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We study the BEC-BCS crossover in the presence of an external magnetic field for a two
color NJL model with diquark interactions, giving special attention to the regularization
scheme. We found a inverse magnetic catalysis on the critical chemical potentials, both
for BEC phase transition and the BEC-BCS crossover for small values of magnetic fields,
and a magnetic catalysis for large eB.
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1. Introduction

There are many motivations to study the phase structure of quantum chromo-
dynamics (QCD), related to investigations of the relativistic heavy ion collisions,
compact stars and the early universe. Moreover, the QCD phase diagram remains
poorly understood due to the well known sign problem !, despite the many efforts
dedicated to its description in recent years. Further motivated by the fact that
strong magnetic fields may be produced in noncentral heavy-ion collisions, investi-
gations of the effects produced by a magnetic field in the phase diagram of strongly
interacting matter became a subject of great interest in recent years 2. It is gener-
ally expected that there should exist a crossover from Bose-Einstein condensation
(BEC) to Bardeen-Cooper-Shriffer condensation (BCS) for diquarks at finite baryon
density. This crossover can be observed in different ways, such as increasing the cou-
pling constant of the attractive interactions or changing the charge number through
the variation of the chemical potential ®. In this work we study the BEC-BCS
crossover for a NJL model with diquark interactions in the presence of an external
magnetic field, giving particular attention to different regularization schemes used
in the literature . A thorough comparison of results is performed for the case of a
cold and magnetized two-color NJL model.

2. N. = 2 NJL Model in an External Magnetic Field

The Lagrangian density of a two-color and two-flavor NJL-type model in the pres-
ence of an external electromagnetic field, is given by

L= —me)v+Gs [(B0)° + (insme)?] + Gp (dinsmataCy”) (v Ciraratar) |

where m,. is the current fermion mass, and Gg = Gp = G (see Ref. ?). The coupling
of quarks to electromagnetic field A, is given by D, = 0, — iQ.A,, where @ is the
usual quark charge matrix Q = diag(qu, ¢4), ¢u = € and ¢4 = —e and A, = §,021B.

2.1. Thermodynamic Potential

The mean-field thermodynamic potential at zero temperature 7" and finite chemical
potential y is given by 3:

_(mfmc)2+A27 / B3k 5 5
Q() = 4G 4521 (271_)3 (Ek‘ +s lu) +A ’ (1)
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with Ey = vk2 + m?2, with m being the dressed quark mass. To include magnetic
field the effects we follow Menezes et al. ¢, making the replacements

d [e'S)

d3 +oo dkg

21

By = Epyy = \/k;g +2|gf| B +m2,

f=u =0 >

where oy = 2 — ;o takes into account the degeneracy of the Landau levels.

3. Regularization Schemes and Parametrization

The NJL model is non-renormalizable, therefore a proper regularization scheme is
required to avoid ultraviolet divergences. In this work we use two different schemes;
the first is based on form factor function, and implemented through the prescription

Z/m s /OO s (./k§+2uqf|3) : (2)

Functions of Wood-Saxon types have the form
/A1 1
URse @) = 1+

with the usual value a = 0.05. In the other scheme, the Magnetic Field Independent
Regularization (MFIR) 7, the magnetic contributions are completely separated from
the divergent terms. In this case, the final form of the thermodynamic potential is:

Qo (vaanU‘) = QO+QMag+QB”u7 (3)

with

IE2
Dntag = —%(63)2 {C’ (~Lay) - % (2F —2p) In(2) + 4f} 7 (4)

Nc o 0 o
Q=53 (eB)/O dkg{ZalF (k3 +2leB) — 2/0 dy F (k3 + 2yeB)}, (5)

=0

F(2) = Y szu—mzﬂmz - m} and @y — A%,
s==%1
g is given in Eq. (1).

In general, the model parameters G, m. and A are fixed in terms of the empirical
values of m, fr and (qqd)o. However, the known values of these quantities are valid
for N, = 3 case. For two colors case we use a N, scaling of physical quantities 8
Thereby we fix f; = 75.45 MeV, m, = 140 MeV and (¢q)s/® = —218 MeV and
obtain, for WS0.05 the values m(0) = 311.865 MeV, m. = 5.401 MeV, G = 7.39
GeV~2 and A = 650 MeV; and, for MFIR, the values m(0) = 305.385 MeV, m, =
5.400 MeV, G = 7.23 GeV~2 and A = 657 MeV.
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4. Numerical Results and Remarks

At up = 0, there is no condensate formation in the system, and A = 0, and when
increasing the baryon chemical potential the system goes to BEC state, where A #£ 0
through a second order phase transition 4, for any value of eB. It is well-known
that the pion mass m, is as a function of the magnetic field, m(eB) ?, and having
in mind that, for N, = 2 it is possible to evaluate analytically that BEC phase
transition happens at pup = m, (see L. He et al., 3 and references therein), we
show that, even though m, is a function of the magnetic field, the phase transition
will always happen at ,ugfc
Fig. 1(a). Further increasing the chemical potential the system undergoes a BEC-
BCS crossover, controlled by the quantity uy = p—m. A value of py < 0 is typical
of BEC state, while uy > 0 is typical of BCS state 3. In Fig. 1(b) we may see
as a function of up for different values of eB. Once the BEC phase transition is
of second order we may use the Ginzburg-Landau expansion'® to determinate the
critical chemical potential ,ugfc in Fig. 1(c). Otherwise, ygfchCS, is obtained
by making puy = 0, as can be seen on Fig. 1(d). It is possible to see that there is an
inverse magnetic catalysis (IMC) for small values of eB, and a magnetic catalysis

(MC) for large values of eB.

= m,(eB), for a given value of eB. This is shown in
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Fig. 1.

(a) Order parameter A as a function of pp (normalized by the mass m evaluated at yu = 0

and eB # 0), showing that the phase transition is second order, and happens at ugfc = mx(eB),
for different values of eB. (b) Reference chemical potential uy as a function of pp, for WS0.05
and MFIR and different values of eB. (c) Mg(EC and (d) ,uchchCS, as functions of the magnetic
field, comparing the three regularization schemes. The inset plot on (d) shows a region with a
weak IMC for MFIR.
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We recall that there are other regularization methods, like those based on form
factor functions, that tend to produce nonphysical behaviors, like the presence of
oscillations (unrelated to the van Alphen-de Haas oscillations) in the thermody-
namic quantities. These artifacts of those regularization procedure are avoided in
the MFIR scheme, which makes a full separation of the divergences from magnetic
terms, that are all finite. For more details, please see Duarte et al. 4.
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