, b)) + p(a,b)] — (4bab + 2ab*) fr(R, T)
— (2b%aR + 4abbR) frr(R, T) — 2b*aT + 4abbT) frr (R, T). (6)
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The corresponding equations of motion and energy function of dynamical system
become

p2  2b 1
2 + 7 = —m [f(R,T)—RfrR(R,T)—Tfr (R, T)+ fr(R,T)

x(3p(a,b) — p(a,b)) + pla,b) +a{frGp., —p..) + p.. }
4bR R. T

n leI]?( ,T)

+ 2R frr(R, T) + 2R frrr (R, T)

+4RT frrr(R, T) + 2T frr (R, T)

+212 frrr (R, T)). (7)
é+é’_];+§__;[2( (R, T)— RfrR(R,T)—Tfr(R,T)
et ar 0T Tage ) PUER r(R, Jr(R,

+fr(R,T)(Bp(a,b) — p(a,b)) + p(a, b))
+b {fT(3p’b —Ps) + Py }]
+2(a "aR + R)frr +2R* frrr + 2@ 'aT + T) frr

+2(b""6R + 2RT + T?) frrr + 20767 frrr, (8)
b2 2ab 1 2bR  aR 26T af
2 ab TR [( b +7> Tt (7 +7)

X frr(R, T) + %(f(R, T)—Rfr(R,T)

—Tfr(R,T)+ fr(R,T)3p(a,b)

—p(a, b)) + p(a,b))]. ©)

The conjugate momenta corresponding to configuration space (a, b, R, T) are

Pa = % = —4bb fr(R,T) — 2b°(R frr(R. T) + T frr (R, T)), (10)
pb = % = —4fr(R, T)(ab + ba — 4ab(R frr(R, T) + T frr (R, T)), (11)
PR = % = —(4abb + 2b%a) frr(R, T), (12)
pr o= % = —(4abb + 2b%a) frr (R, T). (13)

For Noether symmetry, the vector field (3) takes the following form

K a+ﬁ -+ LAy S 8+ﬁ -t 0 52w
=a—+B—+y—+8—+a— — 48—
9a YorR "% " %%a V3 o

where o, B, y and § are unknown coefficients of generator which depend on variables
a, b, R and T while the time derivatives of these coefficients are
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} 0o - da o . da . ap 8,3 8,8 B
— a2 LY LR = o+ b+ R T (15
@ =agotbop T Rop +Top, B=dg+bap+ Rop + T, (15)
. Loy .0y - dy ay . .08 .06 . 06 . 88
a2 45 LR 7 5 =0l L L R L7 (16
v =an e TRar Tt d3q Thap T Rag TTop- (10

Taking Lie derivative of Lagrangian (6) for vector field (14) and inserting Egs. (15)
and (16), we obtain the following over determined system of equations by comparing
the coefficients of %, b, R?, T?, ab, aR, aT, bR, bT and RT as

(ba,, +2aB,; ) frr =0, (17)
(bat,; +2apB,; ) frr =0, (18)
2B8,, fr + by., frr +b8,, frr =0, (19)
ba,, frRT + ba,; frRr +2aB,, frRT +2aB,; frrR =0, (20)
2BfRrr + by fRRR + bSfRRT + b, fRR +2aB,, fRR + 2B, fR+ bV, fRR

+03,, frT =0, 21
2BfrRT + by frrRT + bSfRTT + bt fRT +20B,, fRT + 2B, fR+ bV.; fRR

+b8,, frr =0, (22)
2Bfr +2by frR + 2D5fRT + 2b0,, fR +2aB,, fR + 2B, fr +2aby,, frRR

+b%y., frr +2abs., frr + b8, frr =0, (23)
2bafrg + 2aBfrr + 2aby frrr + 2abSfrrr + be,, frR + 2bat,, fr + 2ab

X B,, fRR +2aB,, fr +2aby,, frRr +2abs,, frr =0, (24)
2bafrr + 2aBfrr + 2aby frrr + 2abSfrrr + b a,, frT + 2b0t,, fR 4 2ab

X B,, fRT +2aB,; fr +2aby,; frr +2abé,, frr =0, (25)
afr +ayfrr +adfrr +2ba,, fr +2ap,, fr + 2aby,, frr + 2abé,,

X frr =0, (26)

balf — Rfr — Tfr + frGp—p)+ p+alfr3p.,—p.,) + ., )1+ Bl2ab
x(f = Rfr — Tfr + fr3p — p) + p) + ab*{ fr3p., —p.,) + p., }1 + ab*
xy[—(Rfgr + Tfrr) + frr3p — p)1 + ab*8[—(Rfrr + Tfrr) + frr
x@3p—p)]=0. (27)

We solve this non-linear system of partial differential equations for two models of
f(R, T) gravity and evaluate possible solutions of symmetry generator coefficients
as well as corresponding conserved quantities.

31 f(R,T) =R +2f(T)

Here we discuss a solution for a simple model that explores Einstein gravity with
matter components such as f(R, T) = R+ 2 f(T), where the curvature term behaves
as a leading term of the model. This model corresponds to ACDM model when matter
part comprises cosmological constant as a function of trace 7. Consequently, this
model reduces to
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SR, T)=R+2A+ h(T). (28)

To find the solution of Egs. (17)—(27), we consider power-law form of unknown
coefficients of vector field as

o = apa®' b*? R8T, B = ﬂoaﬂ‘bﬂzRﬂ3 Tﬂ“, 29)
y = a’' b RVPTY, 8 = 50’ b2 RBT™, (30)

where the powers are unknown constants to be determined. Using these coefficients
in Egs. (17)—(25), we obtain

ap = —Polar+2), ar=1, az=0, a4 =0, y =0,
B1=0, Bo=ar+1, B3=0, Bs=0.

Inserting these values in Eq. (29), it follows that
o« = —foler +2ab™, f=fob*t.

In order to evaluate oy, we substitute these solutions in Eq. (26) which implies that
either cp =0 or oy = %

Casel: ap =0
In this case, the generator coefficients turn out to be
o =—2ppa, B = Bob.

In order to evaluate the remaining coefficients, we insert these values in Egs. (7), (9)
and (27) which give

WT)=LT +bh, §=0, p=Iha 5b~3,

1
p=—— [ZA + 5+ Gl - 1)z3a—%b—%] .
214
Substituting all these solutions in Eqgs. (17)—(25), we obtain /] = —%. Consequently,

the coefficients of symmetry generator and f (R, 7)) model become

197
w=-2pa, p=fob. y=0. 5=0. f(RT)=R~—.

where h(T) = —WTT —2Aand T = ?—;lgcf%lf%. To avoid Dolgov—Kawasaki
instability, the f (R, T') model preserves the following conditions [35,36]

frR(R) >0, frr(R)>0, 1+ fr(R,T)>0, R > Ry. 31
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In this case, the constructed f (R, T') model is found to be viable for /3 < 0. Using
the values of symmetry generator coefficients, we obtain symmetry generator which
yields scaling symmetry and its conserved quantity as

) 3 .
K = —2B0a— + fob—, T = fo [—4abb n 4ab2] .
da ob

Now we solve the field equations using cyclic variable whose existence is assured
by the presence of symmetry generator of Noether symmetry. We consider a point
transformation which reduces complex nature of the system to ¢ : (a, b) — (v, 2)
implying that ¢xdv = 0 and ¢xdz = 1. The second mapping indicates that the
Lagrangian must be free from the variable z. Imposing this point transformation, we
reduce the complexity of the system as

; éb Inb
vV = goa , L=,
Bo

where z is cyclic variable and ¢y denotes arbitrary constant. The inverse point trans-
formation of variables yields

(32)

30¢30” :

1
a=g2e T b=t p= 19

(33)

12
Here we redefine arbitrary constants as {3 = [3¢, ¢, °. For the above solutions, the
Lagrangian (6) and the corresponding equations of motion with associated energy
function (7)—(9) take the form

L=t (4,90{711)2 +4p2v2 — 301)%) :
=1.. 2 1.y _3
2B0v7 2+ 2B5v 22" — 12075 =0,
8Bov3E +v 10 + 4B 1 — 20725 =0,
3005 + 4;831)%22 + ﬁov_%i)zz' — Zﬁov_%ifz' =0.

We solve the above equations to evaluate the time dependent solutions of new variables

(v, 2)
3 (2 2 ! 3
V=20 —04)? (z — 24 44) = —— [12,30;“5 —2.93—4In [(z — §4)2]] ,
1280
where {4 and {5 represent integration constants. Inserting these values into Eq. (33),
we obtain
8 2Buts 3 8 pocs 32 2
a=3hie U—Qﬁ,bzgﬁe (t—=8) 31" =2t51 +&1), (39

30
o= ‘1_53[2([ b -2+ DT,
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p = 6320t — &) 2 (12 — 2t + ¢A)]75. (35)

We study the behavior of some well-known cosmological parameters like Hub-
ble, deceleration and EoS parameters using scale factors and matter contents. These
parameters play significant role to discuss cosmic expansion as Hubble parameter (H)
measures the rate of cosmic expansion while deceleration parameter (g) determines
that either expansion is accelerated (¢ < 0) or decelerated (¢ > 0) or constant expan-
sion (g = 0). The EoS parameter (w = £) evaluates different eras of the universe and
also differentiates DE era into different phases like quintessence (—1 < w < —1/3)
or phantom (w < —1). In case of BI universe model, the Hubble and deceleration

parameters are . .
gL (i, % _ A
3\ ) 1T T T

Using Eq. (34), the Hubble and deceleration parameters turn out to be

RO _ 3 -2 _
H = 3 <1+§6), q= 5(§6+t) L, (36)

where g = —&4. Inserting Egs. (34) and (35) in (7) and (9), the effective EoS parameter
becomes

Peff _ bt H3(/1- Ta(t2 =2t +¢2))5
Peff t—1{ '

The crucial pair of (r,s) parameters study the correspondence between con-
structed and standard universe models such as for (r,s) = (1, 0), the constructed
model corresponds to standard constant cosmological constant cold dark matter
(ACDM) model. In terms of Hubble and deceleration parameters, these are defined
as . |
r= 2¢% — 2, s=
T T

Using Eq. (36), these parameters take the form

18
r=1+ (20— —20 -7+ - w7?),

-2 -
oo (A Y
3 5 2

1

Both plots of Fig. 1 represent graphical analysis of the scale factors a and b which
show the increasing behavior of both scale factorsin x and y, z-directions, respectively.
This increasing nature of scale factors indicates the cosmic accelerated expansion
in all directions. The graphical analysis of Hubble and deceleration parameters is
shown in Fig. 2. Figure 2i shows that the Hubble parameter grows continuously rep-
resenting expanding universe whereas Fig. 2ii shows negative deceleration parameter
which corresponds to accelerated expansion of the universe. In Fig. 3, the first plot
indicates that the effective EoS parameter corresponds to quintessence phase while
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a (1) Scale factor a b (ii) Scale factor b

L L L L L Loy L L L L Loy
4 5 6 7 8 9 4 5 6 7 8

Fig. 1 Plots of scale factors versus cosmic time #: i a(¢) versus ¢; ii b(¢) versus ¢ for {1 = 0.15, & = 0.09,
t4 =—0.99,¢5 =0.5, By = 0.1

(i) Hubble parameter

Log(H) (ii) Deceleration parameter

25 0.4

-0.7F

L L L T
2 4 6 8 10

Fig. 2 Plots of i Hubble parameter and ii deceleration parameter versus cosmic time ¢ for {g = —0.99

(i) EoS Parameter ..
Werr (ii) r—s Parameters

\ .
0.2
. . . . . L
5 10 15 20 25 30
-0.005
-02F
04}
—0.010 |-
-0.6
—osk —0.015
Fig. 3 Plots of i EoS Parameter and ii r-s parameters versus cosmic time ¢ for {g = —0.99

Fig. 3ii represents correspondence of the constructed model with standard ACDM uni-
verse model. Thus, the analysis of cosmological parameters implies that the universe
experiences accelerated expansion for BI universe model in the context of f(R, T)
gravity.

Casell: oy = %
For ap = %, the solutions become
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5 1 3
o= —Eﬂoabz, B = Pob2,

whereas Eq. (27) yields

37 -3c—1  3(5c}—4c;-2)

§=0, h(T)=-2A+c1T, p=cpa 17! b 26a-D

3cp — 1 37 -3¢ —1  3(5¢}—4c;-2)
o= 5 cpa T p 2We-h

The above solutions satisfy the system of Eqs. (17)—(25) for ¢y = %ﬁ. Under this
condition, the solutions and considered model of f (R, T') gravity take the following
form

5 3+ /21
a:—iﬁoab%, B =pob?, y,8=0, h(T)=—2A+<T)T,
1 3FV21\ 1 3+ 421
—ob?, p=|—T Vet FRT) =R+ ()T,

p=c P <9¢~/ﬁ> 2 S(R,T) ( G )

where T = (%) czb%. Here, the constructed model ignores Dolgov—Kawasaki

instability as fr, frr, 1+ fr > 0. The symmetry generator and its corresponding
conserved quantity turn out to be

0 30
_+ﬁ0b2_

5 1
K = —2Boab? ,
5 Poab? b

S =B [6ab%b — 4ab%] .

We consider z to be a cyclic variable which yields

where o denotes arbitrary constant. The corresponding inverse point transformation

leads to
ot (LB (LB
X1 D 5 X2 ) )
) CX( ﬁoz>_1 ; —3F 21 e ( ﬂoz>_1
=2\ = =\ ——F—— 22\ ——(~— )
2 9F 21 2

where xp, x2 are arbitrary constants. For these solutions, the Lagrangian (6) becomes
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-1
3+£421
L = —2Box1 52 [SU% — 68gv3 22 <—%) } +cov [4 (T)
6 F 21 ]
X Y - b

9F 21

which depends upon the cyclic variable z. Thus, the resulting symmetry generator for

ar = 0 yields scaling symmetry providing more significant results as compared to
1
oy = -

32 f(R,T) = fi(R) + f2(T)

Here we consider f (R, T)) model which does not encourage any absolute non-minimal
coupling of curvature and matter. For vector field K (14), we substitute this model in
Egs. (17)-(23) and (25) yielding the coefficients of symmetry generator in the form

o 2963 daeaIn(FI(R)) — 25 — d1n(byacs — 6In(b)cea + cra
== 4 1 S 4 — 6 T4,
by F{(R) Vb
B = —— + (cs + I(f{(R)ea)b — (ca + co)b In(b) + ceb In(a),
VIR
2 c7
y = = | b((=3cs —4co) In(b) + ¢4 + cs + 5
FLR) f/(R)b

+ ¢+ o @) (RN? = e3f{(R)]

where prime denotes derivative with respect to R and ¢; (i = 3,4,5,6,7,8) are
arbitrary constants. Inserting these solutions in Eq. (24), we obtain two solutions for
f1(R) as fi(R) = coR + c19 which is similar to the previous case while the second
solution increases the complexity of the system. To avoid this situation, we consider
f1(R) = foR", (n # 0, 1) which yields

_ (c11+2c)R

a =acyy, B =bciy, - ,

T
fo(T) = 3 e

p= 2ness [Rl_”b,o,b —Rc13 — 6R1_nC13 + 2R1_n,0 + 6ncl3R] ,

(c11ap,q +c12bp,p)

p=3foR" +3c13 —
(c11 4 2¢12)

These solutions satisfy (17)—(27) for n = 2 which implies that f1(R) = foR? and
hence this quadratic curvature term describes an indirect non-minimal coupling of the
matter components with geometry. Thus the matter contents and model of f (R, T)
gravity turn out to be
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_ ‘12 _ 12
Farp 1 |3 "FarpRr!

2 PT o, 2

p =3 foR* + 3c13 + + 12¢13R

T
f(R,T) = foR* + 3t T=3p—p

In this case, the constructed f (R, 7') model is found to be viable as it preserves stability

conditions (31). The corresponding symmetry generator takes the form

0 0 0
K =acii— +bcip— — R 2e12) —.
aCllaa+ g, (c11 + C12)8R

This generator yields scaling symmetry with the following conserved factors

| = 4ab’R fy — 4b*a foR, T» = —24abb foR — 8ab’R fy,

where X1 and X, are conserved quantities corresponding to ¢y and cq2, respectively.
To reduce the complex nature of the system, we consider ¢ : (a, b, R) — (u, v, z)
implying that ¢pxdu = 0, ¢pxdv = 0 and ¢pxdz = 1. In this case, we choose z as

cyclic variable which gives

c11+2c12 c11+2c12 1

u=~Apa ‘1 R, v=Ab ‘2 R, z=——————"1InR,
c11 + 2c12

where Ag and A denote integration constants. The corresponding inverse point trans-

formation yields

‘11 €12
_ 2 €112 _ 2 c122 _ c11+2c12z
a =untxp = h—=ypentn et R =¢ .

For these solutions, the Lagrangian (6) takes the form

2qp 3 c1l 213 ‘11
24f022v011+2C12 CiluC11+2L‘]2 c12 + 60f022vt‘]1+2(‘12 MC]1+2C12

Lo b
(c11 + 2c12)? (
2 2 - 22 ¢ 2:'1226 3 ¢ ﬂéc 51, C C—%!%c 3 .7¢ C-&ZIC
X Cllclz+80foz v €1l 12 cricypu 11 12 +16fovzu 11 120121) 11 12
21 __ 2 __c 2k
+ 4f0122v"11+2"12 C?l” c11+2c12 —8f01kv'c12c11v 011+2c12u c11+2c12 +8f()l;ti

€12
29 2 ) ar oL, Gl i ar
X v011+2512 u c11+2c12 612611 + Sf()UZM c11+2c12 v c11+2c12 Clzcll _ u6‘11+2612 eqlz

c12
3 c 3¢

¢ ilzzc 3c122,.2 ¢ l+]21c ez )\ UG jrlzzc 3c12z,.2 22 2

X vCT2 ¢” cj; —4\uctitize peT2 ¢ cip —4fov cyp

‘11 _ 2eppteqy) , —cll 2pp 4 2p ‘11
X u511+2612 v c11+2c12 + 48fOZ u611+2512 vc“+2512 612 + 4v c11+2c12 u c11+2c12

. €12 .
4 .9 11 ol 3e1 5
f()CHZ — 4 yc11t2e12 €112 ve11tn e clzzc“clz

X
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Here, the Lagrangian again depends on the cyclic variable z. Consequently, this
approach does not provide a successive way to evaluate exact solution of the anisotropic
universe model in this case.

4 Noether gauge symmetry

In this section, we determine Noether gauge symmetry of homogeneous and isotropic
as well as anisotropic universe for f(R, T) = foR" 4+ h(T) model.

4.1 Flat FRW universe model
We first consider flat FRW metric given by
ds* = —di* + a®>(t)(dx* + dy* + d7?), (37)

where the scale factor a describes expansion in x, y and z-directions. For isotropic
universe, the Lagrangian depends on configuration space (a, R, T') with tangent space
(a, R, T, a, R, T).The metric variation of action (1) with £,, = p(a) leads to

L(a,R,T,a, R, T)=a’[f(R,T)— Rfr(R, T) — Tfr(R,T) + fr(R, T)
x(3p(a) — p(a)) + p(@)] — 6(ad* fr(R, T) + a*aR frr(R, T)
+a’aT frr (R, T)). (38)

For Noether gauge symmetry, the vector field K with its first order prolongation is
defined as

ad ad a ad
K = T(taaa Ra T)_ +a(t9aa Ra T)_ +ﬁ(t7 a, Ra T)_ +V(t7a7 Rv T)a_T’

K“]—ri—i—ai—kﬂ——k LI i+;3—+ i

ot “da Yar V4% TPoR TR

where 7, o, B and y are unknown coefficients of vector field to be determined and
the time derivatives of these coefficients are

. do i L da LR . Jo L7 . da 0T n 0T B 0T 7 0T
¢6=—+a— — —al—+a— — —
ot Y9a TTOR T aT ar %% aR AT

. 0B aB apB aB ot .0t aT ot
- KA 3 R ALY 72t
B=rTag, TR aR+ 9T or T TR T T

,_8y+ 8y+R8y+T8y 7 87:+_8r Rar T81'
V=% T %% TR9R T ar ot " Yea TTorR T aT |

The existence of Noether gauge symmetry demands

KWz + (D)L = DG(t,a, R, T), (39)
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where G represents gauge function and D = 3; + ad, + Rdg + Tdr. Substituting
the values of vector field, its first order prolongation and corresponding derivatives of
coefficients in Eq. (39), we obtain the following system of equations

7,,=0, 7,,=0, 7,,=0, G,, =0, (40)
n(n — 1) foR" 2a*a,, = 0, (41)
n(n — 1) foa*R" *a,, = 0, (42)
2aa,, +(n — DaR™1B,, =0, 43)
6n(n — 1) foa’?R"*a,, = -G, , (44)
nfoR" '2aa,, +(n — Ha*R™18,,1=-G,,, (45)
o+ (n— DaR™'B + 2aa,, —at,, +(n — Ha’R7'B,,=0, (46)
2(n — DR 'a+ (n — 1)(n —2)aR™?B + (n — DaR 'a,, +2a,, —(n — 1)
xaR 'z, +(n — DaR™'B,, =0, (47)

al3a*{foR"(1 — n) + h(T) — Th(T),; +h(T),, Bp — p) + p} + a*{h(T),,
X3Py, =02, )+ Py 1 —n(n — 1) foa* R" 1B + &>y h(T), ;7 Bp — p —T)
+a’t,, {foR"(1—n)+h(T)~Th(T),,+h(T),, Bp—p)+p}=G,, . (48)

Solving the above system, it follows that

. &4t (381162 — &3610)

+ &3, a=E&(ba+Ea ),

&N
E4&3 (E10 +E11a™>)R &t
= , G: -, :0,
P En(l—n) 2 7

where &; are arbitrary constants. For these coefficients, the symmetry generator
becomes

§41 (381162 — &3810) 0 §483(510 + 51102)R> 0
K = — .
( e +‘§13) * ( En(l—m )9k

at
0
+é4(52a + 5361_')8—-
a

This generator can be split as

0 o _ (t(3§11§2 —53510)) J (53(%10 +$11a_2)R) d
—, ) = — + _
ot &1 ot §11(1 —n)

Ky = IR
1. 0
+ (5a +&a ) —,
da

where the first generator corresponds to energy conservation. The corresponding con-
served quantities are

138116 —83810) [ 3 " P .
Y =— - [a (foR (1—n)+eo—§)—6(aa (=1
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x azézRR_l)nfoR"_l] +6anfoR"~'(2a — (n — DaR™'R) [(gza + Ssa—l)

ta(361152 — &3810)

3510 + Ena )R

- i| —6n(n — l)foazR”_zd [
&11

N rR(ssusz—sgslw]

E&n(d—n)

11

S = —d3 (fOR”(l — )+ €0 — g) — 6(ad® + 201 — a*aRR YnfoR"".

4.2 Bianchi I universe model

Here we investigate Noether gauge symmetry for BI universe model. In this case, the

vector field and corresponding first order prolongation take the form

0 0 d
K=1t{t,a,b,R, T)— t,a,b, R, T)— t,a,b, R, T)—
(t,a )8t +a(t,a )aa + B(t,a )ab

9 )
ta 9b,R,T P Sly 9b7R7T i
+y(t,a )aR-+ (t,a )8T

POV VAN S KNS LA
=1—+a— — — +d—+a— — — +5—
ab 7 YRR

ot da oR aT da

where

T’

& = Da —aDt, B=DB—bDt, y=Dy—RDt, §=DS§—TDr.

Using the above vector field, its prolongation and coefficients derivatives in the condi-
tion of the existence of Noether gauge symmetry, we formulate the following system

of nonlinear partial differential equations as

7,,=0, 7,=0, 7,,=0, 17,,=0, G,, =0,
bo,, +2aB,, =0,

boa,, +2apB,, =0,

2B,,+(—1DbR 'y, =0,

28., 4+ — bR 'y, =0,

ba,, +ap,, +(n — DabR™'y,, =0,

n(n — 1) foR"[2b*a,, +4abB, 1 = -G, , ,
nfoR"~'[4bB,, +2(n — DP*R™ 'y, 1= -G, ,

nfoR" '[4ba,, +4aB,, +4(n — DabR 'y, 1= -G,,,

a+ (n—1)aR™ 'y 4+ 2ba,, +2aB,, +2(n — 1)abR™'y,, +at,, = 0,

28 +2(n — DbR 'y + 2ba,, +2aB,, +2bB,, +2(n — abR™'y,,
+(n—1Db*R™y,, —2bt,, =0,
20— DR7'B+ (n— D(n —2)bR >y + (n — VbR ', +28,

(49)
(50)
(5D
(52)
(33)
(54)
(55)
(56)
(57)
(58)

(59)

@ Springer



76  Page 18 of 20 M. Sharif, I. Nawazish

+2(0n — DaR™'B,, +(n — DR 'y, , —(n — )bR 'z, = 0, (60)
2(n — DbR a4+ 2(n — DaR™ ' +2(n — 1)(n — 2)abR™>y + 2ba,

4+ — DR, +2(n — DabR™'B,, +2apB, , +2(n — DabR ™'y,

—2(n — abR7 'z, =0, (61)
balfoR"(1 —n) + h(T) — Th(T)., +h(T).; Bp — p) + p + a{h(T).,

X3P, =)+ Doy M+ BlRab(foR"(1 = n) + h(T) = Th(T)., +h(T).,

X(3p = p)+ p) + ab*(h(T),; Bp,, —p,,) + p,, N —n(n — 1) foab®R" "y

+ab®sh(T).,r Bp — p — T) + ab’z,, {foR"(1 = n) + h(T) — Th(T).,

+r(T),; Gp—p)+pt=0G,,. (62)

We solve this system of equations

T=mn1, G=mt+n)nans, o =nsnea, P =nsneb,

y = nsneR o o= _ 3mn4(n7 + nglna)
21 —n)’ ’ ab®nens ’
1 n 1—n
p= —m[foR + R ""n9 — Rnjol,
1 - mana(n7 + ngIna)
f(R,T) = foR" — ——[foR" + R'"ng — Rnfp] — -
6nfo abnens

where the constants n; are redefined. The solution of these coefficients lead to

9 9 0 nsneR 0
K =n — — h— 4 2
Mgy HIsmed s s St S ) aR
This generator can be split as
© 9 © 9 b 9 N R 9
= —, = ad— —_— —
Yo TP T %a T 9p T 20— n) OR

where the first generator yields energy conservation whereas the second generator
provides scaling symmetry. The corresponding conserved quantities are

5, = —abz[(foR"(l —n) e — g) — nfoR" ' 2ab? + (n — )R~ 2b%a R
+ 4abbR) + 4bab) |,
o = ot + 03 — 4b%anfoR" .
5 Final remarks
In this paper, we have discussed Noether and Noether gauge symmetries of

BI universe model in f(R,7T) gravity., We have formulated Noether symme-
try generators, corresponding conserved quantities, matter contents (p, p) as

@ Springer



Exact solutions and conserved quantities in f (R, T)... Page 19 of 20 76

well as explicit forms of generic function f(R,7T) for BI model via two the-
oretical models of f(R,T) gravity, i.e., R + 2A + h(T) and foR" + h(T).
We have also evaluated Noether gauge symmetries and conserved quantities of
homogeneous isotropic as well as anisotropic universe models for foR" + h(T)
model.

For BI universe model, we have found two Noether symmetry generators for the
first model in which the first generator gives scaling symmetry. We have solved
the system by introducing cyclic variable which lead to exact solution of the
scale factors and f(R, T) model. The graphical behavior of scale factors indicate
that the universe undergoes an expansion in x, y and z-directions. To evaluate
exact solution of the anisotropic universe model for the second symmetry gener-
ator, we have constructed Lagrangian in terms of cyclic variable. The Lagrangian
violates the mapping ¢xdz = 1 as it is not independent of cyclic variable z.
Thus, the symmetry generator with scaling symmetry yields exact solution of the
anisotropic universe model. We have investigated graphical behavior of the cosmo-
logical parameters, i.e., Hubble and deceleration parameters for this solution. This
indicates an accelerated expansion of the universe while EoS parameter corresponds
to quintessence phase. The trajectory of r and s parameters indicates that the con-
structed f(R,T) model corresponds to standard ACDM model. For the second
model (f(R,T) = fi(R) + fo(T)) when fi(R) = foR", the symmetry genera-
tor provides scaling symmetry for n = 2. This implies that the scaling symmetry
induces an indirect non-minimal quadratic curvature matter coupling in this grav-
1ty.

Finally, we have discussed Noether gauge symmetry and associated conserved
quantities of flat FRW and BI universe models. The time coefficient of symme-
try generator is found to be ¢ dependent for FRW universe but becomes constant
for BI model while gauge function is non-zero in both cases. The symmetry gen-
erator provides energy conservation for isotropic universe whereas for anisotropic
universe, we have energy conservation along with scaling symmetry. In the pre-
vious work [37], we have formulated exact solution through Noether symmetry
approach for LRS BI universe using f(R) power-law model. The cosmological
parameters correspond to accelerated expanding universe while the EoS parameter
describes phantom divide line from quintessence to phantom phase. The Noether
symmetry generator provides scaling symmetry whereas Noether gauge symmetry
yields energy conservation with constant time coefficient of symmetry generator
and gauge term. Here, we have discussed exact solution via Noether symme-
try for BI model. The cosmological parameters yield consistent results but EoS
parameter corresponds to phantom era. In case of Noether gauge symmetry, we
have found time dependent gauge term and time coefficient of symmetry genera-
tor for flat FRW model but this time coefficient remains constant for BI model.
Thus, the Noether and Noether gauge symmetries yield more symmetries for
non-minimal curvature matter coupling in f (R, T') gravity as compared to f (R) grav-

ity.
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Abstract This paper determines the existence of Noether
symmetry in non-minimally coupled f (R, T) gravity admit-
ting minimal coupling with scalar field models. We con-
sider a generalized spacetime which corresponds to different
anisotropic and homogeneous universe models. We formu-
late symmetry generators along with conserved quantities
through Noether symmetry technique for direct and indi-
rect curvature—matter coupling. For dust and perfect flu-
ids, we evaluate exact solutions and construct their cos-
mological analysis through some cosmological parameters.
We conclude that decelerated expansion is obtained for the
quintessence model with a dust distribution, while a perfect
fluid with dominating potential energy over kinetic energy
leads to the current cosmic expansion for both phantom as
well as quintessence models.

1 Introduction

The generic function in f (R) gravity is a coupling-free func-
tion which helps to resolve many cosmological issues. Nojiri
and Odintsov [1] proposed the concept of a non-minimal
curvature—matter coupling, which led to fresh insight among
researchers. This coupling successfully incorporates clusters
of galaxies or dark matter in galaxies, yielding natural pre-
heating conditions corresponding to inflationary models and
thus one introduced the idea of traversable wormholes in the
absence of any exotic matter [2-5]. Harko et al. [6] proposed a
new version of modified theory whose generic function incor-
porates curvature as well as matter, knownas f (R, T') gravity
(T is the trace of the energy-momentum tensor). This func-
tion induces strong interactions of gravity and matter, which
play a dynamical role in analyzing the current cosmic expan-
sion [7]. Sharif and Zubair [8—13] investigated some cosmic
issues like energy conditions, thermodynamics, anisotropic

2 e-mail: msharif.math@pu.edu.pk

b e-mail: igranawazish07 @ gmail.com

exact solutions, reconstruction of some dark energy mod-
els, and also they studied the stability issue in this theory of
gravity.

The interest in exact solutions of higher order non-linear
differential equations keeps researchers motivated as these
are extensively used to investigate different cosmic aspects.
Harko and Lake [14] discussed exact solutions of the cylin-
drical spacetime in the presence of non-minimal coupling
between R and matter Lagrangian density (Lp,). The higher
order non-linear differential equations of f(R,T) gravity
attract many researchers as they perform cosmological anal-
ysis via exact solutions of the field equations. Sharif and
Zubair [15] considered exponential and power-law expan-
sions to evaluate some exact solutions and kinematical quan-
tities of the Bianchi type I (BI) model in this gravity. Shamir
and Raza [16] formulated exact solutions corresponding to
cosmic strings as well as a non-null electromagnetic field.
Shamir [17] found exact solutions of a locally rotation-
ally symmetric BI model and studied the physical behavior
through cosmological parameters.

In mathematical physics and theoretical cosmology, con-
tinuous symmetry reduces the complexity of non-linear sys-
tems, which successfully yields exact solutions. In a dynam-
ical system, Noether symmetry points to a correspondence
between infinitesimal symmetry generator and conserved
quantity. Capozziello et al. [18] used this approach to find
exact solutions of spherically symmetric spacetime in f(R)
gravity. Hussain et al. [19] investigated the existence of
Noether symmetry of a power-law f(R) model and found
the boundary term to vanish for the flat FRW universe model
but Shamir et al. [20] obtained a non-zero boundary term
of the same model. Momeni et al. [21] explored a Noether
point symmetry of the isotropic universe in mimetic f(R)
and f (R, T) gravity theories. Shamir and Ahmad [22] con-
structed exact solutions in f(G, T) gravity (G denotes the
Gauss—Bonnet term).

Sanyal [23] determined exact solutions of the Kantowski—
Sachs (KS) universe model through the Noether symmetry
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technique in non-minimally coupled gravity with a scalar
field. Camci and Kucukakca [24] extended this work by
adding BI as well as BIII universe models and formulated
explicit forms of the scalar field. Kucukakca et al. [25] dis-
cussed the presence of Noether symmetry to formulate exact
solutions of a locally rotationally symmetric BI universe.
Camci et al. [26] generalized this work for anisotropic uni-
verse models such as BI, BIII and KS. We have obtained
exact solutions of a f (R) power-law model [27] as well as of
a f(R, T') model admitting indirect non-minimal curvature—
matter coupling [28].

In non-minimally coupled gravitational theory, the
Noether symmetry approach is extensively used to study dif-
ferent cosmological models and the dynamical role of various
scalar field models [29]. Vakili [30] identified the existence of
Noether point symmetry along with a conserved quantity for
the flat FRW universe and studied the behavior of effective
equation of state (EoS) parameter for the quintessence model
in f(R) gravity. Zhang et al. [31] explored a multiple scalar
field scenario and formulated a relationship of the potential
function with quintessence and phantom models. Jamil et al.
[32] ensured the presence of Noether symmetry with conser-
vation law for the f(R) tachyon model. Sharif and Shafique
[33] obtained exact solutions of isotropic and anisotropic uni-
verse models in scalar—tensor theory non-minimally coupled
with the torsion scalar.

In this paper, we discuss the existence of Noether symme-
tries of non-minimally coupled f (R, T) gravity interacting
with generalized scalar field model. The format of the paper
is as follows. Section 2 introduces some basic aspects of this
gravity. In Sect. 3, we discuss all possible Noether symme-
tries with associated conserved quantities for two particular
models of this theory. We also formulate exact solutions for
dust as well as perfect fluid distribution and study their phys-
ical behavior through some cosmological parameters. In the
last section, we present final remarks.

2 Some basics of f(R, T') gravity

We consider the action incorporating gravity, matter and
scalar field:

7= / % V=FILe + Lo+ Lol, ()

where g denotes the determinant of the metric tensor, £, and
Ly represent gravity and scalar field Lagrangian densities.
For non-minimal coupling, the gravitational Lagrangian is
considered to be a generic function f(R, 7') admitting min-
imal coupling only with Ly, and Ly [6]. In this case, the
metric variation of £, and Ly, yields

1
SRR, T)Ryy — Ef(R’ T)guv

@ Springer

+(@uv Vi V" = Vi Vo) fr(R, T) + fr(R, T)Tjwy

2L
+fr(R,T) (guuﬁm_2Tp,v_2gaﬂ W) = KZT[J.\J»

where the subscripts R and T describe corresponding partial
derivatives of f, V,, indicates the covariant derivative and
T, represents the energy-momentum tensor. The divergence
of the energy-momentum tensor leads to

fr
VT = e (Tyy + ©p) V¥ In fr
VKT
+VEO,, — g“%]

In non-minimally coupled modified gravity, the energy-
momentum tensor no more remains conserved. This non-
zero divergence introduces an extra force in the equation of
motion which is responsible for a deviation of massive test
particles from the geodesic trajectories.

A generalization of some anisotropic and homogeneous
universe models is given as [34]

ds? = —dr* + a>(1)dr? + b2(1)(d6% + £ (6)dp?), )

where a and b are scale factors and {(f) = 6, sinhf, sinf
identify BI, BIII and KS models with the following relation-
ship:

1d%¢
¢ do?
For & = 0, —1, 1, the spacetime (2) corresponds to the BI,

BIII and KS universe models, respectively. For a perfect fluid,
the energy-momentum tensor is

= —&.

Ty = (om + Pm)uuuv + Pm8uv,

where py, and pn, define pressure and energy density, respec-
tively whereas u represents the four-velocity of the fluid. For
the action (1), the Lagrangian density of matter and scalar
fields are defined as [35,36]

Lo =pn(@.b). Lo=28"0,00:6 —V(®). 3)

where V (¢) denotes the potential energy of the scalar field
and € = 1, —1 indicate scalar field models, i.e., quintessence
and phantom models.

Phantom model suffers with number of troubles like vio-
lation of dominant energy condition, the entropy of phantom-
dominated universe is negative and consequently, black holes
disappear. Such a universe ends up with a finite time future
singularity dubbed a big-rip singularity [37]. Different ideas
are proposed to cure the troubles of this singularity such as
considering phantom acceleration as transient phenomenon
with different scalar potentials or to modify the gravity, cou-
ple dark energy with dark matter or to use particular forms
of EoS for dark energy taking into account some quantum
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effects (giving rise to the second quantum gravity era) which
may delay/stop the singularity occurrence [38—42]. Inserting
Eq. (3) into (1), we obtain

fd“xf[ Dy puta.b)

58" 0 — V(¢>>], )
where
R = a%(abz + 2abb + 2bab + ab? + af),
T =3pm(a, b) — pm(a, b).

To evaluate Lagrangian corresponding to the action (4)
for configuration space Q@ = {a,b, R, T, ¢}, we use the
Lagrange multiplier approach which yields

L= abz[f(R, T)— Rfr(R,T) + fr(R, T)(3pm(a, b)

ed?
—pm(a,b) —T) — - + pm(a, b) — V(d))]
—(4bab + 2ab* — 2a€) fr(R, T)
—(2b%aR + 4abbR)
X frr(R, T) — @b*aT + 4abbT) frr (R, T).  (5)

In a dynamical system, the Euler—Lagrange equation, the
Hamiltonian (%) and conjugate momenta (p;) play a signif-
icant role to determine basic features of the system, defined
as

3£ dpl’ .

i

oL
ag’

5

where ¢’ refers to n coordinates of the system. For the
Lagrangian (5), the conjugate momenta take the following
form:

Pa = —4bb fr — 20> (R frr + T frr), py = —ab’ed,
py = —4fr(ab + ba) — 4ab(R frr + T frr),

pr = —(4abb +2b°4) frr,  pr = —(4abb +2b%a) frr.

The dynamical equations of the system are

»2 26
2fr(R, T)( +?+ b2> +f— Rfz
+fr(3pm(a, b) — pm(a,b) —T)
2
+pm(a,b) — % - V(¢)

+al{fr(Bpmsy —Pmsy ) + Py } +4b7 bR fri
+4b7 BT frr + 2R frr + 2R? frrR + 4RT frRT
427 frr +27% frrr =0, (6)

2f a+ab+i3
R a ab b

+f —Rfr + fr@pmla,b) — pm(a b)—T)
2
+ Pma b) — i V) + —{fr(3pm,,7

+Pms, } + 2@ 'aR + R) frr + 2R?
X frrr + 2@ 'aT + T) frr +2(b'HR

—Pm>y, )

+2RT + T2) frrr + 267 '6T frrr =0, @)
SRTBpm(a, b) — pm(a,b) —T) =0,
frrBpm(a,b) — pm(a,b) —T) =0,
€ +2eb b +eaag — V' (¢) = 0. ®)

In order to evaluate the total energy of the dynamical system,
we formulate the Hamiltonian as

=R\t )T (b
26 a\ .
+2<—b+3)TfRT+f—RfR
b a
+/rBpm(a, b) — pm(a,b) — T) + pm(a, b)

2
+i V) + éfR. ©)

a\ -
+ *) R frr
a

The Hamiltonian constraint H = 0 yields the total pressure
of the dynamical system.

3 Noether symmetry and conserved quantities

The Noether symmetry approach helps to solve complicated
non-linear system of partial differential equations yielding
exact solutions at theoretical grounds of physics and cosmol-
ogy. Noether theorem states that if Lagrangian of a dynami-
cal system remains invariant under a continuous group then
group generator leads to the associated conserved quantity.
The conservation of energy and linear momentum appears
for translational invariant Lagrangian in time and position,
respectively whereas the angular momentum is conserved
for rotationally symmetric Lagrangian [43]. In gravitational
theories, the presence of conserved quantities also enhances
physical interpretation of theory but if it does not appreciate
the existence of any conserved quantity, then the theory will
be abandoned due to its non-physical features.

To investigate the existence of Noether symmetry and
associated conserved quantity in non-minimally coupled
gravitational theory, we consider the first order prolongation
K1 of continuous group defined as

KW =K+ (¢!, 4971 4" — 0., 47 —ﬁ,qu/) . (10)

where the cosmic time 7 is considered to be an affine param-
eter and K represents the symmetry generator given by
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K = 000" > + ¢ 1. 4") = (1)
ot T agd”

Here ¢ and ¢/ are unknown coefficients of the generator. The
existence of Noether symmetry is ensured when K follows
the invariance condition,
p="yq !

Tt 9 g
where D is the total derivative, while B represents a boundary
term of K. When the symmetry generator becomes indepen-
dent of the affine parameter then boundary term along with
first order prolongation vanishes yielding
0 d ad

- — —, LxL=0, 13

o +[dt(9 (q ))] P¥ K 13)

KWz + (DY)L = DB(1, ¢"), (12)

K =0'(¢)

where L identifies Lie derivative. The symmetries coming
from symmetry generators (11) and (13) lead to correspond-
ing conservation law through the first integral defined as
. c AL 0L
E=B-09L—-(¢) —¢'V)—, T=-n/—. 14
(¢’ —q )aq 7 LYy (14)
For Q = {t,a, b, R, T, ¢}, the infinitesimal symmetry gen-
erator and corresponding first order prolongation take the
form

a ad 0 ] d a
K:r—+a—+ﬁ£+yf+6—+nf,

3t ' oa R " "oT ' 'o¢
K[l]zti—i-ozi—i-ﬁi
o oa b
TV PN LSS K
— — +a— — — — —,
Var T T %a " Pap TV R T T ag
(15)

where the time derivative of the unknown coefficients
T, a, B, ¥, 8 and n are

6,=Do,—¢'Dr, 1=1,...,5, (16)
Here 01, 02, 03, 04 and o5 correspond to «, B, y, 6 and
n, respectively.

In order to discuss the presence of Noether symmetry gen-
erator and relative conserved quantity of the model (2), we
insert the first order prolongation (10) along with (11) in
(12), it obeys a system of equations given in Appendix A.
From Eq. (A7), we have either fr, frr, frr = 0 with
T,.» Tsy» Tip» T,y 7 0 or vice versa. For non-trivial solu-
tion, we consider second possibility (t,, , T,,, T,z, T,; =
0) as the first choice yields trivial solution. We investigate the
existence of symmetry generators, relative conserved quan-
tities for the following two models [6]:

e f(R,T)=R+2g(T),
e f(R,T)=F(R)+h(R)g(T).

We also formulate corresponding exact solutions to analyze
cosmological picture of these two models.

@ Springer

3.1 f(R,T) =R +2g(T)

This model incorporates an indirect non-minimal curvature—
matter coupling and also admits a correspondence with stan-
dard cosmological constant cold dark matter (ACDM) model
if it comprises a trace dependent cosmological constant
defined as

F(R,T)=R+2A(T) + g(T). (17)

To evaluate the coefficients of symmetry generator (11),
we solve the system (A1)—(A22) via separation of variables
method which gives

a = aj(t)az(a)az(b)as(R)as(T)as(¢),
8 = 81(1)82(a)33(b)34(R)35(T)36(),

Y = v1iOy2@)y30)ya(R)ys(T)ve(d),
n = n1On2(a)n3(B)na(R)ns(T)ne (),
B = Bi1(1)B2(a)B3(b) B4 (R)B5(T) Bs (),

T =1(8),

B = B (1) B2(a) B3(b) B4(R) Bs(T) B (). (18)
For these coefficients, the system (A1)—(A22) yields
a=—2ac, B=cb, y=0, §=0, n=c,
B=cyi+c, t=c; V@) =c+c,,
Ina +2cath 26 1
c,c.lna c.a ¢, Ina
by = — 4%6 1 e ) i 19
Pm(@,5) 2c, br  2cab? (19)
1
3c,ciIna +2c,a2b 6§ 3¢, lna
,b) = ——4¢ ! - — = , (20
pm(@, b) 2c, 2 2ea2 20
where the ¢; (i = 1, ..., 7) denotes arbitrary constants. For

these coefficients, we split the symmetry generator and cor-
responding first integral into the following form:

0
Ki=-, %= —ab*{f — Rfg + fr3pm — pm — T)
+pm — co$ — ¢;)
. -y epab?
+2ak fgr — 4bab fgr — 2ab® fr — R
] 3 . 5.
Ky = —2a— +b—, X, =—4abbfr +4b*afx,
da ob
K] .
K3 = 3 3 = eab’.

For the model (17), the system (A 1)—(A22) yields three sym-
metry generators and associated conserved quantities. In this
case, the symmetry generator K| leads to energy conserva-
tion while K7 represents the scaling symmetry corresponding
to conservation of linear momentum.

Next, we explore the presence of Noether symmetry in the
absence of affine parameter and boundary term of extended
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symmetry which leads to establish corresponding conserva-
tion law. In this case, the infinitesimal generator of continuous

group for Q = {a, b, R, T, ¢} turns out to be
d 9 9 9 .9
K=o0— — §— — —
e TP TV ar TOr T ag % TPy
9 9 9
P + b 4 @1)
ok ot " Tag
Wherea—q’jj,ﬁ—q Loy =qi. b=qg

and n = q’ d" . Due to the absence of affine parameter, the
separation 01‘ variables method yields

a = aj(a)az(b)az(R)aa(T)as(d),
B = Bi(a)B2(D)B3(R) Ba(T)Bs (),
Y = r1@ra®d)y3(R)ys (@),

8 = 81(a)82(b)83(R)84(T)85(¢h),
n = n(@n2@)n3(R)na(T)ns().

In order to explore the consequences of indirect non-minimal
curvature—matter coupling, we evaluate symmetry genera-
tors with corresponding conservation laws for non-existing
boundary term. We also establish cosmological analysis
through exact solutions for both dust and perfect fluid distri-
butions.

3.1.1 Dust case

Dust fluid investigates matter contents of the universe when
the existence of radiations is not so worthy and the formation
of massive stars is possible only if dust particles interact with
radiations. Here we consider 7),, = pmu,u, and solve the
system for (21) via separation of variables which yields

oc:fZaci, ,B:c;b, y=0, §=0, n=0,
pmia.b) = 2 +ath, A =50 T

2
where the c;_ (J = ., 3) represent arbitrary constants.

The corresponding symmetry generator and associated con-
served quantity are

K = —2ac 2 4 b
= —2aci 5 b

For dust fluid, there exists only scaling symmetry in the
absence of affine parameter as well as boundary term of
extended symmetry and the model (17) reduces to

SR, T)=

For exact solution of equations of motion, we insert density
of dust fluid and model (22) in Egs. (6) and (7) yielding

¥ =4c abb fr — 4c/b*a fr.

R 42T +2¢,. (22)

4
40c't + 40c)5
a(t) = %’ b(t) =

¢/ (40¢t +40c))3
et

This leads to expansion of the universe whether it is acceler-
ated or decelerated. The power-law scale factor (a(t) = t*)
identifies both expansions as for A > 1, it measures acceler-
ated expansion while it corresponds to decelerated expansion
for A < 1. When A = % and A = %, we have radiation and
matter dominated eras of the universe.

To analyze the behavior of power-law type exact solution,
we construct cosmological analysis through some cosmolog-
ical parameters such as Hubble, deceleration, r—s and EoS.
These parameters are useful to study current expansion as
well as different eras of the universe. The Hubble parameter
(H) determines the rate of expansion, while the decelera-
tion parameter (q) evaluates the nature of cosmic expansion,
telling whether we have the decelerated (¢ > 0), accelerated
(g < 0) or constant (g = 0) case, respectively. In the case
of anisotropic universe models, these parameters turn out
to be

-1
_ 64¢](40¢)1 +40c))
3 :

7
=3
The relevant pair of r—s parameters explores the charac-
teristics of dark energy candidates by establishing a corre-
spondence between constructed and standard cosmic mod-
els. When the pair lies in the (r,s) = (1,0) region, this
corresponds to standard ACDM model while the trajectories
with s > 0 and r < 1 correspond to quintessence and phan-
tom phases of dark energy. In the present case, we obtain
r = 0withs = —% indicating that the constructed model
does not correspond to any standard dark energy universe
model. The EoS parameter () investigates different cosmic
eras such as it identifies radiation and matter dominated eras
forw =3 L and @ = 0, respectively. This parameter specifies
dark energy era (w = —1) into quintessence and phantom
phases when —1 < w < —1/3 and w < —1, respectively.
The corresponding effective EoS parameter is

128¢, + (40c,1 +40¢]) 3 (5¢2¢! 12 + 10¢! ¢t + 5¢! )
128c]

Weff =

The potential and kinetic energies of the scalar field play
a dynamical role to study cosmic expansion. For acceler-
ated expansion, the field ¢ evolves negatlvely and potential

dominates over the kinetic energy (¢ < V(¢)) whereas
negative potential follows the kinetic energy for decelerated

expansion of the universe (%2 > —V(¢)). Using Eq. (8), we

obtain

b= [ — 1 (e @520t + 408 ) e 12
) 20e(cit+ ) EE v

+50(40¢, 1 +40c, )3
xc’c/c/t + 25(40c t +40c )50’ 2 1+ 896¢/ ))2)
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Fig. 1 Plots of scale factors a(r) (left) and b(t) (right) versus cosmic time ¢ for ¢! = 0.24, ¢} = 0.45and ¢} = 5.5

H
0.040 |
0.035
0.030
0.025
0.020
0.015

0.010

L L L L 1 L L L 1 L L L 1 L L L t
0 20 40 60 80

Fig. 2 Plots of Hubble H (¢) (left) and EoS parameters wesr (right) versus

Vip) =

1
25¢' (5¢31?
800(Cé212 +2ccht + c;2)[ ¢, (5¢;

+5¢,c% + 10¢2¢, 1) (40c)t
+40¢))3 + 8¢, (—200¢, 1> + 400c! 1)
—8(48¢/% +200c.)].

Figure 1 shows the graphical analysis of the scale factors
for the dust case. The scale factor a(¢) indicates large cos-
mic expansion in the x-direction but b() represents that the
universe is expanding very slowly in the y- and z-directions.
Figure 2 (left plot) indicates that the Hubble parameter is
decreasing with the passage of time. In the right plot of Fig.
2, the effective EoS parameter identifies that, initially, the
universe associates with a radiation dominated era and, after
some time, it corresponds to a dark energy era by crossing
the matter dominated phase.

Figures 3 and 4 analyze the behavior of scalar field and
cosmic expansion via phantom and quintessence models. The
left plot of Fig. 3 shows that the scalar field is positive ini-
tially yielding decelerated expansion but gradually, it starts

@ Springer

Wegr

cosmic time ¢

increasing negatively which describes accelerated expansion.
In case of quintessence model, the scalar field grows from
negative to positive indicating decelerated expansion of the
universe. The right plots of 3 and 4 satisfy % < V(¢) and
"’72 > —V(¢), implying that the phantom model yields accel-
erated expansion, while the quintessence model corresponds
to decelerated expansion.

To analyze a big-rip free model, the key point is that if the
EoS parameter rapidly approaches —1 and the Hubble rate
tends to be constant (asymptotically de Sitter universe), then
it is possible to have a model in which the time required for
a singularity is infinite, i.e., the singularity effectively does
not occur [44]. The occurrence of a maximum potential of
a phantom scalar field is another evident issue as regards
avoiding this singularity [45]. The graphical behavior of the
EoS parameter represents that wefr rapidly approaches —1
and the Hubble rate is decreasing but the potential is not
maximum. We may avoid the big-rip singularity in the present
case if we choose ¢ to be negatively large, which yields an
asymptotic behavior of the Hubble rate.
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Fig. 4 Plots of scalar field ¢ (¢) (left) versus cosmic time ¢ and potential energy V (¢) versus kinetic energy g (right) for e =1

3.1.2 Non-dust case

At large scales, the perfect fluid successfully illustrates a
cosmic matter distribution in the presence of radiation. In
the absence of a boundary term and an affine parameter, the
coefficients of the symmetry generator (21) corresponding to
a, b, R, T, ¢ remain the same as in the presence of a bound-
ary term of extended symmetry. Thus, the generator of the
Noether symmetry and the associated first integrals reduce
to

K = —2ac, 2 4 e bl 4o,
= —Zdac, — C,O— Cy 77—,
Yaa " Tab T Pag

¥ = —dc,abb fr + 4c,b%a fr + ec,ab’.

In order to formulate an exact solution of the dynamical equa-
tions for a perfect fluid distribution, we insert Egs. (19) and

(20) into (6) and (7), yielding
2

(Li)g (¢, sin(c 1) + ¢ cos(cmt))%

9

«(2)
5%

This describes an oscillatory solution of the f (R, T') model
admitting an indirect non-minimal curvature—matter cou-
pling. To study the cosmological behavior of this solution,
we consider the cosmological parameters as follows:

a(t) =

i

4
53

=

(¢, sin(e,yt) + ¢; cos(c,y1)) §
b(t) = .

_ 8eyy (¢ sin(eyt) + ¢ cos(cyy1))
T 15(c, sin(e,g1) + ¢, cos(cyt))

—8c2 cos?(c,y1) + 73 + 8c2 cos?(c,y 1) +15¢2+16c, ¢; cos(c 1) sin(c,yt)
1= 8(c, sin(cygt)+¢; c0s(cyg1))? '
5 = (—45((4c} — 4ch) cos(c,g1) — ¢F — 6c2e, — 5S¢t — Bcde, +8c,¢))
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=

Fig. 6 Plots of H(t) (left) and q(¢) (right) versus cosmic time ¢

x cos(c,y1) sin(cmt)))/256((cgt + cj‘ — 6(‘1263) 0054(cmf) + (Gcfcf — 2(‘?)
X cosz(cmt) + (—4030} + 4(,'203) sin(c,,1) cosS(c,Ot) —4c, c? cos(c,yt)

x sin(c 1) + c?),

72
XGpm = pm) + P — 5= = V(@) + B +aBpm., —Pmeu) + P,
Weff = .

XBPm = pm) + pm + % -V + 5

The scalar field and the corresponding kinetic and poten-
tial energies identify the early as well as the current cosmic
expansion and also characterize the decelerated expansion of
the universe when the kinetic energy dominates the negative
potential. In this case, Eq. (8) yields

€c,
o=/

where 5 Fj represents the hypergeometric function.

InFig. 5, the right plot shows that the universe experiences
an immense amount of expansion in the y- and z-directions,
whereas the left plot shows a small amount of expansion
in the x-direction. Figure 6 provides information as regards
an increasing rate of expansion through the Hubble param-
eter, while the negatively increasing deceleration parameter

2 3

 Segd eos(eyg (=271 4§ sinf ey 1 ]+ /2 25000, 1]) @

166, y/c08] % -+ 1] ¢ (cosle, 1 1+sinfe, o 11)%/3

€(c, cos[c,y1] + ¢, sin[c,,1])8/3
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g. 5 Plots of scale factor a(t) (left) and b(t) (right) versus cosmic time ¢ for ¢ = ¢3 = c9 = 5.5 and ¢j9 = 0.005
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ensures accelerated cosmic expansion. The left plot of Fig. 7
characterizes the quintessence phase of the dark energy era,
while the right plot identifies the r—s parameter trajectories in
the quintessence and phantom phases as s > 0 when r < 1.
Both plots of Fig. 8 verify the current cosmic expansion for
quintessence as well as phantom models as ¢ is continuously
increasing negatively, and the potential energy of the field is
dominating over the kinetic energy. The graphical interpre-
tation of the EoS parameter yields weff < —1, which is not
a sufficient condition for the existence of a singularity as
the potential turns out to be maximum with the passage of
time. Thus, we may avoid a big-rip singularity if the Hub-
ble rate decreases asymptotically in the presence of minimal
coupling of f(R, T) gravity with scalar field.

3.2 f(R,T) = F(R) +h(R)g(T)

To analyze the effect of a direct non-minimal curvature—
matter coupling, we consider this model and evaluate the
symmetry generators as well as the associated conservation
laws. Inserting the model in Eqs. (A2)—(A4), (A10), (Al1)
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Fig. 7 Plot of wesr and r—s parameters versus cosmic time ¢ for c; = ¢3 = 5.5 and ¢19 = 0.005
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Fig. 8 Plots of scalar field ¢ (7) (left) versus cosmic time ¢ and potential energy V (¢) versus kinetic energy 4’72 (right) for ca = 5.5, ¢4 = —103,

co = 0.5 and cl0 = 0.005

and (A15) and using separation of variables approach, we
obtain

ba

ﬁ:_2a

€
F(R) = i (=d3Y12(R) + d2Y9(R)) + dsR + dg,

+¢Y1(t,a,b) + Y2(t, a,b),

€
h(R) = “ids (=d3Y9(R), +d1R) + ds,
g(T) = dy + dsY10(T),
1
n= Z[Yl (t,a,b)(Y10(T)(d1 + Yo(R), )

—¢? + Y12(R), ;) + bot,, —2¢
xYo(t,a,b) + bY14(t, a, b)],

where the d; (i = 1, ..., 7) denote constants. We substitute
these values in Egs. (A1), (A8) and (A9) which yield

Yos3(t
=/— 23()dt+d8f+d9,
€

1
B=_— [6ab(Y19(T)d1 + dyed?
6ds

+Y19(T)dse ) Ya(t, a, b),,

+6abp (3dseg? + Vio(D)dse™ + Yio(T)
xd)Y16(t, b),, +3ds(2Y2(t, a, b)
29121 (1, a, ), +ab? 9 ¥3(0),,) ]
Yi(t,a,b) = Yis(t, b) + Yis(a, b),

Y19(T)d3 + edods
Yio(T) = ———F"——

edzdy ’
Yi2(R) = —M +dgR + d7,
Yo(R) = —e;Rd4 —2d\R + d>,
Yoi1(t,a,b
Yi4(t,a,b) = —%
_ badyed Yi6(1, b) + dsebadsYi6(1, b) Yo, ).
eb2ads

To evaluate remaining unknown functions, we insert the
above functionsinto 8, n, F, g, h andsolve Egs. (A5)—(A7)
with (A12)—(A14) and (A16)-(A21), leading to

Y21(t,a, b) = Yae(a, b),
Yi6(t, b) = —d12b,

Yn(t,a, b) = dot,
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Yis(a, b) = dyab, Ya(b,a) =0, Yy(t,a,b) =dob,
Y23(t) = €(—2dy + e~ Rdydzdy e® 4 dg), 8 =0,
dlleRT
TR
X(eiRd4Td13d3 —didi3d3T

1
+Q((—=2ds + §€d6)d3 +dide€))dy).

Using these solutions in Eq. (A22) with dj; = 0 and dg =
dé—;", it follows that

d
r=3dy, «=dya, B=Dhdo— §>,

§=0, y=0,
d
B=dot, n= - + 2d12ds,

3dgeR
F(R) = de + dsR — if ,

h(R) = ds — ——(dse™® + d\R — 2dy),
4d;

drdye — dyd 3T
gy =dp - ——.
dye
Inserting F', h and g, the f(R, T') model becomes

3edgR
FR.T) = -

+dsR + dg
F(ds — S (dae R + &1 R — 2dy))
At 1 1 dac

Thus, the constructed model also experiences a direct cou-
pling between curvature and matter parts. In this case, the
symmetry generators and associated conserved quantities are

) ]
K| = 35 + ba—b,
+4dgdset + 3tab’d) RTdse
—9tab’d| Rpmdse + 3tab’d) Rpmdze
—12td  Tabbdze — 4b>dsT
xae Rdze — 4b2aTd4e7Rd3e
—9tab’dy pme Rdze + 3tab’dypp
XefRd3e + 6td4Ta152€7Rd3e
+6tdsTage™ Rdze — 4bdyTabe Rdze
+4b%aRdyTe Rdze + 4b%*aT d dse
—12tab’drdy € — 12tab’ py
xdse + 12tab®V (¢)dze
—24tdsabdsze — 24tdsaqdse + 16bdsab
xdse + 36tab’d2ds p — 12tab’d3dy pp
+181€2dadyab® + 18t€>
xdadiaq — 12be>dydyab + 4b%d) T adse
—12b%*drdy i + 16b%ds
xadye — 3tab> RdyTe Rdze + 12td, Tabbe R dze

1 .
S = — (—4dab*e*d3¢?
| 4d3e( abe“dz¢
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d3d13T>

+36te%dydyabb
+4bd Tabdse + 6tab’eg’dse
+18tab’d| pdse — 6tab’d| ppmdse
—48tdsabbdye — 6td; Tab>dze — 61d, Taqdse),
9 bo
da  29b°
+3abedyd) + abdsTe Rds
—4abdsds + bd, Tads + 4bdsads
—3bedydya — bdsTae Rd3),
K3 = —li, Y3 = abz(ﬁ, K4 = Zdlzi,
€3¢ o¢
4 = 2dpab’ed.

b .
Ky = Yo =——(—abd\ Td
2=a 2 2d3(a 1Td3

We see that scaling symmetry appears through generator K,
with the first integral ¥, leading to conserved linear momen-
tum.

Now we investigate the existence of Noether symmetry
in the absence of affine parameter and boundary term of
the extended symmetry and also study the effect of direct
curvature—matter coupling on conservation laws. For this
purpose, we solve Egs. (A5), (A6), (A9) and (A12)—(A21),
which gives

5 “_(lyab., s
=—————(3Yila.b),, ¢
2Yo(T),, \3 + 7

+2Y4(a, D)., Yo(T)p + 2Y4(a. b),, Ys(b)¢

+¢Ys(a, b),, +2Y7(a, b),, ¢>

+Y12(a, R, T,b), F(R)= k4R + ks,
b
B= —Z(Ylo(a, R,T,b) +aYs(a, b)),

g(T) = ki + Yo(T )k,
1
n= 5(49 + 2Yo(T) + 2Y3(h)) Ya(a, b)
+Y5(a, b)p + Y7(b, a),
€R
h(R) =

2(ka + k3)’
a = —Yy4(a,byap + Yi0(a, b, R, T),

y =Yu(a,b,R,T),

where the k; (I = 1, ..., 5) are arbitrary constants. Inserting
these solutions into the remaining equations of the system,
we obtain

V($) =kiod + ki, Yiola, R, T,b) =ksa, Ys(a,b)=0,
Yia(a, R, T,b) = —%((G(ksT + k7) + 2ka)ko + €ky),
Ys(a.b) = J%’;*e,
Y7(b,a) = ko, Yo(T) = keT + k7,

m = 25(9812: — ks + ki1 + LZ?IQ
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_kee 1_ ¢k
+a~ 2 €kgba?™
k7 6k2k4k3 2k4 6k9k10 k]
= — 4+ — —3ks + 3k — —
Pm ke + c 5+ 3k11 + kee + kskec + Toke

_kee 1_cks
+a~ 2 €kghbaz” 3 .

The corresponding Noether symmetry generator with the
associated first integral take the form

d b kee\ 0
Ki=a——=-[1-2)—
da 2 2 ) ab
9
+R3*R — (ki€ + ka(e(keT + k7) + 2k4))
1 9  keed d .
X —— — ﬂ—, Y| = abbekeT
2k, 0T 2 3¢
b*ekya .
—% — bPekgTa — backgkab
2
bae’kiTh  bae’keksb  abbek
2 2 ko
. baekekib  ab*eXPked
bbeks — -
+abbeky 2%, 3
brae k2T

+2abbky — 2b%kaa — b ek7a + TR

K> = Yy = ab26¢.7k9.

d
agp’
Here the symmetry generator K yields the scaling symme-
try.

4 Final remarks

In this paper, we have analyzed the existence of Noether
symmetry in a non-minimally coupled f (R, T') gravity inter-
acting with scalar field model for anisotropic homogeneous
universe models like BI, BIII and KS models. Using Noether
symmetry approach, we have found conserved quantities
associated with symmetry generators and studied the contri-
bution of direct as well as indirect curvature—matter coupling
through two f(R, T') models. We have also formulated exact
solutions for dust and perfect fluid distributions whose cos-
mological analysis is discussed through cosmological param-
eters.

For the f(R,T) model admitting indirect curvature—
matter coupling, we have found three symmetry generators
in the presence of an affine parameter and a boundary term.
The first generator of translational symmetry in time yields
the energy conservation law, whereas the second generator
generates scaling symmetry. For the second model, we have
formulated four conserved quantities associated with sym-
metry generators but only one generator provides the scaling
symmetry leading to the conservation of linear momentum.
In the absence of a boundary term of extended symmetry

and an affine parameter, the symmetry generator of the first
model ensures the existence of scaling symmetry for dust
as well as perfect fluid, while we have found two symmetry
generators for the second model.

For the first model, we have evaluated exact solutions
without considering boundary term. For the dust distribution,
we have found a power-law solution. The graphical analy-
sis of scale factors and cosmological parameters leads to a
decelerating phase of the universe. The positively increas-
ing scalar field and the kinetic energy dominating over the
potential energy ensure the decelerating behavior of the cos-
mos for the quintessence model. In the case of the phantom
model, the scalar field rolls down positively and tends to
increase negatively while the kinetic energy dominates over
the potential energy for ¢ € [0.8, 1.6]. The graphical behav-
ior of the effective EoS parameter reveals that the universe
experiences a phase transition from a radiation dominated era
to a dark energy era by crossing the matter dominated phase.
For a perfect fluid, we have determined an oscillatory solu-
tion with increasing rate of the Hubble parameter, a negative
deceleration parameter and weff < — 1. The trajectories of the
r—s parameters identify quintessence and phantom phases as
s > 0 when r < 1. For the quintessence and phantom mod-
els, with the scalar field continuously increasing negatively,
the potential energy of the field is dominating over the kinetic
energy. This analysis indicates that an epoch of accelerated
expansion is achieved for a non-dust distribution.

Shamir [17] investigated the exact solution of the BI
model without using Noether symmetry approachin f (R, T')
gravity. For indirect curvature—matter coupling, the exact
solution is determined using a relationship between expan-
sion and shear scalars. The study of corresponding cosmo-
logical parameters yields a positive deceleration parameter,
weff = 1, the volume and average scale factor turn out to
be zero at t+ = 0. Thus, the analysis of this exact solution
yields a decelerating epoch for the R 4 2 f(T') model. For
the f1(R) + f2(T) model, a power-law form of fi(R) is
considered that gives exponential and power-law solutions
for different choices of f>(T"). For the exponential solution,
the average Hubble parameter becomes zero, leading to the
Einstein universe. Camci et al. [26] formulated exact solu-
tions of these anisotropic models via the Noether symmetry
approach in non-minimally scalar coupled gravity. The scale
factors are found to be proportional to the inverse of the
scalar field whose explicit form is not determined for any
anisotropic model. Consequently, the cosmological analy-
sis of these exact solutions is not established. In the present
paper, we have found two exact solutions, power-law and
oscillatory solutions, via the Noether symmetry approach,
that correspond to decelerating as well as current accelerat-
ing universe for dust and non-dust distributions.

We conclude that the constructed f(R, T') models admit
direct as well as indirect curvature-matter coupling. The

@ Springer
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existence of symmetry generators and associated conserved
quantities is ensured for both f (R, T) models. It is worth-
while to mention here that we have found maximum symme-
try generators along with conserved quantities for the second
f(R, T) model in the presence of boundary term. This indi-
cates that the model appreciating a direct curvature—matter
coupling leads to more physical results relative to the first
model, while the exact solutions describe cosmic evolution.
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Appendix A

For the invariance condition (12), the system of equations is

eab’n,,=—B.,. (Al)
ba + 2ap + 2abr],¢ —abt,, =0, (A2)
2ba,, frr +4aB,, frr +aben,, =0, (A3)
Zb(x,d, for + 2a/3,¢ frr +aben,, =0, (A4)
4B., fr +2by,, frr +2b5,, frr + aben,, =0,  (AS5)
4ba,, fr +4aB,, fr +4aby,, frr

+4abs,,, frr + ab’en., =0, (A6)
7, fR=0,7, frR=0,7,, frRr =0,

T, frr =0, 7,,=0, (A7)
2b%a,, frr +4abB,, frr = —B.p (A3)
2b%a,, frr +4abB,, frr = —B., . (A9)
ba,, frr +2abB,, frr =0, (A10)
ba,, frr +2abB,; frr =0, (A1)
2B,, fr +by,, frRr+b3,, frr =0, (A12)
4bB,, fr +2b%y., frR +2b%8,, frr = —B,, . (A13)

4ba,, fr +4ap,, fr +4aby., frr +4abé,, frr = —B,,,
(A14)

ba,, frRr +ba,, frT +2aB.; frr +2aB,, frT =0,
(A15)

afr +ayfrr + adfrr + 2ba,, fr

+2apB,, fr +2aby,, frr +2abé,, frr —art,, fr =0,
(A16)

@ Springer

2BfRR + Dy fRRR + bSfRRT + b, fRR +2aB,, fRR
+2B, 2 fR + Dy, fRR+ DS, fRT —bT,, fRR=0,
(A17)

2BfrT + by fRRT + bSfRTT + b, fRT + 20B,, fRT
+2B.; frR +by.; fRR + b8, frRT —bT,, fRT =0,
(A18)

2Bfr +2byfrr + 2bSfrT
+2ba,, fr +4ap., fr +2bB., fr +2aby., frr
+b%y,, frR + 2abs,, frr+b%3,, frr — 2bT,, fR=0,

(A19)
2bafrr + 2aBfrr + 2aby frrr + 2abSfRRrT
+b%a,, frR +2bo,, fr+2ab
Xﬂv[; fRR + zaﬁyk fR + zabva fRR
+2abs,, frT —2abrt,, frr =0, (A20)

2bafrr + 2aBfRrr + 2aby frRRT + 2abSfRTT
—|—b201,,, frT +2ba,; fr+2ab
xB,, frRT +2aB.; fr
2aby., frr +2abs,, frr — 2abt. frr =0, (A21)

b*alf — Rfg + frGpm — pm —T) + pm — V(9)
+a{ fr Bpm,, —Pmsy ) + Pms, )+ 26fR]
+B12ab(f — Rfr+ frBpm — pm—T) + pm — V(9))
+ab*{ fr 3Pm., —Pmey ) + Py }]
+y[—ab*Rfrg + 2aE frr] + 8[—ab*Rfgr
+2at frr] — ab®V'($)n
+1,, [ab®(f = Rfr + fr3pm — pm — T) + pm

=V (#) +2a&frl = B,, . (A22)
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1. Introduction

On the landscape of theoretical and observational modern cosmology, the most revolutionizing
fact is believed to be the current cosmic accelerated expansion. Recent experiments indicate that this
expansion must be due to some enigmatic force with astonishing anti-gravitational effects, known
as dark energy. There are many proposals to explain its ambiguous nature. The f(R) gravity is one of
such proposals established by replacing geometric part of the Einstein-Hilbert action with this generic
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function depending on the Ricci scalar R. The fourth order non-linear field equations of this gravity
keep triggering researchers to evaluate exact solution.

The study of exact solutions under assorted scenarios is extensively used to explore different
cosmic aspects that unveil sophisticated picture of cosmic evolution. Sharif and Shamir [ 1] constructed
vacuum as well as non-vacuum exact solutions of Bianchi I and V universe models in f(R) gravity
and also investigated physical behavior of these solutions. Gutiérrez-Pineres and Lopez-Monsalvo [2]
evaluated exact vacuum solution for static axially symmetric spacetime in the same gravity and found
that solution corresponds to naked singularity. Sharif and Zubair [3] considered interaction of matter
with geometry to formulate some exact solutions of Bianchi I model. Gao and Shen [4] found a new
method to formulate exact solutions of static spherically symmetric metric. They also analyzed some
general properties of solutions like event horizon, singularity and deficit angle in Jordan and Einstein
frames.

Noether symmetry approach is considered to be the most appreciable technique which explores
not only exact solutions but also evaluates conserved quantities relative to symmetry generators
associated with dynamical system. Capozziello et al. [5] formulated exact solution of static spherically
symmetric metric for f(R) power-law model. The same authors [6] generalized this work for non-static
spherically symmetric spacetime and also discussed possible solutions for axially symmetric model.
Vakili [7] studied the scalar field scenario of flat FRW model through this approach and discussed
current cosmic phase via effective equation of state parameter corresponding to quintessence phase.
Momeni et al. [8] investigated the existence of Noether symmetry for isotropic universe model in
mimetic f(R) as well as f(R, T) gravity theories (T denotes trace of energy-momentum tensor). Sharif
and his collaborators [9] investigated cosmic evolution as well as current cosmic expansion through
Noether symmetry approach.

Our universe always bring eye opening questions for cosmologists regrading its surprising and
mysterious nature. The existence of hypothetical geometries is considered as the most debatable issue
which leads to wormhole geometry. A wormhole (WH) structure is defined through a hypothetical
bridge or tunnel which allows a smooth connection among different regions only if there exists exotic
matter (matter with negative energy density). The existence of a physically viable WH is questioned
due to the presence of enough amount of exotic matter. Consequently, there is only one way to have
a realistic WH model, i.e., the presence of exotic matter must be minimized. Besides the existence
of such astrophysical configurations, the most crucial problem is stability analysis which defines
their behavior against perturbations as well as enhances physical characterization. A singularity-free
configuration identifies a stable state which successfully prevents the WH to collapse while a WH can
also exist for quite a long time even if it is unstable due to very slow decay. The evolution of unstable
system can lead to many phenomena of interest from structure formation to supernova explosions. To
explore WH existence, different approaches have been proposed such as modified theories of gravity,
non-minimal curvature-matter coupling, scalar field models etc. [10].

The study of WH solutions has been of great interest in modified theories of gravity. Lobo and
Oliveira [11] considered constant shape function and different fluids to explore WH solution in f(R)
gravity. Jamil et al. [ 12] formulated viable WH solutions for f(R) power-law model and also considered
particular shape function in the background of non-commutative geometry. Bahamonde et al. [13]
constructed cosmological WH threaded by perfect fluid approaching to FRW universe in the same
gravity. Mazharimousavi and Halilsoy [14] found a near-throat WH solution of f(R) model admitting
polynomial expansion and also satisfying necessary WH conditions for both vacuum as well as non-
vacuum cases. Sharif and Fatima [ 15] discussed static spherically symmetric WH in galactic halo region
as well as investigated non-static conformal WH in f(G) gravity, (G represents Gauss—Bonnet term).
Noether symmetry approach elegantly explores the WH geometry by formulating exact solutions.
Bahamonde et al. [16] obtained exact solutions of red-shift as well as shape functions through this
approach and analyzed their geometric behavior graphically in scalar-tensor theory incorporating
non-minimal coupling with torsion scalar.

In this paper, we study WH geometry threaded by perfect fluid via Noether symmetry approach in
f(R) gravity. The format of the paper is as follows. Section 2 explores basic review of f(R) gravity. In
Section 3, we construct point-like Lagrangian which is used in Section 4 to evaluate WH solutions for
both constant as well as variable red-shift functions. Section 5 investigates stability of the constructed
WH solutions. In the last section, we present final remarks.
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2. Basics of f(R) gravity

We consider a minimally coupled action of f(R) gravity given by

/d4x¢_[—+£m] (1)

where g identifies determinant of the metric tensor g, f(R) describes a coupling-free function while
L denotes Lagrangian density of matter. The metric variation of action (1) leads to

L
ogr

1
fRRuv - _fg;w Vv vaR +g;w|:|fR - K ,(w)v T,(LT) = gu,v‘cm -2 (2)

Here, fr shows the derivative of generic function f with respect to R, V, represents covariant
derivative, 0 = V,V* and T ) denotes energy-momentum tensor. The equivalent form of Eq. (2)
is

1
Gy = fR( Y+ 1) =TT, 3)

where G, T/fv and Tﬁfz identify Einstein, curvature and effective energy-momentum tensors,
respectively. The curvature terms relative to generic function define T/(ch) as

f—Rfi
T,(f,,) Rg;w + \Y vaR Dnguv- (4)

The energy—momentum tensor corresponding to perfect fluid is

= (pm(r) + pm(r))uy.uu + pm(r)g;wv
where p,, and p,, characterize energy density and pressure, respectively whereas u,, denotes four

velocity of the fluid as u, = (— e ,0,0,0).
The static spherically symmetrlc spacetime is [17]

ds® = —e“Vdt? + e"Vdr? + M(r)(d6® + sin” 0dg¢?), (5)

where a, b and M are arbitrary functions depending on radial coordinate r. The geodesic deviation
equation determines that M(r) = r2, sinr, sinhr for £ = 0, 1, —1 (K denotes curvature parameter)

under the limiting behavior M(r) — 0 asr — 0, respectively [18]. In case of M(r) = r?,
the spherical symmetry defines Morris- Thorne WH where a(r) is recognized as red-shift functiop
identifying gravitational red-shift while e’"”) explores the geometry of WH for e’ = (1 — ”(r) ,

h(r) is known as shape function. In order to locate throat of a WH, radial coordinate must follow
non-monotonic behavior such that it decreases from maximum to minimum value rq identifying
WH throat at h(rp) = ro and then it starts increasing from r, to infinity. To have a WH solution
at throat, the condition h'(ry) < 1 is imposed, where prime denotes derivative with respect to r.
The flaring-out condition is the fundamental property of WH which demands hm—h(zr > 0. For the
existence of traversable WH, the surface should be free from horizons, the red-shift function must be
finite everywhere and 1 — h(r)/r > 0. To formulate the field equations for the action (1), we choose
Lm = pm(r)[19] and use Egs. (2)-(5), it follows that

‘ e "(Rfk — f)
4ebM? 2

dae a—-b M
—f<2b>+e"” +e"” be< > +M>+e"pm] (6)

R AP (- RfR)_ﬁ_
4M2(M +2dM'M — 4Me)_fR[ : f

a-b M a-b M
(S (£ ) o] .

1
(—4M"M + 2b'M'M + M + 4Me®) = i [
R
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1
M(M/M(a/ _ b/) + ZM//M + MZG/Z _ Mza/b/ _ M/2 + 2M2a//)
e
MI ! M R _ " / a/ _ b/ M/
=—Mpm fR (fR f)_i_f_R + = )
fr 2ebM 2 Meb  MeP 2 M
The energy conditions provide a significant way to analyze physical existence of some cosmological
geometries. For WH geometry, the violation of these conditions ensures the existence of a realistic

WH. To define energy conditions, Raychaudhari equations are considered to be the most fundamental
ingredients given as

do 1

= =300 00"+ 0,0 — R, I 8)
de 1 v Ly v

E = —592 — UMUUM + @MUQI — Ruukuk s (9)

where 0, I, k*, o and ® represent expansion scalar, timelike vector, null vector, shear and rotation
tensors. The first equation is defined for timelike congruence while the second is for null congruence.
The positivity of the last term of both equations demands attractive gravity. For the Einstein-Hilbert
action, these conditions split into null (NEC) (o, +pm = 0), weak (WEC) (om = 0, pm—+pm = 0), strong
(SEC) (om + Pm = 0, pm + 3pm = 0) and dominant (DEC) (o, > 0, pm & pm > 0) energy conditions
[20]. As the Raychaudhari equations are found to be purely geometric implying that T}S”J)Icﬂ k¥ > 0can

be replaced with T/‘if{ k*k” > 0. Thus, the energy conditions in f(R) gravity turn out to be [21]
NEC:  pef + Pefr > O,
WEC : Peff =0,  pe + Per = 0,
SEC:  pef +Peff = 0,  peff + 3peff = 0,
DEC: e >0, pef &= pesg > 0.
Solving Eqgs. (6) and (7), we obtain

f —bgr a M’ fR ” ” 2812
=_L 4 — 4 — |- 2M? — AM"M — d*M
Pm 5 +e 5 + v YEIVE (
+a + - a,
'B’'M? + 26'M'M — 2M?%a” (10)
Pm = 48{’;\/12 (M?a? — M2d'D +2dM'M + 2M*d") + e °f; + e7Pf;
-y M
X(z +M)+§ amn

In f(R) gravity, NEC relative to the effective energy-momentum tensor for (5) yields
1 M/Z N aM’ N M’ 2M//
2eb \ M2 M M M )

Peff + Deff = (12)

3. Point-like Lagrangian

In this section, we construct point-like Lagrangian corresponding to the action (1) via Lagrange
multiplier approach. In this regard, we consider following form of gravitational action [22]

I= / V=glf(R) = A(R — R)ldr, (13)
where
J=g =eleiM, r=f, (14)
R 1 a/2 N a/b/ a/M/ ZM// N b/M/ M/Z . N Zeb
= — —_—— —_ —_ —da _—
eb 2 2 M M M 2M? M
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The dynamical constraint A is obtained by varying the action (13) with respect to R. In order to
determine p,,, we consider Bianchi identity (V,,T*") whose radial component gives

dpm | d(r)
—= 4 —— (Pn+ pn) = 0. (15)
dr 2
Solving this differential equation with p,, = wpn, it follows that
_ (+4w) _ (4w)
Pm = pod 20, Ppm=@pm = wped 2o, (16)

where w represents equation of state parameter. Inserting Egs. (14) and (16) in (13), we obtain

ab a db dM 2M" bM’
Z:/e2M|:f(R)—RfR+§<——+ - — +

2 2 M M M

2 2eb (1+0)
+ ——= —d'+— ) +wpa 2w |dr. 17
TVE m ) wpo :| (17)
Eliminating second order derivatives via integration by parts from the above action and following
Lagrangian density definition, we obtain point-like Lagrangian as

(+eo)  2fx )

£(r.a,b,M.R.d . b, M ,R)=efezM (f — Rfg + wpoa™ 20 + m

a
ezM M?  dM , 2M'R'
—_— —+ — aR . 18
+e% {fR<2M2+M>+fRR< + M > (18)
For static spherically symmetric spacetime, the Euler-Lagrange equation and Hamiltonian of the
dynamical system or energy function associated with point-like Lagrangian are defined as

9L dp;

B w=N"q'p -z,
og  dr " Z‘”"

where ¢ are generalized coordinates and p; = % represents conjugate momenta. The variation of
Lagrangian with respect to configuration space leads to

b (14w) 0430 2fk M?  bM
e —R a 2o —(1 a 2o = -
(f fr + @po (14 @)oo to )t et
2M"” 2M'R’
Y )fR + frr (b/R’ —2R" — R ) — 2R?figr = 0,
 (14w) sz M/2 a/M/
e’ (f —Rfg + wpoa™ 20~ + V) —fr <_2M2 o — frr ('R
LR o
M - 9
b _to)  2fg a2 db JdM M,
e —R a 2o —_ _— - -
(f fr + @wpo tu +fr >t M M
M M”? M'R
T _2M2> + frr (b’R’ —dR —2R" — e ) — 2R frgr = 0,

2 + 2 M M + M 2M
The energy function and variation of Lagrangian relative to shape function yield

(M M) + Rfel@M +2M)
e’ = R . (19)
f—Rfe +wpoa™ 20 + 2t

b 2 a/2 a/b/ a/M/ oM b/M/ M/Z .
e M_R - - — — + Z_a fRR:O.
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4. Noether symmetry approach

The physical characteristics of a dynamical system can be identified by constructing the associated
Lagrangian which successfully describes energy content and the existence of possible symmetries
of the system. In this regard, Noether symmetry approach provides an interesting way to construct
new cosmological models and geometries in modified theories of gravity. According to well-known
Noether theorem, group generator yields associated conserved quantity if point-like Lagrangian
remains invariant under a continuous group. In order to investigate the presence of Noether symmetry
and relative conserved quantity of static spherically symmetric metric, we consider a vector field [23]

.0 . .0
K= T(rs ql)_ + gl(r9 ql)_-v (20)
ar aqt

where r behaves as an affine parameter while r and ¢/ are unknown coefficients of the vector field K.

The presence of Noether symmetry is assured only if point-like Lagrangian satisfies the invariance
condition and the vector field is found to be unique on tangent space. Consequently, the vector field
acts as a symmetry generator generating associated conserved quantity. In this case, the invariance
condition is defined as

KWz + (Dt)c = DB(r, q'), (21)

where B denotes boundary term of the extended symmetry, Kl describes first order prolongation
and D represents total derivative given by
. i 0 d i 0
K" =K +(D¢'—q'Dr)—, D= —+q'—

aq'’ or aq” (22)

Noether symmetries coming from invariance condition (21) lead to identify associated conserved
quantities through first integral. If the Lagrangian remains invariant under translation in time and po-
sition, then the first integral identifies energy and linear momentum conservation while rotationally
symmetric Lagrangian yields conservation of angular momentum [24]. For invariance condition (21),
the first integral is defined as

Y=B—tL—(¢'— q’lt)—/i.
dq

For configuration space Q = {a, b, M, R}, the vector field K and first order prolongation K!! take
the following form

(23)

K=tobas g o byogs e, k=gl gl g0
=t—+o—+B—+y— +5—, =t—+oa—+B—
ar %9 P T am TO%R ar " %9a "o
3 I R B 3
ty—t+d st =+ —-+y—+98

'—, (24)
oM oR oa’ ob’ oM’ oR’
where the radial derivative of unknown coefficients of vector field are defined as
aj’:Daj—q’iDt, j=1,...,4. (25)

Here o4, 07, o3 and o4 correspond to «, B, y and §, respectively. Inserting Egs. (18), (24) and (25) in
(21) and comparing the coefficients of a’?, a’b’M’, @’M'? and a’'R?, we obtain

7, /i =0, 7,,fr=0, 7,,r=0, 71,.fre=0. (26)

This equation implies that either fy = 0 or vice verse. The first choice leads to trivial solution.
Therefore, we consider fg # 0 and compare the remaining coefficients which yield the following
system of equations
B,,=0, 7,,=0, 1,,=0, 7,,=0, 7,,=0, (27)
b
2

e3(y,, fa+ M5, frg) = 2B, , (28)



M. Sharif, I. Nawazish / Annals of Physics 389 (2018) 283-305 289

e$(,, M +2y,, fwx = €B., , (29)
a b
ex(a,, fx+ v, M~ 'fp +25,, fre) = 2B, , (30)
y’ufR+MasquR=O9 (31)
Vol +MS,, frr =0, (32)
a’be+y’b Mﬁ]fR+287beR :O, (33)
Ma,, frr + 2y, fre = 0, (34)
Ma, frr + 2y . frr = 0, (35)
fale — B —2yM™" +4Ma,,, +4y ., —27., ) + fw(28 + 8MS, ) = 0, (36)
frla = B+ 2a,, =27, +2y,, +2v,, ) + frr(28 + 2M$,,, +46,,) = 0, (37)
fR(avR +V’R M_1) +fRR(a - ﬂ + MaaM +2V7M _2‘[1,— +287R ) + 28
X frrr = 0, (38)
2y, Jo + freMa — MB + 2y + 2Ma,, —2M<,, +4y,, +2M$,, ) + 2M
X 5fRRR = 0, (39)
a b 1 (14w) 2 1
efefM{z(f —Rfg +wpoa™ 20 + %)(a +B+r7,)— 501(1 + w)po
_(14+30) -1 a _b _(+0)
xa 2o +8M2M™ —R)fwe} +eze”2y(f —Rfg + wpoa™ 20 )
=B, . (40)

In order to solve this system, we consider M(r) = r? and taking B
give

B,,,, B,, = 0,Eqs. (27)-(35)

'q 0 SR

a=Yy(a,r), y=Yqr), 8&=Ysr,R).
Inserting these values in Egs. (36)-(39), we obtain

Yi(r)=0, Yya,r)=c, Y3(r,R)=
frr

ﬂ=2C1+C2—21’

i

where c; and ¢, are arbitrary constants. For these solutions, the coefficients of symmetry generator
turn out to be

c
a=0C, p=201+c, y=0, le—fR,
Jrr
Substituting these coefficients in Eq. (40), we formulate boundary term and explicit form of f(R) as

follows

T = (g. (41)

1 _ (1430) _(14)
FR) = = [~(1 + @)poa™ 5"+ 20(ct + 2)poa™ %
2(c1 + ¢3)

—a—b 3
— 6cgqe 2 |, B=c3+4cqr.

The coefficients of symmetry generator, boundary term and solution of f(R) satisfy the system of
Egs. (27)-(39) for c; = 0. Thus, the symmetry generator and the corresponding first integral take
the form

K = ¢ 9 +c 9 +c
T 0% T a0 T o

(1+

a b )
Y =c+ar—oc [ez e2r’(f — Rfg + wpoa™ 2o + 2fzr™?)
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a
exr?

+ ——1R@r?+2dr7") + frr(a'R + 4R/r1)}:|
ez

— 6T (R + 21fe).
The verification of Eq. (40) yields

b(r) / 8cer? + a'r* + 4d'r’ + a?r? — 4cy
r) =

r(44ar)
where ¢’s (i = 3,...,8) are arbitrary constants and this solution satisfies Eq. (40) for @ =
1, 1/3, —1/3, —1. To discuss physical features and geometry of WH via shape function, we take red-

shift function, a(r) = k and a(r) = —’r—‘, k > 0, where k denotes constant [25]. In the following, we
solve integral for both choices of red-shift function.

dr + cs, (42)

Casel:a(r) =k

We first consider red-shift function to be constant and evaluate b(r) such as

b(r) = cgr® — c; InT + 5. (43)

Consequently, the shape function turns out to be

h(r) = r(1 — e ") = r(1 — c;re~ %" %), (44)
In this case, the explicit form of f(R) reduces to
1 ( ) (14w) —cgr2—cs—k
f(R)= ~3e |:—(1 + w)pok™ 7 + 20c2 00k 25" — 6y c7re625] . (45)
2

The f(R) theory of gravity is one of the competitive candidates in modified theories of gravity as
it naturally unifies two expansion phases of the universe, i.e., inflation at early times and cosmic
acceleration at current epoch. The higher derivative of curvature terms with positive power are
dominant at the early universe leading to the inflationary stage. The terms with negative power of
the curvature serve as gravitational alternative for the dark energy that acts as a possible source to
speed-up cosmic expansion [26]. Despite the fact that the ghost-free f(R) theory is very interesting
and useful as it passes solar system tests, it also suffers from instabilities. For instance, the theory
with % may develop the instability [27] whereas by adding a term of R? to this specific form of f(R)
model, one can easily eliminate this instability [28]. Therefore, the viable f(R) models require to satisfy
the following stability constraints fg(R) > 0, fgr(R) > 0, R > Rg where Rq is the current Ricci
scalar [29].

In Fig. 1, both plots indicate that the constructed f(R) model (45) preserves the stability conditions.
Fig. 2 shows the graphical analysis of shape function. The upper left plot represents positive behavior
of h(r) while the upper right indicates that the shape function admits asymptotic behavior. The
ld?l}/v?r left plot locates the WH throat at ry = 4.4 and the corresponding right plot identifies that

o

=i~ = 0.9427 < 1.To discuss physical existence of WH, we insert constant red-shift function and

Eq.(43)in (12) yielding
rh'(r) — h(r) -

r3 0,

Peff + Peff =
which satisfies the flaring-out condition. Consequently, NEC violates in this case, pe + pef < 0 and
assures the presence of repulsive gravity leading to traversable WH. In order to study the realistic
existence of traversable WH, we analyze the behavior of NEC and WEC in Fig. 3. Both plots indicate
that energy density and pressure recover energy bounds as p,, > 0 and p, + p,» > 0 implying
physically acceptable traversable WH.
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Fig. 1. Plots of stability conditions of f(R) model versus r for ¢, = 5,c, = 0.01,¢; = —0.35,¢, = 0.1,¢c, = —0.25, pp = 1and
k=0.5.

Casell: a(r) = —k/r

In this case, we choose red-shift function in terms of r leading to
k 1

a(r) = —;, b(r) = §(4csr2(2r — k) — 32cgr InT + (321 — 8¢77 + cgkr?)

x In(4r + k) — 8k/cg) +c5, k> 0. (46)

For this solution of a(r) and b(r), the generic function takes the form

_ (143w) _ (14o)
1 k 20 k 20
fR) = —— | =(1 + ®)po - + 2wea 00 - —6c4

2C2

K2 ¢ 7“6"2’@’%)’%“‘
x \/ card(4r + k)50 e ot (47)
The corresponding shape function becomes
K¢ _ Z_M_L _
h(r) = (1 — cgr(4r + k)™= e T T 7S) (48)

Fig. 4 shows that the model (47) follows the stability condition for 0 < @ < —0.08 whereas
Fig. 5 represents the graphical behavior of the shape function. In upper face, the left plot preserves
the positivity of h(r) while the right plot ensures asymptotic flat geometry of WH. In lower face, the
left plot detects WH throat at r;, = 5.878 whereas the right plot indicates that % = 0.1673 < 1.
For Egs. (12) and (46), we obtain

k rh'(r) — h(r)
r2(r — h(r)) r3 '
To investigate the presence of realistic traversable WH, we establish the graphical behavior of NEC
and WEC corresponding to perfect fluid as well as NEC relative to effective energy-momentum tensor.

Fig. 6 indicates that p,, + pm > 0, oy > 0 and pey + pesf < 0 for 1 < w < —1. Thus, the physical
existence of WH is assured in this case.

Peff + Deff =
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Fig. 2. Plots of h(r), @ h(r) —r and % versus 1 for ¢, = —0.35,¢; =0.1and ¢, = —0.25.

r

Fig. 3. Plots of p,, and py,, + pi, versusr.

4.1. Power-law f(R) model

Here, we construct a WH solution with symmetry generator and corresponding conserved quantity
for f(R) power-law model, i.e., f(R) = foR", n # 0, 1. For this purpose, we solve Eqs. (27)-(35) leading
to

o =Ys(a,r), y=Yr), &=Yr,R).
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Fig. 4. Stability conditions of f(R) versus r for ¢, = 5,¢, = 0.01,¢; = —0.35,¢; = 0.1,¢, = —0.25and k = 0.5.
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Fig. 5. Plots of h(r), @ h(r) —r and d';(rr) versus r forc; = —4,¢; =0.1,¢; = —land k = 0.25.

Inserting this solution into Egs. (36)-(39), we obtain

Yi(r)=0, Ys(a,r)=d;, Ya(r,R)=dR, B=2n-1)d;+d,—21

o
where d; and d, represent arbitrary constants. For these values, the coefficients of symmetry gener-
ator turn out to be

a=dy, B=2n—1)dy+d,—2t y =0, §=d{R. (49)

r o
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Fig. 6. Plots of py, pm + Pm and pefr + pegy VETsus r.

Substituting these coefficients in Eq. (40) and assuming B = dy and t = 1o, it follows that

8dsr? 4 2a"r? + 4d't’ + a?r? — 4d,
b(r) = dr
r(4+a'r)

+2d" % +4d't' +a

f 8r2
1 i+ 4 /‘ e r(4+d’r)
J— n —
! r(4+ar)

2

r2odg,

(50)

The resulting coefficients of symmetry generator verify the system (27)-(39) for d, = —2(n — 1)d;.
Under this condition, the symmetry generator and associated first integral take the form

0 0 0
— —2(n—1dy— +d;—
T"ar (n )18a+1

K )
aR

a
w) exr

a b 5 _(tw) -2
Y =dyo—1o|ezexr’(f —Rfg +wpoa” 20 +2frr ")+ —
2

e
x {fe(2r 2 +2a'r ) + fir(@R + 4R 1) | = 2d;(1 — n)e“T (R'12

a—b
x frr + 21fr) — diRfrre 2 (a'r% + 4r).
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Fig. 7. Plots of h(r), @ h(r) —r and % versus r ford, = 16,d, = 1.001,d, = —0.2andn = %

Now, we solve the integral (50) for constant and variable forms of red-shift function and study WH
geometry via shape function.

Casel:a(r) =k
For constant red-shift function, the integral (50) reduces to

_d r2
b(r) = dsr® — dgInT — In (#) (51)

This satisfies Eq. (40) foro = 1, 3, —1, —1 and

3windy+4nwin2+Indg
Oe 2w

= Tty Y70 (52)

In this case, the shape function yields

h(r)=r [1 — dar (_d"%) edafz} . (53)

We analyze WH geometry via shape function for n = % 2 and n = 4. In upper face, the left and
right plots of Fig. 7 show that h(r) remains positive and asymptotic flat for n = % The lower left
plot identifies WH throat at 1y = 5.101 and right plot satisfies the condition, i.e., h'(rg) = 0.17 < 1.
In Figs. 8 and 9, the shape function preserves its positivity condition and also admits asymptotic flat
geometry for both n = 2 and n = 4. The WH throat is located at rg = 0.23 and ry = 2.052 forn = 2
and n = 4, respectively. The derivative condition is also satisfied at throat, i.e., h'(rp) = 0.89 < 1 and
h'(ro) = —0.49 < 1. The NEC relative to effective energy-momentum tensor verifies pe + pey < 0
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Fig. 10. Plots of p,; and py, + pm versus r forn = 0.5.

while Fig. 10 identifies p,, > 0 and p,, 4+ p; > 0 forn = 0.5.In case of n = 2 and n = 4, the energy
density and pressure corresponding to perfect fluid evolve in the same way.

Casell: a(r) = —k/r
Here we consider red-shift function to be r-dependent and solve the integral (50) implying that

»  rdi(1—n) d3(1 —n)*In(d;(1 — n) + 4r)

b(r) =1 — + s +(di(1—n)y
8 {_ 1 4In(d(1—n)+4r)  4lnr }—ln((l—n)
rdi(1—n) (dq(1 —n))? (dq(1 —n))?
x dy+4r)—1In |:4/ m (r‘4(d1(1 —n) +4r)3+d1(18_n)

z_rdl(l—n) di(1-n)
x et )dr—d1].

This solution satisfies Eq. (40) for @ = —1. The shape function of WH takes the form

h(r d2(1-n)? rdy(1=n)  dq(1—n)
o - (1 —rH(dy(1 —n)+4r)>" e+ -5

;
d2(1-n)? rd{(1-n —n
x [/ {ar +d;(1 — )}~ (r‘4(d1(1 _n) 4 4rpt et G )) dr — d1]> '

When red-shift function is not constant (a’(r) # 0), then the geometry of WH cannot be analyzed for
f(R) power-law model due to the complicated forms of b(r) and h(r).

4.2. Exponential model

In this section, we consider another example of viable f(R) model, i.e., exponential model to realize
the existence of realistic traversable WH. The simplest version of this model is proposed as [30]

FR)=R—24(1—¢ %), (54)

where A denotes cosmological constant while Ry defines curvature parameter. If R >> Rg, then the
corresponding model recovers standard cosmological constant cold dark matter model. To formulate
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WH solution, we first solve the system of Eqs. (27)-(40) for the model (54) which leads to the following
coefficients of symmetry generator and boundary term

4A L
a=0. p="0 y=0. §=(Reb —24) =1
0
a+b
2ez A 2r3Ry A _R 2R r3Ro(1 — RR
B — X1 | 0 1—e R — 2 4 of 0)+4r
R3 3 Ro 3
_R
X (Ry —24e o )] + X2s
where x; and x, represent arbitrary constants. These solutions satisfy the system for w = pg = —1
and the following constraint
R
efor?R2 — 2r’Ro A + 4r’RA — 244 = 0. (55)

Now we determine the coefficient of radial component of the metric (5) using this constraint with
Eq. (19) for both constant as well as variable forms of red-shift function and study WH geometry via
shape function.

Casel:a(r) =k
In this case, we obtain
e = —(4(—2Ror? + (Ror? + 12r*) exp((1/2)(12 + Ror?)/(Ror?))
— 48r* x4 + 24(1 — xa)){(r*((5r*RE — 2r*Ry — 4Ror?)
exp((1/2)(12 + Ror?)(Ror?)™") — 6r*R2 + 481 x4 — 48>
— 120Ror% x4 + 104Ror% — 96 + 96x4))} . (56)

X

From this expression, we formulate shape function through h(r) = r[1 — e~?")] and analyze the
WH geometry graphically. In Fig. 11, the upper face indicates that the shape function is positively
increasing while the corresponding geometry is found to be asymptotically flat as h(r)/r — 0 when
r — oo. In the lower face, the left plot indicates that the WH throat exists at 1y = 0.05 and also
preserves the condition, i.e., h(0.05) = 0.05 while the right plot shows that h'(r;) = —0.007 < 1.
Since the red-shift function is constant therefore, the traversable nature of the constructed WH
solution is preserved by the violation of effective NEC, i.e., peff + per < 0. Fig. 12 evaluates the criteria
for physically viable WH as p,, > 0 and p,, + pm > 0.

Casell: a(r) = —k/r
Using Eqgs. (19) and (55), it follows that
e = —(4(24 + 48kr? — 2Ror* — 4kr*Ry — 12(r + 4)kr? x4
24x4(1 + 2r")) + (2kr*Ro + 33k + Ror? + 12r%)
exp((1/2)(12 + Ror?)/(Ror?))){r*(—2r*Ro + 5r*RS — 4Ror?)
exp((1/2)(12 + Ror?)/(Ror?)) — (61*Ro + 104)Ror? — 48(r% + 2)
— (120Ror? — 481% + 96) x4} "

X

X

Inserting the above expression in h(r) = r[1 — e~""], we construct WH solution relative to variable
but finite red-shift function whose graphical interpretation is given in Fig. 13. Both plots of the upper
and lower panels indicate that the constructed WH follows asymptotic flat geometry whose throat
is located at rp = 0.01 and h’(0.01) = —0.001 < 1. In order to analyze the presence of repulsive
gravitational effects at throat, we study the behavior of effective NEC in Fig. 14 which ensures that the
sum of p.; and p. remains negative. Thus, the constructed WH is found to be traversable. Both plots
of Fig. 15 shows that the WH is physically viable as NEC and WEC corresponding to ordinary matter
are preserved.
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5. Stability analysis

Here we discuss the stability of WH solutions relative to both constant as well as variable red-shift
function via Tolman-Oppenheimer-Volkov (TOV) equation. For isotropic fluid distribution, the radial
component of Bianchi identity (V,T*" = 0) defines TOV equation as

dpm  d'(r)
=4 (Pm + pm) = 0. (57)
dr 2
The conservation of energy-momentum tensor relative to high order curvature terms leads to
/ !’ / / !
0, 4 (0 @) M (e S [V MY
T +5(Too +T11)_H<R_eb(r){5+m =0 (58)
Combining Egs. (57) and (58), it follows that

, a(r) M (., i [V M
Py T~ (Per + per) — o (R “wn 1z T =% (59)
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Fig. 15. Plots of p,, and py + py versus r.

where pe = pm + T and pegr = pm + Tég). This equation determines the fate of the WH as it can be
expressed as a combination of hydrostatic 7, and gravitational force Fz. Using Eq. (59), these forces
take the following form

d

(c)
Fh = Diefpy = E(Pm + 7)),

a=b
Mege' 2 M (., fi b M
Fg = r—z(Peferﬂeff)—M o012 "ol )
b—a

where Mer = ¢ e 2 denotes effective gravitational mass. The null effect (5, + Fg = 0) of these

dynamical forces leads to stable state of a WH.
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In Figs. 16-18, we analyze the stability of WH solutions constructed with the help of a new f(R)
model as well as power-law and exponential forms of generic function f(R). In Fig. 16, the left plot
represents the stability of WH solution (44) relative to constant red-shift function and f(R) model
(45). The effect of gravitational and hydrostatic forces appear to be the same but in opposite directions
canceling each other effect. Thus, the considered WH is found to be stable due to null effect of these
forces. For variable red-shift function, the equilibrium state of WH solution (48) is analyzed in the right
plot of Fig. 16. Initially, the WH geometry seems to be unstable but gradually it attains an equilibrium
state due to equal but opposite effect of hydrostatic and gravitational forces. Fig. 17 determines the
existence of stable WH for n = 0.5, n = 2 and n = 4 with constant red-shift function. For n = 0.5 and
n = 0.4, the system remains unstable as 7, + F;, 7 0 whereas the constructed WH attains a stable
state for n = 2. In Fig. 18, the WH solutions gradually attain equilibrium state corresponding to both
forms of red-shift function.

6. Final remarks

In general relativity, the physical existence of a static traversable WH demands the violation of
NEC by the energy-momentum tensor. This violation confirms the presence of exotic matter which
would be minimized to have a physically viable WH. In case of f(R) gravity, the energy-momentum
tensor threading WH satisfies NEC and WEC whereas the existence of exotic matter is assured by
the effective energy-momentum tensor which violates NEC. In this paper, we have discussed the
presence of static traversable WH via Noether symmetry approach in f(R) gravity. For this purpose,
we have considered perfect fluid distribution and studied possible existence of realistic WH solutions
for generic as well as f(R) power-law model. We have solved over-determined system by invariance
condition and found symmetry generator, associated conserved quantity, exact solution of f(R) and
b(r) for static spherically symmetric metric. For these solutions, we have studied WH geometry and
also investigated stable state of WH solutions via modified TOV equation for the red-shift function
whena(r) =k, —k/r.

In case of constant red-shift function, we have obtained viable f(R) model and the shape function
satisfies all the properties, i.e., h(r) > 0, WH geometry is found to be asymptotic flat and % <1
at r = rp. The violation of NEC (using effective energy-momentum tensor) assures the presence of
repulsive nature of gravity while existence of ordinary matter is supported by verification of NEC
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Fig. 17. Plots of 7, (green) and 7y, (red) versus r for a(r) = k,d, = —2.2,d, = 1.001,d, = 0.05, fo = 1and My = 2. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

and WEC relative to perfect fluid. When a’ # 0, the f(R) model preserves stability conditions for
0 < w < —0.08 and the shape function has preserved all conditions of traversable WH while
Pef + Pef < 0, pm + Ppm = 0 and p, > 0 minimizing the presence of exotic matter due to the
presence of repulsive gravity. These energy bounds confirm the presence of a realistic WH solution
threaded by T,ST)- Consequently, we have found a physically viable WH solution for a’ # 0. For both
forms of red-shift function, the constructed WH solutions attain an equilibrium state as F; + 7, = 0.

We have also formulated symmetry generator, corresponding first integral and WH solutions for
f(R) power-law model. When d'(r) = 0, we have established graphical analysis of traversable WH
conditions forn = 1/2, n = 2 and n = 4. In this case, the shape function is found to preserve all
conditions and pe + pe < 0 assures the violation of NEC identifying the existence of exotic matter
at throat. The consistent behavior of p,, > 0 and p,;, + p,, > indicate that the constructed traversable
WH is supported by ordinary matter. The stability analysis of these realistic traversable WHs identifies
that the WH geometry would be stable only for n = 2. For @’ # 0, we have found a complicated form
of the shape function. For exponential f(R) model, the WH geometry is discussed near the throat.
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The shape of WH is found to be asymptotically flat for both constant as well as variable forms of the
red-shift function. The violation of effective NEC and verification of NEC as well as WEC of ordinary
matter assure the presence of realistic traversable WH solutions. The total effect of gravitational and
hydrostatic forces identifies equilibrium state of WHs in both cases.

The WH solutions are found in f(R) gravity which is equivalent to Brans-Dicke theory under
a particular conformal transformation. Coule [31] established static unrealistic WH solutions in
Einstein frame of f(R) theory. Nandi et al. [32] examined the possibility of static WH solutions in
the background of both Jordan and Einstein frames of Brans-Dicke theory. They found that the non-
traversable WH exists in the former frame whereas in the latter frame, WH solutions do not exist at
all unless energy conditions are violated by hand. Furey and DeBenedictis [33] discussed geometry of
the WH solutions near the throat while Bronnikov and Starobinsky [34] claimed that the existence
of throat can be preserved under a conformal transformation. In general, the back transformation
from Jordan to Einstein frames does not assure to get physical solutions. It has been even widely
demonstrated that passing from one frame to the other can completely change the physical meaning
as well as the stability of the solutions [35]. Bahamonde et al. [36] observed the presence of big-
rip (type I) singularity in the Einstein frame of f(R) gravity while along back mapping, the universe
evolution is found to be singularity free.

In this paper, we have explored the existence of realistic and stable traversable WH solutions in
the Jordan frame representation of f(R) theory. It is worth mentioning here that the WH geometry
is discussed at the throat in case of standard power-law and constructed f(R) models whereas in
case of exponential model, we have analyzed the WH geometry near the throat. The presence of
repulsive gravity due to higher order curvature terms leads to traversable WHs while the existence
of ordinary matter confirms the realistic nature of these traversable WH solutions in each case. For
f(R) power-law model, the WH solutions are stable only for n = 2 while stability is preserved for both
exponential as well as constructed f(R) models. It would be interesting to analyze the presence of these
configurations in the Einstein frame where contribution of scalar field may enhance the traversable
nature as it introduces anti-gravitational effects. On the other hand, the back mapping of these frames
may or may not ensure the presence of stable as well as realistic traversable wormholes.
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Abstract

This paper investigates wormhole solutions of spherically sym-
metric spacetime via Noether symmetry approach in f(R,T) grav-
ity. For this purpose, we choose f(R,T) models appreciating indirect
curvature-matter coupling and examine symmetry generators with as-
sociated conserved quantities. We determine possible existence of re-
alistic traversable wormhole solutions for both dust as well as non-
dust distributions and also study stable behavior of these solutions.
For both models, we use constant as well as variable forms of red-
shift function. To analyze physical existence of wormhole solutions,
we study the behavior of null/weak energy conditions with respect
to ordinary as well as effective energy-momentum tensor. It is con-
cluded that there exist physically viable traversable as well as stable
wormbhole solutions in most of the cases.

Keywords: Noether symmetry; Wormhole solution; f(R,T) gravity.
PACS: 04.20.Jb; 04.50.Kd; 95.36.+x.

1 Introduction

The concept of non-minimal coupling introduces one of the fascinating ap-
proaches to study current cosmic expansion. This revolutionary idea is ex-
tensively applied to different cosmological scenarios that suggests new and
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intriguing phenomenology. Bertolami et al. [1] emerged non-minimal cou-
pling between curvature and matter parts such that generic function of R (R
is the Ricci scalar) admits non-minimal coupling with Lagrangian density of
matter (L,,). Harko et al. [2] deduced a generalization of f(R) gravity whose
generic function includes both curvature as well as matter called f(R,T)
gravity (7" is the trace of energy-momentum tensor). This non-minimally
coupled theory successfully explores dark matter in galaxies or clusters of
galaxies, natural preheating conditions relative to inflationary models and
presence of traversable wormhole (WH) in the absence of exotic matter [3].

The analysis of exact solutions under some assorted scenarios leads to
study different cosmic aspects that unveil sophisticated picture of cosmic
evolution. Gutiérrez-Pineres and Lépez-Monsalvo [4] evaluated static axi-
ally symmetric vacuum solution which corresponds to naked singularity for
minimally coupled curvature and matter contents. Sharif and Zubair [5]
used power-law and exponential expansions to formulate exact solutions and
associated kinematical quantities of anisotropic universe model in f(R,T")
gravity. Harko and Lake [6] obtained exact cylindrical solutions for non-
minimal coupling of R with £,,. Shamir [7] formulated exact anisotropic
solutions and also determined their physical behavior via cosmological para-
meters in f(R,T) gravity. Gao and Shen [8] established a new method to find
exact static spherically symmetric solutions in the absence of non-minimal
curvature-matter coupling.

Noether symmetry technique is considered to be the most applicable ap-
proach that establishes not only exact solutions but also proposes association
between symmetry generators and conserved quantities relative to dynamical
system. Capozziello et al. [9] found exact static spherically symmetric solu-
tion for f(R) power-law model. The same authors [10] extended this work to
evaluate non-static spherically symmetric solutions and also explored possi-
ble solutions for axially symmetric model. Momeni et al. [11] discussed the
presence of Noether symmetry for flat isotropic model in f(R) and f(R,T)
theories. Sharif and his collaborators [12] studied cosmic evolution as well as
late-time cosmic expansion using this approach. We have constructed exact
solution of f(R,T) model admitting indirect curvature-matter coupling and
also analyzed corresponding behavior via cosmological parameters [13]. We
have also found exact solutions of some anisotropic universe models by taking
generalized scalar field model [14].

A wormhole (WH) is a hypothetical bridge or tunnel that allows a smooth
passing through different regions of spacetime. If hypothetical tunnel con-



nects two regions of the same spacetime then intra-universe WH is estab-
lished whereas inter-universe WH appears for two distinct spacetimes. The
existence of exotic matter (matter with negative energy density) encourages
observer to move smoothly through tunnel but its sufficient amount leads to
controversial existence of a realistic WH. Consequently, the only way to have
a physically viable WH model is to minimize the usage of exotic matter in
the tunnel. Morris and Thorne [15] established traversable WH that allows
an observer to possess traverse motion. Different proposals have been intro-
duced to analyze the existence of traversable as well as realistic WH such
as modified theories, non-minimal coupling between curvature and matter,
scalar field models etc [16].

There is a growing interest about the existence of WH solutions in mod-
ified theories. Lobo and Oliveira [17] formulated WH solution for constant
shape function and different fluids in f(R) gravity. Jamil et al. [18] consid-
ered particular form of shape function in the background of non-commutative
geometry and found physically viable WH solutions for f(R) power-law
model. Bahamonde et al. [19] established cosmological WH supported by
perfect fluid in the same gravity. Mazharimousavi and Halilsoy [20] dis-
cussed f(R) model appreciating polynomial expansion and constructed a
near-throat WH solution satisfying necessary conditions of WH for both vac-
uum as well as non-vacuum cases. Sharif and Fatima [21] analyzed static
WH solution in galactic halo region as well as non-static conformal WH in
modified Gauss-Bonnet gravity. Zubair et al. [22] explored static WH solu-
tion and analyzed physical existence for anisotropic, barotropic and isotropic
fluids in f(R,T) gravity. Bahamonde et al. [23] used Noether symmetry
approach to evaluate exact solutions of red-shift as well as shape functions.
They also studied geometric behavior of WH solutions in scalar-tensor theory
admitting non-minimal coupling with torsion scalar.

In this paper, we explore static wormhole solutions and analyze their
physical existence via Noether symmetry approach in f(R,T') gravity. The
format of the paper is as follows. In section 2, we review Lagrangian for-
mulation and energy bounds of f(R,T') gravity. Section 3 explores Noether
symmetry approach to construct WH solutions for two f(R,T") models and
investigate physical existence via energy bounds graphically. In section 4,
we study the stable behavior of WH solution through TOV equation. In the
last section, we present final remarks.



2 Basic Formalism of f(R,T) Gravity

For the non-minimal coupling of curvature and matter, the Einstein-Hilbert
action is modified as [2]

7 [ty CUED ) 1)

QK2

where ¢ is the determinant of the metric tensor, f is the generic function
which appreciates non-minimal curvature-matter coupling. The field equa-
tions are obtained through metric variation of the action (1) as

1
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Here subscripts of f defines corresponding partial derivatives, V,, is the co-

variant derivative whereas the energy-momentum tensor (7),,) and ©,, are
defined as
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An alternative form of the field equations relating the Einstein tensor (G )
with matter and curvature energy-momentum tensors is given as

1 C m e
GMV - E(T,L(W) + T}Sl/ )) - Tp5f7 (3)
where T,S‘,i) and Tﬁ,ff identify curvature and effective energy-momentum ten-

sors, respectively. For the action (1), the curvature terms are defined Tff;)
as

1
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In non-minimally coupled f(R,T) gravity, the covariant derivative of energy-
momentum tensor yields an extra force which behaves as a source of deviation
for massive test particles given by
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For perfect fluid distribution, the energy-momentum is defined as

T;ET) = UMUV(pm + pm) + PmGuvs
where u,, characterizes four velocity defined as u,, = (—ea(;) ,0,0,0) whereas
pm and p,, represent pressure and energy density of perfect fluid, respectively.
A static spherically symmetric spacetime is [15]

ds® = ="M + dr® + M(r)(d6” + sin® 0de), (6)

where a, b and M are radial functions. The geodesic deviation equation de-
duces M(r) = r?, sinr, sinhr for £ = 0,1, -1 (K is curvature parameter)
in the limit M(r) — 0 as r — 0, respectively [24]. To study WH geometry,
we consider M(r) = r? and e’ = (1 — @ 1, where h(r) is the shape
function and a(r) is referred as red-shift function determining gravitational
red-shift. In order to identify a WH throat, the radial coordinate admits non-
monotonic behavior such that it starts from infinity, decreases upto a mini-
mum value 7y locating WH throat at h(rg) = ro and then starts increasing
from minimum value to infinity providing r > rog. At throat, the derivative
condition h'(rg) < 1 is introduced, where prime denotes radial derivative.
The throat is considered to be the minimum radius of WH geometry leading

to the flaring-out condition, i.e., % > (. Apart from throat, the shape

of WH depends on asymptotically flat space implying @ — 0. If a WH is
independent of horizon and red-shift function is finite everywhere then there
exists a traversable WH.

In order to formulate Lagrangian corresponding to the action (1), we
choose L,, = pp(a,b, M) [25] and use Lagrange multiplier approach

7= / VEIS(RT) = AR = B) — (T — T) + pu(a,b, M)ldr.  (7)
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Using these values in Eq.(7) and eliminating second order derivative trough
integration by parts, it follows that

L(a,b,M,R,T,d',M'\ R, T') = eses M (f — Rfn — Tfr(R,T)
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The corresponding Fuler-Lagrange equation and energy function/Hamiltonian
of the dynamical system are

oL clpZ B p

where ¢* represents n generalized coordinates and p; = % is the conjugate

momenta. Varying the Lagrangian with respect to configuration space ) =
{a,b, M, R, T}, we obtain
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For Lagrangian (9), the variation of the energy function leads to
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For 'H = 0, the above equation yields
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For WH geometry, the presence of physically acceptable traversable WH
is possible if the energy conditions are violated. In order to specify energy
conditions, we write down Raychaudhari equations as

r
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where 0, *, k*, 0,, and w,, represent expansion scalar, timelike and null
vectors, shear and rotation tensors. These equations are determined for
timelike and null congruences. In both equations, the positive behavior of
last term requires attractive nature of gravity. In general relativity, these
conditions are categorized as null (NEC) (p,, + pm > 0), weak (WEC) (p,, +
Pm > 0, pm > 0), strong (SEC) (pym + 3pm > 0) and dominant (DEC)
(pm £ pm > 0) energy conditions [26]. For non-geodesic (null or timelike)
congruences, an acceleration term due to contribution of non-gravitational
force evolves in the Raychaudhari equation as follows

dg 1 ) ) )
i 592 — Wy, w" + 0,0 + R, MY — A =0,



where A =V, (u*V ,u”). The purely geometric nature of Raychaudhari equa-
tions implies that TéZn)k“k”—A > (0 which can be replaced by Tlﬂf EHEY — A >
0. Consequently, the energy conditions following non-geodesic congruences
in f(R,T) gravity are defined as [27]

NEC : Peff + Pesr —A 20,
WEC : pesf = A 20, pesptpeps — A0,

SEC : pesf +Pesr —A>0, peyr+3pesy — A >0,
DEC: /Oeff_.AZO, Peff ﬂ:peff—.AZO.

In modified theories, static WH demands the violation of NEC on effec-
tive energy-momentum tensor for the existence of physically viable WH. In
f(R,T) gravity, Eqs.(10) and (11) lead to a standard relation between p.sr
and p.sy as follows

Peff + Peff — A= 5 (15)

ebM2+M+M M
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where acceleration term A is given by

et R

3 Noether Symmetry Approach

Noether symmetry introduces an interesting way to establish new cosmolog-
ical models and corresponding geometries in modified theories. To analyze
the existence of Noether symmetry with associated conserved quantity of
static spherically symmetric spacetime, we consider

0

0 . .
K = T(raqz)_—i_él(rqu)a_qi)

or (17)

where r is referred as an affine parameter whereas 7 and £ represent unknown
coefficients of the vector field K. To ensure the presence of Noether symme-
tries, the Lagrangian must satisfy invariance condition for unique vector field
K on tangent space. In this case, the vector field behaves as a symmetry
generator leading to formulate conserved quantity. The invariance condition
is

KWL + (D)L = DB(r,¢). (18)
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Here B is the boundary term, K[! denotes first order prolongation and D
describes total derivative defined as

0 0 ; 0
D = -
+¢" 9q
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+ (D€' —¢q T)aq”’ o

(19)

When a Lagrangian follows the invariance condition, the first integral is used
to evaluate conserved quantity of the system. If the Lagrangian is trans-
lational invariant in time and position, then the first integral determines
conservation of energy and linear momentum whereas if Lagrangian remains
invariant under rotation, it yields conservation of angular momentum [28].
The first integral for invariance condition (18) is defined as

S=B-—71L—(&—¢'r) (20)

For configuration space Q = {a,b, M, R, T}, the vector field and corre-
sponding first order prolongation turn out to be

0 0 0 0 0 0

K= 70_+a8_+/66?b+78M 5% T o
9 9 9 9 9 9 9
K[l] _ - / /
Tor T % +ﬁ st o TR T e T Y90 TPy
9 9
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The derivative of unknown coefficients of vector field with respect to r are
defined as _
(' =D( —q¢'Dr, j=1.5 (22)

where (1, (o, (3, (4 and (5 correspond to «, (3, 7, 0 and 7, respectively.
Inserting Egs.(9), (21) and (22) in (18) and comparing the coefficients of
a?M’', ¢b'M', o’ M"?, o’ R"”? and a/T", we obtain

T,afRIO, Tabe:O7 TvaRzov TaRfRR:O7 TvaRT:O' (23)

This implies that either fr, frr, frr = 0 or vice verse. The first choice
yields trivial solution. Thus, we choose fr # 0 and equate the remaining
coefficients yielding

T, =0, (24)
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,y fr+ 7, M fr+20,, frr + 21, frr =0, (31)
Ma,, frr+27,, frRr =0, (32)
Ma, frr +27,, frr =0, (33)
Ma,, frRr+27,, JrRrR =0, (34)
Ma,, frr + 27, frRT =0, (35)
Ma,, frr + 27, frRR+ Mo, frr + 27, frr =0, (36)
frla— B8 —=2yM™" +4Ma,,, +4v,,, —27,. ) + frr(26 +8MS,,, )

+ frr(2n 4+ 8Mmn,,, ) = 0, (37)
frla— B+ 2a,, =21, +27v,,, +27,. M™Y) + frr(20 +2M3,,, +46,,)
+frr(2n + 2Mn,,, +4n,,) =0, (38)
frla,, +7,n M) + frr(a — 8+ Ma,,, +2v,,, —27, +20,,. ) + 2§

X frrR + 20 [rRT + 2€ta,, frr =0, (39)
Fr(Qp +70 MY + frr(a = B+ Ma,, +27,,, =27, 420, ) + 26

X frrr + 2nfrrT + 2delta,, frr =0, (40)
2Y,n fR+ fRE(Ma — M B + 27 + 2Ma,, —2MT, +47,, +2M4,, )

+2M0 frrr + 2Mn frrT + 2Mn),;, frRT = 0, (41)
29, fR+ frr(Ma — MG + 2y + 2Ma,, —2MT, +4~,, +2M4,, )

+2M0 frrr + 2Mn frrT + 2M, ;. fRR =0, (42)
eSes M (f = Rfr + fr(3pm — pm — T) +2fgM ™ + p,,) <&T+ﬁ -I-T,T)

+ O‘{fT(?’pmm —Pmsa ) +pm7a } + ﬁ{fT(Spmab —Pmysy ) +pmw } + V{fT
X (SpmaM P ) + Pmon } + % (f — Rfp+ fT(?’pm — Pm — T) +pm)

+ 0 frr(—=R+2M 1) + frr(3pm — pm — 1)} + 0{ frr(—R+2M1)
+fTT(3pm_pm_T)}] = Bvr’ (43)

10



Noether symmetry technique refers as the most admirable approach as it
reduces the complexity associated with matter contents and helps to evaluate
exact solutions. Thus, the study of traversable and realistic WH solutions
using Noether symmetry approach and non-minimal curvature-matter cou-
pling would be more interesting. We study possible existence of symmetry
generators, associated conserved quantities and analyze WH geometry for
two models. We also construct corresponding exact solutions to explore cos-
mological picture of these models. The models are given as [2]

e f(R,T)=R+29(T),
o f(R,T)=F(R)+ G(T).

3.1 f(R,T)=R+29(T)

We consider a correspondence of this model with standard cosmological con-
stant cold dark matter model by taking into account a trace dependent cos-
mological constant defined as

F(R.T) = R+2A\(T) + ¢(T). (44)

We formulate symmetry generators and conserved quantities by solving the
system (24)-(42) which yields

QCQB,T

a =0, f=-——3—, =0, =0, n=0, T:cl—l—/
r

CQB,T
r2

dr,
(45)

where c¢; and ¢y denote arbitrary constants. In gravitational theories of grav-
ity, the study of perfect fluids is of great interest. Such matter distribution
describes quite accurately matter content of several astrophysical objects
such as stars, galaxies and even the universe at scales larger than 100 Mpc.
The matter distribution of the universe can also be described by dust fluid
only if there exist a negligible amount of radiations. The dust particles inter-
acting with radiations are responsible for the formation of massive stars. In
following, we explore the existence of realistic and traversable WH at large
scales and find exact solution of f(R,T") model as well as matter components
for dust as well as non-dust distribution of perfect fluid.

11



Dust Case
For dust distribution, the energy-momentum tensor (2) reduces to
T/E,’j”) = P (1) Uy,

Using Eq.(45), we solve (43) leading to
—a—b

e > 9(T)
= . AT) = 2L 4 3T + ey, 46
P o AMD) oot el +a (46)

where c3 and ¢4 represent arbitrary constants. Assuming B, = c5, the non-
zero coefficients of symmetry generator and f(R,T) model take the form

CoCsy 20205
B:C5T7 T=0C — 5 6:_ 2
r r

f(R, T) =R+ 263T —+ ¢4.

The symmetry generators and the corresponding first integral become

0 0 2cy 0
K = —, Ky= _29Y 2_7
or ror r2ob
—a—b
ae 2 2+ 2d
Y = —eT 2 [eb <204+—2+6 : ) +¥ :
r Ca r
—a—b
a 2 2+ 2ad’
Yo = r+cgeTbr [eb <2c4+—2—|— €’ ) + +2ar
r Cao r
Inserting Eq.(46) in (12), we obtain
2 2a’
= 4_.__
(1) — r? L. (47)
264 + r% + € cj

In order to study geometry as well as realistic existence of WH via shape
function and energy bounds, we consider red-shift function both constant as
well as variable a(r) = k and a(r) = —%, k > 0, where k denotes constant
[29]. In the following, we solve Eq.(47) for both choices of red-shift function.

Case I: a(r) =k
In this case, Eq.(47) yields

e~ 512 4 Ve Frt 4+ 16c4r2c2 + 16¢2

b(r) =2In |—
(r) . de,(c,r? + 1) ’

(48)

12
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Figure 1: Plots of h(r), ™2 h(r)—r and %Sf) versus r for ¢, = 30, ¢, = —0.5,

r

c, = —0.0095 and k = —0.08.

which leads to shape function as

h(r) = [2r¥e " r? + ((e_g\/e_kr‘L + 16¢,72c2 + 16¢2 — 80304) — 8030§r2))]

X (5 4 \fetrt + 160,22 + 1627}

The energy density of dust fluid becomes

_k _k\?
_e fr2+ e 7) T4+16T2C§C4+16C3
_k_
5 —In 4(ca(cyr2+1))
e
Pm = —
2¢,c,

Figure 1 shows graphical behavior of the shape function. In upper panel,
the left plot shows positively increasing shape function satisfying h(r) < rg

13



6 8 10 12 14 16 18 20
r

Figure 2: Evolution of p,, — A versus r.

while the right plot represents asymptotic flat behavior as h(:) — 0 with
r — oo. In the lower face, the left plot identifies WH throat at ro = 0.001 and
the right plot yields dh(”’) < 1. Figure 2 exhibits energy density as positively
increasing. For the ex1stence of realistic WH, we substitute constant red-shift
function and b(r) from Eq.(48) in (15), it follows that

rh'(r) — h(r) |

7"3

Peff T Peff =

Using flaring-out condition in non-geodesic background, this implies that
Peff + Derr — A <0, e, NEC is violated for effective stress-energy tensor.
This indicates the presence of repulsive gravity and consequently, assures the
existence of physically viable traversable WH.
Case II: a(r) = —k/r
Here, Eq.(47) gives
b(r) = 21n[(e%7“3 + {€§T6 + 16r'c,c2 + 16r°c,c’k + 16¢7r° + 16037%}%)

x (4 (cor (e,r?+1))) 1. (49)

The corresponding shape function turns out to be
k/r .5 2 k/r .5 27,2 2
hr) = (2r2(e"r® + (e2r7“ {r(e" r® 4+ 16¢,c*r® + 16¢,c2kr? + 16¢2r

16kc§)}5 — 8c,car?) + 8c,cakr? + (8kcs — 37“502)))/(62%7"3

_|_
+ \/r(ek/”r5 + 16¢,c3r3 + 16¢,c3kr? + 16¢3r + 16kc3))>.

14



2.5 091
0.84
0.74

0.6

0.54

0.4

0.3+

0.2

0.14

-0.029
0.005+

-0.04+

h(r) —r 0005

-0.0104

-0.0154

-0.020-

Figure 3: Plots of h(r), hir), h(r)—r and dh(r) versus r for ¢, = 0.5, ¢, = 0.5,
c,=11and k =5.

Figure 3 implies that h(r) preserves its positivity with A(r) < r while far
from throat, the shape of WH is found to be asymptotic flat in the upper
face. The left plot of the lower face 1ocates WH throat at ro = 0.95 and
the corresponding right plot indicates that (ZO) < 1. To investigate the
presence of traversable WH, we insert Eq.(49) in (15) yielding

Peff + Pefr = (64(((e2r7’2( 5rpS 4 16¢,¢2r® —I— 16¢,c2kr” + 16c r 4 16kc )%
8c2c?r%) — 8c,c2r’k) + 402k2r + (8¢,k*r*c? — 8c2c2kr”)
+ (ek/r O —8ric,c?) + 4k*) (c,r? —|—1) )/((ezrr + (r(e*/mr?
+ 16¢,c2r® + 16¢,c2kr? + 16¢7r + 16k02)2))3(r( RrpS 4 16¢,c?
x 14 16¢,cCkr® + 16¢2r + 16]{205))%).

Figure 4 shows that density is positively decreasing while the effective energy
density and pressure are negatively increasing such that p,, — A > 0 and
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Figure 4: Plots of p,, — A and pess + pesr — A versus 7.

peff + Derr — A < 0. This indicates the violation of NEC by effective energy-
momentum tensor leading to realistic traversable WH.

Non-Dust Case

At large scales, the non-dust distribution successfully illustrates matter distri-
bution of the universe in the presence of radiations. In this case, we consider
a particular relation between density and pressure such that p,,(a,b, M) =
wpm(a, b, M) (w denotes equation of state parameter) and solve Eq.(43) which
yields

e 5 9(T)

_ AT = -2 4
2, (6wes T w =2 M) p el (50)

Pm =

where ¢4 denotes arbitrary constant. Here, symmetry generators remain the
same as for dust case but the corresponding conserved integral gives

b

. o [eb ( 2 e (2e5(3w — 1) + 1)) L 242

= —e? 2c, + = +
top2 2¢, (6wes + w — 2¢q) 72

2 e 5 (2e3(3w — 1) + 1)) L 242
,r.2

a—b
Yo = rdcez bloe + 2 4

Inserting Eq.(50) in (12), we obtain

2(14a'r)c
b(r) __
( ) a2(7‘) _b(r) : (51)

[ et
2647’262 =+ 202 +e 2 2 72
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Case I: a(r) =k
For this case, Eq.(51) yields

—k 2 "y d 2.2 2
—e 2r° + /e Frt 4 16¢,r°c* + 16¢
b(r) =21In v 2 2 (52)
4e,(c,r? +1)
The associated shape function takes the form
h(r) = —[2r3(—e " + e 2 \/e—kr4 + 16¢,72c2 + 16¢3 + 8cZc, + 8c3c>r?))]
X (e_§r2 — \/e_kr4 + 16¢,72c¢3 + 16¢3) 2.
Inserting Eq.(52) in (50), we obtain
_E_q —87%r2+\/e*kr4+16c47“2¢g+1ﬁc%
2 402(c4r2+1)
e
Pm = (53)

¢, (6weg + w — 2¢q)

The upper plane of Figure 5 indicates that h(r) remains positive but it
does not preserve asymptotic flat shape. In lower face, the left plot identifies
WH throat at rq &~ 0.001 and the right plot satisfies h'(rg) < 1. Figure 6
shows that p,, — A and p,, + p.,, — A are positively increasing for 1 < w < 0.3
while pesr 4+ pesr — A < 0 in this case. Therefore, a realistic traversable WH
solution exists.

Case II: a(r) = —k/r
For variable red-shift function, Eq.(51) leads to
b(r) = In[(e""r® + 8%k + 8c*rc, + ez 2 (M7 4 16k + 166r

+ 16c3kr’c, + 16037‘304)%){87“05(1 + 2r%c, + r'ric, + ')}
(54)

The corresponding shape function is

h(r) = [(""7° + 8¢k + (8c2kr®c, — 8c2ric,) + (e2r ™2 { ek /TP 4+ 16¢2k
+ 16¢2r + 16c2kr’c, + 16037”304}% — 8037”503))7“]/(6'“/”7”5 + 82k + 8c7r
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Figure 5: Plots of h(r), "2 h(r)—r and %ﬁf) versus r for ¢, =5, ¢, = —0.15,
¢, =0.5and k = 1.

r

Figure 6: Plots of p,, — A and p,, + p., — A versus r.
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Figure 7: Plots of h(r), hg), h(r)—r and ¢ ) versus r for ¢, =4, ¢, = 0.1,
¢, = 0.5, and k = 1.

+ 802kr20 + 8c rie, + e2r7“5/2{ek/’" >+ 163k + 16037“ + 1603]{37'204
+ 16¢3r 04} ).

Figure 7 indicates that h(r) < r, @ — 0 as r — oo, the minimum radius

of throat is located at rp = 1 with h'(rg) < 1. We insert Eq.(54) in (15) and
(50) which leads to establish graphical interpretation of energy density and
pressure with respect to perfect fluid and effective energy-momentum tensor.
Figure 8 shows that p,, — A >0 and p,, + p, — A > for 1 < w < 0.3 while
Peff + Per — A <0 for 1 <w < —1. Thus, a realistic traversable WH exists
for variable red-shift function in non-dust distribution.

3.2 f(R,T)=F(R)+ hT)

Now we consider a general f(R,T) model appreciating indirect non-minimal
curvature-matter coupling. We specify F(R) as follows [30]

f(R,T)=R+puR*+vR"+G(T), n >3, (55)
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Figure 8: Plots of p,, — A, pm + pm — A and pess + pess — A versus r for
c,=4,¢,=0.1,¢c,=05and k= 1.

where p and v are arbitrary constants. We solve the system (24)-(42) for
both dust as well as non-dust distributions and discuss WH geometry for
constant and variable red-shift function.

Dust Case

In this case, we solve the system (24)-(43) and obtain

o = dl, 6:d1—2d4, ’7:0, (5:0, T]IO, T:d47’, B:d5,
1

pm = € — F[—VRnTQ +vR"nr? — 20R' — 1 + n)n + wr’R* — 4uR
oT

— 2—12d3), G(T) = dyT + ds, (56)

where d; represents arbitrary constants. For these coefficients of K, the
symmetry generators and corresponding first integrals are found to be

0 0 0 0
B ey T Py
Sy = —e T r2(1+ pR + R + 1R (2u + n(n — 1)vR™?))],
Yo = —eaT_br[er(n —DvR" ' 4+ 2(1 4+ pR +nvR" ) +4rR' (2u + nv
x (n—1)R"2)].
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Figure 9: Plots of h(r), “ . L h(r) — r and di;gr) versus r for d, = 0.0001,
d, =1, p=05,v=0.1and k= —0.15.
For b(r) = In (TZ(T)), Eq.(12) reduces to
2(142uR))(1 'r)e®
L pOsmm)atane -
(—r + h(r)) ridy
We solve this equation numerically for both a(r) = k and a(r) = —%.

Case I: a(r) =k

For constant red-shift function, we analyze the geometry of WH for both
n =0 as well as n # 0. Inserting Eq.(8) in (57) for n = 0, it follows that

r((r)=1)
ro 2 2(h(r) —r)° ((h(r)—r>2 - h<$_r> _ 2(h(r) =)
h(r) —r  dort a 3 r
A(h(r) — 2
AR 2]
T T

(58)

We solve this equation for h(r) and establish graphical analysis to study
its geometrical properties. Figure 9 identifies that all WH conditions are
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Figure 10: Evolution of p,, — A versus r.

satisfied as h(r) < r, — 0, the minimum radius is 7¢ = 0.45 with
h'(ro) < 1. Hence, pers + perr — A < 0 holds trivially while Figure 10
indicates that energy density remains positive.

For n # 0, Eq.(57) reduces to

r 2ek (QM (4(—r J; h(r)) N <2(—r + h(r))? (_ 1

—r + h(r) i, r3 —r + h(r)
s h/(r))) —2(—r+ h(r))) + %) + nw (4(_r Thir), 2

h(r)

(=r+h(r))? ’ "
—1+n
1 r(—14h'(1)) 2
2 (— =t + SE) RO oy )
+ 7"3 o 7«3
2¢eF

The numerical solution of h(r) provides two roots for n = 3 as shown in
Figure 11. The left plot of upper face represents that both roots remain
positive with h(r) < r while the right plot identifies asymptotic flat shape
of WH. The lower plot locates the corresponding throat at ro = 0.424 (red)
and 9 = 0.36 (blue).
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Case II: a(r) = —k/r
For n = 0, Eq.(57) gives

roo (r+ ke~ <1+2u (k2(—r+h(r)) LArn() | 2

h(r) —r rody 2r° " r
S S e B Y1) WARN Y

. k( —rrh) T (r;—:iT))Q)( + h(r)) +% <(_ _T_J,_lh(r)

)

The numerical solution of this equation is shown in Figure 12 which shows
that all geometrical conditions of WH are preserved as h(r) < r, @ — 0,
WH throat is located at ro = 0.45 with A'(ry) < 1. Figure 13 shows that
pm — A > 0 and pers + pesr — A < 0 ensuring the violation of NEC for
effective energy-momentum tensor yielding physically acceptable traversable
WH.

When n # 0, Eq.(57) takes the following form

P Art ke B (or +h(r) At i) | 2
_ 142 2
Y o, ( + 24 ( 9% + ; + 3
b (= =t + {5R) (Cr RO o)
i 274 i 73 ((=r +A(r)

y <_ 1 N r(—1 +h’(r))> B 1)) o (k2(—7“+h(7“)) N 2

—r+h(r)  (=r+h(r))? 2r> r2
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1 r(=14h'(r))
k(= + 155 A s b)) | 2+ A0)

2r4 r r3
1 r(—1+ h'(r) ) ))H"
X — + —r+h(r)) —1 = 0.
(( —r+h(r) (=7 + h(r))? ( (r))
This yields two solutions of the shape function whose graphical analysis is
established for n = 3. In Figure 14, the upper left plot shows that both
solutions of A(r) preserve positive behavior with A(r) < r while the corre-

sponding right plot determines asymptotic flat shape of WH. The lower plot
identifies minimum radius of WH at ry = 0.35 (red) and ry = 0.25 (blue).

_|_

Non-Dust Case

For perfect fluid, we consider p,, = wp,, to evaluate symmetry generators
and associated conserved quantities. Solving Eqs.(24)-(43), we obtain

1 _
R((3daw — da) + w)rd; [d56
+ ((((R*ur’dy — Rvr®dy) — ds(Rr)*dy) — 2Rdy) — 4uR%di)] . (61)

a(2'r) _ b(2'r) a(T)R

T = d4, B = d5T7 Pm =
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These coefficients lead to the following symmetry generators and conserved

integral
a 0 9, 9,
K = 24+2 K=2_22
T e T e e
Sy = —e T r2(1+ pR + R + 1R (2p + n(n — 1)vR™?))],
Yo = —eaT_bTQ[R + uR* + VR" +ds + (2/r* — R)(1 + 2uR + nvR" 1)
ds a(r) _ b(r)

R((3dyw — dy) + w)r?d, [{(3w — 1) +whdse” 2= a(r)R

+ (((RPpr*dy — Rvr*dy) — d3(Rr)*dy) — 2Rdy) — 4pR*dy)] + 2
(14 pR+nvR™ 1Y) +4rR' (2u +nv(n — 1)R"?)].

Substituting b(r) = In (f;;(r)) in Egs.(12) and (57), it follows that

1 r a a
. e 7d / 4h 1 4 7d /1 3
(Cr & h())rPads ( 8\/ — h(r)€2 ¢a' T h(r)pa” + dezdga'r

w2 _;_4 —;%d Brd h(r) — 1865
X h(r) ,ua\/ o \/ —r+h(r)€ 6a“ruh(r) — 18e

x dg a%r 3,uh( )\/ r _2\/—%}1(7,)6361 a’?r 4,uh/( )+2€%d6

—r + h(r)

1By31 (2, | — r - r S a2 h(r) 2 — 32¢5
X a”r*h(r)p ——r+h()+8 ——r—l—h(r)e 6@ “r*h(r)°p — 32e

x dga'r*h(r u\/ + 16\/—ﬁegd6a’r3h(7’)2u — 10e2

x dga'rh(r)*p + 18\/—ﬁ63d6a’7’2h(7‘)/~b — 10e2

x dga'r*h (r u\/ — h + 8\/—;egd6h(r)urh’(r) + 4e>

—r + h(r)

7’. a a
' dpar dg — 16 ————ezdgur® + 16e2 dgr
x\/ T h(n) 6Ua T +rla \/ —r+h(r)€ T + 1be2agr

x \/_ﬁ“ = 16\/—ﬁ63d6uh(7’)2 - 2\/—%}1(”6

T

3 dg

W4 [ 3 dathr) — 2, [——— S dgr?t + 10e3d
x a'r’ + \/ —T—l—h(?“)e 6T h(r) —7“—|—h(7“)€ 6" + 10e2dg
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Case I: a(r) =k

We numerically solve Eq.(62) for n = 0 which leads to analyze WH conditions
graphically. In Figure 15, the upper left plot shows that h(r) is positively
increasing with h(r) < r while the right plot assures asymptotic flat shape
of WH. The lower left plot determines throat at the minimum radius, i.e.,
ro = 0.456 whereas the right plot preserves the derivative condition at throat
as h'(rg) < 1. We examine the behavior of energy density and pressure of
perfect fluid for w = —0.3 in Figure 16. Both plots indicate that NEC and
WEC are preserved while NEC is trivially violated for the effective energy-
momentum tensor. Consequently, there exists a realistic traversable WH for
non-dust distribution.

Case II: a(r) = —k/r

In Figure 17, the left plot of upper panel represent positively increasing
behavior of h(r). The upper right plot indicates that WH appreciates as-
ymptotic flat shape. The lower left plot identifies the minimum radius at
WH throat, i.e., 7o = 0.35 while the right plot shows that derivative condi-
tion is satisfied at throat h'(r¢) < 1. Both upper plots of Figure 18 represent
that NEC and WEC are recovered. For variable red-shift function, the vi-
olation of NEC relative to effective energy-momentum tensor is analyzed in
lower plot. Thus, the existence of a realistic traversable WH is possible for
non-dust distribution with n = 0.
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4 Stability Analysis

In this section, we analyze the stability of realistic and traversable WH so-
lutions via Tolman-Oppenheimer-Volkov (TOV) equation corresponding to
both minimally coupled f(R,T) models and constant as well as variable
red-shift function. For this purpose, we consider non-conserved energy-
momentum tensor and determine TOV equation for isotropic fluid distri-
bution. The radial component of Eq.(5) yields

{dgﬁ + 0 4 pm>} (1 ; 12;"2) P Il o ey

This equation describes the equilibrium state of WH due to combination of
hydrostatic force Fj, and gravitational force F,. In view of Eq.(63), these
dynamical forces can be split into following form

- / 2fT fT
Th = T [<1+ 1—fT> +2(1—fT)]7
_d(r) 2fr frol,
‘Fg — (pm+pm)(1+1_fT>_2(1_fT)'

2
The existence of stable realistic traversable WH is possible only if the total
effect of these dynamical forces is zero, i.e., Fp, + F, = 0.

In Figure 19, we study the stable/unstable behavior of physically accept-
able traversable WH at different evolutionary stages, i.e., decelerating and
accelerating cosmos through Egs.(50), (52) and (53). In upper plane, both
plots indicate that the hydrostatic and gravitational forces counterbalance
each other effect due to same magnitude but in opposite direction for w =1
and w = 0.3. The null effect of these forces defines stable state of WH
at the time when universe was filled with stiff matter and this stability is
maintained till radiation dominated era. In lower plane, the trajectories of
gravitational and hydrostatic forces appear in the same direction and conse-
quently, violate equilibrium condition for both w = —0.3 and w = —1. This
analysis specifies the existence of stable and physically acceptable traversable
WH with constant gravitational red-shift in decelerating phase of the uni-
verse whereas this stability is disturbed as the universe experiences strong
anti-gravitational effects leading to an era of accelerated expansion.

In case of variable red-shift function, the shape function (54) and TOV
equation (63) explores the stability of WH in the presence of stiff fluid, ra-
diation dominated phase and DE era. The upper and lower panels of Figure
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20 determine the fate of traversable WH as it attains stable state when uni-
verse is decelerating whereas gets unstable in DE era. The stability analysis
of traversable WHs (62) corresponding to second f(R,T) model is shown
in Figures 21 and 22. For constant red-shift function, both plots of Figure
21 represent that the stability of WH solution is preserved only in radiation
dominating phase while repulsive effects of DE destroy this equilibrium state.
In case of variable red-shift function, the WH solution remains unstable dur-
ing decelerating as well as accelerating cosmic expansion.

5 Final Remarks

In this paper, we have investigated the presence of physically viable WHs
through Noether symmetry approach and also checked whether normal mat-
ter supports WHs or not in f(R,T) gravity. For this purpose, we have con-
sidered two f(R,T) models appreciating indirect curvature-matter coupling
and analyzed possible existence of realistic WH solutions for both dust as
well as non-dust distributions. We have also analyzed the stability of these
WH solutions via TOV equation. For both models, we have solved over-
determined system via Noether symmetry approach and evaluated symmetry
generators as well as associated conserved quantities with explicit forms of
density, f(R,T) models and shape function.

For the first f(R,T) model (admitting a correspondence with ACDM
model) with constant red-shift function, WH solution satisfies all geomet-
ric conditions for dust distribution whereas in non-dust case, WH does not
appreciate asymptotic flatness condition. The energy density correspond-
ing to ordinary matter remains positive for both cases while the violation of
NEC on effective energy-momentum tensor trivially holds. Thus, the repul-
sive gravitational effects appear at throat describe traversable nature of WH
while the presence of ordinary matter leads to physically viable WH. For
variable red-shift function, we have considered p,, = wp,, in non-dust case
and all WH conditions hold for both fluid distributions. In dust case, we
have p,, — A > 0 while p,, — A, pm + pm — A > 0 for non-dust case whereas
Peff + Perr — A < 0 for both fluid distributions. These inequalities indicate
that the WH is found to be traversable and physically acceptable. In case
of both constant as well as variable red-shift function, the f(R,7T) model
admitting minimal coupling between linear curvature and matter parts iden-
tifies stable state of WH against stiff fluid as well as in radiation dominated
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era. The realistic and stable traversable WHs lost their stability as universe
crosses dust dominated era and smoothly entered into DE era.

For the second f(R,T) model, we have considered F(R) = r+ uR*+vR"
and discussed WH solutions for n = 0 and n = 3. When a(r) = k and n = 0,
we have found that WH conditions are recovered for both cases. The validity
of NEC and WEC by ordinary matter indicates that WH is supported by
normal matter. For a(r) = —k/r, we have found viable WH solutions for
both dust as well as non-dust cases. The physical existence of WH is verified
as pm — A >0 with pers + pesr — A < 0 for dust distribution. For non-dust
case, we have p,, — A, p, + pm — A > 0 and pess + perr — A < 0 except
for w = 1. When n # 0 (dust fluid), we have found two solutions of shape
function which admit h(r) < r, h(r)/r — 0 and h(rg) = ro for both con-
stant as well as variable red-shift function. For constant red-shift function
(n = 0), we have analyzed that the WH solution preserves its stability only
in radiation dominated phase while in case of variable red-shift function, the
WH solution remains unstable through cosmic evolution. The summary for
viable WH solutions are given in Table 1.

Table 1: Viable WH solutions in f(R,T) gravity.

Red-Shift Function Model 1 Model II
a(r) =k Dust Dust & Non-dust, n =0
a(r) = —k/r Dust & Non-dust | Dust & Non-dust, n =0

Table 1 indicates that Noether symmetry approach leads to viable worm-
hole solutions in most of the cases. Zubair et al. [22] found static WH
solutions with anisotropic, isotropic, and barotropic matter contents with-
out using Noether symmetry technique in f(R,T) gravity. For this purpose,
they have considered a generalization of Starobinsky f(R) model with lin-
ear form of f(7") and tackled the complexity of field equations via numerical
approach. To analyze physical viability of WHs, they constructed graphical
analysis of energy bounds for all considered fluids and found that WH so-
lutions can be constructed without evolving exotic matter in certain regions
of spacetime. They concluded that WH solutions are realistic and stable
only for anisotropic matter in f(R,T) gravity. In the present paper, we have
found realistic and stable traversable WH solutions in most of the cases for
isotropic fluid via Noether symmetry approach in the same gravity.
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