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Eberhard Malkowsky

Abstract

These are the lecture notes of a mini—course of three lessons on
Hilbert spaces taught by the author at the First German—Serbian
Summer School of Modern Mathematical Physics in Sokobanja, Yu-
goslavia, 13-25 August, 2001. The main objective was to present the
fundamental definitions and results and their proofs from the theory
of Hilbert spaces that are needed in applications to quantum physics.
In order to make this paper self-contained, Section 1 was added; it
contains well-known basic results from linear algebra and functional

analysis.

1 Notations, Basic Definitions and Well-Known

Results

In this section, we give the notations that will be used throughout. Fur-
thermore, we shall list the basic definitions and concepts from the theory of
linear spaces, metric spaces, linear metric spaces and normed spaces, and
deal with the most important results in these fields. Since all of them are
well known, we shall only give the proofs of results that are directly applied

in the theory of Hilbert spaces.
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Throughout, let IN, IR and C denote the sets of positive integers, real
and complex numbers, respectively. For n € IN, let IR™ and C" be the sets
of n—tuples = (z1, z2,...,x,) of real and complex numbers. If S is a set
then |S| denotes the cardinality of S. We write Ry for the cardinality of
the set IN.

In the proof of Theorem 4.8, we need

Theorem 1.1 The Cantor—Bernstein Theorem
If each of two sets allows a one—to—one map into the other, then the sets

are of equal cardinality.
We shall frequently make use of Hélder’s and Minkowski’s inequalities.

Theorem 1.2 Holder’s and Minkowski’s Inequalities
Let ay,a9,...,an,b1,ba,...,b, €C.
(a) Ifp>1and g=p/(p—1) then

n n 1/p n 1/q
> larb| < (Z |ak|p> : (Z |bk\q> (1)
k=1

k=1 k=1
(Holder’s inequality).
(b) If 1 < p < oo then

n 1/p n 1/p n 1/p
(Z |ak+bk\q> < (Z \ak\p> + <Z \bk!p> (2)
k=1 k=1 k=1
(Minkowski’s inequality).
1.1 Partially ordered sets and the axiom of transfinite in-
duction

A partially ordered set is a set for which a transitive and reflexive binary
relation is defined. We shall write a > b to denote that the ordered pair

(a,b) is in relation. Our definition requires that

if a > b and b > ¢ then a > ¢ (transitivity)
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and

a > a for all a (reflexivity).

Finally a < b means b > a. The most obvious example is IR, taking a > b

with its usual meaning.

Example 1.3 In IR? we define (z,y) > (u,v) to mean x > u and y > v.
Let A be a collection of subsets of a set S. For A, B € A, we define A > B

to mean A C B. This ordering is called ordering by inclusion.

We see from Example 1.3 that a partially ordered set may have in-
comparable elements; (5,2) and (4,3) are incomparable. We call a and b
comparable if either a > b or b > a; otherwise they are incomparable.

A partially ordered set is called totally ordered if the ordering is anti-

symmetric, that is
a > b and b > a together imply a = b,

and all elements are comparable.

A chain is a totally ordered subset of a partially ordered set. For exam-
ple, in IR, any set is a chain. In Example 1.3, the set {(n,n) :n=1,2,...}
is a chain, also {(¢,t + 1) : t € R}. A maximal chain is one not properly
included in any chain. The chain {(n,n) : n+1,2,...} is not maximal, since
it is included in {(¢,¢) : t € IR}. This latter chain is maximal. The chain
{(t,t +1):t € R} is maximal in Example 1.3. These two maximal chains
are incomparable (neither includes the other), thus neither is a mazimum
(or largest) chain.

Axiom of transfinite induction. FEvery partially ordered set includes
a mazximal chain.

This axiom can also be expressed in the form

Theorem 1.4 FEvery chain is included in a maximal chain.
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1.2 Linear spaces and linear maps

The concepts of linear spaces and linear maps are fundamental in many
fields of mathematics. Linear spaces are nonempty sets which are given an
algebraic structure.

Let IF denote a field throughout, in general IF = C, the field of complex
numbers, or IF = IR, the field of real numbers.

First we give the definition of a linear or vector space.

Definition 1.5 Let IF be a field. A linear space or vector space V
(over IF) is a set for which are defined an addition + : (V x V) — V|,
+(v,w) =v+w for all v,w € V and a multiplication by scalars - : (IF' x
V) =V, «(A\v) = X for all X € IF and for all v € V, such that V is
an Abelian group with respect to + and the following distributive laws are

satisfied for all \,p € IF and all v,w €V

(D.1) Av+w) = v+ w

(D.2) (A + p)v = Av + pw

(D.3) (Au)v = A(pv)

(D.4) 1v = v for the unit element of IF

The elements of a linear space V' over a field IF are called vectors and the
elements of IF' are referred to as scalars.

A subset S of a linear space is called convex if As+ ut € S for all s,t € S
and all scalars A,y > 0 with A+ p = 1.

A subset S of a linear space V is called linear subspace of V' if it is a
linear space with the same operations and scalars as V', that is, if s,t € S

and A € IF imply s+t € S and As € S.
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Usually the operation of an Abelian group is denoted by + in which

case the neutral element is denoted by 0.

Example 1.6 (a) On IR" we define

r4+y=(r14+y1, 224+ Y2, ...,y +yn) for all z,y € R"
Ax = (A\x1, \x2, ..., Azy) for all x € IR" and all X € IR.

Then IR™ is a linear space over IR. Similarly C" becomes a linear space
over C. Letp >0 and Cp, = {z € IR" : Y p_; |xx/? < 1}. Then Cp is a
convex set if and only if p > 1. If p> 1, let z,y € C and A\, u > 0 satisfy
A+ p=1. Then, by Minkowski’s inequality

n 1/p n 1/1’ n 1/1’
(Z |Azy, + uyk\p> <A (Z \m\”) + 1 (Z ka\”> <1,
k=1 k=1

k=1
hence Ax 4+ py € Cp. If 0 < p < 1, we consider x = e = (1,0,...,0),y =
e® =1(0,1,0,...,0) € Cp. Then z = (1/2)(x+y) & Cp, since S0_; |z1P =
27t > 1,
(b) Let M be a set, V be a linear space over IF and VM denote the set
of all functions from M to V.. We define f + g and \f for all f,g € VM
and for all A € IF by

(f +9)(m) = f(m) + g(m) and (\f)(m) = Af(m) for all m € M.

Then VM s a linear space over IF. In particular, let M = IN and V =C.
Then w = CN = {x = (x)32, : 2k € C for all k}, the set of all complex

sequences, is a linear space with
r+y= (T +yr)hey and Az = (A\zg)hey for all z,y € w and all X € C.

Let1 <p<oo. Weputl,={rcw:xzecw:y 2 |zs? <oo}. Then l,
s a linear subspace of w; this follows from Minkowski’s inequality.

Let C[0,1] denote the set of all continuous real-valued functions on the
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interval [0,1]. Then [0,1] is a linear subspace of IR,
Let 1 < p < oo and L0, 1] be the set of all Lebesque measurable functions
f on the interval [0,1] such that fol |fIP < co. Then L,[0,1] is a linear

space.

Let S be a subset of a linear space V. A linear combination of S is
an element Y ;'_; A\psk where A, Ag,..., A\, € IF and sy1,s9,...,5, € S are
distinct. Any linear combination with at least one nonzero scalar coefficient
is called montrivial; 0 is the trivial linear combination of every set, for
the empty set, this is taken as a convention. The set S is called linearly
dependent if 0 is a nontrivial linear combination of S; otherwise it is called
linearly independent. The set of all linear combinations of .S is called span
of S denoted by spans; S is said to span a set T if T C spans§.

We observe that linear combinations are finite sums. By definition,
a set S in a linear space is linearly independent if and only if, whenever
$1,82,...y8n €5, A, A2, ..., Ay € IF and Y 7y Agsgp = 0 then A\ = Ay =
... = Ap = 0. A set is linearly independent, if each finite subset is. Every

subset of a linearly independent set is linearly independent.

Example 1.7 (a) InC", the set B = {e®) : k =1,2,...,n} of vectors with
(k) (k)

e ;

C". The set B U {e} with e = (1,1,...,1) is linearly dependent, since

=1 and e’ = 0 for j # k is linearly independent, and spanB =
e—0_1e®) =0 is a nontrivial linear combination of B.

(b) Let M = [0,1]. For each t € M, we define f, € VM by f,(t) = 1
and fi(x) = 0 for v € M\ {t}. Then B = {f; : t € M} is linearly
independent, for if fi,, ftos---, ft, € B and A1, A2, ..., Ay are scalars, then
Yoh—1 Akft, = 0 means >0 Mg fi,(x) = 0 for all x € M. If we choose
x =1t for j =1,2,... then

Z)\kftk(tj) =XN=0forj=12,...,n
k=1
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Let g € VM be defined by g(x) = 1 for all x € M. Then g € VM \
spanB, and so B does not span VM. In particular, we consider the set
B = {e(") :n=1,2,...} in w where, for each n, e is the sequence with
67(1") =1 and e,(cn) = 0 for k # n. Then B is linearly independent, and

e=(1,1,...) €Ew)\ spanB.

An algebraic or Hamel basis for a linear space V is a linearly independent

set which spans V.

Example 1.8 (a) The set B = {e) @) ... ™} is an algebraic basis for
Cc".
(b) The set B = {e™ :n =1,2,...} is not an algebraic basis for w since

e €w\ spanB.

Theorem 1.9 Every linear space has an algebraic basis. Any two algebraic

bases of a linear space are in a one—to—one correspondence.

In view of Theorem 1.9, we define the algebraic or Hamel dimension
of a linear space as the cardinality of its algebraic basis. The algebraic or
Hamel dimension of a set in a linear space is defined to be the algebraic
dimension of its span.

Now we study linear maps which naturally arise in connection with

linear spaces.

Definition 1.10 Let V and W be linear spaces over the same field IF. A
map f:V — W is said to be a linear map or a homomorphism, if for

all u,v € V and all A € IF,

flu+v)= f(u)+ f(v) (additivity)

and

f(Av) = Af(v) (homogenity );
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the set of all linear maps from V to W is denoted by L(V,W). If V is a
linear space over C and W =C, we write V#* = L(V,C) and each f € V#
is called a linear functional on V. Similarly, if V is a linear space over IR
and W = IR, we write V{ff = L(V,IR) and each f € Vuf is called a real
linear functional on V.

A one—to—one linear map is called an isomorphism into. We say that two
linear spaces are isomorphic if there is an isomorphism from each onto

the other.

Example 1.11 (a) Let P be the linear space of polynomials. Then D : P —
P, the differentiation operator, is linear.

(b) Let bos = {x € w:sup|zg| < oo} and ¢g = {z € w: limg_ z = 0}
denote the sets of bounded and null sequences. Then the map [ : lso — co
defined by f(x) = (zx/k)32, for all x = (z)72, € lx is linear. The
function g : co — co defined by g(z) = (22)%2, for all ¥ = (z)52, € co is

not linear.
Theorem 1.12 An additive map f is rational homogeneous, that is
fw) = Af(v) for all rational X and all vectors v.
Proof. Since f is additive, it follows by induction that
f(mz) =mf(z) for all m € IN and all z € X. (3)

Furthermore f(0) + f(0) = f(0+0) = f(0) implies
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Thus, if m € —IN, we put n = —m € IN and obtain from (3) and (5)

f(mz) = f(—nz) = —f(nx) = —nf(z) = mf(z),

hence

f(mz) =mf(x) for all m € Z and all € X. (6)

Now let » € Q. Then there are m € Z and n € IN such that r = m/n and

fora) =

nf(re) = 3 f(nre) = § f(ma)
f(z) =rf(x) for all x € X.

S 3

It turns out in Theorem 1.13 that a linear functional is uniquely de-
termined by its real part. Specifically, let V' be a (complex) linear space
and f € V#. We define g and h on V by g(v) =Ref(v) and h(v) =Imf(v)
for all v € V. Thus f(v) = g(v) + ih(v) for each v € V, and g and h are

real—valued, real linear functions.

Theorem 1.13 Let g be a real-valued linear function defined on a (com-
plex) linear space V. Then there exists a unique real-valued function h

defined on V such that f = g +ih € VF.

Proof. First we prove the uniqueness of such h.

We suppose that f = g + ih is linear. Then for any v € V,
g(iv) +ih(iv) = f(iv) = if (v) = ig(v) — h(v).

Comparing real parts yields h(v) = —g(iv). This shows that h is uniquely
determined and real linear.
Next we show that such an h exists by constructing it.

We define h by h(v) = —g(iv) or all v € V. Let f = g + ih, that is

f(v) = g(v) —ig(iv) for all v € V. (7)
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Clearly f is additive and real linear. Thus we have only to show f(iv) =

if(v) for all v € V. But

f(iv) = gliv) +ih(iv) = g(iv) — ig(iiv) = g(iv) — ig(~v) = g(iv) + ig(v)
= —h(v) +ig(v) = i(g(v) + ih(v)) = if(v).

1.3 Metric and normed spaces

Metric spaces are sets with a topological structure that arises from the
concept of distance. Continuity of functions and convergence of sequences

can be defined in metric spaces.

Definition 1.14 Let X be a set. A function d : X x X — IR is called a

semimetric if for all x,y,z € X

(D.1) d(z,y) = d(y,x) =2 0
(D.2) d(z,z) =0
(D.3) d(z,y) < d(x,z)+d(z,y) (triangle inequality );

the number d(x,y) is called the distance between x and y. The set X
together with the semimetric d is called o semimetric space, denoted by

(X,d). A metric on X is a semimetric satisfying

(D.4) d(x,y) >0 if x # y;
the set X together with the metric d is called a metric space.

Example 1.15 (a) The set IR? is a semimetric space with d defined by
d(z,y) = |r1 — y1| for all x = (x1,29),y = (y1,92) € IR>.
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(b) The set w is a metric space with d defined by

1z — il
d(z,y) = _ llx = XY= X Ew.
(z,y) 1;:1 ATERT— forall x = (xp)721,y = (Y)jey € w

(c) The set Lo, of bounded sequences is a metric space with d, defined by

doo(,y) = sup [k — yi| for all » = (wk)izy,y = (Wr)iz1 € loo.

The sets £, (1 < p < o0) are metric spaces with dy, defined by

o) 1/p
dp(z,y) = <Z vk — yk|p> for all & = (zk);Z1,y = (yk)iZ1 € bp;
k=1

the triangle inequality follows from Minkowski’s inequality.
(d) The set C|0,1] is a metric space with d and p defined by

1

d(f.9) = mas (@) — g(@)] and p(f.0) = [ 7(x) ~ o(x)] o

0

for all f,g € C[0,1].
Let (X, d) be a semimetric space, § > 0 and zg € X. By
Us(zo) = {zx € X : d(x,x0) < I}

we denote the open & neighbourhood of xg.

We already mentioned that the concept of convergence can be intro-
duced in semimetric spaces. A sequence (z,,)52; in a semimetric space X
is said to be convergent with limit x, or converge to x, if given any € > 0
there is ng = ng(e) € IN such that x, € U.(x) for all n > ng; this is de-
noted by z, — x (n — o0). A Cauchy sequence in a semimetric space is
a sequence ()52, such that to each £ > 0, there corresponds an N € IN
such that d(zp,x,) < € for all m,n > N. A semimetric space is called

complete if every Cauchy sequence in it is convergent.
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Remark 1.16 (a) It is easy to see that, in a semimetric space, T, — x
(n — o0) if and only if d(xyn,x) — 0 (n — 00).

(b) It is possible for a sequence in a semimetric space to converge to different
limits. For instance, if d(z,y) = 0 for distinct x and y then the sequence
(1)1 with x,, = x for all n converges to both = and y. In metric spaces,
however, limits are unique, for if x, — x and x, — y (n — o0) then
d(z,y) < d(z,zy) + d(xn,y) — 0 (n — o0) by Part (a), and so d(x,y) =0
which implies x = y. If a sequence (x,)72, has a unique limit x we write

lim,,— oo T, = T.

Now we introduce the concept of continuity of functions in semimetric
spaces. Let (X,dx) and (Y, dy) be semimetric spaces. A function f : X —
Y is said to be continuous at x € X if or every € > 0 there is § > 0 such
that f(Us(z)) C Us(f(z)); here, of course, Us(z) = {2/ € X : dx(a/,2) <
0y C X and Uc(f(x)) ={y €Y 1 dy(y, f(z)) < e} CY; fis said to be

continuous on X if it is continuous at each point of X.

Theorem 1.17 Let X and Y be semimetric spaces. A function f : X —Y
is continuous at x € X if and only if f(xn) — f(z) (n — 00) whenever

s . .
(xn)oey is a sequence in X converging to x.

Let X and Y be semimetric spaces. A function f : X — Y is called
an isometry if it is one—to—one and d(f(z), f(y)) = d(z,y) for all z,y € X.
Two spaces are called isometric if there is an isometry from each into the
other.

A subset S of a semimetric space X is called dense, if given x € X and
e > 0 there is s € S with d(z, s) < . A semimetric space is called separable

if it has a countable dense set in it.
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1.4 Linear metric spaces

So far we studied linear and semimetric spaces separately. To join the two
concepts, some connection should be assumed between them. The natural
assumption is that the algebraic operations of the linear space should be
continuous with respect to the semimetric.

A useful notion is that of a paranorm. A paranorm is a real function p

defined on a linear space X such that for all z,y € X

(P4) plz+y) <ple) +p(y)

(triangle inequality; continuity of addition)

(P.5) if (A\p)22; is a sequence of scalars with A\, — A (n — o0)
and (7)., is a sequence of vectors with p(z,, —x) — 0
(n — 00), then p(Ax, — Ax) — 0 (n — o0) (continuity of

multiplication by scalars).

A paranorm p for which p(x) = 0 implies x = 0 is called total.

Example 1.18 A paranorm p defines a semimetric d which is a metric if
and only if p is total. We put d(z,y) = p(x — y) for all x and y. Then
d(z,y) = px—y) =p(=(z—y)) = ply —z) = d(y, z), d(z,z) = p(r —x) =
p(0) =2 0 and d(z,y) = p(z —y) =p(z —z2+2—y) <p(z —2) +p(z —y) =
d(z,z) +d(z,y).

A semimetric d for a linear space X is said to be invariant if there exists

a paranorm p such that d(z,y) = p(x — y) for all z,y € X. We say that
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the paranorm yields the semimetric and the semimetric comes from the
paranorm. Since p(z) = d(z,0), a given semimetric comes from at most

one paranorm. Clearly an invariant semimetric d satisfies the equation
d(z+ z,y+ z) = d(z,y) for all z, y and z, (8)

hence its name. The discrete metric, however, that is the metric d with
d(z,z) = 0 and d(z,y) = 1 for all x # y, satisfies equation (8), but is
not an invariant metric. For if we put p(z) = 1 for z # 0 and p(0) = 0
and choose A\, = 1/n and z,, = = # 0 for all n, then A\, — A = 0 and
p(zn —x) — 0 (n — 00), but p(Ayzy, — Ax) = p((1/n)x) = 1 for all n,
that is p(Apzn — Ax) /4 0 (n — o0) and multiplication by scalars is not

continuous.

Definition 1.19 A semimetric space which is also a linear space is called
a linear semimetric space, if the semimetric comes from a paranorm;
it is called a linear metric space, if the semimetric comes from a total

paranorm.

The set of all continuous linear functionals on a linear semimetric space

X will be denoted by X’ and called the dual space of X.

Theorem 1.20 Let X be a linear semimetric space, Y be a linear metric
space and f : X — Y be a continuous additive function. Then f is real

linear.

Proof. By Theorem 1.12, the map f is rational homogeneous. Let
A € R and (A\,)52; be a sequence of rationals converging to A\. Then for
any * € X, A\, — Az by (P.5) of the definition of a paranorm. Since f is

continuous this implies
f(Anz) = f(Az) (n — 00).
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Also A, f(x) = Af(z) (n — oo) for each x. Since f(A,z) = A, f(x) for each
x € X (n=1,2,...) and the limits in metric spaces are unique by Remark
1.16, we have

f(Az) = Af(z) for all x € X.

A subset S of a linear semimetric space X is called fundamental if
span$ is dense in X, that is, given any vector z € X and any ¢ > 0,
there is a linear combination y of S such that d(z,y) < €. A Schauder
basis of a linear metric space X is a sequence (b,)>2; of elements of X
such that for any vector x € X, there exists a unique sequence ()22
of scalars such that > °°; Apb, = x. Every linear metric space with a
Schauder basis is separable. For a finite—dimensional space the concepts of
Schauder and algebraic basis coincide. Also in ¢, the set of all sequences
that terminate in zeros, with the metric of £, (e(™)%, is both a Schauder
and an algebraic basis. In all other interesting cases, however, the concepts

[e'S)
n=1

differ. For example, in ¢y, B = (e{™) is a Schauder basis, but not an
algebraic basis, since spanB = ¢ and ¢ is a proper subset of ¢y. On the
other hand, any algebraic basis of ¢y is uncountable, and so is automatically
not a Schauder basis. Whereas every linear space has an algebraic basis,

lo has no Schauder basis, since it is not separable.

1.5 Normed spaces

A seminorm is a paranorm which has an additional homogenity property.

Later we shall consider Hilbert spaces as special normed spaces.

Definition 1.21 Let X be a linear space over IF = IR or IF =C. A map
|- ]| : V — IR is called a seminorm if it satisfies the following conditions

for all vectors x and y and for all scalars A
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(N.1) [zl =0
(N.2) [Az ]l = [A[ lz]| (homogenity)
(N.3) |z + vyl < ||z|| + |ly|]| (triangle inequality);

a norm is a seminorm which satisfies

(N.4) ]| > 0 if 2 # 0.

A linear space X with a seminorm is called a seminormed space, and a

linear space with a norm is called a normed space.

Remark 1.22 A seminorm is a paranorm. The conditions (P.1) to (P.4)
of a paranorm are trivial. Condition (P.5) follows from
[Anzn — Azl| = [[An(zn — ) + (A0 — A)z]
< [Anl lzn = 2] + A0 = Al 2] = 0
if \p = A and ||z, — z]] = 0 (n — 0).
Thus every seminormed space is a linear semimetric space, and the con-
cepts of Cauchy sequences, convergence, continuity and completeness can

be translated from semimetric to seminormed spaces.

A normed space is called Banach space if it is complete with respect to
the metric given by its norm.
Example 1.23 (a) The sets IR" and C" are Banach spaces with
Joloo = s [o
Any two norms || - || and || - || are equivalent on IR™ or C", that is, there

are constants C7 and Cy such that

Crll|l < llxl” < Collz|| for all =
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(b) Let 1 < p < co. Then €, is a Banach space with

oo 1/p
z|lp = (Z ’xk’p> for all x € £),.
k=1

Also Ly[0,1] is a Banach space with

1 1/p
1 fllp = (/ |f’p) for all f € Ly[0,1].
0

The set C[0,1] is a normed space with

1
Ifll = / f(@)|de for all z € C[0, 1]
0
which is not a Banach space; it is a Banach space with

[flloo = sup{[f(x)[ : z € [0,1]} for all f € C[0,1].

Now we turn to bounded linear maps. Let (X, | -|x) and (Y,| - |ly) be
normed spaces. Then L € L(X,Y) is called bounded if

IL]l = sup{lIL()[ly : f|z]lx <1} < oo; 9)

||IL|| is said to be the norm of L; the set of all bounded L € L(X,Y) is
denoted by B(X,Y). In the special case of Y =C, we write X* = B(X,C)
for the set of all bounded linear functionals on X. It is well known, that
if X and'Y are normed spaces and L € L(X,Y) then L is bounded if and
only if it is continuous. If X and Y are Banach spaces, then B(X,Y) is
a Banach space with the norm || - || defined in (9); in particular, X* is a

Banach space with || - || defined by

[fII = sup{lf ()] - fl=]] < 1}. (10)
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A normed space is called uniformly convez if, for any € > 0, there exists

6 > 0 such that
|||, |yl <1 and |z + y|| > 2 — § together imply ||z — y|| < e.

If we write the third inequality as ||(1/2)(x 4+ y)|| > 1 — /2, we see that a
uniformly convex space is one such that if x and y are far apart members of
the unit disk, then their mid—point must be deep within it, since ||z —y| > ¢
implies ||(1/2)(z + y)|| < 1 — /2. Uniform convexity has to do with the

roundness of the unit sphere.

Example 1.24 Let IR? have the norm |(x,y)|| = |z| + |y|. We choose
e = (1,0) and e® = (0,1). Then |le™ + e®| = 2 > 2 —§ for all

§ > 0 while |[e™) — || = 2. Thus the space is not uniformly convez.

We close this section with the famous Hahn-Banach extension theorem
which is one of the fundamental theorems in functional analysis. It has ap-
plications in embedding theory, representation theory and existence theory,

as well as in classical analysis.

Theorem 1.25 The Hahn—Banach extension theorem

Let S be a linear subspace of a linear space V., ||-|| be a seminorm defined on
V and f € S* with |f(s)| < ||s|| for all s € S. Then there is an extension
F e V# of f with |F(v)| < ||v|| for allv e V.

The next two corollaries of Theorem 1.25 will be applied in Section 6.

Corollary 1.26 Let X be a seminormed space, S a linear subspace of X
and x € X \ S. Then there exists f € X7 with f(x) =1, f(s) = 0 for all
s €S and || f|| = 1/d(x, S) where d(z,S) = inf{d(x,s) : s € S}; we intend
11l = oo if d(z, S) = 0.

Corollary 1.27 Let X be a seminormed space and v € X with ||z| # 0.
Then there is f € X7 with f(x) = ||z|| and || f| = 1.
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2 Hilbert Spaces

In this section, we introduce the concept of Hilbert spaces. We shall re-
strict ourselves to a study of Hilbert spaces as a special kind of normed
spaces, namely as Banach spaces with their norms given by inner prod-
ucts. Throughout this section, a linear space will always be understood as

a linear space over C, unless explicitly stated otherwise.

Definition 2.1 Let V' be a linear space. A map < -,- >: V. xV —C is
called an inner or scalar product if it satisfies the following conditions

for all vectors u, v and w and all scalars A

(SP.1) <utv,w>=<u,w >+ < v,w >

(SP.2) < Av,w >= A< v,w >

(SP.3) < w,v >= < v,w > (the complex conjugate)
(SP.4) <v,v>>0ifv#0

A linear space with an inner product is said to be an inner product space.

Conditions (SP.1) and (SP.2) together mean that an inner product is
linear in its first variable. A real inner product is defined similarly ex-
cept that it is real valued, real linear in its first variable, and satisfies
<wv,w >=< w,v > for all vectors v and w. The real case is always similar

and we shall assume it covered.

Example 2.2 As examples of inner products we have, in

(a) the space C™,

n
<z,y>= Z TLYk
k=1
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for all n—tuples x = (x1,22,...,2n),y = (Y1,92,...,Yyn) €C";
(b) the spaces £, for 1 < p < 2,

o0
<,y >= Z x,T for all sequences x = (xg)i=1,Y = (Yr)je1 € Cp;
k=1

this series always converges, since

S gl < (z w) (z \yw)
k=1 k=1 k=1

by Holder’s inequality;

(c) the spaces L3[0,1] and C[0,1], < f,g >= flf(t)@dt.

(d) Any linear space can be given an inner poroduct. If H is an algebraic
basis and © = Y Ah, y = Y ph, set < x,y >= > Aa. (We observe that

only a finite number of scalars are unequal to zero in each sum.)

The next result is very important and can be applied to introduce a

norm on inner product spaces.

Theorem 2.3 Cauchy—Schwarz—Bunyakowski Inequality

Let V' be an inner product space. Then
|<v,w> < <v,0><w,w> foralv,weV; (11)
equality holds in (11) if and only if v and w are linearly dependent.

Proof. Since the result is trivial if w = 0, we assume w # 0. Let
A=< w,w>and g =<v,w>. Then A € R, A > 0by (SP4), p =< w,v >

and

0 < <A—pw,\v— pw >
=< AU, AU > — < A, pw > — < pw, Av > + < pw, pw >
=X < 0,0 > =i — pAI+ pph = A2 < v,0 > —\pl?
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Thus | < v,w > |2 = > <X <v,v >=<v,v >< w,w >, since A > 0.

If | < v,w > |?> =< v,v >< w,w > then both ends in the above string of
inequalities are zero and so < Av — pw, A\v — pw >= 0, hence Av — pw =0
and A # 0. Thus v and w are linearly dependent.

Conversely if v and w are linearly dependent, we may assume that v, w # 0

and then there is p # 0 such that v — pw = 0. This implies
<v,v>=pu<w,v> and <wv,w>=pu < w,w >, hence

pl<v,w>PP=p<v,v><ww>.
Since u # 0, this implies | < v,w > |? =< v,v >< w,w >.

We now construct a norm from a given inner product.

Theorem 2.4 Let V be a linear space with inner product < -,- >. Then

vl = vV<wv,v> forallveV (12)

defines a norm on V.

Proof. Obviously |[v|| > 0, and |Jv|| > 0 if v # 0. Furthermore || \v||? =
< A, v >= A\ < v,v >= |A?||[v]|?, so that ||[Av| = |A| - ||v]| for every

scalar A and every vector v. Finally, by (11)

v+ w|? =<v+wv+w>
=<v,v>+<vw>+<w,v>+<ww>
= [|v||? + 2Re(< v, w >) + ||w]|?
< ol + 2] < v,w > | + [lw]?
< ol + 2ljoll - ]l + lvll? = (ol + [[wl)?.
This proves the triangle inequality.

Now we give the definition of a Hilbert space.

Definition 2.5 An inner product space is called Hilbert space if it is a

Banach space with the norm constructed by its inner product as in (12).
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Example 2.6 Fvery finite dimensional inner product space is a Hilbert spa-
ce. In particular, the space C" is a Hilbert space with the Euclidean norm

defined by

) = 3 |zkl)Y? for all w = (21,22, ..., 2,) €C™.
k=1

The space £y is a Hilbert space with its natural norm
00 1/2
llz|l2 = (Z \xk|2> for all sequences x = (vk)5=1 € {2.
k=1

The space L3[0,1] is a Hilbert space with ||f|l2 = (fol |£12)Y/? for all f €
Lo[0,1].

The fundamental property of an inner product, real or complex, is the

parallelogram law.

Theorem 2.7 Parallelogram Law
Let V' be an inner product space and || - || the norm constructed by its inner

product as in (12). Then
v+ w|?*+ |j[v — w||* = 2||v||* + 2||w||?® for all v,w € V. (13)
Proof. The proof follows from
v+ w|? =< v+ w,v+w>=|v||> + 2Re(< v,w >) + |Jw]|*.

The parallelogram law is expressed in terms of the norm, the inner
product not occurring explicitly. Any norm not satisfying the parallelogram

law is not derived from an inner product.

Example 2.8 The spaces £, (1 < p < 0o,p # 2) are not Hilbert spaces. We
put v =) = (1,0,0,...) and w = e@ = (0,1,0,...). Then, forp # 2,

o+ w||2+ |lv— w2 =227 +22/P £ 2 + 2 = 2||v||2 + 2||w|)2.

373



Theorem 2.9 Let V be an inner product space, w € V be fixed and f :
V. — C defined by f(v) =< v,w > for allv € V. Then f € V* and

1A= flw]l-

Proof. We mean of course that f is continuous as a function on the
inner product space considered as a normed space.
The linearity of f is an immediate consequence of (SP.1) and (SP.2), and
the continuity follows from (11), since | f(v)| < ||v]|||w]||, and so || f]| < ||w]|.
Furthermore f(w) = ||w||? also implies ||f]| > ||w]|.

Since < v,w >= < w, v >, it follows that for fixed v € V, the function

g : V —C defined by g(w) =< v,w > for all w € V is continuous.

Corollary 2.10 Let V' be an inner product space. Then
vE={weV:<v,w>=0}

s a closed linear subspace of V.

Proof. It is obvious that v is a linear subspace of V. That it is closed

follows from the continuity of the function f in Theorem 2.9.

Corollary 2.11 Let V be an inner product space. If > wy, is a convergent
series of vectors w, € V, then < > wp,v >= Y, < wy,v > for allv eV,

that is < -,- > is infinitely additive.

Proof. This is an immediate consequence of Theorem 2.9
Some norms are not derived from inner products. A norm derived from
an inner product must satisfy the parallelogram law. The converse of this

is also true.

Theorem 2.12 Jordan—von Neumann

A norm satisfying the parallelogram law is derived from an inner product.
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Proof. (i) First assume that V' is a real normed space.
We put
(Hv +wl|* = |lv - sz) for all v,w €V, (14)

-

<v,w >=

and prove show < -,- > is a real inner product.

It is clear that < v, w >=< w,v > for allv,w € V, and < v,v >= |[v[|> > 0
for v # 0, that is, (SP.3) and (SP.4) are satisfied.

Now we prove (SP.1). Applying the parallelogram law to u + w and v + w,

u —w and v — w, we obtain

<uw >+ <v,w>= (lutwl? + v+ w|?)
1
—(lu = w|* + [lv - wl?)

(Ju+w+v+w|?+ut+w—v—w|?)

ool

—t(lu—w+v—wl?+ u—w—v+w|?)
= §(llu+v+20)? = Jutv—2w|?) = § <u+v,2w>.

This proves
1
<u,w>—|—<v,w>:§<u—|—v,2w> for all w,v,w € V. (15)

If we put v =0 in (15), then < u,w >= (1/2) < u,2w > for all u,w € V.

Replacing u by u + v in this relation and applying (15), we obtain
1
<u4v,w>= 3 <u+v,2w>=<u,w >+ <v,w > forall u,v,weV.

Thus we have shown (SP.1).

Since < v,w > is an additive function of v for each fixed w which is con-
tinuous by Theorem 2.9, it follows from Theorem 1.20 that it is linear. So
(SP.2) is satisfied. Thus we have shown that < -,- > is a real inner product.
(ii) Now let V' be a complex linear space.

We use relation (14) to define a product which will turn out to be the real

part of an inner product. We put

1
<vw>R= o (||v +w|* = |lv - wH2> for all v,w € V.
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For fixed w, this defines a real-valued, real linear function. By Theorem
1.13, there exists, for each w, a linear function < v, w > of v with

< v,w >r= Re < v,w >, indeed we have
<v,w>=< v, w >g —i <iv,w >R . (16)
Using relation (14), we observe

<iv,o>n =g (v +o]2 = fiv—ol2) = F (10 + D)l = (1 +1i)o])

(I + vl = il - 12+ 1)olf?) =0,

1
4
1
4
that is < iv,v >r= 0 for all v € V. Therefore (16) implies < v,v >=

< wv,v >gr= ||[v||? for all v € V. It also follows from (14) that < iv,iw >r=

< wv,w >p for all v,w € V. Finally, making use of this identity, we conclude

<w,v> =< w,v >y —1<iw,v >g=<v,w >y —1 < w, —1v >y

=<v,w > H < iv,w >r= < v,w > for all v,w € V.

3 The Conjugate Space

We shall deal with a fixed Hilbert space H and investigate the continuous
linear functionals on H. We already know some of them. In Theorem 2.9
we saw that each a € H leads to an f € H* by means of the formula
f(x) =< z,a > for all x € H; indeed, ||f]| = ||a||. We shall see in this
section that all elements of H* are of this form; the map from H to H* just
described is actually onto. This is the statement of the famous F. Riesz
representation theorem 3.7.

In the proof of Theorem 3.7, we need some results on uniformly convex

spaces.

Theorem 3.1 An inner product space is uniformly convez.
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Proof. Let ¢ > 0 be given. We choose § = ¢2/4. If |jv|,||w|| = 1 and

|lv 4+ wl| > 2 — 4, then it follows from the parallelogram law that

o —w|? =2|v|?+2|w|? - Jv+ w|* <4—[lv+w|* <4—(2—-6)>
=46 — 6% < 46 = £2.

Example 3.2 The space IR* with ||(z,y)| = V22 + y2 for all (x,y) € IR
1s uniformly conver.

The space lo with its natural norm is uniformly convex.

Lemma 3.3 A convex set in an absolutely convexr normed space has at
most one point of minimum norm. In other words, let C' be a convex subset
of an absolutely convex normed space X and d = inf{||c|| : ¢ € C}. Then C
meets the ball B(0,d) = {x € X : ||z|| < d} at most once.

Proof.  The result is obvious for d = 0. Therefore let d > 0. We
assume that cj,cy € C are two distinct points with ||c1]| = ||c2|| = d. Then
c = (1/2)(c1 + c2) € C, since C is convex. Furthermore, X absolutely
convex implies ||c|| < d. For if we assume ||c|| > d and choose a = (1/d)cy,
b= (1/d)ca and ¢ = ||a — b||, then ¢ > 0 since ¢; # co; moreover |al =

Ib]| = 1 and

1 1
a+b]| = H—(q )| = Sller+ el >2>2 -6

d

for every > 0, hence X is not absolutely convex. The existence of ¢ € C
with ||c|| < d is a contradiction to the definition of d. Therefore C' can at

most contain one point with norm d.

Lemma 3.4 If a sequence (a,)22 in a uniformly conver normed space
satisfies the conditions ||ay|| — 1 and ||am + an|| — 2, then it is a Cauchy

sequence.
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Proof. The condition ||a,, + a,| — 2 means, given 6 > 0, there exists
N such that
[|am + an|| — 2| < 6 for all m,n > N. (17)

The proof will be given in two cases.

(i) First we assume ||a,|| <1 for all n.

Let € > 0 be given and ¢ > 0 be chosen such that the conditions ||a, ||b]| <
1, la+0b]| > 2 — ¢ imply |la — b|| < e. Such a choice is possible, since the
space is uniformly convex. There exists /N such that condition (17) holds.
This implies ||ay, + ap|| > 2 — 6 for all m,n > N and so ||anm, — a,|| < € for
all m,n > N by the choice of §.

(ii) Since ||a,|| — 1, we may assume ||a,|| # 0 for all n. Then

2 [t 4 n| ot ol —lond |
‘ llanll ~ llam]l lanll flanll - ffam[ ™
> lan + aml| — |[|an]| — llam] | — 2 as m,n — oo.

lanl
Thus by case (i), (an/||anl])52; is a Cauchy sequence. Hence (a,,)22; is also
a Cauchy sequence. To see this, let A, = ||a,|| for all n, so that A\, — 1
(n — 00). Furthermore, let ¢, = a,/||ay|| for all n, so that ||c,|| = 1 and

(cn)22 is a Cauchy sequence. Then

|am — anll = [[Amem — Ancal|

< Am =1 - llemll + llem = eall + 1= An] - [lenll = 0 as m, n — occ.

Theorem 3.5 In a uniformly convex Banach space X, every closed convex

set C' has a unique element of smallest norm.

Proof. If 0 € C then there is nothing to prove. If 0 ¢ C then
d = inf{||c|]| : ¢ € C} > 0, since C is closed. Let (¢,)>2; be a sequence of
points of C' with ||¢,|| — d (n — 00). Then for any m and n, ||¢;, + ¢l =

2||(1/2)(em +cn)|| > 2d since (1/2)(¢m+c¢p) € C by the convexity of C, and

378



so, since also ||c,|| — d (n — o0), we have ||¢p + ¢u|| — 2d (m,n — o).

Applying Lemma 3.4 to the sequence (¢, /d)$2 ;, we conclude that (¢, /d)22 4

n=1>

e}

is a Cauchy sequence, and hence so is (¢,)72 ;. Since X is complete, the

sequence (c,)S°; is convergent, ¢, — ¢ (n — o), say. Then ¢ € C, since C
is closed, and ||c|| = d. That the element of smallest norm is unique follows

from Lemma 3.3.

Corollary 3.6 A nonzero continuous linear functional f on a uniformly

convexr Banach space X assumes its maximum exactly once on the unit disk.

Proof. 'We apply Theorem 3.5 to the set C' = {x € X : f(x) = ||f||}
Now we are able to prove the famous F. Riesz representation theorem

which is one of the most important results in the theory of Hilbert spaces.

Theorem 3.7 The F. Riesz representation theorem

Let f € H*. Then there exists a unique vector a € H with
f(z) =<z,a> forall x € H; moreover, ||a| = ||f].

Proof. We may assume f # 0.
(i) First we show the uniqueness of the representation
If such an a € H exists then it will be unique. For < xz,a >=< z,b > for
all x € H implies < z,a —b >= 0 for all x € H. In particular, we have
<a—b,a—b>=0, hence a = 0.
(ii) Now we show the existence of the representation and || f|| = ||al
Since H is uniformly convex by Theorem 3.1, f assumes its maximum
at some point b on the unit disk by Corollary 3.6. Then [[b|| = 1 and
f(b) = |If]], by the definition of ||f||. We put a = || f||b. Then

fla) = I£11£(b) = | f]I* and ||a]l = || f]. (18)
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(iii) Finally we show f(x) =< x,a > for all x € H.
Let f* = {x € H: f(z) = 0}. First we observe that

lla 4 Ay|| > ||a|| for all y € f+ and all scalars . (19)

This follows from Lemma 3.3, since f is a linear subspace, S = a + f* is
a convex set, and so S has at most one point of minimum norm, namely a.
Therefore

<a,y>=0foralyef.
To see this, we may assume ||y|| = 1. Then by (19)
0<|la— < a,y>yl|>—|lal*=—| <a,y>1|* and so < a,y>=0.
Hence we have shown
f(y) =0 implies < y,a >= 0. (20)
It follows from (20) that there exists a scalar A such that
<z,a>= \f(z) for all z € H. (21)

To see this, let ¢ € f+ and put

<ca>
A= ———
f(e)
Let © € H be given and put
f(z)
=x— - C.
T
Then f(y) =0 and (20) implies
f(z)
<z a>=<y,a>+—= <c,a>=Af(x).
7@ @

This shows (21). Putting = a in (21) and using (19), we obtain
lall> = Af(a) = Al|f||*, hence A = 1.

As an immediate consequence of the F. Riesz representation theorem

we obtain
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Corollary 3.8 Let H be a Hilbert space and T : H — H* defined by
Ta = f, where fo : H—C is given by f,(x) =< z,a > (z € H).
Then T is a conjugate—linear isometry onto.

Proof. By Theorem 3.7, T' is an isometry onto. Let a,b € H and X be
a scalar. Then, for all x € H,

T(a+b)(x) = forp(z)=<z,a+b>=<z,0>+<z,b>
— Jul@) + (@) = (Ta)(@) + (TH)(x) = (Ta+ Tb)(z),

hence T'(a + b) = Ta + Th, and

T\a)(z) = fra(r) =< z,da >= X < x,0 >= Afy()
NTa)(x) = (Wa)(a),

hence T'(\a) = M\ a.

4 Orthonormal Sets in Inner Product Spaces

The material of the next two sections is a generalization of parts of Fourier
analysis, and, at the same time, of the study of Euclidean spaces. The
underlying concept is that of orthogonality.

The following will illustrate the geometric meaning of the scalar product

in IR?. Let v and w be nonzero vectors in IR?. Then
lw =0 = [[ol* + [[w]? - 2 < v,w > .
On the other hand, by the cosine law, the angle ¢ between v and w satisfies
lw = ol = [[o[* + [lw][* = 2[v]| [w]| cos .

Thus < v,w >= |jv]| ||lw| cos¢. If ||v|| = 1, then < v,w >= ||w|| cos ¢,

that is < v,w > is the length of the projection of w on the straight line
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in the direction of the vector v. So, if V is a real inner product space and

v,w € V' \ {0} then the angle ¢ between v and w is defined by

<v,w >

cosp = ———
[[ o]l {Jwl]

with ¢ € [0, 7).
This leads to

Definition 4.1 Let V' be an inner product space, and v,w € V \ {0}. If
< v,w >= 0, then v and w are said to be orthogonal; we denote this
by v L w. Ifv L wand ||v| = ||lw|| = 1 then v and w are said to be
orthonormal. A subset M of V is said to be orthogonal, if x 1 y for
all distinct members x and y of M ; it is said to be orthonormal, if it is

orthogonal and ||z|| =1 for all x € M.

Example 4.2 (a) InC", the set {eM,e® ... e} is an orthonormal set.
(b) In ly, the set {e™ :n € IN} is an orthonormal set.

(c) Let C[ — 7w, m] be given the real inner product

< fg>= /f(t)g(t) dt for all f,g € C[ - 7,7]

and the functions s, (n = 1,2,...) be defined by s,(t) = (1/y/7)sinnt.

Then the set {s, : n € IN} is an orthonormal set.

If the class of orthonormal sets is ordered by inclusion, we may take a
mazximal chain by the axiom of transfinite induction. Thus we have, taking
the union of the maximal chain, that there exists a maximal orthonormal set
in any inner product space. An orthonormal set is maximal if there exists
no vector except O which is orthogonal to all its members. If an orthonormal
set is fundamental then it is maximal. The sets in Example 4.2 (a) and (b)
are maximal, the set in Example 4.2 (c) is not, since cos L s, for all n.

The next result shows that a linearly independent set can always be

orthonormalized.
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Theorem 4.3 The Gram—Schmidt orthogonalization process

Let S = {sp : 1 <k <n} (n € IN) be a linearly independent set in an inner
product space. Then there exists an orthonormal set B = {by : 1 <k <n}
such that, for each k with 1 < k < n, the vector by, is a linear combination of
the set {s1,52,...,5,}, that is, for each k there are scalars A\ (1 < j < k)

such that

k
bk = Z )\kij. (22)
j=1
Proof. Since S is a linearly independent set, si # 0 for all k. We put
1
by = i, hence A\j; = ——.
[[s1]] sl

Now we assume that, for some k& > 1, the orthonormal vectors b; (1 < j <

k) have been determined to satisfy (22). Then we put

k

ZN)k_H = Z 5\k+1,jbj — Sk+1- (23)
j=1

Since each vector b; is a linear combination of {s1,s2,...,s;}, the sum is a
linear combination of {s1, s9, ..., sk}, and by the linear independence of the
set {s1,$2,...,Sk+1}, we have Bk—i—l # 0. Now the orthogonality condition
yields
- k-
0 =<bgs1, by, >=< j§1 Mit1,505,bm > — < Spy1, by >

Akr1j < bj, b > — < Spg1,bm >= Agrim— < Skt1, b >

J
for 1 < m < k, that is

L0~

S\k—&—l,j =< Sg41,b5 > for 1 < j < k. (24)

If we choose the scalars 5\k+1,j (1 < j < k) as in (24) then bpy; L
{b1,ba,...,b,}. Now we put

1

E k
biy1 = AR (Z < Sn+1,bj > bj - 3k+1) .

be+ll Morsall \555
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If we substitute the linear combinations (22) for by, bs, ..., by in this repre-

sentation, then by also has a representation (22) and

1

Ml b+l = — = .
[[0k+1]]

Example 4.4 We consider C| — 1,1] with the inner product

1
< flg>= /f(t)g(t) dt for all f,g € C[—1,1]
1

and the set S = {p, : n € INy} of powers p,(t) =t" (t € [—1,1]). From

Theorem 4.3, we obtain

Each L, is a polynomial of degree n: the polynomial L, with

Ln(t) = |5 En0)

are called Legendre polynomials.
Similarly, the Gram-Schmidt process applied to S on C[ — 1,1] with the

mnner product
1
< f,g>= /f(t)g(t)w(t) dt where w(t) >0 on [—1,1]
-1

yields the Chebyshev polynomials of first and second kind for

w(t) =V1—1t® and w(t) = \/11——t2

The Hermite and Laguerre polynomials H,, and L,, are obtained by applying

the Gram-Schmidt orthogonalization process to the sets {t"exp (—t2/2) :
n=0,1,...} on Ly(—00,00) and {t" exp (—t/2) : n =10,1,...} on Ly(0,00),

respectively
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Now we consider a generalization of the classical Fourier coefficients.

Definition 4.5 Let S be an orthonormal set in an inner product space V .
For each v € V, the set {< v,s >: s € S} is called the set of orthogonal

coefficients of v (relative to S).

The familiar Fourier coefficients are a special case of orthogonal coefhi-

cients. In Example 4.2 (c), we have
(N
< fy8p >= — / f(t)sinntdt for f € C] —m,7].
VT

Theorem 4.6 Let S be an orthonormal set in an inner product space V
andv € V. Then < v,s >= 0 for all but a countable set of s € S, moreover,

arranging those s with < v,s >%# 0 in a sequence (sp)22,, then

oo
Z | < v, 8, > |2 < v (Bessel’s inequality). (25)

n=1

Furthermore, we have v =021 < v, S, > s if and only if v satisfies
[o¢]
Z | < v, 8, > |2 = v (Parseval’s relation). (26)
n=1

Proof. (i) First let S = {s1,s2,...,sn} be a finite orthonormal set.
Given v € V, we put \p =< v, s, > for k =1,2,...,n and obtain

n

n
<v— Z )\ksk,v— Z )\ksk >
k=1 k=1

n n n n
= HU”2— < U, Y ARSE > — < D0 ApSE,v >+ < >0 MRSk, DL )\jsj >
k=1 k=1 k=1 j=1

n n n n _
= HUH2 —kz A < W, 8k > —kz A < Sk, v > —‘rkz Zl)\k)\j < Sk, 85 >
=1 -1 =1j=

=02 = X Medk— X Mede + X Mede = ol = X [l
=1 =1 =1 =1
hence

2 n
0< = ol = > Il (27)
k=1

n
v — Z AiSk
k=1
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and so

n
Dol <> 2 <l (28)
k=1

(ii) Now let S = {s,, : n € IN} be a countable orthonormal set.

Then inequality (28) holds for any n, so (A;)32, € 2 where A\, = < v, s >
for k =1,2,..., and S22 | \e]? < ||v]|%

(iii) Finally let S be an uncountable set.

Let v € V and € > 0 be given. We put 7T, = {s € S :< v,s > > ¢}. Let

$1, 89, ...,y be distinct members of the set T.. Then
n
lv]| > Z\ <, 8, > |* > ne?,
k=1
hence n < ||v||?/e2. Therefore, the set T is finite, and consequently the set
o0
{seS:<v,s>#0} = ﬂ Ty,
n=1
is countable. Thus we have proved Bessel’s inequality.
(iv) Finally we show Parseval’s relation.
First we assume v = Y 72, < v, S > Si. Letting n — oo in (27) and taking

into account that (A;)72, € f2, we conclude
[e.e] 2 [e.¢]

0= U—Z)\ksk = ||1)H2—Z|/\k‘2,
k=1 k=1

and (26) holds. Conversely, if (26) holds, then letting n — oo again in (27),

we conclude [[v — 3222, Agsi||? = 0, hence v = 3521 Ags.
Remark 4.7 If S = {s,, : n € IN} is an orthonormal set then
lim <w,s, >=0 for all v.
n—oo

If specialized to Example 4.2 (c), this yields a special case of the Riemann—

Lebesgue lemma.
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Theorem 4.8 Any two maximal orthonormal sets in an inner product

space V' are in a one—to—one correspondence.

Proof. (i) First we assume that there exists a finite maximal orthonor-
mal set S = {s1,82,...,5n}.

Given anyv e V, let w=v— >} <wv, s > si. Then, for each j,

n
< w,s; >:<v,5j>—<z<v,sk>sk,5j >=<v,8 >—<wv,8 >=0.
k=1

This implies w = 0 by the maximality of S. Thus V' = spanS. Also S is
linearly independent. Therefore S is an algebraic basis of V. Any other
maximal orthonormal set, being linearly independent, has no more than n
elements nor can it have fewer, since we can apply the above argument to
it.
(ii) Now we assume that there are two maximal orthonormal sets B and H
inV.
For each b € B, let H, = {h € H :< b,h ># 0}. Every member of H occurs
in at least one set Hj. For otherwise, if there were h € H with h ¢ H, for
all b, then < b,h >= 0 for all b € B, a contradiction to the maximality
of B. By Theorem 4.6, each set Hj is finite or countable. Hence, since
H = Upep Hp as just proved, |H| < |B|Xy = |B|. By symmetry, also
|B| < |H|. The result now follows from the Cantor—Bernstein theorem.

In view of Theorem 4.8, we may define the dimension of an inner prod-

uct space.

Definition 4.9 The dimension of an inner product space is the car-

dinality of one of its maximal orthonormal sets.

Finite dimensional and infinite dimensional are unambiguous, since a
finite maximal orthonormal set is an algebraic basis and if there exists an

infinite orthonormal set, the space has infinite algebraic dimension.
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Example 4.10 The dimension of {5 is Xy, since {e™ : n € IN} is a mazximal

orthonormal set.

5 Orthonormal Sets in Hilbert Spaces

The assumption of completeness allows the results of the preceding section

to be put in a more satisfactory form.

Theorem 5.1 Let B be an orthonormal set in a Hilbert space H anda € H
be given. Then the orthogonal series ) ,cp < a,b > b is convergent.

If d = >y < a,b > b, then (a —d') L B, that means (a —a’) L
b for allb e B.

It is understood that the countable set of those b € B for which <
a,b ># 0 (cf. Theorem 4.6) is arranged in a sequence. The value of the
sum does not depend on this arrangement.

Proof. We fix a € H. Let S = {b, € B :< a,b, ># 0}. We put
A =< a,b, >forn=1,2,.... If S =0, the result is trivial. Otherwise,
for any p,q € IN with ¢ > p, we have
2

q q
> oNbi|| =D [l (29)
k=p k=p

Since (Ar)32; € ¢2 by Bessel’s inequality, we see that (3 °p_; Apbr)oe; is a
Cauchy sequence, hence convergent by the completeness of H. Let a’ =
> 521 Akbr. Then o’ has the same orthogonal coefficients as a, for, if b & S,

then < a’,b >= 0 =< a,b >, and for each n

oo
<d by >=Y Mg < b by >= Ay =< a,by > .
k=1
In particular < a —a/,b >= 0 for all b € B, that is a —a’ L B. Now

we assume that a” is the sum obtained in the above construction by some
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other ordering of the elements of B which are not orthogonal to a. Both
a’ and a” are infinite linear combinations of B. Moreover, a” has the same
orthogonal coefficients as a, hence as a’. This implies (' —a”) L B and so
(@' —a”) L (a/ —a”), since a’ — a” is a linear combination of B. Therefore

a —a” =0.

Corollary 5.2 Any maximal orthogonal subset of a Hilbert space is a ba-
sis for the space in the sense that every vector is a unique infinite linear

combination of the subset.

Theorem 5.3 A Hilbert space has countable (or finite) dimension if and

only if it is separable.

Proof. (i) First we assume that the dimension is uncountable.

Let B be an uncountable orthonormal set. For each b € B, the set
Uryab) = {o € H : [lo — b]] < 1/2}

satisfies Uy jo(b) N B = {b}, for if ¥ € B and b L ¥/, then [|b —V/|* =
[b]]* + |[b]|* = 2. Thus there is an uncountable set of sets Uy 5(b) in the
Hilbert space, and so the space is not separable.

(ii) Now we assume that the dimension is countable or finite.

Then the space has a Schauder basis and so is separable.

Remark 5.4 We have encountered three different types of bases, algebraic,
Schauder bases and bases in a Hilbert space. These concepts should not
be mized.

An algebraic basis By of a linear space V' is a linearly independent set
which spans the space that is, every element v of V is a unique finite linear
combination of the set By .

A Schauder basis Bx for a linear metric space X is a sequence (by,)

o0
n=1
such that for every x € X there exists a uniquely defined sequence (\)52 4
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of scalars such that x =32 1 A\pby,.

Finally a basis B of a Hilbert space H is a maximal orthonormal set, such
that every x € H is a unique infinite linear combination of Bp.

For finite dimensional Hilbert spaces the three concepts are the same. Every
linear space has an algebraic basis, the space Lo of all bounded sequences has
no Schauder basis. An orthonormal basis of a Hilbert space with countable

dimension is a Schauder basis.

Theorem 5.5 Let {b, : n € IN} be an orthonormal set in a Hilbert space
H and (M\,)S2 € lo.Then the series Y ooy Apby is convergent, and its or-

thogonal coefficients are Ay,.

(e}

Conversely, if A, are the orthogonal coefficients of some vector then ()22

€ ly.

Proof. (i) First we assume (\,)>2, € (5.
For p,q € IN with ¢ > p, we have (29). Thus (37— Akbr)52, is a Cauchy
sequence, hence convergent.

(ii) The converse part follows from Bessel’s inequality (25).

Example 5.6 The specialization of Theorem 5.5 to Ls| — m, 7| and the

trigonometric system s called the Riesz-Fischer theorem.

Theorem 5.7 Two Hilbert spaces Hy and Hoy with the same dimension are

congruent, that is there is an isomorphism T : Hi — Hy such that
T (a)|| = ||a|| for all a € Hj.

Proof. Let B; and By be bases with the same cardinality of H; and
Hy. We assume that f : By — B is a one—to—one correspondence from Bj
onto Bz. Given a € Hy, we have a = ) .5 < a,b > b, where at most a

countable number of coefficients < a,b ># 0 in the sum by Theorem 4.6.
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We put T'(a) = Y pep, < a,b > f(b). This series converges by Theorem
5.5. We have T'|p, = f, for the restriction of 7" on B, and it follows that
IT(@* =) |<ab>[*=]al?
beB;

by Parseval’s relation (26). Therefore T' is norm preserving. Obviously it is
linear, thus it is an isometry. Finally, let as € Hs be given. Then as before

d [ <ab>]?<oo.
beBy

This implies a1 = Y pep, < a,b> f1(b) € Hy, and

T(ay) :T< > <a,b>f_1(b)>

beEBy

= Y <ab>f(f7ib)= ¥ <ab>b=a.
beB> be B2

This shows that T is onto.

As an immediate consequence of Theorem 5.7 we obtain

Corollary 5.8 Fvery n—dimensional Hilbert space is congruent with C"
(or IR™). Every infinite dimensional separable Hilbert space is congruent

with {o.
Corollary 5.9 FEvery Hilbert space is congruent with its dual space.

Proof. Let H be a Hilbert space and H* be its dual space. By Corollary
3.8, the map T': H — H* with

T(a) = fq where f, : H —C is given by fu(x) =< z,a > (z € H)

is a conjugate-linear isometry onto. If f,g € H* correspond to a,b € H
then < f, g >=< b,a >. Let F' be a maximal orthonormal set in H*, and B
be the set in H corresponding to F' under the given correspondence between

H* and H. Then obviously B is orthonormal. Moreover it is maximal, for

391



if @ 1. B, then we consider f € H* corresponding to a. Clearly f 1 F' and
so f = 0 by the maximality of F. Thus a = 0. Therefore H and H* have

the same dimension and consequently they are congruent by Theorem 5.7.

6 Operators on Hilbert Spaces

In this section we study some properties of bounded operators and their
adjoint operators.

Let H be a Hilbert space. A continuous linear map from H into itself
is called a bounded operator; we write B{H| = B(H, H); B[H] is a Banach
space. The members of B[H] may be multiplied by composition. If S,T €
B[H], then ST is defined by (ST)a = S(T'a) for all a € H. Then ST €
B[H], indeed

ST < ISIHIT, (30)

since
[(ST)al = |S(Ta)|| < [|S|[[|Tall < S]] [|a] for all a € H.

Relation (30) is referred to as the multiplicative property of the norm.
Now we introduce adjoint operators. First we consider the more general
case of adjoint operators of linear operators between semimetric spaces.
Let X and Y be linear semimetric spaces and T' € B(X,Y’). The map
T*:Y' — X' defined by T*f = foT for all f € Y’ is called the adjoint of
T.
We have to show that T*f € X’ for all f € Y. First we observe that

(T*f)(x) = f(Tx) for all f €Y’ and for all z € X,

T*f is a functional on X and its value at * € X is f(Tx) by definition.
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Since, for all z, 2’ € X and all scalars A,

(T"f)w+a") = (f(T(x+2) = f(Tz+Ta')

f(Tx) + f(Ta') = (T f)(x) + (T ) (2)

and
(T f)(Ax) = F(T(Az)) = f(ATz) = Af (Tx) = MT"f)(),
it follows that T*f € X#. Finally T*f = f o T is the composition of two

continuous functions, hence T* f € X'.

Example 6.1 Let ¢y = {x € w : limg_ zr = 0} be the space of all null
sequences, a normed space with ||z||ec = supy, |xk| for all x € ¢g. We define

the map T : cg — cg by
Tx = (vi/k)fey for all x = (zx)5=, € Co.

Then ||T|| = 1, since

1
|T2||oc = sup LTk < ||z||oo for all x € ¢
k

and | TeM || oo = ||eW oo = 1. Furthermore, T is one-to-one, but not onto,
since Tx # (\/E)zo:o for all x € cyg. The range of T is dense, since it
includes ¢, the set of all finite sequences. We may consider T : {1 — {1,

since ¢y = {1, that means, every sequence b € {1 defines an f € cjj if we put
oo

flz) = Z brxy for all x € co, (31)
k=1

and conversely, for each f € cf, there is a sequence b € {1 such that (31)

holds. If b € {1 corresponds to f € ¢y, then, for all x € cy,

. .z = b
(T ) (@) = f(Tz) =Y bp=" =Y ~Cay,
e
= =0
hence T*(x) corresponds to the sequence (by/k)32 .
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A map T between seminormed spaces is said to be norm increasing if

|Tx| > ||x| for all .

Theorem 6.2 Let X,Y and Z be seminormed spaces, T,Ty € B(X,Y)
and Tr € B(Y, Z).
(a) Then T* € B(Y™, X*) and

1T = 1IT1]-

(b)The adjoint operator T™ is one—to—one if and only if the range of T is
dense.

(c) If X is complete, Y is a normed space and T is norm increasing, then
T* is one—to—one if and only if T is onto.

(d) We have (T5T1)* = T7T5.

Proof. (a) (i) First we show that T* € L(Y™*, X*).
Let f,g € Y* and X be a scalar. Then for all x € X

(T*(f +9)(x) =(f+9)(Tz)=f(Tz)+g(Tx)
= (T"f)(x) + (T*g)(z) = (T"f + T"g)(x)
and
(T*AN) (@) = A)(Tz) = Af(Tx) = AT f)(2),

hence T*(f +¢g) =T*f +T*g and T*(\f) = \T*f.
(ii) Now we show ||T*|| = |||
For all x € X and all f € Y*, we have

(T 1) @) = [f(T)[ < A - 11Tl < A1 1T - -

hence

[T fI < LA - 117 and so [T < [|]-
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To prove the converse inequality, we observe that, by the definition of | T'||,

given £ > 0, there is x € X with ||z|| <1 and
[Tzl > |[T]| - e.

Furthermore, by Corollary 1.27 there is f € Y* with ||f|| =1 and f(Tz) =
|Tz||. Then

(T7f)(@) = f(Tx) = [T > T — e and [lz]| <1,
hence ||T*f|| > ||T'|| — €, and since ||f|| = 1, we have
1T %= T f 2 1T — &

Since € > 0 was arbitrary, it follows that |7 > ||T||.

(b) First we assume that T™ is one—to—one.
It is sufficient to show that the range T'(X) of T is fundamental, since it is
obviously a linear subspace of Y. For this, by Corollary 1.26, it is sufficient
to prove that any f € Y* with f(y) = 0 for all y € T(X) is identically
zero. Let f € Y* and f(y) = 0 for all y € T(X). Then, for all x € X,
(T*f)(z) = f(Tx) =0, since T'(z) € T(X). Thus T*f =0, and so f =0,
since T™ is one-to—one.
Now we assume that T'(X) is dense.
If T*f =0 then f(Tz) = (T*f)(z) =0 for all x € X. Thus f(y) = 0 for
all y € T(X), and so f =0, since T'(X) is dense.

(c) First we assume that T is onto.
Then the range of T is dense and T™* is one-to—one by Part (b).
Now we assume that T™ is one—to—one.
Let y € Y be given. Since the range of T' is dense by Part (b), we can find
a sequence (yn)o2, in T'(X) with y, — y (n — o0). Furthermore, for each

n, there is x,, € X with y,, = T'(zy,). Since T is norm increasing,
l2p = @l < T (2p — 2)ll = llyp = yql| for all p,q € IN,
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)
n=1

and so () is a Cauchy sequence in X which converges by the com-
pleteness of X, say =, — x (n — o0). Then Tz, — Tx (n — o0), by the
continuity of 7', and Tz, = y, — y (n — o0) together imply T'(z) = v,
since Y is a normed space. Thus we have shown that T is onto.
(d) First we observe that 757 : X — Z and (T»T1)* : Z* — X* is given
by
(TeT1)*h)(x) = h(ToTiz) = h(T2(Tiz)) = (T3h)(T1x)

= (T7 (13 (h))(z) = (TT T3 (h))(x)

for all h € Z* and for all x € X.
Since this is true for all z € X, we have (12T1)*h = (T7T5 )h, and from this
we conclude (ToTh)* = T7T5 .

Now we consider Hilbert spaces.

Let T' € B[H]. Then the adjoint map T : H* — H* is given by
(T*g)x = g(T'z) for all g € H* and for all x € H.
If b € H is the representative of g € H* (cf. Theorem 3.7), that is
g(z) =<x,b> forallx € H,

then we define

T*b to be T"g,

and we have

<z, T'b >=<Tx,b> forall z € H.

This relation defines T € B[H], moreover, it defines 7™ uniquely, for

<z, T#b >=< Tx,b> for all z,b € H implies
< x,T#b >=< 2, T*b > for all z,b € H,

hence T#b = T*b for all b € H, and so T# = T*.
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Let X and Y be seminormed spaces. The map * : B(X,Y) — B(Y™, X*)
is linear. For if 71,75,T € B(X,Y) and A\ € C then, for all g € Y* and for
allz e X

(Th +Tz)*g)z = g((Th + T3)x) = g(Thz + Tha)
= 9(Thz) + g(Tox) = (T g)z + (T3 g)x = (TTg + T3 g)x,
hence
(M+T)'g=Tg+T59= (T +T5)g for all g € Y™,
and so

(T1 +T2)* = Tl* +T2*,

and similarly

(AT)* = AT™.

Now we consider bounded operators on Hilbert spaces.
Since the identification from H* to H is conjugate linear, the map x is

conjugate linear, that is for bounded operators on H, we have
(Ty + \Io)* = Ty + \T5.

We also have

T =T for all T € B[H],

since, for all a,b € H,

<a,T"b>=<T"a,b>=<b,T*a>=<Tb,a>=<a,Tb>

and the adjoint is unique, this implies that the adjoint of T* is T'. Because of
the property that 7** = T', the map * : B[H| — B[H] is called involution.
Furthermore, for all a € H and all g € H*,

((T*g)al = |g(Ta)| < gl 1 Tall < [lgl Tl |la]

implies

IT*gll < T Nlg]| for all g € HT,
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and so

1] < T

Replacing T by T™* and using T** =T, we also have
[T < 1T

Thus we have shown

1T = 1T1]- (32)

(We already know this from Theorem 6.2 (a), but now, for Hilbert

spaces, the proof is much simpler.)

Theorem 6.3 Let H be a Hilbert space and T € B[H|. Then
IT*T|| = ||T*
Proof. By the multiplicative property and (32)
IT*T|| < IT*|[ 1Tl = 7).
On the other hand, for any a € H,
|Tal* =< Ta,Ta >=< a,T*Ta >< ||a|| | T*Tal < ||la|* |T*T||,
and this implies

[Tall < A\/IT*T |lall, hence [|T[} < /[ T*T].

Definition 6.4 An operator T € B[H] is said to have an inverse T~! in

B[H] if there exists T~ € B[H] such that
T'T =TT ! = I, the identity operator.

A bounded operator T is said to be self-adjoint or Hermitian if T* = T.
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Theorem 6.5 For every T' € B[H|, the operator I + T*T has an inverse
in B[H].

Proof. By Theorem 6.2 (c), it suffices to show that I + T*T is norm
increasing, since this implies that it is one-to—one. Let a € H be given.

Then

I +T*T)a|lla|| >< (I +T*T)a,a>=<a,a>+ <T*Ta,a >
= |lal*+ < Ta,Ta > = ||al|>.

This implies ||(I +T*T)a| > ||a|.

Definition 6.6 The spectrum o (7') of a bounded operator T is the
set of all scalars X such that the operator T — Al has no inverse. A scalar
A is called a characteristic value of T if there exists a vector a # 0 such

that Ta = Aa; then a is called characteristic vector corresponding to

A

Each characteristic value lies in the spectrum, since (Al —T")a = 0, so

Al — T is not one—to—one.
Example 6.7 We define T' € Blls] by
Ta = (0,a1,as,...) for all a = (ag)j> € lo.

Then T is not onto, since et & T(03). Thus T has no inverse, and so

0 € o(T). But 0 is not a characteristic value, since T is one—to—one.

It turns out that the characteristic values of self-adjoint operators are
always reals, and that characteristic vectors of different characteristic values

of a self-adjoint operator are orthogonal.
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Theorem 6.8 Let V' be an inner product space, S CV and T : S —V a

function satisfying
<Ta,b>=<a,Tb> foralla,beS.

Then the characteristic values of T are reals and two characteristic vectors
in S corresponding to two different characteristic values of T are orthogo-

nal.

Proof. If X is a characteristic value, and a a characteristic vector of T',

then

Ma||? =< Aa,a >=< Ta,a >=< a,Ta >=< a, \a >= \||a||?,
and so A € IR, since a # 0.
Now let Ta = Aa, Th = ub, A # pand a,b # 0. Then A, p € IR and

A<a,b> =< Aa,b>=<Ta,b>=<a,Tb >=<a,ub>
=pu<ab>

implies < a,b >= 0.

Example 6.9 Let V = C[0,1]. We fix f,g,h € V with h(z) > 0 on [0,1]

and define
1

<a,b>= /a(t)b(t)h(t) dt for all a,b e V.
0
Let the subset S of V' consist of those a € V' such that
D(f-d)eV;

(here D means the derivative and a' is the derivative of a) and such that

Finally let



Then < Ta,b >=< a,Tb > for all a,b € S, for

<a,Th> a(t)Th(t)h(t) dt

O O —
Ct—r

a(t) L (F()V (1)) dt + [ a(t)g(t)b(t) dt
a(t)F (O (D} - Ofla’(t)f(t)b’(t) dt + g‘a@)g(t)b(t) dt
— [(alg(O(®) — (O (1)

and the result follows, since this is symmetric in a and b. We now apply

Theorem 6.8 to the differential equation
D[f(2)y'] + (9(x) — A(2))y = 0

with boundary conditions

The result is that if a and b are solutions corresponding to distinct values
of \ then

/ a(2)b(z)h(x) dz = 0.

0

As a special case, consider y” — \y = 0 with y(0) = y(1) = 0. If A # —n?r?

2

(n € IN) then the only solution is y = 0. For A = n?7?, we have y = sinnz.

The conclusion is

1
/sinmmsinnxdm =0 if m#n.
0
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