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1. PNJL model in finite volume: Thermodynamics

Experiments in heavy-ion collisions are trying to produce the quark-gluon plasma (QGP) phase

of matter by colliding nuclei at ultra-relativistic energies. The matter formed due to the energy

deposition of colliding particles has a finite volume. The volume of the system thus created would

depend on nature of colliding neuclei, the center of mass energy and centrality of collision. Once

created the system expands until it reaches freeze-out. It is important to understand the effect

of finite volume on the thermodynamic properties of matter created in the experiments. For our

study we use QCD inspired model of strongly interacting matter. In this work we shall use the

Polyakov loop enhanced NJL (PNJL) model to study the thermodynamic properties of the strongly

interacting matter in a finite volume [4]. For basic formalism of PNJL model in infinite volume

the readers are referred to [1, 2, 3].We have considered PNJL model with light flavors(2 flavor)

and light plus strange flavors(2+1 flavor). To incorporate the effect of finite volume we use a lower

momentum cut-off pmin = π/R = λ (say), where R is the system size. We start by writing down the

thermodynamic potential in MFA which is given by [4]

Ω′ = U
′[Φ,Φ̄,T ]+2gS ∑

f=u,d,s

σ2
f −

gD

2
σuσdσs −6∑

f

∫ Λ

λ

d3 p

(2π)3
Ep f

Θ(Λ−|~p|)

−2∑
f

T

∫ ∞

λ

d3 p

(2π)3
ln

[

1+3(Φ+ Φ̄exp(
−(Ep f

−µ f )

T
))exp(

−(Ep f
−µ f )

T
)+ exp(

−3(Ep f
−µ f )

T
)

]

−2∑
f

T

∫ ∞

λ

d3 p

(2π)3
ln

[

1+3(Φ̄+Φexp(
−(Ep f

+µ f )

T
))exp(

−(Ep f
+µ f )

T
)+ exp(

−3(Ep f
+µ f )

T
)

]

= Ω−κT 4 lnJ[Φ,Φ̄] (1.1)

where Ep f
=

√

p2 +M2
f is the single quasiparticle energy. Φ = (TrcL)/Nc is the Polyakov loop

and its conjugate is Φ̄ = (TrcL†)/Nc. In the last line Ω contains all the terms of Ω′ except the

Vandermonde term. At zero baryon density we find for all the system sizes the order parameter

for both chiral(σ ) and deconfinement (Φ) transition smoothly passes from hadronic phase to quark

phase so there is a smooth crossover. The crossover temperature is calculated and shown in table

1.

R = 2 f m R = 2.5 f m R = 3 f m R = 5 f m R = ∞

Tc (MeV) (2 flavor) 167 171 180 184 186

Tc (MeV) (2+1 flavor) 160 167 174 180 181

Table 1: Transition temperatures for different system sizes.

From table 1 we see that Tc has a strong dependence on system size. At non-zero quark

chemical potential µq for infinite volume system the phase transition is of first-order. At some

smaller µq the first order transition ends at a critical end point (CEP) where the system undergoes

a second order phase transition. We have shown the phase digram as a function of system size in

fig 1. The CEP gradually shifts towards higher µq and lower T and finally disappears as we reduce

the volume.
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Figure 1: Phase diagram for different system sizes. The inside curve is for R = 2 f m, the next curve is for

R = 2.5 f m and the outermost curve is for R = ∞.
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Figure 2: Pressure and energy density as a function of temperature. These plots are for 2 flavor matter only.

The pressure P(T,µq) = −
∂ (Ω(T,µq)V )

∂V
and energy density ε = −T 2 ∂ (Ω/T )

∂T

∣

∣

∣

V
= −T ∂Ω

∂T

∣

∣

∣

V
+Ω

both are calculated for different system sizes. In left panel of Fig. 2 we plot the temperature

dependence of scaled pressure for 2 flavor system. We see significant change in scaled pressure

for small system sizes. At Tc for system size R = 2 f m the scaled pressure is almost half of that for

an infinite system. In right panel of Fig. 2 we have plotted the energy density. Here also we see

significant volume dependence.

The specific heat at constant volume CV = ∂ε
∂T

∣

∣

∣

V
and squared speed of sound are plotted in Fig.

3. For smaller volumes specific heat is smaller. For change in volume changes in CV is significant

upto Tc. At large temperatures the v2
s reaches its maximum value as the system becomes almost

ideal. With decreasing volume the speed of sound decreases.

2. PNJL model in finite volume: Fluctuation

Fluctuations are important characteristics of any physical system. Fluctuations of conserved

quantum numbers are related to the respective susceptibilities via the fluctuation-dissipation the-

orem. The Thermodynamic aspect of phase tarnsition from hadronic phase to QGP phase can be
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Figure 3: Variation of specific heat and squared velocity of sound with temperature for different system

sizes. These plots are for 2 flavor matter only.

understood properly if we study susceptibilities of conserved charges. For 2-flavor strongly in-

teracting system one has the quark number susceptibility(QNS) and isospin number susceptibility

(INS) etc. We report here our calculation of QNS ans INS upto sixth order using 2-flavor PNJL

model in finite volume [5]. Our starting point is the thermodynamical potential Ω. The critical

temperature is dependent on system size. We have considered different system sizes corresponding

to R = 2 f m, R = 2.5 f m, R = 4 f m and infinite volume.
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Figure 4: Variation of quark number susceptibilities with temperature for different system sizes.

Various susceptibilities of quark number and iso-spin number are defined as,

cn(T ) =
1

n!

∂ n
(

Ω(T,µq,µI)/T 4
)

∂
( µX

T

)n

∣

∣

∣

µX=0
. (2.1)

where µX = µq or µI and where T is the temperature and µq and µI are the quark and isospin

chemical potentials respectively.

We have calculated the coefficients c2, c4 and c6 both for quark number and isospin number

susceptibilities. The variation of quark number susceptibilities with T/Tc are shown in Fig. 4.

The general features for these susceptibilities in finite volumes are quite similar to that for infinite

volume. However quantitatively we observe significant volume dependence. With increase in sys-

tem size there is an enhancement of all the susceptibilities. For the isospin number susceptibilities

shown in Fig. 5, we find almost identical behavior. It may be noted that the most significant finite

size effects are seen in the higher order susceptibilities close to the cross-over region.
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Figure 5: Variation of isospin number susceptibilities with temperature for different system sizes.

3. Conclusion

We have studied the thermodynamics and fluctuations of strongly interacting matter inside

finite volume using PNJL model. The critical temperature Tc has a strong dependence on system

volume. With the increase of volume CEP shifts towards high T and low µ . For R = 2fm there is

no CEP. Changes in the equation of state and speed of sound may have important consequences in

the flow properties of the exotic medium created in the experiments. We find significant volume

dependence in quark number and isospin number susceptibilities.
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