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Abstract

Considering a quantum correction due to vacuum fluctuation in the Schwarzschild space-time with
quintessence, the thermodynamic properties such as mass, temperature, heat capacity—as functions of en-
tropy, are studied. Also the equation of state of the black hole is derived. Furthermore, the results of the
quantum-corrected Schwarzschild black hole surrounded by quintessence field are compared with the con-
ventional Schwarzschild black hole with quintessence and the quantum-corrected Schwarzschild black hole
without quintessence.
© 2019 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Our universe is running on an accelerated expansion since the termination of the matter domi-
nated deceleration epoch after the big bang, in contrast with the universal gravitational attractive
force, thanks to the high precision measurements of cosmological observations providing con-
vincing evidences in favor of it, like the studies on type Ia supernova [1-4], observations of
the anisotropy of cosmic microwave background radiation [5-7], large scale structure [8,9], and
galaxy cluster abundances [10,11]. In accordance with the belief of the scientists, the cosmic
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evolution of the expansion with acceleration is attributable to an eerie form of self-repulsive
gravity—coined as ‘dark energy, which dominates almost 70% of the universe. Probably the
most enigmatic property related to the ‘anonymous’ dark energy is its negative pressure. The
cosmological constant comes as the simplest candidate for this elusive energy [12,13], but it has
a potential setback, known as the fine-tuning problem [14]. That is, the experimental value is
too small to be compared with the theoretical value. This is not the end of the tunnel, there are
some other alternative models as dark energy candidates, most of which consist of dynamical
scalar fields. A few of them are quintessence [15-21], k-essence [22—-24], chameleon field [25],
tachyon field [26], phantom [27-29], quintom [30,31], and dilaton dark energy [32]. A compre-
hensive review on the various models representing dark energy is provided in Ref. [33]. These
models differ with one another in the value of the equation of state parameter which denotes the
relation between the pressure and the energy density.

The quintessence is a time-evolving, spatially inhomogeneous scalar field coupled to gravity,
and its equation of state parameter w, has the value in the range —1 < w,; < —1/3. The equation
of state for the quintessence matter is P = w, p,, where P is the pressure, and o, is the energy
density. The pressure P is negative to cause the expansion. Quintessence has been investigated
from different perspectives, and in the case of comparative study with other dynamical scalar
fields of dark energy, the correspondence between quintessence and tachyon with constant equa-
tion of state parameter [34], spherically symmetric space—time singularity in quintessence/phan-
tom [35], discussion on the possibility to differentiate quintessence from cosmological constant
[36], dynamics of interacting phantom and quintessence [37], are to name a few. Quintessence
model has been extended by coupling the scalar field to the Ricci scalar [38]. The effect of
quintessence on the shift of gravitational frequency and the deflection of light has been analyzed
[39]. Studying the black hole space—time in the presence of quintessence started when Kise-
lev first derived the metric of static spherically symmetric black hole surrounded by quintessence
matter by solving Einstein field equations with the energy—momentum tensors satisfying the con-
ditions of additivity and linearity as 7 = 7, = pq, and T =T, = —p, (3wg + 1) /2 [40]. The
new solution depends on the quintessential state parameter w,. After that, quasinormal modes of
black hole surrounded by quintessence [41-45], thermodynamic properties [46—49], and P — V
criticality [50] have been extensively explored. Particularly, in Ref. [51], the temperature and
the heat capacity of the Schwarzschild black hole surrounded by quintessence have been derived
and discussed for different equation of state parameter values of w,. And in Ref. [52], for a spe-
cific value of w; = —2/3, those properties, along with the P — V isothermal situation have been
investigated and compared with the Reissner—Nordstrom quintessence black hole. In this paper,
these studies are extended in the quantum-corrected Schwarzschild space—time with quintessence
matter.

Taking into account the back-reaction of the space-time due to quantum fluctuations, in
1994, Kazakov and Solodukhin found a modified expression for the Schwarzschild metric
[53]. The metric co-efficient of the quantum-corrected Schwarzschild black hole is f(r) =
—2M/r —i—fr U (p)dp/r,where M is the black hole mass. For an empty space, U (p) = 1, and the
metric can be reduced to the Schwarzschild black hole solution. Considering the quantum fluctua-

tion of the vacuum, the quantity U (p) transforms to U (p) =e™” [e_2/’ — %GR]_I/2 [54], where
GRr = GnNIn(u/po), Gn is the Newton’s gravitational constant, u is a scale parameter satisfying
t = In(u/po), while u = po for t =0, p is analog to the logarithmic of an inverse radius as

p=1In(1/r), such that U =r[r? — £Gg] ">
Schwarzschild black hole can be written as f(r) = [—ZM +/r? — az] /r, the quantum cor-

. The metric function for the quantum-corrected
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rection parameter a has the dimensionality of length on which the curvature of the space—time
depends, and a? = 4Gy /7. The radial coordinate r is restricted to r > a. For r >> a, the met-
ric co-efficient becomes f(r) ~ 1 —2M/r — a?/2r?, which seems like the metric function of a
charged body with mass M and imaginary charge +ia/+/2 [55,56]. Thus to say, a acts like an
imaginary charge added to the space-time metric.

In Sect. 2, the mass of the quantum-corrected Schwarzschild black hole surrounded by
quintessence is evaluated in terms of entropy. The temperature and the heat capacity are cal-
culated in Sect. 3, and the equation of state is derived in Sect. 4. Finally, in Sect. 5, concluding
remarks are presented.

2. Black hole mass as function of entropy

The geometry of the quantum-corrected Schwarzschild black hole surrounded by quintessence
is given by

ds? = — F(di? +dr2/f(r) + 2 (d92 + sin? 9d(p2) ,

where

2 2

r<—a c

r B+l

2M
fry=-"=+
;

M is the mass of the quantum-corrected black hole, and c is the positive renormalization factor

depending on the quintessence energy density by the relation p; = —5 — (30 f:(i:) . The event horizon
e

radius ry can be found by setting f(r)|,—,; = 0. Note that the values of w, in the range —1 <

wy < —1/3 can lead to multiple horizons. Specifically, for w, = —2/3, there are two horizons.

One is the inner horizon ry,, and the other is the outer horizon r,, which is commonly called as
the quintessence horizon—similar to the cosmological horizon in de Sitter space—time [57]. For
8Mc < 1 —4a%c?,

1
Fin=—=—V —4Mc+1—+/1—4a%c* — 8Mec,
in \/EC\/

1
V2¢

In Fig. 1(a), the lapse function f () is plotted in variation with . The red, blue, and green solid
lines are for the quantum-corrected Schwarzschild black hole with quintessence, the quintessence
conventional Schwarzschild black hole, and the quantum-corrected Schwarzschild black hole
without quintessence, respectively. In the presence of quintessence field, for w, = —2/3, there
are two horizons, ri, and roy. The quantum correction, in the presence of quintessence matter,
increases the inner horizon radius and decreases the outer horizon radius. Without quintessence,
the quantum-corrected black hole (green solid line) has one horizon at the distance rg =

[(ZM)2 +a2]1/ 2. Fig. 1(b) shows the variation of f(r) with respect to r for the quantum-
corrected Schwarzschild black hole surrounded by quintessence for different values of w,. It
is evident that for some central values of w, in the range (—1, —1/3), there are two horizons,
and when approaching to the boundary values in the ‘right’, there is a single horizon, and ap-
proaching to the ‘left’ leads to no horizon.
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Fig. 1. Variation of f(r) with respect to r. (For interpretation of the colors in the figure(s), the reader is referred to the
web version of this article.)

The relation between the horizon radius rg and the black hole mass M is

! 2
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Note that for a = 0, Eq. (1) stands as M = % [rH - c/rliwq], which is the relation for the

Schwarzschild black hole with quintessence [51]. From the well-known area-entropy relation
for black hole event horizon as S = A/4, where S is the entropy and A is the surface area of
the horizon [58-60], one gets S = rrrfl. This area-entropy relation is compatible with the present
space—time under consideration (see Appendix A). Using this relation in Eq. (1), the mass of the
quintessence quantum-corrected Schwarzschild black hole can be written in terms of entropy:

L[S N e
M_§|:<;—a) —e Ty @)

It is evident from Eq. (2) that the quantum deformation imposes a lower bound on the entropy of
the quantum-corrected Schwarzschild black hole, which is § > wa?.

In Fig. 2(a), the mass variation with respect to entropy of quantum-corrected quintessence
Schwarzschild black hole (red solid line), quintessence Schwarzschild black hole (blue solid
line), and quantum-corrected Schwarzschild black hole (green solid line) is plotted for the
quintessential equation of state parameter w; = —2/3. The mass of quantum-corrected
Schwarzschild black hole surrounded by quintessence with same entropy is smaller than the other
two black holes. In Fig. 2(b), the mass of the quantum-corrected quintessence Schwarzschild
black hole as a function of entropy is shown, for different w,. It can be found that as w, in-

creases, mass of the black hole also increases, for a fixed entropy value.
3. Temperature and heat capacity

The first law of black hole thermodynamics is dM = TdS 4+ &dQ, where T, ®, and Q are
the temperature, the electric potential, and the electric charge of the black hole, respectively [59].
Therefore, for neutral black hole (Q = 0), the temperature is defined as T = dM /3 S. Also the
heat capacity is C = T9S5/dT. Using the mass expression in Eq. (2), the temperature of the
quantum-corrected Schwarzschild black hole can be derived as

T =

1 3ca)qn3‘”‘1/2
3)

1
4| gBwg/2)+1 Tt 1/2]
7 (3 —a?)

Temperature 7' as a function of entropy S is plotted in Fig. 3. The red solid line in Fig. 3(a)
represents the temperature of the quintessence quantum-corrected Schwarzschild black hole, the
blue solid line is for the quintessence Schwarzschild black hole, and the green solid line is for the
quantum-corrected Schwarzschild black hole. The presence of quintessence matter decreases the
temperature of the quantum-corrected Schwarzschild black hole. Of the three comparing black
holes, for a fixed value of entropy, the temperature of the quantum-corrected Schwarzschild black
hole is the largest. Fig. 3(b) shows the temperature of the quantum-corrected Schwarzschild black
hole for varying w,. An increment in the value of the equation of state parameter of quintessence
increases the temperature of the black hole.

The heat capacity C, in terms of entropy and quintessence parameter is

28 (S — ma?) [3cqu(3wq+1)/2 (S — na2)1/2 I S(3wq+2)/2]

C =
6ceogmCortV2 (5 — 7a?)'? (351 4 1) 4 sCost9)2

“4)
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Fig. 2. Variation of M with respect to S.

In Fig. 4(a), the red solid line shows the variation in heat capacity with respect to the entropy
of the quantum-corrected Schwarzschild black hole surrounded by quintessence. As mentioned
earlier, the entropy of this black hole must satisfy the condition S > wa?, the heat capacity is
always negative. This fact is apparent from Eq. (4) also. In black hole thermodynamics, the sign
of the heat capacity states the stability of a black hole. C > 0 indicates that a black hole is
thermodynamically stable, while C < 0 denotes an instability. Therefore, a quantum-corrected
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Fig. 3. Variation of T with respect to S.

Schwarzschild black hole with quintessence is unstable. The blue solid line indicates the heat
capacity of quintessence Schwarzschild black hole, and the green solid line, the heat capacity
of quantum-corrected Schwarzschild black hole. Of the three black holes, the heat capacity of
quintessence quantum-corrected Schwarzschild black hole with the same entropy is higher than
the other two. Fig. 4(b) shows the heat capacity of quantum-corrected Schwarzschild black hole
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Fig. 4. Variation of C with respect to S.

in the presence of quintessence field for different equation of state parameter values. For a higher
value of wg, the heat capacity of the black hole tends to decrease.

4. Equation of state

In black hole thermodynamics, volume is considered as a thermodynamic variable [61,62].
So, the equation of state can be derived by evaluating the volume. The natural variables for black
hole enthalpy H are entropy and pressure, and as the mass is associated with the enthalpy, one
can write H, in turn M, in terms of S and P, which is M = H (S, P) [45]. Using the mass
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expression in Eq. (2), and the relation between pressure P and the parameter ¢, P = —c¢/8m, the

enthalpy H of the quantum-corrected Schwarzschild black hole surrounded by quintessence can
be written as

1{/s 172 30y /2
H(S,P)=§|:<;—a2) +8nP<%) ‘ }

Then the volume can be found by Legendre transformation,
V =0H/IP)g=4m/r.
Therefore, the equation of state for the black hole can be derived as

—1/2

2
7oL ((‘E)“’"_az) - SeaP ()| )
4 Vv

(4m) %5

In this equation of state, V > 4ra—3%q For different values of wy, P —V isotherms are shown
in Fig. 5. The pressure P with the same volume V is higher for higher value of the equation of
state parameter g .

5. Closing remarks

The thermodynamics of the Schwarzschild black hole along with the Reissner—Nordstrom
black hole in the quintessence have been investigated recently [52]. And the thermodynam-
ics with the Gross—Perry—Yaffe type phase transition had been investigated a while ago [54].
But the thermodynamics of the quantum-corrected Schwarzschild black hole surrounded by
quintessence are missing in the literature. In this paper, the thermodynamic properties have been
explored in the quantum-deformed quintessence Schwarzschild space—time. Due to vacuum fluc-
tuation, Schwarzschild space—time undergoes a modification. The modified quantum-corrected
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Schwarzschild space—time, in the presence of quintessence matter, has more than one horizon,
like the de Sitter space—time. Using the area-entropy relation for the black hole horizon, the ther-
modynamic properties have been expressed in terms of entropy. The outcomes of the present
analyses are summarized below.

e The length-dimensional quantum-correction term imposes a lower bound on the entropy and
the volume of the quintessence quantum-deformed Schwarzschild black hole. Namely, the
entropy S > ma?, and the volume V > 47a =3¢,

e The correction term stretches the inner horizon and shrinks the outer horizon in the quantum-
deformed Schwarzschild black hole with quintessence. For w, = —2/3, the horizons of the

conventional Schwarzschild black hole surrounded by quintessence are ri, = 1=V/1-8Mc Véngc

\/—4Mc+1—\/ 1—4a2c2—8Mc
>

Ve

and roy = 141 -8Mc VIZZSMC, where 8Mc < 1 [52]. Specifically,

1—\/1 8M _and 1+W \/ AMc+14+/1-4a%c2—8Mc

. Fig. 1(a) illustrates these facts.

7

e And the most 1mportant result is that the heat capacity of the quintessence quantum-corrected
Schwarzschild black hole, under the entropy constraint, is negative, pointing towards the
instability. So the black hole evaporates quickly, and vanishes eventually.
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Appendix A. Compatibility of Bekenstein—-Hawking relation

In this section, it is shown that the entropy of the quantum-corrected Schwarzschild black
hole surrounded by quintessence matter is one-fourth of the horizon area, following the Noether
charge approach developed by Wald [63]. Before that, the derivation of the vacuum quantum-
corrected Schwarzschild metric, shortly discussed in Sect. 1, needs some elaboration as in
Ref. [54]. The starting point is the Lagrangian in the Einstein—Hilbert action

=—+L . Al
167G + Lmatter (A.D)

Neglecting, for now, the classical matter contribution to the Lagrangian £, a spherically symmet-
ric decomposition of the four dimensional metric into the two dimensional angular part can be
expressed in terms of the diffeomorphic dilaton field ¢ as

2G
ds3 = “2Ne™2 (a6 + sin’ 6dg?)
T
with Lagrangian
1 b4
Lr=— ‘2¢<R+2 v 2>+— :
2= [e (Vo) Gn

Adding a generalized potential U (¢) into the last term of £, for renormalization, and then in-
troducing a two dimensional non-linear o -model, the potential term stands as
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1

U(¢)=e? [e—2¢’ — 4Gy /n]__

Then solving the equations of motion for the action with U-added Lagrangian £, the metric
co-efficient of the quantum-corrected Schwarzschild black hole can be found as

r

f(")=% —2M+/U(r)dr =%[—2M+w/r2—a2],

The quantum-deformed Schwarzschild black hole characterized by the above lapse function has
the event horizon slightly larger than the conventional Schwarzschild black hole. The space—

time is not Ricci flat for the non-vanishing curvature 2% 6 , but the black hole is static spherically
symmetric like the usual Schwarzschild case. As the event horizon of any static black hole is
a Killing horizon, so is of the quantum-corrected Schwarzschild black hole. According to the
zeroth law of black hole mechanics, the surface gravity is constant over a Killing horizon, and
further, the horizon is of bifurcate type. It is worth noting that the surface gravity of the quantum-

-1
corrected Schwarzschild back hole horizon is |:47t,/r12{ - a2i| = just like the regular

JTM ’
Schwarzschild black hole.
In the well-known Noether charge approach, the first law of black hole mechanics can be
written as [63]

8/Q=85—Qg)7(u),

where Q is the Noether potential associated with the diffeomorphism on the manifold, ¥ is the
bifurcation (n — 2)-surface of the black hole, £ is the canonical energy corresponding the ADM
mass with additional contributions coming from matter field if present, Qy is the angular velocity
of the horizon, and 7 is the canonical angular momentum. If Q can be expressible in terms of
‘local, geometric’ quantities of the space—time, then the entropy of the black hole is

-Z [a
K
)

k being the surface gravity of the black hole.

It has been demonstrated that the quantum deformation only alters the potential in the ac-
tion. Therefore, the Bekenstein—Hawking area-entropy relation holds in the vacuum quantum-
corrected Schwarzschild space—time [54]. Now, consider the matter-part in the Lagrangian for
the presence of the scalar field of quintessence matter, independently of the quantum correction.
For simplicity, the quintessence field is taken to be conformally invariant. The Noether current
(n — 1)-form for the scalar field in four dimensions is [64]

1 A
Juopspg = 871G~ G A[ G(ga[ 50(])]604#2#3#4’

where € is the volume form associated with the metric. The Noether charge (n — 2)-form is

1
Quss = 67 Gn
On the bifurcation surface, £* = 0, and Eq. (A.2) reduces to

(6% (" Vo &r + Va&?) ] €appuspa- (A2)
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OQuapg = ~162Gx (VEP) €uppuspa

leading to the black hole entropy surrounded by quintessence as

A
o 4GN'
Therefore, neither the quantum correction nor the quintessence matter does modify the

Bekenstein—Hawking relation. Although it is expected that the entropy of the quantum-corrected
Schwarzschild black hole surrounded by quintessence is

A
= e
where Gr is the quantum-deformed gravitational coupling constant related to the Newton’s grav-
itational constant by Gr = GnIn (%) Gr =1 when Gy =1 and u = epuyp.

References

[1] P. Ruiz-Lapuente, A. Burkert, R. Canal, Type Ia supernova scenarios and the Hubble sequence, Astrophys. J. Lett.
447 (2) (1995) L69, http://stacks.iop.org/1538-4357/447/1=2/a=1.69.

[2] A.G. Riess, A.V. Filippenko, P. Challis, A. Clocchiatti, A. Diercks, PM. Garnavich, R.L. Gilliland, C.J. Hogan,
S. Jha, R.P. Kirshner, B. Leibundgut, M.M. Phillips, D. Reiss, B.P. Schmidt, R.A. Schommer, R.C. Smith, J. Spy-
romilio, C. Stubbs, N.B. Suntzeff, J. Tonry, Observational evidence from supernovae for an accelerating universe
and a cosmological constant, Astron. J. 116 (3) (1998) 1009, http://stacks.iop.org/1538-3881/116/i=3/a=1009.

[3] A.G. Riess, R.P. Kirshner, B.P. Schmidt, S. Jha, P. Challis, PM. Garnavich, A.A. Esin, C. Carpenter, R. Grashius,
R.E. Schild, P.L. Berlind, J.P. Huchra, C.F. Prosser, E.E. Falco, P.J. Benson, C. Bricefio, W.R. Brown, N. Caldwell,
LP. Dell’ Antonio, A.V. Filippenko, A.A. Goodman, N.A. Grogin, T. Groner, J.P. Hughes, P.J. Green, R.A. Jansen,
J.T. Kleyna, J.X. Luu, L.M. Macri, B.A. McLeod, K.K. McLeod, B.R. McNamara, B. McLean, A.A.E. Milone, J.J.
Mohr, D. Moraru, C. Peng, J. Peters, A.H. Prestwich, K.Z. Stanek, A. Szentgyorgyi, P. Zhao, BVRI light curves for
22 type Ia supernovae, Astron. J. 117 (2) (1999) 707, http://stacks.iop.org/1538-3881/117/i=2/a=707.

[4] S. Perlmutter, G. Aldering, G. Goldhaber, R.A. Knop, P. Nugent, P.G. Castro, S. Deustua, S. Fabbro, A. Goobar, D.E.
Groom, .M. Hook, A.G. Kim, M.Y. Kim, J.C. Lee, N.J. Nunes, R. Pain, C.R. Pennypacker, R. Quimby, C. Lidman,
R.S. Ellis, M. Irwin, R.G. McMahon, P. Ruiz-Lapuente, N. Walton, B. Schaefer, B.J. Boyle, A.V. Filippenko, T.
Matheson, A.S. Fruchter, N. Panagia, H.J.M. Newberg, W.J. Couch, T.S.C. Project, Measurements of 2 and A from
42 high-redshift supernovae, Astrophys. J. 517 (2) (1999) 565, http://stacks.iop.org/0004-637X/517/i=2/a=565.

[51 A.D. Miller, R. Caldwell, M.J. Devlin, W.B. Dorwart, T. Herbig, M.R. Nolta, L.A. Page, J. Puchalla, E. Torbet, H.T.
Tran, A measurement of the angular power spectrum of the cosmic microwave background from 1 = 100 to 400,
Astrophys. J. Lett. 524 (1) (1999) L1, http://stacks.iop.org/1538-4357/524/i=1/a=L1.

[6] S. Hanany, P. Ade, A. Balbi, J. Bock, J. Borrill, A. Boscaleri, P. de Bernardis, P.G. Ferreira, V.V. Hristov, A.H. Jaffe,
A.E. Lange, A.T. Lee, P.D. Mauskopf, C.B. Netterfield, S. Oh, E. Pascale, B. Rabii, P.L. Richards, G.F. Smoot, R.
Stompor, C.D. Winant, J.H.P. Wu, Maxima-1: a measurement of the cosmic microwave background anisotropy on
angular scales of 10'-5°, Astrophys. J. Lett. 545 (1) (2000) L5, http://stacks.iop.org/1538-4357/545/i=1/a=L5.

[7] R. Lamon, R. Durrer, Constraining gravitino dark matter with the cosmic microwave background, Phys. Rev.
D 73 (2006) 023507, https://doi.org/10.1103/PhysRevD.73.023507, https://link.aps.org/doi/10.1103/PhysRevD.73.
023507.

[8] M. Tegmark, M.A. Strauss, M.R. Blanton, K. Abazajian, S. Dodelson, H. Sandvik, X. Wang, D.H. Weinberg, I.
Zehavi, N.A. Bahcall, F. Hoyle, D. Schlegel, R. Scoccimarro, M.S. Vogeley, A. Berlind, T. Budavari, A. Connolly,
DJ. Eisenstein, D. Finkbeiner, J.A. Frieman, J.E. Gunn, L. Hui, B. Jain, D. Johnston, S. Kent, H. Lin, R. Nakajima,
R.C. Nichol, J.P. Ostriker, A. Pope, R. Scranton, U. Seljak, R.K. Sheth, A. Stebbins, A.S. Szalay, I. Szapudi, Y.
Xu, J. Annis, J. Brinkmann, S. Burles, F.J. Castander, I. Csabai, J. Loveday, M. Doi, M. Fukugita, B. Gillespie, G.
Hennessy, D.W. Hogg, 7. Tvezié, G.R. Knapp, D.Q. Lamb, B.C. Lee, R.H. Lupton, T.A. McKay, P. Kunszt, J.A.
Munn, L. O’Connell, J. Peoples, J.R. Pier, M. Richmond, C. Rockosi, D.P. Schneider, C. Stoughton, D.L. Tucker,
D.E. Vanden Berk, B. Yanny, D.G. York, Cosmological parameters from SDSS and WMAP, Phys. Rev. D 69 (2004)
103501, https://doi.org/10.1103/PhysRevD.69.103501, https://link.aps.org/doi/10.1103/PhysRevD.69.103501.


http://stacks.iop.org/1538-4357/447/i=2/a=L69
http://stacks.iop.org/1538-3881/116/i=3/a=1009
http://stacks.iop.org/1538-3881/117/i=2/a=707
http://stacks.iop.org/0004-637X/517/i=2/a=565
http://stacks.iop.org/1538-4357/524/i=1/a=L1
http://stacks.iop.org/1538-4357/545/i=1/a=L5
https://doi.org/10.1103/PhysRevD.73.023507
https://link.aps.org/doi/10.1103/PhysRevD.73.023507
https://doi.org/10.1103/PhysRevD.69.103501
https://link.aps.org/doi/10.1103/PhysRevD.69.103501
https://link.aps.org/doi/10.1103/PhysRevD.73.023507

Md. Shahjalal / Nuclear Physics B 940 (2019) 63-77 75

[9] U. Seljak, A. Makarov, P. McDonald, S.F. Anderson, N.A. Bahcall, J. Brinkmann, S. Burles, R. Cen, M. Doi,
J.E. Gunn, 7. Ivezi¢, S. Kent, J. Loveday, R.H. Lupton, J.A. Munn, R.C. Nichol, J.P. Ostriker, D.J. Schlegel,
D.P. Schneider, M. Tegmark, D.E.V. Berk, D.H. Weinberg, D.G. York, Cosmological parameter analysis in-
cluding SDSS Ly« forest and galaxy bias: constraints on the primordial spectrum of fluctuations, neutrino
mass, and dark energy, Phys. Rev. D 71 (2005) 103515, https://doi.org/10.1103/PhysRevD.71.103515, https:/
link.aps.org/doi/10.1103/PhysRevD.71.103515.

[10] T. Kitayama, Y. Suto, Constraints on the fluctuation amplitude and density parameter from X-ray cluster number
counts, Astrophys. J. 490 (2) (1997) 557, http://stacks.iop.org/0004-637X/490/i=2/a=557.

[11] Y. Wang, M. Tegmark, New dark energy constraints from supernovae, microwave background, and galaxy cluster-
ing, Phys. Rev. Lett. 92 (2004) 241302, https://doi.org/10.1103/PhysRevLett.92.241302, https://link.aps.org/doi/10.
1103/PhysRevLett.92.241302.

[12] K.A. Olive, M. Pospelov, Evolution of the fine structure constant driven by dark matter and the cosmological
constant, Phys. Rev. D 65 (2002) 085044, https://doi.org/10.1103/PhysRevD.65.085044, https://link.aps.org/doi/
10.1103/PhysRevD.65.085044.

[13] J.S. Alcaniz, Testing dark energy beyond the cosmological constant barrier, Phys. Rev. D 69 (2004) 083521, https://
doi.org/10.1103/PhysRevD.69.083521, https://link.aps.org/doi/10.1103/PhysRevD.69.083521.

[14] S. Weinberg, The cosmological constant problem, Rev. Mod. Phys. 61 (1989) 1-23, https://doi.org/10.1103/
RevModPhys.61.1, https://link.aps.org/doi/10.1103/RevModPhys.61.1.

[15] B. Ratra, PJ.E. Peebles, Cosmological consequences of a rolling homogeneous scalar field, Phys. Rev. D 37 (1988)
3406-3427, https://doi.org/10.1103/PhysRevD.37.3406, https://link.aps.org/doi/10.1103/PhysRevD.37.3406.

[16] S.M. Carroll, Quintessence and the rest of the world: suppressing long-range interactions, Phys. Rev. Lett. 81 (1998)
3067-3070, https://doi.org/10.1103/PhysRevLett.81.3067, https://link.aps.org/doi/10.1103/PhysRevLett.81.3067.

[17] R.R. Caldwell, R. Dave, P.J. Steinhardt, Cosmological imprint of an energy component with general equation of
state, Phys. Rev. Lett. 80 (1998) 1582-1585, https://doi.org/10.1103/PhysRevLett.80.1582, https://link.aps.org/doi/
10.1103/PhysRevLett.80.1582.

[18] I. Zlatev, L. Wang, P.J. Steinhardt, Quintessence, cosmic coincidence, and the cosmological constant, Phys.
Rev. Lett. 82 (1999) 896-899, https://doi.org/10.1103/PhysRevLett.82.896, https://link.aps.org/doi/10.1103/
PhysRevLett.82.896.

[19] V. Sahni, L. Wang, New cosmological model of quintessence and dark matter, Phys. Rev. D 62 (2000) 103517,
https://doi.org/10.1103/PhysRevD.62.103517, https://link.aps.org/doi/10.1103/PhysRevD.62.103517.

[20] T. Matos, L. Arturo Urefia Lépez, Further analysis of a cosmological model with quintessence and scalar dark
matter, Phys. Rev. D 63 (2001) 063506, https://doi.org/10.1103/PhysRevD.63.063506, https:/link.aps.org/doi/10.
1103/PhysRevD.63.063506.

[21] S. Capozziello, V.F. Cardone, E. Piedipalumbo, C. Rubano, Dark energy exponential potential models as curvature
quintessence, Class. Quantum Gravity 23 (4) (2006) 1205, http://stacks.iop.org/0264-9381/23/i=4/a=009.

[22] C. Armendariz-Picon, V. Mukhanov, P.J. Steinhardt, Dynamical solution to the problem of a small cosmological con-
stant and late-time cosmic acceleration, Phys. Rev. Lett. 85 (2000) 4438-4441, https://doi.org/10.1103/PhysRevLett.
85.4438, https://link.aps.org/doi/10.1103/PhysRevLett.85.4438.

[23] R.J. Scherrer, Purely kinetic k essence as unified dark matter, Phys. Rev. Lett. 93 (2004) 011301, https://doi.org/10.
1103/PhysRevLett.93.011301, https://link.aps.org/doi/10.1103/PhysRevLett.93.011301.

[24] L.P. Chimento, M. Forte, R. Lazkoz, Dark matter to dark energy transition in k-essence cosmologies, Mod. Phys.
Lett. A 20 (27) (2005) 2075-2082, https://doi.org/10.1142/S0217732305018074.

[25] J. Khoury, A. Weltman, Chameleon fields: awaiting surprises for tests of gravity in space, Phys. Rev. Lett. 93 (2004)
171104, https://doi.org/10.1103/PhysRevLett.93.171104, https://link.aps.org/doi/10.1103/PhysRevLett.93.171104.

[26] T. Padmanabhan, Accelerated expansion of the universe driven by tachyonic matter, Phys. Rev. D 66 (2002) 021301,
https://doi.org/10.1103/PhysRevD.66.021301, https://link.aps.org/doi/10.1103/PhysRevD.66.021301.

[27] A.E. Schulz, M. White, Tensor to scalar ratio of phantom dark energy models, Phys. Rev. D 64 (2001) 043514,
https://doi.org/10.1103/PhysRevD.64.043514, https://link.aps.org/doi/10.1103/PhysRevD.64.043514.

[28] R. Caldwell, A phantom menace? Cosmological consequences of a dark energy component with super-negative
equation of state, Phys. Lett. B 545 (1) (2002) 23-29, https://doi.org/10.1016/S0370-2693(02)02589-3, http://www.
sciencedirect.com/science/article/pii/S0370269302025893.

[29] P. Singh, M. Sami, N. Dadhich, Cosmological dynamics of a phantom field, Phys. Rev. D 68 (2003) 023522, https://
doi.org/10.1103/PhysRevD.68.023522, https://link.aps.org/doi/10.1103/PhysRevD.68.023522.

[30] H. Wei, R.-G. Cai, D.-F. Zeng, Hessence: a new view of quintom dark energy, Class. Quantum Gravity 22 (16)
(2005) 3189, http://stacks.iop.org/0264-9381/22/i=16/a=005.


https://doi.org/10.1103/PhysRevD.71.103515
https://link.aps.org/doi/10.1103/PhysRevD.71.103515
http://stacks.iop.org/0004-637X/490/i=2/a=557
https://doi.org/10.1103/PhysRevLett.92.241302
https://link.aps.org/doi/10.1103/PhysRevLett.92.241302
https://doi.org/10.1103/PhysRevD.65.085044
https://link.aps.org/doi/10.1103/PhysRevD.65.085044
https://doi.org/10.1103/PhysRevD.69.083521
https://link.aps.org/doi/10.1103/PhysRevD.69.083521
https://doi.org/10.1103/RevModPhys.61.1
https://link.aps.org/doi/10.1103/RevModPhys.61.1
https://doi.org/10.1103/PhysRevD.37.3406
https://link.aps.org/doi/10.1103/PhysRevD.37.3406
https://doi.org/10.1103/PhysRevLett.81.3067
https://link.aps.org/doi/10.1103/PhysRevLett.81.3067
https://doi.org/10.1103/PhysRevLett.80.1582
https://link.aps.org/doi/10.1103/PhysRevLett.80.1582
https://doi.org/10.1103/PhysRevLett.82.896
https://link.aps.org/doi/10.1103/PhysRevLett.82.896
https://doi.org/10.1103/PhysRevD.62.103517
https://link.aps.org/doi/10.1103/PhysRevD.62.103517
https://doi.org/10.1103/PhysRevD.63.063506
https://link.aps.org/doi/10.1103/PhysRevD.63.063506
http://stacks.iop.org/0264-9381/23/i=4/a=009
https://doi.org/10.1103/PhysRevLett.85.4438
https://link.aps.org/doi/10.1103/PhysRevLett.85.4438
https://doi.org/10.1103/PhysRevLett.93.011301
https://link.aps.org/doi/10.1103/PhysRevLett.93.011301
https://doi.org/10.1142/S0217732305018074
https://doi.org/10.1103/PhysRevLett.93.171104
https://link.aps.org/doi/10.1103/PhysRevLett.93.171104
https://doi.org/10.1103/PhysRevD.66.021301
https://link.aps.org/doi/10.1103/PhysRevD.66.021301
https://doi.org/10.1103/PhysRevD.64.043514
https://link.aps.org/doi/10.1103/PhysRevD.64.043514
https://doi.org/10.1016/S0370-2693(02)02589-3
http://www.sciencedirect.com/science/article/pii/S0370269302025893
https://doi.org/10.1103/PhysRevD.68.023522
https://link.aps.org/doi/10.1103/PhysRevD.68.023522
http://stacks.iop.org/0264-9381/22/i=16/a=005
https://link.aps.org/doi/10.1103/PhysRevD.71.103515
https://link.aps.org/doi/10.1103/PhysRevLett.92.241302
https://link.aps.org/doi/10.1103/PhysRevD.65.085044
https://doi.org/10.1103/PhysRevD.69.083521
https://doi.org/10.1103/RevModPhys.61.1
https://link.aps.org/doi/10.1103/PhysRevLett.80.1582
https://link.aps.org/doi/10.1103/PhysRevLett.82.896
https://link.aps.org/doi/10.1103/PhysRevD.63.063506
https://doi.org/10.1103/PhysRevLett.85.4438
https://doi.org/10.1103/PhysRevLett.93.011301
http://www.sciencedirect.com/science/article/pii/S0370269302025893
https://doi.org/10.1103/PhysRevD.68.023522

76 Md. Shahjalal / Nuclear Physics B 940 (2019) 63-77

[31] B. Feng, M. Li, Y.-S. Piao, X. Zhang, Oscillating quintom and the recurrent universe, Phys. Lett. B 634 (2)
(2006) 101-105, https://doi.org/10.1016/j.physletb.2006.01.066, http://www.sciencedirect.com/science/article/pii/
S0370269306001407.

[32] M. Gasperini, F. Piazza, G. Veneziano, Quintessence as a runaway dilaton, Phys. Rev. D 65 (2001) 023508, https://
doi.org/10.1103/PhysRevD.65.023508, https://link.aps.org/doi/10.1103/PhysRevD.65.023508.

[33] E.J. Copeland, M. Sami, S. Tsujikawa, Dynamics of dark energy, Int. J. Mod. Phys. D 15 (11) (2006) 1753-1935,
https://doi.org/10.1142/S021827180600942X.

[34] P. Avelino, L. Losano, J. Rodrigues, Quintessence and tachyon dark energy models with a constant equation of
state parameter, Phys. Lett. B 699 (1) (2011) 10-14, https://doi.org/10.1016/j.physletb.2011.03.048, http://www.
sciencedirect.com/science/article/pii/S0370269311003212.

[35] S. Nojiri, S.D. Odintsov, Singularity of spherically-symmetric spacetime in quintessence/phantom dark energy uni-
verse, Phys. Lett. B 676 (1) (2009) 94-98, https://doi.org/10.1016/j.physletb.2009.04.079, http://www.sciencedirect.
com/science/article/pii/S0370269309005309.

[36] S. Chongchitnan, G. Efstathiou, Can we ever distinguish between quintessence and a cosmological constant?,
Phys. Rev. D 76 (2007) 043508, https://doi.org/10.1103/PhysRevD.76.043508, https://link.aps.org/doi/10.1103/
PhysRevD.76.043508.

[37] M.U. Farooq, M. Jamil, U. Debnath, Dynamics of interacting phantom and quintessence dark energies, Astrophys.
Space Sci. 334 (2) (2011) 243-248, https://doi.org/10.1007/s10509-011-0721-y.

[38] P. Wang, P. Wu, H. Yu, A new extended quintessence, Eur. Phys. J. C 72 (11) (2012) 2245, https://doi.org/10.1140/
epjc/s10052-012-2245-1.

[39] M. Liu, J. Lu, Y. Gui, The influence of free quintessence on gravitational frequency shift and deflection of light with
4D momentum, Eur. Phys. J. C 59 (1) (2009) 107116, https://doi.org/10.1140/epjc/s10052-008-0800-6.

[40] V.V. Kiselev, Quintessence and black holes, Class. Quantum Gravity 20 (6) (2003) 1187, http://stacks.iop.org/0264-
9381/20/i=6/a=310.

[41] S. Chen, J. Jing, Quasinormal modes of a black hole surrounded by quintessence, Class. Quantum Gravity 22 (21)
(2005) 4651, http://stacks.iop.org/0264-9381/22/i=21/a=011.

[42] Y. Zhang, Y.X. Gui, Quasinormal modes of gravitational perturbation around a Schwarzschild black hole surrounded
by quintessence, Class. Quantum Gravity 23 (22) (2006) 6141, http://stacks.iop.org/0264-9381/23/i=22/a=004.

[43] N. Varghese, V.C. Kuriakose, Quasinormal modes of Reissner—Nordstrom black hole surrounded by quintessence,
Gen. Relativ. Gravit. 41 (6) (2009) 1249-1257, https://doi.org/10.1007/s10714-008-0702-9.

[44] M. Saleh, B.T. Bouetou, T.C. Kofane, Quasinormal modes and Hawking radiation of a Reissner—Nordstrom black
hole surrounded by quintessence, Astrophys. Space Sci. 333 (2) (2011) 449-455, https://doi.org/10.1007/s10509-
011-0643-8.

[45] R. Tharanath, N. Varghese, V.C. Kuriakose, Phase transition, quasinormal modes and Hawking radiation of
Schwarzschild black hole in quintessence field, Mod. Phys. Lett. A 29 (11) (2014) 1450057, https://doi.org/10.
1142/S0217732314500576.

[46] S. Chen, B. Wang, R. Su, Hawking radiation in a d-dimensional static spherically symmetric black hole surrounded
by quintessence, Phys. Rev. D 77 (2008) 124011, https://doi.org/10.1103/PhysRevD.77.124011, https://link.aps.org/
doi/10.1103/PhysRevD.77.124011.

[47] W. Yi-Huan, C. Zhong-Hui, Thermodynamic properties of a Reissner—Nordstrom quintessence black hole, Chin.
Phys. Lett. 28 (10) (2011) 100403, http://stacks.iop.org/0256-307X/28/i=10/a=100403.

[48] B.B. Thomas, M. Saleh, T.C. Kofane, Thermodynamics and phase transition of the Reissner—Nordstrom black hole
surrounded by quintessence, Gen. Relativ. Gravit. 44 (9) (2012) 2181-2189, https://doi.org/10.1007/s10714-012-
1382-z.

[49] M. Azreg-Ainou, M.E. Rodrigues, Thermodynamical, geometrical and Poincaré methods for charged black holes in
presence of quintessence, J. High Energy Phys. 2013 (9) (2013) 146, https://doi.org/10.1007/JHEP09(2013)146.

[50] G.-Q. Li, Effects of dark energy on P — V criticality of charged ads black holes, Phys. Lett. B 735
(2014) 256-260, https://doi.org/10.1016/j.physletb.2014.06.047, http://www.sciencedirect.com/science/article/pii/
S0370269314004523.

[51] R. Tharanath, V.C. Kuriakose, Thermodynamics and spectroscopy of Schwarzschild black hole surrounded by
quintessence, Mod. Phys. Lett. A 28 (04) (2013) 1350003, https://doi.org/10.1142/S021773231350003X.

[52] K. Ghaderi, B. Malakolkalami, Thermodynamics of the Schwarzschild and the Reissner—Nordstrom black holes
with quintessence, Nucl. Phys. B 903 (2016) 1018, https://doi.org/10.1016/j.nuclphysb.2015.11.019, http://www.
sciencedirect.com/science/article/pii/S0550321315004034.

[53] D. Kazakov, S. Solodukhin, On quantum deformation of the Schwarzschild solution, Nucl. Phys. B 429 (1)
(1994) 153-176, https://doi.org/10.1016/S0550-3213(94)80045-6, http://www.sciencedirect.com/science/article/
pii/S0550321394800456.


https://doi.org/10.1016/j.physletb.2006.01.066
http://www.sciencedirect.com/science/article/pii/S0370269306001407
https://doi.org/10.1103/PhysRevD.65.023508
https://link.aps.org/doi/10.1103/PhysRevD.65.023508
https://doi.org/10.1142/S021827180600942X
https://doi.org/10.1016/j.physletb.2011.03.048
http://www.sciencedirect.com/science/article/pii/S0370269311003212
https://doi.org/10.1016/j.physletb.2009.04.079
http://www.sciencedirect.com/science/article/pii/S0370269309005309
https://doi.org/10.1103/PhysRevD.76.043508
https://link.aps.org/doi/10.1103/PhysRevD.76.043508
https://doi.org/10.1007/s10509-011-0721-y
https://doi.org/10.1140/epjc/s10052-012-2245-1
https://doi.org/10.1140/epjc/s10052-008-0800-6
http://stacks.iop.org/0264-9381/20/i=6/a=310
http://stacks.iop.org/0264-9381/22/i=21/a=011
http://stacks.iop.org/0264-9381/23/i=22/a=004
https://doi.org/10.1007/s10714-008-0702-9
https://doi.org/10.1007/s10509-011-0643-8
https://doi.org/10.1142/S0217732314500576
https://doi.org/10.1103/PhysRevD.77.124011
https://link.aps.org/doi/10.1103/PhysRevD.77.124011
http://stacks.iop.org/0256-307X/28/i=10/a=100403
https://doi.org/10.1007/s10714-012-1382-z
https://doi.org/10.1007/JHEP09(2013)146
https://doi.org/10.1016/j.physletb.2014.06.047
http://www.sciencedirect.com/science/article/pii/S0370269314004523
https://doi.org/10.1142/S021773231350003X
https://doi.org/10.1016/j.nuclphysb.2015.11.019
http://www.sciencedirect.com/science/article/pii/S0550321315004034
https://doi.org/10.1016/S0550-3213(94)80045-6
http://www.sciencedirect.com/science/article/pii/S0550321394800456
http://www.sciencedirect.com/science/article/pii/S0370269306001407
https://doi.org/10.1103/PhysRevD.65.023508
http://www.sciencedirect.com/science/article/pii/S0370269311003212
http://www.sciencedirect.com/science/article/pii/S0370269309005309
https://link.aps.org/doi/10.1103/PhysRevD.76.043508
https://doi.org/10.1140/epjc/s10052-012-2245-1
http://stacks.iop.org/0264-9381/20/i=6/a=310
https://doi.org/10.1007/s10509-011-0643-8
https://doi.org/10.1142/S0217732314500576
https://link.aps.org/doi/10.1103/PhysRevD.77.124011
https://doi.org/10.1007/s10714-012-1382-z
http://www.sciencedirect.com/science/article/pii/S0370269314004523
http://www.sciencedirect.com/science/article/pii/S0550321315004034
http://www.sciencedirect.com/science/article/pii/S0550321394800456

Md. Shahjalal / Nuclear Physics B 940 (2019) 63-77 77

[54] W. Kim, Y. Kim, Phase transition of quantum-corrected Schwarzschild black hole, Phys. Lett. B 718 (2)
(2012) 687-691, https://doi.org/10.1016/j.physletb.2012.11.017, http://www.sciencedirect.com/science/article/pii/
S0370269312011689.

[55] M. Saleh, B.T. Bouetou, T.C. Kofane, Quasinormal modes of a quantum-corrected Schwarzschild black hole: grav-
itational and Dirac perturbations, Astrophys. Space Sci. 361 (4) (2016) 137, https://doi.org/10.1007/s10509-016-
2725-0.

[56] C. Wang, Y. Gao, W. Ding, Q. Yu, Quasinormal modes of a quantum-corrected Schwarzschild black hole for elec-
tromagnetic perturbation, J. Astrophys. Astron. 38 (4) (2017) 66, https://doi.org/10.1007/s12036-017-9489-y.

[57] M.-S. Ma, R. Zhao, Y.-Q. Ma, Thermodynamic stability of black holes surrounded by quintessence, Gen. Relativ.
Gravit. 49 (6) (2017) 79, https://doi.org/10.1007/s10714-017-2245-4.

[58] J.D. Bekenstein, Black holes and entropy, Phys. Rev. D 7 (1973) 2333-2346, https://doi.org/10.1103/PhysRevD.7.
2333, https://link.aps.org/doi/10.1103/PhysRevD.7.2333.

[59] J.M. Bardeen, B. Carter, S.W. Hawking, The four laws of black hole mechanics, Commun. Math. Phys. 31 (2)
(1973) 161-170, https://doi.org/10.1007/BF01645742.

[60] S.W. Hawking, Particle creation by black holes, Commun. Math. Phys. 43 (3) (1975) 199-220, https://doi.org/10.
1007/BF02345020.

[61] B.P. Dolan, The cosmological constant and black-hole thermodynamic potentials, Class. Quantum Gravity 28 (12)
(2011) 125020, http://stacks.iop.org/0264-9381/28/i=12/a=125020.

[62] M. Cveti¢, G.W. Gibbons, D. Kubiziidk, C.N. Pope, Black hole enthalpy and an entropy inequality for the
thermodynamic volume, Phys. Rev. D 84 (2011) 024037, https://doi.org/10.1103/PhysRevD.84.024037, https://
link.aps.org/doi/10.1103/PhysRevD.84.024037.

[63] R.M. Wald, Black hole entropy is the Noether charge, Phys. Rev. D 48 (1993) R3427-R3431, https://doi.org/10.
1103/PhysRevD.48.R3427, https://link.aps.org/doi/10.1103/PhysRevD.48.R3427.

[64] D.N. Vollick, Noether charge and black hole entropy in modified theories of gravity, Phys. Rev. D 76 (2007) 124001,
https://doi.org/10.1103/PhysRevD.76.124001, https://link.aps.org/doi/10.1103/PhysRevD.76.124001.


https://doi.org/10.1016/j.physletb.2012.11.017
http://www.sciencedirect.com/science/article/pii/S0370269312011689
https://doi.org/10.1007/s10509-016-2725-0
https://doi.org/10.1007/s12036-017-9489-y
https://doi.org/10.1007/s10714-017-2245-4
https://doi.org/10.1103/PhysRevD.7.2333
https://link.aps.org/doi/10.1103/PhysRevD.7.2333
https://doi.org/10.1007/BF01645742
https://doi.org/10.1007/BF02345020
http://stacks.iop.org/0264-9381/28/i=12/a=125020
https://doi.org/10.1103/PhysRevD.84.024037
https://link.aps.org/doi/10.1103/PhysRevD.84.024037
https://doi.org/10.1103/PhysRevD.48.R3427
https://link.aps.org/doi/10.1103/PhysRevD.48.R3427
https://doi.org/10.1103/PhysRevD.76.124001
https://link.aps.org/doi/10.1103/PhysRevD.76.124001
http://www.sciencedirect.com/science/article/pii/S0370269312011689
https://doi.org/10.1007/s10509-016-2725-0
https://doi.org/10.1103/PhysRevD.7.2333
https://doi.org/10.1007/BF02345020
https://link.aps.org/doi/10.1103/PhysRevD.84.024037
https://doi.org/10.1103/PhysRevD.48.R3427

	Thermodynamics of quantum-corrected Schwarzschild black hole surrounded by quintessence
	1 Introduction
	2 Black hole mass as function of entropy
	3 Temperature and heat capacity
	4 Equation of state
	5 Closing remarks
	Acknowledgement
	Appendix A Compatibility of Bekenstein-Hawking relation
	References


