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To my grandparents



.. und wir sind grundsétzlich geneigt zu behaupten, dass ... ohne eine bestandige Félschung

der Welt durch die Zahl der Mensch nicht leben konnte. (F. Nietzsche)

“Ach”, sagte die Maus, “die Welt wird enger mit jedem Tag. Zuerst war sie so breit, dafl ich Angst
hatte, ich lief weiter und war gliicklich, dafl ich endlich rechts und links in der Ferne Mauern sah,
aber diese langen Mauern eilen so schnell aufeinander zu, daf ich schon im letzten Zimmer bin, und
dort im Winkel steht die Falle, in die ich laufe.” “Du mufit nur die Laufrichtung &ndern”, sagte die

Katze und fraf} sie. (F. Kafka)
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Abstract

We study geometric aspects of 3d A/ = 2 and N = 4 supersymmetric gauge theories on the product
of a line and a Riemann surface. Performing the topological twist on the Riemann surface, the
theories preserve a supersymmetric quantum mechanics on the line. The quantum mechanics has an
effective description where its target space is a moduli space of configurations that satisfy generalized
vortex equations on the Riemann surface. We propose a construction of the space of supersymmetric
ground states of selected N = 2 theories as a graded vector space in terms of a certain cohomology of
the moduli spaces. This exhibits a rich dependence on deformation parameters compatible with the
topological twist, including superpotentials, real mass parameters, and background vector bundles
associated to flavour symmetries. By matching spaces of supersymmetric ground states, we perform
new checks of 3d abelian mirror symmetry. We go on to the study of the twisted indices of a 3d N' = 4
quiver gauge theories that have isolated vacua under generic mass and FI parameter deformations.
These can be viewed as virtual Euler characteristics of the moduli spaces of generalized vortex
equations, which in this case can be understood algebraically as quasi-maps to the Higgs branch.
We demonstrate that this description agrees with the contour integral representation introduced in
previous work. We then investigate 3d A/ = 4 mirror symmetry in this context, which implies an
equality of enumerative invariants associated to mirror pairs of Higgs branches under the exchange

of equivariant and degree counting parameters.



Introduction

In the last few decades, supersymmetry has been a powerful tool for the theoretical understanding
of the behaviour of quantum field theories. While in non-supersymmetric quantum field theories
phenomena in strongly-coupled regimes such as confinement can only be treated by means of heuristic
arguments, supersymmetry can famously yield detailed and exact answers [I]. Often, the answers are
based on remarkable mathematical theories or frameworks, which greatly benefit from the interaction
with supersymmetric gauge theories. An example relevant to this thesis is the important results
derived in the context of three- and four-manifolds invariants [2} 8][4, 5 [6]. Other spectacular results
close in spirit to this thesis have recently been obtained in the context of enumerative geometry [7]
8, 9], a field with a strong tradition of successes [10].

This thesis is devoted to the study of a specific class of supersymmetric gauge theories, namely
3d N =2 and N = 4 theories topologically twisted on the product of a real line R and a Riemann
surface Y. In line with the general motivation for the study of supersymmetric quantum fields, our
aim is to emphasize geometric aspects of the theories, and to show that a geometric point of view is

beneficial for both physics and mathematics.

R

Figure 1: We consider 3d A/ = 2 supersymmetric gauge theories on the product of a line and a
Riemann surface 3.

We achieve this by following a programme initiated in [IT], which consists in interpreting the 3d
supersymmetric gauge theories as an effective quantum mechanics on the line R. The application of
this point of view to our setup is new, and turns out to be particuarly fruitful. In the remainder of this
introduction, we contextualise our research by highlighting important aspects of 3d supersymmetric

gauge theories, and provide a summary of our contributions.



QM Fields on ¥

Figure 2: We interpret the system as a supersymmetric quantum mechanics on R.

Background on (twisted) N' =2 and N = 4 3d supersymmetric
gauge theories

Although supersymmetric gauge theories in four dimensions may be thought to be more realistic
than their three-dimensional counterparts, there are many interesting physical phenomena that are
absent in the former but present in the latter. This is essentially because of the constraining power of
holomorphy [12]. In fact, most of the stunning results of supersymmetric four-dimensional theories,
such as the understanding of confinement, are based on the holomorphic dependence of the effective
superpotential on complex parameters. Deformation parameters, in four dimensions, arise from
expectation values of background chiral multiplets, and are therefore necessarily complex. This
implies, for instance, that there cannot be any phase transition in these parameters. Some of the
precluded phenomena can be accessed, without renouncing the power of supersymmetry, by studying
theories in three dimensions.

In three-dimensional theories with at least /' = 2 supersymmetry there are natural real deforma-
tion parameters that correspond to expectation values of background vectormultiplets. In addition,
unlike in four dimensions, three-dimensional theories allow for Chern-Simons terms. Notably, Chern-
Simons terms were at the heart of the original physical construction of knot invariants [2], and have
a long history of mathematical applications. They come together with discrete parameters, namely,
the Chern-Simons levels, which are obviously also not subject to the constraints of holomorphy. The
presence of all these parameters implies, in the first instance, the existence of remarkable phases in

the moduli space of vacua of three-dimensional theories.

Moduli spaces of vacua In order to demonstrate this, and given the intricacy of the moduli
spaces, it is best to consider an example. We follow [13]. Let us take a N' = 2 theory with a
U(1) gauge group and an unbroken U(1)gr subgroup of the R-symmetry. We assume N matter
fields ¢; of charge @;. To each U(1) factor in the gauge group there is, in three dimension, a
U(1) topological symmetry, U(1)7. This symmetry acts by rotating the dual photons +y, which
are periodic scalars defined by dy = xdA, where A is the gauge connection (notice that this is

only possible in three dimensions). The unbroken maximal torus of the total symmetry group
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is U(L)r x U(1)r X va U(1);/U(1), where the product over i is a flavour symmetry and we are
dividing by gauge transformations. For each U(1) factor in the flavour symmetry, we can turn on
a real parameters m; associated to background vectormultiplet for this factor. This is known as a
‘real mass’. We also introduce a Fayet-Iliopoulos parameter {, which corresponds to a real mass for
U(1)r, and a Chern-Simons level k.

Notice that being bottom components of supermultiplets, the parameters ¢, m; can only get
one-loop renormalizations. The computation of the semi-classical potential shows that the effective
real masses of the fields are

mi(o) =m; + Qio, (1)
where o is the real bottom component of the gauge multiplet. For o # 0, ¢; therefore becomes
massless at

0Q, = —mi/Q;. (2)

When integrating out matter fields, the parameters ¢ and k get renormalisations
1
Cerr =C+5 ; Qimsign(m; (o))

N
1 5.
kess = ot 3 3 Qbsign(mi(2).

The potential attains its minimum at

N
> 2mQil¢* = Cops + kepro, mi(0)Qi = 0. (4)

i=1

There are therefore three kinds of vacua:

e ‘Higgs’: the expectation value (¢;) of some ¢; is non-zero, o = 0¢, and so the gauge group is
fully broken. There may be non-compact moduli spaces of Higgs vacua, but for generic mass

parameters, they are isolated. They only exist if the RHS of is positive;

e ‘Coulomb’: characterised by (¢;) = 0 for all 4, and (.sy = keys = 0 so that there is a continuous

moduli space;
e ‘Topological’: (¢;) =0 for all ¢, but k.rs # 0. They are isolated.

We will only consider non-abelian gauge theories in the presence of AV = 4 supersymmetry, so
let us discuss this case briefly. When N = 4, necessarily ke = 0 and there are only Higgs or
Coulomb branch vacua. [I4]. Typically, the moduli space of vacua is a union of ‘branches’ that can
be products of the two types [15]. When only one type is present, say Higgs vacua, the branch is
known as ‘Higgs branch’. Analogously, there are also ‘Coulomb’ branches. Supersymmetry implies

that both kinds of branches are hyperkéhler manifolds. The Higgs branch has a neat geometric and

iii



exact description, which we are going to review at length in the bulk of this thesis. Briefly, it is a
hyperkahler quotient which can be resolved by introducing FI parameters, and has isometries coming
from the flavour symmetries that rotate hypermultiplets scalars. Real masses can be thought of as
generators of these isometries. The Coulomb branch in flat space is classically spanned by monopole
operators, which are operators constructed from the vectormultiplet scalars ¢, and dual photons.
Classically, it is

Mo = (R? x 1) i (5)

where G is the gauge group and Wg is its associated Weyl group. However, the Coulomb branchs
receives one-loop and nonperturbative quantum corrections, whose structure is in general unknown.
This makes the rigorous definition of the Coulomb branch a substantial challenge. Notice that the
classical expression manifests the isometries coming from rotating the dual photons. This means
that the Coulomb branch has at least the topological symmetry group as an isometry group. In fact,
the role of mass and FI parameters in interchanged in the Higgs and Coulomb branch.

Progress in understanding the structure of the Coulomb branch has been made for example in
refs. [16] [I5], and was part of the motivation for the program of [II] that we are following in this
thesis. See also [I7] for a proposed rigorous definition of the Coulomb branch in a large class of

examples.

Mirror symmetry Another distinctive feature of three-dimensional ' = 2 is a duality known as
‘mirror symmetry’. This was first discovered in ref. [I8], but see also ref. [19] for the analogue in
N = 2 theories. The starting point is that three-dimensional theories have an intricate IR dynamics,
which —unlike in the case of four dimensions— is present even in abelian cases [I3]. Two theories can
become identical in a non-trivial way at low energy scales. In this case, the theories need to share
properties that are independent of the scale, and are therefore called ‘mirror duals’.
Three-dimensional mirror symmetry can have very surprising consequences. For example, the
moduli spaces of superymmetric vacua of mirror-dual theories need to be identical. It turns out that
for N' = 4, the Coulomb and the Higgs branch of the moduli space of vacua are interchanged by
the duality. Given their very different descriptions, this is very striking. It is the first and simplest
instance of a physics-inspired mathematical duality known as ‘symplectic duality’, which can be
enriched by studying other physical observables and deformations. It has profound mathematical

implications, on which see for example [111 20} 21].

The topological twist and the twisted index After this general introduction, we now turn
to the setup which is the focus of the thesis, R x X. 3d A/ = 2 supersymmetric gauge theories can
be put on this geometry by means of a topological twist. We recall that the procedure of the twist

involves redefining the Lorentz group U(1);, on the plane by mixing it with the U(1)z symmetry
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group. One then selects scalar nilpotent supercharges, so that the metric tensor on the plane is
exact. Obervables which are closed under the action of the supercharge will be independent of the
metric, and define a subsector of the theory that can be put on any Riemann surface. In the presence
of N' = 4 supersymmetry there are two qualitatively distinct twists that utilise a U(1) subgroup
from each factor of the R-symmetry, which is a product of two groups SU(2)y x SU(2)¢ acting on
hypermultiplet and vectormultiplet scalars respectively. These are commonly referred to simply as
the ‘H-twist” and ‘C-twist’.
One of the basic observables of the twisted theory is the (graded) Witten index. We replace R
by S' and compute
I = Try(—l)Fe_%'BHny , (6)

where H is the Hamiltonian on the S', y represents ‘fugacities’ for the flavour symmetries of the
theory (which for the moment we also take to include topological symmetries), and J; are generators
for the Cartan subgroup of the flavour symmetry group. Fugacities are, essentially, exponentiated
real masses complexified by holonomies of background connections on S'. The trace is over the
Hilbert space H of states, and 3 is related to the radius on S'. By standard arguments, in the case

of N' = 2 the only states that contribute to the index are those satisfying
Q*=H—-my-J; =0, (7)

where my is a real mass for flavour symmetry and @ is a supercharge. In the presence of N' = 4
supersymmetry, the constraints are stronger.

The twisted indices of three-dimensional supersymmetric gauge theories were first computed by
Nekrasov and Shatashvili [22] in the context of the Bethe/Gauge correspondence. More recently,
the twisted indices of 3d /' = 2 supersymmetric gauge theores have also been derived from UV
localization on the classical Coulomb branch of the theory [23] [24] 25 26]. The localization technique
consist in writing some components of the action in terms of pieces that are exact with respect to
the preserved supercharges. The bosonic parts of these actions are total squares. Because of Q-
exactness, one can freely tune the parameters in front of the exact pieces, so that the path integral
localizes to configurations that attain the minimum. We will not review the localization procedure
in this thesis. Some foundational pieces of work can be found in refs. [27, 28]. For a more recent
review, see e.g. [29].

The result of refs [25] [26] is a sum of contour integrals over the complexified maximal torus of
the gauge group G. When G is a product of unitary groups, as is the case in this thesis, we have
schematically

1y0) = [y D (~0)™) JKRes du 2952140 ) HO u,) (8)



where the summation is over GNO quantized magnetic fluxes on 3, or co-character lattice Ag. Wg
is the Weyl group, ¢ and y stand for the fugacities of Coulomb and Higgs branches respectively.
The integrand is formed by classical and one-loop contributions from the matter content and the
‘Hessian’ H is related to the toplogy of the curve. The contribution from each flux sector is given
by a Jeffrey-Kirwan residue that specifies the choice of contour. Notice that although the Jeffrey-
Kirwan prescription finds its origin in the study of the cohomology of symplectic quotients [30],
prima facie this interpretation is not manifest in supersymmetric localization computations. This
was one of the motivation for our more geometric point of view.

Finally, we should mention a basic consequence of mirror symmetry —namely, the twisted indices
of two mirror-dual theories need to be the same. In refs.[23] 25| 26] it was checked that this is indeed

the case.

Vertex Operator Algebras and the Geoemtric Langlands Programme Many interest-
ing aspects of three-dimensional theories, which we barely mention, also arise by viewing three-
dimensional theories as boundary theories for four-dimensional theories. When N = 4, the setup
R x X can be fitted in this way into the broader context of the Geometric Langlands Programme [31],
32, [33]. This has a wide range of mathematical applications, well beyond the scope of this thesis.
There is a single yet important point that we cannot avoid mentioning. This is a proposal
put forward in refs. [34] and further studied in [35] [36]. Consider first the topologically twisted
theory on R x ¥, with a boundary at {0} x X. In inserting local operators at the boundary,
and imposing an asymptotic state at infinity, one gets a collection of correlation functions of local
operators of a boundary Vertex Operator Algebra (VOA). This collection is consistent with the
OPE, and corresponds by definition to the spaces of conformal blocks of the VOA. In this way, we
get a map from the Hilbert spaces of a theory on R x ¥, @, to the spaces of some conformal blocks
of an associated VOA. This map is often an isomorphism. However, the explicit computation of the

number of conformal blocks remains difficult.

Summary of our contributions

We now turn to our own contributions. Our starting point is that topologically twisted N = 2
theories on R x ¥ preserve at least the algebra of a A/ = (0,2) supersymmetric quantum mechanics
on R. In general, we would like to study observables of the three-dimensional theories in terms of
an effective supersymmetric quantum mechanics, where neat geometric tools become available. As a
first step, in this thesis we focus on the twisted indices @ and the spaces of supersymmetric ground

states (|7)).
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A different localization locus and the generalized vortex equations Our first step towards
a geometric description of the quantum mechanics amounts to introducing an additional @Q-exact
action, so that the path integral is dominated at given scales by configurations on ¥ satisfying

‘generalised vortex equations’. These take the schematic form

«Fa+ € (u(¢) — 7 — kegpo) =0
5A¢:O7 (9)

where ¢ represents the chiral multiplet fields transforming in a given representation of the gauge
group. p is a moment map for the action of the gauge group on this representation. In this thesis,
we always study theories for which k.ys = 0. The solutions to these equations form a moduli space
O, which is a disjoint union of topologically distinct sectors labelled by the degree of the gauge
bundle

M=) Mn, (10)

meAr

where A7 is the character lattice of the topological symmetry. The description of the moduli space
depends on the combination s = 7e2Vol(X) of a parameter 7 valued in the Lie algebra of the
topological symmetry, e2, and the volume of the curve. 7 plays the role of the FI parameter, and
it can be seen as a FI parameter in the effective theory. Although this parameter appears in an
exact deformation of the action, there can be an intricate wall-crossing behaviour in the parameter
space. In this thesis, we formally take the limit s — oo in a prescribed direction and avoid any
wall-crossing behaviour. This limit, we argue, is related to the IR limit and is therefore relevant
for mirror symmetry. The wall-crossing phenomenon and its relation with existing mathematical

literature is being investigated, and will soon appear [37].

Twisted Hilbert spaces of N' = 2 theories We then move to the study of twisted 3d N' = 2
supersymmetric gauge theories. First of all, we describe in details how the system can be viewed as
an effective quantum mechanics. We then study the Hilbert spaces of supersymmetric ground states
‘H of a selected class of theories.

We already remarked that the ground states are charged under fermion number and flavour
symmetries. As a consequence, the twisted Hilbert space transforms as a virtual representation of
the flavour symmetry. Furthermore, it has a rich dependence on real and complex supersymmetric
deformation parameters obtained by coupling to background vectormultiplets for flavour symmetries,
in a way compatible with the topological twist on . In particular, for a flavour symmetry Gy acting

on chiral multiplets, we may turn on
1. A real mass parameters m¢ valued in the Cartan subalgebra of G,

2. A background G ¢-vector bundle E; on X.

vii



Analogous expression exist for topological symmetries.

We first focus on abelian N/ = 2 supersymmetric gauge theories with G = U(1). We view the
theory as an effective supersymmetric quantum mechanics for each degree m, whose target space
is a moduli space M, of solutions to the generalized vortex equations on Y in the presence of the
background vector bundle E¢. The equations are obtained as in @, with the appropriate matter
content and with the deformations induced by the background bundles. We tune the deformation
parameters so that the theory presents only Higgs vacua. The generalized vortex moduli spaces
M., we consider are Kahler becaue of N = 2 supersymmetry, and may or may not be compact,
depending on the matter content and flux m. Provided the moduli space is smooth, we propose that

the supersymmetric ground states can be understood in terms of an L2-cohomology

Hen = Hg;:f+5 (Mo, Foa) » (11)

where Fy, denotes a Zy-graded vector bundle that receives contributions from supersymmetric Chern-
Simons terms, a background line bundle for the topological flavour symmetry, and the quantization

of fermion zero modes. The differential is a sum of a conjugated Dolbeault operator,
Om, =e .0l (12)

where the real superpotential hy = my - iy is constructed from the moment map ¢ for the action
of the flavour symmetry Gy on My, and an extra contribution ¢ from a 3d superpotential. This
L?-cohomology can depend intricately on the choice of background vector bundle E + and real mass
parameters my.

An important consistency check for our proposal is to reproduce the supersymmetric twisted
index on S' x ¥. We emphasize, however, that as expected from index computations the twisted
Hilbert space exhibits information and a structure that go far beyond the supersymmetric twisted

index:

e There can be dramatic cancellations in computing the supersymmetric index via , particu-

larly on Riemann surfaces of genus g > 0.

e The supersymmetric twisted Hilbert space is sensitive to 3d superpotential deformations via
the differential §, which removes pairs of supersymmetric ground states whose contribution to

the supersymmetric twisted index cancel out.

e The supersymmetric twisted Hilbert space may jump across hyperplanes in the space of real
mass parameters my where there are non-compact massless degrees of freedom. On the other
hand, the supersymmetric index is a meromorphic function with poles on these hyperplanes.

The same remark applies to real FI parameters for topological flavour symmetries.
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e The supersymmetric twisted Hilbert space depends on a choice of holomorphic vector bundle
E¢ on ¥ for the flavour symmetry G, while the supersymmetric twisted index depends only on
its Chern class. The same remark applies to background line bundles associated to topological

flavour symmetries.

The supersymmetric twisted Hilbert space therefore has the potential to provide a more refined
check of supersymmetric dualities such as 3d mirror symmetry.

In order to illustrate some of these points, we provide a brief appetizer. Let us consider a
supersymmetric U(1) Chern-Simons theory at level —l—% with a chiral multiplet of charge +1. We

show that the supersymmetric twisted Hilbert space in the s — 400 limit is given by

00 m+tg—1 '
H = ™ P N, (13)
m=1—g j=0

where g > 0 is the genus of ¥ and the parameter g keeps track of the grading by the topological
flavour symmetry. Notice that there are non-vanishing contributions from an infinite number of

fluxes, m > 1—g. On the other hand, the supersymmetric twisted index is a finite Laurent polynomial
I=¢"9(1~q) ", (14)

with the contributions from fluxes m > 0 cancelling out in the trace. Nevertheless, we demonstrate
that equation agrees with the supersymmetric twisted Hilbert space of a single chiral multiplet
with a positive real mass parameter. Furthermore, we extend this agreement to include a holomor-
phic line bundle for the flavour symmetry. This constitutes a new check of the simplest 3d mirror

symmetry.

Twisted indices and Hilbert spaces of A/ = 4 theories. As the methods we used for the
Hilbert spaces of N/ = 2 theories can fail in more complicated examples, we turn to the study of
twisted indices of 3d N/ = 4 supersymmetric gauge theories. The theories are more rigid and are
open to neater mathematical interpretations.

The twisted indices can be regarded as the flavoured Witten index of the effective supersymmetric
quantum mechanics on R. As already mentioned in this introduction, N' = 4 theories possess two
qualitatively different topological twists —the H-twist and C-twist. The topological twist results in
an additional flavour symmetry U(1);. We can therefore upgrade @ to

19y, q,t) = Tryy, o (1) y " g7ot" (15)
where Hpy o is the Hilbert space of supersymmetric ground states on S* x ¥ and

e Jy is the generator of the Cartan subalgebra of the Higgs branch flavour symmetry Gy, which

in the N = 4 context acts on the hypermultiplet scalars.
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e Jc is the generator of the Cartan subalgebra of the Coulomb branch flavour symmetry G¢,

which is realized as a topological symmetry in the UV.

e J; is the generator of the combination U(1); = U(1)g — U(1)¢ of R-symmetries, which com-

mutes with the two supercharges preserved in both the H-twist and the C-twist.

We recall that in the context of superymmetric quantum mechanics, the Witten index [3§]
I=Try(-1)F, (16)

comes with a strong geometric interpretation. For example, in a 1d N = (0,2) sigma model to a
compact target M endowed with a holomorphic vector bundle E, the Witten index can be identified

with the holomorphic Euler characteristic
X (M,K}M/Q ®E) :/ A(TM) ch(E). (17)
M

In the presence of flavour symmetry, this can be promoted to a flavoured Witten index that computes
the equivariant holomorphic Euler characteristic. We can therefore try to provide a geometric
interpretation of the contour integral in equation in terms of holomorphic Euler characteristics.

We focus on 3d N' = 4 superconformal quiver theories that have isolated massive vacua in the
presence of generic mass and FI parameters. With our alternative localizing action, the path integral

localizes on the N = 4 version of (@ This takes the schematic form

*Fa+ ¢ (ur —2[p", 0] = 7) =0
04X =0 04Y =0 0a0=0 (18)

- X=0 ¢-Y=0 X-Y=0,

where (X,Y) are the hypermultiplet scalar fields transforming in a quaternionic representation of
G and ¢ is the vector multiplet complex scalar field in the adjoint representation. The solutions
to these equations form a moduli space 9, which is again a disjoint union of topologically distinct

sectors labelled by the degree of the gauge bundle

M= Mu . (19)

meAY

where AY is the character lattice of the Coulomb branch flavour symmetry G¢. In the s — oo
limit, we show that 9, has an algebraic description as the moduli space of quasi-maps to the
Higgs branch, ¥ — My, of degree m [39]. E| More precisely, in the H-twist we recover the twisted
quasi-maps to holomorphic symplectic quotients introduced in [45], while in the C-twist we find a

generalization to arbitrary genus of a construction of [46].

1The moduli space of quasi-maps and their enumerative geometry have been discussed in various contexts, e.g.,
[40) (411, [8), [42], (43, [44].



In order to provide a concrete interpretation of the contour integral representation of the twisted
index in terms of the enumerative geometry of the moduli space M, we carefully study the
massless fluctuations of the bosonic and fermionic fields around a point p € 9. From a mathematical
viewpoint, these massless fluctuations can be identified with the virtual tangent bundle to the moduli
space 9 and give rise to perfect obstruction theories, which coincides with those considered in
[45] [46]. We take the opportunity to remark that related constructions have also been extensively
studied in [47, [46] in the context of the K-theoretic Donaldson-Thomas invariants of Calabi-Yau
three-folds.

From this discussion, we argue that the localized path integral for the twisted index reproduces
a generating function of virtual Euler characteristics of i, defined by

e = / ATV (20)
mEAV

In general, the moduli spaces 91, are non-compact and these integrals are not well-defined.
However, by turning on a real mass parameter with associated fugacity ¢, we can localize further to
the compact fixed locus of the U(1); symmetry. This fixed locus £ C 9 coincides with the moduli
space of quasi-maps to a holomorphic Lagrangian Ly C My known as the compact core. The

virtual tangent bundle then decomposes on the fixed locus as

Tvir

en =1TLynw 4+ Nu (21)

where T'L,, is the virtual tangent bundle to the fixed locus and N is the virtual normal bundle. The
path integral then reproduces the virtual Euler characteristic defined by localization with respect to

the U(1); action,

¢ = / . (22)
Lm ch A NV

mEAV
where the notation A° indicates the exterior algebra normalized by the square root of the determinant
bundle. This gives a concrete geometric interpretation to the twisted index.

In order to perform explicit calculations, we can localize further to the fixed locus of the flavour
symmetry Gy by turning on mass parameters with associated fugacity a, which play the role of
equivariant parameters. Under our assumptions, we show that the fixed locus is a disjoint union
of smooth compact spaces My ;, where I labels the fixed points on My and m € Ag is a GNO
quantized flux with tr(m) = m. Each component is given by a product of symmetric products of the

curve 3,
rk(G)

M, 1 = H Sym"a3 | (23)
a=1

where ny ’s are non-negative integers which depend on the twist and a component of the magnetic

flux m. On the fixed locus, the virtual tangent space decomposes

Ty, = T s + Nin 1 (24)

xi



where Ny, 1 are the virtual normal bundles and non-zero weights under the U (1), x G action. The

path integral then reproduces the equivariant virtual Euler characteristic via virtual localization,

e = Z / Car val)) . (25)

mGAG

The intersection theory on the symmetric product of a curve is well-known [48], 49, [50] allowing
us to convert the expression into a sum of the residue integrals. We show explicitly that this
reproduces the contour integral representation of the twisted index . In particular the fixed loci of
U(1); x Gy are in one-to-one correspondence with the poles selected by the Jeffrey-Kirwan residue
integral. E|

Sending ¢ — 1, the twisted index preserves four supercharges that generate a 1d A" = (2,2) and
N = (0,4) supersymmetric quantum mechanics in the H-twist and C-twist respectively. We can
therefore add further exact terms to the localising action to further constrain the moduli space. In
particular, the C-twisted index can be localised to the space of constant maps to the Higgs branch
My . In this limit, the virtual Euler characteristic is independent of ¢ and reduces to the equivariant

Rozansky-Witten invariants [4] of My, associated with the three-manifold S x 3,

|, :/M A(TMy) ch (K'T*MH)Q . (26)

On the other hand, the H-twisted index reduces to a generating function of the Euler classes of the

G g-fixed loci,
N SN CAD DI Ll NG AR (21)

meAg I Mo, 1 B
which is independent of the fugacity a.
As mentioned, an important feature of the class of 3d A/ = 4 supersymmetric gauge theories we
consider is the existence of mirror symmetry, which exchanges the H-twist and the C-twist of a dual
pair of theories 7 and 7. This implies the following relation between the twisted indices of these

theories,
Iu[T)(g, y,t) = Io[TV)(y, ¢, t7) (28)

This provides extremely non-trivial relationship between enumerative invariants of quasi-maps to
pairs of Higgs branches My and MY, under the exchange of the degree counting parameters. It is

a remarkable example of symplectic duality for quasi-map spaces.

Outline and Statement of Originality

The thesis is organized as follows. In chapter [} we review and study supersymmetric quantum

mechanical systems, emphasizing how the space of supersymmetric ground states depends on various

2The geometric interpretation of the twisted index for an N/ = 2 supersymmetric Chern-Simons theory with an
adjoint chiral multiplet has been studied in the references [51], [52].
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types of deformation parameter. In chapter 2] we review and modify supersymmetric localization
results. In chapter [3] we study the twisted Hilbert spaces of N' = 2 supersymmetric gauge theories.
In chapter [d] we turn to the investigation of the twisted indices of N’ = 4 supersymmetric gauge
theories.

Chapters [1| and [3| are based on materials from the co-authored paper [53]. Chapters [2[ and
are based on the co-autored pre-print [54]. The graduate work of the candidate also includes the

unrelated paper [55]. Other more related papers are also due to appear soon [37, [56].
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Chapter 1

Supersymmetric Quantum
Mechanics

In this chapter, we treat the material about supersymmetric quantum mechanical systems that
will be needed when studying 3d supersymmetric gauge theories on R x ¥X. In section we
study N = (0,2) supersymmetric quantum mechanics. These will arise in the presence of N = 2
supersymmetry in 3d. In section we briefly summarise aspects of N’ = 4 quantum mechanics,

which will arise in the presence of N' = 4 supersymmetry.

1.1 N = (0,2) Supersymmetric Quantum Mechanics

We review and study supersymmetric quantum mechanics with supermultiplets that arise from the
dimensional reduction of N' = (0,2) supermultiplets in two dimensions, emphasizing those aspects
that will be important in applications to 3d N' = 2 theories on a R x ¥. For further background

and examples of this class of supersymmetric quantum mechanics we refer the reader to [57} [58| [59]

1.1.1 Setup

An N = (0,2) supersymmetric quantum mechanics has odd generators @ and Q' that are adjoint
with respect to a Hermitian inner product on the Hilbert space. We suppose the supersymmetric
quantum mechanics has flavour symmetry G with conserved charges Jy € t; and introduce an
associated real mass parameter my € ty. Here t; is the Cartan subalgebra of G'f. The supersymmetry

algebra is then

{Q.Q}=0
{Q. Q" =H —my - J; (1.1)
{QT,Q"y =0,

where H is the Hamiltonian.
We define supersymmetric ground states as those annihilated by H — my - Jy. A standard

argument shows that the spectrum of H —my - J; is non-negative and that supersymmetric ground



states are equivalently annihilated by both of the supercharges. We assume that the spectrum is
gapped, in which case the supersymmetric ground states have another equivalent description as the
cohomology of either supercharge @ or QF.

The requirement that the spectrum is gapped may place constraints on the mass parameters my.
We will denote the subspace of mass parameters where the spectrum is gapped by ¢f C t¢. In all of
the examples we are going to consider, ¢y will consist of a union of chambers ¢y = |J,, ca C t5 cut
out by hyperplanes where there are non-compact massless degrees of freedom.

In this thesis, we will compute the space of supersymmetric ground states H as the cohomology
of the supercharge Q. Since (—1)* and J ¢ commute with the supercharges, the space of supersym-
metric ground states is graded by Fermion number and flavour symmetry. Alternatively, we can say
that it is a Zy-graded or virtual representation of the flavour symmetry Gy.

It will be important to understand how the supersymmetric ground states change as the real

mass parameters my are varied. In our examples, the supercharges obey

O Q = +uy, Q)

(1.2)
8meT = _[/'(‘vaW 5

where p1y € t} is a Hermitian operator. This is an A-type deformation in the notation of [33]. In
particular, the operator 0y, , +py commutes with Q' and descends to a complex flat Berry connection
on the sheaf of supersymmetric ground states over ¢y C t;. Put simply, while the wavefunctions of
the supersymmetric ground states will depend explicitly on the real mass parameters, H remains
constant as a graded vector space, provided the spectrum remains gapped. Therefore, we associate
a space of supersymmetric vacua H,, to each chamber c,,.

We will also encounter examples of B-type deformations of the supersymmetric quantum me-
chanics [33], where the supercharges depend holomorphically or anti-holomorphically on a set of

complex parameters u,
0.,Q =0
(1.3)
In particular, the derivative 03 commutes with QT and, provided the system is gapped, descends
to a holomorphic Berry connection on the sheaf of supersymmetric ground states over the complex
space parametrized by wu.

The flavoured supersymmetric index is defined as a graded trace over the full Hilbert space of

the supersymmetric quantum mechanics,
I = T\I‘(_l)Fe—ZTrBHe—QTriﬁaf-Jf ) (14)

In the Euclidean path integral construction of the supersymmetric index, (3 is the radius of the circle

and e~270%sJs is a background Wilson line for the flavour symmetry. A standard argument shows



that only supersymmetric ground states contribute to the supersymmetric index, and therefore, in

each chamber ¢, we obtain an expression

Ia — ’I‘I‘H (_1)F6—27\'B(Mf+iaf)~Jf
1.5
= Try, (—1)F 277, ()

where

T = 6727T[3(mf+’iaf) (16)

is valued in the complexified maximal torus of the flavour symmetry Gy. The supersymmetric index
can therefore be expressed as a graded trace over H,.

The supersymmetric index I, computed in equation will in general yield a different Lau-
rent polynomial in x in each chamber ¢,. However, they correspond to Laurent expansions of the
same meromorphic function I(x) in the different chambers ¢, under the identification . This
meromorphic function then has poles on the hyperplanes separating these chambers. In the case
¢; = ty, the supersymmetric index is a finite Laurent polynomial in x.

Finally, the supersymmetric index is insensitive to B-type deformations.

1.1.2 Geometric Model

We now consider a general class of supersymmetric quantum mechanics of the above type that arise
from supersymmetric sigma models. The construction of these supersymmetric quantum mechanics
has much in common with the construction of 2d N = (0, 2) supersymmetric sigma models [60].

We consider a supersymmetric sigma model specified by the following data:
e A complex manifold M with Hermitian metric.

e A Z-graded Hermitian vector bundle F'.

e A holomorphic differential § : F — F of degree +1 obeying 62 = 0.

The full Hilbert space of the supersymmetric quantum mechanics consists of smooth square-integrable

sections of

Q" (M) ® F (1.7)

with respect to the Hermitian inner product

(o, B) :/Md/\*ﬂ. (1.8)

Here, * denotes the Hodge star operator on M and contraction along fiber directions using the
Hermitian metric on F is understood.
The supersymmetric quantum mechanics has an R-symmetry transforming the supercharges @,

QT with charge —1, 41 respectively. Referring to the above geometric data, this R-symmetry can



be identified with the sum of the form degree on the target space M and the Z-grading on the
Hermitian vector bundle F', modulo an additive constant.

In this thesis, we will only keep track of the Fermion number (—1)¥. In particular, we regard
F as a Zy graded vector bundle with decomposition F' = F, & F, into even and odd components.
The Fermion number (—1)f in the supersymmetric quantum mechanics is then given the sum of the

form degree and the Zs-grading on F*:
e (—1)4 for a section of Q%9(M) ® F, and
e (—1)7*! for a section of Q%9(M) @ F,

Let G ¢ denote the group of isometries of M that lift to an equivariant action on F' preserving its
Hermitian metric and commuting with the holomorphic differential §. This is the flavour symmetry
of the supersymmetric quantum mechanics. At this point, we assume that M is Kahler and there
exists a corresponding real moment map piy € t}i. We may then introduce an A-type deformation of
the supersymmetric quantum mechanics by real mass parameters my € ty, which can be understood
as a real superpotential

hy=mys-py. (1.9)
This superpotential is the moment map for the U(1),,, C Gy isometry generated by the mass
parameters my [61].

Let ¢; C t; denote the mass parameters where the fixed locus of the U(1),,, isometry of M
is compact and the spectrum of the supersymmetric quantum mechanics is gapped. If M is non-
compact, this is a disjoint union of chambers ¢; = (J,, ¢o cut out by hyperplanes. If M is compact,
cr = ty.

The supercharges are identified with

Q=20 +d
o (1.10)
Q"= O, +96.
where B B
ajn = el gtehs
! (1.11)

5mf = e M el
and 0,0" denote respectively the twisted Dolbeault operator acting on sections of and its
adjoint with respect to the Hermitian inner product . Finally, 61 is the adjoint of holomorphic
differential § with respect to the Hermitian metric on F. Note that the supercharge Qf depends
holomorphically on deformations of the holomorphic vector bundle F' and the differential ¢ : they
are B-type deformations of the supersymmetric quantum mechanics.

These supercharges obey the supersymmetry algebra (1.1)) with H schematically given by

H:%A+(ahf)(éhf)+mf.\1/+{5f,5}, (1.12)



where A is the Laplace operator, and my¢ - ¥ is a term linear in my containing fermions and no
derivatives. my - J; can be seen as the generator of the U(1),,, flavour symmetry.

Provided the mass parameters lie in ¢; C ty and the spectrum of the supersymmetric quan-
tum mechanics is gapped, the space of supersymmetric ground states can be identified with L2-

cohomology of the supercharge QF, which we write schematically as

HY*

57 s F). (1.13)

Due to the exponential dependence of the supercharge on the mass parameter my and the condition
of square-normalizability, the computation of this cohomology for a non-compact target space M
will generally yield a different space of supersymmetric ground states H, in each chamber ¢,. In
other words, the space of supersymmetric ground states may jump across hyperplanes in ty where
there are massless non-compact degrees of freedomﬂ .

However, if M is compact, the spectrum of the supersymmetric quantum mechanics is gapped
for any my and the space of supersymmetric vacua is constant on ty. In this case, we can set my =0

and identify the space of supersymmetric ground states with the regular hypercohomology,

0,0
H=Hy (M,F). (1.14)

Let us finally consider the supersymmetric index in this class of supersymmetric quantum me-
chanics. The supersymmetric index I, in each chamber computes the equivariant character of H,
as a virtual representation of the flavour symmetry G ;. This index is independent of the differential
and can be identified with an equivariant Euler character for L2-cohomology classes of the conju-
gated Dolbeault operator 0, s in equation . If M is compact, the supersymmetric index I

coincides with the regular equivariant Euler character x (M, F').

1.1.3 Examples
Chiral Multiplets

Our first example is a single chiral multiplet (¢,) with a real mass parameter my for the U(1)
flavour symmetry. This model is a supersymmetric complex harmonic oscillator. In canonical

quantization, the complex Fermion obeys {1,1} = 1 and the supercharges take the form

9 _
Q=1 <_8¢ +mf¢)

— 0
QT :’(/J <+8¢) +mf¢) .

1The cohomology groups may in general be hard to compute directly. However, sometimes computations
can be approached with the help of holomorphic instanton techniques. The starting observation is that in a given
chamber the spaces of supersymmetric ground states, viewed as vector spaces, do not depend on the value of my. We
can therefore carefully take a limit m; — oco. In this limit, states are localised around fixed points, and they can be
approximately described as if they were defined on flat space. This perturbative description needs to be supplemented
by instanton corrections. These techniques were developed in [59]. We will go back to these in the forthcoming [56].

(1.15)




The supercharges obey (1.1]) with

o 2142 1 )
H == g5 ~malel = gmslv vl myn (116)
o -0 1. - |
=055 Oag Tl

Note that while the supercharges and the combination H — mysJ; are unambiguous, H and Jy
individually depend on a normal ordering constant , which can be understood as a supersymmetric

Chern-Simons term for the U(1); flavour symmetry [62} [63].
¢_ (a
my <0 my >0
Figure 1.1: Chambers ¢, = {my > 0} and ¢ = {m; < 0} for a single chiral multiplet.

The supersymmetric ground states wavefunctions are annihilated by both supercharges. The
gapped region of parameter space consists of two chambers ¢+ C t; = R corresponding to ms > 0 and
my < 0 respectively - see figure Choosing the Fock vacuum annihilated by 1, the normalizable

ground state wavefunctions are

cp : e lugn
o (1.17)
o My,
where n > 0. Here we have defined a superpotential
hy = mylgl. (1.18)

The supersymmetric ground state wavefunctions can also be viewed as harmonic representatives
of L?-cohomology classes for the supercharge Qf. We denote the associated cohomology classes by
[¢™] in the chamber ¢, and [¢"] in the chamber ¢_. In the second chamber, it is important to
remember the presence of the Fermion 1, which is suppressed in our notation. Since the operator ¢

commutes with the supercharge QF, it has a well-defined action on these cohomology classes,
o o-[e"]=[¢"]
B _ (1.19)
o o ¢-[¢"] =",

which is compatible with the U(1); flavour symmetry.
Although the supersymmetric ground state wavefunctions depend on my, as a vector space graded

by (—1)F and U(1);, the space of supersymmetric ground states is constant in each chamber,

Hye = x“*’%@xj(c
= (1.20)
H_ = —x“_%@x_j(c.
j=0



Here we have introduced a formal parameter x € C* to keep track of the U(1); charge measured
by Jy. Note that there is a choice of Fermion number for the Fock vacuum, and we have assigned
Fermion number zero to the Fock vacuum annihilated by .

The supersymmetric index computed in each chamber is

Iy = ac'”ézgcj
= (1.21)
I_ = —x”_%Zx_j.
§=0

Recalling that in computing the supersymmetric index we identify x = e=27#(ms+i45)  this corre-
sponds to the expansion of the same meromorphic function
arte

I(@) = T— (1.22)

in the appropriate regime, namely |z| < 1 in ¢y and |z| > 1 in c_. This expression coincides
with the 1-loop determinant for a chiral multiplet on a circle with a background supersymmetric
Chern-Simons term for U(1) at level k.

This example can be extended to N chiral multiplets (¢;, ;) with flavour symmetry Gy = U(N)
and mass parameters my = (mq,...,my) € t;. There are now massless degrees of freedom on
all coordinate hyperplanes in t; = RY. Having removed these hyperplanes, the gapped region
¢y =, ca consists of 2V disjoint chambers

. = m; >0 a; =+ 7 (1.23)
mj<0 oy = —

labelled by a sign vector a = (v, ..., an).

The space of supersymmetric grounds states in each chamber is

N
Hoz = ®Ho¢j (124)
j=1

where
N o0
rt3g n _
z; @xj(c o =+
=0

n

100
P o=
z; z; C aj=-.

n=0

We have chosen the same normal ordering constant x for each chiral multiplet to preserve the

Hy =

J

(1.25)

underlying Gy = U(N) flavour symmetry. As expected, the result reproduces the expansion of the

Supersymme I“iC lndeX
1
K+ =

11 ff_ 5 (1.26)

j=1

in the appropriate regime |z;|% < 1.



This model can be understood as a supersymmetric sigma model to M = CY with the standard
flat Kdhler metric, supplemented by a Hermitian line bundle F' = Kgi}l/ % The flavour symmetry
Gy = U(N) corresponds to the isometries of CN. Introducing real mass parameters corresponds to

a superpotential

hy = mjle;]*, (1.27)
J

which is the moment map for the U(1),,, isometry generated by m; € ty. The chambers c,

correspond to values of the mass parameters where the fixed locus of U(1),,, is compact, namely

;
the origin of CV.

Fermi Multiplets

Let us now consider a single Fermi multiplet (n, F) with a real mass parameter my for the U(1)y

flavour symmetry. In canonical quantization, the complex Fermion obeys {n,7} = 1 and

m _
H = L)+ mys

1

(1.28)

The combination H —m;J; = 0 is again unambiguous, whereas H and J; individually depend on
a normal ordering constant x.

In canonical quantization, we can choose a Fock vacuum or reference state |0) annihilated by the
Fermion n and assign it Fermion number 0. The supersymmetric ground states are then |0) and 7|0)

with flavour charge k + % and Kk — % respectively, as measured by J¢. We therefore find
H =" H2C — 2" Y2, (1.29)
in agreement with the supersymmetric index
I =ghtl/2 _gr=1/2, (1.30)

In the quantization of Fermi multiplets, there is a notational freedom to choose the Fock vacuum
or reference state |0) to be annihilated by 7 or 7. In more complicated examples below, we will use this
freedom to choose the representation that is most convenient for enumerating the supersymmetric
ground states. The Fermion number assigned to this Fock vacuum is, however, meaningful and sets
the Fermion number grading of supersymmetric ground states. This corresponds to an overall sign
in the supersymmetric index. The reader is forewarned that we will typically omit the reference

state |0) in our notation.



Superpotentials

We now present a number of examples that couple chiral and Fermi multiplets with holomorphic
superpotentials and will reappear in computations relevant to 3d A/ = 2 theories in section [£.4]
Let us first consider a chiral multiplet (¢, ¥) coupled to a Fermi multiplet (n, F') with the following

J-term superpotential

J(@) = ug, (1.31)

where the complex mass parameter v can be regarded as a vacuum expectation value for a background
chiral multiplet. The model preserves a Gy = U(1) flavour symmetry under which (¢, 1) have charge
+1 and (n, F') have charge —1. We introduce a corresponding real mass parameter my # 0.

In canonical quantization, the supercharge

Qt = (@H"” + (@h™ (1.32)
is a sum of two contributions
(@) = (ai—s + mf¢) (@)Y=, (1.33)

where (QT) © is the contribution from the chiral multiplet and (QT) ) is the additional contribution
from the Fermi multiplet with J-term superpotential. Note that in this model there is both a real
A-type parameter my and a complex B-type parameter u.

We assign Fermion number zero to the Fock vacuum annihilated by ¥ and 7. First, the coho-
mology of (QT) © consists of the supersymmetric ground states of the chiral multiplet tensored with

those of the Fermi multiplet,
v = [o"],[0"]n n=0
o+ [¢"],[¢"]7 n=0.

If w = 0, the computation ends here and there is an infinite number of supersymmetric ground

(1.34)

states. Assuming u # 0, a short spectral sequence argument shows that the cohomology of the
total supercharge QT is equivalent to the cohomology of (QT)(D acting on the states (1.34). This is

computed as follows:
® C: (QT)(I) removes pairs [¢" 1] and [¢" ] with n > 0 leaving only [1].
o C_: (QT)(U removes pairs [¢" ] and [¢"H! ] 7 with n > 0 leaving only [1]7.

We therefore find that for u # 0 there is a unique supersymmetric ground state and, setting normal
ordering constants Kk = 0, H, = C in both chambers a = +.
Let us compare this result with the supersymmetric index. This is computed by multiplying the

contributions from a chiral multiplet of charge +1 and a Fermi multiplet of charge —1, with the



result I = 1 for both v = 0 and u # 0. In summary, the space of supersymmetric vacua is sensitive
to the J-term superpotential whereas the supersymmetric index is not.

Let us now consider a second example with a pair of chiral multiplets ¢1, ¢ coupled to a Fermi
multiplet n with superpotential J(¢) = ¢1¢2ﬂ This preserves a U(1); x U(1)2 flavour symmetry

whose charges can be chosen as follows,

o1 1 0
02 0 1
n -1 -1

Introducing real mass parameters mi, mo for the flavour symmetry, there are four chambers ¢, C
t; = R? labelled by a sign vector a = (a, ) - see figure We again choose the Fock vacuum
annihilated by 11,19 and 7.

s iy

¢m | e

Figure 1.2: Chambers in the space of real mass parameters (mi,ms) € ty = R? for two chiral
multiplets ¢1, ¢2 and Fermi multiplet with superpotential J = ¢1¢s.

As in our previous example, the supercharge is a sum of contributions from the chiral multiplets
and the superpotential. The cohomology of (QT)(O) is again the tensor product of supersymmetric
ground states for the chiral and Fermi multiplets. Let us first consider the chamber ¢4, in which

we compute the cohomology of (QT)(l) = ¢1¢2n acting on
(07027 ], [01" 027 17 (1.35)

for ny,ng > 0. The differential annihilates any [ ¢} ¢5? | and sends the state [ ¢} 52 |77 to [ @7 T b2,

The remaining states in cohomology are
(1.36)

and therefore
Hit = @ JJ?IC ©® @ x;Q R (137)
n1>0 ny>0

where again we set kK = 0.

2As in our previous example, we could introduce a dimensionless complex parameter u in the superpotential. Since
the Hilbert space of supersymmetric vacua will not depend on this parameter provided u # 0, we set u = 1 for
convenience.

10



In the chamber ¢, _, we compute the cohomology of (QT)(D = ¢1¢2n acting on

(61037, [61" 057 17 (1.38)

with ny,na > 0. The differential annihilates any [¢}'¢5*] and sends the state [¢]'¢52]7 to

[¢1 T gh2~ 1] if it exists. The remaining states in cohomology are
[P ] 7 : n1 >0
1.39
6] mzo Y
2 . 2 =

and therefore

My =P ai™'Co P (-2 ")C. (1.40)

n12>0 n2>0

There are similar results on regions ¢_4 and ¢__.

This is consistent with expanding the supersymmetric index

1-— 1o

I= =yt -

(1.41)

in the appropriate chambers. The supersymmetric index does not detect the presence of the J-term
superpotential, except through the determination of the flavour symmetry and associated mass
parameters. In particular, the contributions from states removed in pairs by (QT)(I) cancel out in
the supersymmetric index.

We consider one final example that will reappear in a three-dimensional problem in section [3.2.3]
We introduce three chiral multiplets ¢1, @2, ¢3 coupled to three Fermi multiplets n1,72,73 with
J-term superpotentials

J1 = 9203 Jo = ¢3¢1 J3 = ¢192. (1.42)

This model in fact arises from a supersymmetric quantum mechanics with four supercharges with
chiral multiplets ®;, ®2, ®3 and cubic superpotential W = &;P,P3. Here, we regard it as an

N = (0,2) supersymmetric quantum mechanics with flavour symmetry

| UM)r UL)a

b1 1 —1
b2 -1 -1
®3 0 2

Our notation and choice of charges is made with future applications in mind. Checking that the
supersymmetric index is 1 is straighforward.

Introducing real mass parameters my and m, there are six chambers ¢, C t; = R? labelled by
sign vectors @ = (a, ag,as). The sign vectors (+ + +) and (— — —) are not allowed as the mass
parameters of all three chirals must sum to zero. Let us concentrate here on the chamber (+ — +)
corresponding to mass parameters 0 < m4 < myp. Following previous examples, we compute the

cohomology of

(QT)(U = Q10213 + P23 + P31 (1.43)
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on states
(&1 @52 05° iy 5?75 - (1.44)
where n1,n2,n3 > 0 and s1, s3,s3 = 0, 1. We have chosen the Fock vacuum annihilated by 1, ¥, 13
and 71,72, 73 and assigned it Fermion number one.
This example is simple enough to compute representatives of cohomology classes directly. A
more systematic method is to split the supercharge into three terms and apply the method spectral
sequences to compute the cohomology of the total complex in steps. We summarize representatives

of the remaining cohomology classes and their contribution to the supersymmetric index below,

Hy—y J -

95| +(qy)"

¢1 6% | —(qy)™**
[0 ] m —(y*)tt
(o5 s | +@H"H
(67 ] 73 —(qy~t)"t?
(o1 ] mms +(qy= )"t
[1] 7173 +1

where n > 0. Notice that we have chosen the normalization x such that the vacuum has charge
(qy). All of the contributions to the supersymmetric index cancel in pairs except for the final
line, reproducing the expected result I = 1. A similar analysis can be performed in the remaining
chambers.

A general model consists of N chiral multiplets (¢;,1;) and k& Fermi multiplets (n®, F'*) coupled
by holomorphic superpotentials J,(¢) and E*(¢). The Hilbert space of supersymmetric ground
states is the cohomology of

(@)Y =0"Ju(0) + 1B (&) (1.45)

acting on the tensor product of supersymmetric ground states for the individual chiral and Fermi
multiplets. This can be understood as a supersymmetric sigma model to M = CV together with
the Zs-graded Hermitian vector bundle
/\o f*
Fog\V2g N1
oY= et [

where f denotes the odd rank-k Hermitian vector bundle on CV with fibers spanned by the complex

(1.46)

fermions n®. The holomorphic differential § = (QT)(U is given by the sum of contraction with the

holomorphic section n%J,(¢) of f and the wedge product with the holomorphic section 7, E%(¢) of
I

1.2 Gauge Theory

A vectormultiplet in N' = (0,2) supersymmetric quantum mechanics contains a gauge field A,

a real scalar o, and a real auxiliary field D, in addition to the complex fermions A, A. The real

12



mass parameters introduced above can be regarded as coupling to a background vectormultiplet
for the flavour symmetry Gy and turning on a vacuum expectation value my = (o) for the scalar
component.

We now consider dynamical vectormultiplets for a gauge symmetry G. We focus on G = U(1)
and introduce N chiral multiplets (¢;, ;) transforming with charge @;. We also introduce a real FI
parameter ¢ > 0 and a supersymmetric Wilson line of charge q. These contribute (D and g(o +iA4,)

respectively to the lagrangian. Global anomaly cancellation requires

1 N
q—gj;cgjez. (1.47)

This model will arise in computations of the supersymmetric twisted Hilbert space of three-dimensional
gauge theories with G = U(1) on ¥ = CP' in sections [3.2.413.2.5

To compute the supersymmetric ground states, we introduce a supersymmetric sigma model
onto configurations minimizing the Euclidean action in the ‘geometric regime’. We first note that
the auxiliary field can be eliminated by its equation of motion to give D = e?(u — (), where

w=>; Q;l¢;|? is the moment map for the U(1) action on CV. The classical potential is then

N 2
U0,0) = 0 1Qs” + 5 (=) (1.48)

Jj=1

Assuming ¢ > 0, the classical potential is minimized by configurations
w—¢=0 oc=0 (1.49)

modulo constant U(1) gauge transformations. At frequencies much smaller than €2/, the system

can be described by a supersymmetric sigma model to the Kéhler quotient

M=p~H(Q/UQ). (1.50)

Since the dependence on e? and ( is exact, provided the quotient M is smooth we expect the
supersymmetric sigma model exactly to capture the space of supersymmetric ground states in the
supersymmetric gauge theory. Note that for the quotient M to be smooth, we require

+1 for j=1,...,k
Q; = g (1.51)
-1 for j=k+1,...,N,

such that M is the total space of the line bundle O(—1)N~% — CPF~1,

Let us specialize here to the compact case with IV chiral multiplets of charge ); = +1. The flavour
symmetry is Gy = PSU(N), and the chiral multiplets transform in the projective representation of
G obtained from the fundamental representation of SU(N). In this case, we find a supersymmetric

]P;N—l

sigma model to M = C . In addition, there is is a Hermitian line bundle F' with the following

contributions:
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e A contribution Kéﬁv,l = O(—%) from quantizing chiral multiplet fermions.

e A contribution O(g) from the supersymmetric Wilson line.

The anomaly cancellation condition ensures that the combination F = O(q — &) is well-
defined.

We can further introduce real mass parameters for the chiral multiplets my = (mq,...,mn)
with > ;m; =0, which parametrize t; = RV~1. In the supersymmetric sigma model, the real mass
parameters introduce a real superpotential hy : CPY~! — R given by the moment map for the
U(1)s, isometry of CPY 1 generated by my.

Since the target of the supersymmetric sigma model is compact, the spectrum is always gapped
and the space of supersymmetric ground states is constant over the whole parameter space t; =
RN~1 In particular, at m ¢ = 0 the space of supersymmetric ground states can be identified with
the Dolbeault cohomology

H=H)"(M,F). (1.52)

We introducing complex parameters (z1,...,zy) with J] ;% = 1 parametrizing the complexified

maximal torus of Gy = PSU(N) to keep track of the grading by flavour symmetry. Then

N _
512 <@§V:1 z; IC) > 5
H=10 T <q<¥ (1.53)
N
57472 (@;V:1 xj(C) g<-%,

corresponding to symmetric powers of the fundamental and anti-fundamental representations of
Gy = PSU(N).

The supersymmetric index may be computed independently by localization in the supersymmet-
ric gauge theory [57]. This computation reproduces the characters of the above representations of

G; = PSU(N),

j=1
N
XSQ_%(CN)*(Z‘M axN) q Z ) (154)
=40 S <g< i
N
XS—q—%CN(xh'"axN) qg_?
The contour I' surrounds the poles at z = :z:j_1 for all j =1,..., N. The contour integral expression

for the supersymmetric index coincides with the computation of the holomorphic Euler character

X(M, F) using the Hirzebruch-Riemann-Roch theorem.

1.3 N =4 Supersymmetric Quantum Mechanics

We now briefly review the class of N' = 4 supersymmetric quantum mechanics that arise from

topological twists of 3d N = 4 theories on a Riemann surface.
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1.3.1 Supersymmetry Algebra

We consider a supersymmetric quantum mechanics with A/ = 4 supersymmetry and R-symmetry
SU((2)r @ U(1),. Below, it will be convenient to denote the corresponding Lie algebra by su(2)g ®
u(l),.

The supercharges Q4, @A transform in the fundamental representation of SU(2)g and with
weight +1, —1 under U(1),. They act on the Hilbert space such that (Q*)" = Q? and Q) = —Q!
with respect to the Hermitian inner product. The supercharges generate a supersymmetry algebra

of the form

{Q*,Q%y =0
{Q*, Q") =P H + 247 (1.55)
{Q*,Q"%} =0

ZAB are central charges transforming in the vector repre-

where H is the Hamiltonian operator and
sentation of SU(2)g. A non-vanishing central charge will break su(2)r to a Cartan subalgbera. In
what follows, we assume only Z := Z'2 is non-zero and write the corresponding maximal torus by

U(l)R.
1.3.2 Supersymmetric Ground States

We are primarily interested in the Hilbert space of supersymmetric ground states / annihilated by
all of the supercharges Q*, @A. Such states are necessarily annihilated by both the Hamiltonian
H and central charge Z'2. H therefore transforms as a representation of the full R-symmetry
SU2)gr ® U(1),.

To understand the structure of supersymmetric ground states, it is useful to introduce a number

of N' = 2 subalgebras. The supercharges Q' and Q? generate commuting subalgebras
T
{Q17 Ql } =H+7Z
( )T (1.56)
{Q27(Q2) }:H_Za

while their sum Q := Q' + Q! generates a subalgebra {Q, Q'} = 2H in which the central charge
does not appear. We therefore obtain the unitarity bound (H) > [(Z)|.

We may define two spaces that saturate the bound
HT ={(H+ 2)lp) =0}
H™ ={(H - 2)|lp) =0}.

(1.57)

Equivalently, HT is the subspace annihilated by Q' and its adjoint while 7~ is the subspace anni-
hilated by Q2 and its adjoint. They are graded by u(1)z @ u(1),. The space supersymmetric ground
states is the intersection H = Ht NH™.

At the cost of manifest unitarity, it is often convenient to represent the spaces of states as the

cohomology of a supercharge. Provided the spectrum of H + Z, H — Z is gapped, H* coincide
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with the cohomology of @', Q2 respectively. The space of supersymmetric ground states H is the
cohomology of Q. From this perspective the u(1), grading is not manifest. However, introducing
combinations p = R+ r and ¢ = R — r, there is a spectral sequence converging to H such that
EPT = #P with differential d; = Q.

If Z = 0 identically then the unitarity bound becomes (H) > 0 and the supersymmetric ground
states saturate this bound. If the spectrum of H is gapped, standard arguments show that the space
of supersymmetric ground states # is the cohomology of any one of supercharges Q', @2 or Q. In

this case, the spectral sequence must collapse at the first step.

1.3.3 Kahler Sigma Models

Compact Kahler Target

First consider a supersymmetric sigma model defined by a smooth compact Kéhler manifold M of
complex dimension m. The Hilbert space consists of complex differential forms QP9(M,C) with

Hermitian inner product
(0, B) = / A (1.58)
M

The supercharges are

Q'=0 @*=-01 Q'=0 @*=of (1.59)

with Hamiltonian operator H = %A proportional to the Laplacian operator on M and vanishing
central charge Z'2 = 0.

The N = 4 supersymmetry algebra neatly encodes the combination of Kahler relations and sl(2)
Lefschetz action on M. In particular, the Cartan generators of the R-symmetry su(2)g @ u(1), act
by

R=S(p+a-m) r=3(-q) (1.60)

on (p, q)-forms.

Since Z'2 = 0, the space of supersymmetric ground states % = H* can be understood as the
cohomology of the supercharge Q' = 0, leading to an identification with Dolbeault cohomology
HEY(M), or algebraically with the sheaf cohomology

H = Qm} HY(M, APQyy) . (1.61)

P,q=1
This transforms as a representation of the R-symmetry with su(2)g acting by Lefschetz and u(1),
by %(p— q), which is proportional to the Weil operator. For example, for a supersymmetric quantum
mechanics with target M = CP", we have H = Sym"V where V is the fundamental representation
of su(2)g and weight r = 0.
Using instead the supercharge Q = Q! + @1 = d, we are lead to a description of the space

of supersymmetric ground states H as the de Rham cohomology of M with complex coefficients.

16



The equivalence of these descriptions is guaranteed by the degeneration of the Hodge-to-de Rham
spectral sequence for a compact Kéahler manifold.
The Witten index of the supersymmetric quantum mechanics coincides with the Euler charac-

teristic of M,

m

Try (1) = ) (—1)PHenre :/ e(Twr) (1.62)

p,q=1 M

where the fermion number is F = p+ g = 2R + m.
Mass Deformation

Now suppose that M has a Hamiltonian isometry group Gy with moment map p : M — t*. Then Gy
is a flavour symmetry of the supersymmetric quantum mechanics. As in the A' = (0, 2) case, turning
on mass parameters my € t for the flavour symmetry amounts to introducing a real superpotential
hy = my - py, which corresponds to the moment map for the infinitesimal u(1) action generated
by myg. The critical locus of the moment map hy coincides with the fixed locus of u(1). It is a
well-known fact that hy is a perfect Morse-Bott function. In fact, the critical loci are necessarily
Kaéhler and have a well-defined Morse index, which is always eveﬂﬂ

In the presence of the mass parameter my, the supercharges of the supersymmetric quantum

mechanics are deformed to
Qt=e M pels Q* = el ot e s @1 =e Mrgehs @2 =gt e s (1.63)

with the deformed Laplacian as an Hamiltonian and central charge Z'2 = m ¢ Jy where J; € t; are
the conserved charges associated to the flavour symmetry.

As the central charge is now non-vanishing it is important to compute the space of supersym-
metric ground states as the cohomology of Q@ = e~ de”s. This generates a standard complex for
the Morse-Bott function hy. However, since hy is perfect there are no differentials. The space of
supersymmetric ground states can therefore be identified with the de Rham cohomology of the fixed
locus.

Suppose the critical locus of hy has components M,. They are necessarily Kahler submanifolds

with even Morse index v(M,,). Then the space of supersymmetric ground states is

H=> Ha (1.64)

3Around an isolated fixed point, the action can be modelled as a torus action T%(Gf) on C™. Let the complex
coordinates be z; = x; + iz;. Assuming p; to be the weights of this action, we have, around a fixed point,

1 1
my cw(z1y . 20) = §Z‘ZZ|2Pz(mf) = 52@3 +yz~2)pi(mf),
p -

K3

Clearly, the Hessian of this function has an even number of negative eigenvalues, and so the Morse index is even. This
discussion can be generalised to non-isolated fixed points. In this case, one can show that the fixed loci are Kéahler
submanifolds, and that on a given submanifolds the Morse index is constant. Similar arguments as in the case of
isolated fixed points go through. See for example ref. [64], section 10.5.6.
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where
Hao = @p,gHI (Mo, NPTy ) - (1.65)

The R-charges of the supersymmetric ground states in H,, are given by

R=gtq+v(My)—m) r=(p—q) (1.66)

Let us again consider the supersymmetric quantum mechanics with M = CPM~!. This has
flavour symmetry G = PSU(N) and therefore we can turn on real mass parameters (mq,...,my) €
t = RV~ with Ej m; = 0. For generic mass parameters, the critical locus of h,, consists of IV

isolated fixed points {p;} corresponding to coordinate lines in (@)

. Supposing that the Kéhler
parameter of CPY ™1 is ¢ > 0 then hm(pj) = (m;. If we order the mass parameters such that
my < -+ < my then

hy(p1) < hg(p2) <--- <hys(pn) (1.67)
and v(p;) = 2j — 2. There is a single perturbative ground state ¥(p;) associated to each fixed point

with R-charges R(p;) = (v(p;) — (N — 1)) = j — 2 and r = 0. We therefore find
H=C_na,® - 0Cx, (1.68)

in agreement with our previous result.

1.3.4 Hyperkahler Sigma Models

We finally provide a minimal discussion about hyperkéhler sigma models. These are labelled by a
hyperkéhler manifold endowed with complex structures (I, J, K) that satisfy the quaternion rela-
tions, together with a hyperholomorphic bundle. Obvious examples are the tangent or cotangent

bundle of the manifolds. The four supercharges in this case are
Q=8 @Q@®=0, Q' =-9", @*=d. (1.69)

Here, —1I is the complex structure opposite to I. Their deformations induced by moment maps for

an isometry group Gy read
Q' = e 9l Q? =" o_je s Q' = —efhfg‘T_Iehf Q% = ehf(?}e*hf ) (1.70)

The supercharges satisfy the algebra ([1.55) with

1
H = A, = (mg - Jy) (L.71)

and Z'?2 = 0. The su(2)r symmetry has a neat interpretation. It simply rotates the complex
structures of the hyperkihler manifold. This action commutes with the Laplacian, and turns into a

su(2) g action on the Hilbert space of supersymmetric ground statetﬂ

4When M is compact, the action has been studied extensively in ref. [65]. Moreover, it is worth noticing that on
the cohomology of hyperkéahler manifolds there also is an extended so(1,4) action [66], which is a composition of the
Leftschetz actions in the three complex structures. In more physical terms, this can be understood from the point
of view of a six dimensional supersymmetric sigma model reduced to a 1d quantum mechanics. In fact, the so(1,4)
action is nothing else than the residual ‘internal’ Lorentz symmetry in the other five dimensions [67].
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Finally, in the presence of a mass gap, since there is no central charge in this model the Hilbert
space of supersymmetric ground states can be identified (as a vector space) with the cohomology of

the deformed Dolbeault operator in any complex structure.
1.3.5 Two Examples

One Free Chiral Multiplet

As a first example of a A/ = 4 supersymmetric quantum mechanics, we start with a free chiral
multiplet. With future applications in mind, we denote its fields by (X, ¥ x,ny, Fy), where Fy is an
auxiliary field. The chiral multiplet has a U(1) flavour symmetry, and we turn on a corresponding

real mass my. The supercharges read, on shell

0X
Q' =17 O X
W \gx T

@2 = ¢X <—£X +me> .

Q* =1y (3_ +me>
(1.72)

They satisfy the same algebra of Kéhler sigma models. In fact, this system can be thought of
geometrically as an N = 4 quantum mechanics with target space C, and the supercharges admit the
interpretation .

The supercharges Q' and @2 can be identified with the supercharges of a free N' = (0,2) chiral
multiplet Qf and Q . From the point of view of A/ = (0,2) supersymmetry, the free chiral
multiplet decomposes into a (0,2) chiral multiplet (X, x) and a Fermi multiplet (ny, Fy).

Let us consider the space of supersymmetric ground states that are preserved by the four su-
percharges. It is easy to see that all the states annihilated by both @ and QT are not annihilated
by the two remaining supercharges but one. Geometrically, this is the single representative of the

deformed de Rahm cohomology of C.
One Free Hypermultiplet

Our second and last example is a free hypermultiplet. We denote the fileds by (X, ¢ x, ¥y, Y). There

is a U(1)s flavour symmetry that acts on X and Y with charges +1 and —1. Turning on a real mass
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for this symmetry, the supercharges read

_ - 0
1 —
Q =1x (8)_( +me>+1/1Y (8}7 me>
~ _ _ 9 _
QQ——T/)Y <8X —me> + Py <8Y+me> " 73)
~ 0 0 ’
1 _ _  _
Q = —vYy (8X +me>+1/JX <8Y me>
0 . 0 _
Q> = —vx <8X - me> — Yy (6 +me>
We could write covariantly
QA _ _1]] AB 9 —meXA + 1; AB 9 —m X—A
U oaxs Y v\© axE ™ )
~ 0 = 0 ’
Q" =vx <6AB8XB meA> + Yy <6AB(‘9X~B meA> ,

where X4 = (X,Y), X4 = (Y, —X). In this case, the supercharges satisfy the algebra of hyperkéhler
sigma models. We can in fact view a free hypermultiplet as an A/ = 4 supersymmetric quantum
mechanics with target space T*C.

Once again, Q' and @2 obey the algebra of an A/ = (0,2) quantum mechanics. From the per-
spective of A' = (0, 2) supersymmetry, the free hypermultiplet decomposes into two chiral multiplets
(X,vx) and (Y, 9y ). As already mentioned, the space of supersymmetric ground states annihilated
by the four supercharges can be identified with the cohomology of any of them.

There are two chambers ¢4 C ty = R corresponding to my > 0 and m; < 0. The same reasoning
we used in shows that the Hilbert space of four-supercharge preserving ground state is spanned
by

T R T
~ B (1.75)
oo o XMy,
where n1,no > 0. The real superpotential coming from the moment map is
hy =my (|X[°=|Y]?) . (1.76)

These states are representative for the deformed Dolbeault cohomology of T*C.
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Chapter 2

Supersymmetric Localization
Results

We now consider 3d A/ = 2 theories with a topological twist on the product of a real line R and
a compact connected Riemann surface ¥ of genus g. This setup falls into the general class of
supersymmetric backgrounds introduced in [6§].

In this short chapter, we summarize and modify slightly some localisation results, in particular
the computation of the twisted indices of the theories on S' x ¥. The twisted indices of N' = 2
gauge theories have been studied extensively in [22] 23] 25| 26] from various perspectives, but we will
mainly focus on the results obtained from UV Coulomb branch localisation [23] [25] 26]. Crucially,
we introduce an additional exact action that leads to a different, and for us more appropriate, BPS

locus.

2.1 Topological twist on R x X

We start with some elementary algebraic preliminaries. We use Euclidean SU(2) spinor indices «,
and assume that the theory has an unbroken U(1)r R-symmetry. In the absence of central charges,

three-dimensional A/ = 2 supersymmetric gauge theories enjoy the following supersymmetry algebra

{Qa. @} = Pag, (2.1)

where @, Qg are the four supercharges of U(1)r charge +1 and —1 respectively. P,g are the
momentum generators. The topological twist we use is equivalent to the topological A-twist on X,
which redefines the Lorentz group on the plane by mixing it with a fixed unbroken U(1)r C SU(2)g.
Given a field of charge L under the Uys rotations on the plane, the twist assigns a new spin to the
fields

L'=L+ %R. (2.2)
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The twist preserves the supercharges that commute with the new Lorentz group. The resulting

algebra is

{Q,Q"} =Py, (2.3)

where Py is the generator of translations along R. These supersymmetry algebras can be deformed

by central charges, something we will do soonﬂ

2.2 3d N =2 Supermultiplets, Actions and BPS Loci

Consider now some 3d Chern-Simons-matter theory with a gauge group G and a chiral multiplet of
R-charge r in a representation R of the gauge group. Following refs. [23] [69] 26| 25], after performing
the topological twist we use a compact ‘twisted field’ notation for all the supermultiplets. We denote

the fields in the vectormultiplet by
V:(U7Aua)‘75\1aA17A7D)7 (24)

where o is a real scalar, A, is the gauge connection, D is the auxiliary field, whereas A, M AL A are
gauginos. We relegate the supersymmetry transformations of this and any other multiplet to
In frame-index notatiodﬂ , the standard Yang-Mills lagrangian is

2 2
+2iA1 D1 X — 2iA1 DX — iAg[o, Ai] + iAo, A]] .

1 1 1 1 - _
EYM =Tr |:2F01F01 + *(*2Z'F11)2 + *D2 + §|DMO'|2 - Z)\Do)\ - iAiDoAl (2 5)

This action is exact with respect to the two supercharges @, QT preserved by the topological twist

on Y. Using the fields of the vectormultiplet, we can also consider Chern-Simons actions
k - wp 2i ~ -
Los = ETr 1€ AL0,A, — gAuAVAp —2D0o + 2iIAX + 2iA7A1 ), (2.6)

which obviously are not exact. For each semi-simple factor, we will denote k% := kh®®, where h®®
is the Killing form.

Besides the dynamical vectormultiplet, a crucial role will be played by background vectormul-
tiplets for a maximal torus of any global symmetry group 7y C G, which we will turn on at

appropriate times during our discussion. A background vectormultiplet V¢ will in particular include

e Real scalar components m valued in the Cartan subalgebra t¢ of the flavour symmetry group

G ¢ known as real masses.

1Depending on the choice of gauge, we might actually be forced to introduce some central charges, but for the sake
of presentation we gloss over details in this summary. See [26].

2We have ,
e = dzs , el = V2g.zdz , el = \V292zdZ

so that the metric on the Riemann surface is ds? = elel = 2g.:dzdZ . We also define Fu = 0,A —_81@4“ —
i[Au, Av], where *F = —2iFy7 is Hermitian. The holomorphic derivatives and the gauginos are (94,A) =
(Dgel, Azel) and (94, A) = (D1et, Arel) .
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e A background connection Ay .

For instance, when the gauge group has an overall U(1) factor, the theory has a U(1)r topological
symmetry, and we can turn on a real mass of a background vectormultiplet. This mass is a real
Fayet-Iliopoulos (FI) parameter. We can then add a contribution to the action which for U (k) gauge
groups is of the form
i
Lpi[V] = 7% Tr(D) . (2.7)
Next, let us introduce matter contributions. We denote the fields of a A/ = 2 twisted chiral
multiplet by

® = (¢, 0,n, F). (2.8)
We use the following lagrangian for the chiral multiplet,
Lo = ¢'(—=D32 — 4Dy D7 + 0% +iD — 2iF,1)¢p — F'F
— 20(Do+ o) — 2Dy — o) + 2 Din — 2inDy (2.9)
—ipAp + it Ny — 2ipT Ay + 2iA16

which is also @, Q-exact. From chiral multiplets we can construct superpotential terms
Lo @] + Ly [01] = / 20 W (®) + hc. (2.10)

where W is a holomorphic functional of chiral multiplets with total U(1)z-charge 2. Being super-
descendants, superpotential terms are exact.
Summing the above lagrangian contributions gives
1 1 1
L= fQEYM + 7£<1> + ?L:W + Ler + Lcs (2.11)
€ g 9w

where we have inserted parameters e?, g2 and g, in front of the actions that are exact.

2.3 Twisted Indices and Contour Integral Formulae

Supersymmetric localization can be used to compute the twisted index of the theory on S! x X,
which is defined as

I = Try (—1)Fe2mice2mimsJs (2.12)

where H is the Hilbert space of states on X. By taking limits of (2.11)) as the parameters €2, g2,
g%, tend to zero, we can localize the path integral to the critical loci of the combinations Ly and
Lw. By imposing a suitable reality condition for all the fields except for the auxiliary field, the path

integral localizes to solutions of the following equations

>|<F‘A:—Z'l)7 5A¢:0, dAO'ZO, FOIZFOiZOa U'¢:0 (213)
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as found in [26] 25| 23]. Sometimes, we may also send g3, to zero and impose the further constraint

14

— =0. 2.14
The solutions to these equations are shown in [23] 25] 26] to parametrize the complexified classical
Coulomb branch Mc c. On the Coulomb branch, the gauge group is broken to a maximal torus.

Mc ¢ is parametrized locally by the constant expectation values of the real scalar fields, o,, a €

{1,...,17k(G)}, combined with flat connections for the gauge group on S! into the variables
U = 15(0q +100,4) , (2.15)

where ag , is the holonomy of a the gauge connection Ag , around S 1H These parameters however

may be identified by the action of the Weyl group, and so
Me e = (CHHD /. (2.16)

After carefully integrating out the fermionic zero modes, the localized path integral can be written
as a rk(G)-dimensional residue integral over the cover of Mc ¢ parametrized by the variables u,.

For a theory with chiral multiplets ®* in representations R’ of the gauge group, the result is
(27”')1‘1((6‘)

1= CEE S o Y (MeRes(@u )

meAg ue={u;}
t D, k(G
chassicalzf_e](;c?g (H Zl—ioop) HY9 d" ( )U>
B

Here, the first summation is over the GNO quantized flux m valued in the co-character lattice of the

(2.17)

gauge group Ag. We also have written

q= e, (2.18)

where it is understood that ¢, similarly as for the variables u, is complexified by background con-
nections along S'. We also set for simplicity 8 = 1 henceforth. The exponent m is an element of the
character lattice of the topological symmetry and can therefore be contracted with ¢. For G = U(k),
our main case of interest, m = Tr(m) € Zﬁ

The integrand is written in terms of exponentiated variables, or fugacities, which are invariant

under large gauge transformations. We set
r = e?ﬂiu7 yz — €2ﬂimf’i (2.19)

where my; are the real masses associated to U(1); gauge groups, which are also complexified by

holonomies around S!. Incidentally, these complexifications ~which arise from the compactification

3Notice that the parametrization is slightly different than in flat space.
4More generally, m can be obtained from m via the identification of 71 (G) with the quotient of Ag by the co-root
lattice of G.
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on S'- are responsible for washing out the dependence of the indices on real parameters, which will
still be detected by Hilbert spaces. We also denote by n; the background GNO flux induced by a
background connection Ay ;.

The one-loop determinants evaluated at the BPS locus are

Zawe =TT om
a,b
L1/2,1/2 pi(m)+n;+(g—1)(r;—1)
2.21
1loop H (1_1-/),%) , ( )
pi €ER?
and
Zfﬁ%toog = (_1)Za>0 o(m) H (1- J;O‘)l_g7 (2.22)
a€cA

where A is the set of all roots of g, p are the weights of the representation R’ of G in which ®°
transforms, whereas 7; is the R-charge of ®°.

The last term in (2.17)) can be obtained from integrating out the gaugino zero modes Aj, A:
11+ xpiy-
ab 2 E a b v

The integrand of (2.17)) has four types of singular hyperplanes in the domain of the w-integral,

H = det

where each of the hyperplane Hg is assigned a charge vector Q) € t*:

e There exist potential singularities where a chiral multiplet becomes massless:
H, = { ’ piu) +v; € Z} (2.24)
The order of the pole is p(m) +n; + (¢ — 1)(r; — 1) + g.
e For each a € A, there exist potential singularities at
H, = {u ‘ alu) € Z} , (2.25)

where the W-boson becomes massless. This singularity corresponds to the boundary of the

Weyl chamber, where the gauge symmetry enhances to a non-Abelian subgroup.
e Finally, the integrand can have a potential singularity at
Ho, . = {u ’ o — j:ioo} . (2.26)

The behaviour of the integrand at infinity is governed by the charge of the monopole operators
* under the gauge and global symmetries in the theory [23, 25, [26], whose explicit form is

not needed for this thesis.
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The integral is given by a sum of the rk(G)-dimensional residue integral over the poles defined

by the intersections of rk(G) singular hyperplanes. The JK-integral [70} [71], [72] is defined by the

property
drk(G)u
JK-Res(Q., (u),n
ke Qe 1) | B ) Gy @)
! it 0 € Cone(Q1,+ , Quac) (227
i one(Q1,- - ,Q;
= ‘det(le e 7Qrk(G))| 7 ! K
0 else
where Cone(Q1, - - , @) is the positive cone spanned by the charge vectors (Q1,- - ,Q,), and n € t*

is an auxiliary parameter. This definition includes the charge vector @+ from the hyperplanes at
asymptotic infinities . The charges (), + of these hyperplanes can be defined by examining
the integral of the auxiliary field D in the large u region, and we will briefly comment on this in the
appendix (A.2]).

Note that the Jeffrey-Kirwan residue integral operation in is ill-defined for the poles which
intersect with the W-boson singularities . These singularities need to be properly resolved,
and following [25] [26], we will exclude the residues from these poles in the final formula.

For G = U(1) theory, one can show that the residue integral does not depend on the choice of
7, due to the residue theorem. For non-Abelian gauge group, this point is more subtle, due to the

singularities of the W-boson. We will briefly return on this point when necessary.

2.4 An Alternative BPS locus

In this thesis, we consider an alternative localising action akin to the one introduced in section 9 of
reference [69] in the context of the twisted partition function of 2d N = (2,2) theories on S2. In

particular, we add a (Q + Q')-exact term,

£n =57 (@+Q1) [(+2) (@)~ )] (225)

whose bosonic part is

Ly = iTr [(D — 2Fy3) (u(¢) — 7)) - (2.29)

Here (o) is a moment map for the gauge action on the representation R. We emphasize that the
parameter 7 € t* is distinct from the physical 3d FI parameter ¢ introduced in equation . In
fact, as we will explain later, the combination it couples to can be identified with an auxiliary field in
the 1d quantum mechanics on R. Therefore, 7 can be viewed as a 1d FI parameter in the quantum

mechanics. We then replace the vectormultiplet action by

1 1 /1
?ﬁYM — ) (62£YM + EH) (2.30)
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and consider the limit as ¢, g — 0 such that ¢/g — 0, while keeping e finite. After integrating out the
auxiliary field, the path integral localizes to configurations solving the following set of ‘generalized

vortex equations’ on X,

*Fa + € (uz(9) — Tesy + okess) =0, 0ap=0

dac=0, o-¢=0, %:o (2.31)

where it is understood that ¢ and 04 act in the appropriate representation. Notice that when
integrating out massive matter, the 1d FI parameter 7 and the Chern-Simons level k may be affected
by one-loop renormalization, as in , and we have therefore introduced a subscript ‘eff’. In this
thesis, however, we will be interpreted in cases where this renormalization is immaterial, and k.
is zerd?] This is always the case for N = 4 theories.

Most of our efforts will be centred on finding an effective description of the 3d theories around
the BPS locus . The result of the supersymmetric localization computation of the index is
mildly affected by the exact term . In fact, it modifies the charges of the hyperplanes in .
For G = U(1), we show in the appendix that the new charges are given by

Q+ = e aie vol(X)T , (2.32)

for each GNO flux sector m € Z, where 7 is the parameter we introduced in (2.28)). There is therefore
a natural choice g for the parameter 7 in (2.27))

2mm
n=-—5+ vol(X)7 :=1no , (2.33)

so that the residue integral (2.17) does not select poles involving the hyperplane at asymptotic

boundaries.

5In principle, also the coupling e is renormalized, but with for us less important consequences. To lighten the
notation, we will not express this renormalization.
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Chapter 3

Twisted Hilbert Spaces of 3d N =2
Supersymmetric Gauge Theories

The setup R x X preserves the same supersymmetry as an N’ = (0,2) supersymmetric quantum
mechanics on R of the type considered in chapter[I] As anticipated in the introduction, the aim of this
thesis is to embrace the quantum-mechanical perspective, and to provide a geometric interpretation
of physical observables such as twisted indices and twisted Hilbert spaces of supersymmetric ground
states.

In this chapter, we begin our study by considering the Hilbert spaces of supersymmetric ground
states of some selected N' = 2 theories. We emphasize once again that the twisted Hilbert spaces
contain more information than the twisted indices, which correspond to graded traces thereof. Be-
sides cancellations due to the grading, the Hilbert spaces are subject to an intricate dependence
on supersymmetric deformation parameters such as real masses and background connections. In
particular, checks of mirror symmetry can be performed over the full moduli spaces of deformation
parameters.

The chapter is organized as follows. We start by explaining how the three-dimensional supermul-
tiplets decompose into those of the supersymmetric quantum mechanics, and introduce an effective
description that captures the twisted Hilbert spaces of supersymmetric ground states (section .
Supersymmetric twisted Hilbert spaces are then computed explicitly in a number of examples (sec-
tion . Finally, as some of these examples are related to each other via three-dimensional mirror

symmetry, we check that the duality holds for the twisted Hilbert spaces (section .

3.1 Effective Quantum-mechanical Description

We noted in passing in the previous chapter that the supersymmetry algebra preserved by 3d N = 2
Chern-Simons-matter theories on R x ¥ is the same as the algebra of a A = (0,2) supersymmetric

quantum mechanics (|1.1))

{Q,Q"y =Py —my - Jy. (3.1)
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In this pivotal section, we exploit this fact and introduce a description for the 3d theory in terms

of an effective 1d quantum mechanics valued in field configurations fluctuating around the BPS

locus ([2.31)).

3.1.1 Decomposing Supermultiplets
Chiral Multiplets

Consider first a 3d chiral multiplet ® of R-charge r transforming in a unitary representation Ry of a
flavour symmetry Gy. Recall that we can introduce two standard deformation parameters associated
to the flavour symmetry that are compatible with the topological twist on X: a real mass parameters
my € ty and a background gauge connection Af. A background connection induces a holomorphic
bundle Ef on 3, determined by its (0, 1)-component.

Performing the topological twist on X, the three-dimensional chiral multiplet decomposes into

the following supermultiplets in the supersymmetric quantum mechanics:
e A 1d N = (0,2) chiral multiplet (¢,) valued in smooth sections of Feg,
e A 1d N = (0,2) Fermi multiplet (1, F) valued in smooth sections of QY ® Eg.

Here

Eg := K> ® Ej (3.2)

and Ky is the canonical bundle on ¥. Notice that this may require a choice of a spin structure on
>, and different choices are related by tensoring E¢ with a flat line bundle on 3. The holomorphic
bundle Eg¢ inherits a Hermitian metric from that on the canonical bundle on ¥ and the Hermitian
metric on the vector space of the unitary representation Ry.

The action for the chiral multiplet was presented in . In addition to the standard kinetic
term contributions in the supersymmetric quantum mechanics from these supermultiplets, this action

contains terms that come from E-type superpotentials for the Fermi multiplet,
E =04 ;P (3.3)

where 04 ; denotes the holomorphic structure on Eg. Note that the E-term superpotential trans-
forms in the same way as the Fermi multiplet (n, F), as required for supersymmetry. These terms

are

I1E|? = / I
>

R _8—Ew—R /_/\5‘ P (3.4)

gt = Re | A0as,

where again contraction using the Hermitian metric on Fg is understood. The E-type superpotential

provides kinetic terms with derivatives along >, which correspond to the equation
da,0=0 (3.5)
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in (2.31)) and its analogue for the fermionic partners. From the point of view of the supercharge, the

E-term contribution to Q' is proportional to

/ZﬁAEz/EﬁASAfaé, (3.6)

where contraction using the Hermitian metric on Eg is understood. The choice of holomorphic
structure 04 ; on Eg is therefore a B-type parameter in the supersymmetric quantum mechanics.

Finally, real mass parameters generate the real superpotential

hy = [ m s, (3.7)

where p1y € t} is the moment map for the action of Gy on the unitary representation Ry. In the
presence of real mass parameters, the supercharges of the supersymmetric quantum mechanics are
formally conjugated by the exponential factor e*f, as in section This is an A-type deformation

of the supersymmetric quantum mechanics.

3d Superpotentials

The above model can be deformed by a 3d superpotential W (®) preserving the R-symmetry used to
perform the topological twist on X. A superpotential will place restrictions on the flavour symmetry
G+ and therefore on the allowed background vector bundle E; and real mass parameters my.

The superpotential must have R-charge +2 and will therefore transform as a section of the
canonical bundle on the curve ¥ in the twisted theory. From the point of view of the quantum

mechanics, it is equivalent to the introduction of a J-term superpotential

ow

JIw = E ) (3.8)

which transforms as a smooth section of 912,0 ® Eg. This generates an additional contribution to

oW
/EJW/\U:/E(S?/\W, (3.9)

where contraction using the Hermitian metric on Fg is understood. The superpotential has the

the supercharge Qt proportional to

effect of enforcing
ow
— 1
55— 0 (3.10)

with the higher fermionic corrections. The complex parameters in the 3d superpotential therefore

become B-type deformation parameters in the supersymmetric quantum mechanics.
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Gauge Theory

Now consider a 3d N = 2 vectormultiplet for a compact group G. Performing the topological twist
on Y, the 3d A/ = 2 vectormultiplet decomposes into the following multiplets in the supersymmetric

quantum mechanics:

e A 1d N = (0,2) vectormultiplet consisting of Ay, o, and auxiliary field D¢ := D + % F where
* is the Hodge operator on .

e A 1d N = (0,2) chiral multiplet valued with complex scalar component given by the (0, 1)-form

component of the gauge connection on X.

In the supersymmetric quantum mechanics, the vectormultiplet is associated to the infinite-dimensional
group G of gauge transformations g : ¥ — G.

Let us consider a dynamical vectormultiplet with gauge symmetry G together with chiral mul-
tiplets ® of R-charge r transforming in a unitary representation R of G. We suppose the chiral
multiplets transform in a unitary representation Ry of a residual flavour symmetry G¢. We can
again introduce deformation parameters m; and Fy associated to the flavour symmetry Gy. In the

supersymmetric quantum mechanics, the chiral multiplets decompose as above with
Es = Ky/’®E® E; (3.11)

where F, E¢ are the holomorphic vector bundles associated to the representations R, Ry. This
follows from the fact that the parameters my, F;y can be understood as vacuum expectation values
for a background vectormultiplet for the flavour symmetry Gy. Preserving both supercharges of
the supersymmetric quantum mechanics requires D}-d = 0 and therefore we should also turn on a
compensating auxiliary field iDy = — * Fy given by the curvature of Fy.

If G contains Abelian factors, we can turn on a 3d real FI parameter ( as well as a 1d FI
parameter 7. As previously noted, the former can be understood as a background expectation value
mrp = ¢ for the scalar component of a topological flavour symmetry U(1)r. We also introduce a
background holomorphic line bundle L.

Finally, for each Abelian or simple factor in G, we can introduce a supersymmetric Chern-Simons
term. For example, the contribution to the supersymmetric quantum mechanics from a G = U(1)

Chern-Simons term at level k is

LS (a+z‘A0)F—£/ xo D . (3.12)
27T » 27T »

In general, we can introduce various mixed Chern-Simons contributions between gauge, flavour and

R-symmetries.
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3.1.2 Effective Quantum Mechanics

In the previous section, we rephrased the topological twist of a 3d N/ = 2 theory on R x X as
an infinite dimensional supersymmetric quantum mechanics on R. We now introduce an effective
supersymmetric quantum mechanics that captures the space of supersymmetric ground states. We
focus exclusively on regimes where there are only ‘Higgs branch’ vacua in the sense of [13]. In
this case, the effective supersymmetric quantum mechanics is a sigma model onto the moduli space
of vortex-like configurations that minimize the effective Euclidean action, in line with the
philosophy of [73], B11 [74].

Chiral Multiplets

Let us return to the model with chiral multiplets transforming a unitary representation Ry of a
flavour symmetry Gy from section The Euclidean action is minimized by time-independent

configurations that minimize the potential of the supersymmetric quantum mechanics

UZ/ZHéAfMF r=/28Af</3/\*5Af¢7 (3.13)

which is induced by the E-type superpotential term in equation . Such configurations therefore
satisfy A;p = 0, as in (2.31). In addition, time-independent solutions of the Fermi multiplet
equations of motion obey 5‘Af77 =0.

We therefore consider an effective supersymmetric quantum mechanics consisting of a finite

number of fluctuations:
e Chiral multiplets (¢, 1) valued in H%(Eg)
e Fermi multiplets (1, F) valued in H'(FEg) .

Let us define the number of chiral and Fermi multiplet fluctuations by
ng :=h"(Eg)  np:=h'(Es). (3.14)
The difference is determined by the Riemann-Roch theorem,
ne —np =c1(Fs) —tk(Es)(1 —g), (3.15)

and depends on the background holomorphic vector bundle only through ¢;(Fs) and rk(Eg). In
contrast, the individual numbers of fluctuations may depend on the particular choice of holomorphic
vector bundle with these parameters.

Introducing mass parameters my € ty, we can quantize the chiral and Fermi multiplet fluctuations
as in section We obtain a supersymmetric twisted Hilbert space H, in each chamber ¢, C tf
where all of the fluctuations are massive. Furthermore, each H,, will jump as the holomorphic vector

bundle F; is varied whenever the numbers nc and nr change.

32



A supersymmetric Chern-Simons term for the flavour symmetry descends to a Chern-Simons term
in the supersymmetric quantum mechanics and shifts the flavour grading of supersymmetric ground
states. For example, for Gy = U(1) the contribution to the Lagrangian of the supersymmetric
quantum mechanics is

(mf + iAf,o)kmf (3.16)

where my = ¢1(Ey) is the flavour flux on X. This shifts the flavour conserved charge by J; — Jy +
kmg. This can be further supplemented by a superpotential W (®). In this case, we will assume that
we can first quantize the fluctuations as above and then implement the J-term superpotential
arising from W(®) in the supersymmetric quantum mechanics of these fluctuations.

We explicitly construct the supersymmetric twisted Hilbert spaces H,, for a single chiral multiplet
with a supersymmetric Chern-Simons term for the Gy = U(1) flavour symmetry in section m
We then proceed to examples involving superpotentials in sections and

Abelian Gauge Theories

We now return to supersymmetric gauge theory. At this point, we specialize to G = U(1) with a
supersymmetric Chern-Simons term at level k. We will introduce parameters ¢, Ly associated to
the U(1)r topological symmetry and parameters my, E; associated to the flavour symmetry Gy
acting on chiral multiplets. We also introduce a 1d FI parameter 7.

We consider configurations minimizing the action. We first set m; = 0 and then later turn the
mass parameters back on in the effective supersymmetric sigma model description. Configurations

minimizing the Euclidean effective action are solutions to

1
arFatp=_Ees(0) (3.17)

dao=0  040=0 0-¢6=0
modulo gauge transformations g : ¥ — G. Here
feff :=T+O’/<Jeff (3.18)

is a combination of 7 and the 1-loop quantum corrected parameter k. sy, which is piecewise constant
functions of o. Finally, p is the moment map for the action of G = U(1) on the unitary representation
R. In particular, the vectormultiplet scalar o is real and therefore must be a constant on 3.

The equations admit a variety of different solutions depending on the supersymmetric
Chern-Simons level k, the matter content and the value of 7, similarly to the vacua of the theory.
In this thesis, we focus exclusively on regimes with ‘Higgs branch’ solutions, characterized by ¢ = 0,
a non-vanishing expectation value for ¢ and the gauge symmetry completely broken. We can then

focus our attention on solutions of the generalized vortex equations

1 _
6—2*F+u:7 Oa0 =0, (3.19)
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modulo gauge transformations. We note that these equations play an important role in the A-twist
of 2d N = (2,2) gauge theories [60, [75].
The moduli space of solutions to the generalized vortex equations (3.19) is a disjoint union of

components
m = o, (3.20)
m
labelled by the flux
1
=— [ FeZ 3.21
meg- [ Fe (3.21)

and each component 9, is finite-dimensional. Since the dependence on the gauge coupling is
exact, we expect the spectrum of supersymmetric ground states of U(1)r topological charge m to
be captured by an effective supersymmetric quantum mechanics that is a sigma model with target
space M.

The twisted Hilbert space of supersymmetric ground states has the form

H=EP ¢ Hn, (3.22)

mezZ

where we have introduced a parameter ¢ € C* to measure the charge under the topological symmetry
U(1)7. In going over to the twisted index on S! x ¥ with a circle of radius 3, this parameter
corresponds to the exponential of ¢ as in , with ¢ taken in the same chamber as 7.

The flavour symmetry G ¢ descends to an isometry of M1, and becomes a flavour symmetry in the
effective supersymmetric quantum mechanics and each H,, transforms as a virtual representation
of Gy. Introducing real mass parameters generates a superpotential in the effective supersymmetric
sigma model equal to the moment map hy for the U(1),,, C G isometry generated by my. This
has the effect of formally conjugating the supercharges by the exponential of hy.

From the general structure of supersymmetric quantum mechanics summarized in section [[.1.2]
we propose that the supersymmetric ground states with topological charge m are computed by the
L?-cohomology

He = Hg::f+5(9;)1m,]-"m) (3.23)

where Fy, is an appropriate Zy graded Hermitian vector bundle on 91,. The vector bundle F,

receives contributions from the following sources:

e A universal contribution of the square root of the canonical bundle /Koy, from quantizing

the fermions in chiral multiplets parametrizing 9.

e There are contributions from Fermi multiplet zero modes, which are solutions to d4n = 0 in the
background of a solution to the vortex equations. They transform as sections of a holomorphic
vector bundle f over the moduli space 2M,. There is then a contribution to Fy, from quantizing

these fluctuations,

@(_1)1'3(:%*) . (3.24)

i
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e A supersymmetric Chern-Simons term at level k for gauge symmetry G = U(1) contributes

an additional factor ngtlfn [76].

e A background holomorphic line bundle Ly for the topological flavour symmetry on ¥ induces
a line bundle ZT on the moduli space 9MM,,. This corresponds to an electric impurity in the
language of [77]. Alternatively, the holomorphic line bundle L7 can be constructed mathe-

matically from the universal line bundle on ¥ x 91, and the Deligne pairing El

Finally, as in the case of chiral multiplets, a 3d superpotential W (®) generates an additional con-
tribution 4 to the differential.

Let us briefly comment on the dependence on the mass parameters my, mirroring the discussion
in supersymmetric quantum mechanics of section [[.I.2} If the moduli space My, is non-compact,
the cohomology will yield a different result in each chamber ¢, C t; separated by walls where
there are massless non-compact fluctuations. On the other hand, if 9, is compact we may set

my = 0 and identify the supersymmetric twisted Hilbert space with the hypercohomology

Mo = Hy' 5 (M, Frn) - (3.25)

Finally, the background holomorphic vector bundle Ey is a B-type deformation parameter in the
effective supersymmetric quantum mechanics and therefore M,, Fiy and H, may jump as this is

deformed.

3.1.3 Vortex Moduli Spaces

The structure of the moduli spaces 9, depends intricately on the gauge and R-charges of the chiral
multiplets, the genus g of 3, and the background holomorphic vector bundle E;. In this section,
we nevertheless attempt to make some general comments on their structure that will be used in
examples in section [3.2] We also offer more systematic details in appendix [AZ3]

First, the vortex moduli space can be understood as an infinite-dimensional Ké&hler quotient.
The group of gauge transformations g : ¥ — G acts on the infinite-dimensional flat Kahler manifold

P parametrized by pairs (04, ¢) with moment map
) 1
Hg = 5 ¥ F+u (3.26)

Imposing the complex equation 04¢ = 0 defines a Kihler submanifold %, C B, with moment
map given by the restriction of the above. The moduli space of solutions to the generalized vortex

equations is then the symplectic quotient My = pg Y(r)/g.

1'We provide some justification of these claims in the appendices. In appendix IA.3| we summarize the construction
of the holomorphic line bundle L1 using the universal line bundle on ¥ X 9y, and Deligne pairing. In appendix
we show that the curvature of this line bundle agrees with the ‘dirty connection’ of the electric impurity introduced
in [77].
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It will be useful to introduce an algebraic description of the moduli spaces 9%,. This is obtained
by imposing the complex equation d4¢ = 0 as above but replacing the real moment map equation
by a stability condition on the pair (94,¢) and dividing by complexified gauge transformations

g : 2 — Gc. A point in M, is then specified by the following data:
e A holomorphic line bundle E of degree m.
e A holomorphic section ¢ of Eg subject to a stability condition.

Some details concerning stability conditions can be found in appendix In this chapter, we will
only specify them in examples in section [3.2

Finally, the algebraic description makes it clear that there is a holomorphic map
Jji My — Js (3.27)

to the Picard variety parametrizing the holomorphic line bundle F, whose fibers are toric varieties.
This holomorphic map is not generally surjective. However, when m is sufficiently large it become
a holomorphic fibration whose structure can be useful for computing the cohomology groups .
We will study an explicit example of this phenomenon in section If g = 0 then Jy is a point

and we recover the description of the vortex moduli space as a toric variety [75].

3.2 Examples

3.2.1 1 Chiral Multiplet

We first consider a single chiral multiplet ® of integer R-charge r. We introduce a real mass
parameter my and a background holomorphic line bundle Ly for the U(1)s flavour symmetry. For
later convenience, we define

Lo =K/*®Ly, (3.28)

where if necessary (as anticipated) we assume a choice of spin structure on ¥. We will return on
this sublety shortly.
The effective supersymmetric quantum mechanics has the following supermultiplets of charge +1

under U(1)y:
e Chiral multiplets (¢, 1) valued in H°(Lg).
e Fermi multiplets (1, F) valued in H'(Lg).

Let us denote the number of chiral and Fermi multiplet fluctuations by nc = h%(Lg) and ng =

h'(Lg) respectively. The difference is fixed by the Riemann-Roch theorem,
nc—ngp=mp —g-+1

(3.29)
=ms+ (r—1)(g—1).
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where my, mg are the degrees of Lf, Lg respectively. For extreme values of the degree, the numbers
of fluctuations are fixed

ne=me —g+1

me >29—2 = {
’ILF:O

(3.30)
nc = 0

me <0 =
np=-mg+g—1.

However, in the intermediate region 0 < mg < 2¢g — 2, the individual numbers of fluctuations depend
on the choice of background line bundle L and will jump at loci in the Jacobian parametrizing L.

This dependence can be expressed in a precise manner. Let Pic™/ (32) be the Picard variety
parametrizing isomorphism classes of holomorphic line bundles of degree my. We can construct a
Poincaré line bundle

P — Pic™ (£) x & (3.31)

with the property that restriction to a point on Pic™/ (%) is a holomorphic line bundle in the
isomorphism class corresponding to that point. We can then define a perfect complex of sheaves on

Pic™f (X) by means of the derived pushforward
V* = R*m.(P), (3.32)

where 7 : Pic™(X) x ¥ — Pic™(X) is the projection. These sheaves have the property that their
stalks are the complex vector spaces V°®. They are not generally locally free, corresponding to the
fact that the dimension of these vector spaces may jump as the holomorphic line bundle is deformed.

We can then construct the space of supersymmetric ground states as a complex of sheaves
Vdet V* ® Sym(V*) (3.33)

on the Picard variety.

There are, however, subtle issues with this construction. The first issue is that the choice of
Poincaré line bundle P is not unique due to C* automorphisms of holomorphic line bundles on .
In particular, there is an ambiguity P — P ® 7*(R) where R is any holomorphic line bundle on
Pic™ (3). This implies that the Poincaré line bundles can be seen as choices of trivializations of
a gerbe on Pic™ (X), as explained for example in [32]. Since the supersymmetric ground states
are charged under U(1);, and so transform under the C* automorphisms of L, the spaces of
supersymmetric ground states transform as complexes of sheaves over this gerbe.

The second issue is that, as already mentioned, we may be forced to make a choice of spin
structure on X. This would correspond to the choice of a base point on the Picard gerbe. Since any
two choices differ by a flat bundle, we may change our choice of base point by tensoring the Poincaré
line bundle by the pull-back of a flat line bundle on ¥. This transformation is a simple example of

a Fourier-Mukai transform.
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The structure of the Hilbert space not only depends on the number of fluctuations, but also on
the choice of vacuum and on the chambers for the real masses. We will choose the Fock vacuum of
Fermion number zero to be annihilated by the fermions ¥ and 7. This Fock vacuum then has charge
+%(nc —np) under U(1)s. The chambers to consider are two: ¢ = {my > 0} and c_ = {my < 0}.
Quantizing the fluctuations as in section [I.1.3] we find

o0
’H+ _ xnCan @xj @ SP(C"C ® /\q(cnf
7=0

p+qg=j

(3.34)

Ho=(-)re "5 Pad | P srCre @ A1C
j=0

p+q=j

This reproduces the expansions of the supersymmetric twisted index

1/2 \ "eTnF
I:(x ) (3.35)

1—2
in the regions |x| < 1 and |z| > 1 respectively. Note that the supersymmetric twisted index depends
only on the difference nc — np and therefore on the degree mg. On the other hand, H4 will jump
as the background line bundle Lg is varied over the Picard gerbe.
Let us now consider the special case ¥ = CP'. The background holomorphic line bundle is now

fixed Ly = O(mg) with mg = m; — r and there are either chiral or Fermi multiplet fluctuations,

me > 0 {nczm@-‘rl

TLF:O
(3.36)
=0
me <0 = ne
ng = |mq>| —1.

In this case, the effective supersymmetric quantum mechanics has an additional flavour symmetry
U(1), transforming the homogeneous coordinates of CP! by

(z,w) — (622,67 ?w). (3.37)

This induces an action on the chiral and Fermi multiplet fluctuations. For example, for mg > 0 the
holomorphic sections z™* 7w/ transform with weight & =7 for 7=0,...,mg. The vector space of

chiral multiplet fluctuations therefore decomposes in the following way as a representation of U(1),,

POt = £ CaeT T ICe- @ T C, (3.38)
where
_(Mme me—1  mg
p—<27 B 2> (3.39)

is the appropriate Weyl vector. Similar arguments apply for the Fermi multiplet fluctuations when

me < 0.
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In the region m; > 0, we find

o™ Pad 57 (gremett) mg > 0
=0
M= a1 (3.40)
m 1 . .
2% @ xl NI (gPClmel=1) me < 0.
j=0

The supersymmetric index is consequently

T

O mg > 0
Jj=0 = ®
I= [me|-2 \"‘2<1>I -4 (341)
[1 el > mg <0,
Jj=0 (§72 Jx)t/2
which can be combined into the uniform expression
e
, (3.42)

(652, ) mp 41

where (a, q), 1= HZ;S(l —ag®) is the finite Q-Pochhammer symbol. This is in agreement with the 1-
loop determinant from supersymmetric localization [23], which is a refinement of the one considered

in chapter

3.2.2 XY Model

We now consider a pair of chiral multiplets ®;, ®5 with a quadratic superpotential W = &P,
and complementary R-charges rq + 7o = 2. There is a U(1); flavor symmetry under which ®; and
®, have charges Q1 = +1 and @2 = —1 respectively and we introduce a corresponding real mass
parameter by m ;. We will focus here on ¢, = {m; > 0} since the opposite chamber can be obtained
by interchanging ®; and ®,.

We fix a background line bundle L; of degree my for the U(1); flavour symmetry and define

Ly, = K;j/Q ® L?j. The chiral multiplet ®; contributes n;. = hO(Lq>].) chiral multiplets and
nj ¢ = h'(Lg,) Fermi multiplets to the supersymmetric quantum mechanics. Combining Serre

duality with ry + ro = 2, we have
Ny i=N1e=No ¢ Ng = Ng e =Ny § (3.43)

and furthermore from the Riemann-Roch theorem
ny—ng = (r1—1)(g —1) +my
(3.44)
=—(rg—1)(g—1)+my.
Let us denote the chiral multiplet fluctuations by ¢1 4, ¢2,, and the Fermi multiplet fluctuations
by M,4/, M2, Where a = 1,...,n7 and @’ = 1,...,n9. The superpotential W = ®; P, induces the

following J-type superpotentials
J’71,a' = ¢2’a/ an,a = (bl,a . (3.45)
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for the Fermi multiplets in the supersymmetric quantum mechanics.
In quantizing these fluctuations, we choose the Fock vacuum with Fermion number zero to be
annihilated by the fermions 11 4, ¥2.o- and 71,4/, 12,o. This Fock vacuum is uncharged under U(1)y.

The supersymmetric twisted Hilbert space is then the cohomology of the supercharge

ng ni
(QT)(I) = Z J771,a/n1’a’ + Z s, 2,0
@=t o=l (3.46)

no ni
= Z ®$2,0'M,a’ + Z¢1,a772,a
a'=1 a=1
acting on wavefunctions
ni n2 n2 DY
[Tk T1 @] TLave T (3.47)
a=1 a’=1 a'=1 a=1
where kq, ko € Z>o and sq,s2 € {0,1} and we use the notation for representatives of supersym-
metric ground states introduced in section [1.1.3] The result is essentially n; + mo copies of the
supersymmetric quantum mechanics considered there, consisting of a chiral multiplet ¢ and a Fermi
multiplet 7, with superpotential J = ¢. Here, n; chiral multiplets have positive real mass and ny
chiral multiplets have negative real mass.
There is a single supersymmetric ground state in the cohomology of (QT)(l) with k, = ko =0,
S¢ = 0and s,» = 1 foralla =1,...,n; and ¢’ = 1,...,ny. This corresponds to the fermions
[ 7/72,a’ [1.71,a acting on our choice of Fock vacuum. The supersymmetric ground state has
vanishing U(1)s charge and Fermion number zero, and so we have H = C.
The supersymmetric index computed using localization is a product of contributions from the
chiral multiplets ®; and ®,,

2172 (r1=1)(g—1)+m —1/2 (r2—1)(g—1)—m
= . — (—1)r2—1)(g—1)—m
I (1—95) (1_33_1) (-1) L (348)

which is independent of the three-dimensional superpotential W = ®;®5. This agrees with the
single supersymmetric ground state up to a sign related to our choice of Fermion number for the

Fock vacuum.

3.2.3 XY Z Model

Now consider three chiral multiplets ®1,$2,$3 with cubic superpotential W = &, P,P5 and R-charges

such that Z?Zl r; = 2. The flavour symmetry is

3
Gr=(Juvw,)/vo (3.49)

j=1
where U(1)p is the diagonal combination.
It is convenient to represent the charges of the chiral multiplets ®; under U(1); by a flavour

charge matrix Q; satisfying the following constraints:
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° Zg’:l Q;'- = 0 ensures that the superpotential has zero charge under U(1);;
. Z?:l Q% = 0 ensures no fields are charged under the diagonal combination U(1)p;
e 1k(Q) = 2 ensures the full flavour symmetry is manifest.

A simple choice of charge matrix is

1 -1 0
Q=0 1 -1]. (3.50)
100 1

. 3
We can turn on corresponding real mass parameters m; such that >3, m; = 0.

Furthermore, we can introduce background line bundles L; for each U(1), such that
[, ®Ly® Ly = Ox. (3.51)

and define Lg, = K;f/z ® [, LJQ}. The chiral multiplet ®; then leads to n;. = h%(Lg,) chiral
multiplet fluctuations and n; ; = h'(Ls,) Fermi multiplet fluctuations. From the Riemann-Roch

theorem, these numbers satisfy
nie —nig = (ri—=1)(g—1)+)_ Qimy (3.52)
J

and therefore

Z(nW —n;r)=1—g, (3.53)

i
where m; denotes the degree of L;.

Combining Serre duality and equation (3.51)) we find
HY(Y, Ly, ® Lg,) = H (X, Lg,)* . (3.54)

In particular, we have n; .+nso . = n3 y together with cyclic permutations of this relation. The super-
potential then induces J-type superpotentials in the effective supersymmetric quantum mechanics

associated to the natural maps
HY(%, Ls,) ® H*(S, Ls,) = H*(Z, Lo, ® La,) = H* (X, Lg,)* (3.55)

and their cyclic permutations, which are given by multiplication of holomorphic sections. We remark
that these multiplication maps have a rich structure and play a pivotal role in the theory of algebraic
curves [78].

The structure of the effective supersymmetric quantum mechanics intricately depends on the
flux m and background line bundles L4 and L. We will first consider the case g > 0 choosing for
simplicity to turn off background line bundles for flavour symmetries, before returning to perform a

more systematic analysis for ¢ = 0 in the presence of non-vanishing background fluxes.
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Example: g > 1

For concreteness, let us specialize to r3 = 2 and r; = ro = 0 and rename ®; = X, &3 = Y and
®3 = Z. Furthermore, let us remove the redundant U(1) flavour symmetry and write the flavour
symmetry as Gy = U(1)r x U(1) 4 with charges

| UMW UM)a

X 1 -1
Y —1 -1
A 0 2

The assignment of charges has been selected for a later comparison with U(1) supersymmetric QED.
Turning off background line bundles for flavour symmetries, we have Lx = Ly = Oy and

Lz = Ky and therefore we find a supersymmetric quantum mechanics with

Nex =Ney =Ny z =1

(3.56)
ngpx =nfy =MNe,z =9
and superpotentials
Tioo = YZa Tiyo = TZa I, =y (3.57)
where @ = 1,...,9. As an aside, we mention that non-trivial background line bundles would

necessarily introduce J-terms that are sums of monomials, complicating the computation of the
supersymmetric ground states. The special case ¢ = 1 has already appeared as an example of
supersymmetric quantum mechanics in section [1.1.3

With applications to 3d mirror symmetry in mind, we will consider the chamber ¢, _, = {0 <
ma < mr} inside the space of mass parameters t; = R2. The Hilbert space of supersymmetric
ground states in this chamber should reproduce the expansion of supersymmetric twisted index
sge [L—qy H(1—gq'yH]""

(1—9?)

for |g| < |y| < 1, where we have introduced fugacities ¢ and y for the flavour symmetries U(1)r and

I=y (3.58)

U(1)a respectively.

In order to enumerate the supersymmetric ground states in this model, it is convenient to choose
the Fock vacuum annihilated by the fermions v, ¥y, ¥, and 1z q, Ny.a, 7. forall @ =1,...,g.
This Fock vacuum is uncharged under the flavour symmetry and here we assign it Fermion num-
ber (—1)f = —1 to match the supersymmetric twisted index. The supersymmetric ground states

correspond to the cohomology of

g g
(QT)(D = Z YZaNz,a + Z TZaMy,a T TYN2 (359)
a=1 a=1
acting on wavefunctions
g g g
B | B | 2N | e (3.60)
a=1 a=1 a=1
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where n,m,l, € Z>¢ and s,,tq,7 € {0,1}. Since the flavour symmetry generators commute with the
supercharge (QT)(U, we can enumerate the supersymmetric ground states with fixed flavour charge
separately. We find that the computation of the cohomology of (Q1)() splits into three qualitatively
different regions depending on the U (1)1 charge ¢r. This is illustrated in figure

III II I

-9 T 9
Figure 3.1: We separate our discussion of the supersymmetric ground states for the XYZ model into

three regions depending on the U(1)r flavour symmetry charge gr. An arrow marks the point in
region II where we obtain a complete result.

First, there are no supersymmetric ground states of charge gr < —g and therefore the contribu-

tions to the supersymmetric twisted Hilbert space vanishes in region III,
Higry=0  qr<—g. (3.61)

Next, we consider gr > ¢ corresponding to region I and find the following representatives of the

supersymmetric ground states with weights

[ 9 Ty i b= gy
(3.62)
[xn-l-qT—l] ﬁz ﬁl”ilv U 7771,% : _<_1)nquy_qT
forn=20,...,g and therefore
Higr) = a7 —y ") A(C%)  qr>g. (3.63)

The twisted index should therefore vanish in region I due to the summation over contributions from

an exterior algebra,
g
A (C9) — Y (~1) <;’> ~0 (3.64)
§=0

for ¢ > 0. These results are consistent with the supersymmetric twisted index , which is a
finite Laurent polynomial starting at order O(¢'~9) and ending at O(g9~1).

In region II, where the supersymmetric twisted index is non-vanishing, the computation of the
supersymmetric vacua is more intricate. For g = 1, the computation is summarized as an example

in section |1.1.3] The supersymmetric ground state representatives and their weights are

[Zn]ﬁz _ 22
(3.65)

for all n > 0 and thus
Hoy=1-y)EPvC if g=1. (3.66)

n>0
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This reproduces the supersymmetric index, which is 1.
For g > 1, we have not obtained a systematic closed form for representatives of the supersym-
metric ground states in region II. However, the sector gy = 1 — g is a generalization of the above

computation at ¢ = 1 and we find

[ZIH ...Z;Lg]ﬁrl g, + (,1)gq179y9+1+22a Na
‘ (3.67)
[2?1 T Z;g]ﬁm © ey Nz - (_l)gqligygi1Jr2 Lo e
for any nq,...,n4 > 0 and therefore
Ha—gy = (=171 99971 (1 — %) S* (°CY) . (3.68)

This reproduces the correct contribution to the supersymmetric twisted index ([3.58) with g7 = 1—g,

g—1
In_g)=(=1)?"¢'77 <1_yy2> : (3.69)

Example: g =0
We now consider ¢ = 0 and introduce non-trivial holomorphic line bundles Ly = O(my) and
Ly = O(my) for the flavour symmetries such that
Ly, = O(my —myu)
Ly, = O(—mp —my) (3.70)
Ly, = O(2my —2).

The supersymmetric twisted index is

2my—1 _ —ma+1 _ _ —mp—my+1
L y ma gl/2y=1/2\ T A g M2y~ 1/2\ T (3.71)
1—y? 1—qy~! 1—gqly! ' '

In contrast to g > 0, for any given (ma4, my) each 3d chiral multiplet leads to either chiral or
Fermi multiplet fluctuations in the supersymmetric quantum mechanics, but not both. Now, a J-
term contribution to the supercharge (QT)(” can only exist when two 3d chiral multiplets have chiral
multiplet fluctuations and one has Fermi multiplet fluctuations. This happens when the fluxes that

obey either
l.mp>my>1,0r
2. my <0and |mp| < —my .

Outside of these regions, the supersymmetric ground states are obtained simply by quantizing the
chiral and Fermi multiplet fluctuations. We now spell out the supersymmetric ground states in two
such regions needed to perform checks of mirror symmetry in section As above, we consider the

chamber ¢,y = {0 < m4 < mr} in the space of real mass parameters.
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First, we consider fluxes obeying the constraints mg > 1, |mp| < m4. Here, Lg,, Lo, have neg-
ative degree and contribute only Fermi multiplet fluctuations, whereas Ly, has non-negative degree
and contributes only chiral multiplet fluctuations. There is no possibility of a J-term superpotential

and therefore we find a tensor product of chiral and Fermi multiplet Fock spaces,
H = quy3mA—QSo(y2(C2mA—1) ® /\o(qy—lc—mr+mA—1> ® /\O(q—ly—lcmT+mA—1) , (372)

reproducing the supersymmetric twisted index (3.71)). For future comparison with mirror symmetry,

it is useful to expand this result in powers of g,

H :ySmA72SO(y2(C2mA71)®

—mpr+my—1
® @ quer < @ /\i(yl(CmTerA1)®/\k(y1CmT+mA1)> )
¥

m=—mp—ma+1

(3.73)
i—k=m
Second, we consider my < 0, mpy > —my. Here, Ly, has non-negative degree and contributes

only chiral multiplet fluctuations, whereas ®5 and ®3 have negative degree and contribute only Fermi

multiplet fluctuations. There are again no possible J-term superpotentials. We therefore have
H = quy?)mA—QSo(qy—ICmT—mA+1) ® /\o(q—ly—l(cmT-i-mA—l) ® /\o(yQC—QmA+1) , (374)

reproducing the supersymmetric twisted index (3.71f). Expanding again in ¢, this becomes

H :qumeA—2 /\o (y2(c—2mA+1)®

= m mre m—k/, —1lrmp—ma+1 ki, —1lrmp+ma—1 (375)
® P o« P smrriemrmath @ aAkyTiemrtmatly )

m=—mpr—mag+1 k=0

3.2.4 U(1); +1 Chiral Multiplet

We now consider supersymmetric Chern-Simons theory with G = U(1) at level k = —5—% together
with a single chiral multiplet ® of charge +1 and R-charge +1.

In the supersymmetric quantum mechanics, the chiral multiplet ® decomposes into a chiral
multiplet and Fermi multiplet valued in sections of the holomorphic line bundle Lg and Qoz’l ® Lg

respectively, where

Le=K{’@L. (3.76)

The supersymmetric quantum mechanics localizes to solutions of the following system of equations

on 3,
«F+e(¢p-0—Csp(0)) =0  0adp=0 0¢=0, (3.77)
where o is constant and
T4+0c >0
. = 3.78
Lers(o) {T <0 (3.78)

is the combination of effective parameters introduced in equation (3.18]).
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By integrating (3.77)) over ¥ we find that there are ‘Higgs branch’ vortex solutions with o = 0

and ¢ non-vanishing provided
2mm

> e
77 e2Vol(T)

(3.79)

where

m= ey (L) = - /E F (3.80)

T oor
and Vol(X) is the volume of . Notice that the right-hand-side takes the same form as (2.33)). Here
we take the limit s — +o0 for

5 := 1e?Vol(%) (3.81)

where this condition is satisfied for any flux m. an effective description of the supersymmetric
quantum mechanics as a sigma model onto the moduli space 2, of solutions to the vortex equations

As explained in section , My has a complex algebraic description given in terms of pairs
(L, ) given by a holomorphc line bundle L and a holomorphic section ¢. In appendix we
explain that these pairs can be parametrised by the zeros of ¢, which (counting multiplicities) are

mg. In turns, the zeros are parametrised by the mg-symmetric product of %

Sym™¥ if mg >0
m _{ ym BoMe = (3.82)

T if me <0.
Physically, this is the statement that vortices in this theory have no internal moduli and the sym-
metric product simply parametrizes the positions of the vortices on ¥X. Notice that the preimage of a
point under is the projective space of holomorphic sections, j~!(Lg) = PH?(Lg). The struc-
ture of this map is in general intricate since the dimension h°(Lg) may jump at loci in the Jacobian.
However, if mg > 2g — 2 the dimension h°(Lg) = mg — g + 1 is constant and this holomorphic map
becomes a holomorphic fibration with fiber CP™* 79,
The contribution to the twisted Hilbert space of supersymmetric vacua from flux m is captured

by a supersymmetric sigma model to My, and therefore

(3.83)

oy HY* (Mo, F) m>1-—g
" 0 m<l-—g

where Fy, is a Hermitian line bundle on 9., El The line bundle F,, receives contributions from the

following sources:
e There is a universal contribution K, %i from quantizing fermions in chiral multiplets parametriz-
ing My,.

e The supersymmetric Chern-Simons term at level +% contributes a factor ICg_ﬁlﬁ{ 2.

2An important consistency check is that the remaining massless fermions in chiral multiplets transform in the
tangent bundle to Mn. In appendix [A74] we provide a short argument why this claim. This can be thought of as a
simple example of the more general phenomenon that we are going to investigate in the next chapter.
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e Introducing a background line bundle Ly for the topological symmetry induces a line bundle
ET on the moduli space M, in the supersymmetric quantum mechanics, as explained in

section |3.1.2)

The universal contribution and that of the supersymmetric Chern-Simons term cancel out, leaving
Fn = Lr.

For 7 < 0 we find ‘topological’ solutions to equations with ¢ = 0, 0 = —7 and unbroken
gauge symmetry as T7e? — 0. We expect that the supersymmetric ground states are captured by an
effective supersymmetric Chern-Simons theory in this regime, and hope to return to this in future

work.
Example: g > 0

The supersymmetric ground states in equation can be computed by applying the Kiinneth
formula for the mg-fold product of curves X™® and then imposing invariance under permutations to
compute cohomology classes on the symmetric product regarded as a quotient Sym™* Y = 3™ /S .

This argument will rely on the following construction of the line bundle ET associated to the
U(1)r topological symmetry, which we expand upon in appendix The first step is to construct

a line bundle on the direct product >™¢,
[Rme = Q) Lr, (3.84)
J

where

T XM 5 % (3.85)

is the projection onto the j-th factor. This is invariant under permutations and descends to a
line bundle ET on the symmetric product Sym™®¥. In particular, this construction shows that
cl(zT) = myn where mp is the degree of Ly and n € Hl’l(imm) is the class constructed from the
Kahler form on X.

With the above construction in hand, we can proceed to compute the twisted Hilbert space
following arguments in [79)], but including higher degree cohomology. First, a short spectral sequence
argument shows that the cohomology of the symmetric product in equation can be identified
with the Sy, -invariant part of the cohomology Hg"(Em‘i’ , L?mq’). The latter can be computed using

the Kiinneth decomposition, with the result
HY (Sym™* %, Ly) = S™ T H(Ly) @ NH'(Lr). (3.86)

We therefore find

H= T q" @ S'HY(Ly) ® NHY(Ly). (3.87)

m=1—g i+j=m+4g—1
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where the parameter ¢ is introduced to keep track of charge under the topological flavour symmetry
and we remind the reader that me =m+ g — 1.

Introducing the notation ng := h°(Lz) and ng := h'(L7) with
nc—ngp=mp—g+1, (388)

the supersymmetric twisted index can be computed from the graded trace over the twisted Hilbert

space ([3.87)) as follows,

~
Il

i " nc—nrpt+tm-—g
= m—g+1
m=1-g (3.89)

—g+1
1—g 1 mr—g
1—gq

This agrees with the contour integral formula from localization in the supersymmetric gauge intro-

duced in section with the choice of auxiliary parameter (2.33)). In fact, the JK contour integral

Il
<

formula reduces to
xm+mT

Z(*Q)m /K 2i:fxm’ (3.90)

mez J

where the JK-contour surrounds in this case the pole at z = 1, modulo an overall sign (—1)9. The
twisted supersymmetric index can be identified with the generating function for equivariant Euler

characters
o

I= (=)™ x (M, Fn) - (3.91)

m—1—
From this perspective, the contour integral from supersymmetric localization reproduces the
computation of the equivariant Euler characters using Hirzebruch-Riemann-Roch [80]. This is an
elementary instance of, and the inspiration for, the index computations we will perform in the next
chapter of this thesis.

A special case summarized in the introduction is Ly = Oy, where nc = 1 and ng = g, and

therefore
%) m+g—1 _
M= ™ P N (3.92)
m=1—g =0

with supersymmetric twisted index I = ¢'~9(1 — ¢)9~!. Note that while the twisted Hilbert space
contains an infinite number of supersymmetric ground states, the supersymmetric twisted index
truncates to a finite number of terms for g > 1 due to the complete cancellation in the sum over the

exterior algebra when m > 0.
Example: g =0

Let us now analyze ¢ = 0 in more detail. The vortex moduli space My = CP™ ' is now the

complex projective space parametrizing non-vanishing holomorphic sections of L = O(m — 1)
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modulo constant complex gauge transformations. This is consistent with the above construction,
since

Sym™ !CP! = CcpP™'. (3.93)

The supersymmetric quantum mechanics admits a finite-dimensional gauged linear sigma model
description in terms of m chiral multiplets of charge +1 under a U(1) gauge symmetry.

In this case the contributions to Fy, have a more straightforward interpretation:

e The contribution to the Lagrangian of the supersymmetric quantum mechanics from a super-

symmetric Chern-Simons term at level k is

%(JHAO)/EF = (0 +iAg)km. (3.94)

This is a supersymmetric Wilson line of charge km in the finite-dimensional gauged quantum
mechanics for CP™ ™" and so contributes the line bundle O(km). For a supersymmetric Chern-

Simons term at level k = +2 we find a contribution O(+%2).

e Turning on Ly = O(myr) for the topological symmetry contributes

1
5= (0 +ido) / Pr = (0 +iAg)mr, (3.95)
>

which is a supersymmetric Wilson line of charge my in the finite-dimensional gauged super-

symmetric quantum mechanics, and therefore the line bundle Ly = O(mg) on CP™ !,

Combining these contributions with the universal contribution Ké{jn_l = O(—%), we find F =
O(mr) to be in agreement with our previous arguments.
Including the parameter ¢ for the additional grading on ¥ = CP', the supersymmetric Hilbert

space now has the form

H=EDqmHy*(CP™,O(mr))

m=1

oo Smr(EPCT) if mp>0 (3.96)
:@qm 0 if —m<mp<0.

m=1 S\mTl—m(fpcm) if mp<-m

3.2.5 U(l) SQED

We now consider a U(1) gauge theory with two chiral multiplets @, P of charge +1, —1 respectively.
The theory has both a U(1)7 topological and a U(1) 4 axial flavour symmetry, and we can introduce
corresponding background line bundles L7 and L 4 of degrees mp and m4. The charge assignments

are summarized below,
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The supersymmetric twisted index (2.17) in this case is given by

d 1\ mtma 11 —m+my 1 9 g
2 2 2 —
P= Yo [ e e ()T (i y
JK 2mix 1—zy 1—az 1y (1—zy)(1—y/x)

mezZ

2matg—1 , 172, —1/2\ MTmatlog , _q/5 _q/o\ ~Mr-matl-yg
:(_1)mT< y ) (qy) (H) ,

1—y? 1—qy™t l—qty™t

(3.97)

where the contour JK is specified by the Jeffrey-Kirwan prescription of (2.27).
In the supersymmetric quantum mechanics the chiral multiplets @, ) decompose into chiral and

Fermi multiplets, transforming as scalar and (0, 1)-form sections of the holomorphic line bundles
Lo =KY’®LeLy, Ly=KL*@L'®Ly, (3.98)
of degrees
me=m+my+g—1, mg=-m+my+g-—1. (3.99)

First setting the mass parameter for the axial lavour symmetry to zero, m4 = 0, the supersymmetric

quantum mechanics localizes to solutions of the following system of equations on X2,
« Fa+e? (aqs—&(;s—reff) — Oab=0ad=0 obp=o0d=0, (3.100)

where 7.r¢ = 7 when the axial mass parameter vanishes. In the limit s = e?*7Vol (¥) — +oo there
are ‘Higgs branch’ vortex solutions with o = 0 for each m.

We therefore consider an effective supersymmetric sigma model for each flux m € Z whose
target is the moduli space 9, of solutions to equation . This moduli space has an algebraic

description in terms of the following holomorphic data:
e A holomorphic line bundle L of degree m.

e A pair of holomorphic sections ¢ € H°(Z, Lg) and = HY(Z, L), where ¢ is required to be

non-vanishing.

The structure of the moduli space and the effective supersymmetric quantum mechanics depends
intricately on the flux m and background line bundles L 4 and L. We will first consider the case g > 0
choosing for simplicity to turn off background line bundles for flavour symmetries, before returning

to perform a more systematic analysis for ¢ = 0 in the presence of non-vanishing background fluxes.

Genus g > 0

Let us then consider g > 0 with trivial background line bundles Ly = L4 = Osx. The structure of
the supersymmetric quantum mechanics depends on the flux m. We separate our discussion into the

three regions shown in figure (3.2
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111 II I

Figure 3.2: We separate our computation of the supersymmetric vacua for supersymmetric QED

into three different regions depending on the flux m € Z. An arrow marks the point in region II
discussed in the main text.

Region I corresponds to m > ¢. In this region,

h'(Lg) =m h%(Lg) =0
(3.101)
h'(Le) =0 h'(Lg) =m,
independent of the line bundle L. There are therefore exactly m chiral multiplet fluctuations from
® and m Fermi multiplet fluctuations from ®. The underlying moduli space of vortices is again a

symmetric product

M = Sym™*X. (3.102)

Since mg > 2¢g — 2, the symmetric product is a holomorphic fibration My, — Jx, with fiber CP™ 1.
The Fermi multiplet fuctuations from ® then transform as a holomorphic section of the vector
bundle 7 = O(1) ® C™ over each fiber.

The existence of the holomorphic fibration implies that the space of supersymmetric ground

states factorizes into contributions from the fibre and base,
Ho = HY 0 1Y . (3.103)

The contribution from the base is g
w = DH; ()
q=0

g (3.104)
= AI(CY).
q=0
The contribution from the fiber is
m—1 m
NCF
H) = HOP (Cpm—l,K”i ® >
" - DO et @ s
m—1 m 0p . . (3.105)
=P P Hy” (CP*, 0 —m)) @ A*(C™)
p=0 a=1
= H)'(CP™ 1, 0) @ Hy™ H(CP™ !, O(—m))

Putting these contributions together and introducing parameters ¢ and y to keep track of the U(1)r

and U(1)4 symmetries respectively, we find
Hu = (-1)"¢"(y"C —y "C) @ A*(CY). (3.106)
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In section [3:3:2] we will demonstrate that this result is in complete agreement with 3d mirror
symmetry.
An immediate consequence of the factorization into contributions from the fiber and base is that

the supersymmetric twisted index should vanish in region I due to the complete cancellation

) — Xg: ( ) 0 (3.107)

j=
for g > 0. This is consistent with the supersymmetric localization result (3.97), which for my =
my4 = 0 is a finite Laurent polynomial in ¢ with maximum power ¢~ !.

Region II corresponds to —g < m < g. While

h’(Le) = h' (La)

(3.108)
h®(Lg) —h'(Lg) = —m,
the numbers of chiral and Fermi multiplet fluctuations may jump as the holomorphic line bundle L
varies over the Jacobian Jy. The computation of the supersymmetric vacua is more difficult in the
region and we do not present a general answer.
An exception is m = 1 — g, which is marked with an arrow in figure In this case, the
holomorphic line bundle Lg¢ has degree mg = 0. The stability condition requires the existence of a

non-zero holomorphic section ¢, so we conclude that

Le=0s  Lg=Ks (3.109)

corresponding to L = K_l/2

Recall that there is a holomorphic map 9, — Jyx to the Jacobian
parametrizing L. In this case, the map is particularly simple: there is one non-vanishing fiber over a
single point in the Jacobian. This fiber is parametrized by chiral multiplet fluctuations of the meson
M = ®® valued in H°(Ky), and the moduli space is therefore M,, = C9. In addition there is a
Fermi multiplet fluctuation n € H'(Ky).

Since the moduli space is non-compact, it is essential to turn on a real mass parameter m 4 for
the U(1)4 axial flavour symmetry. We will choose m4 > 0. Noting that the meson fluctuations
have charge 42 under the axial flavour symmetry, we conclude that the twisted Hilbert space for
m=1—gis

Hag) =" 9y (1= o) Py>s"(CY). (3.110)
n>0

The contribution to the supersymmetric twisted index is therefore

nfn+tg—1
Iy = gy zw( g )

n>0

—1
= ql_g y !
1—92 '

This agrees with the result from supersymmetric localization (3.97)) for mp = my4 = 0.

(3.111)
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Finally, region III corresponds to m < —g. In this region, h°(Lg) = 0. This is incompatible
with the stability condition and therefore there are no supersymmetric ground states in this region.
The result is consistent with the localization expression (3.97), which for my = m4 = 0 is a finite

Laurent polynomial with minimum power ¢'=9.
Genus g =0

For genus zero, we perform a more systematic analysis with non-vanishing background fluxes m 4,
my for the flavour symmetries. The holomorphic line bundles on ¥ = CP' associated to the chiral
multiplets are

Ly :=0(m+my —1) Ly :=0(—m+my —1). (3.112)

To guide the reader through our analysis, we summarize the structure of moduli spaces M, and
corresponding contributions to the twisted Hilbert space in the (m,m4) plane in figure
Region IT

mr+1

P Region

1

Figure 3.3: Summary of the structure of the moduli space and supersymmetric ground states in the
(m,m4) plane. There are no supersymmetric ground states in the shaded regions.

First, we note that in order to satisfy the stability condition we require that h°(Lg) > 0. This
immediately implies that the moduli space is empty and there are no supersymmetric ground states
in the region m + m4 < 0. This corresponds to the large shaded region in figure [3.3]

Now assuming that m+m4 > 0, the structure of the moduli space 9, critically depends on the
combination —m+m 4, which determines whether ® generates chiral or Fermi multiplet fluctuations
in the supersymmetric quantum mechanics. We therefore consider two distinct regions separated by

the line m = m4, as shown in figure [3.3
Region 1

We first consider —m +m 4 < 0. This region is characterized by chiral multiplet fluctuations from ®

and Fermi multiplet fluctuations from ®:
e Nogp =M+ my > 0.

e npz=m-—my >0.
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® NFe =Nc§ =0.

The moduli space of vortices is therefore parametrized by the non-vanishing chiral multiplet fluctu-

ations of ® modulo complex rescaling,
m = CPmrma=l, (3.113)

The Fermi multiplet fluctuations 73 have gauge charge +1 and therefore transform as sections of
the holomorphic vector bundle F := O(1) @ C™ ™4 over M.
The contribution to the twisted Hilbert space is therefore given by[]

N F ~
Ho = HO* (M, K2 0 2oL 3.114
m 8 < m EIﬂm det(f) T ( )

where Ly is the holomorphic line bundle on the moduli space induced by the holomorphic line
bundle L7 = O(my) on the curve associated to the topological symmetry. First, we notice that the
combination

1
KY? o9 = — O(—m). 3.115
Mo o (—m) (3.115)

Second, the same argument as section shows that Ly = O(mr). Assembling the various pieces,

we find
Huw = H® My, O(mr —m) @ A°F)

mZna . 3.116
= EB H® (CP™™4~ O(my —m + i) @ AY(C™ ™). ( )
i=0
Including the flavour symmetry and Fermion number grading, we find

—mMp—m7
Hom :qmym @ S—mT—mA—i(yCm+mA) ® /\i(_y—l(cm—mA)
= (3.117)

m—my
® (_1>m+m,4—1 qmy—mA @ S—m+mT+i(y—1Cm+mA) ® /\i(_y—l(cm—mA) ,

max{0,—mp+m}
where the first line arises from the degree zero cohomology and the second from the maximum degree
m+m4 — 1 cohomology. It follows from the above formula that there are no supersymmetric ground
states when both m > m4 and m4 > mp. This is the shaded part of region I on the right of Figure

B3

The contribution to the supersymmetric twisted index is therefore

—m7r—my .
I = q™ Z ymomAsmr =i )i —myr+m-—1-—7)/m-—my
" Pt —my —mp —i i
m—map

m m—my—my—2i  qymtma—1+i myt+mr—1+4) /m—my
T Z Y (=1) < mr—m-+i i ’

(3.118)

max{0,—mp+m}
which agrees with the coefficient of ¢™ in the expansion of the supersymmetric twisted index (3.97))

with g = 0, up to an overall sign (—1)™4.

3This computation can be encoded in the cohomology of superprojective space CP™tma—1lm—m4—1
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Region II

We now consider the remaining region m4 > |m|. This is characterized by chiral multiplet fluctu-
ations from both ® and ®. The vortex moduli space is therefore a toric variety given by the total

space of the vector bundle

My = O(—1)™A~™ — Cp™Fma—t, (3.119)

The base is parametrized by the m +m 4 chiral multiplets from ® modulo holomorphic gauge trans-
formations and the fiber by the —m + my4 chiral multiplets from ®.
This moduli space is non-compact but the U(1) 4 flavour symmetry acts on the moduli space 9,

-1 .
Pmtma—l - Therefore, turning on a real mass

with fixed locus given by the compact zero section C
parameter m 4 for the flavour symmetry U(1) 4, the effective supersymmetric quantum mechanics is

gapped and the contribution to the twisted Hilbert space is
0,0 T
He = HémA (M, v/ Kom,, ® L) . (3.120)

where 9, , is the Dolbeault operator deformed by the real mass parameter m 4 and L2-cohomology
classes are understood.

We will not attempt a direct computation here, except in the special case m = —my4 + 1,
corresponding to the blue line in figure Here, the base of the fibration in equation
collapses to a point and the moduli space consists of the fiber M, = C2™4~! parametrized by

fluctuations of the meson M = ®®. Quantizing these fluctuations, we find
o0
Mo = >~ P §7 (y?C>m ) (3.121)
j=0
where 3?2 is the weight of each coordinate on 9, = C>™4~! and the overall contribution y?™a—1-mr

is the weight of the Fock vacuum induced by Koy, , ® Ly. This agrees with the contribution to the

supersymmetric twisted index

2mA—1
Iy = (1)t Fmaymmr ( Y 2) , (3.122)

modulo a sign (—1)™atl,
We finally provide two complete examples of fixed background fluxes (m 4, mr) by summing the

contributions from the entire range of m.

emyu=0mp=0
There are no supersymmetric ground states with m < 0. Summing the contributions from

m > 0, it follows from eq. (3.117)) that

H=EP "W "C-y "C) (3.123)

m=1
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with supersymmetric twisted index

=Yty = (3.121)

emyu=1mpr=0
There are no supersymmetric ground states with m < 0 as the moduli space is empty. For
m > 0, the moduli space is M, = CP™ but nevertheless the contribution ([3.118)) to the twisted

Hilbert space vanishes. Finally, the non-vanishing contribution from m = 0 gives
H =y S*(y*C) (3.125)

with supersymmetric twisted index

(3.126)

3.3 Mirror Symmetry

In this section, we will compare results obtained in section to provide new checks of two basic
instances of 3d mirror symmetry, which is an infrared duality. Naturally, we can probe the infrared
regime of the theory by taking the limit of large volume of the curve Vol (¥) — +oo. The volume

of the curve enters our equations in the dimensionless combination

Te?Vol(X)
s= (3.127)

introduced in (3.81). The deep infrared regime can therefore be reached by taking s — oo in a

chamber that is determined by 7.

3.3.1 Particle-Vortex Duality
We consider the following pair:

e I. Chiral multiplet with R-charge » = 0 and supersymmetric Chern-Simons terms kf¢ = kfr =

—1 for the U(1) flavour symmetry.

e II. U(1) Chern-Simons theory at level k = +31 with one chiral multiplet of charge +1 and
R-charge r=1.

In theory II, the monopole operator of topological charge —1 is gauge neutral and can be identified
with the chiral multiplet in theory I. The U(1); flavour symmetry of theory I is identified with the
U(1)r topological symmetry of theory II and therefore we make the identifications my = ¢ and

T =q.
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We first compare the supersymmetric twisted Hilbert spaces for ¢ > 1. Let us first recall the
supersymmetric twisted Hilbert space of theory I with a background line bundle Ly for the U(1)y
flavour symmetry in the chamber ¢, = {my > 0}. From equation (3.34) we find

m g—1

me—g+1 0 .
HY =TT s P’ | @B SPH(Ly) © ANH (L)
Jj=0

N
e (3.128)

(oo}
=2'"9Pa | P SPH(Ly) @ NH' (L) | |
Jj=0 p+q=j

m

where h®(Ly) — h*(Ly) = my — g+ 1. The additional factor o~ 2“3 arises from the shift in the

charge of the Fock vacuum induced by the mixed supersymmetric Chern-Simons terms kyy = kfr =

N

Now recall the supersymmetric twisted Hilbert space of theory II in the chamber ¢, = {7 > 0}.

Introducing a background line bundle Ly for the topological symmetry, from equation (3.87)) we find

H = P q"‘( T S’pHO(LT)®/\qH1(LT)>

m>1—g p+g=m+g—1
(3.129)

o0
7P| P SPH(Lr) @ AH' (Ly)
Jj=0 pt+q=j

where h°(Lr) — h*(Lr) = mp — g + 1. Under the identifications my = ¢, x = g and Ly = Ly, we
find complete agreement between the supersymmetric twisted Hilbert spaces.

This constitutes a more refined check of mirror symmetry than the supersymmetric index. First,
‘H contains an infinite number of supersymmetric ground states whereas the index I truncates to a
finite Laurent polynomial. Second, we find agreement between the supersymmetric Hilbert space as
we vary the background line bundle Ly = Lz over the Jacobian Jx. The index cannot detect this
phenomenon, as it depends only on the degree of my = my.

Let us briefly consider the genus zero case, including the parameter £ for the additional flavour
symmetry U(1). rotating ¥ = CP'. For simplicity, we assume that m > 0. The supersymmetric

twisted Hilbert spaces are
oo

’HSP _ EijSj_l(fp(Cmﬂ)
! (3.130)
H(+H) _ @mjgm(fp(cj) ,
j=1
which agree due to the following isomorphism of graded vector spaces,
SITHErem ) = s (erc). (3.131)
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3.3.2 XYZ < SQED

We now turn to the investigation of the following pair:

e I. Three chiral multiplets with cubic superpotential W = XY Z and charge matrix:

| U)r UMa Ug
X 1 —1
Y | -1 —1
A 0 2

N OO

e II. U(1) supersymmetric gauge theory with chiral multiplets ®, ® with charge matrix:

P 1 0 1 1
P -1 0 1 1

Here we identify from the outset the U(1)7 x U(1) 4 flavour symmetry. Under 3d mirror symmetry, Z
is mapped to the gauge invariant combination ®® whereas X,Y are mapped to monopole operators
in the supersymmetric gauge theory of charge +1 under the topological symmetry.

Let us first consider ¢ > 0. We will not attempt an exhaustive analysis, but specialize to

L, = L7 = Oyx, and real mass parameters in the chamber
Cp_yp = {0 <mg < mT} (3132)

where we have obtained explicit results on both sides. This corresponds to an expansion of the
supersymmetric twisted index in the region |¢| < |y| < 1.
First, there are no supersymmetric ground states of topological charge gr < g on both sides.

Second, we consider the supersymmetric ground states of charge gr > g, whose contributions to the

supersymmetric index vanish. Comparing equations (3.63]) and (3.106|) we find the contribution to

‘H4_+ in both theories is
(YT C—y TC)o A (CY)  qr=>yg (3.133)

modulo an overall sign. Note that gr = m. Finally, in the intermediate region —g < gr < g we
have only computed explicitly the supersymmetric ground states with minumum charge gr = 1 —g.

Comparing equations (3.68) and (3.110)), we find that the contribution to Hy_ in both theories is

¢y (C - 0 o PuS"(C). (3.134)

n=0
In regions where we can independently compute the supersymmetric ground states, we therefore find
agreement with mirror symmetry.
We now study the case g = 0 with background fluxes mp, m4 for the flavour symmetry. We

separate the analysis into characteristic regions in the (mr, m4) plane:
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e In the region my <0, mp > —my4 we have computed the supersymmetric twisted Hilbert space
in both theory I and II. These computations agree, but there are no cancellations in passing
to the supersymmetric twisted index in this case, so we cannot provide a stronger check of

mirror symmetry.

e In the region my < 0,0 < mp < —m4, we have computed the supersymmetric twisted Hilbert
space of theory II in equation . In this case, there are cancellations between bosons and
fermions in computing the supersymmetric twisted index. However, we have not performed
an independent computation for theory I. Nevertheless, it is possible to check that the su-
persymmetric ground states in form a subset of those for the three chiral multiplets
X, Y, Z in the absence of a superpotential. This is consistent with the presence of a non-
vanishing J-term differential in supersymmetric quantum mechanics for theory I in this region

and equation (3.117)) can be regarded as a prediction for its cohomology.

e In the other direction, we can use our result for supersymmetric ground states of theory I
to make a prediction for the supersymmetric ground states in the unknown region my4 > 1,

|mp| < my of theory II. From equation (3.73),
HS_Il+ :qumeAf2SO(y2C2mAfl)®

—myp4+myg—1
® @ qm ( @ /\z(yfl(cfmT+mAfl) ®/\k(y71(cmT+mA71)
i

m=—mpr—ma+1

) (3.135)

i—k=m

This should reproduce the cohomology expressed in equation (|3.120)),

HID, = HE® (M, /Ko, © Lr), (3.136)
where
My = O(—1)™4~™ — Cp™rma—t, (3.137)

In the degenerate case m = —m4 + 1 where the base collapses to a point, equation ([3.135|)
correctly reproduces the cohomology of the unique fibre M, = C?™4~1, It would be interesting

to understand how to compute this cohomology in the general case.

Finally, demonstrating agreement between regions where there are no supersymmetric ground
states is straightforward. Taking this into consideration, we are able to chart the supersymmetric
ground states on almost the whole range of parameters (mp, m4, m), aside from a small region that

depends on mrp.
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Chapter 4

Twisted Indices of N =4 Gauge
Theories and Enumerative
Geometry of Quasi-maps

In the previous chapter, we introduced a description of 3d A/ = 2 Chern-Simons-matter theories in
terms of a 1d effective quantum mechanics. We focussed on the spaces of supersymmetric ground
states of some selected theories, unveiling rich structures and dependences on background parameters
that were hidden by index computations. The target spaces of the quantum mechanics, however,
are in general too complicated and loosely defined to be amenable to similar techniques.

In this chapter, we therefore impose two restrictions. First, we consider a specific class of NV = 4
quiver gauge theories. Second, we prioritize the computation of the twisted indices. N' = 4 super-
symmetry is restrictive, but it is known to have deep connections with cutting-edge mathematics
in the context of symplectic duality, see for example [8T) [82] [83]. Our aim is to give the indices a
mathematical interpretation in terms of the enumerative geometry of spaces of quasi-maps. In this
way, we will be able both to compute some of the indices more easily, and to make predictions about
the enumerative invariants in the context of symplectic duality.

The chapter is organised as follows. In section [4.1] we define the class of 3d N = 4 theories we
are going to study and we provide some background. In particular, we summarize the construction
of one of the moduli spaces of vacua, the Higgs branch Mg, in algebraic terms. In section we
review the procedure of topological reduction of the 3d A/ = 4 theories on R x ¥, and study the
moduli space of solutions to the BPS equations 91 in terms of quasi-maps to M y. More specifically,
we study the massless fluctuations of the bosonic and fermionic fields at a point on the moduli space
and reconstruct the virtual tangent bundle TV over 9. From this discussion, we provide a geometric
interpretation of the contour integral formula as the virtual Euler characteristics constructed from
TV'. In section we study the reduced moduli space that preserves four supercharges and
discuss the relation to the twisted indices evaluated in the limit ¢ — 1. In section [£.4] we explore

the geometric interpretations of the twisted indices in concrete examples. Finally, in section [4.5
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we study the implications of mirror symmetry in this context, and explicitly check the proposed
dualities for some theories in the limit ¢ — 1. This implies a notion of symplectic duality for

quasi-maps invariants.

4.1 Background and Notation

4.1.1 Quiver Gauge Theories

A renormalizable 3d N = 4 supersymmetric gauge theory is specified by a compact group G and
a linear quaternionic representation Q —we refer the reader to [15, 83| for a summary and further
background. In this chapter, we will focus on unitary quiver gauge theories. Introducing an index

I =1,..., L labelling the nodes of the quiver, this corresponds to the choice
¢=[[vv) Q=1"M (4.1)
I

where

M= @ Hom(W;, Vi) @ @ Hom(V7,Vy) ® QrJ - (4.2)

I I<J

is a unitary representation of G. Here Vi, W; denote complex vector spaces while QQ;; are multi-

plicities. In physical parlance, there is a dynamical vectormultiplet for the gauge group G and
e ;7 hypermultiplets in the adjoint representation of U(V7),
e Q7 hypermultiplets in the bifundamental representation of U(V;) x U(Vy) for I < J,
e and dim¢ Wy hypermultiplets in the fundamental representation of U (V).

An example is the single node quiver with V' = CNe, W = CNs and unitary representation M =
Hom(W, V). This is supersymmetric QCD with G = U(N,) and Ny fundamental hypermultiplets,
as illustrated in figure In the following sections |4.2| and we will formulate our constructions
for a general unitary quiver (subject to an assumption explained in section but our explicit

examples in section [£:4] will be almost exclusively supersymmetric QCD.

(v— v,

Figure 4.1: Quiver for U(N,) supersymmetric QCD with N; fundamental hypermultiplets

In what follows, we use Euclidean SU(2) spinor indices « in addition to spinor indices A, A for
the SU(2)g x SU(2)c R-symmetry, with uniform conventions summarized in Appendix

With this notation, the vectormultiplet includes a gauge connection A,g, scalar fields ¢AB , and
gauginos )\ﬁA transforming in the adjoint representation of G. The hypermultiplets contains complex

scalars X 4 and fermionic spinors ¥ transforming in the unitary representation M.
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It will be convenient to decompose the supermultiplets under a fixed maximal torus U(1)g x
U(1)¢ of the R-symmetry. The vectormultiplet scalars decompose into real and complex components
o, ¢, ¢! transforming with U(1)c charge 0,41, —1 respectively, while the hypermultiplet scalars
decompose into a pair of complex scalars X, Y transforming with U(1)y charge +%. The charges

of these fields are shown in table 1]

| G [ UMr UM)e | UQ),
o |[Adj | 0 0 0
o | Adj| 0 +1 -1
X | M| +1 0 +3
Y | M* +§ 0 +§

Table 4.1: Summary of gauge and R-symmetry representations.

The flavour symmetry is a product Gy x G¢ where:

e (G acts on the hypermultiplets and coincides with the unitary transformations of M that act

independently of G, forming an exact sequence

G—UM)—Gyg—D0. (4.3)

e (¢ contains topological symmetry U(1)¥ under which monopole operators are charged. This

may be enhanced in the IR to a non-Abelian group with maximal torus U(1)%.

We turn on associated real mass deformations valued in the Cartan subalgebras ty, to of the

flavour symmetry factors:

e Real mass parameters m € ty are vacuum expectation values for the real scalar in a background

vectormultiplet for G .

e Real FI parameters ( € t¢ are vacuum expectation values for the real scalar in a background

twisted vectormultiplet for G¢.

In principle, we could also turn on complex FI parameters, but we do not consider them in this
thesis.

In supersymmetric QCD, Gy = PSU(Ny) and G¢ = U(1), enhanced to G¢ = SU(2) when
Ny = 2N,.. Correspondingly, we introduce real mass parameters m = (mq,...,mn,) € RNs—1
satisfying 3, m; = 0 and a single FI parameter ¢ € R.

It will also be important to introduce a real mass parameter that breaks N’ = 4 to N/ = 2 super-
symmetry. Given the maximal torus U(1)y x U(1)¢ with generators Ty, T, we may decompose

the supermultiplets under the A” = 2 supersymmetry commuting with the U(1); generated by

T, =Ty —Te. (4.4)
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From this perspective, U(1); is a distinguished flavour symmetry. We can then choose an integer
R-symmetry for the NV = 2 supersymmetry algebra generated by Ry = 2Ty or Rc = 2T¢. This
choice is important when performing a topological twist on S* x .

From the perspective of N' = 2 supersymmetry o transforms in a vectormultiplet, while ¢,
X, Y transform in chiral multiplets whose charges are summarized in table [{.1] There are also
superpotentials

W[ = TI'VI ((pXY) (45)

at each node whose R-charges are always 4+2. The real mass parameters m are now obtained by
coupling to a background N' = 2 vectormultiplet for the flavour symmetry Gy while ¢ is an FI
parameter for the dynamical A" = 2 vectormultiplet.

We can now explicitly break to N/ = 2 supersymmetry by introducing a real mass parameter
my for the distinguished U(1); flavour symmetry. This is the mass deformation mentioned in the
introduction to this thesis and, as anticipated there, it will play an important role in this chapter as

a localization parameter.

4.1.2 Moduli Spaces of Vacua

The moduli space of vacua of 3d N' = 4 supersymmetric gauge theory includes a Higgs branch and
a Coulomb branch, denoted by My and M respectively. They are both hyper-Kahler, such that
the R-symmetries SU(2)g, SU(2)¢ rotate the complex structure on My, Mc. Furthermore, the
flavour symmetries G, G¢ act by tri-Hamiltonian isometries of Mg, M¢.

The choice of maximal torus U(1)y x U(1)¢ selects a complex structure on My and M¢. From
this point of view, they are Kéhler manifolds equipped with holomorphic symplectic forms of weight
+1 under Kéahler isometries U(1)g, U(1)c. The flavour symmetries Gg, Go act by Hamiltonian
isometries of Mg, M that leave invariant the holomorphic symplectic form.

In this chapter, we make a crucial assumption that the supersymmetric quiver gauge theory
flows to a superconformal fixed point and has isolated massive vacua when generic real mass and FI
parameters are turned on. This translates into the assumption that Mg, M are conical symplectic
resolutions with isolated fixed points under infinitesimal Ty, T transformations. Furthermore, tg,

tc describe Kéhler resolution parameters for M, Mg under the identifications
tH:HQ(MCaR)v tC:H2(MHaR) (46)
In more physical terms:

e The mass parameters m € ty are resolution parameters for M and generate an infinitesimal

Hamiltonian isometry of My,
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e The FI parameters ( € tc are resolution parameters for My and generate an infinitesimal

Hamiltonian isometry of Mc.

This assumption will permeate our considerations on S' x ¥, allowing explicit computations to
be performed while encompassing an infinite and rich class of examples. A further motivation is
that such theories transform straightforwardly under 3d mirror symmetry and play an important
role in connection with symplectic duality [R1} [82]. For further motivation and background we refer

the reader to reference [83]. We will return to this connection in section

4.1.3 Higgs Branch Geometry

The Higgs branch is particularly important for consideration of the twisted index on S' x ¥. We
therefore explain its construction in more detail now. We first set the mass parameters m = 0. The
classical vacuum configurations are solutions to
pr—C=0 puc=0

c-X=0 p-X=0 ol X =0

c-Y=0 p-Y =0 ol Y =0

.0l =0 [p,¢7]=0,
modulo gauge transformations. Here it is understood that vectormultiplet scalars act on (X,Y) in

the representation 7*M. Finally,
pr=X -XT-Y".V  puc=X-Y (4.8)

are the real and complex moment maps for the G action on T*M.
Equations may be decomposed into contributions from each node labelled by an index
I =1,...,L. Here we are employing shorthand notation such as ¢( = {¢1,...,(r} and ugr =
{tr,1, .., tr, 1} to express the contributions from all of the nodes simultaneously.
For future applications, it is useful to reconsider the vacuum equations in the language of N' = 2
supersymmetry. From this perspective, the vacuum equations are
pe —2lp 0] = ¢=0
p-X=0 Y =0 uc =0 (4.9)
c-X=0 c-Y=0 [o,0] =0,
where the first line contains the D-term equations and the second line the F-term equations associ-
ated to the superpotential W = Try (¢XY'). Note that the D-term equation involves an additional
commutator compared to . However, by squaring the D-term equation and imposing the F-term

equations,
e — 2[e", @] = ClI? = llur — CII* + 4l [h, @ll* + 2l - XTI + 20l - Y2, (4.10)

which requires [¢f, ¢] = 0 separately and recovers the remaining equations in ([4.7)).
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Hyper-Kahler Quotient

Under our assumptions, the FI parameter ¢ can be chosen such that G acts freely on solutions to
the vacuum equations (4.7)). This typically requires that the FI parameter lie in the complement of
hyperplanes

¢ e RN\ U, H,, (4.11)

which split the parameter space t¢ = R¥ into chambers. In supersymmetric QCD, this means we
assume that Ny > N, and ¢ > 0 or ¢ < 0.

The implies 0 = ¢ = 0 on solutions of the vacuum equations, which would otherwise generate
unbroken gauge transformations. The remaining equations then describe the Higgs branch as a
smooth hyper-Kéhler quotient

Mew:=T"M///cG, (4.12)

which is a Nakajima quiver variety [84] 85]. We note that the holomorphic symplectic form on the
Higgs branch is independent of { within each chamber, while the real symplectic form or K&hler
structure depends explicitly on (.

The assumption of section [£.1.2] requires that
v:Mpge— Mpuo (4.13)
is a conical symplectic resolution. The inverse image
Ly :=v *0) (4.14)

is then a compact holomorphic Lagrangian known as the ‘compact core’. This has a convenient
Kaéhler quotient description, which reads as follows. The choice of chamber selects a holomorphic
Lagrangian splitting 7T*M = L & L*, corresponding to a decomposition of the hypermultiplet fields
(X1,Yr) where Y7, = 0 on the compact core. We then have

Lirg=1L/)cG = {uzlr =0}/G. (4.15)

We frequently fix a chamber and omit the dependence on (, writing My and Ly respectively for
the Higgs branch and its compact core.

In supersymmetric QCD, this assumption requires that Ny > 2N.. In this case, the Higgs
branch is a cotangent bundle to the grassmannian of N.-planes in Ny complex dimensions, My =
T*G(N¢, N¢). The map is the Springer resolution of the nilpotent cone closure NV, C sl(Ny, C)
labelled by p?' = (N., Ny—N.). The compact core Ly = G(N,, Ny) is the grassmannian base, where:

e In the chamber ¢ > 0, Lg is characterized by the decomposition (X,Yz) = (X,Y) and

corresponds to configurations with Y = 0.

e In the chamber ¢ < 0, Lg is characterized by the decomposition (X,Y;) = (Y, —X) and

corresponds to configurations with X = 0.
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Algebraic Description

The Higgs branch has an algebraic description as a holomorphic symplectic quotient, obtained by
omitting the D-term equation in favour of an appropriate stability condition, and by dividing by
complex gauge transformations.

Starting from (X,Y) € T*M, solutions of the F-term equation cut out the subspace ug'(0) C
T*M. We then impose a stability condition depending on the chamber of ¢ € RY\ U, H, and
quotient by complex gauge transformations G¢. Under our assumptions, stability coincides with

semi-stability and we obtain a smooth quotient,
My = p:'(0)*/Ge. (4.16)

We do not describe the stability condition for a general quiver, and instead focus later on the example
of supersymmetric QCD E

This provides an algebraic description of the tangent bundle to My, which will reappear in
section Considering small fluctuations of the hypermultiplets (X, dY") compatible with the F-

term equation, modulo infinitesimal complex gauge transformations, generates the following complex
0—gc-5TML gt —0 (4.17)

of trivial Ge-equivariant vector bundles on T* M. The maps
a:dg— (0g-X,0g-Y) B:(0X,0Y)— X -0Y +6X Y (4.18)

at a point (X,Y) € T*M correspond to infinitesimal complex gauge transformations and the dif-
ferential of the complex moment map respectively. On restriction to the stable locus pgs 1(0)5, «a
is injective and S surjective, and equation (4.17)) descends to a complex of vector bundles on Mg

whose cohomology is the tangent bundle,
TMp = Ker(8)/Im(a) . (4.19)

In supersymmetric QCD in the chamber ¢ > 0, the stable locus consists of solutions where X has

maximal rank and defines a complex N.-plane in W = C"s. The holomorphic symplectic quotient
{X,)Y|X -Y=0,r1k(X)=N.}/GL(N,C) (4.20)

provides an algebraic description of My = T*G(N,, Ny). The tangent bundle is the cohomology of
the complex

0 — Hom(V, V) -2 T*Hom(W, V) -2 Hom(V,V) — 0, (4.21)

where V is the tautological complex vector bundle with fiber V' = CMe and W is the trivial complex
vector bundle with fiber W. The maps are the infinitesimal complex gauge transformation « : g +—

(09X, —Ydg) and the differential of the complex moment map S : (6X,0Y) — dXY + XdY.

LAn account of the appropriate stability condition for a general quiver that is close to the perspective taken here
can be found in [86].
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4.1.4 Mass Parameters and Fixed Loci

We now consider the fate of the Higgs branch vacua in the presence of real mass parameters m; and

m associated to flavour symmetries U(1); and G respectively.
U(1); Mass Parameter

The mass parameter m; is a vacuum expectation value for a background A" = 2 vectormultiplet for
the flavour symmetry U(1);. Accordingly, the supersymmetric vacuum equations (4.7)) are modified

by replacing o — o + m; (acting in the appropriate representation). More precisely,
U-X—l—%X:O U-Y—l—%Y:O [0, 0] —mup =0 (4.22)

in view of the charges presented in table The remaining supersymmetric vacua correspond
to configurations (X,Y, ¢) solving the modified vacuum equations, for which there exists a o such
that the combined infinitesimal gauge and U(1); transformation generated by o and m; leaves the
configuration invariant.

Such configurations are found by setting Y7, = 0 where T*M = L@ L* is the Lagrangian splitting
introduced above. It is useful to note that under the combined gauge and U(1); transformation that
leaves this configuration invariant, the hypermultiplet fields (X, Yr) transform with weight (0,1).
This property could be used to characterize the holomorphic Lagrangian splitting.

Geometrically, the remaining supersymmetric vacua correspond to the fixed locus of the U(1);
Kahler isometry of My generated by the mass parameter m;. From the discussion above, this
coincides with the compact core,

MY =y (4.23)

In the algebraic description, the U(1); isometry becomes a C* action that transforms the holomorphic
symplectic form with weight +1. This will play an important role in the definition of the enumerative
invariants to be considered in section {2

For example, in supersymmetric QCD with Ny > 2NN, in the chamber ¢ > 0, the mass defor-
mation requires 0 = —%t1y, and Y = 0. Indeed, U(1); acts on the fibres of My = T*G(N,, Ny)
with weight +1 such that the remaining supersymmetric vacua coincide with the compact core,

U(1),
MY — G(N., Ny).
Gy Mass Parameters

Let us now add real mass parameters m € ty by turning on a vacuum expectation value for a
background A = 2 vectormultiplet for the Gy flavour symmetry. The vacuum equations are
modified by

oc—=o+m+my, (4.24)
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where again it is understood that the mass parameters act in the appropriate representation of
U(1); x Gg. The remaining vacua now correspond to configurations (X,Y, ¢) solving the modified
vacuum equations, for which there exists a o such that the combined infinitesimal gauge and Gy X
U(1); transformation generated by o and m + m; leaves the configuration invariant.

Geometrically, the remaining vacua correspond to the fixed locus of the Ty x U(1); isometry of
My generated m + m;. The assumption of section [4.1.2| requires that for generic mass parameters

m, the fixed locus be a set of isolated points
MEUMe gy (4.25)

The fixed points necessarily lie in the compact core. Each massive vacuum corresponds to a config-
uration of rk(G) non-vanishing hypermultiplet fields chosen from X, which we denote collectively
by {Z,}. We note that in the algebraic description, Ty is promoted to a (C*)™(©) action leaving
the holomorphic symplectic form invariant.

In supersymmetric QCD the flavour symmetry Gy = PSU(Ny) acts by Kéhler isometries on
Mpy = T*G(N,, Ny). Turning on generic mass parameters m = {m,...,my, } obeying Zf\ifl m; =
0, there are (]1\\2 ) massive supersymmetric vacua labelled by distinct subsets I = {i1,...,in,} C
{1,..., Ny} where

vyt O, =m,, 0 =0 Zo=X%, . (4.26)

They are the fixed points of a generic Ty x U(1); isometry of Mg and coincide with the coordinate

hyperplanes in the grassmannian base Ly = G(N,, Ny).

4.2 N =4 Twisted Theories on R x X

Having defined the class of theories of interest to us, we turn to the compactification on R x X.
N = 4 theories admit two topological twists, the Rozansky-Witten twist and its mirror. On a
general three-manifold, these twist can be performed by using the SU(2)¢ and SU(2) gy R-symmetries
respectively; in our configuration, it is sufficient to use their U(1)¢c and U(1) g subalgebrasﬂ The
resulting topologically twisted theories are special cases of the N' = 2 supersymmetric gauge theories
on R x ¥ considered in chapter

In this section, we summarize the important aspects of the possible topological twists and of
the localization results. We then take the effective quantum-mechanical perspective, and study the
fluctuations around a point on the moduli space of solutions to the BPS equation . From
this we will provide a general relation between the twisted indices and enumerative invariants of
the moduli space. An important motivation for the work in this chapter was to understand the
geometric origin of the Jeffrey-Kirwan contour prescription , as in the original mathematical

constructions [70], and we provide some explanations in this direction.

2For more details on the mirror of the Rozansky-Witten twist, see ref. [87].
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4.2.1 Algebraic Preliminaries

With the real mass and FI parameter deformations we introduced above, the flat space supersym-

metry algebra is
{QA4,QEPY = APAP Py — e PO (m - Jy) — €apeBOAOD2(C - Jo)  (4.27)

where Qé“i denotes the supercharges, P, is the momentum generator, and Jg, Jc are the conserved
charges associated to the flavour symmetry. Notice that we have to symmetrize over the indices A
and B in the Kronecker deltas, and the real masses break the R-symmetry to a maximal torus
U(l)y x U(l) Under our conventions, the supercharges Q(llA, QiA have U(1)y charge +3, —1,
while the supercharges Qﬁi, Qg‘é have U(1)¢ charge —|—%, —%.

We now perform the topological twist on R x ¥ using U(1)g or U(1)¢, and regard the system

as a supersymmetric quantum mechanics on R.
H-Twist

In the H-twist, we restrict to supercharges commuting with the diagonal combination of U(1)y C

SU(2)g and the U(1);2 rotations in the x1:2-plane. The invariant supercharges are
Q=i ot =¥ (4.28)

and generate the A/ = (2,2) supersymmetric quantum mechanics

{QA, QB} =0
(QY, QP = AB(Py — ¢ - Jo) — AP 2m . gy (4.29)
{@*.Q"%r =0

with Hamiltonian H = P3 — ( - J¢ and central charge Z = —m - Jy. In particular, we identify

U(l)r = U(1)¢ and U(1), = U(1)y. Notice that this fits into the N' = 4 quantum mechanics of
section and especially into the algebra of the Kihler model.

C-Twist

In the C-twist, we restrict ourselves to supercharges commuting with the diagonal combination of

U(1)¢ and the U(1)12 rotations in the z'?-plane. The invariant supercharges are
Q4 = 11 Q4 = ‘242 (4.30)

and generate the A" = (0, 4) supersymmetric quantum mechanics

{Q*. Q%1 =0
{Q*,QP} = e*B(Py —m - Jyg) — §WA1P2¢ - Jg (4.31)
{Q*,Q%} =0

3The fully covariant expression involves complex masses, which we do not consider in this thesis.
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with Hamiltonian H = P3 — m - Jg and central charge Z = —( - Jo. In particular, we identify
Ul)r =U()c and U(1), = U(1)y. This algebra is akin to the hyperkéhler model introduced in
section [[.3

Breaking to N = (0,2)

Turning on the real mass parameter m;, both twists preserve a common 1d N = (0,2) subalgebra

that commutes with the U(1); symmetry. The preserved supercharges are
Q:=Q1" Q:=Q%F, (4.32)

and they satisfy the N' = (0, 2) algebra

{Q,Qt=0
{Q.Q"Y=Ps—m-Jg—¢-Jo—my- J; (4.33)
{Q1,Q"y=0.

From the perspective of 3d A = 2 supersymmetry, we are performing topological twists on ¥ using

the integer valued R-symmetries generated by Ry and Re.

4.2.2 N =4 Localising Actions

The localization procedure of ' = 4 theories can be considered a special case of N' = 2 theories.
Thus, to study the BPS loci we simply have to state how N = 4 multiplets decompose into N' = 2
multiplets. We have

e The N = 4 vectormultiplet decomposes into an N = 2 vectormultiplet V' and an N' = 2 chiral
multiplet @, = (p, Yy, 1y, F,) in the adjoint representation .

e The N = 4 hypermultiplet decomposes into a pair of N' = 2 chiral multiplets denoted by
bx = (X, ¥x,nx,Fx) and ®y = (Y, ¥y, ny, Fy) transforming in the unitary representations

M and M* respectively .
The details of these decompositions can be found in appendix The theory is endowed with a
N = 2 superpotential W = (Y, ® - X) of R-charge +2.
It is important to note that on the curve X, accounting for the R-charges summarized in table 4.1}

the chiral multiplets mentioned above transform as sections of the associated bundles
P,:=(Pxgg)® Ky "
Px = (P xg M) ® K{/? (4.34)
Py = (P xg M*)® K?,

where

1 H-twist
r o= s (4.35)
0 C-twist
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and P is the gauge bundle (which is a principal G-bundle). The N = 4 version of the generalized
vortex equations (2.31)) reads

*xFy + €2 (,uR—Z[cpT,go]—T) =0 daoc=0
5AX=O 5AY=0 5,4(,020
p-X=0 ¢-Y=0 X-Y=0

c-p=0 0-X=0 o-Y=0 (4.36)

where it is understood that o, ¢ and d4 act in the appropriate representation. Notice that up is
the real moment map associated to the representation 7* M. The extra term arises from the N = 2
chiral adjoint multiplet present in the A/ = 4 vectormultiplet, by analogy with the Higgs branch
description . In the following section, we explain that the algebraic description of the solutions

to these equations coincide with that of ‘quasi-maps’.

4.2.3 The Vortex Moduli Space

We now consider the moduli space of solutions to the generalized vortex equations for the
class of supersymmetric theories introduced in section Recall that we consider quiver gauge
theories with G = Hle U(Ny).
First, solutions of the generalized vortex equations form topologically distinct sectors labelled by
the flux
1

my = — TI‘(F]) . (437)
2T »

We can equivalently write m; = ¢1 (V) where V; denotes the vector bundle on ¥ in the fundamental
representation of U(N7). We use shorthand notation m := {m;} € Z-.

The allowed fluxes m € Z~ generate a lattice in the Lie algebra of the Abelian part of G. The
latter can be identified with the dual of the Cartan subalgebra the Coulomb branch flavour symmetry,

tl = RZ. The flux lattice is then naturally identified with the character lattice
AY = Hom(T¢,U(1)). (4.38)

The homomorphism ¢ — €27{$™) arises in the contribution to the path integral from the FI param-

eter. Through the identification (4.6)) the flux lattice is equivalently
A¢ ~ Hy(Mpy,Z), (4.39)

which suggests that solutions of the generalized vortex equations are related to holomorphic maps
¥ — My of degree m. We will explain below in what sense this is realized.
Second, the parameter 7 € RY appearing in the generalized vortex equations (4.36) arises from

an exact contribution to the Lagrangian. In what follows, we always choose this parameter to lie in
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the same connected component or chamber of the parameter space R*\ U, H, as the physical FI
parameter (.

In general, we expect an intricate dependence of the moduli space of solutions on 7, €2 and
Vol(X). As the combination s = 7e2Vol(X) (already introduced in (3.81)) is varied, the number of
supported vortices may jump, and we expect to observe wall-crossing pheonomenaﬁ In order to
obtain a uniform description of the moduli space of solutions to for all fluxes m € Z%, we
will send the parameter s — oo within the appropriate chamber of R*\ U, H,, defined by 7. In this
limit, vortices are point-like and an arbitrary number of them can be supported on the curve.

When s — oo, the magnetic flux is therefore concentrated at a finite set of points P on X.
Provided we restrict to 3 — P, the magnetic flux may be neglected in the first line of equation

and therefore
pr — 20T, o] = 7. (4.40)

This is identical to the D-term equation in the A" = 2 supersymmetry description of the Higgs branch
described in equation . Under the assumptions of section solutions of the generalized
vortex equations therefore have the property that, for each point in > — P, 0 = ¢ = 0 and they
determine a point on Mpg , . Together with the remaining equations in this is sufficient to
determine that o = ¢ = 0 everywhere.

In the s — oo limit, it is therefore sufficient to restrict our attention to the following system of

equations

*Fy+e(up—7)=0
0AX =0 0.Y =0 X-Y=0 (4.41)

whose solutions with a fixed degree m € Z% describe holomorphic maps ¥ — My away from a
finite set of points on . Let us then denote the moduli space of solutions to the generalized vortex
equations modulo gauge transformations by 9. As explained above, this is a disjoint union
of topologically distinct components,

M=) M. (4.42)

meAY
We emphasize that the moduli space encompasses both boson and fermion zero modes. More
precisely, the moduli space is parametrized by the vacuum expectation values of both 1d A = (0, 2)
chiral multiplets and 1d N = (0,2) Fermi multiplets. In the following section, we explain that the

algebraic description of the solutions to these equations coincide with that of ‘quasi-maps’.

4We will discuss the moduli space of gauge theories at finite 7 and the wall-crossing phenomena in upcoming work
[37].
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4.2.4 Algebraic Description

To understand the vortex moduli spaces 9, and the mathematical interpretation of the twisted
index, we consider an algebraic description of the moduli space of generalized vortex equations
in the limit s — co. We show that this description coincides with two variations of moduli spaces
of stable quasi-maps ¥ — Mg in the H-twist and C-twist respectively.

As for the Higgs branch, the algebraic description of the moduli space 91, is found schematically
by removing the D-term vortex equation from in favour of a stability condition and dividing
by complex gauge transformations (under which the equation X -Y is invariant). A solution is then

represented by the following holomorphic data:
e A holomorphic G¢-bundle E on ¥

e Holomorphic sections X, Y of the associated holomorphic vector bundles Ex, Fy subject to

the complex moment map constraint uc = X - Y = 0;
e Subject to a stability condition;

and modulo complex gauge transformations. We refer to a collection of such algebraic data as
(E,X,Y). This associates to each point on ¥ a point in uEl(O) C T*M. We can therefore regard
this algebraic data as a twisted holomorphic map ¥ — ug 1(O) of degree m.

Let us now consider the stability condition arising from the vortex equation,
*Fa+e*(up —7)=0. (4.43)

The determination of the relevant stability condition depends intricately on the choice of parameter
7 and has been studied extensively in particular examples [88] [89, [O0].

The s — oo limit leads to a simplification in the stability condition: away from a finite set
of points on ¥ the curvature term in equation can be ignored and the image of the map
X = ue 1(0) determined by the algebraic data must lie in the stable locus He 1(0)*. This is precisely
the stability condition introduced in [39] [46] [45] to define quasi-maps ¥ — M. Accounting for
the R-charges as in , in the C-twist we therefore have an algebraic description of 91, as the
moduli space of quasi-maps ¥ — My of degree m € Z% as considered in [46] for the special case
Y = CP'. In the H-twist, we have a similar algebraic description as twisted quasi-maps as described

in [45].
4.2.5 Virtual Tangent Bundle

We can further study this identification by computing the massless fluctuations around solutions of
the generalized vortex equations (4.36). By supersymmetry preserved on S x 3, these fluctuations

must organize into supermultiplets of 1d A/ = (0,2) supersymmetry. We will demonstrate that
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the massless fluctuations reproduce the structure of virtual tangent bundles or perfect obstruction
theories for My, considered in [39, [46] [45].

Let us fix a point on the moduli space represented by the algebraic data (E, X,Y). Then each of
the three-dimensional chiral multiplets ¢ = XY, ¢ generates a pair of 1d ' = (0,2) supermultiplet

fluctuations at this point:
e Chiral multiplets: (6¢,v4) € H(Ey).
e Fermi multiplets: (n4) € H'(Ey).

In addition, the three-dimensional vectormultiplet contributes a chiral multiplet fluctuation (54, A) €
H(Ey), where Ey is the holomorphic vector bundle associated with the adjoint representation, cor-
responding to deformations of the holomorphic vector bundle E via the derivative operator 04, and
a Fermi multiplet A € H°(Ey) corresponding to infinitesimal holomorphic gauge transformations.
Not all of these fluctuations remain massless. First, let us fix the holomorphic vector bundle
E and consider fluctuations of the hypermultiplets (X,Y’). For the scalar fluctuations (6.X,0Y),

linearisation of the complex moment map equation X -Y = 0 generates the complex of vector spaces
0 0
HY(Ey) 25 HY(Ex & By) 2> HY(E,)" (4.44)

where the map o : dg + (dg - X,dg - Y) is an infinitesimal complex gauge transformation and
B9 (6X,0Y) — X -8Y +6X - Y is the differential of the complex moment map. The massless
fluctuations of the complex scalars lie in Ker(3°)/Im(a’). We note that under our assumptions o’
is injective.

The same result must hold for the fermion components (¢x,y) of the chiral multiplets by 1d
N = (0,2) supersymmetry but it is illuminating to check this explicitly. This can be understood
from the Yukawa couplings with the Fermi multiplet fluctuations A € H°(Ey) and n, € H'(E,).

First, there is

/*<)\7¢X-XT>+/ (YT y) . (4.45)
b))

b
Here we exceptionally denote by (-,-) the pairing between the lie algebra g and its dual g*. Other

contractions are implicit. Let us suppose that the fermion fluctuations take the form (¢¥x,1y) =
(e- X,e-Y) for some fermion ¢ € H°(Ey ), meaning they lie in the image of a®. Then the above
contributions are proportional to

/2 *(ur (X,Y), Ae). (4.46)
By the stability condition, the real moment map cannot vanish identically on ¥ and therefore
this coupling generates a mass for the fermions ¢ and A\. We conclude that the fermion fluctuations
(1x,1y) in the image of a® become massive. Second, the superpotential generates the Yukawa
couplings

/E<n@»X-wy+wx-Y>. (4.47)
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It is clear that if the fermion fluctuations satisfy X -1y +1x -Y = 0, then the sum of these couplings
vanishes and these fluctuations are massless. Otherwise they pair up with 7, to become massive.
We therefore conclude that the remaining massless fluctuations (1x, vy ) lie in Ker(8%)/Im(a®). In
addition there are Fermi multiplet fluctuations 7, in the cokernel of B°. In sum, there are massless
1d & = (0,2) fluctuations given by the cohomology of the complex (4.44]).

Let us now return to considering fluctuations of the holomorphic bundle E via the derivative
operator d4. Deformations of the holomorphic vector bundle E correspond to elements in H'(E).
However, these deformations must be such that (X,Y’) remain holomorphic sections, meaning they
lie in the kernel of the map

o' - HY(BEy) — HY(Ex @ Ey) , (4.48)

where a! : A4 — (§A- X,5A-Y). The same condition must hold for the fermion component of the
chiral multiplet (64, A), but it is again illuminating to show this directly. This follows by noting
that the Yukawa couplings
/ (A, X11x) + / (A, Yy) (4.49)
b b
vanish when the fermion A lies in the kernel of o!.
Finally, let us consider the chiral multiplet fluctuations (5¢,v,) € H°(E,). The complex scalar
fluctuations must obey dp - X =0 and d¢ - Y = 0, which means that they lie in the co-kernel of the

map

Bl HY(Ex ® Ey) — HY(E,)*, (4.50)

where 8 : (A,B) - X - B+ A-Y. Under our assumptions, ¢ vanishes identically on solutions
to the generalized vortex equations and therefore B! is surjective. Once again, the same condition
must hold for the fermion components of the supermultiplet. This time we consider the remaining

Yukawa couplings

/E<1/Jcp7X'77Y+77X'Y>7 (4.51)

which shows that the combination of fermion fluctuations X -7y + nx - Y that are not kernel of 3!
pair up with the fluctuations 1, and become massive.

To sum up, the massless fluctuations around a point on the moduli space M of quasi-maps
¥ — My represented by algebraic data (E, X,Y") are encoded in the cohomology of the following

pair of complexes
HO(B) 25 HO(Bx © By) 25 HY(B,)* w5
HY(E) 2% H'(Ex ® By) 25 HO(E,)" . '
This can be promoted to a complex of Gy x U(1); equivariant sheaves on the moduli space 9t using
the universal construction on 9t x X. The starting point is the universal G-bundle P — M x X. We

then have

Rr*(P) -2 Rr*(Px ® Py) -5 Ra*(P,)" , (4.53)
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where 7 : 9 x X — 9N is the other projection and the associated vector bundles Px, Py, P, are
defined as before using the pullback K = f*Kyx where f : 9 x ¥ — X is the projection. Note
that this mirrors the structure of the complex whose cohomology computes the tangent bundle to
My outlined in section In the remainder of the thesis, we will mainly refer to 7V as the
equivariant K-theory class of the complex (4.53)).

This construction coincides with the perfect obstruction theory constructed in [46] for ¥ = CP*
in the C-twist and [45] in H-twist on a general curve ¥ of genus g. The two obstruction theories
have remarkably different features. The obstruction theories for the H-twist is symmetric, meaning
that there is an isomorphism between the complex in degree 0 in and the dual of the complex
in degree 1. This implies that the virtual dimension of the moduli space is zero. In the C-twist the
obstruction fails to be symmetric unless the curve is elliptic, so that the canonical bundle is trivial.
A Hirzebruch-Riemann-Roch computation shows that

0 H-twist

dim (Mpy) (1 —g) C-twist. (4.54)

dimvir (gﬁm) = {

The difference between the two twists will be particularly manifest when we attempt to give an

interpretation of the twisted indices.

4.2.6 Mass Parameters and Fixed Loci

The moduli spaces 91, introduced above are in general expected to be non-compact. The presence
of massless non-compact fluctuations would render the computation of the twisted index on S* x X
ill-defined. To remedy this, we introduce real mass parameters for flavour symmetries that, as for
the Higgs branch in section , will cut down the moduli space to the fixed locus of this flavour
symimetry.

The mass parameter for the U(1); symmetry associated to the breaking to N' = 2 supersymmetry
is enough to ensure the twisted index on S' x ¥ is well-defined and identify its mathematical
interpretation. Further introduction of mass parameters for Gy will make the twisted index explicitly

computable in our localization scheme.

U(1); Mass Parameters

Let us introduce the mass parameter m; for U(1);. The effect of this deformation is to replace
0 — 0 + m; in the generalized vortex equations , where m; acts with the appropriate weight
according to table The remaining moduli space of solutions is the fixed locus of the U(1); action
on NMy,.

First recall from section[4.1.4]that turning on the mass parameter m; restricts the Higgs branch to

a compact holomorphic Lagrangian known as the compact core Mg(l)t = L. This is characterized
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by a holomorphic Lagrangian splitting T*M = L & L* such that the hypermultiplet fields in L*
vanish on the fixed locus and Ly = L//; G.

Similarly, solutions of the generalized vortex equations invariant under U(1); correspond to
configurations where the hypermultiplet fields in L* vanish and correspond algebraically to twisted
quasi-maps X — Lpg to the compact core. We denote the fixed locus of the moduli space by

sm,ﬂ{“)‘ = Lu. Upon restriction to the fixed locus, the virtual tangent bundle splits into two pieces
H*(E) % H*(E;)  H*(E..) 2> H™*(E,)* . (4.55)

transforming with weight 0 and +1 respectively under U(1);. They can be identified with the virtual
tangent bundle to £, and the virtual normal bundle respectively. At the level of K-theory classes
we have

TV, =T +tN (4.56)
where t = €2+ is the equivariant parameter for the U(1); symmetry.

In the H-twist, the tangent and normal fluctuations at the fixed locus are related by Serre duality
H*(Ep) = H'"*(E-)", H(E)=H'""(E,)" (4.57)

and NVIr = — (Tgir)v as K-theory classes. When the Higgs branch is a cotangent bundle we expect
that the extended moduli space including fermionic fluctuations is actually a shifted cotangent
bundle T*[—1]£. In the C-twist, the virtual normal bundle NV can be identified with the class of
the complex

H*(E® Ky)* — H*(EL ® Kx)* (4.58)
by an application of Serre duality.
Gy Mass Parameters

Let us now introduce real mass parameters m € ty and consider localization with respect to
Ty C Gg. Under our assumption that fixed points {v;} of My are isolated, the fixed locus in

I corresponds to a union of My, where the gauge group G is broken to its maximal torus
G — U1)™D (4.59)
Then the associated degree m vector bundle E decomposes into the sum of line bundles
E=L® @ Lyag) (4.60)

where deg(L;) = m;. The r-vector m = (my,--- ,my(q)) is valued in the co-character lattice Ag of
the gauge group G, and satisfies the relation Tr(m) = m. This implies that each fixed locus 2; can
be further decomposed into

M= |J Mwr. (4.61)

meAg
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Furthermore, at each fixed locus labeled by I, there are exactly rk(G) non-vanishing chiral
multiplet fields Z,, a = 1,...,rk(G), which corresponds to the isolated vacua vy in . Then
each component of the fixed locus My, ; parametrizes the holomorphic line bundle L, together
with non-vanishing holomorphic section Z,, which can be identified with the rk(G)-fold product of
symmetric products of a curve X

rk(G)
Mu,r = [[ Sym™ Vs, (4.62)
a=1

where r is the R-charge. This is a compact smooth K&hler manifold of complex dimension m +
rk(G)r(g — 1).

Now the massless fluctuations transform in the tangent bundle to the fixed loci 79y ; and the
remaining fluctuations are massive. This corresponds to a decomposition of the virtual tangent
bundle

T ony ; = TMwm,r + N1 (4.63)

where the virtual normal bundle Ny, ; encodes the fluctuations that have become massive upon
turning on the mass parameter. These two contributions are known as the ‘fixed’ and ‘moving’
parts and are characterized as those transforming with trivial weight and non-trivial weight under

the Ty x U(1); transformation generated by the mass parameters mpy, m;.

4.2.7 Evaluating the Partition Function

The path integral of the twisted index computes the generating function of the equivariant virtual
Euler characteristic of the moduli spaces 9y,. This is defined by the following integral
0 = Y (om [ ATa). (4.64)
meAY M
where A( Tyir) is the A-roof genus of the virtual tangent bundle. This quantity has been extensively
studied in [47, [46] in the context of the enumerative geometry of curves in Calabi-Yau five-folds. The
analogous construction for the four-dimensional Vafa-Witten invariants has been recently studied in
[o1].
Due to the non-compactness of My, this formula should be evaluated with a proper virtual
localization theorem. Let us first consider the localization with respect to the U(1); action, which

leads to the expression

. A(Tyr)
X(ma Ovir) = / —_—
mEAV [€im] Ch /\ N\/) (4 65)
-y (_q)m/ A(rgryen (Sony)
meAY, (L]
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Here we introduced the symmetrized exterior and symmetric algebras

SV = (det V)2 @5V, A°V = (det V) 2@ AV | (4.66)
where
SV=Psv, Arv=g-n v (4.67)
>0 >0

are the symmetric and exterior algebra of V. In the H-twist, the identification of the virtual normal
bundle with N = —(T§")" means we can also interpret the twisted index as a symmetrized virtual
Xy-genus with y = —

These integrals can be explicitly evaluated by a further localization with respect to Ty C Gpg.
In turning on the real mass parameters m, we have seen that the solutions of the BPS equations are
restricted to the fixed locus 97, which is a disjoint union of the smooth compact fixed loci. Let us
denote the inclusion by owm, 1 : Mm,r — M. Then the integral decomposes as a sum of contributions

from the distinct components of the fixed locus

. A(TMyr)
gﬁ) Ovir = /
X( ) mEAV Z Mm, 1 Ch /\ N\/ )

Z/ Tsmm,) ch(S* Ny ;) -

(4.68)

mEAG

We note the individual contributions from the components of the fixed locus may be interpreted
as the index of the Dirac operator on the smooth space M., ; twisted by a complex of holomorphic
vector bundles represented by §’N£ ;- This is expected form of the partition function of a finite-
dimensional N = (0, 2) supersymmetric quantum mechanics with target space My ;.

As discussed in the previous section, under our assumptions, the fixed loci are smooth products
of symmetric products and these integrals can be evaluated explicitly. We will explore an extensive

set of examples in section [£.4]

4.2.8 Relation to Contour Integral Formulae

The main focus of this chapter is to provide a concrete geometric interpretation of the twisted indices
of 3d N = 4 theories on S' x . For the class of A’ = 4 theories we consider in this chapter, the
twisted index (2.12) becomes

I="Try (_1)F627\'iC'JC62Tfim'JHth — Z Ter (_1)F<_q)m62ﬂ'im~JHtJt , (469)
meAy

where H is the Hilbert space of states on . This can be decomposed into topological sectors labelled
by m € AY, which is a selection parameter in the quantum mechanics. We defined ¢ = ¢*™¢ and
multiplied by (—1)™ for each topological sector for future convenience. m indicates real masses for

the Higgs branch symmetry Gp.
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In the N = 4 case, we can write the one-loop determinants presented in section [2.3] as follows

a(m)+(g—1)(2r—1)

vector [, \ _ (o; o (9—1)(2r—1)rk(G) (2isinmo(u))
Zioop (u) = (2isinmm,) QIJA (2isin7(a(u) — my))m)—(g—1)(2r-1) (4.70)
wnd (m)—(g—1)(r—1)
2isinm (—p(u) — m; + M) T
hyper
Zisges ) = T T Bt 2)) )

i pem (2isinT (p(u) +m; + %))p(m)ﬂgil)(ril) ’

where A is the set of all roots of g and p is the weights in a complex representation M of G. The

Hessian reads

H(u,m) = (L%t [H(‘L’Ecmr(u) + HYP (u, m)} , (4.72)
where

- S S wm
and

very ) o [ _cosmlp(u) £ my 4 mi/2) | cosm(—plu) — my+ my/2)
H;"™ (u,m) Z Z pp (2isin7r(p(u) + m; +my/2) + 2isinm(—p(u) —m; +mt/2)> '

(4.74)
The integration contour is given by the Jeffrey-Kirwan prescription (2.27), which depends on the
auxiliary parameter 1 € t*. We identified a natural choice in (2.33))

i peEM

2
n= ——;m + Vol(X)7 :=10 . (4.75)
It follows that the residue integral (2.17)) does not include the poles involving the hyperplane at
asymptotic boundaries.

Notice that by integrating the D-term equation (4.41]) over 3, we obtain

P

From this relation we can check that the poles that pass the JK condition with the choice
are in one-to-one correspondence with the fixed loci of the moduli space described in section [4.2.6P)
Furthermore, the poles that involve the hyperplanes coming from adjoint chiral multiplets do not
contribute to the integral as the residues of such poles always vanish due to the order of zeros in the
numerator. Therefore, for the class of theories we consider, the non-trivial contributions are from
the residue integrals which consist of type of hyperplanes coming from hypermultiplets only. They

correspond to the fixed loci

rk(G)
> I sym™atrioby (4.77)
I a=1

5As already anticipated in section we exclude the poles coming from the W-bosons. Once we exclude these
poles, the final result may of course depend on the choice of 7. For the theories we consider in this chapter, however,
we will show in section m that the uniform choice n = 19 > 0 with the residues from the W-boson singularities
excluded reproduces the correct integral representation of the Euler characteristics of the moduli spaces in the 7 — oo
chamber.
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parameterized by the sum of the line bundles and non-vanishing sections thereof. This dis-
cussion gives a geometric interpretation of the contour expressions, which we extensively study with
various examples in section In particular, using the intersection theory of the symmetric prod-
uct of a curve ¥ studied in [48] [49], the contour integral expressions of the twisted indices can
be converted to the equivariant integrals computing the virtual Euler characteristics discussed in
section 4.2.7] This provides a powerful way to compute enumerative invariants of moduli spaces of

quasi-maps.

4.3 The Limit ¢t — 1

As discussed in section compactifying 3d A/ = 4 theories on a Riemann surface preserves
1d N = (2,2) or N = (0,4) supersymmetry in the H- and C-twist respectively. So far, we have
considered a localization scheme which preserves a ' = (0,2) subalgebra only. Once we turn off
the U(1); mass parameter, we can add various exact terms to the localising action with respect to
the supercharges that do not commute with the U(1); symmetry. This further constrains the BPS
moduli space and the twisted indices in the limit ¢ — 1 are expected to provide a geometric invariant
for a reduced moduli space.

As we will see, the localization scheme which preserves four supercharges turns out to be most
powerful in the C-twist, where we can reduce the bosonic BPS moduli space to the Higgs branch itself,
and the twisted indices can be interpreted as the Rozansky-Witten invariants [4] of the Higgs branch
My . From the 3d mirror symmetry that exchanges the C- and H-twist, these considerations imply
remarkable statements relating invariants of very differently-looking spaces, which we elaborate on
in section

The notation for the fields and the supersymmetry algebra used in this section are summarized

in appendix
4.3.1 C-twist

Let us start from the C-twist. In addition to the localizing action (2.11) with the term (2.30)), we

can write down additional Q-exact terms using the four supercharges in the ' = (0, 4) algebra:

1 o~ ~
%‘CC,vector = Q2 ()\1VT> + Q2 (AlVT> + Ql ()‘2VT> + Ql (A2VT) ’ (478)
where
Ve o (@R @) - o (@R Q') (4.79)
4t2, 4t2,
The bosonic part of this action is a total square
1 21+ 2
|l % Fa = 2e*[o", o] ||° . (4.80)

2
tC
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If we take the limit ¢t — 0, the field configuration of the vector multiplet localizes to the intersection

of (4.36]) and
* Fy —2e2[pl 0] = 0. (4.81)

For the hypermultiplet, we can add

Sﬁccc,hyper[v, X = o (~QPW.Qui: + Q) —~ QP (W-Quthe +:0p0)) . (482)

c

The bosonic part of this action is

1 . - - - -
?cg‘?ﬁ‘;@‘; = 4D, XpDiXB +4D; XD XP + oXpXPol + o1 XpX By . (4.83)
C

Taking sc — 0, the path integral localizes to the equations
DiXa=DiXa=¢-Xp=¢' -Xp=0, (4.84)

which in particular implies that X“4’s are covariantly constant on X.
Combining these results, we can define the bosonic C-twisted ' = 4 moduli space Mr—4 to be

the space of field configurations (A, ¢, Xp) satisfying the following set of equations:

* Fa—2[p", 0] =0,

dap =0,

daXB=0, (4.85)

o-Xp=¢'-Xp=0,

pr—T7=0, pc=0.
Note that the equations for the vector multiplet fields (A, ¢) alone define the Hitchin moduli space
[92] associated with the gauge group G. For the class of theories that we are interested in, the BPS
equations imply ¢ = 0. Furthermore, the real moment map condition, together with the
condition that the sections X 4 are covariantly constant implies that the vector bundle E must be
trivial. Therefore the bosonic moduli space reduces to the Higgs branch Mg itself. Let us now look

at the various contribution in the virtual tangent bundle. The first complex (the deformation space)

in (4.52) reduces to
gc o Ma M L gr (4.86)

which defines the tangent space of M. Similarly, the second complex becomes
' ® [gc s MeMm L gfﬁ} . (4.87)

This can be identified with the g copies of the tangent bundle T M. In the limit ¢ — 1, the virtual
Euler characteristic gets contributions from the zero-flux sector only, and is therefore independent

e g

of ¢q. In particular, we recover the holomorphic Euler characteristic of Mg valued in (/\ T*M H) ,
R e g

X(M, OVir)’t*}l =X (MH, (/\ T MH) ) , (488)
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which is the Rozansky-Witten invaraint on ¥ x S' associated with the Higgs branch M. Notice
that in this limit the virtual dimension (4.54]) is manifest. This relation between the twisted indices

and the Rozansky-Witten invariants has also been studied in [93].

4.3.2 H-twist

Similarly, for the H-twist, we can write down additional @-exact terms using the four supercharges

in the N = (2,2) algebra. We choose

1 s~
ELH,vector,l = Ql (AQVT) + Q2 ()\1VT> y (489)

where
1

V=—
4t%

(QiAz - Qiil) . (4.90)

As in the C-twist, the bosonic part is a sum of squares, but now takes the form
| % Fa +1iD|?, (4.91)

where D is the auxiliary field for the A/ = 2 vector multiplet. Solving the equation of motion for

the D-term, and taking the limit ¢ty — 0 gives rise to the condition
x Fo+e*(ug —7) =0. (4.92)

Therefore the H-twisted moduli space for the vector multiplet on 3 can be viewed as the intersection

of solutions to (4.36) and (4.92), which can be written asﬁ
*FA+€2(‘[LR7T) =0,

aXp =0,

dap = [pl,¢] =0, (4.96)
p-Xp=0,

pc =0.

Here, 04 is the Dolbeault operator induced by the gauge connection A, whereas B is a SU(2) index.
Since under our assumptions ¢ vanishes on the moduli space, the bosonic moduli space remains the
same as in the N' = 2 case. However, since ¢ decouples from the D-term equation, the derivation of

the stability condition simplifies.

6Notice that there are interesting additional terms that could be added to the action. For example,

& Convector = 7@ (RiaV") (4.93)
where s
V=Q%A; 5, (4.94)
whose bosonic part is
I D1gol|? . (4.95)

This forces ¢ and ¢! to be covariantly constant on ¥, not just covariantly holomorphic. We could also add terms
coming from the hypermultiplet, giving ¢t - X4 = ¢ - XI‘ =0.
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As mentioned, the additional supercharges do not commute with U(1); and therefore we consider
the limit ¢ — 1 of the twisted index. In this limit, the virtual y;-genus greatly simplifies to the
generating function of the integral of the Euler class of the fixed loci £, of the U(1); action

X (O, OVir)’t%l = Z (_q)m(_l)dimvir(ﬂm) / e (Tg:) ) (4.97)
meAY [£m]

For the class of the theories we consider, the localization with respect to the Higgs branch flavour
symmetry Gy provides an alternative expression for the index in the ¢ — 1 limit. Since the fixed
loci My, 1 with respect to Ty C Gy are smooth and compact, the expression (4.97) can be explicitly

evaluated by a computation of the sum of the Euler characteristic of the fixed loci:
OO,y = X Cam e [ o). (199

meAg I mﬂ,]

As discussed in the paper [57], the supersymmetric ground states in the effective quantum me-

chanics that preserve N = (2,2) supersymmetries are singlet under the flavour symmetry Gg. This

agrees with the result (4.98), which is independent of the equivariant parameters m.

4.4 Examples

In this section, we apply the strategy outlined above to some concrete examples. We explicitly prove
that the virtual Euler characteristics of the appropriate moduli spaces of quasi-maps, computed via
equivariant localization , reproduces the contour integral formulae of the twisted indices derived
in [26, 23] and summarized in m For each example, we also discuss and verify interpretations
that become available in the ¢ — 1 limit, where N' = 4 supersymmetry is restored, as anticipated in

the previous section.

4.4.1 Free Hypermultiplets

We start the study of our examples by briefly collecting some facts about the free hypermultiplet,
since they are going to be useful in view of mirror symmetry. In /' = 2 language, the hypermultiplet
corresponds to two chiral multiplets ® x and ®y, which have a U(1)y flavour symmetry, and which
are charged as follows:

| UMW)u | UQ):
B

SIS

For an arbitrary R-charge 7, the index reads

(tl/Qx)1/2 my4my+(r—1)(g—1) (tl/z/x)l/z —mp+me+(r—1)(g—1)
I=|—7— , (4.99)

11—t/ 2y 1—t1/2)/x

where my and m; are the degrees of the line bundles Ly and L;, and x and t are the fugacities

for U(1)g and U(1); respectively. When ¢ # 1, the two factors in (4.99) correspond to the indices
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of ®x and ®y. The contribution of each A/ = 2 chiral multiplet can be understood from the
point of view of the 1d N' = (0,2) quantum mechanics precisely as discussed in section In
particular, the first factor is the index of a 1d quantum mechanics with h°(3, K. ;/ *®@Ly ® L) chirals
and h' (%, Kg/ ’® L g ® L) fermi multiplets, whose difference is controlled by the Riemann-Roch
theorem. The same (but with the appropriate charges) holds for the second factor. In the ¢t — 1
limit, and turning off background line bundles for flavour symmetries in the C-twist, or L; only in
the H-twist, the N' = (0, 2) multiplets recombine into free 1d N’ = 4 chiral multiplets (H-twist) or
1d N = 4 hypermultiplets (C-twist). These were studied in sections and respectively.

4.4.2 SQEDJ1]

Let us consider a U(1) gauge theory with a hypermultiplet which has the following charges. This
is the N' = 4 version of N' = 2 SQED considered in section [3.2.5] and has, in addition, the adjoint
chiral multiplet included in the N = 4 Vectormultipleﬂ

| UM)e U(ll)t | U(})H UL)e
); _11 g g 8 , (4.100)
% 0 -1 0 1
The N = 2 BPS equations become
¥ Fa+(XXT-YY —7)=0,
0AX =04Y =0, X-Y=0, (4.101)

Oap=0,0-X=0p-Y=0.
The moduli space of solutions to the above equations is a disjoint union of topological components
M=) Mn (4.102)
mez
indexed by the degree of the holomorphic line bundles L associated to the connection A. X and Y
are holomorphic sections of L ® K"/? and L~ @ K"/? respectively. Integrating the D-term equation
over Y, we can check that X is non-vanishing, provided

2mm
_om 41
T EVol(x) (4.103)

Note that this condition is equivalent to the choice 19 > 0 in the twisted index computation (4.75]).
Since X is a holomorphic section of a line bundle, the number of zeros of X on ¥ is finite and equal
to the degree of L ® K"/2. The remaining BPS equations imply that Y = ¢ = 0. Therefore the

moduli space in this chamber is

ME = {(A4,X) | *F+eA(XXT—7)=0, 01X =0} /U()e - (4.104)

7Strictly speaking this theory falls short of the class we have previously defined in section However, the
resolved Higgs branch is well-defined (it is a point) and the computations are still possible. This example contains
the basic building blocks needed for more elaborate examples.
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This space defines the moduli space of Abelian vortices, which we have already encountered in

section Introducing the notation
¥, = Sym"X, (4.105)

we have

ML=, , np=m+r(g—1). (4.106)

The chamber 7 < ﬁi‘(‘z) can be treated in a similar way. The bosonic moduli space is con-
structed from non-vanishing sections Y (when they exist) and their corresponding line bundles L,

whereas X is set to zero. In this chamber the bosonic moduli space becomes
M=%, , no.=—-m+r(g—1). (4.107)

For concreteness, we will work in the chamber (4.103]) for all the flux sectors m € Z by formally

sending 7 — oo, and omit the superscript + from 9}.

H-twist In order to compute the index using virtual localization, we need to study the virtual
tangent space to 9y,. In the H-twist, the physical fluctuations around the bosonic moduli space are
given by
(0X,vx) € H'(L @ KY®) | (nx,Fx) € HNL® Ky%)
6V, y) € HU(L ' @ KY?), (ny,Fy) e H(L ' @ KY/?) (4.108)
(o, %) € HO(O) v (e, Fyp) € Hl(O)
The virtual tangent space restricted to a point D of the moduli space (4.52)) therefore corresponds
to the cohomology of the following two complexes:
0 a® o 1 172y B% 5l mnx
H(O) — H(O(D)2O0D) )@ K/*) — H (0)" , (4.100)
1 1 )
H'(0) 5 H'((0(D) & 0(D) ") @ Ky *) £ H(0)"
where the map « is defined as multiplication by (X, —Y), while g is defined by taking an inner
product with (Y, X). Since Y vanishes identically on the moduli space M, these complexes split
into two pieces each:

0 172 _ 1/2y B° *
H(0) 5 HO(O(D) ® K?) . H(O(D) © K¥*) 25 HY(0)" (4.110)

HY(0) %5 HY(OD) o KY?) . HY(O(D)"' © KY?) 25 HOO)" .

Let us first consider the cohomology of the two complexes on the left hand side. The maps a® and

a! are injective and surjective respectively and therefore the cohomology can be written as

TpMy = ker(a') @ H(O(D) @ Ki/?)/im(a®) (4.111)

which corresponds to the tangent space of the symmetric product at point D. It follows that some

of the massless fermionic fluctuations at point D encoded by the complexes span the tangent space
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to the bosonic moduli space, as explained in appendix [A:3.4] By Serre duality, it is then easy to see
that the combination of the two complexes on the right of (4.110|) define the cotangent space T*9M,

over the moduli space. Thus the virtual tangent space restricted on 9, is given by

Tvir

o, = T — T*Myy (4.112)

where the second factor has weight ¢ under the U(1); action. Hence, we can identify the virtual
Euler characteristic with the holomorphic Euler characteristic valued in the exterior powers of the
tangent bundle, which can be identified with the x;-genus of the moduli space M. This can be
computed from the ordinary index theorem:

e, Ouie) = e (M) = /m AT ch(R™ T) | (4.113)

where S* and A° are the normalized symmetric and exterior product defined in .

In order to relate this expression to the twisted index computation, we have to introduce classes
over symmetric products as well as some useful identities. First of all, we introduce standard
generators of the cohomology ring of the symmetric product %, following [48], and as summarized
in appendiqA.3.3}

&,6 e HY(S,,Z) , ne H*(S,,7) . (4.114)

We also define the combination
g
o =&&, i=1,---,9 and ZUz‘:U- (4.115)
i=1

The generators &; and &} anticommute with each other and commute with 7. The Chern class of the

tangent bundle T3, is computed in [48]:

c(TE,) = (1 +p)n29tt f[(1 +n—o0y), (4.116)

from which we obtain the Todd class:
n—2g+1 ¢ o
td(TS,) = ( il ) =2 (4.117)

1—em 1—entoi
=1

This formula can be simplifed by means of the following useful identity due to Don Zagier [49]. For

any power series h(n) on X,,, we have the identity

h(n)n—2g+1 H h(n — O'i) = h(n)n—g-‘rl H (1 — };L/((g))>
11 1 (4.118)
- oo (-0

8In standard notation for the Hirzebruch xy-genus, this is ¢~ Mm)/2y 4 (My,).
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which follow from o = 0. If we choose h(n) = ==, we get

td(TEn)( U )ng+1exp< 7 ”). (4.119)

1—e" en—1 17

The A genus of the tangent bundle can be obtained from the Todd class (4.119)):
A(TMy,) = e~ TP)/2 tq(TNN,,,)
< 7’677]/2 )n_g+1 <0-(6"7 + 1) O'> (4120)
= eXp |\ 57y )

1—em 20n—1) 7

with n = ny = m+ g — 1. Finally, the Chern character of the exterior powers of the tangent bundle

can be obtained from (4.116). We find

e . . _ . X n—2g+1
Ch(/\ t Ti):nm) _ (ewzmt - 677r7,mt)9 1 (efn/2+7rzmt - 677/277mmt>
g (4.121)
H (ewimtf(nfcri)/Q _ e*ﬂ'imtJr(U*Ui)/Z) ,
=1

where t = €2t Again using the identity ([4.118]), we can simplify the expression to

Ch(ﬁ.t Tmm) _ (eﬂimt o e—‘n’imt>g_l (e—n/2+7rimt o en/2—ﬂimt)n_g+l

0.(1 + e—n+27rimt) (4122)
exp | — 21 — e—n+2mimy) )

Combining all these expressions, we now have

N . . 7(77/2*7Timt) o (U/Q*Wimt) n—g+1
XM, Oyir) = (7™ — e—mmt)g—l/ <77 (e e ))

n/2 _ e—n/2
erTe (4.123)

2(en—1) n  2(1 — e nt2mime)

e (0<€"+1) o o<1+e‘"+2ﬂmt>)

The integral can be converted into the residue integral using the following identity, also due to

Don Zagier [49]. For any power series A(n) and B(n), one can show that

A(u)(1 4+ uB(u))d
A(n)eUB(n) = res du (u)( +u1 (1)) . (4.124)
Sn u=0 unt
Note that this formula holds also for n = 0 where X,, = pt. Using this identity, we find
) ) B —mi(u—my) _ mi(u—my) n—g+1
Xt (M) = 27i (e7™ — e‘mm‘)g ! res (e p im-u )
, " e (4.125)
e2miv 4 1+ e2mi(—u+my) 9
’ (2(627riu —1) - 2(1 — e27ri(u+mt)))
This exactly reproduces the integral formula of the twisted index in the chamber 7 > 623;;?(12). One
can check that the residue is non-zero in the region
—g+1<m<g-—-1. (4.126)

This is consistent with the geometric observation that 3,, becomes a holomorphic fibration over the

Jacobian with fiber CP™~! when m > g — 1, see appendix In fact, the cohomology of X,
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factorizes into H*(%,) = H*(CP™ ') ® H* (Jac[g]) and therefore the index vanishes in this region
since x: (Jac[g]) = 0. Multiplying by the weight (—¢)™ for each flux sector and summing over m, we

have

Xe() =D (=)™ xe(Mm) = (—g) 9 | (1 — gt /?)(1 - qtl/Q)}gf1 , (4.127)
mezZ

which agrees with the generating function of the y; genus of the symmetric product of ¥ computed
in [48], up to an overall sign. Notice that as dictated by mirror symmetry, this also agrees with the
index of the C-twist of the free hypermultiplet in the absence of background fluxes, see .

In the limit ¢ — 1, because of the the relation A(TM)ch(A*TM) = (=1)dmeM (M) the virtual

Euler characteristic becomes

— (_1)9-1 m (M) = (— 9=1,=9+1(1 _ 5)2(g—1) )
Wy = (0 [ ) = (1 - (4.128)

This reproduces the generating function of the Euler characteristic of the symmetric product of 3.

C-twist In the case of the C-twist, the underlying moduli space is M, = Xy, The fluctuations of
the various fields on 9%, can be written as follows:
(0X,9x) € HYL) , (nx,Fx)e H'(L),
(OY,¢y) € H' (L), (v, Fy) € H'(L™Y), (4.129)
(‘Pu@zﬁp) € HO(KE) s (nwa) € HI(KZ)
where deg(L) = m. In this case, the virtual tangent bundle at a point (4.52)) coincides witlﬂ
H°(0) — H(Le L™")) — H'(Kx)*
(4.130)
HY(O) — HY (Lo L") — H(Kx)* .

Y vanishes identically in the chamber (4.106|) and the complex split in various pieces. Note further-
more that H°(L™1!) is empty when m > 0. Let us first assume m > 0. Then the virtual tangent

bundle restricted to the bosonic moduli space can be written as

Tiir|gy = TMm + Nun (4.131)

M
where T, is again the tangent space of the underlying moduli space defined by the complexes
H°(O) — H(L), H'Y(O)— HY(L). (4.132)

The second component Ny, is the contribution from the normal bundle, which can be obtained from

the cohomology of the remaining complex

HY(L™Y) - HY(K%)*, HYL') - H°(Kx)*, (4.133)

9We omit the details about the maps, which we have already spelled out for the H-twist.
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which defines a smooth vector bundle whose class is
[Nw] = —[H*(L ® Kx)"] + [H*(Kx)"] . (4.134)

Therefore, for the C-twist, the virtual Euler characteristic computes the holomorphic Euler charac-

teristic valued in S*NY:
(M, D) = / A(TM) A ch(S*NY) . (4.135)
M

Note that this can be extended to m = 0, where the moduli space is a point and the virtual tangent
space is trivial.
The characteristic classes of the normal bundle Ny, are be most easily computed by means of a

universal construction. This is summarized in appendix [A:3.5] We introduce a universal divisor
ACY xSym™% (4.136)

of degree m. This is defined by the property that if we restrict to an effective divisor D on ¥ ~
¥ x {D}, we have
Alsxpy =D x{D}, (4.137)

which implies

O(A)|sx{py = O(D) . (4.138)
Let us denote by 7 and f the projection onto each of the factors:
¥ x Sym™Y (4.139)
/ \
Sym™Y b))

Then
Rz, (O(A) @ f*M) |p = H(2,0(D) @ M),
(4.140)
R'm, (O(A)® f*M)|p = H'(X,0(D) @ M),

for any line bundle M on X, where R®m, is the derived pushforward. For the sake of simplicity, we

will denote it by 7. In particular, we can write the class of the vector bundle Ny, in as
[Nm] = =[m. (O(A) ® f*Kz)"] + [H*(Kz)*] . (4.141)
The Grothendieck-Riemann-Roch formula tells us
td(TM ) ch (7 (O(A) @ f*Ky)) = 7 [td(E x By) ch (O(A) ® f*Ky)] . (4.142)
Using m,td(X X i) = td(Zm) A mietd(X), we find

ch (m, (O(A) ® f*Kyx)) = m, [td(E) A ch (O(A) @ f*Ky)] . (4.143)
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The cohomology class of A on the product ¥ x 3, is computed in [50] using the Kiinneth decom-

position. We can write a class § € H2(X x X, Z) as
§ =620+ 51 4502 (4.144)
where §%7 is an element of H*(3) ® H’(Xy). The result is
d=mns+~v+7n, (4.145)

where 7y, is the Kihler class on ¥, and v is an element of H*(¥)® H'(Sym™Y). One can check that
they satisfy n% = ngy =+ = 0 and 4?2 = —2nxo. Using these identities, we find

ch(O(A)) = " + mnyge — nuoe” + e . (4.146)
The remaining factors in can be easily computed:
tdX)=1+1—-g)ns, ch(f*Ks)=1+2(g—1)ns . (4.147)
Combining all these expressions, we find
ch (1, (O(A) ® f*Ky)) = (m—o +g— 1)t e, (4.148)

where t = €2™™¢. From this expression, we obtain the Chern class of this bundle. Using 07 = 0, we

can rewrite (4.148)) as

g
ch (m, (O(A) @ f*Kyx)) = |(m — 1)t te + Zt—le”—”i] : (4.149)
i=1
which implies
g
c(m (O(A) ® f*Kyx)) = (141 — 2mim,)™ ! H(l +n = 2mimy — oy). (4.150)
i=1

Applying the identity (4.118)), we arrive at the expression
—2mim
o TV _ (omime _ —mime\1—g( —(n/2—mim, 2—rmimy)/2\m+(g—1 o(e” -1
(S Ny) = (€7 — T (e 0/ la/2mim o) g | FHE T
(4.151)

Multiplying all the contributions, the holomorphic Euler characteristic can now be written as

_p/2 \ m—g+1

X (M O )= (eﬂ'imt _ e—m'mt)l—g/ (776 n/ ) (6_(77/2_mmt) _ e(n/2—7rimt))m+(g—1)

y “vir 1— e
M

n 1 n—2mwimy 1
N exp _g+a(e a )—0(6_ - +1) .
n o 2(en—1) 2(en—2mim — 1)

(4.152)
Using the identity (4.124]), we can convert this formula into the residue integration
mi(—u+t+mye) _ pmi(u—my) m-g—1
. ) ) e e
XM, Oyir) = 2mi(e™ ™t — e~ ™Mt )10 peg ( , ‘ mngL
u=0 (Eﬂilu _ e*ﬂ'zu) | (4153)
eQﬂ'zu 41 eQﬂ'z(ufmt) +1 g
2(627riu _ 1) 2(627ri(u7mt) _ 1) ’

91



which exactly reproduces the twisted index computation. One can check that

A 1, m=20
X(mmaovir) = { 0 , m 7& 0 (4154)

Notice that this result is also compatible with the ¢ — 1 limit as described below (4.88)), as well as
with the result of the H-twist of the free hypermultiplet in the absence of background fluxes (4.99)),

in accordance with mirror symmetry.

4.4.3 SQED[N]

Let us now generalize the previous discussion to a U(1) gauge theory with N fundamental hyper-
multiplets. These theories have non-trivial Higgs-branch flavour symmetry, and they satisfy the

conditions spelled out in provided N > 2. We assume the following charge assignment:

| U(L)e U(ll)t SUN)u | U(})H U(l)e
X 1 I 0 L 0
v O % . % 0 (4.155)
© 0 -1 0 0 1

N =2 moduli space

The BPS moduli space M that preserves N/ = 2 supersymmetry is given by triples (A, X,Y") which
satisfy following equations:

N
xFa+e® (XXT-YTY —7) =0, 0aX;=04Yi=0, > X;¥;=0, (4.156)

i=1
modulo U(1) gauge transformations. As in SQED[1], the moduli space of solutions decomposes into

topological sectors

m=J M, (4.157)
mezZ

where m is the degree of the gauge bundle. We will work in the limit s — 400, where we recall
s = e2Vol (X) so that the moduli space is uniformly described with non-vanishing X. As explained
in section [£:2.4] the algebraic description of the moduli space coincides with the space of stable
quasi-maps into the Higgs branch T*CPY ! (C-twist) or twisted stable quasi-maps (H-twist).

In order to compute the index, we consider the action of the Higgs branch flavour symmetry

Gy = SU(N) and apply the localization principle to the diagonal subgroup

N
diag (y1 ,-+,yn) €T, [Jwi=1. (4.158)
i=1
The variables a;’s are chosen to be completely generic, so that we have a; # a; for any pair 4, j =

1,---, N. The subgroup acts on the moduli space as

tr o (da, {Xi, Yi}) = (da, {aiXi a7 'Yi}) (4.159)
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In addition to the Ty action, we can also consider the action of U(1); which acts on X and Y as
multiplication by t'/2 = e™_ The fixed loci of (#.158) is determined up to the action of the gauge

symmetry. In our limit, the fixed locus is a disjoint union of N components
N
mfixed = | Jomg) (4.160)
i=1
which are defined by setting all the bosonic fields to zero except for one of the X;’s:
MY = {(A, X)) * Fa+ (X, X[ —7) =0, 04X, =0}/ U(1)q . (4.161)
Note that im](é) can be again identified with a symmetric power of the curve
M =%, , n=m+r(g—1), (4.162)
and that for each fixed locus there exists an inclusion
oi MY = M, (4.163)

From now on, we understand the moduli space algebraically and work with its virtual tangent
space. The virtual tangent space at a generic point on 9, is given by the cohomology of the

following complexes:
0 a® 0 8° 1 1
H°(O) — H°(Mx & My) — H (Kg ")*,

) ) (4.164)
HY(O) 2 H (Myx & My) 2 HO(KL™)" .
Here we defined
N N
My =PLeoKy? and My=@L 'oKy*, (4.165)

i=1 1=1
where each summand has weight y;t'/2 and Y, 1$1/2 respectively under the action of Tg x U (1);. We
recall that the maps are defined by
a:e— (eX1, -, eXn,—€Y], -, —€Yy)
N
4.166
ﬁ:(A1,~~~,AN,Bl,“',BN)HZAiY;“i’BiXi- ( )
i=1
We notice that if we restrict to points in a component of the fixed locus zm&?, the complexes split
into various pieces. From the first line of (4.164)), we have
H(0) — H(Lo Ky/?), HY L' o Ky/?) — HY (K",

N 4.167
H |@PrerHery* | —o. (4.167)

J#i
From the second line, we obtain similar complexes with the degree shifted by one:
HY(0) — H (Lo KY?), HY(L 'o KY/?) — HYKL ") —0,

N (4.168)
H |Prer ek’ | —o.

J#i
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As explained around (@.111]), we can identify the first complex of and as the tangent
space of the fixed locus 93?1(1?. Therefore the virtual tangent space restricted to the fixed locus can
be written as

Toie|gper = TV + N (4.169)
The second piece corresponds to the contributions of the virtual normal bundle N,Sf ), which have a

non-zero weight under the action of Ty x U(1);. The class of the virtual normal bundle is

N
[INW] = [H (L @ Ky*)) - [HY (K5 + |H | DreL Hery || . (4.170)
J#i
The first two terms
[H* (L' @ KI/?)) - [H* (K5 7)*] = Ny (4.171)

are the contributions of the multiplet Y* and the vector multiplet, whose Chern classes were com-
puted in the last section. The last summand of (4.170)) contains contributions from the hypermul-
tiplets (X;,Y;) with j # ¢, which have non-zero weights (yji,yj_ilt) under the action tg x U(1);.
We will denote the contributions from these fields as Ny = [H*(L ® Kg/z)] and N7 =
[H*(L™' ® K¢ o/ %)) for j # i. Now the equivariant virtual Euler characteristic can be written as
Ouir) A(TMY) ch(S*N,
X (M Z ) ) ch(S*NGY)
N | | (4.172)
—Z Ay eh(5°NG) T [ch(S'N,ﬂf)’va) ch(S'NtSf)’Yjv)] .
m( oy
J#i
The Chern class of [Nr(,f )’Xj] and [N,Ef)’yj] for j # i can also be computed from the universal con-
struction discussed in the last section. We can derive

' g
c (N,Ef)’xj,mji> = (1 +n+2mimy;)" 29+ H(l + 1+ 2mimy; — oq) . (4.173)

a=1
where we defined a; = €™ and mg; = m; — m;. Using the identity (4.118), we can write the
Chern characteristics of the symmetric powers as

. (—n/24mim; ;) m+(r—1)(g—1) n—2mim;;
Go @ X,V _ € ’ ale 41
ch (S N ) - (1 _ 6—(7}—27ri7nji)> €Xp |:2(e7727rimji _ ]_) ’ (4174)

From the multiplet Y; (j # 1),

ch (Sr\oNrsl’L),YJ\/> o (e(fn/2+7rimji+7rimt) _ en/277rim_7i77rimt>mi(ril)(gil)

(4.175)

0—(6_77+27ri(mji+mt) =+ 1)
- exp .
2(67n+27rz(mji+mt) _ 1)
The contribution from ch (:S'\'Néf )) is the same as the normal bundle contribution studied in the
last example. We have
ch (S\QNS)V) _ (ewimt . efwimt)(?r‘fl)(yfl) (eﬂ'imtf'r]/Z - e*ﬂimt+n/2)

0.(6777+27Timt + 1)
- exp 2(6_77_,’_27”.17“ — 1) .

m—(r—1)(g—1)

(4.176)
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In converting this expression into the residue integral using (4.124), we find that the equivariant

virtual Euler characteristic can be written as

. @r—1)(g-1)
X(mnh Ovir) = 2m <t1/2 — t71/2)

N
. E res du
U=MmM4
i=1 j

N 1+ eQTri(—u-i—'rnj) 14+ eQﬂ'i(u—’mj—mt)
Z 2(1 _ 627ri(7u+mj)> 2(1 _ e?ﬂ'i(ufmjfmt»

N mi(—ut+mi+me) _ 6rri(u7mj7mt))m_(g_1)(r_1)

(e
o

emi(u—m;) _ eﬂi(—u-ﬁ-mj))er(gil)(ril) (4177)

g

Jj=1

This again reproduces the integral representation of the twisted index computation.
The t — 1 limit

H-twist For the H-twist, the expression (4.177) (with » = 1) can be understood as the virtual x;
genus of the U(1);-fixed locus

=P en, (4.178)

mez
where £, can be identified as a space of degree m twisted quasi-maps to the compact core (C]P’N_l,

the base of Higgs branch Mpy. This space is parametrized by the solution (A, X;) to the equations
xFa+e? (XXT—7)=0, 04X =0, (4.179)

modulo U(1) gauge tranformations.

The H-twisted /' = 4 moduli space for this theory is identical to that of the N' = 2 moduli space
defined in . In the limit ¢ — 1, we recover the expression for the integral of the virtual Euler
class of the fixed locus £ inside the moduli space. This quantity can be directly computed using the
alternative localization scheme with respect to the Ty C Gy action. Then the index can be written
as a sum of the Euler characteristics of the smooth compact fixed loci zm,ﬁ? defined in . We

have

N
. . o 1ye-t m ()
Z( q) X(mm’o"lr)|t—>1 (=1) Zq Z/fmﬁj’ ) (4.180)

mez mez i=1
= (N - g R

which correctly reproduces the generating function for the Euler characteristic of the IV copies of the

Sym™3.. Note that the residue integration at each ¢ is independent of the equivariant parameters

{a;}, which agrees with the fact that the Hilbert space of the effective quantum mechanics is the de

Rham cohomology [57].

C-twist For the C-twist, imposing N' = 4 BPS equations trivializes the line bundle L, and the

moduli space parametrizes the the solutions ({X;,Y;}) to the equation

N
Xxt—vly =+, ZX,»Yizo, (4.181)
=1
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for constant X; and Y;, modulo U(1) gauge transformation. This is the resolution of the Higgs
branch My = T*(CP"Y ') inside the A = 2 moduli space 9.

The t — 1 limit with = 0 of the result can be understood as the Rozansky-Witten invari-
ant computing the holomorphic Euler characteristic of M g valued in the vector bundle (K.T*M H) g:

X (M, @m)|H1:/M A(TMH)/\ChRK'T*MH)@g} . (4.182)

M is non-compact and this expression can be evaluated from the equivariant localization with
respect to the Ty C Gy action. Let us consider the action of gy defined in (4.158]). When 7 > 0,
the fixed loci are N isolated points, where i-th fixed point is defined by X; # 0 and all the other

bosonic fields are identically zero. From the fixed point formula we arrive at the expression

N —TiM45 2 . '
X(gin, @vir)(y — 1) = Z H (1_6627”%> H (ewzmi_j _ e*ﬂ'lmq‘,j)Qg

i=1 j#i J#i

— H (e—ﬂimi]‘ _ ewimij)Q(g_l) )
1 )i

(4.183)

1=

4.4.4 SQCD[N., N/]

We can generalize our previous analysis to non-Abelian gauge groups, provided that the fixed loci
of the moduli space are products of symmetric products of the curve ¥. In this section we present
the simplest example, which is SQCD[N,, Ns] where N; > 2N, as discussed in section The
fields of the theory are charged as follows:

| U(Ne)a U(ll)t SU(N)u | U(})H U(l)c
;( g % g i 8 (4.184)
%) ad]j -1 1 0 1
N =2 moduli space
The N = 2 BPS equations for SQCD[N,, N¢] read
*Fa+e? (XXT—YTY —2[pf, o] —7) =0
04X =04Y =D:0p=0 (4.185)

The moduli space of solutions to BPS equations modulo gauge transformations can be decomposed
into topological sectors labelled by the degree of the holomorphic bundle in the fundamental repre-

sentation associated to the gauge bundle P:

M= J M. (4.186)

meAY
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We again consider the limit s — +o00, where s = ¢*Vol (X). It follows from the discussion in section
that by using a Hitchin-Kobayashi correspondence, the moduli space has the follwing algebraic

description for every m. A point of the moduli space in the component M, is given by
e A holomorphic GL(N,, C)-bundle E of degree m;

e Holomorphic sections (X, Y’) of associated bundles Ex and Ey, corresponding to Ny copies of

the fundamental and anti-fundamental representation respectively;
e Subject to the complex moment map condition Y - X = 0;
e Subject to the stability condition that X has generically maximal rank on ¥;

e Modulo complexified gauge transformations.

This can be thought of as the space of stable quasi-maps into the Higgs branch My = T*G(N,, Ny)
(C-twist) or twisted stable quasi maps (H-twist).

Let us consider the fixed points of a maximal torus Ty of the flavour symmetry, which locally
acts as

X Xtg, , Y=stgY | Oa.+ Oa. , (4.187)
for ty represented as a diagonal Ny x Ny matrix, and with Ac the connection on the holomorphic
bundle E¢. The fixed points are solutions to the equations

gcX = Xty , Yge =tuY , go'dacge = da. (4.188)

for an element of the complex gauge transformation gc € G¢. Given the stability condition on X,
gc must act non-trivially. From the last equation of (4.188)), E¢ decomposes at fixed points as a

direct sum of line bundles

Ec=Li®---®Ly,. (4.189)
Let us denote m, = deg(L,), which satisfy
m=> m, € Hy(Mpg,Z) =7 . (4.190)
a
The associated bundles Fx and Fy decompose accordingly
Ex2(Li® - ®Ly)"™ @ K"/?
(4.191)
By=(Li'e--a Li)*" o K2,
For later convenience, we also note that on any fixed locus Fy and Eg decompose as E
By |0V e@PL.oL'| and Es=|0Nao@L.oL,' | @KL, (4.193)
a#b a#b
101n fact, the complexified Lie algebra decomposes under the adjoint action as
gc=tc® P sca (4.192)
acge
where the summands can be identified with diagonal matrices (over which the adjoint action of t¢ & (a1, -+ ,an) is

trivial) and matrices with one single off-diagonal entry e;; (the action corresponding to x;; — aia; Tij).
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Fixed points are labelled by Nc-subsets I = {i1,---,in,} C {1,---, Ny} so that the only non-
vanishing sections are

Xg 40, (4.194)

and fixed loci reduce to disjoint unions of N, copies of symmetric products

Ne
= | (IISymma”@”z> , (4.195)

(m17"'7mNC) a=1
3, mo=m

where as usual r = 1,0 for H- and C-twist respectively.

The breaking of the gauge bundle into a sum of Abelian contributions makes the generalisation
from SQED[N] to SQCDI[N,, Ny| rather straightforward, and we will therefore be brief, mainly
working at the level of K-theory classes. We will work on the component m = (my,--- ,my,) of the
fixed locus I, which we denote 97 .

Over M m, the virtual tangent bundle decomposes into the following contributions

] =3 (-0 0+ [ (2 0.7
N, Ny N. Ny

3 | (L k) [+ X0 e (1) e KY) (4.196)

a=1 j=1 [“—_—~—— a=1j=1
J#ia =NX¢ =NYp

- Z H*( Kz > |H (L' 9 L@ K§) | =Y |H(La® L)

o =N, o [T N
The first line includes all contributions tangent to the fixed locus (fixed part), whereas all other
contributions are normal (moving part). In order to express these contributions in terms of charac-
teristic classes over the fixed locus Hi\[; Y, , let us first define the generators of cohomology class

as follows:

Na € H2(Sn,,Z) and o° Zg gh, e e HY(S,,, 7). (4.197)

Then from the fixed part, we obtain the tangent bundle over the fixed locus which contributes

N. _ m+(r—1)(g—1)

R B Nat Na /2 a.aa(ena+1) gaa

A (ngth) = H (]_—e"']a) exp (2(67](1—1) — T . (4198)
a=1

The contributions from the moving part N;n can be summarized as

N. | N Ny N,
IT | T] ce(S*NxeY) [] ch(S*NY;Y) H (RN | [] (A NV, (4.199)
a=1 | j=1 j=1 b=1 a#b

J#ia

The arguments (4.174])-(4.176)) can be straightforwardly generalized to obtain the contribution from
the hypermultiplets:

o—Tla/24mim;i, ma+(r—1)(g—1)
) (4.200)

N g (¢ =2mimsis 4 1)
Ch(S NXjV) = <1 _6717G+27rimjia :|

exp |: 2(6na727rimﬂa _ 1)
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and

ch(§'NYj“v) _ (e_ﬁa/2+7"i(mjia +my) e”la/Q—ﬂ'i(mjia +mt)>ma—(r—l)(g—l)

(4.201)

O,aa(efnaJrQﬂ'i(mjia +my) + 1):|

- exXp |: 2(6_77a+27ri(m]'1,a+"mt) — 1)

The contribution from the multiplet in the adjoint representation, NV, and N®,; can be written
as classes on Sym™*T""UY x Sym™+9"U% We computed the characteristic classes of these
contributions in appendix To summarize, the vector multiplet contribution is

—mgtmpt1l—g

[NV =T] (e<—na+nb>/2—m<mia—mib> _ e(na—nbvzm(mm—mib))

a#b a#b
4.202
—Na+np—2mi (M, —myy) 1 ( )
(aaa +0bb _O_ab _Uba) (6 + )

exXp 2(6*7711+77b*27”;(mi,,,*mib) o 1)

Note that the exponential terms in (4.202)) with positive and negative root « cancel each other out,

and we are left with a simple expression

H Ch(K.NVa\g) = (_1)Za>oa(m) H (e(_na+7]b)/2_7"i(mia_mib) — ema—mp)+mi(mi, —mib))lig )

a#b a#b
(4.203)

The contribution from the adjoint chiral N®,;, can be similarly written as

N, N, mg—mp—(1-2r)(g—1)
Ch(K.N(b;/b) — H (e(na*nb)+7ri(mia —myy )+mimy e(fnaJrnb)/Zf'm'(mia7mib)77rimt>
a,b=1 a,b=1

b 67]@+77b+277i(mia—mib)+2ﬂ'imt -1
a

exp | (0% + 0 — 0% — 0o

Q(e%—m-i-%ri(mia —7n1;b)+27rimt _ 1)
(4.204)
We can now compute the equivariant virtual Euler characteristic, which by (4.68) can be written

as ~
X(m7 Ovir)
= =™ D > / ATy m)ch(S*NY ) - (4.205)
mez (my,-- mp,) IC{1,- Ny} M1 m
>, Mg=m

where by (4.199)), the integral can be expanded as

Nf Nf Nc
/ ATy ) [T | TT ch(S*NxY) ] ch(S*NY) [ ch(R*N@Y) | [] ch(A*NV,).
RUS Y acl _j;_l j=1 b=1 a#b

JF%a

(4.206)
Combining the result from (4.198])-({4.204)), these contributions are equal to

Ne
/ <H ng‘“"“‘”(g‘”> Ar(m, -+ nn,) exp ZUabBLab(ﬁh NG| - (4.207)
M

acl a,b
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where

Ny _ i ma+(r—1)(g—1)
e~ Na/2+mim; i,

acl j=1

. (efna/2+7fi(mjia+mt) — @(na/2Tri(mjz‘a+mt))ma_(r_l)(g_l)}

11 <e<—nn,+nb)/2—m<mia—mib> _ e(na—nb>/z+m<mm—mib>)’m“+‘“*’“’g

a,bel
a#b
H (e(nafnb)/2+7ri(mia7mib)+7rimt o 6(*77a+77b)/2*7”‘(mia *mib)fﬂimt)ma—mb—(l—QT)(g—l)
a,bel
(4.208)
and
BI,ab<7717 T anNC) = HI,ab(’rlla e 777Nc) - 6abna_1 ) (4209)

where H,;, is given by the expression

N .
14 e Mat2mimy, Ne

HIvab = Oap Z 2(1 _ 8_77@+27Timjia) + Z 2(1 _ e(nn,—nc+27ri(m7:a—mic)+27ri7nt))
j=1 c#a

Ny

14+ enafnchZﬂ'i(mia7mic)+27rimt

14+ e'r]a727ri(mjia+mt) Ne

Z 27 + Z i i
_ 0 =27 (M i+t _ c—Na+2mi(m,;, —m;, )+2mimy
= 2(1 —en (m; ) gy 2(1 —ene=n ( ) )

1 +ena—nb+27ri(mia—mib)+2ﬂ'imt 1 +enb—na—2ﬂ'i(mia—mib)+27rimt

1+encfna+27ri(mic7mia)+27rimt

+ (1 - 60,17)

(1 — eMa—m+2milma, —ma, ) ¥2mime) T (] gmo—na—2mi(mi, —mi,)+2rime
(4.210)

The last expression in can be converted to a product of residue integrals as in the Abelian

examples. We show in appendix[A.6]that the identity over ¥, can be generalized to integrals

over Hivzl ¥, For any power series A(n1,-+ ,nn,) and Bay(n1,--+ ,mn,) on Hi\[:cl ., we have

N
/ Ay, nn)exp | Y 0™ Bap(nr, - .
1—[71\1:-1 P, b=1
i ab= (4.211)

Al - g
=res --- res (w, - un.) |:debt(5ab+uaBab(ula"'7uNc)):| :

u1=0 un,=0 o1+l nNe 1
c Uq UNC

Then the integral (4.205)) becomes

X(mv @vu)
g
= Z (_Q)Zévilma Z res --- res AI(ula"' quc) |:det Hl,ab(ulv"' auNc):| .
u1=0 un,=0 ab
mezNe IC{1, Ny}

(4.212)

By a redefinition of the integration variables u, — u, — m;, + m;/2 for each summand labelled by
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I, the integral can be rewritten as

X(m7 @vir)
N, Ne
— (27.[.2)1\/0 Z (_Q)Ea£1 mg Z (H res > A(ul, cen auNC) debt Hab(u17 c.. 7U/NC)
mezZNe IC{1, Ny} ] Ya=mia—me/2 “
(4.213)
where A and H is
N. Ny wi(—uq+m;+me/2) _ mwi(ug—mj;—my/2)\mg—(r—1)(g—1)
A, un) =TT ¢ S
asi jo1 (eﬂi(uafijrmt/Z) _ eﬂi(7u+mj7mt/2))ma+(7_ )(g—1)
Ne —mg+mp+1—g
Ti(—Uq+u Ti(Ug—u
II (6 ( V- “) (4.214)
a,b=1
a#b
N, (1o (e
(eﬂ'i(ua—ub-‘th)_efri(—ua-‘rub—mt))ma my—(1—27)(g—1)
a,b=1
and
Ny 2mi(—uq+mj+mye/2) Ne 1 278 (Ug —Ue+mMt)
Hab(ula U Z s 66271’1 —Uqg+m; +mt/2)) 2(1tee2ﬂi(ua—uc+mt))
1 c#a
NZ 1+ eQﬂ'?(ua—mJ-&-mt/Q) Ne 1+ 6271'71(u6—1ta+m,,,) (4215)
2mi(uq —m +mye/2) _ o2mi(uec—ug+my
31— RAP- O )
14+ 627rz(ua,—ub+mt) 1_|_627ri(ub—u,,,+m,t)

+ (1 - 6ab) |:2(1 _ e27ri(ua—ub+mt)) 2(1 — €2ﬂi(ub_ua+mt)>

Finally, it is straightforward to show that the residue integral together with the choice of fixed point

is the equivalent to the Jeffrey-Kirwan residue integral of the integrand with the choice n > 0:

N,
1 1
S (o) & rge@wasn. e
AL

Ic{l,, uw={u;}
Therefore we again proved that the equivariant virtual Euler characteristic of the moduli space
reproduces the twisted indices computation. This procedure can be generalized to the class of the

theories defined in section 4.1.2]
The limit t — 1

H-twist The N = 4 BPS equation for the H-twist is given by
«Fy+e® (XXT-Yly —7)=0,
OaX =04Y =dap = ¢, 0] =0, (4.217)
X p=¢p-Y=X-Y=0,

modulo U(N,) gauge transformation. If we consider localization with respect to the U(1), action,

the fixed locus MYV is parametrized by the solutions (A4, X) to the equations

xFa+e? (XXT—7)=0, 04X =0, (4.218)
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modulo U(N,.) gauge transformations, which can be identified as the space of twisted quasi-maps to
the compact core inside the Higgs branch My = T*G (N, Ny), which we denote by £. Similarly to
the SQED example, the index (4.213]) with » = 1 can also be thought of as the virtual y; genus

(m Ov1r)|r 1= Vlr(s) . (4219)

In the limit ¢ — 1, the index reduces to the generating function of the integral of the virtual Euler

class. This can be evaluated using the virtual localization with respect to the Ty action (4.187)):

e o o™ > Z/ e(TMw 1) - (4.220)

meZNe (my,---my,) 1 Mo, 1
L Mg=m
Summing over m, we have
A N 2NC(971)
XN, Ogi)| =y = (—1)Nelg=D) (Nf> (a2~ a772) : (4.221)
t—1 .

using the generating function of the Euler numbers for a symmetric product (4.128]).
g g g y P

C-twist As we studied in section [L.3] imposing the A" = 4 BPS equations trivializes the vector
bundle F, and the moduli space reduces to the resolution of the Higgs branch Mg = T*G(N,, Ny).
The index in the ¢ — 1 limit then computes the equivariant Rozansky-Witten invariants of the
target Mpy. This can be directly computed from the m = 0 sector of the expression , taking
the ¢ — 1 limit and extracting the constant term in the power series expansion of the characteristic
classes. This procedure gives

(m Ovlr 7" 0 _Z H _‘mm” - T”mij)Q(g_l) ’ (4 222)

iel
jervy

where IV is the complement of the index set [ in {1,---, Ny}.

4.5 Mirror Symmetry

4.5.1 Symplectic Duality for Twisted Stable Quasi-maps

A distinctive feature of the class of the theories we consider in this chapter is mirror symmetry. We
can find a pair of UV theories 7 and 7, which are dual under exchange of the following pairs of

objects and parameters:
H-twist «» C-twist

MH <~ Mc
GH < GC (4.223)
{mi} < {G}

t <t L.
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Recall that the duality holds when the theory flows to the deep infrared. As discuss in section ,
this limit can be viewed as the s — oo limit, taken in a chamber determined by 7. It follows that
the twisted indices computed in this chamber are expected to exhibit the duality exchanging the
parameter as in .

Given the interpretation of the twisted indices we have offered in this chapter, mirror symmetry
implies an extremely non-trivial relation between two generating functions of enumerative invariants
of twisted stable quasi-maps into a conical symplectic resolution of the Higgs branch Mpy. In fact,

mirror symmetry implies two relations

IH(Cvm,t)[ﬂ = IC(maCat_l)[Tv] R (4.224)

and

Ic(¢,m, O)[T) = Iu(m, ¢t H[TY] . (4.225)
In particular, this exchanges the equivariant parameters m and the degree counting parameters ¢ of
two generating functions. We may call this symplectic duality for stable quasi-maps.

The simplest example is the theory SQED[2], which is a self-dual theory 7 = 7. The generating
functions for the first few genera are explicitly computed in [26]. For example, the generating function
for the H-twist with g = 2 is
(L+8) [ty +y " =2)(g+q7' —2) +4(1 - 1)?]

2t —y)(t—y ) ’

where y = 2™(m1—m2) and ¢ = 2™¢. This can now be interpreted as the generating function for

IH(Qay,t)|g:2 = (4226)

the equivariant virtual y; genus of £, where £ can be identified with the space of twisted stable
quasi-maps into P1. On the other hand, for the C-twist, we have

Io(g,9,1)|,_y = - L+ ol + yt_mzf_)(g)zz q__q_lf) Gl (4.227)

This corresponds to the generating function of the virtual Euler characteristic for stable quasi-maps.

It agrees with (4.226]) by exchanging ¢ <> y and ¢t < t~! as expected.

4.5.2 Mirror Symmetry for the A/ = 4 Index

As studied in section the twisted indices drastically simplify in the limit ¢ — 1. The H-twisted
indices in this limit can be identified with the sum over the integrals of the Euler class of the fixed

loci

In(q) = In(g, a0, )i = Y (fq)mZ(fl)dimme/ e (M) (4.228)

meAY, 1 M, 1
which is independent of the equivariant parameters a. On the other hand, C-twisted indices receive
contributions from the degree zero sector only and are therefore independent of ¢ in the limit ¢ — 1.
The index in this limit computes the Rozansky-Witten invariants

IC(G) = Ic(q7a7 t>|t4>1 — /

N e, ®g
MHA(TMH) ch [(/\ T MH) ] , (4.229)
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where Mg is the resolved Higgs branch.

Mirror symmetry, or symplectic duality, takes a simple form in this limit

In()[T] = Ic)[T"] (4.230)

with the identification ¢ = y. Below, we show explicitly that this holds for Abelian theories and for
T[SU(N)].

4.5.3 Abelian Gauge Theories

Abelian 3d N = 4 gauge theories are specified by a rank-r gauge group [[,_, U(1), and N hy-
permultiplets (X Y?) with charges (Q%, —Q%) under U(1),. We will denote maximal tori of the
symmetry groups Gy and G¢ by Ty = Hévgf U(1)p and Te = [[._, U(1)° respectively. The charges
of the hypermultiplets will be similarly denoted by (¢?, —¢?).

-

The vectors ¢” are defined only modulo the vectors Q"’; together, they form a basis for RY. It is

customary to assign to an abelian theory the N x N matrix

Q::(?). (4.231)

The condition det(Q) = 1 ensures that the basis is minimal. We turn on real masses {m1,...,my_,} €
ty = RN~ and generic FI parameter E € tc 2 R", and assume that the fixed points of the resolved
Higgs branch under the actions generated by the real masses are isolated.

We claim that isolated fixed points of the Higgs branch are given by a selection of

e 7 hypermultiplets whose charge matrix is non-degenerate, represented by a multi-index I =
{i1 ..y}

e a sign vector {ay,,...,q; }, a5, € {4+, -}

This can be seen as follows. The fixed-point equations are

T N—r
(Z QLog + Z q};mb> X'=0
a=1 b=1

(4.232)
T N—r
(Z Gout S qgmb> vico.
a=1 b=1
for generic mass parameters {mq,...,my_,} and for all i € {1,..., N}. We can solve for unique
0,’s only provided r hypermultiplets are non-vanishing, and the associated matrix
;i \J
Qr:= (Qa J) (4.233)
is non-degenerate. In addition, we have the complex and real moment-map conditions
> QXY =0
) = (4.234)
D (QUIXUP = QEYUP) =Gy ae{l,...,r},

Jj=1
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The first equation tells us that for each i; either X% or Y% needs to vanish at a fixed point. The
second equation can always be satisfied by choosing X% or Y% appropriately. In fact, Q; being
non-degenerate, the vectors Cjij, j €{1,...,r} form a basis of R". We can therefore write ¢ uniquely
as a linear combination of these vectors, with either positive or negative coefficients. If the coefficient
of Q' is positive, we set | X% |2 to the value of the coefficient and Y% to zero, otherwise —|Y% |2 to
the value of the coefficient, and X% to zero. Solutions are therefore indexed by a sign vector which

encodes the choice at each fixed point, as claimed.
H-twist

To each fixed point on the Higgs branch there corresponds a fixed locus in the space of quasi-maps
of degree m to the Higgs branch, 9y, ;. Under our conventions, it is easy to see that the fixed locus

reads

M s = ﬁ e H Sym¥a @iy @ matlo=1) () imu —m. (4.235)
a=1

(my,...,m;) a=1 Jj=1
ez

In order to compute the index, we can first redefine the labels m, — m; as follows
S0, Qim, + (g — 1) =, (4.236)

and then use the generating functions of Euler classes of symmetric products as we did in previous
examples. Notice that the change of variables is possible because each matrix (; must be non-

singular. Then letting
¢ =", (4.237)
a

we find, up to an overall sign

qQ;lj/2 2(1_9)
Imr=1]] 0 : (4.238)
J

ict \1—¢q
C-twist

In the C-twist, in order to apply a fixed-point formula, we simply need to find the weights of the
normal fluctuations at fixed points. Given a fixed point I, these correspond to the weights of the
hypermultiplets indexed by the complement of I in {1,..., N}, which we denote IV, at the fixed
point I. In order to obtain them, we first need to solve for the o,’s in

dr=—(QF) " ¢f (4.239)

From this, we get that the weights of the hypermultiplets of charge (Q%, ¢, i € IV at the fixed point
I are given by

(arv);mi, (4.240)
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where
—1
arv =qiv — Qv (QF) 4l . (4.241)

Consequently, the index at the fixed point I reads

(av);/2 \ 29D
-] (yl) (4.242)

ielv 1—ylar)
b
whith y(arv)i = [T, yz(;qlv)i.

Abelian Mirror Symmetry

We are now ready to discuss abelian mirror symmetry. At the level of charge matrices, it takes a

simple form [94] [15]. Using tildes for mirror variables as above, we have

O = (§>_<Q>_LT C =my g = (4.243)
= Q = q ; a — Maq a — Sa - .

We would like to verify that the H-twisted index of a theory, provided the above identifications
hold, coincides with the C-twisted index of the mirror theory. Select a fixed point I, and assume

without loss of generality that I = {1,...r}. Notice that

QQ” =1y.n (4.244)

implies

( Q1 | Qrv > ( q Qf >:1N,N (4.245)

ar | arv a~ | QF,

where we have also decomposed Q in blocks of the same size of those in Q. From this equation, we

can infer that ~ ~r
Q1 +qrvQpv =0

_ ~ (4.246)
QY +QrQF =0.
It follows from (|4.246f) that
(av — Q7' Q) QF =1n_pn—r, (4.247)
or
Qrvary =1n_rN-r- (4.248)

Chasing through the definitions and the results of the twisted indices, we see that from the contri-
bution of a fixed-point of the C-twisted index labelled by I we get a contribution of a fixed point
of the mirror H-twisted index labelled by IV, and vice-versa. Therefore, mirror symmetry in this

context holds at the level of the index fixed-point by fixed-point.
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4.5.4 T[SU(N)]

We now perform a similar analysis with T[SU(N)] theories. These theories can be represented as
the quiver in Figure They play an important role in the S-duality of the half-BPS boundary
conditions in N = 4 Yang-Mills theory [95].

The twisted indices of T[SU(N)] quiver depends on the FI-parameters (;—1,... ny—1 for each factor
of the gauge group U(1) x --- x U(N — 1) and mass parameters m;—1 ... y for the PSU(N) flavour
symmetry, which satisfies Zf\; m; = 0. The theories in this class are known to be self dual under

exchanging €; <> m; for all 4, where (; = ¢; — €;41.

OO0

Figure 4.2: T[SU(N)] theory

H-twist The moduli space of T[SU(N)| theory can be decomposed into the topological sectors

weighted by the Fl-parameters ¢; = e27%::

M= U Mg g Moy (4.249)

(my, ,mny_1)
ezN -t

For each factor of the gauge group labelled by a =1,--- , N — 1, we denote by

1
a = 5_ TFa Z7 4.2
mo= g [T € (4.250)

the degree of the vector bundle E, of rank a, associated with the U(a) gauge bundle P,. Let us
denote X2+1, Y11 by the bi-fundamental fields between a-th and a + 1-th nodes, where X+l can
be regarded as a a X (a+ 1) matrix whose components are XZ(*}ci()kﬁl)’ and similarly for the Y. Then
the N' = 4 moduli space for the H-twist is given by the space of solutions (A1, -+ Ay_1,X,Y) to

the equations
« F, -‘1-62 (Xg+1Xg+1T o aa+1T anrl _ nglTngl + Y'aa—lyvaa—ﬂL _ Ta) -0,
OaXIT =04V =0, XMy, =0, fora=1,...,.N—1,

modulo U(1) X --- x U(N — 1) gauge transformation.

Let us consider the chamber where all 7,’s are sufficiently large. As in the previous examples,
we perform the equivariant localization with respect to the action of the flavour symmetry gy €
PSU(Ny), by turning on the mass parameters m;. If we keep these parameters generic, on the fixed

locus, each factor of the gauge group is abelianized

U(@) UML), fora=1,--- ,N—1, (4.252)
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and accordingly the vector bundle F, is decomposed into the sum of the line bundle
E, = La(l) D---P La(a) s (4.253)

on the fixed loci, where deg(Lqx)) = Mqk) with m, = )y Mgy Then the moduli space reduces

to a disjoint union of N! fixed loci labelled by a set of the index sets

{l,--- ,Iy-1}, where I, C{1l,---,a+1}, || =a. (4.254)

If we denote the element of the index set I, by iq(x,) With kq = 1,--- ,a, then on the fixed locus
{I,---,In_1}, the only non-vanishing bosonic fields in the chiral multiplets are

Xe0a) 20 for a=1,-- N1, (4.255)

To simplify the notation, let us make a choice of fixed locus defined by I, = {1,--- ,a} for all a,

where the only non-vanishing bosonic fields in the chiral multiplets are XZ(;(ll()k”) forallk,=1,---,a

All other fixed points can be obtained by an action of the PSU(N) flavour symmetry. The fixed

locus is described by the equations

a+1(iq) a(ig
Fa(i )+e (‘Xa(z ( l ‘X (1(Za)|2 ) =0 5

GAXZ(JZA) )—O, for i, =1,...a

(4.256)

modulo HN_ll U(1)* gauge symmetries, where we defined Xa( 1 ()a) = 0. Here XZ(E)(Z'”) is a holomor-

phic section of the line bundle Lq,) ® L}, ) ® K 1/2 Therefore the fixed locus can be described

a+1(z
as the 1 +---+ N — 1 copies of the symmetric product:

N—-1 a
= H H Zma(ia)*ma+1(7ta>+g*1 . (4.257)
a=1 i,=1

Then the contribution of this fixed locus to the virtual Euler characteristic in the limit ¢t — 1

(14.228)) becomes

N—-1 a
m mo(p)+m vazflm (i
Z g gt i H H € (Smair,)—mapii, 49-1) - (4.258)
ma(ka)EZ 9:nla a=1 1,=1
for kqo=1,---,a—1
a=1,-- ,N—1
It is convenient to change the summation variable as
N—-1
Mg (k,) = Ma(ky) =+ Z My (ky) » for all a, kg (4.259)
r=a+1
the expression (4.258)) then becomes
N—-1 N—-1 a
> T @™ )™ @)™ [ € (Zinsuyigoa) - (4:260)
My (kg)EL a=1 Mr, g=1 ig=1
for ko=1,---,a—1
a=1,--,N—1
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Let us redefine

N
g = e>meimeit) | with Zei =0, (4.261)
i=1
and sum over 1+ ---+ N — 1 copies of integers m,; ). Using the relation (4.128), we find a simple
expression
N . (9-1)
H (eﬂ(ei—fj) _ em(—ei+€.7‘)) (4.262)
i

for the fixed locus My, . Since the result does not depend on the equivariant parameters {m;}, the

contributions from N! fixed locus are the same. Therefore we conclude

N _
IH({Q‘}’) _ (_1)N(N—1)(9—1)/2N! H (eﬂ'i(Gi—Ej) _ 67ri(_6i+€j))2(g 2 ) (4.263)
i<y
Note that the result shows the structure of the full SU(N) Coulomb branch symmetry G¢ enhanced

from the UV topological symmetry U (1)V 1.

C-twist Once we impose the A/ = 4 BPS equation for the C-twist, the associated vector bundle
Ey @ - @ En_ trivialises. In the large s limit, the moduli space reduces to the resolved Higgs
branch Mg ,, which can be identified as a cotangent space of a flag variety.

Similarly to the H-twist, the fixed loci of the gy action are given by the choice of the index set
{Ii,--+ ,In—1}, where I, = {iqqa), - ,iq)} C {1,---,a + 1}, for all a. Each fixed locus is an

isolated point, characterised by the non-vanishing bi-fundamental chiral fields

a+1(ta(kg))
Xogoy A0 (4.264)

The C-twisted index in the limit ¢ — 1 gets contribution from the m = 0 sector only. It is straight-

forward to compute (4.229) equivariantly at each fixed points, which gives the expression

(RS SR |l e

{(11,~~ 71N—1)} 1€ln_1
JEIN_y

, ) 2(9—-1)
—mim; /2 Tl'lm7‘,'/2)
IT (e —emims (4.265)

i€In_2
JEI o

i€l
jery

2(g-1)

where the summation is over N! choices of the fixed locus. I)_; is defined as the complement of
I, inside the index set {1,--- ,a + 1}. Note that each term in the summation is invariant under
the Weyl group Wg,, of the flavour symmetry and therefore the contributions from all the fixed loci
are identical. The expression simplifies to

, . 2(9—1)
To({mq}) = NI (emmimer2 — enima/2) 700 (4.266)

1<j
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Comparing two expressions (4.263)) and (4.266)), we find an agreement

Io({eDITSUN)]] = 1 ({mi [T [SU(N)]] (4.267)

up to an overall sign, under the identification of the parameters ¢; = m; ,Vi. This agrees with the

self-dual property of T[SU(N)] theories.
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A.1 Supersymmetry Algebra

In this section, we summarize the supersymmetry algebra of twisted ' = 4 and N/ = 2 theories. We
start by fixing our notation for the A" = 4 vector multiplet and the A/ = 4 chiral multiplet, and the
respective decomposition into A/ = 2 multiplets. We then address the H- and C- twist algebras in
turns. Our convention is that

€2 = —€19 = el? = —€j5 =1 (A1)

and for contractions between vector and spinor indices we use standard Pauli matrices (0’“)0/3 .

The N = 4 vector multiplet consists of the fields
Vima = (4 M2, o8, DAB) (A.2)

The fields are subject to the following reality condition:

DAB = (.DAB)]L y PAB = — (QOAB>T . (A3)

The multiplet decomposes into an N = 2 vector multiplet V' = (A4,, 0, A, A\ A1, Ai, D) and an N = 2
chiral multiplet ®, = (¢, ¥, 1y, Fy,) in the adjoint representation with the identification

1 ae 1 . o .
A:§>\§25)‘: iA%lvAle%QM/Xi:)‘%lv

O-:§0127D:D12a

1 1 ) N N (A.4)
SOT = _§¢22 , P = 59011 7wtp = )‘%1, wtp = )‘%27
ﬁgo :)‘%Qantp:>‘317 F; = _D22> Fcp :D11~
The N = 4 hypermultiplet consists of fields
Hy— = (X4, X4 00,4000 (A.5)
In terms of N' = 2 fields, we identify
(X, Y1) = (X1, Xa), (V,xT) = (x*" x'T), (A.6)

with similar identifications for superpartners.

A.1.1 H-twist

In both twists, we use the following convenient notation for supersymmetry transformations. We
introduce a spinor C&“A, and the supersymmetry transformation of a field F is under the N' = 4
supercharge QﬁA is the coefficent of Q;‘A in . F. The four supercharges preserved under the H-twist

can be represented by

11‘4 = Cfl , 22‘4 = 6}3 . (A7)
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Note that the A/ = 2 subalgebra is generated by (}q and E?{ For convenience, we redefine the vector

multiplet fermions as
)\%A =4 ) )‘SA = s AL1A = /_\i,A s Agpi =AMy 4 (A-8)
The supersymmetry transformation of the vector multiplet is given by
340 = TN~ 56HA4
0AL = iCih,,
§AT = —iCiA ;1 .
0pip = % (Chrats + Cuade + Casha + Cusha)
5Dy = —iCh (2D1XA - Dof\iA> —icB [[\?,%C} ,
§Dop = iCh (2D1)\A - DOALA) —icB [A?,LPBC] , (A.9)
5D = %cﬁ (2018 5 + Dodg + 3, 056] ) + %Z,{"} (248, 5 + Dorg = [\ 06] )
oA =—2F1—D)Cy 4 — ingosﬁBA + %CH,D {‘Pfa SDCD} )
55‘,4 = (2F1 - D) EH,A + ingowBA + %ZH,D [90,407 WCD} )
0Ay 4 = 2FyiC4 — 2iCP Drgg 4 + Doy
5A1,A = 2F01ZA + QiZBDNPBA + D¢y -

The supersymmetry transformations of the hypermultiplet can be written as

( 60Xy > _ —Eg¢1,3
0X> _ngz,f;e ,

( 5% ) . ( s
52 )T\ oy )
L _ . (A.10)
< oYy 4 > _ [ € aDoX1 = 2iCy 4D1X2 — iCﬁXlng
0y 4 i€y iDoX2 = 2iCy ;D1 X1 — G Xoppy )
( 8y 4 ) ([ i€y aDoX? = 2iCy DI XY —iCh X 0 4
0y 4 iCy aDoX M 4 2i¢, iDiX2T 1 ilBX o )
A.1.2 C-twist
The four supercharges preserved under the C-twist can be written as
Gr =6, G =G (A11)
The N = 2 subalgebra is generated by Cé and Z% For the vector multiplet, we define
O S P
¥ 2‘:011 ) P 241022 ) (A.12)

Al A A2 _ A A
AT =AT AT =2 /\1,Ai :AT,A ) /\2,A2 =AM a.
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The supersymmetry transformation of the vector multiplet is given by
() Ay
640 = 588N — 58
A1 = iCA A
6A; = —iAA a1
]. AX ]. "’A
do = §<c>\A - 5{0)\14 s
1~y -
580 = _ECéAi,A )

1
sl = ichl,A ,

Al
SDAB = icA <D1A1’3 - %DOS\B _ % [AP,o] — [AlB,cp]> + (A« B), A
~iG (DA + 500N — § [¥,0] = (AP ) + (40 B).
= (—2Fy1 — iDoo — 2i[p, ¢']) Cc,a + 4iCo aDror — Da®o
= (2Fy1 — iDoo + 2i[p, ¢1]) (o, +4iCo.aDipr — Da®lo
A1 4 = (2Fy0 + 2iD10) Co,a — 2iDogle,a — 2iCe,a [0, 9]
0A1,4 = (2F1g — 2iD10) Co,a — 2iDop o, — 2iCo,alo, 0] -
For the hypermultiplet, we define
Vl=xvi=n, ¥ =1, vy =1,
(A.14)

/(/;%:5(7 &%:ﬁu 1/_)%:1/_}1 y JJ%:_IJH
We have _
A =Cc,aX + Co,am
X" =+ ¢da
ox —z(c (Do +0)Xp
2i¢E D1 Xp — 2z§gXB<pT ’

( 5y > (288D Xp +2iCE X pe (A15)
iCG (Do +0)Xp ’ '

5x > _ ie,p(Dy — o) X 51
S —2iCepDiX BT — 2ilc p X Bt |

( 5’(51 ) QZCC BDlXB +2ZCC XB
—iCe.p(Dy — o)X B '

A.2 Localization in the Large |u| Regions

In this section, we show that the residue integrals involving the hyperplanes of type (2.26) do not
contribute to the integral with the choice (2.33)). Let us consider the localizing action we take for

the vector multiplet

1|1
th LQQEYM + EH} s (A'IG)
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which is modified from the localizing action used in [23| 25| [26] by an additional term Ly. We take

the limit ¢ — 0 with e finite so that the localisation locus for the vector multiplet is given by
«F+iD=0, D=—i(u(¢)—7), o= constant , (A.17)

and therefore the path integral localizes to the finite dimensional integral of the Cartan zero modes
u=1if(c + ag). As discussed in [23] 25, [26], it is convenient to allow a constant non-BPS mode D

such that the auxiliary field localizes to the field configuration which satisfies
« F+iD=14iD , where D e R" . (A.18)

Then the contour integral expression can be derived from the algebra of the zero mode multiplets
V = (u,, Ao, Ao, D).

The modified Q-exact action affects the D integrals in the large |u| region. The boundary
integral for a given 7 in the neighbourhood of the hyperplane is governed by the expression

dD
Lsymp(n) = q™ lim du/ —
symp mzez =0 J, . tico R+is D

(A.19)
gm(u, m, D) exp VVOI(E)D? _ib <2;m + vOl(z)T) b} ,

2t2¢e2 12
where g(mm,f)) is the one-loop contribution with the non-zero D background, which reduces to
the integrand of the expression at D = 0. Here § € t is introduced as a regulator of the D
integral, which is chosen in such a way that it satisfies 1(d) < 0 for a choice of € t* in the definition

of the JK-residue integral. [57, 23] The integral can be performed by rescaling D — 2D and taking
the limit ¢ — 0. We find

dD ip(—2Em vl £
Iasymp(n) = Z qmj{ du/ — gm(u,m,0) e B(—2== +Vol(2)r) D
mez u—tioco R+is D a20)
. 2mm :
= —27i sgn(n) Z C) [77 (62 — VOI(Z)T>:| ?{Him du gm(u,m,0) .

mezZ

If we assign the charges to the pole at infinity at each flux sector m as

2
Ricc = :72111 — Vol(X)7 , (A.21)
we can write
Lasyup () = —2mi sgn(n) Y q™ JK-Res(Qtoc (), ) g (u,m, 0) du (A.22)

mezZ

A.3 Some Mathematical Background on Vortices and Sym-
metric Products

Generalized vortex equations on a Riemann surface have been extensively studied, and their moduli

spaces of solutions have been given an algebraic description by means of an extension of the classical
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Hitchin-Kobayashi correspondence [96] [97, [89] [O]. This correspondence relates holomorphic vector
bundles that satisfy a stability condition to Einstein-Hermitian vector bundles. We recall that the
latter are complex vector bundles endowed with a Hermitian metric, whose curvature (seen as an
endomorphism of the tangent bundle) is a constant times the identity operator. Similarly, the
generalized vortex equations can be formulated as equations for the existence of a specific hermitian
metric on a complex vector bundle, and Einstein-Hermitian metrics can be interpreted as a special
case of these.

The aim of this appendix is to summarize and develop the main notions concerning generalized

vortex equations needed in the bulk of the thesis.

A.3.1 Abelian vortex equations

Let us start with the simplest example. Consider an hermitean line bundle L endowed with a smooth
unitary connection A and a smooth section ¢ of L. Let 91, denote the space of pairs (4, ¢) that are

solutions to the vortex equations on X,

1

ZxFa+ 0 =1

ez A i (A.23)
6A¢ = 07

where Fy is the curvature of the connection A and 94 is the holomorphic structure on L inherited

from d 4 and the complex structure on ¥. Furthermore, let G be the group of gauge transformations,

G = Hom(X,U(1)). The moduli space of vortices is defined by the quotient
My :=Na/G. (A.24)

This can be understood as an infinite-dimensional Kahler quotient. First, the space of pairs (A, ¢)
is an infinite-dimensional Kéhler manifold with flat metric

1

_ 1 2
9= . <625A/\ 0 A + #|69)| ) dy (A.25)

inherited from the metric on ¥ and the Hermitian metric on the line bundle L. The second vortex
equation d4¢ = 0 defines a Kéhler submanifold U, of this space, on which gauge transformations

act with moment map

S Fat (), (A.26)

where u(¢) = |#|>. We can therefore express the vortex moduli space as an infinite-dimensional
Kihler quotient 9y = Yy // G.

In our computations, we will make use of a Hitchin-Kobayashi correspondence and express the
moduli space of solutions algebraically. First, we notice that by integrating the first vortex equation
in , a necessary condition for the existence of solutions is

2md

> s (A.27)
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We assume the strict version of this inequality in what follows. It is then clear that the section ¢
cannot vanish everywhere on Y, which is is the simplest instance of a stability condition.

The general strategy of the Hitchin-Kobayashi correspondence for vortices on X is to replace
with its respective stability condition, and then to take the quotient of the solution to the
remaining one by complex gauge transformations Gc = Hom(X, C*). The precise statement in this
case [99] is that given a pair (A, ¢) such that ¢ is a non-vanishing holomorphic section of L, in each
complexified gauge orbit there exists one pair satisfying , which is unique up to U(1) gauge
transformations G. Furthemore, provided the strict version of holds, any solution can be
written in this way.

The relation to the classical Hitchin-Kobayashi correspondence comes from the fact that
can be viewed as an equation for a hermitian metric h, intead of a connection A. This is because
given a complex structure 94 and a hermitian metric L there is a unique connection A, the Chern
connection, compatible with both structures. The proof relies on this point of view, and can be
applied also to the case of more general gauge groups. Finally, we remark that this construction can
be viewed as an infinite-dimensional analogue of the Kempff-Ness theorem, applied to the Kéhler
quotient My =V, // G.

The Hitchin-Kobayashi correspondece implies that the moduli space of solutions to the vortex
equations can be parametrized by pairs (L, ¢), where L is a holomorphic line bundle of degree d and
¢ is a non-vanishing holomorphic section of L. There is a map from this space to the symmetric
product of the curve Syde. In fact, this parametrizes degree d divisors on 3, and the map is given
by taking the divisor of zeros of ¢

D=p +...+pg. (A.28)

From a physical perspective, the points p1,...,pq correspond to the positions of the vortex centres.

It turns out that the hermitian line bundle can be recovered by means of the map

j: Syméy — Picd(%) = Jx

(A.29)
:{D}— Ox(D) .
The connection A is then defined uniquely. Thus, we have an isomorphism
My = Sym?s. (A.30)

We notice that the map j has remarkable properties. Provided d > 2g — 1, it is a holomorphic
fibration with fiber CPY~9 given by the projective space of global sections PH 9(%, L), or equivalently
the complete linear system associated to D = p; + -+ + pg. For d < 2g — 1, the structure of this

map is studied in the context of Brill-Noether theory.
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A.3.2 U(N) Vortices with Fundamental Matter

We now extend our discussion about the Hitchin-Kobayashi correspondnece to U(N) vortices with
fundamental matter. Let E be a holomorphic vector bundle with structure group U(N), endowed

with a d-bar operator Jg. Let ¢ € H(X, E), that is
Opd=0. (A.31)

As explained in the section about Abelian vortices, it is convenient to view the vortex equation as

an equation for the metric h. For fundamental matter, we have the u(2)*-valued equation
snF—e?(¢-0N)" +er =0, (A.32)

where we emphasize the metric dependence. In analogy to the U(1) case, we would like to derive a

stability condition from this equation. Our presentation is based on [I00]. We again integrate over

3 and we get
e?rVol (2)
By —— A.
u() < ST (A3)
where any bundle E u(E) := rifﬁ(((?) is the slope. This is a first necessary condition, which we are

now going to refine. Suppose there is a given holomorhic subbundle £/ C E. As smooth complex
vector bundles, we have

E =gmoothly E' & (E/E') | (A.34)
but this might not be true holomorphically. In fact, let (€, €5) be a holomorphic unitary frame so

that €] is a basis for E'. Let Dj, ;, be the metric connection (the connection induced by the metric

and the Dolbeault operator dg). We have
DgE,hea = Auwpes (A.35)

where
A B
(4, 5). ns0
Here A’ is the metric connection that arises from the restriction of h and 0 to E’ and A+ gives
a connection on the complement of E’. B is a (1,0)-form which is interepreted as the second
fundamental form of the embedding E’ < F (that is, it computes the extrinsic curvature of E’ in

E) and AT is its conjugate transposeﬂ In obvious notation, we can compute

o _(F +BABT *
Fy, =dA A/\A—( By FL+BT/\B>' (A.37)
Importantly, a quick computation in local coordinates shows that
/ Tr (xBA BT dE >0,
= (A.38)

/Tr(*BTAB)dzz—/Tr(*BABT)dzgo,
P P

IB=(1- m)Dg,, » ™ where 7 is the projection onto L.
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where the only important thing to keep in mind is that B is of type (1,0). Now, we can also write

(A.32) in local coordinates as

«F +%B A B * MEYCR-T AR *
" FL 4+ «B'AB * pr@ ot — 1

Taking the trace of the upper left component and integrating over the curve, we get that

~0. (A.39)

e27Vol(%)
E)y< - ——F+~ A .40
u(E) < S5 (A.40)
with equality if and only if
/ Tr («BABT)dS =0. (A.41)
b
By definition, if the above equation holds, then
FE =0 E @ (E/E/) (A42)

holomorphically. Now suppose that ¢ € HY(X, E’). Then, taking the trace of the lower-right
component of (A.39), we similarly get

e27Vol(X)

n(E/E) 2 —

(A.43)

with equality if and only if (A.41) holds, E/L is holomorphic and (A.42)) holds holomorphically.

We can now summarize the above findings as follows. Let

par i=sup{p (E), w(L) | L holomorhic subbundle of E},
(A.44)
pim = inf{(E/L) | L holomorhic subbundle of E,¢ € H*(3,L)}.

Further, define the following notion of stability for pairs (E, ¢)

Definition 1 A pair (E, ¢) is stable if and only if

e27Vol(X)

o < Hm -

puar <
Then we have the following

Lemma 1 If there is a metric h satisfying the equations (A.32), then either the pair (E, ¢) is stable
or E =po E'®(E/E") with ¢ € H° (X, E'). In the latter case, the pair (E', ¢) satisfies the inequality

2rVol(%)
B < &Y
WE) < —
and the holomorphic bundle E/E’ satisfies
e2rVol(X)
E/E="—"""".
n (2B = S0
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In [I00] the converse is also proven.

Finally, we consider the s — oo limit, where s = e27Vol(X) In this limit, the stability condition
simplifies drastically. First of all, notice that in this limit the lower bound is obviously satisfied.
As for the upper bound, it is easy to see that it immediately implies that ¢ cannot be contained
in any subbundle of F. But this means that generically ¢ has maximal rank. This discussion can
be generalized to matter fields in both the fundamental and anti-fundamental representation at no
cost. The result in the large s limit remains the same. For other representations, more sophisticated

techniques are needed [88] [89].

A.3.3 Cohomology of Symmetric Products

The symmetric product of a curve Sym?Y, and especially its cohomology, plays a central role in this

thesis. The simplest way to understand the latter is via the isomorphism
H*(Sym?%, K) = H*(2? K)%, (A.45)

where K is any field. The right-hand side consists of permutation-invariant elements in the coho-
mology of the d-fold product of X.

Let us introduce standard generators for the cohomology ring of X,
v € HYY(2,K), 7 € H*(Z,K), Be H*(%,K), (A.46)

where i =1,...,g.

They induce cohomology classes in the d-fold product of X,
Y, =1l® 0leyele @1 (XY K)
3,=10 - 9197 ®1®---@1 e H* (24 K) (AA47)
Bi=1g - ®lefele -elec H' (S K),

where the generator appears in the j-th factor. The classes

d d d
=Y g &= Vi n=_5; (A.48)
j=1 j=1 j=1

then descend to H®*(X¢,K)“, and in fact generate it. Clearly, the generators &; and ¢/ anticommute

with each other and commute with 7. There is also one last ring relation:

iriy - £, 65,60,y (Eralhy — 1) - (€0, —m) 1" =0 (A.49)

provided
a+b+2c+qg=n+1, (A.50)

For more details, see the standard reference []0].
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From this discussion, it follows that as a graded vector space, we have
min(p,q) _ _
PP (symd(z)) = (B S (urC)® A" (uC?) AN (1CI) (A.51)
i=0

where u, v are grading parameters. It follows that

Z z? (,uu Z HP1 (Symd(E))> = §%(2C @ prazC) @ A® (pxC9) A A® (vaCY) (A.52)

deN p.q
for another grading parameter xz. By taking a graded trace, we get that hP:¢ (Symd(Z)) is the
coefficient of %P7 in the series expansion of

(14 )9 (1 + vy
(1—-2)(1 — pva)

around = = 0. Restricting to the grading by the fermion number, which amounts to setting y = v =

(A.53)

—1, we can derive a generating function for the Euler-Poincaré characteristic

d
> (Z(—l)’“HﬁR (symd@))) = (1— @)D, (A.54)

deN k=0
It is also useful to understand how the cohomology of a symmetric product is induced from the
fibration structure when d > 2g — 1. The cohomology of a fibration with compact fibres can be
computed using the Serre spectral sequence. In this particular example, the Serre spectral sequence

collapses immediately and
H*(Sym?(%),K) = H*(CP*9,K) ® H*(Js, K). (A.55)

Since the Jacobian is isomorphic to a 2g-dimensional torus, its cohomology is an exterior algebra,
whose generators are the classes &;, & introduced above. The cohomology of the fiber CP?9 is

generated by the Chern class of the dual of the tautological bundle, which is identified with the class
7.

A.3.4 Tangent Spaces of the Symmetric Producs

We recall the construction of the tangent space of Symd(Z). We take the perspective that this is

the space parameterizing divisors on 3. The tangent space at a divisor D is given by
TpMm = H'(X,0(D)/0). (A.56)

This has a simple explanation when the divisor D = p; + - - - 4+ pg consists of separated points and
therefore

TDmm = X;’ZlTpiE . (A57)

Each cotangent space T, % can be identified with m,,/ (m,)?, where m,, is the ideal of holomorphic

functions vanishing at p. From this point of view, the dual of m,/(m,)? is then the space of residues

121



of meromorphic functions with a simple pole at p, since there is a pairing given by multiplication
and evaluation. These residues are exactly parametrized by .

Let us now write L for the holomorphic line bundle induced by O(D). From the short exact
sequence

0—0—L—Ls/O—0, (A.58)

we see that the tangent space (A.56) fits into a long exact sequence

0 — H(0) % HO(L) -2 HO(L/O) 25 HY(O) - HY(L) — 0. (A.59)

Notice that both maps « and § are inherited from multiplication by the holomorphic section ¢(D)
whose zeros are parametrized by the divisor D. For fixed D, equation (A.59) is a long exact sequence

of vector spaces, which splits. In particular,
HY(Lg) = im(B3) @ coker(f), (A.60)

and so we can reconstruct the tangent space Tp9y, from im(S) and coker(S3) separately. This means

that we can consider the following two short exact sequences

0 — H(0) % HO(L) 25 im(8) — 0

s (A.61)
0 — coker(8) - HY(O) = HY(L) — 0.
The first line is the Euler sequence for
i~ (Le) = PHO(L), (A.62)

where j : Sym?(X) — Jx is the holomorphic map to the Jacobian parametrizing L. Furthermore,
in the case d > 29 — 2, H*(Lg) = 0 and so coker(8) = H'(O). The map v becomes surjective and

corresponds to the derivative of the projection j.

A.3.5 Universal Constructions

A natural way to obtain geometric objects on Syde is to use universal constructions on the product

Sym?Y x . We first explain this in terms of divisors. The subset
A={(D,p) € Sym!~ x % | pe D} (A.63)

is called the universal effective divisor on Sym?Y x ¥. An immediate consequence of the definition
is that A cuts out on {D} x X precisely the divisor D on X. Conversely, given a point p € X the
intersection of the universal divisor with Sym?S x {p} is D,, x {p}, where the divisor D,, is the image
of the inclusion

i, :  Sym? (%) = Sym’(%)

(A.64)
ip D= D+p.
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The divisor l~)p defines a class in H2(Sym?(X),Z) which coincides with the cohomology class 7
defined in equation .

This universal construction can be lifted to a universal construction for line bundles. In fact,
the divisor A defines a universal line bundle £ = O(A) on Sym?% x ¥. In the context of the
U(1) vortex equations, this can be described in terms of the space of pairs (A4, ¢), as follows. Let

Ty, : Mg X ¥ — X denote the projection on the second factor. Then the universal line bundle is
L= (ry,L)/G, (A.65)

where L = O(D) and the group of gauge transformations G acts on both the space of solutions to
the vortex solutions 914 and the line bundle L [T0T].
We now summarize some important properties of the universal line bundle. First, for each point

[A, ¢] € M, there is an isomorphism of U(1)-bundles

Second, £ has a natural connection called the universal connection, which we will denote A. It is
induced by the connection on

i, L — Mg x 3, (A.67)

which is trivial in the 9, directions and tautological in the ¥ directions, in that on (A, ¢) x X it acts
exactly like A. In order to pass to the quotient in equation and explain further properties of
the universal connection A, we first need to make use of standard constructions in gauge theory.

We first note that the space of solutions (A4, ¢) to the vortex equations is naturally a principal G-
bundle over the moduli space, Dty — Ny/G = M. The tangent space can therefore be decomposed
as a direct sum

TN = THg vert D TN hor 5 (A.68)

where the vertical subspace T4 vert is canonically defined as the subspace tangent to the fibres of
Ny — My: they correspond to infinitesimal gauge transformations. However, without additional
structure the horizontal subspace 7914 hor is not canonical, and such a decomposition is equivalent
to a choice of connection one-form 6 € Q!(My, g) where g is the Lie agebra of G. Given such a

connection one-form, the horizontal subspace is defined by
Tia,6)Mnor = {(A,$) € T(a,0)M | a6 (A, 0) =0}, (A.69)

where we follow the standard convention of denoting tangent vectors by (A, (;S) Conversely, any

choice of horizontal subspace gives rise to a connection one-form

a(A,$) = (daaia - ¢), (A.70)
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is the action of an infinitesimal gauge transformation o.
We can now define the universal connection A. The connection is uniquely determined by the
action of its curvature F4 on tangent vectors (4, ¢, u) € Tia,p,p) (Mg x ). This is given by
F((0,0,u1), (0,0, u2))|(a,6p) = Fa(u, u2)(p)
Fa((4,6,0),(0,0,4))[(a,6,p) = A(w)] (A.71)
Fa(((A1,1),0), (A2, ¢2),0))| (4,6, = Fo((Ar, 1), (A2, $2))] -
Here we are abusing notation somewhat by conflating tangent vectors to 9t; and ;. The universal
connection is therefore tautological in the ¥ directions and implements Gauss’ law constraint in the
My directions. At the level of cohomology classes,
_ L
2 (A.72)

1
- %[FAHde{p} =n € H*(Sym*(%),2),

which follows from the fact that the connection is tautological along ¥ and the restriction of £ to

My is the holomorphic line bundle induced by the divisor ﬁp with class n.

A.3.6 Line Bundles and Deligne Pairing

The universal construction provides a natural way of obtaining a line bundle ET on the moduli space

My = Symd(E) starting from a line bundle L7 on We consider the following diagramme

Sym?(2) x ¥
/ X
Sym? (%) 3,
and a line bundle Ly on ¥. Then we have two obvious holomorphic line bundles on Symd(Z) X X

the pull-back p* L and the universal line bundle £7. As explained in reference [79], we can then

produce a holomorphic line bundle L on Symd(E) known as the Deligne pairing,
Ly = (L,p*Ly). (A.73)

We will not provide the details of this construction here. However, it is important to point out that
given connections on L7 and L the following equality between the curvatures holds,

1
Fy=— | FuNFy. A74
A m . ANLA ( 7)

Reference [79] provides an alternative description of the Deligne pairing in this particular instance.

The first step is to construct a line bundle on the direct product X¢,

L? me = ® m;Lr, (A.75)
J

2We write Lt for the line bundle because in all our uses of this fact, Lt is a background bundle for the topological
symmetry.
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where

EDI S (A.76)

is the projection onto the j-th factor. This is invariant under permutations and descends to a line
bundle ET on the symmetric product Syde. In particular, this construction shows that c; (ET) =dn

where dr is the degree of Ly and € HY'!(9M,) is the class constructed from the Kihler form on .

A.4 U(1);; with One Chiral: Tangent Bundle from Massless
Fermions

In section [3.2.4] we stated that the contribution to the space of supersymmetric vacua with flux
m is captured by a supersymmetric sigma model to the moduli space M, = Sym™*(X), where
mg = m+¢g—1> 0. An important consistency check is that the massless Fermion fluctuations
transform in the tangent space of My,.

In this appendix, we show that ker(3) and coker(S) in arise from Yukawa couplings in the
original 3d supersymmetric gauge theory, and that the massless fermionic fluctuations are therefore
valued in the tangent space to My,.

In order to recover ker(/3), we first note that terms in the first short exact sequence in

correspond to the fermions:

e HO(Lg): fermions 1 in the N = (0, 2) chiral multiplet obtained from decomposition of the 3d

chiral multiplet ®.
e HY(0): gauginos A in the N = (0,2) vectormultiplet.

In the supersymmetric quantum mechanics, there is a Yukawa coupling proportional to

We now note that since the map « : H°(O) — H°(Lg) corresponds to multiplication by ¢, a Fermion
element in the image of a has the form 1) = ¢¢’ where ¢/ € H°(O). On the image of a, the Yukawa

coupling then becomes
w'ho [ o, (AT8)
b
which generates a mass term for ¢’. As a consequence, we find that

im(B) = H(Ls)/H"(O) (A.79)

parametrizes the remaining massless fluctuations.

The second short exact sequence in (A.61)) arizes from the remaining fermions:

e H'(Lg) : fermions n in the N' = (0,2) Fermi multiplet obtained from decomposition of the 3d
chiral multiplet ®.
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e H'(O) : gauginos A in the N' = (0,2) chiral multiplet containing the covariant derivative 0.

In the supersymmetric quantum mechanics, there is a Yukawa coupling proportional to

/E AN (o,7) . (A.80)

The second short exact sequence (A.61) implies that the image of coker(3) in H'(O) is ker(6).
Since the map 6 : H'(O) — H'(Lg) corresponds to multiplication by the holomorphic section ¢,
a Fermion fluctuation A is in its kernel if and only if the product A¢ vanishes in the cohomology
H'(Lg). Equivalently, A¢ = O\ for some A € H°(Lg). This is the case if and only if the Yukawa
coupling vanishes for each 77 and the Fermion remains massless.

A.5 Background Line Bundles and Electric Impurities

In this appendix, we explain how a background line bundle Ly for a topological flavour symmetry
can be understood as an electric impurity in the gauge theory. In particular, we show that the
curvature of the ‘dirty connection’ introduced in [77] coincides with the curvature of the Deligne
pairing .

We introduce local coordinates {X*} on the moduli space My and let A(z, X), ¢(z, X) denote a
solution of the vortex equations corresponding to the point in the moduli space with local coordinates
X . We also introduce a local coordinate z on . In the notation of Appendix[A.3] this corresponds
to a smooth section s : 9y — My of the principal bundle 91,;. We therefore use a shorthand notation
S(X) = (A(w, X), é(x, X)).

Let us now consider a tangent vector

0
Ixa eTxMgy. (A.81)

The push-forward of this tangent vector to Y, is given by

) o\ (04 L)
“\oxe )  \oXxe

 0X@
This tangent vector need not be horizontal with respect to the connection one-form 6 € Q' (Vy, ®)

) S TS(X)‘ﬂd . (A.82)
X

and therefore we obtain &-valued functions on My x X,

0
bs(x) (S*aXa X) = ag(r, X). (A.83)

It follows that s*0 = a4 (z, X)dX? is a connection on My with covariant derivative

oXe

(Sa¢ = (8?(‘1 +7;04a) @

SoA = <3 + daa> A
(A.84)
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The universal connection on 9t; X ¥ can then be expressed
AX,z) = ag(z, X)dX* + A(X, ). (A.85)

In reference [77] the bosonic part of the action for the effective supersymmetric quantum me-
chanics of the collective coordinates {X} is given by

dX“ ax®
S = /d,@o gab dl’g dCCO . (A86)

Here x5 is the euclidean time coordinate on R and the metric on 9, is the one inherited from (A.25))
An electric impurity amounts to adding a term (0+4Ag) f to the original gauge theory lagrangian,
where f is an arbitrary function on ¥ and o is the scalar component of the vectormultiplet. It is

shown in [77] that this results in a ‘dirty connection’ A,(X) in the effective sigma-model action,

an axb - axe
S = /dxo gapr(X dmo . + A (X) doo (A.87)
given by
AQ(X):/aa(X)/\*f. (A.88)
b

On the other hand, introducing a background line bundle Lt for a topological flavour symmetry
on ¥ amounts to adding the following contribution to the Lagrangian of the supersymmetric gauge
theory,

1
5 (0 +ido) x Fr, (A.89)

where Fr is the curvature of the connection on the holomorphic line bundle L. This is equivalent

to an electric impurity with f = 5= % Fp. The corresponding dirty connection is

ATa 27T/FT/\Oéa R (AQO)

which can be written more invariantly using the universal connection (A.85)) as follows

Ap(X) = % /Z Fr ANA(X). (A.91)

The curvature of the dirty connection is

L/EFT/\FA(X)- (A.92)

2

F(X) =

We therefore see that the curvature of the dirty connection agrees with the curvature of the holo-

morphic line bundle Ly constructed using Deligne pairing in equation ((A.74)).
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A.6 Characteristic Classes on a Fixed Locus and their Inte-
gration

In this Appendix, we derive expressions for various characteristic classes of bundles on

k
m?’ [[sym™x. (A.93)

(M, my) =
i=1

and their integration, as needed in section In particular, we would like to compute (4.202) and
prove the integration formula (4.211)).
We start by considering the universal divisor

ACYxSym™y (A.94)

of degree m, which was introduced in (4.136)). We denote by f and 7 the projections onto ¥ and

Sym™Y. respectively. Following [48], we denote classes on 3 by
€1, eg €y, e € H(S,Z) , s € HA(S,Z) (A.95)
and as explained in the main body, standard classes on Sym™> := 3, by
&, € H' (S, Z), n€ H*(Sn,Z) . (A.96)
By the Kiinneth decomposition, the class of the universal divisor can be written as
[A] =mns +v 417 (A.97)

where v = Y9_| &le; —&;e}. By the ring relations of the cohomology of the symmetric product
and the standard relations on the curve, we have 2 = —20#ny. The Grothendieck-Riemann-Roch
theorem then impies that for any q € Z
td(Em)ch[m.O(gA)] = m, [td(X X Xy )ch(O(gA))] . (A.98)
From this we obtain
ch[m.O(qA)] = m.[td(X)ch(gA)]
= m(1+ (1 = g)ns) exp(gmis + g7 + qn)
(A.99)
= m(1+ (L= g)ns) (1 + qmns) (1 + gy — ¢°ons e
= (gm+ (1 - g) = ¢°0)e™ .
In order to compute the expression , we first compute the Chern class of the line bundle
T (O(—A,) @ O(Ap)) on Sym™=¥ x Sym™* Y, where for the sake of notational simplicity we omit
the pullbacks by the projections on Sym™*Y, Sym™*Y. We can compute
ch[m.O(=A,) ® O(Ap)] = m [td(T)ch(O(—AL) @ O(Ay))]
= (14 (1 = g)ns) exp[—mans — Yo — Na + mons + % +m]  (A.100)

=[-mg+my + (1 —g) — (¢ + " — g% — gP*)]e7 et |
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where

g
ot =gl o= o, (A.101)
i=1
which satisfy the relation 7,7y, = —20%nys;. From this we obtain
aa bb _ _ab _ _ba
i (O(=A0) ® O(Ap))] = (1 = +m) ™™~ D exp [—“ L2 ¢ (A.102)
1—7na+m
Let us define a function

h(na — mp) = eNatmtD)/2 _ g(na=m=1)/2 (A.103)

Then using the relation (0¢%)2 = 0, we can show that the contribution from the class [NMYba] =
[H*(L;' ® Ly)] can be written af’]

R (1 — 1)
h(na - nb)
We would now like to prove (4.211)), which is a generalization of the formula by Don Zagier (4.124])

ch(A*NMYea) = h(n, —np) et =D exp [ (69 + 6% — g% — 5b9) (A.104)

to integrals over M” = Hl;:l Sym"*X. We want to show that for any function A(ny,---,n) and

B(m,--- ,nx), we have

k
A abp S
/mT (11, -+, mk) exp Z o b(m k)

a,b=1 (A105)
A(uy, - ug) g
:uI;e:bo . uI,;,e:S() u?1+1 L uzk-‘rl CLebt (6ab + UaBab(uh . 7U]€))

This can be demonstrated as follows. First we notice that

k

exp E c®By| =
a=1,b=1 j

exp (02" Bus)

z‘&
=
=

s
Il
-
e
Il
-
o
I
—

I
ELQ
=
-

ab
(1+ 07" Bar) (A.106)

&
Il
-
)
Il
-
o
Il
-

Iy £ S HIOe s

i=1 |\ p=0all {a1,,ap}all {b1, by} Il=1m=1
UM RS SR

where we used (0{-"’)2 = 0 as well as the fact that ¢’s with different indices commute. We can then
make use of the identity [49]
1 :/ nta (Hnglo;l‘I) (A.107)
"a el

and its straightforward generalizations to products of symmetric products. They imply that the only

monomials contained in (A.106|) surviving integration are the ones for which the subsets {b1,--- ,b,}

3In the Appendix, we omit the weights under the action of the flavour symmetry Ty for the sake of simplicity,
which can be reintroduced easily.
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are permutations of the {ai1,--- ,a,}. Let us denote by S, the permutation group of p elements and

suppose there is an s € S}, so that s(a;) = b;. Then

k

k
TTo = sen(s) [ ot (A.108)

=1 =1

Therefore,

g k

/mTA(m,... WY % S 110 (o 12) B,

i=1 [p=0all {a1, - ,ap} all {by, by} I=1m=1
C{L, ok} C{l, k)

A(’U,l, . Ld
= Jes - Tes, m § > > sen(s) [ ] waBasan (A.109)
1 Uy Up i=1 | p=0all {a1,,ap} s€ESH =1
{1, ,k}

g
A(Ul,

p
:res~--res— E E E sgn(s )Ilu‘lBS( I
up=0  up=0 qn1t1.. ”k+1 1BPays(a
Uyq =1

p=0all {a1,,a,} SESp
{1, kY

where in the first line we formally divided and multiplied by 7,, with respect to (A.106)). By means
of the Leibniz expansion of the determinant, this coincides with (A.105)), as required.
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