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Abstract We prove that sufficiently regular solutions to the wave equation [,¢ =

3
0 on the exterior of the Schwarzschild black hole obey the estimates [¢| < Csv_ * o

and |d,¢| < C5V_7_2+6 on a compact region of r, including inside the black hole
region. This is proved with the help of a new vector field commutator that is anal-
ogous to the scaling vector field on Minkowski spacetime. This result improves
the known decay rates in the region of finite r and along the event horizon.

1 Introduction

A major open problem in general relativity is that of the nonlinear stability of
Kerr spacetimes. These spacetimes are stationary axisymmetric asymptotically flat
black hole solutions to the vacuum Einstein equations

Ru_vzo

in 3+ 1 dimensions. They are parametrized by two parameters (M, a), represent-
ing, respectively, the mass and the angular momentum of a black hole. It is conjec-
tured that Kerr spacetimes are stable. In the framework of the initial value prob-
lem, the stability of Kerr would mean that for any solution to the vacuum Einstein
equations with initial data close to the initial data of a Kerr spacetime, its maximal
Cauchy development has an exterior region that approaches a nearby, but possibly
different, Kerr spacetime.
Kerr spacetimes have a one-parameter subfamily of spacetimes known as Schwarzschild

spacetimes for which a = 0. The Schwarzschild metric in the so-called exterior
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region can be expressed as

oM oM\ !
g:—<1—>dt2+<1—> dr* +r*dog,
r r

where dog, denotes the standard metric on the unit sphere. In view of the non-
linear problem, it is conjectured that a spacetime that is close to Schwarzschild
initially will approach a Kerr spacetime that is also close to Schwarzschild, i.e.,
a < M. In other words, we can consider the stability of Schwarzschild spacetimes
within Kerr spacetimes. (Notice that the Schwarzschild family itself is not asymp-
totically stable since a Kerr spacetime with small a can be considered as a small
perturbation of a Schwarzschild spacetime.)

To tackle the nonlinear stability of Schwarzschild spacetimes within the Kerr
family, it is important to first understand the linear waves

g6 =0

on the exterior region of Schwarzschild spacetimes. This can be compared with the
nonlinear stability of Minkowski spacetime whose proof requires a robust under-
standing of the quantitative decay of the solutions to the linear wave equation
(55 120).

The pointwise decay of the solutions to the linear wave equation on Schwarzschild
background is proved in (4 [1I). In particular, Dafermos—
Rodnianski proved a decay rate of |¢| < C (max{1,v})”" everywhere in the exte-
rior region, including along the event horizon (11). The subject of this paper is
to improve this decay rate. In particular, we will prove that for arbitrarily small

0>0,|¢| <Csg (max{l,v})7%+5 in the region {r, < r <R} for any r, > 0 and
R > 2M. This includes the decay rate along the event horizon and inside the black
hole region.

Our proof applies a new vector field commutator S that is analogous to the
scaling vector field in Minkowski spacetime. We will show that for solutions
to 0,0 =0, O, (S¢) decays sufficiently towards spatial infinity and only grows
mildly towards event horizon. We then prove energy estimates for S¢ with the
help of (a slightly modified version of) the energy estimates of ¢ in (11). This will
enable us to prove the decay of S¢. With this decay, we follow Klainerman and
Sideris (16) to improve the decay rate for d,¢. We also introduce a novel method
to improve the decay rates for ¢ and its spatial derivatives.

We hope that this improved decay will be relevant for nonlinear problems. We
recall for example the wave map equation from R>! to S? given by:

Do =9 (292~ 1V9F)

To prove the global existence for small data for this equation, it is insufficient to

have |d¢| < C(1+|t|)"". One needs an improved decay |d¢| < C (14|t +r|) ™' (14|t — r\)fs.
Moreover, one needs the nonlinearity to satisfy the so-called null condition (see

14)). In a future work, we will use the improved decay rate we prove in this paper

and study the global well-posedness of small data for a nonlinear wave equation

satisfying a null condition on a fixed Schwarzschild background.
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Fig. 1 Schwarzschild spacetime

In Sects. and we will introduce the Schwarzschild spacetime and the
class of solutions that we consider. This will introduce the terminologies necessary
to state the main theorem in Sect. [I.3] We will motivate our proof with a compar-
ison with the linear waves on Minkowski spacetime (Sect. [I.4). We then mention
some known results on linear waves on Schwarzschild spacetime (Sect. [I.5). We
especially discuss the work (11) whose techniques are important for this paper.
We will then provide some heuristics for our proof of the main theorem in the
final subsection of the introduction (Sect.[I.6).

1.1 Schwarzschild Spacetime

Schwarzschild spacetime is the spherically symmetric asymptotically flat solution
to the vacuum Einstein equations. The Schwarzschild metric in the exterior region

1S
oM oM\ !
g=—(1-"—=)d*+(1-=—= dr? +r*dog,
r r S

where dog, denotes the standard metric on the unit sphere. It is easy to observe
from the metric that the vector field o is Killing and it is orthogonal to the hyper-
surfaces t = constant. Spacetimes with this property are called static. It is also
manifestly spherically symmetry and, therefore, has a basis of Killing vector fields
€2; generating the symmetry. Moreover, Schwarzschild spacetimes are asymptoti-
cally flat. This means that the metric approaches the flat metric as we go to spatial
infinity (r — o).

Synge (24) and Kruskal (18)) showed that the Schwarzschild metric can be
extended past r = 2M as a solution to the vacuum FEinstein equations. Its maximal
development is usually described by a Penrose diagram, which depicts a confor-
mal compactification of the 4D manifold quotiented out by spherical symmetry
(Fig. . In this diagram, the coordinate system (¢, > 2M, @ € S?) with the met-
ric described above represents the region I, which we will call from now on the
exterior region. In the nonlinear stability problem, it is this region that is conjec-
tured to be stable. Extended beyond r = 2M, the Schwarzschild spacetime contains
a black hole (region II in the diagram). Physically, an observer outside the black
hole region cannot receive signals emitted inside the black hole. The null hyper-
surface r = 2M separating the exterior region I and the black hole is known as the
event horizon 7.

We return to the discussion of the exterior region of the Schwarzschild black
hole. For notational convenience, we let

u=—.

r

We denote as r* the Regge—Wheeler tortoise coordinate

r*=r+2Mlog(r—2M) —3M —2MlogM.
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In these coordinates, the Schwarzschild metric in the exterior region is given by
g=—(1—u)d?+(1—p)dr* +r~*dog.

Notice that in the above equation we have used both r* and r. Here, and below, we

think of r* as the coordinate and r as a function on 2, with r(g) = Arealg)

im

i.e., the physical radius of the 2-sphere under which the metric is symmetric.
The coordinate r* is +oo at spatial and null infinity; —eo at the event horizon
and 0 at r = 3M. The set {r = 3M} is known as the photon sphere. On this set
trapping occurs: there exist null geodesics that lie in this set. In particular, these
geodesics neither cross the event horizon nor approach null infinity. This suggests,
via geometrical optics considerations, that one has to lose derivatives while prov-
ing energy estimates. We will return to this point when we discuss the vector field
X.

We notice that as in the coordinates (¢,r,®), d, and Q are Killing in the
(t,r*, @) coordinates.

We also define the retarded and advanced Eddington—Finkelstein coordinates
u and v by

t=v+u, r'=v—u.

At the event horizon S#%,u = +oo. At future null infinity #+,v = +oo. Notice
that in these coordinates, the metric is given by

—4(1 — ) dudv+ r*dog.

In particular, this shows that d,, d, in this coordinate system are null.

In the following, we are also going to consider the coordinate system (v,r, @),
where v and r are defined as above. We will only use this coordinate system when
considering the region near the event horizon or inside the black hole. When there
is no confusion, we will not specify the coordinate system when we use the nota-
tion d,. In the (v,r, ) coordinate system the metric is

g=—(1—p)dv*+2drdv+r*dog.

Notice that the coordinate v is originally defined only for r > 2M. However, as
the metric in the (r,v) coordinate system is non-singularity, we can extend the
v coordinate to r > 0. We will also refer to u inside the black hole region with
u=v—2r—4Mlog(r —2M) defined as it is in the exterior region. Notice that u
is not defined on the event horizon.

1.2 Wave Equation and Class of Solutions

We would like to study the solutions to [l,¢ = 0 in Schwarzschild spacetimes.
Written in the local coordinates of the exterior region,

Og9 = — (1= 1) ' P9+ (1= ) "' r29, (9-9) + A9,

where A denotes the Laplace-Beltrami operator on the standard 2-sphere with
radius r.
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We notice that [, commutes with Killing vector fields. In particular, ¢ =0
implies (gd;¢ = 0 and (,Q2¢ = 0.

The decay result that we prove apply to solutions to the wave equation that is in
some energy class initially. We define the energy classes using currents of vector
fields. We will briefly introduce the relevant concepts here in order to present the
energy classes. A more detailed description of the vector fields will be presented
in the next section.

Define the energy—momentum tensor

T = u03h0 — 5 2uvd" 00
Given a vector field V¥, we define the associated current
i (8) = V" Ty (9)
and the modified current
() =T} () + % (Wu9* — duwe?).
To define the energy classes we need two vector fields:

y1(r)
I—p
Z = u*d, + V0,

N:at+ 9u+Y2(r)9w

where y{,y2 > 0 are supported near the event horizon with y; = 1,y, = 0 at the
event horizon. The precise form of y;,y, will be defined later. Notice that we can
also write N in the (v,r, ®) coordinates as

N= (; +yz(r)> g — (1 (r) =y2(r)(1 = 1)) 9.

This indicates that N is regular and can be defined across the event horizon. We
will define it inside the black hole so that it is smooth and timelike, future-directed.
We also define a modifying function for the associated current of Z:

WZZZW*(]_“)_

r

We note here that

o 2
/Jﬁ(qs)nﬁ; dVol,, ~ ./_W/SZ <(f_¢zt +(&V¢)2+|y¢|2> P dAdr,

/JLZL’WZ (9)nlt dVol,, ~ /:/sz <u2(8u¢)2+vz(av¢)2+(1 —H)

2
X ((u2+v2) |X7¢|2+7t2+(r ) (1)2)) r?dAdr,

72
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where dVoly, is the volume form of the slice {r =1} (see Sect. .
Let S = 1(9, +r*ar*,
Define

Eo(9) = /{r>2M} (Z i (Q ¢) n,0+2 ( )n,0> dVol,,

+ / Z Jy (.Q ¢) n dVol,,, where ry>2M is to be picked,
{rb<r<r0}k =0

1 4-—m
Ei(9) = Eo(S9)+ Y, Y Eo (925,
m=0 k=0
2 2—m ok
"B x5 (a)
Y Y& (are%e) +E1(6),
m=0k=0
2 4-—m
0= BB R L g (000)

We notice that the boundedness of these quantities should be thought of as require-
ments of regularity and decay. In the above, Ey, E1, E», E3 and E4 requires 4, 8, 10,
8 and 10 derivatives respectively. In terms of spatial decay, all the energy classes
require decay of ¢ at spatial infinity. However, we note that ¢ is not required to
decay toward the bifurcate sphere (" N.#~ in Fig.[1). In the following, we will
work as if ¢ is smooth and supported away from spatial infinity. This assumption
can be removed by a standard approximation argument.

1.3 Statement of the Main Theorem

We prove both pointwise decay and energy decay for solutions of [,¢ = 0. From
this point onwards, we assume 7, > 1,v, > 1.

Main Theorem 1 Suppose ¢ is a solution to the wave equation on the
Schwarzschild spacetime, i.e., g¢ = 0. Then for any § > 0 and any 0 < r, <
2M <R < oo

Pointwise decay of ¢

_§+8 1
|0 (v, )| < Csppve® E5 (9)  form <r<R.

Pointwise decay of derivatives of ¢

_3 1
Vo ()| £Cs i 7 Y B (97Q%)  form<r<R,
k+m<1

where V denotes any derivatives.
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3. Decay of nondegenerate energy in the region 2M <r <R

/,R <¢<f*)2 +(Vo (t*))z) dVol,,

*
1

1 ) ,
+/ < 0u$)* + (1 - >dAdu _—
ooy (o 02+ (=)o) —

< Cs i pmin{r, v} Y E, (a;m%),
k+m<1

for any ry satisfying ri <R*.
4. Decay of nondegenerate energy in the region r, < r < 2M in (v,r,®) coordi-
nates

vit1
[ (02 4(v02) aady, <G5, ¥ Ei(970%).
Vi k+m<1
forany r, <r <2M.

Remark 1 The integral in statement 3 represents the part of nondegenerate energy
restricted to the region » < R (See Sect. [3.5). It should be compared with the

corresponding part of the (degenerate) energy generated by the vector field 7 = %

[ Vo u2avol, + (20 + (1) [¥9P) aA ..

1 {2M<r+<ri}

The nondegeneracy is more apparent if we write the second integral in the (v, 7, ®)
coordinates, which up to some constant is:

9,0)2 Vo) dAdri,_,,}.
AQM<V*<VT} (( ¢) +‘W¢‘ ) r{viv*}

For the time derivatives, we have better decay estimates both in the sense that
we have a better decay rate and have a larger region of spacetime on which the
estimates hold.

Main Theorem 2 Suppose ¢ is a solution to the wave equation on the Schwarzschild
spacetime, i.e., Og¢ = 0. Then for any 6 > 0 and r, >0

1. Pointwise decay of 9,
1 t
|90 (V)| < C,57,bv;2+5E42 (0) forr,<r<2Morr* < 5*

2. Decay of nondegenerate energy of d;¢ in the Region r* < %*

/ﬁ ((20()) + (Va9 (1)) dVol,,

%

1 2 2)
+ ——(0ud:0)" + (1 — 0, dAduy,_,
/{w<,*§rf} <1 i (0u0r9)" + (1 — ) [Vo,9| Ufy=y,}

< Cs v min{t,,v.} "OE; (¢).

for any rf.
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3. Decay of nondegenerate energy of o, in the region r, <r <2M in (v,1,®)
coordinates

[ (@07 +(va9)?) aady, < C 7985 ),

forany r, <r <2M.

We would like to point out that the pointwise decay rates in both theorems
apply to region of finite r including inside the black hole.

1.4 The Case of Minkowski Spacetime

At this point, we would like to discuss some decay results for the linear wave
equation on Minkowski spacetimes. We would like to especially highlight tech-
niques that are relevant to our result. In Minkowski space R>!, the solutions to the
wave equation with initial conditions ¢ (¢ = 0,x) = ¢p and J;¢ (r = 0,x) = ¢; can
be written as

000 = 1z (0 Lot m o)+ [mtemam ). o

T Ane?

This formula implies immediately that |¢ (¢,x) | < g, where 7, = max{z, 1}. This
decay is optimal in the variable r. However, improved decay can be seen in the null
coordinates v = 3 (t+7) and u = % (t —r), where r* = ¥ x?. In particular,
implies the strong Huygens’ Principle, asserting that ¢ with compactly supported
initial data is compactly supported in the variable u. Therefore, denoting v, =
max{v, 1}, uy = max{u, 1}, we have in particular

Cy

, VN >O0.
V+M{VF

lo| <

If we just focus on the region {r < %}, where ¢ ~ v ~ u, the decay can be written
as

C
0] gf,y, VN > 0.
+

However, the use of the representation formula (I)) is not available on pertur-
bations of the Minkowski spacetime. In (5} 20), a more robust understanding of
the decay of the linear waves was necessary. This was achieved by the vector field
method. Let ¢ be a solution to the linear wave equation on Minkowski spacetime,
U ¢ = 0. Define the energy—momentum tensor

1
Tuv == 8“(]58\/(]) - Em'uvaaq)aa(p.

Notice that the wave equation implies that the energy—momentum tensor is diver-
gence free, i.e.,

V“Tuv - O.
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Given a vector field V#, we define the associated currents
Ju (9) = VT (9),
K'(9) = %THV (VHVY + VYV,
and the modified currents
T (9) = 1 (9)+ 5 (#4007 — ¥ %),
K (9) = KY (9) 4 02" 990 — (T,

where w" is some scalar function associated to the vector field V. Since the

energy—momentum tensor is divergence free, it is easy to check that
VR (9) = K" (9),
VY wV
VR (9) = KV (9).

Notice that KV (¢) = 0 whenever V is Killing. In this case JX (¢) is divergence
free. Therefore, for any solution ¢ and Killing vector field V, there is a conserva-
tion law

Jo(9) duy = | Jg (9) dxiy.
=t =ty
This is a manifestation of Noether’s Theorem, which states that a differentiable
one-parameter family of symmetries gives rise to a conservation law. We call
the vector field V in this application a multiplier because we “multiply” it to the
energy—momentum tensor. An example of this is to take the Killing vector field o
and derive the energy conservation law

/( +l31 ax,¢> /( 2,

Besides being multipliers, vector fields can also be used as commutators. This
means that we commute the vector fields with [J,,,. For example, since d € {9}, dy, }
is Killing, [,,,d] = 0 and, therefore, [J,, (d9) = 0. Then the energy conserva-
tion law (2) can be applied to d¢ and we can control the L? norm of the deriva-
tives of ¢ of orders 1 and 2. Then using a Sobolev-type inequality ||@|]| 1= (R3) <

3
(9,9) > doxzy - 2
i=1

1

1 1
Cl|¢| |1%[1 (&) o] \1212 (®9) (which holds for compactly supported functions), uniform

boundedness of the solutions to the wave equation can be proved. The Killing vec-
tor fields €2; generating the spherical symmetry can also be used as commutators.
This is especially useful because compared to the angular derivatives, €2; has an
extra factor of r, i.e., Q ~ rY¥. This allows one to prove in (15} that for ¢ decaying
sufficiently fast at spatial infinity:

C 2 2 '
< L L1020
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which implies a decay in the region {r > %}
C

V+

S0

9| <

<

after applying (2) to Q%¢.
To achieve decay of ¢ in {r < £}, one can use the conformally Killing vector

field Z = (t2 + r2) 9, +2trd, introduced by Morawetz (23). In this case, K (¢) #

0. Nevertheless, by defining w? = 2¢, KZ** (¢) = 0 and, therefore, fJg’WZ (9)dx,
is a conserved quantity. Moreover, some algebraic manipulation would show

5 0
>o [ (7 @02+ @07+ (2+2) (& +170P) ) a

VA
where ¥ denotes the angular derivatives. The conserved nonnegative quantity [ Jg " () dx;
is known as the conformal energy. For the region {r < %}, notice that the bound-

edness of the conformal energy implies a local energy decay
<
ty

2
[, (S @or+ @)+ 0P ) as <

After considering the equations [, (8" q)) =0, Sobolev embedding would imply
the pointwise decay |¢| < g, forr < % Notice that in this region ¢ is comparable
to v. Therefore, we have in the whole of Minkowski spacetime

C
o] < —.
V+

Klainerman and Sideris (16) showed that more decay can be achieved in the
interior region {r < %} for the derivatives of ¢. They used the scaling vector field
S =10, + rd, as a commutator. Notice that S is conformally Killing and [, S] =
20,,. In particular, if one has O,,¢ = 0, then O, (S¢) = SO,,0 + 20,6 = 0.
Therefore, any decay results that hold for ¢ also hold for S¢. Klainerman and
Sideris (16) showed that

Y 44090
I€{0r.0y}

<c Yy (||35¢||L2(1R<3> +1991 |2y + 11079l r2(rs) + \|3Q¢||L2(1R<3>)-
de{no.}

By cutting off appropriately and using the local energy decay estimates,
c . t
|\891¢||L2({,§%}) < Z in {r < E}

since i < % in this region. Again, using the Sobolev-type inequality above, one

shows that |d,¢| < t% in {r < 5}. The other derivatives can also be estimated
T
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first by elliptic estimates and then the Sobolev inequality, since ||u 82(]) Il,2 (B2) =

[lusA || 12(R2) by the linear wave equation. Therefore,

c . t
o< in{r=3}
We remark that in (16)), the improved decay in {r < %} can also be proved for the
function ¢ itself by inverting the Laplacian. As we proceed to prove the analogous
decay on Schwarzschild spacetimes, we will avoid doing so. This is because on
Schwarzschild spacetimes, it is impossible to invert the Laplacian for functions
that do not vanish on the bifurcate sphere (## N.2#~ in Fig. .

1.5 Some Known Results on the Wave Equation on Schwarzschild Spacetimes

We now turn to the corresponding problem for linear waves on Schwarzschild
spacetimes. The problem of the uniform boundedness of solutions to [le¢ = 0
on the exterior of Schwarzschild occupied the physics community for some time.
The first mathematically rigorous result was obtained by Wald (25)) for solutions
vanishing on the bifurcate sphere (#+ N .#~ in Fig.[1). Kay and Wald (13) later
removed this restriction and proved the uniform boundedness of a more general
class of solutions. They used the energy conservation law given by using d; as a
multiplier as well as the Killing fields {d,, ;} as commutators. The decay rates

9| < Cvi', Vr>2M,

1
|r¢| < Cru,*, Vr>R,

3)

where v, = max{v,1},u; = max{u,1} and Cg depends only on an appropri-
ate norm of the initial data, for sufficiently regular solutions to [1,¢ = 0, were
proved by Dafermos and Rodnianski (11). We note that the decay rate (3) holds in
the entire exterior region of Schwarzschild spacetimes, including along the event
horizon. In addition to the vector fields in (L3;25), their approach employed sev-
eral other (non-Killing!) vector fields. One is an analog of the Morawetz vec-
tor field Z in Minkowski spacetime. It has an associated nonnegative quantity
which we will call the conformal energy. It has weights similar to that of the
conformal energy on Minkowski spacetime so that its boundedness would imply
a local energy decay. Another is a vector field of the form X = f (r*) d,. The con-
struction of this vector field was motivated by Laba and Soffer (19). Unlike other

multipliers, X is constructed so that KX W (¢) (instead of JX Wt (¢)) can be con-
trolled. This is used to estimate some energy quantity integrated over spacetime,
in particular error terms from the “conservation law” of the conformal energy.
The estimates of X are iterated together with that of Z to achieve the bound-
edness of the conformal energy. This then implies the decay of ¢ away from
the event horizon. The estimate associated to X can be thought of as an infe-
grated in time local energy decay. It was extensively studied in
(5 125 145 (85 (115 22]).

In addition, (11) introduced a new, red shift vector field, which takes advan-
tage of the geometry of the event horizon and is used crucially in proving the



12 Jonathan Luk

decay rate close to and along the event horizon. This vector field is one of the few
stable features of the Schwarzschild spacetime. In particular, it can be used to give
a more robust proof of boundedness of the solutions to the linear wave equation
on Schwarzschild spacetimes. It also plays key roles in the boundedness results
for the linear wave equation on small axisymmetric stationary perturbations of
Schwarzschild spacetimes and in the decay result for the linear wave equation on
slowly rotating Kerr spacetimes (9; [10). As we will see later, it will make a cru-
cial appearance in this article to achieve the improved decay rate along the event
horizon.

The study of pointwise decay was carried out independently by Blue and Ster-
benz (4). They showed a similar quantitative decay result for initial data vanish-
ing on the bifurcate sphere, with a decay rate that is weaker than (11) along the
event horizon. In the proof they used analogues of the vector fields Z and X but
not the vector field Y. Strichartz estimates for solutions of the wave equation on
Schwarzschild background were shown in (22). We refer the readers to Sects. 3
and 4 in (10) for further references on this problem.

Considerable attention has also been given to the problem of decay of solutions
of the wave equations on the Schwarzschild spacetime restricted to a fixed spher-
ical harmonic ¢ arising in the decomposition ¢ (¢,r,®) = ¥, ¢¢(r,1)Y(®), ® €
S?. Such results for a fixed spherical harmonic have been obtained in (7 [12;
17; 121). We refer the readers to Sect. 4.6 in (10) for a more detailed discus-
sion.

1.6 Outline
of the Proof

Our proof uses ideas from Dafermos and Rodnianski (11) and Klainerman and
Sideris (L6). In addition to the arguments used in (11), we introduce a vector field
S =10, +r*d,» which is analogous to the scaling vector field in Minkowski space-
time. Since Schwarzschild spacetimes are asymptotically flat, S is still an “asymp-
totic conformal symmetry” generating an “asymptotic almost conservation law”.
However, the error terms away from spacelike infinity are in general large. To see
this more concretely, we recall that on Minkowski spacetimes, [,,¢ = 0O implies
0, (S¢) = 0. This does not hold in Schwarzschild spacetimes. Nevertheless, for
Og¢ = 0, we still have a (schematic) equation O, (S9) = h(r) (V¢ + V?¢) with
h — 0 as r — oo. The strategy is then to go through the argument in Dafermos and
Rodnianski (11) and control the error terms that arise from (g (S¢) # 0. To do so,
we use a slightly modified version of the energy estimates that are available from
the proof in (11).

As in later parts of the paper, we define y = S¢. We would like to prove energy
estimates for y similar to those for ¢ that are established in (11, except for a loss
of an arbitrarily small power of 7. A key estimate that will be used to prove the
main theorem is

%) L
/ / : / (w2+(vw)2) x () dVol < Cgt; 219, (4)
n 7% SZ

where y is some weight and #; <, < (1.1)¢;. A similar estimate is available with
v replaced by ¢ from (11) using the X vector field. In order to prove this, we
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argue in a similar fashion. We want to show, using the vector field X, that for ¢, 1,
as above

153 % . B
/r / r /S2 (l//2+ (Vq/)2> x (r*) dVol < Cyt;>+% {conf. energy(w)},
15

where the conformal energy is the current of the vector field Z on the boundary
{t =1t;}. We then hope to show

{conf. energy(y) atr, }
<C ({conf. energy(y) att) } +/rlt2 /j /S2 (l//2+ (Vl[/)z) X (r*)dVol) )

We then iterate two inequalities to obtain as in (1L1).

The main difficulty in actually carrying out the above procedure is that each
step is only true modulo some error terms that need not be small. These are error
terms arising from the fact that y does not satisfy the homogeneous wave equa-
tion, but only satisfies an inhomogeneous wave equation, which schematically can
be thought of as (¥ = h(r*) (V¢ + V2¢). If one applies the vector field method
to this equation, one would generate an error term of the form

15) o p
/,1 /,w /Sz VEduwh(r*) (Vo +V2¢) dVol, 5

for the vector fields V € {0,,X = f(r)d,Z = <t2 + (r*)z) 0, +2tr*d}}. (In prac-

tice there is still another error term if one uses the modified current, but since it
can be controlled similarly, we omit the technicalities here.) Applying Cauchy—
Schwarz, we can control (5) by

([ [ o) ([* [ [aeyormorav) ©

We control the first factor by some energy quantities of y which we are in the
process of proving. They are set up so that we can estimate them with a bootstrap
argument. In order that the bootstrap can close, we would need to show that the
second factor decays or does not grow as t1,#, — oo (for example withz, = (1.1)1;).
The precise rate of decay that is necessary depends on the vector field V under con-
sideration and is ultimately dictated by what the bootstrap argument requires. To
achieve this, we recall the energy estimates derived from the X vector field in (11).
In particular, we have

[ [ eorzeaw=c, -
/: /i /S2 (V9)? x (r*) dVol < Cr;72, (8)

where yx is a weight that decays at spatial infinity, (8) gives good control for the
second factor in @ for the region {—% <r< %} as long as h and ) behaves
appropriately. We will slightly improve the weight ¥ from (11) so that we have,
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loosely speaking, & (r*) < C(1+|r*|) 2% (+*). This would give control for the
second factor in (6) for the region {—% < r* < £}. For the regions {r* < —%} and
{r > L0 (") <C(+[r]) 22 (r) <C(1+1)"% x (). Then we can control
the second factor in (@) in this region with and the extra factor of (1+¢)72.
The reader should keep in mind that these are only heuristics and are not true
if directly applied. The actual estimates for these error terms are slightly more
involved considering first that V# might grow ¢; and second that we do not have
energy estimates that control every derivatives of y; and thirdly that some error
terms would tend to infinity as r approaches the event horizon. The relevant esti-
mates will be proved in Sect. [5]

In (16)), the estimates for y are used to prove the decay for d,¢ in Minkowski
spacetime. We show that it is possible to argue similarly to prove the decay for
d:¢ in Schwarzschild spacetimes (Sect.7.2). Recall that in (16), one then pro-
ceeds with elliptic estimates to prove the decay for other derivatives. However, on
Schwarzschild spacetimes, if we are to prove an L? elliptic estimate, we are bound
to have some lower order terms involving only one derivative of ¢. These terms
cannot be controlled by the estimates of ¥ and, therefore, we are unable to use a
similar method to prove the decay of the spatial derivatives of ¢.

Therefore, we introduce in this paper a new method, based on a novel applica-
tion of S,to prove the decay for the function ¢ as well as its derivatives in spatial
directions (Sect. 7.1). We notice that by ,

1 s
/2/*2 (¢2+(a,*¢)2) dVol < €12,
51 ry

for f; <1, < (1.1)#;. Therefore, there exists a time 7 € [r,#,] such that

/ 2 (¢2 + (9r*¢)2) dVol; < C7 2.

Jr

In order to show that the same holds for any ¢, we note that S is strictly timelike on
a compact set of r*. Therefore, we can integrate in the direction of S from the slice
f to a generic slice 7. This integration would not give an extra factor of ¢ precisely
because we already have the estimates for Y = S¢. After controlling the spacetime
terms by (@) and (8), we show that for any ¢,

"
b)

/* (¢2+ (8,*(1))2) dVol, < Csr—3+9,
n

We use Sobolev Embedding to get the pointwise decay estimate for ¢ and its
derivatives (for r{ < r* < r3) after commuting with an appropriate number of
Killing vector fields. We note in particular that in this proof, it is unnecessary to
invert the Laplacian on Schwarzschild spacetime to prove the decay of ¢.

The argument above gives the decay of ¢ and its derivatives in a compact
region of r*, i.e., a compact region of space that is also away from the event hori-
zon. (Recall r* is defined so that r* = —oo at the event horizon.) In order to prove
that ¢ also decays along the event horizon, we use the red-shift vector field intro-
duced in (L1). This vector field was used in (11) to show that in some (explicitly
identified) neighborhood of the event horizon, some energy quantity on an initial
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slice can control some similar energy quantity in a spacetime slab provided that
the error terms that are supported in a compact region of r* can be controlled. It
is then used to propagate the decay of ¢ from a compact region of r* to the event
horizon. In this article, we show along these lines that any decay estimate proved
on a compact region of * can be propagated to the event horizon, giving rise to
a decay estimate of the same rate. This will be carried out in Sect. [5] Moreover,
using an identical argument with the red-shift vector field, which we also include
for the sake of completeness, the decay estimate can be propagated to slightly
beyond the event horizon into the black hole region. Once we have an estimate
slightly beyond the event horizon, we can easily prove the same decay estimate
anywhere inside the black hole region by taking advantage of the geometry of the
region. This strategy for controlling the scalar field inside the black hole region
was first used in (6) and (7)) in the nonlinear setting, see also subsequent (22) in
the linear setting. This will be carried out in Sect.[6|and will give the full improved
decay result.

2 Notations

Before proceeding, we would like to first define the notations used for the coordi-
nates and volume form.

For the r, r* coordinates, we always use * to denote the Regge—Wheeler tortoise
coordinate of the same point.

For the ¢ coordinates:

tg denotes the time slice on which the initial data is posed.

t, denotes the time slice on which we would like to control the
solution.

t; denotes dyadic time slices (which will be defined in Sect. [).

t denotes a generic time slice.

We assume g, t,,;,t > 0.

For volume forms:

dVol denotes the spacetime volume form, dVol = 1 (1 — u) dAdr*dt.
dVol, denotes the volume form on a time slice, dVol, = r%/T — udAdr.
dVol, denotes a volume form on a v slice, dVol, = r2\/T — i dAduE]

dA denotes the volume form on the standard sphere of radius 1.

Whenever we write [ without integration limits, it denotes the integration over
“whole space” that is appropriate for the volume form.

' Most of the time it is clear from context whether we are integrating over a ¢ or v slice. We

will specify in the case of possible ambiguity, for example dVol;_,_,+} is the volume form on
at slice, where ¢ has the specified value.
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3 Vector
Fields

3.1 Conservation
Laws

We consider the conservation laws for ¢ satisfying [,¢ = 0. Define the energy—
momentum tensor

Tiow = 300209 — 38y “02u.
We note that 7};, is symmetric and the wave equation implies that
VET,y =0.
Given a vector field VH, we define the associated currents

T (9) =V¥Tuy (9),
K" (9) = m, T (9),

where ﬂi‘l/v is the deformation tensor defined by

1
myy = 5 (VuVy + V).

In particular, K (¢) = ”Xv =01if V is Killing. Since the energy-momentum tensor
is divergence-free,

VAL (0) = K" (9).

We also define the modified current
1
v,
]H/W (9) = JX (9)+ 3 (Wau‘PZ - 8#wq)2) .

Define K" (¢) = KY (¢) + 1wd" ¢y ¢ — 1 0,wo>.
Then

VI (9) = K" (9).

We integrate by parts with this in a region % bounded to the future by X; and
to the past by Xy. The region % should have no other boundary. Denoting the
future-directed normal to Xy and X; by ngo and ngl, respectively, we have

Proposition 1
/JX(fb)nﬁl dVOlzl-i-/ K" (9) dVOI:/ J\ (9)n, dVols,.

21JVW nZ dV0121+/ K" (¢) dVol = /JVW )ngodVolgo.



Title Suppressed Due to Excessive Length 17

Fig. 2 Regions of integration

In this paper, there are two choices of X; that we will use. The first is to
choose X; to be t =constant slices. The second choice is for estimates near the
event horizon. In this case, Z = {vo <v <v,t >1},Xy = {v=vo,t > 10} U
{vo<v<v,t =1} and Xy = {v=v,t >t} U{vg < v < vj,u =0} (See

Fig.2).

One can similarly define the above quantities for the inhomogeneous wave
equation [,y = F. In this case, the energy-momentum is no longer divergence
free. Instead, we have

VETuy = Foy .
In this case,
VEIL (W) =KV (W) + FVYoyy.
For the modified current,
1
VEL" () = KV (9) = JFwy+ FVY o,y

Proposition 2

[ T3y, avo, + / K (v dVol—i—/FVV&vl//

_ / JY (y)nk dVols,.

/ I (W)nzl dVoly, + / K" (y) dVol
Z B

1
+/ <—4FWW+FVV3VIII> dVol:/ J:fw(l//)ngOdVolzo.
B Zo

In the case of wave equation on Schwarzschild background, we can com-
pute the energy—momentum tensor explicitly in local coordinates (z,r*, x4, x8) or
equivalently (u, v, x4, xB ), where x4, xP is an orthonormal basis on SZ.

T (9) = (0u9)”,
T (6) = (09)°,
Tw (¢) = (1—p) VoI,
Taa (9) +Top (9) = [W9|* — 9% 9u 0.
As aresult,
K'(0) = sy (@era, (v =) + @2, (1 -w) )

TP @+ ) — - Ve~ Vo) (W0~ 9%6u0).
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3.2 Vector
Field Multiplier T

Define T = ¢;. Recall that T is Killing. Therefore,
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In the following, we will consider this current on a constant t-slice.
One computes that in local coordinates

zﬁ (20 +@-0)+(1-p)[¥oP),

where n is the normal to a r-slice.

3.3 Vector
Field Multiplier X

Define X = f (r*) d,«. In the following we will use different functions f. One com-

putes that
w(g) = LUV Ligop (2224 4

1 4(1—
~2 (Zf’(r*) + (r'u)f(r*)> 0%9du.
We consider the modified current using w*X = 2" (r*) + L;“)f (r*). Then

wot L OVOOR Dggp (23 i) oty
77) 0-0)" 2-3u
_ L)@e W( )re)
1

s (et ey B o)- 2 G 1) 0

XwX
Ju o

1
) 090y
mf (r ) 090 ¢
1 o
NN e <f (r) +
where n}' is the normal to a ¢-slice.
The vector field X is constructed to control a spacetime integral by the bound-

ary terms, i.e., one hopes to control the integral of KX w¥ (¢) by the integral of

Jff e (¢)n!'. In order for this to be useful, we need K* (¢) to be everywhere pos-

itive. Such vector fields are constructed in (11) using spherical harmonic decom-
position. In particular, it was shown in (11) that there exists a family of vector
fields X; = f; (r*) 9y« for I > 0 such that for any function ¢ (not necessarily sat-
isfying the wave equation), if we write out the spherical harmonic decomposition

0 = X720 00, KX () >0,
Moreover, one has

((9r*¢l)2 ¢12 ) dA C KXI»WX[ dA
/Sz <(1+Ir*l)2(1—u)+(1+|r*|)4(1_ﬂ) = /Sz (1)
(10)

228 r0)) @oe. ©)
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for [ > 1, where C can be picked to be independent of /, and
Oy )*
[ [ K aa
SR e

Moreover for this choice of X;, the boundary terms are also controllable as shown
in (L1):

/K%“’ cwm<c/jT ) nft dVoly,

Remark 2 We note that although KX () is shown to be nonnegative every-
where, it has a weight in front of |X7¢|2 that degenerates at r = 3M. Therefore,
we cannot directly estimate the integral of |V¢|> by that of

KX (¢). Instead, we will consider the equation [, (£2¢) = 0 and estimate the

relevant quantities with [ KX (Q2¢)dVol. This loss of derivative is related to
the trapping phenomenon that we mentioned in Sect.

In Sect. 3] we will construct two more vector fields of this form. One will be a
modified X to control a weighted L?-norm of the zeroth spherical harmonic and
the other will be used to control the behavior at infinity.

3.4 Vector
Field Multiplier Z

Define Z = 4?9, + v*d,. This is the analogue of the conformal vector field in
Minkowski spacetime. Like the case in Minkowski spacetime, it is used to show
decay for the solution to the wave equation. One computes that

(L ot - 1207 (1—p) e
7 ol (3 + A0 - COZB) UM g,

We consider the modified current using w? = M Then

d —1|Vo|? < +,u7r _ (1_“)) — lgngqﬂ

g
=
!

4r 2r 8

()t 1)

fﬁ’wznf=4\/1l-ﬁ<“2<au¢>2 2(@0)*+ (1= ) (2 +17) P
+%;‘1)¢3t¢ — r*(lru)¢2> .

where n!' is the normal to a ¢-slice.
It is shown in (LI) that there exist r},r5 such that for r* <rj or r*>r,

K% >0,
VA
Moreover, it is shown that | Jﬁ’w nt'dVol, is everywhere non-negative.
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More specifically, if we define S = ud, +vd, and § = —ud, +va,,

/ T2l dvol,

« 2
:/8\/%7“ (ﬂ ((59)°+(89)) +(1—p) ((S¢+rr¢> +(5¢+;¢)2>
+2(1— ) (u? +v*) |V |*) dVol,.

3.5 Vector
Field Multipliers Y’,Y and N

Define Y’/ = %&, + y2 (r*) d,, where y;,y, > 0 are supported in r < (1.2) rp,

with y; = 1,y = 0 at the event horizon and y| (r*) ~ y, (r*) ~ C(1—pu) for
2M <r <ry.

Here we want to choose rg small enough so that
1. Y’is supported on r < 3M (i.e., (1.2) ry < 3M),
2. KY(¢)>00n2M <r<r,

3. CK"(9) 2 i ()1 cpny on 2M <7< ro.

The vector field Y’ is designed to capture the red-shift effect at the event horizon

(11). Using the current JY ", we will not only produce estimates on constant z-
slices, but also on constant v-slices. We will, therefore, record here all the relevant

computations.
We have
v_ (09 o\ @) s
K —Z(I_W( / 1)+2(1_u)yz+2|w|
Vi 02(-p) 1y
x(lu ) - (e ) awae.

IOy = 571 (12 Q0P+ (1= 3alF ).
1

I—u

Y/
JH (¢)n?t:const.} = 2yT—u

X (ly_lu (3u9)> + 72 (3,9)* + (1 + (1 — ) y2) |V¢|2)~

From this we see that if 7 is chosen to be close enough to 2M, requirements 2 and
3 can be satisfied.

We modify this vector field so that it has better bounds on constant
t- slices.

Define Y =Y'+ (r) T, where ¥ (r) is a cutoff function with x (r) = {

1r<r
0r>(12)ry"
Y has the following properties:

1. Y issupported on r < (1.2) rg,
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2. K¥= KYonr<r0,
3. CKY(9) = A

On the region 2M < r < ry, we have
Y
‘] (¢) {L—const }

s (2 +4) @+ (- 0s P

O, iy = = (125 3 ) @u0P
+ (a4 3) @07 + 01+ (1= 02+ D) RO )

(q))n“f on2M < r <ry.

{v=const.}

We argue without computation that for ro < r < (1.2)ro,

K| <C

1
\/7‘]5 (¢)nI{Ll:const.}’
Jli ((l))l’l{v comt} - CJT ((p) {v const. }’

JZ ((P) {f const.} — CJ ((P) {t const. }

This is true because J}; () nk

{t=const.} controls every derivative of ¢ while the terms

inJ} (9) nl{Lv:const.} and JZ/ (¢)n’{1 i—const} CONtain only derivatives d, and ¥. Thus

the only difference is the weights, which are functions of r and are harmless since
r is bounded on this region. Extend Y to inside the black hole smoothly by the
requirement that N is future directed and causal.

Define N =T +Y for r > 2M. N is future directed and causal everywhere,

thus JN (¢) nf{l —const} > 0. Away from the horizon, namely when r > 1.2r07.lﬁ’ (9) nl:{ltzconst.} =

Ty (¢) M —const. } However, as we approach the horizon, J;) (¢) n? r—const.} ~ /) 1 (9) n? 1—const.}
and thus JN (q)) M —const.} gives a much stronger bound. We assume for our energy

classes that the integral of Jﬁ’ (q))n’;t:mnst'} is bounded initially and this clearly

implies the boundedness for the corresponding integrals for J7 and JY initially.
The flux corresponding to JV should be thought of as a nondegenerate energy,
which does not degenerate at the event horizon. This allows us to prove decay
results along the event horizon.

Before introducing the vector field commutator S, we end this part on vector
field multipliers by explicitly noting what each of the positive quantities bounds.
Most of these are direct consequences of the expressions of the currents, except

that for JZ**, which requires some manipulation and is proved in (L1).
Proposition 3 1. \/1177 ((8*¢)2 (a ¢)2 +(1—p )W¢|2) <CJT ((P)n“
2. [Sle ﬂl_—u (u2((9u¢)2 2(0,9)* 4+ (1 —p) (> +v?) |Vo|? )dVol, <
C I f i (0)nt Vol
N 24 g2 o g
30 [ e g (- ) P50 avol, <C 7 i (9) nitavol,
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0,
b S A < Clp LK (9)aa

50 e %M <CJo X K5 (Q9)dA

3.6 Vector
Field Commutator S

Define S = td, + r* 0y = vo, +uod,.

This vector field, together with the usual Killing fields, will be commuted with
Og. We note that the vector field 7d; + rd, is conformally Killing on Minkowski
with [O,,,19, + rd,] = 200,,. Therefore, the commutator [[J,,S] is expected to
approach 2[], towards spatial infinity, where the spacetime approaches Minkowski.

We set y = S¢ and derive an equation for y.

Proposition4 1. [(0,,8] = (2+”T#>Dg " %(é_l—zr:“>ar* n
* 3%
2((5-1)-%4)a
2 0 = @()o0 + 2078, where g1 ()], )
(logr)
{ |;| rizﬂ%[M (logr), = max{logr,1}.

Remark 3 Equivalently, we write |g; ()|, |g2(r’*)| ~ (1+‘r*|r>3(1°gr)+ .

Proof
(=) 9 = 20 40 (1)

_ r*
20w - s

(=)' a2.s| =201-w) ' 2 ~ra-(1-p) ' 32

- # 2
=2(1—-p) ' 2 +——"-02,
{zaﬁ’g} _ gw_,_Mw
r r I
_ i&,* 4 (Mz_“) _ 2) oy,
r 14 r
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4 Estimates
for ¢

The following has been proved in (11) and is collected for later use.
Theorem 5 (Dafermos—Rodnianski).

I (9)ni; dVol,, = [T (¢)niy dVoly,
JE K5 (9)dVol < C [T (¢) nf:dVol,,,
% (9)nf dVol,. < CEo(9),

1%, T (@) dVol, < CEo(0)12,

s

Ix

2
L

5. IS L KX (9)dVol < CEy (9) 172, where ty <1, < (1.1)1.

The following Hardy type inequality is also proved in (11) and will be used
throughout this paper.
Lemma 6

[ )92 (1= avol, <€ [ (3000 (1- w)~F avol,,.

Remark 4 This can be written equivalently in local coordinates as

oo 2 oo
//Lzrszdr*gc/ /(8r*¢)2r2dAdr*.
- Je (1)) Jonls

We construct a vector field X to control the spacetime integral of ¢? itself.
Proposition 7

2
/ (lfwtd"ol < [ Jf (@) avol,,.

Proof We first notice that we already have control of a weighted L?-norm of the
non-zeroth spherical harmonics. This is because by (I0),

¢12 dA<cC .Kthxl dA
Ty S
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for [ > 1. This together with Theorem 5.2 would give

/ o dVol < C / JT (¢)ndVol,
(L[ )* (1 —p) B g oo

for I > 1. So it suffices to consider the zeroth spherical harmonic.

. “ 3
Define Xo = fy0y+, with fo (r*) = fo (r) = — (1%—2) = S
Suppose we act with Xy on the zeroth spherical harmonic of ¢y.

Using (),

HS P

£3,r*) (9 90)?

e (gy) = SOV EL D (2530

)fo(”*)

r

I—u
1 1 /1 (o x 4 /] (% /(o
(e e+ S
2
G- n0) )6

N AGICE N ( 1
N 1—u 4\1—pn

G- n () ) 6
1

4
B+ 210+ 5 A0

Jﬁo’wxo (¢o)nt' = me(r*)at¢Oar*¢0
L2

ﬁuiy@%mm

where we have used ¥¢p = 0.

We would have to show first that KXOvWXO (¢o) > 0 and controls ¢2, and second

wXo (

that Jifo' @o)n* is controllable by J, g (¢o) n*. We first compute the derivatives
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of fo:

07 = (1= ) e fo (r)
_ (- o
(1+4u=2)
A0 = (- atn e Mg g
el 16r 2ur wrr(l—p)
(1=4) < u(1+4u—2)3+(1+4u—2>2>+(1+4u—2)2

3u(1—p)? 2(1- 2u(1—p)?
f(/)//(r*):(l_u)3a§f0+ :u< - u) ar2f0+“ (r2 .u')arfo_ :u(rz [J)

384 48 3u(1—pu)?
:(l_u)3 724_ 3 + :u( ,LL)
p3(1+4p72)"  p(l+4u2) 4

S . I +u2(1fu)(3u;2)'
p(1+4u=2)"  (1+4u2) (1+4p-2)

arf()

A computation shows that

1 111 4 /! I'L / 2’""’
T B Ry
ufo + rfo + rsz 3 (3—4u)fo

u6(192+y(128+u(—784+u(464+u(—28+u(52+u(—3+4u)))))))_

4(4+4p2)t

We need to show that 192+ 11 (1284 p(—784 + (4644 pu(—28+ u (524 pu (-3
4p)))))) = 0forO<p <1.

Case 1 “ <u<l

192+128[.L 784/1 +464u3 = 16(—12 — 20 +29u?)(u —1) > 0.
52 —3u +4u? reaches its minimum at 3 . Hence, 52 —3u +4u? > 5
—28 4 p(52 —3u +4u?) > 28+§381263 >0.

823
T

Case20<u< ”

464 —28u + 263 ,uz has negative discriminant, hence > 0.
Also, for this range of p,192 4+ 128u — 784u? > 0.
Therefore, KX0"° (9y) > 0. Moreover, 9¢ < CKX0™" (¢y).
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It now remains only to control the boundary terms. Using Lemma [6] and
Cauchy—Schwarz,

/ X070 (40) nt dVol,
:(/ ﬁfO(r*)at(POar*q)O

+2\/%7ﬂ (fé () + Mfo (r*)> (9:¢0) 9o dVoly,

1 2 2 1 2
<c| = <(‘9f"’°) + (o) +(1+|r*|)2¢0> ol
((30)* + (9 90)?) dVoly,

1
<C || ———
- /«/71—
<C / T4, (90) njy dVoly,.

We would like to construct a vector field X = £ (r*) d,+ so as to improve the
weights in r of the spacetime integral that can be controlled. More precisely, we
have the following:

Proposition 8

///2 (2 00> + 09 )dVo1<c/1T )t dVol,,,

Iy S
1y
/ / / r—‘|)z7¢\2dVolgcz/J[ (Q"q& n! dvol,,
1) 1 s? k=0

1
for0 <6 < 5.
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Remark 5 The loss of derivative above is unnecessary because we are considering
only a subregion of {r* > 0}. One can construct yet another variant of the vector
field X to achieve the above estimate without any loss of derivatives. However,
since this would not improve the regularity in our final result, it is not pursued
here.

Proof Let X = f(r*)d,, where f = x(r*)(1 — m) and ¥ is a cutoff function
satisfying
_JOo <1
=11 7 >max{100,100M} -
We recall (9):

it o) = N0, |7<7¢|2<2 SGE

= )
_% (l_l“f/l/( )+ f//( ) %f"/(r*)
2 G- ) o
B (@l = ) 2090
= (70 22760 ) @0,

Since we already have control of the spacetime integrals on a compact set

using Theorem 5 and Proposition we only have to show that KX (¢) > 0 for
r* > max{100, 100M}. For r* > max{100,100M }, we have

s *\ 5
ey O0(1+9)

am ey 0(148)(246)
f (r ) - (1_’_r*)3+5 ’

Clearly, the coefficient of (9,-¢)* and |V |? in K5 (¢) is positive for r* >
max {100, 100M}. We now study the coefficient of ¢ in KX (¢) for r* > max{100, 100M }:

L i ﬁ"// E ”/_27“’ _ rd
_#f R ¥ A S CE N

1
1 8(14+8)(2+8)  48(1+9) 2MS
=g (4P r(14r)? 214!
12M 32M? 2
- + 5= 5 (3-4n)

;’3(l+r*)'S r5(l+r*) r3
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- 36(1+6)(2+9) _ 48(1+9) 2MS
a 2(1+r*)3+5 r(l+r*)2+8 r2(1+r*)1+5
12M 32M?

5+ )
r3(1+r%) r(1+r%)
6(1+496) (35 > M < 32>
< T (D) s (26124
r(l—l—r*)2+5 2 r3(1+r) 100
< 0.

Hence K5 (¢) > 0 for r* > max{100,100M}.

Moreover, on this region of r*, <r‘1_5 (8,*¢)2+r_3_5¢2+r‘1|X7¢|2> <
KX (9). R

Finally, we have [ J ' ((p)n“dVolt < CJT (¢)n*dVol; using LemmaHand

Cauchy-Schwarz exactly as in Proposition[7]

Remark 6 The weights in the Proposition are the same as those for
Minkowski space. Since Schwarzschild is asymptotically flat, they are the expected
weights.

Corollary 9 In local coordinates, Theorem 5, Propositions [1| and [8 imply via
Proposition 3| the following bounds:

Lo [ 7= ((06) +(9)* + (1 = w)|¥o|*) dVol,, < C [ I (¢)nf;dVoly,

2 [ (2<a 9)2+v2 (9,9)> + (1 - >|>V¢|2) dVol;, < CEy(9).
3. I\F e ¢2dV01z*<CE0(¢)
ar*q)) r -2
4. fzé R “)4_(1“ |)4dV01<CE0(¢)t1 , where t) <t <(1.1)1,
5. f2 ¢dVol < CZII{ZOEO (_qu))tl_2, where 1) <t <(1.1)1

(1) (1-p)

5 Estimates
for v

In this section, we would like to imitate (11) and prove an analogue of Theorem
5. For technical reasons, however, we will need to lose an arbitrarily small power
of .

Theorem 10 1. [J[ (y)n; dVol,, <C ([JL (y)nydVol,, +E (9)),

2. JI( )n,*dVol,*<Ct8E1 (),
3. S emesy i (W) ntdvol,, < CE; (¢)1;2+9,

r
4. o f_z%):,KXI’WX‘ (w)dVol < CE; (9)1; 210 where 1, <1, < (1.1)1,

The general strategy is as follows. We follow the argument in (11) but now
in the conservation law for each of the vector fields, there is an extra error term
which is a spacetime integral that looks like f,’* VHo, w,wdVol (as well as an

extra term — 7 wy/D . wdVol for the modified currents). Very often, we need to
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show that this integral decays (or does not grow) with ¢, thus we need to “pro-
duce” some decay in . We do this by splitting the domain of integration into three
regions and estimating them separately:

For the region {% < r* <eo}, we use the fact that (J, y contains negative powers
of r*, (which is a consequence of the asymptotic flatness of Schwarzschild).
In this region, negative powers of r* can be estimated by negative powers of
t.

For the region {—% <rt < %}, we note that we have decay in the spacetime
integral of ¢ for each dyadic slab by Corollary 9.4 and 9.5. We, therefore, esti-
mate the integral on this region by that of KX (¢). Here, it is essential that we
use the improved X estimates given by Proposition [§]

For the region {—oo < r* < —%}, we make use of the fact that there is an

1
extra factor of (1 — )2 in the spacetime volume form compared to the vol-
ume form on a time-slice (see Sect. [1.3)). From the definition of r*, we have

* L . .
(1—p) < Ce, thus the factor of (1—pu)2 gives exponential decay in r*,
which translates to exponential decay in ¢ in this region. Therefore, on this
region, we first estimate on each time slice, and then carry out the integration
int.

Since we will often perform integration dyadically, we first set up the notation. We
define a dyadic partition of [ry,z,.] by to <#; < --- <t, =t,, where f; < (1.1);_;
and 7 is the minimal integer such that this can be done. In particular, log (¢, —fy) ~
n.

We begin with the T estimate.
Proposition 11

. . 2
/Jﬁ (y)nt dVol,, < C/Jg (w)nfydVol, +C Y Eo (_Qk¢) .
k=0

Proof The conservation law gives

/ T (y)ny, dVol,, = / T (w) nyy dVol, + / oy, ydVol.

We split the error term into three parts and estimate them separately.
By Corollary 9.1,

1
rco 1y roo 2
/, dryO,ydVol| < C ( / / 2]5(1//)11de01,>
5 o —o0 J§
2 :

X (/W/S(loif)i (297> + 720 dVolt> dr
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1
o 2
< C sup (/ / Jﬁ (y)n}' dVol,)
to<t<ty —o0 JS2
1 oo
(X / T (2% ) nly avol,,
k=07 /S
< C sup (/ /JT dVoll>
to<t<tx
1 oo
(X / I (@%) nly avol,,
k=0 /S

=

(S

For the middle region, we observe that by Corollaries 9.4 and 9.5,

%
’/ r d,ygydVol
-2

1
1 o 2
<cC (/ /Jﬁ(ly)nf‘dVolt>
) —o0 JS2
(I+[) 10gr) (1-p)
LL
<C sup < / dVol,)
to<t<t, ,w,gz

1

((8,*(;)) +|)m¢\2) dVolt> 2 dr

3
2

1
2 n—1

<X Z/:”' (/ Y RN (@%) (1 dVol,)zdt

k=0i=0 "1
<C sup (/ /JT dVol,)
[o<[<t*
2

x g 1(/}"”/_21{"!”’ .Q(l))dVol)
(/ / L (y)n! dVolt) (Z Ey (.Q q)))
SCZOS;:E,*< /]T dVol,>2 (;Eo (_Qk(p))%

<C sup

1 <t<tx

Nl—=
P
L
N.““‘
D=
N———
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By Corollary 9.1,

= 2
<C ( / / Ty (q/)nf‘d\/ol,>
) —o0 SZ
o 3 )
(/ / (1P (- (007 +)m¢|2)de1,> dr
<C sup (/ /JT dVol,) (Z/ JT dVol,)
to<t<t, S?
1y
x/ e dt
fo
T L[ T ( kv i
<C su / /J dVol) / /J Q n; dVol
lo§t21*< ' 1;) —o0 JS2 ”( ‘l’) ' '

These together show that

/ T (w)ni. dVol,,

, !
2 (2 2
< / Jl(w)nfédVolzﬁCtoggt (/ J[(w)nt“dVolt> (;0150(9%)) ,

which implies the proposition with the following lemma, taking 4 () = 0 and
hy (t) = Yi_oEo (2%9).

Lemma 12 Suppose f (t) is continuous, h (t), hy (t) are increasing and we have

’/_ dwlywdvol

BI—

BI—

flr)<c (f(to)+h1 (t)+ sup £()2h W),

10 <t<tx

forallt, > ty.
Then

f(t) SC(f(to) + I (t:) +ha (22)) .-
Proof Suppose sup, -, f () is achieved by f (7) for some #) <7 < .. Then
FO<C(fl)+m @)+f O h(D)?).
hy (t),h, (t) increasing implies,
FO <C(f )+ 1)+ (7)2 b2 (1)?)
Using Cauchy-Schwarz and subtracting % £ (f) from both sides,

@) <C(f () + I () + 2 (8)) -
Clearly, f (t.) < sup, <, f (¢) = f (7). Hence we have the lemma.
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We then derive an X estimate. Here unlike in the case for ¢, in which the X
estimate was used to improve the already known estimate from X;, we need to
consider both of them at the same time.

Proposition 13

1y ~ ¥
RS 1 B R ) vl
fo

<c ( / JE (y)nt* dvol,, + / J7 (y)nt dVollO) +Cig2to ZE (Q ¢)

Remark 7 The reader may ask why this Proposition gives decay for the error term
while the statement of Proposition [IT|does not. In fact, the proof of Proposition
is sufficient to show that the error term decays. However, we do not pursue this as
it is unnecessary for later use.

Proof Decompose ¥ =Y ; y; into spherical harmonics.
Since Schwarzschild spacetimes are spherically symmetric, oy = g1 (")

0 91+ () ¥ (29)).
Notice that kX" (y) is not everywhere positive. It is identically zero for

r* <1 and as we have shown in the proof of Proposition KX w¥ >0 for r* >
max{100,100M}. On the remaining (not necessarily positive) region 1 < r* <

max{100, 100M}, we have |[KX* (y;)| < CK¥¥ (). (Notice that we have
avoided the region around r = 3M where this inequality is potentially problem-
atic.)

In particular, applying Proposition [2|for the vector field X, we have

/\K“X () |dVol+/KX1’WX’ (w1) dVol
< /KXWX (y1) dVol + (C + 1)/1<X17WXI (y1) dVol
_ / T (g n dvol,, — / T (gt dVol,
+(C+1) ( / (i) i dVol,, — / l//,)nfé dVol,o>
%/ (f’+2(1r_“)f> WIDV’ldVOI*/Q;ar*WI)DWldVOI
(C+1)( /(fz 2= )fl) WIDWldVOI_/(ﬁar*Wl)D‘/fldVOI)
<c( / JT ()i dVol, + / JT (y) nt dVol,,

+/| (r 'y +9-w) Dq/,|dVol> )
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We split the last term into three integrals and estimate them separately.
By Theorem 5.2,

Ty 00
/ / / (7 g+ 0 y1) Oy | dVol
) % SZ
£ o0
. 14 N 18
<c [, Lo E toan, (7wl er o)

x (7273 (19,01 +[¥29]) ) dvol

_14.9 T
gc;o'ﬂ(//t 2|KXWX )|dVol>
S

2

x (,(Zl‘a/zot /;/S2|K’?’WY (qusl) |dV01>
<oyt </, / S2|KXWX )|dVol>
x (;/t: /:, 3 KX (Q’%p,) |dVol)

I
<L) LK wavel
o )
1 (o)
Ci? Y / T5 (@40r) it avol,,
k=07 == /8

By Theorem 5.5,
_— B
/ / / | (r~ 'y + 9 y) Oy dVol
1o —% S2

eorh 38 18
L L et
1) 7% SZ

x (17573 (19001 + [v29)) ) avol

Nl

Bl—=

1

</tt* /,, /§2 |KX WX wi) |+ KX (g )) dVo]) 2
’ (kié/tot /—é' /sz K (24) |dVol> |

1
Z/,/ /sz KXWX |+KXIWX’(W,))dVol

—i—CZ Zz;ZEO (.Q"(p,)

i=0 k=0
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1 1 o X'"w)? X[’WXI
= 4 Jiy /ﬂo/gz <|K (W) |+K (Wz)) dVol
1
+C1y2 Y Eo (Qk¢,) .
k=0

By Theorem 5.1, Proposition[IT]and Lemma 6}

te —%
/ / / | (r~"wi+ 9 ) Oy | dVol
to —o0 Sz

=% .
Sc/,o /_m /Sz|’ (1] + 19 wil) (|0 91| + [W€2¢4]) dVol

1
19 00 1 2
<C / — W+ (0ey)? | dAdr
o ( w<(1+|r*’)2% ( llll) ) >
1
2

x ( [ - (@00 (- ) [720F) dAdr*) i

—oo

1
oty ) bl
<C (/ (ar*lm)szdr*> 2

fp
1
2

([ (@ror - wivaap) arar) e a

1
00 b
<C sup (/ Jg(l//l)nfl dVolt)

10 <t<ty
1

2 (o) 7
x (Z / 7 (2%r) n{“‘dVolt()) e~ ¥l
k=07 "%

2
< C/Jg (wi)nfy dVoly, +Ct; 2 Y Eo (Qk¢l) ;
k=0
Subtract the terms with K from both sides and get

I I
JIERE () 4 K5 () avl
fo

2
<C </J§ (yi)nf dVol,*—i—/Jﬁ (wi)nyy dVoltO> +C1y 0 Y Ey (Qk¢1) '
k=0

Sum over / > 0 to get the Proposition.

We localize the estimates in the above Proposition to obtain decay as in (L1).
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Proposition 14 Lettg <1 < (1.1)1,

[ ) [+ L () dvel

ri|+|r5| < 9. Then

l
2 1
<c(w? [Hwnkavol, +570 Y ¥ B (372%) ).
k=0m=0

where & = {1y <t <rn,—
ry+(t—1)}.

<r<SlorZ={n<t<t,r;—(n—1t)<r <

1l <1 - _ .
Proof Letx—{o m S 1q-Onr=ro,let§=yx (m) 0, 6=y (m) %0

and solve for Dg(ﬁ =0 fort > 1.
Following (11}, we have

0.715[0 1 ) , .
dVol, < / 72 (6)n" dVol..
/70.71510 m(l) o = I3 (¢) 10 to

This is true because of Propositions 3.2, 3.3 and an elementary one-dimensional
estimate:

/j;|f(x) ?dx < Ca? (/ilaxf (x) 2*/11 e 'zdx) ’

fora > 1E]
Using this, we can estimate the current of ¢:

/ Ty, (@) nly dVoly,

e ,
< J n, dVol,, + Ct;, /
/4).715@ u (9)my dVoly, +Cto —07150 VT —

0.715t 1
¢>dVol,,

<Cty? / i (9) nfy dVol,,.
Similarly,
/ T (Q@) nly dVol,, < Cty / T (2¢) nj dVoly,.

Define ¥ = S¢. By Proposition|[13]

L

2
<C (/J,{ (lf/)nl‘f dVol;, —I—/JZ () nﬁé dVolt()) +Ct()_2+5 Z E (Qk¢) .
k=0

K5 ()| + L K5 (1) avol
1

2 One can prove this one-dimensional estimate by first considering g = 0 on [—%, %} and the
trivial bound [“, |g (x) |dx < Ca [*,|d.g (x) |dx. Then one sets g (x) = f (x)* and use Cauchy—
Schwarz to get [, |f (x)|?dx < Ca® [, |0xf (x) |*dx.. Finally, one cuts off f (x) to be identically

: 11
zeroin [—5, 5].
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The left-hand side equals [, |KXWX ()| + X, KX wi (y;)dVol by finite speed
of propagation. [ JI () nj dVol;, can be estimated in a similar way as [ J}, (@) nj dVol;,.
More specifically, we claim that

/ JT () dVol,, < Cry2 ( / JZ ()t dVol,, + Eq (¢)> .

To see this, we first note that

o r* + r* , r* ¢
V=2 0656 ) Y T 0.6515% \0.655 )

Also note that on the support of l[/, < C. Therefore,

/ T () njy dVol,,
07150 " 0715 |
< J n* dvol,, +Ct; 2 dVol
- /_0 7150 F (W), 10 O oz /T — W ‘o
0715t0 5 0.715¢1 1 5
C/ )n K avol, + Ct; / dVol
0. 7151(J ‘0 00 oq15 VT — ¢ 0

<ct? ( / Tt () gy dVoly, + / VACIE dVol,0>
< Ci5 ( / JZ(y)nl dVol,, + Eo (¢))

We would now want to control [ Jg (§ )nt1 dVol;,. Using the conservation law for
T and an integration by parts in 7,

/ Ty () g, dVol,,
/ Ty, (§) njydVol,, — / 0y, yrdVol
= / Ty (W) iy dVolyy + | [ O, (9, %) dVol | +

/1 — pdVoly,

+ /wmglpm—udv()l,l .
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We first estimate the spacetime error term in this expression. Using Proposition
and 8,

/ng(a,np) dVol| < /|17/Dg (S(9))] dVol+/|l/7Dg (9:9)| dVol

<c [ 41 15.85] |7 (229)]) dvo

,1_gv~,z 2
<c /r574 dvol
(L4 [r*])

] /<1+|r*>6((atar*<5)2+|x7(ﬂa,q3>|2) o)

5
rte

1

2
KX’ (W) dVol)

<crp (/’KXWX
1

X (g/’ﬂ»wx (a,g"(ﬁ) ’ +;KXI=WX’ (a,gkqﬁ,) dVol>

3
<Cty ( / Ty () my, dVol,, + / Ty () nyy dVol,,

1
2 2 2
+1,210 Y B <.Q"¢3)> x (Z/Jg (22%9) nngolt())
k=0 k=0
1 T /oy M ~ —2+08 2 k gz
< Z/JH ()t dVoltl—i—C/JZ(l//)nf(‘)dVol,o+Ct0 + ];)Eo (Q ¢)

5 e ( / dVolt())

Ji (W) nj; dVol,, +C / J5 (W) nly dVoly,

2

u

: /
< —
=34

12 }
Ct62+5 Z ZEO (a,m-Qk(P)
m=0k=0

where at the third to last step we again used Proposition [I3]
We estimate the boundary terms using Lemma [6]and Corollary 9.1

| / P9/ — dvol,,
<C/ 1+ logr) \/1—,u|1/7|(\8,*(]3|+|X752¢3\)d\/01,0

1

<c</<1+|r*|>2 W10t v,
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(f (6 )+|VQ¢)FdVolto)

gc/Jﬁ(np)ng dVolt0+C/(J§ (0) +J4 (29)) niy dVol,,.

The term for ¢ = #; is done analogously, but with a more careful choice of con-
stant.

‘ / WO, ¥/ — dvol,,

<C [ (+1)r Gogr), /T= IV (1081 + [¥26]) aVol,

*\—2 72 - %
<c /(l+|r|) 92 (1— )% dvol,

><</<( 6)>+ V| )Fd\/olll)

1 _

< Z/]ﬁ(l//)n,l dVvol,, +C/ (9) +7; (29)) ni; dVol,,
1 5)

=3 / Ty (W) nly dVol,, +C / (§) +J (€2)) nfy dVol,,.

Combining these estimates and subtracting % S Jﬁ () n# dVol;, on both sides, we
get

/ Ty () g, dVol,,

< Ct? [T (wynf avol, + €y >0 y ZE (om2"5).

m=0k=

It remains to control ¥, Y7 Eo (2%9/"9).

1 2 -
Z ZEO (&tm9k¢>
m=0k=0
0.715¢) 5
<o (L L ratan s 3 S (rao) v

0 m=0k=0
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1

<C/O715to (Z ZJN (8"’!2 ¢> ”to+ 21: i]ﬁ (amQ ¢> >dV01{; fo}

0.715t0 \ ;n=0 k=0 m=0£k=0

1 4

+Ciy /Omm < l (amg q)) +Y Y2 (a,m9k¢>2> P dAdr

07150 \ m=0k= m=0k=0

<cZ ZEQ<8mQ 0).

m=0k=

After establishing the X estimates, we turn to the Z estimates for y.
Proposition 15

/ T (wyn dvol,,

Zwe T X, 7WXI
<C [ I (w)nydVol, +C Z tZK ! dVol

1

+C (/to /é (2+28 (|KXWX (WH"‘;KX]’WXI (W1)> dVol) 2

(Z Y E (am.o ¢)> +crd ZEO (qu))

m=0k=

Proof By Proposition [2|applied to the vector field Z,

WZ
/ I (w)nf dVoly_,,,
_ / T () nf dVoly_y ) + / K% () dVol — / #Dgdeol

+ / (u28ul//—|— vzd,l,l/) O, wdVol.

. . Z .
As remarked before, there exists 7,75 with 7{ < r3 such that K**” (y) is non-
positive for r* < rj or r* > r;. Therefore,
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/ K2 (y) dVol < / K2 (yr) dVol

*
.rl

te [T
< c/ /zr(w2+|)7w\2) dvol
fo *

L
1 te  [Th
< CZ/ /zzZKXI-WX’ (2*wi) avol
k=07% Jri 7

For the first error term, we again estimate by looking at three separate regions.
By Proposition 3.3 and Corollary 9.1,

1y
/ / s (1 WDgu/dVol
i) 5
1
<c l*(/m/ PR )dAdr*>2
0 \J3 J$ rzl’/ g
1
= [ (logr)} 2 2\ 2 e
1 1
V4 2 1 2
<C sup (/Jﬁ’w (w)n,“dVolt> (Z/JZ (Qk¢) n,‘(‘)dVol{,_,O}>
to<t<ty k=0
s 5
></ 1T dr
fo
1
8 2 1
<Ct? osup </J§=WZ(V,)n¢‘de1,> (ZEO (Qk¢)>
t0<t<ty k=0
By Proposition 3.3, Corollary 9.4 and Corollary 9.5,
te 5ot
/ / u/D wdVol
1o
1
[ </2/ )
v (11— ;
= Uy Je r2‘lf u
s (L)) ogn? (1 - p)? '
7 + |r* ogr —u .
([ L. RO (9,07 +1920P) Aarar )
/=3
" Zw? u %
<C sup /JH’ (y)n; dVol,
10 <t<tx
0 }
ogr)i
/ (//S2 2 (9 9)* + [7Q9P) (1 - )dAdr) dt
1
2
<C sup </Jﬁ’wz(l//) nt dVol,)
to<t<t,

1
2

dt



42 Jonathan Luk

1

X Zz (/;l“/r logr -0)2+ (V20 [2) (1 — ) dAdr* dt>

1 1

2 (n=12 2

<C sup (/Jﬁ’wz(l//)nt“dVolt> (Z Y 1 2, (th))
fo<t<ti \* [

i=0 k=0

, (2 :
<C sup (/Jﬁ’w (w)nﬁ‘d\/ol,> Y E (qu))
to<t<tx k=0

By Proposition 3.3 and Corollary 9.1 and using the fact that (1 — ) < Ce®"",

/ /77” 1_my/Dgdeol
fo

(//S SV )dAdr)i |

(/ /gz 8r*q) +(1—p)[y2o| ) 2(1—p)dAdr >2 dr

1

1
2 ti 1 . 2
<C sup </JZw dVol,) / e (Z/]ﬁ(!)kq))nfl dVolt> dt
to<t<ts fo k=0

. P ?
<C sup (/Jf’w (yf)n,“dvolt> <ZE0 (qu)))
o <1<ty k=0

The estimation of the second error term is slightly more involved because there
is a factor of 12 in the integrand. In particular, even near spacelike infinity, one
needs to use estimates for the spacetime integral for ¢. We intend to estimate
this term separately in three regions as above. However, for technical reasons, we
will divide the regions slightly differently. Divide as usual the interval into fy <
f1 <--- <t, =t,. We then set the three regions to be U;':_Ol {t; <t <tiy1,r* > ’5'},
~1 4 t -1 ;
Uitg {ti <t <tiy1,—3 <r <33 U {ti <t <tiy1,r" < =3
In the region U;’;Ol {t; <t <tip1,r* > 4}, we estimate one power of ¢ by that

in JZ* (¢) and the other is canceled with the decay in r. To achieve this we use
Proposition 3.3, Theorem 5.1, 5.2 and Proposition@

n—1 o, )
Z/t B %i («*duy +v*9,y) Oy dVol
=)

1

n—1 fivl - 2
- Ci:Z(’) ti (/tzl /S2 <u2 (aulll)z +V2 (8\/‘”)2) rszdr*)

1

x (/m/s (lofzr)i (297 +Ive20P2) rszdr*> -
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1

Z.,wZ u 2

<C sup Ju* (y)ny dVol;
10 <t<tx

1

y :i;/timl (/;/SZ (10%2”)3. (@r*(]))z_'_wgmz) rszdr*>2 d

1

2
<C sup (/Jﬁ’wz (y)nt dVolt>

f0<t<tx

n—l 1 iy pe 1
2 B 2 2\ .2 *
x <i):oti /t /2 L - ((0-9) +[720[) P dadr dt)

1
2
<C sup ( / Jﬁ’wz (y)nt dVolt>

to<t<ty

(i 1 2 2\ 2 x
< (Y 171 / / / — (@9 +I720) Paadr ar
i=0 Ji S U g

1
3
<C sup ( / Jﬁ’wz (y)nt dVolt>

1o<t<t,

n—1 s %
x (Ztiz (/J,{(¢)n;jd\/o1,i+/1,5 (¢)ny,, dVoltHl) >

1 1
2 7 [n—1 5
<C sup (/Jﬁ’wz (y)nf' dVolt> (/Jg () dV01,0> ( ti2>
fo<t<ty i=0

1

1
S 2 2
<ci sup ( / Jﬁswz(w)m“dVol,) ( / g (¢)nngol,0> .

t0<t<tx«

[T

2

For the region ') {r <t < tiy1,—% < r* <1}, we first rewrite into (¢,r")-
coordinates and then perform an integration by parts in 7. It is to avoid extra
boundary terms during this integration by parts that we have divided our regions
differently from before. The reason that we perform this integration by parts is
that instead of a spacetime integral term with d, ¥, we would prefer a term with y,

which can then be controlled by the integral of |KX*" | + ¥, KX

n—1 o, i
Z/ “/f_ («*uy +v*9,y) OgydVol
i=0 /1 7

n—1 ot 1
SCZ/ ' /2 /2 |7 O e p|r? (1 — p) dAdr* dr
i=0 1 -3 JS

n=l rti [7’ 2 .
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n—1 ot i
SCZ/ ' /2 /2 |7 O ey |r? (1 — ) dAdr* dr
=0/t J=3J8
n=l iy 4 5 )
*CZ/ / /SJ [w, () [~ (1 — ) dAdr™ dr
i=0 71 -3
n=l iy 4 )
+CZ/ / /ZIIWDgWIr (1—p)dAdrde
)i Joils
+CZ/ 2 lyOey|y/1— pdvol,
— 7
+CZ/,,. ?|yO,y|y/T— pdvol,,,
=077
te L
=¢ /2 /z'tr*af*‘/’Dg‘l’Vz(l—H)dAdr*dt
nn J-5JS
te L
¢ /2 / 2|y (dy) [ (1 — ) dAdr* di
o - —%.SQ
te b
+C/ /2 / tlwOew]r? (1 —p) dAdr*dr
1n J—5JS?
+CZ/2,,. 2|y, w|\/1—pdvol,,.
=0/~ 72

We now group this into three parts: first, the spacetime term that grows like #7;
second, the spacetime terms that grow like ¢; and finally, the boundary terms.
By Proposition [7] [8] Proposition 3.4, 3.5, Theorem 5.1 and 5.2,

/t/"/tWD (Qrw) [r? (1 — ) dAdr* dr

t

/? > (logr)  (1+[r*]) [w] (19, 9| + [F€291 )

3

dVol

n—1] 5 /t,+,/ (T+1]74)) ar*(l)t) +|X7.Q¢,|2>

S48

1
2

/t /2 460 (IK’”X(W)H):KWX’ (%)) dV01>
to l
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n—1 5 1 2 %
(B (L Em(rav))
i=0 m=0k=0

<C </t¥/§t [2+28 <|KXWX (v)| +ZKX”WXI (‘Vl)) dV01> 7
1o -7 l

2
1

(L Em(ray))

m=0k=0

By Proposition[7] [8] Proposition 3.4, 3.5, Corollaries 9.4 and 9.5,

g L
/ /2/ 1670y WOyl (1 — 1) dAdr” di
fo 7% S2

L 15 ) .
+/ /r/t\l[lmglﬂr (1—u)dAdrde

</t*/z t(logr), (1+|r*]) (|r* ar*u/+|w|)(a,*¢|+|yg¢)dVOl>
SR Y G G G ) :

§C</,0 ./ét r <(1+|r*|)4+ ng )avm)

g (e s 0D (@0 4 IFR02) N

(Z (/t /é 7+Z dVOl)

1

te pL o 2

<c( [ [ <|KX7WX ()| + Y KX (w)) dVol>
(I 1

/"‘/7 20 (IKX‘WX ()] + L K5 (Wz)) dV01>
) - l
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By Propositions 3.1, 3.3 and Theorem 5.4,
n i
2
2/ . 2 lyOew]y/1— pdvol,
=072

1 1
n 2 1 u 2
<c|Yn (/ngz(l,,)ngd\/olti) <Z/2 7L (2% n;;dVol,,)
i=0 k=0"—72

1

1 2 n
<C sup (/]ﬁvwz( * dvol, <ZE0 ) (Z 1)

to<1<t, =0 i=0

1
3 2 (J 2
<Ct? sup ( / VA dVol,> ( Eo (.Q"qb)) .
to<t<tx k=0

These together give

te L
/ /2 (u* 9,y +v*9,y) Oy dVol
1) 7%

te LS % 1 2
<C / 1228 [ | gE (1//)|+ZKXI-WX ! davol | ¥ ¥
To I m=0k=0
1
1

1 \

3 8 2 1 2

xEo (37249 )" +Ct sup ( / T2 (y)nt dVoL) (ZEO (Q"cb)) .
1o<t<t, k=0

We finally look at the third region, |J_ {t, <t <tiy,rF < — }, for the second
error term. By Propositions 3.1, 3.3 and Theorem 5.1.

te p—5
/ / " (42, y +*,) Oy dVol
fo —oo

<c['(f (@ ow?) (- avl,)

110} —o

x (/_é(r*)z(l— )3 ((aﬂp) +|>m¢|2) dVol,) dr

1 -5
<C /[ e ( / I (y)n dVol,) (Z / JT fol ¢ dV01,>
o —oo

l

< sup ([ it aver ) Ba(o)}

to<t<ty

=
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Therefore,

WZ
/ I (w)nf dVoly,_,

" [*
<C / T2 () nl Vol + Z / / rZ KX WXz >dV01

1

+C (/tot /1 (2426 <KXWX )| +XI*’KX,,WX1 (V’l)) dVol) 2
(BEer ¢>>
e ([ o) (£(a))

The proof concludes with Lemma|[I2] taking

1 N r
b (t.) = Z/tt /szKXWX’ (2%wi) avol
k=010 1 l
1

2
(/ /2 (2128 <|KXWX H_ZKXI,WX/ )dVol)
) —

1

(LEaGra)
hy (1) = 19 (kzz‘bEO <_Qk¢>> .

We notice that /4 (¢) and A () are increasing.

We now combine Propositions [T} [I3] [[4] and [T5]to prove Theorem 10.2. This
will then imply the other parts of Theorem [I0]
Proposition 16

[ ()t avol, < CEy (912

Proof We first show that [ Jﬁ’wz (w)nf'dVol,, grows only like £/, Using Propo-
sitions[13]and

Ty ~ WX
/ KX (y) |+ ZKX’ (y;) dVol
fo
2
<cC (/J; (y)n dVol,, + /JZ (y)nl dVol,0> +Ct; Y By (.Q"(p)
k=0

2
< C/J,f (y)n dvol, +C ¥ By <.Q"¢) .
k=0
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Similarly,

/|KXWX(QVI|+ZKX’ (Q) dVol

3
< C/J,f (Qy)nlt avol, +C Y. Eo (@49)
k=0
Apply Proposition[I5]to get

/ T2 (y)nt dvol,,

. 1
<c / JE (wynt dvol, +Ct, Z / / Z Kx,,sz ) dVol

1

te L L. 2
+C*e </ [ |+ DR () de1>
0 Y7 l

<Z Y Eo (ot ¢)> +ard ZEO (2%)

m=0k=

<C / T2 () nl dvol,,

1 3
+cr, Y / T (@) nly avoly, +Cr. Y Eo (2%9)
k=0 k=0

1

Y /1 02 )
+Crlto </JZ( y)ny, dVOltO> i <Z ZEO <8tmgk¢>>
m=0

=0k=0

+Cilte 21; 22: £y (32%)
* t

m=0k=0
<o [ (wavor, 4117
1 1 3—m
X Z /JZ; (_Qk nt0 dVol,, + Z Z Ey (8’"_(2 (P)
k=0 m=0 k=0

VA
We now have some control over [ Jﬁ’w (y)nf dVol,, and we will use Proposi-
tion [I4]to estimate the spacetime integral terms by integrating dyadically.

By Proposition [I4]and [T1]

tivl [T
/ ) / “Y K (yy) dvol
t ri‘ i
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12
c (ti_zf‘lﬁ(ll/) nj; dVol, +1; 2+ (Z ) Eo (atmgk(p)))

m=0k=0

<C (tiz / JZ (y)nldVoly, +1; 112

« <k§/]§ (Qk nfy dVoly, + Z Z Ey (8’"9 ¢)>>

m=0 k=0

IA

where here we have not kept track of the constant factor in front of &, but just note
that it can be chosen to be arbitrarily small.

We can apply the same argument to [+ fr? ¥, K5 (Qyy) dVol to get
liv 1 s
/ " / 'Y K5 Q) dVol
t; i’T fi
<C (t;2 / JZ(Qy)nly dVoly, +1; 10

" (;é)/ JE (@) nly avol, + )1: 4ZmEo (ara* ¢)>>

m=0 k=

This in turn provides more control on | J, JE wz(l;/)n,‘i dVol,, by Proposition
.JZ,WZ u
W (w)n,, dVol,,
1
gc/jﬁ’wz( n,odvol,0+cz Zfz/ +1/ ZKX” x[ )dVOl
1

k=0 i=
1

n-1 iyl % . 2
M M ( / f |KX‘WX(‘V)+ZKX“WX[(‘I/1)dV01>
. /A 1

Y Y & (aate) | +cid ZEO (%)
(Enem)

m=0k=0
1 Wz 1 4—m
<cy / T (Qby)alsavol, +C? [ Eo(w)+ Y Y o (97Q%)
k=0 m=0 k=0

1
2

+czr'+5</ / K ( >|+ZKXfﬁWXl<w,>dVo1>
li ]

m=0k=0

X<i 5o (a0 ¢)>2

1
2

NI~

2

n—1 1 - -
<CE(0)+CY i)+ ( A (RS Wit l(w)dVol)
i=0 ti 3 1
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} ( z z 5 (a,m.qk¢)>é

Here, we recall that we have defined Ej (¢) = Eo (y) + X5_o LiZt Eo (9"Q%¢) in
Sect.[[3]

Clearly, we can replace 6 by € with a different constant C which depends only
on &:

/ T2 (y)nt dVol,, < CE, (¢)1°

1

2
1
+cZz1+8</+/ K5 (g |+ZKX1’WXI dVol)
1,

x (i Y o (a,mQ"qb)) j. (11)

m=0k=0
Notice that at this point, the only term that exhibits more growth than expected
is

1

2

n—1 i r s
Zti1+e (/t + /2[ |KX’WX (W)|+ZKX”WXI (w) dVol)
i=0 i 2 l

1

(Z Y Eo (ot ¢)>

m=0k=

We will close the argument with a bootstrap.
For notational purposes, we define

I = / T2 (w)nt dvol,,,
tiv1

11,,.:/+/ K ( W)+ Y K5 (y) dvol,
li ]

(TT) is equivalent to

n—1 1 1
h<C (xfEl (9)+ Y. 1+ (11} £} <¢>>. (12)
i=0
On the other hand, Proposition [T4] gives
1, < C (1720, +47270E, (9)). (13)

Assume I, < ArSE, (¢), where A > 4C. We want to show that I; < %taEl (¢) for

1/ 1
400C2 (A7+1)

allt > . From the assumption and (13| we have

I, <C (At;2+5E1 (9)+1 23, (¢)) .
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Hence, by picking € = g in ,

I, < Cr3E; (9)+100C? (A% +1

)t%El (9)
< C1OE, (¢) +100C? (A% + 1) 1T E (0)

A
< EZSEI (9),

171 5
400C2 (A2 +1>

since A > 4C and t > i

Remark 8§ We would like to note that the number of derivatives used in the above
argument is highly wasteful (we used a total of 8 derivatives!). Blue and Soffer (3)
constructed a vector field to control trapping with only € derivatives. Therefore,
we can, at least in principle, repeat the above argument noting the unnecessary
loss of derivatives. The details, however, have not been pursued. It is likely that
with this vector field, Theorem [5|holds with Eq (¢) only having 1 + € derivatives.
Moreover, in Propositions 15| instead of having two 2 derivatives on ¢, one
only needs 1+ € of them. One can then go to the proof of Proposition |16 and
reprove it assuming only that ¢ is in H>*€ initially with suitable decay.
Now Theorem[I0| follows directly from Propositions[I6]and [14}

6 Estimates
near the Event Horizon

In this section, we will use the vector field Y to prove that any decay estimates
that can be proved on a suitable compact set holds also along the horizon. We will
also show that these estimates control enough derivatives to give pointwise decay
estimate.

Proposition 17 Suppose

2((1.2)rg)" = T u a
. u (¢)n; dVol, < Bt for all t, for some o, > 0.
o

Then

Y u
Jpany ™ Oy Vol

Jr/ JY (¢)nE dVol ..
{%(t*+r6)gvg%(l*+l+r6)} H (¢) { }

<C <B+ /J{f (¢) gy dVol,0> 2.

Remark 9 The reader should think of B as some energy quantity of the initial
data. For example, as we will show later, the hypothesis of this proposition holds
for B=CY,, 1 1<1 E1 (9/"2%9).
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Proof Apply Propositionfor Y, on the region Z = {% (h+ry)<v< % (te+r1p),t>
11} as in the Fig.[3] we get

Y ()t
/{tztl}J” (¢)n%(f*+ré)dVOl{V:%(’*”S)}

+ / JY(¢)nt dVoly, ) + / XY (6) dVol
{%(t1+r3)§v§%(r*+r3)}“<¢) {u=eo} T f (9) dVo
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Fig. 3 The region #

_ Y u
N /{fol}J” @) "L (n+r) dVOl{V=%(tl+r3)}

Ty (¢)nl dVol,, . (14)

g/
Bl <vsd (o))

We split up the integrals into r < rg and r > ry parts.

Notice that the domain of integration of [ {,>,1}JZ(¢)n‘f (1 *)dVol ) lies
= 2y
inside {r < rp}. Moreover, we note that f{%(t1+r8)<v<%(t*+r6)}Jﬁ(q))ni

dVol{u:w} > 0. Hence

{v=L(n+}

2

Y (4
= /{réro}J“(q))n%('lHS) dVOl{V:%(M’S)}

Yy ,
./{rgro}J“(¢)n‘(t*+r5)dVOl{V:%(f*+fS)} +-/ﬂ/?m{rgro}K (¢)dVol

+/ JY (@) dVol
(o) < (et} u(9)mz, dVoly

Y (5
o Oy SNt

+ / IK” ()] dVol.
ZN{r>ro}

We estimate three terms on the right hand side. Notice that Y is constructed to be
supported in {r < (1.2) rp}.
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JX(9)n dVol
/{£(11+r6)<"<£(t*+r3)} H (¢)m, f
= ¢ rg ']H ((P)nt] dVOlt,
< CBt; “,

For the second and third term, we first use the compact support of ¥ and then
apply the conservation law associated to the Killing vector 7.

JE () nt dVol

/{rzro}m{uz;(nrs)} HAPT () T = (40}

<C JT ¢ n[J
tvsrs izt O

<C JT (¢)nt dVol
< <2((1.2)r0) g} H (@) " "
<CBt;“

<CBt; %,

dVol

i) SOl 1ty

v ot r((1.2)rg)* v
/ K (¢)|dVol§C/ / K (9)]dVol
A{r>ro} n Jrg
N CET .
<c / / JL (9)nt* dVol, dr
n 7‘6

e
< CB/ %dr
|

< CB(t.—n)t; %,

since o > 0. "
- _ Y
Write f () = [(<) Ju (¢)n%(wrg)dVOI{v:%(Hrré)}' Then we have
s
f)+ [ f(r)dr<C(f(n)+Bmax{t, —1;,1};%). (15)

f

We take C to be fixed from this point on. We clearly can assume the C > 1.
From this, we will prove the Proposition by a bootstrap argument. Assume
f(t) < At~% for some large A that is to be determined. We want to show that

A—a
ft) <567%
Lett; =1, — 8C2. Since we are only concerned with ¢, large, we assume with-

—1
out loss of generality that ¢, > 8 (1 — 2’é> C? so that 7, < Zétl. Then

1
f(t) +/ 2f(7:) dr < C(At;*+8C*Bt; %)
t.—8C

<2C(A+8C°B)1, .
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There exists 7 with 7, — 8C? < 7 < 1, such that

U I
< — 7)drt
r0< g [t
2
_ (A+8C B)fa.
- 4Cc *
Now we let r; = 7. Notice that ¢, < 2%7. Then

T

f)+ i f(r)dt < C(f(7)+8C*Bi™®)

IA

—
t* )

IA

A
4
A
2

if A>72C3B.

1% +2C*Bt; % +16C°Bt, *

Of course to have f (t) < Az~ for all #, we also need it to hold initially, i.e.,

A > f(to). Therefore, we have

Y H N u —a
/{rSrO}JH(q))n o) SO =4 b)) SC(BJF/ Ju (‘P)n’“dvoh‘))t* ’

1
2

where C is a universal constant different from the one above. Finally, we can
also get the decay estimate along the event horizon (i.e., on u = —oo) by plug-
ging in the decay rate of f into and replacing the ¢ interval by [t,,t. +

1].

Using Proposition[I7] we claim that a similar estimate holds on z-slices.

Proposition 18 Suppose f%((l'z)m) B JZ (¢)nt'dVol, < Bt~* for all t, for some

o> 1. Then

/{v*gvgv*Jrl}JZ (¢)nkdVol, < C (B+ /J{Y (¢)nfy dVol,O) Voo,

forv, > 1.

Proof We prove this using the conservation law for Y on the region Z = {v, <

v<vi+1,2v,—r5 <t <1}

/{t>2v 7r*}J£(¢)n£L*Jrl dVolg,—, 11y
Z &V 0
+ / JY (0)nt dVol, + / KY (¢)dVol
ncve) (@)t ot (9)
= JY(¢)n* dvol,, +
/{tZZv*ré} ”(¢) " " {ve<v<v,+1}

We split up the integrals into r < ry and r > ry parts.

A s dVolg oy sy
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Notice that the domain of integration of || (=2} ] ! (¢) ny, dVol,, lies inside
{r <ry}. Notice also that

JY ()" | dVoly,_ / KY (¢)dVol > 0.
u(‘P)nv*.H 0{v7v*+1}+ #n{r<ro} (¢) ol =

/{122\)* —rgyn{r<ro}

Hence

Jh (9)nk dVol
/{V*SVSV*H} “((P) ’ ‘

4 7 Y u
< /{t>2v*r6} J# (¢)nv* dVOlv* + JIJ (¢)n2v*7r6 dVOl{t=2v*—r3}

{vi<v<v+1}

T ()l dVolg,, 1y + o IKY ()] dVol.

g/
{r>2vi—r5}n{r>ro}

We show that each term has the correct bound. The first term is bounded using
Proposition |17}

JE (¢)nt dVol
/{I>2v*—r8} #(‘I)) Vi Vi

= JY (¢)nt dVol
{rgr()} [.l(¢) Vi Vi

<C <B+ /]Lv (9)nfy dV01z0> (2v. —r5) "
<c <B+/Jﬁ(¢)n¢é dV01z0> v %

The second term is controlled by assumption

Y u
/{v*gvgvﬁ»l} Jp ((P) nzv*fr(’; dVOl{tzZv*frO}

<c/ JE(@)nk . dVolg,_y,
> (v v vt} y(‘P) 20, —1 {t=2v, rO}
<CB2v,—1§) " ®

< CBv,“*.

The last two terms are bounded by noting that Y is supported in r < (1.2) ry. The
details are identical to the proof of Proposition[I7} Therefore,

JY Havol,C | B /JN Havol, |vi?.
/{.V*SVSV*—H} 'u((P)nT o < " 'u((P)ntO o J

This, and Sobolev embedding, is sufficient to show pointwise decay of the
derivatives of ¢ along the horizon. We show further that if on a compact set, we
have both energy decay and L? decay, then we have pointwise decay along the
event horizon. More precisely, we have
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Proposition 19 There exist 7 very close to 2M such that if

1 3—m

Z Z /j((l‘z)ro)*—rf} (J,f (a;m-Qk‘P) nt +‘P2) dVol, < Bt @

m=0 k=0

for all t, for some o > 0, then
2
6 (v, [P <C(B+Y /J{Y (qu)) n dvol,, | v %,
k=0

1 3—m
109 (v.,r)|> <C <B+ Yy /leV (8{”.(2"(1)) nly dVol,0> vy,

m=0 k=0
forv, > 1,r <F.

Proof We first take 7 to be small enough to apply Y, i.e., 7 < rp. The exact condi-
tion on 7 will be determined later.
For decay of ¢ (v.,r), we want to show that on any time-slice, say t = 7,

2 * 2 >k < 7(1.
I;)'/{V*<V<v*+1} (ka +[V*0, 9] ) dAdr; < Cv;

For decay of dy+ ¢ (v, r), we want to show that on any time-slice, say 7 = ,

2
. 2 % 2 * —a_
r / ooy (P02 0P) arars < v

Proposition[I8] gives

[ (eersiver) s <c (5+ [ayto v, )i

After commuting with an appropriate number of €2, Proposition |18| gives

J (190,91 + ¥¥0,-9I%) dadr;
{V*SVSV*JFI}

2
<c (B+ Y /J{Y (qu)) nt dVoll()) Voo
k=1
After commuting with d; and using the equation, Proposition |18| gives

' 2 \2 2.2 292 .12 X
/{V*gwu ((920)° +1¥02 0 + V92 0[2) aar;

1 3—m
<c <B+ Yy Y /J{Y G dVol,0> Ve,

m=0 k=0

Therefore, it remains to show

/ ¢?dAdr: < Cv,°.
{ve<v<vet1}
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We rewrite

2V —T+2
/ ¢2dAdr;:/ ¢*dAdr.
S{ye<v<v,+1} 2v,—T

To achieve decay, we integrate in the u-direction and use the estimates we have on
the compact set.

2v5—T+2
/2 ¢*dAdr;

Vx—T

P+ 20, —t+42
g/~ 97 dAdr},_,, *}+/ / ¢ (3,0) dAdr*dr
F v —F* J2

Ve—t
42 2V, —t+2 a (p
g/ 9% dAdr},_,,, _,*}+/ /2 dAdr*dr

2v—F* J2vy—t
2»wt+2
+ / / — 1) dAdrids
20 —F* J2vy—t
2v*—t+2
B(2v, —#) %+ / / ) dVol
v —F J2v—t
24— t+2
/ / —u) dAdrdr,
vy —7* J2v—t

Using the conservation law for Y, and controlling all the terms on the region
{r > 7} with the assumption, we have

/ /‘2\1* —t+2
¢)dVol
20 —F* J2vy—t

< / Y (8)nk dVol,, +CBv.®
{r<f}

<C (B—i— /J,{Y (¢)nl, dVol,O) (vi — ) % +CBv,?,

where in the last step we have used Proposition
Therefore,

2V —T+2
/2 ¢*dAdr: < C <B+/J[X (9)nf dVol,0> v, @

Vi—T
2v*7t+2
+ / / — ) dAdr dr.
20 —F* J2vy—t

The decay from the last term comes from the exponentially decaying (towards
r* = —oo) factor (1 — pt). To use this decay, we use a bootstrap argument. Assume
the decay fv‘;*:t”rl (pszdr?t:t} < Av, %, independent of 7 (Note that we can do
this initially (in v) independent of ¢ because after we fix v, the region of integra-
tion is a bounded set of the manifold. The apparent infiniteness is just an arti-
fact of the choice of coordinates). We want to show that [~/ (Z)szer:l} <

A —o
jv* .
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From the above, and using that (1 — ) < Ce” we have

20, —T+2
/2 ¢*dAdr;

Vi—T

<C (B + / I (o)l dVol,O> vy ACe P 1H2) ) —a g

Vi —F*
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IA
aQ

(B + /Jﬁ/ (9) nﬁ’é dVol,()) vi% e ACe T )y

BN

-

=~ Ev*
if we choose A > 4C (B+ [ J (¢) nly dVol,)) and 7 < —2+ L log .

N

The above is already sufficient to prove the full decay rate in the exterior
region. While Proposition |17|implies the L? control of the derivatives of ¢ along
the event horizon, it is useful to prove the L> control of ¢ along the event hori-
zon.

Proposition 20 Suppose

2((1.2)r0)* =1
/* 0 O(Jﬁ(¢)nf‘+¢2)dvo1,g3,—a
o

for allt, for some o > 0,, then along the event horizon r = 2M,

vet+1
/ / ¢(2M)*dAdv < C (B—i— / Ty (¢)nb dVolvO> v,
Jv JS§? J{2M<r<ry}

forv, > 1.

Proof We note that when changing from the (v, u) coordinates to the (v,r) coordi-
nates, we have
1
——dy=—0,.
I—u

Hence, written in the (v,r) coordinates, we have

o
7Y (6)n dVol, > / / 9,6)2dAdr,.
/{ZMQSFO} L@ntavol, = [ [ (0,0 dadr

By Proposition|17]
/ JZ (¢)nk dvol,, <Cv %
{2M<r<ry} )

Therefore, we can take the L? control from the compact region of r* as in the
assumption and integrate it to the horizon using the control of d,¢, giving the
conclusion.

7 Estimates
in the Black Hole Region

In this section, we will prove that any decay rate that can be proved along the
event horizon can then be proved inside the black hole region. Combining this
with the result of the previous section, we can show that any decay rate that is
obtained in a compact region of r* can also be proved in the black hole region.
We will achieve this in two steps: First, we show that any decay rate along the
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event horizon can be propagated slightly inside the black hole region, say, to the
timelike slice r = 2M — € for some € > 0. This step uses an argument that is
identical to that in the previous section, which we include here for the sake of
completeness. The proof uses the fact that the deformation of the red-shift vec-
tor field K¥ has a favorable sign (similar to the case 2M < r < ry) if € is cho-
sen to be small enough. Then, we show that a decay estimate on r = 2M — ¢
for any € > 0 would imply the same decay rate further inside the black hole.
This part is considerably easier because of the geometry of the region in ques-
tion. In this region we take advantage of the spacelike character of the Killing
vector field d,, the nondegeneracy of o, and the finiteness of r, which varies
between 2M — € and r;, > 0, as well as the fact that along constant u slices the
r and the v distances are comparable. In the context of the nonlinear spherically
symmetric Einstein—-Maxwell-scalar field model, such black hole interior esti-
mates were obtained in (6). All the computations in this section will be done
in the (r,v,®) coordinates, as it is the most convenient inside the black hole
region.

Proposition 21 Suppose on the event horizon that

v+1
/ Jﬁ (¢p)nt dVol,—op < Bv™*  forall v, for some o > 0.
v

Then, for some € > 0, and for all r € 2M — €,2M)|,

viet1
/ Ty (9)nt dVol, < C <B+ I (9)ntt dVolv0> v
Vi

{2M—e<r<ro}
Remark 10 As in Proposition the reader should think of B as some energy
quantity of the initial data. For example, as we will show later, the hypothesis of
this Proposition holds for B = CY., 1y<; E1 (af"qu)). Moreover, note that if the
conclusion of Proposition[T7]implies the hypothesis of this Proposition.

Proof Applying Proposition (1| for ¥, on the region Z = {v; <v <v,,2M —¢ <
r<2M} , we get

VA R dvol,, + 7 B dVols. v
/{ZM_ES”SM’I} u((l’)nv* o {vi<v<wi} ,u(‘P)i’l, Olr=2M—e}
+ / K" (¢) dVol
74
= JY (¢)nt! dVol,, + Y (9) nt dVolVol{, ).
{2M—e<r<2M} /,L((P) 21 V1 S <veny /.L((P) r {r=2M}

Notice that f{vlgév*}Jﬁ((P)nﬁl dVoly,_sp—gy > 0 since {r =2M — €} is time-
like for any € > 0 and Y is timelike for € sufficiently small. Hence

/ (@)t avol, + [ K () avol
{2M—e<r<2M} 7

<

JY (@)t dvol, + Y (6 n dVols . aur.
/{2M_85r52M} y(‘P) " . {v1<v<vi} #((P) r {r=2Mm}

(16)
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First, notice that by the assumption of the Proposition
/ Ty (9) nf dVol,_spy < Bmax{v, —vy, 1}y *
{vi<v<v,}
Second, since € is small we have
K" (9) = c/y (¢)nf.

Let £ (v) = [iapm—e<r<a) /i (@) n) dVol,. Then we have
FO)+ [ F(v)dv < C(f (vi) +Bmax{v, —vi, 1}y %)
Vi

This identity resembles and an identical bootstrap would lead to expected
decay rate of f. The conclusion of the proposition then follows from plugging this
decay rate back into (I6).

As before, we would then like to prove the L? decay of ¢. We will show that
any decay rate in L? along the event horizon also holds inside the black hole
region. More precisely, we have the following:

Proposition 22 Suppose on the event horizon that

/v+1 (JZZ (p)n + ¢2) dVol,—oy < Bpv"%  for all v, for some o > 0.
.
and
1 3—m ,y+1
Yy Y / (v (ar2%6) ntt +9*) dVol, oy < B~
m=0 k=0 "V
for all v, for some a > 0.

Then, for some € > 0, and for all r € 2M — €,2M)|,

v+l
/ / )2 dAdy, <C(B1+ Jﬁ(¢)n5‘odVolvo> Ve,
{2M—e<r<ry}
(17)
< N u —o
19 (ve:r) C<B+Z/2M £<r<r0}J (Q (I)) "o dVOIVO> Ve
(18)
and
5 1 3—-m N '
oo rP<c|B+ / IV Qk eyt dVol,, v,
|09 (vi, 1) |” < ,Z’o;;) reren) u (9" Q59)ny dVoly, v
(19)

forv, > 1,r<F.
Remark 11 The conclusions of Propositions[I7)and 20]together imply the hypoth-
esis of this Proposition.
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Proof By Proposition 21] and Sobolev Embedding, would imply and

We note that when changing from the (v,u) coordinates to the (v,r) coordi-
nates, we have

1

1_“ u — re

Hence, written in the (v,r) coordinates, we have

o

Ty (9)nlt dVol, > ¢ /2(8r¢)2dAdrv.
S

/{2M—£§r§r0}

2M—¢

By Proposition [21] the assumption of this proposition implies that

JY (¢)nH dvol
/{2M—£§r§r0} “((p) Y '

<C <31 + Ty (¢)ntt dVolv()) Vo

.
{2M—e<r<ro} 0

By integrating in the d, direction, we have that for any 2M — & < r < 2M,
v+l p
/ ¢(r)*dAdy
Vi S2(r)

vst1 vit+1l p2M
<C (/ / ¢(2M)2dAdvr:2M+/ / / (9,0)? dAdrdv)
Vi S? Vi 2M—e JS?

<CBwv,*+C (81 + Ty (@) nk dVolvO> v, %

{2M—e<r<ry}

Once we have the improved decay estimates slightly into the black hole region,
we can propagate them to anywhere in the black hole region. As noted before, the
problem becomes considerably easier due to the geometry inside the black hole.
We will use the facts that —d, is timelike and nondegenerate and that the energy
associated to —d, would control its deformation K. The fact that d, controls the
deformation is in turn implied by the fact that J; is Killing. Since we would like to
prove an estimate in a finite region of r, these facts would allow us to prove esti-
mates in the whole black hole region (with a constant that degenerates as r, — 0)
easily with Gronwall inequality.

Proposition 23 Fix r;, > 0. Suppose for some 7 with r, <7 < 2M we have

[ [, Gk nt o) rave < e

and

21: 3Zm/v+l /Sz(;) (JZ (atmgk(p) ng + ¢(7)2> dAdv; <Bv*

m=0 k=0 "V
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Then we have
vit1 5
[ (62 +(v0)) aaav, <6, B,
Vi

and
\¢|2 <CyBv,* forr,<r<F

with V understood as the coordinate derivatives in the regular coordinates (r,v, ®).
Remark 12 The hypothesis is implied by the conclusion of Propositions[2T]and 22]
with the appropriate B and B and with tilder = 2M — €. Note that the following
argument requires r < 2M strictly and, therefore, we need Propositions 21]and [22]
to push the estimates at the horizon to slightly inside.

Proof Consider the region .% = {(rp,v) : vi. <v < v, + 1} which is the part of
the r = r;, spacelike hypersurface between v, and v, + 1. We would like to deter-
mine the domain of dependence Z(v,) of this region. To do so, we notice that the
hypersurfaces v = constant and u = v — 2r — 4Mlog (r — 2M) = constant are the
boundary of the past of this region. Hence Z(v.) N{r, <r <7} C{|lv—w| <
C} N {rp < r < F}. Now consider the energy with respect to the timelike vector
field —d, together with an L? term (which is different from the energy we con-
sider above)

Ep(9;r,vs) = /] i (¢2+J,;"f(¢)n¢‘) dvol,,

where —d, is taken in the (r,v) coordinate and is future-directed and time-like in
this region. Thus E,(9;r,v.) > f@(v*)(qbz + (V¢)?)dVol, > 0, with V understood
as the coordinate derivatives in the regular coordinates (r,v, ). We have,

J7%(¢)ntdVol, < CEy(¢:r,v,)

K% (¢)dVol, <C
/Q(v*)ﬁ{r} K

P(v.)N{r}

with the constant C = C(rp) is independent of v, and r as long as r, < r < F.
This is, first, because d, is invariant under the spacelike Killing vector field d, and

hence the coefficients in both K= (¢) and Ju a’(q))nf‘ are independent of 7. The
constant can also be chosen to be uniform in r because we are in a finite region of
r. Moreover,

—a,/ ¢%dVol, < CEy(¢:r).
9

Hence,

-
Ey(¢:r) <C (Eb(q);F) +/ Eb(¢;r’)dr’> .
r
Gronwall inequality implies, since we are in a finite range of r, that

Ep(¢;r) < CEp(9;7)
< CB]V,:O‘.
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Fig. 4 The region &

Therefore, for every r, <r <F,
Vst1 5
/ <¢2+ (Vo) ) dAdv, < CBv,®
Vi

since {(r,v) 1 rp, <r <F,v, <v<v,+1} C Z. The pointwise decay follows from
commuting the equation with d; and © and Sobolev Embedding.

8 Proof
of the Main Theorems

8.1 Improved
Decay for ¢ (Proof of Main Theorem

To prove Main Theorem [T} we proceed in two steps. First, we show that for
every t,, there exist 1 < t,, t ~ t, such that a weighted [%-norm of ¢ on the

slice {r = #;} has the desired decay of #;3*9. We then use the estimates for
v to upgrade this to decay estimates for a weighted L?-norm of ¢ on the slice

{t =1}

We first set up some notation. Fix r},r;. These are the ] and r5 in the state-
ment of Main Theorem [T} In other words, we would like to prove a decay estimate
on the fixed compact region rj < r <r;. Let t, > 2(|r{|+|r;|) be the time slice

on which we want to show the decay estimate. Let f = (1.1) "'z, and & = {f <
t <to,rf —t41t <r* <rj+1.—t} (Fig[d).
Proposition 24 There exist a t| with f < t| < t, such that

[ (07+@0?) 2= 0 dr <t o (9).
Pn{t=t}

Proof By Theorem[5]
/ <¢2 + (a,*¢)2) 72 (1— ) dAdr dr
L{ﬂ
X wX X, Wi
<c [ I @)+ TR (@) avol

< Ci2Ey(9)
< Ct;%Ey (9).

Now take #; such that
[ (¢240m0)) 2 (1) taar
P{t=n}

— inf (62+(0-0)) r 2 (1—p)* dAar”,

i<t<t. J 2n{t=t}
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which exists since we are taking the infimum over a compact interval, and note
that

inf (62+(0-0)) r 2 (1-p)* dadr’

I<t<ts J 2n{1=t}

<07 [ (02+@r07) 2 (1) Adra

<ci! /] <¢2 + (3,*¢)2) F2(1— p)?dAdridr
<Ct Eo (9).

To upgrade this to an estimate for a generic #, we make two observations about
S. First, S is timelike away from the event horizon. Second, S has a weight ~ t.
We can, therefore, integrate from the “good slice” t = ¢, to the slice t = ¢, and get
the same decay estimate. This is done using integration by parts in the following
Proposition. We prove a more general form but the reader should keep in mind
that we will use f = ¢% + (d-0)*, g =r 2 (1—p)%.
Proposition 25 Let f = f(r',t,0 €S?), g =g(r*), 2 = {ty <t <t 1] —t, +
t <r* <ri+t.—t}. Then

t*/ fgdAdr*+/ vfgdAdrt
20{i=t,} P{v=4 (t:+73)}

+/ ufgdAdr®
Bzﬁ{u:% (l*fri‘)}

:tl/ fgdAdr*+2/ fgdAdtdr*—i—/ r* fg dAdr dr*
Z0{t=n} 2 @

+/y (Sf)gdAdrdr.

Proof We change to the variables u, v and integrate by parts,

[r@neasaar = [0 [ apearaa [

. 7(t*frg) —u 3 2t17t*7r§)

3 (ttr3
/2( 2)v(avf)gdAdvdu
3|

—u

:f/ fgdAdtdr*f/ v FopegdAdt dr* + vfedAdr
P P P{t=t.}
—l—/ vfgdAdr*—/ vfgdAdr®,
Pfv=t,+r5} P0{t=t}

u(d,f)gdAdudy

—y

L) i)
/yu(&uf)gdAdtdr _[ /t]

3 (2n—ttr)

L+ fe—V
+ﬁ( 2)/ u(duf) g dAdudy
2 n

(i) s

:—/ fgdAdtdr*—l—/ ufo-gdAdedr* + ufgdAdr’
P @ P{1=t.}
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—l—/ ufgdAdr*—/ ufgdAdrt.
P u=t.—ri'} P{t=n}

The proposition is proved by adding these two equations.
To prove the main theorem, we use the above identity using f = ¢% + (9,-9)?,
- 2
g=r2(1-p)".
We notice that since f,g > 0 by definition and u,v > 0 in & = {t1 <r<

e r] —to+1 <1 <41, —t}.
Therefore,

vfgdAdr*+/ ufgdAdr® > 0.
2{u=4(t—r})}

/ﬁﬂ{v: % (t* +15 ) }
Thus Proposition 23] would imply

[, (97402 (- arar
<t f, o (04 @0r) - e
+2/§/> (¢2 + (8r*q))2) r 2 (1—p)* dAdr*de
+2/y|r* (62+@0) (20 —/.1)2)/|dtdr*
+/P(Wm+|ar*wa,*¢\)fz(1_u)szdtdr*
< @)+ [ (v @ew?) - aarar

+ /9 (02 +(3+0)?) 2 (1- ) dAdedr
<CLPE(9),
where we have used Proposition [22] at the second to last step and Theorems [5|and

[I0]at the last step.
Therefore,

*

[7 (602 + @0 0))?) aaar <0k, (9).

Since d;, 2 are Killing, it follows immediately that

l_io/lz ((9;"91*(? (t*))2 +|V4) 0 (r.) |2> dAdr < Cr3E, (@'"Q"gb) |

for any k,m.
Using the equation [,¢ = 0, we get

/ g (qu)(t*))2dV01§Ct*_3+6 Y E (a;"ngb).

«
1 k+m<I
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We have thus established the decay of the nondegenerate energy in the exterior
region away from the event horizon. The full decay of nondegenerate energy part
of Main Theorem ] follows from Propositions[I7/and [20H23] The pointwise decay
part of Main Theorem |1| follows form the standard Sobolev Embedding Theo-
rem for the part of the exterior region away from the event horizon and from
Propositions [T7] 20H23] for the region near the event horizon and inside the black
hole.

8.2 Improved
Decay for d;¢ (Proof of Main Theorem

To estimate the time derivatives of ¢, we follow an idea of Klainerman and Sideris
(16). The key observation is that the first derivatives of d;¢ are controlled with a
weight of ;
weight would give extra decay to d;¢.

Proposition 26 Suppose t +r* > max{7, L Ir | }. (This is true for example when r*
is bounded below and t is sufficiently large )

L (1 =r")92¢| <C(10y]+ |00 w|+ 00| + [0 | + (1 — ) ||| Ad]),
2. |(t—r*)0m0 9| < C(|0y|+ |9 W[+ (0P| + |9 @] + (1 — p)[r*[|AD]),
3. [t(1—p)¥org| < C((1—u)[Vy|+|9-Q29|.
Proof Define Agp = (1 — )~ 9+ ¢ +29,+¢ +A¢. Then ¢ = Oreads (1 — u) 929 =
Ay
¢ Recall that
Y =10,0 47" 09.
Therefore,
hY—0i¢ =192 +1r"0,9,9,

O W — 0 = r*d%0 +19,-9,0.

Hence,

1y —d)—r" (8,*1//— dr0)
_1282 (r*)

()
()

a2¢+ 1 =) Agd— 7 9)
2 _
o+ (r ( 2B (1= w0 ).
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Therefore, by re-arranging and dividing by (z +r*),

(1 =) 79|

1
e (t(Qy—0,9)—r" (O y—0p9P)

r

oy (2“‘“)aﬁ¢+<1u>4x¢>)

<Clo Y]+ 19yl + 109+ [0 |+ (1 — ) [r]|Ad]) .

We have thus proved 1. On the other hand, using again the above equality, we also
have

(t—r") 0,00
= —QY+0Y+0,0—0r0+1070 —r'd%¢
=W+ 0Y+00—0n¢+(t— r*)af(p +r* ((1 —U)A ) — 8rz*¢)
=Y+ Y+30—0-0+(t—r)d¢

2r (1 —
PG ok (- 1o,

This, together with 1, implies 2.
The proof of 3 is more direct. Using the definition of S, and that £2 is indepen-
dent of r and r*,

Qy=r"0+2¢+19,Q9¢.
Thus, by noting that Q and r¥ differ only by constant,
[t (1= p) ¥l

<) Wyl +1 (- ) =3, Q0]
< C(1— ) 7y +10--29)).

This would easily imply Main Theorem 2.2:
Corollary 27

Cty 1 1
/ﬁ T}, (9,)ny, dVol,, < Cr 4+ ( Y Y E (a,m(qub) +E| (¢)> ,

m=0k=0

for all ¢ <1 and F. In particular, ¥ can be chosen as that given by Proposi-

tion[19
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Proof We can consider t, large enough so that first, the assumption of Proposi-
tion 24| holds and second, on the domain of integration, (£ — r*) ~ t,.

/ 3 T (9,0)ny, dVol,,
- / ((2r-0h9)? + (329)" +(1 = ) [¥2,6[) dVol,
< [ (0P + @i+ (1= ) VY + 00 + (0,07
+ (1= 1) [VR3,0 P+ (9-20)°) dVol,,
ga;z/;d*JT(w)Jrﬂ (0)+J7 (20)+J7 (3,2¢) dVol,,.

*

The corollary follows from Theorems [5|and [I0]

Finally, we proceed to the proof of Main Theorems 2.1 and 2.3:
Corollary 28 We have

/"*“ ((at¢)2 +(Va9) ) dAdv, <Cs,,v ViR (), foranyr>rp.

and
2 4—m 2 2—m
29I <O Y Y B (arete) + X Y B (a2'e) ).
m=0 k=0 m=0 k=0
ifr, <r<2Morr* S%

Proof We prove a Sobolev-type inequality. We first work on R?. We claim that for
ueCy (R,

gy < I s gy I g

We give a simple proof using Littlewood—Paley theory. Let N € 2% be a dyadic
number, y (£) be a radial cutoff function which is supported in {|&| < 2} and is

identically 1 in {|| < 1}. Define the Littlewood—Paley operators Py by Pyu =

(x(5) =2 (5))
Since the inequality claimed is invariant under scaling u(x) — Au(x) and
u(x) — u(Ax), we can assume that ||MHH1(R3) = HuHHz(R;) = 1. Then, by Bern-

stein inequality,
[1Pvul] 2 () < min{CN~!,CN~2}.

Therefore, by Bernstein inequality again,

1
H”HLM(R% <CZN2HPNM||L2 R? <C< Y N+ ) N2> <C.

N>Np N<Ny
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We note that a variant of this is true. We have for u € C* (R?),

||”‘HL°°(R3\B,( 0) = < CH”||1-11(R3\B (0) )Hu||1§2(R3\Br(O))'

This is true because one can extend u into B, (0) without increasing the H' or H>
norm.
We now apply this to a cutoff version of d;¢.

_ 1 |x| < 1 _ T _ r* ~ ~ -
Let ¥y = 0 x| > 1'I.Ont—z‘*, let(p—x(m)(p for r > F, where 7 is as
in Proposition

The H' norm is controlled with Corollary 23 and Theorem 5.4.

| |8,d3| |H1 (R3\B-(0))
055t* 055t

<c/ o)l dVol,, +Ci- /2 (3:0)27 (1 — ) dAdr
<t ( WACEER <¢>>
m=0k=

The H? norm can be controlled similarly once we note that using the equation, we
have for r > 7,

2o < C (|aﬁ¢|+i|ar*a,¢|+ xﬂa,m)
< C(|1079]+10-9,9| +|¥20,9)) -

Therefore, for t =t.,

H&tqmﬂz(mﬂg;(o))

0.55t%
2

<c [T UL @)+ (200)+TL (2,0)) rtavol,

0.55t%

vee [T ((020)7+(220) +(290)°) P (1-w) dadr

< Hd ( i i o (8;".(2"(1)) +;0]§)E1 (a,mgkqs)) :

m=0k=0
Therefore,
S ||at¢z“|L°°(]R3\B_( ))

< C||at¢||H1(R3\B )||at¢||H2(R3\B( »)

443 (Z Y E (amg ¢)+ Z ZEI (9'"9 ‘P))

m=0k= m=0k=



72

Jonathan Luk

In particular, for ¢ sufficiently large, this L™ estimate holds on sets of compact r*.
Noting that the L norm controls the L?> norm on compact sets, we have

(.
/ (9,:0)2 dVol,,

< ( i i Ey (92%) + Y Y E (a,mgkqs)) .

m=0k=0 m=0k=0

We also have, by Corollary 23,

L 3-m 1.2)r)*
Y'Y / (2 7 (8["!2" (8,¢))nfd\/oll*
m=0 k=0 ""
2 4—m 1 4—m
<ot (Z Y Eo(ar@fe)+ Y Y Ey (a;mkqs)) .
k=0 m=0 k=0

m=0

The corollary then follows from the Sobolev Embedding Theorem and Proposi-

tions [T7} [T9] 20 21} 22] and 23}

Acknowledgements The author thanks his advisor Igor Rodnianski for suggesting the prob-
lem and for sharing numerous insights. He thanks Mihalis Dafermos, Gustav Holzegel and Igor
Rodnianski for very helpful comments on preliminary versions of the manuscript.

References

1.

S. Alinhac (2009) Energy multipliers for perturbations of
Schwarzschild metric Commun. Math. Phys. 288 1 199 -
224

Blue, P, Soffer, A.: Semilinear wave equations on the
Schwarzschild manifold. 1. Local decay estimates (see also
Errata  for“Global  existence and  scattering for the non-
linear Schrodinger  equation on schwarzschild ~ manifolds”,
“Semilinear wave equations on the Schwarzschild manifold
i: Local decay estimates”, and ‘“the wave equation on the
Schwarzschild metric ii: local decay for the spin 2 Regge
Wheeler equation”, arxiv:gr-qc/0608073). Adv. Differ. Equ. 8(5),
595-614 (2003). arXiv:gr-qc/0310091

Blue, P, Soffer, A.: Improved decay rates
with small regularity loss for the wave equa-
tion about a Schwarzschild black hole (2006).
arXiv:math.AP/0612168

Blue, P, Sterbenz, J.: Uniform decay of local energy
and the semi-linear wave equation on Schwarzschild
space. Commun. Math. Phys. 268(2), 481-504 (20006).
arXiv:math.AP/0510315

Christodoulou, D., Klainerman, S.: The global nonlinear stability
of the Minkowski space. Princeton University Press, New Jersey
(1993)



Title Suppressed Due to Excessive Length 73

6.

10.

11.

12.

13.

14.

15.

16.

17.

18.

M. Dafermos (2005) The interior of charged black holes and the problem
of uniqueness in general relativity Commun. Pure Appl. Math. 58 4 445 —
504

. Dafermos, M., Rodnianski, I.: A proof of Price’s law for the collapse

of a self- gravitating scalar field. Invent. Math. 162, 381-457 (2005). gr-

qc/0309115

Dafermos, M., Rodnianski, I: A note on
energy currents and decay for the wave equa-
tion on a Schwarzschild background (2007).
arXiv:math.AP/0710.0171

Dafermos, M., Rodnianski, I.: A proof of  the uni-
form  boundedness of  solutions to the wave  equation
on slowly  rotating Kerr  backgrounds (2008). arXiv:gr-
qc/0805.4309

Dafermos, M., Rodnianski, I.: Lectures on
black holes and linear waves (2008). arXiv:gr-
qc/0811.0354

Dafermos, M., Rodnianski, I: The red-shift effect

and radiation decay on black hole spacetimes.
Commun. Pure Appl. Math. (2009). arXiv:gr-
qc/0512119

Donninger, R., Schlag, W, Soffer, A A proof
of Price’s Law on Schwarzschild black hole
manifolds for all angular momenta (2009). ar-
qc/0908.4292

B.S. Kay R.M. Wald (1987) Lin-
ear stability of Schwarzschild under perturba-
tions which are nonvanishing on the bifur-
cation 2-sphere Class. Quantum Gravity
44893 — 898

Klainerman, S.: The null condition and global existence to
nonlinear wave equations. In: Nonlinear systems of partial
differential equations in applied mathematics, Part 1 (Santa
Fe, N.M., 1984). Lectures in Applied Mathematics, vol. 23,
pp- 293-326. American ~ Mathematical Society, Providence
(1986)

S. Klainerman (1987) Remarks on the global Sobolev inequalities in
the Minkowski space R""' Commun. Pure Appl. Math. 40 1 111 —
117

S. Klainerman T. Sideris (1996) On almost global existence for non-
relativistic wave equations in 3D Commun. Pure Appl. Math. 49 3 307 —
321

Kronthaler, J.: Decay rates for spherical scalar
waves in the schwarzschild geometry (2007). ar-
qc/0709.3703

M.D. Kruskal (1960) Maximal extension
of Schwarzschild metric Phys. Rev. 119 2

1743 — 1745



74

Jonathan Luk

19.

20.

21.

22.

23.

24.

25.

I. Laba A. Soffer (1999) Global existence and
scattering for the nonlinear Schrodinger equation on
Schwarzschild  manifolds  Helv.  Phys. Acta 72 4 272 -
294

Lindblad, H., Rodnianski, L: Global existence for
the Einstein vacuum equations in wave coordi-
nates. Commun. Math. Phys. 256(1), 43-110 (2005).
arXiv:math.AP/0312479v2

Machedon, M., Stalker, J.: Decay of solutions to the wave
equation on a  spherically  symmetric  background (2010,
preprint)

Marzuola, J., Metcalfe, J., Tataru, D., Tohaneanu, M.: Strichartz
estimates on  Schwarzschild black hole backgrounds (2008).
arXiv:math.AP/0802.3942

Morawetz, C.S.: Notes on time decay and scattering for some hyper-
bolic problems. In: Society for Industrial and Applied Mathematics,
Philadelphia. Regional Conference Series in Applied Mathematics, vol. 19
(1975)

J.L. Synge (1950) The gravitational field of a
particle  Proc. R.  Irish  Acad. Sect. A 53 83

114

RM. Wald (1979) Note on the  stability of the
Schwarzschild ~ metric J.  Math. Phys. 20 6 1056 -
1058



