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Chapter 1

Introduction

Our current understanding of particles and forces is based on two theories which are geometric in
nature: the Standard Model of particle physics, which is a gauge theory, and General Relativity.

Gauge theory, which is based on connections and Lie groups, and general relativity, which is
based on metric and the infinite dimensional diffeomorphism group, may seem quite different.
However, it is worth mentioning that the former grew out of the later through the works of Weyl,
Kaluza and Klein, to name only the early contributors [69]. Indeed, dimensional reduction allows
to break the full diffeomorphism invariance of a Kaluza-Klein theory into gauge invariance x
space-time diffeomorphism invariance of coupled general relativity + gauge theory. What Connes’
noncommutative geometry (NCG) provides is a framework —almost-commutative manifolds—
in which the full symetry group is already the (semidirect) product of the gauge group and the
spacetime diffeomorphism group, with no need for any additional ad hoc principle to reduce it.
In its full glory, with the spectral action principle, it also provides a metric theory, which fulfills
the dream of a (classical) unified theory of all interactions. At least it should, were it free of
problems... Let us recall now the main stages of its development, with its successes but without
hiding some of its troublesome issues. We stick to the interconnection of the theory with particle
physics, and do not try to give an account of its mathematical origin or applications, which are
deep and beyond our scope.

There are several distinct theories named NCG. Connes’ one is distinguished by: i) an algebraic
aparatus which plays the role of a spin structure (Hilbert space, chirality, real structure); ii) a
Dirac operator which plays a major rdle. In its most recent formulation, the theory is based on the
notion of a real spectral triple, which will be defined in the body of this thesis. Its connection
to geometry stems from the fact that a commutative spectral triple is (up to some technical
assumptions) a Riemannian spin manifold [61].

The relation between NCG and particle physics starts in 1988 when Connes Connes rewrites
for the first time the Yang-Mills action in the terms of NCG [71]. Using this time an almost-
commutative manifold, Connes and Lott show that the Higgs phenomenon naturally emerges
from NCG without additional input [62]. Dubois-Violette, Kerner and Madore obtain the same
conclusion from a derivation-based NCG [72].

In 1995 Connes introduces the real structure of NCG in the ground-breaking paper [58]. It is
a crucial ingredient: no .J, no spin structure. No spin structure, no particles. In the same paper
the algebra of the standard model is found to be A = C & H@ M3(C), and the fluctuation of the
metric D, = D + w + JwJ ! is introduced. Note that, in this paper the fluctuation is only in
the fermionic action. The bosonic action is still written in terms of the curvature of w.

The following year the Spectral Action is introduced [59]. The bosonic variable is now the
fluctuated metric. The Lagrangian of the standard model coupled to gravity is derived, and the

1



CHAPTER 1. INTRODUCTION

renormalization group is applied (assuming the big desert hypothesis) to predict a Higgs mass of
170 £ 10 GeV (see [54, 55]).

Let us make a little pause at this point to give a few more details on the pros and cons of the
approach. On the good side:

1.

2.

We have the Higgs for free.

In the version with the spectral action, all the forces are unified with gravity. This is the
fulfilling of Einstein’s dream of a unified theory.

. Contrarily to String Theory, where the Kaluza-Klein idea is also used, there is no moduli

stabilization problem. The extra dimensions are stable because they are discrete.

. There is not a plethora of different particle physics models compatible with this picture.

For one thing the symmetry group must be one of a finite-dimensional real algebra, so
not all Lie groups are allowed. There are also arguments constraining the algebra further
[56]. Moreover the Dirac operator must fulfill the first-order condition, and this puts some
constraints on the possible terms in the Lagragian, independently of any consideration of
renormalizability. An even more constraining second-order condition, which is satisfied by
the Standard Model has recently emerged [51, 64, 44]. In the other direction, even if we
relax the first-order condition, the NCG route towards GUT does not seem to go beyond
the Pati-Salam model [57].

On the bad side:

1.

This is not necessarily a problem, but it should be stressed that NCG is a classical theory.
It yields a Lagragian, and from this point on, usual QFT takes over. This is the mainstream
approach and the one we will follow in this thesis. However, would it be possible to devise
a Quantum NCG? Only very scarce and preliminary works are available on this question
[73, 52].

. There is a doubling (even quadrupling in fact) of the fermionic degrees of freedom, as first

spotted in [68]. Indeed, the Hilbert space of spectral triple is the tensor product of a term
L?(S), where S is the spinor bundle, and a term Hx which is a finite-dimensional Hilbert
space with a basis made of all elementary particles, including antiparticles as well as their
right/left versions.

. As we said in the little list of virtues of the approach, not all Lie groups are available as

gauge groups, but only those which arise as unitary groups of finite-dimensional algebras.
However this virtue turns out to be an pitfall, since SU(3) is not among those! Hence the
theory must be supplemented with a rather ad hoc “unimodularity condition”, in order to
accomodate for the gauge group of the Standard Model. This condition can be justified
when the representation of the algebra is complex [67], which is unfortunately not the case
in the Standard Model. This is certainly one of the most troubling problem of the theory.

. In the original model of Connes and Chamseddine, there was no room for neutrino oscilla-

tions.

. Everything is defined on a Riemannian “spacetime”, so that a Euclidean version of the

Standard Model Lagragian is delivered.

. As is now clear, the prediction of Higgs mass was off target.



Some of this concerns have been adressed in the subsequent development of the theory. First,
there was a breakthrough in 2006 when Barrett [5] noticed that problems 2, 4 and 5 were linked.
More precisely, using the fact that the KO-dimension of a Lorentzian manifold is different from
the one of a Riemannian manifold, Barrett showed that not only the fermion doubling can be
solved, using

JU =T, x¥ =¥ (Barrett’s conditions)

but also that a right-handed neutrino and see-saw mechanism can be added to the formalism.
Connes came to the same conclusion in a purely Euclidean framework by also allowing the internal
space to have a KO-dimension different from 0 [60]. Note that Barrett’s work does not address
the question of the possible formulation of a Lorentzian, or more generally semi-Riemannian
Noncommutative Geometry. Works towards that goal started, on the mathematical side, with
[27] and include [70, 65, 66, 28]. On the physics side, relatively few works have appeared so
far, with the notable exception of [39], where the Connes-Lott model has been promoted to the
Lorentzian signature, and [1], where the consequences of a Lorentzian spacetime on the fermionic
action has been explored. Finally, in order to solve the discrepancy between the observed and
predicted mass of the Higgs boson, Chamseddine and Connes introduced a new scalar field in the
model [74]. This boson had already been considered in the physics literature as a way to solve
the metastability issue of the electroweak vacuum. However, in NCG it does not emerge from a
fluctuation of the metric, as the gauge bosons and the Higgs do, which can be viewed as unnatural.
In order to give a better conceptual foundation of this important addition, it has been proposed
to modify the model in order to incorporate a “Grand Symmetry” [63], or even to change the
way symmetries are represented in the theory [53]. Note however that it is also possible to just
central extend A by a second C term, and interpret the new boson as a Majoron associated to B-L.
symmetry [75].

In this thesis we will mainly adress the question of the formulation of Semi-Riemannian
Noncommutative Geometry, i.e. the definition of indefinite spectral triples. The aim is the
application to the Standard Model, hence we will limit the mathematical developments to those
which are needed to handle almost-commutative manifolds. Obviously we will have to deal with
the manifold (commutative) case, which is a template for the whole theory, and also with tensor
products. Though these matters seem to be well-known, they have some surprises in store. In
the Riemannian case, one can associate canonically a spectral triple to a spin manifold. In the
non-Riemannian case, this cannot be done stricto sensu. The reason is that the completion of the
space of compactly supported spinors is not unique, a phenomenon that does not seem to have
been noticed before. The definition of the tensor product of indefinite spectral triple is not so
obvious either. First we have to handle the case of two Clifford algebras C1(V7, g1) and Cl(Va, g2),
represented irreducibly on spinor spaces 57 and Sa, respectively. On Sy (resp. S2) there exists a
non-degenerate sesquilinear form, unique up to rescaling, such that the vectors of V; (resp. V2)
act in a self-adjoint manner. We call it the Robinson form. It turns out that the Robinson form on
Cl(V1, g1)@C1(Va, g2) ~ CI(V1 @ Va, g1 @ g2) is given by a kind of non-intuitive formula, that
has to be taken into account in the definition of the tensor product of two indefinite spectral triples.
Once this is done, a new invariant in the form of an ordered pair (m,n) € (Z/8 x Z/8)/(4,4),
the KO-metric pair, can be defined, which generalizes the sole KO-dimension n. This invariant
is additive for the tensor product [33]. All these subtleties will play a role in the formulation
of the Standard Model. However, it must be said that the Spectral Action Principle will have to
be abandoned, since no semi-Riemannian replacement for it is available to date (see chapter 6).
Hence, we will fall back to the earlier Connes-Lott model, extended to spaces equipped with an
indefinite product by Elsner [39], with the important nuance that the KO-dimension of the finite
spectral triple is not zero. We will also solve the fermion doubling problem using conditions
slightly more general than Barrett’s. However we will show that Barrett’s condition are singled
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out by the Standard Model. In the text we have paid a particular attention to the different sign
conventions existing in spin geometry. In particular we have not feared to write down some results
twice, using two different combinations of sign conventions (to which we have given names), for
the ease of the reader. In the Standard Model part, we have also handled simultaneously the case
of commuting and Grassmann variables.

The thesis is organized as follows: in chapter 2 we recall the general theory of Krein spaces.
The only small novelty here with respect to [14] is the proof that any two fundamental symmetries
are unitarily equivalent. Chapter 3 introduces the necessary background in the theory of Clifford
algebras. We give here the formula for the Robinson form on a tensor product of spinor spaces.
Chapter 4 contains many classical material, due in particular to Baum [19]. We will add a few
results to her work. In particular we will show that the sufficient condition given by Baum for
the existence of a local Robinson form is also necessary. In the same spirit, we will show that in
order for the Dirac operator to be symmetric on the sections of the spinor bundle equipped with a
metric B, it is necessary that the connection on spinors preserve B and that the tangent vectors
act self-adjointly for B (or anti-self-adjointly, depending on the convention). In this chapter
we will distinguish 3 different kinds of structures on a manifold: Clifford structures, spin-c
structures and spin structures (the difference between the two first is invisible in the Riemannian
case). Each structure corresponds to a particular class of connections: Clifford connections,
spin-c connections and spin connections. We will prove the existence and uniqueness of a spin
connection compatible with a given spin structure, a well-known result in the Riemannian case.
We will also give a formula for the difference between the Dirac operators associated with two
different spin structures compatible with a given Clifford structure. In this chapter we will also
observe that two different fundamental symmetries on the space of compactly supported spinor
fields generally yield different Krein spaces, a problem we have alluded to before. We will end
this chapter with a discussion of the tensor product of indefinite spectral triples associated with
manifolds. Finally, chapter 5 builds on these results to arrive at a natural definition for what we
like to call Indefinite Spectral Triples, that generalize spectral triples to the indefinite case.

The second part of the thesis derives the indefinite spectral triple corresponding to the
Standard Model of particle physics. In chapter 7, the most general noncommutative gauge theory
is constructed, and its action defined. The theory is constructed carefully, and the important role
of fermion doubling is emphasized. In chapter 8, this noncommutative gauge theory is applied to
the Standard Model. The seesaw mechanism and the antilinear charge conjugation are discussed.



Chapter 2

Krein Spaces

The main object of this chapter is the presentation of Krein spaces. In our study of spinors
on pseudo-Riemannian spaces, we will see that they are naturally equipped with a canonical
indefinite hermitian form that represents better the symmetries of spinors. But we would also
like to have at our disposal a positive definite inner product, that enables us to use results from
functional analysis. This leads naturally to the use of Krein spaces. Note that the use of Krein
spaces in NCG has been advocated in [1, 11, 27, 28, 29] among others. Let us define these Krein
spaces.

2.1 Definitions and Examples

For our exposition of Krein spaces, we will rely on Reference [14]. Throughout this chapter, we
will use the following notations. Let /C be a - possibly infinite-dimensional - complex vector
space, and let (-, -) be a nondegenerate hermitian form' on K. If the form is positive definite
and the space complete with respect to the induced norm, then K is said to be a Hilbert space.
But what if the form is not definite? How can the space be given an adequate topology? Let us
answer these questions. The idea here is to turn the indefinite form into a definite one. This can
be achieved through the use of fundamental decompositions and fundamental symmetries.

Definition 2.1. ([14], P.49, P.52)
A decomposition:
K=Ki®K_ 2.1)

is said to be a fundamental decomposition of K if and only if:
e The form (-, ) is positive definite on K
e The form (-,-) is negative definite on K _

o The subspaces K and K _ are mutually orthogonal with respect to (-, -). In other words:
(}C+7 ’C—) =0.

An operator 1 on K is said to be a fundamental symmetry if there exists a fundamental
decomposition (2.1) such that:

en=1onK,

'We remind the reader that a hermitian form h on a complex vector space F is a map E x E — C that is linear in
the second argument, anti-linear in the first, and that satisfies: h(1), ) = h(p, ).
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e n=—lonkK_

Note that a fundamental decomposition is characterized uniquely by its fundamental symmetry.
It is in fact easy to see that the projectors on the subspaces K are given by:
1+
=

We will, from now on, use fundamental symmetries to parametrize fundamental decompositions.
The importance of fundamental symmetries is illustrated by the following result:

Py 2.2)

Proposition 2.1. Let 1 be a fundamental symmetry. Then the sesquilinear form:
(o0 = (Com) (2.3)
is a positive definite, hermitian form. In other words, it is an inner product on K.

Proof. Let 7 be a fundamental symmetry, and K = K @K _ be the corresponding decomposition.
Lety =9, +¢_,0 =91+ ¢_beelements of L = K, & K_. Wehave: np = ¢, —p_,
which implies that:
(¥, )n = (,1¢)
=Y+ +¥-, 04 —p-) 2.4
(W, )y = (Y4, p4) — (Y=, p_) (the subspaces are orthogonal).

‘We now see that:

<90aw>77 = (90+>1/)+> - ((p,,’(/J,)
= (1/J+»<P+> - (¢—7¥7—)
= (Vg 04) = (¥ 0-)

<90a 1p>77 = <wa 90>77;

which proves that (-, -),, is a hermitian form. Moreover, for ¢ = 1, we have:

<¢7¢>n = (¢+»¢+) - (¢7>1/J7)~ (25)

Since ¢4+ € K4, we know that (¢4, 1) is positive, and (¢)_,1_) is negative. We infer that
(¥, ), is positive. The hermitian form (-, -),, is thus positive. Finally, let us prove that it is
definite. Let us assume that (¢, ¢),, = 0. Since both summands ()1, ) and —(¢p_,_) are
positive, they both must vanish. But we know that (-, -) is definite on the subspaces K. We
therefore infer that v, = ¢y_ = 0, and thus that ¢) = 0.

O

With this construction of inner products in hand, we can define Krein spaces and state their
general properties. We follow [14], P.100-102, more or less to the letter.

Definition 2.2. The pair (IC, (-, )) is said to be a Krein space if and only if there exists a funda-
mental symmetry 0 for which (IC, (-, -),) is a Hilbert space.

The norm || - ||,, associated to the scalar product (-, -),, is called the n-norm. We remark that
7 is a bounded operator for the 7-norm, since [|ny||2 = (b, n*¢) = (¥, nY) = [|[¥]12.

What is asked in the definition, besides the mere existence of a fundamental symmetry, is
that /C be complete for the n-norm. Equivalently, we can ask the eigenspaces K and KC_ of n
to be complete for their intrinsic topology, which is the topology defined on K4 by the norm
¥ — +/£(1, ). Obviously, this requirement is always satisfied if K is finite-dimensional.

If ) is a fundamental symmetry which turns K into a Krein space, what about the others? The
following theorem is a key result.
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Theorem 2.1. If (K, (-, -)) is a Krein space, then:
1. Every fundamental symmetry turns K into a Hilbert space,

2. ifn and 1/ are two fundamental symmetries, then the 1-norm and the 1/ -norm are equiv-
alent.

Proof. The proof of these two claims are obtained in [14] as simple consequences of a long
excursion in topology that we cannot reproduce here. Let us give nonetheless a shorter proof of
the second claim following the method of [25]. We first define the norm || - || := || - ||, + || - |-
Let us show that C is complete for this norm. We let (¢,,) be a Cauchy sequence for || - |. It is
thus a Cauchy sequence for the 7-norm and 7’-norm. Since K is a Banach space for these two
norms, there exists an 7)-limit t,, and an 7’-limit 1,/ to the sequence (1),,). We then have, for all
pek:
(0, %n — wn) = (@, n(thn — ¢n)>n — 0,

since 7 is bounded for the n-norm. Similarly, (¢, ¢, — %,,) — 0. Substracting we obtain
(@, %y — 1by) = 0 for all o, which yields v, = v, by the non-degeneracy of (-,-). Thus
1Y — y|| — 0. Hence K is complete for || - ||. Now we have || - ||, < || - ||, which proves
that the identity map from (/C, || - ||) to (IC, || - ||5;) is bounded. By Banach’s bounded inverse
theorem, the identity map from (IC, || - ||,,) to (/C, || - ||) is also bounded, which proves that || - ||
and || - ||, are equivalent. Since we can do the same with the 7’-norm, the 7-norm and 7’-norm
are equivalent. O

Hence, while the fundamental symmetry 7 is far from unique, the topology defined by the 7-
norm is. This topology is called by Bognar the strong topology. Since all n-norms are equivalent,
an operator is bounded with respect to one if and only if it is bounded with respect to all of them.
It thus makes sense to define B(/C), the algebra of bounded operators on a Krein space.

Note that one can define real Krein spaces, just as one can define real Hilbert spaces. All
definitions above generalize to the real case, with hermitian forms becoming bilinear forms.

Let us give a few examples of Krein spaces:

e Any Hilbert space is a Krein space, with the following trivial decomposition and funda-
mental symmetry:

Ky=K
K_ = {0}
n=1.

o The most useful example for our purposes is the finite-dimensional Krein-space. Note that
finite Krein spaces are studied extensively in chapter 2 of [24]. Since any finite-dimensional
vector space equipped with an inner product is a Hilbert space, we deduce the following:

Proposition 2.2. If IC is finite-dimensional, then it is a Krein space.

Let us explore this example a bit. Since the form (-, -) is non-degenerate, one can always
construct a pseudo-orthonormal basis by "diagonalizing" the hermitian form (-, -). Let
(e;); be this basis. It is such that:

—(51‘]‘ ifi,j:L...,q
(ei,ej): 61']' 1fz,]:p—|—1,,n
0 otherwise.
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Here n is the total dimension of the vector space. We denote p = n — ¢ the number of
positive signs. The ordered pair (g, p) is called the signature of the indefinite product (-, -).
Our convention is to always put the number of negative signs at the beginning. The vector
space K is often denoted C%P.

One can associate to this basis the fundamental decomposition given by

K_ = Span(e, ..., eq)

K+ = Span(egy1, ..., en).

In this basis, the corresponding fundamental symmetry takes the simple form:

-1, 0 )
n= .
< 0 IP
We will see later that any fundamental symmetry can be obtained this way.

e Perhaps the most known example of a real Krein space is Minkowski space-time, often
denoted R or R1. Itis a real vector space of signature (3, 1) or (1, 3) (see later chapters).
In both cases, a fundamental decomposition splits space-time into: (i) a one-dimensional
subspace that corresponds to time, spanned by a timelike vector field, and (ii) a three-
dimensional subspace that corresponds to space. By orthogonality, the latter is specified
uniquely by the former. Any fundamental decomposition is thus specified by a timelike
vector field. This corresponds (up to rotations) to a choice of inertial reference frame. This
justifies the intuition that a choice of fundamental symmetry corresponds to a choice of
reference frame or observer. We will explore and justify this further below.

From now on, we will always consider K to be a Krein space.

Before we conclude this section, let us introduce a few more definitions and notations. We
define adjunction similarly to how it is defined for Hilbert spaces (here we follow [14] again, chap.
VD).

Definition 2.3. Let T' be an operator on K with domain D(T'). The Krein-adjoint, or adjoint of
T, denoted T™ is the operator defined on those @ for which there exists ¢’ such that

VY e D(T): (b,¢') = (T, ), (2.6)
byT*¢ :=¢.

In other words, T is the operator with largest possible domain which satisfies

Vi € D(T),p € D(T™) : (T, ) = (¥, T o).

An operator 7 is said to be Krein-self-adjoint, or self-adjoint, if and only if 7 = T that is,
if T'and T have the same domain and coincide on said domain. Similarly to the Hilbert space
case, one can define symmetric operators (sometimes also called formally self-adjoint operators),
to be the operators satisfying (T, ¢) = (¢, T'p) for all ¥, ¢ in the domain of T'. The notions of
self-adjoint and symmetric operators obviously coincide for bounded operators.

An operator T is said to be Krein-unitary, or unitary, if it satisfies: 7T = TT>* =1 over
some domain. That is, if it is both an isometry (i.e. if it preserves the indefinite product (-, -))
and a co-isometry (i.e. if its adjoint 7 is an isometry). The set of all Krein-unitaries will be
denoted U(K). Note that a Krein-unitary operator is not necessarily bounded or everywhere
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defined, unlike a unitary operator on a Hilbert space. Let us provide a counterexample. Let /C be
the space of square-integrable sequences of vectors that take values in C?:

K={p = (pu)n € (C) Y9t < 00},

We equip it with the indefinite form:

(W,9) = ;wL ((1) é) Pn,

which turns it into a Krein space (that this hermitian form is defined everywhere on K is a simple
consequence of the constant bound of the square matrix that appears above, with respect to the
index n). We leave it to the reader to check that the operator:

U:@(l(/)n 3)

is a Krein-unitary operator, whilst not being bounded or everywhere defined.
Note that one can expand this notation to elements of the Krein space by writing:

¢X = (’(/)7 )

fory € K.
Let us illustrate with examples:

e For the finite dimensional Krein space C%?, the unitary group is often denoted U (¢, p). It
is sometimes called a pseudo-unitary group.

e For Minkowski space-time, the group of unitaries is simply the full Lorentz group O(1, 3).

The notions defined above clearly reduce to the usual ones when the Krein space is a Hilbert
space. Moreover, using fundamental symmetries, one can see K as a Hilbert space, and use the
corresponding adjunctions. Hence the following quite self-explanatory definitions, which we
gather here for future reference:

Definition 2.4. Let 1 be a fundamental symmetry on K. Let T be an operator on K. The n-
adjoint of T, denoted T is the adjoint of T for the scalar product (-, Yy When no confusion
is possible (i.e. when only one fundamental symmetry is relevant), the n-adjoint will be called a
Hilbert-adjoint, and simply denoted T*.

T is said to be n-self-adjoint, or Hilbert-self-adjoint, if and only if T1" = T.

T is said to be n-unitary, or Hilbert-unitary, if it satisfies: T™"T =TTt = 1.

2.2 Properties of Fundamental Symmetries

We start this section with two straightforward properties of fundamental symmetries:

Proposition 2.3. Let ) be a fundamental symmetry of KC. Then n is a Krein-self-adjoint involu-
tion:
=1
X

no=n.

Moreover 1 is bounded for every n'-norm (i.e. it is continuous for the strong topology).
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Proof. Let L = K, @ K_ be the fundamental decomposition corresponding to 7. From the
definition of 1: 7 = 41 on K., we easily infer that n? = 1.

We have already proved above that (-, -),, = (-, 7-) is a hermitian form. This is equivalent to
the Krein-self-adjointness of n. Clearly 7 is everywhere defined, and we have already remarked
that it is bounded for the n-norm, hence for every 7’-norm.

O

From n? = 1, one can deduce that:

Proposition 2.4. Let ) be a fundamental symmetry on K. Let T be an operator on IC with
domain D(T). Then:

Tt = nT>n 2.7)
on D(T™) = nD(T*).

Proof. Let ¢ € D(T) and ¢ € nD(T*). We have:

This shows that nD(T*) = D(nT*n) C D(TT). But conversely, using exactly the same steps
with the Krein and scalar products exchanged, we can prove that nD(T'") = D(nT )  D(T>).
Since 1? = 1, we obtain D(T'1") = D(nT*n), hence the two operators are equal.

O

Let n, v be two fundamental symmetries on K, with fundamental decompositions K =
K7 & K" and K = K4 & KV respectively. It seems natural to look for an operator U that would
map K] to K, and then relate 7 to v through the operator U. Since it maps a positive subspace
to a positive one, and a negative subspace to a negative one, we will look for an operator that
preserves the indefinite product - that is, a Krein-unitary operator.

Theorem 2.2. Let 1, v be two fundamental symmetries on IC. There exists a Krein-unitary op-
erator U such that:
v=U>nU. 2.8)

Moreover, U can be chosen bounded, with bounded inverse, and positive definite with respect

fo <'7 '>7l'

From the relation v = U*nU, it is easy to see that U* = U~! maps K isometrically to
K4, since they are the subspaces of ) and v respectively, of eigenvalue +1. Moreover, the 1 and
v-inner products are related by a simple insertion of the operator U. Indeed, for any ¢, ¢ € IC,

we have:
(¥, 0)v = (Y,vp)
= (v, U nUyp)
= (Uy,nUyp)
(U, 0)y = Uy, Up)y,
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Proof. To prove the lemma, we will be working in the Hilbert space (IC, (-, -),). In other words,
we will work with the n "frame of reference". Let us denote H = nv. Since 1 and v are both
bounded invertible operators, then so is [1. We have:

<.7 .>V = (.7y.) = <"77V'>U = <'7H'>77'

The product (-, -), is a positive definite inner product. We deduce that H is a bounded invertible
positive definite operator. Note that v = nH. From v? = (nH)? = 1, we deduce thatn HnH = 1.
Multiplying by 77 on both the left and right then gives us: HnHn = 1. We deduce that H is the
left and right inverse of nHn:

H™' =nHy.

Note that 7 is Hilbert-self-adjoint: 7" = 5, and thus Hilbert-unitary. We can thus apply self-
adjoint functional calculus to the formula above. For any well-behaved enough function f on R,
and using n? = 1, we have:

JHY) =nf(H)n.
In particular, for f(h) = |h|'/2, have:
U=t =nUn, (2.9)

where:
U=f(H)=HY? (2.10)

is a bounded positive definite operator. The relation U ~! = nUn implies that U~ is bounded as
well2. Since U is Hilbert self-adjoint, we have:

Ut =qgUty=0%,

proving that U is Krein-unitary. Finally, we have:

v=nH
:nU2
—nUT”U

v=U*nU

O

Since the fundamental symmetries 7 and v are arbitrary, it is easy to arrive at the following
corollary:

Corollary 2.1. For any fundamental symmetry n, the set of all fundamental symmetries is:
F={U*nU|U € UK)N B(K)}.

Note that the set F of all fundamental symmetries is isomorphic to the set of all fundamental
decompositions.

2This is also simply a consequence of the bounded inverse theorem
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Proof. We have seen in the previous theorem that any fundamental symmetry is of the form
U*nU, with U bounded. Let us now prove the converse. Let U be a bounded Krein-unitary
operator. Since U is invertible, we can define the following decomposition of K:

K=K, &K
K\ =UKx.

Let¢ = Uy € K. We have:

:t(i/},i/}) = :l:(USO7 U(p) = :l:((pv 90) > 0.

Moreover, if £(1), 1) = 0, then (g, ¢) = 0. Since (-, -) is definite on K, ¢ must vanish. And
so must ¢. This proves that (-, -) is positive definite on Ky, implying that I = K/, & K isa
fundamental decomposition. We leave it to the reader to check that the corresponding fundamental
symmetry is v = U*nU.

O

Let us illustrate with a few examples:

e For the finite Krein space C%P, we saw that a fundamental symmetry 7 can be constructed

out of a pseudo-orthonormal basis (e;);. One can construct i explicitly:

q n
n=-Y e@el+ Y e@el.
=1

1=q+1

Any other fundamental symmetry v can be obtained from 7 by a Krein-unitary U as in
theorem 2.2. It is then easy to see that v is the fundamental symmetry built from the
pseudo-orthonormal basis (f; = U*e;);:

q n
v==> Lf+ Y e~
=1

1=q+1

Thus, any fundamental symmetry can be constructed this way. In [24], it is proven (P.76)
that F is isomorphic to the homogeneous space U(q, p)/(U(q) x U(p)) of dimension 2¢p.

For Minkowski space-time, the physical content of the theorem is that one can go from
any frame to any other frame by a Lorentz transformation. The fact that this Lorentz
transformation can be chosen positive means that it is a pure boost, as one can check
explicitly, using a representation such as the one used in [16].

2.3 Tensor Product of Krein Spaces

We conclude this chapter with a definition of the topological tensor product of two Krein spaces.

Definition 2.5. The ropological tensor product of two Krein spaces (K1, (+,+)1) and (K2, (+,-)2)
is the Krein space (IC, (-, -)), where

o I =K1 ® Ky is the completion of K1 ® KCo with respect to the inner product (-, ), &

(- *)na» with m1 and n2 any two fundamental symmetries of (IC1, (+,-)1) and (KCa, (-, -)2)
respectively,
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e () =1(+)1®(:,")2 is the hermitian form defined uniquely by its action:
(Y1 @2, 01 ® p2) = (Y1, 01)1(Y2, P2)2- (2.11)

on K1 ® Ko.

To prove that (/C, (-, -)) is a Krein space, it suffices to notice that = 1 ® 1) is a fundamental
symmetry for any ; and 7, fundamental symmetries of (KCy, (-, -)1) and (Kq, (-, -)2) respectively,
and that the inner product:

(- '>T] = (- '>7l1 ® (, '>772

induces the appropriate topology.






Chapter 3

Clifford Algebras

In this chapter, we study an important class of algebras: Clifford algebras. Their importance lies
in the necessity of using spinors (see next chapter) to describe matter in the Standard Model of
particle physics. But, as we will see, they can also be used to describe the geometry of space-time,
hence their importance in NCG. We will start with a definition of Clifford algebras, and we will
briefly present their classification and irreducible representations. For this we rely on references
[12, 32]. Then, we define canonical objects on these representations: the Robinson product and
the charge conjugation operator, and study their properties and interactions. We will rely for this
on references [2, 6, 7]. Next, we study tensor products of Clifford algebras as a preliminary step
to the study of tensor products of spectral triples. Finally, as a check, we will use an explicit
representation of Clifford algebras to derive explicitly most results derived in previous sections.
Throughout this chapter, we will focus on even Clifford algebras.

3.1 Definition and Classification of Even Clifford Algebras

Let V' be a real vector space of even dimension d > 2, and ¢ a real non-degenerate bilinear form
of signature (¢, p) on V (with ¢ + p = d and (g, p) # (0,0)). That is, V = R?P. The Clifford
algebra C1(V) is the real algebra generated by the elements of V' quotiented by the equivalence
relation:

uv 4+ vu ~ 2g(u, v).
This relation induces a Zs grading on the Clifford algebra, where the grading of an element
is given by the parity of the number of its generators. Let w € C1(V'). We denote its grading

lw| € {0,1}. We denote v : V' — CI(V) the canonical embedding of V" into C1(V'). We thus
have the following relation:

{v(u),v(v)} = 2g(u,v). (3.1

To find a convenient set of generators of the algebra, one can choose a pseudo-orthonormal basis
(e%)q Of V

_§ab ifa,b:l,...,q
gle®, e?) = { 64 ifa,b=p+1,...,d
0 otherwise.

15
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The corresponding elements of C1(V') are then simply denoted v* = ~v(e®), and they satisfy:

—0qp ifa,b=1,...,q
(A" ={ 6w ifab=p+1,....d
0 otherwise.

This set of generators makes it clear that the algebra C1(V') depends only on the signature (g, p).
When no confusion is possible, we will simply denote it: C1(V) = Cl(q,p). A basis for the
algebra Cl(g, p) is formed of the elements (’yI)IC[[Ld]] where v = v Al for I = {i; <
.. <7} C [1,d] (the symbol |I| denotes the cardinality of the set I). The real dimension of
the algebra is the number of its basis elements: 2¢.
On a Clifford algebra, one can define the main anti-automorphism « which leaves generators
invariant and switches the order of elements. That it, it is defined by:

a(y(ur) ... y(ui)) = v(w) ... y(uqg). (3.2)

The action of « on the basis elements is given by:

a(y") = a(y"..y")
= 7’:‘”...7’:1
= (7]_)|I‘(m*1)/2,yi1m,}/i|1|

a(y!) = (_1)|1\(\I\—1)/271_

One can also define the graded anti-automorphism o that flips all generators: o/ (y(u)) = —7v(u).
It is related to « by the relation:

o' (@) = (-D*la(w), (3.3)
for w € CI(V).

We will often be interested in Clifford algebras of direct sums of vector spaces. We will thus
often consider the sum V' @& W, where V' is the space of signature (g, p) described above, and W
a vector space of even dimensions d’, with a bilinear ¢’ of signature (¢’, p’). The space V & W is
then naturally equipped with the bilinear g @ ¢’. The corresponding Clifford algebra C1(V & W)

can be described using a real tensor product of C1(V') and C1(W'). More accurately, the following

is an isomorphism of graded algebras:

CV o W) — CLV)&CIW)
. . 34
Ywew) — (V)SL + 18y (w).

Here @ is a graded tensor product. The multiplication rule is the following:
(w1®01) (wa®b2) = (—1)!7111%2) (w1206, 65) 3.5)

for w; € Cl(V') and 0; € C1(W). The grading on the factors extends consistently to the tensor
product according to:

w6 = |w| + 16]. (3.6)
When no confusion is possible, we will simply write: y(v & w) = y(v)®1 + 1&vy(w). Let us
compute the tensor form of the main anti-automorphism «:

a(w®) = a((w®1)(126))

= a(le0)a(w®l)

= (1®a(0))(a(w)®1)
a(w®f) = (=1)"a(w)@a(0).
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A similar relation holds for o:
o (w®0) = (=)l (w)&a! (0).

As we construct more and more objects related to Clifford algebras, we will also determine how
they combine in tensor products of Clifford algebras, and update the rules of this tensor product.

Using this tensor product, any Clifford algebra can be decomposed into a tensor product of
smaller Clifford algebras. The smallest Clifford algebras can be explicitly described in terms of
algebras of matrices, and bigger Clifford algebras can then be reconstructed in terms of algebras
of matrices. As a result, even Clifford algebras have been classified. Let D = 24/2 One finds
that:

e if p— ¢ mod 8 € {0,2}, then Cl(q,p) = Mp(R),
e if p — gmod 8 € {4, 6}, then Cl(q, p) = Mp o (H).

One can also define the complexification of a Clifford algebra. The complexification of
Cl(V) = Cl(g, p) will be denoted C1(V) = C ®@gr CI(V), or simply Cl(g, p). Note that the
monomials (") ;1,4 form a complex linear basis of C1(V'). This algebra naturally inherits the
Z» grading of C1(V'). The classification above for real Clifford algebras tells us that complexified
even Clifford algebras are necessarily of the form:

Cl(g,p) = Mp(C).

On this algebra, one can define an antilinear automorphism called charge conjugation by applying
complex conjugation on the first factor of the tensor product:

AQw=AQw,

forany A\ € C and w € Cl(V). This induces a real structure on Cl(V'), and C1(V') can be
recovered as the real part of C1(V):

Cl(q,p) = {Q € CI(V)[Q = Q}.

The anti-automorphisms « and ' can be naturally extended to C1(V') as well, by defining:
a(A®w) = A® a(w). The tensor product built above for real Clifford algebras extends naturally
to their complexifications, with complex numbers acting "diagonally”: A = A®1 + 1&®\. The
extended « and ' obey the same tensor product rules as above. Charge conjugation extends
trivially: Q&0 = Q®0.

In this algebra, one can define an element called a chirality operator:

x = £iPmD/241 44, (3.7)

This element has the same form in all pseudo-orthonormal bases, and is thus well-defined. The
sign depends on the orientation of the basis with respect to some chosen orientation for the vector
space V. Its main property is that it anticommutes with all generators of the Clifford algebra. As
a result, for all homogeneous 2 € C1(V'), we have:

X = (-1)1%ay. (3.8)
The (P~9)/2 factor has been chosen so that:

=1 (3.9)
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would hold. Finally, for a tensor product of Clifford algebras, the total chirality operator is given
by:

Xvew = XV OXW. (3.10)
where yy and xy are the chirality operators for C1(V') and C1(WW) respectively. Indeed, let
(v*), be a pseudo-orthonormal basis of V, and (w”); be a pseudo-orthonormal basis of . Then
(W' @0,...,v¢90,00w!,..., 00 w?) is a pseudo-orthonormal basis of V & W. The chirality
operator is given by:

Xvew = POy 6 0) . (0! @ 0)y(0@w!).. 70 & uw?)
= £iPHP =2y (1) &1) .. (v B (1&y(wd)) . .. (1&y(w))
= PP == 2y (1) | y(vh) S (y(wh)
= (i D/2 (1 fy(vd)) ( P2 () .y (w®))

Xvew = EXvOXW.

3.2 Spinor Spaces and the Robinson Product

As aresult of the previous classification, the algebras Cl(q, p) and Cl(q, p) are central simple
algebras (CSA), and their irreducible complex representations are necessarily on vector spaces of
the form S = CP, called spaces of (Dirac) spinors. Because these representations are faithful,
we will often omit them when acting with Clifford algebra elements on spinors. Since Mp (C)
was constructed as a complexification of either Mp (R) or Mp o (HI) (to which Cl(g, p) can be
identified), there exists a representation 7 : Cl(¢, p) — End¢(.S) and a basis of .S, such that
Cl(q, p) is mapped to either Mp(R) or Mp /5 (H), depending on the value of p — q. In general,
a representation 7 of Cl(q, p) on S does not satisfy such a condition, and most representations
used in physics (Weyl, Dirac, imaginary Majorana) do not. For future use, we indicate that H is
embedded into its complexification Mz (C) through the following algebra morphism:

B

Let tr be the usual trace of operators on S. It is well-known that:

g=a+pBj— (_O‘ g) € M,(C).

tr(l) =D
tr(y!) = 0if I # 0.
In particular, we have: tr(x) = 0.

Since the chirality operator y implements grading on the Clifford algebra through the relation
xQx = (—1)‘Q|Q, we can use it to lift the grading to spinors. Indeed, y is an involution: x? = 1.
As aresult, S splits into two eigenspaces of x of eigenvalues +1:

S=S"a®s"

3.11
S* = Ker(x ¥ 1). ©-11)

The elements of ST are called chiral spinors, or Weyl spinors. We call the elements of ST (resp.
S7) right (resp. left) spinors. From tr() = 0, we deduce that ST and S~ have both the same
dimension D /2. The grading of a spinor ¢ will be denoted || € {0, 1}. We thus have:

Xy = (—1)Yly. (3.12)
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From the tensor product rule (3.4) for Clifford algebras, we see that we can represent C1(V &
W) on Sy ® Sw, where Sy and Sy, are spinor spaces for C1(V') and C1(W) respectively. For
this representation to be consistent with the graded tensor product, it must be itself a graded
tensor product of representations. This uses the lift of the gradings of C1(V') and C1(IW) to Sy
and Syy, and the rule is the following:

(w®0) (p&e) = (—1)°1¥ (W& o) (3.13)

forany w6 € C1(VOW) and &g € Sy @Sy . Note that the tensor product of the spinor spaces
is denoted as a graded tensor product, as a reminder to use the graded product of representations
above. The total representation space is thus:

Svew = Sy@Sw, (3.14)
Dimension counting then proves that this is indeed a spinor space. Its chiral subspaces are:
Stew =S¢ @Sk &Sy @Sy
Svew =S¢ © Sy &Sy © Sy

The graded tensor product of representations extends of course to complexified Clifford algebras.

A Canonical Adjunction

Charge conjugation and the main anti-automorphism e commute, and can be combined to define
the following hermitian adjunction (i.e. involutive antilinear anti-automorphism) on C1(V):

Qr— QO = (),

where ) € Cl(V). It is the unique hermitian adjunction on C1(V) that leaves its generators
invariant:

Y(u)* = (u). (3.15)
Its action extends to the basis elements as:
(v1)* = (_1)|1\(m—1)/271_
In particular, its action on chirality is given by:
X = (1) (3.16)

Can this adjunction be lifted to spinors, the same way the hermitian adjunction of matrices can
be extended to vectors? The answer is yes, following Robinson [2]:

Theorem 3.1. P264, [2]
There exists a unique (up to a non-vanishing real factor) non-degenerate hermitian form (-, -)

on S such that, for all , o € S and ) € CI(V):

(¥, Qp) = (X%, ). (3.17)

Equivalently, there exists a unique non-degenerate hermitian form on S such that, for all uw € V' :

(Y, v(w)ep) = (v(u)ib, p).

Let us list a few properties of this Robinson product (see [2] for proof):
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e If g is positive definite (that is, if ¢ = 0), then the Robinson product is definite. It can then
be chosen positive definite by a redefinition.

e If ¢ > 0, then the Robinson product is indefinite of signature (D/2, D/2).
e The space S equipped with (-, -) is thus a finite-dimensional Krein space.

e In particular, if p = 0, then the Robinson product is definite with opposite signs on ST and
S~. Asaresult S = S~ @ ST is a fundamental decomposition, and the corresponding
fundamental symmetry is x if (-, -) is positive on S, and —y if (-, ) is negative on S™.

Additionally:
e If p, q are even, then ST and S~ are mutually orthogonal.
e If p, g are odd, then St and S~ are self-orthogonal.
e As aresult, the product (¢, ) is nonvanishing only if |¢| + |¢| = ¢ mod 2.

Let us now construct fundamental symmetries for the Robinson product. Let (e%), be a
pseudo-orthonormal basis of V' as in the beginning of this chapter, and v* = v(e®).

Theorem 3.2. There is a sign for which the operator:

Y if p, q are even,
ne=4 " (3.18)
+ix4+ ifp,qare odd,
is a fundamental symmetry for (-, -), where we use the "partial chirality" operators:
I et
X T (3.19)

x4 = P2y 42

Note that the partial chirality operators are such that:
X7 =x> ==+1
X = EX4X--
These partial chirality operators will be very important in the next chapter, where they will be
used to measure space- and time-orientability of manifolds.
Proof. Consider a representation of C1(V') on S and an inner product (1, ¢) + 1 - ¢, such
that:
(VG)T = €V",
where ¢, = (7v*)2. Notice that this means that the ¢ are unitary. Such a representation can

always be built (see the last section of this chapter for example). Let (-, -) be a Robinson product
on S. Then there exists an invertible self-adjoint operator ' = F'T acting on S such that:

(¥, ) =9 Fo.
Let T' € End(S). Then:
(¥, Te) =¢TFTp
=yIFTF'Fyp
= (F'T'Fy) T Fy
(¥, To) = (FT'TTFip, ).
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The Robinson adjoint of 7" is thus 7% = F~1TTF. We know that v is self-adjoint. This can be
now written: 7% = F'~!(y®)TF. Using the unitarity of the 7, we rewrite the equation as:

Y'Fy* =F, (3.20)

for all a (no summation). The operator F' is a linear operator acting on .S, and thus an element of
Cl(g,p). As such, it can be written as:

F = Z amyt. (3.21)

1C[1,d]

Leta € [1,d],I C [1,d]. If a ¢ I, then v* anti-commutes with all the +° that appear in /. We
thus have that v*/~y®* = (=1)/11(y*)2y! = (=1)/le,4!. If a € I, then it anti-commutes with
all v° but itself, and there is one less minus sign: y%y/v% = (—1)'”’16,17[. We summarize this
in the following way:

1y = ala, 1)y,

(—1)“’| le, ifael,
o(a,l)=

where:

’ —1)Mle, otherwise.

We thus have:
,)/(LF,ya = Z U<a7])a1717
I€[1,n]
Replacing this in (3.20), and comparing with (3.21), it is clear that the only authorized 7! are

those for which o(a, I) = 41 for all a.
Let us at first assume that || is odd. Then we have:

(a, 1) +e, ifael,
o(a,I) =
—e, otherwise.

The values of o(a, I') are given in table 3.1. According to the table and the requirement o (a, I) =
+1,a € I'ifand only if a € [¢ + 1, d]. We conclude that I = [[¢ + 1, d]. The set I being of odd
cardinality, this solution is only valid when ¢ and p are odd.

acl |a¢l
a € [1,4q] -1 +1
a€lg+1,d] | +1 -1

Table 3.1: Values of o(a, I)

If one assumes |I| to be even, one can follow a similar reasoning, and one finds that I = [[1, ¢].
This is of course possible only when ¢ is even. There are thus two possible cases:

e Odd g, p: Then F' can only be of the form:

q+1 d

F=ay oA

with a € C. One can prove that:

Ft = (—1)pr= /2,141 44,
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Asking that F' be self-adjoint gives us the solution:
F = X\p=D/2ya+1  d (3.22)
where ) is a nonzero real number.
e Even ¢, p: A similar reasoning gives us the solution:

F = )\jalatD)/2,1  ya, (3.23)

To summarize:
A D2qatl yd - for odd g, p
Nid/2~1 |~ for even q, p.

For both cases, it is straightforward to prove that F'2 = A2, We define:

F [sgn(A)ipm1/2at1 44 forodd g, p
sgn(N)i9/ 241 1 for even ¢, p.

so that n?r = 1. Moreover, one can prove that:

(W, ©)ny = (Wymrp) = [N

This proves that (-, -),,, is a positive definite hermitian form. Using n?r = 1, one can construct
an eigendecomposition of .S. This decomposition is clearly a fundamental decomposition of .5,
whose fundamental symmetry is 7.

To conclude, let us note that (-, -) depends on the representation used, and let us prove that
71+ is a fundamental symmetry in all representations. To this end, we will make the representa-
tions explicit. Let 7 be the representation used above, and 7’ be any other one. Since the two
representations are irreducible, there exists an invertible linear operator 7" on .S such that:

7'(Q) = Tr(Q)T 1.

One can also prove that (-, -) is a Robinson product for 7 if and only if (-,-)’ = (T~!.,T-1.)isa
Robinson product for 7’. Indeed, let us assume that (-, -) is a Robinson product for 7. Since T is
invertible, it is easy to see that (7~!-, 7~1.) is a non-degenerate Hermitian form. Moreover, for
any Q € Cl(V) and v, p € S:

(%, 7'(Q)g) = (T, T-HTT( QT ™))
=T ( )T')
= (m(Q ) Y, T)
= (TN (Tm(Q@)T ), T )
(¥, 7'(Q))" = (=" ()¢, 0)".

The converse proof is identical. Now, we have:
(@, 7' (7)) = (T, T~ (Ta ()T~ )
= (T~ ", (") (T~ "))
W, 7' (7)) = (T, TN ), .

Since the latter is positive definite, then so is the former.
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Another important result of this section is the following theorem:

Theorem 3.3. The Robinson product on Sy g is given in terms of (-, )y on Sy and (-, -)w on

Sw by:
(V1®p1, Y2®p2)vew = (V1,¥2)v (o1, Be2)w (3.24)
up to a real factor, where:
1 if q is even,
B = (iq/XW)q =< xw ifqisoddandq iseven, (3.25)

ixw if qand q' are both odd,

and P1&p1, ha@ps € Syaw.

Note that the case where g is even has already been studied in [2]. To prove the theorem, we
will first need the following lemma:

Lemma 3.1. The Krein-adjunction for the hermitian form on the right-hand side of equation
(3.24) is given by:

(Q%0)* = (—1)IPlg*x&e > (3.26)
where Q € CI(V) and © € CI(WW).

Proof. Let (-, ) be the tensor sesquilinear form on the right-hand side of equation (3.24). First,
note that XI>/<V = (fl)q'XW implies that iq'XW is (Krein-)self-adjoint. It is also invertible. So is 8
as aresult, and (-, ) is a non-degenerate Hermitian form for which one can define a Krein-adjoint.
Let 2 € CI(V),0 € CY(W), and ¢; € Sy, ¢; € Sw. We have:

((Q®@)(¢1®¢1)»¢2®@2> = (_1)|®Hw1|(9w1®®@17'(/}2®¥72)V69W
= (=1)I®11l( Q1 o) v (Bp1, Bpa)w
= (=)l (4 %4y (1, ©% Bepa ).

From the definition of 3, one can can see that ©8 = (—1)q‘@|ﬁ@. The same holds for ©%,
thanks to the self-adjointness of 8. We now have:

(QBO) (Y1&p1), ba®p2)vaw = (—1)ICIIHFD (4 > ehy)y (01, BO* o)
= (_1)\@|(\w1\+q)(¢1®9017QX¢2®@XQP2)
= (_1)\@|(\w1\+|w2|+q) (1/,1@%’ (QX@)@X)@/}Q@@)).

The product (21, 12)y is non vanishing only if |Q| + |11| + |[¢)2| = ¢ mod 2. This implies
that (—1)/®I(¥al+lvzl+a) — (_1)I0®] "and the result follows.
O

We can now prove the theorem:
Proof. Letv & w € V @ W. We have:
Y@ w)* = (y(v)&1 + 1oy (w))*
- (_1)|7(v)H1I,Y(U)X®1 + (_1)\7(w)\\1|1®7(w)x
=~v(v)®1 + 1&y(w)
Y@ w)* =v(vew)

which proves that it is indeed the Robinson product.
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Graded Adjunction

Similarly to what was done above with v, one can define another adjunction by combining charge
conjugation with o/. The result is the following adjunction:

Q— QT =d(Q),
where Q € CI(V). It is the unique hermitian adjunction on C1(V') that flips its generators:
Y(u)" = —y(u). (3.27)
It is related to the previous adjunction by:
Ot = (—1)®lax,
Its action on the basis elements is:
(71)* = (—1)HI0+D /2,1,
In particular, its action on chirality is given by:
X" = (=1 (3.28)
This "graded" adjunction lifts to spinors to define what we call the anti-Robinson product':

Theorem 3.4. P.264, [2]
There exists a unique (up to a non-vanishing real factor) non-degenerate hermitian form |-, -]
on S such that, for all v, € S and Q € CI(V):

[1h, Q] = [T, ] (3.29)

Equivalently, there exists a unique non-degenerate hermitian form on S such that, for allu € V' :

Robinson and anti-Robinson product are related by the following result:

Theorem 3.5. The hermitian form (-, ) is a Robinson product if and only if (-, 1%x-) is an anti-
Robinson product.

Proof. Let (-,-) be a Robinson product. Since i?y is Krein-adjoint and invertible, (-,4%x-) is a
non-degenerate hermitian form. Let us compute the adjoint of 2 € Cl(g, p) with respect to it:

(¥, 17%Qp) = (—1)!%(, QiTxyp)
= (=) (Q*, i)
(1, 1%%Qp) = (T, i),

proving that (-, %x-) is an anti-Robinson product. The converse proof is identical.
O

IThis is actually the product Robinson studies in his paper [2]. But the methods and results are identical for both
graded and non-graded adjunctions.



3.2. SPINOR SPACES AND THE ROBINSON PRODUCT 25

This means that up to a real non-vanishing factor, Robinson and anti-Robinson product are
related by:
[] = (i) (3.30)
All properties of the anti-Robinson product can thus be deduced from the properties of the
Robinson product (and conversely):

e If g is negative definite (that is, if p = 0), then the anti-Robinson product is definite. It can
then be chosen positive definite by a redefinition.

e If p > 0, then the anti-Robinson product is indefinite of signature (D /2, D/2).
e The space S equipped with [-, -] is a finite-dimensional Krein space.

e In particular, if ¢ = 0, then the anti-Robinson product is definite with opposite signs on S+
and 5.

Additionally:
e If p, g are even, then ST and S~ are mutually orthogonal.
e If p, g are odd, then S+ and S~ are self-orthogonal.
e As aresult, the product [¢, ¢] is nonvanishing only if || + |¢| = ¢ mod 2.

The fundamental symmetries of [-, -] can be deduced from those of (-, ) by a multiplication
by i%x. Indeed, let 74 be a fundamental symmetry of (-, -). Then the hermitian form:

[ (=) xne] = (5 ng)

is positive definite. We infer that (—¢)%xn;. is a fundamental symmetry for [-, -]. This results in
the following theorem:

Theorem 3.6. Let (e*), be a pseudo-orthonormal basis of V as in the beginning of this chapter,
and v* = ~y(e®). There is a sign for which the operator:

. + if p, q are even,
0 = (—iyixmy =4 X IPa (3.31)
+x_  ifp,qareodd,

is a fundamental symmetry for [-, -]
Finally, let us construct a tensor product rule for the anti-Robinson product and adjunction:

Theorem 3.7. The anti-Robinson product on Sy gw is given in terms of |-, |y on Sy and [-, - ]w
on Sy by:
[(V1Q01, Ya@palvew = [1,Ya]v[p1, Bpalw (3.32)

up to a real factor, where 3 = (iquW)q and 1 @p1, Ya@ps € Syaw.

Proof. Using (3.24), we find:

= (1 &1, 17 (xv Oxw) (V2802) ) vew
= (1&p1, 1V a®i? xw2)vew
= (

D, i)y (1, B¢ xwe2)w
[V1®01, Ya@palvew = (Y1, Y]V o1, Bpalw

(1801, 92802 o
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As for the adjunction, one can prove that:
Proposition 3.1. The Krein-adjunction for [-, ]vew is given by:
(Q&0)* = (-1)Plg+rgeT (3.33)

where Q € CI(V) and © € CI(W).

3.3 Pin and Spin Groups

In this section, we present the so-called Pin and Spin groups. See [12] for a detailed study. Let us
define them:

Definition 3.1. The Pin group Pin(V'), also denoted Pin(q, p), is the group generated by all
pseudo-normalized generators of CL(V):

Pin(V) = {v(u1) ... y(un)|g(u;, u;) = £1} (3.34)
The Spin group Spin(V'), also denoted Spin(q, ), is the even part of the Pin group:
Spin(V) = {v(u1) ... vy(uz2n)|n € N, g(u;, u;) = £1} (3.35)

These two groups are sub-groups of C1(V')*, the group of invertible elements of the Clifford
algebra C1(V):
Spin(V) C Pin(V) c CI(V)*.
They can thus be represented on a spinor space S. One can prove that ST are S~ are irreducible
representations of Spin(V'), while S is an irreducible representation of Pin(V").

Adjoint Action and the Orthogonal Group

The Pin group can be constructed as a lift of orthogonal endomorphisms of V' to spinors. Indeed,
let w € V such that g(u, u) = £1. One can compute the adjoint action on ~y(u) on a generator of
the Clifford algebra, and one finds that, for all v € V:

Ad’y(u)fY(’U) = _’Y(Ruv)7
where R,, is the reflection with respect to the subspace orthogonal to w:

9(u,v)

Rowv=v—-2
g(u,u)

The endomorphism R, preserves the product g, and we thus have that R,, € O(V). Since the
Pin group is generated by pseudo-normalized vectors such as (), this adjoint action can be
extended to all its elements, and to any w € Pin(V'), one can associate a unique R,, € O(V)
such that, forallv € V:

Aduy(v) = (—1)ly(Ryv).

Conversely, the orthogonal group is generated by reflections of the form R,,. As a result, the map
w +— R, is surjective. This is what we mean when we say that the Pin groups lifts the orthogonal
groups to spinors.
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Topology

The topology of the Pin and Spin groups depends on the signature (p, q):
If g is indefinite: then Pin(V') has four connected components. The group is split according
to the parity of the number of positive and negative generators y(u):

e The connected component of the identity, which is generated by an even number of positive
generators, and an even number of negative generators:

Ping(V) = {y(u1) - .. y(v1) .. . y(uam) - . - y(von)m,n € N, g(u;, u;) = 1, g(v;, v;) = —1}.
(3.36)
Note that all orders are allowed for the product.

e The negative-space-reversing” component, which is generated by an even number of positive
generators, and an odd number of negative generators:

Pin_ (V) = {y(u1) ... v(v1) ... v(uam) ... y(vant1)m,n € N, g(u;, u;) = 1, g(vs,v;) = —1}.
(3.37)

e The positive-space-reversing component, which is generated by an odd number of positive
generators, and an even number of negative generators:

Piny (V) = {v(u1) ... v(v1) ... v(u2m+1) - .. v(v2n)|m,n € N, g(ui, u;) = 1, g(vi, vi) = —1}.
(3.38)

e The second orientation-preserving component, which is generated by an odd number of
positive generators, and an odd number of negative generators:

Pin_ (V) = {y(u1) ... v(v1) ... y(u2m+1) - - - y(v2ns1)|m, n € N, g(us, ui) = 1, g(vi, v;) = —1}.
(3.39)

The Spin group has two connected components:
e The connected component of the identity: Spiny (V) = Ping (V).
e The orientation-reversing component: Spin__ (V) = Pin_ (V).

If g is positive definite (; = 0): then Pin_ (V') and Pin__ (V') are empty. As a result,
Spin(V') is connected:
Spin(V) = Ping(V);

while Pin(V') has two connected components:

e The connected component of the identity, which is the Spin group itself: Ping(V) =
Spin(V).

e The odd, orientation-reversing part of the Pin group: Pin, (V).

If g is negative definite (p = 0): then Pin, (V') and Pin__ (V') are empty. As a result,
Spin(V) is connected:
Spin(V) = Ping(V);

while Pin(V') has two connected components:

2This alludes to the fact that the corresponding orthogonal transformation reverses the orientation of a negative
subspace of V' in some appropriate fundamental decomposition.
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e The connected component of the identity, which is the Spin group itself: Ping(V) =
Spin(V).

e The odd, orientation-reversing part of the Pin group: Pin_ (V).

In all cases above, the most distinguished part of the Pin and Spin groups is the connected
component of the identity: Sping (V) = Ping(V). One can prove that S and S~ are irreducible
representations of Spiny (V). Its Lie algebra is the space of "two-forms":

spin(V) = Spang([(u), y(v)]) (3.40)

for which a basis is (7%7”)4<p. The exponential map to Spin, (V) is surjective, and as a result
we can write that: ,
Sping (V) = {e'*7" 7" |t € My(R), t7 = —t}.

The Robinson product and the Pin group

As we have seen above, the Pin group is the lift of the orthogonal group of V' to spinors. It is thus
natural to ask whether the elements of the Pin group preserve the Robinson and anti-Robinson
products. One arrives at the following proposition:

Proposition 3.2. Let w € Pin(V). Then:

o +1 ifw € Ping(V) or Ping (V)
—1 ifwePin_(V)orPin_,(V),

and:

S
S
Il

. +1 ifw € Ping(V) or Pin_(V)
-1 ifwePing(V)orPin_,(V),

Proof. Letw = y(u1)...v(u,) € Pin(V), with u; € V such that: g(u;,u;) = 1. We have:
ww = (y(ur) ... y(un))* (y(wa) ... y(un))

(un) - y(ur)y(u) ... y(un)
(ur,u1) ... g(Un,uy).
We infer from this that w*w = 41 if it is generated by an even number of negative vectors, and

w*w = —1 if it is generated by an odd number of negative vectors.
Similarly,we have:

whw = (y(ur) ... (un))* (y(u1) . .. y(un))
= (=(un)) - (=y(ua))y(ur) ... y(un)
wXw = (—g(u,u1)) . .. (=g(tn, un)).

We infer that wtw = +1 if it is generated by an even number of positive vectors, and wtw = —1
if it is generated by an odd number of positive vectors.
O

The following interesting corollary results from the previous proposition:

Corollary 3.1. An element of the Pin group preserves both Robinson and anti-Robinson products
if and only if it is in the connected component of the identity.
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3.4 Charge Conjugation on Spinors

We now prove that charge conjugation can be lifted to spinors, and study the resulting operator.
We refer the reader to [6] (chapters 5 and 9 in particular), from which we adapted a certain number
of proofs.
An invertible antilinear operator K acting on spinors is said to implement charge conjugation
if it satisfies:
VQeCl(V): Q=KQK .

The real Clifford algebra C1(V') can now be extracted from its complexification in the following
way.
VQeClV): Qe Cl(V) < [K,Q] =0.

Conversely, any antilinear operator that satisfies
Ywe Cl(V) : [K,w]=0
implements charge conjugation. Indeed:
KOw)K ™' = KwK ™ = w = w,

forall A € C,w € CL(V'). We obviously identified A ® w with Aw using the trivial embedding of
C1(V) into its complexification.

Theorem 3.8. There exists an invertible antilinear operator J that implements charge conju-
gation on sSpinors: -
vQ e CIV): Q= J.QJ ", (3.41)

and such that:
Ji=¢ (3.42)

where € € {—1,1}. The charge conjugation operator J. is unique up to a phase, and the sign e
is determined uniquely by (q, p).

Proof. Let K’ be any invertible antilinear operator on S. Then ¢ : Q — K'~'QK' is an

automorphism of C1(V'). Because it is a simple algebra, the automorphism ¢ has to be inner:
there exists an invertible 7' € C1(V) such that: ¢(Q2) = TQT 1. Let K = K'T. Then K is an
invertible antilinear operator such that:

Q=KQK™ %

We have proven that charge conjugation can be implemented on spinors with an invertible antilinear
operator. We will now prove that this charge conjugation operator can be conveniently normalized.

From Q = Q, we infer that = K2QK ~2. This implies that K2 commutes with all elements
of the complexified Clifford algebra. Since it is a linear operator, it is an element of the algebra. It
is clearly in its center. We conclude that there exists a complex number p € C such that: K2 = p.
We now define our final charge conjugation operator:

1

J_;,_ == WK

We then have:
Q=J.0J; ",
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as well as:
2 _
Ji=¢

where € = sgn(p).
Let us prove that .J; is unique up to a phase. Let .J, .J/, be two charge conjugation operators,
normalized so that: J? = e and J;? = ¢’. Then, for all Q € C1(V):

Q=J, Q" =J Q)"
This yields the following identity:
QI T =T T,

The linear operator (and thus Clifford algebra element) J;lJ ', is in the center of the algebra:
there exists a complex number 7 such that JJ:lJ ' = n. This implies that J| = n.J. This in
turn yields:

JE =2
from which we infer that:
¢ = [n|*e

It is then easy to see that ) is a phase: || = 1, and that ¢ = €. The normalized charge conjugation
operator is thus unique up to a phase, and the sign ¢ is the same for all charge conjugation operators
(that differ by a phase).

Finally, let us note that J depends on the representation on the spinor space, and let us prove
that € is the same for all spinor representations. Let 7, 7 be two representations of C1(V') on S.
There exists an invertible linear operator 7" on .S such that:

7'(Q) = Tn(Q)T 1.

It is then easy to check that J is a normalized charge conjugation operator for 7 if and only if
J,.=TJy T~ is a normalized charge conjugation operator for 7. Indeed, let us assume that
J4 is a normalized charge conjugation operator. We have, for any Q € C1(V):

Jor QI = (TIL T Y (T Q)T ) (T Tt
=TJom(Q)J ' T}
=Tr(Q)T*

Jor QI =7(Q).

We also have that J/2 = (T'J,T~')? = TJ2T~! = £1. The converse proof is identical. From
Ji2 =TJ2T~! = ¢, we infer that e can only depend on ¢ and p. O

In the following sections, we will prove that ¢ depends only on p — q.
An interesting property that follows straightforwardly from the definition of x and J is the
following:

Proposition 3.3. The charge conjugation and chirality operators always commute or anticom-
mute:

Jix=(—1)P=D/2y ], (3.43)

In other words, J’s parity is | J+| = (p — q)/2 mod 2.
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This is immediate to prove from the commutation of J with elements of the Clifford algebra,
taking into account the phase in equation (3.7). We also have the following result:

Theorem 3.9. Let J be a (normalized) charge conjugation operator. Then it is either self-adjoint
or anti-self-adjoint:

IS =kJ
i N (3.44)
Jf = (—1)Pta/2 g
where k € {—1, 1} is determined uniquely by (q, p).
We remind the reader that the adjoint of an antilinear operator K is given by:
(1/J,K¢) = (quzba ¢) = (¢, qup)a
and, similarly for the anti-Robinson product:
[, K¢] = [K+y,¢] = [¢, K9],
Proof. Let Q € C1(V'). We have: -
Taking the adjoint, we find:
Jia(Q) =Q*JX.
We replace ) with Q*: -
JiQ=QJF. (3.46)

Combining equations (3.45) and (3.46), one finds:
Jﬁ Ji Q= JfﬁJJr = QJJf Ji.

The operator J.J. is a linear operator acting on S. It is thus an element of the complex Clifford
algebra. It is clearly in the center of this algebra, as the equation J} JQ = QJJ, holds for
all € CI(V'). We conclude that there exists A € C such that J*.J; = . Let ¢ € S such that
(1,7) # 0 (such a vector always exists because the Robinson product is nondegenerate). We
have:

(JM/% Jer) = (1/)7 J<f>>< Jer) = )\(1/’71#)7

from which we conclude that \ is a real number. Since .J.. is invertible, J;*.J; = X is invertible
as well. This implies that A is nonzero. It is either strictly positive or strictly negative. We have:

1=¢2
= (J3)*J2
= TX(TE T
=N J4
1=\

We thus have A € {—1,1}. Let k = Ae. We can see that:

TSy = A
KRE

JX T =kJ3
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from which we conclude that J* = x.J,.

Let us prove that « does not depend on J_.. Let J, J/, be two charge conjugation operators,
and k, £’ signs such that J = xJ; and J* = £’J/_. There exists a phase ) such that J, = n.J,.
Thus:

-1
k= JXJL
= (nJ)*(nJ) ™
= J
= JE T
K = k.
Now, let us note that J and (-, -) depend on the representation on the spinor space, and let us

prove that « is the same for all spinor representations. Let 7, 7’ be two representations of C1(V)
on S. There exists an invertible linear operator 7" on .S such that:

7'(Q) = Tr(Q)T 1.

We saw in the proof of theorem 3.8 that J; is a normalized charge conjugation operator for 7 if
and only if J/, = TJ,. T~ is anormalized charge conjugation operator for 7/, and in theorem 3.2
that (-, -) is a Robinson product for 7 if and only if (-,-)’ = (T~!-,T~1.) is a Robinson product
for 7’. Let us compute « for 7':

(¢, o) = (T, T"HTJ.T)p)
T, JL T )

K(JL T, T~ 1)
K(T-HT I T, T 1)
(¥, Jhp) = k(i ).

—~~

This proves that x does not depends on the choice of representation. It can thus only depend on

(¢, p)-
Finally, let us prove that J{ = (—1)P*9/2x.J, . Using (3.30), we can compute J

[1/}7J+<)0] (wanXJ-&-W)
( 1)(p+q)/2w J+ZqX<P)
= (—1)PHIPR( T4, dxp)
[0, Jr] = (—1)PHO2R[T 4, o],

We will prove later that x depends only on d = ¢ + p.
Finally, let us formulate the rule for tensor products of charge conjugation operators:

Theorem 3.10. Let J v, Jiw be normalized charge conjugation operators for CI(V') and
CL(W) respectively. Then the charge conjugation operator for CL(V @ W) is given (up to a
phase) by:

Jevew =xv¥ T ént " T (3.47)
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Proof. Let J be the anti-linear operator defined on the right-hand side of equation (3.47). We
will begin by proving that .J commutes with the generators of CL(V @ W). Letvdw € V o W.
We have:

Jrwew) = Iy et ) (1(0)E1 + 18y(w))
:(,1)(p'7q')/2x§/lv) —q )/2J+v7(v)®x(v€_q)/2J+w

-q')/2 s (p—q)/

! 2
+ Jveoxy VT Tiwy(w),

where we have used that the parity of J,y is (p’ — ¢’)/2 mod 2. Next, we take all charge
conjugation operators to the right:

Ty @ w) =(=)0 DL Py ) v et T
+xf v ey (w) Jew

Finally, we take (v) and ~y(w) to the left, and factorize using the rules of graded tensor products:

Ty @ w) =y @) ~ T exiy Y T
4 (_1)(P*q)/2X§f —q )/2J+V®7(w)(x%_q)/2j+w)
:(7(1})@)1 + 1®7(“’))(X§5 —q )/2J+V®X%fq)/zj+w).
Jy(v @ w) =y(vdw)d.

Since C1(V @ W) is generated by all vectors of the form (v @ w), we deduce that J commutes
with all elements of C1(V & W). It is also an anti-linear operator. It is thus a charge conjugation
operator. It remains to prove that it is normalized. We have:

J? = (Xg/_q/)/2J+V®X(V€_q)/2J+W)(ngl_q/)/zJ+V®X§/€_Q)/2J+W)
=0 A o0y T )?
(we do not care about the exact value of the sign). We have, thanks to the homogeneity of J_ v :
204 )? = 007 2 (i) = 1,
and similarly for X%_Q)/ % Jw. We thus find:
J? =41,

which proves that it is a normalized charge conjugation operator.

Graded Charge Conjugation

Additionally to charge conjugation, one can define graded charge conjugation, and a corresponding
graded charge conjugation operator. Graded charge conjugation is the following antilinear
operation:

Q— (—1)I%Q.

A graded charge conjugation operator is an anti-linear operator K that lifts graded charge conju-
gation to spinors: -
vQ e CL(V) : (-1)¥q = KoK~

Graded and ungraded normalized charge conjugation operators are related by the following:
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Theorem 3.11. The operator J is a (normalized) charge conjugation operator if and only if
J_ = xJ4 is a (normalized) graded charge conjugation operator.

Proof. Let J; be a (normalized) charge conjugation operator, and let J_ = x.J;. For any
QeClV):
J_QJ= = xJ QI

= xQx
J_ QI = (1%,
which proves that J_ is a graded charge conjugation operator. We also have:

J? = (xJ4)? = £x2J2 = +1,

thanks to the homogeneity of .JJ.. We infer that J_ is a normalized graded charge conjugation
operator.
The converse proof is identical.

As a consequence of this theorem, we have:

Theorem 3.12. There exists a unique (up to a phase) normalized graded charge conjugation
operator J_ on spinors:

VQ e ClV): (- =J st (3.48)

It is such that:
J? = (—1)Pm9/2¢

JX = (—1)Ptr/ 25 (3.49)
JE=rkJ_.
Moreover, it satisfies:
J_x = (_1)(P*Q)/2XJ__ (3.50)

In other words, J_’s parity is |J_| = (p — ¢)/2 mod 2.

Proof. The existence and uniqueness are direct consequences of theorem 3.8, and the isomorphism
between graded and ungraded charge conjugations constructed in theorem 3.11. Now, let J_ be
a graded charge conjugation operator. There exists a charge conjugation operator J such that
J_ = xJ4. We have, using the parity of J:

J? = (XJ+)2 — (,1)(pfq)/2x2jf_ — (,1)(17711)/26.
We also have:
JX = (xJ4)"
= J_;f XX
= r(=1)%J4x
= k(=1)1(=1)" 02,
JX = (=)t 2
A similar computation gives: J* = x.J_. Finally, since y is even, J; and .J_ have the same

parity: |J_| = |J+| = (p — ¢)/2 mod 2.
O
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We now give the tensor product rule for graded charge conjugation:

Theorem 3.13. Ler J_v, J_w be normalized graded charge conjugation operators for C1(V')
and C1(W) respectively. Then the graded charge conjugation operator for CL(V & W) is given
(up to a phase) by:

Jowvew =¥ P I_véxi 0 Iy (3.51)
Proof. We have:
J-vew = XxvewJvew
= (v @xm) K ™2 Iy e  gy)
- ing—q’)/ﬂlJV®X§4p/—q>/2+1JW

J_vew = £x¢ DRI véxim Iy

Charge Conjugation for Physicists

We want to relate the charge conjugation operators described here with the charge conjugation
matrix operator used in the Dirac theory of a spin 1/2 particle. Particle physicists often construct
a matrix C (in some specific representation of the Clifford algebra) such that:

7= Clyec,

where 7# is the complex conjugate matrix of v* in the chosen representation. It has to satisfy
CC = £1. Charge conjugation on spinors is then defined as the anti-linear operation:

K g = nC,

Where 7 is a phase. Let us now prove that this is indeed a charge conjugation operator. We have:

K" = nC
= nCyy
=nCC~ 4" Cy
KAyt ="Ky

The antilinear operator K commutes with all y#, and thus with all elements of the Clifford algebra.
It consequently implements charge conjugation. Moreover:

K =nC~nC~1%
= [PcT 'y
K% = +1).
We conclude that K2 = +1, and K* = £K as well, thanks to theorem 3.9. It is thus a properly
normalized charge conjugation operator.

Most of the times, the matrix C is chosen so that v# = —C~!4#C. It is then easy to prove
that K implements graded charge conjugation.
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As an example, the matrix C' implementing graded charge conjugation is defined in [13] as
C = ~2, where the Clifford algebra Cl(1, 3) is represented using the Weyl (chiral) representation.
We have explicitly:

0o_ - 0 1 E_ 0 O'k 5 _ 1 0
’7—1(1077—@_0&0’)(—’7—01 (3.52)

where the o* are the Pauli matrices. It is easy to check that Y% = —C~!~4*C and that CC = —1
hold. To define a non-graded charge conjugation operator, one could choose C’ = v°C = 7°+?
as a charge conjugation matrix. It is easy to check that C'C" = +1.

Computation of ¢ and <

We will now compute the € and  signs. To compute €, we use the 7 representation of Cl(p, q)
described at the beginning of section 3.2. We then construct in this representation a “nicely
behaving” charge conjugation operator whose square is easy to compute. This is inspired from
chapter 4 in [7]. There are two cases that need to be dealt with separately:

e p — g mod 8 € {0,2}: In this case, the representation 7y maps the real Clifford algebra
Cl(p, ¢) to Mp(R). Consider the operator J that maps a spinor ¢ € S to its complex
conjugate ) in the basis associated to the representation 7. It is clear that this antilinear
operator commutes with - the representation of - Cl(p, ¢). It is also properly normalized,
since J_% = 1. We conclude that it is the charge conjugation operator, and that € = 1 for
p—qmod 8 € {0,2}.

e p—qg mod 8 € {4,6}: We now have a representation 7 that maps the real Clifford algebra
Cl(p, q) to Mp o (H). We now construct the operator .J : ¢ — Q. The operator @ is
the following block-diagonal matrix:

0 -1
1 0

We leave to the reader to check that .J, commutes with all elements of M p /5 (H), and thus
Cl(p, q). It is also properly normalized, since J2 = —1. It is thus the charge conjugation
operator, and we conclude that e = —1 for p — ¢ mod 8 € {4, 6}.

To put these results in a more useful form, we define the following sign function on even
integers:
a: 27 — {-1,+1}

n—s (=1)" /8 = (_1)l=n/4] (3.53)
This function can be shown to be periodic of period 8. It has the following symmetries:
a(n+2) = —a(—n)
B (3.54)
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Another important property is the following:
a(m +n)a(m —n) = (—1)m+Hn/2, (3.55)

it is a result of the identity:

(m4+n)(m+n+2) (m—n)(m—n+2)+(m+1)n

8 8 2 ’

which is straightforward to prove. Substituting m = 0, one finds the following symmetry:
a(=n) = (=1)""2a(n).

The values of a(n), a(—n), (—1)™/? are summarized in table 3.2.

n mod 8 ‘ 0 2 4

a(n) 1 -1 -1

a(—n) 1 1 -1 -1
(—1)"/2 1 -1 1 -1

Table 3.2: Values of a(n), a(—n), (—1)"/?

Using table 3.2, we see that:
Ji =e=ua(q—p).
We thus have:
J2 = (=)0 = (=1)P"9%q(q — p) = a(p — q).

Let us compute ~. To this end, we will use the fundamental symmetry constructed in theorem
3.2
{ii(p_l)/zfyq“...yd for odd ¢, p
=

479241 A1 for even g, p.

From the commutation of J with the v, we find:

Jons (_1)(p—1)/277+J+ for odd ¢, p
+h+ (_1)q/277+,]+ for even ¢, p.

This can be put in the more succinct form:

Jpng = (1)1 =2y, g,

Indeed, if q and p are odd, then (¢ — 1)(p — 1)/2 is en even integer, from which we deduce that
(—=1)ap=1/2 = (—1)la=Dp=1)/2+(p=1)/2 — (_1)(P=1)/2_[f they are both even, then gp/2 is
even, which implies that (—1)9(P—1)/2 = (—1)9/2-9/2 = (—1)9/2, Now, we have:
T T = Ty Ty
= KN JpneJy
_ H(fl)q(pfl)ﬂniji
= K(=1)10 D 2a(g — p)
T Ty = a(—(q+ ),
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where we used equations (3.55) and (3.54) to get the last equality. We know that JI_"J’ J4+ must
be a positive definite linear operator. We deduce that:

k= a(=(g+p))-

All other signs can be deduced from the properties of the a, b functions and the results of
theorems 3.9 and 3.12. We summarize these results in table 3.3.

(., ) [.7 ]
7 J3 =alg—p) J3 =alq—p)
’ J{=a(=(p+a)J+ JL=alp+q)s
e JZ =a(p—q) J2 =alp—q)
J* =a(p+q)J_ JE =a(=(p+q)J-

Table 3.3: Summary of Signs

3.5 Summary of Tensor Product, Non-Graded Form

Let us summarize the rules for the tensor products of Clifford algebras:

Y@ w) =v(v)®1 + 1&y(w)
Svew = Sv&Sw
Xvew = XvOXw
Tevaw =xi! " Lvengt "
J_vew = X&?Lp/)/QJ—V®X(V?/_p)/2J—W
(w1801, w2 @02)vew = (wi,wa)v (01, Bl2)w
(w1 @01, wa@ba]yaw = (w1, ws]v (01, Bb2]w

8= (i xw)?

(3.56)

Although the graded nature of the tensor product makes it more symmetric and esthetically
appealing, it is more useful for applications to use a non-graded version of the same tensor product.
To this end, one can rewrite a tensor product of operators (whether linear or antilinear) R®T on
Sy &Sy in the following form:

R&T =Ryl o T, (3.57)

whereas vectors stay the same:
YR =P @@

One can indeed check that RQ®T and Rx‘VT | ® T act the same way on Sy @Sy :

(R @ T)(0 @ ¢) = (~1) TRy @ Typ),
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and that operators multiply according to the graded rule:
By @ DR 0 T) = ()RR @ 7).
The tensor product rules become:

Y@ w) =5(v) @1+ xv @ y(w)
SV@W =Sy ® Sw
XVew = XV @ Xw

7 ) v @ Jywif (p—q)/2is even
hvew = Jiv @ J_w if (p — q)/2 is odd

7 _JJv@J wif (p—q)/2iseven (3.58)
ovew J_v @ Jyw if (p — q) /2 is odd

(w1,w2)v (61, 02)w if ¢ is even

® 01, we @0 =
(wq 1, W2 2)vew {(wl,u&)v[ghgz]w if ¢ is odd.

[wl,wg]v[Hl, QQ}W if q is even
w1 ®01,w R0 =
w1 ® 01,02 ® olvaw {[wl,wz]v(ﬁl,ﬂg)w if ¢ is odd.
We used theorem 3.11 and equation (3.30) to simplify the tensor product, making it less symmetric.

3.6 An Explicit Spinor Representation with Fock Spaces

In this section we construct an explicit representation of Clifford algebras on Fock spaces. This
representation will enable us to check all the properties of Clifford algebras studied above, as well
as the existence of a representation where all generators are either self-adjoint or anti-self-adjoint.
The results presented here are a generalization of the existing results in the literature (see [6, 26]
and references therein) from the positive definite case ¢ = 0, to the indefinite case. In addition, we
construct in this representation the Robinson product and charge conjugation operators explicitly.
We start first with a reminder on Fock spaces.

Antisymmetric Fock Spaces

Let E be a finite complex Krein space of dimension d, with indefinite product (-, -) of signature
(¢,p). Quite similarly to what is done to construct Clifford algebras, one can construct the
so-called exterior algebra of E, denoted / E as the algebra generated by the elements of E,
quotiented by the equivalence relation:

uv + vu ~ 0,

for all u, € E. In other words, the elements of E anticommute in /\ E. The resulting product,
called exterior product, is denoted with the symbol A. We can thus write that:

uANv+vAu=0. (3.59)

The underlying vector space is often called a fermionic Fock space, or antisymmetric Fock space.
Note that exterior algebras are a limiting case of Clifford algebras, when the bilinears g vanish.
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This algebra is equipped with an N-grading. Let n € N. The n-th component of A E is
denoted A\" F, and is spanned by elements that are products of n vectors:

n

/\E = Span(uy A -+ A up).

The elements of \" E are called n-vectors. Due to the antisymmetry of the exterior product,
a monomial of the form u; A --- A w, is nonvanishing if and only if all factors are linearly
independent vectors. As a result, all components for which n > d are zero.

To study the non-empty components, one can pick a basis (E®), of E. One can then prove
that the monomials EY = E® A --- A EUn, with I = {iy < ... < ijz} C [1,d], are a basis
of A E. In particular, the monomials E! such that |I| = n are a basis of A" E. From some
simple combinatorics, one can infer that the dimension of /\n FEis (2) In particular, /\0 FEis
unidimensional, and is spanned by the identity 1. We will later use the exterior algebra as a vector
space on which to act with operators. To avoid any confusion, the identity of the exterior algebra
will be denoted:

0
Q:leAE. (3.60)

. . . d 1. 1 .
This vector is sometimes called a vacuum. The top component /A" E is also unidimensional, and

is spanned by the vector:
d

Q:EAmAﬂeAE. (3.61)

The underlying Fock space can be equipped with a non-degenerate Hermitian form (i.e. a
Krein product), called the Hodge product, defined by its action on monomials:

(u1 N ANug,vr A+ A Uz) = (Skldet(((ui,Uj))lgi,jgk). (3.62)
Let us choose the basis (E%), so that it is pseudo-orthonormal:
_6ab ifa,b:l,...,q
(E* E%Y={6, ifab=p+1,....d
0 otherwise.
Then one can prove that the monomials E7 are a pseudo-orthonormal basis of /\ F, and that their
"squared-norm" is £1 depending on the number of factors of negative "squared-norm". As a

result, (-, -) is positive definite if ¢ = 0, and indefinite of signature (2¢=1,2971) if ¢ > 0. Note
that the vacuum vector 2 is normalized:

(©,Q) =1,
whereas: o
(Qvﬂ) = (_1)(1’
since it contains all negative vectors.
On this Fock space, one can define so-called creation operators, defined by:

a*(V)(vp A Av) =vAUL A A (3.63)

The map a* : E — End(A E) is linear. Creation operators are simply left multiplication
operators on the exterior algebra. The adjoint of ™ (v) with respect to the Hodge product, called
an annihilation operator, is given by (see theorem 2.3.1 in [26]):

a()(vy A+ Ay) = Z(—l)ifl(u,vi)vl Ao NG A Ay (3.64)

%
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where ¢; means that v; is omitted. The map a : E — End(/\ F) is anti-linear. One can prove
that annihilation operators are graded derivations of the exterior algebra. The most important
properties of annihilation and creation operators are their anti-commutation relations (see [6, 26]
for proof of this standard result):

{a(u),a(v)} =0
{a(u)™,a(v)*} =0 (3.65)
{a(u),a(v)*} = (u,v).

These relations will be used to construct a representation of Clifford algebras in the next subsec-
tions. One can prove that the vacuum (2 is the unique vector (up to a real factor) that is annihilated
by all annihilation operators:

Yo e E:a(v)=0,

whereas €2 is the unique vector that is annihilated by all creation operators:

Yo e E:a*(v)Q2=0.

We now have almost everything we need to construct complex representations of Clifford algebras.
It remains to choose the complex vector space E. This is the subject of the next subsection.

Complex Structures and the Complexification of Real Vector Spaces

We now go back to our real vector space V' with its bilinear g of signature (g, p). We wish to
construct a complex vector space from V' in order to build a complex Fock space. This can be
done with complex structures:

Definition 3.2. An endomorphism C of V is said to be a complex structure operator if it squares
to minus the identity:
C? =—1.

Moreover, it is said to be an orthogonal complex structure if it is an isometry:
g(Cu, Cv) = g(u,v).
Equivalently, a complex structure is orthogonal if it is skew-symmetric:
9(Cu,v) = —g(u,Cv)

(this can be seen by replacing v with C'v). We have the following existence theorem for orthogonal
complex structures:

Theorem 3.14. The real vector space (V, g) admits an orthogonal complex structure C' if and
only if q and p are both even.

Proof. From the fact C2 = —1, we deduce that: det(C)? = det(—1) = (—1)<. Since det(C)?
is positive, we conclude that d must be even. Because the operator squares to —1, its eigenvalues
(as a complex operator) are +7. Let m and n be the multiplicities of ¢ and —i respectively. We
have: tr(C') = (m — n)i. Since C is a real operator, its trace is real, from which we conclude
that m = n. We can now infer the determinant of C: det(C) = i"(—i)™ = i"(—4)" = 1. The
operator C' is unimodular.

Now, let us consider a pseudo-orthonormal basis for V' in which the bilinear g takes the form:

g(u,v) = u"nv
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with n = diag(—,---—,+,...,+) a signature matrix for g. The statement that C' is orthogonal
now takes the form:
CTnC =,

from which we infer that nC' is skew-symmetric and real (we used here C' to denote the matrix
representation of C itself). It is a well-known fact of linear algebra that such a matrix has a
positive determinant. Since it is invertible, its determinant is strictly positive. This means that
det(C) and det(n) = (—1)7 have the same sign. This implies that ¢ must be even. Because d is
even, p must be as well.

Conversely, let us assume that ¢ and q are even. In the same pseudo-orthonormal basis
described above, we construct the operator C' whose matrix is:

0 -1

C= (3.66)
0 -1
1 0

This is clearly a skew-symmetric matrix that squares to -1. Moreover, because ¢ and p are even, it
commutes with 7. This means that nC' is skew-symmetric. The operator C' is thus an orthogonal
complex structure.

O

From now on, we will assume that ¢ and p are always even. One can prove that all complex
structures are of the form described above:

Proposition 3.4. Let C' be an orthogonal complex structure on V. There exists a pseudo-
orthonormal basis of V' in which C' takes the form (3.66).

Proof. Let e! be a negative normalized vector: g(e!,e!) = —1. Consider the vector Cel. It is
negative and normalized as well: g(Ce!, Cel) = g(e', e!) = —1. Itis also orthogonal to e:
g(e', Ce') = —g(Cet,et)
= —g(e',Ce)
=0.

Let V; = Span(e!, Cel) be the subspace spanned by the two vectors, and let V/ be its orthogonal
inV = V; @ V/. The subspace V; is clearly an invariant subspace for C'. Since C is an isometry,
V{ is invariant as well. This means that (the restriction of) C is a complex structure on V7', whose
signature is (¢ — 2, p). One repeats the procedure above until one is left the with the invariant
subspace Vq’ /20 of signature (0, p). One then repeats the procedure using positive normalized
vectors, until the space is depleted of all vectors. The result is a pseudo-orthonormal basis
(e*,Cel, ..., e%? Ce¥/?) where the product g takes the form:

g(u,v) = up

with np = diag(—,---—,+,...,+), and where C' takes the form
0 -1
1 0
C:
0 -1
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O

Since all orthonormal bases are related by orthogonal transformations, one can easily infer
the following corollary:

Corollary 3.2. (a) Any two orthogonal complex structures C and C' are related by an orthog-
onal transformation O of (V, g):
C' =000,

(b) For any orthogonal complex structure C, the set of all orthogonal complex structures is:
{OCO_1|O e O(V)}.

A complex structure C' enables one to define multiplication by complex numbers on V' using
the rule iv = Cv, as C? = —1. This is rigorously done by extending C'to the complexification
C ® V of V, and then building the vector space:

Ve =Ker(C —i) =Im(C+i) CC® V. (3.67)

This is a complex vector space in which all elements satisfy: sv = C. It is also isomorphic, as a
real vector space, to V itself. The isomorphism is given by the R-linear map:

c:V— Vo

(1—iC) (3.68)

Vb ——>,

2
which satisfies the relation: ¢(Cv) = ic(v), as required. In V-, the vectors v and C'v become
co-linear. Let (e, Ce’); be the basis constructed above for C. Then the image of the basis in
Ve is the basis (¢! = c(e?));, as ¢(Ce?) = ic(e?) is co-linear to c(e?). The space V¢ is thus a
d/2-dimensional complex vector space.
A canonical hermitian form for V= can be constructed:

(c(u),c(v))e = g(u,v) —ig(u, Cv), (3.69)

by extending g to C ® V, and then restricting the vector space to V. We leave it to the reader to
check that it is indeed a hermitian form, and that:

(eiaej)c = g(eiaej) = Ei(siju

where ¢; = g(e?, e!) = £1, from which we conclude that (-, -) has the signature (q/2, p/2). The
corresponding matrix ¢ = diag(—--- — 4+ - - +) = diag(e;) is a fundamental symmetry for

(.7.)0.

The Even-Even Case

In this subsection, we consider the case where ¢ and p are both even. Let C' be an orthogonal
complex structure on V. We will represent the Clifford algebra C1(V') on the complex, indefinite
Fock space: S¢ = A Ve built on the Krein space (Ve, (+,)¢). The corresponding Hodge
product will be denoted (-, ).

Let us now define the representation 7 of C1(V) on S¢ = AVe. Letv € V. The
representation is defined by the following action for the generators:

mo(v(v)) = alc(v)) + alc(v)) ™. (3.70)
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When no confusion is possible, and only one complex structure is being used, we will omit 7¢
and write y(v) = a(c(v)) + a(c(v))*. This will be the case for the rest of this section. This is
indeed a representation of the Clifford algebra:

{v(w), v(v)} = {ale(w)) + alc(w)*, alc(v)) + alc(v))* }
= {a(c(u)), a(c(v))*} + {alc(w)*, ale(v))}
= (c(u); c(v))c + (c(v), c(u))c
= 2Re(g(u,v) —ig(u, Cv))

u
{r(u),y(v)} = 29(u,v).
Moreover, S¢ is D = 2%/2-dimensional. It is thus a spinor space for C1(V). From now on we
will simply call it S = S¢.
The annihilation and creation operators can be expressed using the Clifford generators. Indeed,

let v € V. We have:
7(v) = alc(v)) + alc(v))”

which can be inverted to yield:

_ 1) +ir(Cv)

a(c(v)) 5 a7
a(C(U))X — ’Y(U) _27’.7(01)) )
A basis of generators of C1(V) is (y(e?),v(Ce?));, which can be rewritten:
b = (e’) = ale’) + a(e)* o)

1 =7(Ce") = i(a(e")* —a(e")

(the subscripts R and I stand for "real" and "imaginary").
Let us now construct the canonical objects associated to Clifford algebras. We start with the
chirality operators:

Theorem 3.15. There exists a value of the sign in the definition of the chirality operator x =
:I:z'(p"l)/2’y1 ...v¢ for which it is a parity operator for the Fock space Sc = \ Vo it takes the
value +1 on \®" Vi, the even part of )\ Vo, and —1 on /\Odd Ve, its odd part.

Proof. For any v € V, x anti-commutes with v(v). This implies that y anti-commutes with all
annihilation and creation operators. Since c is an isomorphism, we conclude that for any v € V:

ya(v)*x = —a(v)*

xa(v)x = —a(v)
We thus have: a(v)x§2 = —xa(v)§2 = 0. There thus exists a complex number o such that
X2 = of2. Since X2 = 1, we must have: o = £1. From all of this, we can deduce the action of
xon Sy:

X1 A Av) = xalv)™ .. oa(v)*Q
= (xa(v1)"x) - - (xa(vr) X)X
= (—a(v1)*)...(=a(v)*)eQ

x(wi A Av) =a(=D o A--- Ay).
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The chirality operator thus takes the value o on A%’ Vo, and —o on A\°* V. The sign o depends
on the arbitrary sign that appears in the definition of x. It is easy to see that there exists a choice
for which o = 1, hence the theorem.

O
We can thus make the identifications:
st=N\"ve
o — /\odd Ve,
We now turn our attention towards the Robinson and anti-Robinson products:
Theorem 3.16. The Hodge product:
(w1 A= Aug,v1 A= Ao = Sdet(((ws, v5)o)i1<i,j<k) (3.73)
is a Robinson product on \ V¢. The graded Hodge product:
[ur A Aug,vr A Al = (—1)k5kldet((ui, Vj)i<i,j<k) (3.74)

is an anti-Robinson product on )\ V.

Proof. 1t is clear that y(v) = a(c(v)) + a™(c(v)) is self-adjoint for the Hodge product. The
Hodge product is thus the canonical Robinson product of this representation. To construct an
anti-Robinson product, one simply ought to insert the chirality operator, according to equation
(3.30). Thanks to the previous theorem, we know that this is simply the parity operator of A Ve,
hence the graded Hodge product defined above.

O

Finally, we construct the graded and non-graded charge conjugation operators .J4.:

Theorem 3.17. The charge conjugation operator J. is defined completely and uniquely by the
Sollowing property: ~
w A Jrp = A(=1)"D2(0,w) 0, (3.75)

for all l-vectors w, @, with X an arbitrary phase. Similarly, we have:
WA J_p = A=) DT (6, 0) 60, (3.76)
Sor all [-vectors w, .

Proof. Given that J; and J_ are related by the chirality operator x, the two formulas above
can be easily deduced from each other. We will thus only prove the first one. That these two
formulas define the action of .J. completely and uniquely is a standard result of the theory of
Hodge duality. We will give a short proof of this for the readers convenience. Let us prove the
first equation.

The defining property of .J;. is that is an anti-linear operator that commutes with the v(v)’s.
We thus have:

Joa(e(v)) = g, X0 (V)

2
_ () —227(01}) T,
Jya(c(v)) = alc(v))* 4,
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and similarly for a(c(v))*:
Jya(e(v) = a(c(v))J+
for all v € V. Using the fact that c is an isomorphism gives:
Jra(v) = a(v)*J
+a(v) =a(v)*Jy 377
Jra(v)* =a(v)Jy

for all v € Vo, which shows that there is a relation between J and Hodge duality on .S. From:
a(v)*JQ = Jia(v)2 = 0, we infer the existence of a complex number A such that:

J Q= Q.
Let o =u3 A --- Auy € S be an [-vector. We have:

Jro = Jralur)* .. a(u)*Q
=a(uy)...a(u)J

N d/2-1
Jro = Aa(uy)...a(u)d € Ve.

The operator J, maps /\l Ve to /\d/2_l Vo. Letw = vy A --- A v € S be another [-vector. We

have w A JLp € /\d/ ? Ve which makes it co-linear to 2. The linear coefficient between the two
multivectors specifies J ¢ completely, so let us compute it. We have:

wAJLp=v1 A~ Ay A Jdpp
=a(vy)” .. .alv) Jyp
= Jra(v1)...a(v)e.

The multivector a(v1) . .. a(v;)p is a O-vector, and is thus proportional to €2:

wAJpp=Jralvy)...a(v)p
= Ji(Q,a(vy)...a(v)p)c2
= M a(v1)...a(v)p)cQ
= Aa(v1) ... a(v)e, Q)cf2
= X, a(v)* ...a(v1) Q)

Reordering the annihilation operators gives:

WA Jyp = MN=1)"D2(0 a(v)* ... alv)*Q)cQ
=AD"V (p,w) e

By linearity, we conclude that for all [-vectors w, ¢:

w A T = A=D1 (g, w)00,
Applying this to w = ¢ = , one finds:
QAT = A(—1)Hd-2)/8+a/20)

which implies that

J.Q = A(_l)d(d—2)/8+q/29.
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Applying J twice to (2 yields:

J2Q = JAQ
= XJ_;'_Q
J?LQ _ |)\|2(_:I_)d(¢172)/8Jrq/2Q7
from which we deduce that A must be a phase. This is the arbitrary phase in the definition

of charge conjugation. To see that equation (3.75) defines the action of J, consider a given
d/2 — l-vector . We have:

wA G =A—1)!D2(7710,w) Q.

The product (J;19, w)c is uniquely specified by w A 6. We thus have a linear form on [-vectors:
w (J_;10, w)c. The l-vector J_:19 is then the dual of this linear form with respect to the

Hodge product. This specifies completely and uniquely the action of J ', and thus that of .J .
O

For simplicity, we will choose A = 1. Let us compute the action of .J. on the basis multivectors
E" N---NE". Leto € Sg/2 be a permutation of d/2 integers, and €(o) its parity. We have:

l
Jp \ E°D = Jpa(B°W)* L a(B7W)*Q
i=1
= a(E°W). . a(E°D)Q
a(E°V)Y . a(ECDYE A A EY2,

By reordering the annihilation operators and the basis vectors, we pick up two additional signs:

1
Jy /\ E°0 = ¢(0)(—1)!E=D2q(EoWY  a(ECW)ETW A A EO/2)
i=1

= 6(0’)(—1)1(1*1)/2( H Ei)EU(l+1) A /\Eg(d/g).

1<i<l
Using [[1<;<q/0 € = (—1)%/2, one finds:
l d/2
Jo \ B9 = e(0)(—1)!=0/2ra2 0 N\ (e EOD). (3.78)
i=1 i=l+1
A similar formula can be found for the graded conjugation operator J_ = x.J:
l /2
I\ E° = e(0)(—1)! D22 A (e BT, (3.79)
i=1 i=l+1

We now have a complete Fock space representation of Clifford algebras and their associated
canonical objects. Let us use it to prove some of the results of the previous subsections. We start
with the claim that for a given pseudo-orthonormal basis (e%), of V, there exists a representation
of C1(V) and an inner product on S such that y(e?)" = ¢,v(e?), with €, = g(e?, e*). For this
purpose, we will start by proving that i, = +i%/2~y(e')...y(e?) is a fundamental symmetry for
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the Robinson product®. Let C' be the complex structure associated to the basis (e%), as in (3.66).

Using the notations previously defined, the operator 7 takes the form: 7, = 4i%/2 []%/% (%,T%).
It is easy to see that 1), anti-commutes with v(e) and (Ce?) for i < q/2, and commutes with
them for i > ¢/2. From this one infers that it anticommutes with a(E*)* and a(E*) fori < q/2,
and commutes with them for ¢ > ¢/2. Using linearity, we put this in the following form:

n+a(v) ny = a(ncv)”
nva(v)ng = a(nev),
where )¢ is the fundamental symmetry of V" associated with the basis (e%),. We have: a(v)n+Q =
nta(ncv)2 = 0. Hence the existence of a complex number o such that 7. = o’Q2. We can
now compute the action of 1 :
ne(vi A Avy) =npalvy)* .. alv)*Q
= (n+a(v1)*ny) ... (nrav) 14 )n+ Q
= a(ncvi)™ ... a(ncv) *o'Q
ne(vi A Av) =a'nevy A+ Ancu.
We thus have:
(ur A Ay e (Vi A= Awp))e =o' (ur A - Aug,novr A - - Anev)c
(ui A Ak, e (Ui A Avr))e = o' ddet(((ui, novs)o)i<ii<n)-

The product (-, 1+-)¢ is thus the Hodge product of o/(-,nc+)c. Since the latter is positive
definite, the former is positive definite if and only if ¢’ = 1. This fixes the sign in the definition

ny = +i9/2 [[2 (I, T) of the fundamental symmetry. Let us compute this sign explicitly. We
have:

2T = (a(EY) + a(EY)*)iE"
= iGiQ
from which we deduce that:

q/2
Q= +i? [ (ie))2 = £Q

i=1

and thus that n, = /2 Hfi *(I'.I'%) is a fundamental symmetry for the Hodge/Robinson
product. It is then straightforward to prove that:

) = (e,
We can also use this representation to compute the signs € and «. Indeed, we saw above that:
JiQ _ (_1)d(d—2)/8+q/29’

from which we deduce that J2 = (—1)4d=2)/8+a/2 = (_1)4/2q(—q — p). Using the properties
of the a function, one can see that J2 = (—1)%/2(—1)7P=Y/2q(q — p) = a(q — p)(—1)?/2 =
a(q — p), as expected. Let us compute x now. From its definition:

(w, Jyo)o = k(p, Jyw)c.

3Note that this can be used to shorten the proof of theorem 3.2: we prove here that i9/2~y(el)...y(e9) is a fundamental
symmetry in some representation. Then, according to the last part of the proof of the theorem, it has to be a fundamental
symmetry in all representations.
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In particular:

(e = w(Q, J Q)0 = A(=1)M2EH92(,0) 0 = kA(Q,Q)c
= A(_l)d(d—Q)/8+q/2 _ K)\(_l)q/Q
= k= (—1)"2/8 = a(—(q+p)),

as expected.

The Odd-Odd Case

We conclude this section with the case where ¢ and p are odd. A Fock representation cannot be
built due to the nonexistence of a complex structure on V. One can nonetheless use Fock spaces
to represent C1(V). To this end, one decomposes V into the sum of two orthogonal subspaces
V = V1 & Vs of signatures (1, 1) and (¢ — 1, p — 1) respectively. Since ¢ — 1 and p — 1 are even,
a Fock representation of C1(V42) can be built using a complex structure C'. As for C1(V7), we use
a simple representation based on Pauli matrices. One can then build the tensor product of the
Clifford algebras to obtain C1(V).

Let us start with C1(V7). Its spinor space is S; = C2. Let (f_, f) be a pseudo-orthonormal
basis of V] such that g(f+, f+) = —g(f—, f—) = 1. Any vector v in V; can be written: v =
vy f1 + v_ f_. The representation is defined by the representation of the generators ~( f+):

v =A(f) = ((1) 01)
Y+ =7(f+) = (? (1))

From which we deduce that

0 VL —U_
’Y(U):U+7++UW=(U++U_ +0 )

1 0
X1 =7+7- = 0 -1/

Since the representation is real, charge conjugation is simply complex conjugation:

The chirality is:

Jivp =9
for any ¢ € S; = C2. Finally, the canonical product on S is simply:
0 1
(w, )1 ZWT’HSD = o ®-
10
We can now build the tensor product of the algebras using the rules given in section 3.5. We

will put this product in a non-graded form. The total spinor space is S = C? @ A\ Vo c. We
choose to see it as two copies of the Fock space A V5 ¢:

S=AVace \Vac. (3.80)
The Robinson product on spinors is:

(waw,p®¢) = (w,x2¢ )+ (W, x20)c = [w,¢']c + [, ¢ - (3.81)
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The representation of the Clifford algebra is given by:

_ ¥(v2) Ui+ — V1-
y(1 B v2) = (U1+ + o —(v) ) . (3.82)

This is a 2 x 2 block matrix, with the blocks in End(/\ V2,¢). The total chirality is:

x2 O
= , 3.83
X ( 0 _X2> (3.83)
while the total charge conjugation is:
_(Jay O
Jy = < 0 J2+> . (3.84)

We can now check that the results proven using the Fock representation in the even-even case
can be extended to the odd-odd case. For example, The square of the charge conjugation operator
is given by:

Ji=J3 =alla—1) —(p—1)) = alg - p),

as expected. Its adjoint can also be computed using (3.81):

woeuw,Jtpo¢)) =w, oy ¢lc + [, Jayple

= [J2++w75‘7/}c + [J2++W/7‘p}c

=a((p— 1) + (¢ = 1)) [Joyw, ¢']o + [Jo+w', 9]
(wou, Ji(vo¢)) =ap+q-2)(Jr(waw),p®¢),

from which we deduce that J = a(p + ¢ — 2)J+ = a(—(p + ¢q))J+. Finally, let us find a
fundamental symmetry for the product (3.81). If 15 _ is a fundamental symmetry for [-, -], then
one can easily check that the following block operator:

Ny = (772_ 772{) =7(f+) ® n2,—
is a fundamental symmetry for the Robinson product. We will now choose a specific 7, . Let
(e), be the basis associated to C. We saw in the even-even case that a fundamental symmetry
for the Robinson product (-, )¢ of Cl(Vz) is given by: 1 1 = i(971)/2 ngl)/Z(F%Fé). One
then finds a fundamental symmetry for the anti-Robinson product by multiplying by chirality:
o = £iP=1)/2 H§d72)/2 (I'%,T'%). The total fundamental symmetry is thus given by:

=(a+1)/2
(d—2)/2 o d—2

ne ="V (f) e [T TR = £ 2(fr @ 0) [0 @e).
i=(q+1)/2 i=g

Notice that the basis (f, ©0,0®e!,...,00 el fL ©0,0Pe,...,0® e?2) is a pseudo-
orthonormal basis of V.

As an example, we use this double-Fock representation to construct explicit representations
of the Clifford algebra C1(1, 3). For this algebra, the space V» has the signature (0, 2). If (e, €?)
is an orthonormal basis of this space, we can choose the following complex structure:

cz(‘f _01)_
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In this case, V, ¢ is a one-dimensional complex vector space, with one basis vector E;. The
corresponding Fock space /\ V3 ¢ admits the basis (€2, E7). In this space, the annihilation and
creation operators take the form:

o=(( )
a(EBy)* = (é 8)

The corresponding Clifford algebra generators are:

() =l +aE) = (] )

() =italE) - = ()

We know (see theorem 3.16) that the Robinson product coincides with the Hodge product. It is
easy to see that (2, E7) is an orthonormal basis for the Hodge product. As a result, the Robinson
product is given by:

(w,p)c =wlp

in this basis. Since chirality corresponds to grading, it is given by:

(1 0
X2—0_1~

The anti-Robinson product is thus given by:

[w, ¢l = w' (é _01> ¢

Finally, using equation (3.78), we find:
J2+Q = E1J2+E1 = Q,

and thus that:

hi= (] g)ecC=ntoce

where C'C is complex conjugation in the basis (2, F1). We now take a look at the total vector
space V. It has the pseudo-orthonormal basis: (f_ @ 0, f+ @© 0,0 @ e',0 @ e?). These vectors
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are represented by the matrices:

00 -1 0
00 0 -1
0 __ —
01 0 0
0 0 1 0
- o0 01
01 0 0
0 1 0 0
- Lot 0 0 o
v =0ee) =1y o o
0 0 -1 0
0 2 0 O
- oo =i 00 o0
=0 =14 o o
0 0 4+ O

The total chirality operator is given by:

=
I
co o~
o |
—
|
Lo
= o O O

The total charge conjugation operator is given by:

01 00
|11 0 0 O 0.2
Jy = 00 0 1 oCC =~"v"0CC.
0 010
The total Robinson product is:
0 0 1 O
0 0 0 -1
—of
0 -1 0 O

00 -1 0
00 0 -

wol=w 1 g o o |e=wh
01 0 0



Chapter 4

Semi-Riemannian Spin Geometry

In this chapter, we study Spinor bundles on Semi-Riemannian manifolds, and construct the
associated canonical objects. The aim of this chapter is to generalize the components of commu-
tative spectral triples on Riemannian manifolds to Semi-Riemannian manifolds, with the hope to
arrive at a Semi-Riemannian generalization of spectral triples. We will call those generalized
triples indefinite spectral triples. To this end, we will mirror the construction of Riemannian
commutative spectral triples as presented in [6]. We will also use classic results on Riemannian
Spin geometry presented in [12]. Finally, we will use results on Semi-Riemannian Spin geometry
presented in [19]. Some novel results here are presented in [30].

4.1 Vector Bundles

We start with a quick reminder on vector bundles on manifolds, in order to set a few notations.
We refer the reader to [34] for the theory of vector bundles. Let M be a smooth manifold of
dimension d > 1, and F a vector space (real or complex). A (smooth) vector bundle E on the
manifold M, with fiber F', is a manifold such that:

e There exists a smooth surjective map 7 : £ — M called the bundle projection, such that
forall z € M, its pre-image w1 () is a vector space isomorphic to the fiber . We denote
this pre-image E, = 7~ !(x), and call it the local fiber over z.

e For every open neighborhood U C M, there exists a diffeomorphism ®¢; that maps the
pre-image of U, denoted E|yy = 7~ 1(U), to U x F'. This diffeomorphism takes the form:

‘I)UZE|U*>UXF (4])
e— (n(e), My (e)), ’

where II;; is an isomorphism of vector spaces between £, and F', for any x € U. The pair
(U, ®y) is called a local trivialization of the vector bundle.

A smooth section of the bundle E is any smooth map f : M — FE such that the image of
x € M is in the local fiber E:

f:M—FE
x+— f(x) € Ey.

In other words, it has to satisfy: 7 o f = idj;. We denote the set of smooth sections I'(M, E).
This set is a vector space, with linear combinations of elements being built locally in each local

53
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fiber E,. If F is also an algebra, then I'(M, E) is an algebra as well, with multiplication defined
locally.

We denote I'(End(F)) the algebra of endomorphisms of E. That is, the set of maps A :
E — F that map each local fiber E,, linearly to itself, while preserving the base point x (in other
words: 7 o A = 7). An element of I'(End(FE)) can also be seen as a function on M that takes
values in the space of endomorphisms of the local fiber:

A: M — End(FE)
x+— A(z) € End(E,),

where End(F) is a vector bundle over M of fiber End(FE,,). The algebra I'(End(F)) is then
simply the space of smooth sections of this bundle.

Let (U, ®y), (V, @y ) be two local trivializations of E such that U NV is non-empty. From
the linearity of the maps II;, IIy/, one can conclude that there must exist a smooth map:

guv :UnNV — GL(F) “4.2)

such that:
HU (6) =Jguv (il')H\/(e)7 (43)

for any x = w(e) € U N V. The map gy is called a transition function. Transition functions
have to form a Cech cocycle. That is, they have to obey the following conditions:

guu(x) =idp
guv(z) = g;}](x) 4.4)
guv(x)gvw (z)gwu (r) = idp.

If all transition functions take values in some subgroup G of GL(F'), then G is said to be a
structure group of the bundle E.

Finally, we will denote T'M and T* M respectively the tangent and cotangent bundles of M,
and T, M and T, M their respective local fibers over z. We will denote AT M the bundle of
differential forms, and AT M its local fibers.

A construction similar to the bundle of differential forms can be done for a general vector
bundle E. The exterior bundle AE is the bundle of local fiber AF,, over the base point z € M.
We can use this bundle to define and measure the orientability of the bundle F, just as one uses
differential forms to measure the orientability of the (co-)tangent bundle. The bundle E is said
to be orientable if there exists a nowhere vanishing smooth section of AYME B the bundle of
multivectors of maximal degree.

4.2 Clifford Bundles and Spin Structures
Let M be a manifold of even dimension d. Let g be a metric (a real symmetric bilinear form):
gl i — (9o TiM x TP M — R) 4.5)

on its cotangent bundle, of signature (g, p). We denote g its extension to the tangent bundle.
For each point z € M, the cotangent space T, M is equipped with a product g, !. We can thus
construct a Clifford algebra C1(T; M ). Since each of these Clifford algebras is generated by
the elements of the local fibers of 7* M, which has the structure of a bundle, the local algebras
ClT; M) can be "stitched up" together to form what is called the Clifford bundle, denoted
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CI(T™* M), whose local fiber over x is C1(T* M) = Cl(q, p). Similarly, their complexifications
can be used to construct the bundle C1(7T™* M ), whose local fiber bundle is C1(7; M) = Cl(q, p).

The canonical embedding v of Ty M in CI(T}} M) can be extended to an embedding of
bundles, and more importantly, of smooth sections:

~v : T(M,T*M) —s T(M, CI(T* M)),

which enables us to embed 1-forms in smooth sections of the Clifford bundle. One can extend
this construction to all differential forms, and obtain the so-called Chevalley-Riesz isomorphism:

v : D(M,AT*M) — T'(M,C(T* M))

1 n 1 n (4.6)
w A AW Al (y(w?), .y (W),
with w?, ...,w™ 1-forms. Here the Alt symbol is the antisymmetrizer:
1
1 ny] — o(1) o(n)
Alt[y(w™), ..., y(W™)] = p g e(a)y(w )y (w?™). 4.7)

T oeS,

Note that the tangent bundle can be embedded in the Clifford bundle through the musical isomor-
phism:

forany X € T'(M,TM).

For each z € M, the local fiber C1(T; M) = Cl(q, p) of the (complexified) vector bundle is
the algebra of endomorphisms of some spinor space Sy of Cl(g, p). One is tempted to consider a
vector bundle of fiber .Sy, on which the Clifford bundle could act. This leads us to the following
definition:

Definition 4.1. The manifold M is said to possess a Clifford structure if there exists a bundle
Sy — M, called a spinor bundle, that satisfies: T(Cl(TM)) = T'(End(Sas)). The typical
fiber of Sy is then Sy.

To construct a spectral triple, we need the manifold to be orientable. In that case, there
exists a nowhere vanishing volume differential form w € T'(M, AYT*M). Let (e®), be a pseudo-
orthonormal basis of the cotangent bundle over some sufficiently small neighborhood U, such
that:

—dqp  ifa,b=1,...,q
g (e e’) = { b ifa,b=p+1,...,d
0 otherwise.

Then there exists a smooth non-zero real function A over U such that w = Xe! A --- A e?. The
Hodge square of w (see section 3.6) is given by: g~ (w,w) = (—1)?\2. We are now led to define
the normalized differential form:

o= d (4.8)

(—Dig~ (w,w)’

which has the form: & = 4e' A --- A e? over U. Its image in the Clifford bundle is the section:
(@) = £7y(el)...y(e?), which can be used to define a chirality operator over U. We can thus
define a global chirality operator:

xar = iP7D/24(&) € D(M, C(T*M)). (4.9)

over all M. The chirality operator is usually defined up to a sign. In the formula above, this sign
is determined by the orientation form w, and hence by the orientation chosen for the manifold M.
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4.3 The Global Robinson Product

In this section, we assume that the manifold M has a spinor bundle S;;. We will determine
a necessary and sufficient condition for the existence of globally defined Robinson and anti-
Robinson products on smooth sections of the spinor bundles. To this end, we will need to define
partial orientability requirements for the cotangent bundle.

Atany pointx € M, the tangent bundle 7', M has a fundamental decomposition into a negative
subspace E_, and positive subspace E_, that are mutually orthogonal. This decompositions can
always be chosen so as to form two smooth vector bundles E_ and £/} suchthatTM = E_ @ E,
(see [31, 19] for example). We can now define the partial orientability notions we will need later:

Definition 4.2. When q > 0 (resp. p > 0), the manifold (M, g) is said to be negative-orientable
(resp. positive-orientable) if and only if there exists a splitting of the tangent bundle TM =
E_ & E. such that the subbundle E_ (resp. E.) is orientable.

It is easy to see, using local orthogonal transformations, that (M, g) is negative-orientable
(resp. positive-orientable) if and only if the subbundle E_ (resp. E.) is orientable for all
splittings of the tangent bundle TM = E_ ¢ E...

Just like the overall orientability of a manifold, positive- and negative-orientability can be
characterized using differential forms:

Lemma 4.1. The manifold (M, g) is negative-orientable if and only if there exists a nowhere
vanishing differential q-form T such that its kernel Ker 7, is at all points x € M a p-dimensional
positive subspace of T, M. The manifold is positive-orientable if and only if there exists a
nowhere vanishing differential p-form o such that its kernel Ker o, is at all points v € M
a q-dimensional timelike subspace of T, M.

Proof. We will prove the lemma for negative-orientability only. The proof for positive-orientability
is very similar.

Let us prove the direct statement first. Let us assume that (M, g) is negative-orientable.
Then there exists a splitting of the tangent bundle TM = E_ @ E such that E_ is orientable.
This means that there exists a nowhere vanishing volume element on F_. That is, a nowhere
vanishing form 7_ € T'(M, A\? E*). This form can be extended to a differential ¢g-form 7 €
(M, \"T*M). Indeed, let P : TM — E_ be the smooth projection on E_. Then we define:

VX1, . Xy €M, TM) : 7(X1, ..., Xy) = 7 (P(X1), ..., P(X,))

This is obviously a smooth differential form which coincides with 7_ when Xq,..., X, €
(M, E_). We infer from this that it is nowhere vanishing. Let us prove that the kernel of
Ty is (Ey)g forallz € M. Let X € T,M. If X € (E4),, then P(X) = 0, which im-
plies that 7, (X, Xo,...,X,) = 0 for any X»,..., X, € T, M. This means that X € Ker 7,.
If X ¢ (E4)s, then P(X) # 0. There thus exist vectors Xo,..X, € (E_), such that
the family (P(X), Xo, ..., X,) is linearly independent. Since 7_ is a volume form, we have:
(X, X9, ..., Xq) = 7-(P(X), X2, ..., X4) # 0. This implies that X ¢ Ker 7,. We conclude
that Ker 7, = (E ).

Conversely, let 7 be a nowhere vanishing differential g-form such that its kernel Ker 7, is
at all points = € M an g-dimensional positive subspace of T, M. We define £ =, Ker 7.
This is a smooth ¢g-dimensional positive subbundle of the tangent bundle [17]. Let £_ be the
orthogonal smooth subbundle. It is necessarily a negative subbundle for dimensional reasons.
We thus have a splitting TM = E_ & E of the tangent bundle. Let 7_ € T'(A? E*) be the
restriction of 7 to E_. For any = € M, (7_), cannot vanish, otherwise the kernel of 7,, would
be all of T,, M. This proves that the subbundle F'_ is orientable.
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O

Notice that the differential form o or 7 contains more information than just the positive or
negative-orientation of the manifold, since it also gives a preferred splitting of the tangent bundle.
This means that a positive- or negative-orientation is represented by a class of differential forms
whose kernels might differ, but are "similarly oriented".

For a Lorentzian manifold (¢ = 1 or p = 1), this definition of orientability coincides with
the usual notions of space- and time-orientability. Indeed, according to this lemma, for ¢ = 1,
negative-orientability is equivalent to the existence of a nowhere vanishing 1-form, whose kernel
is positive. The associated vector field through the metric g (by raising indices) is thus timelike
and nowhere vanishing, and the manifold is time-orientable. For p = 1, time-orientability is
equivalent to positive-orientability.

We now wish to construct a local Robinson product H. That is, a map:

H:z— (Hy:5,%x8, —C) (4.10)

such that H, is a Robinson product for the Clifford algebra C1(T’ M) and the spinor space S,;.
The necessary and sufficient conditions for the existence of such a product are given by the
following theorem:

Theorem 4.1. There exists a nowhere degenerate local Robinson product on the spinor bundle
S if and only if the manifold M is negative-orientable when q, p are even, and if and only if it
is positive-orientable when q,p are odd.

This theorem extends lemma 3.4 in [19] (see P.141).

Proof. In the following, (U, )acs Will be a covering of M with open subsets sufficiently small
so that the tangent and spinor bundle are trivial, and ( f,, ), will be a smooth partition of unity
subordinate to the covering (U, ). For all z € M we define the set I,, = {«|z € U, } # 0, and
the neighborhood U, = (¢ 1, Ua. We will use a splitting of the tangentbundle T'M = E_©FE, .
We consider the g, p even case only. The odd case can be proven similarly.

Let H be alocal Robinson product. On each U,,, the spinor bundle is trivial S|y, =~ U, x Sp.
There thus exists a constant nonvanishing section ¥,,. Let TM = E_ @& E. be a splitting of the
tangent bundle. We define the following complex-valued smooth ¢-form on F_:

T (X1 X) (@) = Y fal@) Hy (o, 92 ALy (X1), ooy 1(Xg)Jt0a), @.11)

acl,

forall Xy,...,X, €e T(M,E_). Letx € M. Let (e, ..., eq) be a local pseudo-orthonormal basis
of the tangent space over Uy, such that (eq, ..., e,) is a basis of E_, and (eg41, ..., €q) is a basis
of E,. Because the vy(e,) anti-commute, we have that Alt[y(e1),...,7(eq)] = v(e1)...7(eq),
which gives us:

T_(e1, ) (@) = Y fal@)Ho(Wa, i*5(e1).v(eq)ta)-

a€l,

According to theorem 3.2, there exists a sign ¢ = +1 such that €i%/27(e;)...7(e,) is a fundamen-
tal symmetry for the indefinite product H, (-, -). This means that eF,.(-,i9/2y(e;)...y(e,)-) is
positive definite, and thus that e H,, (4,17 2y(e1)...7(eq)1a) > 0 for all @ € . Since there
is at least one v € I, such that f,(x) > 0, we conclude that eT_(eq, ..., e4)(x) > 0. The form
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7_ is thus nowhere vanishing. It remains to prove that it is real-valued. To do this, it suffices to
notice that due to the anti-symmetry of 7_ we have:

T_(X1,..., Xq) = det(X)1_(e1, ..., eq),

where the X" are the components of the X; in the local basis (e1, ..., e4) of E_. This proves that
(M, g) is negative-orientable. Note that the sign € depends only on H, and not on the U, or 9.
It is indeed the sign that makes €i%/2v(e;)...y(e,) a fundamental symmetry for H. This means
that the orientation defined by H does not depend on the choice of trivialization or constant
vectors, but only on H itself.

Conversely, let us assume that (M, g) is negative-orientable. Then there exists a negative-
volume differential form 7, according to the previous theorem. Just as the total volume form
can be normalized, the form 7 can be normalized too. Over the open set U,,, the spinor bundle
becomes trivial: S|y, ~ U, x Sp. Let (-, )0 be a particular realization of the Robinson product
on Sy. This induces a constant hermitian form (-, -), over U,. Let (eq, ..., €4) be a local pseudo-
orthonormal basis of the tangent space over Uy, such that (eq, ..., e,) is a basis of E_ = Ker(7).
Then 7 takes the form: 7 = Ae! A ... Ae?, with A a nowhere vanishing real function over U, and
(€%), the dual basis of (e,)q. One finds that: g(7,7) = (—1)9\2, which leads us to construct the
nowhere vanishing, normalized differential form:

= i : (4.12)
(=1)ag=(r,7)
which takes the form: 7 = fe! A ... A e? over U,. We now define the Clifford smooth section:

Ny =i 2y (7) = £i1 2y (el).. ~(e?). (4.13)

There exists a sign €, = +1 such that €,7. is a fundamental symmetry for (-, -),. This means
that the form e, (-, 7)) is positive definite for all «. Next, we construct the hermitian form:

gx(,) = Z fa(x)Ga('777+')a'

a€cl,

This is clearly a positive definite form. Finally, we define:

Hy(e ) = Hx('7n+') = Z fa(z)eal:, )a-

acl,

where we have used 773 = 1. This hermitian form is nowhere degenerate, because, H is every-
where positive definite, and 7 is invertible. It is smooth, because the (-, -),, are locally constant
(and thus smooth). And last but not least, it is a Robinson product, because the (-, -),, are. This

concludes our proof.
O

In the Riemannian case (¢ = 0), The Robinson product always exists thanks to its positiveness,
which allows one to use directly a partition of unity. This is not possible for other signatures
(including an anti-Riemannian signature p = 0), as the hermitian form H is then indefinite.
Hence the need for a globally defined fundamental symmetry to turn the indefinite product into a
positive definite one. This explains the need for a positive or negative orientation.

A few remarks are in order. Notice that when the local Robinson product exists, the proof of the
theorem provides a globally defined fundamental symmetry for H. This is simply 7, = 79/2~(7)
in the even case, and 77, = i(?~1/27(4) in the odd case, where:

g

R — 4.14
o T 0.0) (4.14)
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is the normalized form of o, a positive-orientation form.

For a given Robinson product H satisfying the requirements of the theorem, the Robinson
uniqueness theorem implies that all possible products are of the form AH, where A € €>° (M, R*).
This implies that there are two classes of Robinson products. In each class, the products are
related by strictly positive smooth functions. One goes from one class to the other by multiplying
by a negative smooth function. These two classes induce two classes of differential forms, which
correspond to the two possible choices of negative- or positive-orientation.

A similar theorem (with a similar proof) can be formulated for anti-Robinson products. A
local anti-Robinson product G is a map:

G:z— (Gy: 5, x5, =»C) (4.15)

such that G, is an anti-Robinson product for the Clifford algebra C1(7} M) and the spinor space
Sz. The theorem is the following:

Theorem 4.2. There exists a nowhere degenerate local anti-Robinson product on the spinor
bundle Sy if and only if the manifold M is positive-orientable when q,p are even, and if and
only if it is negative-orientable when q, p are odd.

The orientability requirements are now reversed with respect to the previous theorem. In
particular, an anti-Robinson product always exists for an anti-Riemannian signature (p = 0).
Just as for Robinson products, anti-Robinson products come naturally with their fundamental
symmetries, and are divided in two classes that each correspond to a choice of negative- or
positive-orientation.

For spectral triples, we need the manifold to be orientable. In that case, negative- and positive-
orientability are equivalent, and we simply say that the manifold is Space- and Time-Orientable
(STO). We have the following corollary:

Corollary 4.1. Let (M, g) be an orientable manifold with a Clifford structure. The following
statements are equivalent:

1. The manifold is STO
2. There exists a nowhere degenerate local Robinson product on the spinor bundle
3. There exists a nowhere degenerate local anti-Robinson product on the spinor bundle.

In the case of an orientable manifold, a globally defined local chirality operator y »; always
exists, and can be used to relate Robinson and anti-Robinson products when they both exist:

G(a) = /\H('7inM')a (4.16)

with A a nowhere vanishing real function.
This leads us to the following Semi-Riemannian generalization of Spin® structures:

Definition 4.3. A manifold (M, g) is said to possess a Spin°© structure if and only if it is STO,
and has a Clifford structure.

Local Robinson and anti-Robinson products can be used to construct a global product through
integration. We thus define the associated global Robinson product:

() i De(M, Sar) x Te(M, Spy) — C

4.17
(6,0) — (b, @)ar = /GMHx(w,w)\/?Idd% @1
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where g is the determinant of the metric, and I'.(M, Sys) is the space of smooth sections of the
spinor bundle with compact support. We also define the associated global anti-Robinson product:

[ las : Te(M, Sar) x Te(M, Spr) — C

zeM

(4.18)

The restriction to spinors with compact support is to ensure the convergence of the global
products. For any Q € T'(M, C1(T*M)), the local and global adjoints coincide in the sense that
(@) (x) = Q(x)* and (QF)(z) = Q(z)*

4.4 The Global Charge Conjugation Operator

We now move on to charge conjugation, and look for a globally defined local charge conjugation
operator for Spin manifolds. That is, an operator:

It iz — (Jy g S — Si) (4.19)

such that J; ; is a charge conjugation operator for the Clifford algebra C1(77; M) and the spinor
space S,. To construct this operator, we need an additional requirement on the spinor bundle:

Definition 4.4. The manifold M is said to possess a Spin structure if it is STO (and thus has a
Spin® structure), and the structure group of the spinor bundle can be reduced to Spin,(q, p).

Note that not all manifolds possess a Clifford, Spin®, or Spin structure. The topological
requirements for the existence of closely related structures (notably for orientable manifolds) have
been studied in [6, 12, 50, 19].

We have the following:

Theorem 4.3. Let M be a Spin manifold. Then there exists a local charge conjugation operator
Jnrg

Proof. Let 7 : Sy; — M be the projection of the spinor bundle Sy, on its base M. Let
(Uq, ®o)aer be a family of trivializations of Sy, with Sping (g, p)-valued transition functions',
and (U, )., an open cover of M. We can assume, without any loss of generality, that every U,, is
simply connected. Such a family of trivializations always exists thanks to the Spin structure of
Shs- The map ®,, is the diffeomorphism that trivializes Sp; over Uy:

(ba : SM|UQ — Ua X So
s+ (7(s), Ila(s)).
For , 5 € I such that U, NUg # (), there exists a smooth transition function g, g:UsNUg —
Sping (g, p) such that, for 7(s) = x € U, N U we have I, (s) = gap(x)s(s).

Let Jj be a charge conjugation operator on .Sy. We define a local charge conjugation operator
J, on each U, whose local form is Jy:

Iy (Jas) = JoIla(s),
for s € S|y, . Now, let s € S|y,nu,. and = 7(s) € Uy N Ug. We thus have:

I, (Jas) = JoIla(s)
Iz(Jgs) = Jolp(s).

"Here Sping (g, p) is seen as a subgroup of the invertible elements of Cl(q, p) = End(So).
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Using the fact that Jy commutes with all elements of Spin, (g, p), we find:

o (Jas) = Jolla(s)
= Jogap(x)Is(s)
= gop(@)Joll5(s)
= gap(x)Is(Jps)
Mo (Jas) = a(Jss),
from which we deduce that J, = Jg over U, N Ug. The local operators .J,, can thus be patched

up to form a globally defined charge conjugation operator Jj, such that Jy,y = J, over U,,.
O

Note that the same technique can be used to prove the existence of local Robinson and
anti-Robinson products on spin manifolds.

If Jary is a local charge conjugation operator, then all charge conjugation operators are
necessarily of the form: pJys, with p € C*°(M,U(1)) alocal phase. This is a consequence of
the uniqueness, up to a phase, of charge conjugation operators for Clifford algebras.

Thanks to the existence of a chirality operator x 5;, we can also define a globally defined
graded charge conjugation operator:

Ium— = pXmJIm+, (4.20)
with p a local phase. Hence the following corollary:

Corollary 4.2. Let M be a Spin manifold. Then there exists a local graded charge conjugation
operator Jys_.

Again, if Jj;_ is alocal graded charge conjugation operator, then all graded charge conjugation
operators are necessarily of the form: pJy;_, with p a local phase.
4.5 Clifford connection and Dirac Operator

We now construct the main objective of this chapter: the Dirac operator. To construct a Dirac
operator, we will first need a Clifford connection:

Definition 4.5. On a manifold M which admits a spinor bundle Sy;, a Clifford connection
VS T(M, Sy) — T(M, Syr) is a connection:

VX () =X () + fV5Y (4.21)
that lifts the Levi-Civita connection V to the spinor bundle S:
VX((Y)9) = 1(VxY )0 +9(Y)Vie (4.22)
forany f € C*(M,C), X, Y e (M, TM) and ¢ € T'(M, Spr).
Clifford connections have the following useful properties:

Proposition 4.1. Let V*° be a Clifford connection. Then NV'® is a Clifford connection if and only
if there exists a complex-valued 1-form w such that V' — V5 = w(X).
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Proof. Proving the converse statement is straightforward. Let us prove the direct statement. Let
us assume that V’° is a Clifford connection. From the definition above, we have:

(V% = VR)(fY) = VXY — VY
= f(V& = V).

This implies that V5, — V'’ commutes with scalar functions. We deduce that it is a local
endomorphism of the spinor bundle. We also have:

(VX = V) (Y )) = y(Y)VIY — 4(Y)VE
=v(Y) (VX = V)Y,

which means that (V5. — V¢ ) commutes with all generators of I'(C1(7* M)). Since even Clifford
algebras are simple, we deduce that (V5 — V'2) is a scalar function. Finally, since it is linear in
X, there must exist a 1-form such that V¢ — V5 = w(X).

O

Although the existence of a global Clifford connection is not guaranteed, it is well-known
that one can always construct one locally (see theorem 9.8 in [6]):

Proposition 4.2. On a local trivialization Syi|y ~ U x Sy, with U a neighborhood small
enough so that tangent and spinor bundles are both trivial, a locally defined Clifford connection
is given by VY = 0x +T'(X), where T'(X) = —1e?(Vxey)v(e?)y(eq). Here (e4)q is a local
pseudo-orthonormal basis of the tangent space, with dual basis (e%),, such that the Clifford
bundle elements ~y(e,) and y(e®) are constant over U.

From the two previous properties, we deduce that any Clifford connection V* takes the local
form: V5 = 0x + ['(X) + w(X). This results in the following theorem:

Theorem 4.4. If M is a spin® manifold that admits a Clifford connection V°, then the latter
commutes with the chirality operator:

[V, xm] =0, (4.23)
forall X € T(M,TM).

Proof. Locally, on the trivialization used above, the chirality operator takes the form x s =
+i(P=0/2y(el) ... y(e?). Since the y(e®) are locally constant, x5 and Ox commute. Moreover,
since I'(X) + w(X) is an even element of the Clifford bundle, it commutes with x s too. Thus,
Vi commutes with x ;.

O

In the following, we will: (i) define the Dirac operator, (ii) impose conditions on this operator
related to the Spin® and Spin structures, (iii) deduce conditions on the Clifford connection, and
(iv) prove that there always exists a Clifford connection, and thus a Dirac operator, that satisfies
these axioms. There are two conventions for the Dirac operator, related to the East Coast and
West Coast conventions for the metric (see section 5.2). We will treat them separately:
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The Real Convention

The Dirac operator is an operator on smooth spinors with compact support: 10 : I'.(M, Spr) —
I'.(M, Syr), defined by:

D =~wVE (4.24)
(with an implicit sum over the index a), where e, is any local basis of the tangent space, and w®
its unique dual basis. This expression is independent of the choice of local basis. One can in fact
choose a local coordinate basis, and write:

D =(dz") V3, (4.25)
where Vﬁ = Vgﬂ. From the commutation of y»; and V*°, one deduces that:

{D,xm}=0. (4.26)

We want the Dirac operator to have the same properties it has in spectral triples in the Riemannian
case: it must be self-adjoint and must commute with some charge conjugation operator.

First, we consider a general invertible anti-linear operator .J that acts locally on smooth spinor
sections, and require that it commutes with I). We have the following theorem:

Theorem 4.5. The Dirac operator and anti-linear operator J commute if and only if [J, v(X)] =
[/, V5] =0forall X € T(M,TM).

Proof. The fact that [J,y(X)] = [J, V%] = 0 are sufficient conditions is straightforward to
prove.

Let us prove that they are necessary. We assume that [J, /)] = 0. Let f be a smooth real-
valued function. Then [J, f] = 0. From this we deduce that J commutes with [ID, f] = ~v(df).
We infer easily that J commutes with any real vector field or differential form. Next we consider
the differential operator V/¥ = J~1V5.J. This operator is a Clifford connection. Indeed, for any
X, Y e (M,TM),) € To(M,Sn):

VE((Y)¥) = T VR I((Y)Y)
= JTVR () TY)
= JH(V(VXY) Ty +1(Y)V (JY)
VR((Y )W) =4(VxY ) +7(Y)VE
There thus exists a complex-valued one-form w such that: V¢ — V5 = w(X). This can also be
written: w(X) = J~1[V¥, J]. We have:
0=[J, 7]
= [J.(d2") V]
= (dz")[J, V]
0= Jvy(dz")w,
This implies that w = 0, and thus that [V3-, J] = 0.
O

From the condition [J, v(X)] = 0, we know that J must be a charge conjugation operator.
Such an operator necessarily squares to a real nonvanishing scalar function (see theorem 3.8):
J? = \. Since J must commute with the Clifford connection, so does A: 9, A = [V, A] = 0.
The function A is thus constant, and one can normalize the charge conjugation operator J globally:
J—=J/ \/W , without losing the commutation with the Clifford connection. One concludes that:
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o We must choose J to be a normalized charge conjugation operator J = Jy.

e The Clifford connection must commute with charge conjugation on spinors: [Vf(, Jv4] =
0.

Next, we consider a general local product (i.e. hermitian form) on the spinor bundle:
B:x— (By:S; x5, = C)
that we integrate to construct a product on compactly supported smooth spinors:
Bp(vy¢) : Te(M,Sy) x To(M, Spyr) — C
(0.0 — Bulwp) = [ Bulw )Vl

We want the Dirac operator to be symmetric with respect to this product, hence the following
theorem:

Theorem 4.6. The Dirac operator is symmetric for By if and only if real vector fields are
anti-self-adjoint:
B(y(X)¥, @) + B(¥,7(X)p) =0

forall X € T(M,TM), and v, p € T.(M, Sar), and the Clifford connection V* is hermitian
(or metric) for B:

X(B($,9)) = B(VX¥,9) + B4, V).

Proof. Let us assume that the Dirac operator is symmetric. Let f be a real-valued smooth function.
Then f is symmetric. This implies that [D, f] = v(df) is anti-symmetric. We easily conclude
from this that all real vector fields and all real-valued differential forms are anti-symmetric. In
particular, the v(dx*) are anti-symmetric. Let ¢, ¢ be smooth spinors with compact support.

We have:
0= By (v, Do) — By (D), )

— [ VI [BO.A)V50) - B @) Vv, o)
0= / V19l [B@.A(dz)V5) + B(VEp, ~(dz)p)]

‘We also have that: s
[v;u ’y(dz“)} = V(VIL(dIM))
_Fﬁav(dxa)
oy 9/ 19
—y(dz®) \/7|

from which we infer that y(da# )V = V5y(dat) + ~(da*)(9,+/]g])/+/1g]- Substituting in
the integral above gives us:

[ [Visl (B 0ad)0) + B Vi Gds)9) + @/ Ia) B2 (d)0)] =

Finally, an integration by part yields:

/\/@ [B(V,~(da)) + B4, Vi (y(dz")p)) — 8B, 7(da')p)] = 0
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forall ¢, ¢ € T'.(M, Spr). Now, the expression between brackets can be proven to be C>° (M, C)-
linear in ¢ (and anti-linear in v as well). Indeed, B (Vﬁ ¥, v(dx*)p) is clearly linear in (. let
f €C>®(M,C). We replace ¢ by f¢ in the two remaining terms:
B, Vi (v(dz") f0)) = 0uB(v,7(dz") fo) =B (v, Vil f(1(dz")p)]) — Ou[f B(¥, v(dz") )]
=B, (0./)1(da")p) + [V (v(da")))
= Ouf) B,y (da")p) = fO,B(,v(dx")p)
=f1B(, Vi, (1(da)¢)) — 0, B4, v(da)p)].

Thus, for all f € C>°(M,C) and ¥, p € T.(M, Spr):

/ V19l [BVEG.A(dr)g) + B, VS (1(dr)g)) — B, B(,1(d)p)] = 0
which implies that:

B(Vi,(dz)p) + B4, Vi (v(dat)p)) — 8, B(¢,v(dz")) = 0. (4.27)

Now, let U be a sufficiently small open subset of M such that the tangent, cotangent and spinor
bundles become trivial: S|y ~ U X Sp. The Hermitian form B makes real vectors skew-
symmetric. It is thus a local anti-Robinson product. Combining this with our local trivialization
of the spinor bundle, we conclude that there exists a function A € C*° (U, R*) such that B, (-,-) =
A(2)[, -]o (the trivialization diffeomorphisms are implicit). Here [-, -]o is a particular realization
of the anti-Robinson product on S; that makes real vectors locally anti-self-adjoint. It is constant,
in the sense that:

8#[1/}7 50}0 = [6#1/)7 90]0 + [1/}78#@]0 (428)

Moreover, the Clifford connection takes the local form: V5 = dx + I'(X) + A(X). Let us now
replace the Clifford connection and indefinite product in equation (4.27) by their local forms:

AMOu + T+ Ap), y(da)glo + Al (9 + Ty + Ap) (v(da*)¢)]o
- au(A[wa ’}/(dﬂ?#)g@]o) = 0.
Using equation (4.28), we find:

ATy + A, v (dx)plo + A, (T + A) (v(da?)p)]o = (9 ) [, 7(dx")plo = 0.

One can prove that the I', are locally anti-self-adjoint, from which one infers that:
[/\(Au + Tu) - 8u)‘] [w’ ’Y(dfﬂﬂ)@]o =0.

Since this is true for all 1, ¢, we infer that \(4,, + /TH) — 0y A = 0. Let us finally prove that the
Clifford connection is hermitian. We have:

B, ) = 0u(Al, ©lo)
= (N[, plo + A9, ¢lo
= (8ﬂ)‘)[,¢)7 90]0 + /\[%T/’v @]0 + /\[wa 8#@]0

where we have used equation (4.28). Using the equation A(A4, + /T#) — OuA = 0, and the
anti-self-adjointness of the I',,, we find:

8, B, ) = M0 + Ty + A0, 0lo + A, (O + Ty + Ap)elo
= B(V31,9) + B¢, V).
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The Clifford connection is thus hermitian.
The converse can be proven easily following the same steps. It is in fact a standard result of
spin geometry. See for example [12].
O

This has two consequences:

e We must choose B to be a local anti-Robinson product G, and the corresponding global
product must be a global anti-Robinson product [-, -] ps.

e The Clifford connection must be hermitian for the anti-Robinson product: X (G(¢, ¢)) =
G(VXv, 6) + G, VX 9).

To ensure the existence of the anti-Robinson product and charge conjugation operator, we
will restrict ourselves to STO Spin manifolds. For these manifolds, we will prove that a Clifford
connections that commutes with J; and is hermitian for G always exists. For this, we will need
the following lemma:

Lemma 4.2. Let (M, g) be an STO Spin manifold, and let J ;4 and G be a charge conjugation
operator and anti-Robinson product. Then there exists a family of local trivializations of the
spinor bundle S with Spin,(q, p)-valued transition functions such that Jy;y and G are locally
constant for every trivialization.

Proof. We will use in this proof the same notations as in the proof of theorem 4.3. Let
(Ua, o) aer be a family of trivializations of the bundle Sy, with all U, simply connected.
Let Jy and [+, -] be a charge conjugation operator and anti-Robinson product on Sy respectively.
Let o € I. By uniqueness of the anti-Robinson product and charge conjugation, there exist
smooth maps A\, € C®(Uy,R*) and p, € C*(U,,U(1)) such that for all ¢, o € Sp; and

z=mn(Y) =n(p) € Ua:

Ga(¥, ) = Aa(@)[Ia(¥), Ha ()0
o () = Pa(x)JO(Ha(w))~

Let by = Aap, ! € C*°(U,, C*). Since U, is simply connected, a smooth square root b(ll/ % of b
can be defined over all of U,. We now define a new trivialization of S denoted (U, ®/,), and
defined by:

IT;,(s) = bg/* (@)L (s),

with © = 7(s). Let us compute the local forms of G and Jj;- in this new trivialization. We
have:

G (¥, p) = Aa(2)[a(¥), a ()]0
= N (@) [b5 /2 ()T, (), b2 ()T, (9)]o
= Ao (@) |ba ()| 7HIT, (), TT, (9)]o

which proves that G is locally equal to [+, -]o. Substituting IT/, (s) = be/? ()M, (s) in the equation
for the local form of J;, we find:

b V2 ()T, (Jar ) = o) Jo (b /2 (@)L (1)),
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which yields:
I, (Jar+9) = by % (@) pa (@) Jo (b3 (@)1, (1))

= b2 (2)ba 2 (@) pa () Jo (TT,, (1))
I, (Ja40) = +Jo (10, (1)),
which proves that Jj, is locally constant.
To conclude, we need to compute the transition functions of the new trivializations. But

first, we prove that b, = bg over U, N Up for any «, 5 € I such that U, N Ug # (. Indeed, let
x € Uy NUg. We have:

G (¥, ) = Ao () [Ha(
Gz (¥, ) = Ag(x)[Is(

==
=
2
O
=

Using I1g(s) = gga(x)Ila(s), we rewrite the second equation as:

G (¥, 9) = As(@)[98a (2) (), gpa(2)Ta(#)]o,

The [-, ]o-unitarity of Sping (g, p) group yields:

G (¥, 9) = Ap(@) [Ma(¥), Ta(#)]o,

from which we conclude that A, = Ag over U, N Ug. One can prove in a similar fashion, and
using the commutation of Jy with any element of the Spin group, that p, = pg over U, N Ug.
This proves that b, = bg over U, N Ug. We can now compute the new transition functions. We
have:

114(5) = gga(2)a(s) = by "> (2)IT(s) = gaa(x)b3 "/ (2)IL, (5)
= I (s) = by (2)gsa(2)b5 /2 ()T, (5)
= 10 (s) = gpa(2)by > (2)b3 /2 (2)IL, ()
= Iy (s) = gga (2)1T,(s)

which proves that the transition functions are the same. In particular, they are still Sping(q, p)-
valued, and still satisfy the cocycle conditions.

S

O

With this lemma in hand, we can now prove the following theorem?:

Theorem 4.7. Let (M, g) be an STO Spin manifold, and let Jy; 4 and G be a charge conjugation
operator and anti-Robinson product. Then there exists a unique Clifford connection V*° that
commutes with Jyry and is hermitian for G. We call this connection the canonical Clifford
connection.

Proof. According to the previous lemma, there exists a family of trivializations (Uy, @4 )o of
the spinor bundle such that G and Jj, are constant on every open subset U,. One can assume,
without any loss of generality, that the open sets U,, are sufficiently small for the tangent bundle
to be trivializable over them?. Let o € I. We define the local Clifford connection V¢ over U,
whose local form is V3¢ = d9x + I'(X). Since Jys4 is constant over U,, it commutes with Ox.

2This is a generalization of theorem 9.8 in [6].
30ne can use a refinement of the open cover (Uy, ) for that purpose.
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Moreover, I'(X') commutes with Jys . This proves that V5S¢ commutes with J M+ Let us now
prove that V¢ is metric with respect to G. Since G is locally constant, we have:

X(G(,9)) = G(Ox,¢) + G, 0x )

(the trivialization diffeomorphism @, is implicit here). Using the anti-self-adjointness of I", we

find:
X(G(,9)) = G((Ox + T(X))Y, ) + G(¢, (0x + T(X))p)
X(G(¥,9)) = GVXP0) + G4, VX*)

This proves that V¢ is hermitian for G.

We proved that a local Clifford connection V° satisfying the requirements of the theorem
over every U, exists, and is unique. Let us now prove that all the local Clifford connections
coincide on overlaps of the open sets of the covering. Let o, 8 € I such that U, N Ug # 0. We
have two Clifford connections V¢, V8 over U, N Ugs. There thus exists a complex-valued
1-form B such that V5% — Viﬁ = B(X). From the metricity of both connections, one finds:

GU(VE = VIV, 0) + G, (VS = VIP)p) =0,

from which we infer that B(X) is imaginary. The commutation of J;4 with both Clifford
connections yields:

[via - viﬁv JM-‘r] = Oa
which implies that B(X) is real. We thus conclude that B = 0, and that V¢ = V5% over
Us N Ug. The local Clifford connections V¢ can thus be patched up to form a globally defined
Clifford connection V* that satisfies the requirements of the theorem. The uniqueness of the
Clifford connection can be proven using its metricity and commutation with the charge conjugation

operator, as it was done above to prove the coincidence of V> and V5.
O

With this choice of Clifford connection, the Dirac operator has the sought after properties:

Do) =0
[1/’7 w@]k[ = [lD'l,ZJ, SD]M

It is important to notice that the canonical Clifford connection depends on the choice of
anti-Robinson product and charge conjugation operator. Let Jjs4, G and Jy, ., G’ be two such
choices. Then there exist smooth functions A € C*>°(M,R*) and p € C>°(M, U(1)) such that
G' =X Gand Jy;, = pJpy. Letb = Ap~! € C>(M,C*). The resulting Clifford connections
V¥ and V’¥ can be proven to be related by:

(4.29)

db
Vv = 4.30
5% (4.30)
Indeed, let V¥ = V< + g—g be a Clifford connection (see proposition 4.1). We will prove that
it is hermitian for G’ and commutes with .J3,. . By the uniqueness of the canonical Clifford

connection, one infers that it is equal to V' S hence the result. The proof follows:
X(b) X(b)

G (VXY 0) + G'(VE ) = AG((Vx + =570, 8) + G, (Vi + —5;7)9)]
= NG(V5,9) + G, V50) + Re(3 )G, )]
= AX(G ) + 2Dy,

A
G'(ViEY,¢) + G(VE o) = X(G' (1, 9)),
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and:
(V3 Tia] = (V5 + 2 o]
= (V5 s+ ol
X(p)

= X(p)Jnr+ +P(—T)JM+
[v/)lfsvjjlﬂJr] =0.

The corresponding Dirac operators are thus related by:

;b
p-p=3. (431

where § = v(dz")d,. The two Clifford connections are equal if and only if b is a constant
function. That is, if and only if Jyy and .J},, differ by a global phase and G and G’ differ
by a global constant factor. We can deduce from this that the space of Clifford connections
is isomorphic to the multiplicative group C*>° (M, C*)/C*. In this group, two functions are in
the same equivalence class if and only they differ by a global constant factor in C*. Given that
the affine space of general Clifford connections is isomorphic to the space of complex-valued
differential forms (see again proposition 4.1), we conclude that not all Clifford connections
are canonical Clifford connections. In fact canonical Clifford connections are in one to one

correspondence with differential forms of the form %, and these are closed forms.

db

vSO
QM

In the context of Dirac field theory, the A = db/2b term corresponds to a background gauge
field. But its strength tensor is vanishing: F' = dA = 0, which means that this background field
should have no observable effect, except perhaps some contribution to topological effects.

The Imaginary Convention

One could also define the Dirac operator as:
D =iy(w")VE = iy(da")V5. (4.32)

One can then repeat the same steps as above. The conclusions one arrives at are the following:
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e The manifold M has to be an STO Spin manifold.

e One must choose the local Robinson product [ and local graded charge conjugation
operator Jpy;_.

o There exists a unique Clifford connection, called the canonical Clifford connection, that
commutes with J;_, and that is hermitian for H.

e With this Clifford connection, the Dirac operator satisfies:

{D,xm} =0
(D, Jy-]=0 (4.33)
(b, Do) = (D, o) nr-

We now have almost everything we need to define a commutative Semi-Riemannian spectral
triple. We now only need a Krein space. From here on, M will always be an STO Spin manifold.

4.6 The Spinor Krein Space

Our starting point to define a Krein space is the space of compactly supported smooth spinors
T.(M, Syr). Indeed, all our operators act on it, and smooth functions can be represented on this
space. And most importantly, it is equipped with an indefinite product relative to which all our
operators have good properties (such as the Dirac operator being symmetric). It only remains to
make it complete with respect to this indefinite product.

To achieve this, one must make several choices:

1. The first step is to make a choice of convention of Dirac operator: with or without an 4
factor.

2. Then, one must choose a local anti-Robinson or Robinson product, and construct the
corresponding global product.

3. Next, one chooses a splitting of the tangent bundle TM = E, @& E_. From theorems
4.1 and 4.2 and remarks thereafter, we know that we can associate to each such splitting a
fundamental symmetry 7_ or 7., which we can use to construct an inner product (-, ). .

4. Finally, we construct our Krein space as the completion of T'..(M, Sp;) with respect to this
inner product:
Ky =To(M,Sy). (4.34)

This construction was first presented in [19].

The resulting space, equipped with the global Robinson or anti-Robinson product, is a Krein
space by construction, since it has a fundamental symmetry (77+).

It is also not canonical, in the sense that the outcome generally depends on the choice of
Robinson or anti-Robinson product, and the choice of splitting of the tangent bundle. We will
study these two dependences separately. But first note that Robinson and anti-Robinson products
are in one-to-one correspondence through an insertion of chirality:

G(-) = H(, %)

Note that x, satisfies: x;,(—1)? = xu, with respect to the Robinson product. Notice also,
from the local form of the fundamental symmetries 7, used above, that: xpns = (—1)9n1x M-



4.6. THE SPINOR KREIN SPACE 71

We deduce that: XRT = x . Itis locally and globally Hilbert-self-adjoint. It is also involutive:
x3; = 1. We deduce that it is unitary, and thus bounded with bounded inverse. The different
norms induced by H and G must therefore be equivalent. Thanks to this correspondence, we will
restrict our study to Robinson products.

We start with the choice of Robinson product:

Theorem 4.8. Let H and H' = \H be two Robinson products, with \ € €°°(M,R*). For a
given splitting of the tangent bundle TM = E, ® E_, the norms induced by H and H' are
equivalent if and only if X is bounded with bounded inverse.

Proof. Let (-,-),, and (-, )], be the two inner products constructed with i/ and H' respectively:

<¢,<P>ni = /e]u Ha:(w777+90)\/mdd$
(W), = / (.40l

(the absolute value comes from the reversal of sign of the fundamental symmetry for ' when A
is negative). If A is bounded with bounded inverse, i.e. there exist a, b > 0 such that a < || < b,
then it is easy to see that:

a<w7w>'f]i S <¢;¢>Ini S b<¢a¢>ﬁia

which proves that the two norms are equivalent.
Conversely, let us assume that the equation above holds for all ). In particular, for ¢ # 0:

< fxEM |)“Hw(1/}>77+¢)\/Eddm <
- fwejw Hy () /Iglddz —

Let xp € M, and U an open neighborhood of of zy. We choose U sufficiently small so that the
spinor bundle is trivial over it: S|y = U x Sy. Let ¢y € Sy be non-vanishing. Let (fx)x be a
sequence of smooth functions with support in U that converges to the Dirac delta distribution
0z, We define the smooth spinor 1), with compact support defined by:

() = {fk(x)z/)o ifreU

0 otherwise.

We then replace ¢ in the inequality above with 5. Note that H, (¢0,7+%0) > 0. As a result,
one can prove that the sequence inside the inequality converges to |A(zg)|, and we find that:

a < |Mxo)| <b

forall xg € M.
O

Let us given an example where two Robinson products give unequivalent norms. We construct
our example on the flat 2D spacetime M = R!:1. The corresponding Clifford algebrais C1(1,1) =
M,(R), and the corresponding spinor space is So = C2. We choose a flat spinor bundle: Sy; =
M x Sp, and a coordinate system (¢, z) such that the metric g takes the form g~ = diag(—1,1).
We represent the Clifford bundle using the simple representation:

~(dt) = <(1) _01>

V(dw) = (? (1)) :
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The local Robinson product is necessarily of the form:

H(, ) = My (dz)e,

with A € €°(M,R*). Let ¢, € T'.(M, Sar) be of the form:

1
Ur(t,x) = f(t —71,2) <0) ,
with 7 € R, and f : R? — R a smooth function with support inside the unit disk of R2, whose

square integrates to 1:
//f(t,x)thd:v =1

Let us choose two different Robinson products H and H’ with the same fundamental symmetry
n+ = 7(dx). For the first one we choose \(¢,z) = 1, and for the second one \' (¢, z) = e'. For
H we find:

romtolss = [ [ dtdore, o) (e~ r.o)”

= //dtdmf(t —1,1)?
(r, 407 ) = 1.
We deduce that ||t)-||,, = 1 for H, and does not depend on 7. For H’, we find:

(Wors 0o tbr Yy = / / dtdaN' (¢ 2) f(t — 7, 2)?

://dtdxetf(th,x)Q

> //dtdmeTﬁlf(t — 1,x)? (since f(t — 7, z) vanishes for t — 7 < —1)
(1:[}7'777+w7)/M > em 1.

We deduce that [|¢-[|;, > e(T=D/2 for H'. It can be arbitrary large for arbitrarily large 7. The
norms || - |[,,, and || - ||;, are thus not equivalent. This is ultimately due to the fact that the
function A is not bounded.

We now study the dependence with respect to the splitting of the tangent bundle. The following
results are proven in [36]. We only give the main results here. For a given splitting TM =
E; ®FE_, we denote R the corresponding fundamental symmetry on 7'M, and gg(-, ) = g(-, R-)
the corresponding ("Wick-rotated") Riemannian metric. We choose a specific Robinson product
H.letTM = Ey ® E_and TM = E', © E’ be two different splittings of the tangent bundle.
We want to quantify the difference (or angle) between the two splittings. We first do this locally.
Letz € M. Let A, A’ € SO(T, M, g,) two special-orthogonal isomorphisms of the tangent
fiber over x that map F, 4 to E:;,i isomorphically (see theorem 2.2). Then one can prove ([36],
Lemma 1) that they have the same norm with respect to gr o ||Allgr . = [|A]lgr .- We thus use
this to define the "angle" £(z) = ||Allg,.. = [[A[lg5.. (also called Doppler shift factor in [36])
between the two splittings. Around z, there exists a small neighborhood U on which one can
construct a smooth section A € I'(U, SO(T'U, g|y)) with the properties above by trivializing the
tangent bundle. Then ¢ is a smooth function over U. It is thus a smooth function over x, and thus
over all M. We then have the following theorem:
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Theorem 4.9. [36], Theorem 2 For a given Robinson product H, the norms on T'.(M,Syr)
induced by two splittings of the tangent bundle are equivalent if and only if their angle & is
bounded on M.

We now give an example where two different splittings give two unequivalent norms. Coming
back to our previous example on 2D Minkowski, we choose the Robinson product with A = 1,
and two fundamental symmetries. The first one is 774 = ~(dx). The second one is 1)/, = y(n),
with n the space-like differential form:

n(t,x) = cosh(t)dx + sinh(t)dt.

The corresponding local inner product is:

H. o)y, = vhdante =o' (5 ).

e

We already know that ||+~ [|,,. = 1. We also have:

(st )ar = / / ddue' f(t - 7,2)?

> //dtdaceT_lf(t —7,2)?

(¢nﬂ@¢r)M > 67_1'

We deduce that ||, ||77/+ > e(7=1)/2_ Once again, it can be arbitrary large for arbitrarily large 7,
and the norms || - [|,, and || - ||, are not equivalent. One can prove that the angle between the
splittings is £(¢, 2) = el*l, and this is clearly not bounded.

The key property of this example is that the manifold M is non-compact. Indeed, the functions
A, A1 and ¢ are smooth. They are thus automatically bounded if M is compact, are can only be
unbounded if M is noncompact. We thus arrive at the following corollary:

Corollary 4.3. If M is a compact STO manifold, then the Krein space Ky = T'o.(M, Syy) does
not depend on the choice of convention of the Dirac operator, the choice of Robinson or anti-
Robinson product, or the choice of splitting of the tangent bundle. Moreover, all inner products
obtained through the procedure above induce equivalent norms.

Regardless of the lack of uniqueness of the Krein space in general, one can say a few things
about the various operators constructed in the previous sections, and their action on the Krein
space. We start with the Dirac operator. Its domain D(Ip) = I'.(M, Sys) is dense in Kp; by
construction. It is also symmetric with respect to the global Robinson or anti-Robinson product,
by construction. Under certain assumptions, the Dirac operator is also Krein-self-adjoint:

Theorem 4.10. Theorem 3.19, [19]

If there exists a splitting of the tangent bundle TM = E_ @& E_, of (globally defined) local
fundamental symmetry 1 on T' M, such that M is complete with respect to the "Wick-rotated"
Riemannian metric g(-,n-), then:

e the Dirac operator is Krein-self-adjoint for the Krein space (K, [, -] a1 ) constructed from
this splitting, for the real convention

e the Dirac operator is Krein-self-adjoint for the Krein space (Kyr, (+,-)n) constructed
from this splitting, for the imaginary convention.
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See also [27] for a proof of this theorem.
As for the charge conjugation operators J,+ and chirality x a7, they are definedonT'. (M, Say),
but can be extended into bounded operators on /Cp:

Theorem 4.11. The charge conjugation operators Jyr + and chirality x ns can be extended into
bounded operators on Ky, that we denote the same way. These bounded operators have the
same properties as their restrictions to the core domain T .(M, Syr):

2
=1
L \ (435)
Xar = Xar = (=1)"xm
for chirality, and:
e = a(£(g —p))
e = a(F(p + q) I+ (4.36)
i = a(£(p+ 9) v+
for charge conjugation, and:
Jvexm = (—1)(p7q)/2XMJMi. “4.37)

Proof. We will prove the results above for the imaginary convention and Robinson product. They
can be proven similarly for the anti-Robinson product. Let 7 be the fundamental symmetry
associated to the splitting of the tangent bundle used to construct the Krein space ;. We
denote (-,-) = (-, n4+-) ar the associated inner product, and the Hilbert-adjoints with respect to
this product with a simple 7.

First, let us notice that all properties above are true for the restricted operators, according to
the results of chapter 3 (see table 3.3). We saw in the proof of theorem 4.3 that x5, is bounded
onT'.(M, Syr). Indeed, from the local form of 7),.:

. +iP=1D/2y(e,11)...7(eq) forodd ¢,p
* +i9/2y(ey)...v(eq) for even ¢, p,

we proved that x prn+ = (—1)974x ar, and thus that XR{ = x . This implies that x5 is unitary:
x}LWXM = XMXR; = 1. It is thus bounded on I'.(M, Sys). One can prove similarly that Jy;
and Jy,_ are bounded on T'.(M, Sjs): mirroring the computation of & in section 3.4, one can
prove that Jj,4 and Jj/_ are anti-unitary: JL I+ = I+ JJTW . = 1. They are thus bounded
on I'.(M, Sjr) too. The operators x s and Jy 4 are thus densely-defined bounded operators,
and it is well-known that such operators can be extended to bounded operators.

Now, let us prove that they have the same properties as their restrictions. We will prove this for
chirality only. Extending the proof below to the charge conjugation operators is straightforward.
Let ) € K/ be the limit of a Cauchy sequence (1), ), of elements in I'.(M, Sys). The vector
XM is then defined as the limit of the sequence x ;. We have

2 2 IRT -
Xy = lUm Xythn = lim ¢y =1,
which proves that the extended operator X as is involutive too. Let ¢ € Iy be the limit of another

Cauchy sequence (¢, )., of elements in I'.(M, Sjs). Note that the inner product is continuous by
construction, and that 7 is bounded (as all fundamental symmetries are, see chapter 2). As a
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result, the indefinite product (-, -) 5/ is continuous. We have:

(Y, xme)m = li_{n (Yns X01Pn) M

n—00

= (-1)1 HILH;O(XMI/M,S%)M
(W, xme)m = (=) (xms @),

which proves that the extended operator satisfies: x5, = (—1)%x .

4.7 A Tentative Semi-Riemannian Spectral Triple

We have now constructed all the objects required for a spectral triple. Let us summarize these
objects and their properties. We do this for both conventions for the Dirac operator:

Real Convention
The objects we have constructed so far are the following:

e The spinor Krein space (K, [+, /| as). We remind the reader that adjoints of operators with
respect to [+, | ps are denoted with a + superscript.

e The chirality operator y s, a bounded involution: 3, = 1. It is either self-adjoint or
anti-self-adjoint:
Xar = (=1)"xr. (4.38)

e The charge conjugation operator Jj/. It is bounded, and has the following properties:

Jiry = alg = p)
Jiry = alp + @) Jar+ (4.39)

)P0y Ty

Im+Xxm =
e The Dirac operator I, of dense domain D(Ip) = T'.(M,Sys). It is symmetric, and
self-adjoint under some conditions (see theorem 4.10). It has the following properties:

{XleD}:O

(4.40)

[Ja+, D] = 0.
Finally, for this to be a commutative spectral triple, we need a suitable algebra of functions, that
can be represented by bounded operators on the Krein space, and is possibly unital. This algebra
A will be a subalgebra of the algebra of smooth complex functions on M: Ay C C*° (M, C).
Any such function can be represented on T'.(M, Sj;) by pointwise multiplication:

v ()Y = fib, (4.41)

forall f € Aprand ¢ € T (M, Sys). We want this representation to extend into a representation
on the entire Krein space. In other words, we want the representation to map Ay to B(Kpy).
It is straightforward to prove that for any f € Ay we have: ||maz(f)|ln,. = supy, |f], where
7+ is the fundamental symmetry used to construct the Krein space. The functions of Ay, must
therefore be bounded. The simplest choices for A, are thus:
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o Ay =C(M,C), the algebra of smooth complex bounded functions
o Ay = C°(M,R), the algebra of smooth real bounded functions.

Both algebras are unital algebras. The first one is a pre-C*-algebra: it is a dense subalgebra of
the algebra of bounded continuous functions on M. The first algebra is also a complexification
of the second. In both cases, the representation my, is involutive:

77]\4(?) = 77M(f)+7

thanks to the local nature of the Robinson product®. In the next chapter, we will use all the objects
above to give a possible axiomatization of Semi-Riemannian (or indefinite) noncommutative
geometries.

The Imaginary Convention

The corresponding objects are the following:

e The spinor Krein space (K, (,-)ar). We remind the reader that adjoints of operators
with respect to (-, -)ps are denoted with a x superscript.

e The chirality operator /s, a bounded involution: x4, = 1. It is either self-adjoint or
anti-self-adjoint:
= (=1)"xu- (4.42)

:X

X

o The graded charge conjugation operator Jp,;_. It is bounded, and has the following proper-

ties: )
Jy— =alp—q)
Ty =alp+aq)Ju- (4.43)
Jar—xar = (1) P02 Tar

e The Dirac operator I, of dense domain D([p) = T'.(M, Sy). It is symmetric, and
self-adjoint under some conditions. It has the following properties:

1 am = 0
Do, P (4.44)
[JM—7 JZ)] =0.
o Finally, we need an algebra: Ay = Cp°(M,C) or Ay = Cp° (M, R), with an involutive
representation 7, on the Krein space by pointwise multiplication mps(f) = f.

4.8 Tensor Products of Manifolds

To conclude this chapter, we construct tensor products of spin geometries, using the rules of tensor
products of Clifford algebras summarized in section 3.5. We will later use this to axiomatize the
construction of tensor products of triples. Let (M, gps) and (N, gn ) be two STO Spin manifolds of
even dimensions and signatures (p, q) and (p’, ¢') respectively. We construct the tensor manifold
M x N. Although the algebra C;°(M x N, C) does not factorize to C;°(M, C) ®@c C;°(N, C),
the former is dense in the closure of the latter for the supremum norm. A similar result holds

4This is in fact a possible justification for the restriction to local products in theorem 4.6.
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for the algebras of real smooth bounded functions. In both cases, Ay; ® Ay is almost-dense in
A« v in the sense that:

Ap @ AN C Ayxn CAv ® An. (4.45)

The total tangent bundle is the direct sum: T (M x N) =TM & TN. We equip it with the
metric ¢ = gp; @ gn. The rules of tensor products for Clifford algebras tell us that the total
Clifford bundle is a graded tensor product of bundles: C1(T*(M x N)) D Cl(T*M)®@CL(T*N),
with the latter almost-dense in the former, and with the embedding of the total cotangent space
given by:

VX @Y)=yX)®l + 1y(Y),
forany X € T*M,Y € T*N. The total Clifford bundle can be represented on the total spinor
bundle:
Suxn = Su®Sy
(the bundles Sys and Sy are of course graded by their respective chirality operators). The total
space of smooth spinors I'(M x N, Sy« n) has as an almost-dense subset the tensor product
(M, Sy )®T(N, Sy). The total chirality operator is given by:

XMxN = EXMEOXN- (4.46)

If Hy; and H are Robinson products for M and N respectively, then a local Robinson product
for M x N is given by:

Hyu N (01@01, 2@p2) = Hy (Y1, 02) Hy (01, Bo2),

where:
1 if ¢ is even

8= (iq/XN)q =< xn ifgisoddand ¢ iseven 4.47)
ixny if ¢ and ¢’ are both odd.

After integrating on M x N, one finds the global Robinson product:

(V1&¢p1, Y2@p2) mx N = (Y1, ¥2) M (¢1, Bo2)N- (4.48)

The tensor product is similar for anti-Robinson products:

Grxn(P1®¢1, ha®p2) = Gar (1, ¥2)G N (1, Bp2)

. R (4.49)
(1001, V2@ mx N = (Y1, V2] a1, B2l N-
Finally, the total charge conjugation operators are given by:
Tnxne = xa I xS Iy (4.50)

Let us now construct the total Dirac operator. For this, we need the total canonical Clifford
connection:

Proposition 4.3. For the total Robinson or anti-Robinson product, and total charge conjugation
operator constructed above, the canonical Clifford connection of M X N is given by:

Vioy = VEME1+ 1675

where VM and V5N are the canonical Clifford connections of M and N respectively.
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Let us notice that a Clifford connection always commutes with a chirality operator. It is thus
an even operator: VM| = |V5 V| = 0. The action of V* is thus given by:

Viay W&p) = ViMyde + @iy,

fory) € T(M, Sur), ¢ € T(N, Sy). This defines the action of V5, 4y on T'(M, Sar)®L(N, Sy).
It then extends uniquely to I'(M x N, Sy« n) by the almost-density of the former space in the
latter.

Proof. We only give an outline of the proof, without the gory details. We denote V® the
right-hand side of the above equation: V% ., = Vi’M@l + 1®Vf}N.
First, let f € C>°(M,C), g € C>*(N, C). Itis easy to prove that:

V&ay (f © 9)(&@p) = (X @Y )(f ® 9)(¥®¢) + (f © 9)Viay (v&0).

For X' e I'(M,TM),Y’ € T'(N,TN) it s also straightforward to prove that:
Viey (X @ Y) (&) = 1(Vxey (X' @ Y"))(&e) +1(X @ Y)Vigy (V&9),

using the tensor rule for the Levi-Civita connection: Vxgy (X' @Y') = Vx(X') & Vy (Y).
Now, we know that C*°(M,C) ® C>=(N,C) is almost-dense in C>°(M x N,C), and that
(M, Sy )®T(N, Sy) is almost-dense in T'(M x N, Sy« n). Note that the space T'(M x
N, T(M x N)) has as an almost-dense subspace the tensor product: C*°(M,R) @ I'(N,TN) @
I'(M,TM)® C>(N,R). We can thus extend the two identities above:

VX (fe) = X(f)v + VS
V(Y )Y) = (VXY )Y + (V) Vi,

forany f € C*(M x N,C), XY e I'(M x N,T(M x N)),and ¢ € I'(M X N, Syixn)-
The differential operator V® is thus a Clifford connection. It remains to prove that it is canonical.
It is straightforward to prove that V® commutes with Jp; N,+, from the commutation of the
Clifford connections of M and N with their respective chirality and charge conjugation operators.
Proving that V® is hermitian for H sy or G s n is also straightforward, if one notices that

VSN necessarily commutes with the /3 operator.
O

We can now construct the total Dirac operator. Let (e, ), be a local basis of T M, with dual
basis (€?)4, and (f3 ), be a local basis of TN with dual basis (f?);. Then (u;); = (e, ®0), U
(0 fp)p is a local basis of T(M x N), with dual basis (w?); = (e ©0), U (0 & ?);. We thus
have: _

Y(W)V5, =1(e" &0V, 50 +7(0 & f)V],00
=(1(e)BN(VEME) + (1&9(f") (18VE™)
=1(e)VEM B+ 19(/") VY.
We deduce that:
D=Dy®l+10Dy 4.51)

for both conventions. Here 9, and I  are the Dirac operators for M and N respectively, and
D is the Dirac operator for M x N.

Finally, we construct the total Krein space. We do it for the imaginary convention, and the
process is identical for the real convention. Let TM = E_ @ E (resp. TN = E' @ E’,) be
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a splitting of the tangent bundle of M (resp. N), and nys4 (resp. nn+) be the corresponding
fundamental symmetry. Let s (resp. Kn) be the resulting Krein space. Then T'(M x
N) = (EL ® E',) @ (E_ @ E") is a splitting of the total tangent bundle into positive and
negative subspaces. Using the local forms of the fundamental symmetries, one can prove that the
corresponding fundamental symmetry is:

— jad

N+ X?yﬂ?M+®X?\ﬂ7N+a

and that the corresponding inner product is given by:
Con+)mxn = ()M @ (v )N-

As aresult, the completion of T'(M x N, Sy« ), which has as an almost-dense subspace the
tensor product T'(M, Sy )®T (N, Sy), is:

Karsn = K@Ky (4.52)

When M and N are compact, the splittings used do not matter, and the identity above always
holds by the uniqueness of the respective spinor Krein spaces.






Chapter 5

Indefinite Spectral Triples

In this chapter, we use the results of the previous chapter to try to define a Semi-Riemannian
generalization of spectral triples. This is also inspired from existing work on Semi-Riemannian
NCG: see [1, 5, 11, 27, 28, 29] for example. We will start with a definition of what we call an
Indefinite Spectral Triple (IST), with a list of possible axioms. We will then relate these ISTs to
Semi-Riemannian geometries to give them a "metric interpretation”. This was reported in [33].
Finally, we will define the tensor product of ISTs.

5.1 Definition of Indefinite Spectral Triples

We start this chapter with a fentative definition of what an indefinite spectral triple should be:

Definition 5.1. The family of objects (A, KC, D, x, J) is called an indefinite spectral triple if they
have the following properties:

1. K is a Zy-graded Krein space, with indefinite product (-,-). The adjoint with respect to
this product is denoted with a X superscript.

2. x is the grading operator of the above Krein space. It is either self-adjoint or anti-self-
adjoint:
X =(-1)"x, (5.1)
with o € {0,1}. We assume x to be bounded. Equivalently, we assume that the homoge-
neous subspaces of IC are closed.

3. Ais a *-algebra with an involutive even representation 7 on K:
m:A— B(K) (5.2)
such that 7(a*) = 7(a)* and [x,7(a)] =0, for any a € A.

4. D is an odd, symmetric operator on K of dense domain D(D), called a generalized Dirac
operator.

5. Finally, the generalized charge conjugation operator J is a homogeneous bounded anti-
linear operator on K that commutes with the Dirac operator: [J, D] = 0. It squares to +1
and is either self-adjoint or anti-self-adjoint:

J?=¢

53
J* =k, (53)

81
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with e,k € {0,1}. The grading |J| of J is then used to define the two additional signs:

6// — (_1)|J|

K — (_1)|J|+U(: (_1)06//). 5.4

We thus have: Jx = €"xJ.

The indefinite product on K is said to be homogeneous and even (resp. odd) when Y is
self-adjoint (resp. anti-self-adjoint): its grading is o. This is because the homogeneous subspaces
of K are mutually orthogonal if x is self-adjoint, and self-orthogonal if it is anti-self-adjoint.
In other words, for ¢, ¢ € K homogeneous vectors, the product (¢, ¢) is nonvanishing only if
lo| + 1| = o mod 2. Let us see why:

(¥, @) = (=) (xp, xp)
= (=)l x* xo)
(¥, @) = (—1)WIHIelro (g o)

hence the result. Note that the homogeneity of the indefinite product ensures that an operator and
its adjoint always have the same grading: |T'| = |T|.

One may want to supplement the IST with a privileged fundamental symmetry of X that
behaves "nicely". For example, one may seek a fundamental symmetry that either commutes or
anti-commutes with y - making it a homogeneous operator - and .J. There would thus exist two
signs a, B = %1 such that:

XN = anx
Jn = pBnd.

Let us determine those two signs. From the general relation 717 = 5T%n, we deduce that:

X" = (=1)7ax
JM = kB,

from which we deduce that:
X"x = (=1)%a
JJ = erp.

The operators x7x and J1".J are necessarily positive, and thus equal to 1. We deduce that
a=(—1)7 = ¢'«k", and § = ek. This leads us the following definition:

Definition 5.2. Let (A, K, D, x, J) be an IST. A privileged fundamental symmetry n is a homo-
geneous fundamental symmetry of the Krein space that either commutes or anti-commutes with
J. It necessarily satisfies:

n..n

XN =€ K nx

5.5
Jn = exnd. (>

Note that the existence of a privileged fundamental symmetry necessarily implies that x and
J are bounded operators, since it makes them n-unitary and n-anti-unitary operators respectively.

The correspondence with spin geometries is established by the following proposition (see
section 4.7):

Proposition 5.1. Let (M, g) be an STO Spin manifold of even dimension. Then:
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o (Ap, Kar, D, xars Jars) is an IST, with Kyr equipped with the global anti-Robinson
product and IP defined according to the real convention

o (Aur, Kar, D, xar, Jar—) is an IST, with Ky equipped with the global Robinson product
and 1D defined according to the imaginary convention.

Such a triple is called a manifold IST.

Note that a manifold IST always has a privileged fundamental symmetry: namely the funda-
mental symmetry 7. used to construct the Krein space, and built from a splitting of the tangent
bundle. Note also that a non-compact manifold admits more than one IST, since in that case the
Krein space is not unique (see section 4.6).

A few remarks are in order about definitions 5.1 and 5.2. It is important to note that this list of
axioms is not definitive, as there are properties of spin geometries that we have not axiomatized
here. Some of these correspond to axioms of usual (i.e. definite) spectral triples. For example,
A is not necessarily a C*-algebra or a pre-C*-algebra. In fact, A could be a real algebra. Other
axioms of (definite) spectral triples have also been abandoned, such as the requirement that D
is self-adjoint, and not simply symmetric. Another requirement we have dropped is that the
commutator of D with any element of 7w(A) be a bounded operator: for manifold ISTs, this would
require working with the algebra of smooth functions with compact support, which we think is
too restrictive in the Semi-Riemannian case. Indeed, for a manifold IST, said commutator would
be a differential form embedded in the Clifford bundle: ~(df), whose operator norm depends on
the "angle" with the fundamental symmetry 7 +. Such a form could thus be unbounded, even if
f is a bounded function with bounded derivatives (see 4.6), unless its support is required to be
compact.

Finally, one could drop the requirement that the representation 7 is involutive, in order to
construct some particular ISTs of physical interest (see [35]).

In any case, these axioms do generalize the axioms of spectral triples, in the sense that a
spectral triple is necessarily an IST where (-, -) is an inner product. From the axioms of ISTs,
one can prove that:

X><X —_ (71)0 ———

J*J = ek.
For (-,-) positive definite, both x*x and J*J must be positive definite operators, and both
must be equal to the identity as a consequence. This implies that K = ¢ and k" = ¢”. The
four independent signs ¢, €, k, k" thus reduce to the two independent signs € and €. This is

consistent with what we know about spectral triples.
The notion of spectral triple equivalence can be generalized to a notion of IST equivalence:

Definition 5.3. Let (A, K, D, x,J) and (A',K',D’, X', J') be two ISTs. They are said to be
isomorphic, or equivalent, up to orientation if there exists a *-algebra isomorphism o

a:A— A
afa*) =ala)", Vae A (5.6)
a(ab) = aa)a(b), Ya,be A

and an isomorphism U of vector spaces that preserves the Krein products up to a sign \:

U:K—K

(U-,U-) = \,-), (5.7
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such that:
Urn(a)U™ = 7' (afa))
UxU~t =sy
X L X (5.8)
UDU'=D
vjut=r,

where ¢ is a sign. The couple (U, «) is said to be an IST isomorphism.
If A = § =1, then the two ISTs are simply said to be isomorphic, or equivalent.

It is easy to see that IST equivalence and equivalence up to orientation are indeed equivalence
relations (i.e. symmetric, reflexive, and transitive). The reason for allowing the sign change for
the Krein product is that indefinite products, such as the Robinson product, are typically defined
up to a real non-vanishing factor. Similarly, grading is defined up to a sign. As a consequence,
two ISTs that only differ by a positive real factor A for the Krein product are equivalent, and two
ISTs that only differ by a real factor A for the Krein product are equivalent up to orientation (with
U being a scalar operator equal to a square root of A, and « being the identity).

The difference between equivalence and equivalence up to orientation manifests itself best for
manifold ISTs, where the sign of Robinson or anti-Robinson product, and the sign of the chirality
operator define a space- and time-orientation for the manifold. Two equivalent manifold ISTs
will thus have the same space- and time-orientation, while two equivalent ISTs up to orientation
may have a different choice of space- or time-orientation.

For definite spectral triples, it is easy to see that two equivalent triples as ISTs, are also
unitarily equivalent as definite triples.

5.2 KO, Metric, Space and Time Dimensions

To a (definite) spectral triple, one can associate a KO-dimension from the two signs € and €”. For
the canonical triple of a Riemannian manifold, this coincides with its dimension modulo 8. But
for ISTs, there are four independent signs. We will associate to these four signs two dimensions:
a KO-dimension and a metric dimension. We will see below that for the manifold triple of a
Semi-Riemannian manifold, these will coincide with the signature and dimension of the manifold
respectively, modulo 8. Let us first define these two dimensions:

Definition 5.4. Ler (A, K, D, x, J) be an IST with signs €,€” | k, k". The KO-dimension n and
metric dimension m of the IST are the unique numbers in 27,/87 == {0, 2,4, 6} such that':

e=a(n)

" _ (1 n/2

Gﬁ = Et(m) (59)
K = (71)m/2.

The correspondence between signs and dimensions is also illustrated in table 5. 1.

The relations above are well-defined because both a and n +— (—1)"/2 are periodic functions

of period 8. From table 5.1, it is easy to see that the maps n — (e,€’) and m — (k, ") are
bijective maps. Hence the existence and uniqueness of the KO and metric dimensions of any IST.
Note that two equivalent ISTs necessarily have the same metric and KO-dimensions.

'We remind the reader that the a function is defined in section 3.4 by a(n) = (—1)"(*+2)/8,
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The KO-dimension 7 is defined by the signs ¢, ¢’ the same way KO-dimension is defined for
a (definite) spectral triple, hence the name KO-dimension. For an IST that is also a spectral triple,
we know that (k, k") = (¢, €”). The KO and metric dimensions are thus equal: m = n, and they
coincide with the usual definition of the KO-dimension of a triple.

n (resp. m) |0 2 4
€ (resp. k) 1 -1 -1
€ (resp. k) 1 -1 1 -1

Table 5.1: The signs ¢, €”, k, k" are given as a function of n, m.

By comparing with the results of section 4.7, one arrives at the following result:

Proposition 5.2. Let (M, g) be an STO Spin manifold of even dimension and signature (q, p).
Then any corresponding manifold IST has metric dimension m = p+q mod 8 and KO-dimension:

q — p mod 8 for the real convention
n =
p — q mod 8 for the imaginary convention.

The relation m = p + ¢ mod 8 between m and the dimension d = p + ¢ of the manifold M
is what suggests calling m the metric dimension.

Proof. From the results of section 4.7, we know that:

o =qmod 2
e = (_1)(17*9‘()/2

k=a(p+q)

for both conventions. We deduce that x” = (—1)7¢” = (—1)®+9)/2 and thus that m =
p + g mod 8. We also know that:

{a(q — p) for the real convention
€ =

a(p — q) for the imaginary convention,

from which one deduces n = ¢ — p mod 8 for the real convention, and n = p — ¢ mod 8 for the
imaginary convention.
O

Space and Time Dimensions

Let (M, g) be an STO Spin manifold of signature (g, p). We know that the metric dimension of any
corresponding manifold IST is m = p + ¢ mod 8 and its KO-dimension is n = 4-(¢ — p) mod 8,
depending on the convention. One is tempted to invert and generalize these relations, in order to
associate a total signature (g, p) to any IST, starting from its KO and metric dimensions. One
might also be tempted to interpret ¢ and p as space and time dimensions. It turns out that such an
interpretation simplifies the extraction of (g, p) from m and n. We will thus start with that.

To find space and time, one starts with what one knows best: Lorentzian manifolds. There are
two conventions for Lorentzian manifolds: the so-called West Coast and East Coast conventions.
For each convention, we will consider a Lorentzian manifold M of even dimension d that admits
an IST, and relate its signature (g, p) to the number ¢ of time dimensions and the number s of
space dimensions. By definition, (¢, s) = (1,d — 1) for a Lorentzian manifold.
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o East Coast convention: A West Coast metric has a signature of the form (—+---+). We
thus have: (¢,p) = (1,d — 1). We deduce that for such a metric: (¢, s) = (¢,p).

e West Coast convention: A West Coast metric has a signature of the form (+ — -+ —).
We thus have: (¢,p) = (d — 1,1). We deduce that for such a metric: (¢, s) = (p, q).

As it turns out, these two conventions are in one-to-one correspondence with the real and
imaginary conventions of the Dirac operator. This can be seen by solving the corresponding
Dirac equation for a flat Lorentzian manifold M:

o Real convention: In this case, the IST can be chosen so that the Dirac takes the form:
I = ~(dx*)d,,. The Dirac equation for a free fermion of mass m is then:

(y(dz")d +m)y =0
Substituting a plane wave solution v (z) = e*?»*" then gives the equation:

(#v(p) +m)u =0,
which gives the dispersion relation:

p?=—m? =3 — E%

We deduce that the corresponding metric has the signature (— + - - - 4). Thus, the real
convention necessarily implies using the East Coast convention. From now on, we will
equate real convention and East Coast convention, and use either name indiscriminately.

o Imaginary convention: The Dirac operator can be taken of the form: ) = iy(dz*)d,.
The additional ¢ factor changes the dispersion relation to:

2 =m?=E? — 2

We deduce that the corresponding metric has the signature (+ — - - - —). The imaginary con-
vention necessarily implies using the West Coast convention. From now on, we will equate
imaginary convention and West Coast convention, and use either name indiscriminately.

Let us now generalize the relations we found above to general Semi-Riemannian manifolds
and their manifold ISTs, and relate KO and metric dimensions to space and time dimensions:

e East Coast convention: For this convention, we know that n = ¢ — p mod 8 and m =
p + ¢ mod 8. We also established that (¢, s) = (¢, p). We deduce that n = ¢t — s mod 8
and m =t + s mod 8.

e West Coast convention: For this convention, we know thatn = p — ¢ mod 8 and m =
p + ¢ mod 8. We also established that (¢, s) = (p, q). We deduce that n = ¢ — s mod 8
and m =t + s mod 8.

We thus have for both conventions:

n=t—smod8

(5.10)
m =t+ s mod 8.

For a manifold IST, the relation between space and time dimensions on one hand, and KO and
metric dimensions on the other, does not depend on the convention for the Dirac operator. This
makes the following definition meaningful:
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Definition 5.5. Let (A, K, D, x, J) be an IST of KO-dimension n and metric dimension m. A
pair (t,s) € N? of space and time dimensions for the IST is a solution to the equations (5.10).

Note that for a manifold IST, a possible solution is:

(t, 5) (¢, p) for the East Coast convention
b S =
(p, q) for the West Coast convention.

For given m and n, let us find the general solution to the equations (5.10). By taking the sum
and difference of the two equations, one finds:

m+n = 2t mod 8

m —n = 2s mod 8.

Since each side of each equation is even, one can divide by 2:

_m-+n

mod 4

= ? mod 4.

w
|

There thus exist two integers j, k such that:

= m—|—n+4j
2 (5.11)
m—n
s = 5 + 4k.

summing both equation gives us:
t+s=m-+4(j + k) mod 8.

We know that ¢ + s = m mod 8. We deduce that 4(j + k) = 0 mod 8. This is true if and only if
j+ k =0 mod 2. Thus all solutions to (5.10) are of the form (5.11), with j, k of the same parity.
Proving the converse is immediate. For the reader’s convenience, the solutions are presented for
all values of n and m in table 5.2. Note that ¢ and s necessarily have the same parity.

n=0 2 4 6
m=0 (0,0) 4.4) (1,7) (5,3) (2,6) (6,2) (3,5) (7,1)
2 (1,1) (5,5) (2,0) (6,4) (3,7) (7,3) (4,6) (0,2)
4 (2,2) (6,6) (3,1) (7,5) (4,0) (0,4) (5,7) (1,3)
6 (3,3) (7,7) (4,2) (0,6) (5,1) (1,5) (6,0) (2,4)

Table 5.2: Smallest values of (¢, s) that solve equations (5.10), and correspond to j, k = 0 or 1 in
(5.11). The general solution is of the form (¢ + 8a, s + 8b).

The Cardinal Conventions

When we defined ¢ and s for an IST, we did not make use of the Dirac operator: we only used the
Krein space, its indefinite product, x and J. To these objects, one can always associate KO and
metric dimensions, as well as space and time dimensions, according to equations (5.9),(5.10),
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and the defining equations of the signs ¢, €, k, " in definition 5.1. The physical interpretation of
these dimensions is then established by computing them for the manifold ISTs of some Lorentzian
manifolds, for the East Coast and West Coast metrics.

Given the triple of objects (K, x, J), if a privileged fundamental symmetry 7 exists, one says
that (IC,n, x, J) is a CPT co-representation® (see [33] for more). This is because for manifold
triples, the operators 7, x, J generate the same group as the lift of the C,P, T transformations to
the spinor bundle, represented here by the spinor Krein space.

Without the Dirac operator to constrain the charge conjugation and indefinite product, there
are two more conventions that we have not yet considered in section 4.7, that do not correspond to
manifold ISTs but correspond to CPT co-representations (and can still be used to give a physical
interpretation to some ISTs):

e South Coast convention: In this convention, one uses the global Robinson product (-, -) =
(v, ) as an indefinite product, and the ungraded charge conjugation operator J = Jys4
as a generalized charge conjugation. The chirality is of course x = xas. The Dirac
operator constructed in the previous chapter will either be antisymmetric (real convention)
or anticommute with J (imaginary convention). Nonetheless, JJ and  satisfy (see theorem

4.11):
X = (=1)7x
Jarexm = (—1)@- q)/ XmJI M+
JJ%M- =a(g —p)
Tnre = al=p+ @) Inrs-
We deduce that:
e=a(q—p)
= (_1)(p—<1)/2
k=a(—(p+q))
K = (_1)(p+q)/2.
This gives the KO dimension n = ¢—p mod 8 and metric dimension m = —(g+p) mod 8.

Comparison with equations (5.10) shows that possible pairs of space and time dimensions
are given by (¢, s) = (—p, —q) mod 8. This is obviously unphysical for a manifold IST.

o North Coast convention: This convention is opposite to the South Coast convention. Here,
one uses the global anti-Robinson product (-, -) = [, -|as as an indefinite product, and the
graded charge conjugation operator J = Jj;_ as a generalized charge conjugation. The
chirality is of course x = xas. The Dirac operator constructed in the previous chapter will
either be antisymmetric (imaginary convention) or anticommute with J (real convention).
Similarly to what was done above, one finds the KO dimension n = p — ¢ mod 8 and the
metric dimension m = —(q + p) mod 8. Possible pairs of space and time dimensions are
given by (t,s) = (—¢, —p) mod 8. This is also unphysical for a manifold IST.

All four cardinal conventions are summarized in table 5.3.

2The term co-representation is used when dealing with a representation that involves anti-linear operators.
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Convention || m n \ (t,s) \
East-coast p+q q—p (¢;p)
West-coast p+q p—q (P, q)
South-coast -P—q q—p (—=p,—q)
North-coast -p—q pP—q (=¢,—p)

Table 5.3: Metric, KO, and allowed space and time dimensions for all four conventions. All
dimensions are given modulo 8.

5.3 Tensor Products of Triples

We conclude this chapter with a recipe for constructing tensor products of ISTs, that generalizes
the existing recipe for (definite) spectral triples. This is inspired from the results of section 4.8,
and from the work [1].

Theorem 5.1. Let (A1,K1, D1, x1,J1) and (As, Ko, Do, X2, J2) be two ISTs, such that the alge-
bras Ay and Ay are either both real or both complex. Then the following family (A, IC, D, x, J)
of objects is an IST:

o I =K1 ® Ky is the topological tensor product of the Krein spaces K1 and KCo. We equip
it with the indefinite product:

(102, V1@1h2) = (p1,91)1(02, B12)2 (5.12)

where:
1 if (+,-)1 is even
B=(i"x2)"* = ¢ x2 if(-,")1isodd and (-, )3 is even (5.13)
ix2 if(+,+)1 and (-,-)q are both odd

o The grading of K is the bounded extension of the operator:
X = X192 (5.14)
e The Dirac operator is given by:
D = D1®1 +1®D, (5.15)
with domain D(D) = D(D1)®D(Dy).
e The charge conjugation is given by

T =X néxt g, = 1 @ gay (5.16)

o Finally, the algebra A is any *-algebra such that A1 @ As is almost-dense in it, that is:
Al QA CAC AL ® As, 5.17)

with involution defined by:
(a®b)" =a" @b",
and a representation given by:

7(a ®b) = 7 (a)@ma(b). (5.18)

The topology on Ay ® As is induced by 7 and the topology on K.
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Note that this tensor product is not unique, since the algebra A is not unique. Once again,
we denote the graded tensor product with the symbol . One ought not to confuse this with the
topological tensor product, sometimes denoted similarly in the literature. We remind the reader
that the rules of the graded tensor product are as follows:

(Ty&T»)(S16Ss) = (— 1)/ T21511(T} §, & T5.5,)
(MY &Ty) (Pr1@12) = (—1) P (Typy @ Tou0,)

for any operators S1, 7} and So, T, acting on [y and ICy respectively, and vectors 1 and 5 in
those spaces. The grading of the operator T} @75 is simply the sum of the gradings of 7 and T5.
An important property of the graded tensor product is that:

(5.19)

(Ty&Ty) "t = (=)D (T 1&Ty 1) (5.20)

for T} and 75 invertible. This can be checked with a straightforward computation.
The two different forms of J given above can be proven to be equal using the identities:

J. J J. 7
J1X|1 2‘ ( 1)‘J1|| 2‘X|1 2‘ 1

J J J T
J2X|21‘ _( 1)‘J2|| 1‘X|21‘ 2,

from which one infers that:

J. A |J Ja| & J Ja| & J
Xll 2‘J1®X‘2 1|J2 _ (71)2\J1||J2\J1X|1 2\®J2X|2 il JlX‘1 2|®J2X|2 1]

In order to prove our theorem, we will need two simple but useful lemmas. The first one gives
a property of the indefinite product constructed above:

Lemma 5.1. Let Ty, T be two homogeneous linear operators on K1, KCo respectively. Then:
(Ty&Ty)* = (1) Tl ST (5.21)
For homogeneous anti-linear operators K1, Ko, the rule is:
(K1 ®K,)* = ()7t Il g g i (5.22)
Proof. Let us compute the adjoint of 77 @T:

(T1®T2) (p1&p2), Yr1&2) = (—1) T ( Ty 01 &To0p, Y1 G1)2)

= (=Dl ( Ty o1, 491 )1 (Togpa, Bib2)o

= (=)= (o1, T4 )1 (02, Ty Beba)a

From the definition (5.13) of /3, one can can see that T53 = (—1)7*|T2| 3T}, The same holds for
TQX, thanks to the self-adjointness of 5. We now have:

(T1®T2) (p1&p2), Y1@2) = (—1)PIUerlTon) (o) T2 )1 (02, BT 2)2
= (—1)IllerlFlal+o0) (01 eps), (T OT2) (1h1@1)2))

The product (T7¢1,%1)1 is non vanishing only if |T1| + |¢1]| = |11] + o1. This implies that
(—1)I2l(erl+¥rl+eor) — (_1)IT1lIT2] and the lemma follows.
The proof is similar for antilinear operators, with the exception that the formula 758 =
(—1)711721 BT, is replaced by Ko3 = (—1)71(72+1K2D K0, due to the 19172 factor in 3.
O
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The second lemma gives a property of the charge conjugation operator:
Lemma 5.2. Let T, T5 be two linear operators on Ky, Ko respectively. Then:
J(T&TR) Tt = LTy J; ' @I, Tyt (5.23)

Proof. We assume, without any loss in generality, that 77 and 75 are homogeneous. First, the
inverse of J is given by equation (5.20) as:

J—l _ (_1)“1"]2‘(X‘1J2|Jfl®X‘2J1|J51)~

Now, we have:

J(M&Ty) 4 =(= 1)l (2 @ aox S ) (&) (G e st
=<1ﬂ‘WH“MBmva®bwaanﬁﬂa YT It
=(— 1)l Tl T 21112l g Lol y V2l =g g0 il Dl gty

—(— 1) 2T 21T g\ 22l o1 g 2, g1y

J(T&Ty) T~ =(L Ty J; @Iy Tody b,

We can now carry on with the proof of the theorem:

Proof. First, let us observe that I = K1 ® K5 is a Krein space when equipped with the direct
tensor indefinite product:

(L1802, h1@12) = (¢1,11)1(p2, 12)a.

This product and the one constructed in equation (5.12) differ by an insertion of /3. Since y2
is bounded, so is 3, and the two indefinite products necessarily define the same topology on
K = K1 ® Ks. This means that (K, (-, -)) is a Krein space.

The operator Y = x1®Y> is necessarily bounded for (-, -)’, and thus for (-, -), since x; and
X2 are bounded. It is also easy to see that it is involutive:

X =xidx; = 1.
It thus defines a grading on K. Finally, using lemma 5.1, we have:
X =X1 Oxs
=(=1)7"72 102
X>< :(_1)01+02X’
from which we deduce that 0 = 01 + 02 mod 2.
We now turn our attention to the algebra. Since 7; and 2 are bounded even representations,

s0 is T = m ®@my. To prove that it is involutive, note that 7; and 7 are even. As a result, we

have:
m((a® b)) =n(a* @ b")

—m(a*)oma(57)

=m1(a)* &ma ()"

=(m1(a)@ma (b))
m((a®b)*) =r(a®b)*.
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We know that D(D; ) and D(D5) are dense in K1 and K5 respectively, and that the topology of
K is the product of the topologies of ; and Ko. As a result, the domain D(D) = D(D;)&D (D)
of D is dense. D is clearly odd. Let us prove that it is symmetric:
D* = (D1®1 + 1&D3y)*
= (,1)|D1H1\D1><®1 + (,1)|D2H1|1®D2X
= D1®1 + 1®D2
D* =D

To conclude this proof, we look at the charge conjugation operator J. It is clearly anti-linear
and bounded. It is also homogeneous, of grading |J| = |J1| 4+ |J2|. We deduce that:

" " _n
€ =¢€)€y.

Let us prove that J squares to £1:

T = (X éxy )2
= (- 1)|J1HJ2\( \lej) &(x IJl\J)
= (- 1)|J1HJz\XZIIJa\Jf@Xgul\J;
J? = ( 1)lJle‘Ele
Using the identity:
(F)% = 2[4 (-1 + (-1 — (~1)** 520

we write this as:

1
€= 26162(1 +e + e —€ley)

We also prove that D and JJ commute:

JDJ ' =J(D1®1 + 1&Dy)J*
=J1D1J; &1+ 182Dy Jy !
=D1®1 + 10D

JDJ ' =D

Finally, we prove that J is self-adjoint or anti-self-adjoint, using lemma 5.1:
= (X" )

( 1)(7102+|J1||J2\<J><( ><)|J2\®J2><( ><)|J1\)

( 1)0102+|J1||J2\+01\J2|+02\J1|(JX |J2‘®J>< ‘Jl|)
(=1

(=1

J
1 0102+|J1||]2‘+01‘]2|+U2‘J1|/€1/€2(J1X|1 2|®J XI 1‘)

J
1 o1o2+|J1] |J2\+01\72|+U2\71|H1K2( | 2‘J ®X‘2 1|J )

JX = (_1)(01+\J1|)(<72+\J2|),€1,€2J —_—
Using once again the identity 5.24, we rewrite this as:

1
K= 2,'{1&2(1—1—/11 + Ky — K KY)
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A tensor product rule exists for privileged fundamental symmetries:

Proposition 5.3. Ler (A1,K1, D1, x1,J1) and (As, Ko, Da, X2, J2) be two ISTs, such that the
algebras Ay and As are either both real or both complex. Let (A,KC, D, x,J) be their tensor
product as in theorem 5.1. If n1 and ny are privileged fundamental symmetries of the two ISTs,
then the following operator:

70102

n=i" " xPPmRx N2 = 17 72X T QX (5.25)

is a privileged fundamental symmetry of the total IST, and its n-adjoint is given by:
(Ty&Ty) T = (1) Tl e (5.26)
Jor Ty, Ty two homogeneous linear operators on K1, KCo respectively, and:
(K1&Ko) " = (—1)Ea el jfm g el (5.27)
for K1, Ky two homogeneous anti-linear operators.

That the two forms above for 7 are equal can be proven using the fact that the gradings of 7;
and 72 are o1 and o5 respectively.

Proof. Let 7; and 7, be privileged fundamental symmetries of the two factor ISTs. That n =
9192721 @x 5" 12 commutes or anticommutes with J and  is easy to see. What needs to be
proven is that it is a fundamental symmetry. First, note that it is bounded, since 7; and 75 are
bounded. Next, using that the gradings of n; and 7, are o; and o2, we prove that 7 is involutive:

n? =(=1)" " (xT*m&x5 1)
=(=1)*772(xT2m) @ (x5 1)
=(=1)*7 (G (x5 n3)

n* =1.

The operator 7 thus splits the Krein space into two closed eigenspaces of eigenvalues +1. It
remains to prove that these eigenspaces are definite. Equivalently, we need to prove that (-, -), =
(+,m-) is positive definite. We have:

(182, Y1&2)y =(01 &2, N(Y1&ha))

=i (1002, (X7 ©X5 12) ($1892))

=i7172 (= 1)1¥1172 (01 @, X721 XS M21)2)
(1@p2, 1&n)y =i (=1)1P1172 (01 X 72191 )1 (02, BXG 1202)2.

ag1.

We now substitute with 8 = 17292 x3

(9182, 1 @)y =(—1) V11720192 (o) N T2y 0h1 )1 (2, m2tb2)2
(=D)111o2 (o X T2 91)1 (02, 12102)2
(01@p2, V1@Y2)y =(01,m11)1 (P2, M202)2,

which proves that (-, -),, = (-,7-) is positive definite. This also proves that (-, -), induces the
appropriate topology on K.
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Now, let 77 and 75 be two homogeneous linear operators on XC; and /Co. We have:

(TL&T) ™ =n(Ti&T2) 7

1) Talleltereatorl ol (g 3 72 Qo x g ) (T X T m T3 X3 o)

mXT T X T2 @nexs s x5 n2)

-1)

_1)‘Tl||T2\+20102+01|T2|+02\T1\(

— 1) TllTzlr e T 202l () 302 T, Qomo 57 Ty )
-1)

-1)

DTl T, @ Tt e

1) T2l pim gpfne.

(T1&T) 1 =

The proof for anti-linear operators is similar, with an additional (—1)?92 sign that comes
from the ¢“1?2 phase of 1. This sign cancels an identical sign that comes from equation (5.22).
O

This tensor product of ISTs has a few interesting properties:

Theorem 5.2. The tensor product of ISTs defined in theorem 5.1 is additive for the metric and
KO-dimensions, as well as the grading of the indefinite product.

Proof. Let (A1, K1, D1, x1,J1) and (As, Ko, D, X2, J2) be two ISTs, such that the algebras
A; and A, are either both real or both complex, and of metric and KO-dimensions (m1,n1)
and (mo, ng) respectively. From the proof of theorem 5.1, we know that for a product IST
(A, KC, D, x, J) we have:
1
€= 56162(1 +ef + € —€lel)

" 1
€ = ¢€j¢€y.

From the definition of the metric and KO-dimensions, we have:

6// _ 6/116/2/ _ (_1)(n1+n2)/2.

For ¢, we have:

= galm)a(na)(1 4+ (1) 4 (—1)/2 = (e,

From equation (5.24), we infer that:
€= a(nl)a(ng)(—l)”1"2/4.
It is easy to prove that:

nl(nl + 2) + TLQ(HQ +2) + ning _ (TLl +TL2)(TL1 —‘r?’Lg +2)

8 8 4 8 ’

which, with the definition of a, implies that:
e = a(ny + na).

From this and the identity: ¢’ = (— 1)("L1+”2)/ 2. we deduce that the KO-dimension of the product
ISTis n = nq + ng mod 8.
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From the proof of theorem 5.1, we also know that:

1
" " "N
K= 5:“&1/{,2(]. + K] + Ky — K1Kg)

o =01 + 09 mod 2.

From the second identity and €’ = €]'¢}], we deduce that " = k{k}. A computation similar

to the one performed above for the KO-dimension then proves that the metric dimension of the
product IST is m = my + my mod 8
O

Although the tensor product is not symmetric, it is symmetric up to equivalence:

Theorem 5.3. Let (A, K, D, x, J) be the tensor product of two ISTs (A1, K1, D1, x1,J1) and
(A, Ko, Do, x2, Jo2) inthat order, and (A’, K', D', x’, J') the tensor product in the reverse order.
Let o be the unique extension of the *-algebra isomorphism:

a:A1®A2—>A2®A1

(5.28)
a®br—b®a

with respect to the closures A1 @ As =2 As @ A1. If a is a *-isomorphism from A to A', then
the two tensor product ISTs are equivalent.

Note that the condition on A and A’ is automatically satisfied if we simply take:
A=A, Ay
A=Ay ® Ay
Proof. Let U be the following isomorphism of vector spaces:
U: K1®Ky — Ko®Ky
1@y — (= 1)1l &epy

Let us prove that it preserves the indefinite product up to a sign. Let ¢1, 1 € Ky and 12, 2 € Ko
be homogeneous vectors. Recall that the tensor indefinite products are given by (see (5.12)):
(01002, 1 ®a) = 1772 (=1)71¥2! (01, 991)1 (02, ¢b2)a
(pa@p1, Yo®thn) = 17272 (=1)721) (02, o )a (01, b1 )1
We thus have:

(U(p1®p2), U1 &hn)) =(=1)Prllvzltlenliozl (000, gocyn )
=jo1oz(_1)lVallvaltlenllezltozlvnl (o) 4ho)o (o1, 1h1)1.
This product is nonvanishing only if |¢)1]| + |p1| = 01 mod 2 and |3| + |p2| = 02 mod 2. We

have
[V1]|v2] + |p1llpa] + oalthi]| =(v1]([th2| + 02) + [@1]]p2| mod 2

=[¢n|lp2] + |e1]lp2] mod 2
=([¢1] + |1]) 2] mod 2
=01|¢p2| mod 2
=01(02 + |t2]|) mod 2

1l [Ya] + [p1]lp2| + o2l | =0102 + 02|¢)2| mod 2.
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We infer that:

(U(p10p2), U (h1&4hn)) =i72(=1)7172 72120 (03, 4h5)a (1,401 )1
(U(p18¢2), U(1h1@¢2))" =(=1)7172 (01002, Y182).
Since U maps one indefinite product to the other, it can be extended to a bounded operator from
KtoK'.

Let us compute the adjoint action of U on operators. Let 77 and T, be two homogeneous
linear operators on K1 and Co. We have:

1 |T2|W1‘U(T1’¢J1®T2w?)

1) T2 T DT 121 (T ST e

U(T1&Tz) (1 @12) =(—1)
(1)
( 1)| 2|+ T || T2 | +[91][92] (TQ’@/J2®T11/)1)
=(-1)
(1)

HIT I\TQ\HMHM(T2®T1)(1/,2®¢1)
U(Ty&Ts) (1 @12) =(—1) TN Te T ) U (1 &),
from which we deduce that U (T, &) = (—1)I7172/(T,& T, ) U and thus that:
U(Ti&T)U " = (1) BTN 1mem). (5.29)

Using this identity, it is straightforward to prove that:

Ur(Y\Ut =7"oa()
UxU™t =y
UDU ' =D

UJut = (1)l

Non-Graded Representation of The Tensor Product

Similarly to what was done for the tensor product of Clifford algebras in section 3.5, we rewrite the
tensor product of ISTs in a non-graded form. That is, a representation of graded tensor products
of operators using non-graded tensor products of operators. This takes the form of an algebra
isomorphism IT : End(K;)®End(K2) — End(K;®Ks) that satisfies:

(T, &T)I(S1®55) = (—1) ISy $,&T5.55)
I(TL&Ts) (1 @ 1b2) = (—1) I (Tyapy @ Toupy)

A possible solution is the following:
(T &Ty) = Tix,™ © Ty (5.30)

This means that 7} &7, and T} XllTQ‘ ® T5 act the same way on the vector space Xy ®Ky. The
inverse isomorphism is easily found to be:

04Ty @ Ty) = Tix 2 &,
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The tensor indefinite product defined in (5.12) can be rewritten as the basic product of two
products. We thus write:

(01 ® @2, 11 @ Ya) = (P1®p2, V1&@Y2) = (p1,¥1)1(P2,12)25 (5.31)

where (-, )23 = (-, 8-)2 is an “effective” product on the second vector space. The adjoint of
an operator 15 with respect to this altered product will be denoted T 2><5 = (-1 Tl 5. In
particular, the Dirac operator D5 is either self-adjoint or anti-self-adjoint with respect to the
effective indefinite product, depending on whether y is self-adjoint or anti-self-adjoint: D, b=
(—1)71 D5 This is compensated by the appearance of x; in the non-graded representation of
1®Ds. Tt is indeed given by II(1& D) = 1 ® Da, which is always self-adjoint, as expected.
The total spectral triple defined in theorem 5.1 has the following non-graded representation:

A1 ®Ay CAC A @A
K=K ®Ks
H(D):D1®1+X1®D2
IHorm=m ® mo
(J) = Jy ® Joxy"!
()= @ ()28

where (-,-)2p = (-, 8+)2. For privileged fundamental symmetries, this gives (see proposition
5.3):

(5.32)

II(n) = i7" 7m @ m2x3* =m @ B 'na,

and 3719 is easily seen to be a fundamental symmetry for the altered product (-, -)24.

This definition of the tensor product thus explains the ones that can be found in the literature.
For example, in [4], the tensor product for usual spectral triples is built using the following
recipe’:

A=A41® Ay
H="Hi®Hs
D:D1®1+X1®D2

T =11 X T2
J=J ®X|2J1‘J2
<.7 > — <.7 .>1 ® <.7 .>2

This coincides* with (5.32), as 3 = 1 whenever the products (-, -); and (-, -)» are positive definite.
See also [3].

3We restrict ourselves to the even case, as it is the only case we are dealing with here
“4Note that there is an additional sign in .J that comes from interchanging x2 and Jo. This sign does not matter, since
the charge conjugation operator of a triple is defined up to a phase only.






Chapter 6

A Case Against The Spectral Action

In this chapter, we take a quick look at the spectral action, and give a brief explanation of why it
might not work in the Lorentzian case. To simplify the discussion, we ignore all gauge degrees
of freedom, and use a manifold IST (Axs, Ky, D,xu,J M+ for a compact manifold M of
signature (¢, s) and dimension d, defined with the East Coast convention. The spectral action of
this IST is the following functional of the Dirac operator:

wZ

S[ﬂ] = Tr’CMf <A2> ) (61)
where f is a cut-off like function that decreases sufficiently fast at infinity (such as a Gaussian), and
A is a cut-off parameter. In the Riemannian case (¢ = 0), the functional S admits an asymptotic
expansion for large values of A, whose first two terms are:

S[p] = /M(foAd + foA2R)/|gld?z + O(A??),

where R is the scalar curvature, and fj, fo are real numbers that depend of the function f. The
spectral action is thus an interesting way to obtain the Einstein-Hilbert action with cosmological
constant. It is also known to generate the action of a gauge theory for the appropriate spectral
triple.

The key issue here is the convergence of the spectral action. One can already see in the
Riemannian case that the action might diverge: the cosmological constant term is proportional
to the volume V(M) = [, \/m d?x of the manifold. The convergence of the spectral action
thus requires the manifold to be of finite volume (or even compact, as was assumed above)!. But
we will see that in the general Pseudo-Riemannian case, a finite volume is not sufficient for the
convergence of the spectral action. For this, we turn our attention to momentum space for a
semi-quantitative argument, and then study a specific example for a more quantitative treatment.

6.1 Position Space vs. Momentum Space

To simplify the discussion, we will focus on the second order component of the squared Dirac
operator:
2
D" = "’ 0,0, + 1% order terms

! Another less physical and less covariant, but quite useful solution is to insert a cut-off function h on the manifold
M in the spectral action: S’ = Tr(h - f(lDQ/A2)), see [37]

99
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on some given trivialization of the spinor bundle. This component does not depend on spinorial
degrees of freedom. We will thus simply be working with scalar functions. The second simplifi-
cation we will make is to assume that the manifold is flat, but not necessarily of the form R%*, as
it could have a different topology. We will, in fact, consider such a manifold in the next section.
The flatness of the manifold means that the spectral action will only give a cosmological term,
should the action be well-defined.

We thus consider the Hilbert space H = C.(M,C), obtained by completing compactly
supported functions with respect to the inner product:

< u,v >:/ uv.
M

On this space, we define the symmetric operator:
A =—-g¢"0,0, (6.2)

here called generalized Laplacian, where g"¥ is a flat metric of signature (¢, s):

-, 0
g = ( ot Ig). (6.3)

Note that the purpose of the minus sign in the definition of A is to make it a positive operator
when ¢ is Riemannian (t = 0).
The simplified spectral action we consider is:

A
S[A] = Try f <_A2> . 6.4)
To give an estimate of this trace, we write it as a sum over the (real) eigenvalues of the Laplacian:

sial= Y s (-53)-

AESP(A)

where n()\) is the multiplicity of the eigenvalue A. For most flat manifolds, one can construct
"eigenfunctions" of the form u(z) = Ce?*®, with eigenvalues A = k2. The vector k is usually
constrained by the topology of the manifold M. We denote K C R%* the momentum space. That
is, the set of all allowed vectors k € R%*. We thus have:

S[A] = k;(f (—ji) (6.5)

(each vector k determines at most one linearly independent eigenfunction). When the distance
between points of K is small enough (or vanishing) it can be useful to rewrite this sum as an
integral:

S[A] ~ / p(m) (g ) dm. 6.6)
R A
Here p(m) is the density of the quantity m = —k? on the real line. That is, for a §m of an
appropriate intermediary scale:
p(m)dm ~ #{k € K such that m < —k* < m + dm}. (6.7)

If f is an integrable cut-off function, then it is enough for the convergence of .S that p be finite
at all points. This is typically not the case when the momentum space K is continuous. such as
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for the manifold R%*, for which K = R%*. The convergence of S thus requires the discreteness
of the momentum space. This is usually the result of boundary conditions on the eigenfunctions,
resulting from the compactness of the position space M. This is coherent with the requirement
that the volume of M be finite.

But this is still not enough. Indeed, p can still be infinite even if K is discrete. To understand
why, let us take a look at figure 6.1 that depicts momentum space for a 2-dimensional manifold.

K, K,
N .
RN .
N A -
x X XTx X X X X X x|[x x x x x X % x
N 4
X X X X XX X X X[x x x x X x x
X X X X X X X X | X X XX X X X
X X X X X X X X X|X X X X X X X
X X X X X X X X X XX X X X X X X X
X X X X X X X X X X[X X X X X X X X
kl kl
X X X X X X X X X X[X X X X X X X X
X X X X X X X X X X[X X X X X X X X
X X X X X X X X X X[X X X X X X X X
X X X X X X X X X X[X X X X X X X X
X X X X X X X X X X[X X X X X X X X
X X X X X X X X X X[X X X X X X X X
(a) Riemannian or anti-Riemannian momentum space (b) Lorentzian momentum space

Figure 6.1: Momentum space for a 2-dimensional manifold with (6.1a) Riemannian or anti-
Riemannian signature and (6.1b) Lorentzian signature respectively. The crosses are the points of
the momentum space K inside the vector space R**. The curves are defined by their equations
k? = —m and k?> = —m + dm. The red region contains all points of K such that m < —k2? <
m + dm. The number of those points is thus approximately equal to p(m)dm.

Let us assume that K is homogeneously distributed in R%* (this is the case for a flat torus,
see next section). We see that p(m)dm is approximately proportional to the area between the two
curves of equations k2 = —m and k? = —m + dm. It is easy to prove that the distance between
the two neighboring curves is proportional to dmn at first order. The density p(m) is thus the ratio
of the area between the curves to their distance. It is thus proportional to the length of the curves.
We thus conclude that p(m) is finite for the Riemannian and anti-Riemannian signatures, and
infinite for the Lorentzian one! To solve this issue, the simplest solution is prevent K from being
homogeneously distributed. At worst, the density of points of & must decrease sufficiently fast at
infinity. At best, K is finite, and thus bounded. The last option is the most natural, and easiest
to realize. To impose a cut-off on momentum space, it is enough to assume that the manifold is
actually a continuous approximation of a discrete space.

To summarize, we need momentum space to be discrete and bounded respectively. The
simplest way to achieve that is to require that position space be itself bounded and discrete
respectively. In the next section, we explore the consequences of these requirements on the
spectral action through a simple example.
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6.2 A Simple Example: Flat, Discrete Tori

The simplest finite, discrete manifold we could use is the discrete torus. Since a torus is nothing
but the product of circles, we start with a discrete circle. We start with a circle of size (i.e.
perimeter) L. We divide it in N intervals, each of length a = % The result is the set of points
7,/ NZ. The space of scalar functions on this discrete circle is isomorphic to the vector space C*.
We equip this circle with a discrete second derivative D?, whose action on the space of scalar
functions is given by the matrix:

C -2

a2

where C is the adjacency matrix of the circle. That is, the matrix that takes the value 1 between
neighboring points, and 0 elsewhere:

D? (6.8)

(6.9)

C. 1 ifi=j+1mod N
10 otherwise.

We now construct the d-dimensional flat torus M we seek. It is the product of d discrete
circles: M = (Z/NZ)®. The space of scalar functions on M is isomorphic to (CV)®<. On this
space, we construct a discrete, self-adjoint, flat Laplacian of signature (¢, s):

Ay = (D2 ®196@D 4. 41900 g D2 g 1@3)

(6.10)
_ (1@’lt ®@D?@186N ... 1190l D g DQ) '
It will also be convenient to define the corresponding Euclidean Laplacian:
Ayp=—(D* @100 4. 41800 @ p2) ©.11)

which would correspond to the continuous Laplacian:
Ag =—0""0,0,

We will see that the spectral action of Ay can expressed using that of Ay g, which as we saw
can be made convergent very easily in the limit of vanishing a.

As a first step towards the computation of the spectral action of A, we compute the quantity
Tr(e‘)AN ), with § € C. Since Ay is the sum of terms that all commute with each other, we can
factorize the exponential:

€9AN 269[(D2®1®(d*1)+...+1®(i*1)®D2®1®8)_(1®t®D2®1®(S*1)+...+1®(d*1)®D2)]

:69(D2®1®(d_1>) —0(1®9@=Dgp?)

® e ® e .
Through a simple series expansion of each exponential, one can prove that:

251®@(d—1)
H(D?®1 )

eeD2 ® 1®(d-1)

b
and similarly for the other factors. As a result, we have:
2 2
€9AN — (e9D )®t ® (e—GD )®s.

The trace of this exponential is thus equal to:

Tr(e2%) = Tr(e2) Tr(e =075, (6.12)
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one finds, through the substitution (¢, s) = (0, d), a similar result for Ay g:
Tr(e?2Ve) = Tr(e P77 (6.13)
The ratio of the two is thus equal to:

Tr(ef2w) Tr(eeDQ)

Tr(efAne) | Tr(e—0D%)

We will now see that this ratio has a simple expression. Indeed, using equation (6.8), we see that:
Te(e?P”) = = 20/@" Te(eC/%),
Substituting above gives:

Tr(e"2Y)  gger [ Te(e")
Tr(efAne) Tr(e—0¢/a%)

Notice that traces of odd powers of C always vanish?: Tr(C2?¥*+1) = 0. A simple series expansion
of e?C/%” then proves that it must be even in #, and so must its trace be. We thus find that:

Tr(eeAN) —4t0/a*
We thus have the relation:
ﬁ(eeAN) — e—4t9/a2rI\r(69ANE) — T\r(eG(ANE—4t/LL2)) (615)

For 6 real and negative, the trace Tr(eMN ) is a heat kernel [37], and is known to converge to:

d

L
lim Tr(e2¥e) x | ——

N —oc0 1/47'('|9|

2
The trace Tr(e?2~) thus diverges as €*1°1/" as a goes to zero.

Let us now evaluate a general spectral action defined with a cut-off function f:
AN

Since f is a cut-off function, it is natural to assume that it is square-integrable, in which case, it
admits an integral Fourier representation:

flu) = /R h(k)e* dk,

2This is easily proved using the fact C' is the adjacency matrix of the discrete circle: it shifts an "observer" from one
point of the circle to one of its neighbors. The matrix C'* thus takes one from one point to points that are k jumps away
from the starting point. The diagonal elements of this matrix are thus nonzero only if one can return to the starting point
after k£ jumps. One can easily convince oneself that the number & of jumps must be even.
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with h the Fourier transform of f. We substitute in the spectral action to find:

S[AN] =Trf (_A2>

We now use the approximation of the spectral action as an integral given in the previous section:

m

S[AnE] ~ /RPNE(m)f (F) dm,

where py g is the density of the spectrum of Ay g. Substituting for f with the function u —
f(u+4t/(ah)?) gives:

SIAN] = S[Ang — 4t/a®] ~ / A2

R

m + 4L
pNE(m)f ( = > dm.
A change of integration variable then gives us:

S[AN] &~ /RAszE <A2u - 32) f(u)du.

In the limit of vanishing a, the spectrum density p g converges towards p g, the spectrum density
of the continuous Euclidean Laplacian. From the estimations of the previous section, we know
that p(m) must vanish for positive m. For negative m, it must be proportional to the volume of
the sphere of radius |m/|'/2, times the density of the points of momentum space:

pe(m) = Ade|m\(d_1)/2,

where Ay is a constant of order unity that depends only on d. We thus have that:

S[AN] ~ AgLeA? /

oo

4t/((1A)2 ‘ At

If we assume that f is indeed a cut-off function, then the main contribution to the integral will
come from small values of u. We deduce that:

S[AN] & AdA2(4t)(d_1)/2a§—i (/R f) .

This is of course still divergent, even if less so. It is interesting that the speed of divergence is the

same for all nonzero values of ¢: 1

S[AN] 0.8 Tdfl'
We now see after regularization that the divergence of the spectral action is in a divergent
factor, and not a divergent summand. Moreover, this factor is proportional to the volume of the

flat manifold, and thus corresponds to a cosmological constant-like contribution, which is an
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important part of the expansion of the spectral action. It is also a contribution that highly depends
on the metric. From all of this, we are tempted to deduce (or rather, conjecture) that a redefinition
of the spectral action by simply subtracting its value for a given background geometry might not
actually eliminate its divergence.

Even if one assumes the cut-off scale a to be physically real, its extremely small value might
give an unexpectedly large or small value to the different parameters of the action. For all these
reasons, we will be looking at a different approach in the next chapters.






Chapter 7

Noncommutative Gauge Theories

Before the spectral action, there already was a noncommutative gauge theory: the Connes-Lott
model [38]. This model relies on noncommutative differential forms to generalize the usual
bosonic action of non-abelian gauge theories. We will thus start this chapter with a presentation
of noncommutative differential forms for ISTs. They generalize in a straightforward manner from
definite triples to ISTs, and the discussion will thus be succint (see also [27]). Next, we present
noncommutative gauge theory; once again, the generalization to ISTs is straightforward. The
fermionic action we use has already appeared in the litterature [1]. Finally, we construct a bosonic
action for this noncommutative gauge theory. A few subtleties relative to the indefinite signature
of the Krein space will appear. Luckily, they can be taken care of, following the prescriptions of
Elsner (see [39, 40]). We thus call this model the Connes-Lott-Elsner (CLE) model.

7.1 Noncommutative Differential Forms

Let (A, K, D, x, J) be an IST. The construction of the associated algebra of differential forms, or
Differential Graded Algebra (DGA), goes through two steps:

Step 1: Universal Differential Forms

Let A be an algebra. The universal DGA Qp (A) = @,y Q7 (A) associated to A is constructed
as follows [45, 47]: its order zero component 2%;(A) is simply the algebra A itself:

Q9(A4) = A. (7.1)

Its order 1 component is generated by the elements of A and their differentials:
Op(A) = Span{ZaidUbi|ai,bi S A}, (72)

where the sum is finite. All differentials dya are assumed to be linearly independent, except
differentials of elements proportional to unity, should the algebra be unital. The universal
differential is assumed to obey the Leibniz rule:

dU(ab) = (dUa)b + (L(dUb)7 (73)
allowing us to define a right action of A on Q};(A) (the left action is obviously defined):

(dUa)b = dU(ab) — a(dUb) (74)

107
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We similarly define the n-th order component of ;7 (A) as generated by n > 2 differentials:

Q% (A) = Span (Z aidybt ... dyblla;, b, ... b € A) : (7.5)

7

One can also define it as the following tensor product:
Qp (A) = Qp(4)%2",

using the Leibniz rule. Using this same rule, we can define the product Qf,(A) x Qf,(4) —
QP(A) of universal differential forms as follows:

(aodUa1 ‘e dUap)(bodUbl PN dpr) = (71)pa0b0dUa1 ‘e dUadebl NN dpr

P
+ Z(—l)piiaodU(Il R dUai_ldU(aibo)dUCLi_;,_g - dUadebl - dpr.
i=1

(7.6)
‘We can now define the universal differential at all orders:

dy : QF(A) — Q1 (A) an
apdyay .. .dya, — dyaodyar ... dyap. '
One can prove that d is indeed a differential. That is, it is nilpotent: d% = 0, and satisfies the
graded Leibniz rule:
dy(wl) = (dyw)f + (=1)Pw(dy0)

forw € OF,(A) and 0 € Qf,(A). As aresult, the graded algebra (2 (A), dyy) is a DGA. Finally,
if A is involutive, then i (A) can be equipped with the involution:

(dya)* = —dy(a”)

7.8
(aodyay ...dyay)* = (dvay)” ... (dyai)*ag = (—=1)Pdy(ay) . .. du(ai)ag. (78)

The importance of universal DGAs lies in the following theorem (see [47]):

Theorem 7.1. Let (2, d) be a DGA generated by the element of Q° and their differentials da €
Q! (for any a € Q). Then there exists a differential graded ideal J of Qi (2°) such that (Q, d)
is the quotient of Q7 (Q°) by J:

Q=Qu((QY)/J.

We remind the reader that a differential graded two-sided ideal of a DGA is a two sided ideal
that is stable by differentiation. The differential can then be passed on to the quotient, making
it a DGA itself. Note also another important property of universal DGAs: their cohomology is
trivial. That is, every closed universal form is exact.

Step 2: The " Junk"

We now construct the DGA of noncommutative forms associated to the IST (A, K, D, x, J) as
a quotient of ) (A) by a differential graded two-sided ideal J subsequently called the "junk".
We will construct this junk using the Dirac operator in way that enables us to recover ordinary
differential forms when applied to a manifold IST. This construction generalizes the one given in
[38, 45].
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We start with the universal DGA )y (A). We define the following map:

o QG (A) — End(K)
apdyay ...dya, +—— w(ag)[D,m(a1)]...[D,7(as)].

Using the fact that [D, -] is a derivation, one can prove that 7, is a (non-graded) representation
of Qy(A) on End(K). When D is self-adjoint, one can prove that the representation 7p is
involutive, since we have:
mp((dva)*) = —mp(du(a”))
= —[D,n(a")]

I
S
=
2

FD((dUCL)*) = WD(dUa

We now construct the "junk" ideal:

Proposition 7.1. The kernel Jo = kermp of wp is a graded two-sided ideal of Qy(A), and
J = Jo + dy Jy is a graded differential two-sided ideal. Both ideals are stable by involution.
The ideal J is called the ideal of junk forms, or junk.

Proof. First, notice that Jy is a graded two-sided ideal, since it is the kernel of an algebra
homomorphism. Next, we prove that J is a two-sided ideal as well. Let w = wy + dyws € J?,
with w; € O (A) and wy € QF ' (A) such that 7(w;) = 7(w2) = 0. Letw’ € Qp(A). We
have:

ww' = w1 + (dywz)w’

= wiw + dy(waw') — (=1)Pwa(dyw’)

which is an element of J, since the first and third term are in .Jy, while the second term is an
element of dyJy. The ideal J is thus a left-sided ideal. One can similarly prove that it is a
right-sided ideal, and thus a two-sided ideal. Finally, it is a differential ideal, since it is stable by
differentiation: dyJ = dyJy C J.
The fact that Jj is stable by involution is simply a consequence of the facts that 7 is involutive.
Sois J since (dy Jo)* = dy (J§) = du Jo.
O

‘We now construct the DGA of noncommutative forms:

Definition 7.1. The differential graded algebra of noncommutative forms associated to the IST
(A, K, D, x,J) is the quotient:

It is equipped with the differential:
dlw] = [dyw],

and the involution:

If the representation 7 is faithful (i.e. injective), one can write:

QP (A) = QF(A) /" = 7p(Q(A)) /mp(du Ty ). (7.10)
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For physical applications, we are interested in O-forms, 1-forms, and 2-forms. So let us take a
look at these. Because we assumed the representation to be faithful, we have:

0%(A) = A= 7(A). (7.11)

We also have J§ = {0}, so:
Qb (A) = mp (R (A)). (7.12)

There are no simplifications for 2-forms, and we simply have:
Q5 (4) = 7p (4 (A))/7p(du T)- (7.13)

We thus need to compute 7 (dyyJ3) to determine the space of 2-forms. Note that 7p (dy J3) is
spanned by all elements of the form:

Y D, w(a))[D, w(b)]

)

such that ). w(a;)[D, 7(b;)] = 0, and for these elements, we have:

Z[D, 7(a;)][D,7(b;)] = — Z 7(a;)[D?, 7(b;)]. (7.14)

i %

As a consequence of the fact that J is a two sided ideal, the space 7p (dy Jol) is a bimodule over
m(A).

An Important Example: The Manifold IST

As a check of the significance of this construction, one can apply it to the "canonical" case: a
manifold IST (Anz, Kar, D, X a1, Jar— ) of a pseudo-Riemannian manifold (M, g), with the West
Coast convention, for which the representation 7, is faithful. The result and its proof are a
straightforward generalization of the Riemannian case [42]. For simplicity, we choose A, to be
the algebra of smooth real bounded function Ay = C;° (M, R). If Ay is the algebra of complex
functions, then everything below must be complexified. We denote the corresponding DGA
Q(M), and its junk Js. In that case, the order zero component of the DGA is:

Q% (M) = Ay = C° (M, R). (7.15)

The first order component is:

7

Qp (M) = 7 (Qp(Ay)) = Span {Z(fiapgi)i7“|fi,gi € G (M, R)} : (7.16)

It is almost-dense in, but not necessarily isomorphic to the space of one-forms in the Clifford
bundle: iy(T'(M, T*M)). If M is a compact manifold covered by a finite number of charts, then
one can prove the isomorphism. To determine two-forms, we need to determine 7 » (du J}\LO). It
is spanned by elements of the form:

j =2 P, w(90)] = = 37" (0uf:) (D),

K2
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with f;, g; € Cg°(M,R) such that ), f;0,9; = 0. We thus have:
J==>_7""(0uf:)(009:)
= " :0,009:

Jj= Z Q#Vfiauaugi-

The space 7 (dUJ}M,O) thus contains smooth real functions. It is not hard to convince one’s self
that 7 (dy Jz%/[,o) is almost dense in the space of real smooth unbounded functions, and that it is
isomorphic for a compact manifold covered by a finite number of charts. One can then prove that
noncommutative two-forms are spanned by elements of the form:

0% (M) = 7 (Q(Anr)) = Span <ZW‘77”](8Mfi)(3ugi)|fi,gi € Cy° (M, R)) , (7.17)

and that QQID (M) is almost-dense in the space of two-forms in the Clifford bundle.

7.2 Gauge Theory

We now turn to the construction of noncommutative gauge theories. This chapter will be concerned
with the choice of IST necessary to recover gauge theory, and the form this gauge theory takes.
The fermionic action (including the coupling of fermions and bosons) will be given in this section,
while the construction of the purely bosonic part of the action will be postponed to the next
section.

Almost-Commutative ISTs

In noncommutative gauge theory of the Connes-Lott or spectral model type, the necessary IST
will be the tensor product of two ISTs:

1. The first IST is the manifold IST of a 4D Lorentzian Spin space-time. We will take the
IST to satisfy the West Coast convention: (Aps, K, ﬂ, XM, Jar—). This determines the
signature of the manifold to be (+ — ——). That is, (¢,p) = (3,1). We thus have ny; = 6
and my; = 4, and o)y = 1. The algebra A, is taken to be real or complex depending
on the second IST. The purpose of this IST is to represent the background geometry on
which the gauge theory lives. In the spectral model, it can also be used to recover General
Relativity.

Note that the choice of convention of the manifold IST will not matter: the metric and
KO-dimensions of the IST only depend on the number of space dimensions. Both East and
West Coast conventions give ny; = 6 and mp; = 4, and this is what will matter the most
when determining the finite IST.

2. The second IST is a "finite" IST (Ap, Kr, Dp, Xr, Jr), meaning that its Krein space
K is finite-dimensional. Unlike the algebra of a manifold IST, the finite algebra A is
allowed (and even required) to be noncommutative. Its purpose is to represent the internal,
or point-wise, structure of a gauge theory. We will discuss the construction of this finite
IST in the remainder of this section.
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The total triple we will work with (A, K, D, x, J) is the result of a tensor product (see section
5.3) of the ISTs above in that order. The result, in non-graded form, is the following IST:

A=Ay @ Ap 2 C°(M, AR)

K=Ky®Kpg
D=D®1+xm®Dr
T=TpyQTF (7.18)

J=Ju- ®JpxF
('v ) = ('v )M ® ('7')Fﬁ = ('7')1% & ('aﬂ')F
B =1i""XF.

Before we study the finite IST closely, let us give a few useful results about the DGA of
noncommutative forms for the total triple. To simplify without losing too much in generality, we
will assume that the manifold can be covered by a finite number of charts (see previous section).
One can prove the following results, which are a straightforward generalization of the results that
hold for (definite) spectral triples. We find that (see [21]):

Op(A) = A=C(M, Ap)

1 1 . (7.19)

Qp(A) = Qp(M) @ mp(Ar) ® Avxu © Qp, (Ar).
Thus a general 1-form w € QL(A) is given by a 7 (Ap)-valued differential form B, and a
Q})F (AF)-valued scalar field H, and we write:

w=iYWeB,+xu®@H (7.20)

(note that this notation is slightly abusive, as the manifold part of H and B, should be on the
other side of the tensor product). As for junk two-forms, we have:

ﬂ'D(dUJ&) = 7T12\/[(dUJ%/[)0) ® WF(AF) + Ay ® TDg (dUJév)o), (7.21)
from which we deduce that:

WD(dUJé) ZAM®(7TF(AF)+7TDF(dUJ11;~7O)). (7.22)

The Finite IST and Gauge Theory

Let us now focus on the finite triple. The finite space /Cr represents the space of fermion species,
while the algebra A replaces the gauge group, which can be recovered as the unitary group of the
algebra (its automorphism group, to be precise). The resulting gauge group is typically a product
of unitary and/or orthogonal groups. For a factor such as SU(2) or SU(3), as in the Standard
Model, the fermions are necessarily in the fundamental representation, and each fermion is in
the representation of one group, while being a singlet for the others. This is an issue for theories
such as the Standard Model, where fermions can be in the representation of multiple components
of the gauge group. One standard solution is to make the fermion species in K (anti-linearly)
dependent: this is the so-called fermion doubling, that will enable us to put a fermion species in
the representation of two components of a gauge group!.

!In the Standard Model, the left-handed quarks are in the representation of all three subgroups. This requires an
additional "trick": the unimodularity condition, which is introduced for an entirely different reason.
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Concretely, the space K is built as the sum of two copies of the space of fermion species.
Because these spaces are antilinearly related, they will be on conjugate representations of the
gauge group. For this reason, they are abusively called the particle and antiparticle subspaces.
For chiral theories (such as the Standard Model), each subspace must be split into left and right
particles (resp. antiparticles), resulting into a second fermion doubling. So we have:

Kr=Kr®Kr®Kz® Kz, (7.23)

According to the arguments above, the gauge group, and thus the algebra, should act separately
on each subspace. For any a € Ap, we can write:

QR
ar,
r(a) = ) (7.24)
R
af,
To implement a Weyl condition on fermions and get a chiral theory, we need to define a chirality
operator on K, and we will ask from it to coincide with the grading x r:

1
1
YF = L . (7.25)

1

The choice of chirality for antiparticles is related to how charge conjugation inverts the chirality
of spinors in Lorentzian 4D signature. Finally, to implement the fermion doubling procedure, we
need an antilinear operator that swaps particles and antiparticles, and we will chose it as a real or
quaternionic structure Jp:

=11 o 0 CC, (7.26)
0 1

where C'C represents complex conjugation in a basis that we will specify below. A quick
computation shows that® ¢/, = —1, which means that the KO dimension nx of the finite triple is
either 2 if ez = —1 or 6 if ez = +1. Note that in order to write these matrix representations,
we have to choose a basis of the finite Krein space. The basis is usually chosen so that the
representation of the algebra A is the simplest, e.g. an element of a matrix algebra would be
represented by multiple copies of itself. Using this (almost) canonical choice of basis, one can
define an involution on the algebra A in the following way:

7r(a*) = mp(a)l. (7.27)

This is not always possible, and is thus a constraint on the IST*. An additional justification
for such a constraint is that the unitary group of the algebra is compact. As a result, the gauge
group is compact as well. Let us say something about the physical meaning of this representation.
If {p} is the set of fermions of our theory (e.g. v, e, etc.), then a basis of K g is given by a family
of vectors that we will denote (pr). The same goes for the other three subspaces. We choose

2This is related to the fact that €y = —1, that is that charge conjugation must invert chirality.
3Note that if A is a C*-algebra, such a basis always exists for a given involution.
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these four bases to all have the same order. This convention will be useful when choosing a basis
for the Standard Model. Let us give an example of the use of this basis. The action of J in this
basis is given by:

JFDR = PR

JrpL =g (7.28)
JrDE = €FPR

Jrpp = €rpL

For ease of notation, we will sometimes treat the four subspaces as if they were identical (and not
just isomorphic), using the “canonical” isomorphisms that map all four vectors pr, pr, pg, PT
to the same vector p. We will denote Ky the vector space spanned by the basis (p), and i the
map from g on ICy. Let us see how this vector space can be used to simplify notations. Let
u = ugr ®ur, ® ug @ ug, and A be an operator on Kr represented by the matrix:

0 1

0 0
A=

0

Then by the natural identification of the four subspaces and their vectors, one can write that
Au = up ®08060, instead of writing Au = il_%liLuL @ 04060. Note that this is nothing more
than splitting vectors in four blocks (i.e. subvectors) and moving those blocks around. Similarly,
the action of Jp is given by:

Jru = epCCur ® epCCup ® CCur ® CCur,

where C'C' is now complex conjugation on Ky in the real basis (p).
What remains to be discussed is the indefinite product (-, -) p on . As for any hermitian
form, there exists a self-adjoint matrix 1z such that for any u,v € Kg:

(u,v)F = u'npo. (7.29)

This notation is suggestive: 1y will turn out to be a fundamental symmetry, but for the moment it
is just a self-adjoint matrix: n} = np. The total product on the total IST is:

(30 & u, ’(/) X U) = (Soa w)UTnFBU

In QFT, the different fermions species, when put into the same space, are considered to be the
orthonormal basis vectors of a Hilbert space. The fermionic part of the action is thus usually
written using the "trivial" product:

(p®u, ¥ ®v)o = (¢, ¥)mu'v (7.30)

which amounts to constructing a spinor product for each fermion species, and then summing over
all species. We can thus write:

(®,0) = (?,(1 ® w)T)o, (7.31)

where @ = npf is an effective signature matrix for the finite part. The (-, )y will be useful
when comparing the action of our theory to the action of a desired gauge theory. One can also
define the product (-, ) on ps ® Ko, using the same definition as above. One can then write,
for example, that:

(©,(1®A)¥)o = (Pr, V1 )o-
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This stems from the fact that: uf Av = ukv 1, Where upr and vy, are now vectors in K.
There are still two signs to discuss: kp and % (or equivalently, o). We must have the
relations:

xp = (=17 xr
J; = HFJF,

but we also have:

X}:XF

J;—‘ = EFJF.

From this and equation (7.29), we deduce that:

xrnr = (=1)7"nexr
Jenp = (erkp)nrJr.

Finally from equation (7.27) and the fact that 7 is involutive, we deduce that 7 must commute
with the representation of the algebra:

[np, mp(Ar)] = 0.
To summarize, nr has to satisfy the following requirements:
77;7 =nr
xrnr = (=1)7"nrxr
Jrnp = (erkp)nrJr
np, mr(Ar)] = 0.

We now anticipate a bit on the next subsection, and use a small part of the fermionic action,
and discuss its relation with fermion quadrupling. We will see that their interactions determine
1 uniquely, as well as the dimensions nr and m . If one ignores bosonic fields and mass terms,
then the fermionic action contains only kinetic terms®.

Let U € K be the (classical) fermionic field. Due to the fermion quadrupling, the components

of the field are not independent. We will assume ¥ to be of the form [39, 40, 33]:
U= (1+J)¥ (7.32)

where U € Ky @ (Kg @ K1) satisfies x¥g = ¥q. In other words, ¥ is a collection of right
spinors in K and left spinors in K. This reduced spinor represents the particle fields. The
total spinor ¥ contains then these spinors and their charge conjugates: this is the anti-linear
dependency we previously discussed.

The kinetic part of the fermionic action is:

1

4The total fermionic action will differ only by a linear addition of the boson fields to the Dirac kinetic term, as in
usual gauge theory. The resulting operator, also called the fluctuated Dirac operator, has the same properties as the basic
Dirac D. Thus, all the results of this section will apply to the total Fermionic action as well.



116 CHAPTER 7. NONCOMMUTATIVE GAUGE THEORIES

with U € IC the (classical) fermionic field. We substitute for ¥ with the form above:

Skin =5 (¥, (D0 1))

:%((1 + )0, (P ®1)

—~

14+ J)¥y)

(JWo, (D ®1)J¥g)

N

SKin Z%(‘I’m (P ®1)¥) +

~—

+ %(J‘I/o, (D 1)) + %(‘1107 (P ®1)J%).

We will now use the properties of J in order to simplify the dependency of Sk;, with respect to
the matter field W, in particular the defining relations J2 = ¢ and J* = k.J.

But a subtlety needs to be addressed first. Indeed the operator .J is antilinear, which means
that its adjoint is defined the following way:

(U, J®) = (&, J°D).

Notice how the order of the two fields ¥ and @ is reversed. In QFT, fermionic fields are usually
anticommuting, which mean that the relation above would actually be:

(U, J®) = —(®,J%D).

In NCG, it is not clear whether the spin 1/2 field ¥ should be anticommuting. The question
remains open as of yet, and one needs to consider both possibilities. For this reason, we introduce
the parameter s = +1 that takes the value s = 1 if the field ¥ is a commuting element of 1, and
s = —1 if it is anticommuting. We now have:

(U, J®) = s(®, J V) = ks(®, JU).

Note that the two choices s = %1 can have distinct physical consequences. It is known in QFT
that on 4D manifolds, any Majorana mass term would be trivial if fermions were commuting
fields (see for example [41], on p.179). Indeed, a Majorana mass term couples a particle to its
conjugate, and is thus of the form:

SMaj = a(Y, I —Y) m,

with 1) € Kps. On a 4D manifold, we have my; = 4, from which we deduce that .J ﬁ_ =—Ju_.
We thus have:

SMaj = _SG(Z/% JMfw)M = _SSMaj~

The Majorana mass term vanishes for s = +1. Whether or not this holds for our model depends,
once again, on when the quantization of the action occurs.
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Let us now go back to the kinetic terms. We have:

SKin :%(\1/0, (D ®1)¥,) + %(J\Ifo, (D ®1)J¥,) + %(pro, (D ® 1))

+ %(\Po, (D ®1)JTg)

=5 (W, (D & 1)W0) + 3 (JW0, J(P & 1)) + 5(JTo, (P 1))

+ 5 (W0, (D @ 1)W)

(Wo. (1D @ )¥0) + 3rs((B 1) Vo, Vo) + 3 (%o, (D & 1)¥o)

| =

=2

+gms((D @ 1), T0)

SKin :%(1 + kes) (o, (P @ 1)Wg) + %(J\IIO, (D@ 1)¥) + %m((m ® 1)¥, JU).

We require from this action to contain kinetic terms for fermions (i.e. for V), and no kinetic
terms that couple fermions to their charge conjugates (¥ and JU). Let us start with the first
requirement. This implies that the first term in Sk;, does not vanish, from which we deduce that
kes = 1. Moreover, we know that YWy = W,. This means that:

(Wo, (P ©1)Wg) = (xTo, (P @ 1)x¥o)
—(Wo, x*x(P ® 1)¥y)
= —(=1)7 (o, (P ©1)¥y)
(Wo, (P @ 1)) = —(=1)7(¥o, (P © 1)Ty).

The kinetic term is nontrivial if and only if ¢ = 1, and we conclude that x” = —¢”. We also
deduce that op = 0 — oy = 0. We now have:

Skin = (Vo, (P @ 1)¥q) + %(J\IJO, (D @1)¥g) + %e((]D @ 1)¥, JU).

We will take care of the second and third terms later. To summarize, the kinetic terms are
non-trivial if and only if:

(7.34)

There are two possible cases:

1. s=+41: we have kK = ¢ and k¥’ = —¢”. Using table 5.1 one can prove that this is

equivalent to n + m = 6 mod 8 for the total triple. From the fact ny; + mp; = 2 mod 8,
we infer that ngp + mp = 4 mod 8. Since np = 2 or 6, there are only two possible cases:
(np,mp) = (2,2) or (6,6), and in both cases, we have:

Rp — €p
Kf = €
2. s = —1 : similarly, we find that: m + n = 2 mod 8. We infer that np + mpr = 0 mod 8,
and the two possible cases are (np, mp) = (2,6) or (6,2), and in both cases we have:
Rp = —€fp

RFZGF
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Both cases can thus be summarized in the following way:

Rp — SeEp
" " (7.35)
K‘F = €p

with the second identity being equivalent to o = 0. We can now determine . The requirements
on nr now take the form:
t

Mg ="NF
XFNF =1NFXF (7.36)
Jrnr = snrJr

[77F, FF(AF)] =0.

From the first three requirements, we find:

R 0 0o Tt
10 L epsT 0
=10 epsTT SR 0|7
T 0 0 sL

with R and L self-adjoint matrices. In the last section of this paper, we will consider specific
choices of finite triples for which we are able to solve the fourth requirement on 7. For all
considered triples there, the matrix 7" will have to vanish. Indeed, the ‘R — L block of the equation
e, mr(a)] = 0 gives T ar, — agT? = 0. And for all considered triples, it will be possible
to choose en element a of the algebra such that a;, = 1 and a = 0. The constraint on 7' then
becomes 77" = 0. The self-adjoint R and L will also be constrained by the algebra. However,
from the assumed block diagonal form of the representation of the algebra, we can see that real
scalar matrices are allowed solutions for R and L. There are thus solutions to these requirements,
but np is still underdetermined. The effective signature matrix oo is now:

@ = Pnr
= 17" XFNF
= XFNF
R
w = -L -
—sR
sL

The last step is to compute the kinetic fermionic action, and deduce R and L from it. The
charge conjugation operator is J = Jy— ® Jrpxr, and we deduce from this that ¥ takes the
form:

UV=(1+J)¥)=

where:
Uy = (Ju-®@CC)Tgr
\I/Z = —(JA{— ® CO)\I/L
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We can now compute the kinetic terms:

Skcin =5 (¥, (P © 1))
1

25(‘1’7 (D ®w@)¥)o
:%(‘I’R, (D@ R)¥R)o — %(\Ijh (D& L)W
- g(‘l’ﬁa (D ® R)¥g)o + g(‘l’f’ (P ® L)¥r)o
Sicin =5 (W, (@ W) Wr)o — 5(Wr, (P& L)Wr)o
- g(JM—\I/Ra (D @ R)Jp—VR)o + %(JM—‘I/L, (D @ L)Jyu—-1)o.
For the manifold triple, we have J ]\X/FJ a— = —1, and using this we deduce that:

Skin = (Vr, (P © R)VR)o — (¥, (P @ L)¥p)o.
We know that the action should be:

Skin = (U, (D@ 1)¥R)o+ (U, (D @1)¥L)o.
We infer from this that R = 1 and L = —1, and that:

1
-1
nr = . (7.37)
s
—S
and
1
1
w = s . (7.38)
-5
It is clear that 0y is a fundamental symmetry. Note that for s = —1 we have np = xr and

w = 1, making the finite part effectively Euclidean.
To conclude this section, we apply the axioms of ISTs to the finite Dirac D to constrain it;
we must have:

D} = Dy
[Jr,Dp] =0
{XF’DF} =0.

The allowed finite Dirac operators are of the form:

0 YT eM 0

_ Y 0 0 GFZ
Dr=|y 0 o vl (7.39)
0o z Y 0
where M and Z satisfy:
M = sepM
(7.40)
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The Fermionic Action and Gauge Transformations

We now use fermion quadrupling to construct gauge transformations, and derive the full fermionic
action from it. The justification for the correct of gauge transformations in NCG and the resulting
conditions on the IST are a classic result of definite noncommutative geometry, and generalize to
indefinite ISTs straightforwardly. We summarize the most important points here. Let ¥ € /C be
the (classical) fermionic field. The action of a gauge transformation on this "multi-spinor" should
be of the form:

¥ —s UV, (7.41)

where U is a (Krein-) unitary operator on /C. We pointed out above that the algebra A replaces
the gauge group, and that the gauge group should be recovered from the unitary group U(A) =
C>®(M,U(AF)) of the algebra. We thus want to be able to associate to each u € U(A) a Krein
unitary operator U whose adjoint action on U (A) (and thus A) is the same as that of u. Another
condition one might want to require is that U commute with .J and x, in order to preserve the
special form (7.32) of the field ¥ of fermions’. This is always possible if the IST satisfies the
so-called order zero condition.

We thus now introduce the order zero condition, and assume from now on that our gauge IST
satisfies this requirement. Let 7" be an operator on KC. We associate to it an "opposite" operator:

T° =Jr>*J % (7.42)
The operation:
T—T°=Jr*J ! (7.43)

is a linear antiautomorphism of operators. The order zero condition is the requirement that:
[m(a), 7(b)°] = O, (7.44)

for all a,b € A. We will determine later when it is satisfied for almost-commutative ISTs. When
this condition is satisfied, we can construct gauge transformations according to the following rule:

u € U(A) — U = 7(u)r(u*)® = m(u)Jr(u)J L. (7.45)

The interpretation of this action of w on W is that it acts linearly, but through both the direct and
conjugate representation, in another manifestation of the fermion quadrupling discussed above.

We now turn our attention to the gauge fields. In analogy with usual gauge theory, the bosonic
fields take the form of a differential 1-form w € Q1,(A). The reality of the gauge fields is here
replaced with the self-adjointness of the 1-form: w* = w”™ = w. The bosonic 1-form takes the
form:

w=1i" @B, +xm®H.

It is self-adjoint if and only if:

BL = —wB,w
H' = —wHw.

We know that B,, is Ap-valued, and that 7 (Ar) commutes with w. We deduce that:

Bl = —B,. (7.46)

3 Another good reason for this requirement is that U is then an inner IST isomorphism, that acts on the algebra like
an inner automorphism, and preserves everything but the algebra and the Dirac operator.



7.2. GAUGE THEORY 121

The differential form 7B, takes value in the self-adjoint part of the algebra Ar. This means that
iB,, is a gauge field for the unitary group of Ar. In order to have the unimodular unitary group
as a gauge group, as required for the Standard Model, 75,, needs to be "traceless", hence the
so-called (and unfortunately ad-hoc) unimodularity condition (see [7] for a discussion):

tri, (By) = 0. (7.47)
The equivalent for gauge transformations is the restriction to transformations w that satisfy:
detic,, (mp(u)) = 1. (7.48)

The scalar field H on the other hand will turn out to be a Higgs field.
We can now postulate a fermionic action (see [1] among others):

1
Sy = 5(\I/, (D +Q)0),
where () is a linear function of w. We know that ¥ transforms as ¥ — UW. Let ' be the

transform of ) by a gauge transformation. We want to determine the )’ that leaves the action
(and thus the fermionic action) gauge invariant. The fermionic action transforms to:

Sh= - (U¥,(D+Q)UD)

N — DN =

= (¥, [U (D +Q)UW)
St = %(\p, [D+ (U'DU - D)+ U QU¥)

We infer that:
QO=U"'DU-D+UQU,

and thus that:
Q' =UDU'-D)+UQU ' =UQU ! +[U, DU
The gauge transformation rule for 2 is thus:
Qr—UQU '+ [U, DU (7.49)
To simplify further this expression, we need to introduce the so-called first order condition:
[[D,7(a)], 7 (b)°] = 0, (7.50)

for all a,b € A. We now assume this condition holds for our gauge IST, and will determine later
when it is satisfied for almost-commutative ISTs. Its purpose will become clear after we perform
the simplification of the gauge transformation rule of £2’. We have:

[U, DU = [w(u)Jm(u)J =", D) (m(u)Ja(u)J 1)~
= ([r(u), ]JW@DJ + m(u)J VWULIHJ'IXJW(*)J’”WU*D
= [m(u), D) (u*) + 7 (u)J ([ (u), Dlm(u*)) ]~ m(u*)
= [r(u), D]7(u*) + m(u)m(u*)J ([x(u), D] (u*))J " (by (7.44) and (7.50))
[U, DJU" = [x(u), D]m(u*) + J([x(u), Dlm(u*))J "
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The first-order condition thus separates the affine part [U, D]U ! of the gauge transformation
in two pieces that correspond to the linear and "opposite" representations of the gauge group
that are merged in U = 7(u)Jm(u)J ™!, consistently with what one would expect from fermion
quadrupling. Note that there are models where this condition is not used (see for example the
Noncommutative Pati-Salam Model [46]). Let us remark that: [ (u), D]7(u*) is a 1-form, so this
could be, in principle, part of the gauge transformation of w. So let us assume that w transforms
as in usual gauge theory:

w — m(w)wr(u) "t + [7(u), D]r(u*) = uwu™ — d(u)u™?. (7.51)
Then 2 has all the desired properties if it is of the form:
Q=w+JwJ " (7.52)

Indeed, let ' = m(u)wn(u)~! + [7(u), D]r(u*) be the transform of w. Then the desired
transform of (2 is:

Q' =UQUu~'+[U,DU!
=(m(u)Jm(w)J ") (w + J “H(Im(ut) " (W) + [w(w), Dl (u”)
+ J([w(u), Dlm(u™)).J ™
=m(wwr(w) + Ja(wwr(u*)J " + [r(u), Dlr(u*) + J ([r(u), Dlx(u*))J !
Q' =w + Jw' T,
as desired. We conclude that the fermionic action is given by:

Sy = %(\II,(D—I—w—i—JwJ‘l)\II). (7.53)

Let us expand this fermionic action in terms of B, and H. We substitute w and D with their
explicit forms. First, he have:
JwJ ™t = (Jy— @ Jpxr) (" @ By + xu @ H)(Jy— ® Jpxr) ™
T (i) T3 @ (Jexr)Bu(Jrxr) ™t + Ju—xmdar @ (Jexr)H(Tpxr) ™
JwJ ' =iy" @ JpB,Jpt 4+ xu @ JpHIR",

where we used what we know about the commutative triple, and the fact that B, is even while H
is odd. We can substitute in the fermionic action, and the result is that the action splits in three
terms:

Sf = Skin + Sg + Sh. (7.54)

The first term is the Kinetic term (without mass terms):
1
SKin = 5(\1]’ (lﬁ ® 1)\11)7
and we have already computed it:

Skin = (¥r, D @ 1)¥R)o + (Ui, (D @1)TL)o.

The second term is a coupling term to the gauge fields:

1
Sy = 5(¥, i7" @ (Bu + JrB,Jn")0), (7.55)
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and the third term is a coupling term to the Higgs (plus the finite Dirac contribution):
1 _
Sn=5(¥,xm @ (Dp + H + JrHJIZH)W). (7.56)

We conclude this section with a discussion of the order zero and one conditions for almost
commutative triples. By linearity, the order zero condition holds for the total IST if and only if:

[*(f®a),7m(b®g)°] =0,
forall f,g € Ay and a,b € Ap. This is equivalent to:

[ (f) @ 7 (a), (ma(g) @ Tr(b))°] = 0.

Using the results of theorems 5.1 and 5.2, one can prove that (7 (g) ® mp(b))° = ma(g)° ®
7w (b)°. For the manifold IST, we have: 7y;(g)° = mas(g) (and the order zero condition holds
automatically). The order zero condition for the total IST now takes the form:

v (fg) @ [rr(a), 7R (b)°] =0,

thus the necessary and sufficient condition:
[rr(a), 7r(b)°] =0

that the order zero condition hold for the finite IST. One can similarly prove that a necessary and
sufficient condition for the order one condition to hold for the total IST is that it holds for the
finite IST:

[[DF7 7-‘-F(a/)]a 7T-F(b>o] = 07 (757)
foralla,b € Ap

7.3 The Bosonic Action

We now complete our noncommutative gauge theory by constructing the purely bosonic part Sp
of the action. This will be a functional of the gauge 1-form w, and will contain its kinetic and
self-coupling terms.

Gauge Fields and Curvature

The key idea is to formulate a Yang-Mills type Lagrangian, as is done in the Connes-Lott model,
but in a Lorentzian setting, as in the work of Elsner & al.. We introduce the curvature form p that
generalizes gauge curvature:

p=dw+w? € Q5(A). (7.58)
Let us see how this transforms under a gauge transformation:
p/ :dw' + w/2
=d(uwu™ —d(w)u™) + (uwu™t — d(u)ut)?
=duwu~! 4+ udwu™" — uwd(u™") + dud(u™t)

+uwut — duwut — uwuH(du)ut 4 (du)ut (du)u
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Using the identity d(u~!) = —u~!(du)u~!, this simplifies to:

0 =duwu™t 4+ udwu™ + uwu (du)u™t — (du)u (du)u?
+ ww?ut — duwu! — wwu (du)ut 4 (du)u (du)u?
2 —1

=udwu" ' + uwu”

o =upu?t.

Let us compute this curvature form. One finds (see [38, 21]) that®:

1
p= _ZW’ Y@ Fup —ixmuy"* @ DyH + 1@ (H* + dpyH) + j, (7.59)

where:
Fu, = 0,B, — 0,B, + [B,, B,]

D,H =0,H + [B,,Dr + H],
j € mp(duJy)
implying that H is in an adjoint representation of the gauge group. Let us prove it. Let us write:
w=_ m(a;)[D,m(bs)]
with a;, b; € A. We find:
w=i"@mp(d_ a;0ubi) + xu @ Y 7p(a;)[Dr, (b)),
i i

from which we deduce that:
B# = ’/TF(Z aﬁ#bi)

H = Z”F(ai)[DFv”F(bi)]'

Now, we have:

dw = [D,m(a;)][D,m(b;)]

:Z (i7" @ mp(0uai) + XM @ [Dp, mr(a;)]) (i7" @ mr(0ubi) + xm @ [Dr, mr(bi)])
dw = — ’)/'u’yy X Zﬂ'p(ﬁuai@ybi) +1® Z[DF77TF(ai)][DF77rF(bi)]
+ i XM ® Z (77 (0pai)[Dr, 7r(bi)] — [Dr, mr(ai)mr(0ubi))

There are three piece here. The first piece is:

_’Yﬂ’yy & Z mF (auaiaybi)~

Once again, the notation is abusive, in that the dependence on the manifold point  is sometimes on the second part
of the tensor product when it should be in the first part.
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Using the junk, one can replace v#~* with the commutator [y*, v*]/2, and one finds:

woAv
- ® ZWF(BHai&,bi) = - [7 ’27 ] ® ZWF(auaiaubi) + 1

K2

woAv
Db - ] © S 71p(0,0:0,b; — Dya;:d,ubi) + i

no AV
_ _% ® (8,B, — 8,B,,) + j1.

The second piece:
> [Dr,wp(a)][De, wr (b)),
is simply dy H + jo. Finally, the third piece is given by the sum:
Z (ﬂp(ﬁuai)[Dp, WF(bl)] — [DF, WF(ai)]WF(ﬁubi))

9

= Z(WF(auai)[DFa mp(bi)] — [Dr, mr(a;)7r(0ubi)] + mr(a:)[Dr, mr(9ubi)])

= 0,(3_ mr (@) [Dr. 7)) — [Dr, S wr(aid,b)]
=0,H — [Dp, B,].
We thus have, up to the junk:

nwoAv
dw = —% ® (0uBy, — 0,By) +iv"'xm ® (0uH + [Bu, Dr)) + 1 ® du H + js.

For w?, one finds:

w? =(in" ® By, + xu ® H)?
= — "9 ® BuB, + i7" xum @ [By, H] +1© H”.
We use the junk:
© 17
w2:7LQPY](gBuBVJFi’VHXM@[B#?H}+1®H2+j4
_ b i 245
=== ©[BuB]+iv"xu @ [By, Hl + 1@ H” + ja.

The final result is:

!
=1

+1® (H? +dpyH) + 7,

[V“a’yu] ® (auBV - OVBM + [B;u BV]) —ixmuy" ® (aMH + [B;u H+ DFD

as expected.
Remember now that 7p (dyJg) = Ay @ (7p(Ar) + 7p, (duJp)). so the quotient is a
local quotient, and it only affects scalar functions. The first two terms of p will thus not be

affected, and only H? + dr ;s H must be quotiented locally by the vector space:

Qr =7r(Ar) + 75 (duJpy), (7.60)
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allowing us to write (abusively):
1
P = 71[7”771/] ® Fp,y - ZXM’Y# ® D,u,H + 1 ® (H2 + dF,UH + qF)a (761)

with gr € mp(dyJ}) = An ® Qp. Note that Qg is a bimodule over 7 (Af).

The Connes-Lott-Elsner Model

We know construct an action that is both gauge invariant and quadratic in p. This action must
also take the form of an integral of a Lagrangian density. The simplest way to achieve this is to
take the action proportional to a trace over the Krein space K. One can thus write:

5= M) == [ tn, (o))l

where the first trace is over K, and the second trace is a local trace over the spinor fiber S, and
K . There is of course an obvious problem: p(x) does not act unambiguously on K, 22 S, @ Kp.
It is indeed an operator on K, up to a quotient by 1 ® @, making the expression tr(p(z)?)
meaningless. We need to choose a representative of the equivalence class of H? + dp H to
put in the above trace. One way to choose it is to pick the unique representative element of
the equivalence class that is orthogonal to the space Q. This is nothing but the projection of
H? + dpy H on the orthogonal of Q .

We still have to specify the product with respect to which we project! The obvious choice is
the indefinite product:

End(Kp) x End(Kp) — C

(7.62)
S x T +— try(wSTwT).

Notice that we use wSTw instead of S* = nxSTnr because what we ought to project is the
entire curvature form p. But as we explained above, only the scalar term is projected. This
hermitian form guarantees gauge invariance, but it also suffers from two drawbacks:

e The projection is well-defined if and only if the form is non-degenerate on the space Q.
A sufficient condition for this is that the form be definite on ) 7. Fortunately, this will hold
for the IST of the Standard Model (see next chapter).

o If the algebra A is real, then so is the space ) . The projection is then only well-defined
for a real bilinear form, and not a hermitian form. The obvious solution is to extract a
bilinear from the hermitian form by taking its real part [39]. We will thus use the following
product when the algebra is real:

End(ICF) X EHd(}CF) — C

(7.63)
S x T — Re(tr, (wSTwT)).

Once a local projection of P(H? + dp 7 H) has been chosen, we have a representative Pp of
the curvature form:

1
Pp= jw, Y] ® F,y —ixuy" @ D,H +1® P(H? + dpy H), (7.64)

which can then be used to express the bosonic action:

&:—ﬁww%z—ﬁﬁmuwmﬁ¢mwn
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For this action to be well-defined, we require (Pp)? to be a trace-class operator. The bosonic
Lagrangian density is given by:

&y = —tro((Pp(2))?).

The bosonic action defined above is not the most general one. It is in fact more constrained
than one would want it to be, as the couplings of the gauge group will not be independent (see
next chapter). A more general action would be of the form:

Sy = ~Te(Z(Pp)?) = — / (Z(@) (Po(a)) Vgl

with Z an arbitrary local operator. Since Pp(x) is self-adjoint, a sufficient condition for the
reality of the action is Z* = Z. Local Poincaré covariance requires Z to be a constant scalar,
that is an operator of the form Z = 1 ® z = 1 ® End(Kr). We also need to ensure local gauge
invariance. We know that p transforms like p — upu*. Since we are projecting with respect to
an A-bimodule, the projection Pp transforms the same way:

Pp — w(u)Ppr(u)~*
The bosonic Lagrangian density transforms like:
Ly = —tr,(Z(Pp(a))?) = —tra(Zm(w) (Pp(@))*m(w) ™) = —tra(r(u) " Zr(u) (Pp(a))?).
The simplest way to ensure gauge invariance is to require that:

2z =7p(u) emp(u)

for all unitaries v of Ar. The infinitesimal version of that requirement is that z must commute
with all anti-self-adjoint elements of 7z (Ap). For complex algebras A, a simple multiplication
by 7 implies that z must commute with all self-adjoint, and thus all elements of 7z (Ap). Things
are not so simple for real algebras, but in the case of the Standard Model studied in the next
chapter, we will prove that z must commute with all elements of 7r(AF).

This time, the convergence of the action requires Z(Pp)? to be a trace-class operator. A
sufficient condition for this is that (Pp)? be a trace-class operator once again. If Z is invertible,
then its inverse is bounded, and (Pp)? must be a trace-class operator.

Let us expand the bosonic Lagrangian density:

= e (Z(Ppla))?)
1 2
= —tr, ((1 ® z) (—4[’7“,V”] ® F —ixuy" @ D,H +1® P(H? + dF,UH)> > .

There are a number of Clifford traces that need to be evaluated. First, let us note that the following
traces are vanishing:

tr([v", v Ixm ) = tr((v*, 7)) = tr(xmy) =0,

since the unit is the only element of a Clifford algebra with a nonvanishing trace. This means that
the three terms in the curvature are orthogonal:

1
2= = 350 A I A DB Fy) + tr(xasy*Xary” )ix(D, HD, H)

— dtr(P(H? + dpy H)?).
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Let us compute the Clifford traces. The first trace is tr([y*,v"][y*,7”]). Note that this 4
times the antisymmetrization of tr(y*~”~*~?) with respect to y1, v, and \, p as well. We have:

(7" P) = 49" g — g g + g ).
After antisymmetrizing with respect to u, v, one finds:
tr((y*, 7" 10*7]) = 8(=g"1g"" + g7 g"*).
Since this is already antisymmetric for A, p, we find:
tr([y", 771 27) = 16(—g"2g" + g7 g").
The second trace is tr(xay*xay”). We have:

tr(xary xa”) = —tr(xi ")
= —tr(y"y")
tr(xar*xm") = —4g"".

The Lagrangian density is now:
Ly = (g"g"" — g g" tx(Fu Fp) — 49" tr(D,HD, H) — dtx(P(H? + dpy H)?).
Using the antisymmetry of the field strength tensor, we find:

Ly = 2tr(2F,, F*) — 4tr(2D, HD*H) — 4tr(zP(H? + dp.y H)?). (7.65)

Summary of Noncommutative Gauge Theory

We now summarize our noncommutative gauge theory for the reader’s convenience. The
IST of our gauge theory is the tensor product of two ISTs. The first IST is a manifold IST
(Apr, Ko,y D,xum,J M- ) with the West Coast convention, for a 4D Lorenztian Spin manifold.
‘We have for this IST: ny; = 6 and m; = 4.

The second IST is a finite-dimensional IST (Ag, K, D, X, Jr) of metric and KO-dimension
np,mp = 2 or 6. Its components are the following:

e a finite Krein space that is the sum of four isomorphic subspaces:
Kr=Kr®Kr® Kz Kg
equipped with the indefinite product:
(u,v)p = ulnpo,

where:

nr = )

The definition of s = =+1 is recalled below
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e afinite algebra A with an involutive block-diagonal representation:

ar

that satisfies the zero order condition:
[mr(a), 7r(b)°] =0

e a finite Dirac operator of the form:

0 —Y' eM 0
Dp — Y 0 0 6F7
om0 0o -yT|’
0o zZ Y 0
where M and Z satisfy:
MT = sep M
27 = sepZ,

that satisfies the order one condition:
[Dr,mr(a)], mr(b)°] =0

e a grading operator:

1
-1
XF = 1
1
e a charge conjugation operator:
€r 0
Jp = 0 |, cc
F=l1 0 '
0 1
The total IST is:
A=Ay Afr 2050(M,AF)
K=Ky ®Kg
D=DP®1+4+xyu®Dp
T=TpyQTF
J=Ju- ®JrxF
('a ) = ('1 (1 0y w))O
where:

(p®@u, ¥ ®v)o = (@, ) mulv

The field content of the theory is as follows:
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o the fermionic field is a multi-spinor ¥ € K of either commuting or anti-commuting nature,
depending on the value of the parameter s = +1. It is of the particular form:

U= (1+J)¥, =

where:
Vg = (Ju- @ CC)Tg

U= —(Jy-®@CC)¥
e the bosonic field w is of the form:
w=1"®@B,+xu®H.

where B is a p (Ap)-valued differential form, and H a Q}, (Ap)-valued scalar field such

that: Bl — B
no H
tr. (By) =0
H' = —wHw

The action is the sum of two contributions:

e a fermionic action given by:
1
Sp=5(W, (P @1+iv" @ (By+ JrBuJp') +xm ® (Dp + H+ JpHJ'))0)

e a bosonic action, of Lagrangian density:
Sy = 2tr(2F,, F*) — 4tr(2D, HD"H) — 4tr (2 P(H? + dp,y H)?).

Here z is a self-adjoint operator on K that commutes with anti-self-adjoint elements of
T (AF), and:
F‘,m/ = 8,1,LBV - apr, + [B;u Bl/]

D, H = 8,H + [B,, Dp + H].
The operator P(H? + dpy H)? is the projection of mp,. (H? + dp y H) orthogonally
to the space Qp = 7p(Ap) + W%(dUJkO) with respect to the product S x T —

Re(try (wSTwT)) orS x T + tr,(wwSTwT), depending on whether A is real or complex
respectively.



Chapter 8

The Noncommutative Standard Model

We now apply the results of the previous chapter to a specific IST that will enable us to recover
the Standard Model of particle physics. The IST is described in the first section. In the second
section, we compute the corresponding fields. In the third section, we compute the corresponding
action and compare to that of the Standard Model.

8.1 The Standard Model IST

To recover the Standard Model, we will use the usual finite algebra and its usual representation.
The algebra is thus Ar = C & H @ M3(C). We will parametrize quaternions using complex
numbers. Each quaternion ¢ will be seen as a 2 x 2 matrix parametrized by two complex numbers
«a and B:

g=a+Bj= (_O‘ﬂ 5) € Mz(C).

[
To represent the algebra, we use the following space:
Ko=Kr=Kr=Kz=Kz=(CiaCeC)acC), (8.1)
where:
e C7 is a lepton doublet of orthonormal basis (v, €)
e C? is a quark doublet of orthonormal basis (u, d)
e C?2 is the space of colors, of orthonormal basis (r, g, b)

° (Cév is the space of generations (we leave the number /V of generations unspecified for the
moment), of orthonormal basis (f;)i=1,.. ~-

Let T be a 2 x 2 complex matrix. We associate to it the operator:
T:(T@T@]g)@b\/ (8.2)

which acts on the doublets of any of the four spaces above. We also define the following useful
matrix:

A0
Qx = <0 /\> € Mz(C)
for any A € C. Note that this nothing but A viewed as a quaternion.
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We can define the representation of Ar. Let a = (A, q,m) € Ap. We have:

ar=0r=(Qx®Q\®I3)® Iy
ar =G=(qDq@13) @ In (8.3)
G,E:af:()\IQGBIQ ®m)®IN

One can prove that this representation satisfies the order zero condition.
Finally, we choose our finite Dirac to be of the form:

Y =(EwQY, +Ec®Y.)® (Eyy @ I3 @Yy + Egq @ I3 @ Yy)
M=E,, Yg (8.4)
Z =0,

where E,,, is the projector on the basis vector v, etc. One can prove that this Dirac satisfies the
order one condition'. For any a € Ap, we have the following useful identities:

[Y,ag] = [Y,ag] = [Y,az] =0
MCLR = aﬁM (85)
Mag = arM,

with the same identities holding for the transpose, complex conjugate, and adjoint of the matrices
Y and M respectively. The matrix Yz must satisfy:

YR = sepYr. (8.6)

The reader who is familiar with the noncommutative Standard Model knows that Y is related
to the Majorana mass matrix of right neutrinos. For sez = —1 and N = 3 generations, Yg is
antisymmetric, and thus not invertible. This means that at least one of the right neutrinos does
not get a Majorana mass term (more on this below), making it harder for the see-saw mechanism
to operate. Note that this argument holds even if the fermions are quantized after the removal of
the doubling. We are thus inclined to assume that sep = 1.

We also define for future use the self-adjoint matrices: m, = Y, Y., etc. of squared masses.

Finite Differential Forms

We now study the space of noncommutative differential forms of the finite IST. Let us compute
the space of finite 1-forms Q}, (Ap). We start with an exact 1-form. Let a = (X, ¢, m) € Ap.
Thanks to the identities above, we have:

0 YH(Qx - q)
(QA - ‘j)Y 0 . (8.7)

0

dRUa = [DF,T('F(G,)] =

Notice that this 1-form commutes with w. Since 7 (A ) does as well, we conclude that finite
differential forms commute with w. From this we infer that the hermitian and bilinear forms defined

INote that it is not the unique Dirac operator that satisfies the requirements. This particular form of D is chosen
empirically, on the basis that D g can be interpreted as a mass matrix of the standard model. But one can constrain D
further theoretically, with the semi-empirical massless photon condition, or the second order condition (see [44, 51]).
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earlier are positive definite on all differential forms. Let a; = (\;, gi,m;), b; = (14, i, 1) € Ap.
A general 1-form ¢ is given by the linear combination:

0 Y3, Q0 (Qu — i)
o= 3 mr(a)[Dpymr(by)] = | 20 6Qu =PIV 0
i 0
Notice that 1 = >, Qx,(Qu, —p:) and g2 = >, ¢;(Q,, — p;) are both quaternions. Since Q) y,

and ¢; are independent, one can see that ¢; are ¢- are arbitrary, independent quaternions. The
space of 1-forms is thus isomorphic to Q}, (Ap) = H & H, and a general 1-form is of the form:

0 Yig
_ Y 0
v= 0
0

Let us now compute the elements of the space 7% (dyJ ). Let a; = (A, qi,m4),bi =
(pi,pisni) € Ap suchthat o = 3. mp(a;)[Dp, 7r(b;)] = 0. This is equivalent to:

qa = ZQM(QM *pi) =0
' (8.8)
q2 = ZQi(QIM - pi) =0.

The most general element of 7%, (dy.Jf; ) is of the form:

druy = Z[Dza mr(ai)|[Dr, 7r(bi)]

YI3(Qx — @)@ — P)Y N N
_ > (Qx, — @)YYH(Qu, — Pi)
0

Note that: ~ ~
D (Qx = @)(Qu, — i) =G — G2 =0,

and we are left with:

drue = Z[DFv mr(a)][Dr, r(bi)]

0

. = ~ ~ (8.9)
_ i@ — QN)YY (B — Q)

€ np(duJpg)-
0

Note also that in d ;7 only the linear combinations ¢; — Q »; and p; — Q u; occur, and these are
all quaternions. One can thus assume without any loss in generality that A; = u; = 0, effectively
absorbing (), in ¢; and @, in p;. This leaves us with the condition:

Z gipi =0 (8.10)
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and the form:

YYD,
dpup = 2 aYY'p 0 € 3 (duJE)- (8.11)

0

Indeed, any element of the form (8.11) with (8.10) is of the form (8.9) with (8.8), with \; =
pi = 0. Conversely, by redefining g; to become ¢; — @, and p; to become p; — @,,,, an element
of the form (8.9) with (8.8) becomes an element of the form (8.11) with (8.10). Let us write:

(o B
q; = <_Bz ai) )
(v G
pi= (51‘ ’Yi) '

o aivi — Bidi @b+ Bivi \

which is equivalent to:

and:

‘We have:

= Zai’W Z/BZ i
Zazé = Zﬂm

It is straightforward to prove that z; and zo are arbltrary and independent. We will see that
these two complex number are our only degrees of freedom. Let us now simplify dy using these
constraints. Its only nonvanishing block is the LL block that we denote (dry¢)rL:

([drue)ie =) GYY'p;
=> (¢ ®a®I) oIy
X [(EDU ® my + Eee ® me) @ (Euu ® -[3 & My + Edd ® IS ® md)]
X [(pi B pi @ I3) ® In]

=D la: @ In][Buw © My + Fee @ me][p; © In]
@Z[qi ® I3 @ IN)[Buu ® I3 @ my + Ega @ Iy © mallp; @ Is @ In]
(drue)LL = ZQZ wwbi) ® my, + Z(Jz ceDi) @ me]
Z ¢ Buupi) ® I3 @ my, + Z @i Eaapi) ® I3 @ ma).

‘We have:
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Thanks to the conditions above, we have:
21z
Zquuypz = (Z; _21) .
1
Let ¢ = (—iz1) + (—i22)j be the quaternion parametrized by —iz; and —iz,. One can then

prove that:
> aEupi = iq.
i

One can similarly prove that:
ZqiEeepi = —iq
i

i
Z%‘Eddpi = —igq.
i
We thus have:

(drue)Lr =1iq @ (my —me) Biq @ I3 @ (my, — mq) = jq, (8.12)

and we infer from this that 7 (dy Jf o) 2 H. From this one can check explicitly that 7% (dy J )
is a bimodule over 7 (AF). Note that the symbol Jg> unlike g, does not define a representation
of quaternions.

8.2 The Gauge and Higgs Fields

In this section, we compute the gauge and Higgs fields B, and H, and compute the projection of
the curvature of H. We will use the results of this section to compute the action of the theory in
the next section.

Gauge Group and Gauge Fields

Before we describe the gauge fields, let us describe the gauge group itself. We start with the
unitary group of the algebra. Let u = (A, ¢,m) € Ap such that uu* = 1. Then A is a phase,
while ¢ € SU(2) and m € U(3). We have:
Ox
_ q
mr(u) = MNodLem)o Iy

MA@ L, @m)®In
To take into account fermion doubling, we can associate to it the unitary U = mp (u) Jprp(u)J L
We have:

Ao Lomely
AeeLeom) ®In

JFT&'F(U)J;1 = ~

Qx

all
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‘We thus have:

XQ)\EBQ/\(@m B
U— ADgR™M
AQxL @ Qx®@m

_ 1 0
AQ\ = (O )\2).

The determinant of m is so far arbitrary. One can write m = «g, with « a phase, and g € SU(3).
We have det(rr(u)) = (Aa?)*N. By imposing unimodularity: det(rr(u)) = 1, we find:
o = e¥k7/AN \=1/3 The ¢2k7/4N factor is a root of unity, and contributes to the gauge group
by a constant discrete factor. But a "physical” gauge transformation is a transformation that varies
from point to point on the manifold: this is how the Lie algebra - where the gauge fields live -
emerges. This constant factor can be absorbed by a global gauge transformation without affecting
the physics of the gauge or fermionic fields. We can thus assume, without loss in generality, that
a = A~1/3. Substituting in U, one finds:

Note that:

AQA D A2Q, @7
M OAN/Bq7
AL & A V3Q5®yg
NN Ve

Let us now turn to the gauge field B,,. We know that B, (z) € mp(Ar). We will thus write
By(z) = np(BY (), BY (z), BS' (2)). Since B, (x) is anti-selfadjoint, we deduce that BY is
imaginary, BZV € su(2) (anti-self adjoint quaternions are always traceless), and BE € u(3). We
have:

Qpy
BW
B = a y o’
(ByLolL®B,)®Iy

(BYL oL ®BS)® Iy

Let us now impose unimodularity: B,, needs to be traceless. This will fix the trace of BEI. Let
us write BE' = BE + fu.Is where BE € su(3) is traceless, and f,, is a vector field. We have:

trp(B,) = AN(BY +trp(BS)) = 4N(BY +3f,) =0

and we infer that f,, = — %B}: We thus have:
QB;{N
BW
B, = a

(BYL eI, ® (B —3BY13) @Iy
(BYLel,® (B —3BY13)) @Iy
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Now, the actual gauge fields are contained in the field A, = iB,. We thus define the fields
according to:

Al =iBj},
where i = Y, W, C. We thus have:
AYG.
AW
A, = g )
(AVL oL (AT - 1A ;) ® Iy
(AVL oL, ® (AT — 3AY I3)) @ Iy

where we used the identity ); = i0, and the fact that A}f is now real. Let us compute the field
strength tensor F},,,. We have:

Fu, = 0,B, — 0,B, + [B,,B,]
= 0u(—iAy) — 0, (—iA,) + [(—iA,), (—iA,)]
= i (0,A, — D, A, —i[A,, A)]).

Let F, = 8, Al -9, Al —i[Al,, A}] be the strength of the field A, (withi = Y, W, C). Through
a straightforward computation one finds:

Y ~
FWUZ

W
Fa

(Fh L e Lo (FS, —3FY ) ® Iy

(F L@ l,® (FS, —3FYI3) @Iy
(8.13)

The Higgs Field Curvature and its Projection

Let us determine the scalar field H, its gauge covariant derivative D, H and the projection of
dpyH + H 2. The operator H is a 1-form, and is thus of the form:

0 Yig
b= QQY 0
0
with ¢y, ¢z arbitrary quaternions. The constraint T = —wHw = —H tells us then that g5 = —qI.
We conclude that:
0 —vig,
104 0

H= (8.14)

with qg = ay + By Jj a quaternion.
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A quick computation shows that the covariant derivative D, H of H is given by:

0 —YiDua
D,H = 0,H + [B,,, Dp + H| = | DugaY 0 . . (8.15)
0
where g = 1 + qp is the quaternion that describes the Higgs field, and:
Dyuqs = Ouqe —iA)) qo + A) 4 Q; (8.16)

is its covariant derivative.
Let us compute d ;7 H. One can prove that:

H = 7p(1,0,0)[Dp, 75 (0, g}y, 0)] + 7#(0,1,0)[Dp, 7 (0, —qu, 0)].
We deduce that:
dF,UH = [DFaﬂ-F(LOv0)][DF37TF(07QEUO)] =+ [DF77TF(Oa 130)][DF77TF(03 _qHaO)]

Yty
Yyt
= 72Re(qH) 0 3
0
where Re(qy) = Re(ay). We also have:
_|qH|2yTy
I —qnYY'q;
O )
0
where |gi|? = |am|? + |Bul|?. To prove the formula above we used the identity ¢, ¢ =

quL = |qu|*I>. We will use it again to simplify the result further. Indeed writing this as

qH X qL — |qe|? x Iy = 0, and comparing with equations (8.10) and (8.11), we see that the
following operator has to be in the space 7 (du Jf):

0
YY1y — lqn?Y Y
0 )
0
allowing us to write H? as:
Yty
H? = —|qn|* s o |t
0
with j € % (dy Jp ). We thus have:
Yty
druH + H? = —(lqu[? + 2Re(qn)) w4
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Let us now compute the projection P(dpyH + H?). Generally, the projection Py of a
2-form  is the unique operator P = ¢ + 7 (a) + j, witha € Ap and j € 7% (dyJE ), such
that:

Re tr(w(mp(b) + k) w(p +7r(a) + 7)) = Re tr((mp(b) + k) (9 + 7 (a) +5)) = 0 (8.17)

forallb € Ap and k € 77(dyJp ) (w canceled out because it commutes with all differential
forms). This operation is linear. We will thus decompose dr s H + H? in three parts, and project
each part separately. We write:

dpuH + H? = —(lqu|® + 2Re(qu)) (@1 + 02) + j. (8.18)
where:
Yty
. 0
Y1 = 0
0
0
B Yyt
Y2 = 0
0

Note that the projection of j is easy to determine: since it is in @, its projection is clearly
vanishing. Let us compute the projection of each of the remaining 2-forms:

e ;: This is the simplest one. Indeed, its only nonvanishing block is the R block. It is
thus orthogonal to % (dUJ},’O), as well as the H and M3(C) parts of Ap. We thus only
have to project it orthogonally to C C Ap. We are thus looking for A € C such that:

0 =Re tr(ﬂ-F(H’a 07 O)T((pl + '/TF()‘a 07 0)))
—Re tr (QL(YTY n QA)) 4 2Re tr(EA\s @ Iy)
for all 4 € C. We have:

YTY + Q)\ :((Euu & YJYU + Eee (24 Yj}/e) D (Euu (24 13 ® }/JYu + Edd ® Ig ® YJYd))
+ (@A DR I3)® N
= (Evw ® (Y, +0) + Eee @ (Y]Ye +3))

® (Euu @I3& (VY + N+ Egq @ 3@ (Y, Yy +X)) :
Multiplication by QL then yields the operator:
QLYY + Q1) = (Bu @ B(YJY, + A) + Eee @ n(Y]Ye + X))
® (Euu QLAY Yy + N+ Eag @ I3 @ u(Y,] Yy + X))
whose trace is:
Re tr (QL(YTY + Q)\)) = 8NRe(z\) + Re(u)tr(Y,[Y, + YV, + 3V,]v, + 3V vy).
We thus have the equation:

12NRe(z)) + Re(u)tr(Y,[Y, + VY, + 3Y]v, +3Y]vy) = 0.
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Substituting ;2 = ¢ gives us the equation Re(i\) = 0, implying that ) is real. Substituting
1 = 1 gives us then the value of A:

1
A=y

where:
Cy = te(V]Y, + Y1V, + 3V]Y, + 3V V) = tr(m,, + me + 3my + 3mg).  (8.19)
We thus have:
YTy — ﬁCJSN

P =
ot —axCi1l® Iy ®0

—axCi1la® Iy ®0
(8.20)
Note that this is a traceless matrix.

2: Its only nonvanishing block is the LL block. It is thus already orthogonal to the C
and M3(C) parts of Ar. We thus have to project it orthogonally to the H part of A and
7% (du Jf). We are thus looking for ¢, ¢’ € H such that:

Re tr (5 +5p) (YY" + G +3g)) =0
for all p, p’ € H. This can be split in two equations:
Re tr (51 (VYT + G+ jy)) = Re tr (j;, Yyt +g +jq/)) —0

Let us pick a parametrization for our quaternions. We parametrize ¢ with «, 3, p with y, 4,
etc.

The first equation can be written:
Re tr (ﬁYYT +plg+ j,,fq,)) -0
using the properties of the symbols ¢ and j,. It is straightforward to prove that generally:
Re trg = 8NRe(q)
Re trj, =0,
which means that: N
Re tr (qu + jpfq/)) = 8NRe(p'q)
= 8NRe(a7y + B9).
We also have:
YY' = (B, @my + Bee @me) © (Byy @ I3 @ My + Egqg @ Iy @ my)
and this implies that:
Re tr(p'YYT) =Re tr[(p! B, @ my + pl Bee ® me)
® (p' Byy ® I3 @ My + pTEgq ® I3 @ my)]
=Re tr(p' E,, )tr(m,) 4+ Re tr(p Eee )tr(me) + 3Re tr(p! By )tr(my,)
+ 3Re tr(pTEdd)tr(md)
=tr(m, + me + 3my + 3mgq)Re(v)
Re tr(p'YYT) =C1Re(y).
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The first equation takes the form:
8NRe(ay + B6) + CiRe(y) = 0.

First, by choosing v = 0, we see that 5 must vanish. Next, choosing v = i tells us that « is
real. Finally, choosing v = 1 gives us a:

1
=——C1.
TN
We deduce that: )
=——C0115.
q 8NCl 2

The second equation is:
Re tr (j;, vyt + q+jq/)) — Re tr (j;,,YYT n j;,q+jj,,jq,) —0.
Note that:
Re tr (j},d) = —Re tr (j1,) = 0.
The equation is now:
Re tr (j;,YYT +j;,jq/> —0.
Similarly to what we have computed above, we have:
Re tr (j;,YYT) = —Re tr[(ip'TE,, @ (my, — me)m, + ip'T Eee @ (my, — me)me)

D (Zp/TEuu (29 IB & (mu - md)mu + Z'p/]LE‘dd & [3 & (mu - md)md)}
= — Re tr(ip/ T B, )tr[(my, — me)m,] — Re tr(ipT Eoe)tr[(m, — me)me]
— 3Re tr(ip/T By )tr[(ma, — ma)ma] — 3Re tr(ipT Ega)tr[(ma, — ma)ma)]
Re tr (j;,YYT) = — Im(y)tr[(my, —me)* + 3(my —ma)?).
We also have:
Re tr (j;/.jq/> =Re tr (p'Tq' ® (my, —me)” &7 @ Is @ (my, — ma)?)
=tr[(m, — me)? 4 3(my —mq)?|Re tr(p'Tq)
Re tr (j;,jqf) =2tr[(m,, — me)? + 3(my, — ma)*]Re(a’y + B&).
The tr[(m, — me)? + 3(m, — mg)?] cancels out and the equation is finally:
—Im(y') + 2Re(a/% + B/(Y) =0.

Substituting 4/ = 0, we deduce that 8 = 0. Substituting v = 1 tells us that o’ is imaginary.
Finally, substituting ' = ¢, we find o’:

We thus have:
(8.21)
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The projection of ¢ is:

c JQ;

As above, this is a traceless matrix. Note that from:
jQi = (_Euu + Eee) & (mu - me) @ (_Euu + Edd) ® -[3 & (mu - md)7

we can deduce that:

my, + Me My + M
YYT‘FJ%:IQ@?@IQ@IS@%

Gathering the previous results, we find:

P(dpuH + H?) = — (lqu|* + 2Re(qm))
VY — Sty
YYt+ 2% — Sy
— 1 Cilon ®0
— a5 Cilony &0

(8.22)
8.3 The Bosonic and Fermionic Actions

We finally have at our disposal all the necessary tools to compute the action of our noncommutative
gauge theory. We will compute the bosonic and fermionic actions separately, then compare them
to the action of the Standard Model.

The Fermionic Action

We have already determined the kinetic part of the fermionic action, we now need to compute the
couplings to gauge fields (7.55) and Higgs fields (7.56). Before we compute these two terms, let
us make a preliminary calculation. Let T' € End(/Cr) of the form:

A B
r-(¢ )
where the blocks act on the subspaces Kr @ K, and K% ® K1 Then:
-1 €R A B 0 1
= (0 D)o (t Bec(? )

09 2o

o
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Let us compute the gauge term. We first express it using the field A, = iB,;:

1
Sy =5 (V7" @ (A, = Jr AT ')0). (8.23)

We write first A, in a block diagonal form:

Al
AL
AH = : AE
S
Au
We then have:
R —
Au - A/}j _
_ AL — AL
AM_JFAHJFIZ . g AR _ AR
B w = -
Au o AM
We have:

1
Sy =5 (V7" @ (A = Jr AT )0)

1 _
:i(xp,w @ w(A, — JpA T 1)),

—_— 1 _—
(Ur, 7" @ (A = AD)WR)o + 5 (V0" @ (A7 — AD)WL)o

_1
2

= 2 (Tt @ (AR — AR I)g — = (g, 4+ @ (AL — ALY W
( R ®( m ,LL) R)O 2( o7 ®( m ,u) L)O'

2
We will simplify this as we have done for the kinetic terms earlier. We have (abusively):

(U ® (AR — ARYU2)g = ((Jar— @ CC)Up, 7" @ (AR — AR)(Jp— © CO)WR)o
= —((Jy- ® CC)VR, (Ja— ® CCW" @ (AR — AR)WR),

where we used the anticommutation of J,;_ and v*. Using J J\X47 Jy— = —1 we have:

(U, 7" @ (AR — AR U)o = s(v# @ (AR — AT)W g, Up),.

The self-adjointness of A, and ~,, then implies that:
(" ® (AR — ARYW)g = s(Up, 7" © (AR — APV R),
(U, 7" @ (AR — ARYU2)g = —s(Tp, 7" @ (AR — AR)TR),

Similarly, we have:

)Up)o = —s(Vp, v @ (A} — AL)W ).

(\I/f, ’)/IL ® (Aﬁ — A;l[

We thus have:
AL)W ). (8.24)

“w

Sg = (\I/R7,-yl" ® (A;If - Aﬁ)\PR)O + (‘I’La'y# ® (Af; -
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We have:
— ) 1
A — Al = Ajo. — (AL & L2 (A7 - AV T3) ® Iy
_ — 1
=AG. — (AL oL ®(AS - gAjlg)) ® In
— 1
=A (0. @0IND0o. @3 1Iy) — (A L, ® I, ® (AT — gA,{Jg)) ® In
1 -
= A5 l(0: — )@ In® (0= + 3 h) @ Is ® In] — L ® AT @ Iy.

Let us denote:

1
Ty = (02 = B)® (0: + 31) ® I (8.25)
the generator of hypercharge on right particles. Note that:
0 4
T8 = ( _2> ® (3 _2> ® I, (8.26)
3
We now have: _ L
Al — AR = (AYTV - I, ® AQ) ® Iy. (8.27)
Similarly, we have:
AL — AL = (AYTE+ (A @ AY @ ;) — L ® AQ) ® I, (8.28)
where: )
Ty =-Lo Lol (8.29)

generates hypercharge on left fermions. We will prove later that 7'% and 7% do indeed generate
hypercharge. We will substitute the previous expressions in S, and expand later, when comparing
to the Standard Model.

Let us now turn to the Higgs coupling term:

1
Sy = 5(\I/,XM ® (Dp + H+ JpHJ;)). (8.30)
We have:
0 —Y' &M 0 0 -vfg, o o
o |y o 0 0 qnY 0 0 0
Dp+H+JpHIp =, o —vr |+ 0 0 0
0 0 Y 0 0 0 0 0
00 0 0
I 0
00 0 —gyy”
0 0 guY 0
0 ~YT(I2 + qn) er M
(Ia +qm)Y 0 0
= T
M 0 0 YT (I, + qn)
0 0 (I + qu)Y 0
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This suggests that we define the quaternion:
g =1+ qu (8.31)
that should later correspond to the Higgs field. We thus have:

0 -Yigh exM 0

_ isY 0 0 0
Dp+H+ JpHJG = ‘JL 0 0 _yTg
o [}

0 0  GoY 0

Let us now substitute in Sp,:

1
Sn =5 (¥, x @ (D + H + JrHJZ1 )W)
1 _
:5(\11, xm @ @(Dp + H + JpHJZ)W),.
We have established earlier that np; = 6 and nyp = 2 or 6. This implies that n = 0 or 4, and

hence that J and y commute. Since ¥ is an eigenvector of y with eigenvalue 1, then so is
U = (1 + J)¥g. This means that (xps ® 1)¥ = (1 ® xr)¥. We now have:

Sh %(\IJ,XM @ w(Dp + H + JpHJ')T),
L @ w(Dr + H 4+ I HI) 0 D)
LW, (0 (D + H o+ T HIE )10 )
(W1 (np(Dr + H + JpHIF )W)

where:
-1

—NF = . (8.32)

We thus have:

_ oY 0 0 0
e e+ HaJeHI) = | 100 e
0 0  sGpY 0

A straightforward substitution then gives us:

1 5 1 -

Sh :5(\11L7 oY ¥YR)o+ 5(‘1’3, YTQ];;\I}L)O
~ = S o

+ (V1,76 Y Vg)o + 5(‘1’@ Y G5 ¥ 7)o

NN VAN R VA

€ R
(Ug, MU R)o — g(wR, M),
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Similarly to what was proven for gauge terms, we have:

(V7,30 Y Ug)0 = —((Ju- ® CC)V1,GgY (Ja— ® CC)UR)o
= ((Ju-@CO)V, (Jy-®CC)GaY ¥R)o

5(GaY ¥R, V)

(U7, To Y Ug)o = s(Ug, YIGLUL)o.

One can similarly prove that:
(U5 Y G40 = s(¥r, GoY UR)o.
Finally, we have: o o
(\I/R, M\IIE)O = (\IJR, M(JM, X CC)\I/R)()
= (\IJR, (JMf X CC)M\I/R)O
(Ur, MUz)o = —s(MVUg, (Jy— @ CC)WR),.

To simplify, we will from now on use the notation Jy,— = Jy,— ® C'C. The Higgs term is:

Sh=(¥1,GaY Vr)o+ (Wi, YTGLWL)0o

S S€E
- §(JM—‘I/R, MVYR)o + TF(M\I’Hn Jv—¥R)o.

We know that the action must be real. The first two terms are the complex conjugate of each other.
Therefore, the last two terms have to be as well. This is obviously true if ep = —1. If e = +1,
the Majorana mass term (Jp;— U g, MW )y must vanish. Let us check that it is indeed the case.
Using M7 = sep M, we have:

ep(MUg, Jy—VR)o = s(M Vg, Jy—Vg)o
= —(Vg, Ju-M"¥R)
= —(Up, MTJy—UR)o
This proves that (MU g, Jy—Ugr)o = 0 forep = +1.

To have a nonvanishing Majorana mass term, we need to have e = —1. As we saw earlier, a
proper seesaw mechanism requires that sez = 1, and thus that s = —1. From previous results,
we see that (np,mp) = (2,6). This means that (n,m) = (0, 2), and that J and x commute,
and that J squares to 1. One can then prove that the special form (7.32) of ¥ is equivalent to the
so-called Majorana-Weyl conditions [5]:

JU =¥

8.33
xVv =V. ( )

We also see that U needs to be an anticommuting variable. Let us now summarize the Fermionic
action we just computed:

Sy =(Vg, (P @ 1)Ur) + (Vr, (D @1)Tr)o + (Tr, " @ (A TF — I ® A) @ In]¥r)o
+ (UL @ATY + (A @A) @13) — L ® AG) @ IN]¥L)o + (Y1, GaY Ur)o

g 1 1
+ (\I’R>YTC]II>‘IJL)O + i(JMJI’m MYR)o + §(M\IJR7 Jr—YR)o.
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We will now extract a fermionic Lagrangian density out of this action. For this purpose, we
write the product (-, -) as an integral:

(0 ®u, 1 ®v)o = (0, )arulv = /  He(puutofold’s.
e

One can thus write:
(®, W)y = / O (x)W(x)/|g|d%, (8.34)
TeM

where:

Sy @Ky — S @ K

pa) @ ur—r @ u(z) = Hulp,") @ ul.
is a map that associates to each multi-spinor a "multi-cospinor". In the physics literature, the
co-spinor H, (¢, -) with respect to the Robinson product is usually notated @(z). The operation

above generalizes this duality to multi-spinors that contain multiple particle species. We can now
write the fermionic action above as the integral of the following Lagrangian density:

(8.35)

Ly =Vp(D @) Vr+ V(PR + Vg |7 @ (ATH — I, ® AF) ®IN} Up
+UL V@ (ATE+ (A 0 AY @ I;) — L ® AD) ® IN} Uy +TLgeY ¥y

_ l— 1
+ Uy v, + 3T UrMUp + S MURJy V.
(8.36)

The Bosonic Action

Let us compute the bosonic action. In order to do that, we first constrain the z matrix. Let us first
recall that the bosonic Lagrangian density is given by:

Sy = 2tv(2F,,, F*) — 4tr(2D, HD"H) — 4tr (2 P(H? 4+ dp,y H)?).

We saw in equations (8.13) and (8.22) that the operators F),,, (and thus F},, F/#”) and P(H? +
dp,uH)? are block diagonal. From (8.15), one can prove that D,, H D" H is block diagonal as
well. Therefore, through the properties of the Hilbert-Schimdt product of matrices, only the
diagonal blocks of z contribute to the Lagrangian. We will from now on assume that z is of the
form:

2= L : (8.37)

We see that it commutes with x g, nr and w. The requirement z* = z is thus equivalent to
2! = 2. We saw in the previous chapter that z must commute with all anti-self-adjoint elements
of mp(Ap). One such element is I = 7 (i, Q;,il3), which by multiplication turns any anti-self-
adjoint element into a self-adjoint element of 7 (A ), with which z must commute. We deduce
that z must commute with all elements of 7z (A ). The commutation of z with the algebra is
equivalent to the set of equations:

lar, zR]
lar, zL]
lag, 27

]

[af7 ZZ

I
o o o o

Va € Ap : (8.38)
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while the self-adjointness condition 2z = z is equivalent to the self-adjointness of the blocks.
To solve these equations and determine z, It is better to use a slightly different representation
for the remainder of this subsection. Instead of writing:

Ko=(C?eC2eC3) oCy,

we will put the spaces C7 and (Cﬁ as a common isospin factor C%,, where the neutrino and up
quark are mapped to the same basis vector u, and the electron and down quark are mapped to the
other basis vector d:

Ko=Cy ®(CaC)eC). (8.39)

This is nothing but the Pati-Salam representation, where the leptons are unified with quarks as an
additional white quark. For a = (X, ¢, m) € A, we have:

A
q (8.40)
ap =L ®Aom)®Iy.

S
=~ @

I

Lol

a

a

|

where this time: 7 =T @ (1 13)® IN.

By linearity, the commutation equations of z must hold for the complexification of the algebra.
In particular, on can replace (0 with an arbitrary 2 x 2 complex diagonal matrix, and ¢ with an
arbitrary 2 x 2 complex matrix. The first equation we have to solve is thus:

K/\ M) @(1®I3)®IN,2r| =0,

with A, p arbitrary complex numbers. The block zg thus has to be diagonal with respect to the
first factor of the tensor product, and we write this as:

with A, B self-adjoint operators on (C & C?) @ CJ. The second equation is:
T®(1®I3)®IN,21] =0,

with T" an arbitrary 2 x 2 complex matrix. We infer that z;, has to be scalar for the first tensor
factor:
zr, =1L ®C, (8.42)

with C a self-adjoint operator on ((C S3) Ci’) ® (Cév . Finally, the last two equations are identical.
For 2z it is:
L@ Xem)®In, 25 =0.

Since A and m are independent, 27 has be to block diagonal for the second tensor factor ((C D (Cf) .
In other words, it is of the form:

!

with similar terms for E, 4, Fyy, Eqq. Here 5, ... are operators on (C‘Z’ and D1y, DYy - - -
are operators on (Cév . Since By, ... have to commute with m, they must be scalar, and we

conclude that:
25 =FEuu ® (1® Diyy ® I3 ® D1,y) + - - -, (8.43)
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(we absorbed the vy, Byw, - - - in the Dyyqy DYy - - - )- The selfadjointness of 2 is equivalent

to:
D}4g = Diaa, Dyl =Disy (8.44)
DJ{ud = Dldu’ D/lld = Dlldu

The block 27 has a similar form:

27 = Euy @ (1 ® Doy ® I3 @ Do) + ... (8.45)
We define for future use the operators D,,,, = D1yy + Doy, - - -, such that:

Let us now compute the Lagrangian. The first term we have to compute is the gauge kinetic
term tr(zF),, F**). Recall that:

Y ~
FWUZ
W
F‘,U,l/

L& (FY,®(FS, —3FV 1) ® Iy

L (F)Y,®(FS, —3F) 1) @Iy

Substituting we find:

—_~

tr(2F, F*) = — tr(2p62)F), FY M — tr(z FJY FWrv)

1
—trl(zg + 2p) (L2 ® (F), @ (FS, — gF;”Vlg,)) ® In)?.

Since 02 = 1, the factor in the first gauge term is simply tr(2z5?2) = tr(zg) = tr(A + B). To
compute the two other terms, let us observe that the trace is multiplicative with respect to tensor
products: tr(S ® T) = tr(S)tr(T"). The second gauge term is:

tr(z, FYW PWiv) = te(FW FWi @ C) = te(C)te(E FWH),

Similarly, the third gauge term is:
1
trl(zg + 2p) (2 @ (F, @ (Fii, = 5 F13) © In)?]
:tr[(Euu (29 (1 @ Dy @ I3 ® D;u) + .. )

1
x (L& (F),FY™ & (Ff, — gFﬁf?»)Q) ® In))

1
=tr[Eyy @ (F, F¥" ® Dyu ® (Ff,, — gF,}”Vl?,)2 ®DL)+...]

1
=tr(Eyu ® Doy + ... ) Ep FY 4 t2( By ® D)y, + .. )te((FS, — gF;V,,13)2)

1
=tr(Dyy + Dag) Fyy, F¥* + tr(D;,, + Djy) gFLFYW + tr(F, FOM)
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where used the tracelessness of Fg, As a result:

1
tr |:(ZR+ 27) (I ® (F,fy @ (ny - gF;”VLQ,)) ® IN)ﬂ

=tr (Duu+Ddd+ 3

) FY,FY™ 4 tr(D),, + Dyg)tr(FS,FO™).
The total gauge term is thus:

v A D:Lu + Dtlid Y pYuv
tr(zFp, F") = — [tr(A+ B) + tr ( Dyy + Daa + —Hg— F.F 8.47)

— tr(C)tr(F,fZFWW) —tr(D., + Dl'id)tr(Fg,Fc””).

We compute next the Higgs kinetic term tr(zD,H D" H). We have:

T/-\—/T
0 ~¥'Dya
D,H = D, qaY 0 ,
0
0
and thus that:
—YT(DM(]‘@)TD“Q@Y
— /‘\_/T
D,HD'H = —D4uqaYYDyge

We infer that:

—_— /‘\'/T
tr(2D,HD"H) = —tr(2gY (D,.qs)1 DrqaY) — tr(2.D,,¢aYY D ,.qs ).

Note that 27, is a scalar for doublet degrees of freedom, and thus commutes with D,,qg3. The second

S
term can thus be rewritten (using the cyclic property of the trace): tr(zy, YYTDchp D,.qs). The
total kinetic term is now:

—_~— —_~—

tr(2D,HD"H) = —tr(2grY " (D,qs)T DrqaY) — tr(21YYT(D,qa )T DHqa).

The quaternion g¢ can be parametrized by two complex numbers «, 3:

1= (%5 a)

From the covariant derivative D,,q3, we see that the columns of g transform as SU(2) doublets.
‘We will thus use the doublet:
_ (B
P = (a (8.48)

as a Higgs field. Note that the second column of ¢4 @Q); is —:®. We will take the second column
of D,,qs to be its covariant derivative, and it is given by:

Dyu® = (0, —iA)) —iA))®. (8.49)
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Note that (DMQ<1>)TD#(]¢. = (DM(I))T(D“‘P)IQ Indeed, D’uq(ﬁ = 8qu> — ZAZqu) + A}fq@Qz is
a quaternion (since (Q; and iAZV are quaternions too). And like any quaternion, its norm is that

of its first column or second column. For example, for ¢g itself we have: qu qp = |®|*I,. We
thus have:

(Dpge)tDtge = (D, @) (DH®)[I, @ (1 & Iy) ® In].
We conclude that:

tr(2D,HD"H) = —tr(2gY'Y + 2, YY) (D,®)' D"®. (8.50)
The matrix Y is given by:
V=E.010Y,®l3eY,)+FEu®(1®Y.®Il30Y).
A straightforward computation then shows that:

tr(zpY Y + 2. YY) =tt[A(Q 0 V]V, 0 Lo Vv, + Bl YV, e Lo Y)Y,

+C(1e (MY + V.Y e LYY +Yay,)).
(8.51)
We finally compute the last term tr(2P(H? + dp i H)?). We know that P(H? + dp s H) is of
the form:
P(H? +dpuH) = (lgu|” + 2Re(qn)) x My

with My a block diagonal operator on . As a result:
tr(zP(H? + dpyH)?) = tr(zM3)(|qu|® + 2Re(qm))?
We also have:
2 = lga|?
= QII,%
= (14 qj)(1+qn)
=1+ (gl +qm) + ahan
|®> = 1+ 2Re(qn) + |qul>.
We thus have:
tr(zP(H? + dpuH)?) = tr(zM7)(|®]* — 1)

The complete Lagrangian density is thus of the form:

Ly = —aF), FY* —btr(F)) FVH) —ctr(FS,FO* ) +d(D, @) D& —e(|®]*~1)?, (8.52)
with: D D
a = 2tr(A+ B) + 2tr(Dyy + Dag + W)

b =2tr(C)
¢ = 2t(Dl, + Dlo) (8:53)
d = 4tr(zgYTY + 2, YY)
e = 4tr(zM3).
Barring any accident, these coefficients are all linearly independent in z. Before we prove that,
let us determine their dimensions, and thus the dimension of z, in a unit system where iz = ¢ = 1.
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For simplicity, we choose a coordinate system where all coordinate functions have dimensions
of length. The metric will thus be dimensionless. The action must be dimensionless, which
means that the bosonic Lagrangian density must have the dimension: [.%,] = L~*, and so does
its second term btr(F,) F*V#¥). We know that F}) = 9, A} — 8, A7 —i[A}Y, AlY], and by
comparing the first and last terms, we see that [AEV] = L. We deduce (taking into account
the dimensionlessness of the metric) that [FEZ FWr] = [=%, which means that b must be
dimensionless. From its expression, we deduce that y, v are dimensionless. We conclude that z is
dimensionless (we are thus allowed to choose z = 1). We infer that o, 3, . .. are dimensionless,
and that a, b, ¢ are as well. We also infer that [d] = M? and [e] = M*. Note that in this unit
system M = L1,

To prove that the parameters of the Lagrangian are indeed all independent, let us pick a
specific z with just enough degrees of freedom. To reduce the degrees of freedom, we will try
to pick a z that satisfies a certain number of (strong) constraints that appeared in the literature.
These constraints are the following:

[mr(AF), 2

0
0 (8.54)
0
0

(8.55)

We will also see that the last constraint is not compatible with a simple solution. We have already
imposed the first two constraints on z. The third constraint means that we must have:

RT R (8.56)
2T = 2L
Recall now that:
2R =B @A+ Eqq®B
2z =L C
L= (8.57)

27 = Buu ® (1® Diyu ® I3 © D) + -
25 = Buu ® (1® Doy ® I3 © D) + -
By comparing zg and zz, we deduce that:
A=1® Dyyy ® I3 ® DY,
B=1®Diwe oD, (8.58)
Diug = D1yg = Digu = Digy = 0.

Similarly, we find for zr, and z7 that:

C=1® Dy ®Is® D},

Dayu =D
2 2dd (8.59)
D2uu = DQdd

/ /
Diyg = Dlud = Digy = Dldu =0.
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We can now write that:

Z2r =Fu. ® (1®D1uu@13®D/1uu)
+Eia® (1 @ Digq & I ®%)

2 =l ® (1 ® Dayy ® I3 ® D},,) (8.60)
2R =ZR

The remaining degrees of freedom are the self-adjoint matrices D1y, D1y, D1dd, D} ad> D2uus

D, Let us now impose the commutation of z with Dp. We have:
0 —YTZL—FYTZR EF(ME—ZRM) 07
[D Z] _ YZszLY 0 0 GFZ
BA= N Mz —zrM 0 0 YTz +zgY 7T
0 A Yzr —ZLY 0
(8.61)
The commutator vanishes if and only if:
Yzr—2Y =0
e (8.62)

Mzgr —ZgM =0,

with all other the equations being a consequence of these two through complex conjugation,
transposition, and of course hermitian conjugation. We have:

Y=E,01Y,d:QY,)+Fu®(1Y.®I3Y,)

(8.63)
M=FE,®(1&0) Y,

from which we compute that:

YZR — ZLY :Euu ® (1 ® (YyDluu — DguuYy) @ 13 ® (YuDlluu — DéuuYu))

+ Eag © (1® (YeD1gg — DawaYe) @ Is @ (YaD' 4y — D3, Ya))  (8.64)
MZR - EM :Euu & (]- 2] 0) ® (YRDluu - DluuYR)'

For simplicity, we want to assume that z is generation-blind. That is, that all six matrices
Dy, ... are scalar matrices. Since they all have to be self-adjoint, they must be real scalar
matrices. We thus choose six real numbers «, 3,7, d, i, v € R such that:

Dluu = aIN

Dlluu = BIN
Dygq = vIn (8.65)
Dlldd =0y
Doy = /J/IN

D/Quu = VIN.
The two equations above become:

Yer—21Y =F @ (1@ (a—p)Y, ®I3® (8 —v)Y,)
+Eiu @1 (y—p)YedIs® (0 —v)Yy) (8.66)
Mz — ZM =0.
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The second equation is automatically satisfied, but the first one imposes that:

P (8.67)

We thus only have two degrees of freedom left, and the parameters a, b, ¢, d, e cannot be indepen-
dent, with the assumptions of generation-blindness and commutation of D and z. We will thus
drop the second assumption.

Our solution for z is thus:
2R =25 =Eu, @ (a®BI3) @Iy + Esq @ (v l3) @ Iy 8.68)
ZL:Zf:I2®(HJ@V13)®IN. '

Let us now compute the parameters of the bosonic Lagrangian a, b, ¢, d, e. The matrices A, B, C

are now:
A=(a®plz) @Iy

B=(y®dl3)®In (8.69)
C :(M@ 1/13) R In.

and the reduced D matrices are:

Dyy = (a+p) @ In
D, =B+v)®I
(B+v)©In .70)
Dyg= (v +p) @Iy
The first three parameters can be computed straightforwardly:
AN
(8.71)

b= 2N (u + 3v)
c=2N(B+J+2).

The parameter d is given by d = 4tr(2gY 'Y + 2, YY), Given the block diagonal forms of
Y, zr, z1,, we conclude that these 3 matrices commute with each other, and that:

d=4tr(zgYTY + 2, YY)
= 4tr(YzrY T + 2, YY)
= 4tr(2rYY T + 2, YY)

d=4tr((zg + 2)YYT).

(8.72)

Using:

YY' = Ep® (1@m, © I3 0my) + B ® (1@ me & I; @ my)
tr+ 20 =B @ (a+ 1) ©(B+1)3)QIN+Egq @ (v +p) @ (0 +v)I3) @ 1%,73
we find: o
d =4tr((zr + 2)YYT)
=4(a + p)tr(my,) + 12(8 + v)tr(my,) + 4(y + p)tr(me) + 12(6 + v)tr(mq)
d =tr(dm, ) + tr(12my,) 8 + tr(dme)y + tr(12mg)d + tr(4(m, + me))p
+ tr(12(my + mq))v.

(8.74)
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Finally, let us compute e. We know that e = 4tr(z M%), and:

VY — Sulsy

Q; Cy
YYT 428 - Sl
fﬁCﬁb R([LD0) Iy
—axC1L®(1®0)® Iy
(8.75)

We call its blocks Mg, My, Mz, M7 respectively, with the last two blocks being equal. We thus
have:

My =

e = dtr(zp M%) + 4tr(zp M3) + 4tr((z2p + ZL)M%). (8.76)

These terms are all straightforward to compute if one uses the fact that all matrices that appear in
this expression are block diagonal. The first term is:

C
tr(zrM32) =tr[zp(YTY — ﬁISN)Q]
o Cl 2 Cl 2 Cl 2
=tr[(m, — 12NIN) oo + tr[(me — 12NIN) 18 + 3tr[(m., — WIN) Iy
C1 9
(8.77)
For the second term, recall that:
YYT+%=IQ®(1®mV;mE@Ig®W), (8.78)
from which we deduce that:
s et me G mtme G
(e ME) =trl(E T — S n) (P — )
my+mg O my +mqg  C1 .
B my, +me Oy 9 m, +mgqg  Cy 2
= (Bl P+ 3l S ) ) (k)
We have:
My + Me (& 9 My + myg C 9
-7 -1
(M - EL ) aul (T - Ly
My + Me 9 My +Mg.o Ci C?
= — onT v e u 4——1T
tr[( 5 )2+ 3( 5 ) 8N(m + Me + 3my + 3myg) + GINZ N]
1 1 Cc? C?
= Ztr[mz +m2 +3m2 + 3m3] + §tr[mume + 3mymg) — ﬁ + 16]1\7
_ G O O
4 2 16N
1 2
=—[4 - —].
16[ Cy + 8C N ]
(8.80)
We thus have: o2
2y _ _Cipt+v
tr(zLML) = [402 + 8C's N} 6 (8.81)
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Finally, we compute the last term:

tr((zr + zL)M%) = 143}\[2 tr[(zr + 20) (12 @ (16 0) @ In)]

02
= 144}\72 (a+B+p+v)N (8.82)

02
tr((zgr + ZL)M%) = 1441N (a+ B+ p+v).

‘We thus have:

_ C1 2 Ct C1 2 i
64<t1‘[(my12N[N) }+144N a+4 tr[(m9712NIN)]+144N B

IN)?)6 + [C + 20 201
N 2 3*97N](u+1/).

(8.83)

Cy

12t w —
+ 12tr[(m ToN

T SV _
12NIN) ]’Y + 12tr[(md

To summarize:

4N

b=2N(u + 3v)
c=2N(B+0+2v)
d =tr(dm,)a + tr(12m,,) S + tr(dme)y + tr(12mg)d + tr(d(m, + me))p + tr(12(my, + mg))v

e =4 (te[(m, — S 1) + ' Yata trf(me — = In)?+ v | B
o i ) o (e = 550+ )

T 1NN 144N T 12NN 144N
G G _ 20t
+126r[(mu — e In)?y + 120 [(ma — T In)18 + [Ca 4205 — )+ ).

(8.84)
Unless the mass matrices obey very specific constraints, the parameters are all independent.
For the next section, we will need these parameters to be all positive. Let us prove that this
is possible. We will prove that it is sufficient that «, 3,7, §, i, v be all positive real numbers.
Let us make this assumption. It is clear that a, b, c are positive. The matrices m,,, me, My, My
are all positive matrices, and so are their traces. The parameter d is thus positive. the matrices
(m, — gzlv In)?, ... are all positive matrices, which implies that the first four terms of e are

positive. To conclude, we only need to prove that 9C5 + 18C's — % is positive. We will need

two useful results for this. Let A be any self-adjoint N x N matrix. By the Cauchy-Schwartz
inequality for the Hilbert-Schmidt norm on matrices, we have:

ltr(In A)|? < tr(I3)tr(ATA), (8.85)

from which we deduce that:

tr(A)? < Ntr(A?), (8.86)

Note also that for any two self-adjoint matrices 4, B, we have tr[(A — B)?] > 0, from which we
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deduce that: 2tr(AB) < tr(A? + B?). We thus have:

C? = tr[(my, 4+ me) + 3(my + mq)]?
< Ntr[((my + me) + 3(my + md))2]
= Ntr[(my, +me)? + 9(my + ma)?] + 6Ntr[(my, +me)(my +mg)]
< Ntr[(my +me)? + 9(my +ma)?] + 3Ntr[(my, +me)? + (my +ma)?]  (8.87)
= ANtr[(m, +me)? + 3(my +ma)?]
= ANtr[m2 +m? + 2m,m. + 3m2 + 3m3 + 6m,my]
C? < 4N(Cy + 2C3).

From this, one infers that:

c? _ 203
Co +2C5 > ﬁ > 9—]\;. (8.88)
Normalizing the Fields
Let us summarize the complete Lagrangian density we obtained:
L =24+ 2, (8.89)

with:
Ly = —aF), FY" — btr(F FV*) — ctr(FG,FC) + d(D, @) D'® — e(|®]* — 1),
and:
L =Up(P @ \)Wp+ (D@ 1), +Tg [ @ (AT - Lo AT) @ Iv| g
+UL @ (ATE+(AY @AY @ I;) — L e A9) ® IN} U+ VgasY Vg
FTRY W+ ST WaMYp + MWy Vp,

We now need to redefine the fields to give them the correct conventional normalization (i.e.
kinetic terms with the correct factor [41, 48]). We need to define a hypercharge field B,,, a weak
field W,,, a gluon field G, and a Higgs field ¢ with its quaternion g,. From the fermionic action,
we see that the fields must be defined the following way:

1
B, =—AY
g gy "
L ow
W,=—A4,
"o (8.90)
G,=—-—A¢
I g
1
(b :7q)a
9H
where the constants gy, gw, gc, g are to be determined. We have:
FW =0,A% —9,A" —i[AV AV
e p— A ] (8.91)

:gW(auWu - al/VVp, —igw [W;u WVD7
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and similarly for F$,, and F},. This leads to the following definitions for the curvatures of the
redefined gauge fields:
B, =0,B, — 0,B,
Wy =0,W,, — 0,W,, — igw [W,, W,] (8.92)
G =0,Gy — 0,G,, — igc|Gp, Gy .

This implies that gy, g, g are the gauge couplings! We thus have:

FY, =9y By,
Fy =gw W (8.93)
F;S/ = - gCG,u,V

(for G,,,, the minus sign and complex conjugation in its definition balance each other). We also

have:
D,® =(8, —iA)) —iA))®

(8.94)
=gu (0, —igwW, —igy B,)o.
We thus define:
Dyé = (0, — igw W, — igy B,.) o, (8.95)
and we now have:
D,® =guD,¢. (8.96)

The Bosonic Lagrangian now reads:

Ly = *GQ%BWBW*bg%/Vtr(W/wWW)*CQ%‘U(GWGW)WLdQ%(D/L¢)TD”¢*€(912LI|¢|2*1)2-

(8.97)
We choose bases (t,), and (A,), for the Lie algebras su(2) and su(3) respectively, normalized
so that:

tl“(tatb) = tr(AgAp) = 204p. (8.98)
In these bases, the curvatures are:
W W;jl,ta
(8.99)
Gy :wa)\a,

and the Lagrangian takes the form:

Ly = —agy By, B —2bgpy Wi, W —2cg8, G, G +dgir (D, ) D o—egiy (161> —95°)?,
(8.100)
where sums over Lie algebra indices are implicit. We can normalize our fields by choosing:

1
gy —7@

1
aw =—F—

\/187) (8.101)

gc :E

1
gH _\/(j
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With these conventions, The bosonic Lagrangian is:

1 v 1 a apuy 1 a auy
Ly = = B BM = QWi W = 2G, G 4 (D,6) Do — V(o — ?)?, (8.102)
with: e
Vo =gl = —
H™ g2 (8.103)
v :gﬁl = \/&

After the necessary substitutions, the fermionic Lagrangian is given by:

Ly =Up(P @)V + TV (D@ 1)V+ Vg [v @ (9y BTV + I ® gcG,) @ In| Vg

+\117L [’-YH & (gYB/LT}I/; + gW(W,u ® W/L X [3) + 12 & gCGlt) & IN] \IJL
T

—q — .q 1— 1—
T Ly, TRy 2, 4 STV RM Y + SNV Ty V.

v v
(8.104)

Comparison with the Standard Model

We now study the action found above and compare it to the Standard Model (see [41, 48, 49]).
We found the bosonic Lagrangian:

1 "y 1 a apy 1 a apy
Ly = =3B B = JWiL, W = 2G, G 4 (D,6) D' — Vol|of — v?)?, (8.105)

where: B
V() :ﬁ
v =Vd
1
N = JIa (8.106)
1
aw —E
1
gc —E
and:
B,, =0,B, — 0,B,
W =0, W, — 0, W, —igw [W,, W, ] (8.107)

G :QLG,, — 31,G# —1igc [Gm G,]
Du¢ :(6u —igwW, — igYBu)Qb-

This bosonic Lagrangian clearly matches the Standard Model.
The fermionic Lagrangian we found is equal to:

Ly =Up(D VR + TV, (DU + Vg [v* @ (9y BLTE + I ® gcG,) @ In| Tp

+UL [y ® (9v BuTY + 9w (W, ® W, © I) + I ® gcG,) © IN]Wr
- =T
_ [ l— 11—
T G R T G O /Y TllL PRV T

v v

(8.108)
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We need to expand this fermionic Lagrangian and compare it to the Standard Model. To this
end, we need to expand the fermionic fields ¥ i and ¥, in terms of the spinors describing each
individual fermion. We will need for this the description of the finite space Ky in section 8.1. We
use the following notations for right-handed fermions:

e The right neutrino of the i-th generation is denoted v%, € Ky

The right electron of the i-th generation is denoted e,

The right up quark of the i-th generation and color ¢ € {r, g, b} is denoted u’S

The right down quark of the i-th generation and color ¢ € {r, g, b} is denoted d‘$

We also define quark multi-spinors that describe all three colors at once:

uﬁ:ZuiﬁQQcElCM@(C‘Z’
R (8.109)
R=> di®ceKyaC

The notation is similar for left-handed fermions, with the index R replaced with an L. We
additionally need to define SU(2) doublets:

L'=vi@v+e @ec Ky oC}

, , , 3 9 (8.110)
Q' =ulp ®u+d,®de Ky ®C;oCy.
With these notations, the total multi-spinor W is equal to:
Up=)Y |hovteroe)®) (uiutdiodec ®f (8.111)
and similarly for U;. We will often use the duality relation:
S,V — SreV”
- + (8.112)
where V is any of the finite-dimensional vector spaces CZ, C2, etc.
The fermionic Lagrangian the sum of three contributions:
gfzg}(in-f—gg-i-fh. (8.113)
The first term is a kinetic term:
Liin =V @1)Vr+ V(PR 1)Vy, (8.114)
and can be easily shown to be a sum of kinetic terms for all fermions:
Lcin = Z [@]Dy}g + All other fermions] . (8.115)

3

The second term contains all coupling to gauge fields:

Ly =Yg [V @ (gy BTy + I ® goGy) @ In| U
+ V0, [ @ (gy BuT¥ + gw (W, @ W, @ Is) + I, @ gcG) ® In] V..
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We will expand it into three coupling terms, one for each gauge field:
fg =gv%Y + gwlw + 9gcZe. (8.116)
The first is a coupling term to the hypercharge field:

Ly =V [ ® BTV @ In] Y+ ¥ [y @ B,TY © In] Vr. (8.117)

R 0 3
TY< _2>@(3 _2>®13
3

1
T,%:—IQ@§IQ®I3.

Now recall that:

A lengthy but straightforward computation lends the following result:

i i = i 2 i
Ly = Z[—Qeﬁ’y“BueR + guﬁ%('y“Bu ® Is)up — ng('y“BH ® I3)dy
(8.118)

— vy Buvy — e Buep + qup (V!B @ I)up, + 5dip (V' By @ Is)dy |-

To interpret this result and deduce from it the hypercharge of each particle, one needs to compare
it to the kinetic terms. For example, we have for the i-th right electron:

Ly = iegy" (V5 + 2igy B el + ...

Our conventions for gauge transformations are such that the gauge covariant derivative of a
particle of charge ¢ with respect to some gauge field A is: D, = 9, —igA, + ... (see for
example the covariant derivative of the Higgs field D, ¢ = (0,, — igw W, — igy B,,)¢, which is
an SU(2) doublet of hypercharge +1). We deduce from this that the hypercharge of the right
electron is -2, in accordance with the Standard Model. The correspondence with the Standard
Model can be proven similarly for all other particles. The second gauge term is:

L=V [y W,eW,®I3) Iy V. (8.119)

A quick computation proves that:

Ly =D [L(y" @ W)L +QI(v" ® I3 2 W,)Q', (8.120)

K3

in accordance with the Standard Model (recall that for the quark doublets )? as defined above,
the color indices come before the doublet indices). Finally, the last gauge term is:

Le=YUr"®(LeG,@IN)|Vr+ ¥, @ (LoG,IN)| VL. (8.121)

One can easily prove that:

Lo =Y [up(" @G ug+dp(v @G, dg+ul (V@ Gy )ul +di, (v © G)dy ], (8.122)

which is in accordance with the Standard Model.
To conclude this comparison, we look at the third term of the fermionic Lagrangian, the Higgs
(or mass) term:
8 .
_ 549 vt %o o I
L =V, —YUr+UprYT =0, + §JM,\I/RM\I/R + §M\I/RJM,\I/R. (8.123)
v

[
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We start with the simplest terms: the third and fourth ones. Their sum can be rewritten:
e |~ 1 T ivid i
3T YRM Vg + S MUy Vi = o > (Tm—vipYgEvi +he.),
ij
where h.c. denotes the hermitian conjugate of the previous term, as the two mass terms are
conjugate to each other. Here Y/ are the components of the matrix Y. This is a Majorana mass

term for the right neutrinos. We now take a look at the first two terms, which are also conjugate
to each other (we thus only need to expand the first one). From section 8.1, recall that:

dp = (a6 ® qp ® I3) ® Iy,

a p
v-(52)
The Higgs field itself is the second column of this matrix:
()

It is traditional to denote the first column the following way:

¢* = (_aﬁ) . (8.124)

with:

It is related to ¢ by the following identity:
¢* =io’9, (8.125)
with ¢ being the complex conjugate of ¢, and o2 the second Pauli matrix. We can thus write:
g = (¢, ¢). (8.126)
Recall also that:
Y=(E,WwQY, +Eee®Y,)® (B I3 Y, 4+ Egq @ I3 ® Yy).
Let us compute first YW z. The Y), matrices act on the generation basis vectors. We find:

Y\I/R:Z

j

YVivhev+Yidgoe)®d (Yiuf@u+ Y d§@d) @c

c

® fj.

Next, ¢4 acts on doublet degrees of freedom, with ¢* acting on v and u, and ¢ acting on e and d.
We thus find:

Y UR =Y

ij

® fj-

(Vv @¢" + Y ep@ ) @) (Yiug®¢" + Y,/ dge¢)@c

Finally, we multiply with ¥, to find:

- ~f
549 T T% 1 T vig * TN
4 YUr+UgRrY v _—E LYY, ® + Li(Y"ehn ®
Lv R R v L ,Uij[ (VVR ?") (eeR )

& QI (Y ulh @ ¢*) + Q1 (Y dy ® ¢)] + hec.,
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and thus that:

1 T i vidl i 1 TN * T v g
Lo =5 > T Y ivi+ = YD (Vivk @ 67) + LI (Viieh @ 0)

1] 1]

1 (8.127)
1 YN N | AT g
@ v %:[Q](YUJ“R ® ¢") + QI(Y, dr ® ¢)] + h.c.

To interpret this correctly, notice that the doublet degrees of freedom of L? and Q? couple with
those of ¢ and ¢*, since V}é R e Ly ® (C%, ..., and that the triplet degrees of freedom of
Q" couple with with those of %, and df, since uf, ® ¢* € Ky ® C3 @ CZ,.... With this
information, we see that the coupling of fermions to the Higgs field is in accordance with the
Standard Model with right neutrino.

We have thus recovered the entire Lagrangian of the Standard Model (with right neutrinos).






Chapter 9

Conclusion

The main two reproaches directed at the NCG version of the standard model are: i) it is a Euclidean
theory; ii) it is a classical theory. We can consider that the present thesis solves the first problem.
The second problem is still wide open. It must also be stressed that the NCG standard model
has not reached a completely satisfactory stage as long as the unimodularity condition and the
massless photon conditions are not given a clear mathematical meaning.

In this conclusion, we would like to possible extensions of the present work. The first
extension is in the direction of Grand Unified Theories. It is worth mentionning that the metric-
KO dimensions (2, 0) of the standard model are compatible with the Clifford algebra C1(9, 9)
which, by Chevalley’s theorem, can be considered as the graded tensor product of the Clifford
algebra CI(1, 3) of spacetime and the Clifford algebra C1(8, 6). The dimension of the irreducible
representation of C1(8, 6) is 128, which would accomodate a standard model with four generations
instead of the three generations experimentally observed. It would be interesting to explore the
corresponding gauge theory based on the Lie algebra so(8, 6). Such real Lie algebras have a bad
reputation because the corresponding group is not compact, but Margolin and Strazhev proved
that they are meaningful and renormalizable [76, 77]. We hope to come back to this interesting
subject in the future.

A second extension of the present thesis is towards possible applications of indefinite spectral
triples to solid-state physics and in particular topological insulators and supraconductors. Indeed,
topological insulators also consider systems where two self-adjoint involution (e.g. inversion
symmetry and mirror symmetry) and an antilinear operator (e.g. charge conjugation or time-
reversal symmetry) are involved. By our classification theorem [33], we can associate a metric-
K O pair of dimensions to such a system. We can also make tensor products to describe many-body
insulators or supraconductors.
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