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Recent no-hair theorems have revealed the intriguing fact that horizonless stars with compact reflecting 
surfaces cannot support non-linear matter configurations made of scalar, vector, and tensor fields. In 
the present paper we extend the regime of validity of these no-hair theorems by explicitly proving 
that spherically symmetric compact reflecting stars cannot support static configurations made of massive
scalar fields with non-minimal coupling to gravity. Interestingly, our no-hair theorem is valid for generic
values of the dimensionless field-curvature coupling parameter ξ .
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1. Introduction

The influential no-scalar-hair theorems of Bekenstein [1] and 
Teitelboim [2] (see also [3–8] and references therein) have revealed 
the interesting fact that asymptotically flat classical black-hole 
spacetimes, which are characterized by absorbing one-way mem-
branes (event horizons), cannot support static non-linear matter 
configurations (external ‘hair’) made of spatially regular massive 
scalar fields with minimal coupling to gravity [9–12].

The rigorous derivation of a no-hair theorem for scalar matter 
configurations nonminimally coupled to gravity turns out to be a 
mathematically challenging task. In particular, the interesting no-
hair theorems presented by Bekenstein and Mayo [7,8] can be used 
to rule out the existence of spherically symmetric asymptotically 
flat black-hole spacetimes supporting neutral nonminimally cou-
pled massive scalar fields in the restricted physical regimes ξ < 0
and ξ ≥ 1/2 [13–18].

Recently, we have raised [19] the following physically intrigu-
ing question: Can the canonical no-scalar-hair theorems presented 
in [1–8] for classical black-hole spacetimes with absorbing event 
horizons be extended to the physical regime of asymptotically flat 
horizonless curved spacetimes?

It is worth mentioning that this physically important question is 
also motivated by the recent scientific interest in the physical and 
mathematical properties of regular spacetimes describing highly 
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compact horizonless objects (see [20–23] and references therein) 
which have been proposed as possible exotic quantum-gravity al-
ternatives to the canonical classical black-hole spacetimes.

Motivated by the above stated physically interesting question, in 
Ref. [19] we have explored the physical implications of replacing 
the standard ingoing (absorbing) boundary condition which char-
acterizes the behavior of matter fields at the classical horizon of a 
black-hole spacetime [1,8] by a reflecting (repulsive) boundary con-
dition at the surface of a spherically symmetric horizonless com-
pact star. Intriguingly, the analysis presented in [19] has revealed 
the fact that horizonless compact stars with reflecting surfaces [24]
share the no-scalar-hair property with the more familiar classical 
black-hole spacetimes with absorbing one-way membranes (event 
horizons). In particular, it has been explicitly proved [19] that 
spherically symmetric compact objects with reflecting boundary 
conditions cannot support spatially regular matter configurations 
made of non-linear scalar (spin-0) fields with minimal coupling to 
gravity. Moreover, in a very interesting paper, Bhattacharjee and 
Sarkar [25] have extended the results of [19] and proved that hori-
zonless stars with reflecting boundary conditions cannot support 
vector (spin-1) and tensor (spin-2) fields. Recently, we have ex-
plicitly proved that neutral reflecting stars [24] cannot support 
static spherically symmetric configurations of nonminimally cou-
pled massless scalar fields [26].

It is physically important to explore the regime of validity of 
the intriguing no-hair behavior recently observed for horizonless
regular spacetimes describing compact reflecting stars [19,25,26]. 
The main goal of the present paper is to analyze the physical 
and mathematical properties of the non-linearly coupled Einstein-
under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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scalar field equations for massive scalar fields with nonminimal
(ξ �= 0) coupling to gravity. In particular, below we shall present 
a novel no-hair theorem which explicitly proves that static spher-
ically symmetric neutral stars with reflecting (that is, repulsive
rather than absorbing) boundary conditions cannot support spa-
tially regular matter configurations made of non-linear massive
scalar fields with generic values of the dimensionless nonminimal 
coupling parameter ξ .

2. Description of the system

We shall analyze the static sector of a physical system which 
is composed of a spherically symmetric neutral reflecting object 
(a compact reflecting star [24]) of radius Rs which is non-linearly 
coupled to a massive scalar field. The scalar field is assumed to be 
non-minimally coupled to gravity. The curved line element of the 
static and spherically symmetric spacetime can be expressed in the 
form [7,27,28]

ds2 = −eνdt2 + eλdr2 + r2(dθ2 + sin2 θdφ2) , (1)

where ν = ν(r) and λ = λ(r). Asymptotic flatness of the spacetime 
is characterized by the asymptotic large-r behaviors [7]

ν ∼ M/r and λ ∼ M/r for r → ∞ (2)

of the metric functions, where M is the total ADM mass (as mea-
sured by asymptotic observers) of the composed static star-field 
configurations.

The action of the non-minimally coupled massive scalar field 
ψ in the curved spacetime of the spherically symmetric reflecting 
star is given by [7,29]

S = S E H − 1

2

∫ (
∂αψ∂αψ + μ2ψ2 + ξ Rψ2)√−gd4x , (3)

where μ is the proper mass of the field [30] and R(r) is the 
scalar curvature of the spacetime. An asymptotically flat spacetime 
is characterized by the large-r asymptotic behavior [7]

R(r → ∞) → 0 . (4)

The dimensionless physical parameter ξ in the action (3) quantifies 
the strength of the nonminimal coupling of the massive scalar field 
to the spacetime curvature.

The action (3) yields the characteristic differential equation [7]

∂α∂αψ − (μ2 + ξ R)ψ = 0 (5)

for the nonminimally coupled massive scalar field. Substituting 
into (5) the metric components of the spherically symmetric 
curved spacetime (1), one finds that the spatial behavior of the 
static nonminimally coupled massive scalar field is governed by 
the non-linear radial differential equation [31]

ψ ′′ + 1

2

(4

r
+ ν ′ − λ′)ψ ′ − (μ2 + ξ R)eλψ = 0 . (6)

The nonminimally coupled massive scalar field ψ is assumed to 
vanish on the surface r = Rs of the central spherically symmetric 
compact reflecting star [32,33]:

ψ(r = Rs) = 0 . (7)

In addition, as discussed in [7], a curved spacetime describing a 
physically acceptable system must be characterized by an asymp-
totic finite and positive value of the effective gravitational constant 
Geff = G(1 − 8πGξψ2) [7]. This physical requirement enforces the 
asymptotic spatial bounds

−∞ < 8πξψ2 < 1 for r → ∞ (8)
on the characteristic radial eigenfunctions of the nonminimally 
coupled massive scalar fields.

From the action (3) one also finds the following expressions [7]

T t
t = e−λ ξ(4/r − λ′)ψψ ′ + (2ξ − 1/2)(ψ ′)2 + 2ξψψ ′′

1 − 8πξψ2

− μ2ψ2

2(1 − 8πξψ2)
, (9)

T t
t − T r

r = e−λ (2ξ − 1)(ψ ′)2 + 2ξψψ ′′ − ξ(ν + λ)′ψψ ′

1 − 8πξψ2
, (10)

and

T t
t − T φ

φ = e−λ ξ(2/r − ν ′)ψψ ′

1 − 8πξψ2
(11)

for the components of the energy-momentum tensor which char-
acterizes the nonminimally coupled massive scalar field in the 
static curved spacetime (1) of the star.

In addition, as explicitly proved by Bekenstein and Mayo [7], 
causality requirements imply that the components of the energy-
momentum tensors of physically acceptable systems must respect 
the following inequalities:

|T θ
θ | = |T φ

φ | ≤ |T t
t | ≥ |T r

r | . (12)

For later purposes, we note that the simple relations [7]

sgn(T t
t ) = sgn(T t

t − T r
r ) = sgn(T t

t − T φ
φ ) (13)

provide necessary conditions for the validity of the energy con-
ditions (12) which, as proved in [7], characterize the energy-
momentum components of physically acceptable systems.

3. The no-hair theorem for the composed 
reflecting-stars-nonminimally-coupled-massive-scalar fields 
configurations

In the present section we shall explicitly prove that spatially 
regular static matter configurations made of nonminimally coupled 
massive scalar fields with the action (3) cannot be supported by 
spherically symmetric horizonless reflecting stars.

We shall first prove that, for physically acceptable systems, the 
characteristic radial eigenfunction ψ of the massive scalar fields 
must approach zero at spatial infinity. Taking cognizance of the 
asymptotic functional relations (2) and (4), which characterize 
asymptotically flat spacetimes with finite ADM masses, one finds 
that, in the asymptotic far region M/r � 1, the radial equation (6)
of the nonminimally coupled massive scalar fields can be approxi-
mated by

ψ ′′ + 2

r
ψ ′ − μ2ψ = 0 . (14)

The general mathematical solution of the asymptotic radial equa-
tion (14) is given by

ψ(r) = A · (μr)−1e−μr + B · (μr)−1eμr for r � M , (15)

where {A, B} are dimensionless constants.
One immediately realizes that the asymptotic radial solution 

(15) with B �= 0 violates the upper bound (8) which, as dis-
cussed in [7], characterizes physically acceptable systems. We 
therefore find that spatially regular massive scalar field configura-
tions supported in physically acceptable asymptotically flat space-
times [that is, spacetimes which are characterized by finite and 
positive asymptotic values of the effective gravitational constant 
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Geff = G(1 − 8πGξψ2) [7]] are characterized by the asymptotic ra-
dial eigenfunction [see Eq. (15) with B = 0]

ψ(r) = A · (μr)−1e−μr for r � M . (16)

For later purposes, we note that the characteristic asymptotic 
behavior (16) of the massive scalar fields together with the inner 
boundary condition (7) at the surface of the horizonless spheri-
cally symmetric compact reflecting star imply that the radial scalar 
eigenfunction ψ must have (at least) one extremum point, r =
rpeak, which is located in the interval rpeak ∈ (Rs, ∞). At this ex-
tremum point the radial eigenfunction of the static nonminimally 
coupled massive scalar fields is characterized by the simple rela-
tions

{ψ �= 0 ; ψ ′ = 0 ; ψ · ψ ′′ < 0} for r = rpeak . (17)

3.1. The no-massive-scalar-hair theorem for generic inner boundary 
conditions in the physical regimes ξ < 0 and ξ > 1

4

Interestingly, as we shall now prove, one can use the character-
istic asymptotic behavior (16) of the radial scalar eigenfunction in 
order to exclude the existence of asymptotically flat static matter 
configurations made of nonminimally coupled massive scalar fields 
in the regimes ξ < 0 and ξ > 1/4.

Substituting the spatially regular asymptotic eigenfunction (16)
of the massive scalar fields into (9) and (11), and using the asymp-
totic spatial behavior (2) of the metric components of the asymp-
totically flat static spacetime (1), one finds the simple functional 
expressions

T t
t = (4ξ − 1)μ2ψ2 · [1 + O (M/r)] (18)

and

T t
t − T φ

φ = −ξ
2μ

r
ψ2 · [1 + O (M/r)] (19)

for the components of the energy-momentum tensor. From Eqs. 
(18) and (19) one immediately deduces the far-region relation

sgn(T t
t ) = −sgn(T t

t − T φ
φ ) for ξ < 0 or ξ > 1/4 . (20)

We point out that the scalar field relation (20) violates the char-
acteristic relation (13) which, as discussed in [7], is imposed by 
causality on the energy-momentum components of physically ac-
ceptable spacetimes. One therefore concludes that spherically sym-
metric reflecting stars cannot support static massive scalar fields 
nonminimally coupled to gravity in the regimes ξ ≤ 0 [34] and 
ξ > 1/4.

Before proceeding, we would like to stress the fact that in 
the present subsection we have made no reference to a partic-
ular physical boundary condition at the surface of the central 
compact object. Thus, the compact no-massive-scalar-hair theorem 
presented in this subsection rules out the existence of spatially 
regular static matter configurations made of nonminimally coupled 
massive fields in the regimes ξ < 0 and ξ > 1/4 for both classical 
black-hole spacetimes with absorbing event horizons and for hori-
zonless regular spacetimes describing compact stars with reflecting 
surfaces.

3.2. The no-massive-scalar-hair theorem for spherically symmetric 
neutral reflecting stars with positive values of the physical coupling 
parameter ξ

In the present subsection we shall prove that spherically sym-
metric horizonless compact stars with reflecting boundary condi-
tions cannot support static matter configurations made of nonmin-
imally coupled massive scalar fields with generic positive values of 
the physical coupling parameter ξ .
Using the Einstein relation R = −8π T [35], one obtains from 
Eqs. (9), (10), and (11) the functional expression

R = − 8π

1 − 8πξψ2

{
e−λ

[
ξ
(12

r
+ 3ν ′ − 3λ′)ψψ ′ + 6ξψψ ′′

+ (6ξ − 1)(ψ ′)2
]
− 2μ2ψ2

}
(21)

for the Ricci scalar curvature which characterizes the static curved 
spacetime (1). Substituting the radial functional expression (21)
into the characteristic differential equation (6) of the nonminimally 
coupled massive scalar fields, one finds the radial scalar equation

ψ ′′ · [1 + 8πξ(6ξ − 1)ψ2]

+ ψ ′ ·
[1

2

(4

r
+ ν ′ − λ′)[1 + 8πξ(6ξ − 1)ψ2]

+ 8πξ(6ξ − 1)ψψ ′] − μ2eλ
(
1 + 8πξψ2)ψ = 0 . (22)

The (rather cumbersome) non-linear differential equation (22) de-
termines the spatial behavior of the static nonminimally coupled 
massive scalar fields in the spherically symmetric curved space-
time.

We shall now prove that the radial function

F(r; ξ) ≡ 1 + 8πξ(6ξ − 1)ψ2 (23)

that appears on the l.h.s of (22) is positive definite. This is obvi-
ously true in the physical regimes ξ ≥ 1/6 and ξ ≤ 0. As we shall 
now show explicitly, the physical regime 0 < ξ < 1/6 is also char-
acterized by the inequality F > 0. We first note that the radial 
function (23) is characterized by the simple relation [see Eq. (7)]

F(r = Rs) = 1 (24)

at the reflecting surface of the horizonless compact star. Now, let 
us assume that F(r) vanishes at some point r = r0. Then, from 
Eq. (22) one finds the simple functional relation

8πξ(6ξ − 1)(ψ ′)2 = μ2eλ(1 + 8πξψ2) at r = r0 (25)

at the assumed root of F(r). A simple inspection of Eq. (25) reveals 
that, in the physical regime 0 < ξ < 1/6, the functional expres-
sion on the l.h.s of (25) is non-positive whereas the functional 
expression on the r.h.s of (25) is positive definite. One therefore 
concludes that the radial function F(r) cannot switch signs. In par-
ticular, taking cognizance of the boundary relation (24), we find 
the characteristic inequality

F(r) > 0 . (26)

Interestingly, from Eqs. (17), (22), and (23) one finds the com-
pact functional relation

F · ψψ ′′ = μ2eλ(1 + 8πξψ2)ψ2 at r = rpeak (27)

at the extremum point r = rpeak of the scalar eigenfunction (where 
ψ ′ = 0). Taking cognizance of the analytically derived inequality 
(26) and the characteristic relation ψψ ′′ < 0 at the extremum 
point of the static nonminimally coupled massive scalar field con-
figuration [see Eq. (17)], one finds that the functional expression 
on the l.h.s of (27) is negative definite whereas, for ξ ≥ 0, the func-
tional expression on the r.h.s of (27) is positive definite. Thus, the 
characteristic differential relation (22) for the nonminimally cou-
pled massive scalar fields cannot be respected at the extremum 
point r = rpeak of the scalar eigenfunction. We therefore conclude 
that spherically symmetric reflecting stars cannot support spatially 
regular static configurations made of massive scalar fields nonmin-
imally coupled to gravity in the physical regime ξ ≥ 0 [36].
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4. Summary

The physically important and mathematically elegant no-hair 
theorems of Bekenstein and Mayo [7,8] have revealed the inter-
esting fact that spherically symmetric black holes with absorbing 
horizons cannot support asymptotically flat non-linear matter con-
figurations made of massive scalar fields [18] nonminimally cou-
pled to gravity in the physical regimes ξ < 0 and ξ ≥ 1

2 .
Intriguingly, it has recently been revealed that asymptotically 

flat horizonless spacetimes may share the no-hair property with 
the more familiar absorbing black-hole spacetimes [19,25,26]. In 
particular, the no-hair theorems presented in [19,25,26] have ex-
plicitly proved that regular curved spacetimes describing compact 
stars with repulsive (reflecting) boundary conditions [as opposed to 
the attractive (ingoing) boundary conditions which characterize the 
horizons of the classical black-hole spacetimes considered in the 
original no-hair theorems [7,8]] cannot support non-linear matter 
configurations made of minimally coupled scalar, vector, and ten-
sor fields [19,25], as well as nonminimally coupled massless scalar 
fields [26].

It is certainly of physical interest to explore the regime of va-
lidity of the no-hair behavior recently observed for regular hori-
zonless compact objects [19,25,26]. In the present paper, by study-
ing analytically the non-linear Einstein-scalar field equations, we 
have explicitly proved that horizonless neutral stars with reflect-
ing (that is, repulsive rather than absorbing) boundary conditions 
cannot support spatially regular non-linear matter configurations 
made of massive scalar fields nonminimally coupled to gravity [37].

Finally, we would like to emphasize the interesting fact that, 
while existing no-hair theorems for the composed black-hole-
massive-scalar-field system are valid in the restricted physical 
regimes ξ < 0 and ξ ≥ 1/2 [7,8,14,18], the no-hair theorem pre-
sented in this paper for the composed compact-reflecting-star-
massive-scalar-field system is valid for generic values of the dimen-
sionless nonminimal coupling parameter ξ .
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[34] The no-hair theorem of [19] can be used to rule out the existence of external 
static matter configurations made of minimally coupled (ξ = 0) massive scalar 
fields.

[35] Here T is the trace of the energy-momentum tensor.
[36] Thus far we have considered horizonless reflecting stars with Dirichlet [that 

is, ψ(r = Rs) = 0] boundary conditions. It is interesting to note that one can 
extend the regime of validity of the no-hair behavior to the case of compact 
stars with Neumann [that is, ψ ′(r = Rs) = 0] boundary conditions. In partic-
ular, as emphasized above, the no-hair theorem presented in section IIIA is 
valid in the regimes ξ < 0 and ξ > 1/4 for generic inner boundary conditions. 
In addition, one finds from Eq. (22) that, for the case of Neumann boundary 
conditions, the functional relation (27) is valid at the surface r = Rs of the 
reflecting star. Furthermore, using the fact that F(r) cannot switch signs to-
gether with the asymptotic behavior F(r/M → ∞) → 1 [see Eqs. (16) and 
(23)], one concludes that F(r) > 0 for the Neumann case as well [that is, the 
characteristic inequality (26) is valid for both Dirichlet and Neumann boundary 
conditions]. Now, if ψψ ′′ > 0 at the surface of the star, then from the charac-
teristic asymptotic behavior (16) of the nonminimally coupled massive scalar 
field one learns that the radial eigenfunction ψ(r) must have (at least) one 
extremum point rpeak ∈ (Rs, ∞) with the functional properties (17). At this ex-
tremum point, the l.h.s of (27) is negative definite whereas, for ξ ≥ 0, the r.h.s 
of (27) is positive definite. Thus, one concludes that the characteristic rela-
tion (22) cannot be respected at the extremum point r = rpeak of the scalar 
eigenfunction. Likewise, if ψψ ′′ < 0 at the boundary r = Rs of the star (where 
ψ ′ = 0 for the Neumann boundary conditions), then one finds that, on the re-
flecting surface, the l.h.s of (27) is negative definite whereas, for ξ ≥ 0, the r.h.s 
of (27) is positive definite. Again, one realizes that the characteristic relation 
(22) cannot be respected at the compact reflecting surface r = Rs of the star. 
We therefore conclude that spherically symmetric horizonless reflecting stars 
with Neumann boundary conditions cannot support static configurations made 
of massive scalar fields nonminimally coupled to gravity.

[37] It is worth stressing the fact that the no-hair theorem presented in section 
IIIA for massive scalar fields nonminimally coupled to gravity in the physi-
cal regimes ξ < 0 and ξ > 1

4 is valid for generic inner boundary conditions. In 
particular, this theorem rules out the existence of massive scalar hair with non-
minimal coupling parameter in the dimensionless regimes ξ < 0 and ξ > 1/4
for both horizonless curved spacetimes describing compact regular stars and 
for black-hole spacetimes with absorbing event horizons.


	No hair for spherically symmetric neutral reﬂecting stars: Nonminimally coupled massive scalar ﬁelds
	1 Introduction
	2 Description of the system
	3 The no-hair theorem for the composed reﬂecting-stars-nonminimally-coupled-massive-scalar ﬁelds conﬁgurations
	3.1 The no-massive-scalar-hair theorem for generic inner boundary conditions in the physical regimes ξ<0 and ξ> 1/4
	3.2 The no-massive-scalar-hair theorem for spherically symmetric neutral reﬂecting stars with positive values of the physical coupling parameter ξ

	4 Summary
	Acknowledgements
	References


