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1
Introduction

This PhD thesis is a new landmark in the steady development of the Liège intranuclear
cascade model and of the associated code especially devoted to the description of spallation
reactions. In general these reactions are defined as the ones which result from the interaction of
a high energy hadron (or a light nucleus) with a nucleus. By tradition, this word is used when
the incident energy lies between ∼ 200 MeV to ∼ 2 or 3 GeV (or rather the incident energy
per nucleons for light nuclei). The main property of these reactions is the abundant emission of
neutrons. Other particles (p, d, t, 3He, α, pions...) can be emitted as well, but at much smaller
rates.

This copious emission of neutrons has triggered a revived interest, in the last two decades,
due to development of efficient neutron spallation sources. The latter are actually simple devices,
basically a piece of heavy metal, bombarded by a high energy proton beams; an incident proton-
induced spallation reaction producing several neutrons. These neutrons multiply by secondary
reactions and diffuse out the spallation target. They can thus be used in special pipes for
condensed matter studies or for producing isotopes for medical applications. The same idea is at
the basis of the plans for futures “incinerators” of nuclear waste, the so-called Accelerator-Driven
Systems (ADS). In such devices, the neutron spallation source is located at the core of a sub-
critical nuclear reactor, partially loaded with nuclear waste (more details are given in Chapter
2). Neutrons issued from the spallation source can multiply in the reactor core and eventually
transmute the radiotoxic isotopes in the waste into other stable or short-lived isotopes. These
technological development imply careful design, which are generally based on simulations of
the transport of particles inside the apparatus, at least in the spallation source. In turn, the
improvement of the transport codes requires more and more accurate reaction models. On the
other hand the production of neutrons in a spallation source is optimum technologically and
economically for proton incident energy around one GeV. Therefore, a considerable effort has
been made, especially in Europe, in the frame of the EU HINDAS [1] and EUROTRANS [2]
projects, to improve the predictive capabilities of the reaction models in this energy range. In
particular, the intranuclear cascade model developed in Liège (INCL4) has become, in the frame
of these collaboration, one of the most successful models after several refinements.

Spallation reactions are also relevant in other scientific domain. In particular, they are in-
duced by Galactic Cosmic Rays (GCR) either in the upper atmosphere or in space missions,
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where they can pose serious problems concerning radiation protection for astronauts and elec-
tronic devices. The average energy of GCR is about 600 MeV, right in the domain where INCL4
is working well. However the energy spectrum of GCR is rather extended and it is generally
considered that radiation protection studies need precise reaction models for proton energy up
to ∼ 10 GeV, in a domain where INCL4 was not suited for reasons explained below. It was the
purpose of this PhD to extend INCL4 in order to make it suitable in this energy range.

Spallation reactions are generally described as proceeding in two stages, as suggested by
Serber [3] in 1947. These two stages are very different from each other. The first one is called
intranuclear cascade, it is very fast and, at the end of it, the target nucleus is left in an excited
equilibrated state. The de-excitation of the target is the second stage of the reaction. A more
complete description of the spallation reactions is introduced in Chapter 2. Different models are
used for the two stages: intranuclear cascade models for the first stage and evaporation models for
the second stage. The intranuclear cascade model of Liège (INCL) is one of these intranuclear
models. A recent intercomparison of the different model combinations to simulate spallation
reactions [4] has showed that INCL4, when combined with the de-excitation code ABLA07, is
one of the most efficient for the simulation of spallation reactions [5]. Nuclear reaction models
are presented briefly in Chapter 3.

The standard version of the code, INCL4.2, presented in Chapter 4, is approximately limited
to the energy range going from 100 MeV to 2 GeV and takes into account nucleons, pions and
∆1232 resonances produced in the reaction, which is largely sufficient in this energy domain. To
extend the applicability of INCL toward the high energy side requires to take into account all
the new channels opening in the new energy domain. In our case, these channels are mainly
resonance production channels. As we explain in more details in Chapter 5, these resonances are
numerous, they have large width, and short life-time. Furthermore, they are so much overlapping
that one may wonder whether considering such objects with a well-defined identity is relevant.
The interaction of resonances with nucleons and with other resonances is not well known. This
description thus introduces uncertainties in the reaction mechanisms. It looks legitimate to
consider alternative descriptions for the new channels to be added. These alternative descriptions
should allow us to somehow short-cut or bypass the explicit resonance degrees of freedom. The
strategy we have adopted in this work consists in replacing the production of resonances, in
nucleon-nucleon collisions and pion-nucleon collisions, by the direct production of the particles
they would have decayed in. The extension of INCL4.2 to the incident energy range going from
∼ 2 GeV to ∼ 10–15 GeV, and its implementation in the code, is the object of Chapter 5.

As we explain later, the selection of the outgoing channel in a collision, in INCL4.2, is based
on Monte Carlo methods and elementary cross sections. We have limited ourselves to pion
producing channels: up to four-pion production channels in nucleon-nucleon collisions and up
to two and three pion production channels in pion-nucleon collisions [6, 7, 8, 9, 10]. Of course,
such extension of the model raises questions about, for example, theoretical limitations to the
INC models that have to be respected. At the beginning of this work, it was not obvious that
quark degrees of freedom should not be taken into account at high energy. In fact, existing
models devoted mainly to heavy ion reactions in the energy range under consideration in this
work introduce a transition from the resonance dynamics to the string dynamics, some times
abruptly, roughly when the c.m. energy of NN collisions exceeds a few GeV, i.e. in the middle
of the energy range under consideration in this work. We show in Chapter 6 that the extended
version of INCL4 that we have constructed is actually able to simulate spallation reactions up
to 10–15 GeV with rather satisfactory agreement with experimental data.

We have performed tests with the extended version of INCL4.2 for neutron, proton and
pion emissions. For pion emissions, extensive comparisons with the results from the HARP
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experiment [11, 12, 13] have been performed concerning double-differential pion production for
incident protons and charged pions over a large set of targets and for incident energies going
up to 12 GeV/c. Tests on nuclear fragmentation have also been realized, but no comparison
with experimental data at incident energies higher than 2 GeV has been made. The results may
however shed some light on the possibility of the so-called limiting fragmentation of the target
nucleus

Finally, we present conclusions and perspectives in Chapter 7.
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Marty McFly: Uh, does it run, like, on regular unleaded gasoline?

Dr. Emmett Brown: Unfortunately no, it requires something with

a little more kick - plutonium.

Marty McFly: Uh, plutonium? Wait a minute. Are you telling me

that this sucker is nuclear?

Dr. Emmett Brown: No, no, no, no, no. This sucker’s electrical. But

I need a nuclear reaction to generate the 1.21 gigawatts of electricity I

need.

Back to the future, Robert Zemeckis, Bob Gale, 1985

2
Motivating background

Our society has to face many challenges in the years to come. One of the most important of
which is global warming, which is deeply related to the challenge for energy policy, supply and
consumption. The energy needs of our civilization have been increasing almost continuously over
the last century. We burn oil and gas, we need electricity, at work or at home, for lightning, for
cooking, even our leisures increase our needs for energy. Our life style has grown dependent upon
energy and we now realize that our unconsidered level of consumption will impact our planet
and its climate. We have to search for new energy sources as well as we have to improve the
efficiency of the exploitation of the sources we already have.

The acuteness of the world energy problem is revealed simply by some key numbers concerning
the general trends. In 2008, the world energy consumption was of 12,369 Mtoe, out of which
a little more than 80% was produced using oil, coal and gas1. The world energy consumption
has doubled between 1960 and 2000, largely triggered by the rise of the world population, which
has doubled between 1970 and 2000 [15]. The problem consists in meeting the ever growing
energy needs while reducing CO2 emissions, which are considered as the main source of global
warning. Obviously, a considerable amount of our oil, coal and gas consumption should be
replaced by CO2-free energy sources. In view of this enormous shift, it is clear that all sources of
CO2-free energy should be considered. This has led to what is called “Nuclear Renaissance”, i.e.
plans (at the world level) to increase nuclear power and to make it as sustainable as possible.
Presently, nuclear energy represents roughly 6% of the total produced energy, worldwide, but
represents about 16% in European Union and 20% in Belgium. One of the key ideas in “Nuclear
Renaissance” is to shift from the present available reactors, known as generation II reactors, in
which only a small fraction of the fuel is used, to so-called generator IV reactors, based on fission
induced by fast neutrons, which will be able to burn uranium much more efficiently. This change
will be effective in some forty years from now. In between, the generation III reactors (basically
the same as generation II plus additional safety features) will help to fill the gap.

The future of nuclear energy will depend upon the ability of the nuclear industry to solve
three main problems: (1) no rapid exhaustion of resources (in this respect, the development of
generation IV reactors is absolutely needed), (2) nuclear safety and security (3) the management
of nuclear wastes from nuclear reactors.

1according to IEA [14]
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We will elaborate a little bit on the third issue. Nuclear wastes contain highly radio-toxic
long-lived isotopes. Two main strategies are envisaged. The first one rests on the storage of
the wastes, after possible removal of U and Pu isotopes to ensure their non-proliferation, in
deep underground repositories, until their radio-toxicity fades away. This solution assumes a
monitoring of the storage sites over a large time-scale, at least ten thousand of years. The
second considered solution implies the separation of highly radio-toxic long-lived isotopes, mainly
actinides, from the rest and their transmutation. This transmutation (or rather incineration)
will be realized in so-called accelerator driven systems (ADS). The latter will consist in high-
energy (typically in the GeV range) and high-intensity accelerator, delivering a proton beam
on a spallation target located in the core of sub-critical reactor. The neutrons issued from the
spallation target multiply in the core and eventually transmute the waste isotopes. Projects of
this kind have been developed to the point that the first prototype, known as MYRRHA, will
be build in the years to come in Belgium [16]. It is briefly presented in Sec. 2.2.

For the optimization of such devices, numerical tools like MCNPX, particle transport codes,
are used. They simulate a nuclear reactor in operation, giving precious information on, for
example, what wastes to expect or damages to be found in the surrounding vessels at the end of
operation. These tools provide valuable information to test ideas and hereby enhance conception
of the new generation of nuclear reactors. It is thus very important for these tools to be as
reliable as possible, which needs accurate reaction models. The Liège intranuclear cascade model
INCL4.2 is used in those simulation codes to describe spallation nuclear reactions.

Spallation reactions are also of interest in projects of intense neutron spallation sources [17],
the development of cancer hadron-therapy over the world [18] and radiation protection issues
regarding cosmic rays in space missions [19, 20]. As a matter of fact, cosmic ray particles have
the right characteristics to undergo spallation reactions with materials they encounter. They are
at the source of high radiation hazard for human being during space missions. The application of
INCL4+ABLA to this field, with its high predictive power and low time consumption, would be
beneficial but, as we will show in section 2.3, it requires the possibility to accommodate particles
with a kinetic energy higher than the upper energy limit of INCL4.2.

The extension of the INCL model to high energy, which is at the basis of the main motivation
of this thesis, requires the introduction of all the possible inelastic channels, but the standard
version of the model (INCL4.2) is limited to excitation of the ∆ resonance in inelastic nucleon-
nucleon collisions. This is largely sufficient for the energy domain relevant for ADS. However,
for applications to space radiations (and others), this is not satisfactory. It is often considered
that accurate simulations require to take account of the cosmic ray spectrum up to 10-15 GeV.

2.1 Spallation Reactions

The set of nuclear reactions between a projectile with a high kinetic energy (typically an
energy between 100 MeV and a few GeV) and a target nucleus are called spallation reactions.
The etymological root for “Spallation” is the English verb “to spall” which means “to produce
fragments”. Indeed, during these reactions, the target nucleus emits a lot of particles, mainly
neutrons, that can interact with the surrounding nuclei. One can then distinguish the microscopic
spallation, a single spallation reaction, and the macroscopic spallation, which takes into account
secondary reactions caused by the emitted particles.

Serber was the first to suggest, in 1947, that these reactions proceed in two stages [3]:

1. A first stage, very fast (of the order of 10−22 s), called the intranuclear cascade. It can be
regarded as a succession of collisions between the incident particle and the nucleons of the
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target nucleus. As not only nucleons intervene during this stage, it is sometimes referred
as “hadronic cascade”.

2. The second stage, the evaporation, starts at the end of the cascade when the remnant of
the target nucleus is left in an excited, more or less equilibrated, state. The de-excitation,
which is much slower than the cascade (10−20 s), occurs either by emission of particles or,
sometimes, by fission of the remnant.

Figure 2.1: Spallation reaction

This two-stage description has to be taken into account in numerical simulations. In order
to get a complete description, spallation reactions are usually simulated by two different codes,
one for each stage, coupled together. The cascade can be simulated by codes such as Isabel [21]
or INCL [22], which is at the heart of this work. The de-excitation is performed by codes such
as ABLA [23, 24], GEMINI [25] or SMM [26].

Figure 2.1 shows a schematic representation of a spallation reaction. If the projectile, usually a
proton, has an energy in the 100 MeV–10 GeV range, then its de Broglie wavelength λ = h/

√
2mE

is of the order of 1 fm at the most, which is much smaller than the radius of a heavy nuclei. The
projectile doesn’t feel the nucleus as a whole but instead penetrates it and triggers a cascade of
collisions with the nucleons.
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Figure 2.2: Neutron multiplicity cross section with respect to the produced neutron number, data
comes from [27]

During the cascade, the energy of the incoming particle is transferred to a few nucleons of
the target, and some of them are ejected from the nucleus. The neutron yield in spallation can
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be very important. Figure 2.2 shows the neutron yield for a 1.2 GeV proton on lead. After the
cascade, the remnant is left in an excited state. Because of the importance of neutron emission,
the remnant is a neutron poor isotope, which will decay by further evaporation or fission.

2.2 A spallation based reactor (or ADS): MYRRHA

The principle of a spallation-based reactor, also called ADS, is the following: an accelerator
delivers a proton beam which bombards a spallation target, located in the center of the reactor;
in the vicinity of the target, there is the “fuel” of the ADS, the material that will be transmuted
in the reactor, for instance minor actinides, and release energy at the same time. Minor actinides
are the isotopes which combine a high radiotoxicity with a long life-time, and the disposal of
these materials is a major issue in nuclear energy production.

The first experimental reactor of this type is the goal of the MYRRHA project (Multi-
purpose hYbrid Research Reactor for High-tech Applications); it will be build at the SCK-CEN
in Belgium [16]. An illustration of this reactor is shown in figure 2.3. On the figure, one can
notice that the proton beam is accelerated to 600 MeV. This energy has been chosen as the best
compromise between the quantity n/p

Ep
(which is the number of produced neutrons, per incident

proton, divided by the energy Ep of the proton beam; this quantity is proportional to the “price”
in energy of a neutron) and technical issues such as the evacuation of the heat at the surface
between the proton beam and the spallation target or the capacity to build an accelerator able
to operate for long periods.

Figure 2.3: Schematic representation of an ADS [28]

Such reactors have an enhanced safety: they are sub-critical (the fuel cannot sustain by itself
the chain reaction). If the proton beam is turned off, the neutron supply stops and the reactor is
automatically shut down. The spallation target, liquid eutectic lead-bismuth, was chosen because
it can produce a high quantity of neutrons and absorb and evacuate the energy from the proton
beam at the same time while keeping the working temperature at a moderate level.

Furthermore, the spallation neutrons have a fast spectrum, hence such a reactor offers a
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flexible research facility to develop the components for future fast reactors. Finally, the neutron
fluxes can reach very high intensity, which is useful for the production of radio-isotopes for
medicine.

Over the last decade, the need to improve the productivity and the safety of nuclear reactors
led to a new generation of reactors. Numerical codes have been developed in order to simulate
spallation reactions and to reproduce all the pertinent observables of these reactions in the
context of the Nuclear Renaissance.

2.3 Space radiation

Cosmic ray particles can be split in two categories, the Galactic Cosmic Rays (GCR), which
originate essentially from the Galaxy, and particles emitted during a burst in our Sun, which is
called Solar Particle Event (SPE). These 2 types of cosmic rays have very different compositions,
very different energy profile and contribute differently to the equivalent dose received by exposed
people.

When cosmic rays reach the upper atmosphere or encounter matter, they can undergo spalla-
tion reactions. In manned missions in space, these reactions are the main source for the radiation
received by the astronauts. Table 2.1 shows the composition (in %) of the two types of cosmic
rays and their relative contribution (in %) to the equivalent dose.

GCR SPE
Composition Equivalent dose Composition Equivalent dose

Proton 87 19 80–90 90
Helium 12 17 10–20

10
Ions 1 64 1

Table 2.1: Baryon components of GCR and SPE and their relative contributions to equivalent
dose, evaluated at the skin, assuming exposure during the solar minimum behind a 5 g/cm2

aluminium shield. Adapted from Ref. [20].

Figure 2.4 shows the energy spectrum of protons in GCR; the flux is maximum in the energy
range 0.5–1 GeV and then decreases rapidly with the increasing kinetic energy of the protons
(nuclei in GCR have approximately the same maximum in their energy spectrum). It is already
reduced by a factor of one thousand for protons with a kinetic energy of 10-15 GeV. In the case
of SPE, the proton energy seldom reaches 1 GeV.

It is interesting to note that simulation codes that were developed for nuclear reactors could
be applied to cosmic ray simulation, with a relatively small number of modifications. They
would need to accommodate light ions as projectile and they would need to be extended to the
appropriate energy range. The extension of the INCL4.2 model to high energy (up to about 15
GeV) is the purpose of this work. This extension requires to take into account the new inelastic
channels in nucleon-nucleon and pion-nucleon collisions that open in the 2–15 GeV energy range,
which are believed to mostly correspond to excitation of hadronic resonances. However, we
propose here an alternative method to the one consisting in implementing all the resonances.
We investigate the possibility to somehow short-cut the resonances degrees of freedom by directly
considering the particles produced by their decay. We limit ourselves to produced nucleons and
pions in this work. Such an approach was already used in Refs. [29, 30], in particular for the
study of pion-induced reactions, but at low energy (less than 1 GeV). Finally, the comparison
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of our model’s predictions with an extensive and systematic set of data, to test our assumptions
and see if this method is applicable in spallation reactions at high energy, is also one of our
motivations.

Figure 2.4: Proton flux from GCR, given in (m3srsGeV )−1, with respect to their kinetic energy
(in eV). The figure comes from Ref. [31].



3
Nuclear models for nucleon-nucleus reactions

3.1 Introduction

The theoretical study of nuclear reactions started more or less 80 years ago. It developed in
two somehow opposite directions. On the one hand, this was more or less the first time reactions
between microscopic objects were studied and theorists concentrated on the formal formulation
of the reaction processes in general, inventing for instance the concept of the S-matrix (and
also the R-matrix for the special cases of the resonant reactions). On the other hand, theorists
designed a large number of specialized models corresponding partly to the many types of reactions
showing apparently different facets. It is then not surprising that a theory allowing the ab initio
calculation of a cross section is still not really existing (except for very simple cases). This, of
course, is partly due to the complexity of the nuclear forces, but also to the fact that various
types of reactions correspond mainly to differences in the number (and the nature) of involved
degrees of freedom. The late developments present considerable progress along this line and
allow for a clarification of the situation. We will say a few words about this aspect concerning
the case of the spallation reactions.

Until a period which may be identified to the mid-1960s, nuclear reactions were usually
described by considering two different processes:

The formation of a compound nucleus this concept was first introduced by Bohr [32], he
made the hypothesis that a collision between a projectile and a heavy target would result
in the formation of a compound nucleus by a complex process involving probably all the
nucleons. This concept is efficient when the available energy has some specific values, this
is reflected in the presence of narrow resonances in the cross sections. They correspond
to quantum quasi-bound states of the compound nucleus, which have quantum numbers,
like the bound states, but also a resonance width, corresponding, through the Heisenberg
uncertainty principle, to a finite lifetime. Bohr also reached the conclusion that the possible
later break up of this intermediate system has no connection with the first stage of the
collision. In other words, he assumed the independence of the production channel and
the evaporation of the compound nucleus (C. N. ). The time span of these reactions
depends on the projectile’s energy and can last for 10−19 s to 10−15 s. The independence
hypothesis made for the C. N. implies that all the outgoing channels are in competition
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and are equiprobable. Thus it is usually considered that the C. N. state is reached when
the residual nucleus has achieved a statistical equilibrium. The statistical fluctuations of
energy can lead to further emission of particles with an angular distribution symmetric
around 90◦, in the center of mass.

The direct reactions for these reactions, the outgoing channel is directly linked to the incom-
ing channel, and there is no formation of any intermediate system. The time span for direct
reactions is shorter than for the C. N. and actually corresponds more or less to the transit
time of the projectile across the nucleus (about 10−22 s). The emitted particles follow
a narrow forward-peaked angular distribution. Typical direct reactions are the inelastic
scattering leading to low-lying states of the target, or the charge-exchange reactions (the
emitted particle has the same mass as the projectile, the net effect of the reaction is a
transfer of electric charge). In these reactions, the number of involved degrees of freedom
is very low, sometimes limited to those of only one target nucleon.

The formation of a C. N. is ubiquitous at low energy. It can coexist with direct reactions.
When the incident energy increases, say above 10 MeV, the resonances start to overlap and the
cross sections are slowly varying with energy. Furthermore the energy spectra of the emitted
particles becomes more complicated. They are no more limited to evaporation spectrum, at
very low energy, typical of C. N. reactions, and to high energy, close to the projectile velocity,
typical of direct reactions. Sometimes, particles are ejected after the direct reactions and before
statistical equilibrium is reached. These reactions are explained as taking place by series of
nucleon-nucleon interactions, sometimes ejecting one of them, and leading progressively to a
fully statistical excitation of the nucleus. They are called pre-equilibrium emissions.

Figures 3.1 shows the angle-integrated spectra dσ/dE for neutron and, respectively, proton
production, induced by protons with a kinetic energy of 10 MeV (left panel) and 100 MeV (right
panel) on a 208Pb target. These figures were generated with the nuclear reaction code TALYS
[33]. They illustrate that each regime (direct reactions, the pre-equilibrium reactions and the
compound nucleus reactions) has a different contribution to the spectra. The direct reactions
describe the high energy part of the spectra, where the ejectile has nearly the same energy as the
projectile. The compound nucleus can be used to describe the low energy part of the spectra,
when the residual nucleus has reached statistical equilibrium and the emitted particle barely has
enough energy to pass the Coulomb barrier. In between these two contributions, one can see
the contribution of pre-equilibrium emission, which obviously increase with the energy of the
projectile.

In this chapter, before considering a few models of nuclear reactions, we will introduce the
Fermi gas model for the nucleus in Section 3.2. This model description of the nucleus is used by
some models for nuclear reactions that we will explain further. We will then give an overview
of models for the direct reactions, the compound nucleus formation and the pre-equilibrium
emissions in Section 3.4, 3.5 and 3.6, respectively. Even though it shares some features with
pre-equilibrium models, intranuclear cascade model will be presented separately, in section 3.6.3,
first because this theoretical model is the basis for INCL, at the center of this work and second
because the intranuclear cascade models can be considered as high energy nuclear reaction models
as well.
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Figure 3.1: Differential cross section for proton production 3.1(a) and neutron production 3.1(b)
induced by protons on lead 208Pb. The kinetic energy of the projectile are 10 MeV (left panel) and
100 MeV (right panel). The curves have been computed with the nuclear reaction code TALYS

[33]. Taken from [34]

3.2 The description of the nucleus

3.2.1 Introduction

In principle, the knowledge of the complete wave function of the nucleus gives us all of its
properties, but the complexity of the wave function increases too rapidly with the number of
nucleons. We are not able to determine it, except for the lightest nuclei, and even if we were, it
would be too complicated to be useful. To describe the nucleus we use models instead. These
models are, by essence, a simplification of the problem under consideration and one must chose
carefully the model because each of them has its own successes and limitations. Nuclear models
can be classified according to two categories (i) the semi-classical models (e. g. the liquid drop
model or the Fermi gas model) or (ii) quantum models (e. g. the shell model).

We will limit ourselves to the description of the Fermi gas model, as this model is used in
INCL to generate the nucleus at the beginning of each event.
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3.2.2 Fermi gas model

In this model, the nucleus is considered as a collection of independent particles that are
confined in a spherical region of radius R and a potential with a depth V0. This potential has
been introduced to account on the average for the interaction of a nucleon with all its partners.

The momentum distribution of the particles can be calculated [35, 36] and there is a Fermi
momentum pF defined by

pF =

(

9π

8

)1/3
~

r0
(3.1)

where ~ is the reduced Planck’s constant and where r0 is defined by the relation between the
radius of the nucleus and its mass number A: R = r0A

1/3. This momentum corresponds to an
energy, the Fermi energy EF = p2F/2M , which is the maximum kinetic energy for a neutron bound
in the nucleus. In the ground state, all particles have an energy E < EF . They form the Fermi
sea. The Fermi energy is different for protons because of Coulomb effects that should be taken
into account. On figure 3.2 one can see an illustration of the nucleus as a finite square potential
well. In this model, the excited states correspond to one or several particle-hole excitations.

proton potential

neutron potential

binding energy ~ 8 MeV

Fermi energy
Fermi sea

Figure 3.2: Potential well for neutrons and protons in a heavy nucleus showing the Fermi level
[35].

3.3 Elastic scattering and total reaction cross section: The opti-
cal model

The optical model is based on the observation that the bulk features of the nucleus are deter-
minant in the projectile-nucleus elastic scattering, contrary to the details of the nuclear structure.
This observation leads to the assumption that, for this process, all nucleon-nucleon (NN) inter-
actions between the projectile and the target can be replaced by a one-body interaction that can
be represented by a potential V .

This potential, called the optical model potential, is a function of the relative position between
the projectile and the target nucleus; general features of the potential can be deduced from
the NN interaction [37]. The interaction between two nucleons is short-ranged and falls off
exponentially with the distance; this indicates that (i) V(r) should also decrease exponentially
and tend to zero outside the nucleus and (ii) it should be uniform inside the nucleus. The second
point comes from the fact that the projectile only feels its nearest neighbors and is surrounded
by nucleons; this leads to a null resultant force on the projectile inside the nucleus and, thus, to
a constant potential.
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If the potential was real, it would not be able to account for the flux diverted into other chan-
nels. In optics, scattering and absorption of light can be mathematically treated by a complex
refractive index. It was then proposed to treat the absorption in nucleon-nucleus interaction by
means of a complex potential. A simplified optical potential can thus be defined as

V (r) = −U(r)− iW (r), (3.2)

with U(r) and W (r) both real and with W (r) positive. The optical potential model enables to
calculate simply [36] the elastic scattering cross section σE , the total reaction (or absorption)
cross section σR and their sum σT , the total cross section:

σE =
π

k2

∑

L

(2L+ 1)|1 − SL|2, (3.3)

σR =
π

k2

∑

L

(2L+ 1)
(

1− |SL|2
)

, (3.4)

σT =
2π

k2

∑

L

(2L+ 1)(1 −ℜeSL). (3.5)

where k is the incident particle wave number and where SL is the scattering amplitude of the Lth
partial wave. An analysis performed with the optical model actually consists in the measurement
of these cross sections and of the differential elastic cross sections. Then, through the scattering
amplitude of partial waves, the form of the optical potential can be deduced and give, in turn,
information about the nucleus.

In practice, the optical potential is more complicated than indicated in equation 3.2. The
full optical model has two additional terms, an electrostatic term VC(r) for protons and other
charged particles and a spin-orbit term Vso(r). It is written as

V (r) = UfU(r) + iWfW (r) + VC(r) + Vso(r). (3.6)

the form factors fU(r) and fW (r) are chosen partly for mathematical convenience and partly on
general physics arguments. A satisfactory choice for fU(r) is the Saxon-Woods function:

fU(r) =
1

1 + exp r−R
a

(3.7)

with the parameters R and a that can be linked to the radius and surface diffuseness of the
nucleus, respectively. The imaginary part of the potential, as it describes the sum of the inelastic
reactions, does not have the same profile: fW (r) may be different from fU . The interested reader
can find more information in [38, 36].

Systematic analysis of proton and neutron scattering have been performed with the optical
model, to study the behavior of the potential with energy and from one nucleus to another.
These studies have shown that the potential depth smoothly decreases with increasing energy.
This feature of the potential has been introduced in the latest versions of INCL.

3.4 Direct reactions

Let us take the example of the inelastic scattering leading to the excitation of the target
from its ground state Φ0 to some low-lying excited state Φ1. This is often successfully described
by the so-called Distorted Wave Born Approximation (DWBA) model. The latter assumes that
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there is one single interaction between the incoming particle and any nucleon of the target. The
cross section thus assumes the following Born approximation form

dσ

dΩ
∝ |〈χ~k′(~r)Φ1|

∑

i

v(~r − ~ri)|χ~k(~r)Φ0〉|2, (3.8)

where v is the (effective) nucleon-nucleon interaction and where the χ’s are the optical model
scattering waves in the respective channels. To exhibit the fact that few degrees of freedom are
involved, let us make the simplifying assumptions that the nucleon-nucleon interaction is zero-
ranged (v ∝ δ) and that the incident particle wave functions in the entrance and exit channels
(χ) are plane waves. Then the above expression reduces to

dσ

dΩ
∝ |〈Φ1|

∑

i

e−i~q.~ri |Φ0〉|2, (3.9)

where ~q is the momentum transfer. Finally, if Φ0 is a Slater determinant and if Φ1 is the same
Slater determinant where a (hole) orbital is replaced by a (particle) orbital, the last expression
becomes

dσ

dΩ
∝ |
∫

ψ⋆
h(~r)e

−i~q.~rψp(~r)|2. (3.10)

This expression is thus valid when the process reduces to the mere promotion of a target nucleon
from the single-particle state h to the single-particle state p. The more general expression 3.8,
when compared to the latter does give a “measure” of the probability for the state Φ1 to be
considered as a simple particle-hole excitation of the state Φ0. In all generality, the functions
χ in eq. 3.8 are taken as scattering states in the optical model potentials in the respective
channels, in order to account for the loss of flux before and after the interaction, due to other
competing channels. This complicates the analysis, but does not change the physical features
outlined above.

3.5 The compound nucleus

At low energy, a few MeV, the compound nucleus mechanism (the capture of the projectile
by the target to form an intermediate system which will de-excite by emission of ejectiles) is
used to describe the reactions. This mechanism is suggested by the observation of narrow peaks
in the cross sections, at those energies. These peaks are an indication that the reaction involves
resonances, levels of the compound nucleus with rather precise excitation energies. When the C.
N. does not have enough energy to emit more particles, it loses its excitation energy by gamma
emission.

As we stated in the introduction, Bohr first introduced the concept of compound nucleus,
along with the independence hypothesis: the decay channel of the C. N. is independent of its
formation channel. We will present three models that can describe reaction cross sections, based
on the compound nucleus assumption: the Breit-Wigner theory and the Weißkopf-Ewing and
Hauser-Feshbach theories.

3.5.1 Breit-Wigner theory and resonances

A resonance corresponds to a state of given energy, spin and parity of the compound nucleus.
The width Γ and the lifetime τ of resonances are connected to each other by the uncertainty
principle Γτ ≈ ~. As already mentioned above, the lifetime of C. N. states is of the order of
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10−15 s. If we introduce the concept of reaction channel, defined by the interacting particles, their
quantum numbers, their relative momentum and their spin, we can express Bohr’s independence
hypothesis by writing the cross section for a reaction leading from the channel α to the channel
β, σα,β, as the product of the cross section for formation of the compound nucleus through
the channel α, σCN (α), times a branching ratio for the decay of the C. N. to channel β. This
branching ratio can be expressed by the ratio of the decay rate in channel β, Γβ/~, and the total
decay rate, Γ/~. The cross section can thus be written as

σα,β = σCN (α)
Γβ

Γ
. (3.11)

The Breit-Wigner formula can describe the resonances of the cross sections. If the spin of
the incident particle and the target nucleus are respectively i and I and the spin of the C. N.
is J , α is the incident channel to form the resonance R, at energy ER with a full width at half
maximum equal to ΓR, then the Breit-Wigner formula for the compound nucleus cross section
σCN , in the vicinity of the resonance, is given by

σCN =
π

k2
ΓαΓR

(E − ER)2 + Γ2
R/4

2J + 1

(2i+ 1)(2I + 1)
, (3.12)

where E is the energy of the incident particle and k = (2mE)1/2/~ is the wave-number of the
scattering wave-function.

It is practically impossible to make predictions of the resonances, their properties being
related to fine details of the nuclear dynamics. As energy increases, the resonances get closer
and closer and become wider. Eventually, they start to overlap and it becomes impossible to
identify a single resonance and the cross section fluctuates. Its average value can be calculated
using statistical models, such as the two models described just below.

3.5.2 The Weißkopf-Ewing and Hauser-Feshbach theories

Bohr’s independence hypothesis was used by Weißkopf and Ewing to develop a theory of
compound nucleus reactions that can be used to calculate the cross sections of reactions to the
continuum [36].

If we consider a reaction that proceeds from an initial channel α to a final channel β with
the intermediate formation of a compound nucleus, the reaction cross section is given by relation
3.11. We now consider the reciprocity theorem, that relates the cross section σα,β to the cross
section for the time-reversed process βα

gαk
2
ασα,β = gβk

2
βσβ,α, (3.13)

where gα = 2iα + 1 and gβ = 2iβ + 1 are the statistical weights of the initial and final channels,
iα and iβ the spin of the projectile and the ejectile, and kα and kβ their wave-numbers. This
gives

gαk
2
ασCN (α)Γβ = gβk

2
βσCN (β)Γα (3.14)

that can also be written as
Γβ

gβk
2
βσCN (β)

=
Γα

gαk2ασCN (α)
. (3.15)

This relations should hold for all possible channels, thus

Γα ∝ gαk
2
ασCN (α). (3.16)
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As the total decay width can be defined as the sum over all the possible channels (Γ =
∑

α Γα),
we obtain

σα,β = σCN (α)
gβk

2
βσCN (β)

∑

α gαk
2
ασCN (α)

. (3.17)

If we now consider the ejectiles with an energy comprised between ǫβ and ǫβ + dǫβ , the
residual nucleus has an energy in the range Uβ and Uβ = dUβ (Uβ is the energy of the compound
nucleus after the emission of the ejectile of energy ǫβ, if the binding energy of the ejectile is taken
into account). Introducing the level density of the residual nucleus ω(Uβ), and since k2 = 2mǫ,
equation 3.17 becomes the Weißkopf-Ewing formula [39] for angle-integrated cross sections:

σα,β(ǫβ)dǫβ = σCN (α)
gβµβǫβσCN (β)ω(Uβ)dUβ

∑

α

∫ Emax
α

0 gαµαǫασCN (α)ω(Uα)dUα

, (3.18)

where µα is the reduced mass of the ejectile α. This theory is usually used to describe the
de-excitation of a C. N. . Then the values of the partial widths Γβ, given by the fraction in
Eq. 3.17, are sufficient: this theory is simple to use but has the inconvenience that it does
not consider explicitly the conservation of angular momentum and that it does not provide the
angular distribution of the emitted particles, contrary to the Hauser-Feshbach theory. If the
compound nucleus is in the state with angular momentum J , and the projectile and target
angular momentum are, respectively, iα and Iα, the Hauser-Feshbach expression for the energy-
averaged angle-integrated cross section is [40]:

σα,β =
π

k2α

∑

J

(2J + 1)

(2iα + 1)(2Iα + 1)

∑

s,l Tl(α)
∑

s′,l′ Tl′(β)
∑

α

∑

l Tl(α)
(3.19)

where Tl = 1 − |S̄l|2 is the transmission coefficient that can be defined from the optical model
and relations 3.3. The quantities l and s are the angular momentum and the spin of the incident
(emitted for the primed symbols) particle, respectively. Of course, the sums are limited by the
possible couplings of the various angular momenta and spins. The angular distribution of emitted
particles in a particular channel can be derived from equation 3.19, as shown in Ref [36].

3.6 Pre-equilibrium emission

3.6.1 General ideas

The angle-integrated spectra dσ/dE presented in Figure 3.1 can be separated in three different
energy regimes for the ejectiles. The high energy regime can be explained with the direct reactions
models, which take into account the structure of the target, leading to the resonance structure
particularly visible for the emission of protons with 100 MeV projectiles. The low energy regime,
which has the shape of a Maxwellian shape is described with the compound nucleus model. The
intermediate regime corresponds to the emission of particles before the statistical equilibrium is
reached, they are called pre-equilibrium particles. It is particularly visible on the nucleon spectra
(right panels) that the contribution of pre-equilibrium emissions increases with the projectile
energy.

These emissions can be interpreted in the following way: a projectile enters the target and
triggers a sequence of particle-hole excitations sharing its energy among a number of nucleons
increasing at each interaction. Sometimes one of the nucleons has sufficient energy to escape from
the nucleus. We will present here one of the models based on these ideas, introduced by Griffin
[41], the exciton model. We will also discuss briefly the improvements that can be considered for
this model.
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3.6.2 The exciton model

In this model, the projectile can excite a particle located in the Fermi sea, by interaction with
the nucleons of the target nucleus, and create a “particle-hole” pair. Both the excited particle
and the hole are indiscriminately called excitons. The exciton model will essentially study the
evolution of the number n of the excitons with time.

If p is the number of particles and h is the number of holes, the two-body interaction as-
sumption induces some selection rules, and the number of excitons n = p + h can only vary in
one interaction as

∆p = 0,±1, ∆h = 0,±1, ∆n = 0,±2, (3.20)

Figure 3.3 shows the evolution of the number of excitons for the first interactions.

E

Fermi

energy

B

3 excitons (2p,1h) 5 excitons (3p,2h)

Figure 3.3: Schematic representation of the first few stages of a nucleon-induced reaction in the
exciton model. The horizontal lines indicate equally spaced single particle states in the potential
well, the particles are represented by solid circles, the holes are represented by empty circles. E
is the incident particle energy measured from the Fermi energy and coincides with the initial

excitation energy; B is the nucleon binding energy. Figure adapted from [42]

Assuming equally spaced single-nucleon states with density g, as in Fig. 3.3, the density of
nuclear states, made of n excitons, of excitation energy E is given by

ρn(E) =
g(gE)n−1

n!(n− 1)!
. (3.21)

The decay rate λnn′ in which a compound nucleus in a n-exciton state evolves toward a state with
n′ = n or n± 2 exciton can be written using Fermi’s Golden rule as

λnn′(E) =
2π

~
|M |2ρn′(E), (3.22)

where |M |2 is the mean value of the transition matrix element and ρn′(E) is the density defined
above (Eq. 3.21). As the density of states ρn increases with the number of excitons, one can
easily see that we have

λnn′=n+2 ≫ λnn′=n ≫ λnn′=n−2

The probability P(p, h,E, ǫ) to emit a particle with an energy between ǫ and ǫ + dǫ when
the composite nucleus has a total energy E and is in a p-particle and h-hole configuration (the
density ρn is then written as ρp,h) can be defined as

P(p, h,E, ǫ)dǫ =
ρp−1,h(E − ǫ)g(ǫ)dǫ

ρp,h(E)
, (3.23)
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where g(ǫ) is the free single particle state density. The decay rate for emission in the continuum
of an unbound particle with energy ǫc = ǫ − B (B is the binding energy), through the channel
c, λc(E, ǫc) can be defined as the product of the probability defined above and a decay rate
evaluated by the detailed balance principle [42]:

λnc (E, ǫc)dǫc = P(p, h,E, ǫ)dǫ

(

σinv(ǫc)vρc(ǫc)

g(ǫ)V

)

. (3.24)

where σinv(ǫc) is the particle inverse cross section, ρc(ǫc) is the density of the particle continuum
states, v and g(ǫ) are the particle velocity outside the nucleus and its single-state density within
the nucleus and V is the volume of the laboratory frame.

The probability P (n,E, t) of finding the composite nucleus with excitation energy E at time
t in a configuration with n = p+h excitons can then be computed, using the decay rates defined
by equations 3.22 and 3.24. One can obtain this so-called occupation probability by solving a
set of Boltzmann master equations [43, 44]:

dP (n,E, t)

dt
= P (n− 2, E, t)λn−2

n (E) + P (n+ 2, E, t)λn+2
n (E)

− P (n,E, t)
(

λnn+2(E) + λnn−2(E) + λnc (E)
)

.
(3.25)

With the total decay rate for emission to the continuum of any particle with any energy λnc (E)
defined by

λnc (E) =
∑

c′

∫ Ec′ ,max

0
λnc′(E, ǫc′)dǫc′ , (3.26)

where λnp,h,c(E, ǫc) is the decay rate given by Eq. 3.24.
If one defines the mean lifetime tn of an n-exciton state with energy E as

tn(E) =

∫ teq

0
P (n,E, t)dt (3.27)

where teq is the equilibration time necessary to reach a state of statistical equilibrium. One can
then integrate equation 3.25 over time to obtain

−P (n,E, 0) = tn−1(E)λn−2
n (E) + tn+2(E)λn+2

n (E)

− tn(E)
(

λnn+2(E) + λnn−2(E) + λnc (E)
)

.
(3.28)

And once the value of P (n,E, 0) is obtained, one can easily calculate the cross section for emission
of particles in channel c:

σc(E, ǫc)dǫc = σR

∫ teq

0

∑

n,∆n=2

P (n,E, t)λnc (E, ǫc)dǫc

= σR
∑

n,∆n=2

tnλ
n
c (E, ǫc)dǫc.

(3.29)

where σR is the reaction cross section for the incident channel and the sum runs over the number
of excitons n, which is incremented by 2 for each term (n = 1, 3, 5, . . .).

To solve the set of master equations 3.25 and 3.28, numerical, iterative or analytical methods
can be used. One of the problems encountered is the determination of teq. In practice, one can
easily find a time after which pre-equilibrium emission becomes negligible and thus assume that
time to be teq.



3.6. Pre-equilibrium emission 21

The exciton model presented here can account for the shape of the energy spectra of the
ejectiles, and for the energy differential cross sections when the reaction cross sections values are
known (Eq. 3.29).

To take geometrical effects into account, one can introduce in this model a dependence on
the impact parameter and sum over all the impact parameters, this has been realized in the
“Geometry Dependent Hybrid model”. The information about the ejectile or about the angular
distribution of the ejectiles can also be included in the model. For instance, the two component
exciton model makes the difference between protons and neutrons and the angular direction
of the emitted particle can also be taken into account in the definition (3.23) of the emission
probability. More details about these evolutions of the exciton model can be found in Ref. [42].

3.6.3 Intranuclear cascade model

General features

The intranuclear cascade proposed by Serber [3] in 1947 considers that the reaction induced
by a high-energy particle (∼180 MeV in the original paper) can be viewed as proceeding in two
stages, a sequence of two-body collisions that spreads progressively the energy of the projectile
over an increasing number of nucleons, this stage is referred as the intranuclear cascade (INC)
and is very fast; the second stage, slower than the cascade, takes place at the end of it and the
residual nucleus de-excites by the usual evaporation processes.

The basic idea of this model is the following: when the energy of the projectile is high enough
for its de Broglie wavelength λ– to be of the order of the size of the nucleons, the projectile does
not interact with the target nucleus as a whole but triggers an intranuclear cascade of two-body
reactions. This is very different from the compound nucleus, as the degrees of freedom of the
nucleons are explicitly taken into account here in these models.

The assumption of independent binary collisions implies that the nucleons involved in a
collision have time to reach their asymptotical state before they get involved in another collision.
We assume that this happens at a distance equal to the range of the nuclear interaction rs. This
leads to a double limitation for the domain of application of the intranuclear cascade:

λ– ≪ rs ≪ d, (3.30)

where d is the mean distance between two nucleons. The nuclear interaction range, rs ≈ 1–1.5
fm, yields a low-energy bound for the projectile of ∼ 250 MeV to be in the cascade regime.
The distance between the nucleons is evaluated to be d ≈ 2–2.5 fm, so the second inequality is
only partially respected. But an incident energy higher than this bound doesn’t automatically
respect the conditions 3.30, and if it does for the first collision, there is no guaranty that it will
be respected for the subsequent collisions.

Serber also suggested that, if the nucleus is represented as a Fermi gas, the collisions with
low-momentum transfer would be discouraged since these tend to lead from an occupied state
to another occupied state; as a result of this suggestion the mean free path of the high energy
particles is increased, as the duration of the cascade.

The INC models are valid for kinetic energies of the projectile ranging from a few hundreds
MeV to a few GeV, which encompass the threshold for pions and the ∆ resonance production.
A Monte Carlo approach can easily be implemented to simulate such reactions. Usually, such
simulations are semi-classical, because the particles are considered as point-like and follow clas-
sical trajectories. The uncertainty principle is not accounted for but some quantum features are
included: the Pauli blocking, the introduction of a mean nuclear potential and the stochastic
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nature of the final states. The particles are usually considered as moving according to straight
classical trajectories, in a nucleus described with the Fermi gas model. If one of them reaches
the surface of the nucleus with enough energy, it can be emitted.

One can consider that there are two approaches to simulate INC:

• Space-like approach: The nucleus is considered as a continuous medium and each partic-
ipating nucleon (only the projectile at the beginning of the cascade) are given a mean free
path1. When they have travelled that distance, they are supposed to collide with a nucleon
from the continuum. The characteristics of the latter nucleon depend on the location of
the collision inside the nucleus. This approach is used, for example, by the INC model
ISABEL [21]

• Time-like approach: Each nucleon of the target and each particle of the projectile are
considered in this approach. They are all given a position and a momentum. They are all
propagated until two of them get close enough2 to interact with each other.

The latter approach is used in the INCL model. At the end of the cascade, the residual nucleus
de-excites through evaporation. The simulation models should be used with a separate model
for de-excitation. Sometimes, a pre-equilibrium model is used after the cascade and before the
evaporation, as for example in CEM [45]. The criterion used to stop the cascade in INCL
makes this additional step unnecessary. More generally, both INC and pre-equilibrium models
describe the evolution of an excited Fermi gas towards equilibration under the influence of binary
collisions. There is thus a redundancy in using a pre-equilibrium model between the cascade and
the evaporation. This point is discussed in Refs. [46]

Intranuclear cascade model and transport equations

The INC simulation model appears as a reasonable and empirical model embodying basic
features of nuclei and nucleon-nucleon cross sections. However, it is partially substantiated by
the efforts made in the nineties towards a theoretical derivation of a nuclear (intranuclear) trans-
port theory. Derivations start with either the Green-function formalism or with the Liouville-von
Neumann hierarchy for reduced density matrices, but yield basically the same result [47]. The
Wigner-transformed one-body density f(~r, ~p) (which can be viewed as the phase-space distri-
bution function) obeys a nuclear Boltzmann-like equation, under the following assumptions: (i)
collisions are independent, (ii) ladder diagrams should be summed up (in the G-matrix), due to
strong nuclear interactions (iii) other correlations than the two-body correlations entering the
G-matrix are neglected (iv) only the leading terms of the small gradient expansions are retained.
Condition (i) is equivalent to the condition λ– ≪ rS <∼ d mentioned in relation 3.30 above. The
transport equation writes:

∂f

∂t
+

~p

m
.~∇f − ~∇U.~∇pf + ~∇pU.~∇f =

π~2
∫

d3p2
(2π)3

∫

d3p3
(2π)3

∫

d3p4
(2π)3

|G(12 → 34)|2

×{f3f4f f2 − ff2f3f4}δ3(~p)δ(e(p)), (3.31)

1The mean free path is defined as λ = 1/ρσ, where ρ stands for the density of the nucleus and σ is the
elementary NN reaction cross section.

2Their relative distance should be inferior to a certain interaction distance dint =
√

σNN,tot/π, where σNN,tot

is the total NN interaction cross section.
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where fi = f(~r, ~pi, t) and f i = 1 − fi. The delta functions stand symbolically for momentum
and energy conservation in collisions. In addition,

e(pi) =
p2i
2m

+ U(pi), U(pi) =

∫

d3p′

(2π)2
f ′〈~pi~p′|G(ρ(~r))|~pi~p′〉, (3.32)

and G is the Brueckner matrix, solution of

G = V + V
Q

E −H12
G, (3.33)

where Q is the Pauli operator forbidding occupied intermediate states. Equation 3.31 without
the rhs is just a drift equation (when the potential is constant) and can be solved by the test-
particle (simulation) technique, as it is well known. It has been shown that INC simulation
of collisions properly accounts of the collision term. In fact, summing over the runs amounts
to a Monte-Carlo approximation of the collisional integral [48]. Therefore, the INC model is
sometimes considered as a way to solve Eq.3.31 numerically for the average distribution f , when
the mean field is kept constant and when the G-matrix (which represents the scattering matrix
inside the nuclear medium) is taken as the free scattering matrix. One has to realize however
that the INC model takes account of more correlations than the nuclear Boltzmann equation
does [49]. Indeed, collisions depend upon the actual (in the same event) two-body distribution,
which is correlated by previous collisions, at least in time-like INC models. The latter take
account of all correlations, built by collisions, in all reduced distribution functions, not only in
f . Whether these correlations are properly taken into account remains an open question.

Medium effects enter the nuclear Boltzmann equation at several places (the replacement of
the free collision T -matrix by the G-matrix, the mean field which is self-consistently constructed
from theG-matrix and the energy of the particles which includes this mean field effects). Whether
these medium effects are important or not in practice remains an open question. The success
of the INC models argues in favor of the smallness of these medium effects. An interesting
discussion is contained in Ref.[50].
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4
The Liège Intranuclear Cascade model

The Liège Intra Nuclear Cascade model was created in 1980 to study the collisions between
heavy ions [51]. Five years later, the model has been adapted to p̄–nucleus reactions. Soon
after, a version of the model has been adapted and specialized to high energy proton-nucleus
collisions. Over the last decade, an effort has been made to develop the code to make it suitable
for simulations of particle therapy and radiological protection. The presentation of the successive
versions of the code can be found in [22, 52, 53, 54, 55, 56, 57].

At the beginning of this PhD thesis, the standard version of the INCL code for nucleon-nucleus
collisions was the INCL4.2 version, described in [58]. Since the present work has been based on
an extension of this standard version, we will present the latter in section 4.1 by detailing each
step of the simulation. In section 4.2, we will describe extensively the way INCL4.2 manages a
collision between two particles; the extension to high energy of the code is performed mainly by
modifying the collision process and by adding new inelastic channels that open in the 2–15 GeV
range. Other extensions of the code have been developed in parallel with the extension to high
energy presented here. They have been implemented in versions posterior to INCL4.2 and will
shortly be presented in Section 4.4.

4.1 The INCL4.2 code

INCL4.2 is a Monte Carlo simulation code for the cascade stage of spallation reactions,
written in fortran. It has been developed and tested in the 200 MeV–2 GeV incident kinetic
energy range. INCL4.2 has proven to be one of the best codes for the simulation of spallation
[58], when coupled with the evaporation code ABLA [23, 59]. It can reproduce a lot of relevant
observables such as total reaction cross section, particle multiplicities, double differential cross
sections, residue mass spectra, isotopic distributions and recoil energy spectra.

At the beginning of the simulation, the incoming particle (or projectile) and the target nucleus
are randomly generated. Then, the projectile triggers a cascade of collisions, which are always
binary in INCL4.2 and treated separately one from another. The cascade lasts until the stopping
time, that is self determined by the model [58], is reached; then the remaining ∆ resonances are
forced to decay and the evaporation routine is called. One of the salient features of INCL4.2 is
that it does not require any free parameter to be used.
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Preparation of the projectile

The INCL4.2 model can accommodate nucleons and pions p, n, π−, π0 , π+) as projectiles.
The following quantities can be calculated from the incident kinetic energy Tinc:

βinc =
√

T 2
inc + 2Tincmincc2/(Tinc +mincc

2), (4.1)

γinc = (1− β2inc)
−1/2, (4.2)

Einc = mincc
2γinc, (4.3)

pinc = mincβincγinc (4.4)

where minc is the mass of the projectile. The impact parameter vector of the projectile on
the target nucleus is randomly determined in a circle of radius Rmax centered on the incident
direction passing by the center of the target. The maximum value of the impact parameter Rmax

is defined below.
The INCL4.2 model can also accommodate light clusters (d, t, 3He, 4He) as projectiles.

Since we will not use this possibility in the present work, we refer to Ref [58] for details.

Generation of the target nucleus

Each of the AT nucleons of the target is given a momentum and a position according to
a uniform Fermi sphere and a Saxon-Woods distribution, respectively. The nucleon density
distribution can be written

ρ(r) =

{

ρ0

1+exp
r−R0

a

for r < Rmax,

0 for r > Rmax,
(4.5)

where Rmax = R0 + 8a and R0 and a have been parametrized as functions of the target mass
number AT [58], the density ρ0 is such that the distribution is normalized to AT .

r

R(p)

ρ(r)

R(p+dp)

r-p correlations

p
F
p

n(p)

p p+dp

Figure 4.1: Correlations in momentum–radial positions

The momentum of the nucleons is generated according to a Fermi sphere distribution with a
Fermi momentum pF , as shown on Figure 4.1. A nucleon with a large momentum is expected to
reach a larger radial distance than a nucleon with a small momentum. Therefore it is considered
that a nucleon with a momentum p is to reach a maximum radial distance R(p). Because of
these r − p correlations, a nucleon with a momentum between p and p + dp should be located,
with a constant uniform probability, in a sphere of radius R(p). This radius can be deduced
by assuming that the number of nucleons populating the layer of density profile ρ (R(p)) and
ρ (R(p+ dp)) is the same as the number of nucleon with a momentum between p and p+ dp:

AT
4πp2dp
4
3πp

3
F

=
4

3
πR3(p)dρ. (4.6)
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where dρ is the thickness of the density layer.
The limit conditions are naturally set to R(0) = 0 and R(pF ) = Rmax, and the integration

of equation 4.6 yields [58]
(

p

pF

)3

=
4π

3AT

∫ R(p)

0

dρ(r)

dr
r3dr, (4.7)

from which R(p) can be deduced.
This procedure is equivalent as choosing the initial position and momentum of any nucleon

at random in the joint probability distribution:

dn

d3~rd3~p
= f(~r, ~p) = AT

θ(R(p)− r)θ(pF − p)
(

4π
3

)2
R3(p)p3F

. (4.8)

where θ(x) is the Heavyside function. In practice, the value of p can be generated from the
uniform Fermi sphere distribution and the position is generated uniformingly in a sphere of
radius R(p).

Mean field of the nucleus

Nucleons are supposed to experience a nuclear mean field, which describes the smooth effect
of the interaction with the other nucleons (in contrast with the collisions which correspond to
rapid changes). In INCL4.2 this mean field is described by an attractive square well potential
of the same depth V0 for all baryons (nucleons as well as ∆ ’s). However, to be consistent
with the description of the initial state of the target, the range of the potential depends upon
the momentum of the baryons: it is taken equal to R(p) for a target nucleon of momentum
p. The combination of such a potential with the distribution 4.8 presents the advantage that
this distribution is perfectly invariant on the average, under the propagation of the nucleons in
absence of collisions. In other words, the average distribution of the nucleons is stable.

For particles with a momentum p larger than pF it is assumed that the range of the average
potential is equal to R(pF ) = Rmax. In INCL4.2, there is no potential for pions.

Finally, the total energy of a particle is conserved when it enters or leaves the nucleus. As a
consequence, the incident particle acquires a total kinetic energy Tinc + V0, when it enters the
nucleus (at r = Rmax).

Propagation of the particles: the cascade

Once the target and the projectile are initialized, the particles are propagated using rela-
tivistic kinematics and following straight trajectories. In INCL4.2, there is a distinction between
“participants” and “spectators”. At the beginning of the event, the projectile is the only par-
ticipant and afterward, each particle that has collided with a participant (or is created during
an inelastic interaction) is promoted as a participant; every other particle is a spectator. The
purpose for this distinction is to forbid collisions between spectators. This interdiction prevents
the spectator nucleons near the surface of the Fermi sea to gain energy at the expense of another
spectator and leave the nucleus, even if the latter was left alone.

When two particles, with at least one participant among them, reach their minimum distance
of approach ~dmin, INCL4.2 computes the impact parameter bmin of the system of the two particles
in the center of mass frame using

b2min = d2min +
(~dmin.~βcm)2

1− β2cm
, (4.9)
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where ~βcm is the center of mass velocity in the laboratory frame.
The test to decide whether there will be an interaction or not is the following: the quantity

πb2min is compared to the total cross section for the center of mass energy
√
s of the 2 particles

σ(
√
s) and the decision is:

• if πb2min > σ(
√
s), the motion of the particles is not perturbed and the particles can be

propagated until the next collision check.

• if πb2min < σ(
√
s), and provided that the Pauli blocking procedure does not forbid it, a

collision happens. Afterwards, the next possible collision can be considered.

The Pauli blocking procedure will be explained hereafter. The collision mechanisms in INCL4.2
and the procedure to select the outgoing channel are explained in section 4.2. The possible
outgoing channels for a collision of two nucleons are elastic and inelastic. In the latter case, a
∆1232 resonance is produced, with a life-time, and then decays in a pion and a nucleon.

Another peculiarity of INCL4.2 is that the time steps are determined in advance. The straight
trajectories, the relativistic kinematics and the use of the minimum distance of approach as a
criterion to test collisions are the features that allows INCL4.2 to generate a chronological table
with the times for the possible avatars (collision, reflections or transmissions, and decays). When
a collision is rejected, the particles are propagated until the next time in the table, the next time
at which a participant and another particle reach their minimum distance of approach. If a
collision happens, the table is updated to take into account the new trajectories of the outgoing
particles or, if necessary, to add the entries for a particle produced during the collision. At the
beginning of the cascade, INCL4.2 computes its stopping time tstop (explained later on), this
time is important because no interaction that would occur after that time is recorded in the
table of times.

The dynamical Pauli blocking

The dynamical Pauli blocking in INCL4.2 operates in phase space and is implemented as
follows: if there is a collision between two nucleons i and j at position ~ri(j) that leads to a final
state with momenta ~pi(j), the phase space occupation probabilities fi are evaluated by counting
nearby nucleons in a small phase space volume,

fi =
1

2

(2π~)3

4π
3 r

3
PB

4π
3 p

3
PB

∑

k 6=i

θ (rPB − |~rk − ~ri|) θ (pPB − |~pk − ~pi|) , (4.10)

where the sum is limited to particles k with the same isospin component as particle i (or j). The
factor 1/2 is introduced because spin components are ignored. The parameters rPB and pPB

have been fixed to rPB = 3.18 fm and pPB = 200 MeV/c [58]. The decision test to allow or forbid
the collision compares a random number with the product (1 − fi)(1 − fj). In collisions that
produce a ∆1232 resonance (see 4.2), the Pauli blocking is not applied to the ∆, because their
density is very small. Pauli blocking is applied to the nucleon produced in the decay of the ∆.
Finally, unphysical results can arise from the interplay between this implementation of the Pauli
blocking and the fluctuations of the phase space occupation in the initial state, as the latter is
randomly generated. Indeed, the Fermi sphere is filled on the average, but, in some events it may
have holes and allow collisions to fill these holes unduly. This has been remedied by forbidding
reactions with a final energy in the Fermi sphere lower than the minimum energy of a Fermi
gas. The simultaneous use of these two constraints is referred as the Consistent Dynamical Pauli
Principle (CDPP). See Ref [58] for more details.
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Transmission and reflection on the surface

If the propagation of a particle would lead it through the nuclear surface, there is a possibility
that the particle is reflected. Inside the nucleus, all the particles are submitted to a potential V0.
When a participant reaches the nuclear surface at r = R(p), it can be reflected if its kinetic energy
Ti is below the emission threshold (Ti < V0), or otherwise transmitted with a probability[60]

T =
4
√

Ti(Ti − V0)

2Ti − V0 + 2
√

Ti(Ti − V0)
e−2G, (4.11)

where G is the Gamow factor. If the test for the transmission is positive, the particle is ejected
with a final kinetic energy Tfin = Ti−V0, without change of direction. In other words, refraction
is discarded.

One of the enhancements that have been implemented in INCL since the 4.2 version, described
here, is the possibility for the nucleus to emit a cluster rather than a single particle; this new
feature is presented in section 4.4.

Figure 4.2: Representation of an intranuclear cascade.

Figure 4.2 represents an intranuclear cascade event; an incoming nucleon reaches the min-
imum distance of approach with another nucleon and undergoes an elastic collision; it moves
towards a second interaction, inelastic, and a ∆ resonance is produced; the ∆ decays and the
pion and nucleon are both transmitted through the nuclear surface; the second participant from
the first collision has also caused secondary collisions and one of the participant nucleons is
reflected on the surface.

Stopping time of the cascade

The cascade keeps going until the code reaches the bottom of the table of times. As we
already stated, INCL4.2 computes a stopping time tstop for the cascade. This time is evaluated
in an self-consistent way [58] and was deduced from the monitoring and averaging over many
simulations of some characteristic observables of the reaction such as the excitation energy E∗,
its time derivative, the mean kinetic energy of the ejected particles (the ratio between the kinetic
energy of the ejectiles Tej and their mass number Aej: Tej/Aej) and the anisotropy of the
momentum content of the participant baryons inside the target volume ξzz defined as

ξzz =
σ2z − 1

2 (σ
2
x + σ2y)

σ2x + σ2y + σ2z
, (4.12)
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Figure 4.3: Time variation of the value of the excitation energy E∗ averaged over runs (upper
left panel), the average kinetic energy of the ejectiles 〈T 〉 (upper right panel), the time derivative of
the excitation energy dE∗/dt (lower left panel) and the asymmetry of the participant momentum
distribution ξzz within INCL4.2 (lower right panel). The results correspond to collisions of 1
GeV protons with Pb nuclei, at an impact parameter of 4 fm. The arrows indicate the chosen

stopping time. Figure reproduced from [58].

where z is the incident direction and the quantities σ2k (k = x, y, z) are defined by

σ2k =
∑

i∈Arem

(pi,k − 〈pi,k〉)2,

〈pi,k〉 =
1

Arem

∑

i∈Arem

pi,k,

with the mass number of the remnant Arem.
The obtained results (see figure 4.3) show that there is a more or less well-defined time that

separates a phase with rapid variations and another phase with slow variations, typical from
evaporation processes. It is then natural to choose this time as the stopping time of the cascade;
it has been parametrized in INCL4.2 as

tstop = fstopt0

(

AT

208

)0.16

, (4.13)

where t0 = 70 fm/c and fstop = 1 by default, the user can change this factor to modify tstop.
Note that, evaluated in this way, the stopping time is independent of the incident energy and of
the impact parameter of the projectile.
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End of the cascade

At the end of the cascade, surviving ∆ resonances from inelastic collisions are forced to decay.
Before INCL4.2 transmits to the evaporation routine the complete description of the remnant
and the ejected particles, the conservation of baryon number, charge, energy, momentum and
angular momentum is verified. If the subscripts P , T , ej, rem and π denote respectively the
projectile, the target, the ejectiles, the remnant and the pions created trough resonances, we can
write the conservation laws as

• Baryon number conservation: AP +AT = Aej +Arem,

• Charge conservation: ZP + ZT = Zej + Zπ + Zrem,

• Energy conservation: Tlab = Kej +Wπ + Erec + E∗ + S
where Kej is the kinetic energy of the ejectiles, Wπ is the total energy of the pions, Erec is
the recoil energy of the remnant and E∗ its excitation energy, and finally S is the separation
energy. It corresponds to the minimum necessary energy to remove all ejectiles and pions
from the target nucleus ground state.

• Momentum conservation: ~plab = ~pej + ~pπ + ~prem,

• Angular momentum conservation: ~l = ~lej +~lπ +~lrem +~l∗,
where ~l is the angular momentum of the incident particle, ~lrem the angular momentum
corresponding to a c. m. motion of the remnant, and ~l∗ is the intrinsic angular momentum
of the remnant.

The first three laws are, in principle, automatically satisfied by INCL4.2. The last two laws
allow to calculate the momentum and angular momentum of the remnant. INCL4.2 transmits
to the evaporation routine all the information about the remnant (composition, momentum,
excitation energy, angular moment). After de-excitation, all the properties of the cascade and
evaporation particles and of the residue are recorded.

4.2 Elementary collisions

We are now going to explain in further details the treatment of collisions in INCL4.2.
Monte Carlo methods are used to select the outgoing channel by comparing a random number

and the elementary cross sections of the various accessible channels. The parametrization of the
cross sections that are used in INCL4.2 are presented in appendix A.

4.2.1 Baryon-Baryon (B-B) collisions

A subroutine named COLLIS is in charge of the B-B collisions. The center of mass frame is
used in this subroutine, the rest of the cascade uses the laboratory frame. Another subroutine
LOREN allows to switch from the laboratory frame to the center of mass frame and vice versa.
The possible reactions are:

NN ⇔ NN, (4.14)

NN ⇔ N∆, (4.15)

where N stands for a nucleon and ∆ stands for a resonance ∆1232. There is always two outgoing
particles, the use of the c.m. frame makes the splitting of energy and momentum over them
simple.
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The test for inelasticity compares a random number rndm, comprised between 0 and 1, and
the ratio between the elastic and the total cross sections σel/σtot and yields:

• if rndm < σel/σtot the elastic channel is selected,

• if rndm > σel/σtot the inelastic channel is selected.

Elastic Baryon–Baryon collision

In an elastic collision between two baryons (nucleon–nucleon or nucleon–∆), the differential
cross sections are used to generate the final state in the center of mass of the system. We will
develop here the proton-proton case, other cases can be found in [54]. The p-p differential cross
section can be written

dσ

dt
∝ eBppt, (4.16)

where t is the usual Mandelstam variable t = (p1−p3)2 = (p2−p4)2 and Bpp is a function defined
by:

Bpp =
5.5p8lab

7.7 + p8lab
, plab < 2, (4.17)

= 5.334 + 0.67(plab − 2), 2 < plab. (4.18)

In this formula, Bpp is expressed in (GeV/c)2 and plab in GeV/c. A symmetrized version of the
differential cross section should be needed, but because the collision is considered in the center of
mass frame, Equation 4.16 is sufficient to completely determine the system since the two protons
are emitted back to back.

Inelastic collision and ∆ production

The inelastic cross section is taken as the difference between the total and the elastic cross
section. Below 2 GeV, the inelasticity is dominated by one pion production channel and ob-
servations indicate that the pion production should mainly proceed through the ∆ resonance.
This picture has been used in INCL4.2: if the collision is inelastic, a ∆1232 resonance is given
randomly a mass that follows the distribution

f(M) ∝ 1

(M −M0)2 +
Γ2
0

4

θ(M −Mn −mπ) θ(
√
s−Mn −M), (4.19)

where θ is the Heavyside function, and where M0 = 1.232 GeV and Γ0 = 0.130 GeV are the
fundamental parameter of the ∆ resonance, Mn and mπ are respectively the nucleon and the
pion mass, and

√
s is the center of mass energy. This corresponds to a truncated lorentzian

distribution centered on the mean mass of the resonance (1232 MeV) and with a width of 130
MeV. The lifetime of the ∆ is randomly determined according to the exponential law

ρ(τ) = exp

( −q3
q3 + 1803

Γ

h̄
τ

)

, (4.20)

Γ = 115 MeV and q has the dimension of a momentum and is expressed by

q =

√

[

m2
∆ − (mN +mπ)2)

] [

m2
∆ − (mN −mπ)2

]

2m∆
(4.21)



4.2. Elementary collisions 33

The description used for the angular distribution of the ∆ production is:

dσ

dt
(NN → N∆) ∝ eB

′

ppt (4.22)

in this equation, t is the momentum transfer in from the incident nucleon to the ∆ resonance
and B′

pp is numerically close to the Bpp parameter.

4.2.2 The decay of the delta resonance

After its lifetime has elapsed, a ∆ resonance decays in a pion and a nucleon. This decay is
assumed to be anisotropic and the angular distribution of the produced pion is given in the ∆
resonance c. m. frame by [22]:

dσ

dΩ
= 1 + 3λ cos2 θπ, (4.23)

where θπ is the angle between the direction of the pion momentum in the rest frame of the
∆ resonance and the direction of the momentum of the ∆ resonance; λ is the helicity of the
resonance and is a relic of the production of the ∆ . If the resonance was produced in a N −N
collision with a polar angle ϑ in the center of mass frame, then the helicity λ of the resonance is
given by cos2 ϑ.

The produced nucleon is submitted to Pauli blocking; if the phase space for the nucleon is
already occupied, the decay is rejected and the lifetime of the ∆ is increased. The decay rate
Γ(∆ → πN) of the resonance can be written using Fermi’s golden rule as

Γ(∆ → πN) =
2π

h̄
| 〈πN |M|∆〉 |2ρ (4.24)

where 〈πN |M|∆〉 is the transition matrix element of the reaction and ρ is the final state density.
Assuming the isobar model, and subsequently the conservation of isospin, the previous equation
yields:

Γ(∆i → πjNk) =
2π

h̄

∣

∣

∣

∣

(

1j,
1

2
k|3
2
i

)
∣

∣

∣

∣

2

| 〈πN |O|∆〉 |2ρ, (4.25)

where the subscripts i, j, k represents the third component of isospin of the particles,
(

1j, 12k|32 i
)

is a Clebsch Gordan coefficient and 〈πN |O|∆〉 is the reduced matrix element, which does not
depend upon i, j, or k.

The branching ratio for the decay of a given resonance, ∆+ for example, gives the probability
for a given final state to be produced. These probabilities are used in INCL4.2 to set the type
of the particles produced in the decay. If we consider the ∆+ decay, we obtain

Γ(∆+ → π+n)

Γ(∆+ → π0 p)
=

|
(

11, 12 −1
2 |32 1

2

)

|2
|
(

10, 12
1
2 |32 1

2

)

|2
=

1/3

2/3
=

1

2
, (4.26)

the final state densities and the reduced matrix element disappeared because of the isobar model,
the Clebsch-Gordan coefficients are the only remaining factors. We can also compute

Γ(∆0 → π−p)

Γ(∆0 → π0 n)
=

|
(

1 −1, 12
1
2 |32 −1

2

)

|2
|
(

10, 12 −1
2 |32 −1

2

)

|2
=

1/3

2/3
=

1

2
, (4.27)

Γ(∆++ → π+p)

Γ(∆0 → π−p)
=

|
(

11, 12
1
2 |32 3

2

)

|2
|
(

1 −1, 12
1
2 |32 −1

2

)

|2 =
1

1/3
= 3, (4.28)
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The same procedure can be applied to the production of ∆ resonances and yield

σ(pp → p∆+)

σ(pp→ n∆++)
=

1

3
,

σ(np→ n∆+)

σ(np→ p∆0)
= 1, (4.29)

σ(nn→ n∆0)

σ(nn→ p∆−)
=

1

3
,

4.2.3 Pion-Nucleon collisions

In INCL4.2, pions can only be produced through ∆ resonances, but once they have been
produced they can, in turn, interact with the nucleons. The total reaction cross sections used in
INCL4.2 are presented in appendix A.

Inelastic channels in π − N collision are partly neglected by INCL4.2: In the energy range
up to a few GeV, elastic scattering dominates. It is treated, up to

√
s = 3 GeV, as proceeding

through the formation of a ∆ with a shorter lifetime for
√
s > 1.5 GeV. The cross section is given

by Eq. A.8. For
√
s > 3 there is no interaction.

The figure A.2, in appendix A, represents the experimental total π+ − p and π− − p cross
sections. It is possible to use the isobar model, as we did in the previous section, to find the
ratio between the various possible π − N reactions. As an example the ratio between the π+p
and π−p reactions is given by

σ(π+p→ ∆++)

σ(π−p→ ∆0)
=

|32 3
2 |
(

11, 12
1
2

)

|2
|
(

3
2 −1

2 |1 −1, 12
1
2

)

|2 =
1

1/3
= 3, (4.30)

which is in agreement with the experimental data shown on figure A.2 in the appendix A. On
this figure, one can see that the maximum for the ∆ resonance peak is around 210 mb and 70
mb for the π+p and π−p reactions, respectively. The other resonances visible in Fig. A.2 are not
pure T = 3

2 resonances.

4.3 The evaporation code ABLA07

At the end of the cascade stage, the information on the remnant are transmitted to a de-
excitation model. All the simulations presented in this work have been performed using the
INCL + ABLA07 combination of models. We will shortly introduce here the salient features of
ABLA07, a complete description of the model can be found in [24].

ABLA is the evaporation model of the abrasion-ablation code, initially developed by Bowman
et al. [61], and have since been improved at GSI [62]. This dynamical code can be used to describe
the de-excitation of a thermalized system using a comparison of the partial width of the various
processes that are in competition:

Fission: this process plays an important role in the decay of heavy nuclei. At each de-excitation
step, a competition between fission and other decay channels is realized using an analyti-
cal approximation of the one-dimensional Fokker-Planck equation for the time-dependent
fission-decay width. An improved version of the semi-empirical fission model PROFI [62, 63]
is called to compute the characteristics of the fragments formed in fission over a large range
of energies.
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Particle evaporation: the Weißkopf-Ewing formalism is used to compute the decay width Γν

of a specific initial nucleus by emission of a particle ν. The particles that can be emitted
are p, n, d, t, 3He, α or intermediate mass fragments (IMF). The kinetic-energy spectra
of the emitted particles are directly calculated from the inverse cross sections.

Simultaneous break-up of the system: in the previous versions of ABLA, the IMF produc-
tion was underestimated. To remedy this situation the range of emitted fragments has been
extended to above Z = 2 either by evaporation or by the simultaneous break-up, which
happens if the excitation energy per nucleon exceeds a limiting value.

Gamma emission: in the last de-excitation step of the evaporation cascade, the emission of
photons becomes competitive with particle decay for heavy compound nuclei and are taken
in account in ABLA07.

The probabilities associated with each channel Pj = Γj/
∑

Γi are used and compared in
order to select the outgoing channel.

4.4 Parallel developments of INCL

Several improvements have been implemented in the INCL model since the 4.2 version was
released. Even though our work is based on that version, it seems appropriate to complete the
presentation of the model with the latest features included in it. We refer to Ref. [5, 64] for a
detailed description of the latest version of INCL.

Among the improvements that have been added to the code, we will present here the cluster
emission, the inclusion of known phenomenology, an enhanced Pauli blocking procedure, an
improvement of the treatment of the soft collisions and finally the possibility for the participants
to have their status changed under certain conditions.

Cluster emission

The emission of light clusters was one of the first developments implemented in the model,
actually the only difference between INCL4.2 and INCL4.3 is the possibility to emit light clusters.
It is realized through a dynamical coalescence mechanism [65], that has been further improved in
the 4.5 version, but the main idea remains the same: a particle transmitted through the surface
of the nucleus is able to drag along other nucleons to form a cluster, provided they are sufficiently
close (in phase space).

In practice, when a particle reaches the surface with an energy higher than the threshold
energy (see 4.1), it becomes the leading nucleon of a possible cluster. Potential clusters containing
the leading nucleon are considered by the code (up to Acl = 12 for the INCL4.5 version). The
cluster which is basically the most bound cluster per nucleon is then selected and emitted if (i)
its energy (in the target system) is above the threshold for emission (ii) the test for transmission
through the Coulomb barrier is positive and (iii) the emission direction is not too tangential (the
idea behind this criterion that a cluster has a high probability to get dissolved when it spends
too much time in the nuclear surface). If all these tests are positive, the cluster will be emitted,
otherwise the test for transmission or reflection, as explained in the description of INCL4.2, will
performed for the leading nucleon only. At the end of the cascade, short lived clusters that
could have been produced (e.g. 5Li) are forced to decay. For more details and comparison with
extensive experimental data, see Ref. [64].
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Inclusion of known phenomenology

Phenomenology has always played an important role in the model as efforts have always been
made to take it into account. In INCL4.5, it has been further enhanced without the introduction
of user-based parameters with three mandatory modifications:

1. Isospin and energy-dependent potential well for nucleons have now replaced the sole constant
potential that was in INCL4.2. This potential was inspired by phenomenology of the real
part of the optical model potential [66].

2. Average potential for pions as well as a pion transmission to the Coulomb barrier have
been added to the code. This potential is isospin-dependent too and is based on the
phenomenology of the pion optical model [67].

3. Deflection of charged particles in the Coulomb field The Coulomb interaction between the
charged particles and the nucleus is now taken into account in the calculation of the tra-
jectories of the projectile and the emitted particles.

Pauli blocking

The way to construct the target nucleus in INCL4.2 may lead to a non uniform Fermi sea
in a given event. The dynamical Pauli blocking, even though it has the advantage to account
for the depletion of the Fermi sea, may then sometimes accept a collision that shouldn’t be
accepted. The compromise that has been followed in INCL4.5 to prevent this to happen, is the
application of a strict Pauli blocking (the rejection of an event if the outgoing particles are not
outside the Fermi sea) to the first collision. The Pauli blocking has been further hardened by
the additional interdiction to consider collisions between two nucleons below the Fermi level, and
not only between two spectators, as it was the case before.

Modification of the status of the participants

This feature allows participant nucleons that have an energy too close to the Fermi level to
have their status changed back to spectators. The low limit has been fixed to the Fermi energy
plus a small quantity fixed to 18 MeV . This procedure was inspired from the Isabel code1[64, 5].

Soft collisions

Collisions in which the c. m. energy
√
s0 doesn’t exceed 1925 MeV are defined as soft col-

lisions. They were neglected in INCL4.2 because they are expected to contribute more to the
mean field rather than to affect the energy-momentum flow. Soft collisions usually occur when
the nucleons are close to the Fermi energy and are expected to be forbidden by the Pauli block-
ing. The exception to this argument is the collision between a low-energy nucleon in the nuclear
periphery. In INCL4.5, the treatment of soft collisions has changed as follows: (i) the energy
threshold is not applied to the first collision, because neglecting the first collision at low energy
may come to neglecting the entire event and (ii) the threshold value has now been lowered to√
s0 = 1910 MeV .

1The Isabel code is another intranuclear cascade model, its description can be found in Ref. [21]



5
Extension of INCL4.2 to high energy

To extend INCL4.2 to incident energies, up to about 15 GeV, we at least have to add the
channels that open in the 2–15 GeV energy range in the nucleon-nucleon and pion-nucleon col-
lisions; those are inelastic channels involving intermediate production of resonances. As already
mentioned, the resonances that should be implemented are numerous, they have large width and
a short lifetime (see Fig. 5.1). Moreover, their interactions with nucleons or with other reso-
nances are not well known. Hence, one can formulate serious doubts about the usual modeling of
collisions as forming resonances with a well-defined averaged lifetime, like it is usually done, for
example, in QMD or other models. Indeed, the mass of a given resonance is, in general, taken
at random in a distribution extending over an interval equal to the specific width, and it may
very well be close to the average mass of another resonance with the same quantum numbers.
One may really doubt about the appropriateness of treating such a resonance individually. Fur-
thermore, as these resonances have a very small lifetime, they likely decay before interacting.
Therefore, it is legitimate to raise the question of the relevance of taking account of the forma-
tion of resonances in elementary collision and to ask whether it is not more appropriate to model
elementary resonances as giving directly the asymptotic states. This question is at the basis of
this thesis.

Of course, modeling the elementary collisions as giving directly final particles can be a reason-
able option only if the lifetimes of the various resonances are smaller than the time separating
collisions. This time is actually roughly d/ 〈v〉, where d is the average distance between two
nucleons in the target and where 〈v〉 is the average relative velocity. Of course, the maximum
value of 〈v〉 is limited by the velocity of the projectile 〈vinc〉 and its minimum value is 0. So a
conservative value is 〈v〉 ≈ 1/2c, d ≈ 2 fm and d/ 〈v〉 ≈ 4fm/c. This should be compared with
the resonance lifetime which is τ [fm/c] = 200/Γ [MeV]. This value ranges between 2 fm/c to 0.5
fm/c for the resonances in Fig. 5.1. Therefore, the modeling of the elementary collisions by direct
production of the final states seems rather justified for the baryonic resonances. This is not com-
pletely true for strange resonances, their lifetime being very large compared to d/ 〈v〉. However,
the overall strangeness production remains quite small in the energy range under consideration
compared to pion production which will be our main topic.

The situation is rather similar for mesonic resonances, although it is less favorable than for
baryonic resonances. Production of narrow non-strange resonances, like η and ω, is more dis-
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Figure 5.1: Width of ∆ -resonances (blue) and N resonances (red) as a function of their masses.

turbing, as their lifetime clearly exceeds d/ 〈v〉. However, their production is in general less
important than pion production. Following these arguments, we decided to test the direct pro-
duction picture in the extension of INCL4.2: instead of producing resonances in the high energy
interactions, the decay products of the resonances are directly produced. Most of the resonances
decay into nucleons, pions and, to a lesser extent, into strange particles. Strangeness is not
included in INCL4.2. We recall that the contribution of strange-particle production cross sec-
tions to inelastic cross section is very low1. The extension to the production of strange particles
remains a project for future work.

The decay of the resonances may produce more than one pion at a time. We have implemented
in INCL4.2 the direct multiple pion production (also referred as the multipion production) up
to four produced pions in NN collisions and up to three produced pions in πN collisions (four
pions in the final state).

In Sec. 4.2, we explained that INCL4.2 uses the total NN cross section to test whether
there is collision or not, and the corresponding elastic cross sections for determining whether the
scattering is elastic or inelastic. This philosophy, to use cross sections as criterion to select the
outgoing channel by means of Monte Carlo methods, has been kept in the extended version of
INCL4.2. To take the multipion production channels into account, we thus have to parametrize
their cross sections and use them to select the outgoing channels using Monte Carlo methods.
But, as incident energy increases, the number of inelastic channels is increasing very much and
it is hard to gather all the necessary information to determine all final inelastic channels. For a
few of them, there is enough experimental data to allow a parametrization of the cross section
but, for most of them (especially when the number of pions increases) the data is too scarce
to have such parametrization. We have solved this problem by constructing “generic multiple
pion production” cross section, exploiting available data and isospin symmetry as efficiently as
possible. These generic cross sections can be used to select the number of produced pions. The
determination of the outgoing channel being completed by a charge repartition model which
attributes to each outgoing particle an electric charge.

1e.g. σ(pp → strange particle)/σ(pp → inel) ≈ 7.5% at 12 GeV/c
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The generic multipion production cross sections σ(NNaπ) and σ(πNaπ)2, where a is the
number of produced pions3, are constructed by summing known cross sections for specific chan-
nels with the adequate value of a, or their parametrized forms. However, measurements are
sometimes too scarce to give any indication on a possible parametrization of the specific cross
sections, sometimes they simply do not exist, making impossible to construct directly the generic
multipion production cross sections. In such cases, isospin conservation and isospin symmetry
is used to palliate this lack of information. It is indeed possible to construct the cross sections
σ(NNaπ) and σ(πNaπ) for definite isospin states of the initial state. For a = 1, 2, this turns
out to yield unambiguous results; however, this is not the case for larger a. Other arguments,
based on available experimental data give indications for the modeling of those cross sections;
details are given in Sections 5.1.4 and 5.2.

The number of particles in the final state in a NN or πN collision being selected with the
generic multipion production cross sections, the complete determination of the collision requires
to attribute to each of the outgoing particles an electric charge. The model responsible for
the charge repartition among the outgoing particles is described in Section 5.3. The idea is
to associate a weight, a probability, to each possible outgoing channel with a given number
of nucleons and pions and than to use Monte Carlo to select the charge repartition. For one
produced pion in the final states, the probability for a given charge repartition is uniquely
determined by isospin conservation and isospin symmetry. When there are two pions in the final
states, a simplifying assumption have to be introduced to fully exploit isospin conservation and
symmetry: the two pions are emitted in the lowest possible angular momentum state. For more
than two pions in the final states, a specific model is needed. It is based on charge equilibration
arguments.

Finally, once the outgoing particles are determined, the energy available in the collision must
be shared among them, in agreement with conservation laws. We introduced an independent
model for the repartition of energy and momentum. In agreement with what is said in [10],
we adopted a uniform phase space model for repartition of the momenta. Comparison with
experiment showed that this model was too simple and led us to further improve our approach
by shifting from the uniform phase space model to a forward peaked biased model. This is
described in Section 5.4. The various phases of the elaboration of the extension of the INCL4.2
model have been reported on in Refs. [6, 7, 8, 9].

5.1 Parametrization of the multipion production cross sections in
NN collisions

We have parametrized the a = 1, 2 direct pion production using a procedure presented by
Bystricky et al. [68]. In this article, the authors provide a procedure to parametrize the one- and
two-pion production cross sections (σI(NNπ) and σI(NNππ)) in a given isospin state I, from
the experimental data. This procedure does not require the knowledge of all possible channels
with specific charged states; it is presented in section 5.1.1.

This procedure cannot be applied to parametrize isospin-dependent multipion production
cross section when the number of produced pions is higher than two. We have thus constructed
the isospin-dependent three-pion production cross section based on considerations made from
experimental data available. It is presented in section 5.1.4. The four-pion production cross
sections have been associated to the difference between the reaction cross section and the other

2This is a short-hand notation for σ(NN → NNaπ) and σ(πN → πNaπ).
3a = 1, 2, 3, 4 in NN collisions and a = 1, 2, 3 in πN
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parametrized cross sections:

σI(NN4π) = σRI −
3
∑

a=1

σI(NNaπ). (5.1)

The limitation to a = 4 seems to be justified in the energy range under consideration. The
generalization to higher values of a is however straightforward, even if the construction of the
σI ’s rapidly becomes tedious.

5.1.1 The procedure of Bystricky et al.

The procedure presented by Bystricky et al. [68] for direct one- and two-pion production
cross sections is based on isospin decomposition. Writing the elastic scattering amplitudes for
two nucleons as

〈pp|M |pp〉 = 〈nn|M |nn〉 =M el
1 ;

〈np|M |np〉 = (M el
1 +M el

0 )/2;

〈pn|M |np〉 = (M el
1 −M el

0 )/2.

(5.2)

where one has for the isospin component

|pn〉 = 1√
2
(|10〉+ |00〉) , |np〉 = 1√

2
(|10〉 − |00〉) , (5.3)

and, using the optical theorem, one gets

σtot(pp) = σ1,

σtot(np) = (σ1 + σ0)/2,
(5.4)

where σ1 and σ0 are the total NN cross sections in the isospin state I = 1 and I = 0, respec-
tively. It follows from equations 5.2 that the relations 5.4 also hold for elastic cross sections and,
therefore, also for reaction cross sections. One can thus write

σR1 = σR(pp),

σR0 = 2σR(np)− σR(pp).
(5.5)

Assuming the dominance of pion emitting channels, one can relate the cross sections σRI to the
cross sections σI(NNaπ) as

σRI =
∑

a

σI(NNaπ) (5.6)

The σI(NNaπ) can be evaluated, in principle, by exhaustively summing the reaction cross
sections for all compatible channels. For the simplest example (a = 1 and I = 1), one has

σ1(NNπ) = σ(pp → ppπ0 ) + σ(pp→ npπ+). (5.7)

A similar relation hold for σ0(NNπ). This is also true for the two-pion production cross sections.
Nevertheless, this way to compute the cross sections implies the knowledge of all the possible
channels and, as the number of terms increases rapidly with the number of outgoing particles, it
becomes difficult to apply, in practice, because of the incompleteness of the data.
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Isospin symmetry can be used to reduce the number of cross sections needed. If we consider
a reaction NN → NNπ, the idea is then to introduce the amplitudes

〈

IfI3f I
π
f I

π
3f |M |IiI3i

〉

, (5.8)

where Ii and I3i are the isospin and its projection of the initial nucleon system4, If and I3f
are the isospin and its projection of the final nucleon system, Iπf and Iπ3f are the isospin and its
projection of the final pion. In the case of two incoming protons, whose isospin states can be
found in B.1, we have:

〈

ppπ0 |M |pp
〉

= 〈1110|M |11〉 = 1√
2
M11,

〈

pnπ+|M |pp
〉

=
1√
2
〈0011|M |11〉 + 1√

2
〈1011|M |11〉 = 1√

2
M01 −

1

2
M11,

〈

npπ+|M |pp
〉

= − 1√
2
〈0011|M |11〉 + 1√

2
〈1011|M |11〉 = − 1√

2
M01 −

1

2
M11,

(5.9)

where the coefficients appearing are Clebsch-Gordan coefficients and the reduced matrix elements
follow the notation MIiIf . Relations similar to 5.9 can be found for neutron-proton collisions in

the initial state, they are presented in [68]. Using the definition σIiIf =
∫
∣

∣MIiIf

∣

∣

2
dΩ, corre-

sponding to an integration over all the final-state kinematic variables, we can write

σ(pp→ ppπ0 ) =
1

2
σ11,

σϕ(pp→ npπ+) = σ01 +
1

2
σ11.

(5.10)

The two relations in Eqs. 5.9, that respectively lead to the two cross sections σ(pp → pnπ+) and
σ(pp → npπ+), have been summed to give the experimentally measured cross section indicated
by the subscript ϕ. As a matter of fact, measured cross sections do not make the distinction
between the two different possible isospin state for the pair of nucleons. More generally, each
time a channel contains a pair of particles that can be interchanged (a pair of nucleons np,
as in Eq. 5.10, or a pair of pions with different charges), all the relevant contributions to the
amplitudes have to be taken into account and summed to obtain the experimentally measured
cross section. In the following, the summation over the relevant contributions to the amplitudes
will always be implied and the cross sections will always refer to the experimentally measurable
ones, even if the subscript ϕ is not indicated.

In proton-neutron and neutron-neutron collisions, the same calculations can be performed to
express the cross sections of particular channels as functions of σIiIf . It yields

σ(nn→ nnπ0 ) = σ(pp→ ppπ0 ) =
1

2
σ11

σ(nn→ npπ−) = σ(pp→ npπ+) = σ01 +
1

2
σ11

σ(np→ ppπ−) = σ(np→ nnπ+) =
1

3
σ10 +

1

2
σ11

σ(np→ npπ0 ) =
1

3
σ10 + σ01

(5.11)

4A system composed of two nucleons can access the isospin states I = 1 or I = 0, we refer to appendix B for
a complete description of the isospin states of systems of particles.
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The one-pion production cross section in the isospin state I, σI(NNπ), can be decomposed
as the sum of all the reactions leading to a final state with an isospin I. This gives

σ1(NNπ) = σ01 + σ11,

σ0(NNπ) = σ10.
(5.12)

It is then possible to use the relations obtained in 5.10 and 5.11 to replace the σIiIf in Eqs.
5.12, thus expressing σ1(NNπ) and σ0(NNπ) as linear functions of particular channel cross
sections:

σ1(NNπ) = σ(pp → ppπ0 ) + σ(pp → npπ+),

σ0(NNπ) = 2
[

σ(np→ npπ0 ) + 2σ(np→ ppπ−)
]

−
[

σ(pp→ ppπ0 ) + σ(pp → npπ+)
]

.

(5.13)

One can see the benefit of this procedure: the knowledge of all the possible cross sections is no
longer necessary to compute σI(NNπ). For instance, σ(np → nnπ+) does not appear in the
calculation of σ0. Thus, to have a parametrization for this cross section is not necessary.

The same procedure can be applied to compute the isospin-dependent two pion production
cross sections. In this case, the amplitudes are defined as

〈

If I3fI
2π
f I2π3f |M |IiI3i

〉

, (5.14)

where Ii, I3i, If and I3f have the same meaning as before and I2πf and I2π3f are the isospin and
its projection of the final pion system. The reduced matrix elements will be noted as MIf I

2π
f

Ii .

In this case, we can have a pair of pions with different charges that can be interchanged, like
we explained for the pn and np pairs. As an example, if we consider a pp collision, leading to
a final state with two protons, one positive pion and one negative pion, we have to consider the
amplitudes

〈

ppπ+π−|M |pp
〉

=
1√
3
M101 +

1

2
M111 +

1√
60
M121,

〈

ppπ−π+|M |pp
〉

=
1√
3
M101 −

1

2
M111 +

1√
60
M121.

(5.15)

To obtain the cross section σ(pp → ppπ+π−), we have to sum the contributions of the cross
sections computed from the amplitudes 〈ppπ+π−|M |pp〉 and 〈ppπ−π+|M |pp〉, like we did in
Eq. 5.10. Using the definition σIiI2πIf =

∫
∣

∣MIiI2πIf

∣

∣

2
dΩ, we finally have

σ(pp→ ppπ+π−) =
2

3
σ101 +

1

2
σ111 +

1

30
σ121

+
1

3
√
5

∫

[M∗
101M121 +M∗

121M101] dΩ,
(5.16)

where an interference term appears. The details of all possible amplitudes can be found in [68].
The cross sections obtained from these amplitudes are defined as:
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σ(pp→ ppπ+π−) = σ(nn→ nnπ+π−) =
2

3
σ101 +

1

2
σ111 +

1

30
σ121

+
1

3
√
5

∫

[M∗
121M101 +M∗

101M121] dΩ

σ(pp→ ppπ0 π0 ) = σ(nn→ nnπ0 π0 ) =
1

3
σ101 +

1

15
σ121

− 1

3
√
5

∫

[M∗
121M101 +M∗

101M121] dΩ

σ(pp → npπ+π0 ) = σ(nn→ npπ0 π−) = σ011 +
1

2
σ111 +

3

10
σ121

σ(pp→ nnπ+π+) = σ(nn→ ppπ−π−) =
3

5
σ121

σ(np → ppπ0 π−) = σ(np→ nnπ+π0 ) =
1

3
σ110 +

1

2
σ111 +

3

10
σ121

σ(np→ npπ0 π0 ) =
1

3
σ000 +

1

3
σ101 +

4

15
σ121

+
2

3
√
5

∫

[M∗
121M101 +M∗

101M121] dΩ

σ(np→ npπ+π−) =
2

3
σ000 +

1

3
σ110 + σ011 +

2

3
σ101 +

2

15
σ121

− 2

3
√
5

∫

[M∗
121M101 −M∗

101M121] dΩ

(5.17)

The two-pion production cross section in a given isospin state I, σI(NNππ), are decomposed as
the sum of all contributions that lead to the final state I; this gives:

σ1(NNππ) = σ011 + σ101 + σ111 + σ121,

σ0(NNππ) = σ000 + σ110.
(5.18)

We can use the relations 5.17 to replace the σIiI2πIf , like we did in the one-pion production case
(Eq.5.13). It yields

σ1(NNππ) = σ(pp→ ppπ+π−) + σ(pp→ ppπ0 π0 ),

+ σ(pp→ npπ+π0 ) + σ(pp→ nnπ+π+),

σ0(NNππ) =
3

2

[

σ(np→ npπ+π−) + σ(np→ ppπ0 π−)

− σ(pp → npπ+π0 )− 2σ(pp → ppπ0 π0 ) ] ,

(5.19)

where all the interference terms have disappeared. These expressions show that we need to
know (and parametrize) only six specific cross sections out of twelve possible different two-pion
production cross sections.

5.1.2 Parametrizations of the reaction cross sections in the isospin state 0
and 1

It is possible to define σR1 and σR0 using the total inelastic pp and np cross sections, as shown
in relations 5.5. Parametrizations of σR1 and σR0 used in INCL4.2 were limited to energies up
to ∼3 GeV. We extended up to 15 GeV the parametrizations of σtot(pp), σtot(np), σel(pp) and
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σel(np), coming from [34], with the fits proposed in [69]. These parametrizations depend on plab,
the momentum in the laboratory frame5. They are given, with plab in GeV/c and σ in mb, by

σtot,pp = 34
(plab
0.4

)−2.104
, plab < 0.44

= 23.5 + 1000 (plab − 0.7)4, 0.44 < plab < 0.87

= 23.5 +
24.6

1 + exp
(

−plab−1.2
0.10

) , 0.8 < plab < 1.5

= 41 + 60 (plab − 0.9) exp (−1.2 plab) , 1.5 < plab < 3.

= 45.6 + 219 p−4.23
lab + 0.41 log2(plab)− 3.41 log(plab). 3. < plab (5.20)

σtot,np = 6.3555 exp
(

−3.2481 log(plab)− 0.377 log2(plab)
)

, plab < 0.446

= 33 + 196 |plab − 0.95|2.5 , 0.446 < plab < 1.

= 24.2 + 8.9 plab, 1. < plab < 1.924

= 48.9 − 33.7 p−3.08
lab + 0.619 log2(plab)− 5.12 log(plab), 1.924 < plab. (5.21)

σel,pp = σtot,pp, plab < 0.8

=
1250

plab + 50
− 4 (plab − 1.3)2, 0.8 < plab < 2.

=
77

plab + 1.5
, 2. < plab < 3.096

= 11.2 + 25.5 p−1.12
lab + 0.151 log2(plab)− 1.62 log(plab), 3.096 < plab. (5.22)

σel,np = σtot,np, plab < 0.85

=
31√
plab

, 0.85 < plab < 2

=
77

plab + 1.5
. 2 < plab. (5.23)

As in INCL4.2, the inelastic cross sections are then defined by

σinel,pp = σR(pp) = σtot,pp − σel,pp

σinel,np = σR(np) = σtot,np − σel,np

And we can compute σR1 and σR0 using relations 5.5.

5.1.3 The one- and two-pion production cross sections σI(NNπ) and σI(NNππ)
parametrizations

Bystricky et al. also provide parametrizations for the experimental cross sections used in
relations 5.13 and 5.19 (e. g. σ(pp→ ppπ0 ), σ(pp→ npπ+), etc.). If Tk is the threshold energy

5The momentum of a projectile in the laboratory frame depends on the center of mass energy following the
relation

plab1 (s) =
1

2

√

m4
2 + (m2

1 − s)2 − 2m2
1(m

2
1 + s)

m2
2

where the subscript 1 relates to the projectile and the subscript 2 relates to the target. If the two interacting
particles have the same mass m1 = m2 = m then it can be simplified as plab =

1

2

√

−4s+ s2/m2
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for the considered reaction k, Bystricky et al. parametrize the cross sections as

σk(x) =

{

0 for T ≤ Tk
∣

∣F k(x)
∣

∣

2
for T > Tk.

(5.24)

where x has been defined as x = ln (T/Tk). The effective amplitudes F k(x) are expanded into a
series

F k(x) =
∞
∑

n=0

aknL
α
n(x), (5.25)

the parameters akn having to be adjusted on experimental data [68] and Lα
n(x) being orthonormal

functions:
Lα
n(x) = e−x/2xα/2Lα

n(x)

where the quantities Lα
n(x) are the generalized Laguerre polynomials; the order α has to be

positive to ensure proper threshold behavior. Best fits were obtained by setting α = 2, therefore
we will use this value as well.

We used the set of parameters (Tk; a
k
n) from Ref.[68] and summarized in Tables 5.2 to 5.4.

Table 5.2 gives the parameters used to compute the one-pion production cross sections, Tables 5.3
and 5.4 gives the parameters for the parametrization of the two-pion production cross sections,
for incident pp and np interaction, respectively.

In Table 5.3, one can see that the number of neutral pions that is produced is not set. This
is due to the fact that the data used by Bystricky et al. to perform these parametrizations were
very scarce and imprecise. Nevertheless, the fits they proposed are in reasonable agreement with
the data from [69] and we retained them. In general, their fits give satisfactory results in the
energy range of interest here, namely from a few GeV to approximately 15 GeV. But, for a few
cases the upper energy limit for the validity of the fit is very low. Above that value, the functions
they provide diverge (see Fig5.2 for an example). Therefore, we extended their parametrizations,
using fits at “high energy” of the form

σ =
A

(Bplab + 1)2
(5.26)

where A and B are parameters. The continuity of the cross section and its derivative allowed us
to determine their values. They are summarized in Table 5.1.

Reaction A B
(mb) ((GeV/c)−1)

np→ npπ0 611.576 2.3146
pp→ ppπ0 π0 (+mπ0 ) 3.8942 0.23158
pp→ npπ+(+mπ0 ) 7.1233 0.04028

pp→ nnπ+π+(+mπ0 ) 2.8878 0.01451

Table 5.1: Parameters of the fit at high energy (see Eq.5.26.)

On Figure 5.2 we show the parametrizations from Bystricky [68] for σ(pp → ppπ0 π0 ) (blue
line) and its extension to higher energy (red line).

In summary, we used the parametrizations given by Bystricky [68] for σI(NNπ), and σI(NNππ),
where the isospin I can have the values 1 or 0. However, special care has to be exercised in two
cases:
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Figure 5.2: Parametrization of σ(pp → ppπ0 ). At low energy, we follow the parametrization
5.24, connected at high energy with a power law of the form 5.26. The parameters are given in

Tables 5.2 and 5.1.

• when σI(NNπ), calculated by Eqs. 5.5 and 5.6, is larger than σRI (due to numerical uncer-
tainties in the parametrization, this may occur close to threshold, the excess being anyway
limited to a few percent), the quantity σI(NNπ) is put equal to σRI . Similarly, the value of
σI(NNππ), is bounded by σRI −σI(NNπ), whenever necessary. This correction is however
of minor importance, in practice.

• the functions 5.24 used in [68] diverge above energies around 15 GeV; however, in some
cases the divergence already appears at 2 GeV. Because of this, we forced the functions to
decrease, using parametrization 5.26. The value of the parameters are given in Table 5.1.

These parametrizations allow us to compute σI(NNπ) according to the relations computed in
5.13, and σI(NNππ) according to the relations computed in 5.18.

The particular case of the delta resonance

In the standard version of INCL4.2, pion production was only possible through the creation
and decay of ∆1232 resonances:

NN → N∆, ∆ → Nπ,

and the cross section for the first reaction is taken equal to the experimental inelastic cross
section. This picture is based on the observation that this resonance is the dominant channel,
below Elab ≈ 2 GeV. The results obtained with INCL4.2 are competitive with other models
[5, 4, 58, 54]. Indeed, the mechanism described above is presumably correct at low energy.
One should notice that this mechanism is inadequate in half of the np channel, namely the
I = 0 component (a I = 3/2 resonance cannot be produced in a I = 0 channel). Since the
dynamics of the ∆ -resonance is already implemented in INCL4.2, since this dynamics is rather
well understood and since the ∆ -resonance has a relatively small width and is well isolated from
other resonances, we decided to keep it where it is predominant. Specifically, we considered that
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Coeff.
One-pion production channel

pp→ ppπ0 pp→ npπ+ np→ npπ0 np→ ppπ+

Tk 279.63 292.31 279.8 286.9
Emax 15 28 4.5 15
a0 203.19 1200.3 8.4438 3.2048
a1 -538.55 3738.9 -8.7429 -2.0695
a2 906.90 -7498.0 8.5462 2.2426
a3 -980.89 -10084.0 -3.3312 -1.0246
a4 665.17 -9097.5
a5 -258.19 5311.7
a6 43.649 1822.6
a7 280.04

Table 5.2: Parameters of the fit for one-pion production exclusive inelastic reactions. The
threshold energy for the considered reaction Tk is expressed in MeV. The value Emax is the upper

energy limit of the fit, expressed in GeV. Adapted from [68].

Coeff.
Two-pion production channel in pp→

ppπ+π− ppπ0 π0 npπ+ nnπ+π+

(+mπ0 ) (+mπ0 ) (+mπ0 )

Tk 599.80 900 800 605.78
Emax 28 2 3.2 10
a0 0.87175 50.553 50.282 0.95935
a1 2.7436 -64.103 -63.216 0.94904
a2 -3.7286 42.320 43.103 -0.76062
a3 2.7880 -11.306 -12.031
a4 -1.0430

Table 5.3: Parameters of the fit for two-pion production exclusive inelastic reactions. The
threshold energy for the considered reaction Tk is expressed in MeV. The value Emax is the upper

energy limit of the fit, expressed in GeV. Adapted from [68].

Coeff.
Two-pion production channel

np→ npπ+π− np→ ppπ−π0

Tk 600.2 586.6
Emax 18 18
a0 2.5273 0.057113
a1 2.1099 2.2850
a2 -5.5603 -1.4654
a3 6.2285 0.16617
a4 -4.3318
a5 1.3471

Table 5.4: Parameters of the fit for two-pion production exclusive inelastic reactions. The
threshold energy for the considered reaction Tk is expressed in MeV. The value Emax is the upper

energy limit of the fit, expressed in GeV. Adapted from [68].
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the one-pion production in the I = 1 channel proceeds through the ∆ -resonance production
mechanism. We however consider direct pion production in the I = 0 channel.

In our extended version of INCL4.2, when a collision between a proton and a neutron occurs,
the initial state of the nucleons is given an isospin state |10〉 or |00〉, with a probability 1/2.

5.1.4 The three-pion production cross section σ(NNπππ) parametrization

It is not possible to extend the procedure of Bystricky et al. to three-pion production cross
sections. The quantities introduced in Eqs. 5.12 and 5.18 now have four indices. They are not
related simply to physical cross sections, and the relations we search become very complicated
and too many terms (corresponding to parametrizations of cross sections of particular channels)
were involved. Furthermore, there are 16 different reactions to consider and all these reactions
haven’t been measured and even less been parametrized.

Nevertheless, there are a few observations that can be made from experimental data [69] in
order to gather information on 3 pion production cross sections:

• We have data on three cross sections (σ(pp→ ppπ+π0 π−), σ(pp→ np2π+π−) and σ(pp→
npπ+2π0 )). Their threshold values are estimated to be around 1.6 GeV/c (this corresponds
to an incident kinetic energy around 0.9 GeV); but the available data starts only at 2.81
GeV/c and the cross section remains negligible at that energy. If we consider the one- and
two-pion production cross sections that we have already parametrized, their sum starts
to be smaller than the inelastic reaction cross section at a momentum of 2.2 GeV/c, in
isospin state 1 and at a momentum of 3.84 GeV/c, in isospin state 0. In both cases, this
corresponds roughly to the maximum of the two-pion production cross sections. We have
set these momentum values as the start of the three-pion production cross section.

• The few data at our disposal show that the maximum for the three-pion production channels
is located at a momentum of more or less 6 GeV/c. It seems reasonable to assume that
below this maximum:

σI(NNπππ) = σRI − σI(NNππ)− σI(NNπ)

• Finally, we have to assume that the cross section σI(NNπππ) will decrease after the
maximum and we used parametrization of the same form as for one-pion production:
A/(B plab + 1)2. We solved the system of equations using the values at our disposal
for the maximum at plab = 6 GeV/c and the experimental data at high energy to estimate
the parameters A and B.

The cross sections σI(NN3π) we have obtained, expressed as functions of the laboratory
momentum plab, are parametrized by:

σ1(NNπππ) = 0, plab < 2.2

= σR1 − σ1(NNπ)− σ1(NNππ), 2.2 < plab < 6. (5.27)

=
16778

(plab + 37.061)2
, 6. < plab

σ0(NNπππ) = 0, plab < 3.84

= σR0 − σ0(NNπ)− σ0(NNππ), 3.81 < plab < 6. (5.28)

=
5469.82

(plab + 10.864)2
, 6. < plab
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where plab is always given in GeV/c. Above 6 GeV/c, the four-pion production is assumed to
open. Its cross section is assumed to be given by

σI(NNππππ) = σRI − σI(NNπ)− σI(NNππ)− σI(NNπππ). (5.29)

In the few experimental data that we found concerning the 4 pion production cross sections
[69], it seems that even if the absolute threshold is around 2 GeV/c, the cross section stays
negligible until 5.5–6.5 GeV/c with a maximum around 10–12 GeV/c. This is in agreement with
the parametrizations we proposed. In principle, we should have constructed as well cross sections
for n>4. However, for our purpose here, i.e. the extension of INCL4.2 to ∼ 10–12 GeV, this is
not really necessary. First of all, as we have just mentioned, it seems to be consistent with the
few available experimental data. Second, in the energy range under consideration, the number
of NN collisions in the 8–12 GeV range (where n>4 processes might not be negligible) is very
small compared to the whole number of NN collisions.
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Figure 5.3: The reaction cross section in the isospin state I = 1 σR1 (blue) and its decomposition
(see Eq. 5.6) in σ1(N∆) (green), σ1(NN2π) (orange),σ1(NN3π) (purple).

Figures 5.3 and 5.4 show the parametrizations for σR1 and σR0 , respectively, along with their
decomposition in the one-, two-, three-, and four-pion production channels.

5.2 Parametrizations of the multipion production cross sections
in nucleon-pion collisions

In INCL4.2, only the elastic channel in pion-nucleon collisions is considered and is assumed
to correspond to the formation of a delta resonance, which is sufficient below 2 GeV. In this
thesis, we have added the following pion producing inelastic channels:

Nπ → Nππ,

Nπ → Nπππ,

Nπ → Nππππ.
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Figure 5.4: The reaction cross section in the isospin state I = 0 σR0 (blue) and its decomposition
(see Eq. 5.6) in σ0(NNπ) (green), σ0(NN2π) (orange),σ0(NN3π) (purple).

If we extend the procedure developed in Section 5.1.1 to the pion-nucleon system, we obtain
a decomposition of the cross section in the isospin states I = 3/2 and I = 1/2 [34]:

σ(pπ+) = σ(nπ−) = σ3/2,

σ(pπ−) = σ(nπ+) =
1

3
σ3/2 +

2

3
σ1/2,

σ(pπ0 ) = σ(nπ0 ) =
2

3
σ3/2 +

1

3
σ1/2,

=
σ(pπ+) + σ(pπ−)

2
.

(5.30)

The relations 5.30 show that the total reaction cross section between a proton and a positive
pion σ(pπ+) and between a proton and a negative pion σ(pπ−) are sufficient to define all the
cross sections for collisions between a nucleon and a pion.

The parametrizations of the total and the total inelastic cross sections are presented in A.2.
For the elastic channel, the fit of the delta resonance peak introduced in INCL4.2 has also been
retained. Above the ∆ resonance peak, the pion and the nucleon are assumed to form a hadronic
system with a mass equal to

√
s and a short lifetime, thus simulating an elastic scattering. For the

inelastic channels, we used the parametrizations proposed in [69] for the inelastic cross sections
σR(Nπ). The function proposed in the pπ+ case was not valid at low laboratory momentum,
its threshold behavior was wrong. To correct this defect, we have adjusted a low momentum
component using a simple power law of the same form as suggested by [54]; assuming plab is
expressed in GeV/c, this yields

σR(pπ+) = 17.965(plab)
5.4606, plab < 0.75

= 24.3 − 12.3(plab)
−1.91 + 0.324 log2(plab) (5.31)

− 2.44 log(plab), 0.75 < plab
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σR(pπ−) = 0, plab < 0.473

= 26.6 − 7.18(plab)
−1.86 + 0.327 log2(plab) (5.32)

− 2.81 log(plab), 0.473 < plab

The shape of σR(pπ+) and σR(pπ−) are given in Figs. 5.6 and 5.7. The cross section σR(pπ0 )
can be derived easily, using 5.30, it is represented on Fig. 5.8.

5.2.1 One-pion production cross section σ(N2π) parametrization

Experimental data and parametrizations can be found in [69] for the one-pion production
inelastic channels in pπ+ collisions for the two possible outgoing channels:

pπ+

{

→ pπ+π0 ,

→ nπ+π+.
(5.33)

In pπ− collisions, there are three possible outgoing one pion production channels:

pπ−











→ pπ−π0 ,

→ nπ+π−,

→ nπ0 π0 .

(5.34)

In [69], experimental data for all these channels exist but they are very scarce for the last channel.
There are suggested parametrizations only for the first two channels.

The σ(Nππ) cross sections all present the following shape: they first increase to a maximum
value, generally a few mb for a center of mass energy around 2 GeV, depending on the channel.
Above that energy, the cross sections start decreasing, parametrizations for all the channels are
proposed in [69], as illustrated for the pπ+ → pπ+π0 channel on Fig. 5.5.
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Figure 5.5: Comparison between the experimental measures of σ(pπ+ → pπ+π0 ) (red sym-
bols) and the fit proposed in [69] (blue line), given in Eq. 5.35. The fit is only valid between 2
and 16 GeV/c incident momentum, we show here the fit extended down to 1.5 GeV/c incident

momentum.



52 Chapter 5. Extension of INCL4.2 to high energy

If we consider a pπ+ collision, the possible final states with one produced pion are pπ+ →
pπ+π0 and pπ+ → nπ+π+. The parametrizations mentioned above are given by:

σ
(

pπ+ → pπ+π0
)

= 0.204 + 18.2 p−1.72
lab

σ
(

pπ+ → nπ+π+
)

= 6.33 p−1.13
lab

(5.35)

the limit of validity of these parametrizations are 2 < plab < 16 GeV/c for both channels. One
can notice that the lower limit of validity of the fit is slightly larger than the maximum observed
in the cross sections. It appeared that the sum of these two parametrizations becomes smaller
than the inelastic reaction cross section for a momentum pk = 1.55 GeV/c, which is close to the
momentum at which the cross section is maximum.

We have thus parametrized the one-pion production cross section in pπ+ collisions as:

σ(pπ+ → N2π)

{

= σR(pπ+) for plab < pk,

= σ
(

pπ+ → pπ+π0
)

+ σ (pπ+ → nπ+π+) for pk < plab.
(5.36)

The momentum range between 1.55 and 2 GeV/c is out of the domain of validity for the fit,
but the cross sections parametrized this way have a maximum value around 17.9 mb, which
is in agreement with the experimental data in [69]. If one sums the maximum values of the
experimental cross sections, the maximum is 17.6 ± 0.7 mb at an incident momentum of 1.4
GeV/c. The agreement is good and we have kept the parametrized cross section as in Eq.5.36.

The one-pion production cross section in pπ− collisions has been parametrized almost the
same way. The existing fits proposed in [69] are:

σ
(

pπ− → pπ0 π−
)

= 9.04 p−1.17
lab ,

σ
(

pπ− → nπ+π−
)

= 13.5 p−1.21
lab ,

(5.37)

The measures of σ
(

pπ− → nπ0 π0
)

are to scarce to perform a fit. The shape of this cross section
is similar to σ (pπ− → nπ+π−) but with a value corresponding approximately to one third of the
latter6. Thus we have parametrized it as

σ
(

pπ− → nπ0 π0
)

=
σ (pπ− → nπ+π−)

3
.

Finally, the one-pion production cross section in pπ− (and nπ+) collisions has been parametrized
as

σ(pπ− → N2π)

{

= σR(pπ−) for plab < pk,

= σ
(

pπ− → pπ0 π−
)

+ σ (pπ− → nπ+π−)× 4
3 for pk < plab.

(5.38)

The threshold pk has been determined to be 1.24 GeV/c. The maximum value of the parametrized
cross section is ∼21 mb, to be compared with the sum of experimental data which has maximum
with a value of 23± 2.05 mb at a momentum of 1 GeV/c. The agreement is satisfactory and we
have kept the parametrization 5.38.

5.2.2 Two- and three-pion production cross section parametrizations

The experimental data for the particular channels producing two pions are very scarce. We
have enough experimental data to parametrize only one channel in pπ+ (leading to the final state
p 2π+π−) and one channel in pπ− (leading to the final state p π+2π−).

6This is in agreement with our electric charge repartition model, presented in 5.3
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As previously explained, the outgoing channel is selected according to a two-step procedure,
first, we select the number of produced particles, using parametrizations of cross sections and,
second, the charge repartition is selected by Monte Carlo methods and probabilities associated
to each particular channels. These probabilities are presented in Sec. 5.3 and Tables 5.5(a) to
5.5(b) show all the probabilities associated with each channel in Nπ collisions. As we have
parametrizations for only one channel in pπ+ and in pπ−, the cross sections σ(Nπ → Nπππ)
have been modeled by somehow using these probabilities backward.

According to our extended version of INCL4.2, the cross sections σ(pπ+ → p 2π+π−) and
σ(pπ+ → p 2π+π−) are obtained by the relation:

σ(pπ+ → p 2π+π−) =
6

15
σ(pπ+ → N 3π),

σ(pπ− → pπ+ 2π−) =
34

135
σ(pπ− → N 3π),

(5.39)

where the factors 6/15 and 34/135 come from Tables 5.5(a) and 5.5(c), respectively. We have
modeled the two-pion production cross sections by inverting the relations 5.39:

σ(pπ+ → N 3π) =
15

6
σ(pπ+ → p 2π+π−),

σ(pπ− → N 3π) =
135

34
σ(pπ− → pπ+ 2π−),

(5.40)

In both cases, the obtained cross sections have been limited to prevent the sum of pion producing
channels to be greater than the total inelastic cross section.

The three-pion production cross sections are obtained using

σ(N4π) = σR(Nπ)− σ(N2π)− σ(N3π). (5.41)

Figures 5.6, 5.7 and 5.8 show the parametrizations of the Nπ cross sections we have described
above:

These figures indicate that the presence of n > 4 processes are probably not negligible for
Ecm & 5 GeV. Their neglect is not however a real concern for the general purpose of this thesis.
In the nuclear reaction studied here, most of Nπ collisions occur at energy which are safely below
the value mentioned above.

5.3 Charge repartition model

The cross sections computed in the previous section allow to determine the number of pions
produced in NN and Nπ collisions, to completely determine the reaction, the electric charges
of the outgoing particles must be determined. To do so, we have computed a probability to
associate with each possible charge repartition over the outgoing particles, for a given number
of produced pions, and for given incoming particle system.

For one- and two-pion production in NN collisions, the probabilities for reaching a final state
with definite charges is almost uniquely determined by isospin conservation and isospin symmetry
(only a simple reasonable assumption is needed). In the case of three- and four- pion production,
the states of the produced particles cannot be uniquely determined by the same arguments,
because a definite final charge state may correspond to different re-couplings of isospin states of
the particles. Thus a charge repartition model is needed. We developed such a model, based on
the probabilities obtained in the two pion production case, to associate as well a probability to
each possible outgoing channel when more than 2 pions are produced. This model is presented
in Section 5.3.1.
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Figure 5.6: Parametrizations of the cross sections in pπ+ and nπ− collisions; the total reaction
cross section (in blue) and the delta resonance production (red-dashed line) are parametrized as
in INCL4.2 [34]. The inelastic cross section (in green) parametrized in Eq. 5.31, is decomposed
in two-pion production channel (orange line) parametrized by Eq. 5.36 and three-pion production
channel (purple line) as parametrized in 5.2.2 and the four-pion production channel, determined

according to Eq. 5.41
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Figure 5.7: Parametrizations of the cross sections in pπ− and nπ+ collisions; the total reaction
cross section (in blue) and the delta resonance production (in red) are parametrized as in INCL4.2
[34]. The inelastic cross section (in green) parametrized in Eq. 5.32, is decomposed in two-pion
production channel (orange line) parametrized by Eq. 5.38 and three-pion production channel
(purple line) as parametrized in 5.2.2 and the four-pion production channel, determined according

to Eq. 5.41

5.3.1 Nucleon–Nucleon collisions

Repartition of the charges in NN → Nπ channels

If the isospin state of the nucleons in the incoming channel is |Timi〉, the one of the nucleons in
the outgoing channel is |Tfmf 〉 and the one of the produced pion is |Tπmπ〉 (with mπ = mi−mf ),
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Figure 5.8: Parametrizations of the cross sections in pπ0 and nπ0 collisions; each cross
sections have been computed according to Eq.5.30 (the total reaction cross section in blue; the
delta resonance production in red, the inelastic cross section in green, the two-pion production

channel in orange, the three-pion production channel in purple)

the probability P to associate with this channel can be written as:

P = C |(Tf mf Tπ mπ| Ti mi)|2 , (5.42)

where C is a normalization factor. For fixed Ti and mi, it is given by the relation

C
∑

Tπ,mπ

|(Tf mf Tπ mπ| Ti mi)|2 = C
∑

Tπ

1 = 1.

which yields C = 1 as there is only one pion.
The one-pion production has been maintained to proceed through the delta resonance if the

nucleons are in the isospin state T = 1; thus the direct one-pion production can only occur in
the collision of a neutron and a proton, in the isospin state T = 0. The probabilities are then
given by

np→ ppπ− P = |(111 −1|00)|2 = 1/3,

np→ npπ0 P = |(1010|00)|2 = 1/3,

np→ nnπ+ P = |(1 −111|00)|2 = 1/3.

Repartition of the charges in NN → Nππ channels

The probability P associated with each channel in a collision producing two pions can be
written

P = C |(Tf mf Tπ mπ| Ti mi)|2 , (5.43)

where |Timi〉 and |Tfmf 〉 are respectively the isospin states of the incoming and outgoing pair
of nucleons and |Tπmπ〉 is, in this case, the isospin state of the two produced pions; C is defined
as previously.
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The calculation of the probabilities to associate with a pp reaction gives

pp→ ppπ+π− P = C

(

1

3
|(1120|11)|2 + 2

3
|(1100|11)|2

)

(5.44)

= C

(

1

3

1

10
+

2

3
1

)

= C
21

30
(5.45)

pp→ ppπ0 π0 P = C

(

2

3
|(1120|11)|2 + 1

3
|(1100|11)|2

)

(5.46)

= C

(

2

3

1

10
+

1

3
1

)

= C
12

30
(5.47)

pp→ npπ+π0 P = C
(

|(1021|11)|2
)

= C
3

10
(5.48)

pp→ nnπ+π+ P = C
(

|(1 −122|11)|2
)

= C
3

5
(5.49)

To compute these, we have used the symmetry properties of the two pion states under permu-
tations which implies that L+ T should be even, where L is the angular momentum. Assuming
that the 2 pions are produced in the lowest angular momentum state (L = 0), which seems
reasonable, the two pion isospin states are limited to T = even states. Hence, for instance, the
produced |π+π0 〉 state is a considered to have an isospin state I = 2 only. The renormalization
factor C = 1/2, yielding:

pp→























ppπ+π− with P = 7/20

ppπ0 π0 with P = 4/20

npπ+π0 with P = 3/20

nnπ+π+ with P = 6/20

(5.50)

We can apply the same development to the nn and np reactions, the probabilities are given
explicitly in the Tables 5.4(a) to 5.4(c).

Repartition of the charges in three- and four-pion production channels

As we already mentioned, for the NN → NNπππ reactions, we cannot compute uniquely
the isospin states of the pion system (the recoupling of the individual isospins into the total
isospin depends upon the order of the operation). Thus we have to adapt the definition of the
probability 5.43 when there are more than 2 produced pions.

The probabilities we used have been computed under the assumption that the total electric
charge does not depend on the number of produced pions. If ξ is the total electric charge of the
pions and if we consider the probabilities computed above for the two-pion production in a pp
collision, then we can write the probabilities Pξ to associate with the production of a system of
a pions (a ≥ 2) as

P0

(

pp→ pp(aπ)0
)

=
7

20
+

4

20
=

11

20
,

P+1

(

pp→ np(aπ)+1
)

=
3

20
,

P+2

(

pp→ nn(aπ)+2
)

=
6

20
,

(5.51)

where the notation (aπ)ξ represents a system of a pions with a total electric charge ξ. If the
total electric charge is not neutral, we separate the system of produced pions in the following
way:
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• the electric charge is given to |ξ| pions,

• a system formed with the (a− ξ) pions, if a > ξ, this system has a neutral global charge.

If we keep the example of a pp collision, this gives:

pp→ np(aπ)+1 ⇒ pp→ npπ+ ((a− 1)π)0 given that a > 1;

pp→ nn(aπ)+2 ⇒ pp→ nnπ+π+ ((a− 2)π)0 given that a > 2.
(5.52)

The remaining system of pions with a neutral electric charge (say b pions for simplicity) can be
separated in a number of either π0 π0 pair(s) or π+π− pair(s) plus one π0 if b is odd. Once the
electric charge on the pions is known (probabilities given by relations 5.51) these pairs are the
only element that can separate one final state from the other. Thus the probability to associate
to one particular final state P , for a given number of produced pions is computed as

P = Pξ × (P (π0 π0 ))j × (P (π+π−))k, (5.53)

where j and k are respectively the number of π0 π0 and π+π− pairs. Both isospin states of
π0 π0 and π+π− are a mix between the states |20〉 and |00〉. We have computed the probabilities
P (π0 π0 ) and P (π+π−) assuming the pions are produced in the lowest isospin state |00〉:

P (π0 π0 ) = |(1010|00)|2 = 1/3,

P (π+π−) = |(111 −1|00)|2 + |(1 −111|00)|2 = 2/3,
(5.54)

which actually correspond to a uniform production of supplementary pions (because of the mul-
tiplicity of π−π+).

Finally, if we consider the production of 3 pions in a pp collisions, we obtain the probabilities

pp→































ppπ0 π+π− with P = 11/20 × 2/3 = 22/60

ppπ0 π0 π0 with P = 11/20 × 1/3 = 11/60

npπ+π+π− with P = 3/20 × 2/3 = 6/60

npπ+π0 π0 with P = 3/20 × 1/3 = 3/60

nnπ+π+π0 with P = 6/20 = 18/60

(5.55)

In Tables 5.5, we present the probabilities associated with three-pion production channels in
np and nn collisions, along with the probabilities associated with four-pion production channels,
computed according to the same method.

In np collisions, for both isospin states |10〉 and |10〉 of the system of nucleons, to compute
probabilities to associate with channels with more than two produced pions, we have used the
probabilities Pξ given by the np collisions in the isospin state |10〉.

5.3.2 Charge repartition probabilities in nucleon-pion collisions

The same method as in NN collisions is applied. We just give a few details.

Repartition of the charges in one-pion production channels

The probabilities for a given final state is given by

P = C |(Tf mf Tπ mπ| Ti mi)|2 , (5.56)
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(a)

pp →
pp π+π− 7/20 pp π+π−π0 22/60 pp π+π−π+π− 14/60

pp π+π−π0 π0 15/60
pp π0 π0 4/20 pp π0 π0 π0 11/20 pp π0 π0 π0 π0 4/60
np π+π0 3/20 np π+π+π− 6/60 np π+π+π−π0 6/60

np π+π0 π0 3/60 np π+π0 π0 π0 3/60
nn π+π+ 6/20 nn π+π+π0 18/20 nn π+π+π+π− 12/60

nn π+π+π0 π0 6/60

(b)

nn →
nn π+π− 7/20 nn π+π−π0 22/20 nn π+π−π+π− 14/60

nn π+π−π0 π0 15/60
nn π0 π0 4/20 nn π0 π0 π0 11/60 nn π0 π0 π0 π0 4/60
np π−π0 3/20 np π−π+π− 6/60 np π−π0 π+π− 6/60

np π−π0 π0 3/60 np π−π0 π0 π0 3/60
pp π−π− 6/20 pp π−π−π0 18/60 pp π−π−π+π− 12/60

pp π−π−π0 π0 6/60

(c)

np (T=1) →
pp π−π0 3/20 pp π−π+π− 6/60 pp π−π0 π+π− 18/180

pp π−π0 π0 3/60 pp π−π0 π0 π0 9/180
np π+π− 8/20 np π0 π+π− 28/60 np π+π−π+π− 56/180

np π+π−π0 π0 56/180
np π0 π0 6/20 np π0 π0 π0 14/60 np π0 π0 π0 π0 14/180
nn π+π0 3/20 nn π+π+π− 6/60 nn π+π0 π+π− 18/180

nn π+π0 π0 3/60 nn π+π0 π0 π0 9/180

(d)

np (T=0) →
pp π−π0 0 pp π−π+π− 6/60 pp π−π0 π+π− 18/180

pp π−π0 π0 3/60 pp π−π0 π0 π0 9/180
np π+π− 2/3 np π0 π+π− 28/60 np π+π−π+π− 56/180

np π+π−π0 π0 56/180
np π0 π0 1/3 np π0 π0 π0 14/60 np π0 π0 π0 π0 14/180
nn π+π0 0 nn π+π+π− 6/60 nn π+π0 π+π− 18/180

nn π+π0 π0 3/60 nn π+π0 π0 π0 9/180

Table 5.5: Probabilities associated with each possible charge repartition for the one-, two-, three-
and four-pion production channels in N–N collisions. On Table (d), in the case of a np collision
with the system of nucleons in the isospin state |00〉, the final states ppπ−π0 and nnπ+π0 are

forbidden by isospin symmetry.
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where |Timi〉 and |Tfmf 〉 are respectively the isospin states of the incoming and outgoing system
composed of one pion and one nucleon, |Tπmπ〉 is the isospin state of the produced pion(s); C is
the normalization factor.

If we consider in details the case of a π+p collision, the probabilities are computed as:

pπ+ → (pπ+)π0 P = C

∣

∣

∣

∣

(

10
3

2

3

2
|3
2

3

2

)∣

∣

∣

∣

2

= C
3

5
,

pπ+ → (pπ0 )π+ P = C

(

√

2

3

∣

∣

∣

∣

(

11
3

2

1

2
|3
2

3

2

)
∣

∣

∣

∣

2

+
1√
3

∣

∣

∣

∣

(

11
1

2

1

2
|3
2

3

2

)
∣

∣

∣

∣

2
)

= C

(

2

3

2

5
+

1

3
1

)

= C
3

5
,

pπ+ → nπ+π+ P = C

(

1√
3

∣

∣

∣

∣

(

11
3

2

1

2
|3
2

3

2

)∣

∣

∣

∣

2

+

√

2

3

∣

∣

∣

∣

(

11
1

2

1

2
|3
2

3

2

)∣

∣

∣

∣

2
)

= C

(

1

3

2

5
+

2

3
1

)

= C
4

5
.

We have to consider the two contributions for (pπ+)π0 and (pπ0 )π+ together, because their
final states cannot be set apart experimentally. The normalization factor C should be fixed to
1/2. Finally, we obtain:

pπ+ →
{

pπ+π0 with P = 1
2

(

3
5 + 3

5

)

= 3
5

nπ+π+ with P = 1
2
4
5 = 2

5

(5.57)

Repartition of the charges in two- and three-pion production channels

As for NN collisions, the isospin states of the final particles cannot be computed uniquely.
The probabilities to associate with each reaction in Nπ producing more than one pion (Nπ →
Nπππ and Nπ → Nππππ channels) are thus computed using a similar assumption as in Section
5.3.1.

We use the same notation as in Section 5.3.1: a system composed with a pions (a > 2),
that has a total electric charge ξ is noted (aπ)ξ . We then use the probabilities computed in
the one-pion production case for a given charge ξ over the pions Pξ (and a certain nucleon) to
compute the probabilities with a > 2. For example, in a pπ+ collision we have:

• Pξ=1 = P (pπ+ → pπ+π0 ) = 3
5 ,

• Pξ=2 = P (pπ+ → nπ+π+) = 2
5 .

The probabilities to associate with the two-pion production reactions are then

pπ+ → pπ+π0 π0 P = CPξ=1 × P (π0 π0 ) = C
3

5
× 1

3
= C

3

15
,

pπ+ → pπ+π+π− P = CPξ=1 × P (π+π−) = C
3

5
× 2

3
= C

6

15
,

pπ+ → nπ+π+π0 P = CPξ=2 = C
2

5

The probabilities for each possible reaction and for production of one, two or three produced
pions are presented in the Tables 5.6 (a) to (f).
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(a)

π+ p →
p π+π0 3/5 p π+π+π− 6/15 p π+π+π0 π− 6/15

p π+π0 π0 3/15 p π+π0 π0 π0 3/15
n π+π+ 2/5 n π+π+π0 6/15 n π+π+π+π− 4/15

n π+π+π0 π0 2/15

(b)

π− n →
p π−π− 2/5 p π0 π−π− 6/15 p π+π−π−π− 4/15

p π0 π0 π−π− 2/15
n π−π0 3/5 p π+π−π− 6/15 n π+π0 π−π− 6/15

n π0 π0 π− 3/15 n π0 π0 π0 π− 3/15

(c)

π− p →
p π0 π− 17/45 p π+π−π− 34/135 p π+π0 π−π− 34/135

p π0 π0 π− 17/135 p π0 π0 π0 π− 17/135
n π+π− 21/45 n π+π0 π− 56/135 n π+π+π−π− 42/135

n π+π0 π0 π− 35/135
n π0 π0 7/45 n π0 π0 π0 28/135 n π0 π0 π0 π0 7/135

(d)

π+ n →
p π+π− 21/45 p π+π0 π− 56/135 p π+π+π−π− 42/135

p π+π0 π0 π− 35/135
p π0 π0 7/45 p π0 π0 π0 28/135 p π0 π0 π0 π0 7/135
n π+π0 17/45 n π+π+π− 34/135 n π0 π0 π+π− 34/135

n π+π0 π0 17/135 n π0 π0 π0 π0 17/135

(e)

π0 p →
p π+π− 39/90 p π+π0 π− 117/270 p π+π+π−π− 78/270

p π+π0 π0 π− 65/270
p π0 π0 13/90 p π0 π0 π0 39/270 p π0 π0 π0 π0 13/270
n π+π0 38/90 n π+π+π− 76/270 n π+π+π0 π− 76/270

n π+π0 π0 38/270 n π+π0 π0 π0 38/270

(f)

π0 n →
p π0 π− 38/90 p π+π−π− 76/270 p π+π0 π−π− 76/270

p π0 π0 π− 38/270 p π0 π0 π0 π− 38/270
n π+π− 39/90 n π+π0 π− 117/270 n π+π+π−π− 78/270

n π+π0 π0 π− 65/270
n π0 π0 13/90 n π0 π0 π0 39/270 n π0 π0 π0 π0 13/270

Table 5.6: Probabilities associated with each possible charge repartition for the one-, two- and
three-pion production channels in π–N collisions
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Discussion on the model

From Table 5.4(c), one can compute the average multiplicities of positive, neutral and negative
pion. They are summarized in the following table for the two and four-pion production cases,
for pp and np collisions. The model has a tendency to produce as many positive pions as neutral

〈π+〉 〈π0 〉 〈π−〉 Total

pn→ NN 2 π 11/20 18/20 11/20 2
pp→ NN 2 π 22/20 11/20 7/20 2
pn→ NN 4 π 231/180 258/180 231/180 4
pp→ NN 4 π 318/180 219/180 183/180 4

Table 5.7: Average multiplicities of positive, neutral and negative pion, computed from the
charge repartition model presented in Sec. 5.3 in the two- and four-pion production pp and np

reactions.

and negative ones as the number of pions increases.
We have tested the validity of this model for two-pion production reactions in pp collisions, as

we have a parametrization for each of the possible outgoing channels in these reactions. Figure
5.9 shows a comparison between the probability associated for a channel and the quantity

σ(channel)

σ1(NNππ)
.

These two quantities are expected to be close to each other but one can see on Fig. 5.9 that,
as far as particular channels are concerned, the model used in our extended version of INCL4.2
does not give satisfactory results.
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Figure 5.9: Comparison of the ratio between the parametrization of particular channels in pp
collisions and σ1(NNππ) (plain lines) and the quantity σ1(NNππ)×P (channel) (dashed lines),
where P (channel) is the probability associated with each channel given in Table 5.4(a). The
channels considered are pp → ppπ+π− (red), pp → ppπ0 π0 (blue), pp → npπ+π0 (green) and

pp→ nnπ+π+ (orange).

All the channels are underestimated of at least 25%, except for the pp → pnπ+π0 channel
(green line) which is largely overestimated. This overestimation is such that it relatively decreases
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all other contributions. Nevertheless, if one considers the three underestimated channels, one
can see that, as momentum increases, they tend to behave with as predicted by the probabilities
and isospin symmetry.

Nevertheless, an evaluation of the multiplicities given by the experimental cross sections gives:

〈π+〉 ≈ 28% + 52% + 2× 14% = 21.6/20,

〈π0 〉 ≈ 2× 6% + 52% = 12.8/20,

〈π−〉 ≈ 28% = 5.6/20.

These values are to be compared with the multiplicities generated by the extended version of
INCL4.2 (given in Tab. 5.7), which are very close to the one computed from experiments.

If we had not made the assumption that the produced pions were in the lowest angular
momentum state, the system composed of pions can access to the isospin state I = 1 and the
probabilities associated with each channel in pp collisions would have been:

• pp→ ppπ+π− (in red): 27% (instead of 35%),

• pp→ ppπ0 π0 (in blue): 15% (instead of 20%),

• pp→ npπ+π0 (in green): 35% (instead of 15%),

• pp→ nnπ+π+ (in orange): 23% (instead of 30%).

These values are closer to what is observed but the discrepancies remain very large.
One should also be aware that the error on the parametrization proposed for the pp→ npπ+π0

channel (the green line) is very large. The data for this channel is very scarce and the error on
the amplitude of the cross sections is of the order of 30%. This error probably accounts for the
discrepancies observed on figure 5.9. Moreover the same test can be realized on the pion-nucleon
collisions, this is showed in Fig. 5.10. In the Nπ collisions, the charge repartition model gives
good results, especially for the pπ− channels.

Our charge repartition model, even though it is not adapted to simulate one particular
channel, can reproduce the multiplicities of the pions quite well. In an intranuclear cascade
model as INCL, the cascade is simulated as a series of collisions and, in this multiple scattering
picture, the model for the repartition of the charges we have adopted is expected to be sufficient.

5.4 The energy-momentum repartition model

The selection of the outgoing channel in NN and πN collisions is realized using the multipion
cross sections, parametrized in Section 5.1, and the charge repartition probabilities, computed
in Section 5.3. The last step of the determination of the final state of the particles amounts
to sharing the available energy and momentum between the outgoing particles, respecting the
conservation laws. In the standard INCL4.2, there is never more than two outgoing particles;
thus it is very straightforward to distribute energy and momentum over them, in center of mass
frame. The inelastic channels we have added to INCL4.2 can have up to 6 outgoing particles,
which was not supported by INCL4.2. The code thus needed to be given the possibility to share
energy and momentum in multipion production collisions, where the number of particles in the
outgoing channel can be more than two. This has been realized assuming, at first, that the
produced particles would uniformly populate the phase space, using a method inspired from the
Raubold–Lynch method, presented by James in Ref [70].
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Figure 5.10: Comparison of the ratio between the parametrization of particular channels in pπ+

and pπ− collisions and σ(Nππ) (plain lines) and the quantity σ(Nππ) × P (channel) (dashed
lines), where P (channel) is the probability associated with each channel given in Table 5.5(a) and
5.5(c). The channels considered are pπ+ → pπ+π0 (red), pπ+ → nπ+π+ (blue), pπ− → pπ−π0

(green) and pπ− → nπ+π− (orange).

Generating energy and momentum for each particle is equivalent to populate a phase space
with a certain density, which has been, at first, assumed to be uniform (which corresponds to the
simplest model possible). In Section 5.4.1, we will explain how the generator of events, which
is based on the phase space integral Rn, generates the energy and momentum of a system of
particles, when the phase space is supposed to have a uniform density. The “phase space integral”
Rn (presented in Appendix C.1) contains all the information about the kinematics of a reaction
[71]. The hypothesis of a uniform phase space, even though it gave reasonable results has been
replaced with a biased uniform phase space model, presented in Section 5.4.2.

5.4.1 Generating events with uniform phase space density

The phase space integral Rn, defined by Relation C.1, can be re-written in terms of the
invariant masses Mi, according to Relation C.10 (as demonstrated in Appendix C). Since the
integrals C.1 and C.10 are equal for any domain of integration, actually determined by P , the
total 4-vector of the system, the integrands are equivalent. This means that generating final
states with a constant density in phase space is equivalent to generating final states in the
angular variables (or rather directions) of the momenta of the outgoing particles at random and
in the Mi variables with a density given by

̟ ∝ p∗(M2,m1,m2) p
∗(M3,M2,m3) . . . p

∗(
√
s,Mn−1,mn), (5.58)
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where the Mi are the invariant masses of the subsystems composed with the i first particles. As
demonstrated in Appendix C.1, the invariant masses are limited by

m1 +m2 ≤ M2 ≤ (
√
s−

n
∑

j=1

mj) +m1 +m2.

m3 +M2 ≤ M3 ≤ (
√
s−

n
∑

j=1

mj) +m1 +m2 +m3

. . . (5.59)

mn−1 +Mn−2 ≤ Mn−1 ≤ (
√
s−

n
∑

j=1

mj) +m1 +m2 +m3 + . . .+mn−1

=
√
s−mn.

The first step for generating a final state is thus to take M2,M3, ..Mn−1, in the limits given
in Eqs. 5.59, with the probability density given by Eq. 5.58. It is easy to see from Eqs. 5.59 that
it is always possible to choose the values of the invariant masses in the indicated limits when the
Mi’s are generated from the smallest sub-system to the system composed with n particles.

The next step is to go from these variables to the momenta of the particles. This can be done
using the Raubold-Lynch method [70], which can be formulated as follows:

1. From M2, calculate p∗(M2,m1,m2) and generate two opposite vectors of this length along
a given axis (the z-axis has been arbitrarily chosen). Rotate the two vectors to a direction
taken at random (equivalent to two rotations: one around the y-axis with a uniform dis-
tribution of the cosine of the angle between -1 and +1 and one around the z-axis with a
uniform distribution of the angle between 0 and 2π). Let us call the vectors ~p1 and ~p2.

2. From M3, calculate p∗(M3,M2,m3), take ~p3 = p∗(M3,M2,m3)~ez and make a Lorentz boost
of ~p1 and ~p2 (i.e. for i = 1, 3) corresponding to a velocity

β = − ~p3
√

~p23 +M2
2

.

It is easy to see that the resulting total momentum is zero7. Make a double rotation (of
all vectors) as indicated in 1.

3. Repeat the same process for all Mi, i = 4, . . . , n− 2.

4. From Mn−1, calculate p∗(
√
s,Mn−1,mn), take ~pn = p∗(

√
s,Mn−1,mn)~ez and make a

Lorentz boost of all ~pi for i = 1, n − 1 corresponding to a velocity

β = − ~pn
√

~p2n +M2
n−1

.

The total momentum is still zero. Make a double rotation (of all vectors) as above.

This procedure, illustrated in Figure 5.11, can be used to generate energy spectra in collisions
with n outgoing particles. Figure 5.12 show such spectra for emitted pions in πN collision with
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Figure 5.11: Illustration of the generation of the momenta in the c. m. Ω1 and Ω2 stand
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procedure outlined in the text. Parts (b) and (c) correspond to step 2.
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√
s equal to twice the nucleon mass. This corresponds more or less to the conditions in nucleon-

antinucleon annihilation at rest or at low energy.
One can see that the maximum energy for n=3 is equal approximately to 1/2

√
s, corre-

sponding to the emission of two pions with equal momentum and of the third one with twice
this momentum in the opposite direction. The maximum energy is in fact given by

εmax =
1

2
(
√
s− 3m2

√
s
), (5.60)

which is close to
√
s/2 in the illustrated case. As the number n of pions increases, the pion

7Taking an advantage of the property: If a collection of n particles with
∑

i ~pi = 0 and a total c. m. energy
√
s are Lorentz-boosted with a velocity ~β = ~p√

p2+s
, where ~p is an arbitrary vector, their total momentum is equal

to ~p.
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spectrum resembles more and more to a (relativistic) Maxwellian distribution. This tendency
persists when pions are emitted with nucleons, as shown in Fig.5.13.
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Figure 5.13: Pion energy spectra (in MeV) corresponding to uniform phase space emission of
two nucleons and n pions, with

√
s equal to 8 GeV. The curves correspond to n= 1 (red), 2

(green), 3 (dark blue), 4 (purple), 5 (light blue) and 6 (yellow).

We just mention that in that case, the maximum energy for a single emitted pion occurs when
the pion is emitted in opposition with two parallel nucleons with the same velocity. It is easy to
verify that the maximum energy is then given by

εmax =
1

2
(
√
s− 4M2

N −m2

√
s

), (5.61)

which approximately equal to
√
s/2 minus 250 MeV. The nucleon spectrum shows also the same

tendency, although less pronounced, as illustrated in Fig.5.14.
It is obvious that the generation of final states described above yields isotropic distributions

of pions and nucleons. This does not forbid to have correlations between particles.

5.4.2 Generating final states with biased phase space density

The use of a uniform phase space was our first assumption, and the results given by this model
were reasonably good. Nevertheless we changed to a forward peaked phase space distribution.

The biased distributions can be obtained by introducing departures from the distributions
for the Mi’s and the angles described above. The simplest case, which is very helpful, consists
in favoring emission of one of the particles in one direction.

Suppose that we consider a collision between two nucleons along the z-axis and suppose
the dynamics is such that one of the nucleons is emitted close the incident direction, with some
distribution, assumed to be of the form eBt, where B is a constant and t is the squared momentum
transfer. Then it suffices, after the Raubold-Lynch procedure, to rotate the final state in such a
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way that the angle between the emitted particle and the incident direction has a value consistent
with the above distribution. This is illustrated by Fig.5.15.
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It should be noticed that this is the only controllable departure from uniform phase space
model in the Raubold-Lynch procedure. If another angle is changed during the construction of
the final state according some desired stochastic law, the final distribution of this angle will be
deformed by the subsequent rotations.

It is worth to notice that in the case of nucleon-nucleon collisions producing pions, the
“alignment” of the first nucleon with the incident direction (by using a biased distribution for
the second direction) leads to a similar “alignment” of the second nucleon. This is due to the
large difference of mass between the nucleons and the pions which helps to put momentum on
the nucleons when sharing energy and momentum. That is at least what we observed in the
simulations. This is not so true for pion-nucleon collisions: if the incident nucleon is emitted
preferentially close the incident direction, this is not automatically the case for the incident pion,
especially if the number of produced pions is large.

It is interesting to note that, in collisions at a few GeV, even if the distribution of the cosine
of the angles indicate a strong forward and backward enhancement, the rapidity distribution is
nevertheless much more uniform or centered about zero rapidity. This is illustrated in Fig. 5.16
below. This seems to indicate that forward and backward particles are rather “soft” particles.
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Similar results occur for the pion produced in the same collisions, as shown in Figs. 5.17 and
5.18.

5.4.3 Generating final states with a forward-peaked distribution

When we first implemented the Raubold-Lynch procedure in our extension to high energy of
INCL4.2, we assumed a uniform phase space distribution generated as described above.

Although uniform phase space model already gave reasonable results, it does not reflect the
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so-called peripheralism that characterizes cross sections in this energy regime (the emission of the
nucleons should be rather forward peaked around the incident direction [69]). Therefore we used
a biased phase space distribution, which also presents the advantage of improving our results:

• the final momenta are generated as described above, in accordance with uniform phase
space;

• the momenta of the particles are rotated in such a way that the outgoing direction of a
“tagged” particle (the nucleons in NN collisions and the incident nucleon in πN collisions)
makes an angle θ with the incident direction of the collision with a suitable distribution:

NN collisions: if θ is the angle between the incident direction of a nucleon and its emission
angle in the c.m. frame, the distribution of θ is generated according to the probability
law

dP/dt ∝ eBt (5.62)

where t is the squared momentum transfer of the nucleon and B is a constant. The
value of B has been taken as equal to the slope parameter of elastic scattering and ∆
production angular distributions, which assume a form similar to Eq. 5.62. Typically,
in the energy range under consideration, B = 6 GeV−2 [72, 54].

Nπ collisions: we used the same probability distribution as in NN collisions (Eq. 5.62).
Nevertheless, the values for B are not as well documented and we chose B = 15
GeV−2, following indications of [72].

5.5 Implementation in INCL4.2

5.5.1 Introduction of new channels

The new inelastic channels in NN collisions were introduced directly in the subroutine in
charge of these collisions. All the parametrizations, presented in Sections 5.1 and 5.2, have been
implemented in independent subroutines. They are used to determine the outgoing channel in
the following way:

• when two particles are close enough to undergo a collision, according to the criterion intro-
duced in Section 4.2 which compares the squared impact parameter to the total reaction
cross section, the code tests the elasticity of the collision.

• Let E be center of mass energy for the collision. A number is randomly generated be-
tween zero and one; this number is compared to the ratio σel(E)/σtot(E). The reaction is
considered to be elastic if the random number is smaller than the ratio.

• If the collision is inelastic, the code will compute the cross section σRI (E), where I is the
isospin state of the nucleons, it is 1 in the pp case (and nn case by isospin symmetry) and,
in the np collisions case, it is either 1 or 0 with a 50% chance.

• A test similar to the test for the elasticity is performed to decide how many pions will be
produced in the reaction (or if a ∆ resonance is produced, if the incoming nucleons are in
the isospin state I = 1). A random number, obviously different from the previous one, is

generated and compared to the successive ratio
(

∑b
a=1 σI(NNaπ)

)

/σRI for b increasing
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from 1 to 4. When the test becomes positive8, the value of b indicates the number of
produced pions.

The Figure 5.19(a) shows an illustration of the successive decisions leading to the determination
of the final state in NN collisions.

The scheme we have followed to implement multipion production channels in pion-nucleon
collisions, showed in Figure 5.19(b), is similar to the one in NN collisions:

• The total reaction cross sections are used to determined if the reaction occurs or not.

• If a reaction occurs, INCL4.2 test its “elasticity” by comparing a randomly generated num-
ber to the ratio σel(E)/σtot(E), where the cross sections depends on the particles in the
entrance channel (cf. Section 5.2).

• If the reaction is inelastic, a test is performed to determine the outgoing channel. As
previously, a random number is generated and compared to the successive sums of the
various possible channels, when the test will become positive, the channel is selected.

The number and the type (pion, nucleon, delta resonance) of the outgoing particles are
determined following these decision chains. Once it is done, the subroutine which attributes
an electric charge to each particle is called and a charge combination is selected, using the
probabilities in Table 5.5 in NN collisions and in Table 5.6 in πN collisions. The charges of the
nucleons are randomly distributed over the nucleons and the charges of the pions are randomly
distributed over the pions. Everything was already in place in INCL4.2 to manage the creation
and the decay of the ∆ -resonances.

The generator of energy-momentum splitting is then called to attribute each particle a mo-
mentum and an energy following the biased distribution we introduced in Section 5.4. The biased
distributions we used are exponentially peaked around the z-axis, while the produced particles
should be peaked around the direction of the collision. We thus had to add rotations such that
the axis around which the distribution is centered corresponds to the direction of the incoming
nucleon (or pion in a pion-collision). These rotations are presented in Subsection 5.5.2.

The subroutine in charge of NN collisions was not programmed to transfer the characteristics
of more that two particles to the main program, the parameters were such that these particles
could only be baryons (nucleon or ∆ -resonance). We added the transfer of the characteristics of
the possibly produced pions: their number, their momentum, their third component of isospin
(and thus their charges). We set their original positions as the center of mass of the incoming
particles.

5.5.2 Rotations for the energy-momentum repartition routine

The introduction of a biased phase space in the subroutine in charge of the energy-momentum
distribution over the outgoing particles introduced some compatibility problems. The biased
distribution we have finally implemented in our extended version of INCL4.2 is an exponentially
forward peaked distribution centered on a chosen direction, the axis of the collision in the center
of mass frame. In the energy-momentum repartition routine, this direction corresponds to one
axis, assume it is the z-axis. We thus have to perform a rotation such that the z-axis used in the
final state generator routine corresponds to the direction of the collision in the center of mass
frame.

8By “positive test” we always mean that the random number is smaller than the considered quantity, in this
case the ratio of the b produced pions cross section and σR

I .
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Figure 5.19: Scheme of the decisions taken by INCL4 to select the final state in NN collisions
(a) and in πN collisions (b). See the text for more details.
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Figure 5.20: Rotation of the z-axis direction ~ez to the incident direction of the collision in the
center of mass frame ~nc

Figure 5.20 shows a general rotation of the vector ~r onto the vector ~r′. This is realized by
means of a rotation of an angle θ around an axis ~n, in the direct sense given by ~n. The vector
~r′ can be written as

~r′ = ~r cos θ − ~r × ~n sin θ + ~n (~n.~r) (1− cos θ) . (5.63)

In our case, we want to perform a rotation of the incident direction ~nc = (nc,x, nc,y, nc,z)
onto the z-axis ~eZ = (0, 0, 1). The first step is to find ~n, the normal vector to the plane defined
by the two vectors ~eZ and ~nc, around which the rotation will take place. It is defined by

~n =
~eZ × ~nc
| ~eZ × ~nc|

=
(−nc,y, nc,x, 0)
√

n2c,y + n2c,x

.
(5.64)

From the definition, we also see that if the two vectors ~eZ and ~nc are parallel, ~n should be zero,
this has been taken into account in the code with an additional criterion:

If
√

n2c,y + n2c,x < nc,z × 10−8 then

{

~n = (0, 0, 1),

θ = 0.
(5.65)

When the vectors are not parallel, as shown on Figure 5.20, the angle θ between them is defined
by

θ = arccos

(

~eZ . ~nc
| ~eZ || ~nc|

)

= arccos (nc,z) (5.66)

To obtain the forward peaked distribution of the produced particles, we apply formula 5.63
to the momentum vectors given by the energy-momentum repartition routine to obtain their
momentum in the laboratory frame ~p′, written as

~p′x = px cos θ + pzny sin θ + nx(~n.~p)(1 − cos θ)

~p′y = py cos θ + pznx sin θ + ny(~n.~p)(1− cos θ)

~p′z = pz cos θ − (pxny − pynx) sin θ + nz(~n.~p)(1− cos θ)

where we have used the normal vector ~n and the rotation angle θ defined above.
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5.5.3 Stopping time

The stopping time of the cascade is an important feature of the intranuclear cascade models.
In particular, in INCL4.2, it has been parametrized in such way that it is independent of the
incident energy and the impact parameter of the projectile (see Eq. 4.13) and that its value is
70 fm/c for an incident proton on lead. We have performed tests to check that the definition of
tstop was still valid after the extension of the domain of validity of INCL4.2 to incident kinetic
energies up to 10 GeV.

It appeared that the value of the stopping time should be reduced at higher energy, as
expected. We have chosen to multiply the stopping time by a scale factor such that it would
decrease linearly from 70 fm/c at 2 GeV to 60 fm/c at 10 GeV.

5.6 Other tested enhancements of INCL4.2 for its extension to

high energy

5.6.1 Hadronization time

One of the assumptions at the basis of the intranuclear cascade models is that the collisions
are independent from each other (see Section 3.6.3). The nucleons involved in a collision thus
should have time to reach their asymptotic state before getting involved in another collision.
This feature of the intranuclear cascade has been translated in the code by the introduction of
a variable called the hadronization time. The idea is that the participants in a collision are
assigned an hadronization time and they cannot interact with any other particle as long as this
time has not elapsed. It is defined as

tLG = tH
E

√

E2 − p2

where the energy E and the momentum p are related to the considered particles. We have used
the same notations as in INCL4.2. In that version of the code, the hadronization time has been
suppressed by setting tH = 0.

We have performed an analysis with incident proton on tantalum to see whether or not this
hadronization time should be introduced at high energy. Figure 5.21 shows the evolution of three
pion production cross section at different incident momentum for the proton (1, 5 and 12 GeV/c)
as the factor tH was progressively increased from tH = 0 to tH = 1.5 by steps of 0.5.

The introduction of a hadronization time should forbid some collisions to happen to a nucleon
which has had a collision a short time before. Thus, naively, one expects that as tLG increases,
the number of collisions in an event should decrease leading to a smaller pion production; this
can be achieved by increasing either the energy of the particle or by increasing the factor tH .

On the Figure 5.21, one can see that the cross section with an incident momentum of 1 GeV/c
increases, reaches a maximum around tH = 0.5 fm/c and then decreases. This is in contradiction
with what was expected. In fact, it can be interpreted as follow: at that energy, the channels
discussed in this work are not opened and thus the pion production can only occur through
the ∆ -resonance production and decay. The pion production thus mainly comes from the very
first collision of the event because, in the secondary collisions, the chances to produce a pion
decrease rapidly. But, if the introduction of tH leads to an increased cross section, it is because
the collisions that are prevented to happen are the recombination process N∆ → NN which act
like pion absorption in INCL.
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Figure 5.21: Evolution of three-pion production cross section at different incident momentum
for the proton (1 GeV/c in blue, 5 GeV/c in green and 12 GeV/c in yellow) as the factor tH

was progressively increased from tH = 0 fm/c to tH = 1.5 fm/c by steps of 0.5 fm/c.

When the incident momentum increases, the secondary collisions become more and more
important, this is why the increase of the cross section due to the introduction of tH is somehow
obliterated by the decrease in the pion production cross section due to the forbidden secondary
collisions.

Finally, we have decided to put the hadronization time equal to zero because, as we will show
in Sections 6.1.3 and 6.2.1, the total pion yields obtained with our version of the code is in rather
good agreement with experimental data.

5.6.2 Forward emission of the pion in pion-nucleon elastic collisions

When a pion and a nucleon undergo an elastic collision, the reaction is implemented in
INCL4.2 as the production of a ∆ -resonance with a lifetime very short, in such way that the
∆ decays almost immediately to produce the final pion and nucleon. The distributions of the
particles produced in the ∆ decay could be used for the elastic interaction of pion and nucleon
and this has been exploited in INCL4.2.

The distribution implemented in the decay of the ∆ -resonance favors the forward and back-
ward emissions of the particles. Nevertheless, if one examines the data for elastic scattering [72],
the pion is preferentially emitted in the forward directions. Thus we have introduced a separate
distribution for the decay of a delta that is produced in an elastic collision, in which the pion
is emitted in the forward direction. Figure 5.22 shows a comparison of positive pion spectra,
for an incident proton with an energy of 730 MeV on a 63Cu target, the simulations have been
performed with the same version of INCL4.2 but with the addition of the forward emission for
the pions in πN collisions for the right panel.

The results given by the introduction of this discrimination are unsatisfactory, they tend
to destroy the results given by INCL4.2. The pions are emitted in the forward region, the
number of secondary collisions decreases, leading to a reduced pion production. This reduced
pion production doesn’t appear in the low-angle-high energy emission region, in which the pion
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Figure 5.22: Positive pion spectra produced in a p +63 Cu at an incident energy of 730 MeV.
The simulations have been realized with INCL4.2 on the left panel, and with INCL4.2 plus the

forward emission subroutine for elastic collisions in πN on the right.

production is too important, but in the low energy region for the produced pion and in the large
angle region.

In view of the results given by the forward emission of pions in elastic πN collisions, we
removed it from our extension of the code.



6
Numerical results and comparison with experiment

The extension of INCL4.2 to the energy range between ∼2 and ∼15 GeV has been realized
by the introduction of multipion production channels in inelastic NN and πN collisions. It
is necessary to benchmark this new model against well chosen data. For pion production, the
HARP experiment, described in Appendix D, provides golden plate data, since this experiment
measured pion production in a systematic way, between 3 and 12 GeV/c and for an extended set
of targets. Of course, even if pion production is the most important aspect of our work, it is also
necessary to benchmark for other kind of data: particle production and residue cross sections.
Unfortunately, these data are rather scarce in the momentum range under consideration.

In the following, we compare simulations given by the extended version of INCL4.2, referred
as “INCL HE” from now on and on the figures, with experimental data. This version of the code
corresponds to the standard version of INCL4.2 with additional multipion production channels,
up to four produced pions in NN and up to four outgoing pions in πN collisions; the phase
space distribution used to determine the energy and momenta of the emitted particles is biased
according to an exponentially forward peaked emission, as described in 5.4.

For proton-induced reactions, we compare the simulations given by our version of INCL4.2
with experimental data and simulations calculated by the standard version of INCL4.2 as well.
The standard version of INCL4.2 is always in red and the extended version is presented in blue
(unless indicated otherwise). For all of our calculations, with both versions of INCL, the de-
excitation code is the version ABLA07 [24] of the ABLA code. The choice of the evaporation
code is however of no importance for pion production, since the latter occurs in the cascade
stage only. For incident protons, the comparison also implies neutron and proton emissions
(respectively in Secs. 6.1.1 and 6.1.2), on various targets.

In Section 6.1.3, we will focus on pion production cross sections and pion yields, which are
the most direct observables linked to our extension of INCL4.2. First we present comparisons
concerning total pion yield on various targets for incident energies ranging up to ∼12 GeV.
Second, in the following sections, we will present comparisons of double-differential cross sections
for positive and negative pion production in a reaction between a proton and a light target
(carbon), a medium target (copper) and on a heavy target (lead). These comparisons have
been realized with incident momenta of the proton corresponding to 3, 5, 8 and 12 GeV/c.
Experimental data for these comparisons come from the HARP experiment [11, 12]. In this
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experiment, two sets of data were measured separately, one in the 0.35–2.15 rad domain, and
one for forward angles in a 0.05–0.25 rad domain. Section 6.1.4 shows the comparison with
the data at large angle and comparison with the forward angle region are presented in Section
6.1.5. In order to clarify the discussion, we present only in this section the comparison for three
chosen targets: carbon as a light target, copper as a medium target and lead as a heavy target.
This is sufficient to exhibit the general trend of the dependence with the target mass numbers.
Comparison with other targets is therefore postponed to Appendix D.

The HARP experiment has also performed experiments with incident charged-pions. Com-
parison between the results of our extended version of INCL4 and these data are presented in
Section 6.2. We will end this chapter with a discussion on the numerical results in Section 6.3.

A preliminary account of the results presented here have been included in Ref. [10]. Let us
note that there are slight differences between the results presented here and in Ref. [10]. The
explanation is that a bug in the numerical code has been discovered since the acceptance of the
paper [10] and has been fixed in the meantime. Results may differ by up to a factor two here
and there but the bulk of the results are essentially the same.

A short study on residue production is presented in Section 6.4. The last section of this
chapter is devoted to a short summary of our results.

6.1 Proton-induced reactions

Except for the comparisons with the HARP experimental data, the data for these reactions
concern mainly protons with incident energy remaining under 3 GeV, many of them are even
at the limit of validity of INCL4.2, ∼2 GeV. It is indeed important to check that our modified
version does not bring significant changes where the standard version is working well.

6.1.1 Neutron emission

On Figs. 6.1 and 6.2, one can see double-differential cross sections for the production of
neutrons in proton-induced reactions. Two different targets are studied: lead and iron; at two
different energies: one at 1200 MeV, and the other at 3 GeV, which slightly is above the admitted
upper limit of INCL4.2.

There are almost no differences between the two models at this energy, which was expected.
At this energy, only the lowest multipion production channels intervene. Nevertheless, the ex-
tension to high energy of INCL4.2 seems to have improved the tail of the spectra for the most
energetic neutrons at all angles. If one looks more carefully at the forward angle (see Fig. 6.1(b)),
in the quasi-inelastic peak region, one can see that the quasi-inelastic peak is considerably im-
proved for the spectrum at 10 ◦, even though the one at 0 ◦is less well described. The reduction
of the importance of the quasi-inelastic peak comes from the fact that a proton-neutron collision
has now 50% chances to not produce a ∆ resonance (if the system of the nucleons are in the
I = 0 isospin state).

Figs. 6.2 shows two sets of experimental data for a 3 GeV incident energy proton on iron
(Fig. 6.2(a)) and lead (Fig. 6.2(b)). The results of the extended version of INCL4.2 are also
better, especially for the 100–3000 MeV energy region. An interesting feature that appears on
these figures is that the quasi-inelastic peak almost disappears in INCL HE; if this improves
considerably the results for the iron target, this effect is more subject to discussions for the lead
target. At 3 GeV, the two pion production channels in NN collisions are open, diminishing the
importance of the ∆ formation and reducing the quasi-inelastic peak. The shape of the double-
differential cross sections at forward angle, for the extended version of INCL4.2, thus suggests
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Figure 6.1: Double-differential cross sections for the production of neutrons in proton-induced
reactions on Pb at 1.2 GeV incident energy at angles ranging from 0 to 160 ◦ in panel (a) and at
forward angle (0 ◦ and 10 ◦) in panel (b). The angles are indicated on the Figure. Data (symbols)
from Refs. [73] are compared with the standard version (red lines) and the improved version (blue

lines) of the INCL4 model. See text for detail.
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that we may have overestimated the effect of the multipion production channels in this region.
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Figure 6.2: Double-differential cross sections for the production of neutrons in proton-induced
reactions on Fe (a) and on Pb (b) at 3 GeV incident energy at angles ranging from 15 to 150 ◦

as indicated on the Figure. Data (symbols) from Ref. [74] are compared with the standard version
(red lines) and the improved version (blue lines) of the INCL4 model. See text for detail.

6.1.2 Proton emission

Fig 6.3 shows double-differential cross sections for proton production in proton-induced re-
actions, with a kinetic energy of 2.6 GeV, on a gold target. The two panels compare simulations
realized with extended version of INCL4.2 (in blue), the standard INCL4.2 (in red) and two
different sets of data [75, 76].

One can see on these figures that the behavior of the simulations from both versions of the
model is very similar for angles larger than 50 ◦. For lower angles, the same difference between
the models as for neutron emission appears: the quasi-inelastic peak disappears in the simulation
with INCL HE.

The difference in shape between the simulations and the experimental data, for simulations
from both versions of INCL4.2, is quite surprising. Previous comparisons did not suggest such a
difference in the slope of the double-differential cross sections at forward angle. This is particu-
larly visible in the comparison with the data from Bubak et al. at angles of 16 ◦ and 30 ◦ (right
panel), for protons emitted with an energy around 100 MeV. Actually, these sets of data have
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Figure 6.3: Proton spectra for p − Au reaction at 2.6 GeV incident energy, the angles are
indicated on the figures. Data (symbols) from Letourneau et al. [75] (a) and from Bubak et al.
[76] (b) are compared with the standard version of INCL4 (red) and its extended version (blue)

at different angles, indicated on the panels.
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been used in the inter-comparison of the IAEA between the intranuclear cascade + evaporation
models [4] and none of the tested models could reproduce the flattened behavior of the proton
emitted with an energy around 100 MeV, visible in the data. Note, however that the two sets of
data do not seem to be totally compatible. The slope of the spectra around 100 MeV seems to
be steeper in the Letourneau data (left panel).
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Figure 6.4: Invariant cross section for production of protons as a function of their kinetic
energy in a proton-induced reaction on Pb at 3 GeV/c (a) and 6 GeV/c (b). Data (symbols),
from Ref. [77], are compared with the standard version of INCL4.2 (red line) and the extended

version of INCL4.2 (blue lines).

Other set of data for proton emission with high energy projectile have been measured by
Bayukov et al. [77]. We have compared the results of INCL4.2 and its extended version with
these data. Fig. 6.4 shows invariant cross sections Ed3σ/dp3 for proton emission in a proton-
induced reaction on a lead target, the momenta of the projectiles are 3 GeV/c (Fig. 6.4(a)) and
6 GeV/c (Fig. 6.4(b)). The data corresponds to 4 angles: 59 ◦, 69 ◦, 119 ◦and 160 ◦, and cover
protons emitted with a kinetic energy comprised between 60 and 240 MeV, which is a very small
region of the available phase space, given the incident energy.

One can see that for incident protons with momentum 3 GeV/c (Fig. 6.4(a)), both simulations
are very similar to each other except for the largest angle. Both are in satisfactory agreement
with the data. The simulations tend to underestimate slightly the proton emission for all angles
except for 69 ◦. For incident protons with 6 GeV/c momentum, the predictions of the extended
version of INCL4.2 are slightly better than the ones from the standard version of INCL4.2, except
for the 69 ◦data.

A similar comparison with data also measured by Bayukov et al. [78] is shown on Fig. 6.5
for proton-induced reactions on carbon and uranium targets with incident proton momenta of 6
GeV/c and 7.5 GeV/c, respectively. In the case of the carbon target, the simulations are different
from one other. At the largest angle, 160 ◦, INCL HE is clearly better than the standard version,
while it is more difficult to judge in the case of 119 ◦, and INCL4.2 is better at 59 ◦. And once
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Figure 6.5: Invariant cross section for production of protons as a function of their kinetic
energy in a proton-induced reaction on C at 6 GeV/c (a) and on U at 7.5 GeV/c (b). Data
(symbols) from Ref. [77] are compared with the standard version of INCL4.2 (red line) and the

extended version of INCL4.2 (blue lines).

again, the situation is particular for the data at 69 ◦. For the uranium target, the two models
both give similar simulations, even though INCL HE seems to be slightly better. For this data,
one can see that both models have the right order of magnitude for the cross section for all data
except at 69 ◦, where the cross section is systematically overestimated. The previous comparison
realized with the data on the gold target doesn’t suggest that the simulations overestimate
systematically the proton production around this angle at energies between 60 and 240 MeV
(there is data for 65 ◦angle on Fig. 6.3(a) and for 75 ◦in Fig. 6.3(b)). Thus we think that the
systematic overprediction encountered for that particular angle might indicate a problem in the
data.

6.1.3 Total π+ and π
− yields and integrated pion production

cross sections

The pion yield is the most direct variable to test our extension of INCL4.2 to high energy.
The π+ and π− yields presented in Ref. [79] are compared with our results on Fig. 6.6. Globally,
the behavior of the π− yields are reproduced by the calculations, even if there is some local
discrepancy. The comparison with π+ yield is more delicate as the data is too scarce to draw
definite conclusions, nevertheless it seems that the general trend is also well reproduced: at
low incident energy, the π+ yield is larger than the π− one and the difference decreases with
increasing incident energy as well as with increasing target mass. Both situations correspond to
reactions in which secondary collisions become more and more important. One can also see a
comparison with calculations using the MARS/CEM model (Refs. [80, 81, 82]) on Fig. 6.6. Our
predictions are very close to the results of this model for energies up to more or less 4 GeV. At
higher energies, the yields predicted by our model are larger than the ones from the MARS/CEM
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model, but this difference between the predictions of the two models tends to decrease as the
energy keeps increasing.
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Figure 6.6: Total π+ and π− yields as functions of the incident energy in proton-induced reac-
tions on light (a), medium-weight (b) and heavy (c) targets. Experimental data are represented by
blue (π−) and red (π+) symbols. Our predictions are in green (π−) and dark red (π+) symbols.
The meaning of the various symbols can be read from the panels. Data are taken from Ref. [79]
and are also compared with the calculations based on the MARS/CEM model [80, 81, 45, 82],

indicated by the full curves in the same colors as the experimental data.

Fig. 6.7 shows integrated π+ and π− cross sections, measured by the HARP collaboration [11]
for different targets1 and different incident energies2. The integration of the double-differential
cross sections were realized over the acceptance of the HARP experimental set-up. It corresponds
to a domain extending from 350 to 2150 mrad for the polar angle and from 100-150 to 400-750
MeV/c (depending upon the angles as presented in Table D.1) for the emitted pion momentum.

1The targets used in the HARP experiment are, from the lightest to the heaviest: Be, C, Al, Cu, Sn, Ta and
Pb.

2The momenta of the incident protons are 3, 5, 8 and 12 GeV/c.
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This acceptance roughly corresponds to 25% of the total production cross section.
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Figure 6.7: π+ (left panel) and π− (right panel) production cross sections in proton-induced
reactions on several targets and at different incident momenta. The data are obtained by in-
tegrating double-differential cross sections on the acceptance (in angle and momentum) of the
HARP experiment, given in Tab. D.1. The experimental data correspond to the open symbols
and our predictions correspond to the black symbols (lines are just to guide the eye). Data are

from Ref. [83, 84, 85, 11] and refer to Be, C, Al, Cu, Sn, Ta and Pb targets.

One can see that, on the average, the general trends are reproduced: the pion production
cross sections are increasing with the target mass roughly according to a power law σ = σ0A

α.
The exponent α is close to unity for π− production. For π+ production, it goes from ∼ 0.7 for
the lowest incident energy to ∼ 0.9 for the highest one. A value of α of 2/3 would correspond
to a black disk situation, but α is greater than this value, indicating that the pion production
results from many collisions. The comparison with our results shows that the model slightly
underestimates the π+ production cross section for light targets and slightly overestimates the
π− production for heavy targets.

The dependence of the cross sections upon the incident energy, presented on Fig. 6.8, is
slightly lower than linear and is roughly reproduced by our calculations. However, the cross
sections do not increase very much over the incident energy range for light targets, whereas they
increase by a factor 4 for heavy targets (both for π+ and π−). The behavior for light targets
contrasts with the one indicated on Fig. 6.6: in that case, the total production cross section
(equal to the yield multiplied by the total reaction cross section, which does not change much
above 2 GeV/c) is increasing with energy, by a factor 2-3, in the energy range under interest
here. The difference likely comes from the rather restricted acceptance for the data collected
in Fig. 6.7, especially in momentum space: energetic pions produced in light targets, which are
more numerous as the incident energy increases, are missing in these data.

One can see on Fig. 6.8 that the π+/π− ratio is close to unity for the light targets and decreases
as the mass of the target increases, in the domain of acceptance of the HARP experiment.
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Figure 6.8: Dependence of the π+ (circle) and π− (triangle) production cross sections in proton-
induced reactions on several targets with the incident momentum p. The data are obtained by
integrating double-differential cross sections on the acceptance (in angle and momentum) of the
HARP experiment, given in Tab. D.1. The experimental data correspond to the black symbols
and our predictions correspond to the open symbols (lines are just to guide the eye). Data are

from Ref. [83, 84, 85, 11].

Table 6.1 is a summary of the total π+/π− ratio (not limited to the acceptance of the HARP
experiment), for the same targets but only for proton with incident momentum of 5 and 12
GeV/c.

Target π+/π−

5 GeV/c 12 GeV/c

Be 1.37 1.19
C 1.47 1.23
Al 1.31 1.15
Cu 1.16 1.05
Sn 0.98 0.92
Ta 0.90 0.85
Pb 0.86 0.82

Table 6.1: Ratio between the total π+ and π− production, calculated by the extended version
of INCL4.2, for proton-induced reactions on different targets specified in the table, for incident

momentum of protons of 5 and 12 GeV/c.

Table 6.1 shows that, when the number of secondary collisions increases (when the available
energy increases and when the target is heavier), the ratio between π+ and π− production
cross section decreases. Indeed, it is expected that an incident proton has a higher chance to
produce a π+ than a π− in a single collision on a nucleon, taken as a neutron or a proton with
equal probability, because it brings an extra positive charge. This effect is slightly weakened for
heavy nuclei, which are neutron rich. This tendency of producing preferentially positive pions
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is attenuated by multiple collisions, i.e. when the incident energy and/or the target mass are
increasing. In secondary πN collisions, the situation is a bit complicated by the fact that the
nucleon can only have positive or neutral charges, thus favoring emission of negatively charged
pions A quick review of Table 5.6, confirms that the charge repartition model, in πN collisions
favors the production of negative pions. The fact that we have such an increase of the π− yield
confirms the importance of secondary collisions in the simulations.

6.1.4 Double-differential cross sections for large-angle
pion production

Figure 6.9 shows negative pion spectra for a p−Al reaction at 3 GeV/c and 4 GeV/c. Data
comes from [79], the emitted pions have been measured at 4 different angles (45 ◦, 59,8 ◦, 72.5 ◦and
84 ◦) and with kinetic energy ranging from 100 MeV to 850 MeV.
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Figure 6.9: Negative pion spectra for p − Al reaction at 3 GeV/c (left panel) and 4 GeV/c
(right panel) incident momenta. Data (symbols) from Ref. [79] are compared with the extended

version of INCL4 (lines) at different angles, indicated on the panels.

The overall agreement between the simulations and the data is quite good at all angles,
especially for pions emitted with a kinetic energy below 600 MeV. In the article, the authors
compare the data with the CEM model [82] (not shown here). Below the energy of 600 MeV,
INCL HE gives slightly better results than CEM.

Double-differential cross sections for π+ production in proton-induced reactions on three
targets (C, Cu, and Pb) at incident momenta (3, 5, 8 and 12 GeV/c), measured by the HARP
collaboration, are presented and compared with our calculations in Figs. 6.10 to 6.12. In order
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to exhibit the effect of the implementation of direct multipion production, we show the results
with both the standard version INCL4.2 and the extended version of our model (INCL HE). Of
course, calculations have been done for all targets, but the results shown here are sufficient for
illustrating the general trends of our results. The figures for the other targets can be found in
Appendix D.

Each panel is divided in nine parts, each of them corresponding to a different angular bin
in the experiments. The values of these angular bins are always the same and are arranged as
follows:

350–550 mrad 550–750 mrad 750–950 mrad
950–1150 mrad 1150–1350 mrad 1350–1550 mrad
1550–1750 mrad 1750–1950 mrad 1950–2150 mrad

Table 6.2: Angular bins of each panels on figures showing comparison between simulations and
double-differential cross section data from HARP experiment.

One can see on Figs. 6.10 to 6.12 that the agreement between the simulations and the data is
quite remarkable. The introduction of multipion production channels has improved considerably
the simulations if one compares the results given by the INCL4.2 version to the ones given by
the extended version and the data from the HARP experiment. As the energy of the projectile
increases, the results given by the standard version of INCL at forward angles become very poor,
which was expected as we are far from the domain of validity of the model.

Figs. 6.13 to 6.15 display the same comparison for double-differential cross sections but for
the negative pion production. In this case, our predictions are even slightly better. Another
relatively small shortcoming appears for Pb target: the yield for low energy pions at small angles
is overestimated.

The integrated cross sections showed on Fig. 6.7 showed that our extended version of INCL4.2
tends to underestimate pion production in reactions with light targets. This underestimation is
turned into an overestimation as the mass of the target increases.

The comparison of the profile of the measured and simulated double-differential cross sec-
tions shows a systematic underestimation of the spectra for the 3-4 lowest angles, depending on
the target. This underestimation concerns mainly emitted pions with a momentum comprised
between 200 and 600 MeV. On the contrary, INCL HE tends to overestimate emitted pions with
large momenta (larger than 600–700 MeV) for the other angular bins. Both of these systematic
problems are attenuated for heavy targets. This can be explained by the secondary collisions
which are favored in heavy targets. As the mass of the target increases, the underestimation
of pion production at small angles disappears and even, in the case of the Pb target (and also
in the Ta, showed in the appendix) starts to be overestimated. The pion production for heavy
target tends to be too high.

The shapes of the pion momentum spectra do not change very much over the whole set
displayed on Figs. 6.10 to 6.15. They show a maximum at small angles for all cases and smoothly
change to a basically exponentially decreasing curve at large angles. The maximum is less and
less pronounced with increasing incident momentum and with increasing target mass. This is
basically in agreement with a multiple scattering picture. Indeed, this scenario is expected to
produce more and more pions in the forward direction as the incident energy increases and, to
some extent, when the target size increases.

It is interesting that our model, even if it does not perfectly reproduce the data, has never-
theless caught the general trends of the shape and intensity of the pion spectra. This presumably
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Figure 6.10: Double-differential cross sections for π+ production in proton-induced reactions
on C at 3 GeV/c (a), 5 GeV/c (b), 8 GeV/c (c) and 12 GeV/c (d) incident momentum. Data
(symbols) from Refs. [11, 85] are compared with the standard version (red lines) and the improved
version (blue lines) of the INCL4 model (standard INCL4.2 version plus implementation of direct

multipion production). See text for detail.
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Figure 6.11: Same as Figure 6.10, for a Cu target. Data come from Refs. [11, 85].
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Figure 6.12: Same as Figure 6.10, for a Pb target. Data come from Refs. [11, 84].
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Figure 6.13: Double-differential cross sections for π− production in proton-induced reactions
on C at 3 GeV/c (a), 5 GeV/c (b), 8 GeV/c (c) and 12 GeV/c (d) incident momentum. Data
(symbols) from Refs. [11, 85] are compared with the standard version (red lines) and the improved
version (blue lines) of the INCL4 model (standard INCL4.2 version plus implementation of direct

multipion production). See text for detail.
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Figure 6.14: Same as Figure 6.13, for a Cu target. Data come from Refs. [11, 85].
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Figure 6.15: Same as Figure 6.13, for a Pb target. Data come from Refs. [11, 84].
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means that it properly describes the multiple scattering in detail and that the latter, in reality,
is dictated by the free elementary cross sections, as this is the basic premise of our INCL4 model.

On Figs. 6.10 to 6.15, we have included the predictions of the standard INCL4.2 model.
First of all, one can see that the modifications described above have tremendously improved
the predictive power of the model. It is interesting to note that the predictions of the modified
model and those of the standard model are rather close to each other at large angles and for 3
GeV/c incident momentum. We recall that in the standard model, the main source of pions is
coming from NN → N∆, ∆ → πN processes. Of course, pions may be absorbed and re-emitted,
but without changing very much the yield [34]. Therefore, this strongly suggests that, at large
angles and low incident energy, pions are basically produced by a small number of collisions, in
agreement with the discussion above.

The integration of the double-differential cross sections presented in Figs. 6.10-6.15 over the
angular domain and over the momentum domain of the emitted pions (presented in Tab. D.1)
confirms the previous observations: the implementation of multipion production channels has
improved the simulations in the considered domain of energy. Figs. 6.16(a) to 6.18(d) show these
integrated cross sections.

The comparison between the measured and simulated simple-differential cross sections shows
interesting features:

• The predictions for π− emission are, most of the time, slightly better than for π+ emission.

• The angular profile of the emission of pions are not “sharp” enough, in the sense that
simulations systematically underestimate predictions for the lower angles and overestimate
large angle emissions. The profile should decrease more rapidly, for all targets and at all
incident energies.

• The momentum profile is in very good agreement with experimental data, the model repro-
duces well the shape, for all targets. The energy-momentum repartition model, presented
in the previous chapter, thus gives good results, but the angular profile could be further
improved. The only problem that appears is an overestimation of produced pions with a
momentum smaller than 250–300 MeV/c for heavy targets.

This might indicate that our phase space should be biased more in the direction of a forward
peaked angular distribution.

6.1.5 Forward-angle pion production double-differential cross sections

The HARP collaboration has also published data on pion production at forward angles [12],
in the 50–250 mrad region and for a larger range of pion momentum than in their previous work.
We show in Figs. 6.19 to 6.21, their experimental data along with our predictions. Predictions
from the standard INCL4.2 are not present on these figures.

One can see that the agreement is satisfactory and that our model for multipion production
is able to generate high momentum pions. Actually, the calculated spectra do not fall off suffi-
ciently fast at high pion momentum, compared to the experimental data. This may indicate that
our modified uniform phase space model is still a little bit too crude. It seems that the config-
urations producing pions with the highest momentum should have a somehow reduced weight.
Nevertheless, these results show at least that the production of pions by approximately uniform
phase space does not produce results in sharp disagreement with experimental data.

Globally, the results for the negative pion production are better than for the positive pion
production. The spectra are underestimated for low emitted pions with momenta lower than 2–3
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Figure 6.16: Simple-differential cross section in proton-induced reactions on C target at 3
GeV/c (a), 5 GeV/c (b), 8 GeV/c (c) and 12 GeV/c (d) incident momentum. Each panel
is divided in four, corresponding to the integration of the π+ production (left column of the
panel) double-differential cross sections or the π− production (right column of the panel) double-
differential cross sections of the HARP experiment Refs. [11, 85] over the momentum domain
(upper part of the panel) or over the angular domain (lower part of the panel) presented in
Tab. D.1. The date are represented by the circles and are compared with INCL HE (blue line).
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Figure 6.17: Same as Figure 6.16, for a Cu target. Data are from Refs. [11, 85].
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Figure 6.18: Same as Figure 6.16, for a Pb target. Data are from Refs. [11, 84].
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Figure 6.19: Double-differential cross sections for the π+ production (left part of each panels)
and π− production (right part of each panels) in proton-induced reactions on C target. Data
(symbols) from Ref. [12] are compared with the improved version (blue lines) of INCL4. The
different lines correspond to the indicated angular bins by the legend. The panels correspond to

the indicated incident momenta.
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Figure 6.20: Same as Figure 6.19 for a Cu target. Data are from Ref. [12].



6.1. Proton-induced reactions 101

10
-4

10
-3

10
-2

10
-1

1

10

10
2

10
3

2000 4000 6000 8000 2000 4000 6000 8000

50-100 mrad

100-150 mrad x 10
-1

150-200 mrad x 10
-2

200-250 mrad x 10
-3

p (MeV/c)

d
σ

/d
θ
d

p
 (

m
b

/r
a

d
.(

M
e

V
/c

))

p (MeV/c)

(a) p (3 GeV/c) + Pb

10
-4

10
-3

10
-2

10
-1

1

10

10
2

10
3

2000 4000 6000 8000 2000 4000 6000 8000

50-100 mrad

100-150 mrad x 10
-1

150-200 mrad x 10
-2

200-250 mrad x 10
-3

p (MeV/c)

d
σ

/d
θ
d

p
 (

m
b

/r
a

d
.(

M
e

V
/c

))

p (MeV/c)

(b) p (5 GeV/c) + Pb

10
-4

10
-3

10
-2

10
-1

1

10

10
2

10
3

2000 4000 6000 8000 2000 4000 6000 8000

50-100 mrad

100-150 mrad x 10
-1

150-200 mrad x 10
-2

200-250 mrad x 10
-3

p (MeV/c)

d
σ

/d
θ
d

p
 (

m
b

/r
a

d
.(

M
e

V
/c

))

p (MeV/c)

(c) p (8 GeV/c) + Pb

10
-4

10
-3

10
-2

10
-1

1

10

10
2

10
3

2000 4000 6000 8000 2000 4000 6000 8000

50-100 mrad

100-150 mrad x 10
-1

150-200 mrad x 10
-2

200-250 mrad x 10
-3

p (MeV/c)

d
σ

/d
θ
d

p
 (

m
b

/r
a

d
.(

M
e

V
/c

))

p (MeV/c)

(d) p (12 GeV/c) + Pb

Figure 6.21: Same as Figure 6.19 for a Pb target. Data are from Ref. [12].
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GeV and overestimated otherwise. This effect does not seem to be influenced by the mass of the
target.

6.2 Charged pion-induced reactions

6.2.1 Integrated cross sections

The HARP collaboration has also performed measurements of double-differential pion pro-
duction cross sections in π± induced reactions [13]. The targets in this experiment are the same
as previously and the pions have the same incident momenta as in the proton experiments.

There were no inelastic channels in Nπ collisions in the standard version of INCL4.2, sim-
ulations with this version of the code were then unable to reproduce this data and are not
shown on the figures. Figure 6.22 shows the integrated double-differential cross sections over the
acceptance domain of the experiment, which is the same as before and is presented in Tab. D.1.
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Figure 6.22: π+ (left part of panels) and π− (right part of panels) production cross sections
on several targets and at different incident momenta. The projectile is a positive pion (a) and a
negative pion (b). The data are obtained by integrating double-differential cross sections over the
acceptance domain (in angle and momentum) of the HARP experiment, indicated in Tab. D.1.
The experimental data correspond to the open symbols and our predictions correspond to the black
symbols (lines are just to guide the eye). Data are from Ref. [13] and refer to Be, C, Al, Cu,

Sn, Ta and Pb targets.

One can see that the production cross sections, in pion-induced reactions, are increasing with
the target mass according to a power law similar to the one observed in proton-induced reactions.
The agreement with the experimental data is similar to the one achieved in proton-induced
reaction case. It is slightly less good for π+ production and slightly better for π− production in
the π−-induced reactions. The simulated cross sections are increasing with the target mass with
roughly a power law σ = σ0A

α, like it was the case for proton-induced reactions. The exponent
α is slightly superior for π− production than for π+ production in π+-induced reaction (and
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vice versa for π−-induced reactions, see Fig. 6.22(b)). In π+-induced reactions, the value of the
exponent is slightly larger than 2/3 for the lowest incident energy and increases to ≈ 0.9 for
the highest one. This indicates that the pions are directly produced in the first collision at low
energy and that the secondary collisions become more important as the energy increases. One
can see from the figure that the power law followed by the simulation increases too rapidly, for
π+ production cross sections (for both π− and π+ projectiles) it reduces the difference between
the data and the simulation, and the agreement achieved for heavy targets is good; even thought
it is slightly better for π+ projectiles. For π− production cross sections, the simulations become
greater than the experimental data and the predictions overestimate the π− production cross
sections. This overestimation is less important for π−-induced reactions.

6.2.2 Double-differential pion production cross sections
in π

+-induced reactions

On Figs. 6.23, 6.24 and 6.25, we compare the HARP data concerning pion production in
positive-pion induced reactions on C, Cu and Pb with our predictions with our improved model.
The angular domain is from 350 mrad to 2150 mrad and thus corresponds to what we called
“large-angle” angular domain in Section 6.1. There is no comparison with the standard INCL4.2
model since the only inelastic πN reaction is the absorption of the pion by production of a ∆
resonance, the pion production cross sections are completely underestimated. The cross sections
(π+ and π− production) are underestimated of a factor 10 at high energy for the heaviest targets
and, for the lightest targets, they are even null.

We only show the results at 5 GeV/c and 12 GeV/c, but they are illustrative of the kind of
agreement that is achieved in the whole range of incident momentum. The figures for the whole
set of comparisons can be found in Appendix D.

The agreement between the simulations and the data is not as good as for proton-induced
reactions (compare with figures from Section 6.1.4). Nevertheless some general features are well
reproduced, such as the shapes of the spectra, which are flatter than in the proton-induced
case and the variations of the absolute value of the cross sections with varying angle and when
going from positive pion production to negative pion production. The deficiencies observed in
the proton-induced case, namely the under-prediction of pion production at small angles for
all momenta and the overestimation of the cross sections at large momentum for large angles
suggested by the slope of the measured cross-sections, are enhanced in the pion-induced case.
The first shortcoming appears in the simple-differential cross sections (in Sec. 6.2.3), contrary
to the second, which is hidden because we limited the integration to the same intervals as the
data. We are inclined to attribute these shortcomings to a lack of a sufficiently forward-peaked
pion production in pion-nucleon collisions. We remind that we biased the pion production in the
forward direction for the first pion only, but not for the other pions in πN collisions producing
several pions.

6.2.3 Simple-differential pion producing cross sections
in π

+-induced reactions

Figs. 6.26 to 6.28 show the simple-differential cross sections, obtained by integrating over
momentum or angle the double-differential cross sections from Section 6.2.2.

Figs. 6.26-6.28 clearly show that our results are improving as the mass of the target increases.
They are in good agreement with the data for the medium target, at all energies. The agreement
is also good for the heavy target, even though the pion production is overestimated at high
energy (as already mentioned by the observation of integrated cross sections in Section 6.1.3).
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Figure 6.23: Double-differential cross sections for π+ production (a,c) and π− production (b,d)
in π+-induced reactions on C at 5 GeV/c (a,b) and 12 GeV/c (c,d) incident momentum. Data
(symbols) from Ref. [13] are compared with the improved version of the INCL4 model (blue lines).

See text for detail.
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Figure 6.24: Same as Figure 6.23 for a Cu target. Data are from Ref. [13].
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Figure 6.25: Same as Figure 6.23 for a Pb target. Data are from Ref. [13].
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Figure 6.26: Simple-differential cross section in π+-induced reactions on C target at 5 GeV/c
(a) and 12 GeV/c (b) incident momentum. The data are obtained by integrating the double-
differential cross sections of the HARP experiment over the angular domain or over the mo-
mentum domain (presented in Tab. D.1). Data (symbols) from Ref. [13] are compared with the

improved version of INCL4 (blue lines).
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Figure 6.27: Same as Figure 6.26 for a Cu target. Data are from Ref. [13].
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Figure 6.28: Same as Figure 6.26 for a Pb target. Data are from Ref. [13].

Figs. 6.25 and 6.28, concerning the lead target, indicate that our theoretical results are clearly
better for a heavy target. This is a general observation for all our results. This probably points
to a limitation of the neglect of the resonance degrees of freedom, which, of course, should
manifest themselves more importantly in light targets, for which the large surface/volume ratio
compensates a short lifetime more easily. This may as well indicate that multiple scattering
is important for heavy targets and that the results are then less sensitive to the detail of the
elementary cross sections.

As it was the case for proton-induced reactions, simple-differential cross sections show that
momenta spectra are well reproduced. Nevertheless, some underestimation appears at large
momenta (up to 50% in the worst case, the lightest target). Both π+ andπ− production momenta
spectra are in good agreement with the data, but the π− one is slightly better. For the heavy
target, the cross section at low momenta (for both π+ and π−) are overestimated, and this effect
is worsened as incident momentum increases. The angular spectra are slightly better than in the
proton-induced case, but INCL HE keeps on underestimating it for angles under ∼900 mrad and
overestimating it for large angles.

6.2.4 Double- and simple-differential pion production cross sections
in π

−-induced reactions

Double-differential cross sections in π−-induced reactions were also measured by the HARP
experiment. The results of this experiment are very similar to those obtained for π+-induced
reactions, with the difference that the sizes of the π− production cross sections are larger than
for π+ production. For π+-induced reactions, it was the opposite. This feature is reproduced by
INCL HE, as it can be seen on Figs. 6.29 to 6.31, showing double-differential cross sections for
pion production in π−-induced reactions.

The spectra are slightly better for π+ production than for π− production, the production
of pions at small angles (from 350 to 950 mrad, corresponding to the first row) is underesti-
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Figure 6.29: Double-differential cross sections for π+ production (a,c) and π− production (b,d)
in π−-induced reactions on C at 5 GeV/c (a,b) and 12 GeV/c (c,d) incident momentum. Data
(symbols) from Ref. [13] are compared with the improved version of the INCL4 model (blue lines).

See text for detail.
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Figure 6.30: Same as Figure 6.29 for a Cu target.
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Figure 6.31: Same as Figure 6.29 for a Pb target.



112 Chapter 6. Numerical results

mated, this effect is nevertheless less pronounced for π− production and is reduced as the mass
increases. For angles larger than 950 mrad (thus corresponding to the two other rows), the
results are in good agreement with the experimental data, even though the π− production is, in
general, overestimated, especially as the mass of the target increases. There is also a systematic
overestimation of the production of pions at large momentum.

Figs. 6.32 to 6.34 show the simple-differential cross sections, obtained by integrating over the
momentum or angular domain the double-differential cross sections presented in Section 6.2.4.
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Figure 6.32: Simple-differential cross section in π−-induced reactions on C target at 5 GeV/c
(a) and 12 GeV/c (b) incident momentum. Each panel is divided in four, corresponding to the
integration of the π+ production (left column of the panel) double-differential cross sections or
the π− production (right column of the panel) double-differential cross sections of the HARP
experiment Ref. [13] over the momentum domain (upper part of the panel) or over the angular
domain (lower part of the panel) presented in Tab. D.1. The date are represented by the circles

and are compared with INCL HE (blue line).

6.3 Discussion

The purpose of this work was to extend the INCL4.2 model to incident energies up to 10–12
GeV and to test it on systematic sets of data. The extension of the intranuclear cascade model of
Liège has been realized through the introduction of multipion production both in NN and πN
collisions. The total inelastic cross sections have been considered as corresponding to the sum of
the multiple pion production cross sections. The multipion production cross sections have been
parametrized directly, when it was possible like for σ1(NNπ), some of them have been obtained
from the data following the method of Ref. [68], and for those which could not be obtained by
neither of these methods, they have been approximated following observations on the existing
data. The cross sections are used to determine the number of particles in the outgoing state, a
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Figure 6.33: Same as Figure 6.32 for a Cu target.

10

10 2

10 3

500 1000 1500 2000
θ (mrad)

d
σ/

d
p

 (
m

b
/(

G
eV

/c
))

10

10 2

10 3

500 1000 1500 2000
θ (mrad)

10 2

10 3

10 4

200 400 600 800
p (MeV/c)

d
σ/

d
θ 

(m
b

/r
ad

)

10 2

10 3

10 4

200 400 600 800
p (MeV/c)

(a) π− (5 GeV/c) + Pb

10

10 2

10 3

500 1000 1500 2000
θ (mrad)

d
σ/

d
p

 (
m

b
/(

G
eV

/c
))

10

10 2

10 3

500 1000 1500 2000
θ (mrad)

10 2

10 3

10 4

200 400 600 800
p (MeV/c)

d
σ/

d
θ 

(m
b

/r
ad

)

10 2

10 3

10 4

200 400 600 800
p (MeV/c)

(b) π− (12 GeV/c) + Pb

Figure 6.34: Same as Figure 6.32 for a Pb target.
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model for the generation of the charges of these particles is nevertheless needed, as we explained,
and the features of this model were chosen as simple as possible. For the generation of the final
energy and momentum of the particles, we considered the simplest departure from uniform phase
space model, allowing forward peaking for the final direction of the incoming particles (this is
also the simplest technical modification of the method of Ref. [70]).

The splitting of the inelastic cross sections in pion producing cross sections only implies that
this model neglects all other inelastic channels, among which strangeness production channels.
These are the most important ones but, in the energy range under consideration, the strangeness
production is not expected to be important. In NN collisions, it remains at least one order
of magnitude lower than non-strange channels[86]. Moreover, calculations based on QMD also
indicate that, in proton-nucleus collisions and for the same energy range, strange particle cross
sections are, at least, one order of magnitude smaller than non-strange particle cross sections [87,
88].

We have tested neutron and proton emissions in proton-induced reactions. Comparison for
neutron and proton emissions at energies slightly above the upper limit of applicability of INCL4.2
showed that the extended version gives, as expected, better results.

We have also tested pion emission and compared results from the extended version of INCL4.2
with a large set of data provided by the HARP experiment over the past few years. These data
cover three different projectiles (proton, positively and negatively charged pions), at 4 different
incident momentum (3, 5, 8 and 12 GeV/c) over a set of targets from light to heavy nuclei
(from Be to Pb). They have measured double-differential cross sections for the production of
positive and negative pions, in two angular intervals (from 50 to 250 mrad and from 350 to 2150
mrad). This set of data has allowed us to perform systematic study on the pion production in
the extended version of INCL4.2 and already led us to add multipion channels and to improve
the phase space model.

The extended version of INCL4.2 reproduces reasonably well the double-differential cross
sections provided by the HARP experiment. The global agreement between our model and these
data, which is not perfect, gives confidence in the validity of our model or, at least in its predictive
power.

Let us analyze more closely the level of agreement for proton-induced reactions. On the
average, comparisons concerning total pion yield or the integrated cross sections (Section 6.1.3)
showed a very good agreement with the data. It appeared that for light targets (up to Al target)
the results for π− production are better than for π+ production: the data is reproduced within
10% for π− production while the departure from the data can reach 20% for π+ production. For
heavier targets, secondary collisions become more important and the π− production becomes too
important, we suspect that this effect comes from the charge repartition model in πN collisions.
The π+ production is nevertheless reproduced within 15%. But the double-differential cross
sections show larger disagreements. Some systematic features are revealed. Generally, the cross
sections are underestimated at low pion momentum and small angle and are overestimated at
large pion momentum and large angle. We want to stress the fact that the departure from
uniform phase space has reduced these systematic discrepancies. We remind that the phase
space repartition model only biases the final directions of the incoming particles. A biased
emission of the other pions toward forward peaking, as suggested by experiment [89], would
presumably improve our results. This however requires a modification of the Raubold-Lynch
method to larger extent.

In general, the agreement is improved with increasing target mass and incident energy for
both π+ and π− production (even though π− production is overestimated for heavy targets).

We have chosen to base the extension to high energy of INCL4.2 on the direct production
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of pions while this is usually based on the hadronic resonances. About this, the set of data
regarding pion production provided by HARP allows us to make a few observations:

• the resonance degree of freedom does not seem to appear in the data,

• the behavior of pion spectra varies slowly with the incident energy, the mass of the target
and with the considered angle.

As it has been already observed in antiproton annihilation on nuclei, which presents a similar
situation and a similar average number of pions [90, 91], these spectra probably result more
from the propagation of pions produced in the first collision in the target nucleus rather than
from a single source (including resonance) more or less at rest. To exhibit the formation of a
resonance, more exclusive measurements are probably necessary. Measurements of correlation
between two particles (a nucleon and a pion, for instance) would not be useful, in all likelihood,
because a peak corresponding to a resonance in the invariant mass spectrum is superposed to
a huge background of uncorrelated pairs. An in depth analysis of such correlations for the ∆
resonance, in proton-nucleus reactions, already showed that the signal is barely visible, only in
light nuclei and in the energy range under consideration [92]. It is emphasized in Ref. [92] that
the direct pion production and neglect of resonance formation in calculations can only affect
pion production in light nuclei. For broader resonances, the signal should be even less visible
and this conclusion presumably becomes more valid. If one considers inclusive measurements,
our work seems to demonstrate that the results obtained by the multipion approach are as good
as the ones given by the resonance approach (except for light nuclei). The multipion production
picture thus provides a possible alternative to the conventional approach based on the hadronic
resonance picture.

The HARP data have been compared at large with the MARS [80, 81, 82] and Geant4 [93]
code systems [84, 11, 13, 79]. These code systems usually reach a slightly better agreement
with experimental data than in our work. Comparisons have also been performed with the
FLUKA code system [94, 95], and it gives very good results for the comparison with the HARP
collaboration [96, 97]. But, as these code systems combine many different reaction models, the
user is supposed to choose among these which ones are used. If this gives a certain flexibility to
the code system it also introduces some unphysical jumps, as emphasized in Ref. [88], for instance
in the excitation functions of total pion production. These jumps appear because each model
has a different energy domain of validity and the code abruptly jumps from the results given by
a model to the results given by the model valid in the upper energy domain. See Ref. [98] for a
discussion.

6.4 Nuclear fragmentation

We want to present and comment here our results concerning the residue production. Figure
6.35 shows a comparison of the excitation energy and the masses of the remnant3 after proton-
induced reactions on a lead target for the same incident momenta as the HARP experiment (3,
5, 8 and 12 GeV/c).

First of all, one can notice that, if the results given by both versions of INCL are close
to one another for the lowest incident energy curves (3 GeV/c in red), there is some kind of
saturation for the excitation energies calculated with the standard version of INCL4.2, while the
simulations from the extended version of INCL4.2 show excitation energy increasing with the

3The term “remnant” designates the target nucleus after the intranuclear stage.
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Figure 6.35: Comparison between the excitation energy of the remnant simulated by the standard
version of INCL4.2 (plain line) and its extended version, in proton-induced reactions on lead
target. The colors of the lines refer to the incident momenta of the projectiles: 3 GeV/c in red,

5 GeV/c in blue, 8 GeV/c in green and 12 GeV/c in orange.

incident momentum. Table 6.3 shows the average excitation energy computed from the curves
on Fig. 6.35:

〈E∗〉 3 GeV/c 5 GeV/c 8 GeV/c 12 GeV/c
INCL4.2 211.4 225.4 225.5 224.6
INCL HE 203.4 283.9 362 432

Table 6.3: Average excitation energy of the remnant for the cases showed in Fig. 6.35.

At 3 GeV/c, the excitation energy is slightly lower for the extended version of INCL4.2 than
for the standard version. At such energy, only the lowest multipion channels are open and this, in
all likelihood, only for the first inelastic collision. After this collision the energy is shared among
two or three particles and the threshold for multipion collisions is not reached. Nevertheless this
is sufficient to increase the pion production4 and decrease the excitation energy of the remnant.

Figure 6.36 shows the mass of the remnant, after the intranuclear cascade. The saturation
observed in the excitation energy also appears in this figure: the behavior of the mass of the
remnant are much alike in the simulations from the standard version of INCL4.2 for the incident
momentum of 8 and 12 GeV/c and they both are close to the results for an incident momentum
of 5 GeV/c. The extension to high energy of INCL4.2 seems to have facilitated the emission of
nucleons.

With the extension of INCL4.2 to high energy, the nucleus emits more nucleons and the rem-
nant is left with a higher excitation energy. Nevertheless, these quantities cannot be measured
experimentally and there is not much data on the isotopic distribution after a spallation reaction.
Figure 6.38 shows such data for a reaction between a proton with an incident energy of 1 GeV

4This is already visible in comparison with pion production cross sections in Figs. 6.12(a) and 6.12(a)
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and a lead target. Even though this incident energy is right above the threshold for multipion
production channels, some effect is already visible. Fig. 6.37 shows the excitation energy com-
puted with the standard version of INCL4.2 and INCL HE. As one can suspect from Fig. 6.37,
the average excitation energy of the remnant is lower in the extended version of INCL4.2.
The mean of the excitation energy calculated by the standard version of INCL4.2 is 158.1 MeV
and it is calculated to be 130.6 MeV with the extended version of the model.

Figure 6.38(a) shows the residue charge spectrum of the nucleus in the upper panel, and the
residue mass spectrum, in the lower panel. Data come from [99]. The lower excitation energy
obviously leads to an evaporation which emits less nucleons. This explains why the extended
version of INCL4.2 predicts a higher production of isotopes near the target mass, the results
given by the extended version are actually better in this region. The results shown on this figure
are highly dependent upon the de-excitation code. For these simulations, we used ABLA07 and
it appears that it does not reproduce fission properly, which is why we have an overprediction
in the A = 75− 110 region and underprediction in the A = 45− 70 and A = 140− 175. Figures
6.38(b) to 6.38(d) show the isotopic mass distribution of the fragment for each separate element.

There has been in the past some speculation about the possible existence of a “limiting
fragmentation”, meaning that the mass distribution of the residues does not change any more
when the incident particle energy exceeds some specific value, of the order of 1 GeV per nucleon
[100, 101, 102, 103]. There are some data supporting this idea for heavy ion-heavy ion collisions
[104, 101, 100, 105]. But, for proton-nucleus collisions, there is practically no measurements of
residue mass yields above 2–3 GeV.

Nevertheless, the residue mass distribution seems to stay roughly the same between 1 and 3
GeV [106, 107, 108, 109], suggesting the onset of the limiting fragmentation of the target. Our
results seems to contradict this statement. Indeed, the width of the mass distribution and the
dependence of the remnant excitation energy with the incident energy seem to point towards the
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fragmentation of a more and more excited remnant.
Note, however, that the excitation energy of this remnant is increasing with incident energy

more on a logarithmic pattern than a linear one.

6.5 Summary

We want to single out the most important results of our calculations.
Firstly, the extended version of INCL4.2 is able to reproduce the general trends of total pion

production cross sections as functions of the incident energy and of the target mass numbers,
and that for both incident protons and pions. One may argue that these results are largely linked
with the use of realistic elementary pion cross sections (σn(NNπ) and σn(πN)) with the right
multiplicity. But this result may as well be related with the basic premise of cascade model,
namely the description of the whole interaction process by independent collisions, ruled by free
cross sections, generating a good unfolding of multiple collisions.

Our results show also a good description of double-differential cross sections for neutrons,
protons and pions productions. For the latter, the extended version of INCL4.2 reproduces fairly
well the general trends: dependence upon the incident energy, target mass number, momentum
of the produced pions and, to a lesser extend, upon emission angle. This is probably related
with the model for multipion production in elementary collisions. Some other success can be
pinned down, as the rather right ratio between π+ and π− production cross sections, for incident
protons and incident pions. This is probably due to our charge repartition model.

Beyond the general trends, our results display some disagreement with experimental data,
which are sometimes hard to analyze. However, the observation that calculated angular distribu-
tions are generally plagued with a too smooth slope whereas momentum distributions are fairly
well described, shed some light on the origin of the discrepancies. This supports the idea that
our phase space model is probably correct for the sharing of momentum, but is deficient as far as
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Figure 6.38: Comparison between the standard version of INCL4.2 (in red) and the extended
version of INCL4.2 (in blue) for the residue charge and mass production cross sections (panel
(a)), and for the isotope distributions (mass distributions for given isotopes, panels (b), (c) and

(d)). Data come from Ref. [99]
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the angular pattern is concerned. In all likelihood, the angular distribution should have a more
marked forward-backward peaking that the one we have introduced.

Finally, we have not devoted much work to the residue production. But our results seems to
indicate that limiting fragmentation does not seem to set in the energy domain of interest. Of
course, a comparison with experiment is eagerly desired.



7
Conclusions, Outlook

In this thesis, we have extended the Liège intranuclear cascade model INCL4.2 to the energy
domain relevant for the simulation of cosmic rays. This needed the addition of NN and πN
inelastic channels opening in the 2–12 GeV energy range. They were assumed to essentially
correspond to multipion production, in contrast with the usual picture of resonance production.
This is the most original aspect of our work. Experimental data and isospin symmetry have been
exploited in the implementation of these channels. But, we could not avoid to introduce specific
models for the energy-momentum and charge repartition on the final pions. Nevertheless, the
modified INCL4.2 model is able to give very reasonable results in the energy range under interest,
and especially concerning the comparison with the systematic data of the HARP collaboration.
The strong points of the model concerning its predictive power are summarized in section 6.5
and need not to be repeated. The weak points are dealing with the double-differential cross
section for emitted pions, which is generally overestimated at small angle and small momentum
and underestimated at large angle and large momentum. However, momentum spectra (which
are double-differential cross sections integrated over the angular domain) are generally quite
well reproduced, whereas calculated angular distributions show a decreasing shape with a too
small slope. This probably comes from the momentum distribution in the multipion production,
which is presumably not enough forward peaked. The situation may be a bit more complex
since we have also observed that the pion double-differential cross sections are generally less well
reproduced in pion-induced reactions than in proton-induced reactions.

We did not pay very much attention to the comparison with other works; The reason is that
HARP data have been mostly compared with outputs of transport codes. These codes generally
use different reaction models, for different energy range, sometimes the user can choose among
many models. Therefore a direct comparison is meaningless. Let us stress that we have now
a single model which applies now from ∼ 200 MeV to ∼ 12 GeV. A quick look at Ref. [88]
which shows the results of calculation similar to ours with QMD models, based on the resonance
production picture, suffices to indicate that our results are, at least, as good as theirs.

Let us discuss a little bit the implications of our results. From the physics point of view,
they reveal a striking duality between the resonance production picture and the multipion pro-
duction picture ; Furthermore, they seem to indicate the multipion production picture does give
reasonable results around 10 GeV, in a region well above the region of identified resonances and
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which is believed to be dominated by string dynamics. Let us also notice that, even if we did not
devote very much time to target fragmentation, out results seem to deny the suspected onset of
limiting fragmentation.

The extension to high energy, as it has been implemented in INCL4, seems to work for
energies up to 12 GeV/c (a little more than 11 GeV). We did not compare the simulations from
our extended version of INCL4 with experimental data above that energy. Results globally are in
good agreement with experimental data. The upper limit of the energy domain of this version of
INCL4 is not clearly determined. Experimental data are needed to clarify this situation: if one
tries to apply our extended version of INCL4 at even higher energies, additional pion producing
channels may be necessary, but the impact of these additional channels is reduced because of the
multiple scattering. The amount of energy would be divided among more particles, thus reducing
the pion production in following collisions. Nevertheless, inelastic channels producing strange
particles should become important and these cannot be neglected at higher energy. Strangeness
production channels in NN collisions, which have not been taken into account yet, remain in
project for future enhancement of INCL4.

Before closing, it is interesting to discuss the remaining points to be improved and the re-
maining open questions. As far as applications to radiation protection in space are concerned
(one of our motivation), the predictive power that are obtained is probably satisfactory. But this
is true for proton- and pion-induced reactions. Cosmic rays hazards are actually coming more
from ions (up to Fe). This could be handled by INCL, which can accommodate light ions, but
this sector of the code has not been investigated very much, and the present model is less and
less reliable as the size of the ion is increasing.

From the physics point of view, it would be interesting to improve the multipion production
model. Of course, the repartition of momentum should be adjusted to reproduce experimental
data in a better way. But, in addition, the multipion production model should be constrained
by measurements in NN and πN systems. We have grossly checked that the model is more or
less consistent with the kT -distributions of pions, but we did not pay very much attention to this
point. It would be interesting to try to discriminate between the resonance production and the
multiple pion production pictures. This probably can be done only by looking at more exclusive
measurements, which, if they exist, are certainly very scarce.
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A
Parametrization of the total and elastic cross sections

A.1 Nucleon–nucleon interaction

Total cross sections

If plab is the momentum of the nucleon in the laboratory frame, expressed in GeV/c, the total
cross sections (in mb) are parametrized as:

σt,pp = 34
(plab
0.4

)2.104
, plab < 0.44

= 23.5 + 1000(plab − 0.7)4, 0.44 < plab < 0.8

= 23.5 +
24.6

1 + exp
(

−plab−1.2
0.10

) , 0.8 < plab < 1.5

= 41 + 60 (plab − 0.9) exp(−1.2 plab), 1.5 < plab < 5. (A.1)

σt,np = 6.3555 p−3.2481
lab exp

(

−0.377 (ln plab)
2
)

plab < 0.45

= 33 + 196 |plab − 0.95|2.5 , 0.45 < plab < 1

= 24.2 + 8.9plab, 1 < plab < 2

= 42, 2 < plab. (A.2)
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Elastic cross sections

σel,pp = 34
(plab
0.4

)2.104
, plab < 0.44

= 23.5 + 1000(plab − 0.7)4, 0.44 < plab < 0.8

=
1250

plab + 50
− 4(plab − 1.3)2, 0.8 < plab < 2

=
77

plab + 1.5
, 2 < plab. (A.3)

σel,np = 6.3555 p−3.2481
lab exp

(

−0.377 (ln plab)
2
)

plab < 0.45

= 33 + 196 |plab − 0.95|2.5 , 0.45 < plab < 0.8

=
31√
plab

, 0.8 < plab < 2

=
77

plab + 1.5
, 2 < plab. (A.4)

Inelastic cross sections

The inelastic cross sections are given by the differences between the total and the elastic cross
sections:

σinel,pp = σt,pp − σel,pp (A.5)

σinel,np = σt,np − σel,np (A.6)

A.2 Pion–nucleon interaction

As it has been shown in section 5.2, isospin symmetry can be used to write down relations
between the various πN → ∆ cross section [54]. These relations are

σ(π+p→ ∆++) = 3σ(π+n→ ∆+) = 3
2σ(π

0 p→ ∆+),

= 3
2σ(π

0 n→ ∆0) = 3σ(π−p→ ∆0),

= σ(π−n→ ∆−), (A.7)

the parametrization of σ(π+p → ∆++) is sufficient to describe the π − N → ∆ interaction in
this picture. The parametrization that has been used is :

σ(π+p→ ∆++) =
326.5

1 + 4
(√

s−1.215
0.110

)2

q3

q3 + (0.18)3
, (A.8)

where q is the c. m. momentum

q =

[

(s−(mπ+mp)2)(s−(mπ−mp)2)
4s

]1/2

=
mp√
s
plab. (A.9)
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Figure A.1: Elementary nucleon-nucleon cross sections. The line represents the parametrization
used in INCL4.2 [54, 58]. Experimental data are from Ref. [69].

Extended pion–nucleon total cross section

An extension of the total pion–nucleon cross section has been proposed in [34]. If the c. m.
energy

√
s is always expressed in MeV , and the cross sections in mb, the parametrization can

be written:

σπ+p =



















(σ0,π+ + σ∆) if
√
s ≤ 1500

(σ0,π+ + σ∆) +
14420.3

(
√
s−1675.0)2+4085.6

if 1500 <
√
s ≤ 1790

(σ0,π+ + σ∆) +
54000.0

(
√
s−1907.5)2+4000.0

if 1790MeV <
√
s ≤ 2370

(σ0,π+ + σ∆) if
√
s > 2370

(A.10)
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and

σπ−p =



































(σ0,π− + σ∆/3) if
√
s ≤ 1460

(σ0,π− + σ∆/3) +
8700.0

(
√
s−1515.0)2+600.0

if 1460 <
√
s ≤ 1575

(σ0,π− + σ∆/3) +
22000.0

(
√
s−1675.0)2+950.0

if 1575 <
√
s ≤ 1760

(σ0,π− + σ∆/3) if 1760 <
√
s ≤ 2050

(σ0,π− + σ∆/3) +
20054.1

(
√
s−2222.6)2+8292.3

if 2050 <
√
s ≤ 2400

(σ0,π− + σ∆/3) if
√
s > 2400

(A.11)

In these relations σ∆ is the parametrization introduced by equation A.8 and σ0,π+ and σ0,π−

give the non-∆ contributions

σ0,π+ =























0.0 if
√
s ≤ 1340

1.0441 × 10−4s− 0.2679s1/2 + 171.95 if 1340 <
√
s ≤ 1750

−1.129 × 10−5s+ 0.057s1/2 − 42.125 if 1750 <
√
s ≤ 2365

23.335 + 55.0 exp(−8.87 × 10−4s1/2) if 2365 <
√
s ≤ 7000

23.4 if
√
s > 7000

(A.12)

and

σ0,π− =























0.0 if
√
s ≤ 1264MeV

1.55080 × 10−1s1/2 − 195.882 if 1264MeV <
√
s ≤ 1463MeV

1.62786 × 10−2s1/2 + 7.22129 if 1463MeV <
√
s ≤ 1780MeV

24.49 + 34.0 exp(−6.0 × 10−4s1/2) if 1780MeV <
√
s ≤ 12000MeV

24.5 if
√
s > 12000MeV

(A.13)
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Figure A.2: Parametrization for the π+−p et π−−p total cross sections. The crosses represent
experimental data coming from Particle Data Group [110]. Continuous lines and dotted lines
respectively stand for the total reaction cross section and the ∆ recombination cross section used

in INCL4.2

Inelastic cross sections

The inelastic cross sections follow the parametrizations given in [69]. Nevertheless, the
parametrization for pπ+ does not account correctly for the behavior of the cross sections near
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the threshold, we have thus added a low energy component of the form A (plab)
B , suggested in

Ref. [54], where plab is the momentum in the center of mass frame, it is always expressed in
GeV/c. The cross sections, expressed in mb, are written as:

σinel,pπ+ =















0.0 if plab ≤ 0.297
17.965 p5.4606lab if 0.297 < plab ≤ 0.75

24.3 − 12.3 p−1.91
lab + 0.324 (log(plab))

2

−2.81 log(plab) if 0.75 < plab

(A.14)

σinel,pπ− =







0.0 if plab ≤ 0.4731

26.6 − 7.18 p−1.86
lab + 0.327 (log(plab))

2

−2.81 log(plab) if 0.4731 < plab

(A.15)

σinel,pπ0 =
(

σinel,pπ+ + σinel,pπ−

)

/2 (A.16)
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B
Isospin state of systems of particles

In this appendix, we want to define the isospin states of particles and systems composed
of two particles that are used in Chapter 5 for the cross sections determination and for the
calculations regarding the charge repartition of the outgoing particles.

B.1 Isospin of a system of two nucleons

The composition of two isospin states of particles (|T1 m1〉 and |T2 m2〉), to compute the
isospin state of a system composed by two particles |T m〉, is obtained in the same way as the
combination of angular momentum in quantum mechanics, which is

|(T1T2)Tm〉 =
T1
∑

m1=−T1

T2
∑

m2=−T2

|T1mT1〉|T2mT2〉〈T1mT1T2mT2|Tm〉 (B.1)

The expansion coefficients 〈T1mT1T2mT2|Tm〉 are called Clebsch–Gordan coefficients. We will
only consider the coupling of two nucleons, two pions and the coupling of one pion and one
nucleon. The relevant Clebsch–Gordan coefficients we will use are shown on Figure B.1.

Given the coefficients in the 1
2 × 1

2 table of Figure B.1, we can compute the isospin states for
two nucleons:

|pp〉 =
∣

∣

∣

∣

1

2

1

2

〉

⊗
∣

∣

∣

∣

1

2

1

2

〉

= 1 |1 1〉 ,

|nn〉 =
∣

∣

∣

∣

1

2
−1

2

〉

⊗
∣

∣

∣

∣

1

2
−1

2

〉

= 1 |1 −1〉 ,

|pn〉 =
∣

∣

∣

∣

1

2

1

2

〉

⊗
∣

∣

∣

∣

1

2
−1

2

〉

=
1√
2
|1 0〉+ 1√

2
|0 0〉 ,

|np〉 =
∣

∣

∣

∣

1

2
−1

2

〉

⊗
∣

∣

∣

∣

1

2

1

2

〉

=
1√
2
|1 0〉 − 1√

2
|0 0〉 ,

(B.2)

If the proton and the neutron are treated as two states of the same entity, we have to consider
the consequences in terms of a generalized Pauli principle. If the wave-function Ψ of a system of
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Figure B.1: Clebsch–Gordan coefficients table for the NN , ππ and Nπ coupling.

nucleons factorizes as a product of space, spin and isospin components, we have

Ψ(r1, r2, s1, s2, T1, T2) = ψ(r1, r2)χ(s1, s2),Ξ(T1, T2). (B.3)

This wave-function must be anti-symmetric under the exchange of the two nucleons, that is for
exchange of space, spin and isospin.

The space wave-function describes the relative motion of the two nucleons and its angular
dependence (θ and φ) is given by a spherical harmonic function. Exchange of the nucleons
corresponds to, in polar coordinates

r = (r, θ, φ) → −r = (r, π − θ, π − φ)

under this transformation, the spherical harmonic function becomes

Y m
l (π − θ, π − φ) = (−1)lY m

l (θ, φ) (B.4)

and the space component wave-function is symmetric for even relative orbital momentum. The
spin and isospin are symmetric in triplet states antisymmetric in singlet states1.

B.2 Isospin of a system of two pions

If we now consider a system of two pions, and consider the permutation of the two pions,
a factor (−1)l appears in the Ψ wave function, due to the spherical harmonics (from Equation
B.4); the isospin component Ξ becomes

Ξ(T1, T2) =
∑

m1

∑

m2

(1m11m2| Tm)χm1

1 (1)χm2

1 (2),

Ξ(T2, T1) =
∑

m1

∑

m2

(1m11m2| Tm)χm1

1 (2)χm2

1 (1),

where we have taken into account the total isospin of pions T1 = T2 = 1 and T and m denotes
the total isospin and its third component of the final state. If we write again this relation and

1a triplet corresponds to a total isospin T = 1, a singlet corresponds to a total isospin T = 0.
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rename m1 as m2 and vice versa, we obtain

Ξ(T2, T1) =
∑

m1

∑

m2

(1m21m1| Tm)χm2

1 (2)χm1

1 (1)

=
∑

m1

∑

m2

(−)T−2 (1m11m2| Tm)χm1

1 (1)χm2

1 (2)

= (−)T ΞMT

T (1, 2)

Finally, considering this relation and relation B.4, under the permutation of two pions, the
total wave function Ψ becomes

Ψ(2, 1) = (−)T+LΨ(1, 2).

As long as T +L remains even, the wave function remains unchanged under the permutation of
two pions. As we only consider systems of 2 pions produced in very small phase space volume,
it is reasonable to assume that the pion system is in the angular momentum state L = 0. Hence
the system of pions requires that isospin is even as well, and the authorized Ξ functions state are

Ξ2
2 = π+ π+ = |22〉 ,

Ξ1
2 =

1√
2

(

π+ π0 + π0 π+
)

= |21〉 ,

Ξ0
2 =

1√
6
π+π− +

√

2

3
π0π0 +

1√
6
π−π+ = |20〉 ,

Ξ−1
2 =

1√
2

(

π− π0 + π0 π−
)

= |2− 1〉 ,

Ξ−2
2 = π− π− = |2− 2〉 ,

Ξ0
0 =

1√
3
π+π− − 1√

3
π0π0 +

1√
3
π−π+ =

1√
3
|00〉 . (B.5)

These relations can be exchanged to obtain the isospin states accessible by the pions system:

∣

∣π+ π+
〉

= |22〉 ,
∣

∣π0 π0
〉

=

√

2

3
|20〉 − 1√

3
|00〉

∣

∣π− π−
〉

= |2− 2〉
1√
2

(∣

∣π+ π0
〉

+
∣

∣π0 π+
〉)

= |21〉

1√
2

(∣

∣π+ π−
〉

+
∣

∣π− π+
〉)

=
1√
3

|20〉 −
√

2

3
|00〉

1√
2

(
∣

∣π0 π−
〉

+
∣

∣π− π0
〉)

= |2− 1〉 (B.6)

One can see that the three last relations are symmetric. In fact, it is impossible to measure
separately the production cross sections of two systems of pions in which the charges have been
inverted. Hence, we have to account for the two possible states, in the following, we will use
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“physical states” to denote these systems, defined by

1√
2

(
∣

∣π+ π0
〉

+
∣

∣π0 π+
〉)

⇒
∣

∣π+ π0
〉

ϕ

1√
2

(∣

∣π+ π−
〉

+
∣

∣π− π+
〉)

⇒
∣

∣π+ π−
〉

ϕ

1√
2

(∣

∣π0 π−
〉

+
∣

∣π− π0
〉)

⇒
∣

∣π0 π−
〉

ϕ

B.3 Isospin states of a nucleon-pion system

It is also possible to compute the isospin state of a system composed of a pion and of a
nucleon, they can be written

∣

∣π+p
〉

= |11〉 ⊗
∣

∣

∣

∣

1

2

1

2

〉

=

∣

∣

∣

∣

3

2

3

2

〉

∣

∣π0 p
〉

= |10〉 ⊗
∣

∣

∣

∣

1

2

1

2

〉

=

√

2

3

∣

∣

∣

∣

3

2

1

2

〉

− 1√
3

∣

∣

∣

∣

1

2

1

2

〉

∣

∣π−p
〉

= |1 −1〉 ⊗
∣

∣

∣

∣

1

2

1

2

〉

=

∣

∣

∣

∣

3

2
−3

2

〉

∣

∣π+n
〉

= |11〉 ⊗
∣

∣

∣

∣

1

2
−1

2

〉

=

∣

∣

∣

∣

3

2

3

2

〉

∣

∣π0 n
〉

= |10〉 ⊗
∣

∣

∣

∣

1

2
−1

2

〉

=
1√
3

∣

∣

∣

∣

3

2
−1

2

〉

−
√

2

3

∣

∣

∣

∣

1

2
−1

2

〉

∣

∣π−n
〉

= |1 −1〉 ⊗
∣

∣

∣

∣

1

2
−1

2

〉

=

∣

∣

∣

∣

3

2
−3

2

〉

(B.7)



C
Phase space Considerations

The “phase space integral” Rn contains all the information about the kinematics of a reaction
[71]. Expressed in terms of momentum, this phase space integral corresponds to an hyper surface
containing the possible sets of variables. Generating the probabilities distribution of a random
variable on that hypersurface turns out to be difficult and thus, for practical reasons, it is
necessary to change variables in such way that the probability distribution in terms of these
variables is defined on a finite volume in a space of lower dimensionality. This is realized using
the invariant masses and angles (of the direction of the momenta) as variables. We will show
how to rewrite the phase space factor in terms of invariant masses in Section C.2.

C.1 Phase space integral

The uniform phase space integral, for a system of n particles with momenta pi, i = 1, . . . , n,
is defined by [71]

Rn(P ;m1, ...,mn) =

∫

...

∫ n
∏

i=1

[

d4piδ(p
2
i −m2

i )θH(p0i )
]

δ4(

n
∑

j=1

pj − P ), (C.1)

P is the total 4-momentum vector of the system and where θH(x) is the Heaviside function (1 for
x > 0, 0 otherwise), the presence of these functions ensures that only positive energy solutions
are accepted. Rn is Lorentz invariant, even if it is written in terms of the 4-vector P , it depends
only upon s = P 2 (and upon the masses, of course). It is proportional to the number of states
of a system of n non-interacting bodies with masses m1,m2, ...,mn with a total 4-momentum P
(in the continuous limit1).

In the center of mass frame, the total 4-momentum reduces to P = (E,~0) and the uniform
phase space integral becomes

Rn(E,m1,m2, . . . ,mn) =

∫

. . .

∫ n
∏

i=1

d3pi

2
√

~pi
2 +m2

i

δ3(

n
∑

i=1

~pi)δ(

n
∑

i=1

√

~pi
2 +m2

i − E). (C.2)

1The term “phase space” is thus slightly misleading, since configuration space is disregarded.
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We can write Rn in the simplest case n = 1, which gives

R1(E;m) =

∫

d3~p

∫

dp0δ((p
2 −m2)θH(p0)δ

3(~p)δ((p0 − E)

=

∫

d3~pδ3(~p)

∫ ∞

0
dp0

δ(p0 −
√

(p2 +m2)

2
√

(p2 +m2)
δ((p0 − E)

=
δ(E −m)

2m
. (C.3)

We can also write Rn in the case n = 2:

R2(
√
s;m1,m2) =

π√
s
p∗(

√
s,m1,m2), (C.4)

where p∗ is the c. m. momentum2. Indeed, one has necessarily

R2(
√
s;m1,m2) =

∫

d4p1

∫

d4p2δ(p
2
1 −m2

1)δ(p
2
2 −m2

2)θH(p01)θH(p02)

×δ3(~p1 + ~p2)δ(p
0
1 + p02 −

√
s)

=

∫

d3p1

∫

d3p2
1

2ε1

1

2ε2
δ3(~p1 + ~p2)δ(ε1 + ε2 −

√
s)

=

∫

d3p1
1

4ε1ε2
δ(
√

p21 +m2
1 +

√

p21 +m2
2 −

√
s)

= π

∫ ∞

0
p21dp1

1

ε1ε2
δ(
√

p21 +m2
1 +

√

p21 +m2
2 −

√
s)

= π(p∗)2
1

ε∗1ε
∗
2

(
p∗

ε∗1
+
p∗

ε∗2
)−1

= π
p∗√
s
, (C.5)

where one has introduced εi =
√

p2i +m2
i and ε∗i =

√

(p∗)2 +m2
i .

By integrating Eq. C.1 over p0n, it is possible to define the recurrence formula

Rn(P ;m1, ...,mn) =

∫

d3 ~pn
2En

Rn−1(P − (En, ~pn);m1,m2, ...,mn−1), (C.6)

where E =
√

~p2 +m2.
The following relation, whose proof follows, can also be obtained

Rn(P ;m1, ...,mn) =

∫

dM2Rn−1(P ;M,m3, ...,mn)R2(M ;m1,m2). (C.7)

2The c. m. momentum of a system of two particles with masses m1 and m2 is defined as

pcm(s) =
1

2

√

(s− (m1 +m2)2) (s− (m1 −m2)2)

s
,

where s corresponds to the square of the sum of the 4-momenta of the particles.
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The r.h.s. of the equation can be rewritten as

∫

dM2Rn−1(P ;M,m3, ...,mn)R2(M ;m1,m2) =
∫

dM2

∫

d4p′2

∫

d4p3...

∫

d4pnδ((p
′
2)

2 −M2)θH((p′2)
0)

×
n
∏

i=3

{δ(p2i −m2
i )θH(p0i )}δ4(p′2 +

n
∑

j=3

pj − P )

×
∫

d4p1

∫

d4p2δ(p
2
1 −m2

1)δ(p
2
2 −m2

2)θH(p01)θH(p02)δ
4(p1 + p2 − p′),

(C.8)

with p′ 2 = M2. R2 (the last double integral) being an invariant, we can evaluate it in the
frame where ~p′ = ~p′2. The integration over the variable M2 makes the delta function involving
M2 to disappear and the 4-vector p′ equal to p′2. The condition over the positivity of (p′2)

0 is
automatically satisfied (since the integration runs over M2, and not M) and one recovers Eq.
C.7.

C.2 Writing the phase space integral in terms of invariant masses

The factor δ4(
∑n

j=1 pj − P ) in the definition of Rn (Eq. C.1) indicates that Rn corresponds
to an hyper surface in the phase space of the system of n particles. Because of this factor, using
a random generator to obtain a set of coordinates that belongs to Rn will not be effective, the
probability to reject the generated event being very high. That is why another set of coordinates
is used: the invariant masses Mi of the subsystems composed with the i first particles, and the
angles that define the direction of the momenta of the outgoing particles. They automatically
account for the constraints imposed by these delta functions and the quantity Rn is associated
with a finite domain of variation of these variables.

An expression of Rn in these coordinates may be obtained by iterating Eq. C.7. We introduce
the notation M2 as the invariant mass of the system composed of m1 and m2, M3 as the invariant
mass of the system composed of M2 and m3, M3 corresponds to the invariant mass of the first
three particles, M4 as the invariant mass of the system composed of M3 and m4 and so on.
The last invariant mass is equal to the center of mass energy (Mn =

√
s). From the recurrence

formula C.7 and the definition of R2 by Eq. C.4, and by replacing M by M2, one gets

Rn(
√
s;m1, . . . ,mn) =

∫

dM2
2Rn−1(

√
s;M2,m3, . . . ,mn)π

p∗(M2,m1,m2)

M2

= 2π

∫

dM2Rn−1(
√
s;M2,m3, . . . ,mn)p

∗(M2,m1,m2).

(C.9)

The second equality was obtained by simplifying with dM2
2 = 2M2dM2. The second iteration

will give

Rn(
√
s;m1, . . . ,mn)

= 2π2
∫

dM2

∫

dM2
3Rn−2(

√
s;M3,m4, . . . ,mn)

p∗(M3,M2,m3)

M3
p∗(M2,m1,m2)

= (2π)2
∫

dM2

∫

dM3Rn−2(
√
s;M3,m4, . . . ,mn)p

∗(M3,M2,m3)p
∗(M2,m1,m2),
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and after n− 2 iterations, one obtain

Rn(
√
s;m1, . . . ,mn) = (2π)n−1

∫

dM2

∫

dM3 . . .

∫

dMn−1

× p∗(M2,m1,m2)p
∗(M3,M2,m3) . . . p

∗(
√
s,Mn−1,mn).

(C.10)

One can see that the integration over M2 is limited as follows

m1 +m2 ≤M2 ≤ (
√
s−

n
∑

j=1

mj) +m1 +m2. (C.11)

The lower bound is obvious. The upper bound is reached when the particles 3 to n have zero
kinetic energy. The bounds for the other invariant masses are thus given by

m3 +M2 ≤ M3 ≤ (
√
s−

n
∑

j=1

mj) +m1 +m2 +m3

. . . (C.12)

mn−1 +Mn−2 ≤ Mn−1 ≤ (
√
s−

n
∑

j=1

mj) +m1 +m2 +m3 + . . .+mn−1

=
√
s−mn.

One can notice that the expression C.1 is an integral over 3n − 4 variables (4n minus n,
coming from the onshell conditions, minus 4, from energy-momentum conservation) and after
iterations, we ended with the expression C.10, which is an integral over n − 2 variables, the
invariant masses. The remaining 2n − 2 variables are angles corresponding to the directions of
the momenta.

What the calculations actually show is that going from the original variables ~pi to the variables
Mi plus the angles, the integrand does not depend upon these angles. In other words, the density
of uniform phase space, which is equal to the delta functions in the original variables, turns into
a density which only depends on the invariant masses Mi in the final variables.



D
The HARP experiment

D.1 Description of the Harp experiment

The knowledge of hadron-production is useful for the design of experiments and facilities,
it can also be used to improve or validate hadron production models, which play an important
role in the design and the interpretation of particle physics experiment. The HARP experiment,
located at CERN, has the goal to provide a large angular and momentum coverage of charged
particles production, and more specifically charged pion production, with beams of pions and
protons hitting a large set of targets. The three motivations for the measurements realized in
this experiment are: first they are necessary for a quantitative and economic design of a future
neutrino factory. Second, an improved knowledge of the interaction of pions and protons with
the Earth’s atmosphere can reduce the uncertainties on the neutrino fluxes and their oscillation.
Finally, precise measurements, such as the ones realized in the HARP experiment, are needed as
input for simulations of interaction of hadrons [111].

A complete description of the experiment can be found in Ref. [111]. The experimental setup
comprises two spectrometers; a forward spectrometer that covers the angular region up to 250
mrad and a large angle spectrometer which has an angular acceptance of 0.35 rad ≤ θ ≤ 2.15
rad. The data we have used to make comparison with INCL4.2 and our extended version of INCL
comprise charged pion production data for beryllium, carbon, aluminum, copper, tin, tantalum
and lead targets with incident proton or charged pions with momenta 3 GeV/c, 5 GeV/c, 8
GeV/c, 12 GeV/c at large angle and at forward angle (for proton only).

The large angle detector is composed of a cylindrical time projection chamber (TPC), placed
inside a solenoidal magnet. The TPC was designed for tracking, momentum determination and
energy deposition in the 0.25–2.5 rad with respect to the beam axis. The target is placed in the
inner field cage of the TPC in such a way that both forward and backward tracks can be measured.
After the data-taking, it appeared that a relatively large number of pads of the TPC were dead or
noisy and,that the reconstructed trajectories suffered from static and dynamic distortions. These
shortfalls have been solved in the analysis as presented in [12, 11, 111], with the consequence
that all the data could not be used for the analysis. Finally, the percentage of reliable data varies
between 44% to 98%, as specified in the papers. A set of resistive plate chambers, surrounding
the time projection chamber and inside the magnet is used to measure arrival time of secondary
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particles and perform time-of-flight measurement for additional particles identification.
The beam is generated in CERN PS. The composition of the positively charged particles

beam depends upon the energy; it is mainly composed of protons, but also contains positrons,
pions and a few kaons and deuterons, depending upon the energy. As an example, the proportion
of protons varies from 35% at 3 GeV/c to 92% at 12 GeV/c; the momentum precision of the
beam is of the order of 1%. The negatively-charged particle beam contains mainly pions, with a
background of muons and electrons. The projectiles are selected before they reach the target, the
techniques used for the projectile selection are described in [112]. The purity of the selection of
protons is higher than 99.9 %. For the selection of pions, a contamination with electrons occurs
for the low momentum beams and the ratio e/π was measured to be 1% for a 3 GeV/c beam,
at 5 GeV/c it has been found to be smaller than 10−3; it has been assumed negligible for the
higher momenta beams.

Finally, the statistic for the measurements is generally good at large angles: the relative
statistical error on the number of measured pions varies between 0.2% to 2.2% for all projectiles.
It improves with the momenta of the projectiles and is slightly better for protons and π− than for
π+. The statistics is not so good for forward angle measurements, especially at low momentum
where the relative statistical error on the number of measured pions is comprised between 5 and
10% for π+ production and varies between 11.8% and 18 % for π− produced with a 3 GeV/c
proton at forward angle.

D.2 Double-differential cross sections pion production
in proton-induced reactions

The HARP collaboration has measured double-differential cross section for the production
of a particle of type a. In the laboratory frame, if pi and θj are the momentum and the polar
angle of the produced particle, the double-differential cross section is expressed as

d2σa
dpidθi

=
1

Npot

A

NAρt

1

∆pi∆θj

∑

i′,j′,a′

M−1
ijai′j′a′ .N

a′

i′j′ , (D.1)

where Npot is the number of proton hitting the target; the factor A
NAρt is the inverse number of

target nuclei per unit area (A is the target mass number, NA is the Avogadro number, ρ is the
target density and t is its thickness); ∆pi is the bin size in momentum and ∆θj is the bin size in
angle; the matrix M−1

ijai′j′a′ corrects for the efficiency and resolution of the detector and Na′

i′j′ is
the number of particles of type a′ in bins of reconstructed momentum p′i and angle θ′j.

D.2.1 Large angle

The measurements at large angle are realized in an angular domain spreading from 350 to
2150 mrad, separated in 9 bins of 200 mrad each. The momentum acceptance is not the same
for each of these bin; they are summarized in Tab. D.1.

The momentum bins are of two different sizes:

∆pj =

{

0.05GeV/c if p ≤ 0.5 GeV/c
0.1GeV/c if p < 0.5 GeV/c

(D.2)

Figures D.1 to D.3 show the comparison between data from the HARP experiment (symbols)
and simulations realized with INCL4.2 (red lines) and its extended version (blue lines) for a Be
target with 4 projectile momentum (3 GeV/c, 5 GeV/c, 8 GeV/c and 12 GeV/c). The following
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Polar Angle domain Momentum domain
(mrad) (MeV/c)

350–550 150–800
550–750 100–800
750–950 100–700
950–1150 100–600
1150–1350

100–500
1350–1550
1550–1750
1750–1950
1950–2150

Table D.1: Acceptance domain for the double-differential cross-sections at large angle, for in-
cident protons in the HARP experiment [11].

figures show the same comparison for different targets: aluminium target (Figs. D.4 to D.6),
tin target (Figs. D.7 to D.9) and tantalum target (Figs. D.10 to D.12). For each target, the
two first figures show comparisons for double-differential cross section for π+ production and π−

production, respectively, and the third figure shows the simple-differential cross sections after
integration over the momentum domain (first row) and the angular domain (second row) for π+

production (first column) and π− production (second column).
Each figure is divided in four panels, one for each incident momentum of the proton (3 GeV/c

in panel (a), 5 GeV/c in panel (b), 8 GeV/c in panel (c) and 12 GeV/c in panel (d)). In turn,
each panel is divided in nine parts, each of them corresponding to a different angular bin in the
experiments. The values of these angular bins are always the same and are arranged as in Table
6.2 in Chapter 6. For convenience, this Table has been reproduced here:

350–550 mrad 550–750 mrad 750–950 mrad
950–1150 mrad 1150–1350 mrad 1350–1550 mrad
1550–1750 mrad 1750–1950 mrad 1950–2150 mrad

Table D.2: Angular bins of each panels on figures showing comparison between simulations and
double-differential cross section data from HARP experiment.

The comparisons concerning C, Cu and Pb targets have been presented in Chapter 6.
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Figure D.1: Double-differential cross sections for π+ production in proton-induced reactions on
Be at 3 GeV/c (a), 5 GeV/c (b), 8 GeV/c (c) and 12 GeV/c (d) incident momentum. Data
(symbols) from Refs. [11, 84] are compared with the standard version (red lines) and the improved
version (blue lines) of the INCL4 model (standard INCL4.2 version plus implementation of direct

multipion production).
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Figure D.2: Double-differential cross sections for π− production in proton-induced reactions on
Be at 3 GeV/c (a), 5 GeV/c (b), 8 GeV/c (c) and 12 GeV/c (d) incident momentum. Data
(symbols) from Refs. [11, 84] are compared with the standard version (red lines) and the improved
version (blue lines) of the INCL4 model (standard INCL4.2 version plus implementation of direct

multipion production).
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Figure D.3: Simple-differential cross section in proton-induced reactions on Be target at 3
GeV/c (a), 5 GeV/c (b), 8 GeV/c (c) and 12 GeV/c (d) incident momentum. Each panel
is divided in four, corresponding to the integration of the π+ production (left column of the
panel) double-differential cross sections or the π− production (right column of the panel) double-
differential cross sections of the HARP experiment Ref. [11, 84] over the momentum domain
(upper part of the panel) or over the angular domain (lower part of the panel) presented in
Tab. D.1. The date are represented by the circles and are compared with INCL HE (blue line).
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Figure D.4: Double-differential cross sections for π+ production in proton-induced reactions on
Al at 3 GeV/c (a), 5 GeV/c (b), 8 GeV/c (c) and 12 GeV/c (d) incident momentum. Data
(symbols) from Refs. [11, 84] are compared with the standard version (red lines) and the improved
version (blue lines) of the INCL4 model (standard INCL4.2 version plus implementation of direct

multipion production).
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Figure D.5: Double-differential cross sections for π− production in proton-induced reactions on
Al at 3 GeV/c (a), 5 GeV/c (b), 8 GeV/c (c) and 12 GeV/c (d) incident momentum. Data
(symbols) from Refs. [11, 84] are compared with the standard version (red lines) and the improved
version (blue lines) of the INCL4 model (standard INCL4.2 version plus implementation of direct

multipion production).
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Figure D.6: Simple-differential cross section in proton-induced reactions on Al target at 3
GeV/c (a), 5 GeV/c (b), 8 GeV/c (c) and 12 GeV/c (d) incident momentum. Each panel
is divided in four, corresponding to the integration of the π+ production (left column of the
panel) double-differential cross sections or the π− production (right column of the panel) double-
differential cross sections of the HARP experiment Ref. [11, 84] over the momentum domain
(upper part of the panel) or over the angular domain (lower part of the panel) presented in
Tab. D.1. The date are represented by the circles and are compared with INCL HE (blue line).
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Figure D.7: Double-differential cross sections for π+ production in proton-induced reactions on
Sn at 3 GeV/c (a), 5 GeV/c (b), 8 GeV/c (c) and 12 GeV/c (d) incident momentum. Data
(symbols) from Refs. [11, 85] are compared with the standard version (red lines) and the improved
version (blue lines) of the INCL4 model (standard INCL4.2 version plus implementation of direct

multipion production).
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Figure D.8: Double-differential cross sections for π− production in proton-induced reactions on
Sn at 3 GeV/c (a), 5 GeV/c (b), 8 GeV/c (c) and 12 GeV/c (d) incident momentum. Data
(symbols) from Refs. [11, 85] are compared with the standard version (red lines) and the improved
version (blue lines) of the INCL4 model (standard INCL4.2 version plus implementation of direct

multipion production).
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Figure D.9: Simple-differential cross section in proton-induced reactions on Sn target at 3
GeV/c (a), 5 GeV/c (b), 8 GeV/c (c) and 12 GeV/c (d) incident momentum. Each panel
is divided in four, corresponding to the integration of the π+ production (left column of the
panel) double-differential cross sections or the π− production (right column of the panel) double-
differential cross sections of the HARP experiment Ref. [11, 85] over the momentum domain
(upper part of the panel) or over the angular domain (lower part of the panel) presented in
Tab. D.1. The date are represented by the circles and are compared with INCL HE (blue line).
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Figure D.10: Double-differential cross sections for π+ production in proton-induced reactions
on Ta at 3 GeV/c (a), 5 GeV/c (b), 8 GeV/c (c) and 12 GeV/c (d) incident momentum. Data
(symbols) from Refs. [11, 83] are compared with the standard version (red lines) and the improved
version (blue lines) of the INCL4 model (standard INCL4.2 version plus implementation of direct

multipion production).
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Figure D.11: Double-differential cross sections for π− production in proton-induced reactions
on Ta at 3 GeV/c (a), 5 GeV/c (b), 8 GeV/c (c) and 12 GeV/c (d) incident momentum. Data
(symbols) from Refs. [11, 83] are compared with the standard version (red lines) and the improved
version (blue lines) of the INCL4 model (standard INCL4.2 version plus implementation of direct

multipion production).
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Figure D.12: Simple-differential cross section in proton-induced reactions on Ta target at 3
GeV/c (a), 5 GeV/c (b), 8 GeV/c (c) and 12 GeV/c (d) incident momentum. Each panel
is divided in four, corresponding to the integration of the π+ production (left column of the
panel) double-differential cross sections or the π− production (right column of the panel) double-
differential cross sections of the HARP experiment Ref. [11, 83] over the momentum domain
(upper part of the panel) or over the angular domain (lower part of the panel) presented in
Tab. D.1. The date are represented by the circles and are compared with INCL HE (blue line).
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D.2.2 Forward angle double-differential cross sections

The angular domain for the measurements realized at forward angle spreads from 50 to 250
mrad, decomposed in 4 bins of 50 mrad each. The momentum acceptance spreads from 0.5
GeV/c to 8 GeV/c. The momentum bin sizes are:

∆pj =







0.5 GeV/c if 0.5 < p < 4 GeV/c
1 GeV/c if 4 < p < 5 GeV/c
1.5 GeV/c if 5 < p < 8 GeV/c

(D.3)

Figures D.13 to D.16 show the comparison between data from the HARP experiment (sym-
bols) and simulations realized with the extended version of INCL4.2 (red lines) for a Be target,
an Al target, a Sn target and a Ta target, respectively.

Each figure stands for a single target and is decomposed in four panels. Each panel corre-
sponds to a separate incident momentum of the proton (3 GeV/c in panel (a), 5 GeV/c in panel
(b), 8 GeV/c in panel (c) and 12 GeV/c in panel (d)). Each panel has two separate part, one for
the π+ production (left part) and one for the π− production (right part). Finally, the different
type of lines corresponds to the different angular bins:

• solid lines corresponds to 50–100 mrad,

• dashed lines corresponds to 100–150 mrad,

• dotted lines corresponds to 150–200 mrad,

• dash-dotted lines corresponds to 200–250 mrad.

The comparisons concerning C, Cu and Pb targets have been presented in Chapter 6.
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Figure D.13: Double-differential cross sections for the π+ production π+ (left part of each pan-
els) and π− (right part of each panels) in proton-induced reactions on Be target. Data (symbols)
from Ref. [12] are compared with the improved version (blue lines) of INCL4. The different lines
correspond to the indicated angular bins by the legend. The panels correspond to the indicated

incident momenta.
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Figure D.14: Same as Figure D.13 for an Al target. Data are from Ref. [12].
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Figure D.15: Same as Figure D.13 for a Sn target. Data are from Ref. [12].
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Figure D.16: Same as Figure D.13 for a Ta target. Data are from Ref. [12].
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D.3 Double-differential cross sections for large-angle pion pro-
duction in charged pion-induced reactions

The measures at large angle are realized in an angular domain spreading from 350 to 2150
mrad, decomposed in 9 bins of 200 mrad each. The momentum acceptance and the momentum
bin size is the same as for proton-induced reactions; they are summarized in Tab. D.1 and Eq. D.2.

The figures are organized exactly as for proton-induced reaction: each figure is divided in
four panels, one for each incident momentum of the proton (3 GeV/c in panel (a), 5 GeV/c in
panel (b), 8 GeV/c in panel (c) and 12 GeV/c in panel (d)). In turn, each panel is divided in
nine parts, each of them corresponding to a different angular bin in the experiments. The values
of these angular bins are the same as for proton-induced reactions and are summarized in Table
6.2.

D.3.1 Positively charged pion as projectile

Figures D.17 to D.19 show the comparison between data from the HARP experiment (sym-
bols) and simulations realized with the extended version of INCL4.2 (blue lines) for a Be target
with four positively charged pion projectile momentum (3 GeV/c, 5 GeV/c, 8 GeV/c and 12
GeV/c). The following figures show the same comparison for different targets: carbon (Figs. D.20
to D.21), aluminium (Figs. D.22 to D.24), copper (Figs. D.25 to D.26), tin (Figs. D.27 to D.29),
tantalum (Figs. D.30 to D.32) and lead (Figs. D.33 to D.34).

For each target, comparisons for π+ and π− production double-differential cross section and
simple-differential cross sections after integration over the angular domain and the momentum
domain are shown.

In the case of the C, Cu and Pb targets, only two values of the projectile incident momentum
are considered here (3 and 8 GeV/c), the figures for other values of the projectile momentum
have been presented in Chapter 6.

D.3.2 Negatively charged pion as projectile

Figures D.35 to D.37 show the comparison between data from the HARP experiment (sym-
bols) and simulations realized with the extended version of INCL4.2 (blue lines) for a Be target
with four π− projectile momentum (3 GeV/c, 5 GeV/c, 8 GeV/c and 12 GeV/c). The following
figures show the same comparison for different targets: carbon (Figs. D.38 to D.39), aluminium
(Figs. D.40 to D.42), copper (Figs. D.43 to D.44), tin (Figs. D.45 to D.47), tantalum (Figs. D.48
to D.50) and lead (Figs. D.51 to D.52).

For each target, comparisons for double-differential cross section for positive pion production
and negative pion production and simple-differential cross sections after integration over the
angular domain and the momentum domain are shown.

In the case of the C, Cu and Pb targets, only two values of the projectile incident momentum
are considered here (3 and 8 GeV/c), the figures for other values of the projectile momentum
have been presented in Chapter 6.
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Figure D.17: Double-differential cross sections for the π+ production in π+-induced reactions
on Be at 3 GeV/c (a), 5 GeV/c (b), 8 GeV/c (c) and 12 GeV/c (d) incident momentum. Data

(symbols) from Refs. [13] are compared with the improved version of INCL4.2 (blue lines).
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Figure D.18: Double-differential cross sections for the π− production in π+-induced reactions
on Be at 3 GeV/c (a), 5 GeV/c (b), 8 GeV/c (c) and 12 GeV/c (d) incident momentum. Data

(symbols) from Refs. [13] are compared with the improved version of INCL4.2 (blue lines).
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Figure D.19: Simple-differential cross section in π+-induced reactions on Be target at 3 GeV/c
(a), 5 GeV/c (b), 8 GeV/c (c) and 12 GeV/c (d) incident momentum. Each panel is divided
in four, corresponding to the integration of the π+ production (left column of the panel) double-
differential cross sections or the π− production (right column of the panel) double-differential
cross sections of the HARP experiment Ref. [13] over the momentum domain (upper part of the
panel) or over the angular domain (lower part of the panel) presented in Tab. D.1. The data

(symbols) are compared with the improved version of the INCL4 model (blue lines).
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Figure D.20: Double-differential cross sections for π+ production (a,c) and π− production (b,d)
in π+-induced reactions on C at 3 GeV/c (a,b) and 8 GeV/c (c,d) incident momentum. Data
(symbols) from Ref. [13] are compared with the improved version of the INCL4 model (blue lines).
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Figure D.21: Simple-differential cross section in π+-induced reactions on C target at 3 GeV/c
(a) and 8 GeV/c (b) incident momentum. The data are obtained by integrating the double-
differential cross sections of the HARP experiment over the angular domain or over the mo-
mentum domain (presented in Tab. D.1). Data (symbols) from Ref. [13] are compared with the

improved version of INCL4 (blue lines).
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Figure D.22: Double-differential cross sections for the π+ production in π+-induced reactions
on Al at 3 GeV/c (a), 5 GeV/c (b), 8 GeV/c (c) and 12 GeV/c (d) incident momentum. Data

(symbols) from Refs. [13] are compared with the improved version of INCL4.2 (blue lines).
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Figure D.23: Double-differential cross sections for the π− production in π+-induced reactions
on Al at 3 GeV/c (a), 5 GeV/c (b), 8 GeV/c (c) and 12 GeV/c (d) incident momentum. Data

(symbols) from Refs. [13] are compared with the improved version of INCL4.2 (blue lines).
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Figure D.24: Simple-differential cross section in π+-induced reactions on Al target at 3 GeV/c
(a), 5 GeV/c (b), 8 GeV/c (c) and 12 GeV/c (d) incident momentum. Each panel is divided
in four, corresponding to the integration of the π+ production (left column of the panel) double-
differential cross sections or the π− production (right column of the panel) double-differential
cross sections of the HARP experiment Ref. [13] over the momentum domain (upper part of the
panel) or over the angular domain (lower part of the panel) presented in Tab. D.1. The data

(symbols) are compared with the improved version of the INCL4 model (blue lines).
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Figure D.25: Double-differential cross sections for π+ production (a,c) and π− production (b,d)
in π+-induced reactions on Cu at 3 GeV/c (a,b) and 8 GeV/c (c,d) incident momentum. Data
(symbols) from Ref. [13] are compared with the improved version of the INCL4 model (blue lines).
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Figure D.26: Simple-differential cross section in π+-induced reactions on Cu target at 3 GeV/c
(a) and 8 GeV/c (b) incident momentum. The data are obtained by integrating the double-
differential cross sections of the HARP experiment over the angular domain or over the mo-
mentum domain (presented in Tab. D.1). Data (symbols) from Ref. [13] are compared with the

improved version of INCL4 (blue lines).
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Figure D.27: Double-differential cross sections for the π+ production in π+-induced reactions
on Sn at 3 GeV/c (a), 5 GeV/c (b), 8 GeV/c (c) and 12 GeV/c (d) incident momentum. Data

(symbols) from Refs. [13] are compared with the improved version of INCL4.2 (blue lines).
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Figure D.28: Double-differential cross sections for the π− production in π+-induced reactions
on Sn at 3 GeV/c (a), 5 GeV/c (b), 8 GeV/c (c) and 12 GeV/c (d) incident momentum. Data

(symbols) from Refs. [13] are compared with the improved version of INCL4.2 (blue lines).
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Figure D.29: Simple-differential cross section in π+-induced reactions on Sn target at 3 GeV/c
(a), 5 GeV/c (b), 8 GeV/c (c) and 12 GeV/c (d) incident momentum. Each panel is divided
in four, corresponding to the integration of the π+ production (left column of the panel) double-
differential cross sections or the π− production (right column of the panel) double-differential
cross sections of the HARP experiment Ref. [13] over the momentum domain (upper part of the
panel) or over the angular domain (lower part of the panel) presented in Tab. D.1. The data

(symbols) are compared with the improved version of the INCL4 model (blue lines).
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Figure D.30: Double-differential cross sections for the π+ production in π+-induced reactions
on Ta at 3 GeV/c (a), 5 GeV/c (b), 8 GeV/c (c) and 12 GeV/c (d) incident momentum. Data

(symbols) from Refs. [13] are compared with the improved version of INCL4.2 (blue lines).
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Figure D.31: Double-differential cross sections for the π− production in π+-induced reactions
on Ta at 3 GeV/c (a), 5 GeV/c (b), 8 GeV/c (c) and 12 GeV/c (d) incident momentum. Data

(symbols) from Refs. [13] are compared with the improved version of INCL4.2 (blue lines).
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Figure D.32: Simple-differential cross section in π+-induced reactions on Ta target at 3 GeV/c
(a), 5 GeV/c (b), 8 GeV/c (c) and 12 GeV/c (d) incident momentum. Each panel is divided
in four, corresponding to the integration of the π+ production (left column of the panel) double-
differential cross sections or the π− production (right column of the panel) double-differential
cross sections of the HARP experiment Ref. [13] over the momentum domain (upper part of the
panel) or over the angular domain (lower part of the panel) presented in Tab. D.1. The data

(symbols) are compared with the improved version of the INCL4 model (blue lines).
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Figure D.33: Double-differential cross sections for π+ production (a,c) and π− production (b,d)
in π+-induced reactions on Pb at 3 GeV/c (a,b) and 8 GeV/c (c,d) incident momentum. Data
(symbols) from Ref. [13] are compared with the improved version of the INCL4 model (blue lines).
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Figure D.34: Simple-differential cross section in π+-induced reactions on Pb target at 3 GeV/c
(a) and 8 GeV/c (b) incident momentum. The data are obtained by integrating the double-
differential cross sections of the HARP experiment over the angular domain or over the mo-
mentum domain (presented in Tab. D.1). Data (symbols) from Ref. [13] are compared with the

improved version of INCL4 (blue lines).
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Figure D.35: Double-differential cross sections for the π+ production in π−-induced reactions
on Be at 3 GeV/c (a), 5 GeV/c (b), 8 GeV/c (c) and 12 GeV/c (d) incident momentum. Data

(symbols) from Refs. [13] are compared with the improved version of INCL4.2 (blue lines).
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Figure D.36: Double-differential cross sections for the π− production in π−-induced reactions
on Be at 3 GeV/c (a), 5 GeV/c (b), 8 GeV/c (c) and 12 GeV/c (d) incident momentum. Data

(symbols) from Refs. [13] are compared with the improved version of INCL4.2 (blue lines).
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Figure D.37: Simple-differential cross section in π−-induced reactions on Be target at 3 GeV/c
(a), 5 GeV/c (b), 8 GeV/c (c) and 12 GeV/c (d) incident momentum. Each panel is divided
in four, corresponding to the integration of the π+ production (left column of the panel) double-
differential cross sections or the π− production (right column of the panel) double-differential
cross sections of the HARP experiment Ref. [13] over the momentum domain (upper part of the
panel) or over the angular domain (lower part of the panel) presented in Tab. D.1. The data

(symbols) are compared with the improved version of the INCL4 model (blue lines).
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Figure D.38: Double-differential cross sections for π− production (a,c) and π− production (b,d)
in π+-induced reactions on C at 3 GeV/c (a,b) and 8 GeV/c (c,d) incident momentum. Data
(symbols) from Ref. [13] are compared with the improved version of the INCL4 model (blue lines).



182 Appendix D. The HARP experiment

1

10

10 2

500 1000 1500 2000
θ (mrad)

d
σ/

d
p

 (
m

b
/(

G
eV

/c
))

1

10

10 2

500 1000 1500 2000
θ (mrad)

10

10 2

10 3

200 400 600 800
p (MeV/c)

d
σ/

d
θ 

(m
b

/r
ad

)

10

10 2

10 3

200 400 600 800
p (MeV/c)

(a) π− (3 GeV/c) + C

1

10

10 2

500 1000 1500 2000
θ (mrad)

d
σ/

d
p

 (
m

b
/(

G
eV

/c
))

1

10

10 2

500 1000 1500 2000
θ (mrad)

10

10 2

10 3

200 400 600 800
p (MeV/c)

d
σ/

d
θ 

(m
b

/r
ad

)

10

10 2

10 3

200 400 600 800
p (MeV/c)

(b) π− (8 GeV/c) + C

Figure D.39: Simple-differential cross section in π−-induced reactions on C target at 3 GeV/c
(a) and 8 GeV/c (b) incident momentum. The data are obtained by integrating the double-
differential cross sections of the HARP experiment over the angular domain or over the mo-
mentum domain (presented in Tab. D.1). Data (symbols) from Ref. [13] are compared with the

improved version of INCL4 (blue lines).
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Figure D.40: Double-differential cross sections for the π+ production in π−-induced reactions
on Al at 3 GeV/c (a), 5 GeV/c (b), 8 GeV/c (c) and 12 GeV/c (d) incident momentum. Data

(symbols) from Refs. [13] are compared with the improved version of INCL4.2 (blue lines).
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Figure D.41: Double-differential cross sections for the π− production in π−-induced reactions
on Al at 3 GeV/c (a), 5 GeV/c (b), 8 GeV/c (c) and 12 GeV/c (d) incident momentum. Data

(symbols) from Refs. [13] are compared with the improved version of INCL4.2 (blue lines).
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Figure D.42: Simple-differential cross section in π−-induced reactions on Al target at 3 GeV/c
(a), 5 GeV/c (b), 8 GeV/c (c) and 12 GeV/c (d) incident momentum. Each panel is divided
in four, corresponding to the integration of the π+ production (left column of the panel) double-
differential cross sections or the π− production (right column of the panel) double-differential
cross sections of the HARP experiment Ref. [13] over the momentum domain (upper part of the
panel) or over the angular domain (lower part of the panel) presented in Tab. D.1. The data

(symbols) are compared with the improved version of the INCL4 model (blue lines).
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Figure D.43: Double-differential cross sections for π− production (a,c) and π− production (b,d)
in π+-induced reactions on Cu at 3 GeV/c (a,b) and 8 GeV/c (c,d) incident momentum. Data
(symbols) from Ref. [13] are compared with the improved version of the INCL4 model (blue lines).
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Figure D.44: Simple-differential cross section in π−-induced reactions on Cu target at 3 GeV/c
(a) and 8 GeV/c (b) incident momentum. The data are obtained by integrating the double-
differential cross sections of the HARP experiment over the angular domain or over the mo-
mentum domain (presented in Tab. D.1). Data (symbols) from Ref. [13] are compared with the

improved version of INCL4 (blue lines).
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Figure D.45: Double-differential cross sections for the π+ production in π−-induced reactions
on Sn at 3 GeV/c (a), 5 GeV/c (b), 8 GeV/c (c) and 12 GeV/c (d) incident momentum. Data

(symbols) from Refs. [13] are compared with the improved version of INCL4.2 (blue lines).
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Figure D.46: Double-differential cross sections for the π− production in π−-induced reactions
on Sn at 3 GeV/c (a), 5 GeV/c (b), 8 GeV/c (c) and 12 GeV/c (d) incident momentum. Data

(symbols) from Refs. [13] are compared with the improved version of INCL4.2 (blue lines).
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Figure D.47: Simple-differential cross section in π−-induced reactions on Sn target at 3 GeV/c
(a), 5 GeV/c (b), 8 GeV/c (c) and 12 GeV/c (d) incident momentum. Each panel is divided
in four, corresponding to the integration of the π+ production (left column of the panel) double-
differential cross sections or the π− production (right column of the panel) double-differential
cross sections of the HARP experiment Ref. [13] over the momentum domain (upper part of the
panel) or over the angular domain (lower part of the panel) presented in Tab. D.1. The data

(symbols) are compared with the improved version of the INCL4 model (blue lines).
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Figure D.48: Double-differential cross sections for the production of positive pions in negative
pion-induced reactions on Ta at 3 GeV/c (a), 5 GeV/c (b), 8 GeV/c (c) and 12 GeV/c (d)
incident momentum. Data (symbols) from Refs. [13] are compared with the standard version (red
lines) and the improved version (blue lines) of the INCL4 model (standard INCL4.2 version plus

implementation of direct multipion production).
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Figure D.49: Double-differential cross sections for the π+ production in π−-induced reactions
on Ta at 3 GeV/c (a), 5 GeV/c (b), 8 GeV/c (c) and 12 GeV/c (d) incident momentum. Data

(symbols) from Refs. [13] are compared with the improved version of INCL4.2 (blue lines).
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Figure D.50: Double-differential cross sections for the π− production in π−-induced reactions
on Ta at 3 GeV/c (a), 5 GeV/c (b), 8 GeV/c (c) and 12 GeV/c (d) incident momentum. Data

(symbols) from Refs. [13] are compared with the improved version of INCL4.2 (blue lines).
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Figure D.51: Double-differential cross sections for π− production (a,c) and π− production (b,d)
in π+-induced reactions on Cu at 3 GeV/c (a,b) and 8 GeV/c (c,d) incident momentum. Data
(symbols) from Ref. [13] are compared with the improved version of the INCL4 model (blue lines).
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Figure D.52: Simple-differential cross section in π−-induced reactions on Pb target at 3 GeV/c
(a) and 8 GeV/c (b) incident momentum. The data are obtained by integrating the double-
differential cross sections of the HARP experiment over the angular domain or over the mo-
mentum domain (presented in Tab. D.1). Data (symbols) from Ref. [13] are compared with the

improved version of INCL4 (blue lines).
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