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1. Introduction

Despite a wealth of proposed phas&sy, 3, 4, 5, 6, 7], the actually realized form of matter
at high density still presents a largely unsolved puzzle. Since compact stars constitute the most
dense form of matter in nature they could provide detailed information on its specific properties.
An important feature of compact stars in this regard is that they represent relatively cold objects.
The matter in their cores - which may consist of quarks if the density is sufficiently high - becomes
ultradegenerate basically within the first minutes after the formation of the proto-neutron star, as
the temperature drops to values of the or@i¢p ~1/1000 and decreases further at later times.
Therefore, only low energy modes in the immediate vicinity of the Fermi surface are present and
determine many properties of the star.
As argued recently the dynamics of low energy modes in dense matter is strongly restricted due
to the special kinematics of unscreened magnetic gauge interactions and the corresponding scaling
relations near the Fermi surface. In particular, there exists a systematic low energy expansion for
ungapped infrared modes in powers(af/m)Y/3, wherew is the characteristic energy scale of the
considered process amdis the screening scal@][ This perturbative approach does not rely on
the weak coupling limit which is only realized at densities that are much larger than the densi-
ties that can be achieved deep inside a neutron star. The low energy dynamics is described by an
effective theory for unscreened magnetic interactions which involves a few low energy constants
that parametrize the unknown ultraviolet physics of strongly coupled modes away from the Fermi
surface.
An important source of information obtained from the observation of compact stars is their cooling
behavior P, 10]. For the first~ 10° years after the star is born neutrino emission from the bulk is
the most efficient energy loss mechanism. The neutrino emission from fully gapped phases, like
the CFL-phase]] realized at asymptotically large densities, is exponentially suppreddgdrid
thereby hardly detectable against a background from hadronic processes. In contrast, the neutrino
emission from ungapped quark modes via the direct URCA process presents presumably the most
efficient cooling mechanism with a neutrino emissivity- T® [12]. Since other known mech-
anisms [L3, 14, 15, 16] including those of hadronic processes yield an emissivity that is either
suppressed by higher powerslobr other small factors, this cooling scenario could provide a clear
signature for ungapped quark matter in astrophysical observations.
In this paper we show that due to the low temperatures present in a compact star the neutrino emis-
sivity can be computed in a low energy expansion and has the weak coupling form even in the
physical case where the coupling is not small. Moreover, the emissivity is further enhanced by
unscreened magnetic interactions and has the dependend®log?T at small temperature, as
shown recently17].

2. Low energy dynamics in dense matter

We we will start with an analysis of correlation functions at low energies. m which are
required for the subsequent computation of astrophysical observables. This will be done within
an effective theory for the unscreened low energy dynamics at high density valid below an UV
cutoff scale\ < m. The dominant dynamical mechanism that influences the form of the low energy
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Table 1: Leading order expressions for the low energy constants appearing in the effective Lagrangian for
magnetic modes in the weak coupling limit.

excitations stems from hard dense quark loops (HDLS8)ih purely gluonic correlation functions.
Although these fluctuations involve hard momenta in a narrow interval around the Fermi surface,
they are sensitive to soft energies and thereby induce infrared non-analyticities. However, as far
as the fluctuations above do not change the symmetries of the groundstate all other corrections
should be analytic even at strong coupling. As argued by Ha8pthis fermionic part of the
effective action allows a low energy expansion in derivatives over the large gcalbereby the
effective Lagrangian reads to lowest order

1
L = l[/iv<IZVi -D-Z, .u—i-&u)l//iv 4 MVG‘u + %L

v 4
2 M) (v va) + 282 (v Ty (VLM yo)+ (2.2)

whereV/. = (1, +V) labels the local Fermi velocity of the fields.y which describe particles and
holes with momentg = +uv+I1, wherel < u, in two opposite patches on the Fermi surface
entering the only kinematically allowed interactions. We will wfitelo+l+1 . with I] :V(T-V) and
|, =I—1. Suppressing a constant contribution to the pressure, the effect of quantum fluctuations
above the cutoff\ is encoded in a few "low energy constants”. In particular, these are given by
a shift u of the Fermi surface, the Fermi velocity| and the renormalization facto®; and
Z,, the gauge coupling at the scalé\ and further induced higher order parameters like the four
quark couplings/ts andVg s in the forward (Zero Sound) and backward (BCS) channels. The
perturbative values for these parameters are given in Tab4,p. denotes the HDL generating
functional 0]

P v

ZipL = > z bt iy D)ZG#B

(2.2)

This term describes screening and damping of soft gluon modes due to particle-hole pairs on the
entire Fermi surface. In perturbation theory the dynamical gluon mass is giveA-b\N¢ asp?/

and involves the gauge coupling at the sqaleThe presence of the HDL term can also be estab-
lished using renormalization group argumer§ jor effective action technique&?%).

We now analyze the dynamics of the theory governed by2G,2(2). We first note that particle-

hole loops have already been integrated out and are represented by the HDL term. The effective
theory describes the interaction of particles and holes with soft gluons which do not significantly
change their velocity. Since electric fields are screened the interaction at low energies is domi-
nated by the exchange of magnetic gluons. Magnetic gluons are weakly damped in the kinematic
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regime|ko| < [K|. In this regime
_ 8 —kk
KB —ke+ignPltel
and we observe that the propagator becomes large if
K| ~ (mP|ko])*° > |kl - (2.4)

This implies that the gluon is very far off its energy shell and not a propagating state. We will
compute a general diagram by picking up the pole in the quark propagator, and integrate over the
cut in the gluon propagator using the kinematics dictated by 24). (In order for a quark to
absorb the large momentum carried by a gluon and stay close to the Fermi surface this momentum
has to be transverse to the momentum of the quark. This means that thé t&@n ) in the quark
propagator is relevant and has to be kept at leading order. Equati®siiows thak? /(2u) > ko
asko— 0. This means that the pole of the quark propagator is governed by the corigition

k2 /(2u). We conclude that quark and gluon momenta scale with respect to an external energy
scalew according to

D™ (k)

ij (2.3)

ko~ o, kj~miod/u, k ~mios. (2.5)
We will refer to the regime in which all momenta, including external ones, satisfy the scaling
relation @.5 as the magnetic regime. A similar regime was identified in the context of gauge
theories of condensed matter syste®d].[ The scaling relations2(5) are the basis of the low
energy expansion in ultradegenerate matter.
In the low energy regime propagators and vertices can be simplified even further. The quark and
gluon propagators are

St (p) = Oop , (2.6)
Z (PoFVeEp)) —ZL%HSSQF(DO)

iv2

k2 +iZmelel’

and the quark gluon vertex @Zvi(A%/2). Higher order corrections can be found by expanding

the quark and gluon propagators as well as the HDL vertices in powers of the small parameter

e=w/m[21]. We observe that the transverse projector in the gluon propagator simplifies because

ki > k. We also note that in the magnetic regime the faggiin the quark propagator can

be dropped sinc@o < p|. From the above scaling rules it follows that the magnetic regime is

completely perturbative, i.e. graphs with extra loops are always suppressed by extra powers of

€1/3. Quark propagators scale as%3, gluon propagators scale as%/3, and every loop integral

givese’/3. The quark-gluon vertex scales e&and the HDL three-gluon vertex scales&ds®.

Using these results we can show that additional loops always increase the pawvassufciated

with the diagram.

The analysis of the cooling behavior requires the fermionic self energy as dynamical input. The

one-loop diagram gives

VIVIDY (K) = (2.7)

dky / diké K, dk; O(po+ko)
£(p) = °Cr | L o SCE)
"] 2rn ) (2n)? kK3 +iZnPlko| / 27 (kHerH)Jr%WHS
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with Ce = (N2—1)/(2N,). This expression shows a number of interesting features. First we observe
that the longitudinal and transverse momentum integrations factorize. The longitudinal momentum
integral can be performed by picking up the pole in the quark propagator. The result is independent
of the external momenta and only depends on the external energy. The transverse momentum
integral is logarithmically divergent. We find the non-Fermi liquid correctiof [

Z(p):C;(rXs( Iog<| |>+w+||w|)+0<83> (2.9)

wherew= po. We have absorbed the logarithmic cutoff dependence into the low energy cafystant

In the general case this result depends on two unknown parargeteds\s which is connected to

the low energy constants ys = Aexp(97%(Z;—1)/(g?°Z v )), whereA = 2A3 /(zn?) is related

to the transverse momentum cutoff. If in addition the coupling is small, the scale is determined
by the exchange of electric gluons and we fing= 25/2m/7r. We observe that the self energy
correction is large and has to be included in the propagator whenever the energy dependence of the
propagator is relevant. We showed previously that rainbow diagrams do not give corrections of the

form g™ wlog(w)" [25]. Eq. 2.9) shows that higher order corrections are suppressed by powers of
£2/3,

Collecting the contributions from the tree level and loop corrections eqs2(9) in the effective
field theory, the fermionic dispersion relation is given by

a)—vpl+azu+2(w):0, (2.10)

[

which depends on four low energy constants that are known in the weak coupling limit. Tab.

The scaling arguments apply to arbitrary Green functions in the magnetic regime. Exceptions occur
if the external fields have small momenta of the order of the external energy scale. This situation
can occur in quark-quark scattering amplitudes or in vertex functions for external currents like the
weak interaction which represents the other required correlation function for the computation of the
neutrino emissivity in the next section. Consider the one-loop vertex correction for a color singlet
vertexl', = eZ)v,. In the magnetic regime the graph scales & . In the time-like regime

Po—do > |P—q

r(p,q) = egchvi‘/z—

wherep, g are the momenta of the external quarks. The important point is that if we combine the
fermionic propagators using Fermi’s trick in order to resolve the pole in the longitudinal momentum
integration, the large componeriqﬁandki/(z;t) of the propagators cancel and the result becomes
sensitive to the small scalgsq

dzkl

/ZkHZ S (k+p) Sy (k+9), 2.11)

S (kK+p) —Si(k+0q)

Sy (k+p) Sy (k+09) = — ;
gl(p) _gl(q>_ 2k, (rﬁ*qﬂ

where constant factors are suppressed. As a consequence the result is enhanced by/a%?’ctor 1
This enhancement is analogous to the one occurring in the HDL case. In thedirgp — O the
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Figure 1: The complete dynamics contributing to the Dyson-Schwinger equation for the BCS kernel in
the low energy limit. The dark blob represents the full scattering amplitude and the shaded blob the full
propagator. An analog but independent equation is obtained for the forward channel.

k| integral gives a factod (po — ko) and the vertex correction i€

M (p,q) = 96322\7‘4'09 </|\az)s> (2.12)
wherew = (po+0do)/2. The logarithmic divergence was removed by adding the contribution from
the four-fermion vertex in the zero sound channel. If the coupling is weak the scale inside the log-
arithm is again determined by electric gluon exchange. We find that in this case the scale is equal
to the scale in the quark self energy.

The cancellation that occurs in the one-loop diagram repeats itself at any loop order if additional
gluon ladders are added. This implies that ladder diagrams have to be summed. We also note that
quark propagators in the ladders are sensitive to the smallecdlkis implies that the full fermion

self energy has to be included. A detailed analysis shows that all other corrections like crossed
ladders, vertex corrections, interconnections between the gluon ladders, etc. introduce extra trans-
verse momenta and follow the scaling relations in the magnetic regime. Actually, a comprehensive
study of the low energy dynamics shows that correlation functions within the effective theory can
be classified completel2[]. The only other correlation functions that involve irreducible non-
perturbative contributions are the four fermion vertices where a similar mechanism requires the
summation of the corresponding ladder suh [The non-perturbative part of the dynamics in the

low energy regime is thereby described by a closed set of Dyson-Schwinger equations shown in
Fig. 1.

3. Neutrino emissivity

The dominant contribution to the emission of neutrinos from ungapped quarks is given by the
quark analogs of-decay ) and electron captur@g)

d— ute +v (3.1)

It is straightforward to introduce weak interactions into the effective theory. The charged current

interaction is given by

7= 2L cospeytTiv-wTy (3.3)

V2
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Figure 2: Kinematics for the quark direct Urca process. In a free quark gas (upper panel) energy momentum
conservation forces all momenta to be collinear. If Fermi liquid corrections are taken into account (lower

panel) the outgoing quark has a non-zero transverse momeftsnoguZ. The dashed dispersion relations

give the HDL result whereas the solid lines show the change when non-Fermi liquid corrections are included.
These lead to a flattening of the dispersion relation in the vicinity of the Fermi surface.

where co#, is the Cabbibo angle arg is related to the Fermi coupling g /v/2 = 05/ (8M3).

The dependence on the Cabbibo angle suppresses the processes involving the strandgé&]quark [
Therefore we will restrict our analysis t¢; = 2 massless quarks. We have seen in the previous
section that almost collinear gluon exchanges can generate large logarithmic corrections to both the
fermion self energy and the vertex correction in the time-like regime. In particular, the coefficients
of the respective logarithms are exactly equal. Since the kinematics in the case of the neutrino pro-
cesses eq.3(1,3.2) is timelike the logarithms cancel and the renormalized effective weak coupling
remains unchanged.

The neutrino emissivity is given by the total energy loss due to neutrino emission averaged over
the initial quark helicities and summed over the final state phase space and helicities

! d*pg 1 ;dPpy 1 e 1 rdip 1
€= chmzdﬁe/ (21)3 264 (27:)32Eu/ (27r)32Ee/ (2n)3 28, = (3.4)

: (\MBIZ(Zﬂ)45(4)(pd — Pu—Pe— Py)N(pa)(1—n(pu))(1—n(pe))
[ Medf(2)*8®) (pu -+ Pe — Pa — Py)n(Pu)n(pe) (1~ N(Pa) )

whereE;, p; represent the full energies and momenta instead of the corresponding quantities relative

to the Fermi surface appearing in the effective theory. The weak matrix element fBrathéec

processes is given by
1
5> [Mpjed? = 64GE cos 6cp? (V- Pe) (V- Py), (3.5)

Ou,0d,0e
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wherepe, py are the momenta of the electron and the neutrino. Weak processes egiabdjah

librium in the star. In three flavor quark matter with a massive strange quark the resulting electron
chemical potential is small. In the following we shall assume tfiat- E, ) < (ue ~ Ee) < pE.

This assumption is appropriate in all cases except during the first few seconds of the proto-neutron
star evolution.

In this case we can neglect the neutrino energy and momentum when applying the energy-momentum
conservation relation to the matrix element. As a consequence wé/fipg) ~ E, after averag-

ing over the direction of the outgoing neutrino. The matrix element is mainly determined by the
factor (v- pe). To leading order in the effective theory the weak decay is exactly collinear and

(V- pe) = (Ee — Vele) = 0 up to terms of orde®(T /ue), see Fig2. The modification of the dis-
persion relation due to interactions opens phase space for the URCA processes. The leading effect
which makes the integral finite comes from Fermi liquid corrections, whereas non-Fermi liquid
corrections only appear in the phase space integral. To leading or@i¢uitthe sum of the rates

for electron capture an@l decay is given by

3GFC0529°T/ dxd/ dxu/ Ay X N(Xa)N(—Xu) (X=X +Xy)

. [P(Ed) 9p(Eq) P(Eu) Ip(Eu)

(P(Ew)®—E{ — p(Ea)* +E§) . (3.6)
Ei—ui+TXx

Eq JEy E, OJE,
In the considered cade< u the distribution functions cut off the integration at scales of the order
T which allows the application of the low energy expansion. Thereby the expression in the square
brackets is determined by the quark dispersion relation given irRef) @nd can be expressed by
the low energy constants. In the general case when the coupling is not small the integral cannot be
done analytically but has to be performed numerically which would require values for the unknown
low energy constants. The important point is, however, that in the considered case the leading term
arising from the bracket depends only logarithmically on the temperature and thereby does not
change the generit® behavior.
In weak coupling, terms dD(as(aslog(T))") with n= 0,1, 2 are independent of I¢g) and leave
the integral

6
/ dxd/ dxj/ A3 (X)) N(—X)N(Xg — X+ Xy) = 4550747:0. 3.7)

In this case the neutrino emissivity from the quark direct Urca process reads at leading order in
T/u

457 Cros, [eNs))?
Té(1 log( —=) ) . .
~ 530° 2 coS 6 o g e ( + 5 9( T >) (3.8)

The first term is the standard result by lwamoi@][ and the logarithmic terms are non-Fermi
liquid corrections. We note that these terms have to be included because at very low temperature
oslog(T) becomes large compared to one. We also note that if the scale inside the logarithm is on
the order of the screening scalegu, thenas(u)log(A/T) stays finite in the limifu — o at fixed

T.
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Figure 3: Neutrino emissivitye and specific heat, of quark matter. The dashed line shows the Fermi
liquid results and the dotted lines show the anomalous corrections. The solid line gives the sum of the two
contributions and the gray band shows an estimate of the uncertainties.

4. Compact star cooling

In this section we wish to study the impact of non-Fermi liquid effects on the cooling history
of an isolated quark phase in the weak coupling limit. Our aim is not to provide a thorough analysis
of the cooling behavior of an actual quark or hybrid star, but to give a numerical estimate of the size
of the non-Fermi liquid corrections. The thermal evolution of the star is governed by the neutrino
emissivity, the specific heat and the thermal conductivity. Non-Fermi liquid corrections to the
specific heat were initially considered by Holstein et al/][in the case of QED. The calculation
was recently refined and extended to QCD by Ipp etzd]. [They find

NcN¢ 2 Cr og Nc
- T(1 log ( 2¢ 4.1
N ( + & og<1.)>, @.1)

where the first term is the free gas result and the second term is the non-Fermi liquid correction.
Ipp et al. also determined the scale inside the logarithm as well as fractional powersmim the
completeO(as) result we findAc ~ 0.28m which is substantially smaller than the effective scale

e- Ny ~ 4.98mfound for the self energy.

The thermal conductivity of degenerate quark matter was studied by Pethick and Heiseerg [
Their result suggests that equilibration is fast and that the quark phase is isothermal. In this case
the cooling behavior is governed by

du JudT aT

ottt DG =
whereu is the internal energy, is time and we have assumed that there is no surface emission.
Without non-Fermi liquid effects we hawe~ T® andc, ~ T. In this case the temperature scales as
TO 1/t%1. With logarithmic corrections included there is no simple analytic solution and we have
studied eq.4.2) numerically.

—g(T), (4.2)
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We take the quark chemical potential to pg= 500 MeV corresponding to densitipg ~ 6pg
wherepy is nuclear matter saturation density. We note that lopthnd e are proportional tqu?
and the main dependence of the cooling behavioparancels. We evaluate the strong coupling
constant using the one loop renormalization group solution at agcale take the scale parameter
to be Agcp =250 MeV which givesos ~ 1 at u = 500 MeV. It is clear that the naive use of
perturbation theory is in doubt if the coupling is this large. In practice we estimate the uncertainty
by varying o5 between 1 and 0.4 which is the value used by lwamai. [ We take the weak
coupling result for the scale in the logarithms and assess the uncertainty by vAryiigin a
factor of 2. Finally, we took the initial temperature to ig=15 MeV.

The electron chemical potential is determined by the requirements of charge neutralifys and
equilibrium. In a non-interacting quark gas we fingd~ mé/(4pg). With a strange quark mass
ms=150 MeV this relation givege~11 MeV. This result, however, is very sensitive to interactions.
To first order inas the chemical potential for a massive strange quarka [

20 3mé Pes+ E2
=B +== — == Fs 4.3
Hs=Epst+ o <st = og( - (4.3)

whereEX = y/ p2,+m2. The important point is that th®(asm2) term is negative and enhanced

by a large logarithm lo@pr /ms). The sign is related to the fact that the correlation energy changes
sign in going from the relativistic to the non-relativistic limit.

Equation ¢.3) implies that the strange quark chemical potential can become equal to or even
smaller than the up quark chemical potential. To leading orderjfpZ the electron chemical

potential is given by

For the values of the parameters given above this equation gives a negative electron chemical po-
tential ue~ —14 MeV. In this case the quark phase contains a Fermi sea of positrons and the quark
direct Urca process is

u—d+e+v , d+et - u+v. (4.5)

The neutrino emissivity is again governed by €8 wherepu, has to replaced by ue. We observe

that despite the large correctiongig the emissivity is not strongly affected. The large variation in

Le When perturbative corrections are included implies, however, that the electron chemical potential
is very uncertain. In particular, there is a possibility tpatis much smaller thamg/(4pg). If

astle < T then the neutrino emissivity is no longer proportionalotgueT® but to T7 [31]. In

the following we shall use the valye,=14 MeV corresponding to interacting quarks. In Fig.

we show the temperature dependence of both the neutrino emissivity and the specific heat (solid)
compared to the Fermi liquid result (dashed). The gray band shows an estimate of the uncertainties
which are dominated by the uncertainty in the value of the strong coupling. Focpatite the
anomalous logarithmic terms (dotted) dominate in the relevant temperature range and exceed the
Fermi liquid result considerably. The cooling behavior is controlled by the &diip. Sincee ~

log?(T) andc, ~ log(T) this ratio is logarithmically enhanced. However, because the temperature

at late times scales roughly as the fourth root of the numerical coefficiencinthis logarithmic
enhancement only translates into a modest reduction of the temperature. This can be seen in more

10
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Figure 4: Cooling behavior of ungapped quark matter. We show the temper&treunits of 16 K as

a function of the age of the star in years. The dashed line shows the Fermi liquid result whereas the solid
line gives the result including non-Fermi liquid effects with the estimated uncertainty range. Although the
non-Fermi liquid corrections to both the specific heat and the neutrino emissivity are significant, there is only
a modest reduction in the temperature at late times. However, for both cases the cooling of quark matter is
considerably faster than the cooling of neutron matter via the modified Urca process given by the dotted line.

detail in Fig.4. We observe that compared to the Fermi liquid result (dashed) the non-Fermi liquid
effects (solid) lead to a reduction of the temperature at late times which is nearly independent of
time. The magnitude of the effect is on the order of 20%. For comparison, we also show the cooling
behavior of normal nuclear matter via the modified Urca prooesa — n+p+e~ +v [13]. We

have chosen the same density and initial temperature and the effective baryon masses giyen in [
We clearly see the difference between the fast® quark direct Urca process and the slewl®
modified Urca process.

5. Summary and Discussion

In this work, we have discussed the influence of ungapped quark modes on the cooling behav-
ior of compact stars. We find that the functional form and in particular the temperature dependence
of the neutrino emissivity found in the weak coupling limit generalizes to the physical case where
the coupling is of order one. This result is obtained within an independent low energy expansion
and should be valid basically during the entire cooling process except for the initial part. The low
energy expansion shares many features with the ordinary weak coupling expansion and depends on
only a few unknown low energy constants whose size should roughly be given by the perturbative
values. We expect a similar qualitative agreement between the weak coupling and the low energy
expansion for the case of the specific heat. A more precise result will require a detailed study of
both the emissivity and the specific heat within the effective low energy theory.

In the weak coupling limit non-Fermi liquid effects lead to a logarithmic enhancement in both the
neutrino emissivity and the specific heat. The net result of these two effects is a mild logarithmic

11
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enhancement in the cooling rate. As our rate is even larger than the Iwamoto rate we confirm
and sharpen earlier bounds on the existence of ungapped quark matter in neutrd@?stiere
gquantitative statements will require detailed studies of realistic models in which the quark core is
in contact with a hadronic phase or an atmosphere which is beyond the scope of the present paper.
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