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Abstract.
We present a detailed analysis of the α-decay fine structure in 32 deformed odd-mass nuclei

from Z = 93 to Z = 102. The α-decay half-lives are systematically calculated within the
multichannel cluster model (MCCM), which turns out to well reproduce the experimental data
and show the neutron deformed shell structure. The branching ratios for various daughter states
are investigated in the MCCM and in the WKB barrier penetration approach, respectively. It
is found that the MCCM results agree well with the experimental data, while the WKB results
have relatively large deviations from the experimental data for the α transitions to the high-lying
members of the rotational band.

1. Introduction
Nearly a century ago, Geiger and Nuttall [1] found that the logarithm of the half-life in α
decay is inverse proportional to the energy of the outgoing α particle, i.e., the decay energy
Qα. To understand the Geiger-Nuttall rule, the quantum mechanical explanation of α-decay
as a quantum tunneling effect was reported independently by Gamow [2] and by Condon and
Gurney [3]. Later on, Viola and Seaborg [4] proposed a simple formula for α-decay half-lives
of heavy nuclei. The Viola-Seaborg formula is very successful in systematizing the data of α
decay and widely used to predict the half-lives of unknown nuclei. Recently, the new Geiger-
Nuttall law has been proposed [5] where the effects of the quantum numbers of α-core relative
motion are naturally embedded. Since the pioneering work of Gamow [2], α-decay half-lives
have been interpreted with improved accuracy for both spherical and deformed α-emitters
based on various models and methods [6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16]. Nowadays the
new challenge in α-decay studies is the understanding of the α-decay fine structure observed in
heavy deformed nuclei. It has been investigated from both semiclassical and coupled-channel
standpoints [17, 18, 19, 20, 21, 22, 23, 24]. The semiclassical methods [17, 18, 19] treat each
decay channel as a separate event for one α decay, ignoring the coupling effect of various decay
channels. In contrast, the coupled-channel methods [20, 21, 22, 23, 24], based on the three-
dimensional Schrödinger equation, employ various channel wave functions with outgoing wave
boundary conditions and consider the coupling among the channels.
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Recently, we have presented the multichannel cluster model (MCCM) to investigate the α-
decay fine structure including half-lives and branching ratios (BRs) [22, 23, 24]. As most α-decay
studies, we carried out our investigation following the path from even-even nuclei, to odd-mass
nuclei, to odd-odd nuclei. In the coupled-channel study of even-even rotational nuclei, the
diagonalization technique [25] and the multipole expansion [26, 27] are separately used to deal
with the interaction matrix. Both of them give precise descriptions of the fine structure especially
for the BR for excited 4+ states [22]. In the coupled-channel study of odd-A and odd-odd nuclei,
enough decay channels are considered and the calculated results show good agreement with the
experimental data [23, 24]. To our knowledge, it was the first coupled-channel description of
the fine structure observed in odd-A and odd-odd nuclei. The purpose of this contribution is
to present an additional analysis of the α-decay fine structure observed in odd-mass nuclei as
a supplement to the previous publication. By comparison with the semiclassical methods, one
can discern the reliability of the MCCM based on the coupled-channel approach for the α-decay
fine structure.

2. Theoretical models for fine structure observed in α decay
The coupled channel approach has been found to be successful in describing the fine structure
observed in α decay. In particular, the MCCM has good applicability for the α decays of well-
deformed even-even, odd-mass, and odd-odd nuclei [22, 23, 24]. Within the MCCM, the total
wave function of the decaying system is expanded into a sum of partial waves and the cluster
radial wave functions satisfy the following coupled equations [20, 21, 22, 23, 24]:

[
− h̄2

2µ

( d2

dr2
− `(` + 1)

r2

)
− (Q0 − EI)

]
uα(r) +

∑

α′
Vα,α′ (r)uα′ (r) = 0, (1)

where α ≡ (n`I) labels the channel quantum numbers, ` is the angular momentum carried by
the emitted α particle, Q0 is the Qα value for the decay to ground states, EI is the excitation
energy of the daughter states involved in α transitions, and Vα,α′ (r) is the matrix element of the
interaction V taken between channels α and α

′
. As usual, the deformed potential V consists

of the nuclear part of a simple axially deformed Woods-Saxon (WS) form and the Coulomb
part in the first-order

∑
λ βλYλ0(θ) [22]. Also, the multipole expansion of the potential V is

used to deal with the interaction matrix elements where the dynamics of rotational core nuclei
are considered. The details of the evaluation of the interaction matrix elements can be found
in [22, 26, 27].

The coupled equations (1) are solved with outgoing Coulomb-Hankel wave boundary
conditions. Moreover, the experimental decay energies (Q0 − EI) of each channel are exactly
reproduced, and the quantum numbers follow the Wildermuth rule G = 2n + ` [28] which is
an approximation treatment of the Pauli exclusion principle. All these requirements can be
simultaneously achieved by adjusting the depth of the nuclear potential. After one obtains the
radial wave functions, the partial width of the channel I` is given by [22, 23, 24, 26]

ΓI` =
h̄2kI

µ

|un`I(R)|2
G`(kIR)2 + F`(kIR)2

, (2)

where R denotes large distances beyond the range of the nuclear potential and beyond the
distance where the Coulomb potential can be regarded as spherically symmetric.

In view of the fact that the internal structure of nuclear states has some influences on α
transitions as well, the hypothesis of the Boltzmann distribution (BD) for daughter states is
proposed ρ(EI) = exp(−cEI) [22, 23, 24], where EI (in MeV) is the excitation energy of the
daughter state I. As early as 1917, Einstein [29] had proposed such a similar hypothesis on
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the quantum theory of radiation for molecules with a set of discrete states, that is, canonical
distribution of states. This hypothesis implies that α-preformation factors have an exponential
dependence on the excitation energy of daughter states and show a gradual decline with
increasing daughter spin. This is consistent with the other theoretical studies [30, 31]. In
order to achieve absolute α-decay half-lives, one also needs to multiply the partial width by
an α-preformation factor Pα. Base on the available experimental facts and theoretical analysis
[15, 32, 33], the α-preformation factor is kept the same for one certain kind of α emitters (even-
even, odd-A, or odd-odd nuclei), making the number of free parameters to a minimum. In this
way, one can obtain: Pα = 0.36 for even-even nuclei, Pα = 0.18 for odd-A nuclei, and Pα ≈ 0.12
for odd-odd nuclei [22, 23, 24]. Ultimately, the total width is given by Γ =

∑
I` Pαρ(EI)ΓI` and

the total α-decay half-life is T1/2 = h̄ ln 2/Γ. The BR for a daughter state I is expressed as

BRMCCM
I = Pαρ(EI)

∑

`

ΓI`/Γ× 100%. (3)

Moreover, one can also describe the α-decay fine structure using the one-dimensional Wentzel-
Kramers-Brillouin (WKB) approximation. In this case, each decay channel is treated as a
separate event, and the partial widths for various channels are separately calculated with
slightly different decay energies and various centrifugal barriers. The WKB barrier penetration
probability for the channel I` is written as PI` = exp(−G), with

G =
2
h̄

∫ B

R

√
2µ [V (r)− (Q0 − EI)] dr, (4)

where V (r) is the sum of the Coulomb and centrifugal potentials, V (r) = ZcZde
2/r + `(` +

1)h̄2/(2µr2), B is the classical turning point satisfying the expression V (B) = Q0 − EI , and R
is the touching radius R = 1.20A1/3 fm. It should be particularly noted that the height of the
centrifugal barrier at r = R is significantly small relative to the height of the Coulomb barrier
at r = R,

ξ =
`(` + 1)h̄2

2µR2

/ZcZde
2

R
' 0.002`(` + 1). (5)

Using elementary integration techniques and some approximations, one can obtain [8, 24]

G =
ZcZde

2π
√

2µ

h̄
√

Q0 − EI
− 4

√
2µZcZde2R

h̄

(
1− ξ

2

)
. (6)

It is seen that the effect of the centrifugal barrier is small but non-negligible. Combining with
the BD hypothesis, the BR for a daughter state I is written as

BRWKB
I =

ρ(EI)
∑

` PI`∑
I` ρ(EI)PI`

× 100%. (7)

3. Numerical results and discussion
For odd-mass α emitters, the structure of the decaying state is generally different from that of
the ground-state rotational band in the daughter nuclei [34]. As a consequence, there exists
competition between α transitions to the ground-state rotational band and to the favored
rotational band whose structure is similar to that of the decaying state. In general, the
transitions to the favored band play a major role in the α decay of odd-A nuclei [34]. In
the following, we will focus on such α transitions. Note that enough channels are considered in
numerically integrating the coupled equations (1) for proper convergence. This means that all
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Figure 1. (Color online) Comparison of the calculated α-decay half-lives with the experimental
data (a) for deformed even-odd nuclei with Z = 94− 102 and (b) for deformed odd-even nuclei
with Z = 93−101. The deformed neutron shell effect is shown at the neutron number N = 152.

partial waves with ` ≤ 8 are included in the present calculations [22, 23]. According to this,
the number of partial waves required here becomes much larger as compared with the case of
even-even nuclei. This is because an α transition Jπ → Iπ′ in odd-A nuclei allows several decay
channels that are characterized by the even (ππ′ = 1) or odd (ππ′ = −1) ` values in the range
of |J − I| ≤ ` ≤ (J + I). For example, the α decay of odd-A nuclei from ground 5/2+ states to
K = 5/2+ rotational bands exhibits 21 decay channels, while the α decay of even-even nuclei
from ground 0+ states to ground-state 0+ rotational bands exhibits only 5 decay channels.

First, we examine the evaluation of total α-decay half-lives. The comparison of the calculated
α-decay half-lives with the experimental data is illustrated in figure 1 for the Z = 93 − 102
isotopes. Circles denote the experimental data and stars stand for the theoretical results. One
can see that the theoretical results follow the experimental data well, although the half-lives
span many orders of magnitude from 101 to 1015 s. In general, the decay energies of an isotopic
chain decrease with increasing neutron number, leading to an increase in the half-life. But there
is an abnormal decrease in the half-life across the neutron number N = 152, as shown in the Cf,
Es, and Fm isotopic chains. This is attributed to the deformed neutron shell closure N = 152.

Next, we pay attention to the BRs for various daughter states. Figure 2 displays the
comparison of the measured and calculated BRs for the α transitions to seven low-lying members
of the favored rotational bands. Here, our calculations are separately performed within the
MCCM and in the WKB approximation. In figure 2, the upper panel (a) shows the results
calculated within the MCCM and the lower panel (b) shows the results calculated in the WKB
approximation. For the MCCM calculations, the calculated results show good agreement with
the experimental data including the BRs for the high-lying members of the favored band.
Specifically, the values of log10[BR(calc)/BR(expt)] are generally within the range of about
±0.5, which corresponds to the values of the ratio BR(calc)/BR(expt) within the range of about
0.32−3.2. The largest deviation occurs at the α transition from 249Cf to the fifth member of the
favored band. For the WKB calculations, the calculated results agree well with the experimental
data for the transitions to the low-lying three members of the favored band. But the deviations
from the experimental data become quite large as we proceed to the other four members. For
the transition to the seventh member of the favored band, the WKB calculations underestimate
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Figure 2. (Color online) Comparison of the calculated and experimental branching ratios
as a function of the parent mass number A. Calculations within the MCCM and in the
WKB approximation are, respectively, shown in the upper and lower panels. Squares, circles,
uptriangles, downtriangles, diamonds, pentagons, and stars represent the transitions to the low-
lying seven members of the favored rotational band, respectively.

the BR by about two orders of magnitude. On the whole, the points of all kind gather toward
the line log10[BR(calc)/BR(expt)] = 0 more evidently within the MCCM than in the WKB
approximation. This is particularly considerable for the transitions to the high-lying members
of the favored band. In the present study, the standard deviation of the MCCM calculations
for 103 BRs is σ = {∑103

i=1[log10(BRi
calc/BRi

expt)]
2/102}1/2 = 0.254 corresponding to a factor

of roughly 1.80, while the standard deviation of the WKB calculations is 0.41 corresponding
to a factor of about 2.57. This demonstrates that the MCCM is appropriate and successful in
describing the α-decay fine structure. Along with the enhancement of experimental sensitivity
and the development of experimental techniques, measurements of the BRs would be most
welcome to further examine the validity and reliability of the MCCM.

4. Summary
In summary, the α-decay half-lives of 32 odd-mass nuclei with Z = 93−102 are calculated within
the MCCM and compared with the experimental data. It is found that the theoretical results are
in good agreement with the experimental data and the deformed neutron shell effect is reflected
at N = 152. Moreover, the branching ratios for the transitions to the favored rotational band are
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evaluated within the MCCM. For comparison, they are calculated in the WKB approximation
as well. It turns out that the results obtained from the WKB approximation deviate from
the experimental data evidently for the transitions to the high-lying members of the favored
band, while the results obtained from the MCCM agree well with the experimental data. This
confirms the good reliability of the coupled-channel approach so that coupled-channel predictions
are allowed for the α-decay fine structure in the heavier mass region.
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