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Abstract The Lie symmetries of the geodesic equations in a Riemannian space
are computed in terms of the special projective group and its degenerates (affine
vectors, homothetic vector and Killing vectors) of the metric. The Noether sym-
metries of the same equations are given in terms of the homothetic and the Killing
vectors of the metric. It is shown that the geodesic equations in a Riemannian
space admit three linear first integrals and two quadratic first integrals. We ap-
ply the results in the case of Einstein spaces, the Schwarzschild spacetime and
the Friedman Robertson Walker spacetime. In each case the Lie and the Noether
symmetries are computed explicitly together with the corresponding linear and
quadratic first integrals.

Keywords Geodesics, General relativity, Classical mechanics, Collineations, Lie
symmetries, Projective collineations, Noether symmetries, First integrals

1 Introduction

Geometrically the Lie symmetries of a system of differential equations are un-
derstood as automorphisms which preserve the set of the solution curves. In a
space with a linear connection there is an inherent system of differential equa-
tions defined by the paths (or autoparallels) of the connection. It is well known
that these curves (as a set) are preserved under the projective automorphisms of
the space. Therefore it is reasonable one to expect a relation between the projec-
tive collineations of the space and the Lie symmetries of the system of differential
equations of the paths.

A special case of the above scenario occurs in a Riemannian space in which
case the paths are the (affinely or not) parameterized geodesics determined by the
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metric. In this case one expects a close relation to exist between the Lie symme-
tries of the geodesic equations and the projective collineations (PC) of the metric
or their degenerates affine collineations (AC), homothetic Killing vector (HKV)
and Killing vectors (KV).

Indeed this topic has been discussed extensively in the literature. Classic is the
work of Katzin and Levin [1; 2; 3; 4]. Important contributions have also been done
by Aminova [5; 6; 7; 8], Prince and Crampin [9] and many others. More recent is
the work of Feroze et al. [10] where the case of maximally symmetric spaces of
low dimension it is discussed.

Furthermore, because the geodesic equations follow from the variation of the
geodesic Lagrangian defined by the metric and due to the fact that the Noether
symmetries are a subgroup of the Lie group of Lie symmetries of these equations,
one should expect a relation/identification of the Noether symmetries of this La-
grangian with the projective collineations of the metric or with its degenerates.
Recent work in this direction has been by Bokhari et al. [11; 12] in which the
relation of the Noether symmetries with the KVs of some special spacetimes it is
discussed.

In the present paper we give a complete answer to both topics mentioned
above. In Sect. 2 we give a brief introduction concerning the autoparallels of a
symmetric connection. In Sect. 3 we determine the conditions for the Lie symme-
tries of the geodesic equations in covariant form and relate them with the special
projective symmetries of the connection. A similar result has been obtained by
Prince and Crampin in [9] using the bundle formulation of second order ordinary
differential equations (ODE). In Sect. 4 we apply these conditions in the special
case of Riemannian spaces and in Theorem 1 we give the Lie symmetry vectors
in terms of the special projective collineations of the metric and their degenerates.
In Sect. 5 we give the second result of this work, that is Theorem 2, which relates
the Noether symmetries of the geodesic Lagrangian defined by the metric with the
homothetic algebra of the metric and comment on the results obtained so far in the
literature. Finally in Sect. 8 we apply the results to various cases and eventually
we give the Noether symmetries and the associated conserved quantities of the
Friedman Robertson Walker (FRW) spacetimes.

2 Preliminary results

Consider a C∞ manifold M of dimension n, endowed with a Γ i
jk symmetric1

connection. In a local coordinate system {xi|i = 1, . . . ,n} the connection Γ i
jk∂i =

∇ j∂k and the autoparallels of the connection are defined by the requirement:

ẍi(t)+Γ
i
jk(x(t))ẋ

j(t)ẋk(t) = φ(t)ẋi(t), i = 1, . . . ,n, (1)

where t is a parameter along the paths. When φ vanishes, we say that the autopar-
allel is affinely parameterized and in this case t is called an affine parameter, that
is one has:

ẍi(t)+Γ
i
jk(x(t))ẋ

j(t)ẋk(t) = 0, i = 1, . . . ,n. (2)

1 The coefficients Γ i
jk in general are not symmetric in the lower indices. In the autoparallel

equation (1) the antisymmetric part of Γ i
[ jk] (the torsion) does not play a role.



Lie and Noether symmetries of geodesic equations and collineations 3

If X = Xa∂a is a vector field on the manifold the following identity holds (see
Yano [13, eqn. (2.16)]):

LXΓ
i
jk = X i

, jk +Γ
i
jk,lX

l +X l
,kΓ

i
l j +X l

, jΓ
i

lk −X i
,lΓ

l
jk. (3)

We say that the vector field X is an Affine Collineation (AC) iff:

LXΓ
i
jk = 0. (4)

In flat space equation (4) implies the condition:

Xa,bc = 0 (5)

the solution of which is:

Xa = Babxb +Ca (6)

where Bab and Ca are constants. The geometric property/definition of affine
collineations is that they preserve the set of autoparallels (i.e. paths) of the con-
nection together with their affine parametrization (that is, by an affine symmetry
an affinely parameterized autoparallel goes over to an affinely parameterized au-
toparallel of the same connection). From (6) we infer that in an n-dimensional
space there are at most n+n2 = n(n+1) ACs and, when this is the case, it can be
shown that the space is flat.

We say that a vector field X is a projective collineation of the connection if
there exists a one form ωi such that the following condition holds [13; 14]:

LXΓ
i
jk = ω jδ

i
k +ωkδ

i
j. (7)

In a Riemannian space the form ω i is closed, that is, there exists a function
f (xi), called the projective function, such that:

LXΓ
i
jk = f, jδ

i
k + f,kδ

i
j. (8)

In flat space condition (8) implies that:

Xa,b = Bab +(Acxc)gab +Cbxa. (9)

which has the solution:

Xa = Babxb +(Abxb)xa +Ca (10)

where again the various coefficients are constants. In an n-dimensional space there
are at most n2 + n + n = n(n + 2) projective collineations of the connection and
when this is the case, it can be shown that the space is flat. This holds in any space
irrespective of the signature of the metric and the (finite) dimension of space. In
case that the function f satisfies the condition f;i j = 0, that is, f,i is a gradient KV,
the projective collineation is called special.

The geometric property/definition of the (proper) projective collineations
is that they preserve the set of autoparallels, but they do not preserve their
parametrization.
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3 Lie point symmetries of the autoparallel equations

We write the system of ODEs (1) in the form ẍi = ω i(x, ẋ, t) where:

ω
i(x, ẋ, t) =−Γ

i
jk(x)ẋ

j ẋk −φ(t)ẋi. (11)

The associated linear operator defined by this system of ODEs is:

A =
∂

∂ t
+ ẋi ∂

∂xi +ω
i(t,x j, ẋ j)

∂

∂ ẋi . (12)

The condition for a Lie point symmetry for the system of equations is [15]:

[X [1],A] = λ (xa)A (13)

where X [1] is the first prolongation of the symmetry vector X = ξ (t,x)∂t +
η i(t,x)∂xi defined as follows:

X [1] = ξ (t,x, ẋ)∂t +η
i(t,x, ẋ)∂xi +G[1]i

∂ẋi (14)

and G[1]i are the coefficients of the first prolongation given by the formula:

G[1]i =
d
dt

η
i− ẋi d

dt
ξ = η

i
,t +η

i
, j ẋ

j −ξ,t ẋi−ξ, j ẋiẋ j .

It is a standard result [15] that (13) leads to the following three conditions:

−Aξ = λ (15)

G[1]i = Aη
i− ẋiAξ (16)

X [1](ω i)−A(G[1]i) = −ω
iAξ . (17)

For any function, f (t,xi),A f = d f /dt = f,t + f,iẋi is the total derivative of f .
Using this result we write the symmetry conditions as follows:

λ = −dξ

dt
(18)

G[1]i =
dη i

dt
− ẋi dξ

dt
(19)

X [1](ω i)−A(G[1]i) = −ω
i dξ

dt
. (20)

We note that the second condition (19) defines the first prolongation G[1]i. The
first Eq. (18) gives the factor λ . Therefore the essential symmetry condition is
Eq. (20).
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To compute the symmetry condition we have to compute the quantities
X [1](ω i) and A(G[1]i)−ω i dξ

dt taking into consideration (19) and (11). The result
of this formal calculation is:

X [1](ω i) = (ξ ∂t +η
i
∂xi +G[1]i

∂ẋi)(−Γ
i
jk(x)ẋ

j ẋk −φ(x)ẋi)

=−η
i
,tφ +(−ξ φ,tδ

i
j −φ,kη

k
δ

i
j −η

k
,tΓ

i
k j −η

k
,tΓ

i
jk −φη

i
, j +φξ,tδ

i
j)ẋ

j

+(−ξΓ
i

(k j),t −η
l
Γ

i
(k j),l −η

l
,kΓ

i
(l j)−η

l
,kΓ

i
( jl) +φξ,kδ

i
j +2ξ,tΓ

i
(k j))ẋ

j ẋk

+ξ,(kΓ
i
jl)ẋ

j ẋkẋl . (21)

A(G[1]i)−ω
i dξ

dt
= η

i
,tt +(2η

i
,t j +φη

i
, j −2φξ,tδ

i
j −ξ,ttδ

i
j)ẋ

j

+ (η i
,( jk)−2ξ,t( jδ

i
k)−η

i
,lΓ

l
( jk) +2ξ,tΓ

i
( jk)−2φξ(, jδ

i
k))ẋ

j ẋk

+ (ξ,( jΓ
i

kl) +ξ,mΓ
m

(klδ
i
j)−ξ,( jkδ

i
l))ẋ

j ẋkẋl .

Substituting into the symmetry condition (20) and collecting terms of the same
order in ẋ j we find the following equations: (i = 1, . . . ,n):
(ẋ)0 terms:

η
i
,tt +η

i
,tφ = 0 (22)

(ẋ)1 terms:

ξ,ttδ
i
j −ξ φ,tδ

i
j −2[η i

,t j +η
k
,tΓ

i
(k j)]− [φξ,t +φ,kη

k]δ i
j = 0 (23)

(ẋ)2 terms:

(−η
i
,( jk)−η

l
Γ

i
( jk),l −η

l
,kΓ

i
l j −η

l
,kΓ

i
jl +η

i
,lΓ

l
jk)+2ξ,t( jδ

i
k)−2φξ(, jδ

i
k)

−ξΓ
i

(k j),t = 0 ⇒LηΓ
i

( jk) =−2φξ(, jδ
i
k) +ξΓ

i
(k j),t +2ξ,t( jδ

i
k) (24)

(ẋ)3 terms:

(ξ,( jk −ξ,|e|Γ
e

( jk)δ
i
l) = 0 . (25)

Define the quantity:

Φ = ξ,t −φξ . (26)

Then condition (24) is written (note that φ ,i = 0):

LηΓ
i

( jk) = 2Φ(, jδ
i
k)−ξΓ

i
(k j),t . (27)

If we consider the vector ξ = ξ ∂t (which does not have components along ∂i), we
find that:

Lξ Γ
i

( jk) = ξΓ
i

(k j),t .

Hence (27) is written as:

LXΓ
i

( jk) = 2Φ(, jδ
i
k), (28)
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where X = ξ ∂t +η i(t,x)∂xi . We note that this condition is precisely condition (7)
for a projective collineation of the connection Γ i

( jk) along the symmetry vector X
with projective function Φ . Concerning the other conditions we note that (23) can
be written in covariant form (relevant to the indices a = 1,2, . . . ,n) as follows:

Φ,tδ
i
j −2η

i
,t| j = 0 (29)

where η i
,t| j = η i

,t j +ηk
,tΓ

i
(k j) is the covariant derivative of the vector η i

,t with respect
to Γ i

(k j). Similarly condition (25) can be written as

ξ|( jkδ
i
l) = 0.

Contracting on the indices i and j we find the final form:

ξ|( jk) = 0. (30)

This implies that ξ ,i is a gradient KV of the metric of the space {xi}.
Condition (22) is obviously in covariant form.
The Lie symmetries of the autoparallel equations (11) (not necessarily affinely

parameterized) for a general connection defined on a C∞ manifold are given by
the following covariant2 equations:

η
i
,tt +η

i
,tφ = 0 (31)

ξ|( jk) = 0 (32)

Φ,tδ
i
j −2η

i
,t| j = 0 (33)

LXΓ
i

( jk) = 2Φ(, jδ
i
k), (34)

where the Lie symmetry vector X = ξ (t,x)∂t +η i(t,x)∂xi .
In the following we restrict our considerations to the case of Riemannian con-

nections, that is, the Γ i
jk are symmetric and the covariant derivative of the metric

vanishes.

4 Calculation of the Lie symmetry vectors for a Riemannian connection

We compute the Lie symmetry vectors for the case of affine parametrization (φ =
0) and the assumption Γ i

jk,t = 0 i.e. the Γ i
jk are independent of the parameter t. The

latter is a logical assumption because the Γ i
jk are computed in terms of the metric

which does not depend on the affine parameter t. Under these assumptions the
symmetry conditions (31)–(34) read:

η
i
,tt = 0 (35)

ξ|( jk) = 0 (36)

ξ,ttδ
i
j −2η

i
,t| j = 0 (37)

LηΓ
i
jk = 2ξ ,t( j δ

i
k). (38)

2 These are covariant equations because, if we consider the connection in the augmented
n+1 space {xi, t}, all components of Γ which contain an index along the direction of t vanish.
Therefore the partial derivatives wrt t can be replaced with a covariant derivative wrt t.
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The solution of this system of equations is given in the following Theorem.
The actual computations are given in the Appendix.

Theorem 1 The Lie symmetry vector X = ξ (t,x)∂t + η i(t,x)∂xi of the equations
of geodesics (2) in a Riemannian space involves KVs, HKVs, ACs and special PCs
as follows:

A. The metric admits gradient KVs. Then
a. The function

ξ (t,x) =
1
2
(
GJSJ +M

)
t2 +

[
EJSJ +K

]
t +FJSJ +L, (39)

where GJ ,M,b,K,FJ and L are constants and the index J runs along the
number of gradient KVs

b. The vector

η
i(t,x) = Ai(x)t +Bi(x)+Di(x) (40)

where the vector Ai(x) is a gradient HKV with conformal factor
ψ = 1

2 (GJSJ + M) (if it exists), Di(x) is a non-gradient KV of the metric
and Bi(x) is either a special projective collineation with projective function
EJSJ(x) or an AC and EJ = 0 in (39).

B. The metric does not admit gradient KVs. Then
a. The function

ξ (t,x) =
1
2

Mt2 +Kt +L (41)

b. The vector

η
i(t,x) = Ai(x)t +Bi(x)+Di(x), (42)

where Ai(x) is a gradient HKV with conformal factor ψ = 1
2 M,Di(x) is

a non-gradient KV of the metric and Bi(x) is an AC. If in addition the
metric does not admit gradient HKV, then

ξ (t) = Kt +L (43)

η
i(x) = Bi(x)+Di(x). (44)

5 The Noether symmetries of the geodesic Lagrangian

In a Riemannian space the equations of geodesics (4) are produced from the
geodesic Lagrangian:

L =
1
2

gi j ẋiẋ j. (45)

A vector field X = ξ (t,xk)∂t + η i(t,xk)∂xi is a Noether symmetry of this La-
grangian if there exists a smooth function f (t,xi) such that [15]

X [1]L+
dξ

dt
L =

d f
dt

, (46)
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where X [1] = ξ (t,xk)∂t +η i(t,xk)∂xi +( dη i

dt − ẋi dξ

dt )∂ẋi is the first prolongation of
X. We compute:

X [1]L =
1
2

(
η

kgi j,kẋiẋ j +2
dηk

dt
gikẋi−2ẋiẋ j dξ

dt
gi j

)
.

Replacing the total derivatives in the rhs

dξ

dt
= ξ,t + ẋk

ξ,k

dη i

dt
= η

i
,t + ẋk

η
i
,k

we find that

X [1]L =
1
2

(
η

kgi j,kẋiẋ j +2η
i
,tgi j ẋ j +η

i
,rgikẋkẋr +η

i
,rgk j ẋkẋr −2ξ,tgi j ẋiẋ j

−2ξ,kgi j ẋiẋ j ẋk
)

.

The term

dξ

dt
L =

1
2

(
ξ,t + ẋk

ξ,k

)
gi j ẋiẋ j.

Finally the Noether symmetry condition (46) is

−2 f,t+
[
2η

i
,tgi j−2 f,i

]
ẋ j−ξ,kgi j ẋiẋ j ẋk

+
[
η

kgi j,k+η
k
,igik+η

k
,igk j −gi jξ,t

]
ẋiẋ j =0.

This relation is an identity hence the coefficient of each power of ẋ j must
vanish. This results in the equations:

ẋiẋ j ẋk : ξ,k = 0 (47)

ẋiẋ j : Lη gi j = 2
(

1
2

ξ,t

)
gi j (48)

ẋi : η
,i
,t gi j = f,i (49)(

ẋi)0
: f,t = 0 (50)

Condition (47) gives ξ,k = 0 ⇒ ξ = ξ (t).
Condition (50) implies f (xk) and then condition (47) gives that η i is of the

form:

ηi = f,it +Ki(x j). (51)

Then from (48) follows that ξ,t must be at most linear in t. Hence ξ (t) must be at
most a function of t2. Furthermore from (48) follows that η i is at most a CKV with
conformal factor ψH = 1

2 (At +B), where A,B are constants. We consider various
cases.
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Case 1: Suppose ξ = constant = C1. Then η i is a KV of the metric which is
independent of t. This implies that either f,i = 0 and f = constant =
A = 0 or that f,i is a gradient KV. In this case the Noether symmetry
vector is:

X i = C1∂t +gi j ( f, jt +K j(xr)) ,

where Ki is a non-gradient KV of gi j.
Case 2: Suppose ξ = 2t. Then η i is a HKV of the metric gi j with homothetic

factor 1. Then ηi = Hi(x j), f,i = 0 ⇒ f = constant = 0 where H i is a
HKV of gi j with homothetic factor ψ, not necessarily a gradient HKV.
In this case the Noether symmetry vector is:

X i = 2ψt∂t +H i(xr).

Case 3: ξ (t) = t2. Then η i is a HKV of the metric gi j (the variable t cancels)
with homothetic factor 1. Again f,i is a gradient HKV with homothetic
factor ψ and the Noether symmetry vector is

X i = ψt2
∂t +gi j f, jt.

Therefore we have the result.

Theorem 2 The Noether Symmetries of the geodesic Lagrangian follow from the
KVs and the HKV of the metric gi j as follows:

ξ (t) = C3ψt2 +2C2ψt +C1 (52)

η
i = CJSJ,i +CIKV Ii +CIJtSJ,i +C2H i(xr)+C3t(GHV )i (53)

f (xi) = C1 +C2 +CI +CJ +
[
CIJSJ]+C3 [GHV ] , (54)

where SJ,i are the CJ gradient KVs, KV Ii are the CI non-gradient KVs, H i is a
HKV not necessarily gradient and (GHV )i is the gradient HKV (if it exists) of the
metric gi j.

The importance of Theorems 1 and 2 is that one is able to compute the Lie
symmetries and the Noether symmetries of the geodesic equations in a Rieman-
nian space by computing the corresponding collineation vectors avoiding the cum-
bersome formulation of the Lie symmetry method. It is also possible to use the
inverse approach and prove that a space does not admit KVs, HKVs, ACs and
special PCs by using the calculational approach of the Lie symmetry method (as-
sisted with algebraic manipulation programmes) and avoid the hard approach of
Differential Geometric methods. In Sect. 8 we demonstrate the use of the above
results.
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Table 1 Collineations and corresponding First Integrals

Symmetry Condition First Integral
KV ξ(i; j) = 0 ξiẋi

Gradient KV ξ;i j = 0 ξ;iẋi

HKV ξi; j = ψgi j , ψ,i = 0 ξi; j ẋiẋ j

Gradient HKVξ;i j = ψgi j,ψ,i = 0 ξ;i j ẋiẋ j

AC Lξ Γ i
jk = 0,ξ(i; jk) = 0 ξi; j ẋiẋ j

PC Lξ Γ i
jk = 2φ,( jδ

i
k) (ξi; j −4φgi j)ẋiẋ j

Special PC Lξ Γ i
jk = 2φ,( jδ

i
k) , φ;i j = 0(ξi; j −4φgi j)ẋiẋ j

6 First Integrals of the geodesic equations and collineations

Consider a Riemannian space with metric gi j. As we have shown in Theorem 1,
the Lie symmetries of the geodesic equations of the metric coincide with the KVs,
the HKV, the ACs and special PCs of the metric gi j (if they are admitted). For each
Noether symmetry one has the first integral

X[1]L+
dξ

dt
L =

d f
dt

, (55)

where, X [1] is the first prolongation of X. In this section we study the relationship
between first integrals and corresponding conserved quantities of Noether sym-
metries.

We recall first some well-known definitions and results [1].
Consider the geodesic with tangent vector λ k = dxi

ds where s is an affine pa-
rameter along the geodesic. An mth order First Integral of the geodesic is a tensor
quantity Ar1...rm such that:

Ar1...rmλ
r1 . . .λ rm = constant (56)

or equivalently (because λi; j = 0):

P
{

Ar1...rm;k
}

λ
k = 0, (57)

where P{} indicates cyclic sum over the indices enclosed. Without restriction of
generality we may consider Ar1...rm to be totally symmetric; for example for two
and three indices we have:

P{Ai;k} = (Ai;k +Ak;i)
P

{
Ai j;k

}
=

(
Ai j;k +Ak j;i +Aik; j

)
.

Katzin and Levine [4] have proved the following results concerning First Integrals:
Table 1
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7 First Integrals of Noether symmetry vectors of geodesic equations

We know that, if X = ξ (x j, t)∂t + η i(x j, t)∂xi is the generator of a Noether sym-
metry with Noether function f , then the quantity:

φ = ξ

(
ẋi ∂L

∂ ẋi −L
)
−η

i ∂L
∂ ẋi + f (58)

is a First Integral of L which satisfies Xφ = 0. For the Lagrangian defined by the
metric gi j, i.e. L = 1

2 gi j ẋiẋ j, we compute:

φ =
1
2

ξ gi j ẋiẋ j −gi jη
iẋ j + f . (59)

In (52), (53) and (54) we have computed the generic form of the Noether symmetry
and the associated Noether function for this Lagrangian. Substituting into (59) we
find the following expression for the generic First Integral:

φ =
1
2

[
C3ψt2 +2C2ψt +C1

]
gi j ẋiẋ j

−
[
CJSJ,i +CIKV Ii +CIJtSJ,i +C2H i(xr)+C3t(GHV ),i

]
gi j ẋ j

+C1 +C2 +CI +CJ +
[
CIJSJ]+C3 [GHV ] . (60)

From the generic expression we obtain the following First Integrals3:
C1 6= 0.

φC1 =
1
2

gi j ẋiẋ j (61)

C2 6= 0.

φC2 = tψgi j ẋiẋ j −gi jH iẋ j +C2 (62)

C3 6= 0.

φC3 =
1
2

t2
ψgi j ẋiẋ j − t(GHV ),iẋi +[GHV ] (63)

CI 6= 0.

φCI = KV I
i ẋi−CI (64)

CJ 6= 0.

φCJ = gi jSJ,iẋ j −CJ (65)

CIJ 6= 0.

φIJ = tgi jSJ,iẋ j −SJ . (66)

We conclude that the First Integrals of the Noether symmetry vectors of the
geodesic equations are:
a. Linear, the φI ,φJ ,φIJ
b. Quadratic, the φc1,φc2,φ3.

These results are compatible with the corresponding results of Katzin and Levine
[4].

3 GHV stands for gradient HKV.
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8 Applications

8.1 The Lie symmetries of geodesic equations in an Einstein space

Suppose Xa is a projective collineation with projection function φ(xa), such that
LXΓ a

bc = φ,bδ a
c +φ,cδ a

b . For a proper Einstein space (R 6= 0) we have Rab = R
n gab

from which follows:

LX gab =
n(1−n)

R
φ;ab−LX (lnR)gab. (67)

Using the contracted Bianchi identity [Ri j − 1
2 Rgi j]; j = 0 it follows that in an

Einstein space of dimension n > 2 the curvature scalar R = constant and (67)
reduces to:

LX gab =
n(1−n)

R
φ;ab.

It follows that if Xa generates either an affine or a special projective collineation,
then φ;ab = 0. Hence Xa reduces to a KV. This means that proper Einstein spaces
do not admit HKV, ACs, special PCs and gradient KVs [17; 18].

The above results and Theorem 1 lead to the following conclusion:

Theorem 3 The Lie symmetries of the geodesic equations in a proper Einstein
space of curvature scalar R 6= 0 are given by the vectors

X = (Kt +L)∂t +Di (x)∂i

where Di(x) is a nongradient KV and K,L are constants

Theorem 4 The Noether symmetries of the geodesic equations in a proper Ein-
stein space of curvature scalar R 6= 0 are given by the vectors:

X = L∂t +Di (x)∂i, f = constant

Theorem 3 extends and amends the conjecture of [10] to the more general case
of Einstein spaces.

We apply the result to the case of the Euclidean 2 dimensional space. The
metric gi j of this space admits:

a. Two gradient KVs, the Y 1 and Y 2 generated by the functions φ7,φ8,

b. One nongradient KV, the Y 3,
c. One gradient HKV, the Y 4 (with homothetic factor 1).

Therefore the generic Noether symmetry vector is:

X = C1∂t +C2
(
2t∂t +Y 4)+C3(t2

∂t +Y 4t)+C4tY 1 +C5tY 2

+C6Y 1 +C7Y 2 +C8Y 3.

where (see Table 2)

Y 1 = ∂x, Y 2 = ∂y, Y 3 = y∂x− x∂y, Y 4 = x∂x + y∂y.
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Table 2 The conformal algebra of a flat n-dimensional metric

CKV Components # ψ(ξ ) Fab(ξ ) Comment
PI ∂I n 0 0 Gradient KV
rAB 2δ d

[AxB]∂d
n(n−1)

2 0 ηABab Nongradient KV
H xa∂a 1 (b = 1)1 0 Gradient HKV
KI [2xIxd −δ d

I (xaxa)]∂d n (bi = δ i
I )2xI −4ηI[axb] Nongradient SCKV

8.2 The Noether symmetries of Schwarzschild metric

We consider the Schwarzschild metric

ds2 =
(

1− 2m
r

)
dt2− 1(

1− 2m
r

)dr2− r2 (
dθ

2 + sin2
θdφ

2) .

The geodesic Lagrangian is:

L =
(

1− 2m
r

)
ṫ2− 1(

1− 2m
r

) ṙ2− r2
θ̇

2− r2 sin2
θφ̇

2

The Noether symmetries have been computed in [11] as follows:

X1 = ∂s, X2 = ∂t

X3 = cosφ∂θ − cotθ sinφ∂φ

X4 = sinφ∂θ + cotθ cosφ∂φ

X5 = ∂θ .

It easy to check that X2,X3,X4 and X5 are KVs of the Schwarzschild metric
and, since this metric does not admit any gradient KVs or a HKV, these are the
only Noether symmetries, a result compatible with Theorem 2 above.

The first integrals of the geodesic equations of the Schwarzschild metric are:

a. The metric integral:

φs = gi j ẋiẋ j =
(

1− 2m
r

)
ṫ2− 1(

1− 2m
r

) ṙ2− r2
θ̇

2− r2 sin2
θφ̇

2

b. The linear integrals defined by the KVs:

φ2 = ṫ
φ3 = (cosφ) θ̇ − (cotθ sinφ) φ̇

φ4 = (sinφ) θ̇ +(cotθ cosφ) φ̇

φ5 = θ̇ .

The extra Lie symmetry is s∂s.
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Table 3 The projective algebra of the 2-d Euclidean sphere

Type φ Vector
K.V 0 X1 = ∂x
K.V 0 X2 = cotycosx∂x + sinx∂y
K.V 0 X3 =−cotysinx∂x + cosx∂y
Pr.Col −sinysinycosx X4 = sinysinxcosy∂x − (2 cos2 y−1)cosx∂y
Pr.Col −sinysinysinx X5 =−sinycosxcosy∂x − (2 cos2 y−1)sinx∂y
Pr.Col −sin2 ycos2 x X6 = 2 sin2 ycosxsinx∂x −2 cos2 xsinycosy∂y
Pr.Col −cosxsinxsin2 y X7 = (−2 cos2 x+1)sin2 y∂x −2 sinycosysinxcosx∂y
Pr.Col +cos2 xsin2 y X8 =−2 sin2 ycosxsinx∂x −2sin2 xsinycosy∂y.

8.3 The First Integrals of the Euclidean sphere of dimension 2

The metric of the Euclidean sphere of dimension 2 is:

ds2
SF = sin2 ydx2 +dy2 (68)

The collineations admitted by the 2-d Euclidian sphere (space of constant curva-
ture) are three KVs and five proper PCs as shown in Table 3 [16]:

Hence there exist three Line First Integrals due to the KVs (dot over a symbol
indicates d

ds ,s being an affine parameter)4:

4 For example:

I1 = gi jX iẋ j = g11X1ẋ1 +g22X2ẋ2 = sin2 y ·1 · ẋ+1 ·0 · ẏ = sin2 y · ẋ.
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Table 4 The conformal algebra of the 1 + 3 metric (72) for K =±1

K CKVs of ds2
3 ψ3 #CKVs of ds2

1+3 ψ1+3

1 H = xa∂a ψ+(H) = U(1− 1
4 xα xα )1H+

1 =−ψ+(H)cosτ∂τ +H sinτ ψ+(H)sinτ

1 H = xa∂a ψ+(H) = U(1− 1
4 xα xα )1H+

2 = ψ+(H)sinτ∂τ +H cosτ ψ+(H)cosτ

1 Cµ = (δ a
µ − 1

2Uxµ xa)∂α ψ+(Cµ ) =−Uxµ 3Q+
µ =−ψ+(Cµ )cosτ∂τ +Cµ sinτ ψ+(Cµ )sinτ

1 Cµ = (δ α
µ − 1

2Uxµ xa)∂α ψ+(Cµ ) =−Uxµ 3Q+
µ+3 = ψ+(Cµ )sinτ∂τ +Cµ cosτ ψ+(Cµ )cosτ

−1H = xα ∂α ψ−(H) = U(1+ 1
4 xα xα )1H−

1 = ψ−(H)coshτ∂τ +H sinhτ ψ−(H)sinhτ

−1H = xα ∂α ψ−(H) = U(1+ 1
4 xα xα )1H−

2 = ψ−(H)sinhτ∂τ +H coshτ ψ−(H)coshτ

−1Cµ = (δ α
µ + 1

2Uxµ xa)∂α ψ−(Cµ ) = Uxµ 3Q−
µ = ψ−(Cµ )coshτ∂τ +Cµ sinhτ ψ−(Cµ )sinhτ

−1Cµ = (δ α
µ + 1

2Uxµ xa)∂α ψ−(Cµ ) = Uxµ 3Q−
µ+3 = ψ−(Cµ )sinhτ∂τ +Cµ coshτψ−(Cµ )coshτ

I1 = ẋsin2 y (69)
I2 = ẋsinycosycosx + ẏsinx (70)
I3 = −ẋsinycosysinx + ẏcosx (71)

and five Quadratic First Integrals corresponding to the special PCs:

Q1 = 4ẏsinxsin2 y(ẏcotxcoty− ẋ)

Q2 = 4ẏcosxsin2 y(ẋ+ ẏ tanx tany)

Q3 = 4(ẋsinycosx+ ẏcosysinx)2−4ẋ2 sin2 y−4ẏ2 cos2 y

Q4 = 4sinxcosx
(
ẋ2 sin2 y− ẏ2 cos2 y

)
+4ẋẏsinycosy

(
1−2cos2 x

)
Q5 = −4(ẋcosxsiny+ ẏsinxcosy)2

8.4 The 1 + 3 decomposable metric

We consider next the metric which is a 1 + 3 decomposable metric:

ds4 =−dτ
2 +U2

δαβ dxα dxβ (72)

where Greek indices take the values 1, 2, 3. It is well known [16] that this metric
admits 15 CKVs (it is conformally flat). Seven of these vectors are KVs (the six
nongradient KVs of the 3-metric rµν ,Iµ plus the gradient KV ∂τ) and nine proper
CKVs. The vectors of this conformal algebra are shown in Table 4

According to Theorem 2 this metric admits the following Noether symmetries
(see also [4]):

∂s ,rµν ,Iµ ,∂τ : f = constant
s∂τ : f = τ

with Noether conserved quantities:

φs =
1
2

gi j ẋiẋ j (73)

φτ = τ̇ (74)
φτ+1 = sτ̇ − τ (75)

φI = II
i ẋ

i (76)

φr = r(AB)i
ẋ j. (77)
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8.5 The Noether symmetries of the FRW metrics

In a recent paper Bokhari and Kara [12] studied the Lie symmetries of the confor-
mally flat Friedman Robertson Walker (FRW) metric with the view to understand
how Noether symmetries compare with conformal Killing vectors. More specifi-
cally they considered the conformally flat FRW metric5:

ds2 =−dt2 + t
4
3
(
dx2 +dy2 +dz2)

and found that the Noether symmetries are the eight vectors:

∂s,SJ ,rAB,H

where SJ are the gradient KVs ∂x∂y,∂z and rAB are the three nongradient KVs
(generating SO(3)) whereas the vector ∂s counts for the gauge freedom in the
affine parametrization of the geodesics. The vector

H = 6s∂s +3t∂t + x∂x + y∂y + z∂z

where 3t∂t + x∂x + y∂y + z∂z is a non-gradient HV. Therefore they confirm our
Theorem 2 that the Noether vectors coincide with the KVs and the HKV of the
metric. Furthermore their claim that ‘. . . the conformally transformed Friedman
model admits additional conservation laws not given by the Killing or conformal
Killing vectors’ is not correct.

In the following we compute all the Noether symmetries of the FRW space-
times. To do that we have to have the homothetic algebra of these models [19].
There are two cases to consider, the conformally flat models (K = 0) and the non-
conformally flat models (K 6= 0).

We need the conformal algebra of the flat metric, which in Cartesian coordi-
nates is given in Table 2.
Case A: K 6= 0

The metric is:

ds = R2 (τ)

[
−dτ

2 +
1(

1+ 1
4 Kxixi

)2

(
dx2 +dy2 +dz2)] . (78)

For a general R(τ) this metric admits the nongradient KVs PI ,rµν (see Table 2)
and does not admit an HKV. Therefore the Noether symmetries of the geodesic
Lagrangian

L =−1
2

R2 (τ) τ̇
2 +

1
2

R2 (τ)(
1+ 1

4 Kxixi
)2

(
ẋ2 + ẏ2 + ż2)

of the FRW metric (78) are:

∂s,PI ,rµν

5 The second metric ds2 =−t−
4
3 dt2 +dx2 +dy2 +dz2 they consider is the Minkowski metric

whose Lie and Noether symmetries are well known.
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Table 5 The special forms of the scale factor for K =±1

K Proper CKV # Conformal Factor R(τ) for KVs R(τ) for HKV
±1 Pτ = ∂τ 1 (lnR(τ)),τ c exp(τ)
1 H+

1 1 −ψ+(H)
R(τ) (R(τ)cosτ),τ c

cosτ
@

1 H+
2 1 ψ+(H)

R(τ) (R(τ)sinτ),τ c
sinτ

@
1 Q+

µ 3 −ψ+(Cµ )
R(τ) (R(τ)cosτ),τ c

cosτ
@

1 Q+
µ+3 3 ψ+(Cµ )

R(τ) (R(τ)sinτ),τ c
sinτ

@
−1 H−

1 1 ψ−(H)
R(τ) (R(τ)coshτ),τ c

coshτ
@

−1 H−
2 1 ψ−(H)

R(τ) (R(τ)sinhτ),τ c
sinhτ

@
−1 Q−

µ 3 ψ−(Cµ )
R(τ) (R(τ)coshτ),τ c

coshτ
@

−1 Q−
µ+3 3 ψ−(Cµ )

R(τ) (R(τ)sinhτ),τ c
sinhτ

@

with Noether integrals

φs =
1
2

gi j ẋiẋ j, φI = PI
i ẋ

i, φr = r(AB)i
ẋ j. (79)

Concerning the Lie symmetries we note that the FRW spacetimes do not admit
ACs [20] and furthermore do not admit gradient KVs. Therefore they do not admit
special PCs. The Lie symmetries of these spacetimes are:

∂s,s∂s,PI ,rµν .

For special functions R(τ) it is possible to have more KVs and HKV. In Table 5
we give the special forms of the scale factor R(t) and the corresponding extra KVs
and HKV for K =±1.

From Table 5 we infer the following additional Noether symmetries of the
FRW-like Lagrangian for special forms of the scale factor:

Case A(1): R(t) = c =constant, the space is the 1+3 decomposable.
Case A(2) K = 1,R(t) = exp(τ). In this case we have the additional gradient

HKV Pτ generated by the function 1
2 exp2τ . Therefore for this scale

factor the Noether symmetry vectors, the Noether function and the
conserved Noether quantities are:

∂s,PI ,rµν ,2s∂s +Pτ : f = constant

s2
∂s + sPτ : f =

1
2

exp(2τ)

with Noether Integrals

φs,φI ,φr,φτ = sgi j ẋiẋ j −gi
i jPτ ẋ j and φτ+1 =

1
2

s2gi j ẋiẋ j

−sPi
τ ẋi +

1
2

exp2τ.

The Lie symmetries are:

∂s,s∂s,PI ,rµν ,Pτ ,s2
∂s + sPτ .



18 M. Tsamparlis, A. Paliathanasis

Case A(3a) K = 1,R(τ) = c
cosτ

. In this case we have the additional non-gradient
KVs H+

1 ,Q+
µ . Therefore the Noether symmetries are:

∂s,PI ,rµν ,H+
1 ,Q+

µ : f = constant

with Noether Integrals

φs,φI ,φr,φH+
1

=
(
H+

1
)

i ẋi and φQ+
µ

=
(
Q+

µ

)
i
ẋi.

The Lie symmetries are:

∂s,s∂s,PI ,rµν ,H+
1 ,Q+

µ

Case A(3b) K = 1,R(τ) = c
sinτ

. In this case we have the two nongradient KVs
H+

2 ,Q+
µ+3.

The Noether Symmetries are:

∂s,PI ,rµν ,H+
2 ,Q+

µ+3 : f = constant

with Noether Integrals

φs,φI ,φr,φH+
2

=
(
H+

2
)

i ẋi and φQ+
µ+3

=
(

Q+
µ+3

)
i
ẋi.

The Lie symmetries are:

∂s,s∂s,PI ,rµν ,H+
2 ,Q+

µ+3.

Case A(4a) K =−1,R(τ) = c
coshτ

. In this case we have the two additional non-
gradient KVs H−

1 ,Qµ .
The Noether Symmetries are:

∂s,PI ,rµν ,H−
1 , Qµ : f = constant

with Noether Integrals

φs,φI ,φr,φH−
1

=
(
H−

1
)

i ẋi and φQ−
µ

=
(
Q−

µ

)
i
ẋi.

The Lie symmetries are:

∂s,s∂s,PI ,rµν ,H−
1 ,Qµ .

Case A(4b) K =−1,R(τ) = c
sinτ

, we have the nongradient KV H−
2 , Q

µ+3.
The Noether Symmetries are:

∂s,PI ,rµν ,H−
2 ,Qµ+3 : f = constant

with Noether Integrals

φs,φI ,φr,φH−
1

=
(
H−

2
)

i ẋi and φQ−
µ+3

=
(

Q−
µ+3

)
i
ẋi.
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Table 6 The special forms of the scale factor for K = 0

# Proper CKV Conformal factor ψ R(τ) for KVs R(τ) for HKV
1 Pτ = ∂τ (lnR(τ)),τ c exp(τ)
3 Mτα = xα ∂τ + τ∂α xα (lnR(τ)),τ c @
1 H = Pτ + xa∂a τ(lnR(τ))+1 c/τ @
1 Kτ = 2τH+(xcxc − τ2)∂τ −(lnR(τ)),τ (−τ2

+ x2 +y2 + z2)+2ετ

@ @

3 Kµ = 2xµ H− (xcxc − τ2)∂µ 2xµ [τ(lnR(τ)),τ +1] c/τ @

The Lie symmetries are:

∂s,s∂s,PI ,rµν ,H−
2 ,Qµ+3.

Case B: K = 0
In this case the metric is:

ds = R2 (t)
(
−dt2 +dx2 +dy2 +dz2)

and admits three nongradient KVs PI and three nongradient KVs rAB. Therefore
the Noether symmetries are:

∂s,PI ,rAB : f = constant

with Noether Integrals:

φs =
1
2

gi j ẋiẋ j , φPI = PI
i ẋ

i and φF = (rAB)i ẋ j.

The Lie symmetries are:

∂s,s∂s,PI ,rAB.

Again for special forms of the scale factor one obtains extra KVs and HKV as
shown in Table 6.

From Table 6 we have the following special cases.

Case B(1): R(t) = c =constant. Then the space is the Minkowski space.
Case B(2): R(t)= exp(τ). Then Pτ becomes a gradient HKV (ψ =1,gradient
function 1

2 exp(2τ)). Hence the Noether symmetries are

∂s,PI ,rAB,2s∂s +Pτ : f = constant

s2
∂s + sPτ : f =

1
2

exp(2τ)

with Noether Integrals

φs,φPI ,φF ,φPτ
= sgi j ẋiẋ j −gi j (Pτ)

i ẋ j and

φY+1 =
1
2

s2gi j ẋiẋ j−s(Pτ)i ẋi+Pτ .

The Lie symmetries are:

∂s,s∂s,PI ,rAB,Pτ ,s2
∂s + sPτ .
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Case B(3): R(t) = τ−1 . Then we have four additional nongradient KVs, the H,
and Kµ , and the Noether symmetries are:

∂s,PI ,rAB,H,Kµ : f = constant

with Noether Integrals

φs,φPI ,φF ,φH = (H)i ẋ j and φKµ
=

(
Kµ

)
i ẋi.

The Lie symmetries are:

∂s,s∂s,PI ,rAB,H,Kµ .
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Appendix

Proof of Theorem 1

Equation (35) implies:

η
i(t,x) = Ai(x)t +Bi(x) (80)

where Ai(x),Bi(x) are arbitrary differentiable vector fields.
The solution of Eq. (36) is:

ξ (t,x) = CJ(t)SJ(x)+D(t) (81)

where CJ(t),D(t) are arbitrary functions of the affine parameter t and SJ(x) is a
function the gradient of which is a gradient KV, i.e.:

SJ(x)|(i, j) = 0. (82)

The index J runs through the number of gradient KVs of the metric. Condition
(37) gives

2A(x)i
| j =

[
CJ(t),tt SJ(x)+D(t),tt

]
δ

i
j. (83)

Because the lhs is a function of x only we must have:

D(t),tt = M ⇒ D(t) =
1
2

Mt2 +Kt +L, where M,K,L are constants (84)

CJ(t),tt = GJ = constant ⇒CJ(t) =
1
2

GJt2 +EJt +FJ ,

where GJ ,EJ ,FJ are constants. (85)
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Substituting into (83) we find that

2A(x)i
; j =

(
GJSJ(x)+M

)
δ

i
j ⇒ A(x)i; j =

1
2

(
GJSJ(x)+M

)
gi j, (86)

where we have lowered the index because the connection is metric (i.e. gi j|k = 0).
The last equation implies that the vector A(x)i is a conformal Killing vector with
conformal factor ψ = 1

2 (GJSJ(x) + M). Because A(x)[i; j] = 0, this vector is a
gradient CKV.

We continue with condition (38) and replace η i(t,x) from (80):

LAΓ
i
jkt +LBΓ

i
jk = 2ξ ,t (, jδ

i
k) = 2

[
(GJt +EJ)SJ(x)+Mt +K

]
|( j δ

i
k)

= 2(GJt +EJ)SJ(x)|( jδ
i
k) ⇒

LAΓ
i
jk = 2GJSJ(x),( jδ

i
k) (87)

LBΓ
i
jk = 2EJSJ(x),( jδ

i
k). (88)

The last two equations imply that the vectors Ai(x) and Bi(x) are special pro-
jective collineations or affine collineations of the metric (or one of their specializa-
tions) with projective functions GJSJ(x) and EJSJ(x) or zero respectively. Because
Ai is a projective collineation and a CKV it must be a gradient HKV with homo-
thetic factor ρ + 1

2 M. Furthermore (86) implies that

Ai = (ρ +
1
2

M)xi +Li,

where Li is a nongradient KV.
Using the above results we find for ξ (t,x):

ξ (t,x) = CJ(t)SJ +D(t) =
1
2
(GJSJ +M)t2 +(EJSJ +K)t +FJSJ +L.
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