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Abstract. Octupole vibrations are studied in some doubly magic nuclei using the time-dependent Hartree-Fock

(TDHF) theory with a Skyrme energy density functional. Through the use of the linear response theory, the

energies and transition amplitudes of the low-lying vibrational modes for each of the nuclei were determined.

Energies were found to be close to experimental results. However, transition amplitudes, quantified by the

deformation parameter β3, are underestimated by TDHF. A comparison with single-particle excitations on the

Hartree-Fock ground-state shows that the collective octupole vibrations have their energy lowered due to attrac-

tive RPA residual interaction.

1 Introduction

Nuclei can take all sorts of shapes: sphere, rugby ball,

discus, pear, banana... They can also oscillate between

these shapes, leading to nuclear vibrations. The descrip-

tion of these vibrations is a fundamental test of quantum

many-body models. In addition, vibrations strongly affect

nuclear reactions [1] as shown by coupled-channel calcu-

lations [2]. This has also been demonstrated with micro-

scopic theory in the case of fusion [3–7] and fission [8–

12]. For instance, couplings between relative motion and

low-lying octupole states induce the formation of a neck,

as illustrated in Fig. 1, which lowers the Coulomb barrier

[7]. Reaction models should then incorporate a proper de-

scription of these vibrations in order to get a deep insight

into the reaction mechanisms.

Our basic tool is the time-dependent Hartree-Fock

(TDHF) mean-field theory proposed by Dirac [13]. The

TDHF approach describes the time-dependent motion of

each nucleon wave-function, assuming that each nucleon

moves freely in a mean-field generated by all the other nu-

cleons. First TDHF applications to study the dynamics

of nuclear systems already showed the ability of the ap-

proach to describe collective vibrations [14, 15] (see also

[16, 17] for reviews). Extensions including pairing corre-

lations [18–22] as well as other components of the residual

interaction [23–26] have also been used to describe nu-

clear vibrations in a dynamical way.

Several modern TDHF codes using realistic Skyrme

energy density functionals are now available [27–30]. In

order to study nuclear vibrations, these codes are used to

compute the time evolution of various multipole moments

after a small excitation of the nucleus. The linear response

theory is then used to extract the energies and transition
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strengths of the first phonon of these vibrations. This ap-

proach allows for the study of both low-lying collective

states and giant resonances, including their direct decay

via nucleon emission [31, 32].

In the small amplitude (linear) regime, the TDHF the-

ory is fully equivalent to the RPA [33] which is a stan-

dard tool to study collective vibrations. Nevertheless,

TDHF can also be used to investigate non-linear effects

beyond the RPA [34–36]. Although the approach is able

to describe both low-lying and high-lying vibrations, ap-

plications have mostly focussed on giant resonances stud-

ies [15, 21, 22, 28–32, 37–41]. Despite their importance

in understanding reaction mechanisms, only few applica-

tions have been made to investigate low-lying vibrations

[18, 21].

In this contribution, we study low-lying octupole vi-

brations in doubly magic nuclei. Indeed, low-lying oc-

tupole modes are known to strongly couple to the rela-

tive motion and thus to affect the outcome of the reactions

[42–45]. Note that low-lying quadrupole phonons are also

known to affect fusion [1]. However, their specific study

will be the subject of a future work (see also [21]).

2 TDHF simulations

Pairing correlations are absent in mean-field calculations

of doubly magic nuclei due to large gaps at the Fermi

level. The nucleus is initially in the Hartree-Fock (HF)

ground-state computed with the ev8 code [46]. The inter-

action between the nucleons is determined from the SLy4

parametrisation of the Skyrme functional [47]. The dy-

namics is computed with the tdhf3d code [27] using the

same functional. Details of the method can be found in

Refs. [7, 17].
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Figure 1. TDHF isodensity surfaces at half the saturation den-

sity, ρ0/2 = 0.08 fm−3, for a 40Ca+40Ca central collision at

Ec.m. = 53.3 MeV. The time interval between each image is

0.25 zs.
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Figure 2. Time evolution of the octupole moment in 40Ca follow-

ing an octupole boost in the linear regime (black line). The red

line shows the same moment multiplied by a damping function.

The vibrational modes are excited at the initial time

with the operator εQ̂, where

Q̂ =

√
7

16π

A∑
i=1

[2x̂3 − 3x̂(ŷ2 + ẑ2)] (1)

is the octupole moment operator, A is the total number of

nucleons and ε is the boost intensity. The latter is small

enough to be in the linear regime, i.e., the induced moment

〈Q̂〉(t) is proportional to ε.
The calculations are performed on a three-dimensional

grid with a plane of symmetry and a mesh spacing 0.8 fm.

The calculations were run for 10,000 iterations with time

step 1.5 × 10−24 s. As an example, the time evolution of

the octupole moment in 40Ca following an octupole boost

at the initial time is shown in Fig. 2 (black line). A strong

low-frequency oscillation is clearly observed.

The strength function is obtained from a Fourier trans-

form of 〈Q̂〉(t). However, to avoid spurious oscillations

due to the finite time of the TDHF calculation, the octupole

moment is multiplied by a damping function so that the

oscillations disappear at the final time (red line in Fig. 2).

The resulting strength function is shown in Fig. 3. The

main peak at ∼ 3.9 MeV corresponds to the first 3− in

Table 1. Energies of particle-hole excitations built on the 40Ca

HF ground-state and coupling to Jπ = 3−.

Configuration Energy (MeV)

π(1 f 7
2
, 1d−13

2

) 5.51

π(1 f 7
2
, 2s−11

2

) 7.41

π(1 f 7
2
, 1d−15

2

) 12.24

ν(1 f 7
2
, 1d−13

2

) 5.69

ν(1 f 7
2
, 2s−11

2

) 7.74

ν(1 f 7
2
, 1d−15

2

) 12.60

E (MeV)

Q
(E

) 
(x

10
4  fm

6 .M
eV

−
1 )

0 5 10 15 20 25 30 35 40
0

0.5

1

1.5

2

Figure 3. Strength function obtained by Fourier transform of the

damped octupole moment in Fig. 2.

40Ca. The latter is found experimentally at ∼ 3.7 MeV

[48], in good agreement with the calculations.

It is interesting to compare the energy of the first

phonon of a vibration with the individual energies of the

particle-hole excitations the phonon is built on, i.e., with

a coupling to Jπ = 3−. The latter are reported in Table 1

for 40Ca. All particle-hole excitation energies are signifi-

cantly larger than the energy of the 3−1 phonon. This shows

that the RPA residual interaction is attractive for the corre-

sponding octupole vibration.

In addition to the energy of the first phonon, the tran-

sition amplitude q3 = 〈3−1 |Q̂|0+1 〉 between the 0+ ground-

state and the 3−1 state can be obtained from the area of the

corresponding peak in the strength function which is equal

to |q3|2. Then, the value for the deformation parameter β3
can be determined according to

β3 =
4πq3

3R3
0
A
, (2)

where R0 is the nuclear radius. The latter is computed

from the HF ground state using the isodensity at ρ0/2 =
0.08 fm−3. The deformation parameter of the 3−1 state

in 40Ca is βth.
3

� 0.20 from the present TDHF calcula-

tions. Despite large fluctuations in the experimental value

β
exp.
3

� 0.37 − 0.79 which depends on the experimental

probe [48], it remains that the TDHF prediction underesti-

mates the data.

The energies and deformation parameters of the first

octupole phonon are reported in Table 2 for some doubly-

magic nuclei. Overall, the calculated energies are in

 
 

DOI: 10.1051/01004 (2016),
Heavy Ion Accelerator Symposium 2015

123EPJ Web of Conferences epjconf/201612301004

2



Table 2. Theoretical and experimental energy (in MeV) and

deformation parameter of 3−1 states in doubly-magic nuclei.

Unless specified, the theoretical results are from this work.

Experimental data are from [48] except for 132Sn (ENSDF).

Nucleus Ref. Eth.
3

βth.
3

Eexp.
3

β
exp.
3

16O 7.23 0.30 6.13 0.37–0.79
40Ca 3.92 0.20 3.74 0.30–0.41
48Ca 5.74 0.11 4.51 0.25
56Ni 9.59 0.13 (4.93) -
100Sn 6.91 0.08 - -
132Sn 5.53 0.07 (4.35) -
208Pb [17] 3.4 0.05 2.61 0.11

Table 3. Same as Table 2 for 56Ni.

Configuration Energy (MeV)

π(1g 9
2
, 1 f −17

2

) 11.761

π(2p 3
2
, 1d−13

2

) 11.768

π(1 f 5
2
, 1d−13

2

) 15.080

ν(1g 9
2
, 1 f −17

2

) 12.181

ν(2p 3
2
, 1d−13

2

) 12.262

ν(1 f 5
2
, 1d−13

2

) 15.710

reasonable agreement with experimental data, except for
56Ni. However the experimental assignment to a 3− state

is uncertain. The origin of the large value of the 3− energy

in 56Ni is due to the complete filling of the 1 f7/2 proton and

neutron shells. Then, the only possibility to produce a 3−
is to promote a 1 f7/2 nucleon to the high-lying 1g9/2 shell,

or to excite a nucleon from below the Z,N = 20 magic gap

to the 1d shells. Both types of excitations require a large

amount of energy, as shown in Table. 3.

Finally, the underestimation of the deformation param-

eter, already noted in 40Ca, seems systematic. It would

be interesting to investigate the origin of this effect which

could come from a limitation of the mean-field approxi-

mation, from the choice of the interaction, or from the way

this parameter is deduced experimentally.

3 Conclusions

Octupole vibrations in doubly-magic nuclei have been

studied with TDHF and the linear response theory. The

energy of the first phonons are in relatively good agree-

ment with experimental data. In particular, variations in-

duced by the underlying single-particle shell structure are

well captured.

The deformation parameters, however, are underesti-

mated in the present calculations. The origin of this dis-

crepancy is unclear and deserves further studies. In par-

ticular, other parametrisations of the Skyrme functional

should be tested.

Nevertheless, the TDHF results capture reasonably

well the dependence of the phonon characteristics (energy

and deformation parameter) with the mass of the nucleus.

This indicates that TDHF is indeed a good tool in or-

der to investigate the interplay between nuclear structure

and reaction mechanisms. For instance, it was shown in

Ref. [7] that, unlike 56Ni, 40Ca nuclei could develop oc-

tupole shapes in collision with a partner thanks to their

low-lying collective 3− state (see Fig. 1).
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