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FOREWORD

The International Sym posium  on N uclear S tructure, held in Dubna 
from  4 to 11 July 1968, w as organized  by the Joint Institute for N uclear  
R esearch , Dubna, and supported by the International Union of  Pure and 
Applied P h y s ic s  and by the International A tom ic E nergy A gency.

About 450 sc ie n tis ts  from  30 cou n tr ies participated . T his alone is  an 
indication of the great in te re st of sc ie n tis ts  in the prob lem s of nuclear  
stru ctu re.

The p resen t volum e contains the invited  p apers, a ll by d istingu ished  
authors, and the d isc u ss io n s  that follow ed the presentation  of th ese  papers. 
Som e of the d isc u ss io n s  contain short contributions included becau se of 
th e ir  re lev a n ce . The two working languages of the sym posium  w ere R u s
sian  and E n glish . A ll the a b stra cts  a re  printed in both languages, but the 
p apers, d iscu ss io n s  and short contributions are en tire ly  in E nglish .

The sym posium  w as preceded  by an IAEA P anel on the Future of 
N uclear Structure Studies. T h is panel d iscu ssed  not on ly the principal 
p rob lem s of n uclear p h ysics  but a lso , the p o ss ib ilit ie s  of sm a ll and d evelop 
ing cou n tr ies participating in r e se a rch  on n uclear stru ctu re. The m ain  
r e su lts  of the panel m eeting w ere reported  to the sym posium  by P r o fe s 
so r s  V. F . W eisskopf, G. N,  F le ro v  and D. H.  W ilkinson, and th ese  ta lks  
form ed the f ir s t  s e s s io n  of the sym posium . The Chairm an of th is se s s io n  
w as P r o fe sso r  N. N.  Bogolyubov, D irecto r  of the Joint Institute for N uclear  
R esearch . H ow ever, a s  the p roceed in gs of the IAEA Panel are  being  
published in the IAEA Panel P roceed in gs S er ies  a s  a sep arate  book under 
the t itle  "T he Future of N uclear Structure S tu d ies" , the m ateria l of the 
f ir s t  se ss io n  of the sym posium  is  not included in the p resen t volum e.

A pproxim ately 200 contributions containing re su lts  of orig in a l in v e s t i
gations, each about 400 w ords long, w ere a lso  p resen ted  to the sym posium . 
T h ese w ere co llec ted  into a sm a ll book, Dubna publication D- 3893,  for the 
p articipants b efore the m eeting; a l is t  of the t it le s  is  included h ere . A 
num ber of sem in a rs , devoted to the d etailed  d iscu ss io n  of sp ec ia l p rob lem s, 
w ere a lso  held during the period of the sym posium ; a l is t  of th ese  p r e 
sen tation s is  a lso  given  in the p resen t volum e.

T h ese p roceed in gs contain much new sc ien tific  in form ation  and in 
stru ctiv e  rev iew s of the la te st  work. It is  hoped that they w ill contribute  
g rea tly  to a b etter understanding of the stru cture of a tom ic n uclei.
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ONE-PARTICLE MOTION IN SPHERICAL NUCLEI

B.L. COHEN
UNIVERSITY OF PITTSBURGH,
PITTSBURGH, PA. ,  UNITED STATES OF AMERICA

Abstract — Аннотация

ONE-PARTICLE MOTION IN SPHERICAL NUCLEI. New information on locations of single-particle 
states as determined by single-nucleon transfer reactions and elastic proton scattering through isobaric analogue 
states is summarized. The situation with neutron single particle states is reasonably satisfactory although there 
is considerable uncertainty about the particle states in N s 83 nuclei. Information on proton single-particle 
states has accumulated rapidly recently. The single-particle level structure is very similar for neutrons and 
protons in nuclei of the same mass number A, more so than for either one at very different A. The principal 
A-dependence is that high-j states move downward rapidly relative to low-j states with increasing A, for well 
understood reasons. Information on imperfect major shell closure at "magic numbers" is summarized, and 
it is pointed out that it is not unexpected. The only really good closed shell nuclei are those near 208Pb. The 
significance of deep-lying hole states found in (e, e ' p) reactions is mentioned. Information on neutron single 
quasiparticle states in the 28-50 and 50-82 shells is reviewed. Experiments are now available on non-single- 
closed shell nuclei in the latter region; fragmentation of single quasiparticle states is somewhat larger than 
heretofore encountered, but there is generally one nuclear state that contains a large fraction of their strength. 
An important difficulty is encountered in the g7/ 2 and h u/2 states where results from stripping and pick-up 
reactions differ greatly in nuclei between Mo and In. Plots of the "degree of emptiness", Uj , and of single 
quasiparticle energies, Ej, are given for all single-particle states for nuclei with N = 28-82, and comparisons 
are made with pairing theory predictions. In general, the agreement is good although there are several 
difficulties that are discussed.

ОДНОЧАСТИЧНОЕ ПЕРЕДВИЖЕНИЕ В СФЕРИЧЕСКИХ ЯДРАХ. Д ается обзор но
вых данных о положении одночастичных состояний, определяемых из однонуклонных р еак 
ций передачи и упругого рассеяния протонов на изобарических аналоговы х состояниях. По
ложение с нейтронными одночастичными уровнями весьм а удовлетворительно, хотя и им е
ются значительные неясности в вопросе одночастичных состояний в ядрах с N = 83. В послед
нее время быстро накапливается информация по одночастичным протонным состояниям . В 
ядрах с одинаковым м ассовы м числом А структура одночастичных уровней протонов и ней
тронов весьм а схож а, и даже больше схож а, чем структура какой-либо одной системы  для 
ядер с сильно отличающимися А. Главным в зависимости структуры одночастичных уров
ней от А является то , что с ростом А состояния с большими моментами понижаются бы стрее, 
чем состояния с малыми м оментами, по хорошо понятным причинам. Д ается обзор данных 
о нарушении в заполнениях оболочек при "магических числах" и у к азы в ается , что это  не 
является неожиданным. Единственными ядрами с хорошо зам кнуты м и оболочками являю т
ся ядра в районе 208Р Ь . Упоминается важность низколежащих (глубоких) дырочных со сто 
яний, обнаруженных в (е, е ' р) реакциях. Д ается обзор информации об одночастичных ней
тронных состояниях в области оболочек 28 — 50 и 50 -  82. В настоящ ее время получены 
экспериментальны е результаты  в последней указанной выше области для ядер с неодно
частичной замкнутой оболочкой. Р азм ы вание одноквазичастичных состояний несколько 
больше, чем до сих пор считалось, однако и м еется , в основном, одно состояние с большим 
весом  этого  состояния. Возникло серьезное затруднение в объяснении g7/ 2 и h n / 2 со сто 
яний, к о гд а 'р езу л ьтаты , полученные от реакций стрипинга и подхвата, значительно отлича
ются по ядрам между Mo и In . Графики вероятностей "дырочных состояний" U? и одно- 
квазичастичны е энергии Ej приведены для всех  одночастичных состояний с N = 28 — 82, и 
проведено сравнение с предсказаниями теории парных корреляций. В основном, согласие 
хорошее, хотя имеются некоторые трудности, которые требуют объяснения.
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4 COHEN

NEUTRON SINGLE PÁRTICLE STATES

The b est m ethod for determ in ing loca tion s of sin g le  p artic le  sta tes  
i s  by stud ies of sin g le  nucleon tra n sfer  reaction s on c lo sed  sh e ll n uclei 
(or th e ir  equivalent by e la s tic  sca tter in g  through isob aric  analogue sta tes). 
By th is m ethod, one not only d eterm in es the angular m om entum  and parity  
of nuclear s ta te s , but a lso  ch eck s that the sp ec tro sco p ic  factors sum  to the 
p rop er value which a ssu r e s  that a ll n uclear sta te s  containing appreciable  
fraction s of the sin g le  p a rtic le  state are included. The energy of the sin g le  
p a rtic le  state is  then taken as the cen tre of gravity  of the n uclear s ta te s , 
w eighting each by its  sp ec tro sco p ic  factor.

A few y ea rs ago, the inform ation  on neutron sta te s  seem ed  to be 
fa ir ly  com plete [1] but there w ere se v e r a l u n certa in ties and a few m iss in g  
points. Work on the m iss in g  points has p roceed ed  w ell in the past year.
У agi [2] has located  the g7/-2 and d5/2 hole sta te s  in the N = 81 nucleus  
139Ce ; he found the p revious e s tim a tes  [1] to be rather poor. Fou et al.
[3] and B assan i et al. [4] have located  the р3д  and f5/2 hole s ta te s  in 
N = 50 n uclei. The only sin g le  p artic le  or sin g le  hole sta tes  in adjacent 
sh e lls  s t i l l  not located  in th is  way are the i 13/ 2 and h11/i2 sin g le  p artic le  
s ta te s  in N = 82 and N = 50 n uclei r e sp ec tiv e ly . We have recen tly  search ed  
for the la tter again with the 92Mo (d,p)  reaction  [5], and have found an 
im portant component at 2. 3 MeV, but its  sp ec tro sco p ic  factor i s  only 
about -g of that expected  for the sin g le  p a rtic le  state.

With the recen t ava ilab ility  of much im proved a cc e ler a to r s  and 
d etec to rs , there has been a great deal of work in checking p revious  
determ ination  of en er g ie s  of sin g le  p a rtic le  sta tes; in m any c a s e s  the 
e a r lie r  exp erim en ts w ere crude and le ft  reason able doubts. Rather 
ex ten siv e  work [6] has been done on locating the sin g le  p artic le  sta tes  
in N = 83 nuclei w here p rev iou s stu d ies w ere m ade b efore the availab ility  
of d istorted  wave Born approxim ation (DWBA). It has been found that 
su m s of sp ectroscop ic  factors fa ll con sid erab ly  short of unity for a ll but 
the f7/ 2 ■ and h^a sta te s . The loca tion s of the p-^ , p 3/ 2 and f5/ 2 s ta te s  
m ust th erefore be con sid ered  to be v er y  questionab le, and further stud ies  
of th is  would be highly d es ira b le .

The m ost com plete checking has been done in the sh e lls  adjacent 
to 208Pb. In Table I, the sp ec tro sco p ic  fa cto rs for the p rev iou sly  a ss ig n 
ed sin g le  p artic le  sta te s  in 209Pb are shown according to determ inations  
with (d, p)  reaction s at se v e r a l bom barding en erg ie s  at M ichigan [7], 
iso b a r ic  analogue stu d ies at T exas [8], and (t, d) reaction s at Los A lam os [9]. 
In a ll c a s e s , the sim p le theory p red ic ts unity. T his is  typ ica l of the gen era l 
type of agreem ent one u sually  g e ts . An op tim ist points to the fact that 
DWBA calcu lations are uncertain  by about 20% at b est and can so m etim es  
be m uch w orse , and is  th erefore sa tis f ied  with the r e su lts . W here d is 
crep a n c ie s  are large as for the g^2 in (d, p)  and the j-¡s/2 (t. d), he can
point to the fact that other exp erim en ts g ive m ore favourable r e su lts . A 
p e ss im is t  can often find re a so n s  to argue that the DWBA u n certa in ties  
are sm a lle r  in c a s e s  giving unfavourable re su lts  lik e the j15 / 2  w here the 
(t, d) m easu rem ent is  rem arkably in ten sitive  to the ch oice of optical m odel 
p aram eters .

207A s im ila r  d isagreem en t e x is ts  over the hg/ 2 hole state in Pb where  
(p, d) work [2] in d icates that the 3. 6 MeV le v e l contains a lm ost a ll of the 
hg/ 2  strength w hile 3H e ,a ) stu d ies [10] indicate that it contains only a lit t le  
m ore than half. In both th is c a se  and the jis / 2  c a se  d iscu ssed  above, it is
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TABLE I. SPECTROSCOPIC FACTORS FOR SINGLE PARTICLE  
STATES IN 209Pb BY VARIOUS METHODS

S. P. State (d.P)[7] ■
Analogue [8] 

(P.P) ' (t, d) [9]

28 9/i 0.67 0. 97 0.93

1 V « 0. 94 1.05

1 ■ ' j s / î
1.13 0. 51

3d5/2 1. 00 0. 85 ■ 0.86

0.93 0.90 0. 86

4 l / i 1.17 0.84 0. 90

3<Vг 1.17 0. 86 0. 83

not d ifficult to éxplain  fragm entation of the sin g le  p a rtic le  sta te  into se v er a l  
n uclear s ta te s , but no one has found any of the other fragm ents.

It has long been contended by n uclear stru cture th e o r is ts  (see , for . 
exam p le, Ref. [11] ) that the sh e ll m odel p icture of s in g le  p a rtic le  sta te s  
is  only about 85% c o r re c t . The sum  of sp ectro sco p ic  fa cto rs should th e r e 
fore be only about 0. 85 in stead  of 1. 0;  the rem aining 15% of the strength  
should be sca ttered  over ten s of MeV. The uncertainty in DWBA an a lyses  
i s  e a s ily  large  enough to adjust a ll p rev iou s data for th is , and few would 
argue that there is  exp erim en ta l ev idence to dispute the point. In terest in 
th is  m atter has recen tly  been rev ived  by the new stripping theory of B utler, 
H ewitt, May and M cK ellar [12], which se e m s  to be m uch le s s  p aram eter-  
se n s itiv e  than DWBA in d eterm inations of absolute sp ec tro sco p ic  factors.
It co n sisten tly  finds sp ec tro sco p ic  factors m uch l e s s  than unity for s ta te s  
that have long been con sid ered  to be good sin g le  p artic le  s ta te s . While 
v er y  few ca lcu la tion s have been m ade with th is  theory and there have been  
no ch eck s on its  co n sis ten cy  when applied to d ifferent rea ctio n s, it should  
be view ed  as a hopeful developm ent. The u n certa in ties in absolute determ ina' 
tion s of sp ec tro sco p ic  factors are a m uch m ore se r io u s  problem  than is  
w id ely  rea lized , and any theory that would su bstan tia lly  redu ce them  would 
be ex trem ely  w elcom e.

In sp ite of the new d evelopm ents, the p revious a n a ly sis  [13] of lo c a 
tions of neutron sin g le  p artic le  s ta te s  is  not appreciably  a ltered . T hese  
loca tion s can be explained [13] by p roperly  taking into account [14] sp ec ia l  
neutron-proton  in teraction s when they are in s ta te s  with stron gly  o v e r 
lapping w ave-functions, se lf-b in d in g  en ergy  (i. e. a s in g le  p a rtic le  state  
m oves down in energy as it f i l ls  owing to ex tra  strong in teraction s among 
the p a r tic le s  in it), a sp in -orb it force of the form  r"1 (dV /dr), a ve loc ity  
dependence corresp ond ing to an e ffec tiv e  m a ss  of about 1. 3 t im e s  the 
nucleon m a ss , and a sym m etry  energy of the type known from  the 
op tica l m odel.
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PROTON SINGLE PARTICLE STATES

The m ost im portant recen t developm ent in the area  under d iscu ssio n  
has been the cataloguing of proton sin g le  p artic le  sta te s  p rin cip a lly  with 
(3He, d) and (d, 3He) reaction s. As a resu lt of work from  Oak Ridge [15], 
A lderm aston  [16], Tokyo [17], Saclay [18], M oscow [19], Argonne [20], 
P en nsylvan ia  [21], and Los A lam os [22], stud ies are now availab le on both 
p artic le  and hole s ta te s  at each  c lo sed  sh e ll . U nfortunately, how ever, 
th ere se e m s  to be m ore fragm entation here [17,  22] than w as p resen t in 
the study of neutron s ta te s , so the accurate determ ination  of sin g le  p artic le  
sta te loca tion s is  not alw ays easy .

The b est in form ation is  for the Z = 50-82 and the Z = 82-126 sh e lls  
T his is  shown and com pared with re la ted  neutron re su lts  in F ig . la .  In 
that figure, the r e su lts  are arranged in ord er of in creasin g  A, without 
regard  to whether they are neutron or proton sin g le  p artic le  s ta te s . The 
neutron sta te s  in the Sn region  deduced from  stud ies of the fu lln ess  of 
sin g le  q uasip artic le  sta te s  [23] are included.

N early  a ll the changes in re la tiv e  en er g ie s  in F ig . la  are sh ifts  down
ward with in creasin g  A for high angular m om entum  (j) s ta te s  by am ounts 
w hich in cr ea se  with j (or equivalently , upward sh ifts  o f low j s ta te s ) . T his  
m ay be explained by rea liz in g  that h igh-j nucleons in teract m ore stron gly  
with other high-j nucleons that with low -j nucleons b ecau se of the b etter  
overlap  in th e ir  w ave-functions — they have the sam e n quantum num ber 
and are pushed outward by s im ila r  angular m om entum  b a r r ie r s . Thus, 
as h igh-j s ta te s  f il l ,  the energy of-other high-j sta te s  is  low ered . This 
effec t is  la r g e r  for h igh-j s ta te s  b ecau se of the large num ber of nucleons  
they contain.

An e sp e c ia lly  notable feature of F ig . la  is  the s im ila r ity  between  
proton and neutron sin g le  p artic le  sta tes  in the sam e sh e ll and in the 
sam e n u clei. There are exam p les of th is in F ig . la  for the 82-126 sta tes  
in the Pb region  and for the 50-82 sta te s  in the Sn reg ion . T his s im ila r ity  
is  far stron ger than that betw een the sam e neutron s ta te s , or betw een the 
sam e proton s ta te s , at d ifferent va lu es of A. T his im p lies  that sin g le  
p a rtic le  le v e l stru cture is  determ ined p rin cip a lly  by what other sta te s  are  
occupied , and does not depend much on w hether we are dealing with 
neutrons or protons.
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FIG. la . Energies of single particle states in the 50-82 and 82-126 shells.
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The situation in the 20-50  sh e lls  is  shown in F ig . lb . F or neighbour
ing n uclei 55Fe and 59Cu, and again for 41Ca and 41Sc, the s im ila r ity  
betw een proton and neutron sin gle p artic le  s ta te s  in neighbouring n uclei 
p e r s is t s .  H owever in 49Ca and. 49Sc, it fa ils  rather badly. S till it seem s  
sign ifican t that in four of the five c a s e s  w here com p arison s can be m ade, 
including the three of h ighest m a ss , there is  much g rea ter  s im ila r ity  
betw een neutron and proton sin g le  p artic le  sta tes  at the sam e m a ss than 
th ere is  between neutron sin gle p artic le  s ta te s  at d ifferent m a sse s . The 
old custom  of giving d ifferent sin g le  p artic le  le v e l d iagram s for neutrons 
and protons is  m islead in g; it would be much b etter to g ive such d iagram s  
a s  a function of A, with the stipulation  that it is  only valid  along the "line 
of beta stab ility . "

IM PERFECT MAJOR SHELL CLOSURE AT "MAGIC NUMBERS"

It has long been rea lized  that m ajor sh e ll c lo su re  is  not p erfect in 
n uclei with "m agic num bers" of neutrons or protons. S evera l y ea r s  ago, 
B la ir  [22] found that w ell-know n 7 /2 “ sta tes  in Cu iso top es w ere excited  in 
(3He, d) reaction s on Ni with a sp ectroscop ic  factor indicating that the Í7 /2  

proton sin g le  p a rtic le  state lack s being full by about 0. 8 p a rtic le . Fulm er  
et a l. [24] found by a com bination of'(d .p ) and (d, t) reaction s that the f7/ 2  ' 
neutron sin g le  p a rtic le  s ta te s  lack  being fu ll in 58Ni and 60Ni by about 
0. 36 and 0. 28 p a r tic le s  even though th ese  n uclei contain 30 and 3 2 'neutrons 
r e sp ec tiv e ly . By s im ila r  m ethods. Jo lly  [25] found that there is  already
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0. 2 2f7/2 neutrons in the 78 neutron n u cleu s, 130T e. Lin [26] found s im ila r  
evidence that there are about 0. 6 neutrons in the 2ds/2 state in the 44, 46, 
and 48 neutron n uclei 18Se, 80Se, and 82Se. E vidence of th is type has 
expanded rapidly in the past y ear . P eterso n  [27] reported  that 48Ca has 
about 0. 9 2p neutrons. Z eidm an's [28] exp erim en ts showed that Fe n uclei, 
which have only 26 protons, a lready have 0. 2-0.  5 p3/ 2 protons; th is number 
in c r e a se s  with the neutron num ber. H eidelberg [28] and Argonne [20] work  
in d icates im perfect sh e ll c lo su re  at the "magic number" 20: 40Ca already  
has 0. 8 neutrons and 0. 8 protons in the f7/ 2  s in g le  p artic le  s ta te s . P u rser  
et a l. [29] found.that the ground state of l s O m ay be w ritten  approxim ately  
as

ф ' = ./0768 p12 + / 0 7 2 3  p10 d2 + чГоГОЭ p10 s2 
16

The 0. 46 d -p a r tic le s  and 0. 18 s -p a r t ic le s  are m ostly  p rotons, but som e  
are neutrons.

To the b est of m y knowledge there is  no evidence for im p erfect sh e ll 
c lo su re  in 208Pb for e ith er neutrons or p rotons. T h is reg ion  has been  
studied v ery  thoroughly, and they seem  to be the b est c lo sed  sh e lls  we have.

T here is ,  of co u rse , nothing v ery  su rp ris in g  about im p erfect sh e ll 
c lo su r e . Separations between sin g le  p a rtic le  en er g ie s  in d ifferent m ajor 
s h e lls  are not in finite, and the amount, of m ixing a c r o ss  sh e lls  is  of about 
the m agnitude expected  from  our knowledge of resid u a l in teraction s.

DEEP-LYING  HOLE STATES

A ll the p revious d iscu ssio n  has dealt with sta tes  near the top of the 
"F erm i Sea". Single p a rtic le  sta te s  deep down in the F erm i Sea — two or 
th ree sh e lls  below  the top — have been studied with (p, 2p) rea ctio n s , and 
m ore recen tly  and su c c e ss fu lly , with ( e, e' p)  reaction s [30]. The binding  
e n er g ie s  of th ese  s ta te s  grea tly  exceed  50 m eV , the approxim ate depth 
of a sta tic  sh e ll theory potential; this, req u ires a v e lo c ity  dependence 
corresponding to an effec tive  m a ss  con sid erab ly  le s s  than the nucleon m a ss  
in agreem en t with nuclear m atter theory but in con trast to the value above 
the nucleon m a ss  encountered near .the top of the F erm i Sea. T h is v e lo c ity  
dependence w as pointed out by G .E .B row n  se v e r a l y ea r s  ago, but its  e x p er i
m en ta l confirm ation  is  w elcom e. , .

SINGLE QUASIPARTICLE STATES

Studies of sin g le  q uasip artic le  s ta te s  — including d eterm inations of 
th e ir  en ergy  E j. and the .ratio-of their  p a rtic le  and hole n atu res, usually  
ex p ressed  as the fu lln ess  of the sin gle p artic le  .sta tes, \^2 —have been  
going on for many y ea r s  .using sin g le  nucleon tran sfer  rea ctio n s. In heavy  
n u clei, th ese  stud ies w ere form erly  lim ited  to n uclei near c lo sed  sh e lls ,  
but s in ce  h igher energy p rec is io n  a c c e le r a to r s  with attached sp ectrograp hs  
have b ecom e availab le in the past few y e a r s , v ir tu a lly  any nucleus in the 
p eriod ic  table is  now open to such stu d ies. Much of th is  work has been  
done on n o n -sp h er ica l n uclei and w ill be d iscu sse d  in other papers at th is  
m eetin g . ■
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At our lab oratory we have been concentrating rather on sp h erica l 
n uclei in an effort to follow  sin g le  q u asip artic le  sta te s  through en tire  m ajor 
s h e lls  and ob serve how they gradually shift from  purely p a rtic le  to purely  
hole s ta te s . F ig . 2 show s an exam ple [31] of the -type of data obtained; it 
is  from  the 108 Pd (d, p) reaction . V ertica l lin es  show the loca tion s of 
n uclear le v e ls  which contain com ponents of the neutron sin g le  q uasip artic le  
sta te in w hose row they are shown, and the heights o f th ese  lin e s  are the 
sp ec tro sco p ic  factors which m easu re  the fraction  of th e ir  wave-function  
that is  the sin gle q u asip artic le  sta te . The sum  of sp ec tro sco p ic  factors  
is  Uj , the d egree to which the sin g le  p artic le  sta te is  em pty, and the 
centre of gravity  of the com ponents, shown by the is  E j, the energy  
of the sin g le  q u asip artic le  state .
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F IG .2 .  E n e rg ie s , I f f  a ss ig n m e n ts , and  s p e c tro s c o p ic  fa c to rs  o f  n u c le a r  s ta tes  e x c ite d  in  108Pd ( d ,  p ) 109Pd 

re a c tio n s .  A ls o  show n a re  s u m m e d  s p e c tro s c o p ic  fa c to rs  fo r  e a c h  s in g le  p a r t i c le  s ta te , w h ic h  a re  U j2 in  
F ig . 3 ,  a nd  th e  " c e n t re s  o f  g r a v i ty "  o f  s ta tes  fo r  e a c h  j ,  w h ic h  a re  E j in  F ig . 4 .

F ig . 3 show s the value of Uj2 for a ll n uclei studied in the N = 50-82  
sh e ll . It includes som e data from  Argonne on Ru [32] a s w e ll as ex p er i
m en ts on Zr, Nb, Mo, Pd, Cd, In,'Sn, Те, B aan d C e from  our laboratory [33] .  
The two cu rves show the p red iction s of sim p le pairing theory for the sin gle  
p a rtic le  en er g ie s  at the beginning and at the end of the sh e ll. F or the g7/2 
and h1:1//2  s ta tes  in Pd and Cd, two se ts  of points are shown, one for d eter
m inations from  (d, p), and the other for d eterm inations from  (d, t) reaction s. 
The lack  of agreem en t between th ese  is  the stran gest phenom enon the author 
has ever  encountered in many y e a r s  of stud ies of th is type; he b e lie v e s  it' 
is  due to a break-dow n in b asic  assum ptions of stripping reaction  theory [34].

An op tim ist can find much reason  to be sa tis f ied  by the r e su lts  of 
F ig . 3, e sp e c ia lly  if he ign ores the g7/̂  and hu / 2 re su lts  from  Pd, Cd, and' 
Ru (d ,p) reaction s (the low er points for  h2 i / 2  and the h igher points for  
g 7/ 2  ). N ear the ends of the sh e ll , the r e su lts  are c lo se  to the prediction  
lin e s , and in the m iddle of the sh e ll they lie  betw een the p red iction s. This 
is  a s expected  from  the m onotonie and re la tiv e ly  sm ooth sh ifting of le v e ls  
with A seen  in F ig . 1. On the other hand, there are s e v e r a l disturbing  
fea tu res. The low  va lu es for the Sj/ 2  s ta te s  in Ru and Pd, the high va lu es
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FIG .3 . ''Emptiness", U |, for each single panicle state versus neutron number in the 50-82 shell. The 
dashed lines are predictions of pairing theory. Those starting at the left and right are based on single 
particle energies in 51 and 81 neutron nuclei respectively.

for the d3/2 s ta te s  in Те and Ba, and the gen era lly  erra tic  behaviour of 
the g 7/ 2 s ta tes  are exam p les. T hese prob lem s can gen era lly  be elim inated  
by judicious assum ptions about en erg ie s  of sin g le  p artic le  sta tes  if one does 
not requ ire th e ir  variation  with A to be sm ooth. H ow ever, the author fe e ls  
that u n certa in ties due to d ifficu lties with reaction  th eo rie s  should f ir s t  be 
reduced  b efore jumping to such  con clu sion s. We are th erefore in the p r o c e ss  
of m aking further stud ies with (d, t) rea ctio n s.

The sin g le  q uasip artic le  en erg ie s  Ej found in th ese  stud ies are shown 
in F ig. 4, along with pairing theory p red iction s on the sam e b a s is  as those  
in F ig . 3. H ere again there is  a con sid erab le area  of agreem ent with  
theory , but there are s t il l  som e d iscrep a n c ie s . In the c a se  of E j, th ere  is  
lit t le  chance of erro r  in the an a lysis  of exp erim en ts, but pairing theory  
p red iction s are not re lia b le . For exam p le, the quadrupole force  has long  
been known to produce large sh ifts  in en erg ie s  of nuclear sta te s .

F ig s  5 and 6 show s im ila r  but l e s s  elaborate stud ies from  our 
lab oratory on the N = 28- 50 sh e ll [35]. The data are for Ni, Ge and Se, 
and the pairing theory ca lcu la tion s are based  on the sin g le  p artic le  en erg ie s  
in 55Fe and 89Zr. The la tter  are shown at the right in F ig . 6. The sin g le
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N E U T R O N S  IN T A R G E T

FIG.4, Energy of single quasiparticle states versus neutron number in the 50-82 shell. Dashed lines are 
pairing theory predictions as described in caption for Fig.3.

N E U T R O N  N U M B E R  N E U T R O N  N U M B E R

FIG.5. "Emptiness", u j ,  for each single particle state versus neutron number in the 28-50 shell. The 
dashed lines are predictions of pairing theory. Those starting at left and right are based on single particle 
energies in 29 and 49 neutron nuclei respectively.
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FIG.6 . Energy of single quasiparticle states versus neutron number in the 28-50 shell. Dashed 
are pairing theory predictions as described in caption for Fig. 5.

lines

p a rtic le  en erg ie s  do not change as m uch h ere as they do in the N = 50-82  
sh e ll , so  the two ca lcu lation s do not vary  greatly .

I n  gen era l, the m easu red  U j 2 agree w ell with the theory except for 
the p ^  sta tes  in the heavy Ni iso to p es . The m easu red  sin g le  q u asip artic le  
en er g ie s  a lso  agree reasonably w ell with the theory except for the f5y2 state  
in Ge.

In sum m ary, stud ies of sin g le  q u asip artic le  sta tes  with stripping  
reaction s give large area s of agreem en t with theory, but there are many 
a n om alies.
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D I S C U S S I O N

HT MELDNER: Don't you agree  that your m a ss  d ifferen ces or d iffer 
en ces in to ta l binding energy for d ifferen t occupation functions should not 
sim p ly  be identified  with eigenvalue sp acin gs in potential w e lls  -  even  if  
pairing is  neg lig ib le?  In other w ords, that rearrangem ent can w ell have 
the sam e ord er of m agnitude as the so -c a lle d  le v e l d ifferen ces?
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1 would lik e  to m ention h ere recent s e lf-c o n s is te n t  calcu lations [Nuovo 
C im . 53B (1968) 195] indicating an ord er of 10"3 or M eV 's of orb ital r e 
arrangem ent en erg ie s  for m edium  n u clei. T herefore, the tentative con
clu sion s -  which you m entioned -  of a very  anom alous effec tiv e  m a ss  at the  
F erm i su rface are  quite questionab le.

B . L .  COHEN: T his is  a question for th e o r is ts .
V. GILLET: It se em s that double c lo sed  sh e ll n uclei are v ery  c losed

for the ex p er im en ta lists  and quite open for the th eo re tic ia n s. In fact, d e 
p artures from  a pure H -F  sh e ll m odel ground state are very  large , whether 
they are  computed in the RPA fram ew ork or by adm ixing 2 p a r tic le -h o le  
con figurations. In th ese  ca lcu la tion s (Brown and Jacob, G osw am y and 
P al, A g a ss i-G ille t  and Lum broso, Bonches) 160 , 40Ca and 208 Pb appear to 
be only half of the tim e in a pure c losed  sh e ll s ta te . . H ow ever, the average  
num ber of excited  nucleons is  sm all, gen era lly  in fer ior  to unity. C onse
quently, the quantities the ex p er im en ta lists  m easu re, i . e .  the p artic le  and 
hole occupation num bers, are  sm a ll.
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Abstract — Аннотация

TWO- AND THREE-QUASIPARTICLE STATES IN SPHERICAL NUCLEI. From the experimental study of 
two- and three-quasiparticle states in spherical nuclei useful information can be obtained on the residual 
interaction between quasiparticles. Such states can be assumed to be relatively pure, if they have the maximum 
possible spin value. Experimental data on several maximum spin states are discussed. Possible causes for the 
hindrance of electromagnetic transitions de-exciting 2qp and 3qp states are pointed out. A further tool to 
investigate the quasiparticle structure of excited states is the analysis of allowed beta decay. This is de
monstrated, for example, with the 4+ states of the even Sn isotopes. The residual proton-neutron interaction 
can considerably shift 3 qp states if strongly interacting proton and neutron orbitals are involved. This effect 
is studied in detail for states in which the structure 0rg9/ 2vgy2)1+ ispresent.

ДВУХ- И ТРЕХКВАЗИЧАСТИЧНЫ Е СОСТОЯНИЯ В СФЕРИЧЕСКИХ ЯДРАХ. Э кспе
риментальным изучением двух- и трехквазичастичны х состояний в сферических ядрах мож
но получить полезную информацию об остаточном  взаимодействии между квазичастицам и. 
Можно предполагать, что состояния являю тся относительно чистыми, если они имеют м акси 
мально возм ож ное.значение спина. Обсуждаются эксперим ентальны е данные о нескольких 
состояниях такого  рода. У казы вается на возможные причины зам едления электром агн и т
ных переходов, разряжающих двух- и трехквазичастичны е уровни. Другой способ изучения 
квазичастичной структуры возбужденных состояний — анализ разреш енного б ет а -р ас п ад а .
Это доказы вается на примере уровней 4+ в четных изотопах Sn . О статочное протон-нейтрон- 
ное взаим одействие может передвигать сущ ественно трехквазичастичны е уровни, если у ч а ст 
вуют сильно взаимодействующ ие протонные и нейтронные орбиты, а этот эф ф ект изучается 
детально для состояний, в которых принимает участие структура ( ^ 9/ 21^ 7/ 2)1+ •

1. INTRODUCTION

Tw o- and th ree -q u a sip a r tic le  exc ita tion s are the s im p le st  configurations  
that a llow  u s to study the resid u a l in teraction  betw een q u a sip a rtic les . The 
exp erim en ta l id en tification  of such s ta te s  is  im portant if  we want to te st  
ca lcu la tion s which go beyond the sim p le  pairing force  sch em e . We know that 
th is sim p le  type of re sid u a l in teraction  w orks rather w ell in the region of 
stron gly  deform ed n u c le i. T his is  b ecau se the m ain part o f the lon g-ran ge  
resid u a l in teraction  is  absorbed into the deform ed H artree-F ock  potential, 
giving r is e  only to rotational co llec tiv e  m otion . F u rth erm ore, the de
form ation d estro y s the degeneracy of the sh e ll m odel le v e ls ,  thus se v er e ly  
lim itin g  the num ber of q u a sip a rtic les  that can participate in a given e x c i
tation. Thus 2qp and 3qp s ta te s  pred icted  by the superflu id  m odel for d e
form ed  n u clei [1] are  gen era lly  in good agreem en t with exp erim en ta l 
find ings.

In sp h erica l n u c le i the situation  is  m ore com p licated . H ere there is  
no such c le a r -c u t  d ifferen ce betw een co llec tiv e  and s in g le -p a r t ic le  e x c i
tations as in deform ed n u c le i. In addition to the truly co lle c tiv e  sta te s

15
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there are m any p o ss ib ilit ie s  for con stru ctin g exc ited  sta te s  above the gap 
in which se v e r a l p a irs of q u a sip a rtic les  participate. One should expect 
pure tw o-q u asip artic le  s ta te s  when there is  only one p o ss ib ility  of form ing  
them  from  the q u asip artic le  s ta te s  availab le in the energy region  con sid ered . 
M ost other sta te s , if  not truly co llec tiv e , can be thought of a s being a 
m ixtu re of se v e r a l 2qp exc ita tion s, if  the p o ssib ility  of exc ita tion s with 
higher sen ior ity  (e .g .4 q p  excitations) is  for the m om ent n eg lected . This 
a lso  ap p lies, correspondingly , to the 3qp excitations of od d -m a ss sp h erica l 
n u cle i.

2. MAXIMUM-SPIN STATES

V ery often, only the excitation  energy, spin, and parity of an excited  
sta te are known from  exp erim en t. T h ese data can be su ffic ien t to id en tify ’ 
a 2qp or 3qp state if one is  su re that there is  only one p o ss ib ility  of con
stru ctin g  such a state from  the q u a sip a rtic les  availab le in the m ass, and 
energy region  concerned . - S tates of th is kind w ill have the m axim um  
p o ssib le  spin value and can, th erefore, so m etim es be identified  as iso m er ic  
s ta te s . A s already shown by K iss lin g er  and Sorensen  [2],  in th is ca se  the 
sim p le  pairing schem e g iv e s  a fa ir  estim a te  of the excitation  en ergy . As 
an exam p le, F ig .l  shows the tw o-neutron state (d з/гЬц/г )7- which occu rs  
sy stem a tica lly  in the m a ss  region  betw een Sn and Nd.

The h ighest spin value for a 2qp excitation  with p ositive  parity in th is  
m a ss  region  is  10+ from  the (h г1/2 )2 configuration. It se e m s very  probable

* ) D U B N A  P R E P R I N T  P 4 - 3 5 8 4 0 9 6 7 )

FIG. 1. Excitation energy of the 2qp 51а1е (Ь л / 2̂ 3̂ 2) 7_ as a function of neutron number. 
О Data on tellurium by courtesy of L.K. Peker.
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FIG.2. 2qp isomeric state in 132Xe after Brinckmann et a l. [4 ] .

that th is sta te is  re sp o n sib le  for the iso m e r ism  in 1 3 2 X e, recen tly  reported  
by Brinckm ann et a l .[3 ] .  New m easu rem en ts of con version  e lec tro n s  [4] 
confirm ed  the decay schem e as given in F ig .2. This in terp retation  im p lies  
that the sta te 1 0 + of the (h n / 2 )2 m ultip let l i e s  below  or at le a s t  v ery  near 
to the 8 + sta te . T h is is  to be expected  if one takes into account only the 
quadrupole-quadrupole in teraction  betw een the q u a sip a rtic les . In the m ore  
n eu tron -d efic ien t Xe iso to p es  the 8 + sta tes  are found at low er excitation  
en erg ies  [5]; th is can be explained by the tendency to develop a "quasi- 
rotational" le v e l stru ctu re for n u clei farther off from  c lo sed  s h e lls .  As 
the p resen t a n a ly sis  show s, the n ucleu s 1 | |X e 78 does not belong to th is  
type, but can w ell be d escrib ed  as sp h erica l.

Y am azaki et a l .[ 6 ] reported  the excitation  of new iso m e r ic  sta te s  in 
the even tin iso to p es v ia  the Cd(o', xn) reaction  which they a lso  in terp ret  
as due to the (h1 1 / 2 ) io + configuration. F ig .3  is  taken from  th is work.
The nanosecond iso m e r ic  states' in the ligh ter  even Sn iso to p es  are a s 
cribed  to the ( g 7 / 2 ) 6 + s ta te s  which a re  m axim um  spin sta te s  in th is region .

3. ELECTROMAGNETIC TRANSITION PROBABILITIES

The iso m e r ic  tran sition  in 132Xe is  hindered in Comparison to a s in g le 
p a rtic le  E3 tran sition  by a factor of about 100. As the tran sition  between  
the configurations (h 13y2)20+ and (d3/2h 1 1 /2 )7 - *s j-forb idden, such a hindrance 
is  to be expected .

G enerally , e lectrom agn etic  tran sition s between 2qp and 3qp sta tes  
should often be s low er com pared to the s in g le -p a r tic le  es tim a te . The 
hindrance i s  to be exp ected  on one or se v er a l of the follow ing grounds:
(i) the in fluence of the pairing factor which can reduce e le c tr ic a l tran sitions  
se r io u s ly , (ii) a n e c e ssa r y  recoupling of the angular m om enta of the q u asi
p a r t ic le s , and (iii) the im p o ssib ility  o f rea liz in g  the tran sition  as a one- 
p a rtic le  tran sition  (j- and F -forb id d en n ess). In Table I are lis te d  se v er a l  
E2 and E3 tran sition s which d e -exc ite  known 2qp sta te s  in the region  
64 s N s 80 [7]. The slowing-down of the E2 tran sition s betw een the sta tes  
(d3 / 2 h 1 :1y2)7- and (S i/2h 2 2 / 2) 5 - is  probably caused  by the pairing factor  
(UiUf -ViV f ) 2 b ecau se the sta te s  d3 / 2  and are near the F erm i su rface .
The hindrance of the E3 tran sition s se e m s  to be connected with the degree  
of co llec tiv iza tio n  of the final sta te . So the tran sition s which go to the c o l
le c t iv e  f ir s t  2 + sta te  are a lread y fa ste r  than the s in g le -p a r t ic le  estim ate,
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TABLE I. ELECTROMAGNETIC TRANSITION PROBABILITIES

19

N u c lid e Ji I f
T ra n s it io n  

e n e rg y  (M e V )

T l / 2
(p a r t ia l )

M u l t ip o la r i t y F

( i )  d e c a y  o f  2 qp  s ta tes

nzSn 6 + 4 + 0 .3 0 2 14 ns E2 2

I18Sn T 5 " 0 .2 5 3 0 .2 3  /is E2 10

IZ0Sn T 5 " 0 ,2 0 0 11 fiS E2 20

l32X e 10 + • T 0 .5 3 7 8 . 4  ms E3 100

I36Ba 1~ 4 + 0 .1 6 4 0 .3 2  s E3 4

138C e 7' 4 + 0 .3 0 3 9 .2  m s E3 3

140N d T 4 + 0 .4 3 5 0 .6  ms E3 3

I16Sn 5 ' 2 + 1 .0 6 0 .6  /is E3 0 .6

u 8S n 5 " 2 + 1 .0 9 0 .3  jjs E3 0 .4

120Sn 5 ' 2 + 1 .1 2 0 .5  /is E3 0 .8

( i i )  d e c a y  o f  3 q p  s ta tes

53Fe 1 9 /2 . ' 1 1 /2 " 0 .7 0 2 2 .6  m in E4 4

93 M o 2 1 /2  + 1 3 /2  + 0 .2 6 4 6 .9  h E4 1

105ln 1 9 /2  + 1 3 / 2 + 0 .6 7 8 0 .2  s M 3 1000

135 Cs 1 9 /2  + l l / 2  + 0 .8 4 0 53 m in M 4 800

the tran sition s to the 4+ sta te s  are  only sligh tly  h indered, w hereas the 
tran sition  betw een pure 2qp sta te s  in 132Xe is  stron gly  slow ed down.

T ra n sitio n s.o f the j-forb idden  type can a lso  be ob served  betw een 2qp 
le v e ls  in odd n u c le i. The 2.5 m s iso m e r ic  tran sition  in B i125 , for
in stan ce, w as recen tly  in terp reted  [8] as a j-forb idden  E3 transition  
(F = 3200) betw een the configurations [irh 9 / 2^:13/ 2 ) 1 0 ' апс* vf  5/ 2 ) 7+.
In 114 In and 116In a stron g enhancem ent of the therm al neutron activation  
c r o s s -s e c t io n s  for the second iso m e r ic  s ta te s  with stru ctu re h"



TABLE II. POSITON DECAY 51Sb -  5QSn

E x p e r im e n ta l d a ta In te r p r e ta t io n

A Ji J f E f (M e V ) lo g  f t I n i t i a l  s ta te F in a l  s ta te

1 15 5 /2  + 3 /2  + 0 .4 9 4 4 .7 ná5/2 vd3 /2

116 8 " 7 " 2 .9 0 4 .6 (vá5 / 2 vbn / 2 ^ - (vá3 /2 vh l l / 2 > l -

117 5 /2  + 3 / 2 + 0 .1 5 8 4 .9 %á5/2 Vd3 /2

118 8 " 7 " 2 .5 7 2 5 .0 ^ d5 / 2 vbl l / 2 h - <vá3 / 2 vhl l / 2 > r
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w as o b served . T his could be explained  by the j se lec tio n  ru le which d irects  
the 7 -ra y  cascad e through the m ultip let (я ^ д /г ^ и /г  ) i" . .'. io" *° it s  lo w es t-  
ly in g  m em b er, i .e .  the iso m e r ic  state [9].

An in terestin g  c a se  is  the E4 decay of the 6.9 h iso m e r  of 4 2 M o5 i .
The iso m e r  has the spin  2 1 /2 +; it  i s  the m axim um  spin sta te of the m ultip let 
(7rg9//2 ) 2  v d 5 / 2 and d ecays to a 1 3 /2 + sta te  of the sam e m ultip let, no other 
configurations being ava ilab le . In th is c a se  none of the p o ss ib le  cau ses  
hindrance ap p lies, and the ob served  tran sition  has indeed s in g le -p a r tic le  
sp eed . The sam e argum ent can be u sed  for the 2.6 m in iso m e r ic  state in 
53  F e  reported  by E sk o la  [10]. H ere the iso m e r ic  E4 tran sition  connects the 
s ta te s  19/2" and 11/2" of the m ultip let (7rf 7/г)2 ^̂ 7 / 2  and has a lso  about 
s in g le -p a r t ic le  speed.

In con trast, the M3 tran sition  d e-ex c itin g  the 0.2 s iso m e r  of 109In 
and the M4 tran sition  d e-ex c ita tin g  the 53 m in iso m er  o f 135Cs are  both 
delayed  by a factor of about 103 . In both c a s e s , the iso m e r ic  s ta te s  are  
not m axim u m -sp in  s ta te s  and m ay have, th erefore, a m ore  com plicated  
stru ctu re. Then the h indrance w ill be caused  by the recoupling of angular 
m om enta an d /or the can cellation  of m atrix  e lem en ts .

4. BETA DECAY PROBABILITIES

B eta  decay p rob ab ilities can so m etim es be u sed  e ffec tiv e ly  to determ ine  
the q u asip artic le  stru ctu re of certa in  le v e ls  [11]. In m any sp h erica l n uclei 
in the reg ion s of N= 50, Z= 50 and N= 82 we find allow ed unhindered beta  
tra n sitio n s . F or th ese  tran sition s , having log  ft va lu es < 5.5, we can 
form ulate the fo llow ing ru le s: (i) the decay is  of pure G am ov-T eller  type 
as F e r m i-tr a n s it io n s  are iso top ic  sp in  forbidden, (ii) the decay connects  
alw ays on e-p a r tic le  s ta te s  with the sam e orb ita l m om entum  St. The regular  
occu rren ce of fa st beta tran sition s below  A= 140 is  cau sed  by the sp in -orb it  
sp litting  of sh e ll m odel le v e ls ,  so that a sta te with j = Í + 1 /  2  i s  found near 
the F erm i su rface of the proton sy stem  w hile at the sam e tim e its  spin- 
orbit partner j = i  - 1 /2  l ie s  near the F erm i su rface of the neutron sy stem .
If such a ca se  is  r e a liz ed  the reduced  tran sition  probability  can be w ritten

(ft) " 1 ~  R'S - 1< j И o | | j '  > | 2

u sing  the reduced m atr ix  elem en t of an allow ed GT tran sition  between the 
orb ita ls j' and j. H ere R is  the correction  factor for pairing co rre la tio n s , 
and S a s ta tis t ic a l factor which depends on the angular m om enta and the 
kind of tran sition  ( lq p -» lqp, lq p - 3 q p ,  2 q p ->• 2qp, 2 q p -> 0 e tc .) . Using this 
form ula we can com pare d ifferent tran sition s which involve the sam e  
o rb ita ls  j *, j, for in stan ce tran sition s between lqp  s ta te s  with tran sition s  
betw een 2qp s ta te s . If we com pare analogous tran sition s in neighbouring  
n uclei for which the pairing factor R can be assu m ed  to be approxim ately  
equal, then the con clu sion s about the stru cture of the sta te s  involved  are - 
rath er p r e c ise . In Table II are lis te d  som e tran sition s betw een 2qp sta te s  
(decay of even m a ss  nuclei) and their analogous lqp tran sition s (decay of 
odd m a ss  nuclei) for the ca se  w here not only the pairing factors but a lso  
the sta tis tic a l fa cto rs are equal [7]. The equality of the m easu red  log  ft 
v a lu es con firm s the assu m ed  internal stru cture and the resu ltin g  spin to



TABLE III. BE T A  DECAY TO THE 4+ STATES OF 116Sn, 118 Sn AND 120Sn;NEGATON DECAY 4gIn^ 5QSn ГО

E x p e r im e n ta l d a ta

„2 Ea^Ej (MeV) 2 q p  (M e V )

A Ef (MeV) lo g  f t
- *  

lo g  f t
3 i

116 5 + 4+ 2.38 5.2" 0 .2 2

2.52

2.80

5.1

5.1
► 4.5

0.26

0.26
2.69 2.7

3.05 5 .1_ 0.26

117 9 /2 + +
7/2 0.73 4.5 4.5

118 5 + 4+ 2,  28 5.6 0. 08

2.48 5. 7 ► 4.5 0.07 2.87 3.1

• 2.96 ' 4.6_ 0.85

119 9 /2 + 7/2 + 0 .8 4 4 .4 4 .4

' 120 5+ 4+ 2 .1 8

2 .6 5

3 .0 6

5 . 6 ^

6 .0

4 .8

0 .0 9

0 .0 3

0 .5 4

3 .1 7 5 .6 ► 4 .5 0 .0 9 3 .1 5 3 . 4

3 .3 9 5 .7 0 .0 7

3 .5 4 5 .9 0 .0 4

3 .7 8 5 .4 ^ 0 .1 4
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which the p a r tic le s  are coupled in the 2qp s ta te s . T his argum ent ap p lies, 
of co u rse , only for pure 2 qp s ta te s  without ad m ixtures.

The beta decay probability can, how ever, a lso  be u sed  to exp lore the 
stru ctu re of m ixed  sta te s  if  only one of the com ponents of the m ixtu re can 
be ex c ited  v ia  an allow ed GT tran sition  [11]. H ere the tran sition  p rob ab ility ’ 
should be proportional to the squared am plitude a2  of th is  com ponent in the 
given  s ta te . How th is m ethod w orks can be seen  from  the exam ple of the 
4+ sta tes  in 1 1 6 Sn, 118 Sn and 120 Sn, which áre exc ited  by beta decay of 
the 5+ iso m e r ic  s ta te s  of indium [7]. Adding together the tran sition  proba
b ilit ie s  to a ll the 4+ s ta te s  in each c a se  we get exactly  the tran sition  proba
b ility  of the analogous ^g%/2 * v ë,i/2 tran sition  in the neighbouring od d -m ass  
n u clei (see  T able III). It i s  concluded that the tran sition s in the even m a ss  
chains are of the type (Trgg/ 2 t' s i / 2 ) 5 + ~> (^8 7 / 2  vai /2,)4* > a ssu m in g  that the 
in itia l state is  a rath er pure 2 qp state and the final sta te is  spread  over  
se v e r a l sta te s  with a m ixed  stru ctu re. The cen tre of m a ss  Ea2 E¿ g iv e s  us  
an exp erim en ta l value for the excitation  energy of the pure 2 qp sta te w ith
out resid u a l q u asip artic le  in teraction . As i s  seen  from  Table III the th eo
r e t ic a l va lu es of K iss lin g e r  and Sorensen  are quite w e ll reproduced, but 
the exp erim en ta l am plitudes do not agree with the ca lcu lated  va lu es of 
A rvieu  [ 12].

The sam e m ethod can be applied to lqp-*3qp tra n sitio n s . In the odd- 
m a ss  iso to p es  m In and 117In certa in  highly exc ited  sta te s  are  populated  
by fa st beta tran sition s [7, 12, 13]. F ig .4 shows the decay schem e  
H7g, 117In, recen tly  published by Pandharipande [13], where se v er a l
tran sition s with log  ft < 5.5 are ob served . H ere the stru ctu res which can 
be reached  by allow ed GT tran sition s are (Kgÿ/%vg7 / 2 h+ v si / 2  апс*
(7rS9/2 v ë i /2 ) i+y^ n / 2 - T heir cen tres of m a ss  (obtained in the sam e m anner 
as for the 4+ s ta te s  in Sn) l ie  at 2.20 and 2.33 MeV, r e sp e c tiv e ly . The

FIG.4. Fast beta transitions in the decay of ln 8,m Cd after Pandharipande [13] . Only transitions with 
]og ft< 6 .0 are shown.
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sum m ed transition  p rob ab ilities give in both c a s e s  log  ft = 4 .5 , in exce llen t  
agreem en t with the analogous tran sition  118Cd(0+) -> 118I n ( l+) for which 
log  ft = 4.6 is  ob served  [7].

5. EVIDENCE FOR NEUTRON-PROTON INTERACTION

The resid u a l proton-neutron in teraction  between q u asip artic les w ill 
show up if  we com pare the excitation  energy of the 3qp sta te s  with the 
energy of the corresponding 2qp "parent" sta te s  in the neighbouring even- 
m a ss  n u c le i. Thus, the 21 /2 + state in  93Mo is  com posed  of a d 5/2 neutron . 
coupled to the (g9 / 2  )s+ sta te of the even core  which i s  ob served  in 92Mo at 
2.795 MeV, that is  0.367 MeV h igher than the iso m e r ic  sta te in 93Mo. As 
w as a lread y shown by Auerbach and T alm i [14], the low erin g  of the 3qp sta te  
is  caused  by the resid u a l proton-neutron in teraction  which for the sta te s  
g9 / 2  and d 5/ 2 i s  e sp e c ia lly  strong if the orb ital m om enta and the sp ins of 
proton and neutron are aligned , thus leading to the ob served  "spin gap". 
B ased  on such con sid era tion s, m ore gen era l ru le s  to d eterm ine the lo w est-  
ly in g  m em ber of a 3qp m ultip let w ere d iscu ssed  by P ek er [15].

- The 3qp state in 117In with the stru cture (^gg/ 2  7/ 2 ) i + l/si / 2  which was
id en tified  in beta decay is  sh ifted  for about 0.7 MeV again st the parent state  
(y S 7 / 2 v sx/2 )4 + in 118Sn. The excep tionally  strong in teraction  se e m s  to be 
connected with the stru cture (^gg/2v Sq/2) i+ which can be ob served  in se v e r a l  
other n u clei of th is m a ss  reg ion  as a 2qp sta te (in odd nuclei) or as a part 
of 3qp s ta te s . In many odd n u c le i th is configuration form s the ground state  
as is  pred icted  by the "strong" N ordheim  ru le .

FIG.5. Strength of proton-neutron interaction for the 2qp structure (irg9/,2 v $1/¡ )j+-
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The resid u a l neutron-proton  in teraction  which is  e ffec tiv e  h ere should  
stron g ly  depend on the occupation num bers of the le v e ls  in volved . For  
in stan ce, a s im p le  6 -fo r c e  in teraction  lead s to a strong low erin g  of the 
sta te [tt(j? + l / 2 ) y ( i  - 1/2)]]+ re la tiv e  to the other m em b ers of the 2qp m u lti
p let if  both q u a sip a rtic les  are p referen tia lly  p a rtic les  or p referen tia lly  
h o le s . If th is condition i s  fu lfilled  the in teraction  is  of the sam e order of 
m agnitude a s  for the J = 0 sta te of two lik e p a r tic le s  sittin g  on the sam e 
o rb ita l. F ig .5 show s the energy gain which is  caused  by coupling a neutron  
and a proton q u asip artic le  to the stru ctu re (TrgQ/2v gi/2 ) i+i for se v e r a l 2qp 
and 3qp sta te s  in indium  iso to p e s . In the e v e n -m a ss  iso to p es  th is  state  
is  the ground sta te , in  the o d d -m a ss iso top es it i s  part of the 3qp sta tes  
which are seen  in beta d ecay. The energy gain ДЕ w as ca lcu lated  by u sing  
exp erim en ta lly  known lqp  and 2qp excita tion s in the neighbouring n u clei.
At the sam e tim e the "em ptiness"  o f the orb ital i^g7/ 2 is  shown which was 
exp erim en ta lly  obtained by (d, p) reaction s on the iso to p es  of tin by Schneid  
et al.[ 16]. T his con firm s q ualitatively  the assum ption  that the in teraction  
is  s tro n g est if  both q u a sip a rtic les  are m ainly  h o le s . In other c a se s  w here  
such conditions are not fu lfilled , the 3qp state is  not sh ifted  away so m uch  
from  the excitation  energy we exp ect without taking into account neutron- 
proton in teraction . This ap p lies, for in stance, to the new iso m e r ic  state , 
in 2OTB i just reported  to the author by the Stockholm  group [17] (see  F ig .6).
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Having probably the stru cture [(W1 3 /2  ^РпугЬ" ^^9 / 2  J2 i / 2 +- ü  is  supposed to 
be built on the 7" 2qp sta te of 206 pb ancj j s found only 0.1 MeV low er than 
th is  parent sta te .
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Abstract — Аннотация

QUASIPARTICLES AND NUCLEAR VIBRATIONAL STATES, The level structure associated with various 
nuclear vibrations is described. It is shown how these vibrations are described in terms of particle or quasi - 
particle excitations by means of the harmonic random phase approximation. Vibrations corresponding to 
different modes of excitation are compared. Motions corresponding to the enhancement of three different 
simple operators are considered: (a) the E2 one-body operator, (b) the operator causing the removal or
addition of a like, zero-coupled pair of nucleons from the nucleus, and (c) the operator for allowed beta 
decay which changes one proton to a neutron or one neutron to a proton.

КВАЗИЧАСТИЦЫ И ВИБРАЦИОННЫЕ СОСТОЯНИЯ Я Д Е Р . Д ается описание стр у кту 
ры уровней, связанны х с различными ядерными колебаниями. П оказано, как такие вибрации м о
гут быть описаны с помощью частичны х и квазичастичны х возбуждений в гармоническом  при
ближении м етода случайных ф а з . Сравниваю тся колебания, соответствую щ ие различным 
типам возбуждений. Р ассм атри ваю тся  движения, соответствую щ ие увеличению трех  р а з 
личных простых операторов: а) одночастичный оператор Е 2-п ереход а, в) оператор поглощ е
ния или порождения спаренных  нуклонов с нулевым м оментом , с) оператор разреш енного 
/3-распада, заменяющий протон на нейтрон или нейтрон на протон.

T h is  p a p e r  d i s c u s s e s  the  d e s c r ip t io n  of co l lec t iv e  n u c l e a r  v ib ra t io n s  
in t e r m s  of s ing le  p a r t i c l e  o r  q u a s ip a r t i c l e  e x c i ta t io n s .  It is  a s s u m e d  
th a t  a low es t  o r d e r  d e s c r ip t io n  of an e v e n -e v e n  nu c leu s  can  be m ad e ,  in 
w hich  the  n u c le a r  g round  s ta te  is  the lo w es t  s ta te  of an a p p ro x im a te  
H am il ton ian  of the  fo rm  of a sum  of one-body  in te r a c t io n s .  T h is  a l low s 
thé  p o s s ib i l i ty  of a s p h e r ic a l  o r  d e fo rm e d  H a r t r e e - F o c k  so lu t ion ,  and if 
a l l  b i l i n e a r  co m b in a t io n s  of c r e a t io n  and d e s t ru c t io n  o p e r a t o r s  a r e  in c lu d 
ed a s  one-body  in te r a c t io n s ,  it a l low s a l so  a su p e rc o n d u c t in g  so lu tion  of 
the  B a rd e en ,  C oope r,  S c h r ie f f e r  type.

If th is  a p p ro x im a te  g round  s t a te  has  a  lo w e r  s y m m e t r y  than the  full 
H am il to n ia n ,  the g round  s ta te  and c o r r e s p o n d in g  ex c i ted  s t a t e s  m u s t  be 
ob ta ined  by p ro je c t in g  the a p p ro x im a te  g round  s ta te  on s t a te s  with good 
quantum  n u m b e rs  c o r r e s p o n d in g  to  the  fu ll  s y m m e tr y .  Such e x c i ta t io n s  
(for ex a m p le ,  a r o ta t io n a l  band) a r e  co l lec t iv e  in the  s e n s e  th a t  t h e i r  
ex c i ta t io n  invo lves  a change in m a n y  p a r t i c l e s ,  but th e y -a re  not the  v i b r a 
t io n s  u n d e r  d is c u s s io n .

F o r  th i s  p a p e r ,  co l le c t iv e  v ib r a t io n s  a r e  s t a te s  o th e r  than  th o se  ju s t  
d i s c u s s e d ,  fo r  w hich  the  m a t r ix  e le m e n t  to the  e v e n -e v e n  g round  s ta te  is  
s t ro n g ly  enhanced  above the  s ing le  p a r t i c l e  v a lu e ,  fo r  so m e  s im p le  one-  
body type of o p e r a to r .  T h e se  v ib r a t io n a l  s t a t e s  w il l  be d e s c r ib e d  in t e r m s  
of s ing le  p a r t i c l e  and p a r t i c l e - h o l e  e x c i ta t io n s  bu i l t  on the  g ro u n d  s ta te  of 
the  a p p ro x im a te  one-body  H am ilton ian .

Such c o l lec t iv e  v ib r a t io n a l  s t a te s  of low e n e rg y  w ill  o c c u r  w h en ev er  
two d if fe ren t  a p p ro x im a te  g round  s t a t e s ,  of the  type d i s c u s s e d  in the  f i r s t

27



28 SORENSEN

paragraph, can be found with roughly the sam e tota l energy. F or then the 
lo w est approxim ate ground sta te m ay not be a very  good approxim ation to  
the true sta te , a s the nucleus w ill m ake re la tiv e ly  large ex cu rsio n s toward  
the other of the two approxim ate ground s ta te s . E xcitation s corresponding  
to th is type of m otion include 2+ quadrupole v ib ration s of a sp h erica l 
n u cleu s, w here the second approxim ate ground sta te is  one with a quadru
pole deform ation. The quadrupole tran sition  op erator r2Y2(J is  stron gly  
enhanced for such a sta te . T h ese v ib ration s are d istingu ished  from  ro ta 
tion s by the fact that in addition to the 2+ one-phonon sta te stron gly  con n ect
ed by r 2Y2(J to the ground sta te , there is  a lso  a two-phonon sta te at 
approxim ately  tw ice the excitation  energy strongly  connected to the one- 
phonon state by r 2Y2iJ.

P air in g  v ib ration s are of the sam e type. The enhanced operator in 
th is  c a se  is  the pair tra n sfer  operator [a+.а+.]0 or its  H erm itian conjugate.
The com peting approxim ate ground sta te s  are the norm al and superconduct
ing s ta te s . Since a ll but m agic n u clei are in the superconducting sta te , 
such v ib ration s are expected  only at m agic num bers or in n uclei with a 
sm a ll or vanishing superconducting gap. The one-phonon sta te s  corresp on d 
ing to the 0 + ground sta te of the even -even  nucleus (Z, N) w ill be the 0+ 
ground sta tes  of (Z ±2,N ) and (Z, N±2). The pair tra n sfer  operator stron gly  
con n ects (Z, N) to th ese  one-phonon s ta te s . If there are r e a l pairing  
v ib ration s there w ill a lso  be two-phonon sta te s  stron gly  connected to the 
one-phonon sta tes  by the pair tran sfer  operator. T h ese w ill include e x c it 
ed 0+ sta te s  of (Z, N). Thus pairing v ib ration s are ch aracter ized  by strong  
tra n sitio n s of the pair tra n sfe r  operator from  (Z, N -2) to both the ground 
sta te and an excited  0+ state of (Z, N). T his is  in con trast to the BCS 
situation  for which only ground state to ground state tran sition s would be 
enhanced.

The low est approxim ate ground sta te (solution of the approxim ate one- 
body Ham iltonian) does not contain those co rre la tio n s which would be 
introduced by that part of the true force which favours the second, nearby, 
approxim ate ground sta te . The effect of that part of the force is  to low er  
the energy of certa in  of the independent p a rtic le  exc ita tion s built on the 
lo w est approxim ate ground sta te , and to co llec t  the tran sition  strength  
for the operator a sso c ia ted  with the m otions toward the second  approxim ate 
ground sta te , so that a largë fraction  of that tran sition  strength  w ill appear 
in the low est of th ese  exc ited  s ta te s . T h is low est sta te is  then ca lled  the 
phonon. At the sam e tim e, the low est approxim ate ground state w ill a c 
quire som e ground sta te  corre la tion s .

C ollective  nuclear vibrations can a lso  occur at re la tiv e ly  high e x c ita 
tion. T his w ill be the c a se  if there are force com ponents not u tilized 'by  
the approxim ate ground sta te , which r e s is t  the form ation of a certa in  
corre la tion . The effect of such a force com ponent is  to r a ise  the energy  
of the corresponding independent p a rtic le  exc ita tion s built on the approxim ate 
ground sta te , and to push them  to higher en er g ie s , and perhaps co llec t the 
corresponding tran sition  strength. The state or sta tes  rece iv in g  the 
tran sition  strength  w ill be ca lled  the phonon. E xam ples of th is  situation  
include the giant dipole state for the E l operator, the analogue state  
a sso c ia ted  with the t± operator, and the G am ov-T eller  super m ultip let 
s ta te s  a sso c ia ted  with the o t ± operator.

The only w idely u sed trea tm en ts  of a ll of th ese  v ib ration s are the Tam  
D ancoff Approxim ation (TDA) or its  extension  to include the ground state
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co r re la tio n s , the Random P h ase Approxim ation (RPA) [1] . The RPA  
tre a ts  a ll v ib ration s as harm onic and thus has the disadvantage that an- 
h arm on ic ities already apparent from  the data cannot e a s ily  be treated .
The proper treatm en t of such an harm on icities is  one of the m ost in te r e s t
ing prob lem s in th eo re tica l nuclear p h y sic s  today. H ow ever, RPA has the 
advantage of great s im p lic ity , and in the r e s t  of th is paper only the stru c 
ture of TDA and RPA for variou s p o ss ib le  m odes of vibration  w ill be. 
d iscu ssed .

The approxim ate ev en -ev en  ground sta te (solution  of the one-body  
in teraction s) is  | 0 ^ , and the n orm alized , b o so n -lik e  independent p artic le  
excita tion s built on it are sp ec ified  by

l ^ > = A +¡;|0 >

A„ I 0 > = 0

The operator A+ m ay crea te  p a r tic le -h o le  exc ita tion s (or two q u asip artic le  
excita tion s) in the sam e nucleus as that rep resen ted  by I 0)>, or it m ay crea te  
or d estroy  a pair of p a r t ic le s , producing a state in a neighbouring nucleus, 
or it m ight for exam ple crea te  a proton and d estroy  a neutron producing  
a sta te in an odd-odd n ucleu s. The Ham iltonian w ill not connect the sta te s  
I v y  and 10)>, s in ce  they w ill have d ifferent con served  quantum num bers for 
the m odes con sid ered .

Then within the zero  and one "boson" sp ace the only m atr ix  e lem en ts
are

HM„ = < 0 l A (1HAt„ |0>  = P¡lV + ^ „ < 0 |H |0 >  (1)

w here

= < ° I [ V H] A+J ° >  (2)

Thus diagonalization  of the H am iltonian (1) re ferred  to as TDA c o n s is ts  
of d iagonalizing the H erm itian m atr ix  p of Eq. (2) to obtain the approxim ate  
en er g ie s  and w ave-functions.

The w id e ly -u sed  extension  of TDA, n am ely RPA, is  m ost e a s ily  
obtained by con sid er in g  the com m utator in Eq. (2). If the com m utator is  
ex p ressed  in ter m s of A+ and A and other norm al ord ered  op erators r e la 
tiv e  to |0)> we obtain

[Aj,, H] = ^ P (JU A v +̂ CT(ju A+v + other ter m s (3a)

[ Ajj, H] -  A v + other ter m s. (3b)
v

Eq. (3b) is  sim p ly  the H erm itian  conjugate to (3a). The definition of 
is  Eq. (2) w hile a^v i s  defined by

%  = - < о | [ а ; , н ] а ; |о > * (4)
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RPA c o n s is ts  of dropping the other ter m s in Eq. (3). Then if m atrix  
e lem en ts of (3) are taken between the actual corre la ted  nuclear ground 
sta te  and the excited  sta te  |ф̂ /У of energy W, one obtains

W г м = r v + J°nv ev <5a>
v V

W s w = -V a *rw - Y p  * s w , (5b)
Ц \ i V  v V * \ U í J >

w here

< = O o K U w> (6a)

s]l- = O 0 l А̂ 1 ^ >  (6b)

The. equations (5), lin ear and hom ogeneous in r and s , have n on -tr iv ia l 
so lu tion s only for va lu es of W which are eigen va lu es of the non-H erm i-  
tian m atr ix  M where

The RPA m atr ix  e lem en ts , tran sition  ra te s  a sso c ia ted  with the op erators  
A+ and A, and approxim ate w ave-functions are e a s ily  ex p ressed  in term s  
of r^  and of Eq. (6). In particu lar one can w rite

k w > = B w U o>> B w l ^ o / ' = 0 <

w here

- Y f i  A n

if  B ose com m utation re la tion s are assum ed for В and A. The corre la ted  
ground sta te can be w ritten  [2]

№0>»exp  Ç Y  * ciw A\  AV) l0>
I IV

w here ■M
wI* с Lv

D ifferent m odes of vibration  m ay now be treated  by con sid erin g  the 
stru cture of the*p у and m a tr ice s , Eqs (2) and (4), a sso c ia ted  with the 
corresp ond ing  tran sition  op erators.
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F ir st  con sid er quadrupole, low -energy vib ration s. The a n a ly s is  is  
the sam e for octupole v ib ration s. The tran sition  operator is  the quadru
pole operator

Q = ^ < i | r 2Y2 | j>  a. 
ij

which c r e a te s  p artic le  hole exc ita tion s. To allow  for a d iffuse F erm i su r -  ■ 
face th is  m ay be w ritten  in ter m s of q u asip artic les

Q = ^ q M (А+м+ А„) (8a)

w here

qM = 5-* < i l l  r2 Y2 II j>  (UiVj + Uj Vj ) (9a)

and the b asic  exc ita tion s are

4  = ( “ +i  a+j ^ <10а>
The o'* are q u asip artic le  creation  op erators = Uia"j - Vj â , and q u asi
p a rtic le  sca tter in g  ter m s of the form  a* a  have been om itted. The factor
(U¡Vj + UjV¡ ) re p r esen ts  the fact that p a r tic le -h o le  exc ita tion s are involved;
it is  sm a ll u n less  one m em ber of the ij pair is  m ore or l e s s  p a r t ic le - lik e ,  
V « U ,  and the other h o le - lik e , V^>U. The p a r tic le -h o le  or two q u a si
p a rtic le  excitation  energy is  8  ̂ ,= E¡ + Ej w here Et is  the q u asip artic le  
en ergy . That part of the force capable of causing quadrupole d eform ations  
and thus low -energy quadrupole v ib ration s is  the quadrupole force

HQ = - ï  XQ • Q ( l ia )

F rom  Eqs (2), (4), (8a) and (11a) it fo llow s at once that

p = 6  S. - X q q  (2a)
ци flV v p V

Vfiv = (4a)

Each m atrix  is  sim p ly  sep arab le . It is  ea sy  to show that the eigen va lu es  
of p are obtained from  the d isp ers io n  equation

W (12a)

w hile th ose of M, Eq. (7), are g iven  by [3]
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The stru cture of le v e ls  g iven  by Eq. (13a) is  shown on F ig . 1. The RPA  
contains in addition to each  p ositive  root W, an equal negative spurious  
root. As X in cr ea se s  to Xcr¡t , the low est p ositive  root of (13a) d e c r e a se s  
to zero , and for la rg er  X va lu es there are im aginary roots to  (13a).
S im ple a lgebraic ex p re ss io n s  m ay a lso  be obtained for r^  and s^ a n d  thus 
for the tran sition  ra tes .

F or pairing v ib ration s [4] le t [0)> rep resen t a sh e ll m odel w ave-func- 
tion with no pairing. The p air tran sfer  operator is

The en erg ie s  of the b asic  excitations depend on the ch oice of zero  for 
the sin g le  p artic le  sp ectrum . If the zero  is  chosen  to lie  som ew h ere  
betw een the full and em pty le v e ls  and if  e v is  the absolute m agnitude of 
the energy d ifferen ce between th is zero  of energy and the f illed  or em pty  
sin g le  p artic le  energy in question, the excitation  energy of the b asic  e x 
c ita tion s w ill be S v = 2 e„ , a p ositive  quantity for eith er p a rtic le  or hole 
ex c ita tio n s. F in ally , that part of the force capable of causing pairing  
d eform ations and thus a lso  pairing vib ration s is  the pairing force

Since Qv Clv = 0, the рд„ m atrix  is  b lock  diagonal and each of the two b locks  
is  a separable form . T h ese b locks sim p ly  d escrib e the pairing of two

for em pty sta tes
(8b)v

for full sta tes
v

w here the sum  on v i s  over both p artic le  and hole sta tes  but 

= (jv + i)*  for em pty s ta te s , zero  o th erw ise  

ñ v = (j„ + !)^ for full s ta te s , zero  otherw ise
(9b)

The b asic  excitations are

A+ = [at at ] for em pty sta tes
u v Q

А+„ = [a, a, L for fu ll s ta te s .ip J1) U

(10b)

Hp = - c £ ( j  + *)* (j1 + Í )4 [a*j at ]0 [a , af  ]0

( l ib )

F rom  Eqs (2), (4), (8b), (10b), (1 lb) we obtain

o “ ó ê  “ Gr "t- ft. 2̂ )\iv д 'До v “ (i “ v 1

= - G (n,,ñ„ +

(2b)

(4b)
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Z,N
FIG .l. Quadrupole vibrations. The structure of Eq.(13a) is shown by the solid lines of the upper figure. 
The solutions for a fixed value of x зге shown as circles and are seen to be shifted downward in energy 
from the original excitation energies The solid lines of the lower figure show the 0, 1, and 2-phonon 
collective states and a non-collective state as given by the RPA, and the dashed lines follow the excited 
2+ and 0+ levels as the coupling becomes so strong as to cause a stable quadrupole deformation. For x 
near the value for which W goes to zero in RPA, there are large quadrupole matrix elements connecting 
the zero to one-phonon (Ph) states and the one- to two-phonon states.

p a r t i c l e s  in  th e  e m p t y  l e v e l s  of | 0)> and  of tw o  h o le s  in th e  fu l l  l e v e l s  of 
|0)>. T h e  a  m a t r i x  c o n n e c t s  th e  p a r t i c l e  and  h o le  s p a c e s .  D ia g o n a l i z a *  
t io n  o f  p g iv e s

TD A : I ! ü _  .  ±~\  
-w .. g J

V  ^ v —
L  * v - W  “ G

= 0 (12b)

w h i le  th e  e ig e n v a lu e s  o f  M, E q .  (7), a r e  g iv e n  by
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In (12b), setting the f ir s t  square bracket to zero  g iv es the two p artic le  
en er g ie s  with pairing w hile the second  g iv es  the paired tw o-h ole en er g ie s . 
In (13b), the second bracket g iv e s  the n egatives of the roots of the f ir st  
brack et so that one need so lv e  only the f ir s t  bracket equal to zero . The 
stru ctu re of th is RPA solution  from  (13b) is  shown in F ig. 2. H ow ever, 
the d esired  n on-spu rious roots are then the absolute va lu es of the so lu 
tion s so obtained.

The zero  of en ergy  for the sin g le  p artic le  s ta te s  m ay be ch osen  b e 
tw een the filled  and em pty s ta te s  such that the low est hole and p artic le  
excita tion s w ill d ecrea se  to zero  at the sam e value of G=Gcrit beyond which  
im aginary roots of (13b) appear.

FIG.2. Pairing vibrations. The structure of Eq.(13b) is shown by the solid lines of the upper figure 
together with their reflection (not shown) through the vertical axis. For a fixed value of G, the distances 
of the circles to the right (left) of the vertical axis from that axis represent the energies of 0+ states in 
the nucleus Z, N + 2(Z, N -2) relative to the ground state of Z, N. The solid lines of the lower figures 
show the zero-and two-phonon energies of Z, N and the one-phonon state of Z, N ± 2 as given in RPA, 
while the dashed curves show the development of those levels when G is strong enough to produce a 
superconducting solution. For G near the value for which W goes to zero in RPA, the two-particle trans
fer operator has large zero-to one^and one- to two-phonon matrix elements.



QUASIPARTICLES AND VIBRATIONAL STATES 35

The re la tion  betw een  pairing and quadrupole v ib ration s should now 
be apparent. As X in c r e a se s  from  zero , the one-phonon sta te (2+ ) b e 
co m es low er in en ergy  and m ore co llec tiv e  going to W=p at XCrit in RPA, 
but in fact becom ing a rotational excitation  in actual n uclei (P roject J=2 
from  deform ed sta te ). L ik ew ise , as G in c r e a se s , the one-phonon energy  
of the A± 2 , ground s ta te s  (0+ ) d ecr ea se  to zero  at Gcrit in R PA elim in at
ing the c lo sed  sh e ll gap.

At the sam e tim e the m atr ix  elem en t of the tra n sfer  op erator .in creases.-  
F or G > Gcrit a pairing deform ation e x is ts  and th ese  s ta te s  in A ± 2 are  
actu ally  obtained by p rojectin g  |BCS )> on sta te s  o f defin ite N=A±2.

The two-phonon en ergy  a lso  d e c r e a se s  in RPA. As X p a sse s  Xcrit, 
the two-phonon quadrupole v ibration  g o es  over into a beta vibration of 
the deform ed nucleus and subsequently r i s e s  in energy as X in cr ea se s  
and the deform ed shape b ecom es m ore stab le. L ik ew ise , as G p a sse s  
Gcrit, the two-phonon pairing v ib ration , which is  an exc ited  0+ sta te of 
the A sy stem  itse lf , goes over into a two q u asip artic le  excitation  in A, 
which r i s e s  in en ergy  as G in c r e a se s  sin ce  it m ust lie  above the pairing  
en ergy  gap, 2 д , which in c r e a se s  with G.

The sam e fo rm a lism  m ay a lso  be u sed  to d escr ib e  v ib ration s in which  
n, p tra n sfer  is  involved . As an exam p le, con sid er the operator for 
allow ed G am ov-T eller  beta tran sition s [5] (the id en tica l equations can be 
u sed  to d iscu ss  F erm i tran sition s if is  everyw h ere rep laced  by 1).
As in (8b), two beta decay op erators m ust be defined:

To allow  for a d iffuse F erm i su rface due to sep arate pairing of protons 
and neutrons, th is can be ex p re sse d  in ter m s of q u a sip a rtic les . Omitting  
q u asip artic le  sca tter in g  te r m s, we have

Д Е  = i  [E(A - 2) + E(A +. 2)] -  E(A)

pn

pn

(8c)

where

% = 3 - 4 p N n > U pVn
(9c)

% ■= З 'Ч  PII *11 n> Vp Un

and the b asic  excitation

(10c)
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is  from  the even -even  ground state to 1+ sta tes  o f the neighbouring odd- 
odd n u clei. T h ese would be 0+ for F erm i beta decay. The excitation  
en ergy  g  is  just the sum  of the proton and neutron q u asip artic le  en erg ie s  
E p +  E n -

The excita tion s of in terest are proton p a rtic le , neutron h ole, or the 
opposite as seen  from  the factor Up Vn , Vp Un. Owing to the diffuse F erm i 
su rfa ce , a g iven  pair of s ta te s  (p,n) in an odd-odd nucleus w ill be able to  
execu te both /3+ and j3' decay to | 0)>, although, except for both p and n 
near their re sp ec tiv e  F erm i su r fa ce s , the tran sition  w ill be predom inantly  
of one type. Thus in con trast to (9b), th ere are a number of exc ita tion s  
for which CTjj ôjj 4 0.

The force com ponent sp ec ific  for sh ifting the G am ov-T eller  strength
is

HGT = + X <?• а Т-Г  

the pertinent part of which can be w ritten

H g t  = A+i, ( ^ A+-  -  a« A v )  <l l c >

Then

* v = ôiw + х Ч ст» + (2c)

and

o;[IV = -X  (au Sv + Sftav ) (4c)

D iagonalization  of p y ie ld s

и 2
TDA: L s u - w  x _ L s .v - w X

СТцСТ,
- W = 0 (12c)

w hile d iagonalization of M y ie ld s

RPA:
' Ш w + w X [ I t f w + w X

У ° л ( -
i i
-  W  g... + w

= 0 (13c)

Eq. (13c) d iffers from  (13b) by the la st  term  of the form er, due to 
the non-vanishing ter m s , and by the sign  of the in teraction , a ttractive  
for pairing v ib ration s, and rep u lsive  for G am ov-T eller  v ib ration s. The 
root stru ctu re of (13c) is  shown in F ig .3 .
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FIG.3. Gamov-Teller vibrations. The solid lines of the upper figure show the structure of Eq.(13c). 
The solutions for a fixed X» shown as circles, are raised from their unperturbed values. The lower figure 
shows that the top level rises indefinitely in energy and becomes the phonon. The two-phonon state of 
Z, N is roo high in energy to be of interest. For strong coupling for heavy nuclei with a neutron excess, 
the beta decay operator will only connect the no-phonon ground state of Z, N with the one-phonon state 
of Z + 1, N - 1, its supermultiplet partner(or its isobaric analogue partner for the Fermi case).

For weak coupling (sm all X, G or X) RPA b ecom es TDA which is  
equivalent to a perturbation approxim ation. F or strong coupling RPA  
y ie ld s  im aginary so lu tions for the quadrupole and pairing v ib ration s at 
such a coupling strength  that the orig in a l ground state |o)> b ecom es un
stab le. In con trast, the rep u lsive  pn force in strong coupling puts a ll 
the tran sition  strength  in the top le v e l. In the lim it of strong coupling  
th is odd-odd state has an even -even  ground state m atrix  elem en t of the 
|8 tran sition  op erator id en tica l with that to the su p er-m u ltip let sta te  
generated  by H¿T . The analogous odd-odd state a sso c ia ted  with F erm i 
tran sition s is  the isotop ic analogue state of |0^>. Thus the n, p RPA is  
co rrect in both weak and strong coupling.
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The RPA has had great su c c e s s  in d escrib in g  quadrupole vibrations  
in both odd and even n uclei, although it fa ils  to y ie ld  the ob served  an- 
h arm on ic ities of excited  s ta te s . For pairing v ib ration s there are som e  
very  in terestin g , but l e s s  con clu sive  r e su lts . F or j3 decay, th is form alism  
is  able to help in explaining the retardation of allow ed tran sition s between  
low  sta te s  of heavy n uclei. With this form alism , it has been p o ss ib le  to 
gain con sid erab le insight into the connection betw een the individual p artic le  
and co llec tiv e  vibrational m otions of n uclei.
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Abstract — Аннотация

ON EXCITED STATES WITH SMALL SPINS IN EVEN-EVEN DEFORMED NUCLEI. The properties of 
0+, 2 |,  I" and I+ states in even-even deformed nuclei of average weight (150 < A < 194) are discussed. All 
available information is used, but the paper is based mainly on information on the numerous excited states of 
these types occurring in the nucleus of l70Yb. Attention is drawn particularly to the fact that several 0+ states 
in the 1-2 MeV range can be detected in a number of nuclei (for example, in l64Er there are five; in I70Yb 
there are four; in l78Hf there are three). The existing theories and hypotheses on the origin of 0+ states are 
examined. At the present time it is not clear how observed and theoretical states can be compared, since 
no criteria have yet been developed for this purpose. In this study, a summary is made of all that is known 
of these criteria and an attempt is made to classify certain 0+ states.

Data are adduced on twelve 170Yb states with 1^ = 1" and the transitions between them.
From seven states of the 1+ type in 170Yb, a single rotational pair of levels 1+ and 2+ is detected.

О ВОЗБУЖДЕННЫХ СОСТОЯНИЯХ С МАЛЬ/МИ СПИНАМИ В ЧЕТНО-ЧЕТНЫ Х Д Е 
ФОРМИРОВАННЫХ ЯДРАХ. Обсуждаются свойства состояний О*, 2\ , 1' и 1+ в четно
четных деформированных ядрах среднего веса (1 5 0 < А < 194). И спользую тся все имеющиеся 
сведения, но основным м атериалом  являю тся сведения о многочисленных возбужденных со 
стояниях этих типов, имеющихся в ядре 1/0Yb. Особое внимание обращено на ф акт обнару
жения в ряде ядер нескольких состояний 0+ в интервале 1 -  2 Мэв (например, в ltí4E r  их 5; 
в п ° у ъ  — 4; в 178Hf — 3). Р ассм отрены  существующие теории и гипотезы  о происхождении 
состояний 0+ . В настоящ ее время неясно, как сопоставлять наблюдающиеся и тео р ети чес
кие состояния, так как не разработаны  еще критерии для сравнения. Суммировано то , что 
и звестно  об этих критериях, и сделана попытка классифицировать некоторые 0+ состояния. 
Приведены данные о 12 состояниях 170Yb с 1" = Г  и переходах между ними. Среди 7 со с то 
яний типа 1+ в 170УЬ обнаружена одна ротационная пара уровней 1+ и 2 + .

T his paper d ea ls  with the p ro p erties  of sta te s  with I7r = 0 + J 2 +, 1 and 
1+ in even -even  deform ed n uclei of average w eight (150 < A < 194).. A ll 
availab le in form ation  is  u sed  but the paper is  based  m ainly on inform ation  
on the num erous excited  sta te s  of th ese  types occurring  in the nucleus of 
i™Yb [ i - з ] .

1. ON 0+ STATES

B efore 1955 no exc ited  sta te s  of 0+ type w ere known for even -even  d e
form ed n uclei of average w eight, although in other reg ion s of the period ic  
table such sta tes  had been  known for som e tim e . When 0+ le v e ls  w ere f ir s t  
found for deform ed n uclei, th is caused  no p articu lar su rp rise; at excitation

3 9
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en er g ie s  grea ter  than 1 MeV, nucleon p a irs  m ay be broken apart and the 
two free  nucleons thus form ed m ay produce tw o-p artic le  sta te s  with w idely  
d iffering I ff, including Iя = 0+ . It was a lso  assu m ed  that 0+ s ta te s  could  
occur in the event of rad ia l v ib ration s of nuclear m atter . In 1952 A. Bohr 
[4] studied the longitudinal and tra n sv er se  quadrupole su rface v ib ration s of 
a deform ed a x ia lly -sy m m e tr ic a l nucleus, g iving them the name by which  
they are s t i l l  known, i . e .  beta and gam m a vib ration s, and introducing the 
vibrational quantum num bers na and Пу. In ensuing stu d ies [5 ,6 ] th ese  
con cepts w ere developed, and in Ref. [6] (for the f ir s t  tim e apparently)
3 and 7  bands w ere rep resen ted . O ver the la s t  few  y ea rs  the amount of 
in form ation on 0+ sta tes  has in creased  con sid erab ly . So far th ese  sta te s  
are known to e x is t  for 26 deform ed n uclei of average w eight. We do not 
know much about the p rop erties of th ese  s ta te s , but at le a st  we no longer  
think that a ll th ese  s ta te s  are of the sam e type and can a ll  be c la ss if ie d  
as 0 j  s ta te s . The reason  for th is l ie s  in the fact that in  th ree n uclei, those  
of 164E r, 170Yb and 118Hf; se v e r a l 0+ s ta te s  have been  detected  in the
1 -2 .2  MeV range: in  164E r th ere are fiv e  (1245. 5, 1698 .0 , 1766 .1 , 2170 .5  
and 2185. 0 keV); in 170Yb there are four (1069. 14, 1228 .40 , 1479. 54 and 
1565. 98 keV); and in 178Hf there are th ree (1199, 1434 and 144 keV). It is  
p o ssib le  that th is p íúrality  of 0 + le v e ls  i s  not a sp ec ific  p ecu liar ity  of th ese  
th ree n u clei but a gen era l ru le, and it is  m er e ly  that conditions  
are p articu lar ly  favourable for  detectin g  th ese  le v e ls  in the ca se  
of th ese  th ree nuclei; a ll three n uclei are obtained by b eta -d ecay  of n u clei 
with v er y  sm a ll sp ins — 0+ ( 170Lu) and 1+ (,164Tm and 17STa) -  and at large  
decay en er g ie s .

The ex iste n c e  of a large  num ber .of low -ly in g  0+ sta te s  r a is e s  the q u e s
tion of how are they to be c la ss if ie d . T here are many th eo r ie s  and hypo
th e se s  on the orig in  of 0+ s ta te s , p o ssib ly  too m any, but it is  not c lea r  
how ob served  and th eo re tica l sta tes  should be com pared, s in ce  no c r ite r ia  
have been developed for th is  purpose. In the follow ing paragraphs we sh a ll 
su m m arize  what we know of th ese  c r iter ia  and attem pt to c la s s ify  certa in  
0 + s ta te s .

2. MEASURABLE VALUES

Apart from  the excitation  energy of s ta te s , the follow ing valu es are  
determ ined  exp erim en ta lly .

(1) M om ents of in ertia  Jo

(2) X values:

x  _ B(E0;0Î -  oj)
0 " B(E2;0Î -  2+)

(3) V alu es r 2 and r 4 :

r  -  B(E2;2Í  -  2g)
' 2 B(E2;2* -  0+)

(4) The value B(E2; 0* -  2+)

_ B(E0;2*  -  2g) 
2 В(Е2;2* -*-0g)

B(E2;2* -  4Í) 
Г4 B{E2;2* -*■ 0g)
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(5) The va lu es p2 , p \ ,  p2 . . . :

Po = В(Е0;0Г -  Oj) p22 = B(E0;2+ -  2 + )

In the fo llow ing paragraphs the va lu es J 0, X 0 and B(E2;0g -* 2*) w ill 
be considered; la te r  we hope to con sid er  the rem ain d er. F o r  1" and 1+ 
s ta te s , m easu rem en ts have b een  m ade for the ratios

P B ( L l ; l - 2 )
B ( L l ; l - 0 )

w here L I rep resen t E l or M l, and the low er le v e ls  belong e ith er to the
Og band (Rg) or to other 0̂  bands (R¡ ). In two c a s e s  the rotational p a irs
1+ - 2* are known and for th ese  the m om ent of in ertia  has been determ ined .

3. THEORIES CONCERNING 0+ STATES

In order to in terp ret the accum ulated inform ation , th e o r ie s  are e s 
sen tia l. At the tim e of w riting, there are  a lread y a num ber of th e o r ie s .
We sh a ll d ivide them  into two groups.

(i) T h eor ies d escrib in g  co llec tiv e  m otions — rotations and quadrupole 
vib ration s in n uclei

A few  stu d ies , notably th ose  of Davydov et a l. [7, 8], B elyak  and 
Z aikin [9] a n d F a e s s le r , G reiner and Sheline [10], w ere devoted to the 
con sid eration  of sm a ll quadrupole v ib ration s in w eakly deform ed n uclei.
In th is connection certa in  q uestions can be so lved  an a ly tica lly  [7 -9 ], while 
for  o th ers, in  p articu lar the q uestion  of m ixing the w ave-fu n ctions of 
variou s s ta te s , n u m erica l m ethods are  appropriate [10].

In the a r tic le  by Davydov and Chaban [ 11 ] no assu m p tions w ere m ade 
concerning the weak d eform ab ility  of the n u cleu s. H ow ever, the non- 
ax ia lity  p aram eter y  of the nucleus w as fixed  (on the supposition  that it 
has an e ffec tiv e  va lu e). Many of the quantitative deductions m ade in  th ese  
stu d ies d iffer a great deal, but they are in agreem en t on the m ain point, 
nam ely the g en era l ch aracter  of the seq u en ce of exc ited  s ta te s . In F ig . 1 
excited  sta te s  are rep resen ted  for a "conventional" nucleus with E  ̂ = Eg 
= 50 e (p aram eters of the RV theory  [10]), which m ust have p rop erties  
v er y  s im ila r  to th ose  of the n ucleu s of 170Yb. (For th is n ucleu s e = 24.6 keV  
and theory  p red ic ts  E(0g) = 1230 keV, E(2g) = 1260 keV and E(2y ) s  1330keV, 
w hile the ob served  va lu es are E(2y) = 1138. 27 keV and E(0¡ ) = 1069. 14, 
1228 .40 , 1479 .54  and 1565 .98  k eV .) The energy of exc ited  s ta te s  in  sm a ll 
vibration  th e o r ie s  i s  ex p re sse d  by the form ula;

E = E 0 + nsE fl + (2nr + | - ) E r + {1(1+1) - К 2} • | e

w here E 0 i s  the grou n d -sta te  energy;
ne and ny are v ib ration al quantum num bers equal to 0, 1 ,2 ,  . . .  ;
Eg, E y, e are  p aram eters of the RV theory;
I = 0, 2, 4 . . . when К = 0, and I= K , K + l ,  K + 2  . . .  when К ф 0.
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FIG .l: System of collective levels of positive parity in an even-even deformed nucleus. Only the
lower states of rotational bands are represented: the bands themselves are represented conventionally in 
a highly reduced form. The relative position of the bands depends on the ratio between the parameters 
Eg/e and E^/e in the RV theory or (J and T in the theory described in Ref. [ 3 6 ]  . The case of Eg =
E y  = 50e is represented, approximating to what should be the position in the nucleus of 170Yb; the scale 
on the right-hand side in MeV is indicative only. Quantum numbers used in the energy formula are 
indicated under each band. Each figure S denotes energy Eg = E(O^) and spin 0: each y denotes energy 
E y+ e  = E(2+) and spin 2; each Г denotes energy 2 E^ and spin 0. These are the energies of the levels 
if wave-fun/uon mixing is disregarded.

The sta te s  form  rotational bands; the low er sta te of each band has 
I = K. The num ber of low er s ta te s  is  unlim ited; for n°Y b in the region  
up to 5 MeV th ere m ust be about 15; F ig . 1 c le a r ly  show s that for  n uclei 
s im ila r  to 1 7 0 Yb, in the range from  E (0j) to 2E (0f), that is  to say , p r a c 
t ic a lly  in  the range from  1 MeV to 2 MeV, there should be no other c o l
le c tiv e  s ta te s  of the 0+ type. T h is deduction con trad icts the exp erim en ta l 
data for 1 6 4Er, 170Yb and 17SHf.

In th eo r ie s  d escrib in g  co lle c tiv e  m otion s, tran sition  in te n s itie s  are  
a lso  ca lcu lated . T h ere are corresponding form ulae in the sm a ll-v ib ra tio n  
th eory  and in the theory of M. G. Davydov and Chaban. In th e ir  w ave- 
function ca lcu la tion s, F a e s s le r  et a l. took into account 13 sta te s  which  
are  m arked by m eans of thick lin e s  in F ig . 1; h ere

13

■I Ci^i

H ow ever, when sta te s  with sm a ll sp ins are con sid ered , only th ree low er  
bands (g, (3 and 7 ) em erg e . A table of en er g ie s  and the coeffic ien ts  Cg, 
Cb and Cr is  g iven  in R ef. [10] . F rom  th is it is  p o ss ib le  to ca lcu late  
B (E0), B(E2), JB , i y  , r 2, r4 , e tc . The re su lts  of ca lcu lations made 
of th ese  va lu es, both for  the sm a ll v ib ration  theory of F a e s s le r  et a l.
[10] and for the work of Davydov and Chaban [11], are d iscu ssed  in the 
fo llow in g paragraphs.

(11) M icroscop ic  th eories

In m icro sco p ic  th e o r ie s , assu m p tions are in itia lly  made about the 
behaviour of sep arate n ucleons w ithin the n u cleu s. In order to d escr ib e
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the p ro p ertie s  of 0+ sta te s  in  a nucleus co n sistin g  of m any n ucleon s, it 
is  n e c e ssa r y  to sum , in  one way or another, the contributions m ade by 
sep arate n u cleon s. In th is p r o c e s s  som e types of 0+ s ta te s  are  noted 
which perhaps do not even  ex ist  in  a 'p ure' form , but which m ay be th eo 
r e t ic a lly  con ceived  in a pure form :

(a) B eta -v ib ra tio n s caused  by the su perp osition  of a la rg e  num ber of 
tw o-q u asip artic le  s ta te s  and resid u a l quadrupole-quadrupole in teraction s. 
Oqq sta te s  a re , as a gen era l ru le , low -ly in g  and are ch a ra cter ized  by 
r e la tiv e ly  high B(E2) v a lu es , exceed in g  s in g le -p a r tic le  v a lu es, and X q  

v a lu es  in the neighbourhood of 0 . 3. C alcu lations w ere m ade by B es [12] 
and S oloviev  et a l. [13, 14] on the b a s is  of N ilsso n  s in g le -p a r t ic le  functions, 
taking into account p airing and quadrupole-quadrupole in tera c tio n s . C al
cu lation s of the en ergy  of the low er O q q  sta te  have been  m ade for  29 nuclei 
of the category  under rev iew  [14], and in a ll  c a s e s  the en ergy  l ie s  in  the
0. 8-1. 7 MeV ran ge. C alcu lations of the second  Oqq sta te  w ere m ade for  
only two n uclei and gave an en ergy  0. 3 MeV higher than for  the low er ° qq  
state;

(b) It is  p o ss ib le  to find Од s ta te s  in which the p a ir s  are  not broken  
apart and each p air i s  on its  own le v e l, exc ita tion  of the nucleus being e x 
plained by pair v ib ra tion s. T h ese  s ta te s  m ust l ie  h igher than 1 .4  MeV. 
They w ere con sid ered  by Bohr and M ottelson  in 1964 [15] and further stu 
died by B es and B rog lia  [16], S o lov iev  [13] and K uliev and Pyatov [17];

(c) B elyaev  [18] con sid ered  a p articu lar kind of pair vibration , fo r 
m ally  d iffering from  th ose m entioned above in the p arity  of the tim e in 
v er s io n  op erator. He ca lled  them  1 coherent pairing f lu c tu a tio n s ', bearing  
in  mind that in the p air v ib ration s of Bohr and M ottelson, the contributions  
from  p a rtic le  and hole exc ita tion s w ere of d ifferent s ig n s but in the sta te s  
under con sid eration  the contributions w ere a ll of the sam e sign . F or 0* 
sta te s  of th is  type th ere  m ust be a high probability  of E 0 -tra n sitio n  to the 
ground sta te and often low  va lu es of B(E2);

(d) Spin-quadrupole exc ita tion s of the type 0+ are due to the su p er
p osition  of s ta te s  in  which at le a s t  one pair is  broken apart and q u a si
p a r t ic le s  can be found at variou s le v e ls .  S tates of th is  type, which we 
sh a ll h ere in a fter  d esign ate OJq s ta te s , w ere exam ined by Pyatov et a l.
[17, 19-2-1]. They m ay be low -ly in g  but m ust have low  v a lu es of X  «  1 
and B (E 0). K u liev  and Pyatov [ 17] point out that "Ô q s ta te s  with s tr u c 
tu res  resem b lin g  tw o -q u a sip a rtic le  s ta te s  m ust have p articu lar ly  low
X va lu es if  q u a sip a rtic les  can be found at variou s le v e ls  of one and the 
sam e sh ell" . K uliev  and Pyatov ca lcu lated  B(E0), B(E2) and Xo for OJq  
sta te s  in  a num ber of deform ed n uclei in rare ea r th s.

4 . MOMENTS OF INERTIA J0

M om ents of in er tia  of 0+¡ s ta te s  are determ ined  by the form ula:
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w here Jg i s  the m om ent of in ertia  of the ground sta te of the n u cleu s. T h ere  
i s  in form ation  on 19 Of s ta te s  (see  T able I).

The exp erim en ta l va lu es of Jo /J g lie  in  the 0. 70 - 1. 55 range. Since 
the en er g ie s  can u su ally  be d eterm ined  with a high d egree of p rec is io n ,

TABLE I. EXPERIM ENTAL VALUES OF J0 /J g

The s ig n  i in d ica tes that le v e l 2Ç is  h igher than le v e l 2g so  that taking their  
m utual repu lsion  into account m ay reduce J0 / J g ; the sign  t in d ica tes  
that the 2y le v e l  is  below  2g

1 2 3 4 5 6

Nucleus

0i

Energy level in keV

2i 2+¿$

V Jg References

152 Sin 685.0 810.7 121.78 ■ 0.968 i [23, 24]

154Gd 680.6 815.7 123.07 0.911 1 [25]

156 Dy 675.80 828.9 137.80 0.898 I [26]

158 Dy 986.1 1085.0 98.90 1.00 Î [27]

160 Dy 1263 1350 86.8 0.998 t [32]

1MEr 1245.5 1334 91.4 1.033 t [30]

1HEr 1698 1789 91.4 1.004 t [30]

168 уь 1150 1233 87.9 1.059 t [28]

168Yb (1156) 1233 87.9 (1.14) t [22]

"°Yb 1069.14 1145.42 84.26 1.105 t [3]

■™Yb 1228.4 1306.03 84.26 1.086 t [3]

170 Yb 1479.54 1534.16 84.26 1.542 t [3]

noYb 1565.98 1648.2 84.26 1.027 t [3]

172Y b 1045 1116 78.7 1.11 i [28]

n4Hf 827 899 - 91.0 1.26 - [22]

H 4 H f (1241) 1330 91.0 1. 02 - [22]

I7 8 H f 1199 1276 93.17 1.275 t [31]

18°w (908) 1008 103.6 1. 036 t [ 22]

1880 s 1086 1306 155.03 0.705 - [29]
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FIG.2. Moments of inertia of 0^, 2* bands; ”6'' merely indicates that Ot, 2¡ states behave as 8-bands; 
"tw op." denotes two-particle states.

the d ifferen ces in  Jo /J g are c lea r ly  not-due to m easu rin g  e r r o r s  but to 
' in tern al' re a so n s  (in m ost c a s e s  the e r r o r  is  le s s  than the s iz e  of the 
points in P ig . 2). The arrangem ent of the points in  F ig . 2 i s  such that it 
i s  n e c e ssa r y  to d ivide them  into two groups:

a group in which J 0 d iffers  from  Jg by no m ore than ± 11%; 
a group of th ree points (1479. 54 keV for 170Yb, 827 keV fo r  174Hf and 
178 Hf) in  which J0 is  con sid erab ly  h igher than J g .

The f ir s t  group evidently  in clu d es 0g sta te s  (thus th is group is  m arked  
"/3" in F ig . 2) but s in ce  for  certa in  n u clei th is  group in clu d es a number 
of points yet th ere is  only one Og sta te , we can only affirm  that the group 
in clu d es variou s s ta te s  resem b lin g  Og in regard  to th e ir  m om ent of in ertia . 
The second group evidently  in clu d es tw o -p a rtic le  0+ sta te s  (and th is group  
is  m arked "two p." in F ig . 2).

We sh a ll begin  by studying the f ir s t  group. W ithin the group a spread  
of points can be ob served , which even  if not la r g e , cannot be explained by 
sim p le  exp erim en ta l e r r o r s .

It was p o ss ib le  to su rm ise  that the v ib ration s in  J o /J g w ere caused  by 
rep u lsion  of the le v e ls  2¡ and.2y; for  le v e ls  2g and 2£ th is could actually  be 
o b served . If the 2y le v e l is  located  h igher than 2* (F ig . 3a), the repu lsion  
should reduce the d istance betw een 2¡ and 0-" , that is  in c r e a se  Jo /J g ; if  
2y i s  low er than 2J , the repu lsion  should d e c r e a se  Jo /  Jg . In T able I and 
F ig . 2 arrow s are p laced  by the va lu es for  J0 /J g , showing how Jo /  Jg should  
change if rep u lsion  i s  excluded. Judging by the d irection  of the arrow s, 
taking rep u lsion  into account does not bring the points c lo se r  to any sort of 
sm ooth cu rve . It i s  stran ge that the point for  i^OYb, for  which the en erg ie s  
E(2*) = 1145. 42 keV and E(2y) = 1138. 27 keV are in c lo se  proxim ity , th u s, 
giv in g  r is e ,  one would think, to a stron g anom aly, g iv e s  Jo/Jg = 1. 105. 
A llow ing fo r  rep u lsion  in th is  c a se  should in c r e a se  J0 /  Jg even  m ore , that 
i s  m ove the point away from  a sm ooth  cu rve.

The theory  of sm a ll quadrupole v ib ration s of w eakly deform ed  
(M, Г < 0 . 3), a x ia lly  sy m m e tr ic a l (y0 =0; /3q f  0) n uclei is  se t  out in the book 
by Davydov [11]. F rom  fo r m u la (1 4 . 38) of R ef. [11] it fo llow s-th at in  th is  
th eory  1 in  the zero  approxim ation1 J 0 /J g = 1. In the th eory  of Davydov and

*
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(а) Ш  (C)

FIG.3. Change in the 2 t - 01 spacing under the influence of level 2+ •
(a) Level 2+y slightly higher than level 2 t ; because of their repulsion/levels 2 | and o | are drawn together 

and J ,/J  g  become higher;
(b) Level 2^ remote from level 2*; the distance between 2 ! and 0^ is not distorted;
(c) Level 2 + is lower than 2 t and repulsion results in J„/J becoming lower.

Chaban ((3 v ib ration s for fixed  7 ) at low  ju v a lu es Je/Jg =1 - 3 p 2  (se e  Davydov
[ l l ] ,  p. 125). F o r  the ц va lu es encountered in reading (between 0. 15 and
0. 38) th is  form ula does not a lw ays hold true; in  th is c a se  Jg /J g m ay e a s ily  
be obtained by interpolating for  ц and Г D avyd ov's Table 24. The calcu lated  
v a lu es for  Ja /Jg are rep resen ted  by open r in gs in F ig . 2. S im ilar re su lts  
are  g iven  by the theory of F a e s s le r ,  G reiner and Sheline (R V -th eory). This  
is  c le a r  from  Table II.

The m ajority  of n uclei in Table I fa ll w ithin the E s /e  and E y /e  range 
covered  by T able II. Thus the RV theory p red ic ts that for a ll n u c le i Jg /  Jg 
m ust be w ithin the 0. 7 3 -0 . 90 range; in  th is  resp ect it a g re es  with the 
th eory  of Davydov and Chaban. Both th eo r ie s  co r re c tly  p red ict a certa in  
reduction  of Jg/Jg for low -ly in g  le v e l 0+ (for exam ple, in 1 5 2 Sm, 1 5 4 Gd, 
i56Dy). H ow ever, Jg/Jg fo r  both th eo r ie s  is  a lw ays le s s  than l ( b y  10 
to 2 0 %) and in th is  re sp ec t they contradict exp erim en t.

F o r  the tim e being th ere is  nothing to be said  about the second  group 
of p o in ts. An odd p a rtic le  u su a lly  in c r e a se s  the m om ent of in ertia  (so m e 
tim e s by 100% in com parison  to the neighbouring even -even  n u clei). Hence 
it  is  not su rp ris in g  that two q u a sip a rtic les  m ay con sid erab ly  in cr ea se  the 
m om ent of in ertia  — for exam ple by 54% of Jg for  the 1479. 54 keV le v e l  
in  17 0  Y b.

E ( 2 +g)TABLE II. VALUES OF Ja/J„ =----------- 2------  ACCORDING TO THE
■ , g E ( 2 t ) - E ( 0 1+)

RV THEORY

V е E ^/e  = 3 0 50 70

20 0 .7 5 0 .7 3 0 .7 3

30 0 .7 9 0 .8 0 0 .8 0

50 0 .8 7 0.86 0.86

70 0.86 ' 0 .9 0 0 .8 9
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5. VALUES OF X 0 = B(E0;0* -  0 |) /B (E 2 ;0 Ii -  2*)

V alues for  X0 are  lis te d  in  Table III. The valu es, w ere ca lcu lated  by 
the form ula

_ 2. 5 4 X 1 0 9 A4/3e |  « if  K(0+ -  0 +) 
X o =  Qk Í K(0+ -  2 ) ( 1)

M ost X 0 va lu es lie  in the 0. 10 - 1 .0  ran ge. H ow ever, th ere are a lso  
very  low — 0 .0 0 3 7  — and v er y  high, — 5 .5 6  — v a lu es . At a ll events, 
th is  is  ind icative of the fact that the 0* le v e ls  encountered in Table I d iffer  
in re sp ec t of th e ir  p h y sica l nature.

TABLE III. VALUES OF X 0 = B(EO;O* -  0*)/B (E 2;0* -» 2+)

1 2 3 4 5

Nucleus
0¡ energy

(keV) X0 References x0 for °£q
[И ]

152 Sm 685.0 0.10 ± 0.03 [23, 24] 0.20

154Gd 680.6 0.30 ± 0.18 [33] 0.20

156 Gd 1010 0.89 ± 0.31 [34] 0.20

154 Er 1245.-5 0.15 ± 0.03 [30] 0.13

164 Er 1698.2 0.39 ± 0.06 [30j 0.34

164 Hr 1766.1 0.78 ± 0.11 [30] 0.87 ’

164 Er 2170.5 1.76 ± 0.25 [30] 0.08

164 Er 2185.0 5.56 ■i 1.84 [30] 0.03

168 Yb 1197 > 1.1 ; 0.51 [22] 0.13

168 Yb 1543 > 3 .1 ; 0 .76 ' [22] 0.13

17° уь 1069.14 0.0025 ± 0.0005 [3] 0.14

no yb 1228.4 0.094 ± 0.012 [3] 0.29

m  yb 1479.54 0.94 ± 0.07 [3] 0.05

170 Yb 1565.98 0.51 ± 0.12 Í3]

173Hf 1199 0.18 ± 0.04 [31] 0.18

178 Hf 1434 0.10 ± 0.02 [31] 0.30

1 78 H f 1444 0.38 ± 0.08 [31] 0.24
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The Xo va lu es for 0+ s ta te s  m ay be com puted u sing  both 'm a c r o sc o p ic 1 
th e o r ie s , allow ing only for co llec tiv e  m otions — vib ration s and rotations — 
and 'm ic r o sc o p ic ' th e o r ie s , in which the ca lcu la tion s are based  on the m o 
tion of individual n u c leo n s.

R asm u ssen  [35] who obtained the follow ing form ula for the longitudinal 
vib ration s of a uniform ly charged e llip so id  of revolution:

w here /3 is  a p aram eter of a x ia l deform ation. F o r  the m ajority  of n uclei 
under con sid eration , /3 l ie s  betw een 0. 2 and 0. 3, and th erefore X 0 m ust 
l ie  betw een 0. 16 and 0. 36. F o r  a few  n uclei X 0 actu ally  has a value near 
to th is .

F urth er developm ent of the theory allow ed for longitudinal and tr a n s 
v e r s e  v ib ration s, and 0g and Of sta te s  w ere d iscovered  (we sh a ll introduce  
the sym bol Op for the ground sta tes  of tra n sv er se  v ibrational s ta te s ) . C al
cu lations of the energy of th ese  sta tes  and the corresponding B(E0) and X 
va lu es w ere carried  out by Davydov, R ostovsky and Chaban [36] for  sm a ll 
quadrupole v ib ra tion s. The ca lcu lations showed that 0g sta te s  had the le a st  
en ergy . The excitation  en er g y  of Of s ta te s  is  approxim ately double (see  
for exam ple F ig . 1). It i s  con ceivab le , of co u rse , that for som e reason  
or other the Of le v e l m ay fa ll. F or 0g sta te s  Davydov et a l. obtained:

Inasm uch as E(2y) is  u sually  about 10 t im e s  h igher than E(2g), the 
second  term  is  a sm a ll co rrectio n  to the R asm u ssen  value 4(32 and is  so m e 
t im e s  w ritten  in th is way: X(0g) = 4. 4j32 ).

The Of le v e ls  m ust have a sign ifican tly  h igher X 0 valu e. A ccord ing  
to Davydov:

(see  R ef. [36], p. 181). Without the second m u ltip lier , X(0p) = 36p2, that 
is  9 t im e s  h igher than X(0g), and as a ru le , X (0f) m ust be g rea ter  than 1. 
The additional m u ltip lier  in c r e a se s  X(0p) even m ore, and it m ay be v ery  
la r g e . C learly , sign ifican ce  should not be given  to the reson ance asp ect  
of th is m u ltip lier , that i s ,  to the fact that it tends to infinity when 
E(0g) E(2y): the g iven  form ula is  only an approxim ate one.

T h eo retica l p red iction s for  the value of X 0 in m icro sco p ic  th eo rie s  
are ex trem ely  vague; this i s  partly  due to the fact that X is  equal to the 
ratio  betw een B(E0) and B(E2), and each of th ese  quantities m ay have 
w id ely  d iffering v a lu es . In m icro sco p ic  th eo r ie s  of beta vibrations the 
value obtained for X 0 i s  about 0 .3 .

K uliev and Pyatov [17] ca lcu lated  the X va lu es for 0+ sta te s  of two 
other, types: pair v ibrations and spin-quadrupole excitation  (see  sectio n  3). 
P air  v ib ration s in  deform ed n uclei of average weight produce 0„ sta tes  
with en erg ie s  la rg er  than 1 .45  MeV; probably the low est 0+ s ta te s  ob
served  exp erim en tally  are of a d ifferent nature. P a ir  v ibrations are ch arac-

Among m acroscop ic  stu d ies m ention m ust be m ade f ir s t  of the work of

(2)

(3)
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ter ize d  by pronounced fluctuations in B(E0) and B(E2) and as a r e su lt  the 
v a lu es of X 0 for  d ifferent n uclei m ay d iffer by a factor  of 10 000 or m ore  
(from  0 .0 0 2  to 54).

In OJq s ta te s  re su ltin g  from  sp in-quadrupole in tera ctio n s, B (E 0), B(E2) 
and X fluctuate sh arp ly  for  d ifferent s ta te s . If we lim it  o u r se lv e s  only to 
the low est OJq s ta te s , the range of X0 va lu es is  sm all: from  0.13 to 0 .20 . 
H ow ever, if  w e con sid er  the two to th ree  lo w est s ta te s , the range of X 0 
va lu es b ecom es con sid erab ly  la r g e r  — from  0. 001 to 4 . 7 — and co v ers  
a lm ost a ll exp erim en ta l v a lu es .

In a paper by B e ly a ev  and R um yantsev [37], it  w as shown that 0£ sta tes  
m ust have an en ergy  of 1 . 2 -  1 .5  M eV, va lu es of B(E0;0o ~*0g) s im ila r  to 
O q q  s ta te s , and va lu es of B(E2;0* -*• 2*) th ree to four t im e s  low er , that is  
to sa y  Xo v a lu es, th ree  to four t im e s  h igher, than Oqq s ta te s .

In a paper p resen ted  in  M oscow , M arch 1968, B e lyaev  pointed out 
that e s tim a tes  fo r  152Sm have B(E2) va lu es of about 4 X 1 0 '5, and p2 va lu es  
of 0 . 8 (consequently, v er y  la rg e  X v a lu es).

To sum  up, the fo llow in g con clusion  m ay be drawn: w h ereas m a cro 
sco p ic  th e o r ie s  p red ict for a ll n u cle i X(0g) va lu es in  the range 0. 2 - 0 .4  
and X (0 f ) ê  2, m icr o sco p ic  th e o r ie s  m ake it p o ss ib le  in  p rin cip le  to explain  
both v er y  low  (~ 0 .0 0 1 ) and v ery  high (~50) X 0 v a lu es . F o r  the tim e being, 
how ever, it  is  sc a r c e ly  p o ss ib le  to id entify  sp ec ific  s ta te s  in  ter m s of their  
Xo v a lu es, b ecau se of the sim p lified  m ethod of d escr ib in g  nucleon m otion, 
which u n d er lies m icr o sco p ic  th e o r ie s .

6. VALUES OF s

The value of s  ^ ( Е ^ / В ^ Щ } ! *  = ^  t0 1 “  ^
0* and 2* are com p letely  id en tica l in  th e ir  in tern al stru ctu re, have a good 
quantum num ber К and d iffer  only in th e ir  rotation. It m ay d iffer sligh tly  
from  1 if sm a ll 1 a lien ' com ponents appear in the w ave-fu n ctions of the 
s ta te s  0t and 2 t . It m ay be expected  that in (0t2j+), (0t 2 t) , . . . ,  p a irs  
differin g  com p letely  in  nature (and th erefore having com p letely  d ifferent  
X 0 and X 2, e tc .)  the value of s  w ill not d iffer  grea tly  from  1: it i s  e s s e n 
tia l that the m ain w ave-function  com ponents of the s ta te s  of one pair should  
be the sam e and the sm a ll com ponents from  the ad m ixtu res su ffic ien tly  
sm a ll. The b est m ethod of checking that the le v e ls  0t and 2* actu ally  form  
a rotational p a ir is  by d irectly  d eterm in in g s from  exp erim en ta l data. A ll 
0+ and 2+ p a irs  should be checked in  th is  way, but at the m om ent there are

FIG.4. Diagram showing transitions to formula (5).
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data for only four p a ir s . The value of s is  d eterm ined  from  exp erim en ta l 
data by the form ula:

1 К а К д  П а» р Л 5 («К Ь Г1 10  K l  / Е 2 N {af)2
5 K j К 3 П2к V Е 4 (“ Г  )4 7 Ко Е, (5)

The m eaning of the sym b ols is  c le a r  from  F ig . 4 . Kn denotes the con 
v e r s io n  lin e in te n s itie s .

The follow ing s va lu es are  known:

170 Yb 0+ ; 1228. 4 keV
0+ ; 1479.54 keV

s = 0 .6 7  ± 0. 17 [3] 
s = 1 .50  ± 0. 18 [3]

178 Hf 0+ : 1197 keV  
0+ : 1434 keV

s = 0 .8  ± 0 .3  [31] 
s = 1. 2 ± 0 . 5  [31]

They are a ll actu ally  c lo se  to 1. In the RV theory , s depends on the 
p a ra m eters E s / e  and E ^ /e . B elenky com puted s for s e v e r a l p a irs  of p ara 
m eters; the r e su lts  are lis te d  in Table IV. F o r  a lm ost a ll  c a s e s  of in te re st  
s = 1 .4  ± 0 . 2. We should note that the s  value in  each colum n is  m inim um  
when Eg =E y, due to the p rox im ity  of the 0 7 -reson an ce; if  th is  is  so , p e r 
haps s is  near to th is  reson an ce and le s s  than 1 .4 .

TABLE IV. VALUES OF s

7. VALUES OF B(E2;0g ^ 2 * )

2¡ rotational le v e ls  are now known for 25 0* n uclear s ta te s . T h eir  
d etection  i s  fac ilita ted  by the p o ss ib ility  of Coulomb excitation  0* -» 2*, 
and th eir  id en tifica tion  (decay c h a r a c te r is tic s )  by the strong E 0-com p onents  
in  the 2 \  2 |  tran sition  and the re la tiv e  in ten sity  of the 2¡ -* 4g tran sition .
The Coulomb excita tion  of 2* le v e ls  w as studied by Sheline et a l. [38], 
G angrsky et a l. [39] and Y oshizaw a et a l. [40]. F rom  the B(E 2;0g -* 2 f) 
va lu es d eterm ined  by them , T^ part va lu es for (2f -* 0 g ) have been  c a l
culated:

T. (2+ -*■ 0+  ̂ = , _______________ s e c
i  part. < i ug > (E (2 ^ ) keV} 5 B (E 2 ;0 g  -  2 t )  SeC
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T h ese va lu es are lis te d  in T able V. They are a ll in  the range (2 - 13)
X 10 '12 s e c .  In ord er to d eterm in e the h a lf- life  Ti of le v e l (2 ¡ \  it is  n e c e s 
sa r y  to take into .account a ll d isch arge channels:

T* ( 2. i ) g ~ sx~ W

In m ost c a s e s  th is  can only be done approxim ately, s in ce  the re la tiv e  in 
te n s it ie s  of a ll th ree tra n sitio n s — to 0g , 2g and 4 g — have not been  
m easu red .

The channel 2\  -*• 0g is  re sp o n sib le  for ap p rox im ately  on e-fifth  of the 
d ecay events affectin g  the sta te  2f ,  th erefore Т$(2*) = 1 /5  T¿ part (2j+^0g) 
and am ounts to approxim ately  1 p icosecon d  (10_12 se c ) .

T his low value for  T| (2* ) in  the f ir s t  p lace p ra ctic a lly  exc lu d es a ll 
m ethods of m easu rin g  Tj other than by m eans of Coulomb excitation , and

TABLE V. VALUES OP B (E 2;0g -  2¡) AND LIFETIM ES OF 2¡ LEVELS

Nucleus Energy of 2* 
level in keV

B(E2;0*-2+) 

in b! e !

Ц  part. for 2Ь  °g
■ IA-»in 10 sec 

(formula (6))

В( E2 ; 0g ->

Davydov • 
(formula (8))

2¡")calc.

Soloviev c 
[14]

150Nd 840 [32] O'. 12 ± 0.03 [32] 5.6 ± 1.4 0.216 0.13

152 Sm 810Л 0.07 ± 0.02 [34] 
0.065 ± 0.025 [35]
0.061 ± 0.014 [32] 13 ± 3 0.271 0.11

l54Sm. 1180 [32] 0.030 ± 0.007 [32] 4.1 ± 1.0 0.302 0.074

154 G d 815.7 0.12 ± 0. 08 [32] 6 ± 4 0.179 0.25 •

l56Gd 1130 [32] 0.07 ± 0.03 [32] 2.2 ± 1.0 0.209 0.070

15(1 Dy 1083 0.0076 [7] <2.5 0.163

164 Er 1308 a 0.0013 [7] < 57 0.189 0.013

i6«yb 1233 0.028 [7] -3.5

1,4 Yb (1400) b 0.015 [32] >3.5

1,4Hf 899 0.12 [7] < 4

I86Os - 0.231 [33]

I880 s - 0.245 [33]

™Os - 0.243 [33]

19!Os - 0.180 [33]

? According to Ref. [30] there is no such level.
b The state 0+ was introduced by Wilson and Pool, and states 2 and 4+ by De Boer et al. ; 

not yet confirmed.
c The~data given in Ref.[14], Table 13, in the column headed "B(£2) from level IÏÏK = 2+ 0, 

experiment" probably relate to the transition to the level IÏÏK =2+ 0, i.e. give the value 
B(E2, 0+-2t).
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in the second p lace , m akes it v er y  d ifficu lt to ob serve  the intra-band tran 
sitio n  2j -*• Ot for which Tj part (2* Of) i s  about 10'9 s e c , and consequently  
the 7(2+ -* Of) in tensity  is  approxim ately  one thousand t im e s  le s s  than for  
7(2* -*■ Og). So far  the intra-band tra n sitio n s 2* ■* Of and 4f 2* have n ever  
b een  ob served , although th ere is  no doubt about th e ir  ex isten ce  or about 
the corresp ond en ce betw een th e ir  in ten sity  and theory . Com paring the 
v a lu es for Tj part (2¡ -* Og) lis te d  in  T able V, we m ay note that they  a ll  l ie  
in  a re la tiv e ly  narrow  range from  2 to 13 p ico seco n d s. T his show s that 
the p rop erties of th ese  s ta te s  are s im ila r  to th ose of E2 tran sition s to the 
g-band.

In the th eo r ie s  d escrib in g  sm a ll quadrupole v ibrations of e llip so id s  of 
revolu tion , the va lu es of T^(2* -* Og) should not d iffer w idely for d ifferent 
n u cle i. In D avydov1 s book [11] we find the form ula:

B(E2¡2¡ - 0Í ) . i  (8)

w here

« = m i l  and _ = S Í2¡1
^  E(2g) q E(2g)

Substituting in  th is  the e n er g ie s  of s ta te s  2g, Oe and 2y and the quadrupole 
m om ents Qo from  R ef. [41], wé find va lu es for  B(E2; Og -*■ 2¡$)calc. ; and th ese  
are  g iven  in T able V. The ca lcu lated  va lu es exceed  В ^ Е г ^ -*  2g )exp by 
l i  to 6 t im e s . A llow ing for  the s im p lic ity  of the theory  such agreem en t 
can  be regarded  as a ttestin g  it s  unqualified s u c c e s s . U nfortunately, the 
exp erim en ta l data m ainly re la te  only to one ex trem ity  of the d eform ed- 
n u cle i reg ion . In the m icr o sco p ic  m odel developed by S oloviev  [14] (N ilsson  
fun ction s, p airin g and quadrupole fo r c e s ) , the va lu es of B(E2;0g ^ 2qq) 

w ere ca lcu lated  with constants obtained from  pow er engineering; they are  
l is te d  in Table V and d iffer  from  the exp erim en ta l ones by a fa c to r  of ap 
p rox im ately  two (the d ifferen ce is  le s s  than in the theory  of sm a ll quadru
p o le  v ib ra tio n s).

8. STATES WITH Iff = 1

T heory p red ic ts  the p o ss ib le  ex iste n c e  of four types of s ta te s  with  
F  = 1 ' :

(1) O ctupole v ib ration s of n uclear m atter with К = 0 and sp in  sequence
1-, 3 - ,  5 - . . .

(2) M ixed octupole-quadrupole v ib ration s (3" + 2+) with К = 1 and spin  
sequence 1, 2, 3 . .  ,

(3) T w o-p artic le  s ta te s  with I* = 1" 1 with norm al spin sequ en ce 1",
2 - , 3 - ,  4 -  . . .

(4) T w o-p artic le  s ta te s  with К = 0 and sp lit  band 0", 2", 4" . .  . and
l - , 3 ”, 5” . .  . ,  the two p arts of which m ay be at a con sid erab le  
d istance from  each  other (in p articu lar , b eca u se  the f ir s t  m ay  
l ie  much h igher than the second  and thus have low  excita tion ).

In the reg ion  of deform ed n u clei of average w eight, s ta te s  of the 1" 
type are se ldom  found: in  the d ecay sc h e m e s of 1963 there w ere only n ine.
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But now 12 s ta te s  with I* = 1' have b een  found in  the 170Yb n ucleu s (F ig . 5). 
U nfortunately, not one of them  h as yet been  found with a rotational level:  
for  the sequ en ce 1", 3*, 5 ‘ th is  i s  too much to hope for , but for  the s e 
quence 1", 2~, 3" the 2~ le v e l could have m anifested  it s e l f .

F igu re  5 a lso  g iv e s  the ra tio s of the p rob ab ilities (as cited  in  the l it e r a 
ture) for  tra n sitio n s to  the rotational band of the ground sta te  (Rg) and to 
the band of other Of le v e ls  (R¡ ). The p o ss ib ility  of an M2 adm ixture in 
tra n sitio n s 1__> 2 + w as not taken into account: con version  coeffic ien t 
m easu rem en ts are not su ffic ien tly  accurate fo r  th is  adm ixture to be 
d etected .

R;
~0.3

0 .50W

FIG.5. 170Yb states with I n = 1” and transitions between them. R, B(E1; 1" -* 2+) _ .- —  -------—gr- ; R, is the> В (El; 1 -*0+) i

corresponding ratio for transitions to other o t, 2t  pairs. Transitions for which are marked
with thick arrows. Transitions which may also be located elsewhere are marked with a dot.

A ccord ing to A laga1 s law s, the va lu es of R m ust be equal to 2 when 
К = 0 and to 0. 5 when К = 1. R va lu es near to th ese  are observed  m ore  
often than o th ers, but in term ed iate R valu es are  a lso  m et; it is  p o ssib le  
that in term ed iate R va lu es a re  induced by M2 im p u rities or the pronounced  
m ixing of w ave-fu n ctions of 1' s ta te s  in c lo se  p roxim ity  to each  other.

The p resen ce  of a large num ber of I n = I~ le v e ls  is  to som e extent un
exp ected . The octupole v ib ration  theory p red icts thé ex iste n c e  of only  
one le v e l  of th is  type; another 1” le v e l  m ay appear as the resu lt of the, 
su perp osition  of octupole and quadrupole v ib ra tion s. H ow ever, a con
sid erab ly  la rg e  num ber of 1" le v e ls  is  observed; ob viously  they m ust be 
re la ted  to the tw o -p a rtic le  type. It is  strange that for  a few  le v e ls  К =0; 
the supposition  that a ll th ese  le v e ls ,  apart from  one, are rotational sta tes  
I* = 1” 0 of tw o -p a rtic le  le v e ls  0" 0 with sharp ly  sp lit bands cannot be r e 
futed, although it does not appear to fit in  too w ell with the gen era l theory.
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The ca lcu lation s of S o lov iev  and G allagher pred icted  0 “ 0 tw o -q u a si
p a rtic le  le v e ls  for- 170Yb at en erg ies:

L ater ca lcu la tion s, taking into account octu pole-octup ole in teraction , 
reduced the en er g ie s  of analogous le v e ls  in  168Yb and 172Yb by 0 . 3 'MeV; 
if  the sam e reduction  is  m ade in the c a se  of 170Yb, it can be expected  that 
the f ir s t  tw o-q u asip artic le  0" s ta te s  have an energy of about 1700-2000 keV. 
U nfortunately, attem pts to find 0~ s ta te s  which would correspond  to the 
ob served  1” le v e ls  are ham pered by the fact that it is  not known what the 
en ergy  d ifferen ce betw een 0" and 1' le v e ls  should b e . T ran sition s m ay be 
ob served  am ong the le v e ls  1̂  = 1", sev en  of which have a unique p osition  in  
the d ecay schem e (th ese are the tran sition s with no dots on the arrow s in  
F ig . 5). T h ese tran sition s m ay have the m ultipole ord er E0 + M 1+ E 2.
If of|-xP- >  a | 2 and > a ^ 1 , then it is  a lm ost certa in  that the E0 com ponent 
i s  p resen t. T h is cr ea tes  a new m ethod of com paring К values; for  if  
th ere  is  an E0 com ponent, then the К va lu es are id en tica l.

9. STATES WITH f  = 1 +

T heory does not p red ict the ex isten ce  of co llec tiv e  s ta tes  of the 1+ 
type — th ese  are the only c h a r a c te r is t ic s  which are not to be found in any 
c o lle c tiv e  sta te . It m ust be assu m ed  that a ll s ta te s  of th is  type are  tw o- 
q u asip artic le  s ta te s . They are v ery  seldom  found and u sually  l ie  above
1 M eV. In the decay sc h e m e s of 1963 th ere w as su ffic ien t ev idence to 
attest the ex isten ce  of only two le v e ls  of the 1+ type, nam ely 1966 keV in  
156Gd and 1430 keV in 178Hf.

Up to 1967, none of the ln = 1+ sta te s  w ere found to have rotational 
le v e ls ,n o r  w ere any of th e ir  p ro p ertie s  d eterm in ed . In 1967 Burke and 
Elbek found for 172Yb the rotational band I* = 1+ , 2 +, 3 +, 4 +, b ased  on a 
le v e l with the probable ch a ra c ter is tic s:

F o r  th is band, J(2008)/Jg = 1 .3 9 , i . e .  much m ore than 1, which is  not 
su rp ris in g  for  a tw o-q u asip artic le  le v e l.

In i70Yb sev en  le v e ls  of the 1+ type have b een  su c c e ss fu lly  identified  
(F ig . 6). D etection  of a large num ber of 1+ le v e ls  in 170Lu w as fac ilita ted  
by the decay c h a r a c te r is tic s  of th is nuclide, which has I ’r = 0 + , The allow ed  
d ecay of 170Lu could ex c ite  0+ and 1+ le v e ls ,  but iso b a r ic  forbidding r e 
duces se v e r a l thousandfold the probability  of d ecay to 0+ le v e ls ,  so  that 
allow ed decay only occu rs to 1+ le v e ls .  T h ese le v e ls  are  h igh -ly in g  and 
b ecom e m anifest only b ecau se of the v er y  high d ecay energy of 170Lu.

The authors of R ef.[3 ] detected  a rotational pair of le v e ls  1+ and 2+, 
nam ely the le v e l 1775.92 k e V (l+) and 1831.26 keV (2+) . F or th e se  le v e ls :  
J(1775)/ Jg = 1 .0 1 5 ± 0 .0 0 7 .

F o r  five  le v e ls  of the I" = 1+ type the ratio  B(M 1;1+ -*■ 2 g ) /B (M l;l+ “’ Og) 
can  be determ ined  accord ing to  the ra tio  of in te n s itie s  of K -con version

and

2 .0  MeV: p[523]t + p[404] 

2 .3  MeV: p[6 3 3 ]t +n[514]
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" ■ ' / К  /?? R¿
309207- - - - - - - - - - - - - - - - - - - - - I* I 0.37±008
29Ш - - - - - - - - - - - - - - - - - - - - - 1* I 0.70±0.06 0.7W26
2782A -----------------------/* I 0.60±0l2 1.3 iff.8

2533.5 --------------- :----- Г  0 1.71 m i

Ш »  ----------- -—  г  -№1.26 г- - - - - - - - - - - - - - - - - - - - - 2* I
177532 I----------------------------- 1 * I

Ю59.7 - - - - - - - - - r- - - - - - - - - - Г I OA

M.26
О 7777Т777777Г77777777Т0 0

FIG.6 . 1T0Yb states with I 17 = 1+. ,7°Yb

lin es  and com pared with A la g a 's  law s (assum ing that we are concerned  
with pure M l tra n sitio n s). T h ese ra tio s and the К va lu es obtained from  
them  are g iven  in F ig . 6. H ow ever, on analysing 1+ le v e l decay, it is  im 
p o ss ib le  to be su re  that the tran sition  1+ -* 2+ does not include an E2 com 
ponent, which would r a ise  the experim ent ratio  Rg o r E ¡ .
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D I S C U S S I O N

V .G . SOLOVIEV: To in v estig a te  the stru ctu re of the 1+ le v e ls ,  many 
of which have been ob served  in 1 7 0 Yb, it w ill be n e c e ssa r y  to perform  
d irect nucleon reaction  stud ies in  addition to the $ - 7  m ea su rem en ts. The 
study of the (d, p), (d, t), (3 He, d) and other n uclear reaction s a llow s u s to  
d eterm in e the m ixtu re of d ifferent tw o-q u asip artic le  sta te s  in the s ta te s  in  
question .

A .S . DAVYDOV: When you spoke about co llec tiv e  exc ita tion s you did 
not m ention 7 -v ib ration s with sp in  0 .

B .S . DZHELEPOV: In such n uclei as 170Yb th ese  s ta te s  probably lie  
higher than 2 MeV (see  F ig . 1 in  our paper).

V .G . SOLOVIEV: I should lik e to m ake two com m en ts. F ir s t ,  the 
d iff ic u lt ie s  o f the theory  are  p articu lar ly  great when studying sta te s  with 
K17 = 0+ . The stru ctu re of a ll  the K* = 0+ s ta te s  cannot be d escr ib ed  con
s is te n t ly . The d ifferent m ethods explain the fea tu res only of a few 0+ 
s ta te s . The co n sisten cy  d escrip tion  of the 0+ s ta te s  in  the fram ew ork of 
uniform  theory  is  a very  top ica l problem .
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Second, the n o n -co llec tiv e  s ta te s  with en erg ie s  up to 2 .5  MeV in the 
even-odd deform ed n uclei a re  d escrib ed  w ell in the fram ew ork of the m odel 
of independent q u a sip a r tic le s . The en erg ie s  of the tw o-q u asip artic le  
s ta te s  and th e ir  p rop erties a re  in  su rp ris in g ly  good agreem en t with those  
calcu lated  by us m ore than fiv e  y ea r s  ago. H ow ever, with in crea sin g  ex 
citation  energy the tw o-q u asip artic le  stru cture of the sta tes  b ecom es  
m ore and m ore com p lica ted . B eca u se  of the in teraction  betw een  the q u asi
p a rtic le  and the phonons tw o-q u asip artic le  s ta te s  are  spread over som e  
le v e ls .  Such a type of 1+ le v e l has been dem onstrated  by B .S . D zhelepov.
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Abstract — Аннотация

ANALYSIS OF Q U A D R U P O L E  AND OCTUPOLE COLLECTIVE STATES IN EVEN-EVEN NUCLEI. The 
collective vibrational states of even-even nuclei are investigated. The mathematical technique used is the 
quasiparticle random phase approximation.

In the first part information on the residual interaction obtained by the analysis of the calculations is 
discussed. The interaction constants of the residual multipole-multipole interaction used in different 
calculations are compared. Their closeness seems to indicate that a rather universal multipole-multipole 
force especially suitable for treatment of the vibrational states exists. The multipole-multipole force and 
the other schematic force ~ the surface delta interaction (SDI) — are compared. It is suggested that the 
main characteristics of the collective states (energy, В (E \)  value) are insensitive to the radial form of the 
residual interaction. Calculations of the octupole states in the spherical, nuclei with the' multipole-multipole 
force, the SDI and the usual 5-force seem to supportais assumption. .

In the second part, results of new calculations of the vibrational states in rare-eaith deformed nuclei 
are reported. The deformed Woods-Saxon potential instead of the Nilsson one was used. The description of 
the = 2+ states is satisfactory while agreement between simple theory and experiment for the octujxrie 
states is not so good.

АНАЛИЗ КВАДРУПОЛЬНЫХ И ОКТУПОЛЬНЫХ КОЛЛЕКТИВНЫХ СОСТОЯНИЙ В Ч Е Т 
НО-ЧЕТНЫ Х ЯД РА Х . И сследую тся коллективны е колебательны е состояния четно-четны х 
яд ер . В кач естве  м атем атической  техники применяется м етод случайных ф а з . В первой 
части обсуж дается информация об остаточном  взаим одействии, получаем ая при анализе р а с 
ч е то в . Сравниваю тся константы  остаточного  м ультиполь-м ультипольного взаим одействия, 
применяемые в различных р асч етах . Их близость у к азы вает  на сущ ествование 
сравнительно универсальной мультиполь-мультипольной силы, очень удобной для изучения 
колебательны х состоян и й . С равниваю тся две схем атические силы: м ультиполь-м ультиполь- 
ная и поверхностное ¿ -в заи м о д ей ств и е . П редпологается, что главны е характеристики 
коллективны х состояний (энергия , величины В(ЕХ)) не чувствительны  к радиальной форме 
остаточного  взаим одей стви я. Р асч еты  октупольных состояний сф ерических ядер с м ульти- 
поль-мультипольны ми силам и, поверхностным 6-взаи м одей стви ем  и обычной Ó-силой под
тверж даю т это  предполож ение. Во второй части приводятся р езультаты  новых вычислений 
колебательны х состояний редкозем ельны х деформированных яд ер . В м есто  потенциала Нильс 
сона применяется деформированный потенциал В у д са-С ак со н а . Описание состояний с Kff = 2 + 
явл яется  удовлетворительны м . В случае октупольных состояний согласи е простой теории 
с эксперим ентом  не столь хорош ее.

1. INTRODUCTION

The "m icroscop ic"  th e o r ie s  of c o lle c tiv e  exc ita tion s have been used  
by m any authors in  the study of quadrupole and octupole v ib ration s of the 
sp h erica l and deform ed even -even  n u c le i. In such th e o r ie s  u su a lly  the 
p a rtic le s  are supposed to m ove in a sh e ll-m o d e l potential, in teractin g  by 
a p airin g in teraction  of the superflu id  type and by a resid u a l in teraction  
(p a r tic le -h o le  in teraction ). T h is m eans that the H am iltonian is  of the 
form

H  _ H shell model +  H  pairing. +  H tesi<juai (1 )
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It is  w e ll known that there is  no s im p le  and straightforw ard m ethod  
for obtaining the resid u a l in teraction  from , for exam ple, the sca tter in g  
data of fre e  nucleon s. T h erefore — and for s im p lic ity  as w e ll — different 
sim p le  resid u a l in teraction s are  w idely u sed . U sing such sch em atic  
fo r c e s , it  is  p ossib le  to explain  b asic p rop erties (en er g ie s , tran sition  
p rob abilities) of the lo w -ly in g  co llec tiv e  s ta te s  in the m a ss  reg ion  in 
cluding sp h erica l as w ell as deform ed n uclei.

In the f ir s t  part (sec tio n s  2 -4 ) the sch em atic  fo r c e s  are analysed .
An attem pt is  m ade to answ er such q uestions as: D oes r e a lly  unique 
m u ltip o le-m u ltip o le  in teraction  ex ist?  Can one obtain som e inform ation  
on the rad ia l form  of the re s id u a l in teraction  from  the ca lcu la tion s of the 
co llec tiv e  sta tes?  If not, i s  th ere any connection between the in teraction  
constants of the fo rc es  with d ifferent rad ia l dependence?

In the second part of the paper the co lle c tiv e  s ta tes  in deform ed r a r e -  
earth  n u clei are d isc u sse d . The new re su lts  obtained in Dubna by m eans  
of the deform ed W ood-Saxon potential are com pared with new exp erim en ta l 
data.

The m ath em atical technique u su ally  u sed  in ca lcu lation s i s  the q u a si- 
p a rtic le  Random P h ase Approxim ation (RPA) or a s im ila r  one. S ince the 
th eory  is  w e ll known [ 1, 2 ] , only the b asic  defin itions and equations are  
given h ere , in  ord er to se e  which p aram eters are needed for the actual 
n u m erica l ca lcu la tion s.

The sy stem  of equations for  the d en sity  m atrix  is  sch em a tica lly  as 
fo llow s:

u Z i2.= (E i + Ег) z 12 + tu iv2 + VjUa) S <  14 I Г
34

u Z 12 = (E l + E2) Z-2 + (Ulv2 - v1u2)J )<  14 I Г
34

H ere the quantity (uiv2 ± v iu 2) Z i2 i s  that part of the d en sity  m atrix  which  
is  even  (odd) under the tim e conjugation. E i = + A2) is  the q u asi
p artic le  en ergy . The sym b ols £i, e2 denote the s in g le -p a r t ic le  en er g ie s , 
counted off the ch em ica l potential,

The index 1 d esign ates a ll the relevant s in g le -p a r t ic le  quantum num bers  
includ ing rz . The quantities О 4 | Г | 23 У are  the m atrix  e lem en ts  of the 
resid u a l in teraction . When the Z-f2 are prop erly  norm alized  then the 
m atrix  elem en t of EJ tran sition  is

M (EJ) = ^ e 12V12(Ulv 2 + v ^ )  Z ¡2 (3)
12

where V denotes the m ultipole operator EJ and e 12 the corresponding  
charge.

In Eqs (2) there are two groups of p aram eters. The f ir s t  contains  
the ch a r a c te r is tic s  of the average field; they affect the s in g le -p a r tic le

I 23 >(u3v4 + v3u4) Z34

i 23 ) (U 3V4 - VgU  ̂Z,
(2)

'34
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en er g ie s  Ci and the s in g le -p a r t ic le  w ave-functions used  for  the ca lcu la 
tion  of the m atrix  e lem en ts . The other group of p aram eters is  connected  
with the resid u a l in teraction  and in clu d es the functional form  of the in te r 
action and the in teraction  con stan ts. The ch o ice  of the p a irs  of s ta te s
1, 2, which form  the co lle c tiv e  sta te , is  a "hidden" p aram eter . If only  
a re str ic te d  se t  of s ta tè s  i s  taken a m odified  resid u a l in teraction  and 
effec tiv e  ch arges m ust be u sed .

2. M ULTIPOLE-M ULTIPOLE FORCE

It is  w e ll known that con sid erab le  p ro g re ss  has been ach ieved  in 
explain ing the m ain c h a r a c te r is t ic s  of the co lle c tiv e  v ib ration al s ta te s  
u sin g  the m u ltip o le-m u ltip o le  fo rce  as the resid u a l in teraction  (s e e , for 
exam ple, R efs [ 3 -8 ] ) .  In such a c a se  the operator T in  Eq. (2) has the 
form

Г = (к + к' Tj Tg ) r j • r^ • YXfi (*,) • YXjj (-Да) (4)

(X = 2 for the quadrupole s ta te s , X = 3 for  the octupole o n es). When the 
an tisym m etriza tion  of the m atrix  e lem en t <Д4 | Г | 23 У i s  d isregard ed  
(a s i s  u su a lly  the ca se) a r e la tiv e ly  sim p le  d isp ers io n  equation is  obtained  
and no m atrix  d iagonalization  i s  needed. T h is en ab les us to u se  Eqs (2) even  
with the deform ed n u clei, w here o th erw ise  the ord er of m a tr ice s  i s  too 
la r g e .

The quantity к' in  Eq. (4) has lit t le  in fluence on the p ro p erties  of the 
lo w -ly in g  s ta te s . In p ra ctica l ca lcu la tion s к1 is  u su a lly  s e t  equal to zero  
( i.  e . Knn = Kpp = Knp = к ). Thus, with the p aram eters d escr ib in g  the 
average fie ld  a lread y fixed  or taken from  other ex p erim en ts, only the 
in teraction  constant к rem ain s as an u nsp ecified  p aram eter .

In Table I the quadrupole-quadrupole and octu pole-octup ole in teraction  
constants u sed  by d ifferen t authors are co llec te d . In colum ns 2 and 4 the 
quantities k ( к = k /A 5/ 3 MeV), obtained in ca lcu la tion s with a re str ic te d  
se t  of s in g le -p a r t ic le  s ta te s  (one or two sh e lls )  are given. In colum ns 3 
and 5 the va lu es of k ^  and k ^  without ren orm aliza tion  are shown. The 
va lu es in the table com e from  som ew hat d ifferent so u r c e s . The num bers 
in  lin e s  1-3  com e from  the ca lcu la tion s of the sp ec tra  of sp h er ica l nuclei, 
in  lin e s  4 -7  from  the sp ec tr a  of deform ed n uclei and in lin e s  8 -9  from  
ca lcu la tion s of the equ ilibrium  d eform ations. F in a lly , in lin e  10 there  
i s  an estim ation

= ^ T T  - — —  -  (5)
T ¿

2
Mu)rt

2X+ ! a <_2\-2

from  Ref. [ 2 ] .  S om etim es a dependence of к on A d ifferen t from  ~  A '5/3 
w as u sed . In such a c a se  the /evalúes w ere extrapolated  to A = 165.

It is  seen  that the num bers in the r e sp ec tiv e  colum ns are c lo se  to 
each other (the /3-v ib ra tion s being a sp e c ia l and d ifficu lt prob lem ). The 
ren orm alization  g ives a reason ab le factor of 2 -3 . The r e su lts  shown in
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TABLE I. QUADRUPOLE AND OCTUPOLE INTERACTION 
CONSTANTS USED BY DIFFERENT AUTHORS. THE QUANTITIES 
k W  = . a 5/3 MeV ARE SHOWN

C o l.l C o l.2 Col.3 Col.4 Col. 5

References k (2) k(2)K renorm. K unrenor m , k(3) k(3) лгепогш. ninrenorm*

Line 1 Yoshida [3] 100

Line 2 Kisslinger-Sorensen [4] 200-300

Line 3 Veje [111 15

Line 4 Soloviev [ 8] 340 26

Line 5 Soloviev et al. [ 12] 270 19

Line 6 Bes, fi-vibrations [ 6] 150

Line 7 Beset a l.,  y -vibrations[T] 320 160

Line 8 Bes-Szymanski [9] 100

Line 9 Kumar-Baranger [ 10] 280

Line 10 Bohr-Mottelson [2] 100 12

the table seem  to support the assum ption of the ex isten ce  of ràther u n i
v e r s a l m ultip o le-m u ltip o le in teraction , sp ec ia lly  su itable for calcu lation  
of the c o llec tiv e  s ta te s .

3. SURFACE DELTA INTERACTION AND THE M ULTIPOLE- 
MULTIPOLE INTERACTION

The other w idely  used  schem atic force , the Surface D elta Interaction  
(SDI), is  even s im p ler  than the m ultip o le-m u ltip o le one. Its operator  
form  ( i .e .  the Г in E q.(2))is-

r (r i2) = - a ( c o s 0 12- l )  6 (ri - R) . 6 (r 2 - R). (6)
(Rouo)

H ere R0 is  the nuclear radius, u0 the am plitude of the s in g le -p a r tic le  w ave- 
function on the n uclear su rface , and F the in teraction  constant.

The m atrix e lem en ts of the SDI are sep arab le . M oreover, the SDI 
contains a ll m ultip oles and in princip le it could d escr ib e  a ll the c o r r e la 
tion e ffec ts  [ 13 ] (pairing p rop erties, v ib ration s). E xten sive n um erica l 
ca lcu la tion s made by F a e s s le r  and P lastin o  [ 14, 15] have shown that the 
r e su lts  with the SDI are as c lo se  to experim ent as e a r lie r  r e su lts  
with the m u ltip o le-m u ltip o le  fo rce .

Thus two fo r c e s , with rather d ifferent radial dependence, can e x 
plain an ex ten sive  éxp erim en ta l m ateria l. This se em s to m ean that only
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v er y  gen era l fea tu res of the resid u a l'in teraction  ( e .g .  m ea n v a lu e  of the 
rad ia l m atr ix  elem en t) are im p o rta n tfo r  the determ ination  of the b asic  
(coherent) p ro p erties  of the co lle c tiv e  s ta te s .

If th is is  the case , the ratio  of the r e sp ec tiv e  in teraction  constants  
should be equal to the m ean rad ial m átr ix  e lem en t. T his is  r e a lly  so, 
as is  seen  from  Table II. The d isp ers io n  of va lu es in colum ns 3 and 4 
is  quite sm a ll. Note that the s im ila r ity  of the r e su lts  with the SDI and 
the m u ltip o le-m u ltip o le  in teraction  could be understood from  another 
point of v iew  too. In the rad ia l m atr ix  elem en t

oo

J u j i r )  r X u2( r ) r 2 dr 
0

the integrand has a sharp m axim um  around r = R0 and is  th ere fo re  s im ila r  
to the 6 (r  - R0) function.

4. OCTUPOLE COLLECTIVE STATES IN Sn AND Zr ISOTOPES

An attem pt w as m ade to estim a te  the im portance of the resid u a l 
in teraction  rad ial dependence for the co lle c tiv e  s ta te s  of sp h e r ic a l n uclei 
too. F or th is purpose, we have ca lcu la ted  the en er g ie s  of the octupole  
s ta te s  and the tran sition  p rob ab ilities u sin g  the octu p o le-octu p o le  force, 
the SDI and the u sual 6 - fo rce  [ 1 6 ] .  Thus, the Hresj(juai in E q .( l )  or the 
op erator Г in E q .(2 ) had the form

H  residual = ( f  +  f ’V 2) V  ( ? 1.  ? 2 ) ( 7 )

with V fr^  r2) equal to

r^ . r2 • Y3(j (tf-J • Y3 (\>2) for octu p o le-octu p o le  force

0 ( 1^ - r 2) • 6 ( r i " Ro) f ° r SOI

6 ( г г - r2) for the 6 -fo rce
/

We took f ' / f  = - 0 .5 ,  which corresp on d s approxim ately  to the in teraction  
of the S erb er type. The constants w ere fitted  so as to obtain the sam e  
en ergy  for the f ir s t  I* = 3~ sta te in  116Sn. A ll the other p aram eters w ere  
taken from  R ef. [ 11 ] .

The r e su lts  for  the Sn iso to p es  are shown in F ig . 1, the re su lts  for  
Zr being v er y  s im ila r . It i s  se e n  that with d ifferent types of re sid u a l 
in teraction  we obtained p ra ctic a lly  the sam e e n er g ie s  and even the c o r 
responding tran sition  p rob ab ilities w ithin rath er narrow  lim its .

Thus, from  the point of v iew  of the ca lcu la ted  s ta te s  a ll m entioned  
in teraction s are eq u ivalen t. T h is m eans that the stren gth s of the in te r -
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TABLE И. THE MEAN RADIAL MATRIX ELEM ENT (COL. 2), THE 
QUANTITY A -F , F BEING THE SDI INTERACTION CONSTANT 
(COL. 3), AND THE QUANTITY F' = А- к - ! ц /4 т г  (C O L .4)

C o l.l  C ol.2 Col.3 C ol.4

R ij F (M e V )  F '( M e V )

Rare-earths, quadrupoles 5 .7  27,5 29,6

Rare-earths, octupoles 15.5 34,0 36,0

Actinides, quadrupoles 6 ,4  29,4 34.5

Actinides, octupoles 18.0 33.5 29.0

Ш )  («r7¡?e W J  
ю h

i t o ,  m , Hàsn œsn %  msn wsn &sn &sn &sn

F IG .l. The energies of the first and second collective states in Sn isotopes (left) and the corresponding 
B(E3) values (right).
Notation: •-----------------6 - force

— --------------surface delta interaction
—•—  •— octupole-octupole force

TABLE III. INTERACTION CONSTANTS (IN hu0 ) FOR DIFFERENT  
FORCES

Interaction f f  fv^

6-function -2.63 1.31 0.130

Sn SDI , -0.128 0.064 0.125

oct-oct -7 .4  X 10" 1 3 .7  X10”4 0.115

6-function -2.21 1.10 0.130

Zr SDI -0.121 0.06 0.120

oct-oct -8 .4  X 10 "4 4 .2  X 10-4 0.110
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action and the en er g ie s  of the lo w -ly in g  tw o-q u asip artic le  s ta te s  have 
the d e c is iv e  effec t.

The in teraction  constants used  in the ca lcu la tion s are co llec ted  in 
T able III. They are c lo se  (within 20% lim it)_to those u sed  by other  
authors. In the la s t  colum n the quantities fVR (VR‘is  the m ean value of 
the rad ia l m atrix  elem en t) are given. The s im ila r ity  of th ese  va lu es  
illu s tr a te s  once m ore that the r e su lts  are independent of the rad ia l form  
of the resid u a l in teraction .

In the au th or's opinion, the s im ila r ity  i s  a lso  the connection  that has 
been sought between d ifferent in teraction s and a cr iter io n  for the "right" 
resid u a l in teraction  as w ell.

5. COLLECTIVE VIBRATIONAL STATES IN THE RARE-EARTH  
DEFORMED NUCLEI

R ecently many new exp erim en tal data, based  m ostly  on the (d, d1) 
exp erim en ts done at the N ie ls  Bohr Institute [1 8 ] , have b ecom e availab le. 
Thanks to these exp erim en ts on e's knowledge of the e n er g ie s  and c o r r e s 
ponding B(E2) va lu es for the К"' = 2+ y -v ib ration a l sta te s  is  a lm ost co m 
p lete . The only exception  is  the B (E 2) va lu es in Hf, W and Os iso to p es, 
w here only two exp erim en ta l points ex ist  nowadays. The exp erim en ta l 
evidence of the n egative parity  sta tes  is  l e s s  com p lete. N ev e rth e less ,  
the en erg ie s  and the B (E 3) va lu es of 1  ̂ = 3” sta tes  have been m easured  
for many n uclei in the reg ion  con sid ered . Unfortunately, the K -valu es  
are known only exceptionally .. The rotational bands, based  on the octu 
pole sta tes , are often d istorted  or, if  they fo llow  the 1(1 + 1) ru le, their  
m om enta of in ertia  are con sid erab ly  la r g er  than the m om enta of the 
rotational bands based  on the ground s ta te s  or quadrupole v ib ration s.
T his se em s to mean  that som e other in teraction  ( e .g .  c o r io lis  coupling) 
is  im portant in th is c a se  and we cannot expect v ery  c lo se  agreem ent 
between experim ent and sim p le  theory.

Thfe author would lik e  to d escr ib e  h ere  b r ie fly  the re su lts  of recent 
ca lcu la tion s m ade in Dubna [12 ] and to com pare them  with the exp erim en ta l 
in form ation  just m entioned.

The N ilsson  potential was used as the average fie ld  in the previous  
calcu lation s [ 8 ] .  H ow ever, the W ood-Saxon potential, with its  proper  
asym ptotic behaviour of the w ave-functions, should be c lo se r  to the "right" 
average fie ld . The sim p le  m ethod of ca lcu la tin g  en ergy  le v e ls  and w ave- 
functions in a deform ed W ood-Saxon w ell su ggested  in R ef, [ IV] p erm its  
such a potential to be u sed  for p ractica l ca lcu la tion s.

In F ig s  2-4  the re su lts  of the ca lcu la tion s are co llec ted  and com pared  
with the ex p erim en ts . D uring the ca lcu lation s the m a ss-n u m b er A de
pendence of the W ood-Saxon potential as w ell as the change of the d e
form ation from  nucleus to nucleus w ere p roperly  taken into account. The 
m u ltip o le-m u ltip o le  in teraction  constants к ^ а г е  p ra ctica lly  independent 
of the form  of the average fie ld , provided the quantity ^ r2)1 has the right 
valú e. Note that th ere is  no su bstan tia l d ifferen ce between the r e su lts  
obtained with the W ood-Saxon and N ilsso n  p oten tia ls. Let us sh ortly  . 
com m ent on the p articu lar r e su lts .
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FIG.2. The energies (bottom) and the B(E2) values(above) of the К 71* = 2+ states. Isotopes of the same 
elements are connected.
Notation: theory; experiment

FIG.3. The energies of the first (bottom) and second (above) octupole states. Notation as for Fig.Z.

The KT = 2* у  -v ib ration s

A s is  seen  from  F ig , 2, v er y  sa tis fa c to ry  agreem ent between theory  
and experim ent is  ach ieved . Not only the gen era l behaviour but even the
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change from  one iso top e to another i s  p roperly  d escrib ed . H ow ever, the 
pred icted  in cr ea se  of the en ergy  of the K* = 2+ sta te s  after A = 166 is  
fa s te r  than the exp erim en ta l one. S im ilarly , the B (E 2) va lu es for Er 
iso to p es  are low er than the m easured, va lu es. For. n uclei with N = 106 
the exp erim en ta l d ecr ea se  of the energy is  not obtained in the ca lcu la 
t io n s . In 172Yb, as in  previous ca lcu la tion s, two lo w -ly in g  = 2 + 
s ta te s  are predicted: a co llec tiv e  one and a tw o-q u asip artic le  n 5 1 2 |-  
n521i state .

FIG.4. The sum of the B(E3) values for the octupole Kïï = 0", 1", 2“ states. Notation as for Fig.2.

Octupole sta tes

The en erg ies  of the f ir s t  and second octupole sta tes  are shown in 
F ig . 3. The exp erim en ta l va lu es correspond  to the I* = 3" sta te s  [1 8 ],  
while the ca lcu lated  en er g ie s  correspond  to the b asis  of the rotational 
bands. T h erefore, the th eo re tica l points should lie  100-150 keV below  
the exp erim en ta l on es. In the calcu lations one p red ic ts, of cou rse , the 
К -value for each of the s ta te s . Thus¿ in Sm iso top es the low est are 
К = 0 sta tes  and the К = 1 ones are h igher. In Gd and Dy iso to p es the 
f ir s t  s ta te s  have К = 2 and the second К = 0. In E r and Yb the order is  
К = 2, К = 1. F in ally , in som è of the h eav ier nuclei the ord er is  К = 2,
К = 1, w hile in others it is  К = 1, К = 2. O verall agreem ent is  obtained; 
how ever, a lot of d eta ils  need further explanation (e . g. the en erg ie s  in 
the Dy iso to p es).

As has already been m entioned, it is  assum ed  that the octupole sta tes  
are not very  pure. T h erefore we com pare only the fu ll ca lcu lated  B(E3) 
strength with the exp erim en ta l value (F ig . 4). It is  seen  that the a g r e e 
m ent is  rather good. Let us note that the expected  in c r e a se  of the 
£ B (E 3 ) Í 18] at the end of the con sid ered  region  is  not confirm ed in the 
ca lcu la tion s.
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Let u s d ivide the quantities d escrib in g  the co llec tiv e  v ibrational 
s ta te s  of even -even  n u clei into two ca te g o r ie s . The f ir s t  in clu d es "integral"  
quantities (en ergy , B (E X )-va lu e , a  -tran sition  probability); they are c o 
herent sum s of a ll the co lle c tiv e  state com ponents. In the second  
category  there áre "differential" quantities (sp ectro sco p ic  fa c to rs , log  
(ft) v a lu es, n o n -co llec tiv e  у -tran sition  ra te s , e tc . ) u su a lly  proportional 
to one com ponent of the co lle c tiv e  sta te .

In the f ir s t  part of th is paper it was shown that the in tegra l quantities  
are p ra ctica lly  independent of the rad ial form  of the resid u a l in teraction , 
provided that the m ean rad ial m atrix  elem en t has the p rescr ib ed  value. 
P robably only a v ery  carefu l an a lysis  of many "differential" quantities  
can se le c t  the "right" resid u a l in teraction .

The second part of the paper shows the s u c c e s s e s  as w ell as the 
lim ita tion s of our understanding of the v ib ration al s ta te s  in the ra r e -  
earth  deform ed n u c le i. C areful calcu lations g ive sa tis fa c to ry  agreem ent 
with experim ent for the K* '= 2+ у  -v ib ration a l s ta te s . F or the octupole 
s ta te s , although gen era l agreem ent is  obtained, m any d eta ils  need  further  
explanation.

6 . CONCLUSIONS
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D I S C U S S I O N

V. GILLET: You have shown excellen t agreem en t for the octupole  
s ta te s  o f s in g le  c lo sed  sh e ll n u c le i. Was your ca lcu lation  lim ited  to
2 -q u a sip a rtic le  exc ita tion s of the outer sh e ll or did you include p a r t ic le -  
hole exc ita tion s of the core? Did you u se  any effec tiv e  charge?
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P . VOGEL: We u sed  a ll the p a r tic le -h o le  s ta te s  with an energy  
l h u 0 . The e ffec tiv e  charge e ef¡ = 0 .1  e com es from  the sta te s  with energy  
3 fiu 0 . It has a lread y been calculated! by V eje.

A. S. DAVYDOV: Did you take rotational co lle c tiv e  s ta te s  into account?
P . VOGEL: No, the rotational s ta te s  w ere not taken into account.
A. S. DAVYDOV: You have m entioned gam m a-vib rations with spin 2 +.

In th ese  s ta te s  the rotational s ta te s  cannot be separated  from  vibrational 
o n es. . ■

P . VOGEL: I think the en erg ies.an d  absolute B(E2) va lu es are not ■ 
v ery  se n s itiv e  to rotational ad m ixtu res.

A. S. DAVYDOV: C o llective  excitations are related  to the variations  
of the s e lf-c o n s is te n t  fie ld . In a ll m icro th eo r ie s  the ca lcu la tion s are  made' 
in  the'.constant s e lf-c o n s is te n t  potentia l. In the con sisten t theory  one 
should take into con sid eration  the variations of the se lf -c o n s is te n t  potential 
due to co llec tiv e  ex c ita tio n s. Have you taken th is effect into account? .

P . VOGEL: No, th is  effect was not taken into account. I agree that in 
a v ery .co n s isten t theory it should be taken into account.

B .L . BIRBRAIR: On what basis', (perhaps you had sp e c ia l rea so n s for 
th is) have you not taken into account resid u a l in teraction  in th e .p a r tic le -  
p artic le  channels in. the sta te 2 + ? F or in stance, in the .case of the f ir s t  2+ 
le v e l in  m agic iso to p es ( e .g .  in Sn iso top es) just th is in teraction  is  of - 
sp ec ia l im portance. A ccording to our recent re su lts , the p a r tic le -h o le  • 
in teraction  does not a ffect e ith er the energy or B(E2) in th is  c a s e .

P . VOGEL: We did not ca lcu la te  the 2 + . sta te s  in  Sn, but the 3' s ta te s . 
H ow ever, I-do not understand how the in teraction  in th e -p a rtic le -p a r tic le  
channel can.enhance the B (E2). . . ■

B. L. BIRBRAIR: In Sn iso to p es  no such enhancem ent .is ob served . In 
th ese  iso to p es B(E2) d oes not exceed  five on e-p a r tic le  u n its . At th é -same 
tim e th ere a r e  about th irty  B(E2) (in the sam e units) in neighbouring double 
non-m agic n uclei.

KRISHNA KUMAR: I would lik e  to com m ent on your statem ent con cern 
ing the rad ial dependence of the quadrupole in teraction . T his rad ial d e
pendence is  perhaps not very  im portant if one in clu d es only a few sta tes  
near the F er m i su rface in the ca lcu lation . H ow ever, the m a tr ix -e lem en ts  
connecting sta te s  far away from  the F er m i su rface , for exam ple th ose of 
the sh e ll above and below  the m ajor one and the N = 2 m atrix  e lem en ts, are  
quite se n s itiv e  to the rad ial dependence. T h ese m atrix  e lem en ts are p ar
ticu la r ly  im portant for the tran sition a l n uclei.

P . VOGEL: I do not think so . M atrix elem en ts are u su ally  included  
in the sum s over a ll tra n sitio n s . Thus, som e averaging takes p lace and 
the radial dependence i s  not shown d istin ctly .

A. BOHR: The d ifferent in teraction s con sid ered , su rface delta and 
volum e delta, although gen era lly  s im ila r , d iffer  s ign ifican tly  in the ra tios  
of p a r tic le -p a r tic le  in teraction  (pairing) and p a r tic le -h o le  in teraction  (field  
effect). The co llec tiv e  sta te s  are expected to be rather se n s itiv e  to th ese  
ra tio s .

P . VOGEL: In the calcu lation , d ifferent forces, w ere used only in the 
p a rtic le -h o le  channel. F or pairing force  the standard approxim ation  
G = con st, was used in a ll c a s e s .

S .T . BELYAEV: In the quadrupole and octupole sta te s  considered  the 
in teraction  in the p a r tic le -h o le  channel p red om inates. H ow ever, for quan
tita tiv e  ca lcu la tion s, analogous in teraction s in the p a r tic le -p a r tic le  channel 
m ust be taken into account. The ca lcu lations perform ed by B elyaev  and
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R um yantsev show that taking them  into account resu lts  in an effec tive  
variation  of the quadrupole constant from  nucleus to nucleus (up to 25%) 
and in a s t il l  m ore ap preciable change of tran sition  p rob ab ilities.

P . VOGEL: We hope that th is effect could be included, at le a s t  partly, 
in a renorm alization  of the in teraction  constant. In the mentioned c a l
cu lations the la tter  is  a fre e  param eter.

M. GMITRO: At ICTP in T r ie s te  we have com pared the re su lts  of
2 -q u asip artic le  and 4 -q u a sip a rtic le  th eo rie s  (including corre la tion s with 
the ground state) of tin  iso to p es . R easonable stab ility  of the low est part 
of the spectrum  against the in clu sion  of 4 qp excitation  has only been found 
in the ca se  of resid u a l in teraction  deduced from  a r e a lis t ic  potential 
(Tabakin, Y ale). On the other hand, sp ectro sco p ic  re su lts  in the c a se  of 
n o n -r e a lis t ic  (quadrupole-quadrupole and G aussian  fo rc es  in our exp erience)  
resid u a l in teraction s could be rather se n s itiv e  to the in clusion  of 4 qp 
excitation .

P . VOGEL: As I understand it, you have included only neutrons in the 
open sh e ll . So your 2 qp configuration sp ace is  very  re str ic te d . I do not 
think that the sen sitiv ity  you have m entioned occu rs in ca lcu lations with 
le s s  re str ic te d  2 qp configuration sp ace as in our ca se .

V .G . SOLOVIEV: I would lik e to rem ark that, as has been  shown by 
the ca lcu lations of Jo los, Zheleznova, F a in er and m y se lf  for stron gly  d e -  . 
form ed nuclei, the adm ixtures of two-phonon com ponents to one-phonon  
sta tes  are rather sm a ll.

As regard s the accu racy  in ca lcu lating one-phonon sta te s , th is is  
g rea tly  re str ic te d  by the very  approxim ate d escrip tion  of the m ean fie ld . 
The need to go beyond the q u asi-b oson  approxim ation fram ew ork is  m ost 
noticeab ly  seen  when d escrib in g  s ta te s  with en erg ie s  much low er than the 
f ir s t  pole of the corresponding secu la r  equation.
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Abstract — Аннотация

EXPERIMENTAL DECOMPOSITION OF THE WAVE-FUNCTIONS OF DEFORMED NUCLEAR STATES 
INTO THEIR COMPONENTS. Increasing experimental and theoretical evidence for the complexity of low- 
lying states in deformed nuclei suggests the need for a variety of experimental approaches. The available 
experimental methods are summarized with particular emphasis on multi-reaction spectroscopy as a method 
of separating various components in the structure of deformed nuclear states. Level structures and other 
experimental parameters of 162Dy, 177Hf, 175Lu and 177Lu agree well with the Nilsson Model and the calculations 
of Soloviev as is typical of the most strongly deformed nuclei. In this paper emphasis is placed on nuclei in 
the transition region between spherical and deformed nuclei where experiment is expected to test the theory 
most severely. Experimental data on 153Sm, ]55Gd, 186Re and 181Hf indicate the presence of strong coriolis 
coupling, of mixing of principal harmonic oscillator shells (&N=2 mixing) and of complex phonon admixtures 
in low-lying states which probably require more sophisticated theoretical analysis.

ЭКСПЕРИМЕНТАЛЬНЫЙ АНАЛИЗ ВОЛНОВЫХ ФУНКЦИЙ СОСТОЯНИЙ ДЕФОРМ ИРО
ВАННЫХ ЯДЕР ПО ИХ КОМПОНЕНТАМ. В озрастание экспериментальной и теоретической 
информации о сложности низколежащих состояний в деформированных ядрах требует р азн о
образия экспериментальны х подходов. Резю мирую тся развиты е для этого  эксперим енталь
ные методы , и в частности , вы деляется спектроскопия.реакций многонуклонных передач как 
метод выделения различных компонент в структуре состояний деформированных яд ер . С трук
тура уровней и другие эксперим ентальны е парам етры  162Dy, 177Hf, 175Lu и 177Lu хорошо со 
гласую тся с моделью Нильссона и расчетам и .Соловьева, что является  характерны м  для 
большинства сильно деформированных яд ер . Заостряется внимание на ядрах переходной 
области, от сферических к деформированным, где ож идается, что эксперимент подвергнет 
теорию наиболее строгом у испытанию. Экспериментальные данные n o 153Sm, 155Gd, 186Re и 
18iHf указы ваю т на сильную кориолисову с в я зь , смешивание главны х оболочек гарм оничес
кого осциллятора (AN = 2 смешивание) и сложные фононные примеси в низколежащих со с то 
яниях, что потребует, по-видимому, более кардинального теоретического  ан али за .

I. INTRODUCTION

In the la s t  two d ecad es there has been an exp losive  developm ent in 
both our exp erim en ta l and th eo retica l understanding of the sp ectroscop y  
and stru ctu re of n u c le i. T his developm ent has been p articu lar ly  sp e c 
tacu lar for deform ed n uclei a s a d irect outgrowth of the re se a rch  of Bohr 
and M ottelson  [1] and the Copenhagen School. F rom  knowledge of one or 
a few  sta te s  in a few n u clei our experim ental efforts have led  to knowledge' 
of lite r a lly  hundreds of s ta te s  in the f ir s t  two or th ree  MeV of many 
n u cle i. Often the s ta te s  are quite com plex. To a v er y  con sid erab le  ex 
tent the.theory  has kept pace with experim ent - f ir s t  through the N ilsso n  
M odel [2], then through a pairing plus quadrupole m odel developed in 
d eta il by K iss lin g er  and Sorensen  [3] and fina lly  through the d étailed  ap
p lication  of the m icro sco p ic  m odel to the deform ed region  by S oloviev  • 
and co llab orators [4], and by B è s  and Yi-Chung [5].

71
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We w ill attem pt to understand how the exp erim en ta list u se s  the to o ls  
at h is d isposa l to ca teg o rize  com plex n uclear s ta te s . A fter d escrib in g  
the m ethods and their u se s , a few  c a s e s  of nuclear sp ectra  are p resen ted , 
w here con sid erab le agreem en t between experim ent and theory has been  
found. H ow ever, the m ain aim  of. th is paper is  to show the "growing 
edges" and, th ere fo re , many of the rem aining d ifficu lties in our study 
of the sp ectroscop y  and stru ctu re of deform ed n u c le i. A ccord ingly , we 
w ill attem pt to deal with th ose reg ion s w here experim ent and theory are  
not in the b est agreem en t. We w ill em p hasize with our exp erim en ta l 
data th ose a sp ec ts  of the n uclear theory which m ay not be sa tis fa cto ry .
We w ill ch oose those reg ion s of the n uclear p eriod ic table - p articu lar ly  
in  the tran sition  region  betw een sp h erica l and deform ed n uclei in which  
the deform ation is  not so w ell developed - w here nuclear m odels are  
expected  to have the m ost d ifficu lty . It should, how ever, be kept c lea r ly  
in mind that for the m ost part we have chosen  to n eg lect the large  body 
of nuclear data which is  in exce llen t agreem ent with nuclear theory  and 
a lread y at th is  tim e stands as one of the outstanding ed ifices  of m an's 
ab ility  to understand nature.

II. EXPERIM ENTAL METHODOLOGY

(1) The problem

A very  w ide v ariety  of sp ec tro sco p ic  inform ation d eterm in es the 
c h a r a c te r is t ic s  of any one n u clear sta te . F o r  even -even  n uclei there  
are  the p o ss ib ilit ie s  of 0, 2, 4 . . . q u asip artic le  s ta te s . F or odd-A 
n u clei, there are 1., 3, 5 . . .  q u asip artic le  s ta te s . F o r  odd-odd n uclei
2, 4, 6 . . . q u asip artic le  s ta te s . In addition, th ere  i s  a wide va r ie ty  of 
neutron and proton sta te com binations p o ss ib le  in each c a s e . T h ere is  
the p a r tic le -h o le  nature of the sta te . Superim posed on each in tr in sic  
sta te is  a rotational band, although in the tran sition  region  th is ro ta 
tion a l band m ay be so disturbed and m ixed as to be a lm ost unidentifiable. 
T h ere are a lso  vibrational sta te s  - quadrupole, such as the and y 
shape v ib ration s, the pairing v ib ration s, octupole v ibrations and h igher 
m ultip ole v ib ration s which ob viously  e x is t , but have not yet been ob served . 
In the m icro sco p ic  m odel th e se  v ib ration s can be d escrib ed  in ter m s of a 
su p er-p osition  of h igher q u asip artic le  s ta te s .

F in a lly , many of th ese  d ifferent kinds of s ta te s  m ay be (and a lm ost 
alw ays are) m ixed in som e d eg ree . D ifferent in tr in sic  sta te s  with the 
sam e num ber of q u asip artic les m ay m ix via c o r io lis  coupling, for  
exam p le. The vibrations m ix with in tr in sic  s ta te s . In the ca se  of an 
odd-A n ucleu s, one often finds a 1 q u asip artic le  in tr in sic  state with con
s id era b le  adm ixture of a K -2 g am ma  vibration which m ay be thought of 
a s  an adm ixture of variou s 3 q u asip artic le  s ta te s  into the 1 q u asip artic le  
s ta te . In h igher energy sta te s  in p articu lar , it is  com m on that there  
w ill be se v e r a l com ponents in  a p articu lar sta te . The question  to which  
we now ad d ress o u rse lv es  is: How can we sy stem a tica lly  study th is  
com plexity?
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(2) D ecay sch em e m ethods

T radition ally , the sp ectroscop y  of nuclear sta tes  has been studied  
by decay sch em e m ethod s. T h ese  have included the variou s typ es of 
beta decay, alpha decay, and gam m a decay follow ing iso m e r ism , alpha 
or beta decay. In sp ite  of the fact that decay sch em e m ethods, because  
of se lec tio n  ru le s , populate re la tiv e ly  few  sta tes  in a n u cleu s, the method 
continues to have con sid erab le  value b ecau se of the d etailed  inform ation  
which can.be obtained from  the sta te s  which are populated. F o r  exam ple, 
the observation  of an "allow ed unhindered" (au) beta decay with its  a c 
com panying low  log ft value can c le a r ly  indicate even a sm a ll com ponent 
of a p articu lar sta te related  to the decaying sta te . T here are many ex 
a m p les of th is phenomenon including at le a st  one p resen ted  to th is con
feren ce  by Bunker and co lleagu es [6]. Gamma tran sition  probability  
ra tio s  or ab solute tran sition  ra te s  can c le a r ly  indicate К va lu es or 
m ixed К va lu es, c o r io lis  coupling, or vibrational com ponents in a sta te . 
Low hindrance fa c to rs  in alpha decay a lso  in dicate the p resen ce  of com 
ponents in d irectly  populated s ta te s  which are s im ila r  to the alpha d e
caying sta te . B e ca u se  se v er a l exam p les'o f the u se  of decay sch em e  
sp ectroscop y  for identifying com ponents of nuclear w ave-functions w ill 
be p resen ted  to th is  con feren ce, no sp ec ific  éxam p les w ill be presented  
in th is paper.

(3) N uclear reaction s

Table I p resen ts  som e of the p o ss ib le  n uclear rea ctio n s on various  
ta rg e ts  together with the type of sta te s  which can be populated. It is  
c le a r ly  obvious that a la r g e  v ariety  of d ifferent q u asip artic le  s ta te s  can 
be populated, p articu lar ly  w here a wide variety  of n uclear reaction s are  
used . On the other hand, often h igher q u asip artic le  s ta te s  cannot be 
populated. It should a lso  be noted that it i s  often n e c e ssa r y  to. use  
se v e r a l reaction s even to populate the few er  num bered q u asip artic le  
s ta te s . In addition, Table I in d ica tes the im portance of Coulomb ex c ita 
tion and in e la s tic  sca tter in g  in studying co lle c tiv e  s ta te s  re la ted  to the 
ground state of the target n u cleu s. Probably the m ost pow erful advantage 
of n uclear reaction s in studying the detailed  nature of deform ed sta te s  
com es about b ecau se of the p atterns of (d ,p) and (d ,t) c r o s s - s e c t io n s  
which are so  unique and fo llow  so  c lo se ly  the theory [7]. The form alism  
is  d ifferent for each of the d ifferent types of ta rg e ts  p resen ted  in T able I. 
The follow ing gen era l form u las g ive  the c r o s s - s e c t io n  for (d, p) or (d ,t)  
population of a sta te m ade up of the target ground sta te and a N ilsso n  
orb ita l, q:

do 2If + 1
dto 21. + 1i

where g = 2 if К ■or = 0

g = 1 otherwise,



TABLE I. NUCLEAR REACTIONS USED FOR STUDYING DEFORMED NUCLEI

Nuclear Reaction 
■ Producing Particles Even-even

Targets 
1 Odd A 1 Odd-odd Nuclear Reactions 

Producing Holes
Give following states

One
Neutron
Transfer

(d,p) 1 quasi 
particle

0 quasi 
particle 
g.s. and 
2 quasi 
particle 
(proton)

1 quasi 
particle g.s. 
and 3 quasi 
particle

(p,d) (d,t)

One
Proton
Transfer

(He3,d)
(He\t)

1 quasi 
particle

0 quasi 
particle 
g.s. and 
2 quasi 
particle 
(prot on)

1 quasi 
particle 
g.s. and 
3 quasi 
part icle

(d,He3) 
(t ,a)

Two
Particle
Transfer

(t ,p) Neutron pairing vibrations; vib 
states, states related to target.

0 or 2 1 or 3 2 or 4 
quasi quasi quasi 
particle particle particle

(P ,t )

(He 3j p ) 
(He\d)

2 quasi 
particle

1 or 3
quasi
particle

2 or Ц
quasi
particle

(p,He3)
(d.He4)

Coulomb
excitation
(a a),(0 ,0 )

Rotational & vibrational states; 
states related to the g.s.
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and

P = 1 i f  К, = К. + П , f i  q ’

■ p = i f  Kf = n -  к±,

P = ( - l )^ +iîq i f  К = К -  a , and f i  q
I ±, K. and I^, refer to the target and 

residual nuclear spins and th eir  projection  on the symmetry 

ax is resp ec tiv e ly ,

i s  the DWBA s in g le -p a r t ic le  cr o ss-sec tio n  [8] with 

angular momentum tran sfer, j ,

the are the c o e ff ic ie n ts  of the expanded s ta te ,  q,
2 2in terms of spherical e ig e n -s ta te s , and the are

the p ro b a b ilitie s  that the s ta te  i s  unoccupied (occupied) 

in  the target nucleus.

A greem en t between the exp erim en ta l and th eo re tica l re la tiv e  in te n s i
t ie s  in a rotational band, with ab solute exp erim en ta l in te n s itie s  in a 
rotational band, with ab solu te exp erim en ta l in te n s itie s  l e s s  than th e o re ti
ca l, in d icates the p resen ce  of ad m ixtures in the band which are  not 
populated in the (d ,p ) or (d, t) reaction . F a ilu re  to o b serv e  the re la tiv e  
in ten sity  pattern pred icted  by the theory in d ica tes the adm ixture of two 
or m ore com ponents both of which are  populated in the reaction  under 
study. T his m ethod of separating out com ponents by studying the in 
ten sity  patterns in rotational bands is  just beginning to be im portant and 
w ill obviously  gain g rea tly  in im portance in the y ea r s  ahead.

(4) T herm al neutron capture

The study of h igh- and lo w -en erg y  gam m a rays and e lec tro n s  follow ing  
th erm al neutron capture is  proving to be an in crea sin g ly  im portant method 
of studying the com p lexity  of nuclear s ta te s . H igh -en ergy  gam m a rays  
d irectly  populate a su b -se t  of the s ta te s  ob served  in other n uclear r e a c 
tio n s . Thus they put lim its  on the sp ins which are valuable to sp ectro -  
sc o p is ts . F u rth erm ore, th ere is  an am azing corresp on d en ce between  
the sta te s  d irectly  populated in deform ed n u cle i follow ing therm al neutron  
capture and th ose  populated in the (d, p) reaction . The fa ilu re  of the  
(n, 7 ) reaction  to d irectly  populate excited  proton s ta te s  in 166Ho and 
170Tm appears to indicate a unique nature in the neutron capture p ro ce ss  

which was not p rev io u sly  envisaged . It should, how ever, be pointed out 
that excited  proton s ta te s  have been d irectly  populated in 94Nb [9], 90Y [10], 
and recen tly  in 186Re [11] and 177Lu [12]. Even so , in v iew  of the very  few  
exam p les of d irect population ob served  in the deform ed n u c le i, we are led  
to b e liev e  in a "direct" m echan ism  playing som e part in the (n, 7 ) reaction .
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L ow -en ergy  ( п л )  and (n, e) sp ectroscop y  m ay be thought of in  the 
sam e ter m s as decay sch em e sp ectroscop y  and has the sam e advantages. 
H ow ever, b ecau se a la r g e r  num ber of gam m a rays are observed  and a 
la r g e r  number of sta te s  populated, the quantity of in form ation  obtained  
is  g rea ter .

(5) A nalogue sta te sp ectroscop y

One of the c lea r ly  excitin g  p ro sp ects  for future sp ectroscop y  in 
deform ed n u clei is  the use of the analogue sta te  (s e e , for exam p le. R ef. [13]). 
T his type of sp ectro sco p ic  study is  unusually w ell su ited  to the study of 
com p lex  s ta te s . Com m only in th is type of study, e la s tic  and in e la stic  
proton sca tter in g  is  used  to produce analogues of the sam e s ta te s  ob served  
in  the (d, p) reaction . With th is technique the re la tion sh ip s betw een the 

/  ground sta te (in the c a se  of the (p ,p) reaction) and the excited  s ta te s  (in  
the c a se  of (p .p 1) reaction s) and the analogue s ta te s  can be in tim ately  
stud ied . Thus the study of a wide variety  of p artia l com p osition s of 
sta te s  is  availab le to the sp ec tr o sco p ist . A further advantage of th is  
type of sp ectroscop y , which has not yet been  u tilized  for deform ed n u c le i, 
is  a com p arison  of the energy sy stem a tic s  of the sta te s  observed' in the 
(d ,p ) reaction  with the analogue s ta te s . In th ose c a s e s  where deform ation  
changes betw een in tr in s ic  bands, one would expect to s e e  energy d iffer 
en ces between the le v e ls  ob served  in the (d, p) reaction  and the c o r r e 
sponding analogue s ta te s .

III. EXAMPLES

(1) The le v e l stru cture of 162P y

At F lor id a  State we have been involved in what has jokingly been  
ca lled  by som e an International C artel" . We fe e l, how ever, in all 
se r io u sn e ss  that the type of co -op eration  that has evolved , cr o ss in g  
national boundaries, is  the future way of exp erim en tal lo w -en erg y  nuclear  
p h y s ic s . It a llow s s c ie n t is ts  the potential of approaching nuclear stru cture  
p roblem s from  a m u lti-rea ctio n a l point of v iew . F or the m ost part, the wide 
va r ie ty  of techn iques would be unavailable in  a s in g le  lab oratory. As  an exam ple  
of th is  type of co -op era tion , we p resen t our work [14] on162Dy. C onversion  
sp ectroscop y  follow ing therm al neutron capture was done at Studsvik in  
Sweden. H igh-resolution  low -energy gam m a sp ectroscop y  at R is0  in 
D enm ark by German p h y s ic is ts . The high energy (n, y )  sp ectroscop y  
was done at L os A lam os, New M exico, and the charged p artic le  reaction  
sp ectroscop y  was done at F lor id a  State U n iv ers ity . C alcu lations using  
the m icr o sco p ic  m odel for the in terpretation  of th is  nucleus w ere done 
h ere  in Dubna. W hereas it is  already c le a r  from  a number of th ese  
co llaborations that th ere are  often con sid erab le d ifferen ces of opinion  
which se r io u s ly  slow  publication and often req u ire su cc ess fu l arb itration , 
the end resu lt in our opinion is  c lea r ly  worth the effort. In F ig s  1 -4 , we 
show the lo w -en erg y  (n, e), lo w -en erg y  (n, у  ), h igh -en ergy  (n, у  ) and 
ch a rg ed -p a rtic le  reaction  sp ec tra . The h igh -en ergy  (n, y )  p ick s out a 
certa in  su b -se t  of sta tes  populated in the ch arged -p artic le  reaction . To 
a la r g e  extent th ese  two s e ts  of exp erim en ts define the s ta te s . The low -
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BS GAUSS CM

FIG. 1. A partial internal conversion spectrum from the reaction 161 Dy (n, y) 1S2Dy obtained with the 
Studsvik beta spectrometer.

GAMMA RAY ENERGY (keV)

ANGLE OF REFLECTION

FIG.2. Partial low-energy gamma-ray spectrum for the reaction D y (n, y) ,fl2Dy obtained with the 
Ris¿ bent crystal spectrometer in the third order of reflection.
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EXCITATION ENERGY (keV)

FIG.3. High-energy gamma spectra from the reaction 161 Dy (n, y) 62Dy obtained with a Ge(Li)
spectrometer at Los Alamos.

en ergy  (n, 7 ) and (n, e) sp ectroscop y  d eterm in e m ultip olarity  and energy  
of tran sition s between s ta te s . Through the use of a ll th ese  data one 
obtains the le v e l schem e shown in F ig . 5. T here is  c lea r  evidence for  
a ground sta te rotational band with spin p a r itie s  from  0 + to spin 8 + of 
the K=2 gam m a vibrational band from  spin 2+ to spin 6 + or 7+ of aK = 0 
octupole vibrational band with two or p o ss ib ly  th ree m em bers and of a 
ten tative beta v ibrational band. In addition, there is  evidence for two 
se ts  of 2 - neutron q u asip artic le  rotational bands, and one rotational band 
which has been in terp reted  as a 2-proton  q u asip artic le  band. C om parison  
with the ca lcu lation s of So lov iev  [15] are shown in Table II. The a g r e e 
m ent is  very  sa tisfa cto ry .

(2) L e v e ls  in 117Hf

U sing (d ,p ) and (d ,t)  reaction s [16], togeth er with detailed  angular 
d istrib u tion s, it is  p o ss ib le  to obtain the le v e l schem e shown in F ig . 6  

for 1 7 7 Hf. Heavy bars from  the right show the (d, p) c r o ss -se c t io n ;  heavy  
bars from  the le ft , the (d ,t) . C om parison of the le v e l stru ctu re with 
the N ilsson  M odel c lea r ly  in d icates a large  num ber of low -ly in g  sta tes  
which cannot be explained by the N ilsson  Model and, th erefore, probably  
have vibrational ch aracter . A bsolute c r o s s - s e c t io n  m easu rem en ts are 
a lso  in agreem en t with th is hypothesis. C om parison with the  m ic r o 
scop ic  m odel ca lcu lation s of Soloviev  is  shown in Table III. Although  
th ere are  many exam p les in which S o lov iev 's ca lcu lation s are c lo se r  to 
exp erim en t, the agreem ent in th is ca se  is  quite sa tisfactory .

(3) L e v e ls  in 175Lu and 177Lu

One of the m ore exciting te s t s  of the theory is  the attem pt to populate
3 q u asip artic le  sta te s  by beginning with an odd-odd target. T his has been  
done for 175L u  and 177Lu by beginning with the re la tiv e ly  stable odd-odd  
nucleus 1 1 6 Lu, the reaction s being 176 Lu (d, t) 175Lu and 176L u  (d, p) 177L u
[12]. The triton  spectrum  resu ltin g  from  the (d ,t) reaction  on 176Lu 
i s  shown in F igu re 7 .. A large  num ber of 3 q u asip artic le  s ta te s  is  
ob served . E xperim ental an a lysis  is  thus far in com plete. The 1 q u asi
p a rtic le  ground state band is  c lea r ly  ob served  from  the 7 /2  ground 
sta te through the 17/2 state with som e slight evidence a lso  for a 19/2 .
s ta te . The analogous proton sp ectra  resu ltin g  from  the (d,p) reaction
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PLATE DISTANCE IN CM
FIG.4. Charged particle nuclear reactions leading to levels in 16*Dy obtained with a magnetic spectro
graph and the Tandem Van de Graaff at Florida State University. Reaction conditions are given in the figure.



00
о

[642t-52 ltj

[e42 t+52 l*j

(0.5-)------------------ 4  (1S20)

0 .3--

0.1-“

(0.4.)------n ----
- 4  1357.0 • j !

I '
- 1  1275.4 6 ! !(0.2*)—rrr-*----- U06.1 6I I I I

(0 .0 .) — t- Ы » * * ----------(1127.2)I I I I

FIG.5. The level scheme of 162Dy obtained by a combination of experimental methods. The quantum 
numbers KIff and the energy in keV are given for each level. A thick arrow indicates direct high energy 
(n, y) population. A triangle to the left side of a level indicates a (d, t) populated level and a triangle 
to the right, a (d, p) populated level.

SH
ELIN

E



TA BLE II. COMPARISON OF THE CALCULATIONS OF SOLOVIEV [15] WITH THE  
EXPERIM ENTALLY OBSERVED EXCITED BANDS IN 162D y BELOW 2 MeV

Class of 
State State Kir

Energy (keV) 
Expt. Calc. Structure

Collective See
Structure

2 + 8 8 8 .2 830 p p  4 1 1 + + 4 1 1 +  3 5 * ;  p p  4 1 3 + - 4 H + 2 3 * ;  
nn 523+ - 5 2 1 +  1 4 * ;  nn 5 2 1 + + 5 2 1 + 1 2 *  
nn 6 3 3 + - 6 5 1 +  3 * ;  nn 6 4 2 + —6 6 0 +  2%

0 + C 1 1 2 7 ) 1 4 0 0 nn 5 2 3 + - 5 2 3 +  6 3 * ;  nn 6 4 2 + - 6 4 2 + 2 1 *  
PP 5 2 3 + - 5 2 3 +  2%

2 -
L 1 4 8 . 3 1200 PP 5 2 3 + - 4 1 1 +  9 5 * ;  nn 6 3 3 + - 5 2 1 +  2%

0 - 1 2 7 5 . 4 1100 nn 6 4 2 + - 5 2 3 +  3 1 * ;  nn 7 7 0 + - 6 6 0 + 1 2 *  
p p  5 1 4 + - 4 0 4 +  6%; nn 651+ - 5 2 1 +  6 *  
nn 6 4 2 + - 5 1 2 +  6 * ;  p p  6 6 0 + - 5 5 0 +  4$

- 0+ 1600 nn 5 2 3 + - 5 2 3 +  3 2 * ;  nn 6 4 2 + - 6 4 2 + 3 6 *  
p p  523+ - 523+ 10*

Two Quasi-Particle 
Neutron Levels

« N+1 
5 0 5 +  5 2 3 +

8+
3+

1 7 0 0

i - 1  M + i  
6 4 2 +  5 2 3 +

5 -
0 - Coll. 1710

N -2  N+1 
521+ 5 2 3 +

4+
1+

1 5 3 5 . 9
1 7 4 5 1800

N-1 N+3 
642+ 521+

3 -
2 -

1 7 7 0
1866

Two Quasi-Particle 
Proton Levels

P P+1 
4 1 1 +  5 2 3 +

2-
5 -

1 1 4 8 . 3 1670
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TA B LE III; CALCULATED AND EXPERIM ENTAL LEVELS IN 72H fl05

Kir
E n e r g y  ( k e V )  

e x p e r .  c a l c u l . S T R U C T U R E

7 /2 - 0 0 514 + 96%-
5 /2 - 504 230 ■ 5 1 2 1 97%
9 /2 + 324 440 624 + 9 9 , n
1 /2 - ' 567 ' 6 0 0 510 + 8 0 % 512 + + Qx (2 2 ) 9% 512 + + Qx (2 2 ) 5%
1 /2 - 560 720 521 + 90% 523 + + Qx (2 2 ) 4% 521 + + Qx (2 2 ) 4%
3 /2 - 8o4 750 5 1 2  + 68% 514 + + Qx (2 2 ) 20% 510 + + Qx (2 2 ) 11%
7 /2 + 8 5 1 1100 633 + 91% 633 + + Q1 (2 0 ) 5%
7 /2 - 1 0 5 8 1100 503 + 82% 501 + + Q2 (2 2 ) 8% 503 + + Q-L ( 20 ) -5%
1 /2 + 1350 6 5 1  + 76% 651 + + Q1 (2 0 ) 14% 651 + + Q2 (2 0 ) 7%
5 /2 - 1450 523 + 28% 521 + +• Qx (2 2 ) 68%
3 /2 - 1500 521 + 19% 521 + + Qx (2 2 ) 80%
1 /2 - (1882  ) 1550 510 + ' 4% 512 + + Q -,/22) 95%
1 /2 - (1 6 3 4 ) 1650 521 + 1% 521 + + Q -^20) 99%
3 /2 - 1666 I 6 6 0 512 + 11% 514 + + Qx (2 2 ) 75% 510 + + Q1 (2 2 ) 12%
3 /2 - 1434 1700 501 + 26% 503 + + Qx (2 2 ) 40% 501 + + Q1 ( 22 ) 15%
3 /2 - (1 5 0 2 ) 1750 501 + 30% 503 + + < ^ (2 2 ) 3 5 % 501 + + Q1 (2 2 ) 10%
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FIG.6 . The level structure o f 177Hf. Solid bars from the right indicate relative (d,p) cross-sections and 
from the left, the (d, t) cross-sections. Asymptotic "quantum numbers are listed under each of the bands. 
Asterisks beside the energy of levels indicate that the measured angular distributions are in agreement 
with the assignments.

on 176L u are shown in F ig . 8. H ere the ground state band is  very  weak. 
H ow ever, th ere  are obviously som e ex trem ely  stron gly  populated 3 q u a si
p artic le  rotational bands. A sum m ary of the in terpretation  is  shown in 
F ig . 9. The strong 3 q u asip artic le  s ta te s  can be in terpreted  as the con
figuration p 7y2 [4041 + n 7/2 [514] ± П у 2 [510]. U nfortunately, the ap
propriate m icro sco p ic  m odel ca lcu la tion s for th ese  th ree q uasip artic le  
s ta te s  have not yet been m ade. H ow ever, in th is c a se  we can te s t  the 
in terpretation  using the c r o s s - s e c t io n s  and as-suming that the çround 
sta te  rotational and 3 q u asip artic le  rotational bands have the pure 
N ilsso n  M odel configurations. T his com parison  between experim ent and 
theory is  shown in F ig . 10. The agreem ent is  su rp risin g ly  sa tisfa c to ry . 
F u rth erm ore, th is  figure a llow s us to check certa in  sum  r u le s . M ore
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P l a t e  D i s t a n c e  ( c m )

FIG.8. The proton spectrum resulting from the reaction 176Lu (d, p) 177Lu..,; The 1 or 3 quasiparticle 
nature of the spectrum is obvious.

sp e c if ic a lly , th e -su m m ed  c r o s s - s e c t io n  to  the  15 /2  and 13 /2  3 q u a s i
p a r t ic le  bands is  ex p ected  to  be the  sa m e  and the  sum  of the  s tre n g th  to  
both of th e s e  bands can  be co m p ared  to  th e  sum m ed  s tre n g th  of th e  
1 /2 ” [510] band in  th e  is o b a r ic  n e ighbouring  n u c leu s , 177Yb. T h e se  sum  
r u le s  a re  in  á m az in g ly  s a t is f a c to r y  agreement  w ith th e o ry . T hus it  s e e m s  
p ro b ab le  th a t 'f o r  a n u m b e r of 0, 1, 2 and even 3 q u a s ip a r t ic le  s ta te s ,  the 
N ilsso n  M odel o r  the  m ic ro sc o p ic  c a lc u la tio n s  of S o loviev  u sing  the  N ilsso n  
M odel a r e  ab le  io  su c c e s s fu lly  p re d ic t  the  sp e c tro sc o p y  of the  n u c le i and 
th e  com plex  n a tu re  of the  s ta te s .  We w ill now p ro c e e d  to  c o n s id e r  c a s e s  
in  w hich th e  N ilsso n  M odel is  m o re  s e v e re ly  te s te d .

(4) L e v e ls  in  181Hf

A s one a p p ro a c h e s  the  tr a n s i t io n  re g io n  in  w hich the  n u c le a r  shape 
i s  l e s s  r ig id  and th e  bo ttom  of th e  p o te n tia l w ell le s s  cu rv e d , although
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n u clei are  s t i l l  deform ed at le a st  in th e ir  ground sta te , the va lid ity  of 
the N ilsso n  M odel and the m icro sco p ic  ca lcu la tion s derived  from  it is  
l e s s  secu re- F o r  exam ple, we have recen tly  com pleted  (d ,p ) sp e c tr o 
scopy including d etailed  angular corre la tion  m easu rem en ts on 18 Hf [16].
The le v e l schem e is  shown in F ig . 11., F o r  the m ost part the le v e l s tru c 
tu re above 1 MeV cannot be a ssign ed  to  sim p le  N ilsso n  s ta te s  nor rep ro 
duced with m icro sco p ic  m odel ca lcu la tion s. In p articu lar , .1 would lik e  
to draw your attention to the 1 /2 “ rotational band beginning at 1406 keV.
Its "fingerprint1' pattern is  very  s im ila r  to that of the ground sta te  
1 /2 '  [510]. D etailed  m icro sco p ic  ca lcu la tion s using the N ilsso n  Model 
have been  m ade by S o lov iev . A com p arison  is  shown in Table IV. .Un
fortunately, there is  a re la tiv e ly  poor corre la tion  between experim ent 
and theory for s ta te s  above 1 M eV. In p articu lar , the com p lex  low  spin  
rotational bands perd icted  do not agree with exp erim en t. The 1 /2 -  
band beginning at 1406 keV, exp erim en ta lly , is  a good exam ple of the 
fa ilu re  of the theory. We b elieved , at the tim e th ese  exp erim en ts w ere  
com pleted , on .the b a sis  of absolute (d ,p ) in te n s itie s , that the large  number 
of low  spin rotational bands would u ltim ately  be explained in term s of a
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A s y m p to t ic  q u a n tu m  n u m b e rs  a re  g iv e n  u n d e r e a c h  o f  th e  a p p ro p r ia te  r o ta t io n a l  b a n d s . A s te r is k s  b e s id e  

th e  e n e rg y  o f  le v e ls  in d ic a te  th a t th e m e a s u re d a n g u la rd is t r ib u t io n s a r e in a g r e e m e n tw i th th e a s s ig n m e n ts .
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TABLE IV. CALCULATED AND EXPERIM ENTAL LEVELS IN .^HfjQg ( 0 = 0 . 2 )

E n e r g y  ( k e V )  

E x p e r .  C a l c u l .

1 / 2 - 0 0 5Ю + 94%i
3 /2 - 255 2 9 0 512+ 91%;
9 /2 + 6 8 370 6  24 + 97%
9 /2 - 460 505+ 93%
7 /2 - 6 7 0 6 1 0 5 0 3  + 92%
3 /2 - 1503 8 0 0 501 + 9 0 %
7 /2 - 8 2 0 514 + 97%
5 /2 - 1 0 5 0 512 + 86%

1 1 /2 + 1100 615 + 9^%
1 /2 - 1200 521 + 90%
7 /2 + 1350 6 3 3 t 8 9 *
1 /2 + 1350 651 + 8 1 $
5 /2 - 1600 512 + И
5 /2 - I 6 3 7 I 6 5 0 503 + 36%
3 /2 - 1700 512 + 6%
3 /2 - I 8 OO 521 + 49%
1 /2 - 1850 501 + 32%

1 3 /2 + 1729 1900 6 0 6  + 88*

S T  R U С T U R E

5 12+ + Qx ( 2 2 ) 3%

5 1 0 + + Q1 ( 2 2 ) 6 %

5 0 3  + + Qa ( 2 2 ) 2%-; 5 0 5 + + Q1 ( 2 0 ) 2%

5 0 1  + + Q1 ( 2 2 ) 3% ; 5 0 3  + + Q1 ( 2 0 ) 3%

5 0 3  + + Q j_ (2 2 ) 7%; 5 0 1 + + Q1 ( 2 2 ) 2 %

5 1 0  + + Q1 ( 2 2 ) 5 %

6 1 5  + + Q1 ( 2 0 ) 2%

5 2 3  + + Q1 ( 2 2 ) 3%; 5 2 1  + + Q1 ( 2 2 ) 3 %

6 3 3  + + Q1 ( 2 0 ) 4%

6 5 1  + + Qx ( 2 0 ) 7%

5 1 0  + + Qx ( 2 2 ) 90%

5 0 5  + + Q1 ( 2 2 ) 62 %

5 1 0  + + Q1 .(22 ) 92 %

5 2 1  + + Q2 ( 2 2 ) 37 % ; 5 1 4  + + Q1 ( 2 2 ) 4

5 0 1  + + Q1 ( 2 2 ) 5 8 %

6 2 4  + + Qx ( 2 2 ) 8%
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wide va r ie ty  of vibrational ad m ixtu res. Included are  beta, gam m a, 
pairing and octupole v ib ration s. S ince the com pletion  of th is experim ent 
a beautiful confirm ation  of th is  hypothesis has been obtained by A llan , 
B ritt and R ick ey  at L os A lam os [17]., T h ese r e su lts  are shown in F ig s  12 
and 13, in which the reson an ce stru ctu res obtained from  the reaction  
(p, p) and (p ,p ') on 180Hf are  shown. In F ig . 12, the relation sh ip  of various  

Hf sta te s  to the ground state of 180Hf is  shown. T here is  a strong is o 
lated  £ = 3 reson an ce at approxim ately 12.28 MeV which can c le a r ly  be 
a sso c ia ted  with the iso la ted  7/2" band head of the [503] band ob served  in

120 in
iri 
CM

(0
О
О
&

jQ
E

2
О
H
o
Ui
CO

(/) СГ)о
£Г
U

INCIDENT PROTON ENERGY (MeV)

FIG.I2. Elastic scattering cross-sectidns for the reaction 180H f(pf p) 180Hf at 90®, 125*5®, 141® and 
167®. Insets show levels observed in 180 Hf (d, p) 181Hf (Réf. [ 16] ) where the heights of the bars are pro
portional to the (d, p) cross-sections at 90®.
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t h e  ( d ,p )  r e a c t i o n  a t  67 0 k e V .  T h e  e s t i m a t e d  w id th  of t h i s  b a n d  i s  7 0 k eV  
an d  th e  C o u lo m b  e n e r g y  s h i f t  [ 181 T a  - 181Hf] i s  m e a s u r e d  a s  1 7 .2 4  ± 0 .0 5  
M eV  c o m p a r e d  w ith  th e  v a lu e  a t  1 7 .4 0  M eV  p r e d i c t e d  f r o m  th e  s y s t e m a -  
t i c s  [18] .  T h e s e  d a t a  g iv e  th e  f i r s t  m e a s u r e m e n t  of an  i s o l a t e d  r e s o n a n c e  
w id th  an d  th e  f i r s t  a b s o l u t e  C o u lo m b  e n e r g y  s h i f t  f o r  a  d e f o r m e d  n u c l e u s .
Of m o r e  s p e c i f i c  i n t e r e s t  in  u n d e r s t a n d in g  th e  s p e c t r o s c o p y  of 181Hf 
a n a lo g u e s  and  180H f i s  th e  r e l a t i o n s h i p  b e tw e e n  th e  2+, 4+ and  1215 keV 
s t a t e s  of 180H f an d  th e  181H f a n a lo g u e  s t a t e s  sh o w n  in  F i g .  13. T h e  
e x c i t a t i o n  fu n c t io n  f o r  th e  1215 keV s t a t e  sh o w s  tw o  s t r o n g  r e s o n a n c e s  a t  
a p p r o x i m a t e l y  1 2 .9 7  and  1 3 .3  M eV  w h ic h  c o r r e s p o n d  m o s t  c l o s e l y  w ith  
t h e  1331 and  1637 keV s t a t e s  in  181H f. O ne  of t h e s e  s t a t e s  (1331 keV) w a s  
u n a s s i g n e d  and  b e l i e v e d  to  c o n ta in  l a r g e  v i b r a t i o n a l  c o m p o n e n t s .  It  i s  now 
c l e a r  t h a t  i t  i s  c l o s e l y  r e l a t e d  to  th e  1215 keV s t a t e  in  180Hf an d  th a t  p r o 
b a b ly  b o th  of t h e s e  s t a t e s  h a v e  c o n s i d e r a b l e  g a m m a  v i b r a t i o n a l  c o m p o n e n t s .  
I t  i s  i n t e r e s t i n g  to  n o te  in  p a s s i n g  t h a t  th e  a n a lo g u e  e x p e r i m e n t  d o e s  no t 
g iv e  a b s o l u t e  i n f o r m a t i o n  on c o m p l e x  s p e c t r o s c o p i c  a s s i g n m e n t s .  I n s t e a d  
i t  r e l a t e s  s t a t e s .  It i s ,  t h e r e f o r e ,  i m p o r t a n t  to  h a v e  d e t a i l e d  e x p e r i m e n t a l  
a s s i g n m e n t s  an d  m i c r o s c o p i c  m o d e l  c a l c u l a t i o n s  on bo th  m e m b e r s  of th e  
p a i r  b e in g  s tu d ie d  ( in  t h i s  c a s e  180H f an d  181H f a n a lo g u e s ) .

(5) L e v e l s  in  186R e

A s  w e m o v e  c l o s e r  to  s p h e r i c a l  n u c le i ,  we f ind  th a t  ev en  th e  g r o u n d  
s t a t e  r o t a t i o n a l  b a n d  i s  d i f f ic u l t  to  e x p la in - in  t e r m s  of th e  N i l s s o n  M o d e l .  
T h e  l e v e l  s t r u c t u r e  f o r  th e  o d d -o d d  n u c l e u s ,  186R e ,  i s  sh ow n  i n F i g . 1 4 .
T h i s  r e s e a r c h  a l s o  w a s  don e  by  th e  " I n t e r n a t i o n a l  C a r t e l "  [11], an d  a l 
th o u g h  th e  a s s i g n m e n t s  sh o w n  a r e  th e  b e s t  w h ic h  c a n  b e  m a d e ,  c o m 
p a r i s o n  b e tw e e n  th e  c a l c u l a t e d  an d  e x p e r i m e n t a l  c r o s s - s e c t i o n s  sh o w n  in  
F i g .  15 c l e a r l y  in d i c a t e  th a t  th e  g r o u n d  s t a t e  K = l~  b an d  in  186R e  i s  no t  
p u r e .  C o r i o l i s  c o u p l in g  c a l c u l a t i o n s  w i th  a d m i x t u r e s  of one  a d d i t io n a l  
b an d  i m p r o v e  th e  s i tu a t io n  c o n s i d e r a b l y ,  bu t do no t g iv e  an  a d e q u a t e '  
a g r e e m e n t  w ith  e x p e r i m e n t .

( 6) L e v e l s  in  153Sm  an d  155Gd

If we c o n s i d e r  th e  o t h e r  t r a n s i t i o n  r e g i o n  in  r a r e - e a r t h  d e f o r m e d  
n u c le i  — n a m e ly ,  th e  r e g i o n  in  w h ich  th e  n e u t r o n  n u m b e r  i s  91 —  we 
f in d  e v e n  m o r e  d e v ia t i o n s  f r o m  t h e  s i m p l e  N i l s s o n  M o d e l .  F i g s  16 and  
17 p r e s e n t  th e  l e v e l  s t r u c t u r e  of 153S m  and  155Gd, bo th  91 n e u t r o n  
n u c l e i .  T h e  l e v e l  s c h e m e  in  153S m  r e p r e s e n t s  a c o m b in a t io n  of th e  e x 
p e r i m e n t a l  w o r k  of S m i t h e r  an d  c o l l e a g u e s  [19] a t  A r g o n n e  and  c h a r g e d  
p a r t i c l e  s p e c t r o s c o p y  and  a d d i t io n a l  (n , 7 ) w o rk  a t  L o s  A la m o s  and  
F l o r i d a  S ta te  [20]. T h e  155G d n u c l e u s  i s  one  of th e  m o s t  th o r o u g h ly  
s tu d ie d  an d  one  of th e  l e a s t  u n d e r s to o d .  T h e  l e v e l  s c h e m e  p r e s e n t e d  in  
F i g .  17 r e s u l t s  f r o m  e x p e r i m e n t a l  w o rk  a t  F l o r i d a  S ta te  [21] and  w a s  
s t r o n g l y  in f lu e n c e d  by  th e  c o r i o l i s  c o u p l in g  c a l c u l a t i o n s  of B u n k e r  an d  
R e i c h  [22]. S e v e r a l  p o in t s  sh o u ld  b e  m a d e  r e g a r d i n g  th e  s p e c t r o s c o p y  
of e a c h  of t h e s e  n u c l e i .  In  th e  f i r s t  p l a c e ,  s t r o n g  c o r i o l i s  c o u p l in g  i s  
p la y in g  a  v e r y  im p o r t a n t  r o l e .  T h i s  i s  m o s t  ev id e n t  in  th e  p o s i t i v e  
p a r i t y  b a n d s  w h e r e  e v e n  th e  g r o u p in g  in to  b a n d s  i s  h ig h ly  a r b i t r a r y  and  
w h e r e  s o m e  of th e  s t a t e s  a r e  a n  a l m o s t  eq u a l  m i x t u r e  of t h r e e  d i f f e r e n t
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FIG. 13. Cross-sections for inelastic proton scattering to the 2+t 4+ and 1215 keV states in 180Hf at 
90°, 141' and 167°.
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FIG. 15. Comparison between the experimentally calculated and theoretically observed (d, p) cross- 
sections in the reaction 185 Re (d, p) 18sRe.

rotational bands. T his r e su lts  in a breakdown of the usual energy s e 
q u en ces, which is  c le a r ly  evident from  the le v e l d iagram s th e m se lv e s . 
Although the c o r io lis  coupling is  con sid erab ly  le s s . in  the negative parity  
bands it is  by no m eans n eg lig ib le  and in particu lar the c o r io lis  coupling  
betw een the 1 /2 '  [530] and 3/2" [521] band in 153Sm can c le a r ly  be ob
served  as an alternation  in .energy sp acin gs in the 3 /2 '  band. Another 
in terestin g  anom aly ob served  both in 153Sm and 155Gd is  the p resen ce  of 
two 3 /2 + rotational bands both of which are populated in the (d, p) and 
(d ,t)  reaction s quite contrary to exp ectation s from  the N ilsso n  M odel. 
The N ilsso n  M odel p red ic ts that there should be two 3/2+  bands with 
asym ptotic quantum num bers [651] and [ 4 02 ] .  The band head of the 
fo rm er should not be populated in the (d, p) or (d, t) rea ctio n s, w hereas  
the band head of the la tter  should be ex trem ely  in ten se ly  populated. In 
fact, both bands are populated. In 155Gd the tota l population of both 
band heads is  approxim ately  that expected  for the 3 /2 + [402] band head  
and in d ica tes approxim ately  a 40-60  m ixing of th ese  bands. In 153Sm 
the to ta l c r o s s - s e c t io n  is  som ew hat*less than expected  and the m ixing is  
also  l e s s .  T his.phenom enon has been ca lled  A N  = 2 m ixin g. The type 
of m ixin g exp erim en ta lly  ob served  i s  shown sch em a tica lly  in F ig . 18. It 
should be pointed out that the N ilsso n  M odel p red icts a much m ore  
narrow  region  of in teraction  for  the two 3 /2 + bands and a much sm a lle r  
sp littin g  than that exp erim en ta lly  ob served . It s e e m s  probable at the 
p resen t tim e that the Saxon-W oods d iffuse potential g iv es a reasonable
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FIG. 17. The level structure of 15fed. Rotational bands are given Nilsson assignments although, 
particularly in the positive parity bands, the states are so mixed that the Nilsson assignments are an 
indication in many cases of only the major component.

W
A

V
E

-FU
N

C
T

IO
N

S 
OF 

D
EFO

RM
ED

 
ST

A
T

E
S



CD
05

*2-15051 *245031 7 2 - 1 5 1 4 1 5/2-15121

HQ-1509)

V2-I521I 
72+I633J 
» -15231 
3/2+[4 02 
1/2-f 400|

11/2-15051

01 02 

DEFORMATION
0 4  I

DEFORMATION

FIG. 18. A  schematic representation of A N  =2 mixing in the region of the Nilsson levels appropriate to 
the spectroscopy of 153S m  and 155Gd.

SH
EL

IN
E



WAVE-FUNCTIONS OF DEFORMED STATES 97

account of AN = 2 m ix in g . In any c a s e , h ow ever, the 153Sm and 155Gd 
le v e l  sc h e m e s c le a r ly  illu stra te  the con sid erab le  d istortion  in the u sual 
le v e l sy s tem a tic s  which occu rs as one approaches the tran sition  between ' 
sp h erica l and deform ed n uclei.

IV. CONCLUSIONS

It i s  becom ing in cr ea sin g ly  evident that the com p lex w ave-fu n ctions  
of deform ed n uclei req u ire con sid erab le v ariety  in the exp erim en ta l 
approach. One of the m ost reason ab le  w ays of obtaining a m u lti-rea ctio n a l 
approach to the study of n uclear le v e ls  in vo lves co llaboration  between a 
num ber of lab ora tories  each of which i s  an expert in  one or at m ost a few  
exp erim en ta l m ethods. It se e m s  probable that th is type pf co llab orative  
exp erim en ta l approach w ill in c r e a se  in im portance in the y e a r s  ahead.

Without dealing with the large  body of stron gly  deform ed n uclei which 
fit exp erim en ta l data exceed in g ly  w ell, we have attem pted in th is paper to 
view  n uclei which te s t  m ost s e v e r e ly ’cu rren t n uclear m o d e ls . It se em s  
that, in the future, ca lcu la tion s w ill be refined  to fit  stron g ly  deform ed  
n uclei even m ore sa t is fa c to r ily  than at p resen t. H ow ever, new th eo re tica l 
approaches m ay be n e c e ssa r y , p articu lar ly  in  the tran sition a l region  b e
tw een deform ed and sp h er ica l n u clei. If th ese  new types of th eo re tica l 
approaches are su cc ess fu l, they m ay w ell prove ex trem ely  im portant in 
studying a large  num ber of n uclei which are not n orm ally  con sid ered  
deform ed, but which m ay, in  fact, be m ore su scep tib le  to a deform ed  
m odel approach than a sh e ll  m odel approach with con sid erab le  configura
tion in teraction . In addition, the new exp erim en tal phenom enon of 
AN = 2 m ixing n eed s to be studied th e o re tic a lly . It se e m s  probable that 
a Saxon-W oods potentia l w ill be n e c e ssa r y  in th is  study. F in a lly , a wide 
va r ie ty  of additional m icr o sco p ic  m odel ca lcu la tion s, of the type which 
Soloviev  has already m ade, needs to be carr ied  out. T h ese include c a l
cu lations of 3 and 4 q u asip artic le  s ta te s  in  addition to som ew hat m ore  
sop h istica ted  ca lcu la tion s for 0, 1, ánd 2 . q u asip artic le  s ta te s  for a wide 
va r ie ty  of n uclei in  the stron gly  deform ed région .

A C K N O W L E D G E M E N T S  " ■ • ...

The author w ish es to e x p r e ss1 h is  àppreciation  of the help  of a ll the 
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D I S C U S S I O N

KRISHNA KUMAR: In your Table IV there seem ed  to be a large  d if
feren ce  betw een one exp erim en tal energy- (68 keV) and the corresponding  
calcu lated  value (370 keV). Is it a m isp rin t or is  th is the actual d ifference?

R . K .  S H E L IN E : T h i s  i s  no t a m i s p r i n t ,  bu t  i s  th e  a c t u a l  d i f f e r e n c e  
b e tw e e n  e x p e r i m e n t  and  t h e o r y .  T h e  d i f f e r e n c e  i s  s o m e w h a t  l a r g e r  t h a n  
u s u a l  bu t  t h e r e  a r e  s e v e r a l  c a s e s  of d i f f e r e n c e s  t h i s  l a r g e .

G .K . BACKENSTOSS: I should lik e  to com m ent on the question  of
determ in ing the r . m .s .  radius of deform ed nuclei, th e ir  deform ation  and 
d iffu sen ess . The study of m uonic X -ra y  sp ectra  (2 p - ls  and 3d-2p tran 
s itio n s) y ie ld s  inform ation on the r . m . s .  radius, the deform ation  and the 
d iffu sen ess . T hree y ea r s  ago at CERN we perform ed m easu rem en ts on 
deform ed n uclei and, as I have just learnt from  M rs. Wu, th ere are  a lso  
new m easu rem en ts from  Colum bia U n iversity . There are  a lso  data a v a il
able from  the group at the C arnegie Institu te of Technology.

' R .K.' SHELINE: It is  of cou rse im portant to understand the d ifferent
e ffec ts  from  n uclear shape a n d -d iffu sen ess. Much m ore data and- 
sy stem a tic s  are  obviously n e c e ssa r y .

P . HUBER: What would be the u se  of p olarized  p a rtic les  in getting a 
new in sigh t into th is  field?

R .K . SHELINE: T h ere 'is  no doubt that the use of p olarized  ta rg ets , 
p olarized  b eam s or both is  an excep tionally  im portant too l. T h ese, of 
cou rse , are  a lread y being used  and perhaps I should have m entioned them  
in  m y paper. I could m ention the very  beautiful work of P ro f. F .L .  Shapiro  
h ere at Dubna with polarized  ta rg e ts  and b eam s. T h ese are  d ifficu lt ex 
p erim en ts, but they w ill obviously  becom e m ore im portant in the future:

I. S. SHAPIRO: I would lik e  to note that at p resen t th ere  i s  n eith er  
th eo re tica l nor exp erim en ta l inform ation allow ing one to con sid er (t, p) or 
(3He, n) rea ctio n s as m ainly tra n sfer  rea ctio n s . T h ese reaction s can (and
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should) have a m ore com plex m echanism  sin ce  the separation  energy of 
two tra n sferred  nucleons turns out to be too high. (The s in g u la r itie s  of 
the s im p lest d iagram s are, therefore; too rem ote from  the p h ysica l reg io n ). 
F o r th is reason , one can hardly u se  (t, p) and (3He, n) reaction s at presen t  
to recon stru ct the w ave-function  of com plex n uclei.

A. BOHR: I agree with P r o fe s so r  I .S . Shapiro that the a n a ly sis  of the 
p artic le  tran sfer  reaction s req u ires profounder stu d ies . H ow ever, it is  
rem arkable how w ell the sim p le m odel of a tra n sfer  of two p a r tic le s , a s a 
unit, in  a d efin ite sta te  of re la tiv e  m otion w ork s. It is  e sp e c ia lly  s ig 
nificant that th is m odel not only reproduces the angular d istrib ution s, but 
a lso , rather w ell, the re la tiv e  c r o s s - s e c t io n s .  Thus, one s e e s  d irectly  
from  the experim ental data that the sta te s  involving the addition of two 
p a rtic les  with sp atia l corre la tion s of the type assum ed  are  populated with 
stron gly  enhanced tran sition  am plitudes.

N .K . GLENDENNING: In many c a se s  you are looking at the effec ts  of 
the deform ed field  on the bound p artic le  s ta te s . H owever, in the an a lysis  
of the exp erim en ts, the effect of the deform ed field  on the sca ttered  p ar
t ic le  is  n eg lected . I wonder if you would com m ent on how im portant a co r
rection  th ese  e ffec ts  m ight be.

R .K . SHELINE: We have been in terested  in the sign atu res or fin g er
p rints as a sp ec tro sco p ic  tool and have not been concerned so  much with 
the DWBA sin g le -p a r tic le  c r o s s - s e c t io n s .  P erhaps at le a st  in part th is  
r e su lts  b ecau se this sp ec tro sco p ic  method was f ir s t  developed at F lorida  
State. O thers, such as D r. E rsk ine, have been in terested  in the problem  
m entioned by D r. Glendenning. P erhap s D r. E rsk in e would lik e to 
com m ent.

J .R . ERSKINE: Our exp erien ce at Argonne National Laboratory with 
(d, p) and (d, t) reaction s on variou s ra re-ea r th  and actin ide n uclei has shown 
that agreem en t betw een m easured  c r o s s - s e c t io n s  to deform ed s in g le 
p artic le  le v e ls  and calcu lated  c r o s s - s e c t io n s  is  no b etter than a factor of 
two, both in absolute c r o s s - s e c t io n  and in re la tiv e  c r o s s - s e c t io n  for the 
variou s le v e ls  within a rotational band. P resum ab ly  the DWBA theory of 
the reaction  m echan ism  m ust be im proved with the addition of in e la stic  
scatter in g  e ffec ts .

R .K . SHELINE: We too find d ifferen ces between experim ent and 
theory for (d, p) and (d, t) reaction s at F lorida State U n iversity . The d if
fer en ces  are g rea ter  for (d, t) reaction s than for (d, p) and a lso  g rea ter  for 
sta tes  with low c r o s s - s e c t io n  w here experim ent is  uniform ly h igher than 
theory.

P . von BRENTANO: You m entioned that th ere has been recen t in terest
in work trying to m easu re nuclear deform ations from  changes in the 
Coulomb d isp lacem ent e n e r g ie s . Such d ifferen ces w ere recen tly  seen  in 
the deform ed nuclei by M m e. Papineáu at Saclay, and Wurm and Solf in  
H eidelberg found a sy stem a tic  change in the Coulomb d isp lacem ent en er
g ie s  of the g sta te analogues of 143Nd to 151Nd. T his can be interpreted  as  
due to in crea sin g  deform ation . H owever, Lindner has recen tly  pointed out 
in Z eitsch rift filr P hysik  that the Coulomb energy re a lly  depends on the 
r . m .s .  radius <(R2^>. T h erefore ДЕС depends se n s itiv e ly  both on the d if
fu sen ess  a and the deform ation  p aram eter 6. And one needs additional in
form ation if  one wants to sep arate  th ese  two effec ts  on the Coulomb 
energy Д Е С.

J .O . RASMUSSEN: Has there been observation , in (d, p) or (d, t) 
reaction s on even n uclei, of population of rotational m em b ers with spin
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higher than expected from  sim p le  N ilsso n  w ave-functions? Such ob servation s  
m ight shed light on the p o ss ib le  im portance of extranu clear quadrupoie 
coupling in a lter in g  the stripping rotational s ign atu res.

R .K . SHELINE: Such sta te s  have been ob served  by R ickey at Los 
A lam os. It is  felt, how ever, that the m ore probable explanation is  AN = 2 
m ixing betw een  N = 6 and N = 8 s ta te s .

R. R.' CHASMAN: Which is  the N ilsson  sta te  involved in the AN = 2 
m ixing which R ickey has observed?

M .E . BUNKER: I b e liev e  it is  the 1 /2  + [631] sta te , which is  very  
near the ground sta te .

J .R . ERSKINE: The (3He, a) reaction  has recen tly  been u sed  to m e a s
ure v ery  high spin sta te s  in odd-A uranium  n uclei at the U n iversity  of 
R och ester . T his reaction  strongly  enhances the y ie ld  of high 1-value  
tra n sitio n s , and th erefore m ay be v ery  u sefu l in  finding the com ponents 
with high j in the d eform ed ’w ave-fu n ctions, which P r o fe s so r  R asm u ssen  
p rev iou sly  asked about.

D. BURKE: I have been  involved in 'the (3He, a) reaction s at R och ester . 
Since th is reaction  can tra n sfe r  large am ounts of angular m om entum  we 
have tried  to populate the 17 /2  m em ber of the 7 /2  + [633] rotational band in 
171 Yb. The ca lcu lation s of N em irovsky et a l. su ggest th is sta te  should . 
have a sp ec tro sco p ic  factor of 3 or 4%. A weak population'of the sta te  is  
ob served  but it is  not yet p o ss ib le  to d ecide w hether th is is  due to an N = 8 
adm ixture into the 7 /2  + '[6 3 3 ]sta te  or to an in e la s tic  excitation  in the  
reaction  p r o c e s s . T h ere 'is  som e hope of d istingu ish in g th e se  two effec ts  
b ecau se  the la tter  is  expected  to be enhanced at backward a n g les . Àn 
angular d istribution  has not been m easu red .
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Abstract — Аннотация

■ INTERACTION OF QUASIPARTICLES WITH PHONONS IN DEFORMED NUCLEI. The effeci of the 
interaction of quasiparticles with phonons on the structure of the ground and excited non-rotational states 
of deformed nuclei is investigated. It is noted that both the lowest-lying quasiparticle and one-phonon states 
are pure enough. The admixture of the two-phonon components to the one-phonon states increases in nuclei 
of the transition regions as compared to the strongly deformed nuclei. It is shown that with increasing excitation 
energy the structure of quasiparticle states becomes more complex, i .e .  the role of the admixtures becomes 
more important. The 1-, 2- and 3-quasiparticle components are distributed among a number of non-rotational 
nuclear levels. As a result^ at an excitation energy of,2 MeV and still higher, - the number of non-rotationàl 
states observed should be greater than.that which follows from the independent quasiparticle model. To find 
the structures of these.states a complex experimental study combining alpha, beta and gamma spectroscopy 
with direct nuclear reactions is needed.

ВЗАИМОДЕЙСТВИЕ КВАЗИЧАСТИЦ С ФОНОНАМИ В ДЕФОРМИРОВАННЫХ ЯДРАХ. 
Исследовано влияние взаим одействия квазичастиц  с фононами на структуру основны х  и в о з 
бужденных неротационных состояний деформированных яд ер . О тм ечено, что наиболее н и з
кие квазичастичны е, а такж е однофононные состояния являю тся достаточно чисты ми. При- 
месидвухф ононны х компонент к однофононным. состояниям  возрастаю т, в ядрах переходных 
областей по сравнению с сильно деформированными ядрам и. П оказано, что с ростом энер- . 
гии возбуждения происходит усложнение структуры  квазичастичны х состояний, т . е .  увели
чивается роль примесей. О д н о -;’двух- и .трехквазичастйчны ё компоненты распределяю тся 
по ряду неротационных уровней яд ер . В результате*при энергиях возбуждения 2 Мэв и выше 
должно наблю даться количество неротационных состо.яний.большее по сравнению с тем , ко
торое следует из модели независимы х квазичасти ц . Для нахождения структуры  таких с о 
стояний необходимо проводить комплексное эксперим ентальное,изучение, сочетаю щее 
а л ь ф а -, б ет а -  и гам м а-спектроскопию  с прямыми ядерными реакциями.

. . I . .

An in vestigation  i s  m ade of the p ro p erties  of the ground and excited  
s ta tes  of.d eform ed  n u clei in the fram ew ork of the m odel w hich .takes into 
account the-superconducting pairing co rre la tio n s and.the m u ltip o le-  
m ultipole in tera ctio n s. , . > - . . . , ; . ■ о

We perform  the Bogolyubov canonical transform ation  and p ass from  
p a rtic le s  to q u a sip a rtic les . The independent q u asip artic le  m odel d escr ib es  
w ell a large assem bly, o f the n on rco llective  s ta te s  of deform ed n uclei.
The su c c e s s  of th is-m od el is  due to th e ,'fact .that the p aram eters of the 
N ilsso n  and W oods-Saxon p oten tia ls, which d escr ib e  the average field  of 
deform ed n uclei, are chosen  so that they com pletely  r e f le c t  the in teractions  
am ong a ll n ucleon s. It m ay be said  that the average fie ld  taken for the 
ground'state of each deform ed nucleus is  such that it corresp ond s to thie . 
ca se  when the density  m atrix  is  actually  diagonal. That -is why the low est  
q u asip artic le  s ta te s  are very  pure. The p otentials u sed  in the ca lcu lations  
d escr ib e  the average fie ld  b etter in deform ed n uclei than in sp h erica l on es.
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The co llec tiv e  vibrational s ta te s  are treated  by the approxim ate second  
quantization m ethod (Random P h ase A pproxim ation). To d escr ib e  these  
s ta te s  we introduce the phonon op erators Q¡(X;u) of m ultipolarity  X/u:

Q i( ^ )  = \  ^  A(q< q ' ) - «¡V A+ (qq ' * j
qq'

The' op erators

A(q, q' ) = ^

X(ii Xfii

q> ) = ^  a+qc

/ 1 i or =----
V 42

\

(1)

(2 )

(3)

a re  ex p ressed  in term s of the q u asip artic le  op erators a ^  ; qu denote the 
quantum num bers of the average fie ld  le v e ls ,  a = ± 1 .

The co llec tiv e  non-rotational s ta te s  are  treated  as one-phonon, two- 
phonon and so on sta te s  with wave functions

0 [ ( \ ц ) У й, Q (̂A1^ 1)Q.1+2(X¡(j2)'£0. . .  w here Q ^ X n )^  0

Xjj.The en erg ie s  of the one-phonon sta tes  are the solu tions of the secu la r  
equation

(X)y  ( f XM(qq'))2 < q.(e(q) + e (q ’))
. 1 -  2к  У - - - - - - - - - - - - - - - - - - - - - - ,- - - - - - - - :- - - - - -  ( 4)

¿  ■ (e(q) + e(q

H ere is  the in teraction  constant of m ultip olarity  X, f ^ (q q 1 ) is  the
m atrix  elem en t of the m u ltip o le-m om en t operator Хм, e(q) ~\lC2+ № (q)- X} ,

u qq‘ = u qvq' +Uq'Vq (in th is CaSe Uq +Y4 = 9- U4 = | { 1 + ^ i(q )' X}  Where C ÍS

the corre la tion  function, X is  the ch em ica l potential, E(q) are the en er g ie s  
of the average field  o n e-p a r tic le  le v e ls .  The roots of (4) are denoted as  
i = 1, 2, •

A fter perform ing the Bogolyubov canonical transform ation  introducing  
the phonon op erators and finding the roo ts  of (4), the m o st e s se n tia l part 
of the in teraction  Ham iltonian can be w ritten  a s follow s:

и  С  Г ( \ о /  I / <r У  S' Q lC^ }) (Q v  (áju) + Q í’( ^ ) )H = ¿ -  fi (fyty) -  t  2 -  4r-t о , /— i -----------------------~~r,---- :
f  7 7  4 ^ с \ ¡ Y ( X / u )

- i . L  -  L  f k/4( n ‘)  % ' {  # +(kf ) +  Q l +

(5)
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H ere

^  ¿1= ''^ ! t £ f - V ! ) !  - < 4 V V I7 '  ■%Л ’~ \ гьг ' Ч ' " 9 ‘ <•'>

The th eoretica l and exp erim en ta l inform ation on the one-phonon sta te s  is  
su m m arized  in R ef. [1]. The one-phónon sta te com ponents, the va lu es of 

and Yl (A|U), ca lcu la ted  with the wave functions of the N ilsso n  potential 
are given in R ef.[2].

It should be noted that, as i s  shown in R ef.[3], the lo w est one-phonon  
sta te s  in strongly  deform ed n uclei ( i .e .  in n u clei outside the transition  
region s) are fa ir ly  .pure, i .e .  the two-phonon sta te ad m ixtu res to them are  
v er y  sm a ll.

A s is  known, there are two m ain rea so n s for the appearance of ad-' 
m ixtu res to q u asip artic le  and phonon states: (i) the coupling betw een the 
in ternal and rotational m otion s of the nucleus as a w hole, and (ii) the 
in teraction  of q u a sip a rtic les  with phonons. We sh a ll in vestiga te  the.effect of 
the q uasiparticle-phonon  in teraction  on the stru cture of q u asip artic le  and 
one-phonon sta tes  in deform ed n u clei.

We should bear in m ind that the "presence of q u a sip a rtic les  lead s to  
som e change in phonons. H owever, a s  a ru le th is change i s  not la rg e  and 
is  n eg lected  by u s .

II

Let u s in vestiga te  what the quasiparticle-phonon  in teraction  in odd- 
m a ss  deform ed n u c le i lea d s  to. F ollow in g R ef. [4], the wave function of 
an o d d -m ass n ucleu s with a given K 11 value is  w ritten  as

* ( K - )  = ¿  c £  { « ; „  +  I  Q + Ц  * °  (7 )

° Xtiin

with the n orm alization  condition  

■ .

X Mi

H ere by p we-denote the average fië ld  le v e l with a given K17.
We find the average value of H over Ф(КТ) and from  the condition of 

thè energy m inim um , taking into account Eq.(8), we get a secu la r  equation
X(ii

and the quantities Cp, Dpi/a in the form

(DXMi)Z
'  p v a  > (8)



TABLE I. DISTRIBUTION AND MIXING OF THE ONE-QUASIPARTICLE COMPONENTS

Nuclei K*
e(Pj)

Pi (MeV)

« (P2)

P2 (MeV)
71 j 

(MeV)

c )(Piy

(%)
■

(%)

Poles
(MeV)
(00)

111 Yb 1/ 2 " 510 t  1.11 521 * 2.34 • 0.93 ' 91.0 - 1 0 '3
2.12 2 X 10"3 88.0
2.'92 0.1 ' 8 .2

16?Yb 5 /2 ' 523 I 1.13 512 t 2.06 0.86 90.0 ' 2 .0
1.44 2.4- 76.0 1.868
1.90 2.0 . . 3.3

i®Dy 5 /2 ” 523,1 1.34 512 t 1.65 0.98 25.0 58.0 -
1.17 69.0 23.0 2.967

-  3.14 0.1 4.9

3 /2 ' 5211 . 1.64 532 J 3.35 1 .23- 79* 0 1.0 1.821
1.85 2,3 Ô.1 1.977
2.00 12.5 4.5
2.65 0.4 .5 1 .0  _

15SDy 3/2 + 402 J. 1.62 651 t 1.42 0.76 1.0 83.0 (6=0.30)
1. 03 85.0 - 1.3

1.40 1.55 0.78 •• 16.0 65.0 (0 = 0.33)
0.85 72.0 16.0

157 Dy 5/2" 523* 1.42 . 512 t  3.05 0.85 72.0 4.0
1.74 11.0 - 14.0 1.769
1.98 0.8 T 2 .0
2.21 . 1.8 47.0
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(10)

(9)

( H )

The quantity C2 d eterm in es the contribution of the o n e-q u a sip a rtic le  com po-

in the v -  sta te arid the phonon X/ui.
F or each value of K* and p there is  an equation of the type (9), whose 

solu tion  rjj, rj2 , . . .  g iv e s  the state e n e r g ie s . As is  known, in the schem e  
of. the average field, le v e ls  there are  se v e r a l s ta te s  with a g iven  K^. In 
R ef. [4] the gen era l ca se  i s  con sid ered  when se v e r a l s ta te s  pi,  p2,<. .p n 
with a given К т are taken into account. The ca se  when two sta te s  are  
.taken into account is  studied in d eta il in Ref. [5].

The in teraction  of q u a sip a rtic les  with phonons lea d s to the appearance 
of ad m ixtures in the on e-q u a sip a rtic le  s ta te s ,' to co lle c tiv e  n on-rotational 
s ta te s  and to the1 appearance of the complex- stru cture s ta te s . It affects  
sp ec tro sco p ic  fa c to rs , decoupling p aram eters , e tc . The ro le  of the in te r 
action  of q u a sip a rtic les  with phonons in odd-A  deform ed n u c le i w as in -, 
v estiga ted  in d etail in R efs . [5 -8 ].

U sing an equation such-as E q .(9), - which takes into account s im u ltan e
ou sly  the two o n e-q u a sip a rtic le  .sta tes  Pi and p2, we ca lcu la te  the ad
m ix tu res of one sta te to the other due to the in teraction  through phonons. 
The in vestiga tion s perform ed  show that in the overw helm ing m ajority  of • 
c a s e s  the m ixing of two s ta te s  with given  K^'s is  fa ir ly  sm a ll. A con
sid erab le  m ix in g-of two o n e-q u a sip a rtic le  com ponents o cc u r s  in the two 
ca ses: when one or both cÍP-^ and e (pg) are la r g er  than the f ir s t  pole of 
Eq.(9) and when both the average fiel'd le v e ls  with id en tica l K¥ are  very  
c lo se  to each other, e .g . in the q u a si- in te rsectio n  of o n e -p a r tic le  sta te s  
from  different p rin cip al o sc illa to r  sh e lls  (A N  = 2 m ixing).

The effec t of m ixin g of рг and p2 in com paratively  h igh-excited  sta tes  
i s  shown in Table I, w here (p-¡) and C?(p2 ) determ in e the-contribution of 
the com ponents p1 and p2- to the state with a given r¡j. It is  seen  from  
Table I that in m o st c a s e s  the m ix in g  is  not la r g e . The sta tes  which contain  
a n oticeab le contribution of both com ponents pj and p2 can be found ex p er i
m en ta lly . When px i s  a hole and p2 is  a p a rtic le  sta te rem oved .from  the 
F er m i su rface , th is le v e l w ill be exc ited  sim u ltan eou sly  in  the (dp) and (dt) 
rea ctio n s , i . e .  (dp) w ill go through p2 , and (dt) through рг. The f ir s t  e x 
p erim en ta l ev idence for th ese  s ta te s  is  availab le [9, 10].

It should be noted that the re su lts  o f-T ables I and II are ca lcu lated  with 
the o n e-p a r tic le  sta te e n er g ie s  and the w ave-functions of the W oods-Saxon  
potential [1 1 -1 2 ], thé phonons b ein g 1 ca lcu lated  in R efs [13, 14]. The on e-  
p a rtic le  s ta te s  are denoted by the N ilsso n  potential quantum, num bers NnzAE; 
Nnz.At' labels' the 'state with К = Л+ E and NnzA* the sta te  with К = Л-Е.

2 2nent, the quantity 1 / 2 С р F, (D ) that of the com ponent with a q u asip artic le
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As i s  known, the s ta te s  with id en tica l K11 and with quantum num bers 
N and N ± 2  m ust be m ixed . In R ef. [11] it  is  shown that in the ca se  of the 
o n e-p a r tic le  sta te s  of the W oods-Saxon potential, such a m ixing occu rs near 
the q u a si- in te rsectio n  of le v e ls ,  but for a very  narrow  range of the d efor
m ation v a lu es . E xperim ental data, giving ev idence of the m ixtu re of the 
N and N + 2  states,, are obtained in R efs [15, 16]. It is  c lea r  that th is effec t  
can be ob served  only when the range of the deform ation param eter va lu es  
is  not too narrow so  that th is range in clu d es the equilibrium  deform ation of 
an o d d -m ass n u c leu s. The quasip artic le-p hon on  in teraction  lea d s  to an en
largem en t of the deform ation range w here the m ixing of the two sta te s  o ccu rs . 
T h is effec t is  shown in T able I where for 159Цу we g ive the m ixin g of the 
4 02 i and 6511 sta te s  for /3 = 0.30 and 0.33; the q u a si-in tersectio n  of th ese  
le v e ls  o ccu rs at (3 = 0 .32.

' III

The quasiparticle-phonon  in teraction s re su lt  only in sm all adm ixtures  
in the ground and lo w est-ly in g  s ta te s  of o d d -m a ss deform ed n u c le i, s ta te s  
with la r g e  К being p urer. With in crea sin g  excitation  energy the adm ixtures  
b ecom e m ore im portant. The in teraction s of q u asip artic les with phonons 
cau se the o n e-q u asip artic le  s ta te s  of the N ilsso n  or W oods-Saxon p otentia ls  
to be d istributed  over a num ber of non-rotational le v e ls  with given К v a lu es. 
With in crea sin g  excitation  energy the on e-q u asip artic le  com ponent i s  d is tr i
buted, as a ru le , over a s t i l l  in crea sin g  num ber of le v e ls .  Table II g iv es  
exam p les of th is  d istribution .

The study of the o d d -m ass deform ed n ucleu s stru cture perform ed  in 
R efs [10, 17-19] with the aid of the (dp) - and (d t)-reaction s has shown that 
the num ber of non-rotational sta te s  with a given found in exp erim en ts  
i s  m uch la rg er  than that given by the N ilsso n  sch em e although the total 
excitation  in ten sity  a g rees  with the e s tim a te s  obtained with the N ilsson  
w ave-functions. T h ese exp erim en ts prove the con clu sion s about the d is tr i
bution of the o n e-q u a sip a rtic le  com ponents over m any non-rotational 
le v e ls .

T h ree-q u a sip a rtic le  com ponents m ust be d istributed  over many le v e ls  
to a s t i l l  la rg er  extent. Among the purest th ree -q u a sip a r tic le  s ta te s  are  
sta te s  with la r g e s t  К or those which cannot form  the com bination q u asi
p artic le  plus phonon with X = 2 or X = 3.

The d istribution of som e th ree -q u a sip a r tic le  com ponents over se v er a l 
le v e ls  can be d etected  in the a llow ed-unhindered  (au) beta decay. F or  
exam p le, in R ef. [20] fast b e ta -tra n sitio n s from  the p411t sta te in 163Tb 
to som e 163Dy le v e ls  are found. They m ay be explained as tran sition s to the 
th ree -q u a sip a r tic le  configuration n 5 2 3 i, p 523t, p 422t, i .e .  the au beta  
decay p roceed s betw een the n523* and p523t s ta te s . It should be noted that 
the p p 5 2 3 1 -4 llt  s ta te s  enter the com position  of the phonon X = 3, X = 2.

At excitation  en erg ie s  of 2-3  MeV or h igher, the p ro ce ss  of the d is tr i
bution of the on e- and th ree -q u a sip a r tic le  com ponents over the non-rotational 
le v e ls  in. od d -m ass n u clei is  exp ected  to be e sse n tia lly  in ten sified  as co m 
pared with low er excitation  e n e r g ie s . Inform ation on the stru cture of such  
s ta te s  in deform ed and sp h erica l n uclei is  v er y  poor. In terestin g  qualitative 
re su lts  proving this d istribution are obtained in Ref. [21]. The spectrum  of
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TABLE II. DISTRIBUTION OF THE ONE-QUASIPARTICLE  
COMPONENTS OVER THE LEVELS

Nuclei K* «(P) :
^ (MeV) j 4J

(MeV)

0 Poles 
(Eq* (9)) 

(MeV)

l67Yb ■ 7/2 + 633 t  1.17 1 1.00 94.0 2.34

2 2.38 2.3 2.59

1/ 2" 521-1 1.30 1 1.17 93.0 2.06

2 2.10 2.6 2.18

3 2.19 1.3 2.46 '

4 2.48 2.5 2.59

5/2" 5 1 2 t  2.06 1 1.42 79.0 1.87

2 1.88 2.8 2.21

5.06 14.0

9 /2 + 6 2 4 f 2.38 1 1.94 59.0 2.15

2 2.22 15.0 2.51

3 2.56 8.0 2.98

' 4 ■2.99 0.3 3.37

157 Dy 3/ 2" 532i  2.06 ' 1 0.97 61.0 1.67

2 1.72 1.5 1.75

3 1.79 3.6 1.82

155 Gd 5 /2+ 642t  1.28 1 0.94 86.0 2.02

2 2.09 4.5 2.34

3 - - 2.41

4 2.44 1.6 2.71

З /2' 532 -t 2.06 1 1.13 70.0 1.99

2 - - 2.37

3 2.38 0.3 2.44

9/2" 514t  3.27 1 2.27 24.0 2.36
" 2 2.44 6.7 2.47

3 2.60 42.0 3.14

4 3.15 0.4 3.65

5 3.66 0.5 3.68

»
6 4.51 23.0
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delayed  protons produced as a resu lt of the |3+ decay of 111 Te to the 111 Sb 
le v e ls  is  studied th ere . The com plex stru cture of the proton spectrum  m ay  
be understood  if the one- and th ree -q u a sip a r tic le  com ponents are assu m ed  
to be d istributed  over many 111 Sb levels'.

IV

We con sid er the adm ixtures of the two-phonon s ta te s  to the lo w est one- 
phonon s ta te s  in ev en -ev en  deform ed n u c le i. Follow ing R ef.[3], the wave 
function d escrib in g  the state with a given K" (corresp on d in g  to X0,^0 , i 0) 
i s  w ritten  in the form

( r ) = c ¿ . ( л т о ) { C Æ  (i2)
A y  i-'

with the norm alization  condition 1

и з ,

• \ / u'L'
We find the average value of H over i^K^) and then from  the condition

• i
of the energy m inim um  we find С ^ ( \ , ц 0 ) and A^.^Xo/líqÍq). The secu lar  
equation determ ining the exc ited  state en e r g ie s  Çj is  obtained in the form

•* -  3 ;  = 4 -  --------—  : (i4 )
J ír.r, - 37Лцл fc ' °  J

w here

A m í  /А/*
U u , . . { b o M o U ) = ± Z .  IT ^ j u ' L ' }

J  ; 2 п > г  b .*  n r  w  > « . » '  J

+ -J * £  - у  ^ ауиос о \

Щ ^ ) \  / V -  : w

\Jy 4 ( \ oJ « o) f» * ' пчг'  ПЧ' f i f ' 5

Further,
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T he e n e rg y  s h if ts  o f the  lo w es t v ib ra t io n a l s ta te s  and  the  c o n tr ib u tio n s  of 
th e  one-phonon  co m p o n en ts  a r e  c a lc u la te d  by m e a n s  of E q s  (14) and (16) 
in  Refis [3 , 22]. T he c a lc u la tio n s  a r e  c a r r ie d  out w ith  the  o n e -p a r t ic le  
le v e l  sc h em e  and the  N ilsso n  p o te n tia l w ave fu n ctio n s, the  p a r a m e te r s  of 
w hich a r e  g iven  in  R e f.[23]. In ca lc u la tin g  th e  Nd, Sm, E)y, E r ,  Th and 
U iso to p e s  the  fo llow ing  tw o-phonon a d m ix tu re s  (X/ui), (X'm' i '  ) a r e  taken  
in to  accoun t: fo r  the  one-phonon  s ta te s  К* 3 0+ - (201), ( 2 0 1 ); (221)1 (2 2 1 ); 
(301), (301); (311), (311) a n d '(321), (321); fo r  the one-phonon  s ta te s  K* =2 +
- (221), (201); (321), (301) and (311), (311). In c a lc u la tin g  the  f i r s t  К *=2 + : 
s ta te s  in  th e  W and O s iso to p e s  only the  a d m ix tu re s  (221) (201) a r e  taken  
in to  a c co u n t. A p a r t  of the  c a lc u la tio n  r e s u l t s  i s  g iven  in  T ab le  III.

I t  i s  se e n  f ro m  the  ta b le  th a t fo r  s tro n g ly  d e fo rm e d  n u c le i th e  a d 
m ix tu re s  of the  .tw o-phonon com ponen ts  to the  one-phonon  s ta te s  a r e  v e ry  
s m a ll .  T he ex cep tio n  is  the  c a se  of th e  K* = 0+ s ta te  in  166E!r w h ere  the 
(2 0 1 ) one-phonon s ta te  e n e rg y  is  c lo se  to the  (2 2 1 ) (2 2 1 ) tw o-phonon po le .

T he c a lc u la t io n s  show  th a t the  lo w es t tw o-phonon s ta te s  of s tro n g ly  
d e fo rm e d  n u c le i a r e  v e ry  p u re . T h e re fo re  the  sp littin g  en e rg y -o f the 
tw o-phonon m u lt ip le ts  in  th em  is  ex p ec ted  to  b e  lo w e r  than  in  the s p h e r ic a l  
n u c le i. I t  i s  in te r e s t in g  to  d e te c t th e s e  s ta te s  e x p e r im e n ta lly . F o r  
ex am p le , the  tw o-phonon = 4 + (221)(221) s ta te s  in  the Dy and E r  iso to p e s  
m u s t have an e n e rg y  of (1 .5 -2 .0 ) M eV.

It is  se e n  f ro m  T ab le  III th a t fo r  the n u c le i of the  tr a n s i t io n  re g io n  - 
the  a n h a rm o n ic  e ffe c ts  in c re a s e  s lig h tly . F o r  ex a m p le , in  152Sm and 
150Nd the  a d m ix tu re s  of th e  tw o-phonon s ta te s  to  the g am m a v ib ra t io n a l  
o n es a r e  v e ry  s m a ll .  H ow ever, the  a d m ix tu re s  to  the  b e ta  v ib ra tio n a l 
s ta te s  a r e  la rg e  and they  in c re a s e  ra p id ly  f ro m  15SE)y to 152Sm and e s 
p e c ia lly  in  150 Nd. T h is  a p p e a rs  to  b e  due to  a  s tro n g  change-o f the d e 
fo rm a tio n  in  the  t r a n s i t io n  f ro m  N= 90 to N = 8 8 .

In the  re g io n  o f the W and O s iso to p e s  the in v e rs e  p ic tu re  i s  o b se rv e d . 
T he a d m ix tu re s  of the  tw o-phonon com ponen ts  to  the  one-phonon  K,r= 0 + 
s ta te s  a r e  v e r y  s m a ll .  T he a d m ix tu re s  of the  tw o-phonon  com ponen ts  to 
the  f i r s t  one-phonon  K"' = 2 + s ta te s  a r e  som ew hat la r g e r ;  they  grow  in the 
tr a n s i t io n  f ro m  th e  W to O s iso to p e s , and they  in c re a s e  in  th e se  iso to p e s  
w ith  in c re a s in g  n u m b e r  of n e u tro n s . The m ag n itu d e  of the  a d m ix tu re s  a lso  
in c r e a s e s  w ith d e c re a s in g  d e fo rm a tio n . In o th e r  w o rd s , in  the W and O s 
iso to p e s  the g am m a v ib ra tio n  an h a rm o n ic ity  in c re a s e s  w hen ap p ro a ch in g  
the  b o u n d ary  of the  re g io n  of n o n - s p h e r ic a l  n u c le i. H ow ever, the  a n 
h a rm o n ic ity  is  n o t la rg e  and can  be taken  in to  ac co u n t by p e r tu rb à t io n  
th e o ry . I t is  in te r e s t in g  to  c o m p a re  th is  r e s u l t  w ith  the  sm o o th  d e c re a s e  
of ttie e q u ilib r iu m -d e fo rm a tio n s  of n u c le i in  th e  c o n s id e re d  re g io n .

I t shou ld  b e  n o te d  th a t th e  tw o-phonon s ta te s  in  n u c le i of the  t r a n s i t io n  
re g io n , the f i r s t  e x p e r im e n ta l ev id en ce  fo r  w hich is  g iven  in  R e f.‘[24], a r e  
n o t so  p u re  a s  in  s tro n g ly  d e fo rm ed  n u c le i.

T h u s, the  p e r fo rm e d  in v e s tig a tio n s  show  th a t an h a rm o n ic  e ffe c ts  in  
e v e n -e v e n  n u c le i in  the  re g io n s  150< A < 190 and 228< A < 256  a r e  v e ry -s m a ll 
and in  the  o v e rw h e lm in g  m a jo r i ty  of c a s e s  m ay  be n e g le c te d . T h is  co n 
c lu s io n  a g re e s  w ith the  c a lc u la te d  dependence [25, 26] o f th e  to ta l en e rg y  
of s tro n g ly  d e fo rm e d  n u c le i on (3 and  7  d e fo rm a tio n s  w hich is  th e  p a rá b o la  
n e a r  i t s  m in im u m . The s itu a tio n  e s s e n tia l ly  d if fe rs  in  n u c le i o f the  new 
d e fo rm a tio n  re g io n  co n ta in in g  n e u tro n -d e f ic ie n t iso to p e s  of b a r iu m , c e r iu m  
and  o th e rs .  A s is  show n in  R ef. [27], the n u c le i of th is  re g io n  a r e  v e ry  so ft
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again st gam m a d eform ations. The coupling betw een rotations and o s c i l 
la tion s in them  is  expected  to be strong and anharm onic co rrectio n s to be 
la r g e .

V

We con sid er h ere the effec t of the in teraction  of q u a sip a rtic les  with 
phonons on the tw o-q u asip artic le  s ta te s  in even -even  deform ed n uclei and 
the problem  as to how com p licated  the stru ctu re of th ese  s ta te s  b ecom es  
with in crea sin g  excitation  energy.

Since Eq¿(12) is  va lid  for a ll Хцi va lu es it contains the lim itin g  c a se s  
too, when one or two phonon op erators tran sform  into tw o-q u asip artic le  
op era tors. If we con sid er only phonons with X = 2, ц = 0 , 2  and X = 3, 
ц = 0, 1, 2 (in R ef. [28] it  is  shown that the sta tes  with X = 3, ц = 3 are  
p ra ctica lly  tw o-q u asip artic le  on es), then Eq.(12) can be w ritten  as  
follow s:

I

У С =

f , f z

+ § 0 .  S t y ■ ) } * . .  <“ »

X f ' L ' .  ‘

w here a ll = 0  , , Lf  K = k p, + КРг one! -в; ,

i f  k - ! ka - k P í í .
We find the average value of the H am iltonian (5) over  (18) and using  

the variation  p rin cip le we get the secu la r  equation in the form

,  r  '  I ,
£■(?. )+£(?z ) - 5 j  ¿ r  Y l (A/*)'L +£(f*.)+*>iy u- 3 j

t 1  / _  ( v £ i ’ C t . t * > ) *  <19)

+ J  2  * 00̂  ~ ZJ
/ f i t

w here V , % ,  ( f .  f . )  is  e a s ily  obtained from  (15). F rom  the n orm ali-
J*  ¿

zation condition we find



112 SOLOVIEV

r . t e  v*  w  -  ~ ¿ / > t ¡ --------------- л , , :  , .  XSr" .  —
£  Cfyt) + £■ C<ÿi) J j

У * Р < Ш
b>îr  *  * > v * '  - 3

(21)

(22)

1/

F or the K > 4 sta tes  Ц & М * о  and Eq.(19) takes on the form  ob- 

tained in R ef. [29].

E qs (19) have b een  so lved  for = О and the stru cture of
Xju L

n o n -co llec tiv e  sta tes  of even -even  deform ed n uclei has been in vestigated . 
The re su lts  of ca lcu lation s are  given in T ab les IV and V, the tw o -q u a si
p a rtic le  state en erg ie s  being calcu lated  without taking the b locking effec t ' 
into account.

The a n a ly sis  p erform ed  has shown that the low est tw o-q u asip artic le  
s ta te s , the f ir s t  p o les of (19) o f which are e sse n tia lly  h igher than the two- 
q u asip artic le  en er g ie s , ai;e fa ir ly  pure. Table IV g iv es  the sta tes  where 
the adm ixtures are le s s  than 2%. Som ewhat h igher tw o-q u asip artic le  
s ta te s , the f ir s t  p o les  of which exceed, the tw o-q u asip artic le  energy by
0,5 MeV and m ore , are a lso  su ffic ien tly  pure; the ad m ixtu res do not 
ex ceed  5%.

When the f ir s t  pole in  (19) i s  c lo se  to е(Р!) + e (p2) or even sm a ller  
than th is value, then such s ta te s  can no lon ger be con sid ered  to be two- 
q u asip artic le  s ta te s . In th ese  c a se s  the con sid ered  tw o-q u asip artic le  
configuration is  d istributed  over se v er a l le v e ls .  States of th is kind are  
shown in Table V. The en erg ie s  of th ese  s ta te s  as a ru le exceed  3 MeV 
in the range 1 5 0 < A < 1 9 0 .

T h is d istribution  e ffec t can be ob served  exp erim entally  in b eta  decay  
and d irect n uclear reaction s when the num ber of the d iscovered  sta tes  
with a given w ill be la r g er  than the num ber of corresponding two- 
q u asip artic le  s ta te s  ava ilab le . Apparently, the distribution  of such a type 
o cc u r s  in a num ber of c a s e s .  F o r  exam ple, in Ref. [30] se v er a l K T = 4 + 
le v e ls  have been ob served  in 15SDy; in R ef. [31] se v er a l К и = 1+ and Г 
le v e ls  have been  detected  in  160Dy, and, as is  shown in R efs [32, 33] an 
esp e c ia lly  la rg e  num ber of K* = 1+ , 1* and 0" le v e ls  have been found in 
170Yb. The ob servéd  in cr ea se  of log  ft in the tran sition s to th e se .s ta te s  
as com pared to the m ajority  of tran sition s of-the.type ah and lu  is  an 
additional argum ent in favour of the tw o-q u asip artic le  com ponent d is tr i
bution.

Thus, the overw helm ing m ajority of the tw o-q u asip artic le  s ta te s  up to 
an energy of 3 MeV are fa ir ly  pure. H ow ever, with in crea sin g  energy the 
stru ctu re of the sta tes  b eco m es m ore com plicated , the adm ixtures to the 
tw o-q u asip artic le  com ponent in crea se  and in som e c a s e s  are predom inant, 
and the tw o-q u asip artic le  configurations are distributed  over a num ber of 
le v e ls .

Let i s  in vestigate  the problem  as to how strongly  the interaction, of . 
q u a sip a rtic les  with phonons m ix es  the tw o-q u asip artic le  sta te s  with id en ti
ca l K” . The wave function is  taken in the form
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TABLE IV. STRUCTURE OF THE TWO-QUASIPARTICLE STATES

Nuclei Kff Pi Рг
efPji + efPj) 

(MeV)
j 4

(MeV) № )

Poles 
(Eq, (19)) 

(MeV)

178Hf 8" п 5Ш , n624t 1.88 1 1.86 99.0 3.10

8" p514t, p404 ^ 1.82 1 1.80 99.8 3.10

170 Yb 5" p4111, p514t 2.33 1 2.24 94.1 2.91

2 2.93 2.6 3.12

3 3.28 2.7

5+ p4111, p404i 2.84 1 2.77 94.6 3.35

2 3.37 3.6 3.75

3 + n521i, n512t 2.57 1 2.54 96.6 3.04

2 3.05 0.3 3.38

3 3.40 1.8 3.42

4 3.43 0.9 3.50

5 3.51 0.2

5+ n523i, n5121 2.95 1 2.92 97.3 3.53

2 3.54 0.2 3.64

3 3.65 1.2

‘“ Er 5" n642t, n523i 2.26 1 2.22 97.3 3.34

2 3.35 0.1 3.36

3 3.37 0.8 3.53

4 3.54 0.1 4.30

Dy 6 + n642t, n633t 2.57 1 2.52 96.8 3.37

2 3.39 1.3 3.50

3 3.51 0.4 3.63

160 Dy 4* n 52lt, n642t 2.37 1 2.30 97.6 • 3.21

2 3.22 0.2 3.34

3 3.35 0.5 3.48

/ j  I a  r  (23)

itf».

We find the average va lu e  of H over  th is sta te  and on the b a s is  of the 
varia tion a l p rin cip le we get a secu la r  equation. A fter so lv in g  th is equation



TABLE V. DISTRIBUTION OF THE TWO-.PARTICLE CONFIGURATIONS OVER THE LEVELS

Nuclei К* Pi P2
€(Pa ) +€(P2) 

(MeV) j (MeV)
Cj(PiP2>2

№

Poles 
(Eq. (19)) 

(MeV)

170y b +
3 p411|, p4021 2.78 1 2.65 78.3 2.91

2 2.96 13.0 3.12

3 3.28 8.2

7 ' n633t, n514± 3.19 1 2.94 24.0 3.01

2 3.23 73.8 3.56

3 + n5121, n514i 3.37 1 3.23 51.8 3.04

2 3.42 1.8 3.43

3 3.48 13.4 3.51

4 3.54 32.0

166Er 5 + n523J., n512t 3.02 1 2.95 88.0 3.14

2 3.25 0.9 3.52

3 3.59 10.4 •

I60D y 5" n521t, n633 f 3.30 1 3.17 61.4 3.21

2 3.23 18.5 3.25

3 3.37 15.9 3.48
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TABLE VI. MIXING OF THE TWO-QUASIPARTICLE K,r= 1+ STATES IN 162Dy

Pi Рг

e(i\)  + e(P2) 

(MeV) P 3 f>4

e(P3)+ e (p 4)

(MeV) j
£ j

(MeV)

c / ( Pi p 2)z

(°/o)

Ф з Р /

6 ° )

n523¿, n521t 2.28 п6421‘, пбЗЗ'Т 2.83 1 . 2.25 83.0 0 .4

2 2.81 0.16 91.0

n5234, n512^ 2.28 n642^, n651t 2» 74 1 2.25 97.5 0.05

2 2. 71 0.2 92.3

n523l, n52Xt 2. 28 p523t, p532t 2.83 1 2.25 98.0 0.04

2 2.82 0.01 95.0

p 4 i i t ,  p 4 i i ; 2.815 p523t, p532t 2.83 1 2.78 63.0 33.0
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we find the en erg ie s  Çj and u sing  the n orm alization  condition we determ ine  
the contributions of the tw o-q u asip artic le  com ponents С' (P1P2 ) 2 and С 1 (p3 p4)3 
A part of the re su lts  is  given in Table VI. It is  seen  that in the o v e r 
w helm ing m ajority of c a s e s  th is  m ixing is  sm all; the excep tions are a few  
c a s e s  when the tw o-q u asip artic le  sta te en erg ie s  are c lo se  to each other.

In the fram ew ork of the m odel with pairing and m ultipole-m ulti'pole  
fo r c e s , the effect o f the interaction  of q u asip artic les with phonons on the 
com p lication  of the sta te stru cture of deform ed n u c le i with in crea sin g  e x c i
tation en ergy  haë been con sid ered . T h is com plication  i s  a lso  due to the 
coupling with rotation s, and to the occu rren ce of such in teraction s which 
e ith er  lead  to, for exam p le, spin sp litting , or which are con sid ered  by 
Bochnacki and O gaza [34]. It is  in terestin g  to study the stru cture of e x 
cited  sta te s  for the in teraction s of q u a sip a rtic les  by the M igdal theory of 
fin ite  F er m i sy stem s [35]. The availab le exp erim en ta l data su ggest that 
th is  com plication  of the stru cture with in crea sin g  excitation  energy actually  
o cc u r s . It is  not quite c lea r  how re lia b ly  and com p letely  the above m odel 
d esc r ib es  the stru cture of the sta tes  at an energy of 1 -2  MeV and higher  
in odd-A  and at 2 -3  MeV and higher in even -even  deform ed n u c le i. With 
in crea sin g  excitation  energy new fea tu res of the in tern u clear in teraction s  
should certa in ly  be rev ea led  and we m ay hope that the exp erim en ta l in 
form ation  going beyond the fram ew ork of the con sid ered  m odel would help  
to sin g le  out and form ulate som e additional im portant com ponents of nuclear  
fo r c e s . The m ost im portant con clusions of the m odel are  re la ted  to the 
sym m etry  p rop erties of the in teraction  rather than to the ex p lic it  form  of 
the n uclear fo rc es  (e .g . to their  radial dependence).

S ince the stru ctu re of the deform ed n uclear sta te s  b eco m es com plicated  
with in crea sin g  excitation  energy, a com p lex exp erim en ta l study of th ese  
s ta te s  is  needed which w ill com bine j3 and 7  sp ectroscop y  with d irect  
n uclear rea ctio n s.
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D I S C U S S I O N

V. GILLET: F or th e se  heavy n u clei is  there a sim p le  way to justify  
the n eg lect of the Pauli prin cip le between the q u asip artic les and the 
phonons ?

V .G . SOLOVIEV: In the q u asip artic le  plus phonon sy stem  the Pauli 
p rin cip le is  partly taken into account only in the c a se  of a b eta-rotation al 
phonon. In the overw helm ing m ajority of c a s e s , taking the Pauli princip le  
into account leads to sm a ll co rrectio n s due to the fact that phonons con 
s is t  of a rather large  num ber of tw o-q u asip artic le  com ponents.

J.J'. GRIFFIN: When large phonon adm ixtures are obtained in a 
calcu lation  one w onders w hether th ere might ex ist  a b etter z e r o -o rd er  
H am iltonian which would d iagonalize som e of th ese  e ffe c ts . (For exam ple, 
one m ight con sid er w hether the q u asip artic les , by "blocking" the c o 
herent pairingi in the ground sta te , could d ecr ea se  the sta b ility  of the 
nucleus against anaxial d eform ations.) A re th ere any sp e c ific  fea tu res  
of your ca lcu lation s which could d istingu ish  such an adjustm ent of the
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se lf-c o n s is te n t  field  from  the phonon-quasiparticle adm ixtures which  
you con sid ered ?

V.G . SOLOVIEV:-4The ground and low -ly in g  n o n -co llec tiv e  s ta te s  
of deform ed n u clei are q u asip artic le  s ta te s  with sm a ll ad m ixtu res. With 
a growth of excitation  en ergy  adm ixtures in cr ea se . An explanation could  
probably be found in which the d en sity  m atrix  is  p ra ctica lly  d iagonal for 
a given  excited  sta te . H ow ever, for another sta te  the explanation m ay  
be d ifferen t. The in terp retation  of the stru ctu re of such sta te s  b ecom es  
ev er  m ore com p licated . A ctually , by d escr ib in g  excited  s ta te s  on the 
sam e b a s is  we obtain som e sta tes  that a re , sa y , q u asip artic le  on es, and 
oth ers that are the su perp osition  of two q u asip artic le  s ta te s .

Z. SZYMANSKI: Could you com m ent on the influence of the secon d -  
ord er c o r io lis  coupling that would e sse n tia lly  produce the sam e effec ts  
as th o se  d iscu sse d  in your lectu re?

V.G . SOLOVIEV: The co r io lis  in teraction s are v ery  im portant in 
deform ed  n u c le i. They should be taken into account in ca lcu la tion s. They  
w ill re su lt  in a further com plication  of the sta te  stru ctu re.

S .T . BELYAEV: In ca lcu lating  sm a ll adm ixtures in s in g le -p a r t ic le  
s ta te s  one should be carefu l about re s tr ic tin g  o n ese lf to only a few  th r ee -  
q u asip artic le  or phonon s in g le -p a r t ic le  configurations. Although the  
adm ixture in each individual configuration appears to be sm a ll, th e ir  
num ber rapidly in c r e a se s  (th eir conglom eration  d eterm in es , fundam entally, 
the q u asip artic le  effec tive  m a ss ) . The sta te  q u asip artic le  -  phonon is  w e ll  
d eterm ined  when the contribution of a certa in  configuration of such  a type 
pred om inates.

V.G . SOLOVIEV: F o r  deform ed n u clei the average n uclear fie ld  is  
such  that it corresp ond s to the density  m atr ix , being p ractica lly  diagonal.
In th is c a s e , the ground and low -ly in g  s ta te s  are q u asip artic le  ones with 
sm a ll ad m ixtu res. The ava ilab le exp erim en ta l data confirm  th is , which  
is  r e flec te d , for exam ple, in the ru le s  of se le c tin g  by an alytica l quantum  
num bers in  3 -d ecay  from  the exp erim en ts on (d ,p) and (d ,t) rea ctio n s , etc .

The m odel con sid ered  in the report show s that with a growth of the 
excitation  en ergy  the sta te  s tru ctu re  b ecom es m ore com p lex. T h is fact 
w as q ualitatively  confirm ed by the availab le exp erim en ta l data. In a 
num ber of c a s e s  the contribution of d ifferent com ponents of q u asip artic le  
plus phonon is  ap preciable.
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Abstract — Аннотация

SYSTEMATIC FEATURES OF NON-ROTATIONAL STATES IN THE ODD-A DEFORMED NUCLEI.
Some results are presented of a comprehensive survey of the experimental data concerning the non-rotational 
states of the odd-A deformed nuclei in the rare-earth region. The ordering and relative energy spacings of 
the one-quasiparticle states in these nuclei are in quite good agreement with the predictions of the Nilsson 
model. It is shown, however, that the observed spacings of these states are smaller by a factor of «  2 than 
those calculated from this model. At energies of only a few hundred keV, strong mixing is found between 
the one-quasiparticle states and states of vibrational character. This phenomenon, which is more pronounced 
in the odd-neutron nuclei than in the odd-proton nuclei, exhibits systematic features that are exemplified 
by the observed behaviour of the К -  1/2 states of complex structure. Other types of mixing that complicate 
the analysis of the level structures in this region are (1) mixing of states arising from different major shells 
(N-mixing) and (2) mixing induced through coriolis coupling. For those aspects of N-mixing that are discussed, 
it is shown that the Nilsson model seriously underestimates the magnitude of this effect. The ground-state 
rotational band of l6JDy and the positive-parity states of 15̂ Gd are used as examples where the effects of 
coriolis coupling are especially striking. Cases where discrepancies between the predicted magnitudes of 
the coriolis-coupling matrix elements and those obtained empirically are pointed out. Difficulties in making 
detailed configurational assignments to the higher-lying (>0.5  MeV) states of these nuclei are illustrated in 
terms of the well-studied case of l63Dy.

СИСТЕМ АТИЧЕСКИЕ СВОЙСТВА НЕВРАЩАТЕЛЬНЫХ СОСТОЯНИЙ В НЕЧЕТНЫХ 
ДЕФОРМИРОВАННЫХ ЯДРАХ. Представлены некоторые результаты  большого обзора эк 
спериментальны х данных по невращ ательным состояниям в нечетных'деформированных яд
рах в редкоземельной области . Порядок и относительны е'энергетические расстояния одно- 
квазичастичны х состояний в этих ядрах находятся в хорошем согласии с предсказаниями 
модели Н ильссона. Однако показано, что наблюдаемые энергетические расстояния между 
этими состояниями меньше на фактор ^ 2, чем вычисленные из этой модели. Только при 
энергиях нескольких сотен кэв найдено сильное смешивание одноквазичастичных вибраци
онных состояний. Это явление, которое по сравнению с протонно-нечетными ядрами более 
явно выражено в нейтронно-нечетны х ядрах, проявляет систем атические особенности. По
следние иллюстрируются примером наблю даемого поведения состояний с К = 1/2 сложной 
структуры . Другими типами смеш ивания, которые усложняют анализ структуры  уровней 
в этой области, являю тся: 1) смешивание состояний, возникающих из различных главных 
оболочек (N-смеш ивание) и 2) смешивание состояний, индуцированное кориолисовым в заи 
м одействием . П оказано, что в рассм атриваем ом  аспекте в модели Нильссона недооцени
вается  величина эф ф екта N-смеш ивания. Вращ ательная полоса над основным состоянием 
]61Dy и состояния положительной четности в .,55Gd использовались в качестве примера, где 
эф ф екты  кориолисового взаим одействия особенно сущ ественны . Указаны случаи расхождений 
предсказанны х величин матричных элем ентов кориолисового взаим одействия и эксперимен
тально полученных величин. Трудности определения конфигураций для высоколежащих 
(> 0,5 Мэв) состояний этих ядер иллюстрируются на примере 163Dy.

* Work supported by the .U.S. Atomic Energy Commission.
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The past few  y ea rs  have w itn essed  a great in cr ea se  in the gen era l 
understanding of the stru cture of the en ergy  sta tes  of the od d -m ass d e
form ed n uclei. Through the com bined efforts of the th e o r ists  [1-3] and 
ex p er im en ta lists , it is  now apparent that many of the observed  sta tes  
below  1 MeV are not of sim p le  s in g le -p a r t ic le  ch aracter , but have highly  
com p lex configurations.

We have recen tly  perform ed  a cr it ic a l evaluation of the exp erim en tal 
data currently  availab le on the energy le v e ls  of the deform ed od d -m ass  
n uclei in the ra r e -ea r th  reg ion . T h is paper i s  concerned  with som e  
r e su lts  of th is study which have re levan ce  to certa in  m ixings which ex ist  
am ong nuclear s ta te s . In gen era l, we sh a ll use the notation and term in o logy  
of the N ilsso n  [4] m odel, which, in sp ite  of its  conceptual s im p lic ity , has 
been highly su c c e ss fu l in d escrib in g  the occu rren ce and p rop erties of the 
s in g le -p a r tic le  sta tes  of th ese  n uclei.

I .  IN T R O D U C T IO N

II. STATES OF THE AVERAGE FIELD

The identification  and ch aracteriza tion  of th ose s ta te s  of the deform ed  
o d d -m a ss n uclei which are predom inantly of " s in g le -p a r tic le " 1 ch aracter  
i s  a m atter of great im portance to both th e o r is ts  and ex p er im en ta lists . 
F ir s t ,  th ese  provide inform ation on the a v er a g e-fie ld  potential it s e lf .  
Second, sin ce  the en erg ie s  of the sta te s  of the average potential en ter as  
e s se n tia l p aram eters in m ore sop histicated  nuclear stru cture ca lcu la tion s, 
such as th ose m entioned above [1 -3 ], knowledge of the actual location  of 
th e se  sta tes  should help e lim in ate som e of the uncertainty in th ese  ca lcu la 
t io n s .

T h ose s ta te s  of the odd-Z n uclei which appear to be predom inantly  
on e-q u asip artic le  in nature are  shown in F ig . 1. On th is  plot only the p o s i
tion s of the band heads are  shown. Ground sta te s  are rep resen ted  by filled  
c ir c le s  and excited  s ta te s  are rep resen ted  by em pty c ir c le s .  H ole sta te s  
are  plotted  below  th e ir  r e sp ec tiv e  ground s ta te s , w hile p artic le  s ta te s  are  
plotted above. The re la tiv e  p osition s of the ground sta te s  of adjacent-Z  
n u clei have been determ ined  by em p ir ica l adjustm ent so  that the sh ifts  of 
the variou s orb ita ls w ill be as sm a ll as p o ss ib le . The band heads are la 
b elled  by their r e sp ec tiv e  K* v a lu es . With the data arranged in th is  
fash ion , the sy stem a tic  occu rren ce of the various sta tes  throughout the 
m a ss region  is  m ade m ore apparent. In 159Tb, two low -ly in g  K* = l / 2 + 
s ta te s  are  ob served  and in169Tm  th ere is  ev idence for two sta tes  with 
К* -  3 /2 +. Each se t of s ta te s  is  connected with a v er tica l dashed lin e .
They are p resum ably of m ixed s in g le -p a r t ic le  plus vibrational ch aracter , 
although the current exp erim en tal data do not c lea r ly  indicate to what 
extent th e se  m odes of excitation  are m ixed . We sh a ll return to th is point 
in the d iscu ss io n  of the К = 1 /2  s ta te s  that have com plex stru cture (se e  
S ec t.III .A ).

At the le ft in F ig . 1 we show the s in g le -p a r t ic le  en erg ie s  predicted  
by the N ilsso n  m odel for a deform ation of 6 = 0 .3  (using the rev ised  
p aram eters of R ef. [5]), except that the th e o re tic a l energy sc a le  has been

1 In this discussion we use the teems "single-particle" and ”one-quasiparticle” interchangeably.
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8= 0.3

1/2 * [400] -  
3 /2  *[402]-

3 /2 -& 3 2 ] -

5 /2 *  [402] 
9 / 2  -  [ Ш ] '  
7/2 *[404] ч

1/2 - $4lV

1/2 * [411]- 

7 / 2  -  / 5 2 3 / -

3 /2  * [411]- 

5 /2  *[413]- 

5 /2 - [532]-

FIG .l. Energy systematics of the one-quasiparticle states in the odd-proton nuclei. For the method of 
plotting, see the text.

co m p ressed  by a factor  of <*» 1 .9 . The agreem en t with r e sp e c t  to both 
thé le v e l ordering and the em p ir ica l energy spacing is  seen  to be quite 
im p r e s s iv e . The fact that the sp acin gs between the s in g le -p a r t ic le  le v e ls  
are  sm a lle r  than th ose  pred icted  by the m odel has been m entioned p r e 
v iou sly  [6]. T h is presum ably a r is e s  [7] from  the sh ort-ran ge  resid u a l 
in teraction , which is  not included in the a v er a g e-fie ld  p otentia l. The 
factor of 1. 9 is  in good agreem en t with e s tim a tes  of the m agnitude of 
th is  effec t.

S y stem a tic s  s im ila r  to th ose shown in F ig . 1 a lso  have been worked 
out for the odd-neutron n u c le i. The situation in th ese  n uclei appears to 
be som ew hat m ore com p licated  than that for  the odd-proton n u c le i, the 
e ffec ts  of m ixing am ong the variou s low -ly in g  configurations being in 
gen era l m ore pronounced. T h is added com p lication  is  p artia lly  o ffset by 
the fact that a w ider va r ie ty  of exp erim en ta l data are  ava ilab le for the 
odd-N  n uclei (very  few  s in g le -p a r t ic le  tra n sfer  reaction  data curren tly  
ex ist  for the odd-Z n u c le i). A s with the odd-proton n u clei, the energy  
spacing of odd-neutron sta te s  i s  low er (by a factor of 2) than that p re 
d icted  by the N ilsso n  m odel.

III. CONFIGURATION MIXING

The gen era l com p lex ity  of the make-up of the energy s ta te s  of th ese  
n u clei has been m entioned above. We now con sid er b r ie fly  som e of th ese  
m ix in gs. The th ree  to  be d iscu ssed  are the following: (1) m ixing of s in g le 
p a r tic le  and v ib ration al d eg rees of freedom ; (2) m ixing of s ta te s  arisin g  
from  d ifferent m ajor o sc illa to r  sh e lls  (p r im arily  A N  = ± 2); and (3) m ixing  
induced through c o r io lis  coupling.
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A . Coupling of s in g le -p a r tic le  and vibrational m otion

The ex isten ce  of m ixing between s in g le -p a r t ic le  and v ib ration al d eg rees  
of freed om  is  by now a w e ll-e sta b lish e d  feature of the le v e l stru ctu res of 
the deform ed od d -m ass n u c le i. T here is  strong exp erim en ta l evidence  
for  vibrational excitations of se v er a l d ifferent m u ltip o larities; however; 
the overw helm ing bulk of data which we have at p resen t in vo lves co llec tiv e  
2+ exc ita tion s. F o r  th is reason , we sh all r e s tr ic t  our d iscu ss io n s  to  
th e se  la tter  s ta te s , known as "gam m a v ib ration s" .

A s a  f ir s t  approxim ation, one can think of a particu lar gam m a - 
vib ration al state in an od d -m a ss n ucleu s as a r is in g  from  the coupling of 
the b a se -s ta te  orbital and the 2+ vibrational sta te of the even -even  co re . 
Thus, if  the odd p a rtic le  is  on the o rb ita l| К 0 У, th is  coupling g iv e s  r is e  
to  two vibrational sta te s  with К valu es of Ko+ 2 a n d |K o- 2 [. A few  sta tes  
have been found which appear to be fa ir ly  pure vibrational sta te s  of th is  
type. In gen era l, how ever, th ese  v ibrational configurations are found to 
be spread  o v e r .s e v e r a l in tr in sic  s ta te s . T his m ixing of on e-q u asip artic le  
s ta te s  and |Ko - phonon excita tion s, concerning which th ere is  now a 
la r g e  amount of exp erim en tal data, is  ob served  to exhibit certa in  r e g u la r i
t ie s ,  which appear to be rather w ell d escrib ed  by the current th eo r ie s  
[1 -3 ] . Among th ese  re g u la r it ie s  we include the follow ing.

(1) M ixing of a (K0 - 2) v ibrational excitation  and a p articu lar one- 
q u asip artic le  state ]k ')> i s  e sp e c ia lly  im portant if the o n e-q u asip artic le  
sta te and the b ase state of the vibration are connected with a la rg e  E2 
m atrix  e lem en t. T his occu rs when the asym ptotic quantum num bers of 
the b ase sta te are related  to those of the adm ixed o n e-q u asip artic le  
sta te  in the follow ing manner: AN = Дп2 = О, Д А  = ДК = ± 2 . F u rth er
m ore , th is m ixing can be large  even if the p osition s of thè unperturbed  
s ta te s  | k ' > and|K0 - 2)> are  separated  by m any hundreds of keV.

(2) The trend of the excitation  en erg ie s  of th ese  m ixed  " p artic le- 
phonón" sta te s  r e se m b le s  to a great extent that of the gam m a-vib rational 
s ta te s  of the corresponding even -even  n u c le i. In the reg ion s w here the 
gam m a vibrations of the even -even  n uclei l ie  e sp e c ia lly  low  (Dy, Er) the 
effect of th is m ixing in the od d -m ass n u clei is  im portant at excitation  
en erg ies  as low as 0 .3  - 0 .4  MeV. W here the even -even  v ib ration s occur  
at re la tiv e ly  high excita tion s (as in the Yb iso to p es  172 and 174), one- 
q u asip artic le  s ta te s  occur with a high d egree of purity even up to ex c ita 
tion en erg ie s  as high as ^  1 MeV. W hile the (K -2) s ta te s  of the od d -m ass  
n uclei occur sy stem a tica lly  low er in energy than the 2+ sta tes  in the even- 
even n u clei, the extent to which their excita tion  en erg ie s  follow  th ose of 
the even -even  nuclei is  quite strik ing (cf. F ig . 2).

T h ere are se v e r a l in terestin g  groups of К = 1 /2  excited  s ta te s  that 
exhibit m ixed ch aracter . The dominant s in g le -p a r tic le  com ponent in the 
lo w es t- ly in g  1 /2 “ bands in the region  of neutron number from  91 through 
97 is  1 /2 '  [521], a fact that is  w ell estab lish ed  by (d, p) and (d, t) reaction  
stu d ies [8, 9]. The c r o s s - s e c t io n s  for excitin g  th ese  bands are sy ste m a ti
ca lly  sm a lle r  than those predicted  for pure 1 /2 “ [521] bands, su ggestin g  
that co lle c tiv e  configurations play an im portant ro le  in the make-up of 
th e se  s ta te s . This is  in agreem ent with the calcu lations of S o loviev  et 
a l. [1 ,2 ] which p red ict that the 1 /2 “ [521] s in g le -p a r tic le  com ponent 
should com p rise  only (50-7  5%) of th ese  s ta te s . The situation  regarding •
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A
FIG.2. Behaviour of several groups of К = 1/2 bands of mixed single-particle and (K0 - 2) vibrational 
character. The energies plotted are those of the respective К = 1/2 band heads measured with respect 
to the energy of the state presumed to be the base state of the (KQ- 2) vibration. The energies of the 
gamma-vibrational states in the even-even nuclei are shown connected with the solid lines.

vibrational ad m ixtu res is  com p licated  by the fact that th ere  ex ist  two 
low -ly in g  s in g le -p a r t ic le  orb ita ls  (3 /2 '  [ 521] and 5/2" [ 523]) in th ese  
n u clei which are connected to 1 / 2~ [521] by la rg e  E2 m atrix  elem en ts;  
h en ce, im portant contributions to th ese  K -2 sta te s  from  the vibrational 
con figurations2 { 3 / 2" [521], 2+} and { 5 /2 '  [523], 2+ } a r e  expected . In 
155Gd and ls7Gd, w here the ground sta te is  3/2" [521], the p resen ce  of a 
sign ifican t { 3 /2 “ [521], 2+} com ponent in the 1 / 2r bands i s  estab lish ed  
through the enhanced E2 tra n sitio n ,p ro b a b ilities  observed  in (d .d 1) ex 
p erim en ts [10]. In 163Dy, (ground .¡state: 5/2" [523]),  an im portant 
{ 5/2" [523], 2+} com ponent in the 1 /2 '  band is  s im ila r ly  estab lish ed  by 
the enhanced interband E2 tran sition  probability  [11]. D eta iled  com p arison s  
of the m ake-up of th ese  1/2" sta te s  with theory  is  d ifficu lt s in ce  the ex 
p erim ental data do not cu rren tly  provide r e lia b le  e s tim a tes  of the amount 
of each vib ration al com ponent p resen t. The th eo re tica l ca lcu la tion s [1, 2], 
h ow ever, su ggest that'roughly com parable am ounts of the two vibrational 
configurations should be p resen t, except for the N = 97 n u clei w here the 
3 /2 “ [521] band o ccu rs c lo se  to  the 1/2" band and w here, consequently, 
the contribution of { 3 / 2“ [521], 2+} is  pred icted  to be quite sm a ll (6  3%).

The p resen ce  of 1/2" [510] in ¡the other se t  of Kv = 1 /2 '  bands shown 
in  F ig . 2 has been  firm ly  estab lish ed  through (d, p) reaction  stu d ies [12].
F o r  th e se  bands, th ere  should be only one stron g ly  adm ixed vibrational 
com ponent, nam ely  { 5 /2 '  [512], 2+} . H ere , the ev idence for the p re 
se n c e  of th is  v ib ration al com ponent is  rath er in d irect, being based  la rg e ly

2 The notation employed here for vibrational components is to specify the base-state orbital and 
the type of vibration, the latter being indicated by the Kff of the analogous excitation in the even-even 
core. For example, { [6 3 3 f] t 2+} indicates a gamma-vibrational excitation built on the Nilsson 
orbital [633t] ( i .e . ,  7 /2+[633]).
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on the dram atic downward energy shift - with an accom panying dilution on 
the s in g le -p a r t ic le  strength as re flec ted  in reduced (d ,p) c r o s s - s e c t io n s  -  
w hich th is  band exhib its as one goes from  the Yb iso top es to the E r and 
Dy iso to p es  w here, as we have seen , the gam m a v ib ration s occur at 
e sp e c ia lly  low  en er g ie s . This behaviour is  shown in F ig . 3, where the 
energy sy stem a tic s  of se v er a l o n e-q u asip artic le  s ta te s  of the odd-neutron  
n u clei are shown. In the N = 105 and 107 n uclei, the 1 /2 -  [510] orb ital 
behaves as an e s se n tia lly  pure o n e-q u a isp artic le  sta te . With d ecreasin g  
neutron num ber, h ow ever, the position  of the sta te departs further below  
its  expected  p osition  until, in lti5Dy, it occu rs 900 keV below the e x 
pected  p osition  of 1 / 2~ [510].

FIG.3. Energy systematics of several intrinsic states of the odd-neutron nuclei, illustrating the sharp 
decrease in energy of the "1/2 [510] " state, presumably as a result of mixing of this orbital with the 
vibrational configuration {5 /2” [512] , 2+} . The method of plotting is the same as that of F ig .l . At 
the left is a portion of the Nilsson [5] diagram at Ô = 0.3, compressed by a factor of 2 .0 .

In the Tb iso to p es , the situation with resp ec t to 1/2+ [411] is  s im ila r  
to that of 1/2" [521] in the odd-N nuclei; that is ,  there ex ist two orb ita ls, 
3 /2 + [411] and 5 /2 + [413], which are connected to it with large  E2 m atrix  
e lem en ts . C onsequently, one expects that the v ibrational configurations 
{ 3 /2 + [411], 2+ } and { 5/2+  [413], 2+ } (p articu larly  the form er) w ill con
tribute sign ifican tly  to the 1/2+ bands in th ese  n u clei. In 159Tb, which 
has a 3 /2+  [411] ground sta te , two 1/2+ bands are ob served  (at 580 and 
970 keV), and the p resen ce  of a com ponent of the vibrational stru cture  
{ 3 /2 + [411], 2+} in  each of th ese  bands is  indicated by the enhanced  
B(E21>) va lu es (1 .5  and 0 .1  s in g le -p a r tic le  u n its ,3 re sp ec tiv e ly  [13]).
The re la tiv e  am ounts of s in g le -p a r tic le  and vibrational com ponents in 
th ese  bands, how ever, are uncertain . The la r g er  B(E2) value to the, 
low er band m ight at f ir s t  su ggest that th is  band contains the la rg er 'p o r -  
tion  of the { 3 /2 + [411], 2+ } excitation . T his supposition appears to be 
supported by the m agnitude of the decoupling p aram eters for the two bands;

3 We use as our single-particle unit for E2 transition strengths the quantity B(E2)Sp = 3 X 10"s A 4/ 3
e 2 X 10" 48 cm4. This corresponds to five of the single-particle units as defined by Moszkowski [ 14] .



NON-ROTATIONAL STATES IN ODD-A NUCLEI 125

that of the low er band is  v ery  sm a ll (+ 0. 05) w hile that of the upper band 
( -0 .8 1 )  is  c lo se  to that ob served  for the l / 2 + [411] orb ital in other odd-Z  
n u cle i. If it is  tru e that m ost of the s in g le -p a r t ic le  strength  is  located  
in  the upper band, th is  con stitu tes a se r io u s  d isagreem en t with theory, 
s in ce  both S o lov iev  [1, 2] and B è s  [3] p red ict that th is  sta te  should be 
-50%  l / 2 + [411]. The fact that the B(E2) value to the lo w er-ly in g  l / 2 +  

band is  la r g er  than that to the h igh er-ly in g  one does not n e c e s sa r ily  im ply  
that the vibrational com ponent {3 /2 +  [411], 2+} is  dominant in the 580-keV  
band, as B es and Cho [3] have pointed out. It is  a feature of th e ir  tr e a t
ment of the q u asip artic le -v ib ra tion  coupling that th ere  e x is ts  a p ositive  
in terferen ce  term  for the quadrupole tran sition  rate to the low er m em ber  
of such a m ixed pair of s ta te s , so  that an enhanced E2 transition' rate to 
the low er sta te  is  pred icted  even when th is  sta te i s  predom inantly a one- 
q u asip artic le  excitation .

The 159Tb c a se  is  not the only one w here p rob lem s ex ist concerning  
decoupling p a ra m eters of "mixed" К = 1 /2  bands. In 155Gd, fo r  exam ple,
K ff = 1 /2 -  bands are ob served  at 557 keV and 1203 keV which are excited  
in  (d, d1) reaction s with B(E2) va lu es of ~  2 .2  B (E 2)sp and ~  2 .6  B(E2)sp, 
re sp ec tiv e ly  [10]. The decoupling p aram eters of th ese  two bands are  
+ 0. 34 and + 0. 32, r e sp ec tiv e ly  (se e  T able I); and it i s  reason able to 
suppose that th ese  two bands contain sign ifican t com ponents of 1 /2 -  [521] 
a n d { 3 /2 '  [521], 2+ }, as d iscu ssed  above. H ow ever, f r o m th e (d .p )  
reaction  data, the upper band would appear to contain á  2% of the 1 /  2~ [521] 
orb ita l.

In the Re iso to p es , im portant quasip artic le-p hon on  m ixing should  
occur betw een 1/2+  [400] and {5 /2 +  [402], 2+}. T h ere is  reason  to 
b eliev e  that the w ell-know n 1/2+  bands at 646 keV in 185R e and at 512 keV 
in 187R e involve th is  m ixtu re. The quite la rg e  B(E2ft) va lu es (3. 6 B (E 2)sp 
and 3 .8  B (E 2)sp, re sp e c tiv e ly  [15]) to th e se  bands su ggest that the v ib ra
tional configuration  is  dom inant. On the other hand, the ob served  d e
coupling p aram eters for th ese  bands (+ 0 .3 9  and + 0 .3 7 , re sp ec tiv e ly )  
are both quite c lo se  to  the value (+ 0. 33) expected  for a 1 /2+  [400] orb ital. 
The th eo re tica l ca lcu la tion s p red ict that th ese  s ta te s  should be la r g e ly  
(50-75%) l / 2 + [400]. On the b a s is  of current data, it is  not p o ss ib le  to 
draw defin ite con clu sion s re gard ing  the r e la tiv e  amount of on e-q u asip artic le  
and v ibrational exc ita tion s p resen t in th e se  К 7r = 1/2+  s ta te s .

In sp ite of the com plex nature of many of the К = 1 /2  bands through
out th is  reg ion , som e of th ese  s ta te s  are re la tiv e ly  fr e e  of q u a sip a rtic le -  
phonon m ix in gs. T h is i s  e sp e c ia lly  true in the Yb reg ion , w here the 2+ 
sta tes  of the ev en -ev en  n u clei l ie  e sp e c ia lly  high (se e  F ig . 2). An out
standing exam ple of th is  is  proved by the 1 /2 “ sta te at 399 keV in 173Yb [6]. 
The E2 tran sition  to the 173Yb grou n d -sta te ( 5 /2 “ [512]) is  the s lo w est  
К -a llow ed  E2 tran sition  thus far reported , having a B(E2) value of only 
~  6 X 10“5 B (E 2)Sp. Yet, th is  tran sition  is  hindered by a factor of only 
**= 5 with re sp ec t  to the N ilsso n  estim a te  (including a co rrectio n  for pairing) 
for a 1 /2 “ [521]-» 5 /2 '  [ 512] tran sition . T h is d em on strates the sm a lln ess  
of the E2 m atrix  elem en t betw een 1 /2 “ [521] and 5 /2 “ [512] and the absen ce  
of any sign ifican t amount of { 5 /2 “ [ 512], 2+} in the 1 /2 “ band at 399 keV, 
the la tte r  being w ell explained by the th eo re tica l ca lcu la tion s [1 ,3 ] .
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Table I, Energies and decoupling parameters for К = 1/2 Ъands of mixed 
particle-phonon character.

Energy (keV) 
Calculated

a.
Calculated

Nuclide Exp.
Refs. 
[1,2]

Ref. 
[3] ’ Exp.

Refs. 
[1,2]

Ref.
[З]

Single-Particle
component

153Sm ' 
155Sm

696
821*

900
950

+0.31
+0.32

0 . 5 0  
O .5 8

•4

,55GdH
,57Gd
’59Gd
16,Gd

557
1203

7 0I+
507
356

55°

700 776

+0.3I*
+0.32 
+0.27 
+0.1*8 
+0.31

О .3 6

0.1*5 0 Л 5 1 /2- [5 2 1]
> a sp = +0-89

16,Dy
163Dy

368
351

1+50
300 386 '

+0.1*1*
+O .26

0.1*7
0 . 6 0 0 . 6 0

16 3Er 
16SEr

3k6
298

U80
3^0 1*09

+0.1*7 
+0 . 5 6

0.1*9
O .6 5 0.61*

,6’Gd 1309 -0.12 *N

,65Dy 570 700 +0.05 0.05 0.03
16 5Er
16 7Er
.16 3Er
171Er

920
76 3
562
701

810
+0 . 0 8
+0.12
+0.07
+0.13

0 . 0 5 \ 1/2-[510] 
^ s p  = +0-20

169yb
tt

171Yb
)73Yb

813

1317
9^5

1031

790

630
850

725

931*
922

+ 0.0 1
(+ 0 .1 2 )
+0 .19

+0.20

0.06

0 .0 8
0 .1 2

0.08
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B . M ixing of s ta te s  a r is in g  from  different m ajor o sc illa to r  sh e lls

A num ber of recen t experim ental r e su lts  on odd-A deform ed n uclei 
point to m ixing between N ilsso n  orb ita ls which originate from  different 
m ajor o sc illa to r  sh e lls . T h ese data com e p rim a rily  from  (d, p) an d (d ,t)  
reaction  stu d ies , although im portant supporting evidence is  provided by 
C oulom b -excitation  and ¡3-d ecay  stu d ies.
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In the orig in a l work of N ilsso n  [4] and, as the m odel i s  gen era lly  
applied at p resen t, the coupling betw een sta te s  of the sam e K’1’ but which  
d iffer in the rad ial quantum num ber N by 2 units is  e s se n tia lly  n eg lected . One 
resu lt of th is  sim p lifica tion  is  that certa in  p a irs  of orb ita ls  having the 
sam e K’1’ are pred icted  to c r o s s .  The " crossin gs"  of p articu lar in terest  
h ere involve the orb ital p a irs {3 /2 +  [651], 3 /2 + [402]} and {1 /2+  [660], 
l / 2 + [400]} . A s shown in F i g .4, th ese  p a irs  are  pred icted  to c r o s s  near 
ô = 0 .3 ,  which is  the approxim ate deform ation  of n u clei in th is  m a ss  
reg ion . E xp erim en ta lly , convincing ev idence has been found in se v er a l  
n u clei that th ese  re sp ec tiv e  orb ital p a irs are  stron gly  m ixed . The charged- 
p a rtic le  sp ec tro sco p ic  data provide one of the m ost pow erful argum ents, 
s in ce  thè N = 4 and N = 6 rotational bands are  populated with quite d ifferent 
c r o s s -s e c t io n  "fingerprints" (see  T able 9, R ef. [8]).
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5/2 - [503]
13/2+ [606]
3/2 -[501]

3/2 +[642]
9/2  - [505]
11/2 + [615]
7/2 -[503]
3/2 - ¡512]
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FIG.4. Nilsson diagram for certain odd-N states of the rare-earth region, showing the crossing of the 
orbital pairs 1/2+ [400], 1/2+ [660] and 3/2+ [402], 3/2+ [651] . The revised [5] model parameters 
were used.

In 161Dy (se e  F ig . 5a) a 3/2+  sta te  at 551 keV is  exc ited  in Coulomb 
excitation  [16] with a B(E2/fr) of ^  1 .2  B (E 2)sp. The only reason ab le way 
to explain  th is, re la tiv e ly  la rg e  B(E2) i s  to a ssu m e that th ere  e x is ts  strong  
c o r io lis  coupling betw een th is band and the 161Dy ground sta te , which in  
turn im p lies  that th ere  i s  a la rg e  com ponent of 3 /2+  [651] in the 551-keV
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FIG.5. (a) Ground-state rotational band and = 3/2+ state of mixed [402*] plus [651T] character in
161 Dy. (b) Plot showing the alternating term presumably arising .through coriolis coupling involving 
l /2 + [660] . The solid curve results from a least-squares fit to the rotational band using A, B, and A 5 
terms [23] with the values indicated. The dashed curve shows such a fit using A, B, and С terms.

sta te (se e  a lso  Section  III .C ). On the other hand, th is state is  strongly- 
excited  in the (d ,t) reaction  [17], which m eans that th ere is  a l a r g e d  50%) 
com ponent of 3 /2 + [402] p resen t. A h igh er-ly in g  sta te , at 726 keV, a lso  
stron gly  excited  in the (d, t) reaction , is  presum ed [17] to be the second  
m em ber of the 3/2+  [402], 3 /2 + [651] p a ir .

In the Gd, Dy and E r n u clei, other exam p les of a strong AN = 2 m ixing  
betw een the two К = 1/2+ orb ita ls and the two К = 3/2+ orb ita ls are r e 
ported [8, 17], In 155Gd there are two low -ly in g  3 /2 + bands (band heads 
at 105. 3 and 266. 6 keV) that are  strongly  excited  in the 156Gd (d, t) r e a c 
tion  [8]. The re la tiv e  c r o s s - s e c t io n s  for excitin g  th ese  bands su ggest 
that they contain 40% and »  60%, r e sp e c tiv e ly , of the 3/2+  [402] orbital 
strength . It is  lo g ic a l to a ssu m e that the rem ainder of th ese  two sta te s  
i s  la r g e ly  3 /2+  [651], a supposition which finds support from  the c o r io lis -  
coupling r e su lts  d iscu ssed  below . T h is strong m ixing is  sign ifican t b e 
cau se it in d icates a deform ation that is  c lo se  to the v irtual in tersectio n  
of the 3 /2+  orb ita ls, and so  the energy d ifferen ce of 160 keV is  a rough 
m easu re of the actual "distance of c lo s e s t  approach" of th ese  o rb ita ls .
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The 160-keV  en ergy  separation , togeth er with the re la tiv e  am ounts of 
the two configurations p resen t in the. two bands, a llow s one to estim ate  
the m agnitude of the m atrix  elem en t resp on sib le  for the m ixin g , and it 
turns out to be ~  80 keV. T his valué is  e s se n tia lly  the sam e as that ob
tained  (80 keV) from  an a n a ly s is  of the m ixing of the 1 /2+  [660], 1/2+  [400] 
configurations in  159Gd [18].

Although N ilsso n  did not include N m ixing in h is ca lcu la tion s [4], he 
sp ec ified  how to take it into account. In h is m odel, the coupling between  
orb ita ls  w hose N va lu es d iffer by 2 units a r is e s  through the AN = ± 2  
m atrix  e lem en ts of an operator proportional to r 2Y2°, w hose AN = 0 
m atrix  e lem en ts provide the deform ation-dependent m ixing among the 
sp h erica l sh e ll-m o d e l s ta te s . We have found that th is  m odel se r io u s ly  
u n d erestim ates the m agnitude of the N -m ixin g  phenom enon. It y ie ld s  a 
value of «  7 keV for the N -m ix in g  m atrix  elem en t between  3 /2 + [402] and 
3/2+  [651], which is  roughly an ord er of m agnitude sm a lle r  than that 
ob served  exp erim en ta lly . !

Other data that su ggest the p resen ce  of N -m ixin g  are the log  ft va lu es  
for beta tran sition s betw een sta te s  having AN = 2. Of p articu lar in terest  
are the ft va lu es of the 7 /2 + [4 0 4 ]pii 9 / 2+ [624]n tra n sitio n s , which are  
sy stem a tica lly  sm a lle r  by a factor 2 10 than th ose  of the 7 /2+  [404]pi  
7/2+  [633]n tra n sitio n s (se e  T able II). The AN = 2 m átrix  e lem en ts of the 
operator r 2Y2° have the se lec tio n  ru le s  in the ásym ptotic quantum num bers: 
AN = Anz = ± 2 , А Л = 0. C onsequently, through the action  of th is  operator, 
appreciab le am ounts of 7 /2 + [6 2 4 ]p and 9/2+  [404]n , r e sp e c tiv e ly , are ex 
pected  to be adm ixed into the sta te s  7 /2 + [404] p and 9/2+  [624]n. Each of 
th e se  adm ixed com ponents can g ive r is e .to  a llow ed-unhindered  (au) beta 

.tran sition s to the m ain com ponent of the other sta te . T h is is  not the ca se  
for  the 7/2+  [404]p5* 7 /2+  [633]n tra n sitio n s , and so  one exp ects them  to 
be s lo w er . Within the fram ew ork  of the N ilsso n  m odel, how ever, our 
calcu lation s indicate that, th ere i s  far too lit t le  N -m ixin g  to account for 
the speed of the 7 /2+  [404] ?=? 9 /2+  [624] tra n sitio n s .

ТаЪ1е II. Log ft_ values of two' groups of "N-forbidden" 0 transitions.
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R ecen tly , the phenom ena a sso c ia ted  with the N -m ixing have been  
the subject of ex ten sive  th eo re tica l study, using a s in g le -p a r tic le  poten
tia l of Saxon-W oods shape [18-20]. In som e r e sp e c ts , th ese  ca lcu la tion s  
g ive much b etter agreem en t with experim ent than does the harm onic  
o sc illa to r  potential used by N ilsso n . One im plication  of th is  work is  
that when m ore com p lete data are  ava ilab le on th e se  m ixed s ta te s , th eo 
re tic ia n s  w ill gain  valuable insight into c r it ic a l fea tu res of the nuclear  
potentia l w ell.

C . Coupling between p a rtic le  and rotational m otion (co r io lis  coupling)

The coupling of p artic le  and rotational m otion in deform ed n u clei 
has been w ell d escrib ed  th eo re tica lly  [21, 22]. A s the data concerning  
m any nuclear p rop erties have b ecom e m ore ex ten sive  and p r e c ise , the 
im portance of c o r io lis  coupling am ong n uclear sta te s  has b ecom e m ore  
apparent. In p articu lar , it can profoundly a ffect the ra tes of beta- and 
ga m m a -ra y  tra n sitio n s betw een n uclear s ta te s , the effec tive  m om ents  
of in ertia , and the energy sp acin gs within rotational bands.

The operator which g iv e s  r is e  to  the ro ta tion -p artic le  coupling  
con n ects sta te s  w hose К va lu es d iffer by one unit. F u rth erm ore, the 
stro n g est couplings produced by th is  in teraction  involve s in g le -p a r tic le  
orb ita ls  which originate from  the sam e sp h er ica l sh e ll-m o d e l s ta te . The 
strength  of th e se  "unhindered" couplings depends on the j-v a lu e  of the 
sp h er ica l sh e ll-m o d é l sta te  from  which the orb ita l o r ig in a tes , being  
la r g er  for the la r g er  j -v a lu e s . The e ffec ts  of c o r io lis  coupling a re , con
sequ en tly , e sp e c ia lly  pronounced am ong the orb ita ls which orig in ate from  
the h u / 2  and Í 1 3 / 2  sp h erica l sh e ll-m o d e l s ta te s . T h ese orb ita ls  accou n t, 
r e sp e c tiv e ly , for the m ajority  of the odd proton n egative-p arity  sta tes  
and the odd-neutron p o sit iv e -p a r ity  s ta te s  cu rren tly  known in the ra r e -  
earth  n uclei.

One consequence of th is in teraction  is  the la rg e  effective  m om ents  
of in ertia  sy stem a tica lly  ob served  for  the N = 6  odd-neutron s ta te s  which  
orig in ate  from  i 1 3 / 2  . A nother effec t, and one concern ing which th ere  is  
con sid erab ly  l e s s  exp erim en ta l ev idence at p resen t, i s  the ex isten ce  of 
an alternating term  in the en ergy  sp acin gs of the rotational bands built 
on th e se  s ta te s . W hile such te r m s  are expected  on very  gen era l grounds 
[23] to occur in the rotational bands of a ll in tr in sic  s ta te s , for th ese  
p articu lar sta te s  th e ir  e ffec ts  should be e sp e c ia lly  large  b ecau se of the 
v er y  anom alous rotational spacing of the l / 2 + [660] band (a th i  + 6 . 0 ) and 
of the e sp e c ia lly  large  c o r io lis -c o u p lin g  m atr ix  e lem en ts . T h ese energy  
perturbations are quite pronounced in the 5/2+  [642] bands of 161Dy and 
16 3Dy. T his is  illu stra ted  by the grou n d -sta te  band of 161Dy as observed  
in Coulomb excitation  [24] ( s e e  F ig . 5b). A le a s t-sq u a r e s  fit to the le v e l  
en er g ie s  of th is  band w as m ade using a function of the form. Ej = A I(I+  1) + 
B I2(I + l ) 2  + ( - ) I+1/ 2 А5 Ц + 5/2)1 /( I  - 5 /2 ) J. The re su lts  of th is  a n a ly s is , 
which g iv e s  an excellen t fit to the exp erim en ta l data, are  shown in F ig . 5b. 
It i s  p o ss ib le  to fit th ese  data rath er w ell using a five-band c o r io lis -  
coupling ca lcu lation  involving the К = 1 /2  to К = 9 /2  bands. H ow ever, 
b ecau se of the lim ited  amount of data ava ilab le on the other band m em b ers, 
no d egree  of uniqueness can be c la im ed  for th is  fit.

In the application of c o r io lis -c o u p lin g  id eas to  the in terp retation  of 
the p ro p erties  of n uclear s ta te s , a num ber of unsolved  prob lem s e x is t .
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One of th e se  d eals with the m agnitude of the coupling betw een orb ita ls  
for which the m atrix  e lem en ts are  "unhindered" in the asym ptotic quantum  
n um bers. In the c a s e s  thus far studied, it appears that coupling strengths  
con sid erab ly  sm a lle r  than the th eo re tica l va lu es (by approxim ately  a factor  
of 2) are  requ ired . When the two orb ita ls  involved  are  a h ole sta te  and a 
p a rtic le  sta te (as in the c a se  of the 5 /2 -  [532] and 7/2" [523] orb ita ls in 
16̂ Tb [25]), it has been proposed  that th is d ecr ea se  in coupling strength  
m ay a r ise  from  an ov erestim a te  of the pairing factor (UU 1 + W )  which 
m u ltip lies the coupling m atrix  e lem en t. F o r  the low est Í 1 3 / 2  orb ita ls, 
l / 2 + [660] and 3 /2 + [651], the situation  is  further com plicated  by the fact 
that th ese  orb ita ls are  ob served  to be "fragm ented" through the effect of 
N -m ixin g  and, consequently , one has som ehow  to take th is  into account 
in  the ca lcu la tion s. In the known c a s e s  of "hindered" c o r io lis  coupling, 
the coupling m atrix  e lem en ts deviate in both d irection s from  the th e o re ti
ca l v a lu es. F o r  exam ple, in the ex ten siv e ly  studied c a se  of the 1 / 2_ [510] 
and 3/2" [512] orb ita ls in 1 8 3 W, it has been found n e c e ssa r y  to u se  a 
•coupling m atrix elem ent that is  a factor o f 1 . 6  [2 1 , 2 2 ] la r g er  than that 
pred icted  th e o re tic a lly . F o r  the orb ita ls  5/2" [523] and 3/2" [521] in 
161Dy [26], how ever, it has been shown that a m atrix  elem en t about one- 
half the th eo re tica l value is  requ ired4.

An extrem e exam ple of the effect of c o r io lis  coupling is, provided by 
the low -ly in g  p o sit iv e -p a r ity  sta tes  in 1 5 5 Gd. The nature of th ese  sta tes  
was unexplained until recen tly  wheniit w as shown [27] that they could be 
d escrib ed  in ter m s of c o r io lis  coupling involving the orb ita ls l / 2 + [660], 
3 /2 + [651] and 5/2+  [642]. Our published ca lcu la tion s pred icted  a .quadru
pole m om ent for the 8 6 . 5-keV  sta te which is  la rg er  than the subsequently  
m easu red  va lu es [28], although the two ex istin g  exp erim en ta l m ea su re 
m ents d isa g ree  sign ifican tly . We have s in ce  shown that slight m odifica
tion s of the ca lcu lation al p aram eters can be m ade which reproduce the 
sm a ll value of the quadrupole m om ent of th is sta te w hile s t i l l  p reserv in g  
the good fit to the e n er g y -lev e l spectrum  and rad iative tran sition  proba
b ilit ie s .  F rom  th ese  ca lcu la tion s certa in  fea tu res have em erged  which  
are  worth noting.

The ro le  of 1/2+  [660] is  of fundam ental im portance in th is  p ictu re. 
B eca u se  of it s  la r g e  decoupling p aram eter (as d iscu ssed  above) and the 
fact that it o cc u r s , together with 3 /2+  [651] and 5/2+  [642], at a re la tiv e ly  
low  energy in 1 5 5 Gd, it is  e s se n tia lly  im p o ssib le  to reco g n ize  the ro ta 
tional band stru ctu res of the p o sit iv e -p a r ity  s ta te s . Som e of the individual 
sta tes  are pred icted  to be m ore or l e s s  com p letely  m ixed so that the a s s o 
ciation  of a given sta te with a p articu lar band b ecom es m ea n in g less . In 
fact, the lo w est-ly in g  p o sitiv e -p a r ity  sta te , the l v = 5 /2+  sta te  at 86 .5  keV, 
i s  pred icted  to contain e sse n tia lly  equal am ounts of the th ree  orb ita ls  in 
volved . R elated  to th is  is  the fact that som e of the s ta te s , as a resu lt of 
the coupling, have been shifted by as much as 200-300 keV from  their  
"unperturbed" p osition .

The nuclide 155Gd has been a very  revealing  c a se  in th is  regard  sin ce  
in it th ese  s ta te s  occur at low  en erg ie s  w here they have been su scep tib le  
to detailed  study with a wide variety  of experim ental techn iqu es. The 
exp erien ce gained from  the study of th ese  le v e ls  in 155Gd should se rv e  to  
point out the extrem e caution which m ust be ex e rc ise d  in attem pting to

4 The theoretical coriolis matrix element between 5/2" [523] and 3/2" [521] is 0 .8 9 -ft2/2 j? , 
rather than the value quoted in Ref. [26] .
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understand the p rop erties of th ese  s ta te s  in other n uclei, w here they occur  
at h igher excitation  en erg ie s  and w here, at p resen t, the data concerning  
them  are con sid erab ly  l e s s  detailed .

D . C onclusion

The d iscu ss io n  above su g g ests  that the agreem en t bètw een theory and 
experim ent regarding the low -ly in g  sta tes  of the n uclei in th is region  is  
reason ab ly  good. W hile in  certa in  re sp e c ts  th is  i s  co r r e c t , the point needs  
to be em phasized  that se r io u s  prob lem s s t i l l  ex ist and that much work r e 
m ains to be done, p articu lar ly  in the region  above * ¡ 0 .5  MeV. The s itu a 
tion  is  perhaps b est illu stra ted  b y  r e fere n c e  to a sp ec ific  c a s e , for which 
we have se lec te d  the nuclide 1 6 3Dy.

The 163Dy le v e l stru ctu re has been e sp e c ia lly  w ell investigated; con 
cern in g it th ere cu rren tly  ex ist  d eca y -sch em e data [29] and the re su lts  of 
a co -o p era tiv e  exp erim en ta l effort [30] that included (d ,p ) and (d, t) r e a c 
tion stu d ies, h igh- and lo w -en erg y  (n, 7 ) stu d ies, and co n v ersio n -e lec tro n  
m easu rem en ts on the gam m a-ray  tra n sitio n s a sso c ia ted  with neutron  
cap ture. The in tr in sic  s ta te s  of 163Dy revea led  by th ese  stu d ies are  shown 
at the le ft  in F ig . 6 .

To the right in F ig . 6 , we show the sp ectrum  of in tr in sic  s ta te s  ca lcu 
lated  [2] for  163Dy together with their pred icted  m ake-up. F o r  c la r ity  in 
the fig u re , we have lis te d  for the sta te s  of com plex stru ctu re only the 
la r g e s t  two predicted  con stitu en ts. F o r  the sta te s  b e lo w ~ 0 .8  MeV, there  
is  a rather good corresp ond en ce betw een theory  and exp erim en t. Although  
the m atch of the le v e l en erg ie s  is  not sp ectacu lar , the pred icted  stru cture  
of the ob served  sta te s  is  w ell supported by the experim ental data. Above 
<*> 800 keV, how ever, it is  no longer a sim p le  m atter to  m ake a c le a r -c u t  
corresp on d en ce between the exp erim en ta l and the th eo retica l le v e ls .
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FIG.6. Comparison of the known intrinsic states of 163Dy with those calculated in Ref. [2 ] .  The ex
perimental wave functions for the states below 730 keV are in good agreement with theory; consequently, 
they are not listed at the left.
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An in terestin g  com ponent in the 884-keV  sta te is  the th ree -q u a sip a r tic le  
configuration  { 3/2+  [411]p, 7/2" [523]p, 5/2" [523]n} ,  which can be thought 
of as e s se n tia lly  a K ,r= 2" octupole phonon coupled to the 163Dy ground  
sta te ( 5 /2 ‘ [523]). T h is configuration is  expected  to be adm ixed into sev era l 
of the lo w es t- ly in g  l / 2 + sta te s  [2]. In certa in  other n uclei in th is  region , 
sta te s  a t .~  l  MeV excitation  have been  found that appear to have adm ixtures  
of individual th r ee -q u a sip a r tic le  configurations that have no obvious r e la 
tion to phonons. T his phenom enon rem ain s unexplained th e o re tica lly .

The o v era ll situation  in 163Dy, which, as we have just d escr ib ed , is  
a v ery  carefu lly  studied nuclide, should se rv e  a s a cautionary rem inder  
of the p resen t p rob lem s inherent in making configurational a ssign m en ts  
to sta te s  above «= 0 .5  M eV. in the deform ed odd-A n u clei, p articu lar ly  in 
c a s e s  w here the exp erim en ta l data are l e s s  ex ten sive  than th ose availab le  
for th is n ucleu s.
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D I S C U S S I O N

S. WAHLBORN: In connection with D r. R eich1 s ta lk , I should  
lik e  to  report b r ie fly  on the ev idence for a spin  p olarization  term  from  
the 482 keV M l tran sition  in  181T a. T h is p roceed s between the in tr in sic  
sta te  5 /2 + [402] and the ground sta te  7 /2 +  [404] and has a retardation  
fa c to r  of ~  3 X 10® . We have m ade a v a r ie ty  of ca lcu lations including  
c o r io lis  coupling and v ib ration al ad m ixtu res. The M l tran sition  operator  
is  assu m ed  to have the form  t (M l)m = (g { - gR ) i m + (gs -  gR) s m +k [a Y 2] ^ , 
w here к is  con sid ered  as an em p ir ica l p aram eter . No other.p aram eter  
o ccu rs in the ca lcu la tion . A ll n e c e ssa r y  quantities can e ith er be obtained  
from  em p ir ica l in form ation  (as the g -fa c to r s)  or be com puted from  the 
N ilsso n  m odel. S pecia l attention has to be paid to the m atrix e lem en ts

X = < 7 / 2 + | i + |5 / 2 +>, Y = < 7 /2 + |s + | 5/2+>

w hich form  the m ost im portant part of the M l am plitude, apart from  the 
sp in  p olarization  ter m . With к = 0 it is  found that В (M l) co n sisten tly  
rem ain s ,2 10 _3 В (M l)s-p-. With к > 0, can cella tion  o ccu rs . To accom p lish  
В (M l) £  10-6 B (M 1 )S p_ we find the condition

к = Ó.9 ± 0.3

P rev iou s authors have estim ated  к from  sp in-dependent cen tra l fo rc es  
and found p ositive  va lu es of th is  ord er . B lom q vist recen tly  carefu lly  
r e -in v e stig a te d  the contribution due to pion exchange cu rren ts and found 
that th is would correspond  to k pion - 0 .5 . C onsequently, k Spinpoi. m ight 
be as la rg e  as % 1.5. It should fin a lly  be m entioned that s im ila r  ca lcu la 
tion s have a lso  been perform ed  for 175Lu w here the r e su lts  are  le s s  
d efin ite , allow ing only a rough upper lim it es tim a te  for k, in agreem en t 
with the resu lt fo r181 Ta.

P .G. HANSEN: The 175Lu and l s lTa c a s e s  are very  s im ila r  and 
the retarded  M l can in both c a s e s  be traced  back to  d estru ctive  in te r 
fer en ce  from  the c o r io lis  in teraction . The m atrix  e lem en ts a re , how 
e v e r , som ew hat d ifferen t in  the two c a s e s :  both the in tr in s ic  M l m atr ix  
e lem en t and the c o r io lis  strength  are  sm a lle r  for 181 Ta.

S. WAHLBORN: E xten sive ca lcu la tion s show that it is .n o t p o ssib le  
to  get su ffic ien tly  d estru ctiv e  in ter feren ce  from  the c o r io lis  in teraction  
in  the c a se  of 181 Ta for any reason ab le ch o ice  of the in er tia l p aram eter .
I a g ree  that the situ ation  is  som ew hat d ifferen t for the ca se  of 175Lu.

D .B . FOSSAN: If the m agn etic -d ip o le  operator contains the addi
tion a l sp in -p o lariza tion  term  as you su g g ested , would it be p o ss ib le  to
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o b serv e  a m anifestation  of th is term  by an angular corre la tion  m easu rem en t  
on the gam m a rays ?

S. WAHLBORN: No, I d on 't think so . On the other hand, it might be 
p o ss ib le , for exam p le, to  tra c e  an effec t of th is  term  in the a n a ly sis  of 
h ig h -en erg y  elec tron  sca tter in g .

J.O . RASMUSSEN: On the trou b lesom e factor of two by which one 
m ust reduce the la rg e  c o r io lis -m ix in g  m atrix  e lem en ts , N ilsso n  rem arked  
to  m e recen tly  that the needed reduction below the sim p le  BCS m atrix  
elem en t m ay n atu rally  com e out if  one p rop erly  takes p a rtic le -n u m b er-  
con serv in g  w ave-fu n ction s. D r. Chasm an has m ade such ca lcu la tion s in 
ra re  earth s. The reduction  below  BCS w ill be m ore im portant as the 
pairing gets w eak er.

Short contribution

R.L . GRAHAM (Chalk R iver N u clear L ab oratories, A tom ic E nergy  
of Canada Ltd, Chalk R iver, O ntario, Canada): I should lik e  to m ention  
som e new r e su lts  w hich R .L . G raham , J .S . G eiger and M.W. Johns have 
obtained on the le v e l  stru ctu re of 171 Tm  sin ce  w e subm itted Contribution  
N o.44 to the con feren ce .

We have ca rr ied  out a new se t  of 7 -7  co incidence m easu rem en ts  
u sing two ~'20 cm 3 coax ia l Ge(Li) d e tec to r s . T h ese stu d ies provide evidence  
for new 7 tran sition s m aking the to ta l num ber 54, to be com pared with 38 
found by M egli et a l . 1 and 40 reported  by R aeside et al.2

E r  IN keV 

FIG.A. К internal coefficient values.

1 MEGLI, D.G. et a l .,  Nucl. Phys. A107, (1968) 217.
2 RAESIDE, D.E. et al.» Preprint,University of Michigan (May 1968).
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FIG .C . The coincidence y  372 spectrum .



NON-ROTATIONAL STATES IN ODD-A NUCLEI 137

We have obtained m ultip o larity  inform ation on 19 tra n sitio n s by c o m 
bining our К lin e and 7 -ra y  quantum in ten sity  data to y ie ld  the К in tern al 
co effic ien t va lu es shown in F ig .A . The two in ten sity  s c a le s  w ere n orm alized  
by assu m in g  7  308.2 is  pure E l. M ost of the tra n sitio n s are dom inantly M l. 
T h ese  m u ltip o lar ities  m ake it p o ss ib le  to a ss ig n  sp in s and p a r itie s  to s ix  
of the h igher en ergy  le v e ls  in 171Tm  as shown in F ig .B .

T his le v e l sch em e accounts for 50 of our 54 7 tra n sit io n s . The le v e ls  
at 635.4 , 675.7 , 737 .2 , 912 .8 , 998.6 and 1284.7 keV are  now unam biguously  
estab lish ed  from  our 7-7  co incidence stu d ies . The 1225.6 and 1400.5 keV 
le v e ls  are based  on the m easu red  d ifferen ces in 7 -r a y  e n e r g ie s . The 
966.4 keV le v e l is  introduced to  account for 7966.4 which is  not seen  in 
7 -7  co incidence stu d ies  although it is  of m oderate in ten sity . Recent 7 -7  
coin cid en ce stu d ies fa il to  confirm  the 1443.2 keV le v e l ten ta tive ly  proposed  
in our con feren ce ab stract.

M egli et a l. do not have a le v e l at 1284.7 keV but have introduced, 
in stead , a le v e l at 489 keV in order to account for the 372 keV 7 tran sition . 
On our sch em e one exp ects to s e e  the fam ily  of 7 -ra y s  from  the 912.8 keV  
le v e l and th e ir  s u c c e s s o r s  to be coincident with 7372.0 . The 7 spectrum  
in  co incidence with >'372 is  shown in F ig .C . It sh ow s c le a r ly  that the p r e 
d icted  fam ily  of 7 -r a y s  have the re la tiv e  in ten sity  pattern expected  from  
our d irect 7 -ra y  sp ec tr a .

Returning to F ig .B , both M egli et a l. and R aeside et a l. have proposed  
a le v e l at 862 keV to account for thei 732 and 745 keV 7 -r a y s .  On our le v e l  
sch em e /732 d e -e x c ite s  the 737.2 kéV le v e l and 7745 is  unplaced. The 
737.2 keV le v e l is  populated by 7175.8. On our sch em e w e expect to se e  
7  732.2 as w e ll as 7  608.6 and y  620.6 in co incidence with y  175.8. Our evidence  
for th is is  shown in F ig .D . A lso  shown on th is  figure is  the 7  sp ectrum  c o 
incident with 7124.0 . T h ere is  no ev idence for  7732.2 in th is sp ectrum  
as predicted  by the other w o rk ers. We do, how ever, note that 7671.7 and 
7 693.2 are in co in cid en ce with 7 l24j.8 .

On F ig .B  note that we have introduced the ten tative le v e l at 822.2 keV 
to account for the /6 9 3 .2  - 7124 .0  co in c id en ces . We b e lie v e  that /671 .7  
d e -e x c ite s  the 998.6 keV le v e l and populates the p rev iou sly  unobserved  
9 /2 + m em ber of the grou n d -sta te rotational band at 326.7 keV. T his  
le v e l d ecays by 7 1 97 .7  (p rev iou sly  unplaced) to the 3 /2 + le v e l  at 129.0 keV 
and the weak 7210 .1  (p rev iou sly  unobserved) to the 5 /2 +  le v e l at 116.6 keV.

7 671.7 is  v ery  w eak and is  m asked  in the d irect sp ectrum  by the 
r e la tiv e ly  in ten se 7 -r a y  doublet of 670.7 and 675.7 keV. T h is doublet d e-  
e x c ite s  the 675.7 keV le v e l.  One expects to se e  id en tica l sp ectra  in c o 
in cid en ce with both 7 -r a y s ,  the dominant peak being 7 2 3 7 .1 . The low er  
portion of F ig .С show s th e se  two co incidence sp ec tra . A s exp ected , both 
show a dominant 7237 .1  peak. N ote, h ow ever, that the 7 6 7 0 .7 -g a ted  
sp ectrum  has peaks at 197.7 and 210.1 keV which are not p resen t in the 
low er sp ectru m . A m ore  d etailed  a n a ly sis  of our data has shown that the 
7 -r a y  coincident w ith 7  197.7 has an en ergy  of 671.7 keV.

Som e fea tu res of the p resen tly  known le v e l stru ctu re of 171Tm  (Fig.B ) 
have an obvious in terp retation . Hatch and Boehm 3 w ere the f ir s t  to study  
the p rop erties of the К = 1 /2  [411] grou n d-state rotational band. A ll 
stu d ies to  date agree  on the p rop erties of the 424.8 keV le v e l and th ere  
s e e m s  lit t le  doubt that its  a ssign m en t is  the 7 /2"  [523] N ilsso n  orb ita l.
At th is  stage we h es ita te  in m aking defin ite N ilsso n  orb ita l assign m en ts

3 HATCH, E .N ., BOEHM. F ., Phys. Rev. 108 (1957) 113.
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to the h igher en ergy  le v e ls  until our data are m ore fully  an alysed . 
H ow ever, one notes that N ilsso n  orb ita ls 7 /2 +  [404], 5 /2  + [402] and 
3 /2 +  [411] m ight be expected  to appear at m oderate excitation  e n er g ie s .

C H A N N E L  N U M B E R  

FIG.D. The coincidence y 175.8 and y  124.0 spectra.

The 998.6 keV 7 /2 +  le v e l d e -e x c ite s  to the 912.8 keV 5 /2 +  le v e l by 7 85.6  
[M l + ~  5% E2] su ggestin g  that th ese  two le v e ls  are m em b ers of aK  = 5 /2+  
rotational band. The 675.7 and 737.2 keV le v e ls  m ay p o ssib ly  be m em bers  
of a К = 3 /2 +  rotational band although we have no ev id en ce, as y et, for 
a 61.5 keV M l tran sition  betw een them .
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Abstract—  Аннотация

N U C L E A R  DEFORMABILITY A N D  QU A D R U P O L E  M O M E N T S .  A  survey of the present phenomenological 
theory of collective excited states in spherical and non-spherical even-even nuclei is made. It is shown that 
the character of excited states depends essentially upon the two parameters specifying the nuclear equilibrium 
shape in the ground state as well as two other dimensionless parameters specifying the longitudinal and transversal 
deformability of the nuclear surface. Relative to these parameters the nuclei are subdivided into rigid and soft 
nuclei. In the soft nuclei the rotations are not separated from the vibrations. The above parameters are 
computed from the data concerning energies of three excited levels. The reduced transition probabilities for 
E2-transitions between excited states are also expressed in terms of these parameters. S u m  rules for reduced 
E2-transition probabilities and expectation values of quadrupole moments in excited states are discussed. It is 
shown that the theory of non-spherical deformable nuclei yields expectation values of the quadrupole electric 
moments of the first 2+ excited state in good agreement with experimental data for isotopes of the nuclei 
Cd, Ba, S m  and Gd.

Д Е Ф О Р М И Р У Е М О С Т Ь  Я Д Е Р  И  К В А Д Р У П О Я Ь Н Ы Е  М О М Е Н Т Ы .  Дается обзор совре
менного состояния феноменологической теории коллективных возбуж д е н н ы х  состояний с ф е 
рических и н есферических четно-четных ядер. Показано, что кроме двух параметров, харак
т е р и з у ю щ и х  равновесную ф о р м у  ядра в основном его состоянии, характер возбуж д е н н ы х  с о 
стояний существенно зависит от двух других безраз м е р н ы х  параметров, х арактеризующих 
продольную и поперечную д е ф о р м и р у е м о с т ь  поверхности ядра. П о  о т н о ш е н и ю  к этим пара
м е т р а м  все ядра м о ж н о  разделить на жесткие и мягкие. В  мяг к и х  ядрах вращательные 
движения не отделяются от вибрационных. Значения этих параметров определяются на 
основании данных об энергиях трех возбу ж д е н н ы х  уровней. Через эти же п а р аметры в ы р а 
ж а ю т с я  приведенные вероятности Е2-переходов м е ж д у  в о з б у ж д е н н ы м и  состояниями. О б с у ж 
даются правила с у м м  для приведенных вероятностей Е2-переходов и средних квадруполь- 
н ы х  м о м е н т о в  в возбу ж д е н н ы х  состояниях. Показано, ч т о  т е о р и я  несферических д е ф о р м и р у е 
м ы х  я дер определяет средние значения квадрупольных электрических м о м е н т о в  первого 2+ в о з б у ж 
денного состояния в изотопах ядер Cd, Ba, S m  и G d  при х о р о ш е м  согласии с эксперименталь
н ы м и  д а н н ы м и .

1. INTRODUCTION

The p resen t su rvey  d ea ls  w ith co lle c tiv e  exc ita tion s of the quadrupole 
type, w hose theory  has so  far been developed fa ir ly  com p lete ly . The 
quadrupole v ib ration s o f the n u c lear  su rface are d escr ib ed  by five  dynam ical 
v a r ia b le s . In the co -ord in a te  sy stem  a sso c ia ted  w ith the n u clear p rincipal 
m om ents of in ertia  (the n u clear co -ord in a te  sy stem ) th e se  five dynam ical 
v a r ia b le s  can be subdivided into two ty p es, nam ely two in tr in s ic  v a ria b les  
(3 and 7  d eterm in in g  the instantaneous n uclear shape in the n u clear c o 
ordinate sy stem  and th ree  E u ler  an g les в = {0J, 8Z, 6 3 } ch a ra cter iz in g  the 
orien tation  of the n u c lear  co -ord in a te  sy stem  w ith r e sp ec t to the laboratory  
fram e. .

The p otentia l en ergy  o f quadrupole v ib ration s V(/S, 7 ) depends on the 
in tr in sic  v a r ia b le s  (3 and 7 . The equilibrium  shape of the n ucleu s in the

139
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ground sta te is  determ ined  by the va lu es ¡30 and 7 0 which m in im ize the 
potentia l energy . The value ft  = 0 corresp on d s to the sp h erica l equilibrium  
shape. If j30 ф 0, the n uclear shape in the ground state is  not sp h erica l.
The su rface v ib ration s occu r about equilibrium  va lu es |30 ф 0 and y 0. When 
Yo = 0  or n13 the equilibrium  shape of the nucleus is  ax ia lly  sym m etr ic .

2. QUADRUPOLE EXCITATIONS OF SPHERICAL NUCLEI

In sp h erica l nuclei the spectrum  of co llec tiv e  quadrupole exc ita tion s  
has the equidistant ch aracter  shown in F ig . 1. The exc ited  sta te s  are  
ch aracter ized  by the w ave-functions (see  Sect. 6  o f Ref. [1] ).

W . Ï .  0 > £ | i m k > a « ( „ | ( 2 . 1)

Ка 0

w here I = 0, 2, 3, 4, . . . i s  the to ta l spin, К = 0, 2, 4, . . .  ; n = 0, 1, 2, . . .  ; 
s = 1, 3 /2 , 2, 5 /2  are the quantum num bers of "intrinsic" co llec tiv e  
excita tion s:

I IMK> = 21  + 1
J 6 tt2(1+ ô ) (2 . 2 )

D¿¡K(6 )a r e  g en era lized  sp h erica l functions depending on the three E u ler  
an gles 0 ¡; Aj^ (7 ) are functions of the variab le  7 .

Ins I n s Ins I n s I n S

3 k -
60% 2 i }/z 30% 00̂ /2 4  0̂ /2

2ku - 4 o 2 O i l 202

ho ■ 2 0У2

0 . 0 01

FIG. 1. The first quadrupole excited states of the spherical nucleus.

In the ground state of the nucleus I = n = 0, s = 0. The energy of excited  
s ta te s  I, n, s is  determ ined  by

Ens(I) = 2hu (n + s - 1 )

w here to is  a p aram eter of the theory sp ecify in g  a n ucleu s. In p articu lar, 
the f ir s t  excited  state of zero  spin  (0, 1, 1) has energy E n (0) = 2 tiu  and its  
w ave-function depends on the variab le /3. The second excited  state of zero  
spin  (0, 0, 5 /2 ) has energy E Q5^ (0 ) = 3 hu and its  wave-functi'on depends on 
the v a r ia b le s  J3 and 7 . The exc ited  s ta te s  with spin I ф 0 depend on five  
dynam ical v a r ia b le s . ■’

It is  e s se n tia l that the expectation  va lu es of e le c tr ic  quadrupole m om ents  
be equal to zero  for a ll exc ited  sta te s  o f the quadrupole type in .the sp h erica l 
nucleus:
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<Ins I G^|lns> = О (2 .3 )

The quadrupole exc ited  sta te s  of sp h erica l n uclei and the p rob ab ilities of 
E 2 -tra n sitio n s  betw een them are determ ined  by the va lu es of tiu and 
<o|(32 |o>  which should be con sid ered  as p aram eters of the theory .

It is  known that tw ic e -m a g ic a l n uclei and those c lo se  to them  have a 
sp h erica l shape in the ground sta te . T h eir spectrum  of exc ited  sta te s  
n oticeab ly  d iffers  from  the p red iction s of a s im p le  theory (see  F ig . 1) of 
quadrupole v ibra t io ns  o f the su rface of  sp h erica l n uclei. F o r  in stan ce, the 
f ir s t  exc ited  state of som e n u clei with m agical num ber of e ith er  neutrons or  
protons (160, 7 2 Ge, 9 0 Zr) has sp in  equal to 0 rather than to 2. F or the 
n uclei 4 2Ca, 7 0 Ge, 140Ce the en ergy  of the zero  spin  le v e l d iffer s  a little  from  
that o f the f ir s t  exc ited  state with spin  2  which is  a lso  in contrad iction  with  
theory . T h is in co n sisten cy  can be explained by a v io la tion  o f the adiabatic 
assum ption  u sed  in theory.

3. QUADRUPOLE EXCITATION'S OF "RIGID" NON-SPHERICAL NUCLEI

F o r n o n -sp h er ica l ev en -ev en  n u clei the adiabatic conditions are sa tis fied  
m uch b etter  s in ce  the en ergy  of the f ir s t  quadrupole exc ita tion s is  le s s  than 
that of sin g le -n u c leo n  ex c ita tio n s. In o rd er  to g ive a th eoretica l d escrip tion  
of quadrupole exc ita tion s in n o n -sp h er ica l n uclei one should know, in  
addition to p aram eters /30 0  and y0, two m ore p aram eters sp ec ify in g  the
d eform ability  of the n uclear shape, it is  convenient to take as th ese  p ara
m eter s  the follow ing d im e n sio n less  quantities

r <o|(j3-|3:)2|0 > , J- r 2, V
{ - ----------- - 2 --------- - }  . r = { < 0 | ( 7 - Y 0) | o ) j  (3.1)

1/2 1/2

0

w here <o|()3:/30)2 | 0 > and < 0 1 ( t - t 0 )2 |-0> are expectation  va lu es of the 
squared. (3- and 7 -v ib ra tion s of the n u clear su rface about equilibrium  va lu es  
/30 and To in the n u clear ground sta te . The p aram eter ц ch a ra c ter ize s  the 
longitudinal o r  /3-d eform ab ility  of the n uclear su rfa ce . The p aram eter Г 
c h a ra c ter ize s  the tr a n sv e r sa l or 7 -d eform ab ility  of the n uclear su rfa ce . The 
va lu es ц = Г = 0 corresp ond  to the p erfectly  rig id  n ucleu s.

Thus in the p henom enological theory of n o n -sp h er ica l ev en -ev en  nuclei 
the en er g ie s  of quadrupole ex c ita tio n s a s w e ll as the p rob ab ilities of 
E 2 -tra n sitio n s  betw een  them and the expectation  va lu es of e le c tr ic  quadrupole 
m om ents in excited  s ta te s  are in  gen era l ex p ressed  in ter m s of four param e
te r s  /30, 7 0, ц. and Г. In the c a se  of n uclei ax ia lly  sym m etr ic  in  the ground 
state , 7 0 i s  equal e ith er  to 0 or to тг/З. T h erefore the quadrupole exc ita tion s  
in  th ese  n uclei are ex p re sse d  in ter m s of three independent p aram eters  
|30, ju and Г.

If the en ergy  o f exc ited  quadrupole s ta te s  is  ex p re sse d  in u nits of 
ft2/B  /302, w here В is  the m a ss  p aram eter , then the op erator of potential 
en ergy  can be w ritten  in the form
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In the sam e units the op erator of rotational en ergy  has the form

S’1 Д  1̂, 2\ \  _______A______
. i f  2 7Г

x=i sm  V T

(3 .3 )

If the p aram eter Г <  0. 3, the atom ic nucleus is  com p aratively  rig id  under 
the action  of tr a n sv e r sa l or 7 -v ib ra tio n s. T h erefore the effec tiv e  value
7  «  1 when excita tion  en er g ie s  are sm a ll. Then the op erator (3. 3) can be 
expanded in pow ers of 7

(0) (i)
H rot = H rot + H rot +  • • •  ( 3 . 4 )

w here

H<0) = -Ц - + т р -  - l \ ^  (3 .5 )rot 3|32 4/3 \ 7  J 3

H
(1)

(3 .6 )

In the z e r o -o r d e r  approxim ation, i . e .  when only the f ir s t  term  is  
m aintained in (3 .4 ) , the tota l H am iltonian com m utes with op erator I3 , and 
the p rojection  (K) of spin on the nuclear sym m etry  ax is is  an in tegra l of 
m otion. In th is  approxim ation the quadrupole exc ited  sta te s  are ch a ra c
ter ized  (see  Sect. 14 of Ref. [1]), by the total spin I, its  projection  К and two 
quantum num bers vn , ny with n and n̂ , running through the va lu es 0 , 1 , 2 , . . .
If the nucleus is  rigid'under longitudinal (j3) v ib ration s as w e ll (when 
1Л < 0. 3), then the quantum num bers vn are c lo se  to in tegers:

Va »  n 8 = °, 1, 2, . . .

With regard to the op erator of v ibration  (3 .6 )  the exc ited  sta tes  are  
ch aracter ized  by a su perp osition  of s ta te s  with d ifferent K. At sm a ll Г only  
one term  of th is  su perp osition  is  im portant. The value of К corresponding to 
it is  an approxim ate in tegra l of m otion and can be used  to ch a ra cter ize  
excited  sta te s .

Thus, in  rig id  n uclei {ц, Г <  0 .3 ) the spectrum  of quadrupole exc ita tion s  
i s  sp lit  into a se t o f bands, part o f which is  shown in F ig . 2.

The f ir s t  band with quantum num bers n6  = n̂ , = 0 and K « 0 in the ground 
sta te  corresp on d s m ainly to the rotation of the n ucleu s around the ax is  
perpendicu lar to its  sym m etry  a x is . It i s  ca lled  the ground rotational band. 
When

ix I (I + 1 ) < 1 (3 .7 )
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the e n er g ie s  o f exc ited  sta te s  in  th is  band obey approxim ately  the in terv a l 
rule

(3 .8 )

With in crea sin g  ц and I a con sid erab le  deviation  from  th is ru le can be 
ob served .

The second band with quantum num bers ng = n̂ , = 0, К « 2 is  ca lled  the 
f ir s t  anom alous rotational band. It corresp on d s to a com p lex  com bination of 
rotational and v ib ration al ex c ita tio n s.

±
2

2_
0

_5_
4

6
^  ~ 0
3 V

4

2

2. T z

0
mwtrwr, / / / / / / / f t r f f  ft fft/n/r/U птиптгшгттг

=0 y -0  n.- i  l y o  n^o
,,t =0 nt z0 n,=0 I nt = 0
k?0  K v l  K^o Y.dO

FIG.2. The first excited states of the "rigid" non-spherical nuclei.

The excited  s ta te s  with quantum num bers n^ = 0, n6 = 1, К = 0,
I = 0, 2, 4, . . .  can be ca lled  the f ir s t  rotational band of longitudinal v ib ration s. 
The excitejd s ta te s  with quantum num bers ng = Пу = 0, К « 4, I = 4, 5, 6 form  
the second  anom alous rotational band and so on.

A theory of n u clear quadrupole exc ited  sta te s  based  on the expansion  of 
the Ham iltonian in pow ers of (jS-Э0)//30 and у  in  the sp àce o f five  dynam ic 
v a r ia b le s , which a lso  takes into account the ter m s resp o n sib le  for  the 
m ixing of rotational and v ib ration a l m otions by the u sual perturbation  theory  
m ethod, has been developed  in R efs [2 -4 ] .  In R efs [5-6] perturbation  theory  
has been used  taking into account 13 functions of the z e r o -o r d e r  approxi
m ation op erator. The re su lts  o f a ll th ese  con sid era tion s can be applied to 
the s ta te s  with sm a ll sp ins (I^ 6) in  com p aratively  rig id  n u clei.

4 . QUADRUPOLE EXCITATIONS OF NON-SPHERICAL "SOFT" NUCLEI

With "soft" n u clei the p aram eters  ц and Г exceed  0. 3. The va lu es  
y 0 ф 0 are  a lso  p o ss ib le . So far, th ere  i s  no gen era l theory  of quadrupole 
exc ita tion s taking into account a ll the five  dynam ic v a r ia b le s . In the soft 
n uclei rotational m otions are c lo se ly  connected w ith in tr in s ic  v ib ration s of 
the n u clear su rfa ce . Under rotation  the nucleus is  stre tch ed , which leads  
to a change of the valu e J30 ch a ra c ter iz in g  the equilibrium  shape of the 
stationary (m otion less) n u cleu s. To account for th is  effec t Davydov and 
Chaban [7] have developed a theory  in w hich the v ariab le  у  i s  rep laced  by 
the effec tiv e  value

У = /г2+ г.2
eff 0

(4 .1  )
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w h ereas /3 rem ain s fr e e . In th is  theory the operator of quadrupole e x c ita 
tions is  determ ined in the sp ace of four dynam ic variab les /3, 0j, 02,
The energy of quadrupole exc ita tion s is  ex p ressed  in ter m s of three param 
e te r s  and Yeff by

I T U

Л I. ,3 „<•)

/  Ч 21 /  M \  „(*) , . , , . 2 ,  2
+ I  Í E, 't' «■ + P, ' 1 A*4 V p. /  It eff Ir ■ It

(4 .2 )

w here (-yeff ) i s  the energy (in units of Îi2/4B<3q) of rotational s ta te s  in the 
theory  of rig id  n on-axia l n uclei [8], I is  the tota l spin of the sta te , т is  the 
num ber of the le v e l of a given  spin; the quantity pIr is  determ ined for any 
pair of the quantum num bers I and т by so lv ing  the equation

(P IT- D  <  = | / i  E ^ ( 7 eff)

The quantity v i s  a root (i/0 , i/j, . . . ) of the com pleted  equation (see  Ref. [7] ).
It fo llow s from  (4 .2 ) that the ra tios R lT„n of the en erg ie s  of exc ited  sta tes  

E lTUn and that of the f ir s t  exc ited  le v e l Е 21„о are ex p ressed  in term s of two 
p aram eters ц and 7 efffor any n ucleu s. T h ese p aram eters are uniquely  
determ ined  if  the exp erim en ta l va lu es for the en erg ie s  of the th ree le v e ls  
E2i„0, E 22„0 and E21y1 or of any other th ree le v e ls  are known.

In F ig s  3 and 4 the exp erim en tal va lu es for the ra tios

E E E (0) ' E22 _ 2 2 j S _ 21d1
andE E E E

■21 21v q  21 21 i/q

and the va lu es for the p aram eters /л and 7 eff determ ined  with the help of the 
ta b les  [9, 1] are lis te d  for the iso to p es of the nuclei Sm and Gd.

We se e  that the iso to p es of Sm with the num ber of neutrons equal to 
84, 86, 88 and those of Gd with the neutron num ber equal to 88 are just soft 
n u clei. In th ese  nuclei the co llec tiv e  exc ited  sta te s  rep resen t a com plex  
"m ixture" of rotational and vibrational m otion s. The ra tios of en er g ie s  of 
excited  s ta te s  d iffer widely, from  in terva l ru le (3 .8 )  of the adiabatic (ц = 0) 
theory  even  in the ground rotational band with su c c e ss iv e  sp ins 2, 4, 6, . . . . 
F o r in stan ce, in  the nuclei w ith /л = 1 and Г = 25° the follow ing in terva l ru le

1 : 2, 05 : 3 .1 0  : 4 . 16 : 5. 24 : 6. 32, . . .

m ust hold rath er than in terva l ru le (3. 8) which w as p rev iou sly  con sid ered  
as an in d ispensab le condition of the n uclear rotational m otion. Thus in th is  
c a se  the spectrum  of exc ita tion s in  the ground rotational band b ecom es  
a lm ost equidistant. E a r lie r , an a lm ost equidistant spectrum  of excited  
s ta te s  w as con sid ered  as a d irect indication of the sp h erica l sym m etry  of the 
nucleus in  the ground state sin ce  it w as known (see  Section 2) that the 
sp h erica l n uclei w ere ch aracterized  by an equidistant sp ectrum . Such a 
con clusion , n ev er th e le ss , m ay be erron eou s becau se soft n on-spherical
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FIG.3. The values of parameters jj and Г and ratios of the energies of excited quadrupole states in Sm 
isotopes as functions of the neutron number N (solid lines). The dashed line shows the energy change 
of the first excited level in keV (the right-hand scale).

FIG.4. The same as Fig.3 for Gd isotopes.

n uclei can have the spectrum  of co llec tiv e  excitations c lo se  to an equidistant 
one as w ell.

F ig s  5 and 6 exhibit the va lu es of p aram eters ц and yeff for  a number 
of n uclei. It is  seen  that in the region  of heavy and m edium  nuclei the 
"softness"  of n uclei in c r e a se s  with the number of neutrons approaching the 
m agic num ber. T his is  e a s ily  understood if one r e c a lls  that with the number 
of neutrons approaching the m agic num ber the n uclear shape approaches the 
sp h erica l one, i . e .  /30 d e c r e a s e s . Then ц in c r e a se s  according to the , 
definition (3. 1). The in crea se  of p aram eter yeff is  connected with that of 
p aram eter Г under tran sition  to the nuclei with a weak dependence of poten
t ia l energy V(j3,y) on y.  T here i s  no such dependence in the sp h erica l 
n u clei. To the rigid  n uclei there correspond  sm a ll va lu es of ц and 7eff.
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FIG.6 . The parameter ye^  against the number of neutrons.

With /л and 7 eff< 0 .2  the theory of Davydov and Chaban [7] b rin gs about 
the sam e r e su lts  for the exc ited  sta te s  of a sm a ll spin  as the theory of 
rigid  n uclei of Section  3 if  one puts [2] 7 eff = Г. The advantage of the theory  
[7] is  that it does not re ly  on perturbation theory and takes into account the 
change o f the n uclear equilibrium  shape due to rotation. Thus the con clu 
sio n s of the theory can be applied to the h igh -sp in  sta te s  too.

The equilibrium  shape is  ch aracterized  by the magnitude /31т = p lT ¡30.
The d istortion  of the equilibrium  shape of n uclei with ц > 0.3 i s  e sp e c ia lly  
large  for the s ta te s  with high sp in s. Stephens, Lark, Dimond [10] have 
p resen ted  a convincing proof of a large d eform ability  even  of the n uclei 
p o sse s s in g  a pronounced rotational spectrum  at sm a ll exc ita tion . They  
obtained [9] n uclei in the exc ited  sta te s  with high sp ins (up to I = 16). When 
exam in ing con version  e lec tro n s  and the 7 -quanta em itted  by th ese  n uclei 
under the ca sca d e tran sition  to the ground s ta te ,’ the energy of exc ited  sta tes  
of the ground-rotational band has been m easured  with great accu racy  (up to
0.3%). A com p arison  of the exp erim en ta l data obtained w ith the theory  of 
Davydov and Chaban developed in Ref. [7] has shown that for five  nuclei the 
d iscrep an cy  w ith th eo re tica l va lu es i s  le s s  than 0. 3% and only for one of the 
nine n uclei (1 6 6 Hf) is  the e r r o r  about 1.45%.
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The introduction of the p aram eter ц enables u s not only to c la r ify  the 
deviation from  the in terva l ru le in an arrangem ent of rotational le v e ls  but 
a lso  to explain  a number of exc ited  sta tes  of p ositive  parity, re la tin g  to the 
vibration  and rotation-v ib ration  type.

5. EXPECTATION VALUES OF QUADRUPOLE MOMENTS AND
E2-TRANSITION PROBABILITIES IN NON-SPHERICAL NUCLEI

A theory of e le c tr ic  quadrupole tran sition s taking into account the 
deform ation o f ev en -ev en  n uclei has been developed by Ovcharenko and 
Davydov [11, 12] . The reduced p rob ab ilities of e le c tr ic  quadrupole tr a n s i
tions between sta te s  I tv and I't 'v ' in deform ed n uclei are determ ined  by

• Ь(Е2;1т р -» I't 'v ') = b (E2; I t  -^I't'JS,2 T, , , (5 .1 )
» I TV, I TV'

w here Ьа(Е2;1т I 't ')  is  the reduced E 2-tran sition  probability  (in units of 

Qq/16tt, Q0 = 3 ^ е Я 0Ра/-Л>тг) of the adiabatic theory,

S = <T't 'v ' ||3/J3 I Iti/>  (5 .2 )
It v , V t ' V  x  '

is  the factor resp on sib le  for the deform ability  of the n ucleu s and the 
vib ration al mode change under the quantum tran sition  Itv -> I't 'v '. The 
diagonal matrix^ elem en t (5 .2 ) d eterm in es the correction , a r is in g  at nuclear  
deform ation, to the expectation  value of the e le c tr ic  quadrupole m om ent in 
the state It v . So

<Q„> = <Q ><a) S
tv 2 Ir I tvw here

с — S¿>Itv ~  I t v ; Itv

4(a)
<Q2/ It is  the expectation  value of the e lec tr ic  quadrupole m om ent in the 
adiabatic theory [1, 8] . In particu lar, in the f ir s t  excited  state of the ground 
rotational band, the va lu es (5. 1) and (5 .3 ) depend on three p aram eters Q 0, ц 
and Yeff only. Table I p resen ts  exp erim en ta l and th eo re tica l va lu es for  
^Q2 ^ 2 1 w calcu lated  in Ref. [13]. A lso , the va lu es of p aram eters ц and yeff 
are indicated for the corresp ond ing nuclei as w ell as the va lu es for  Q0 
obtained by m aking u se  of form ula (5. 1) from  the exp erim en tal data concerning  
the p rob ab ilities o f tran sition s from  the ground state to the f ir s t  excited  
spin 2 s ta te s . The a ster isk ed  exp erim en ta l va lu es w ere com m unicated to 
the author by de B oer at the International C onference on N uclear Structure 
in Tokyo, 1967. The good agreem ent of th eo retica l va lu es for  
with exp erim en ta l on es in d icates that the equilibrium  shape of the n uclei of 
Table I has no sp h erica l sym m etry  and that the theory of n on -sp h er ica l 
n uclei [7] r e f le c ts  the principal p rop erties of the f ir s t  excited  sta te s  of 
even n uclei. In p articu lar, the large  expectation  value of the e lec tr ic  
quadrupole m om ent in  the f ir s t  2+ state of the nucleus 114Cd shows that th is  
nucleus i s  a soft (ju = 0 .6 0 ; у ff = 2 3 .8 ° )  n on -sp h er ica l one.



TABLE I. AVERAGED QUADRUPOLE MOMENTS OF 2+ STATE IN EVEN NUCLEI

*eff Q0 (e * 10-24 cm2)
« ? 2 > 21Vo<e ' 10"24cm 2)

M
Theoretical Experimental

1IZCd 0.50 24.7 2.173 -0.456 -

u4Cd 0.60 23.8 2.101 '0 .521 -0.49 ± 0.25 
- 0 .6  ± 0.2 
-0 .7  ±0 .21

116Cd 0.65 22.5 2.115 -0.600 -0.78 ± 0.14 '“

130Ba 0.80 20 2.914 -1.029 -1.10 ± 0.34

148Sm 0.94 22.4 2.115 -1.735 -1.73 ± 0.38

150Sm 0.90 17 2.662 -1.087 - 1.22 ± 0.22

'52Sm 0.37 11.5 5.858 '1 .693 - 1.8 ± 0 . 6*

1MSm 0.25 8.9 6.799 -1.938 -

I56Gd 0.27 10.5 6.769 -1.916 -

Communicated to the author by de Boer.

148 
D

A
V

Y
D

O
V



NUCLEAR DEFORMABILITY 149

T able II exh ib its exp erim en ta l and th eo retica l va lu es for the ra tio s  of 
the reduced E 2 -tra n sitio n  p rob ab ilities for som e sta tes  of the nucleus 114Cd 
calcu lated  in Ref. (l 1 ]by form ula (5.1 ). The v a lu es for p aram eters ц and у  {{ 
indicated in Table I have been used  for the ca lcu lation . F ig . 7 p resen ts  
ratios of the reduced E 2 -tra n sitio n  p rob ab ilities ca lcu lated  by Begzhanov, 
B elen'ky and R akovitsky [14] for many n uclei on the b a s is  of the theory of 
F a e s s le r  and G rein er [6] and the theory of Davydov and Ovcharenko [11, 12] .

The availab le exp erim en ta l va lu es for the corresponding ra tio s  are a lso  
lis te d  there.

6. SUM RULES FOR REDUCED E2 - TRANSITION PROBABILITIES AND 
EXPECTATION VALUES OF QUADRUPOLE MOMENTS

In the adiabatic theory of n o n -sp h er ica l nuclei [1, 8, 15] the reduced  
E 2-tran sition  p rob ab ilities and the expectation  va lu es of quadrupole e lec tr ic  
m om ents obey a num ber of sum ru le s .

When the longitudinal d eform ability  of the nucleus is  taken into account 
th ese  sum  ru les  are replaced  by [1, 2]

S 1 <Q > + S*1 <G>> = 0  (6 .1 )
2 1 v 0 Х ^ 2 / 2 1 у 0 2 2 у 0 z  2 2 i/q * '

S"2 b(E 2;21y -> 0) + s"2 b(E2 ; 22v -  0) = 1 (6 .2 )21k0;0 ' 0 ' 22yQ;0 V 0

? R 2 - 2 - 2  10
+ S 2 2 ,;2 1 ,b'E2;22" 0 - 21^ = T  (6- 3)

'  0 0 0 0

The factors appearing in th ese  sum ru les  are determ ined  by relation  (5 .2 ) . 
They can be ca lcu lated  unequivocally [13] for any va lu es of the two 
p aram eters iu and y e№

TABLE II. RATIOS OF REDUCED PROBABILITIES OF 
E2-TRANSITIONS IN NUCLEUS 114Cd

Ratios Theoretical Experimental

b(E2; 22u -> 2\v  ) v 0 0
b(E2; 22v0 -*■ 0) 16.4 69

b(E2 ; 22v ->2\v )
0 O'

b(E2 ; 2 \v  -* 0)
0

0.94 1.21 ± 0.25

b(E2; 41v -+21v ) 
0 0

b(E2 ; 21i/0 ->0)
1.84 ■1.80 ±0 .23

ЫЕ2; 22v -*0) 0
b(E2; 21v -*■ 0)

0.057 0.015 ± 0.005
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FIG. 7. Ratios of the E2-transition reduced probabilities. Solid lines represent theory of Faessler, Grainer; 
dashed lines represent theory of Davydov, Ovcharenko. Circles are experimental values for the ratios.



TABLE III. VERIFICATION OF SUM RULE (6.2)

Nucleus y e f f
b(E2; 21v ->-0)

2 ° = A
; 0

s2
*21y ;0 0

b(E2 ; 22^ -* 0)
- sè “ = в

22Vq¡0
2

S22v ;0 0
A + В

112Cd 0.50 - 24.7 0.955 1.14 0.019 1.17 0.974

114Cd 0.60 23.8 0.947 1.29 0.017 1.32 0.964

116Cd 0.65 22.5 0.938 1.34 0.035 1.40 0.973

152S m 0.37 11.5 0.965 1.03 0.032 1.01 0.997

154S m 0.25 8.9 0.977 1.01 0.014 1.00 0.991

IS6Gd 0.27 10.5 0.970 1.01 0.013 1.02 0.983
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The sum ru le s  of the type (6. 3) re la tin g  the expectation  va lu es of 
quadrupole m om ents to E 2 -tra n sitio n  p rob ab ilities are of e sp e c ia l in te re st . 
Table III p resen ts  the r e su lts  of a check  on the sum rule (6 .2 ) for certa in  
n u clei. We se e  that th is sum rule is  obeyed w ell for the com p aratively  rigid  
nucleus 154Sm as w e ll as for the soft Cd n uclei.
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D I S C U S S I O N

L. MUNCHOW: You apply a sim p le  form  for the potential en ergy , 
doing the harm onic approxim ation. On the other hand, the m ic r o d e sc r ip 
tion , for exam ple in C d -iso to p es, needs strong an harm on icities. D oes  
that m ean that anharm onicity, in the m ain, is  equivalent to an effec tiv e  
deform ation  and n on -ax ia lity  or does your form alism  a lso  need som e  
anharm onicity ?

A .S. DAVYDOV: We u se  the harm onic approxim ation in ord er to 
s im p lify  theory . The introduction of anharm onic correction s w ill requ ire  
including new p aram eters w hich have to be determ ined  from  the exp erim en ta l 
data. Phenom enological theory  with a la rg e  num ber of p aram eters has sm a ll  
p ra ctica l value. We leave  two independent p aram eters for each n u cleu s.
T his m akes it p o ss ib le  to obtain a num ber of v er y  in terestin g  re la tion s  
betw een  exp erim en ta l data. T h ese  re la tion s w ill certa in ly  be approxim ate.

B .L . BIRBRAIR: How do you explain  in the fram ew ork of your m odel 
the lack  of quadrupole sta te s  in double m agic n u clei?  In p articu lar, 
does th is  im ply that the p aram eters of the nucleus su rface change con 
sid erab ly  during the tran sition  from  a double m agic nucleus to a "double 
m agic nucleus plus two extern a l nucleons"?

A .S. DAVYDOV: When the n ucleu s approaches a double m agic one the  
en ergy  of quadrupole exc ita tion s b ecom es com parable with the en ergy  of 
s in g le -n u c leo n  s ta te s . H ere, the adiabatic approxim ation b ecom es in 
valid . In other w ord s, in double m agic n u c le i the excitations cannot be
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divided into co llec tiv e  (quadrupole) and sin g le -n u c leon  on es. Only in non- 
sp h er ica l n u c le i is  such a d iv ision  ju stified  for co llec tiv e  m odes of e x c ita 
tion  with an energy le s s  than 2 -3  MeV.

A. BOHR: The an a lysis  of the resp on se of the p artic le  m otion to the 
rotation of the field  in d icates that the deviation from  the 1(1 + 1) term  in 
the rotational energy is  m ain ly  due to the com petition  betw een rotation  
and pairing rath er than to centrifu gal stretch in g . The ev idence on the 
coupling to b eta -v ib ration s a lso  in d icates that the m odel con sid ered  by 
P ro fesso r  Davydov m ay not be adequate on th is point. A further te s t  
would be provided by m easu rem en ts of E2 tran sition  as a function of I.

Another point indicating m ore stru ctu re is  the observation  that m ass  
p aram eters for the beta and gam m a-v ib ra tion a l m otion are se v e r a l tim es  
la r g er  than for the rotational m otion.

As to notation, it would appear convenient to re fer  to the low est  
K=2 band in the deform ed n ü clei as a v ibrational excitation  (and g ive it 
the quantum num bers ny = 1, n e = 0 rather than n ? = 0, n@ = 0), sin ce  
it is  a m ode of excitation  which can be repeated  (it is  a quantum of e x c ita 
tion). It is  a lso  quite s im ila r  to other v ib ra tion s, such as octupole m odes.

A .S . DAVYDOV: (1) In our theory  the coupling of rotation with 
vibrations has been taken into account m ost com p letely . T h is coupling  
is  se en  both in the change of the 1(1 + 1) ru le in the m ain rotational band 
as w e ll as in the va lu es of m ean quadrupole m om enta and the tran sition  
p rob ab ilities. The so -c a lle d  m icro th eo r ie s  take into account the r o ta 
tional effec t rather roughly at p resen t. T h erefore the con clu sion s on the 
re la tiv e  ro le  of the pairing and rotational e ffec ts  obtained on the b a sis  
of the m icroth eory  in its  m odern form  is  not, how ever, convincing.

(2) E xcited  s ta te s  in hard n o n -sp h er ica l n u clei are defined as 
fo llow s

E (I ,K ,n 0 , n y) = E rot (I,K ) + E n̂ k + E „ s

w here

E V k = \ / 5  Ь (2ny + i  K)

H ence, the f ir s t  exc ited  le v e l with К = 2 and n y = 0 has the energy

Cv ft2
E(2200) = ñ\J - g  + ^

T his energy corresp on d s to a com p lex com bination of the rotation and 
gam m a-vib ration . On the other hand, the en ergy  of the f ir s t  excited  
sta te  w ith K=0 and ny = 1 is

E(0001) = 2

T his en ergy  corresp on d s to  "pure" gam m a-v ib ration s.
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I.N . MIKHAILOV: I should lik e to d isc u ss  the strength  of argu 
m en ts based  on the fitting of the en erg ie s  of w ide rotational bands. It is  
w ell known that th ese  en erg ie s  follow  n ice ly  the p rescr ip tion s of the 
H arris form ula containing only two p a ra m eters . Now, th is form ula m ay  
be d erived  from  the gen era l equations of s ta tis t ic a l m ech an ics and m ay 
be supplem ented by a w hole sp ectrum  of other form ulas g iving no w orse  
fit of the en er g ie s .

The derivation  based  on s ta tis t ic a l m echan ics g iv es  no indication  
as to the p h ysica l nature of the p aram eters. Thus the predicted  value of 
the fitting of the en erg ie s  is  not as high as it ap pears, to judge by the large  
num ber of known sta te s  in the rotational bands.

A .S. DAVYDOV: Our theory does not only explain the change of 
en ergy  ra tio s in the m ain rotational band as com pared w ith the ra tio s of 
adiabatic theory . U sing two p aram eters, /u and Г, the re la tiv e  p rob ab ilities  
of E2 tran sition s betw een a ll quadrupole ex c ita tio n s, the average va lu es of 
quadrupole e le c tr ic  m om enta in each excited  sta te , the sum  ru les for  
en e r g ie s , as w e ll as the average quadrupole m om enta and p rob ab ilities  
of E 2 -tra n sit io n s , e tc ., are a lso  explained. In the work of H arris just 
m entioned , two p aram eters are  introduced ex c lu siv e ly  to  explain  the 
sp acin g  of le v e ls  in the rotational band, i .e .  the particu lar problem  is  
so lv ed  but the relation  of th e se  p aram eters with other p rop erties of 
quadrupole excitations is  not con sid ered .

Y u.T . GRIN: The co rrectio n s to the en erg ie s  of rotational s ta te s  
in deform ed n u clei are d eterm ined , in gen era l, by the in teraction  between  
rotation  and the s in g le -p a r t ic le  sp ectru m . On the other hand, a change in 
the m ean square radius or quadrupole m om ent is  determ ined  by in te r 
action  betw een rotation  and v ibrational excitation .

In phenom enological theory both e ffec ts  are defined by the sam e  
p aram eters /u and Г. An explanation of the change of the m ean square  
radius u sing known ¡u and Г w ill be a p o ssib le  te s t  of th is theory .

D r. I. HAMAMOTO (N iels Bohr Institu te, Copenhagen, Denmark) 
p resen ted  Contribution N o .71 to the Sym posium , by h im se lf  and T. Udagawa, 
and D r. M. SAKAI (Institute for N uclear Study, U niversity  of Tokyo, Tokyo, 
Japan) p resen ted  Contribution N o.26 by Y. Gono, M. Ishihara and h im self .
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Abstract — Аннотация

THE MICROSCOPIC MODELS OF COLLECTIVE EXCITATIONS: PRESENT STATUS AND POSSIBLE WAYS
OF IMPROVEMENT. The paper analyses possible generalizations of the known collective excitation models in 
the following directions: (a) inclusion of other kinds of interactions, generating new types of oscillations,
(b) improvement of the quasiboson approximation.

The classification of excitations according to the quantum numbers of correlate pairs provides the basis 
for the corresponding classification of the elementary interactions generating these excitations. For low 
excitations the number of important "generating interactions” is not large and practically all of them have 
been tested.

A special study is made of the particle-particle channel where ’’elementary interactions" can be intro
duced without any new parameters, if the hypothesis of gauge invariance of nucleon-nucleon interaction is 
used. Additional (to usual pairing) interaction in the particle-particle channel generates 0+-states -  
"coherent pairing fluctuation" — having a uniquely large probability ratio of EO and E2 transitions into the 
ground band. The experimental identification of such states is of great interest.

The necessity to: reject the quasiboson approximation is dictated by the complicated vibrational- 
rotaiionalstructureof experimental nuclear spectra. The main difficulty of their theoretical description 
is the absence of a consistent microscopic picture of rotational excitations. Only in very special models 
can the group theory be applied and show how rotation appears in the system of interacting particles. A 
method worked out by Belyaev and Zelevinsky is considered, which gives the possibility of a microscopic 
description of rotations. The proposed method includes some aspects of group theory approach that, together 
with the equations of motion for pair operators,allow the consideration of realistic models in a sufficiently 
good approximation. The illustration of the method serves to obtain the rotational spectrum for configuration 
with a further generalization on an arbitrary number of levels (in the model with quadrupole interaction). The 
microscopic structure of rotational states obtained corresponds to the coherent contribution of all the j-levels 
in rotation and can be directly linked with a visual picture of a deformed nucleus. The wave-function found 
does not confirm the "stretch scheme" model of Danos and Gillet.

МИКРОСКОПИЧЕСКИЕ МОДЕЛИ КОЛЛЕКТИВНЫX ВОЗБУЖДЕНИЙ: СОВРЕМ ЕННОЕ 
СОСТОЯНИЕ И ВОЗМОЖНОСТИ УСОВЕРШ ЕНСТВОВАНИЯ . Анализируются возможные 
обобщения известны х моделей коллективных возбуждений в направлении: а) включения дру
гих типов взаим одействий, генерирующих новые типы колебаний,и б) обобщения квазибозон- 
ного приближения. Классификация возбуждений в соответствии  с квантовы ми числами кор
релированных пар позволяет выделить соответствую щ ие "элем ентарны е взаим одействия", 
генерирующие эти возбуждения . Для низких возбуждений число этих "генерирующих взаим о
действий", невелико, и практически все они рассмотрены . Специально исследуется канал части 
ц а-частица , где "элем ентарны е взаим одействия" м огут быть введены без ка к их-л ибо пара
м етров, если использовать градиентную инвариантность нуклон-нуклонного взаим одействия. 
Дополнит ельное (к обы чном у  спариванию) взаим одействие в канале частица-частица генерирует 
0+ состояния ("когерентны е флуктуации спаривания"), имеющие уникально большое отнош е
ние вероятностей  ЕО - и Е 2 - переходов в основную вращательную полосу. Э ксперим енталь
ное обнаружение таких состояний представляет большой и н терес. Необходимость отказа  от 
квазибозонного приближения диктуется сложной вращ ательно-колебательной структурой 
наблю даемых ядерных сп ектров . Основная трудность единого теоретического  описания 
таких спектров заклю чается в отсутствии  последовательной микроскопической картины в р а
щ ательных состояний. Только в очень специальны х м оделях , при использовании методов 
теории групп, можно проследить появление вращ ательных возбуждений в си стем е взаим о-

155



156 BELYAEV

действующих частиц. И злагается м етод микроскопического описания вращений, р азраб о
танный Зелевинским и автором . М етод содержит некоторые аспекты теоретико-группового 
подхода в сочетании с уравнениями движения для парных операторов и допускает р ас
смотрение реалистических моделей в достаточно хорошем приближении . Для иллюстрации 
метода рассм атривается возникновение вращ ательного спектра в модели с квадруполь- 
ными силами для конфигурации j N с дальнейшим обобщением на произвольное число уров
ней . Полученная микроскопическая структура вращ ательных состояний соответствует 
когерентному вкладу всех j -уровней и может быть непосредственно связан а с наглядными 
представлениями о деформированном ядре'. Найденная волновая функция не подтверждает 
модель " s tre tc h  schem e" Даиоса и Жилле .

In recent y ea r s , owing to the p ro g ress  made in exp erim en ta l techn iques, 
our knowledge of the spectrum  of low -ly in g  excited  sta tes  of n uclei has 
sign ifican tly  in creased  and becom e m ore p r e c ise . But the new data obtained ■ 
m ake the c la ss if ic a tio n  and the quantitative d escrip tion  of even -even  nuclei 
within the fram ew ork Of traditional m odels in creasin g ly  d ifficu lt. We shall 
dwell on only som e of the contrad ictions.

C lassify in g  the nuclei into deform ed and sp h erica l according to their  
exp erim en ta l ch a ra c ter is tic s  b ecom es m ore and m ore conditional. "Strange" 
q u a lities are found in the trad itionally  sp h erica l nuclei: large  quadrupole 
m om ents in 2+ s ta te s , rotational bands in higher excited  sta te s .

The m ultiform ity  of c o llec tiv e  exc ita tion s, both in sp h erica l and in 
deform ed n uclei, turns out to be rich er than fo reseen  by the m odel with 
five quadrupole co llec tiv e  d eg rees of freed om . P articu lar ly  unclear is  the 
nature of a large  num ber of co llec tiv e  0+ s ta te s , found in many n uclei in 
the region  of 1-2 MeV.

T h ese and s im ila r  an om alies n ece ss ita te  a c r it ic a l reap p ra isa l of the 
arsen a l of th eoretica l m odels and an an a lysis  of the ways and m eans of 
im proving and gen era liz in g  them .

I

Three groups of co llec tiv e  excitation  m odels can be d ifferentiated. 
Their m ain featu res are sum m ed up in Table I.

W hile not b elittling the eu r istic  value of the f ir s t  and third m odel 
groups, it m ust be adm itted that the m icro sco p ic  approach is  the m ost 
con sisten t and fundam ental. Its r e str ic tio n s  are connected with two 
"weak" points:

(a) Choice of effective  interaction;
(b) Q uasiboson approxim ation (or RPA, etc . ).

T hese two c ircu m stan ces are analysed  in the following pages.
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TABLE I. GROUPS OP COLLECTIVE EXCITATION MODELS
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Phenomenological approach

Main supposition: adiabaticity of collective excitations.

Starting point: postulation of collective Hamiltonian Нсоц = T + U.

Differences between models: collective variables, parameters and form of Нсоц.

Aim: the description of the greater pait of the spectrum by the least number of parameters. 

Methods: the solution of the Schrodinger equation with Нсоц.

Desirable feature: the establishment of general relations between various spectrum characteristics.

Comparison with experiment: a significant part of the spectrum, individual parameters for each 
nucleus.

Microscopic approach

Starting point: Hamiltonian of nucleons HpWith effective interaction Veff.

Main suppositions: restrictions to (mainly) pair correlations.

Differences between models: choice of single particle functions; form of Veff.

Method: RPA, two-particle Green functions, TDHF, quasiboson approximation, linearized 
equations of motion, Bogolyubov generalized transformations.

Aims: (a) calculation of phenomenological model parameters;
(b) calculation of Нсоц for phenomenological models;
(c) definition o f fhe characteristics of the first excited states (collective and 

2-quasiparticle).

Comparison with experiment: change of characteristics of the lower levels from one isotope and 
element to another.

Specific microscopic models

Main suppositions: specially chosen interactions; restricted configuration j^ ,(sd )^ , e tc .).

Aim: precise solution or spectrum classification.

Method: group theory, exact diagonalizations of the Hamiltonian,

Comparison with experiment: only qualitative (for restricted nuclei groups when postulating 
pure configurations).

II

In the quasiboson  approxim ation the co llec tiv e  exc ita tion s of n uclei 
are  d escrib ed  as coherent su p erp osition s of s ta te s  of the p a rtic le -h o le  
(ph) or p a r tic le -p a r tic le  (pp) (h o le-h o le) type and are ch aracterized : by 
the baryon quantum num ber [b = 0 for a pair of type (ph) and b = 2 for  
(pp) or (hh)] , by the angular m om entum  X, parity it, iso sp in  т [1] , t im e -  
parity  T [2] and a radial quantum num ber v , num bering exc ita tion s of one 
type. The p o ss ib ility  of rea liz in g  one sp ec ific  type and its  c h a ra c ter is tic s  
is  defined by corresponding com ponents of e ffective  in teraction  (Veff ).

i
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As no fundam ental theory e x is ts , we are forced  to be content with a ' 
phenom enological d escrip tion  (param etrization ) Veff , eith er choosing V ff 
d irectly  in the form  of som e potential or ca lcu lating Veff in a certa in  
approxim ation, proceeding from  the " r e a lis t ic  forces"  between the free  
nucleons or p aram etriz in g  V eff within the fram ew ork of F erm i liquid  
theory. A ll th ese  m ethods inevitab ly  contain a rb itra r in ess  and v ery  often  
lead  to a com plicated  form  of Veff . Owing to these c ircu m sta n ces , the 
m ethod rep resen tin g  Veff in the form  of a sum of separab le "interactions"  
has becom e very  w id esp read . Each "interaction" m odels only a definite  
group of p rop erties Veff -  in teraction  of a pair of p a rtic les  only in a d e
fin ite  quantum sta te . The pairing and quadrupole in teraction  m odel has 
proved v ery  fru itfu l, explaining many reg u la r itie s  in the nucleus stru ctu re.

It is  convenient to c la s s ify  "elem entary  interactions" accord ing to 
quantum num bers of corresponding pair s ta te s . Then the ch a ra c ter istic  
b = 2 [channels (pp), (hh)] X = 0 can be assign ed  to pairing and b = 0,
X = 2 to quadrupole in teraction . M oreover, the radial quantum num ber 
v = 0 , defined as the num ber of nodes of the radial wave function R(r) of 
the pair, can be assign ed  to both in teraction s R(r) (to pairing R ~  1, for 
quadrupole interaction  R ~ r 2 ). Interaction in the channel p a rtic le -h o le  
is  a lso  ch aracter ized  by tim e parity. F or quadrupole fo rc es  T = +1.

W ithin the fram ew ork of the pairing + quadrupole in teraction  m odel 
only a re s tr ic te d  c la ss  of co llec tiv e  excitations is  d escrib ed  : quadrupole 
((3, 7 ) o sc illa tio n s  (vbXT = 002+) and "pair vibrations" (020+) [3] . A m ore  
gen era l m odel is  needed to d escr ib e  excitations of a d ifferent nature.

F o r  the p a rtic le -h o le  channel (b = 0) we can f ir s t  of a ll study h igher  
angular m om enta ( e .g .  actual in teraction  with X = 3 [4 ]) . If we r e s tr ic t  
o u r se lv e s  to quadrupole excitations only (X = 2), then only T-odd fo rc es  
(spin-quadrupole [5] ) m ay be included. Studying the term s with v > 0 is  
of lit t le  in te re st , as it lead s to too high excita tion s. It is  worthy of note 
that the ab ility  to gen erate 0 + excitation  in the p article-hole channel is  very  
re str ic te d  as m onopole fo rc es  (X = 0) resu lt  only in high excita tion s.

In the channel p a r tic le -p a r tic le  (b = 2) each type of in teraction  can  
gen erate two branches with d ifferent T -p arity . P airing (X = 0; v = 0) in 
addition to "pair vibrations" can a lso  gen erate the T-odd branch but the 
la tte r  has zero  energy and hence is a "ghost" excitation . It is  only natural 
to study elem en tary  in teraction s of the sam e nature (X = 0) but with v > 0.
A s for in teraction  with X > 0, for this the m ain factor is  term s with v - 0.
The author has studied the p o ss ib ilit ie s  and the con sequ en ces of supple 
m en tary  "elem en tary  interactions" in the p a r tic le -p a r tic le  channel [ 2 ] .
The la tte r , unlike interaction  in the (ph)-channel, can be included without 
introducing additional free  param eters if the gauge invariance of the nucleon- 
nucleon in teraction  is  used .

By the gauge invariance of in teraction  we m ean its  non-changeability  
when tran sform ing the m om ents of in teracting  p a rtic les  Pj 2 -> px 2 - V A ^ j 2), 
w here A(x) is  an arb itrary  co-ord in ate function. P otentia ls not depending  
on v e lo c ity , as w ell as spin orb ital fo rc es  of the form

V t i  ~  ( f t  - P z )  x  V

have s tr ic t  in varian ce. That is  why the fo rc es  acting between free  nucleons  
m ay, with good p rec is io n , be con sid ered  to be gau ge-invarian t. Though
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the tran sition  from  the in teraction  of fre e  nucleons V0 to the effec tiv e  in te r 
action  of nucleon^ in sid e the n uclei Veff is  a v er y  com p licated  prob lem , 
w e can s t i l l  form ulate the conditions on Veff in the gen era l form  for gauge- 
invariant V 0. The usual pairing does not sa tis fy  th ese  conditions and m ust 
be supplem ented by a num ber of other " elem en tary  in teractions" w hose form  
is  defined in a unique m anner [2] .

TABLE II. ENERGIES u, PROBABILITIES OF E2-TRANSITIONS 
INTO THE GROUND ROTATIONAL BAND (IN SINGLE-PARTICLE  
UNITS), AND p 2 = | ( o | r 2|u ) |2 /  R4 FOR THE FIRST TWO 0+ STATES

The quadrupole in teraction  constant к = kfiwA'4 3̂ , к = 18.02; 
e p = 1 + e eff , e n = e eff = 1.
(P a ra m eters are taken from  the nucleus Nd: и = 0 .6 9 ;
B (E 2) = 5 ± 1. 3).

Theory Experiment

(MeV)
B(E2)/Bsp p2 (HO)

ÜJ
(MeV) ■ B(E2)/Bsp

15!Sm 0.81 3.6 0.14 0.685 2.5 ± 0.6

1.69 3 X 1 0 '“ 0.53 1.10 -

154Sm 1.11 2.2 0.19 1.1 1.2 ± 0.3

1.7 io -3 0.48 1.22 -

I54Gd 0.95 2.7 0.08 0.68 4 .8  ± 1.2

1.68 10"3 0.7 - -

15fed 1.22 1.8 0.12 1.04 2 .8  ± 1.2

1.68 2 X 10"s 0.67 - -

156Dy 1.05 2.2 0.04 0.68 -

1.71 10'5 0.85 - -

158Dy 1.29 1.43 0.07. 0.99 > 0 .3

1.71 8 X 10’ 5 0.84 - -

164 Er 1.49 0.17 0.88 1.245 >0.05

1.5 0.16 0.17 1.698 -

166 Er 1.5 i o -2 0.96 1.46 -

1.57 0.02 0.14 - -

168Yb 1.46 0.11 0.83 1.156 -

1.57 0.01 0.25 1.196 -
noYb 1.25 1 0 '4 0.22 1.065 -

1.46 0.11 0.92 - -

1,4Hf 1.22 0.08 0.24 0.85 -

1.55 6 X 10"s 8 X 1 0 '3 - -

176Hf 1.46 5 X 10,- 3 0.14 1.25 -

1.67 0.05 0.06 1.42 -



160 BELYAEV

III

R um iantsev and the author [6] calcu lated  the c o llec tiv e  0+ sta tes  for 
deform ed nuclei with quadrupole in teraction  and gau ge-invariant pairing  
(term s with = 00; 01; 20 w ere co n sid ered 1). The ro le  of supplem entary  
ter m s in Veff is  as fo llow s:

(a) New branches of co llec tiv e  0+ excita tion s appear, i . e .  "coherent 
pairing fluctuations" [2] .

(b) B ecau se of the coupling with new exc ita tion s, /3 o sc illa t io n s  change 
th e ir  p rop erties som ew hat. The change of the la tte r  can be rep resen ted  
by the dependence of the effec tive  constant of the quadrupole in teraction  on 
en ergy . Taking th is effect into account n oticeab ly  im proves the agreem en t 
with experim ent.

Some r e su lts  of the ca lcu lation s for the f ir s t  two 0+ sta tes  are given  
in T able II.

E sp ec ia lly  n oticeab le is  the strik in g  d ifferen ce of the B(E2) tran sition  
p rob abilities into-the ground rotational band (except 164Er). States having  
a la r g er  B(E2) are sligh tly  m odified  (3 o sc illa tio n s . As a ru le th ese  s ta tes  
l ie  som ewhat low er in energy ( 166Er being an exception). Second sta te s  
(m ain ly coherent pairing fluctuations) d eserv e  sp ec ia l attention b ecau se of 
the uniquely large  r a t io 2 X = p2 / B(E2). Finding th ese  sta tes  exp erim en ta lly  
is  m ost in terestin g .

It is  evident from  the c la ss if ic a tio n  of pair sta tes  that coherent pairing  
fluctuations exhaust the new types of low -ly in g  excited  co llec tiv e  s ta tes  in 
the fram ew ork of quasiboson approxim ations. U sing a m ore exact form  of 
Veff can, of co u rse , a lter  the quantitative ch a r a c te r is tic s , but it is  doubt
ful w hether it w ill change the qualitative sch em e of excitations.

IV

Q uasiboson approxim ation (and its  equivalent RPA, etc . ) g iv es  one the 
p o ssib ility  of con sid erin g  only two q u asip artic le  sta te s  and their coherent 
su perp osition . Thus the r e su lts  are applicable only to the f ir s t  (s in g le  
phonon) excitation . The h ighest excited  sta te s  can be constructed  out of 
se v e r a l n on-interacting or w eakly in teracting phonons. But an approxim a
tion of th is kind turns out to be rather rough.

One m eans of im proving the m odel is  the sim ultaneous and equal con 
sid eration  of two- and fo u r-p a rtic le  corre la tion s [7] . This g iv es us the 
chance of im proving the d escrip tion  of the two-phonon sta te s , but an im 
provem ent of this sort is  hardly worth the com plication  of the ca lcu la tion s. 
Further step s in th is d irection , nam ely  the in clu sion  of higher s ta te s , can 
hardly be considered  p rom isin g . A d ifferent approach, nam ely a fundam en
ta l change of the quasiboson approxim ation, se e m s  to be much m ore  
p rom isin g .

Especially important is the fact that supplementary "elementary interactions” are introduced with 
no new parameters. Their constants are uniquely defined by the demands of gauge invariance.

2 it is worth mentioning that the too small values of В (£2) in Table II should be considered only as 
qualifiers as in this case the small corrections that are not considered m a y  essentially change the quantitative 
result.
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In the quasiboson  approxim ation the spectrum  of co llec tiv e  exc ita tion s  
is  constructed  of n on -in teractin g  phonons, in other wo^ds it is  equidistant.
It is  evident that rotational sta te s  drop out of th is d escrip tion . That is  why 
we are forced  to d escr ib e  /3, y  o sc illa tio n s  and rotations of deform ed n uclei 
under a m icro sco p ic  approach sep ara te ly  and by d ifferent m ethods. On the 
other hand, the an a lysis  of exp erim en tal data p roves that there does not 
ex ist any con sid erab le d ifferen ce between the rotational and vibrational 
s ta te s . A sequence of n u clei can be chosen  in which vibrational sta tes  
gradually turn into rotational ones [8] . A s im ila r  tran sition  can be seen , 
perhaps, in "spherical"  n uclei along, with the growth of the en ergy  of ex 
citation  [9] . T h ese c ircu m sta n ces force us to look  for a unified d escrip tion  
of both vibrational and rotational s ta te s .

M arum ori et a l. [10] tr ied  to make the boson ru les  of com m utation for 
pa i r  quadrupole op erators [ A^| ; A ^ .]  = 2(-)^ . m ore com plicated  by
con sid erin g  the fact that the com m utators of d ifferent com ponents A ^  (or 
A^’J) are proportional to the angular m omentum  op erator Jx . F in a lly , the 
p rop erties of the phonons (of the operator that r a is e s  the sy stem  one state  
higher) begin  to depend upon the angular m om enta of the in itia l (J) and final 
( J ' ) sta te s; th is lead s to the deviation of the sp ectrum  from  equidistance. 
The phonon en ergy , which is  related  to the energy of a tw o-q u asip artic le  
tran sition  (in an iso la ted  j - le v e l m odel), is  equal to

QJ'J = + f  (1)

w here -  j ( j r  1)J  and w0 is  the phonon energy

in a quasiboson, approxim ation, defined by the re la tion  of the d im en sion less  
quadrupole (к) and pairing (g) in teraction  constants and by the occupation  
of the le v e l n = N /(2j + 1);

. ал,* «  i  -  f w a - n j  <2>

When a change Uq in the in terval from  1 to 0 takes p lace , the spectrum  
defined by E q .( l)  changes from  equidistant to purely rotational. But it 
would be erron eou s to think that we have obtained a unique d escrip tion  
of both sp h erica l and deform ed n u clei as E q .( l)  has no se n se  in the 
extrem e field  ,of n uclei which are known to be deform ed (к/g  ,°o ;
(J q - oo). . • .

V

The rotational bands of deform ed nuclei p resen t the m ain problem  in 
unifying the m icro sco p ic  d escrip tion  of nuclear sp ectra . . A s is  known, when 
con sid erin g  only quadrupole fo rc es  between nucleons in an o sc illa to ry  poten
tia l the rotational spectrum  can be e a s ily  obtained from  group prop erties  
[11] . But group theory m ethods turn out to be too com plicated  and have 
lit t le  prosp ect for re a l m odels o f m edium  and heavy n u clei.
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Z elev in sk y  and the author have studied the p o ss ib ilit ie s  of deriving  
a rotational sp ectrum  from  p artic le  dynam ics by other m ethods; even if  
they  are approxim ate, they allow  a solu tion  in r e a lis t ic  m od els.

L et us f ir s t  study the nucleons on one j - le v e l  (j »  1) in teracting through  
quadrupole fo rc es  .

‘, r  >.p 'Jy IJJ (3)

If we con sid er the angular m omentum  (neglecting  the octupole) in the co m 
m utator of quadrupole op erators

&  ( j ) j  Qr  (j> ] (4)

then the eight op erators Q2(1 and included in Eqs (3) and (4) gen erate the 
group SU(3) and thus the problem  b ecom es ab solu tely  equivalent to the 
E llio tt problem  [11] . The sy stem  spectrum  co n s is ts  of a se t  o f rotational 
bands (lim ited  from  above) that are ch aracterized  by the d ifferent va lu es  
of the C asim ir operator

ct -  ( j )  Qy ( j )  *  t y z  C-/Í, J ;

The low er band has the fo llow ing value of th is quantity:

c ;  (6)

w here Xj, the m axim um  p o ss ib le  value of the sy stem  angular m om entum , 
is  defined by the le v e l occupation nj = N j/(2   ̂ + 1)

(7)

The en erg ie s  of the le v e ls  and the reduced m atrix  e lem en ts of Q in the 
ground band have the follow ing form:

E ( J )  = t f o j  + ¿ ( jj

w d m = g *  í ) i „ .

(8)

(9)
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The factor ? , when the angular m om enta J are c lo se  to the m axim um  value, 
cuts non-diagonal m atrix e lem en ts . If we r e s tr ic t  ou .rselvès to the region  
J «  Xj, then the deviation  of i  from  unity can be n e g le c ted 3. In this ca se  
the m atrix  e lem en ts w ill sa tis fy  E q .(4) without the right-hand sid e . An 
approxim ation of th is kind is  fu lly  con sisten t as the right-hand sid e of (4) 
is  actually  sm a ll (b(j) ~  j ’3).

VI

Let us now form ulate a s im p le  approxim ation method for so lv ing  the 
sam e problem  which would be valid  in the region  J «  Xj.

(A) Let us n eg lect the right-hand sid e of (4) and con sid er for Q only 
m atrix  elem en ts in sid e the band. We then obtain the w hole of Eq. (9) (with 
? = 1) but only w ithin the accu racy  of the n orm alization  constant.

(B) F rom  E q .(5 ), neg lectin g  the la s t  term , le t us n orm alize  Q through

С Г (C) The value C° is  obtained by .calculating the expectation  value of 
the C asim ir operator in the sta te J = Xj when the la s t  term  in Eq. (5) has
to be retained , w hile the non-diagonal m atrix elem en t of Q can be n eg lec ted 4

(D) In ord er to define the rotational le v e l e n e r g ie s , le t  us m ake use  
of the equations of m otion for Q:

№r - í r)i3tQ(¡)lij') - {*&  e(j)(j/(îQ+ Q j) jr )  ни

from  which E q .(8) im m ed iate ly  fo llow s.

VII

F or the tran sition  to r e a lis t ic  m odels the form ulated m ethod of approxi
m ation dem ands gen era liza tion s in two d irection s: one should not be r e 
str ic ted  to one j - le v e l  and one should include other types of in teraction . Let 
us start out from  two p ostu la tes, p h ysica lly  evident for deform ed nuclei:

(a) There e x is ts  a sequence of sta te s  with angular m om enta J = 0, 2, 4. . . 
("rotational band").

(b) The full quadrupole m om ent operator Q2(J has large  m atrix e le 
m ents in sid e the band (diagonal and non-diagonál), w hile the tran sition s into 
sta tes  of other types are re la tively , sm a ll.

As an illu stra tion  le t  us study an arb itrary  num ber of j - le v e ls  with 
r e str ic tio n  to Q • Q in teraction  of the follow ing kind

3 When £ = 1 the relation between the matrix elements (9) is the same as in the case of the symmetri
cal rotator.

4 Thus, having an explicit expression for the Casimir operator, we can relate the regions of small and 
extremely large angular momenta J.
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Then the operations (А), (В), (C) given above lead  to form ulas (6), (7) and 
(9) for p artia l va lu es (defined on each j - le v e l) .  Equation (10) a lso  rem ain s  
valid  provided that by Q on the right-hand sid e we understand a full quadru
pole m om ent and by 3  ^ \(j) a partial angular m om entum  op erator. If we 
a ssu m e J^(j) to be proportional to the operator of the total angular m om en 
tum of the sy stem  *x(j) = g(j) J \ot (in sid e the rotational band), then both the 
energy spectrum  and the "Lande factor" g(j) are defined from  (10):

The resu lt has a s im p le  p h ysica l m eaning. The partia l m om enta of j - le v e ls  
sum  coh eren tly  into a full angular m om entum , the contribution of each  
le v e l  depending upon the occupation (Xj  ~ n j ( l  - nj). The p artic le  d istr ib u 
tion am ong j - le v e ls  (np can be defined by m in im izin g  the en ergy  of the 
ground state:

The stru ctu re of the ground sta te  can be c le a r ly  p resen ted  for the ca se  of 
two j - le v e ls .  If their in teraction  (Q(jj) ■ Q(j2)) is  fu lly  n eg lected  then the 
lo w est sta te  (when the d istrib ution 'of p a rtic les  in le v e ls  is  fixed) w ill be 
|(jNi) J _ 0 (Í 22)j =0X  The h igher angular m om enta Jlt J2 > 0 are not p ro
fitab le b ecau se of the lo s s  in the rotational energy. But the quadrupole 
in teraction  betw een le v e ls  co v e rs  th is sm a ll e ffec t, which is  why coherent  
su perp osition  turns out to be the m ost profitable com bination5 :

A s im ila r  resu lt  could be obtained by se lec tin g  w ave-functions for each of

the j - le v e ls  as a "deform ed state" , |n >  = ) Yj,M, (n) | J 'M 1 X  and projecting

th eir  product into the sta te with a definite tota l angular m om entum . The 
m icr o sco p ic  sta te s  thus found actu ally  corresp ond  to the phenom enological 
su ppositions about the deform ed n uclei.

The authors have a lso  studied a m ore r e a lis t ic  m odel with quadrupole 
in teraction  and pairing. In th is  ca se  one has to take into con sid eration  the 
op erators with h igher m ultip olarity  (Qk(J, k >  2), as w ell as pair creation  
and annihilation op erators (A ^ , A k(J). In sp ite  of the in cr ea se  in the num ber 
of op erators the problem  can be treated  in a s im ila r  m anner, provided that

( 12 )

(13)

J’M'

It is worth noting that the given coupling scheme is in principle different from the "stretch scheme" 
[12] where instead of the coherent sum <14) there ought to be only the one term with a maximal angular 
momentum.
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E q .(5) is  substituted  by a m o r e  g en era l C a sim ir  op erator. The dependence 
of the m atrix  e lem en ts on angular m om enta J, J' in sid e the rotational band 
can be separated  in the form  s im ila r  to_Eq. (9). Then one ob tain s, for the 
am plitudes of the m atrix  e lem en ts , equations of m otion analogous to those  
in the d eform ed -n u cleu s m odel. The m om ent of in ertia  found exhibits  
reason able dependence on pairing in teraction  strength . D eta ils  of the ca lcu 
lation  w ill be published e lsew h er e . R esu lts obtained allow  one to hope for 
the su c c e ss fu l solu tion  of the la s t  step  of the problem : the unified d e sc r ip 
tion of both rotational and v ibrational exc ita tion s.

Let m e fin ish  with a quite gen era l rem ark . Ir re sp e ctiv e  of the su c c e ss  
o f the con crete  approach d escrib ed  h ere , the author is  p ositive  that for the 
tran sition  from  the d escrip tion  of one e lem en tary  excitation  (phonon) to the 
w hole spectrum  of nucleus excitation , i t i s  n e c e ssa r y  to introduce group 
m ethods into the trad itional m icro sco p ic  m od els. Coming back to the c o l le c 
tiv e  m odel c la ss if ic a tio n , th is idea can be form ulated  as fo llow s: com bina
tions of m ethods, approaches and a im s typ ica l for various c la s s e s  o f m odels  
are  in fact the m ost p rom isin g .
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D I S C U S S I O N

N.I. PYATOV: The n u m erica l r e su lts  which you have given for 0+ 
sta tes  can be obtained from  the u sual m odel by including sp in-quadrupole  
in teraction s. Spin-quadrupole in teraction s put the second 0+ sta te s  below  
the energy gap, but<sm all B(E2) and large  va lu es of X are ch a ra c ter istic  
of pairing v ib ration s. Can you d efin ite ly  point to a feature by which one 
can d istingu ish  coherent pairing fluctuations from  other types of vibrations ?

S .T . BELYAEV: I would p refer  to put the question in a d ifferent,w ay.
In order to include sp in-quadrupole fo r c e s , a new constant m ust be in tr o 
duced. The additional in teraction , which we con sid ered , fo llow s au tom ati
ca lly  from  the p rin cip le of gauge in varian ce and we m ust take it into 
account. As regard s sp in-quadrupole fo r c e s , if  any, they should betaken  
into con sideration  additionally .
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S. SZPIKOWSKI: We know from  the E llio tt m odel that the SU(3) 
group is  a proper group to tre a t the quadrupole-quadrupole fo r c e s . On 
the other hand, the pairing fo rc es  are governed by the orthogonal group  
in  five  d im en sion s (j-j coupling) or in eight d im ensions (L -S  coupling).
F rom  the group theory point of view  one can do a s im p le  thing in prin cip le : 
take the operators of Q-Q fo r c e s  that gen erate the SU(3) group, and the 
pairing op erators that gen erate the 0 5 (or Os) group, and com m ute them  
to com p lete the se t  of gen erators which w ill gen erate the group to be 
found. Such a group w ill be a sym m etry  group of the in teraction s and 
would be just a group to d iagonalize at the sam e tim e th ese  in tera ctio n s.
Do you know anything about the rea liza tion  of such a program ?

S .T . BELYAEV: Exact d iagonalization  of a s im ila r  type is  p o ss ib le  
only for the s im p lest  s in g le -p a r t ic le  configuration. The gen era liza tion  
to a re a l sch em e of s in g le -p a r t ic le  le v e ls  and re a l fo rc es  is  p ra ctica lly  
im p o ssib le . The m ain purpose of our approach is  to develop  an approxim ate 
m ethod for the E llio tt m odel w hich, h ow ever, w ill p erm it gen era liza tion . 
T his is  not a group theory  m ethod, although we have borrow ed the K asim ir  
operator from  the la tter .

I.N . MIKHAILOV: Let m e r a ise  a question  about the th e o re tic a l founda
tion o f‘the prin cip le of gauge invariance re la tiv e  to e ffec tiv e  fo r c e s . Could 
you g ive the reason  for such  an application?

S .T . BELYAEV: The assum ption  about the gauge in varian ce is  m ade 
for the fo r c e s  betw een  fre e  n ucleons and not for the effec tive  in teraction  
of n ucleons in a n u cleu s. But it fo llow s as a consequence that th ere  are  
certa in  lim ita tion s on the e ffec tiv e  in teraction .

V.G. SOLOVIEV: Important p ro g ress  has been m ade in the m any-body  
problem  due to  the developm ent of m ethods in which som e law or other 
is  follow ed approxim ately . The m ath em atica l b a sis  for applying such  
m ethods w as created  by N .N . Bogolyubov in h is paper on q u a s i-a v e ra g es .
As regard s the p h ysica l prob lem , the task  is  to find such a m ath em atica l 
m ethod that would perm it the m ost p r e c ise  solu tion  of the p rob lem . In 
so  doing, one has to r e s tr ic t  o n ese lf  by applying one or another c o n se rv a 
tion law only approxim ately  or for som e average v a lu es. C erta in ly , it 
is  good if  som e con servation  law or other is  obeyed su ffic ien tly  accu ra tely , 
i .e .  gauge in varian ce takes p la ce . H ow ever, the requ irem en t of the 
fu lfilm ent of gauge in varian ce in the m any-body problem  is  not s tr ic t .

S .T . BELYAEV: I do not agree with the la tter  sta tem en t. C erta in ly , 
we are  so m etim es forced  to v io la te  rigorou s con servation  law s at a 
certa in  stage of so lv in g  the prob lem . We do th is with the gauge p rin cip le , 
when so lv in g  a s in g le -p a r t ic le  prob lem . (Another exam ple is  s in g le 
p a rtic le  le v e ls  in the deform ed w ell - the angular m om entum  is  not 
con served ). H ow ever, the con servation  law s and sym m etry  p rin cip les  
m ust be recovered  at further, sta g es of the ca lcu lation . B r ie fly , we 
m ust com pensate for what we have v io lated  in the s in g le -p a r t ic le  p icture . 
(gauge in variance) by co lle c tiv e  m odes of ex c ita tio n s . T h ese are just 
the exc ita tion s con sid ered .

I.S. SHAPIRO: I would lik e  to ask a sim p le  question: what do you 
m ean in th is  c a se  by T -p a rity  in the p a r t ic le -p a r tic le  sy stem ?  I can- 
im agine T -p a rity  in the p a r tic le -h o le  sy stem . But as regard s the w ave-  
function of two p a r t ic le s , it cannot p ass into it s e lf  with tim e .

S .T . BELYAEV: The T -p a r ity  of excitation  is  d eterm ined  by the 
re la tiv e  p hase of the contribution of tw o -p a rtic le  and ;tw o-h ole s ta te s  to
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the phonon w ave-fu n ction , in other w ords, by the behaviour of the phonon 
w ave-fu n ction  with re sp ec t to the in terchange of h o les and p a r tic le s .

I.N. MIKHAILOV: What is  the reason  for u sing r e a lis t ic  fo rc es  in 
the th eo r ie s  con sid ered  above (say , in the random  phase approxim ation)?

S.T . BELYAEV: The conception of " r ea lis t ic  forces"  is  u sually  
related  to the in teraction  of fre e  n ucleons, w hereas co llec tiv e  m odes of - 
excitation  are determ ined  by the effec tive  in teraction  in sid e the n ucleu s.
We used  just the la tter  (certa in ly , in the form  of a m odel).

B .L . BIRBRAIR: Is th ere  any connection betw een the pairing coherent 
fluctuations and the n uclear analogue of ordinary sound? To obtain the 
la tter  it is  su ffic ien t to take into account the equation of continuity, which  
in it s e lf  is  a condition for freq u en cie s , but which does not ex p lic itly  in 
clude the in teraction . Thus, for the sound as w ell as for the pairing c o 
h erent fluctuation th ere  is  no need to introduce new constants and th e r e 
fore th ere should be a connection between th e se  types of exc ita tion .

S .T . BELYAEV: T h ere actu ally  ex is ts  som e form al analogy between  
the sound w aves in the superconductor and the exc ita tion s con sid ered , 
although the d ifferen ce in the sy ste m s is  very  im portant, which a ffects  
even  form àl re su lts  - the frequency of 0+ . v ib ration s depends- on the - - 
pairing constant.

D .F . ZARETSKY: . A re th ere v ibrations of your type in sp h erica l 
n u clei?  If they do e x is t , how do they m anifest th e m se lv e s?

S .T . BELYAEV: S im ilar v ibrations should ex is t  in sp h e r ic a l n u cle i.
We did not ca lcu late them  b eca u se , in our opinion, the stru ctu re of 
sp h erica l n u clei is  not c lea r  at p resen t.

0 .  NATHAN: I would lik e to point out that the two second excited  
sta tes  of the Sm iso top es shown in your T able II have a v ery  sp ec ific  
behaviour in double stripp ing and double p ick-up. I would th erefo re  su ggest  
that you u se  your theory  to ca lcu la te  th ese  (t,p) and (p, t) tran sition  ra te s . 
T his m ight te s t  your theory m ore se n s itiv e ly  than the B(E2) va lu es which 
are probably v ery  d ifficu lt to m easu re p r e c ise ly .

S .T . BELYAEV: I a g ree . At present we are doing such calcu lations • 
although the r e su lts  w ill probably only be qualitative due to the uncertainty  
of the operator generating (p, t) and (t, p) rea ctio n s.

1.N. MIKHAILOV: Is the u se  of op erators of the in teraction  with the 
sca tter in g  am plitude dependent on density  in the Migdal theory con sisten t  
with your prin cip le?

S.T. BELYAEV: If the effec tiv e  interaction  depends only on space  
variab les th ere are no r e s tr ic tio n s .

A.S. DAVYDOV: The rotation considered  in the E llio tt m odel does 
not correspond to the nucleus rotation as we u su ally  understand it - the 
rotation of the coordinate sy stem  assoc ia ted  with the d irection s of the 
m ain in ertia l m om ents. T his is probably the q u asip artic le  rotation  in 
relation  to the coordinate sy stem  connected with a s e lf-c o n s is te n t  fie ld ,
i .e .  in tern al rotation. I sh a ll c la r ify  my rem ark by an exam ple from  
m olecu lar theory. The m otion of e lec tron s in the field  of n u clei of a 
m olecu le  with a certa in  tota l m om entum  corresp ond s to th e ir  rotation  
around the m olecu le  co re . On the other hand, we can speak of the ro ta 
tion of the m olecu le  as a w hole, i .e .  the rotation of the n u clei in the 
m olecu le  (of the fie ld , in which e lec tron s m ove).

S .T . BELYAEV: In the E llio tt m odel in ternal m otion and rotation  
as a whole are not separated . The problem  is  so lved  p r e c ise ly  and
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se lf-c o n s is te n t ly  b ecau se both "deform ation" (the average value of the 
to ta l quadrupole m om ent) and the p rob ab ilities of E 2 -tran sition s and the 
en ergetic  spectrum  appear sim u ltan eou sly .

N .I. PYATOV: In your c la ss if ic a tio n  of e ffec tive  in teraction s in 
the p a r tic le -h o le  channel th ere  is  no in teraction  with X = 1, say  (a i  . ct2 )- 
in teraction s which m ay lead to the core spin  p olarization  and gen erate  
co llec tiv e  1+ s ta te s . Have you any particu lar argum ents against the co n 
sid eration  of such effec tive  fo rc es?

S .T . BELYAEV: I have p resen ted  only the sch em e ofth e c la s s if ic a 
tion , but have not,' naturally , pointed out a ll the p o ss ib ilit ie s . The term s  
with X = 1 a lso  e x is t , in p rin cip le .

A . BOHR: Would not the gauge in varian ce put r e str ic tio n s  on effec tive  
tw o-p artic le  fo rc es  that could be tested  for configurations with two p a rtic les  
or h o les outside c lo sed  sh e lls?  .

S .T . BELYAEV: This is  probably d ifficu lt b ecau se the gauge invariance  
g iv e s  rather weak r e s tr ic tio n s . Thus arb itrary  potentials V(r) m ay be 
u sed .

A .S . DAVYDOV: Q u asip artic les are determ ined  by a s e lf-c o n s is te n t  
fie ld . V ibrational m odes are connected with a change of the s e lf-c o n s is te n t  
fie ld . The con sid eration  of the in teraction  of q u asip artic les with the 
phonons of su rface o sc illa t io n s  should re fle c t  the effect of the change of 
the s e lf-c o n s is te n t  fie ld .
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Abstract — Аннотация

PROPERTIES OF SOME EXACT SOLUTIONS OF THE PAIRING FORCE PROBLEM. In this paper are 
considered the 0+ ground and excited states of even systems of nucleons interacting by a pure pairing fprce.
The lowest four roots of exact matrix diagonalization are calculated for the even tin nuclei. Among other 
things a remarkable behaviour of two-nucleon transfer probabilities near subshells, such as 64 neutrons, is 
found. Namely, only near subshells does collective enhancement of pair transfer occur to excited as well 
as ground states. For 114Sn at the closed subshell this enhancement occurs for the first excited 0+ state and 
this behaviour is the measure of the "pairing vibrational character". The enhancement moves unsymmetricaily 
to higher roots for neighbouring nuclei on either side of the subshell.

Noting the strong dependence of nuclear properties on particle number near subshells, it is suggested 
that quasiparticle methods not conserving particle number may be unreliable when the Fermi energy is near 
irregularities in nucleon orbital spacing. Further theoretical studies using particle-number-conservation and 
realistic reaction-matrix interactions are much needed as well as further experimental information on excited 
0+ states and pair-transfer reactions.

СВОЙСТВА. НЕКОТОРЫХ ТОЧНЫХ РЕШЕНИЙ ЗАДАЧИ О СИЛАХ СПАРИВАНИЯ . 
Рассм атри ваю тся основные и возбужденные 0+ состояния четных систем  нуклонов, взаим о
действующих лишь силами спаривания. После точной диагонализации матрицы рассчиты 
ваю тся четы ре нижайших корня в четных изотопах олова. Наряду с другими ф актам и ,най
дено интересное поведение вероятностей  двухнуклонной передачи вблизи таких подоболочек, 
как , например, é4 нейтрона. Именно, только вблизи подоболочек происходит коллектив
ное увеличение передачи пары на возбужденные состояния так же, как и на основные со с то 
яния. Для 114Sn с заполненной подоболочкой это  увеличение происходит для первого возбуж 
денного 0+ состояния, и такое поведение является мерой "парно-вибрационного характера" 
этих состояний. Увеличение см еш ается несимметрично к высшим корням для соседних 
ядер по обе стороны от подоболочки. О тм ечая сильную  зависим ость  ядерных свойств рт 
числа частиц вблизи подоболочек, предполагаем , что квазичастичны е м етоды , не сох р а
няющие число частиц , м огут о к аза ться  ненадежными, если энергия Ферми находится вбли
зи нерегулярностей в пространстве нуклонных уровней . Необходимы дальнейшие тео р ет и 
ческие исследования с использованием м етодов, сохраняющих число частиц и матрицу ре
акции реалистического взаим одействия, наряду с дополнительной экспериментальной ин
формацией о возбужденных О* состояниях и реакциях двойной передачи.

The superflu id  n uclear m odel has rap id ly  advanced our understanding  
of the im portant co rre la tio n s  in n uclear s ta te s . We owe th is great p ro g re ss  
in la r g e  m ea su re  to the p ion eerin g  work of Bogolyubov [1], of Bardeen , 
Cooper and S ch rie ffer  [2], of B ohr, M ottelson  and P in es [3 ], of B elyaev  •
[4 ], and of m any o th ers.

I sh a ll m o stly  lim it m y se lf  h ere  to d iscu ss in g  a v ery  re s tr ic te d  c la s s  
of s ta te s , nam ely , 0+ s ta te s  of even  s in g le -c lo s e d -s h e ll  n u c le i. T h is l im i
tation  of s ta te s  m eans that the only tra n sitio n s we can treat a re  p air tra n s
fe r  betw een neighbouring n uclei and EO tra n sitio n s and m onopole in e la s tic
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' t  On leave at Yale University, New Haven, Connecticut.
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scatterin g-b etw een  sta te s  of a sin g le n u cleu s. Even with th is  d ra stic  tru n ca
tion  of subject m atter , th ere  is  a bew ild ering  array of a lternative m ethods  
to  su rvey .

Why not sim p ly  u se  large com puters and m ake sh e ll-m o d e l calcu lations?  
Such stu d ies have indeed been  m ade, but the num ber of configurations gets  
a stron om ica lly  la rg e  for  la r g e r  sy s te m s . Table I l is t s  the sh e ll-m o d e l con
figurations for  0 + sta te s  with four id en tica l nucleons in th ree  active  orb ita ls  
with j va lu es of 5 /2 , 3 /2 , and 1 /2 . C alcu lations [5] on 60Ni are such an 
exam p le. T h ere are fiv e  configurations with no unpaired nucleons (s = 0), 
the fiv e  d ifferent w ays that two indistingu ishable ob jects can b e arranged  
in the th ree b oxes of d ifferent s iz e s .  T h ere are fiv e  additional sen io r ity -  
four configurations with nucleons p a irw ise  coupled to 2 and the resu ltan t  
v ec to rs  of J = 2 coupled to zero . A sh e ll-m o d e l ca lcu lation  with r e a lis t ic  
reaction  m atrix  e lem en ts h ere  m ust d iagonalize a 10X10 m atrix , y ie ld ing  
10 root-s corresponding to 0+ s ta te s . The m atrix  e lem en ts for  th is s im p le  
p rob lem  fa ll into two c la s s e s ,  (a) the pairing type, which co n se rv e s  se n io r 
ity, and (b) the quadrupole-quadrupole type, among which are m atr ix  e l e 
m en ts m ixing the s e n io r ity -z e r o  and -four con figurations. If we are  in te r 
es ted  only in the lo w est-ly in g  s ta te s , we m ay truncate the sh e ll-m o d e l space  
to take only sen io r ity  0 [6]. T his approxim ation is  aided by the fact that 
the sen ior ity -b reak in g  m atrix  elem en ts are  gen era lly  sm a lle r  than the 
se n io r ity -c o n se rv in g  and by the fact that the diagonal en erg ie s  of the zero  
sen io r ity  configurations lie  gen era lly  low er than the sen io r ity  four. The 
va lid ity  of low est sen io r ity  truncation sc h e m e s is  probably b etter  for 0+ 
s ta te s  than for o th ers, but n eed s further study. At any ra te , we sh a ll

TABLE I. LIST OF SHELL-M ODEL CONFIGURATIONS 
FOR 0 + STATES

Number of nucleons in orbitals

of j - 5/2 3/2 1/2

' 4 0 ' 0

2 2 0

0 4 0 5 configurations of seniority zero

2 0 2

0 2 2

2 ' 2 ' 0

2 ' 1 1

3 1 0 5 configurations of seniority 4

1 2 ' 1

2 ' l ' 1

Note: The prime ( ’) denotes coupling to angular momentum of 2.
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henceforth  con cern  o u r se lv e s  with only the s e n io r ity -z e r o  su b sp ace . I 
w ish  next to p resen t re su lts  b ased  on exact m atr ix  d iagonalization s within  
th is  su b sp ace . F in a lly , we sh a ll take th ese  re su lts  as y a rd stick s for  e v a l
uation of variou s approxim ate m ethods b ased  on the superflu id  m odel. 
R esu lts often,depend cr u c ia lly  on the d im en sio n less  ratio  betw een  the 
m atrix  elem en t for prom oting a p air a c r o ss  the F e r m i su rface and the 
sh e ll-m o d e l energy for such prom otion . Thus, the 0 + sp ectra  and wave- 
functions of n u c le i at c lo sed  su b sh ells  m ay be e s se n tia lly  d ifferent from  
neighbouring n u c le i which develop  stron ger pairing co rre la tio n  in ground. 
We thus frequ en tly  ca r ry  out ca lcu la tion s for a range of p a irin g  force  
stren gth s, not just the one value that f its  the odd-even  m a ss  d ifferen ce .

C onsider now the 64 neutron sy stem  of 114Sn and the f iv e  o rb ita ls  b e 
tw een  50 and 82. The se n io r ity -z e r o  sp ace now has 105 con figurations. 
F ig . 1 show s the en ergy  of the low est four roots as a function of the pairing  
fo rce  m atr ix  e lem en ts , h ere  taken as constant. Note the m inim um  in f ir s t  
excited  0 + en ergy  at a certa in  value of the fo rce  strength . T h is c r it ic a l  
value of m inim um  sep aration  of the low est two roots is  about the c r it ic a l  
value below  which the superflu id  BCS solution  is  lo s t .  The grou n d-state  
and f ir s t -e x c ite d -s ta te  wav e  funct ions  a lso  exchange ch aracter  near th is  
c lo s e s t  approach of ro o ts , as one can se e  in F ig . 2. H ere are plotted as 
a function of pairing fo rc e  strength  the am plitudes for the low est con figu ra
tion  in the ground and f ir s t  exc ited  0+ ro o ts . F o r  the ca lcu la tion s of F ig s  1 
and 2 we have u sed  the sin g le  p a rtic le  orb ita l en er g ie s  deduced from  e x 
p erim en ta l stripping c r o s s - s e c t io n s  [7].

The next exam p les we con sid er are the other even  tin  n u clei, where  
again we ca lcu la te  exact so lu tion s in the s e n io r ity -z e r o  su bsp ace, now  
with one value of p a ir in g  fo rc e  strength , G = 0. 18 M eV. We adjusted the 
orb ita l en er g ie s  and p airin g  fo rce  strength  to n early  m atch the 117Sn 
sp ectrum  and od d-even  m a ss  d ifferen ce .

Constant Pairing Force Strength G (MeV)

FIG .l. Energies of ground and three lowest excited 0+ roots for 1J4Sn as a function of pairing force 
strength. The calculation considers neutron excitations in the space of seniority-zero. The inset on the 
lower left shows the assumed orbital energies from Ref. [7] .
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FIG. 2. Amplitudes of the dominant shell-model configuration ( d| / 2 , g ) in ground and first excited 
0+ roots as a function of pairing force strength.

It would be of the g re a test  value to have m ore exp erim en ta l m e a su r e 
m ents of EO tran sition  ra tes  am ong 0+ s ta te s  of sin g le  c lo sed  sh e ll n u cle i. 
The only reported  value in the tin  n uclei occu rs from  the low est exc ited  
0+ sta te in  116Sn to ground. The absolute rate is  not known, and only a 
branching ratio  betw een EO and the E2 to the 2+ state is  reported . Thus we 
cannot d irectly  confront theory; if we a ssu m e som e effec tiv e  charge for  
neutrons in m onopole tra n sitio n s , it is  ea sy  to u se  our exact w ave-func- 
tion s to ca lcu la te  EO r a te s . The la r g est ra te s  for 0+l -* 0 + should occur  
when the F er m i energy l ie s  betw een orb ita ls  of d ifferent parity , a s is  the 
c a se  in 116Sn, w here the 4 3 ^  orb ital is  just below  and the 5h llj/2 orb ita l 
is  just above. We have good reason  to b e lie v e  that m onopole effec tive  
charge ren orm aliza tion s are  large , m ain ly  b ecau se EO rate ca lcu lation s  
by O liver Johns and the author for  90Zr show the need for  a proton e f 
fec tiv e  charge m uch reduced  from  unity (e™f°no s  0 .4 e ) .  That i s ,  the 28 
clo sed  core  protons evidently  are induced into rad ial d en sity  o sc illa tio n s, 
n early  can cellin g  the EO contribution due to the 12 ex p lic it ly -tr ea ted  open- 
sh e ll p rotons. We m ust have m ore data to understand the EO rate p rob lem . 
P o ss ib ly  in e la s tic  e lec tro n  or muon sca tter in g  can extract th is  in form a
tion  where sta tes  are not populated by rad ioactiv ity . A s a gen era l ru le the 
0 + excited  s ta te s  do not se em  to be v ery  stron gly  excited  by alpha and proton  
in e la s tic  sca tter in g . The m icro sco p ic  th eo re tica l ca lcu lation s with our 
exact w ave-functions w ill not be d ifficu lt given  re lia b le  form  fa cto rs  for  
sca tter in g  from  nucleons in various sh e ll m odel o rb ita ls . Only to the e x 
tent that nucleons in  orb ita ls  just above and below  the F er m i energy exhibit 
sign ifican t d ifferen ces in sca tter in g  w ill th ere a r ise  any m onopole in e la stic  
sca tter in g . T h ese d ifferen ces are  m o re  lik e ly  to a r ise  in proton or neutron  
sca tter in g  than in alpha or other com plex p artic le  sca tter in g , s in ce the 
la tter , being stron gly  absorbed, only sam ple the ta ils  of nucleon w ave-  
functions where a ll orb ita ls look much the sam e.

One i s  fa m ilia r  with the enhancem ent by the pairing force  of p r o c e s se s  
tra n sferr in g  a pair of nucleons in a J = 0 sta te — p r o c e s se s  such as alpha 
decay or (t,p ), (p, t), (3He, n) rea ctio n s. With BCS wave functions one gets  
a p airing enhancem ent (where fin ite s iz e  e ffec ts  are neglected) of approxi
m ate ly  (Л/G )2 , w here Д is  the odd-even  m a ss  d ifferen ce and G the pairing  
fo rc e  strength.

F ig . 3 show s the ground-to-ground enhancem ent fa cto rs for 2-nucleon  
tra n sfer  among even ten n uclei with our m odel w ave-functions. The r e su lts  
are v ery  lit t le  d ifferent from  what BCS would g ive , the dashed curve taking



PAIRING FORCE PROBLEM 173

Tin Moss Number Д

F1G.3. Ground-to-ground enhancement factors for neutron-pair transfer between adjacent even tin 
nuclei. The uppermost curve used our exact wave functions, based on the simplest assumption that all 
orbitals have intrinsic spectroscopic factors that are equal. The dashed curve just below the top is the 
simplest BCS approximation based on calculations of Ref. [ 8] .  The lowest three curves are based on our 
exact wave functions but with a Gaussian factor exp[ -C í( Í +1)] suppressing contributions of higher-)! 
orbitals analogous to finite-size corrections(C values were 0.06, 0.08, and 0.10, respectively).

va lu es from  K is s lin g e r  and Sorensen  [8] . The so lid  cu rves are b ased  on 
our exact w ave-functions. The top curve is  the point n ucleu s approxim ation, 
and low er cu rves rep resen t rough co rrectio n  for in crea sin g  fin ite  s iz e  by 
a G aussian  factor in angular m om entum  su p p ressin g  contributions of tr a n s 
fe r  from  higher angular m om entum  orb i t a l s .

T here is  a slight dip at 7 p a irs , the su b -sh e ll w here p airing c o r r e la 
tion  is  w eaker than in adjacent n u clei.

The m atrix- d iagonalization  show s to b est  advantage for  the ca lcu lation  
of p ro p erties  of exc ited  0+ s ta te s . N ext, in F ig . 4, a re  shown the en erg ie s  
of the f ir s t  th ree exc ited  0+ s ta te s  in  our m odel. The arrow s indicate the 
only exc ited  sta te s  re ce iv in g  any co llec tiv e  enhancem ent for  pair tra n sfe r .

FIG.4. Energies of excited 0+ states in even tin nuclei. The solid bars are experimental values from 
Ref. [ 7]. The open circles are theoretical values in our exact seniority-zero scheme with constant 
pairing force (G = 0.18 MeV) and constant orbital spacing. The upward slanting arrows indicate the only 
excited states receiving pair-transfer enhancement.
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Note that for i 14Sn at the su b sh ell betw een the g 7/ 2 and the s ^  orb ita l the 
lo w est exc ited  0 + sta te  r e c e iv e s  pair tra n sfer  strength  from  eith er side; 
quantitatively  we ca lcu la te  the c r o s s - s e c t io n s  to be about 20% of ground.
We m ay thus say  th is sta te in 114Sn has a pairing vibration  ch aracter .
T his behaviour was not su rp ris in g  but the pattern of co llec tiv e  en h ance-, 
m ent for  n uclei away from  the su b sh ell w as an in terestin g  su rp r ise .

A s we go away from  the su b sh ell, the c o llec tiv e  enhancem ent m oves  
to su c c e s s iv e ly  h igher ro o ts . F u rth erm ore, the enhancem ent is  unsym -  
m e tr ic a l, showing it s e lf  only for  pair tra n sfe r  going toward the su b sh ell. 
P erhap s P r o fe s so r  Bohr in the follow ing paper w ill have som ething further  
to say  on th is  m atter . It se e m s  lik e ly  that th is  behaviour is  gen era l for  
su b sh e lls  with many le v e ls  eith er sid e of the sh e ll gap.

The so lid  b a rs in F ig . 4 are exp erim en ta l 0+ en er g ie s , m o stly  from  
the stripp ing stu d ies . W hile our m odel y ie ld s  roots in the co rrect region  
of en ergy , a detailed  corresp ond en ce is  absent, and there seem  to be too 
m any exp erim en ta l 0+ s ta te s  in  118Sn for the m odel to explain.

It m ay be that the truncation  to se n io r ity -z e r o  is  too s e v e r e , and that 
the n eg lected  sen io r ity -fo u r  sp ace g iv e s  r is e  to additional s ta te s  and m ore  
com p licated  w ave-functions. F or exam ple, we m ight su rm ise  the p o ss ib le  
im portance of the sen io r ity -fo u r  com ponent a r is in g  from  the 0+ coupling  
of the low est 2* excitation  of the proton stru ctu re and the low est 2 + e x c i
tation  of the neutron stru ctu re. A quadrupole-quadrupole neutron-proton  
fo rce  m ight greatly  low er the d iagonal.energy of th is configuration, such  
that it b eco m es an intruder sta te or m ix es  with the se n io r ity -z e r o  excited  
sta te s  we ca lcu la te . A sta te with th is co llec tiv e  sen io r ity -fo u r  ch aracter  
should exhibit a large E2 tran sition  probability  to the 2+ f ir s t  excited  sta te , 
so  perhaps double-coulom b excitation  stu d ies to 0+ sta te s  could help answ er  
th ese  q u estion s.

Another question  about our ca lcu lation s of the 0+ sta te s  a r is e s  from  
our u se  of the constant-G  p airin g m atrix  e lem en ts . E ith er delta fo rc es  
or fin ite  range fo r c e s  sy stem a tica lly  g ive diagonal m atrix  e lem en ts la r g er  
than off-d iagonal, except for large m atr ix  e lem en ts betw een sp in -orb it  
p a rtn ers. We have m ade a few  exp loratory calcu lations with our sen io r ity -  
zero  m odel, u sing the m atrix  e lem en ts of a fin ite  G aussian fo rc e . F ig . 5 
show s a com parison  of exc ited  0+ sta tes  for llDSn ca lcu lated  by various  
ap proach es. The G aussian  force  ca lcu lation  is  seen  to bring down a h igher  
d en sity  of exc ited  sta te s  than the constant-G  calcu lation . F or the constant - 
G calcu lation  a 17% low erin g  of pairing fo rce  ca u ses the f ir s t  two excited  
0 + s ta te s  to drop sh arp ly . The excited  0+ sta te en erg ie s  are se n s itiv e  to 
the form  and strength  of the resid u a l fo rc e . F ig . 5 a lso  show s Gm itro  
and S a w ick i's  [9] recent calcu lated  v a lu es, u sing  the Tabakin potential 
with core p olarization  co rrectio n s included; they u sed  a q u asip artic le  
T am m -D ancoff calcu lation  with no m ore than two q u asip artic les  in the 
b a s is  (QTD2). We show a lso  the P lastin o , A rvieu , and M oszkow ski c a l
cu lations by QTD2 with th e ir  su rface delta in teraction  [10].

It is  not easy  to iso la te  the reason s for the d ifferen ces of one th eo ret
ic a l calcu lation  from  another. The unprojected q u asip artic le  th eo r ie s  have 
the p a rtic le  num ber fluctuation problem  such that th ere is  a certa in  averaging  
over  s ta te s  of adjacent n uclei. Next to the su b sh ell at 64 neutrons our 
exact se n io r ity -z e r o  ca lcu la tion s of F ig . 4 show a rapid shifting of excited  
sta te  en ergy  patterns with neutron num ber. We b eliev e  the q u asip artic le  
m ethods m ust be regarded quite sc ep tic a lly  h ere w here the F er m i energy
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t  S u rfa ce  Tabakin Pot.
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FIG.5.' Experimental and theoretical excited 0+ energies in u 6Sn. Experimental values are at the far 
left. Next are our exact calculations in the seniority-zero space (abbreviated SZEX) for two different 
strengths of pairing force(G = 0.15 and G = 0.18 MeV). Next are our exact seniority-zero calculations 
with non-constant matrix elements of a Gaussian force. The final calculations are from Refs [9] and [10] 
and are made by the quasiparticle Tamm-Dancoff method with two different sets of matrix elements.

i s  c lo se  to ir r e g u la r it ie s  in  orb ita l sp acin g . On the other hand, for the 
h ea v ier  tin  n uclei, su ffic ien tly  rem oved  from  the 64 su b sh ell, the excited  
sta te energy pattern and the wave functions vary  only slow ly  with neutron  
num ber. T his sm ooth  variation  should a lso  hold in deform ed  n u clei, so  
that the QRP2 ca lcu la tion s of S o loviev and o th ers [11] should be fre e  of 
se r io u s  d ifficu lties  from  num ber fluctuation except near su b sh e lls  lik e  
90, 142, or 152 n eu trons. We u n d erscore th is  rem ark  by showing c a l
cu lations on the 142 and 144 neutron sy s te m s . F ig . 6 show s the orb ita l 
sp acin gs u sed  in the tin  ca lcu la tion s of F ig s  3 and 4, and it a lso  show s the 
actin ide neutron orb ita l en er g ie s  taken from  C h asm an 's pairing force  c a l
cu lations [12] to fit exp erim en ta l band-head en er g ie s  in  23SU. Our ca lcu la 
tion s have u sed  four and five  p a irs  in  the nine orb ita ls  shown as so lid  lin es ,  
the m atrix  s iz e  being 126X126 ( i .e .  the ord er is  a b inom ial coeffic ien t  
9! /(4 !  5 !)) .

F ig . 7 show s the behaviour of exc ited  0+ s ta te s  as a function of energy  
for  N= 142 at the su b sh ell. The excited  sta te en er g ie s  are fa ir ly  flat fu n c
tion s of p a iring fo rce  strength . The exp erim en ta l 0+ en e r g ie s  l ie  low er, 
probably a consequence of our n eg lectin g  quadrupole-quadrupole fo r c e s ,  
which couple proton and neutron m odes and d ep ress  a b eta -v ib ra tion a l 
co lle c tiv e  root. F ig . 8 show s the d ra stica lly  d ifferent behaviour of 0 + roots  
for N = 144 , one p air beyond the su b sh ell. O bviously, p a rtic le  num ber 
fluctuation in a q u a sip a rtic le  m ethod could introduce se r io u s  u n certa in 
t ie s  near th is sub sh e ll .

Chasm an has a lso  ca lcu lated  [13] 0 + excitation  of neutrons in  th ese  
deform ed actin id es u sing  h is  sp e c ia l varia tion a l m ethod and taking m ore  
o rb ita ls . N eith er he nor I take sè r io u s ly  th ese  pure p airing fo rc e  c a l
cu lations of exc ited  0 + sta tes  of deform ed n u clei. We know that other 
fo rce  com ponents pla:y im portant r o le s  in bringing down co llec tiv e  quadru
pole v ib ration al ch aracter  and thus coupling neutron and proton m od es.

The past decade has seen  a rem arkable growth in our understanding  
of p airin g corre la tion  phenom ena in n u c lei.. Much of th is  p r o g r e ss  has
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FIG.6 . Single particle orbital spacing used in the calculations of 0+ states presented in Fig.4 (spherical 
nuclei) and in Figs 7 and 8 (deformed nuclei). The solid lines on the left indicate the nine Nilsson 
orbitals used in the calculation. The dashed levels were not used. The slanting lines attached to the 
levels indicate the slope of the level on a Nilsson diagram, i .e .  dependence of the energy on quadrupole 
deformation.

FIG.7. Theoretical 0+ neutron-excitation states for the 142-neutron system as a function of pairing 
force strength. Experimental 0+ energies in 232Th and 234U are shown.

><K

O.l 0.2
Pairing Force G (MeV)

FIG.8. Theoretical 0+ neutron-excitation states for the 144-neutron system as a function of pairing 
force strength. The experimentally known 0+ energy in 238pu jS indicated.
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com e with s im p le  con stant-U  m atr ix  elem en t assum ption  and the Bogolyubov- 
V alatin  tran sform ation . Our knowledge of the stru cture of the lo w est nuclear  
sta te  of a g iven  sp in  i s  now rather good, but the knowledge of sta te s  h igher  
than th e se  le a v e s  m uch to be d es ired . Kuo and Brown esp e c ia lly  have 
pointed the way to applying r e a lis t ic  reaction  m atr ix  e lem en ts [14], and 
we should u se  the m ethods to rep la ce  the s im p ler  phenom enological fo r c e s .  
T h eo r is ts , fu rth erm ore, m ust d ev ise  and exp lore p artic le -n u m b er-co n serv in g  
m ethods fo r  exc ited  s ta te s  of p ra ctica l n uclear sy s te m s . F in a lly , sin ce  
nature has p resen ted  to u s such com plex situ ation s in n u clei, it  w ill be 
the new and b etter  data on n uclear sp ectra  that p lay a d ec is iv e  ro le  in 
further p r o g r e ss .
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. D I S C U S S I O N

O. NATHAN: I would lik e to com m ent upon the exp erim en ta l situation  
for 0 + sta te s  in 114Sn.-. We have p relim in ary  data from  the 112Sn(t, p) 114Sn 
reaction  which in dicate the p resen ce  of two stron g j0+ s ta te s  in 114Sn near
2 MeV, separated  by about 200 keV. Now, one of th ese  m ay be identified  .with 
one of P r o fe s so r  C ohen's 0+ sta te s  of 114Sn. H ow ever, he has another 
0 + sta te at low er excitation  energy which has a n eg lig ib le c r o s s - s e c t io n  in 
the (t, p) reaction . In fact, we do not se e  it at a ll. Would th is state  
p o ssib ly  be the neutron-proton, quadrupole-quadrupole sta te su ggested  in 
your talk? And if  it  is ,  i s  it reason able that it appears so low  in the e x c i
tation spectrum ?

J .O . RASMUSSEN: Your r e su lts  are m ost in terestin g . The lo w er-  
ly in g  0 + state which i s  not populated by the (t, p) reaction  could be a good 
candidate for the n-p  quadrupole-quadrupole sta te . I have no idea how low  
it could com e, but th ere w ill be quadrupole co llec tiv e  fea tu res that favour
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con sid erab le  low erin g  below  the region  of four q u a sip a rtic les . The question  
of identify ing the n -p  quadrupole-quadrupole sta te c a lls  for double Coulomb  
excitation  or other exp erim en ts estab lish in g  the B (E 2) value to the 2 + 
f ir s t  exc ited  sta te .

R. A. SORENSEN: The m onopole p olarization  effect or charge r e 
norm alization  w ill probably be quite d ifferent from  one j - le v e l  to another, 
so  that in the absence of a re a l theory of th is renorm alization , the effec tive  
m onopole charge is  r e a lly  unknown. Thus for w ave-fu n ctions involving  
se v e r a l j-v a lu e s , the B(E0) sim p ly  cannot be calcu lated .

J. O. RASMUSSEN: I would be in terested  in learn ing  m ore about your 
id eas on the charge ren orm aliza tion . C ertainly our 90Zr ca lcu la tion s of the 
EO rate, assu m ing unit charge for protons, con sid erab ly  o v erestim a te  the 
rate , su ggestin g  im portant renorm alization  effec ts  of som e kind.

S. SZPIKOWSKI: I have two q uestions. The f ir s t  is  a tr iv ia l one, but 
I would lik e  to be su re w hether I quite understand your le c tu r e . Can your 
d iagonalization  be applied to the two kinds of p a rtic les?  I m ean to protons 
and neutrons together. Secondly, the sen iority-fou r sta te s  lie  so high  
com pared to the sen io r ity -zero  sta te s  that their contribution to the low - 
ly in g  Ю+ sta te s  is  n eg lig ib le . But in your table they w ere taken into account. 
A re they p resen t in  the ca lcu lation  too?

J. O. RASMUSSEN: F ir s t , I agree that use of the m atrix  d iagon aliza 
tion approach away from  s in g le -c lo s e d -s h e ll  n uclei w ill not be s im p le .
It should be p o ssib le  soon to apply it to deform ed n uclei, u sin g  the d iago- 
n a liza tion s of neutron and proton sy stem s sep a ra te ly  to form  a b asic  se t  
for  d iagonalizing the quadrupole-quadrupole part of the neutron-proton  
fo rc e .

In answ er to your second  question, le t  m e c la r ify . The table lis te d  
sen io r ity -fo u r  configurations only to illu s tra te  what we are n eg lectin g  
by truncating to a s e n io r ity -z e r o  sp ace only. We have indeed n ever tr ied  
to include se n io r ity -fo u r , hoping that such configurations w ill not m ix  
v er y  much into the lo w -ly in g  0 + sta tes  we are ca lcu lating.

S. SZPIKOWSKI: If you g en era lize  your d iagonalization  to both protons  
and neutrons, a rather d ifficu lt problem  a r is e s .  F or the one kind of 
p a rtic le  the tw o -p a rtic le  iso sp in  is  n e c e s sa r ily  one and th is a ssu r e s  the 
proper sym m etry  of the w ave-function . Both for  two kinds of p a rtic les  
the contribution of the T = 0 sta te can be com pared to the contribution of 
the T = 1 sta te , but they cannot be taken into account becau se of the 
lim ita tion  of the p airing fo r c e s  to only T = 1 s ta te s .

BOHR: The e ffec tiv e  nucleonic force in the T = 1 channel g iv es  an 
e sp e c ia lly  stron g binding in the J = 0 sta te , which lead s to the pair c o r r e la 
t io n s . In the T = 0 channel th ere i s  an attraction  of a s im ila r  m agnitude, 
but in  (jjy-coupling it appears to act with s im ila r  strength  in se v e r a l  
J -s ta te s  and th erefore m ay not g ive r is e  to a pairing in J = 1 s ta te s .

S. SZPIKOWSKI: There is ,  how ever, the p o ss ib ility  of including the 
s ta te s  of T = 0 within the pairing. If you take L -S  coupling you have 
e ith er T = 1, S = 0 for  tw o-p article sta tes  or T= 0, S = 1. Both of them  
can be th e o re tic a lly  treated .
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Abstract — Аннотация

PAIR CORRELATIONS AND DOUBLE TRANSFER REACTIONS. A discussion is given of the collective 
modes of excitation of the nuclear pairing field,' on which experimental evidence from the two-nucleon 
transfer reactions is accumulating. In regions of closed shells, the excitations have a vibrational character.
The neutron 0+ pair vibrations around 208Pb are considered in the harmonic approximation and with the 
inclusion of interaction effects between the quanta of excitation. The relation between the vibrational 
treatment of pair correlations and the treatment in terms of superfluidity (dynamic and static pairing) is 
compared with the relation between vibrational and rotational descriptions of shape oscillations. The role 
of the isospin of the pairs is discussed with special attention to the spectrum of Q+ pairing modes based on 56Ni. 
When the isospin degree of freedom is included, a static pairing (superfluidity) produces a deformation in 
isospace, with a resulting rotational spectrum in isospace. Finally, the coupling between particles and pair 
vibrational quanta is briefly discussed.

ПАРНЫЕ КОРРЕЛЯЦИИ И РЕАКЦИИ ПЕРЕДАЧИ ДВУХ ЧАСТИЦ. Обсуждаются коллек
тивные возбуждения ядерного поля спаривания, экспериментальны е данные о которых собраны 
на основе реакций передачи двух нуклонов. Для ядер в областях замкнуты х оболочек возбуж 
дения носят колебательный х арактер . Рассм атриваю тся вибрации пары нейтронов 0 + около 
20*РЬ в гармоническом приближении и с учетом эф ф ектов взаим одействия между квантами 

возбуждения. Соотношение между рассм отрением  парных корреляций с точки зрения вибрации 
и рассм отрением  с точки зрения сверхтекучести (динамическое и статическое спаривание) 
сравнивается с соотношением-между вибрационным и вращ ательным описаниями колебаний 
формы. О бсуж дается роль изоспина пар, причем особое внимание уделяется спектру 0 + с 
уровнями парной природы, основанными на o6N i. Когда учиты вается изоспиновая степень 
свободы, статическое спаривание (сверхтекучесть) дает деформацию в иэопространстве, в ко
тором появляется вращательный спектр. Наконец, обсуж дается 'взаим одействие частиц, а 
такж е парные вибрационные кванты .

In recen t y e a r s , the study of double tran sfer  rea ctio n s has developed  
into an im portant tool for nuclear sp ectroscop y . It en ab les u s to explore  
new a sp ec ts  of n uclear stru cture and in particu lar to study the co llec tiv e  
m odes a sso c ia ted  with n uclear pair co rre la tio n s . The follow ing paper by 
Nathan [1] w ill give a su rvey of the exp erim en tal findings in th is new field; 
the p resen t report d ea ls with som e gen era l fea tu res of the co llec tiv e  pairing  
m od es. (Many of the b a sic  p rop erties of pair v ib ration s w ere considered  
by B ès and B rog lia  [2 ]) .1

NEUTRON PAIRING VIBRATIONS IN THE REGION OF 208Pb

We f ir s t  con sid er  the neutron pairing m odes based  upon the c lo sed -  
sh ell configuration of 208Pb. A two-neutron tra n sfer  reaction , by which

1 The subjects considered in the present report will be discussed in more detail in a forthcoming treatise 
on nuclear structure by Ben R. Mottelson and the author.
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two neutrons are added to 208Pb in a■Jlr = 0+ state, produces the ground 
state of 210Pb with a c r o s s -se c t io n  which is  strongly  enhanced as a con
sequence of the strong sp atia l correla tion  of the two neutrons in the ground  
sta te o f 210Pb. A s im ila r  enhancem ent ch a ra c ter izes  the (p, t) reaction  
leading to the ground state of 206Pb.

We m ay th erefore v iew  the ground sta te s  of 210Pb and 206Pb as co llec tiv e  
excita tion s of 208Pb. The quanta of excitation  of these "pair vibration" m odes  
w ill be lab elled  by the quantum num ber, a,  the nucleon tran sfer  num ber. 
Thus, a - +2 for the pair addition m ode and a = -2  for the pair rem oval m ode. 
In f ir s t  approxim ation, the pair v ib ration s create  two p a r tic le s  in the m ajor  
sh e ll above N= 126 or rem ove two p a r tic le s  from  the sh e ll below , but the 
p rop erties of the quanta are sign ifican tly  affected  by the grou n d-state c o r r e 
la tion s in 208Pb, rep resen tin g  the v irtu a l excitation  of p a irs  of p a rtic les  
a c r o ss  the gap betw een the sh e lls . In particu lar, th is zero -p o in t v ibrational 
m otion im p lies  an enhancem ent of the tw o-p artic le  tran sfer  m atr ix  e lem en ts . 
The effec t is  of a s im ila r  nature to the enhancem ent of the E2 m atrix  
elem en ts for the low -en ergy  quadrupole m ode with a= 0, resu ltin g  from  the 
v ir tu a l excitation  of q u asip artic le  p a irs in the nuclear ground state .

With the a = +2 and a = -2  quanta as building b lock s, we can construct  
the pair vibrational sp ectrum . In F ig . l ,  the binding en er g ie s  of the sta te s  
are  plotted re la tiv e  to that of 208Pb; for conven ience, a lin ea r  term  in N 
has been added, so as to g ive equal ertergies, hw2 =hij-2 , for the a  = +2 and 
a = -2  quanta. Adding two or m ore quanta of the sam e kind, we obtain sta te s  
denoted by (nx, 0) and (0 ,n 2). T hese s ta te s  correspond  to the ground sta tes  
of the m ore distant Pb iso to p es . The m em b ers of the v ib ration al spectrum  
with quantum num bers (n i, 1) and (1, n2) are expected  to occur at exc ita tion s  
of the order of 5 MeV. So far, only a sin g le  m em ber of th is type, the (1 ,1 )  
le v e l in 208Pb, has b een  estab lish ed  [1 ,3 ] .

In the harm onic approxim ation, the en erg ie s  of the v ib ration al e x c i
tations would equal (п! + п 2)Ьи, as rep resen ted  by the dotted lin e s  in F ig . l .  
The ob served  deviations rep resen t anharm onicity e ffec ts , which one m ay  
attem pt to d escr ib e  in term s of in teraction s between p a irs  of quanta. It 
is  seen  that two lik e quanta rep el each other, while two unlike quanta e x 
h ibit a weak attraction . By determ ining the interaction  from  the sta tes  with
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FIG.1 . Neutron pairing vibrations based on 208Pb.
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two quanta, one can es tim a te  the en er g ie s  of the s ta te s  with m ore  quanta 
(dashed lin e s  in F ig . l ) ,  and for the ob served  le v e ls ,  the agreem en t is  
fa ir ly  good.

The in teraction s between the quanta r e c e iv e  contributions from  se v er a l 
com ponents of the n uclear fo r c e s . Thus, a pairing force  acting among the 
neutrons im p lies  a repu lsion  of about 400 keV between lik e quanta and of 
about 200 keV betw een unlike quanta [4]. The n uclear sym m etry potential, 
which is  known to contribute to the N 2 dependence of the binding energy, 
g iv e s  a repu lsion  betw een lik e quanta of about 300 keV, and a s im ila r  
attraction  betw een unlike quanta. The ob served  en er g ie s  show that ad
ditional in teraction s are present; in p articu lar , the ob served  sm a ll in te r 
action between a = +2 quanta in d icates that the above-m entioned  repu lsive  
effec ts  are partia lly  com pensated  by an attractive in teraction . Such an 
attraction  m ay a r ise  from  the quadrupole in teraction s, by which the quanta 
can m ake tran sition s -from the 0+ sta te  to the 2+ state, rep resen ted  by the
f ir s t  excited  state in 210Pb, or 'ZU0Pb. In F ig .2, the quanta are lab elled  by206

the J -va lu e , and one s e e s  that an additional 0+ le v e l in 208 Pb can be form ed
by coupling two quanta with J = 2 to a resu ltan t angular m om entum , 1 = 0. 
The two 0+ sta tes  rep e l each other through the fam iliar  quadrupole in te r 
action in the a - 0 channel. The m atrix  elem en t is  estim ated  to be about 
0.5 MeV, which would give a repu lsion  of the ord er of 100 keV,. but the 
estim a te  is  som ew hat uncertain  owing to lack  of in form ation on the quadru
pole tran sition  probability for the a = 2 quantum, and of the renorm alized  
coupling constant for the quadrupole in teraction . A s im ila r  effec t occu rs  
for the sta te s  (0, 2) and (2, 0) with two id en tica l quanta, and the rather  
large  attractive com ponent in the in teraction  of two a = +2 quanta m ight 
ind icate that the quadrupole m atr ix  elem en t for th ese  quanta i s  e sp e c ia lly  
large; inform ation on the B(E2) value for the excitation  of 210Pb and on the 
polarization  charge for a neutron in 209Pb would be of s ign ifican ce for
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FIG.2. States in 20ePb obtained by superposing quanta with J = 0 ( 1 )  and J = 2 ( 1 ) .
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testin g  th is point. [T h ere .is  a further stru cture in the 0+ spectrum  of the 
a = +2 m ode which m ay be of re lev a n ce  in the p resen t context. The ca lcu 
la tion s of the (t, p) tran sfer  by Glendenning [5] and by B rog lia  and R iedel [6] 
p red ict the occu rren ce of a 0+ state at about 3 MeV of excitation  in 210Pb 
with a c r o s s - s e c t io n  even la r g e r  than for the ground sta te , and the e x p er i
m ental data do seem  to show a very  large  tran sfer  strength  in th is region  
of exc ita tion . The occu rren ce  of such a strong tran sition  is  connected with 
a su b sh ell structure, in the sin g le  p artic le  spectrum  together with the non
lo c a lity  in  the tran sfer  p r o c e ss  which g iv es esp e c ia lly  strong w eight to the 
n ucleon  orb its with sm a ll orb ita l angular m om entum ].

The adm ixing of the 0 sta tes  in F ig .2 a lso  im p lies  that the h igher le v e l 
can be exc ited  by the reaction s 206Pb(t, p) and 210Pb(p, t), and the strength  
of th ese  tran sition s would give valuable in form ation  on the coupling.

F ig .2 a lso  shows the two Ilr= 2+ s ta te s , which can be form ed by excitin g  
e ith er of the quanta; the unperturbed p osition s of th ese  sta te s  d iffer by only
8 keV and the s ta te s  are th erefore expected  to be strongly  m ixed  by the 
quadrupole in teraction .

The e sse n tia l property which jo ins the sta tes in F ig . 1 into a co llec tiv e  
fam ily  i s  the strong m atr ix  elem en t for tw o-p artic le  tra n sfer . In the h a r
m onic approxim ation, the transition  strength  for the reaction  
(nj., пг) ( n i+ l ,n 2 ) is  proportional to (n i + 1). The in teraction s betw een the 
quanta, a sso c ia ted  with the exc lu sion  p rin cip le for the p a r tic le s , are e x 
pected  to som ew hat reduce the tran sition  strength; to f ir s t  ord er , the 
co rrectio n  factor has the form  (1 - o n j ) ,  with a a constant. The in te r 
a ction s a lso  lead  to a v io lation  of the se lec tio n  ru le A nj = ± 1 , A n 2 = 0 or 
Дпх= О, Д п 2  = ± 1 , and im ply the occu rren ce of w eaker tran sition s such as  
(0, 0 )-» (l, 2). A nharm onicity e ffec ts  in the tw o-nucleon  tran sfer  m atrix  
e lem en ts , for neutrons in the region of 208Pb in teracting  by a pairing force, 
have been evaluated by Sorensen  [4].

STATIC AND DYNAMIC PAIRING

The pair co rre la tio n s  in the Pb iso to p es  with neutrons outside c lo sed  
sh e lls  can a lso  be treated  by con sid erin g  the sy stem s as superflu id . The 
re la tion sh ip  betw een the two approaches is  lik e  that of a v ibrational and 
rotational treatm en t of shape o sc illa tio n s; tim e p erm its m e only b rie fly  
to indicate som e of th ese  gen era l re la tion s.

The k ey  concept in the treatm ent of pair co rre la tio n s as a co llec tiv e  
m ode is  the pairing fie ld . The pair co rre la tio n s  produce an average p o
ten tia l, acting on the n ucleon s, o f the form

(1)

v >0

which c r e a te s  two nucleon s in orb its conjugate under tim e r e v e r sa l.  The 
p airin g potential is  analogous to the deform ed potentia ls a sso c ia ted  with a 
d istortion  of the n u clear shape, which are proportional to a a. The quantity
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A  i s  the deform ation p aram eter and re p r esen ts  the average value of the 
pairing density,

A = G < a(v)a(¡7)> (2)

v>0

which produces the potential (1).
. The pairing potential v io la te s  p a rtic le  num ber con servation  just as 

the deform ed potential v io la te s  angular m om entum  con servation , and the 
co llec tiv e  quantum num ber for the p airin g  m odes i s  the p a rtic le  num ber.

The pairing fie ld  operator is  n on-herm itian  and Д is  th erefore a 
com plex quantity. The phase of Д is  the gauge angle, ф, which i s  conju
gate to the p artic le  num ber operator, and which corresp on d s to the orientation  
of the deform ed n u cleu s.

In the ground sta te of 2C8Pb, Д o s c illa te s  about the value 0, and the 
excita tion s have a v ibrational ch aracter . H ow ever, when m any quanta are  
p resen t, j Д | has a m ean value exceed ing  the fluctuations about th is m ean ■ 
valu e, just as a tw o-d im en sion a l o sc illa to r  in a state of large  angular 
m om entum  has an am plitude w hose m agnitude ex ceed s the zero-p o in t  
am plitude.

When the m ean valu e of A ex ceed s the fluctuations, one can treat the 
sy stem  in term s of a sta tic  pairing fie ld . The m otion now sep a ra tes  into 
in tr in s ic  m otion, d escrib ed  in ter m s of q u a sip a rtic les  (which correspond  
to the N ilsso n  p a r tic le s  in the deform ed field ), and co llec tiv e  ̂ motion of 
rotational type, the pair addition m ode. The tim e d erivative  <j>, which 
corresp ond s to the rotational frequency, is  the ch em ica l potential, X, and 
the c o r io lis  force is  the-fam iliar term  -XN in the q u asip artic le  Ham iltonian. 
The gap equations for the superflu id  sy stem  are the cranking form ulae for 
the rotations in gauge sp ace.

In the d escrip tion  b ased  on a sta tic  pairing fie ld , one n eg le c ts  fluctu 
ation e ffec ts  in Д; how ever, the treatm ent takes into account the anharm oni
city in the v ib ration al m otion, which b ecom es of m ajor sign ifican ce  when 
the num ber of quanta is  so la rg e  that the shift in X is  com parable with Д.
The pairing m odes, with th e ir  e sp e c ia lly  sim p le  stru ctu re, provide a 
favourable opportunity for studying the gen era l prob lem s a sso c ia ted  with 
anharm onicity e ffec ts  a.nd tran sition s from  vibrational to rotational sp ectra .

PAIRING MODES FOR Sn ISOTOPES

A s an exam ple of the stru cture of pairing m odes in reg io n s away from  
c lo sed  sh e lls , F ig .3  illu s tr a te s  the neutron pairing exc ita tion s for the Sn 
iso to p e s . The iso top e 114Sn m arks the f illin g  of the neutron su b sh ell at 
N = 64, but the p airing is  able to overcom e th is m inor sh e ll gap and estab lish  
a sta tic  pairing f ie ld .' The co llec tiv e  tra n sitio n s joining the ground sta tes  are  
thus of "rotational" type, and it is  seen  that the e n er g ie s  approxim ately  
fo llow  a parabolic.'trajectory, rath er than a lin ea r  varia tion  as in the 
v ibrational reg ion  around 208Pb.

The dotted lin e s  in the figure re ferr in g  to the target n ucleu s 118Sn 
ind icate 0 + excita tion s in vo lv in g  the d eg rees of freedom  of the neutrons 
in the 50< N < 82  sh e ll . The exc ita tion s rep resen t two q u asip artic le  sta tes
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with the spurious d egree of freedom  rem oved , and the an a lysis  of the two 
p a rtic le  strengths is  due to B rog lia  et a l. [7] . T h ese exc ita tion s are seen  
to carry  a total (t, p) strength of a few  percent and a (p, t) strength  of 
about 20% of the grou n d -state tran sition , in accordance with the an a lysis  
p resen ted  by R asm u ssen  [8], Thus the su b sh ell stru ctu re g iv e s  r is e  to 
only rath er weak pairing v ib ration s.

Stronger pairing v ib ration s are exp ected  to be a sso c ia ted  with a = 2 
tran sition s into the next h igher sh e ll  (N > 82) and a=  -2  tran sition s from  
the low er sh e ll (N < 50), a s indicated  by the dashed lin e s  in F ig .3 . The 
estim a te  of the p osition  of th ese  s ta te s  is  rath er uncertain , but it is  of 
con sid erab le sign ifican ce  to esta b lish  whether m ajor parts of the two- 
p a rtic le  tran sfer  strength  into the m ore  distant le v e ls  are concentrated  
in w ell-d efin ed  c o llec tiv e  m od es.

t - t  ( 1US n )  +  8 . 8 ( N - 6 4 )  MeV

■ FIG.3. Neutron pair excitations in Sn isotopes. The solid lines represent ground states.

ISOSPIN OF PAIRING MODES: REGION OF A = 56

The co rre la ted  J = 0 p a irs  carry  unit iso sp in  and th erefore involve  
th ree d eg rees of freed om , which g iv e s  a new dim ension  to the spectrum  
of p airin g m od es. We f ir s t  con sid er the iso sp in  stru ctu re of the pairing  
m od es in the m edium  heavy n u c le i w ith re la tiv e ly  sm a ll neutron e x c e s s .  
Taking 56Ni with the c lo sed  neutron and proton sh e lls  (N = Z = 28) as a b a s is ,  
the pair exc ita tion s again have v ib ration a l ch aracter , and there are now 
s ix  fundam ental m od es with a = ± 2, and jUT= -1 , 0, +1. The one-quantum  
exc ita tion s have T= 1, and the М т = 1 com ponents (54F e and 58Ni) are  
shown in Fig.4¿ Adding two quanta of the sam e type (a = + 2 o r o =  -2 ), w e  
obtain sta te s  with T = 0 and 2, w hile two unlike quanta g ive s ta te s  of T= 0,
1 and 2. The T = 2, MT = 2 com ponent i s  the'ground sta te  of 56Fe; the 
T = 0 and 1 le v e ls  o f the configuration (1, 1) rep resen t exc ited  0+ sta te s ,  
which have recen tly  been  o b served  to be stron gly  populated in tw o-p artic le  
tra n sfer  reaction s, a s is  d iscu sse d  by Nathan [1].
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FIG.4. Pair excitations with one or two quanta added to 56Ni. The quantum numbers labelling the 
levels are (n lt n 2)a n d T .
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FIG.5. Schematic illustration of many-pair excitations based on 56Ni.

The pattern of s ta te s  obtained by su perp osin g  m ore quanta i s  i l lu s 
trated  sch em atica lly  in F ig .5. Superposing n quanta of one type, we obtain  
the sym m etr ic  s ta te s  T = n, n -2 , . . . 0  (or 1). T h ese s ta te s  have the re la tion s  
of an SU(3) rep resen ta tion , and the v ariou s m atr ix  e lem en ts , such as for  
double tran sfer  rea ctio n s , can be ex p re sse d  in term s of C lebsch-G ordan  
co e ffic ien ts  in SU(3). The MT =T  com ponents of the configurations (n^  0) 
and (0 ,п г) corresp ond  to ground sta te s  of even -even  n u c le i with N< 28,
Z < 28, and N > 2 8 , Z > 2 8 ,  r e sp ec tiv e ly .

If we add an a = 2 quantum to a sta te  (nx, 0)ТХ with n x quanta of the 
a -  -2  type coupled to iso sp in  T 1; we obtain sta te s  of the configuration  
( n i , 1) with T = Ti + 1 ,  Tj^ T x - 1 . The sta te s  with m axim um  alignm ent



186 BOHR

of the iso sp in , i . e .  with Tj. = n i ,  T = Ti + 1 and Mx= T corresp ond  to ground  
sta te s  of even -even  n uclei with N>28 and Z< 28. The additional m em b ers  
of the ( n i . l )  configuration rep resen t exc ited  s ta te s . In th is coupling sch em e, 
the ratio  of tw o-p artic le  tran sfer  m atrix  e lem en ts leading from  the target 
(n i ,0 )T i to the final sta te s  (n1( 1)T is  given by the ratio  of the vector  
addition co e ffic ien ts  ^T (Mx)i 1M t|t Mt )>, where цт i s  the tran sferred  
iso sp in  com ponent [+ lfo r ( t ,p ) ,  0 for ( 3He, p) and -1 for (3He, n)].

The en erg ie s  of the dashed le v e ls  in F ig .5, rep resen tin g  excited  s ta te s , 
are  only intended for qualitative orientation . They have been estim ated  by 
assu m in g  an in teraction  betw een unlike quanta con sistin g  of an iso s c a la r  
com ponent of 0.7 MeV, as indicated by the ob served  (1, 1) le v e ls  (see  F ig .4), 
and an iso v e c to r  com ponent so  constru cted  as to g ive the ob served  p osition s  
of the (n1; 1) s ta te s  with Т =пг + 1 . The needed strength of th is com ponent 
v a r ie s  som ew hat with n x , re flec tin g  the p resen ce  of h ig h er-o rd er  in te r 
action  e ffe c ts . (An a n a ly sis  of the ob served  in teraction s in term s of i s o 
sc a la r , iso v ecto r  and isoquadrupole com ponents has been  given  by 
Dam gârd [9].) S im ilar con sid eration s apply to the sta tes  of the configu
ration s ( l , n 2). A few  of the low est (n j, 2) and ( 2 ,n 2) s ta te s  are  a lso  in 
cluded in F ig .5.

The an a lysis  of the fam ily  of c o llec tiv e  exc ita tion s in F ig .5 in vo lves  
at le a s t  three im portant in teraction  e ffec ts .

F ir s t ,  there is  the pairing in teraction , which can be treated  by an 
exten sion  of the a n a ly s is  d iscu ssed  for the neutron pairing m ode. Thus, 
for few  quanta, the anharm onicity e ffec ts  can be ex p ressed  in term s of 
in teraction s between p a irs of quanta. When many quanta are  p resen t, the 
anharm onicity m ay b ecom e la r g e , but one can then em ploy a treatm ent 
in term s of a sta tic  pairing fie ld . The iso sp in  degree of freedom  im p lies  
that we are dealing with a pairing field  p o sse ss in g  a deform ation in i s o 
sp a ce . We m ust, th erefore, treat the p artic le  m otion with r e sp e c t  to an 
in tr in s ic  fram e in iso sp a c e  and the total sy stem  p erform s rotations in i s o 
sp ace as w ell a s in the gauge space conjugate to the num ber operator, A. 
Thus, the (п1л 0) sta te s  [and (0, n 2) sta tes] can be view ed  as form ing a sin g le  
rotational band with K T= 0. Such a band co m p rises  a sequ en ce of sta tes  
with even  va lu es of T - A /2 . M oreover, one can evaluate the variou s matrix- 
e lem en ts with the in clu sion  of rotational d istortion  e ffec ts  in quite a s im ila r  
m anner as for the ordinary rotational sp ectra  in I -sp a c e . (A ch arge-  
independent treatm ent of pair co rre la tio n s , based  on pairing in an in tr in sic  
co-ord in ate  sy stem  in iso sp a c e , has been con sid ered  by E llio tt and Lea [10]; 
the fo rm a lism  has b een  further developed by G inocchio and W en eser 111].)

Second, there is  the sym m etry potential (the i§ovector com ponent in 
the average nuclear potential), which g iv es an energy proportional to 
T (T + 1 ), and which is  re sp o n sib le  for a large  part of the ob served  sp litting  
of the sta tes  with given (n j, n 2).'

Third, there is  the quadrupole in teraction . E stim a tes of the quadrupole 
in teraction  m atrix  e lem en ts  of the type con sid ered  for 208 Pb indicate that, in 
the A = 56 region , .these m atrix  e lem en ts are large  com pared with the en erg ie s  
for exc itin g  the quanta to 2 + states; th erefore, the angular m om entum  
quantum num bers of the individual quanta are not expected  to be even  
approxim ately con served . Indeed, it is  lik e ly  that am ong the fam ily  of 
excita tion s in F ig .5, we encounter n u clei with stable shape deform ations. 
E vidence for deform ation e ffec ts  in th is  region  of n uclei have been  con
sid ered  by m any authors. Large deform ations m ay e'speciálly  occur for
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sta te s  with m any quanta and low  iso sp in . F o r  exam ple, it appears p o ss ib le  
that the 0 + , 2 +, and 4 + le v e ls  in 56Ni at 4.97 MeV, 5.33 MeV, and 6.39 MeV, 
recen tly  ob served  in the (p, t) reaction  [12], m ay constitu te a rotational band 
a sso c ia ted  with the (2, 2)T = 0 configuration.

The occu rren ce of quadrupole in teraction s leading to in stab ility  of the 
sp h erica l shape m ay stron gly  a ffect the pattern of the p airin g  m od es. Thus, 
if  abrupt changes in the n uclear shape occur with the addition of a pair of 
p a rtic le s , the J = 0 double tra n sfer  strength  m ay fraction ate, a s has been  
ob served  in the N = 9 0  region  [13]. H ow ever, if the n uclear shape v a r ie s  
sm oothly with A and T, the s ta te s  joined together by stron g J = 0 double 
tran sfer  reaction s m ay s t il l  form  a pattern such as that illu stra ted  in 
F ig .5.

For the estab lish m en t of the appropriate coupling sch em e, it  is  of 
sp ec ia l s ign ifican ce to te s t  the va lid ity  of the quantum num bers n-̂  and n2 .
If the deform ations wash out the la rg e  gap in the s in g le -p a r t ic le  spectrum  
at N= Z = 28, a sta tic  pairing fie ld  is  e sta b lish ed  a c r o ss  th is gap. In such  
a situation , the num ber of strong tran sition s is  reduced, i .e .  the pair 
vib ration s b ecom e weak com pared  with the pair ro ta tion s, as illu stra ted  by 
the pairing m odes in the Sn iso to p es  (se e  F ig .3 ).

Another sign ifican t point is  the d egree of va lid ity  o f the  quantum  
num bers Ti and, T2 . In gen era l, a configuration  (n-p n2) m ay g ive r is e  to 
se v e r a l s ta te s  of g iven  T , . involving d ifferent v a lu es of (T i,  T¿). The 
extent to which th ese  s ta te s  b ecom e m ixed .b y  the in teraction s can be 
studied by testin g  the se lec tio n  ru le s  and in ten sity  re la tio n s  in  double 
tra n sfer  reaction s (such as d iscu sse d  above), which ch a ra c ter ize  the 
coupling schem e in which Tj and T2 are  constants of the m otion.

The availab le ev idence on strong J= 0 double tra n sfer  rea ctio n s in 
the region  con sid ered  are  rev iew ed  by Nathan [1]. It is  s t i l l  very  in com 
p lete  and m uch m ore  data concern ing tra n sfer  rea ctio n s with J = 2 as w ell 
as J = 0 w ill be needed  to esta b lish  the appropriate coupling sch em e . A lso  
the evidence on quadrupole tran sition s in the a = 0 channel (E2 tran sition s, 
in e la stic  sca tter in g) m ust be brought into the a n a ly s is . The problem  in 
v o lv e s  the fa m ilia r  com petition  betw een  pairing and quadrupole e ffec ts , 
which takes a new form  for th ese  n u clei b ecá u se  of the r o le  of iso sp in . The 
developm ent of tw o -p a rtic le  tra n sfer  stu d ies has given u s a new powerful 
probe and a new way of thinking of th ese  p rob lem s.

ISOSPIN OF PAIRING MODES: NUCLEI WITH LARGE NEUTRON  
EXCESS

When the iso sp in  T is  la r g e , the coupling schem e in iso sp a c e  can be 
treated  in a " se m ic la ss ic a l"  approxim ation by which the M T= T com ponents 
are con sid ered  as having th e ir  in tr in s ic  ax is  in iso sp a c e  fully  aligned  in 
the d irection  of the z -a x is  in iso sp a c e . The pair co rre la tio n  in the ground 
sta te  can then be treated  in .ter m s of a pairing am ong neutrons and protons, 
sep a ra te ly . The m odes of excitation  can be ch aracter ized  by the quantum 
num ber vT rep resen tin g  the com ponent of iso sp in  along the in tr in sic  a x is , 
and the exc ita tion s have T= T0 + vT , w here Tq i s  the iso sp in  of the ground 
sta te or target n u cleu s.

The pairing exc ita tion s with vT =+1 and -1 are the fa m ilia r  ones  
a sso c ia ted  with neutrons and protons, r e sp ec tiv e ly , but in addition one
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exp ects pairing v ib ration s with vr = 0 and T = T0 . The m atrix  elem en ts for 
excitin g .th e variou s MT com ponents are  proportional to the coeffic ien t

< T 0 Мт =Т0 1^г I T0+ vT, м ^ т 0 + Мт>

1

(To г vT (3)

The pairing m odes with vT= 0 and T = T0 are , th erefore, m ost strongly  
excited  in reaction s with the tran sfer  of an (np) pair, but so far there  
appears to be no exp erim en ta l ev idence concern ing th ese  m odes.

INTERACTION BETW EEN PARTICLES AND PAIRING VIBRATIONS

Additional ev idence with a d irect b earing on the stru cture of the 
pairing m odes can be obtained from  the study of the interaction  between  
sin g le  p a rtic les  and the quanta of the pairing v ib ration s. The fundam ental 
in teraction  cam be illu stra ted  by the d iagram s in F ig .6 a . In the Pb region , 
the value of the m atrix  elem en t m is  estim ated  to be about 4 (a lit t le  
sm a lle r  for a = -2 , a litt le  la rg er  for a = 2) w hile G i s  c lo se  to 0.1 MeV.

Q ) v v a= 2

a  = 2

Gm = G < n, = 1 I J” a*(v) aT(v)| 0 >

b) a = 2 c)

■V

Gm
Tim + 2 e  ( f ) îiü)2-  2e (j)

FIG.6. Diagrams illustrating the coupling between particles (or holes) and pair vibrational quanta.

F ir s t-o r d e r  effec ts  of the interaction  can be studied in on e-p artic le  tra n s
fer  rea ctio n s. An exam ple is  illu stra ted  in Fig.6b; on account of the ground- 
sta te corre la tion s in 208Pb, a p artic le  jm can be deposited  in an empty 
orbit with the excitation  of the state j"1 m , n2 = 1 containing a hole and a 
quantum of the a = 2 pairing vibration . The adm ixed am plitudes are of the
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ord er of O.l and the c r o s s - s e c t io n s  thus sm a ll com pared with s in g le 
p a rtic le  m agnitude. H owever, the detection  of the effec t would be of con
sid erab le  in te r e st  as a te s t  of the assu m ed  coupling. The study of s im ila r  
rea ctio n s in the A= 56 reg ion  would a lso  y ie ld  very  sign ifican t inform ation  
on the p airing m od es. In second  ord er, the coupling g iv e s  r is e  to energy  
sh ifts  of the sta tes  involving a p artic le  (or hole) and a quantum (see  the 
exam ple in F ig .6 c ), but for th is ord er it is  n e c e ssa r y  a lso  to con sid er the 
other in teraction  e ffe c ts  d iscu ssed  above, which are  found to play a ro le  in 
the anharm onicity of the pair v ibration  m ode.
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Abstract — Аннотация

EXPERIMENTAL STATUS OF TWO-NEUTRON TRANSFER REACTIONS IN MEDIUM AND HEAVY NUCLEI. 
The systematics of the strong L=0 transitions observed in two-nucleon transfer reactions in the mass regions near 
N=126 and N=28 is discussed within the framework of the pairing vibrational model of Bohr. Near 208Pb, the 
evidence consists of (t, p) and (p, t) data for the even-even Pb nuclei, and for 209Pb and 207T1. Near N=28, the 
pairing vibrational spectrum is expected to have a characteristic isospin structure. The evidence for this 
structure is reviewed on the basis of recent (p, t), (t, p) and (3He, p) data, with particular emphasis on the 
mass-56, mass-52 and mass-48 nuclei, for which the data are most abundant. Tentative identifications of 
pairing vibrational 0+ states are made for the nuclei 56Ni, 56Co, 5ZMn, 5ZCr, 50Ti, ^V, 48Ti and ^C a . In 
the lighter Ca isotopes, the'pairing vibrational strength seems to be fragmentated and the simple zero-order 
picture breaks.down.

It is suggested that the model might be extended to comprise also 2+ excitations built upon the pairing 
vibrational states. Possible candidates for such pairing-quadrupole states are indicated by (t, p) data for 48Ca, 
50Ti, 52Cr, and 209Pb. The energies and intensities of these L=2 transitions are, however, in poor agreement 
with a zero-order picture and indicate the presence of considerable mixing effects.

The success of the model for the classification of strong L=0 and L=2 transitions in two-nucleon transfer 
reactions near closed shells cannot be assessed in detail from the present scanty data material. Further 
experiments, which emphasize the measurement of relative transition probabilities in two-nucleon transfer 
reactions, are strongly indicated. Evidence concerning pairing vibrational transitions near N=50 and N=82 
would also be highly desirable.

СОСТОЯНИЕ ЭКСПЕРИМ ЕНТА ДЛЯ РЕАКЦИЙ ПЕРЕДАЧИ ДВУХ НЕЙТРОНОВ В С Р Е Д 
НИХ И ТЯЖЕЛЫХ ЯДРАХ. В рам ках парной вибрационной модели Бора обсуж дается си сте 
м атизация сильных L =0 переходов, обнаруженных в реакциях передачи двух нейтронов в о б лас
ти массовы х чисел около N= 1 26hN = 28 . Около 2ü8Pb имеются данные по (t ,р) и (p ,t)  для ч е т
но-четны х ядер РЬ и для 209РЪ и ШТ1 . Около N= 28 предполагается , что спектр парных вибра
ций им еет характерную  изоспиновую структуру . На основе последних данных по реакциям (p, t )t 
(t ,р) и ( 3Не,р) делается обзор данных об этой структуре, причем особое внимание уделяется 
ядрам с м ассовы м и числами 56, 52 и 48, для которых собрано наибольшее количество м атери
а л а . П редварительная идентификация парных вибрационных 0+ -состояний сделана для ядер 
56N i; 56Co, 52Mn, 52C r , 50T i , 48 V, 48T i и 48C à . В более легких изотопах Са сила парных 

вибраций распределяется по другим конфигурациям и простое описание о казы вется  неверны м. 
П редлагается обобщение модели на возбуждения 2+, построенные на парных вибрационных со с
тояниях. Данные по (t ,р) для 48Са, 50T i , Ъ2Ст и 2üyPb указывают на сущ ествование таких 
парных квадрупольных состояний. Энергии и интенсивности этих L= 2 переходов, однако, пло
хо согласуются с картиной нулевого перехода и указывают на наличие значительных эф ф ектов 
смешивания. Об успехе применения модели для классификации сильных L= 0 и L= 2 переходов в 
реакциях передачи двух нуклонов около зам кнуты х оболочек нельзя пока судить на основе 
имеющихся скудных данных. Указываются дальнейшие эксперим енты , в которых особое вни
мание уделяется измерению вероятностей соответствующих переходов в реакциях передачи двух 
нуклонов. В есьм а ж елательно такж е получить сведения о парных вибрационных переходах для 
ядер с N = 50 и N = 82.
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In the past, m ost exp erim en ta l stud ies of tw o-neutron tra n sfer  reaction s  
have been  done with light target nuclei and it is  only recen tly  that (t, p) and 
(p, t) reaction s have been in vestigated  sy stem a tica lly  in  the medium  and 
heavy m a ss reg io n s. H ere, we sh a ll d isc u ss  som e of th ese  recent r e su lts  
and e sp e c ia lly  those which have a bearing on the pairing m odel [1 ]. We 
sh a ll a ssu m e throughout that the (t, p) and (p, t) reaction s proceed  by a d irect, 
on e-step  tra n sfer  m echan ism . F or the m ain part, we sh a ll be concerned  
with the sy stem a tic s  of the strong, c o llec tiv e ly  enhanced tran sition s rather  
than with the detailed  sp ectroscop y  of individual reaction s.

1. PAIRING VIBRATIONAL L = 0 TRANSITIONS NEAR THE CLOSED
SHELLS N = 126 AND N = 28

1 .1 . The Pb region

In the p revious paper, by Bohr [1], the strong L = 0 tran sition s near  
c lo sed  sh e lls  w ere  con sid ered  in term s of two elem en tary  quanta, a pair  
addition quantum (0, 1), and a p air rem oval quantum (1, 0). The form er  
quantum m ay be added in stripping, the la tter  in  p ick-up. N ear N = 26, we 
con sid er  208Pb(g. s . ) a s the sta te (0, 0) and the e lem en tary  quanta ('building  
b lock s') m ay then be con sid ered  as reaction s I and II o f F ig . 1. The 0+ pairing  
vibration  of the c lo sed  sh e ll 208Pb is  ch aracterized  as (1, 1) and is  expected  
to be seen  in the 206Pb(t, p) reaction  (reaction  III of F ig . 1). If the in teraction  
between the quanta is  sm a ll, we expect reaction s I and III to have n early  the 
sam e Q -value and the sam e c r o s s - s e c t io n . The avàilab le data [2, 3] te s t  
the f ir s t  of th ese  pred ictions; the 206Pb(t, p) reaction , in fact, exh ib its one 
strong 0+ state at Ex = 4.87 MeV, which has approxim ately the expected  
Q -valu e (F ig . 1).

122 124 126 128

I (0 .0 ) -> (0 ,1) I0.p b
(I.p ) On. ,  = 0,63 MeV

Л (0, 0 ) -> ( 1,0 ) ! °"P b (p .t) 0 , . „ = - 5.63 Mev

Ш ( 1, 0 ) — ( M ) 206 Pb (t .p ) 0  = 0,75 MeV

ж (0 , 1) -> ( и ) 2,0 Pb (p . t) NOT OBSERVED

Ï (2, 0 ) — ( 2, 1) го‘ РЬ < t.p ) DATA INCONCLUSIVE

ж pÿ;<o,o)-^ ( 0 ,1) го’ РЬ ( t .p ) 0  = 0,66 MeV

ж s ÿ i d . O b s ^ O . I ) TI (t.p) 0 = 0,51 MeV

FIG .l. Pair excitations with L=0 in the lead region. The diagram shows scnematically the energies 
of some of the lowest pair excitations for the even-even lead isotopes, using the 20ePb ground state as 
zero point (cf. the caption to Fig. 3).
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One m ay note that the 208Pb (1 ,1 )  sta te  should be im portant a lso  in  the 
pick-up reaction  IV of F ig . 1. T h is reaction  in vo lves a target of rad io 
active 210Pb (20 y ea rs) and is  not yet ob served .

When we go to 2t)6Pb, the pairing v ib ration  is  d escrib ed  as the sta te (2 ,1). 
It can be reached  by the (t, p) reaction  on 204Pb (2, 0) but none of the two 
published exp erim en ts (4, 5] are con clu sive  concern ing (f  s ta te s  in the 
relevant region  of excitation  ( « 5 .5  MeV).

A ccording to the p revious paper [1 ], there should ex is t  s im p le  in tensity  
re la tion s w ithin a sequence of tran sition s involving the addition of su c c e ss iv e  
quanta, provided that the anharm onicity e ffec ts  are sm a ll. F or the Pb 
iso to p es , the in ten sity  re la tion s can be tested  for the c a se  of three s u c c e s 
s iv e  quanta by con sid er in g  the ground-state c r o s s - s e c t io n  ra tio s  
cr(0, 0 -* 1, 0)  : cr(l, 0 -* 2, 0) : tr(2, 0 -* 3, 0). In a harm onic d escrip tion , th ese  
ra tio s are 1 :2 : 3. The relevant (p, t) exp erim en ts have been  done [6] at 
E p = 40 MeV and give the resu lt  1 :1 .7  : 2.7 (± 20%), indicating that anharm oni
city  e ffec ts  are of m oderate im portance, even  when three quanta are added.

The pairing v ib ration al m ode is  expected  to play an im portant ro le  a lso  
for odd m a ss n uclei near 208Pb, w here the corresponding sta te s  would 
appear as coupled p a rtic le -p a ir in g  v ib ration al exc ita tion s. Such sta tes  
appear to have been identified  in two recen t (t, p) exp erim en ts leading to 
209рь an(j 207-j ^  re sp ec tiv e ly .

In the f ir s t  of th ese  reaction s [3], the 207Pb target m ay be con sid ered  
as a rather pure pj^ s in g le-n eu tron  hole state , which we m ay d escr ib e  as 
Pi/2 0)- With a tw o-neutron capture of the (0, 1) type, we reach  a state  
p (0,  1) which i s  the low est (2 p -lh ) sta te o f’209Pb, having’j”’ = 1 /2" , 
E xp erim en ta lly , one o b ser v es  (F ig . 1) a strong L = 0 tran sition  in the (t, p) 
reaction  on 207Pb, the  Q -valu e being c lo se  to that of Qo.i- .

In the second reaction , 205Tl(t, p)207T l, the target state i s  known to be 
som ewhat m ore com p licated  (see  R efs [7 ,8 ] ) .  F or the m ain part (about 75%), 
it is  an Sj/g proton hole state coupled to the 206Pb ground state (1 ,0 ) but it 
a lso  contains d3/̂  and d5/̂  h o les  coupled to the 2+ quadrupole vibration  of 
206pb. In the (t, p) experim ent [9 ], one o b serv es two L = 0 tran sition s to 
excited  sta te s  at 4. 35 MeV and 4. 53 MeV, re sp ec tiv e ly , the form er transition  
(reaction  VII, F ig . 1) being three t im e s  stron ger than the la tter . We in te r 
pret ten tatively  the tran sition  to the 4. 35 MeV state as a s im p le  pairing  
v ib ration al excitation  0) -*■ sj^  (1, 1). T h is is  reason able from  the
point of view  of in ten sity  and Q -va lu es (F ig . 1). We may then think of the 
second tran sition  as proceed ing v ia  the core excitation  in the target state,
i. e . the L = 0 two-body tra n sfer  m ay connect the 2+ co llec tiv e  quadrupole 
state of 2 0 6pb wj.th a (2p-2h) state of 2+ ch aracter in 208Pb, which couples  
with the proton d hole to give  a 1/2* sta te  of 207T1. It should be s tr e sse d ,  
how ever, that the above argum ents n e c e ssa r ily  are in com plete. In a quanti
tative a n a ly sis , the m ixing of the c lo se  l / 2 + sta tes  o f 207T1 probably w ill 
play an im portant ro le .

F ig . 2 shows the angular d istrib ution s ob served  at 12-13 MeV for  
reaction s I, III, VI and VII. The L = 0 tran sition s are seen  to have a ch a ra c
te r is t ic  signature in the sharp angular d istribution  m inimum  at about 35°.

1 .2 . The region  of N = 28

W hereas double tra n sfer  data unfortunately are s t i l l  sc a rc e  near the 
clo sed  sh e lls  of N = 82 and N= 50, the exp erim en tal situation  i s  becom ing
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c le a r e r  in the m a ss region  40 -6 0 , near the c lo sed  sh e ll N = 28. In the 
follow ing, we attem pt a c la ss if ic a tio n  of som e strong L = 0 double tra n sfer  
tra n sitio n s in  th is reg ion . B e s id e s  (t, p) and (p, t) data, we sh a ll d isc u ss  a lso  
som e c lo se ly  related  (3He, p) r e su lts .

When d iscu ss in g  the lead  exp erim en ts above, we n eglected  the, iso sp in  
stru ctu re of the pairing m od es. T h is is  ju stified  near N = 126 w here the 
grou n d-state iso sp in s  are large , and a ll exc ited  sta tes  con sid ered  have the 
sam e iso sp in  a s that of the ground sta te . In ligh ter  n uclei, how ever, we 
m ust take into account the fact that the e lem en tary  quanta have iso sp in  T = 1. 
Thus, for  in stan ce, in  a c lo s e d -s h e ll nucleus like S6Ni with Tz = 0, the (1 ,1 )  
pairing m ode has three com ponents with T = 0, 1 and 2, r e sp ec tiv e ly . T his  
fo llow s from  the fact that the p airin g v ib ration  is  obtained by the addition  
of two d ifferent quanta, each  with T = 1. The th eoretica l con seq u en ces of the 
iso sp in  stru ctu re of the p airing mode are d iscu ssed  in the p reced in g  
talk  [1 ].

FIG.2. Experimental L=0 angular distributions for(t, p) transitions in the lead region. The final state 
is labelled by the quantum numbers(n,m) of the pairing scheme. The data are from Refs [2 ], [3] and [9 ].



T W O -NEUTRON TRANSFER REACTIONS 195

A sch em atic  d iagram  [1] of the situation  in the C r -F e -N i region  is  shown 
in F ig . 3, w here we lab el the 56№ ground sta te (0 ,0 )  T = 0 or sim p ly  (0, 0, 0), 
etc . In a v ery  recen t experim ent [10] at Ep = 50 MeV, the stru cture of 56Ni 
w as in vestigated  by the 58Ni(p, t) reaction . 0+ sta tes  w ere id en tified  at
0 MeV (100%), 4. 97 MeV (2%), 6. 60 MeV (10%), and 7. 93 MeV (10%). Now, 
the T = 2 analogue o f the 56F e ground state which has the lab el (1, 1, 2) is  
expected  to occu r at Ех*г 10.0 MeV in 56Ni: the spacing betw een the sta tes  
(1, 1, 1) and (1, 1, 2) in  the m ass-56  system  may be in ferred  to be about 
2 .1 2  MeV from  a recent 54F e(3He, p)56Co experim ent [11], in  which th ese  two 
sta tes  are seen  as strong L = 0 tra n sitio n s . H ence, we expect the (1, 1, 1) 
sta te i n 56Ni to occur at about 7. 9 MeV and it se em s reason able to identify  
it with the 7. 93 MeV state of R ef. [10] . The 6. 62 MeV sta te of 5SNi is  then 
p o ssib ly  the (1, 1, 0) com ponent of the pairing vibration . The weak 4.97 MeV 
0+ state i s  not accounted for as a state of the (1, 1, T) type. Bohr [1] has 
pointed out that th is sta te p o ssib ly  can be a ssoc ia ted  with the (2 ,2 , 0) m ode.

(n, m,T )  50 52 54 56 58 =>>1

FIG.3. Diagram of 0+ excited states in the pairing scheme of Bohr [ 1] and corresponding two-nucleon 
transfer reactions in the mass region Л-50-58. For illustrative purposes,the energies of the states are 
not shown rigorously to scale.

Each state is labelled by three quantum numbers (n, m, T), where (n, m) represents the number of 
pair removal quanta and pair addition quanta, respectively, and T is the isospin of the state. Thus, 
each state of the diagram represents (2T+1) nuclear states. (1 ,0 ,1 ), for instance, corresponds to the 
ground states of 54 Fe and 54Ni, and to a 0+ 'state of 54Co. Stable ground states are indicated by solid ' 
lines.

The energies E of the states are shown (not to scale!) with the 56Ni ground state (0, 0, 0) as zero 
point, using the following expression (cf. Ref. [1]):

EMeV = ‘ E (56Ni) + Í3 .3  (Л - 56) - Л Е С { (A, Z ) - (A , 28)}

In this way, the sta tesfl, 0,1) and (0 ,1 ,1 ) appear at the same energy in the diagram.
The diagram shows mainly those states for which we have experimental evidence from two-body 

transfer reactions. The complete scheme [ 1] contains a number of additional states for which we have 
no evidence as yet.'
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A ccording to the in ten sity  ru les of Bohr [1 ], the (p, t) in te n s itie s  from  
58Ni to the T = 0, 1, 2 pairing v ibrational tr ip let should be in  the ratio  
< 1 -1  1 1 1 00 > 2 : <1-1 1 1 110> 2 : <1-1 l l | 2 0 > 2 = }  : \  : j .  F or the ob served  
sta tes  with T = 0 and 1, th is  p red iction  is  c lo se  to the resu lt  of the e x p er i
m ent [10]. It should be em phasized , how ever, that the in tensity  ru le s  o f 
the m odel only con cern  the in tr in sic  tran sition  p rob ab ilities. The actual 
y ie ld  ra tio s  w ill be som ew hat m odified  by the Q -dependence of the tra n sfer  
c r o s s -s e c t io n . ■

In the 5 4 F e(3He, p)56Co experim ent (target (1, 0, 1)), it  is  p o ss ib le  to 
populate the two pairing exc ita tion s (1, 1, 1) and (1, 1, 2) i n 56Co (see  F ig . 3). 
The in ten sity  ru le s  [1] p red ict a c r o s s - s e c t io n  ratio  of 1:1 for th ese  two 
tra n sitio n s . E xp erim en ta lly  [11], one finds two strong L = 0 tran sition s at 
Ex = 1 .4 5  and 3. 58 MeV, re sp ec tiv e ly , with s im ila r  in te n s itie s  which probablj 
corresp ond  to the (1, 1, 1) and (1, 1, 2) s ta te s . The la tter , o f cou rse , is  just  
the IAS of the 56F e ground sta te . The m odel does not pred ict further strong  
L = 0 tran sition s for the 5 4 F e(3 He, p) exp erim en t. H igher pairing s ta te s  of 
m a ss-5 6  n uclei m ay be excited  in other types of exp erim en ts . Thus, for  
in stan ce, the m odel p red ic ts  L = 0 tra n ss it io n s  in  the 5 4 Cr(3He, n)56F e  
p r o c e ss  to sta te s  o f the types (2, 2, 2), (2, 2, 3) and (2, 2, 4).

Two (t, p) reaction s have been p erform ed  with the m a ss-5 6  sy stem , 
nam ély the 5 4 F e(t, p)56F e and 56F e(t, p)58F e reaction s [12, 1 3 ]. No excited  
0 + sta te s  of strength  com parable to that o f the ground sta te are ob served  
h ere , in  agreem en t w ith the m odel p red iction  for (t, p) reaction s with ( 1 , 0 , 1 ) 
and (1, 1, 2) ta rg e ts  (see  F ig . 3). Since the two grou n d-state reaction s involve  
the su c c e s s iv e  addition of two quanta (cf. the Pb(p, t) reaction s, d iscu ssed  
above), the in ten sity  ru les [1 ] pred ict a c r o s s - s e c t io n  ratio  of 
a  (1, 0, 1 -* 1, 1, 2) : cr ( 1, 1, 2 -* 1, 2, 3) = 1 : 2. E xp erim en ta lly  [12, 13], 
one finds th is ratio  to be of the ord er of 1 : 1. 6 . Again, it should be noted  
that a stringent te s t  of the m odel would requ ire a full DW calcu lation .

We next con sid er the m a s s - 52 sy stem . The 52Cr ground sta te has the 
quantum num bers (2 , 0 , 2 ) and the low est pairing v ibrational sta te in th is  
nucleu s i s  o f the (3, 1, 2) type, form ed by coupling a (0 ,1 , 1) quantum to the 
50Cr ground sta te (3, 0, 1). T h is coupling g iv e s  r is e  a lso  to the sta tes  
(3, 1, 1) and (3, 1, 0), but th ese  m odes do not occu r in the 52Cr n ucleu s (Tz = 2). 
F urth er p airin g sta te s  in  m ass-52  n uclei lab elled  (3, 1, 2), (3, 1, 3) and (3, 1 ,4 )  
are form ed by the coupling of a (0, 1, 1) quantum to the 50Ti ground state  
(3, 0, 3). Thus, in  5 3Cr, we exp ect two (3, 1, 2) s ta te s  which we may denote 
(jS, 1 , 2) and (3 3, 1 , 2), re sp ec tiv e ly . The ‘̂ З, 1, 2) state is  expected  to occur  
below  the (3 З, 1, 2) state and it should be populated in (t, p) as w e ll as in (p, t). 
The h igh er-ly in g  (3 З, 1, 2) sta te cannot be form ed in the (t, p) reaction  on 
5 0 Cr, i f  we a ssu m e the pairing sta te s  to be pure. T h is sta te can be form ed, 
how ever, in the (3 He, n) and (p, t) reaction s leading to 5 2 Cr.

E xp erim en ta lly , 52Cr has been studied by the (t, p) p r o c e ss  [14] as w ell 
as by the (p, t) reaction  [1 5 ]. In both rea ctio n s, the dominant 0+ sta te above 
the ground sta te is  a sta te at 2. 6 6  MeV, which probably m ay be identified  
w ith the a b o v e-d iscu ssed  (1 3, 1, 2) excitation . The.(p, t) exp erim en t [15] is  
not co n clu siv e  concern ing h igh er-ly in g  0 + sta te s , due to the re la tiv e ly  low  
bom barding en ergy  em ployed (Ep =17M eV ). In the (t,p ) reaction  [14 ], one 
o b ser v es  additional, w eak er 0+ s ta te s  in  the 5 MeV region . If th e se  sta te s  
w ere a sso c ia ted  with the (3 З, 1, 2) m ode, th e ir  p resen ce  in  the (t, p) reaction  
would in dicate con sid erab le  m ixing betw een the variou s 0 + exc ita tion s.

In the 5 0 Cr(3He, рЯ2Мп reaction  [16], th ree strong L = 0 tran sition s are  
seen  at 2. 64, 2. 95 and 5 .4 7  MeV, w hich m ay be in terpreted  as the (j3, 1, 1),
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(2, 0, 2) and (j3, 1, 2) s ta te s  of 52Mn. The energy sp litting  of 2. 52 MeV 
Detween the two la tter  sta te s  is  c lo se  to the 2 .6 6  MeV energy d ifferen ce  
betw een the two corresp ond ing s ta te s  i n 52Cr. The (3He, p) 'in tr in sic ' 
in ten sity  ratio  ст (г3, 1, 2) : a (jS, 1 ,1 ) as pred icted1 from  the sim p le  in ten sity  
ru le s  [1] is  1 :1 , which m ay be com pared with an exp erim en ta l ratio  [17] of 
about 0 .8 .  The pred icted  'in tr in sic ' c r o ss -se c t io n  ratio  for  the (3He, p) and 
(t, p) tra n sitio n s leading to the (i3, 1, 2) state of 52Mn and 52Cr, re sp ec tiv e ly , 
is  1 :2 ,  but the availab le data cannot te s t  th is  pred iction .

In connection with F ig . 2, we fina lly  note that the (3He, p) reaction  with  
a 52Cr target should lead to two stron g 0+ sta te s  of 54Mn, having quantum  
num bers (2, 1, 3) and (2, 1, 2 ) , r e sp ec tiv e ly , and an 'in tr in sic ' in tensity  ratio  
of 1 :2 . The p relim in ary  r e su lts  reported  at th is con feren ce [18] do not show  
the p resen ce  of such a strong 0+, T = 2 state in 52Mn. A restudy of th is  
reaction  with h igher energy .resolution  would seem  d esira b le .

The situation  in the m a ss reg ion  A =46 - 50 is  illu stra ted  by F ig . 4, 
w here the notation is  the sam e as that of F ig . 3, i. e . 56N i(g. s .  ) is  taken as. 
the sta te (0, 0, 0). M ost o f the two-body tra n sfer  data in  th is  reg ion  com e  
from  (t, p) stu d ies, and in a ll o f th ese  exp erim en ts strong,' exc ited  0+ sta tes  
are  reported in the 3-6  MeV region  of excitation . Thus, for in stan ce, in 
the 46Ca(t, p)48Ca reaction , a v ery  strong L = 0 tran sition  (Q = 3. 29 MeV) is  
ob served  [19], lead in g  to a sta te at Ex = 5 .4 6  MeV. We in terp ret th is as the 
(5, 0, 3) ■» (5, 1, 4) tran sition  and we note that the c r o s s - s e c t io n  should be the 
sam e as that o f the 48Ca grou n d-state tran sition  (4, 0, 4) *♦ (4, 1, 5), which has 
Q = 3 .0 1  MeV. The ob served  c r o s s - s e c t io n s  [19] are , in  fact, equal to within  
the 20% exp erim en ta l uncertainty. Candidates for the corresponding pairing  
vib ration al sta tes  can be identified  in 48-50Ti [20] and in the ligh ter  Ca 
iso to p es  [19].

4,1.5

( n , m , T  ) 44 46 48 50 =^>4

FIG.4. The figure is a continuation of Fig.3 for the mass region A=46-50. The notation is that of Fig.3.

1 If mixing between the ( i3 ,1,2) and (33, 1, 2) states is taken into account, the predicted ratio [16]
drops to about 0 .9 .
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In the 46T i(3He, p)48V reaction  (target (5, 0, 1)), two strong L = 0 tran sitions  
are ob served  [23], leading to the analogue of the 48Ti ground sta te (4, 0, 2) 
at E x = 3. 02 MeV and to a sta te at 3. 70 MeV. The la tter  state is  a p o ssib le  
candidate for the (5, 1, 1) excitation; the (5, 1 ,2 ) state (cf. the 46T i(t, p)48Ti 
reaction  [20]) is  expected  at. h igher energy, but there are no (3He, p) data 
availab le in  th is energy reg ion  as yet.

The 48Ca(3He, p)50Sc reaction  has been in vestigated  recen tly  by the 
H eidelberg group [22 ]. Only one 0+ state i s  reported at Ex = 3. 09 MeV. T his  
is  a p o ss ib le  candidate for the (4, 1, 4) state which is  the only T =4, 0+ state  
expected  from  the pairing sch em e. Further (3He, p) stud ies in th is region  
would be d esira b le .

From  the exam p les con sid ered  in th is section , su m m arized  in F ig s  1, 3 
and 4, we conclude that the pairin g'v ib ration al schem e [1] m eets  with a 
certa in  su c c e ss  as regard s the c la ss if ic a tio n  of strong L = 0 tran sition s in 
double tra n sfer  reaction s. H ow ever, the exp erim en tal evidence is  s t il l  
sc a r c e  and it rem ains to be se en  i f  the sch em e w ill w ork further away from  
the c lo sed  sh e lls  and in the unexplored reg ion s near N = 50  and N = 82. In 
the Ca region , the p resen t data, in  fact, indicate certa in  d iff ic u lt ie s . The 
(t, p) data [19, 21] show a m onotonie d ecr ea se  by a lm ost a factor of four in  
c r o s s -s e c t io n  for the strong, exc ited  0+ s ta te s , when going from  48Ca to 
42Ca, and the (t, p) sp ectra  contain se v e r a l other 0+ sta te s  o f sm a lle r , but not 
in sign ifican t in ten sity . In 4SCa, the (6, 1, 3) state is  of doublet ch aracter , 
the doublet spacing being about 40 keV. T his fragm entation  of the p airing  
vib ration al strength  in d ica tes that couplings to other d eg rees of freedom  
cannot be ignored.

A s a further c r it ic a l rem ark , it m ay be noted that the data [14, 19, 20] 
a lso  indicate the p resen ce  in som e N = 28 n uclei of 0+ sta tes  which m ay not 
belong to the s im p le  pairing coupling sch em e. In 48Ca, for in stan ce, a 
0+ sta te at 4. 28 MeV has a (t, p) y ie ld  equal to 40% of the (5, 1, 4) y ie ld .
The nature of the 4 .2 8  MeV le v e l i s  not c le a r  at the p resen t tim e .

2. PAIRING-QUADRUPOLE L = 2 TRANSITIONS

Above we have con sid ered  0+ excita tion s form ed by the addition of two 
different types of 0+ quanta^ We sh a ll now go one step further and ten tatively  
co n sid er  quanta of 2+ nature. The m otivation  for th is is  the occu rren ce  of 
stron g 2+ sta tes  above the 0+ p airing v ib ration s i n 48Ca [19], 50Ti [20] and 
52Cr [14, 15] .

Let us d isc u ss , for in stan ce, the ca se  of 5^Cr. The T = 2 ground state  
is  lab elled  (2, 0) and the (3, 1) T = 2 p airing v ib ration  at 2 .6 6  MeV is  form ed  
by the addition of á (1 ,0 )  and a (0, 1) quantum to the ground sta te . Suppose 
we now rep lace the (0, 1) quantum by the (t, p) tran sition  to the f ir s t  excited  
2+ sta te of ^ r  (Ex = 0. 83 M eV). We then obtain a 2+ sta te of 52Cr, which we 
m ay d escr ib e  by the notation (2q, 0) (10, 0) (0, 12), su b scrip ts now denoting  
ordinary spin v a lu es . In z e r o ’th ord er, th is sta te should occur at 3 .4 9  MeV; 
it  should be strong in the 50Cr(t, p) p r o c e ss  and w eak in the ^ r i p ,  t) reaction . 
On the other hand, if  we in stead  rep lace (10, 0) by (12, 0), corresponding to the 
f ir s t  exc ited  state of 50Cr (Ex = 0. 79 MeV), w e obtain the 52Cr 2+ sta te  (20, 0) 
(12,0 )  (0, 10), which should occu r at 3 .4 5  MeV in z e r o ’th ord er. : T h is state  
should be strong in (p, t) and w eak in (t, p).
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A strong 2+ state of 52Cr in fact i s  ob served  both in p ick-up [15] and in 
stripp ing [14], the reported  le v e l en er g ie s  being (3 .1 7 5 .± 0. 015) MeV in 
(t, p) and 3 .1 6 8  MeV in (p, t). C ontrary to the zero  ord er exp ectation s, the 
data thus su ggest that one and the sam e 2+ state is  involved  in both p r o c e s se s .  
It i s ,  of co u rse , p o ss ib le  that a c lo se  doublet of 2+ le v e ls  e x is ts  in 52Cr, but 
a m ore lik ely  explanation is  to be found in the assum ption  of strong m ixing  
betw een se v e r a l (2p-2h) sta tes  of 2+ ch aracter  near 3 MeV.

In 48Ca and 50T i, the double tra n sfer  data a lso  show stron g 2+ sta te s  in 
the relevant region  of exc ita tion  above the pairing v ib ra tion s. The m ost 
probable candidates are:

in 48Ca: 6 .3 3  MeV (10, 0) (0, 12 ): [19]

6. 79 MeV (12, 0) (0, Ц  [19]

in 50Ti: 4 .3 2  MeV (10, 0) (0, 12) [20]

In both n uclei, en er g ie s  and stripping in te n s itie s  deviate from  the zero  
ord er p icture, in dicating the p resen ce  of strong m ixing e ffec ts .

In the Pb region , the 208Pb data are in con clu sive  concern ing 2+ sta te s  but 
a se t  of L = 2 tran sition s are id en tified  in the 207Pb(t,p)209Pb reaction  [3], 
leading to s ta te s  about '700 keV above the p rev iou sly  d iscu sse d  p”̂ ,2(0, 1Q) 
sta te at 2 .1 5  M eV .

The situation  is  illu stra ted  in Filg. 5. Part I o f the figure shows the
■hole sta te s  [of 207Pb. P art II show s the low est

-lP iÆ >  f 5 /2 -  a n d  Р з / 2  s i n S l e  
(2 p -lh ) sta te s  of 209Pb in zero 'th  ord er, i . e .  the sta te s  р ^ ( 0 ,  Iq), f5/2 (0, 10)

P 3 /2 ( 0 * V ’ e;;2(o’ у J = 5/2,3/2
and tlie s ta te s  form ed by coupling the g ĝ 2
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FIG. 5. The lowest two-particle one-hole states of ?09Pb seen in the (t, p) reaction on 207 Pb (see Ref.[3]). 
Also shown are the lowest one-hole states of 207Pb and the lowest two-particle states of 210Pb. The numbers 
on the levels in parts III and IV are relative (t, p) intensities.
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ground sta te with the co llec tiv e  3" and 5" sta tes  of 208Pb. P arts III and IV 
show the relevant (t, p) data for  209Pb and 210Pb, r e sp ec tiv e ly . If the zero  
o rd er p icture w ere co rrect, the only L = 2 tran sition s would go to the

PV2{0’ V
Instead, we find about 80% of the expected  L = 2 in tensity  shared  by three  
le v e ls ,  indicating appreciable m ixing with the £¡/2(0 , 10) and p o ssib ly  the 
p~^(0, 1Q) s ta te s , and probably a lso  with h igh er-ly in g  3/2" and 5/2" s ta te s .

The exam p les con sid ered  h ere of pairing-quadrupole L = 2 tran sition s  
c le a r ly  show the inadequacy of the sim p le , zero  ord er p icture for th is  
co llec tiv e  m ode. Among the exp erim en ts that could illum inate the situation  
one m ay note e sp e c ia lly  the c a se  of 208Pb. It would be in terestin g  to have 
206Pb(t, p) exp erim en ts with h igher bom barding energy than p rev iou sly  
em ployed to locate  strong 2+ sta te s  above the 4. 87 MeV pairing vibration . 
The p resen ce  of such sta te s  is  indicated  by the data on 207T1, d iscu sse d  in 
sectio n  1 . 1.
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doublet, which should be populated in the ratio 3:2.



DISCUSSION

on the papers by A. Bohr and O. Nathan

V .G . NEUDACHIN: What m echan ism  of tw o-nucleon  capture is  
assum ed? ¡

A. BOHR: It is  assu m ed  that the two nucleons are tran sferred  as 
a unit in an S sta te of re la tiv e  m otion. The general pattern of the tran sfer  
p rob ab ilities does not depend on the further d eta ils of the p r o c e ss  (w ave- 
function of re la tive  m otion, the in teraction  by which the tra n sfer  takes 
p lace, m otion of in -  and ou t-goin g p ro jec tile s , e t c .) .

L. MÜNCHOW: You used the charge-independent p airing interaction  
in T = 1 s ta te s . U su a lly  it is  argued,J| how ever, that in n uclei of the con 
sid ered  region  th is in teraction  is  not: e s se n tia l becau se of the d ifference  
of the ch em ica l p otentia ls.

A. BOHR: In the reg ion  of A = 56 the neutron e x c e s s  is  rather sm a ll 
and it i s  e s se n tia l to include pairing.! F or large  T .the p airing c o r r e la 
tions in the ground sta te  can be d escrib ed  in term s of nn and pp co rre la tio n s .

K rishna KUMAR: Since the value of the sta tic  en ergy  gap i s  zero  for  
a c lo sed  sh e ll n ucleu s but n on -zero  for the neighbouring n uclei with two 
additional p a rtic les  or h o les , does it not im ply that we are a lready in a 
tran sition a l region? . ^

A. BOHR: A lready for sta tes  with a few  p a irs, the average value 
of I Д I is  n on -zero  and com parable with or g rea ter  than the zero-p o in t 
fluctuations, and we are th erefore in a tran sition  reg ion . H ow ever, for  
th is tran sition  the dom ain of n -v a lu es for which the v ib ration al and r o 
tational treatm en ts can be applied m ky overlap  (n i s  the num ber of quanta).

R. A. SORENSEN: Why is  it  that you try  to d escr ib e  sta te s  of the 
light ca lciu m  iso to p es in ter m s of p a iring vibrations based  on 56Ni instead  
of basing them  on 40Ca or on 48Ca ifijyou do not lik e  40Ca as a c lo sed  shell?

O. NATHAN: It appears that data concern ing tw o-body pick-up from  
the s -d  sh e ll are s t i l l  not su ffic ien tly  com p rehensive to allow  an an a lysis  
in  ter m s of (0, 1) and (1, 0) quanta re la tiv e  to a (0, 0 ) '40Ca sy stem . Such 
quanta would give r is e  to additional 0+ s ta te s  in the Ca reg ion . I would 
lik e to s t r e s s  that the exp erim en ta l (p, t) and (t, p) data for the Ca region  
contain m ore 0 + s ta te s  than d iscu sse d  h ere . Som e of th ese  s ta tes  m ight 
p o ssib ly  be re la ted  to p airing v ib ration s built on 40Ca.

J .O . RASMUSSEN: If we are to understand the ground sta tes  of 
n uclei near 114Sn as a rotational band in pairing, are we to understand the 
f ir s t  exc ited  sta te of 114Sn as an analogue to a f ir s t  b eta -v ib ration a l 
excitation? Is the approxim ately 20% strength  we se e  in our calcu lations  
going to the f ir s t  exc ited  sta te to bej'thought of as m easu rin g  a ratio between  
p airing fluctuation and the stable pairing average?

A. BOHR: Y es, the 20% re p r esen ts  fluctuations in Д assoc ia ted  
with the orb its in the 5 0 < N < 8 2  sh e ll . Additional fluctuations are a sso c ia ted  
with the m ore d istant s h e lls .  ¡

S . T .  BELYAEV: As far as I understood, your exc ited  .state c o r r e s 
ponds to a tra n sfe r  of two p a rtic les  (into the upper sh e ll  without c o n s i
d erab le rearran gem en t. H ow ever, jjthere are other w ays of pairing e x c ita 
tion, in  p articu lar the rearrangem ent of the pair rad ia l wave function.

2 0 1
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A re there any rea so n s to think that your s ta te s  are so  advantageous that 
they occu r in double tra n sfer  reaction s?

A. BOHR: The p airing vibrations con sid ered , for exam ple, in  the 
Pb region  are s im ila r  to the ground-state tra n sitio n s . They are a sso c ia ted  
with the to ta l m onopole m om ent La.+{v)a.+(v) of which the d ifferent com ponents  
contribute coh eren tly  in the tw o-p artic le  tra n sfer  reaction .

J. J. GRIFFIN: (1) You m entioned that in c a se s  w here a stron g  average  
p airin g  fie ld  e x is ts  the p airin g  vibrational spectrum  goes over into a 
p airin g  "rotation". Could you elaborate on the d ifferen ces betw een these  
p airing v ibrational and p airing "rotational" spectra?

(2) Could you d escr ib e  the creation  op erator for a p airing vibrational 
phonon in ter m s of p artic le  creation  and annihilation operators?

A. BOHR: (1) F or v ib ration al sp ectra , the e lem en tary  m odes of 
excita tion  are the quanta of vibration and individual p a r tic le s  and h o les , 
which in f ir s t  approxim ation can be s im p ly  su perposed . F or rotational 
sp ectra , the e lem en tary  m odes are the p a rtic les  m oving in the deform ed  
fie ld  (q u asip artic les) on which i s  su perposed  a .rotation al m otion of the 
w hole sy stem .

(2) The creation  operator for a p airing vibrational quantum is  of the 
form  E c (j)(a +(j)a+(3 ))0 fo r  the 0+ pairing m ode in a sp h erica l n ucleu s.

S. SZPIKOWSKI: I have three q uestions for  P r o fe s so r  Bohr. The 
f ir s t  is  connected with the T = 0 pairing co rre la tio n s . T here is ,  as you 
said , no exp erim en ta l ev idence that such p airing takes p lace . On the 
other hand, th ere is ,  as far as I know, no th eo re tica l paper on that problem . 
The lack  of exp erim en ta l ev idence i s  p o ssib ly  caused  partly by the lack  of 
th e o re tic a l work. What is  your opinion? Secondly, if one is  en ergetic  one 
can take m ore and m ore corre la ted  p a irs of p a rtic les  and space them  over  
m ore and m ore o n e-p a r tic le  le v e ls ,  dealing in such a way with a w ider  
and w ider m atrix . What r e str ic tio n s  w ere im posed  on your ca lcu lations?  
T hirdly, what value of the G constant was adopted for the n-p , T = 1 
p airing correlation ?

A. BOHR: (1) One should be open-m inded about p a r tic le -p a r tic le  
co rre la tio n s  in the T = 0 channel. The problem  req u ires m ore study, 
both exp erim en ta lly  and th eo retica lly .

(2) The con sid era tion s reported  w ere  of a phenom enological ch aracter, 
based  on the concept of the pair vibrational quanta and th eir  sym m etry  
p ro p erties .

(3) The p airing in teraction  was taken to be charge-independent, end 
G thus the sam e for np as for nn and pp.

B. L. BIRBRAIR: F rom  the viewpoint of the sh e ll m odel the 0+ excited  
sta te in 208pb is  a two p artic le -tw o  hole sta te . This state is  form ed by 
both the p a r tic le -p a r tic le  in teraction  (in 0+, 2 + , e tc . sta tes) and the 
p a rtic le -h o le  in teraction . Have you any argum ents in  favour of the fact-that 
the p a r tic le -p a r tic le  in teraction  in the 0 + sta te p lays the m ain ro le  and all 
the other in teraction s g ive a sm a ll correction ?

A. BOHR: The ob served  p rop erties of the 0+ excited  state in 208Pb 
indicate that the in teraction  between the two quanta is  re la tiv e ly  sm all, 
and the e s tim a tes  reported, which include both p a r tic le -p a r tic le  and 
p a rtic le -h o le  e ffec ts , are con sisten t with th is .

S . T .  BELYAEV: In one and the sam e reaction  both ground and excited  
sta te s  of an end nucleus m ay appear, say  in 206Pb(p , t) 208Pb. What is  the 
d ifferen ce in the stru cture of a pair of nucleons generating the ground and 
excited  sta tes?
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A. BOHR: The p airin g  v ib ration s con sid ered  in the reg ion  of 208Pb 
involve two types of p a irs , in the sh e lls  above and below  N = 126.

Short Contribution
-------------------------------------------------- ; (

T. UDAGAWA (N ordita, Copenhagen, Denm ark): I should lik e to report 
som e p relim in áry  re su lts  on analysing the (t, p) reaction  on even deform ed  
n uclei, being p articu lar ly  in terested  in the exc ita tion s of 0+, 2 + and 4 + 
m em bers of thé grou n d -sta te rotational band. The exp erim en ta l data 
availab le now are v ery  lim ited  but stron g 0 + and 2  + excita tion s have been  
ob served  in a few  c a s e s  of the Sm iso to p e s . The excitation  of the 4 + state  
is  a lso  ob served  in 1 5 4Sm(t, p) 15 6Sm.'

In a rough approxim ation, we m ay sa y  that the c r o s s - s e c t ions  are  
proportional to so -c a lle d  m ultipole p airin g stren gth s, n am ely  the excitation  
of the X+ sta te ,

,vk_  i ~ |2ct(X )~  I Eui Viqi I

w here qf"' is  the X -pole m om ent of the N ilsso n  orb ita l i. Thus, we can  
obtain from  the (t, p) data inform ation  on quadrupole and h igher m ultipole  
phenom ena in deform ed n u clei.

In Table A are shown our re su lts  from  a m ore elaborate DWBA 
a n a ly sis  obtained by assu m ing zero^range approxim ation. The 0+ c r o s s -  
se c tio n s  are arb itrar ily  n orm alized 1, to 100. The num bers in  the bracket for 
the 2 + excita tion s are those obtained by n eg lectin g  the AN = 2  m ixing in 
the N ilsso n  s in g le -p a r t ic le  wave function. The final ca lcu lated  re su lts , 
including AN = 2 m ix in g  e ffec ts , aré som ew hat la r g er  than the exp erim en ta l 
on es. H ow ever, we should rem ark  ¡that in estim atin g  AN = 2 m ixing e ffec ts , 
we introduced an approxim ation which o v er es tim a tes  the e ffe c ts . C on si
dering this point, the agreem en t of ;our ca lcu lated  re su lts  with exp erim en ts  
are not so bad,for the 2 + s ta te s . t

The N ilsson  m odel p red ic ts a too sm a ll c r o s s - s e c t io n  for the 4 + state  
to explain the ob served  valu e. Thus, it would be n e c e ssa r y  to take into 
account the Y4 -deform ation . Our p relim in ary  es tim a te  req u ires j34~0 .04  
to explain  the exp erim en ta l data, which is  roughly equal to the value 
obtained in a (a, a') exp erim en t by the B erk eley  group. The work reported  
h ere  was done in collaboration  w ith !1 R. B rog lia  and C. R iedel.

TABLE A. RESULTS FROM DWBA ANALYSIS

Final nucleus Final state Exp, ó = 0.27 5 = 0.30

154 Sm 0+ 100 100 100

2 + 34 47(10) 55(10)

4+ 0.10 0.14

156Sm 0+ 100 100 100

2+ 33 - 50(9) - 69(10)

4+ 6 0.16 0.23



204 DISCUSSION

Short Contribution

A. A. OGLOBLIN(I. V. K urchatov Institute of A tom ic E nergy, M oscow):
I should lik e to m ention som e r e su lts  on the excitation  of a lp h a-p artic le  
s ta te s  in ( 6 Li, d) and ( 7Li, t) rea ctio n s.

S evera l-n u cleon  tra n sfer  reaction s which p erm it both low  and high  
le v e ls  to be excited  are a m ost e ffec tive  m ethod of studying c lu ste r  sta tes  
in n u c le i. H ow ever, the m echanism  of the n uclear in teraction  with heavy  
n uclei u sed  for th is  purpose is  usually  rather com plicated  and am biguous. 
In th is re sp ec t the reaction s induced by a cce lera ted  n uclei of lith ium  are  
unm atched. The situation  i s  seen  in F ig . A. Since the binding en ergy  of

N
DEUTRON SPECTRUM,

-PARTICLE STATES

H
PROTON SPECTRUM,

SINGLE-PARTICLE STATES

FIG. A. The m echanism of the reactions induced by accelerated  ions of Li.

ELi(MeV) TARGETS

1. ALPHA-PARTICLE TRANSFER 
( 6Li, d) -REACTION 25.8 1!C, l3C, 14N, 160 ,  24Mg, 28Si, » S

35.5 12C

( 7L i,t) -REACTION 28.2 12C , 13c ,  160

30.3 9Be, 12C, 13C, 160 ,  20Ne, 24Mg, 28Si, 
32S, 40Ca

2. DEUTERON TRANSFER 
( 6Li, a) -REACTION 25.1 6Li, 7Li, ^ e ,  12C, 13C, 14N, 160 ,  î4Mg

3. TRITON TRANSFER
( 7Li, a ) -REACTION 30.3 12C

FIG.B. The main results of investigating reactions with 6Li and 7 Li on the cyclotron of the I .V . Kurchatov 
Institute of Atomic Energy.
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lith ium  n uclei i s  very  sm all, they should behave in n uclear reaction s as deuterons  
do, i . e .  the stripping p ro ce ss  w ill be one of the m ost b asic  m ech an ism s.
The only d ifferen ce is  that, instead  of the nucleon tra n sfer , the tran sfer  
of a deuteron, triton  or o -p a r tic le  takes p lace and instead  of s in g le -p a r tic le  
s ta te s  the corresponding c lu ster  sta tes  becom e excited  with the grea test  
probability .

FIG.D, Angular distributions of tritons in the (7L i,t) reaction with 12С for transitions to the rotational 
states of the 16 О nucleus.

B ecau se of the se r io u s  tech n ica l d ifficu lties  of the a cce lera tion  of 
lith ium  ions to su ffic ien tly  high en erg ies  (10 MeV and m ore), th is has been 
hitherto  done only on the cyclotron  of the Kurchatov Institute. Only quite 
recen tly  have lith ium  ion flu xes been obtained on the tandem  a cce lera to rs  
in H eidelb erg  (GFR) and P en nsylvania  U n iversity  (USA).
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F igu re B shows the r e su lts  of the in vestigation  of the rea ctio n s with 
lith ium  ions on the IAE cyclo tron . A lp h a-p artic le  tra n sfer  reaction s are  
m ost in te re stin g  and they have been studied in g rea test d eta il.

F igu re С shows the sp ectra  of deuterons and tr iton s in the ( 6 Li, d) 
and ( 6Li, t) reaction s with 1 2 C. The sp ectra  of both reaction s are very  
sim ila r ; th is con firm s the assum ption  that a s im p le  m echan ism  of the 
a lp h a-p artic le  tra n sfer  p red om inates in  th ese  rea ctio n s.

FIG.E. The spectrum of deuterons in the (6L i,d) reaction with 12С at an energy of 35.5 MeV.

In the above-m entioned  reaction s with 12C the sta te s  of the nucleus  
of 160  with the stru ctu re 4p-4h  should be m ainly ex c ited . As is  seen  from  
F ig . C, in addition to the doublet at 1 4 .3  - 14 .6  MeV, the le v e ls  of the 
rotational band based  on the sta te  6 .0 5  ( 0 + ): 0 + - 2 +(6 .9 2  MeV) - 4 +
(1 0 .3 5  MeV) - 6+(1 6 .2  MeV) get exc ited  in ten s iv e ly . Angular d istributions  
(F ig . D) are extended forw ard and in a num ber of c a s e s  p erm it con clusions  
as to the m om entum  tra n sferred . It should be noted that for  the en erg ie s  
in  question the k in em atics of reaction s b rings about an in c r e a se  in the 
tra n sitio n s to thé s ta te s  with grea ter  sp in s.

The in cr ea se  of the in it ia l en ergy  up to 35. 5 MeV r e su lts  in  the in tensive  
excitation  of se v e r a l s ta te s  of the 160  nucleus in the range 2 1 - 2 4  MeV 
(F ig . E).



FIG.F. The spectra in the (6Li,d) and (7Li , t) reactions with 16О .
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F igu re F show s the sp ectra  of 160 ( 6Li, d) 20Ne and 160  ( 7Li, t) 20N e. 
B e sid es  the 12. 7 MeV en ergy  le v e l, two rotational band§ of the 20Ne 
nucleus becom e in ten siv e ly  excited: 0+ (ground) - 2 + ( l .  7 MeV) - 4 +(4. 25 MeV) - 
6 + (8 . 9 MeV) and 1 '( 5 ,  80 MeV) - 3 “ (7 J l 7 MeV) - 5" (10. 3 MeV) - 7" (15. 5 - 
15. 6 MeV). At no angle was the 8 + le v e l (1 1 .9 9  MeV) d iscovered .

FIG.G. The spectrum ot tritons in the (7L i,t) reactions with 20Ne.

F igu re G shows the sp ectrum  of tr iton s in the 20N e(7L i, t) 24Mg reaction . 
The le v e ls  of the rotational band of the ground sta te of 24Mg, 0+ - 2 + ( l .  37 MeV) 
- 4 +(4 .1  MeV) - 6 +(8 . 1 MeV), becom e excited  v ery  w eakly. Compared  
with 160  and 20Ne, the c r o s s - s e c t io n  absolute va lu es are m ore than an 
ord er of m agnitude sm a lle r  and another in ten sity  relation  of tran sition s  
to d ifferent le v e ls  of the band is  ob served . Of the low  sta te s  the 6 .0  MeV  
(4+) le v e l is  exc ited  m ost of a ll. The m ost in ten sive  tra n sitio n s fa ll into 
the region  of an excitation  en ergy  of 1 0 - 1 5  MeV.

The r e su lts  obtained for the 24Mg target (resid u a l nucleus of 28Si) and 
the ones given in F ig . H are c lo se  to the p reced in g ca se . The rotational 
band of the ground sta te of 28Si b ecom es excited  as w eakly as that of 24Mg. 
T his re su lt ca u ses us to suppose that the nature of the appearance of 160  
and 20Ne n uclear deform ation is  v ery  d ifferent from  that of 24Mg and 
28Si.

The r e su lts  obtained for the other n uclei, 9 Be, 13C, 28Si, 32 S and 40C a, 
have in gen era l the sam e ch aracter . The m ost in ten sive  tran sition s lie  
above 10 MeV, and low  sta te s  becom e excited  re la tiv e ly  weakly-. The 
m easu rem en ts m ade with 40Ca (F ig . 1) allow ed the data on the schem e  
of le v e ls  of the 44Ti nucleus to be obtained for the f ir s t  t im e . The p r e 
lim in ary  an a lysis show s that a rotational band based on the ground state probably 
e x is ts  in 44T i.
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FIG .J. The transition intensity distribution in  (6Li,d) and (7L i,t)  according to the excitation energy of the 
residual nucleus.

The high s ta te s  exc ited  during ( 6Li, d) and ( 7Li, t) reaction s rev ea l 
a ch a ra c ter istic  feature: they are grouped around the value of lk +  Bk 
w here П a i s  the thresh old  of the resid u a l nucleus in tegration  into the target  
nucleus an d a -p a r tic le , and B k is  the Coulomb b a rrier  of th is sy stem . In 
F ig . J th is quantity is  taken as zero , and v er t ic a l cuts are proportional 
to the c r o s s - s e c t io n s .  Starting from  rather sim p le  con sid eration s about 
the sym m etry  of the w ave-function  outside the nucleus and in sid e  it, it  
m ay be shown that the c lu ster  s ta te s  should occu r at en er g ie s  sm a lle r  than 
the value of n a+ B i((a t the exp en se of the centrifugal b a rrier  th is value 
m ay be som ew hat in crea sed ). A nalogous grouping of the stro n g est tr a n s i
tions around the thresh old  plus the b a rr ier  tak es p lace at the deuteron  
tra n sfer .



INELASTIC SCATTERING 
OF NUCLEAR PARTICLES AND 
THE STRUCTURE OF VIBRATIONAL NUCLEI*
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Abstract — Аннотация

INELASTIC SCATTERING OF NUCLEAR PARTICLES AND THE STRUCTURE OF VIBRATIONAL NUCLEI. 
Recent work on the scattering of nuclear particles by spherical nuclei is reviewed. The elastic  scattering 
data  have been used in fixing the optical param eters, but the recent tendency is to go one step further beyond 
the  simple param etrizátion, and so far it has been done for the real part. Existence of some ambiguity in the 
strength Wd  of the imaginary part is pointed out in connection with the one-step inelastic  processes, and the 
im portance of more basic theories is invoked. Excitation of the two-phonon states is discussed in some detail 
using data  of Cd(p, p ’) and a lack  of parallelism  between the (p, p*) process and the Coulomb excitation is 
stressed. It is also shown, however, that this parallelism  may be recovered if  the use o f different Wp in 
different channels could be justified . Analyses of (p, p ') data  from odd-A spherical nuclei, and some recent 
work on inelastic processes from deformed nuclei, are also discussed. Finally, a brief account is given of 
the possible analyses of the (p, p ’) data  via isobaric analogue resonance. An outline is given of such a theory 
based on (he shell model approach to nuclear reactions.

Н Е У П Р У Г О Е  РА С С Е Я Н И Е  Я Д Е РН Ы Х  ^А С Т И Ц  И С Т Р У К Т У Р А  В И БРА Ц И О Н Н Ы Х  Я Д Е Р . 
Д а е т с я  о б зо р  последних работ по рассеяни ю  ядерн ы х  частиц  сф ер и ч еск и м и  я д р а м и . Д анны е 
по уп р у го м у  рассеяни ю  и сп о л ь зо в ал и с ь  до сих  пор лиш ь для ф иксац и и  о п ти ч ески х  п ар а м е т р о в , 
но н едавн о  п ояви лась  тен ден ц и я не о гр а н и ч и в а т ь с я  п ростой  п ар а м е т р и зац и ей , что и было с д е 
л ан о  для д е й стви тел ь н о й  ч асти  в з а и м о д е й с т в и я . У к а з ы в а е т с я  су щ еств о в ан и е  н екоторой  н ео д 
н озн ач н ости  в величине \VD м ним ой ч асти  в с в я зи  с о д н о сту п ен ч аты м и  уп ругим и  п р о ц ес сам и  и 
го в о р и тся  о важ ности  р а зв и т и я  б олее  ф у н д ам ен тал ьн о й  те о р и и . П одробно о б с у ж д а ет с я  в о з 
буж дение двухф ононны х со сто ян и й  с и сп о л ь зо в ан и ем  данн ы х по C d (p ,p ‘) и п о д ч е р к и в а етс я  о т 
с у т ст в и е  с о о т в е тс т в и я  м еж ду  п ро ц ессо м  (р ,р ‘) и кулон овским  в о зб у ж д е н и ем . П о к азан о  т а к ж е , 
что  э т о  с о о т в е тс т в и е  м ож но в о с с т а н о в и т ь , если  и сп о л ьзо в ан и е  разл и ч н ы х  Wp в р а зн ы х  кан ал ах  
будет о п р ав д ан о . О б су ж д аетс я  ан ал и з данны х по (р ,р ')  на о сн о в е  н е ч е т н ы х -А  сф ер и ч ески х  
я д е р , а т а к ж е  н еск о л ьк о  п оследних р аб о т , п освящ енны х н еуп руги м  п р о ц е ссам  с д еф о р м и р о в ан 
ны ми я д р а м и . Н аконец , п ри води тся  кратки й  ^перечень во зм о ж н ы х  с п о со б о в  а н а л и з а  данны х 
по {р ,р ') в сравнен ии  с и зо б ар и ч еск и м  ан а л о го в ы м  р е зо н а н с о м . Д аю тся общ ие о ч ер тан и я  т а 
кой теори и , основы ваю щ ейся на о б о л о ч еч н о -м о д ел ь н о м  подходе к яд ерн ы м  р е ак ц и я м .

T his paper rev iew s from  the th eo re tica l point of view  how the in e la stic  
sca tter in g  of various nuclear p a r tic le s  s e r v e s  as a too l to c la r ify  the nature 
of the so -c a lle d  v ibrational n uclei. H owever, the technique of analysing the 
in e la s tic  sca tter in g  data from  vibrational n uclei can be extended to deform ed  
n u clei with sligh t.m od ifica tion s; so  I sh a ll a lso  b r ie fly  re fe r  to a few recent 
developm ents along th ese  lin e s . I have tr ied  to re fer  to the m ost recent  
work, so  som e of my inform ation  is  taken from  prep rin ts or private 
com m unications. My rev iew  m ay be h eavily  w eighted with re fe r e n c e s  to 
work done in the United S tates, and for th is I apologize at the outset.

*  Research sponsored by the U .S . Atomic Energy Commission under contract with Union Carbide 
Corporation.

t  Present address: Center for Nuclear Study, University of Texas, Austin, Texas.

213



214 TAMURA

As i s  w e ll known, th ere  are two techniques fashionably used  for the 
an a lyses of in e la s tic  sca tter in g  p r o c e sse s  w here the d irect p ro ce ss  p r e 
dom inates: the d istorted  wave Born approxim ation (DWBA) [1] and the 
coupled channel ca lcu lation s [2]. The form er is  usually  e a s ie r  to carry  
out than the la tter  but, in its  standard form , its  u se  is  re s tr ic te d  to the 
o n e-ste p  p r o c e s se s . It a lso  g ives le s s  accurate inform ation  on the 
strength  of the coupling betw een  channels when th is strength  e x 
ceed s a certa in  va lu e. The coupled channel ca lcu lations are  fre e  from  
th ese  fau lts, but the technique is  usually  m ore involved  than for DWBA. 
H ow ever, m ost of the p ra ctica lly  needed ca lcu lations are within the capacity  
of the p resen t-d ay  com puter. I m ust a lso  em p hasize that, if  the c a l
cu lations are re str ic te d  to o n e-step  p r o c e s se s , the coupled channel c a l
cu lation s are by no m eans m ore involved  than DWBA.

The m ain ob jective of analysing sca tter in g  data m ay be con sid ered  as  
twofold. One is  to rev ea l the p rop erties of nuclear m atter, and the other 
is  to ex tract in form ation on the stru cu tre of individual le v e ls  in  the target  
n u cleu s. In p ra ctice , the form er is  a lm ost equivalent to finding the p ara 
m e te r s  of the op tica l potential. T h erefore the m ajor part of th is ob jective  
can be achieved  by analysing only the e la s tic  sca tter in g  data.

It is  sa fe  to say  that the p o ss ib le  ran ges of va lu es of the op tica l p ara 
m eter s  for p ro jec tile s  of m a ss  one to four have been quite narrow ed down, 
so  that one can find a reason ab le se t of p aram eters for any of th ese  p ro 
je c t ile s  with in term ed iate en er g ie s . S till, w ith the accum ulation of m ore  
accurate and m ore sy stem a tic  data, p articu lar ly  th ose that include p o la r i
zation , further refinem ent i s  s t i l l  taking p lace , and th is is  leading to a 
deep er in sigh t into the p rop erties of n uclear m atter.

F or exam ple, G reen lees et al. [3] started  to go one step beyond the 
u sual op tica l an a lysis , which has so far been alm ost en tire ly  phenom eno
lo g ic a l.. They put much em p h asis on the m eaning of the root m ean square  
rad ius of the potential and con sid ered  a m odel in which th is rad ius is  
w ritten  as the sum  of m atter and nuclear force  m ean square rad ii. B ecau se  
of the sh o rt-ra n g e  nature of the sp in -orb it part of the n ucleon-nucleon  in te r 
action, the radius of the sp in -orb it potential was equated to the m atter  
rad iu s. Thus it is  sm a lle r  than the radius of the cen tra l part of the optical 
p otentia l. Taking the appropriate nuclear force  rad iu s, then the to ta l rad ius, 
the depth and d iffu sen ess p aram eters, e t c . , w ere sought, and a very  good 
se t  of p aram eters w as obtained. One in terestin g  finding is  that the m atter  
rad ius is  la r g er  than the charge rad ius, which m eans that the neutrons are  
distrib uted  further out of protons.

T his and another work by Slanina and McManus [4], which m ay be con 
sid ered  as com plem entary to it, w ill certa in ly  need m ore refin em en t but 
they n ev er th e le ss  seem  to g ive an im portant s ta rt tow ards putting m ore  
d irect p h ysica l m eaning at le a s t  into the re a l part of the op tica l potential. 
H ow ever, the im aginary part w as treated  in  the conventional phenom eno
lo g ic a l way. We sh a ll d isc u ss  the im agin ary part la ter  in connection  with  
in e la s tic  sca tter in g . Incidentally, a sm a lle r  sp in -orb it radius than the 
rad ius of the cen tra l potential se e m s to be required  a lso  for deuterons [5]. 
Such a potential n ice ly  exp lains the e la s tic  c r o s s - s e c t io n  and polarization , 
and a lso  the j-dependence of the (d, p) c r o s s - s e c t io n  if  u sed  in DWBA [6].

The exc ita tion  of s ta te s  that are exc ited  by the o n e-step  in e la stic  
sca tter in g  p r o c e ss , p articu lar ly  th ose of one-phonon s ta te s , is  the s im p lest
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p r o c e ss  next to the e la s tic  sca tter in g  and g ives further inform ation on the 
op tica l p aram eters as w ell as on the nature of th ese  exc ited  s ta te s .

R ecently K ruse et al. [7] at R utgers made a sy stem a tic  in vestigation  
o f th is problem  by bom barding iso to p es of Cd, Sn and Te with 16 MeV 
protons. As an exam ple the resu lt  for Cd iso to p es is  shown in F ig . 1. Both 
2+ and 3 c r o s s - s e c t io n s  d ecrea se  m onotonie a lly , and the e la s tic  sc a t t e r i ng  
c r o s s -s e c t io n s  show le s s  m arked o sc illa tio n  with in crea sin g  A. This 
feature is  a lso tr u e  for Sn and Te iso to p es . By fitting the e la s t ic  data with the 
optical m odel and then the in e la s tic  data with DWBA, they extracted  the 
¡32 and Рз va lu es or m ore p r e c ise ly  the deform ation length 6 = /3 X r o . The 
re su lts  for Cd are illu stra ted  in F ig .12, where the 6 va lu es obtained from  
the Coulomb excitation  are a lso  shown for com parison . G eneral agreem ent 
between th ese  two is  c lea r ly  ob served , though they do not agree exactly . 
Note that two 62 va lu es show different trends as a function of A.

It is  not very  c lea r  to what extent one should take th e se  d iscrep an c ies  
se r io u s ly . In extractin g  the 6 va lu es K ruse et al. took op tica l p aram eters  
in which the depths of the re a l and im aginary parts in cr ea se  approxim ately  
lin ea r ly  with A. The proportionality  constants are in lin e  with the values  
known from  other w orks. T h erefore th ese  p aram eters seem  reason able , 
but the question is  whether such a se t of p aram eters is  unique or not.

In F ig . 3 we show s im ila r  r e su lts  for Sn iso to p es a lso  obtained by the 
R utgers group [7]. As is  seen , the d iscrep ancy  betw een the Coulomb 
excitation  and (p, p' ) va lu es of 62 i s  quite la rg e . This stron g A dependence

F IG .l. Inelastic scattering cross-section of 16 MeV protons from Cd isotopes.
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FIG .2 . Deformation parameters 62 and 63 for Cd isotopes.
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FIG .3. Deform ation param eters <52 and ó3 for Sn isotopes.

of 6 2  i s  n e c e ssa r y  to explàin  the sy stem a tic  d ecr ea se  of the 2 +-s ta te  c r o s s -  
sectio n  with in creased  A. H owever, if  the im aginary potential i s  chosen  
to in c r e a se  with A m ore ra p id ly  than w as ch osen  by the R utgers group, the 
u se  of Coulomb e x c ita t io n 5 2  va lu es m ay s t i l l  have explained the 2+-sta te  
c r o s s - s e c t io n . Indeed, such a calcu lation  w as m ade by us p rev iou sly  [8 ].

Of cou rse  the range of the p o ss ib le  va lu es of W is  not unlim ited , 
b ecau se the th eo re tica l fit to the e la s tic  as w ell as in e la stic  sca tter in g  
data is  alw ays required . N ev erth e less , W- 6  am biguity does seem  to e x is t. 
A lso  it i s  not com p letely  c lea r  whether one should take exactly  the sam e  
W -values for e la s tic  and in e la s tic  ch annels. T his a ffects the in e la stic  
c r o s s - s e c t io n  without greatly  affecting the e la s tic  c r o s s -se c t io n .

The ex isten ce  of th ese  am bigu ities m akes it d ifficu lt to  say whether 
th ere e x is ts  a p r e c ise  p a ra lle lism  between the Coulomb excita tion  and the 
(P< P ') p r o c e s s e s . The m icro sco p ic  approach to the (p, p ' ) p r o c e s s e s  that 
has been  developed m ay not yet be pow erful enough to answ er th is question.
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It se e m s that a m icro sco p ic  theory which can d erive the op tica l potential 
and the (p, p' ) c r o s s - s e c t io n s  sim u ltan eou sly  from  fir s t  p r in cip les  is  
needed. We sh a ll se e  la ter  that a s im ila r  problem  is  ob served  a lso  in  
the (p, p' ) p r o c e s se s  from  the two-phonon sta te s .

Another sy stem a tic  su rvey  of in e la s tic  sca tter in g  p r o c e s se s  is  the 
work on (» , a '  ) p r o c e s se s  done at Saclay by M me. F aragg i and her c o 
w ork ers [9]. T his is  a sum m ary of 6 y ea r s ' work of bom barding about 
20 n uclei with 44-M eV  » -p a r tic le s . M ost of the ta rg e ts  are eith er singly  
or doubly c lo sed  sh e ll n u cle i. The data are ex ten sive  and look as though 
they would be quite u sefu l if  they w ere analysed  prop erly . H owever, the 
an a lysis  has been m ade so  far by u s in g  the A u stern -B la ir  theory  [10], which 
i s  quite handy but its  accuracy  is  som ew hat dubious. As for the o n e-step  
co llec tiv e  escita tion , the angular d istribution  is  fa ir ly  sa tis fa c to r ily  r e 
produced, as is  seen  in F ig . 4. H ow ever, the m agnitude of the th eoretica l 
c r o s s -s e c t io n  is  overestim ated , resu ltin g  in u nd erestim ation  of the 6 va lu es. 
T his is  seen  in F ig . 3. F or the two-phonon tran sition s th is theory g ives  
angular d istrib ution s which are not steep  enough com pared with experim ent, 
as is  seen  in F ig . 5, and thus m eaningful extraction  of the 6 va lu es does not 
se em  p o ss ib le . I hope thedata a re re -a n a ly se d  by u sing e ith er DWBA or 
coupled channel ca lcu la tion s. To show to what extent the coupled channel 
calcu lation  w orks, I would lik e to p resen t h ere a resu lt  of m y old calcu lation  
[11] in F ig . 6. T his is  for ®2N i(a ,  a ' )  and thedata are from  B erk eley  [12].
As is  seen , quite n ice f its  can be obtained over a w ide range of energy.

In p assin g , I should lik e  to m ention that a quite ex ten sive  experim ent 
has been  started  at L os A lam os by A rm strong et al. [13] u sin g  a triton  
beam . F ig .7 shows the excitation  of the one-phonon 2+ s ta te s  w hile F ig . 8
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FIG .4 . Examples of one-step (a, a ’) cross-sections. Curves are due to Austem-Blair theory.
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FIG .5. Examples of two-step (ct, a ')  cross-sections. Curves are due to Austern-Blair theory.

dep icts that of 3' s ta te s . The cu rves are DWBA r e su lts  and the fit is  seen  
to be good for a ll the an gles. The extracted  6 va lu es are a lso  in lin e  with 
those obtained from  other so u rc es .

We sh a ll now turn to the excitation  of the two-phonon s ta te s . For obvious 
rea so n s the availab le data are few com pared with those of one-phonon  
ex c ita tio n s. N ev erth e less , an in terestin g  an a lysis  can be perform ed  u sing  
ex istin g  data, and I p resen t h ere an Oak Ridge study [14] of (p, p' ) p r o c e s se s  
from  112Cd and 114Cd. In the an a lysis a phenom enological v ibrational m odel 
w as u sed , and not the m icro sco p ic  theory [15]. We then aim ed at finding  
out to what extent the id ea l v ibrational m odel is  d estroyed . Such knowledge 
w ill be u sefu l in attem pting to perform  m icro sco p ic  stru cture ca lcu lation s  
in the future. Anyway, the p resen t lack  of very  re lia b le  m icro sco p ic  w ave- 
functions, p articu larly  for the two-phonon sta te s , prevents one from  
carry in g  through the coupled-channel ca lcu la tion s with m icro sco p ic  form  
fa cto rs.

F igu re 9 shows the exp erim en ta l c r o s s - s e c t io n  of the 0+, 2+, and 4+ 
two-phonon sta te s  for 114Cd, together with the th eoretica l f its . The a g r e e 
m ent is  quite good, in p articu lar a s .reg a rd s the 2+ angular d istrib ution s.
T his agreem ent was obtained by assu m ing a fa ir ly  large adm ixture of the 
am plitude of the one-phonon 2+ state into the dominant two-phonon am plitude. 
It is  a lso  seen  that the phase of th is  adm ixture is  d efin itely  determ ined  by 
th is data fitting, becau se the th eoretica l angular d istribution  obtained by
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FIG. 6 . Example of coupled-channels fit to (a , ct') d a ta .

changing the sign  of th is  adm ixture is  com p letely  out of phase with ex p e r i
m ent. The 0+ and 4+ angular d istribution  is  quite s tr u c tu r e le ss , which  
m eans that the adm ixture of one-phonon type am plitude into th ese  s ta te s  is  
not very  la r g e . S im ilar  f its  and con clu sion s w ere obtained for 112Cd and 
a lso  for 106Pd and 108 Pd [16].

In obtaining th ese  cu rv es, good op tica l p aram eters w ere found f ir s t  by 
fittin g  the e la s t ic  c r o s s - s e c t io n . The depth of the im agin ary potential,
WD, fixed  in th is  way is  u sed  in the ex c ited  channels, but a value 20% 
sm a lle r  is  u sed  in the e la s t ic  channel s in ce  we can keep fittin g  the e la s tic  
c r o s s -s e c t io n  in th is  way.

Let u s now look  at the /3 va lu es fixed  in th is way which are  su m m arized  
in  Table I. fi2 i s  in accord  with the Coulomb excita tion  valu e. On the 
other hand, the va lu es of j32i . which is  the m easu re of the stren gth s of the 
coupling of the one-phonon 2+ sta te land a two-phonon sta te  of sp in  I, are  
a ll sm a lle r  than |32. How sm a ll they are is  a m easu re  of the extent to which
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F IG .7. Typical ( t, t ')  data to 2+ states and DWBA fit.

the id ea l two-phonon d escrip tion  is  destroyed . That ¡32í are sm a lle r  than
02 has been  known for a long tim e from  the Coulomb excitation  an a lyses [17]. 
H ow ever, a su rp ris in g  fact is  that a ll the /321 va lu es obtained from  the 
(p, p ’ ) fit are much sm a lle r  than the corresponding va lu es of the Coulomb 
excitation , which are a lso  shown in Table I. Thus if  the (p, p' ) value is  
taken lite r a lly , it m eans that the two-phonon nature is  much m ore destroyed  
than would have been thought from  the r e su lts  of Coulomb excitation .

One p o ss ib le  sou rce of am biguity in reach ing th is conclusion  is  again  
whether our ch oice of WD w as co rrect or not. If, som ehow , la r g er  va lu es  
of WD are to be u sed  in the two-phonon channels, correspondingly  la rg er  
va lu es of ¡32¡ are to be assu m ed  to keep fitting the (p, p' ) data. In other 
w ords, one m ay ask how strong WD has to be in the two-phonon channels,
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FIG .8. Typical ( t ,  t ')  data to  3 states and DWBA fit.

if  the Coulomb excita tion  /32I w ere to be u sed . The quantity ca lled  C¡ in 
T able I is  the co rrectio n  factor to be m ultip lied  into the e la s t ic  channel 
value of WD. As is  seen , they are a ll of the order of 1. 5 -  1. 6 when the 
Coulomb excitation  /32I is  u sed . T his m eans that 20 or 30% stron ger WD 
m ust be assu m ed  in the two-phonon channels than in the low er phonon 
channels.

In th is way the p resen t analysis' p resen ts  the vei^y challenging th eo re t
ic a l problem  of d escrib in g  the nature of vibrational n uclei in a m icro sco p ic  
way. N am ely, we have to be able tó  explain  e ith er why the p a ra lle lism  of 
the Coulomb excita tion  and the (p, p 1 ) p r o c e ss  is  d estroyed  to th is  large  
extent, or why WD taken for the two-phonon channel is  so  la rg e  com pared  
with WD taken for low er ch annels.

Another point to be noted i s  that the value of n e c e ssa r y  for a good 
angular d istribution  of the secon d  2* c r o s s - s e c t io n  i s  rath er la r g e , and, 
i f  it is  taken lite r a lly  in ca lcu lating  ¡the B(E2) from  th is 2+ to the ground 
sta te , the la tter  is  much too large  com pared with exp erim en t. One p o ssib le  
way out of th is d ifficu lty  m ight be to con sid er that a o n e-step  tran sition  
with a sp in -flip  contributes to the (p, p' ) p r o c e ss . W hether such a con
jectu re is  co rrect or not w ill again be answ ered  only after accurate m ic r o 
scop ic  w ave-fu n ctions are  found for the exc ited  sta te s  of v ib ration al n uclei.
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FIG. 9. Coupled-channels fit to (p , p') cross-section from two-phonon states in 114Cd.

Another thing to be noted is  that the sign  of Pq2 i s  d efin ite ly  known to  
be p o sitiv e  for both l 12Cd and 114Cd, and a lso  for 106Pd and 108Pd. This 
fact se e m s  to allow us to m ake an in terestin g  com m ent on the. extraction  
of the sta tic  quadrupole m om ent, Q2, of the f ir s t  2+ state of th ese  n uclei.
As is  w ell known [18], the th eo re tica l Coulomb excitation  c r o s s - s e c t io n  
of the 2+ sta te ca lcu lated  up to second ord er c o n s is ts  of three term s:  
the f ir s t  ord er term , the reorien tation  term  and the in terferen ce  term .
The la tter  term  com es from  the p ro ce ss  in which the second 2* sta te is  
excited  and then d e-ex c ited  to the f ir s t  2+ sta te . The m agnitude of th is  
term  can be determ ined rather accurately  u sing  the exp erim en ta l c r o s s -  
se c tio n s  to ex c ite  the second 2+ sta te , but the sign  of th is  term  is  not 
determ ined  th is way. H ow ever, the value Q 2 extracted  depends quite 
stron gly  on th is  sign . At p resen t an am biguity of about 30% is  attached to Q 2 
b ecau se of th is am biguity. This figure m ay be reduced to 10% or so , if  
the sign  of the in terferen ce  term  is  known. .

If our m odel is  taken lite r a lly , then a short ca lcu lation  shows that 
the sign  of th is term  is  the sam e as that of /3¡,'2 . Since we know that /3¿2 
i s  p o sitiv e , the in terferen ce  term  is  a lso  p ositive . It should be noted  
that ir r e sp e c t iv e  of the sign  of th is term  the extracted  Q2 is  alw ays negative  
for the Cd and Pd iso to p es , but its  m agnitude is  concluded to be la r g er  for 
p ositive  sign  of th is term  than o th erw ise .



INELASTIC SCATTERING AND VIBRATIONAL NUCLEI 223

TABLE I. /3 VALUES USED IN DATA FITTING.
F or each n uclei, j3's in the f ir s t  colum n w ere obtained for a fixed  
value of Cj = 1. 2, w hile in the second  colum n j3-values known from  
Coulomb excitation  w ere u sed  and C¡ was search ed  for. Cj is  defined  
such that WD in channel of I+ two-phonon state equals C: t im e s  WD 
in the e la s tic  channel. F or 112Cd and 114Cd, /32 was taken as 0. 20 
and 0. 18, r e sp ec tiv e ly .

S ince th is statem ent is  based  on a com p letely  phenom enological m odel, 
it is  not certa in  how se r io u s ly  it should be taken. A lso , it is  known that 
by bom barding a given target with d ifferent p ro jec tile s  and d ifferent 
en erg ie s  the sign  of th is term  can be determ ined  within the fram ew ork  of 
the Coulomb excitation . N ev e rth e less , it is  in terestin g  to ob serve that the 
Coulomb excitation  and the (p, p' ) p r o c e ss  are in terre la ted  in th is way.

C oncerning the vibrational n uclei, one in terestin g  inquiry to be m ade 
is  w hether there ex ist  sta te s  that can be ca lled  th r ee -  or four-quadrupole- 
phonon s ta te s . ■ To my knowledge, so far no sta te has been defin ite ly  
identified  as. such, although a few sta te s  in se v e r a l n uclei m ay be considered' 
as p o ss ib le  candidates [19]. G enerally  speaking, the d etection  of th ree -  
phonon sta te s  m ay not be so  easy; th is  is  b ecau se they cannot rem ain  
purely  as such sta te s  s in ce  they are surrounded by a fa ir ly  high density  
of q u asip artic le  type le v e ls  of the sam e spin and p arity . One p o ssib le  
exception  m ay be the h ighest spin sta te  for a g iven  num ber of phonons, and 
{a,  nx) type exp erim en ts have indeed detected  6+ sta te s  in Cd and Te iso top es  
[20]. To analyse (p, p' ) data from  such a sta te  w ill be quite in terestin g .

Contrary to the three-quadrupole s ta te s , the two-phonon sta te s  that 
co n sis t  of one quadrupole-phonon and one octupole-phonon [21] m ay su rvive  
the adm ixture of other s ta te s , b ecau se the d en sity  of n egative parity q u asi
p artic le  s ta te s  is  exp ected  to be com p aratively  sp a rse , for excitation



224 TAMURA

en erg ie s  of about 2 MeV, and there e x is ts  evidence that such sta te s  do 
e x is t. To confirm , how ever, the nature of th ese  s ta te s , as w e ll as that 
of the three-quadrupole-phonon sta tes , (p, p' ) data m ust be com bined with  
som e other data in order to know, for exam p le, the spin. Unfortunately, 
it does not appear that such com bined work has been done for any nucleus.

In p assin g , I would lik e  to re fer  to recen t work by M erm az et al. [22]. 
In F ig . 10 the data of 32S(d, d 1 ) are p resen ted  and are com pared with the  
th eo re tica l pred iction  obtained by perform in g coupled-channel ca lcu la tion s. 
As is  seen , the very  d ifferent nature of the two 2+-s ta te  angular d istr ib u 
tions are n ice ly  reproduced by this ca lcu lation . I am not com p letely  certa in  
w hether th is in terpretation  of the 4. 29 MeV 2+ state as a two-phonon state  
is  unique, but if th is is  the ca se , it is  an in terestin g  exam ple to show that 
n uclei as light as 32S can have a two-phonon sta te with a high purity.

The (p, p' ) p ro ce ss  has hitherto not been used very  ex ten siv e ly  to 
in vestiga te  the nature of odd-A  vibrational n uclei, and perhaps the only 
exam ple is  the work on 107Ag(p, p' ) perform ed  at Oak Ridge [23]. As we 
have seen , the an a lysis  of the (p, p' ) data from  even nuclei is  already fa ir ly  
com plicated , and it is  gen era lly  expected  that the situation gets w orse for 
odd-A  n uclei, becau se of the c o r e -p a r tic le  coupling. However, the spin  
of the ground sta te of 107Ag is  1 /2 , i. e. the va lence proton occu p ies the 
Pi/2 orbit, which m akes the c o r e -p a r tic le  coupling equal to zero , u n less  
the excitation  of th is va lence proton into h igher orb its o ccu rs. T h erefore,

D E U T E R O N  SCATTERING C R O S S - S E C T I O N S  of S 32 at E » 18 MeVd
0*-2* -  2 *  C O U P L E D  C H A N N E L  C A L C U L A T I O N S  (JUPITOR - I CODE)

Spherical vibrational model -

|/302| = ° . 2 6 0  |/322| =0.250 I 0 J - O . I I O

FIG .10. Coupled-channels fit to ( d .d ')  cross-sections from ground, one- and two-phonon states in 32S.
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one exp ects that the situation  is  com p aratively  sim p le  and our re su lts  
showed that th is  is  in fact the ca se .

107Ag is  a nucleus which is  bracketed by l°6Pd and 108Pd in the period ic  
tab le . Thus we expect that its  le v e ls  can be d escrib ed  in ter m s of the weak  
coupling m odel based  on th e se  n uclei as its  core. F ig . 11 shows the le v e ls  
of th ese  three n uclei, and it is  seen  that the conjecture is  co r re c t  to a 
good extent. In F ig . 12 we show as an exam ple the angular d istribution  from  
the 950 keV le v e l and the fit by coupled-channel ca lcu la tion s. We b elieve  
th is  le v e l is  d escrib ed  la r g e ly  as p j^ -p roton  coupled to the two-phonon 2 + 
sta te  in the core, and th is conjecture m ay be supported by the fact that the 
angular d istribution  is  rem arkably s im ila r  to what we saw  in the (p, p' ) 
c r o s s -s e c t io n s  from  two-phonon 2+ s ta te s  in  F ig . 9. S im ilar r e su lts  w ere  
obtained for sta tes  which are based  on two-phonon 4+ s ta te s .
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FIG. 11. Comparison of levels in 107Ag and those in 106’108Pd.

In th is way we w ere able to p aram etrize  the w ave-functions of se v er a l 
le v e ls  of l0r,Ag.  T h ese w ave-functions w ere then used  to ca lcu la te  various  
7 -r a y  tran sition s , and fa ir ly  good agreem ent with experim ent w as obtained. 
N ev e rth e less , exp erim en ta l facts ex ist  which show that the va len ce proton  
does not occupy the p ^ 2 orbit a ll the tim e . Thus the s im p le  weak coupling  
m odel we used is  too crude and the im portance of the m icro sco p ic  approach  
m ay again be invoked.

Much work has been  reported  on the m icro sco p ic  an a lyses of in e la stic  
sca tter in g  data [15], but gen era lly  speaking it is  s t i l l  in its  infancy, in
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F IG .12. Coupled-channels fit to (p ,p ')  data from 950 keV State in 107Ag.

p articu lar in the se n se  that effort is  s t i l l  being put into c lar ify in g  its  reaction  
m echan ism  rath er than for u sing  it to in vestigate  nuclear stru ctu re. In 
m any c a s e s  su c c e ss fu l ca lcu la tion s w ere m ade for the on e-step  co llec tiv e  
tra n sitio n s , probably b ecau se many p a r tic le -h o le  tran sition s add up 
coh eren tly  in th is ca se , and thus the resu ltin g  am plitude i s  in sen stitiv e  to 
various p aram eters involved in the theory. S u ccess was a lso  obtained in  
d escr ib in g  the excitation  of a lm ost pure o n e-p a r tic le -o n e-h o le  type s ta te s . 
H ow ever, if  the excitation , for exam ple, of a tw o-phonon-like sta te is  con 
cerned , the situation  is  not very  good; h ere the lack  of the knowledge of 
eith er or both good m icro sco p ic  w ave-functions and effec tive  two-body  
in teraction s shows up badly. It should be noted that th is i s  just w here good 
m icr o sco p ic  theory is  m ost urgently needed. A s im ila r  statem ent to the 
one I have m ade about the m icro sco p ic  approach could a lso  be m ade about 
the an a lyses of the (p, p1 ) p r o c e ss  b ased  on the d istorted  wave im p u lse  
approxim ation (DWIA). One in terestin g  finding recen tly  m ade by Haybron 
[24] is  that the th eo re tica l (p, p' ) c r o s s - s e c t io n  obtained by DWIA gets  
too sm a ll if  the proton energy is  le s s  than 100 MeV or so . Since DWIA 
is  known to be good at very  high energy, such a resu lt is  not n e c e ssa r ily  
v ery  su rp risin g . N ev erth e less  it c lea r ly  in d icates the im portance of h igher- 
ord er co rrectio n s , e ith er in the reaction  m echanism  or in the evaluation  
of the two-body t-m a tr ix  e lem en ts , and thus se e m s to p resen t an in terestin g  
th eo re tica l problem .

I would lik e  to touch very  b riefly  on the sca tter in g  of nuclear p a rtic les  
from  deform ed n uclei. One n oticeab le p iece  of work done in the past year  
or so  i s  the finding by the B erk eley  group of the P4 -type deform ation  in  
r a r e -e a r th  nuclei from  the an a lysis  of (a,  a ' )  data [25]. T his, how ever, 
w ill be d iscu ssed  in la ter  s e s s io n s  devoted to the stru cture of deform ed  
nuclei,and  I sh a ll not go into it h ere .

Another p iece  of work which I want to re fer  to is  the m easu rem en t of 
the to ta l c r o s s - s e c t io n  at of neutrons from  165Ho [26]. The neutron energy  
ranged from  2 to 135 MeV, and F ig. 13 show s the re su lts . The Cd and Pb
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FIG. 13. Total cross-section of Cd, Pb, and 165Ho for neutrons.

data w ere obtained by a H arw ell group som e tim e ago [27]. The th e o re tic 
al fit to them  is  P e r e y 's  ca lcu lation , which he kindly m ade for u s. There  
V, W and WD w ere assum ed  to vary lin ea r ly  with energy. U sing P e r e y 's  
p aram eters, cjt was calcu lated  for 165Ho by u sing the adiabatic coupled- 
channel calcu lations [28], assum ing that ¡¡2 - 0. 33. The fit is  good except 
at around 10 MeV. The m easu rem en ts and calcu lations of at w ere a lso  
m ade for an oriented  target, and the d ifferen ce of th is a t and that for an un
oriented  target, which we ca ll the deform ation effect, is  shown in F ig . 14. 
The agreem ent betw een theory and experim ent is  very  good.

To get an in sigh t into what is  happening, the sam e data w ere studied  
from  the point of view  of the nuc lear  R am sauer effect. A ccording to this 
[29], crt o sc illa te s  with energy b ecau se the product of the path length (which 
is  the nuclear radius along the beam  direction) tim es  the d ifferen ce of the 
wave num bers in sid e and outside the nucleus p eriod ica lly  b ecom es equal 
to in teger m ultip les of тт. If the target is  oriented, the effec tive  path length  
is  changed from  what it was for the unoriented target. T h erefore the 
o sc illa to ry  nature of crt is  m odified, and th is d ifferen ce of the effec tive  path
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FIG .14 . Deformation effect in the to ta l neutron cross-section for 165Ho.

length g iv es r is e  to the deform ation effec t. With th is fact in mind and then  
m aking a sim p le  geom etr ica l assum ption on the target area, it is  e a sy  to 
to d erive a form ula which a llow s one to ca lcu la te  the deform ation effect  
from  the known exp erim en ta l at for unoriented target. The dotted lin e  in 
F ig . 14 is  obtained in th is  way and, as is  seen , it  a lso  rep rod u ces the 
experim ent quite n ice ly .

In rev iew in g  the in e la stic  sca tter in g  problem , one thing that should  
not be excluded i s  the (p, p' ) p ro ce ss  v ia  the isob aric  analogue reson ance  
(IAR). Since the p rob lem s re la ted  to the analogue sta tes  are to be r e 
view ed by P r o fe s so r  T em m er la ter  in  th is  Sym posium , I sh a ll only b rie fly  
su m m arize what i s  the p resen t th eo re tica l status of the an a lysis of IAR, 
as far as I understand it.

As is  w ell known, the an a lysis  of the (p, p' ) p ro ce ss  v ia  IAR can in 
prin cip le give sp ec tro sco p ic  inform ation  on the exc ited  sta tes  of the target.
In particu lar, it  is  b elieved  to give d irect in form ation  on the p a r tic le -h o le  
stru cture of th ese  s ta te s . A lready som e intu itive argum ents have been  
m ade along th ese  lin e s , e . g. by M oore et al. [30], and it has been shown  
that such a conjecture is  tru e. H owever, the con stru ction  of th eo rie s  
which allow  d etailed  n u m erica l an a lysis  of the excitation  functions and 
then the extraction  of sp ec tro sco p ic  fa cto rs is  s t i l l  underway, and at p resen t  
a large amount of exp erim en tal data are being le ft  unanalysed. N ev e rth e less ,
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u sefu l th eo re tica l techniques have now been developed quite ex ten siv e ly , and 
it  se e m s that we are a lm ost ready to start detailed  n u m erica l ca lcu la tion s.

T here are se v e r a l p o ss ib le  approaches to th is prob lem . One is  the 
R -m atrix  theory [31]. T his theory w as used  su c c e ss fu lly  by Robson [32] 
in h is e a r lie s t  paper on the (p, pQ) p ro ce ss  v ia  IAR. T his theory has often  
been  c r it ic ize d , how ever, b ecau se it in troduces a m atching radius a, and 
the extracted  sp ec tro sco p ic  factors are functions of it. This dependence 
on a can be rem oved  in prin cip le if  the com plete se t  of sta te s  defined in 
the internal reg ion  is  included in a ll step s of the ca lcu lation , but c lea r ly  
such a ca lcu lation  is  im p o ssib le . R ecently Lane and Robson [33] invented  
a technique in which only a few e ig en sta tes  in the internal region  are used , 
and the a dependence of the final re su lt  is  la r g e ly  rem oved . We expect 
that the application of th is technique to IAR w ill be reported  sh ortly  by 
them .

Another m ethod is  the so -c a lle d  sh e ll-m o d e l approach to reaction s, 
which was in itiated  by Fano [34] and may be con sid ered  as a sp ec ia l  
rea liza tion  of F esh b a ch 's  general theory of nuclear reaction  [35]. Many 
people have worked along th ese  lin e s , but the m ost ex ten sive  developm ent 
w as m ade by W eidenm üller and h is co llab orators [36]. Unfortunately, 
how ever, W eid en m ü ller 's work se e m s to have been based  on a m iscon ception  of 
the behaviour of the proton in IAR, and thus many of the resu ltin g  form ulas  
are u s e le s s ,  though not all.

In the sh e ll-m o d e l approach, one f ir s t  d iv ides the tota l Ham iltonian  
into two parts: the one-body potential and the resid u a l in teraction s  
V. It should be noted that th is d iv ision  is  not unique, s in ce  a part of the 
one-body potential in the orig inal H am iltonian can be included in the resid u a l 
in teraction  if  th is is  found to be convenient.

In d escrib in g  the IAR, the m o s t  id eal way to start is  to w rite  down the 
wave-function of the par.ent analogue state , and then operate the T_ operator  
resu ltin g  in the so -c a lle d  'id ea l' analogue sta te . Since th is  T_ operator 
op erates only on the iso sp in  part of the w ave-function, the sp atia l behaviour of 
the protons in the id ea l analogue sta te s  m ust be the sam e as that of the 
corresponding neutrons in the parent analogue sta te . T his m eans that at 
th is  stage the one-body potential to be used for protons m ust be the sam e  
as that u sed  for neutrons. We know, however, that in addition to the fact 
that the Coloumb in teraction  e x is ts  for protons, the nuclear part of the 
one-body potential is  much deeper for protons than for neutrons. (In fact,
I b e liev e  that th is is  the reason  why we get T> analogue sta te s  h igher than 
the corresponding T< antianalogue sta te s . ) Thus in  th is approach the p-n  
potential d ifferen ce plus the Coulomb interaction  m ust be part of the r e 
sidual in teraction .

The id eal analogue sta te is  a bound sta te by construction , its  energy  
being equal to that of the parent analogue sta te if only H0 is  con sid ered .
We now take into account the resid u a l in teraction  to re -ev a lu a te  the e igen -  
energy of th is analogue state; then c lea r ly  it b ecom es h igher than the e igen -  
energy of the parent analogue sta te just by A c , the Coulomb energy for a 
proton. We thus get a bound sta te embedded in the continuum , which is  a 
typ ica l situation  in F a n o 's  theory.

We finally  con sid er the coupling of th is bound analogue sta te with the 
continuum via the resid u a l in teraction  defined p rev iou sly . The m atrix  
elem ent of th is in teraction  between the continuum and the analogue state  
w ave-functions g ives the reduced  width which we want to evaluate.
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I have found that the form alism  given by MacDonald and M ekjian [37], 
based  on the К-m atrix  approach, is  quite su itable for form ulating the 
program  I have just d escrib ed , so  I have taken their form ulas as our 
startin g  point. Since the m ath em atica l stru cture of the К-m atrix  theory  
is  very much the sam e as that of the R -m atrix  theory, the derivation  of 
the S -m atr ix  elem en ts from  the К-m atrix  can be done fa ir ly  e a s ily  
fo llow ing the technique'developed  for the R -m atrix  theory by Lane and 
Thom as [31]. The final ex p ress io n  of the S -m atr ix  is  given in such a way 
as to allow a d escrip tion  of m ost of the im portant fea tu res known for IAR, 
such as the asym m etric nature of the reson an ce, and the fine stru cture  
superim p osed  on it. A lso , the sp ectro sco p ic  factor can be defined in 
exactly  the sam e way as is  done in DWBA for (d, p) p r o c e s se s . The (p, p1 ) 
p r o c e s se s  can be treated  com p letely  in paralle l'w ith  the (p, p0) p r o c e ss .

I sa id  p reviously  that the reduced  width w as defined as the m atrix  
elem en t of the resid u a l in teraction . I m ade th is statem ent for sim p lic ity , 
but it is  not in  fact co rrect. Since the resid u a l interaction  in clu d es part 
of the one-body in teraction , the so -c a lle d  continuum -continuum  in teraction  
m ust be considered  all the tim e, even if  the orig inal resid u a l in teraction  
had no two-body in teraction . C onsideration  of the continuum -continuum  
in teraction  then fo rc es  us to introduce an effec tive  interaction  which should  
rep la ce  the orig in a l resid u a l in teraction  in the evaluation of the reduced  
width. In th is way the derivation  of the effec tive  in teraction  b ecom es the 
central problem  of the n um erica l ca lcu lations in th is approach.

The evaluation of the e ffec tiv e  in teraction  is  shown to be equivalent 
to evaluating a kind of Neuman s e r ie s .  In a paper treatin g the e la stic  
sca tter in g  of neutrons by 15N, W eidenm üller et al. [38 ] showed that such  
a problem  can be handled by u sing a technique developed by W einberg [39].
I thus reform ulated  th is technique so  as to m ake it applicable to our problem  
of IAR and thus the effec tive  in teraction  w as obtained. A com puter program  
to perform  n um erica l ca lcu lation s along th ese  lin es  has been w ritten  and 
te sted  in a ll but the very  la s t  stage . I thus hope we can begin to extract  
the sp ectro sco p ic  factors very  sh ortly .
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D I S C U S S I O N

A.  BOH R: A p o s s i b l e  r e a s o n  f o r  th e  d i f f e r e n t  /З- v a l u e s  o b ta in e d  f r o m  
th e  e x c i t a t i o n  of 2 + and  3~ v i b r a t i o n s  in  d i f f e r e n t  p r o c e s s e s  s u c h  a s  (p, p ') ,  
( a ,  a ' )  and  C o u lo m b  e x c i t a t i o n  m ig h t  b e  th e  i s o v e c t o r  c o m p o n e n t  in  th e  
d e f o r m e d  p o t e n t i a l s .  T h e  s t r e n g t h  of t h i s  c o m p o n e n t  c o u ld  b e  o b ta in e d  
f r o m  th e  s t u d i e s  o f  th e  e x c i t a t i o n  o f  th e  i s o b a r i c  s t a t e s  in  (p, n) r e a c t i o n s .

T .  T A M U R A : I se e , but my m ain concern  is  in the ratio of /321 //3 2 •
F o r  e x a m p le ,  C o u lo m b  e x c i t a t i o n  g iv e s  t h i s  r a t i o  c lo s e  to  u n i ty ,  w h i le  m y  
(p, p ' )  v a lu e  i s  a b o u t  h a l f .
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V. GILLET: F rom  a m icro sco p ic  point of view  the su rp r is in g  fact 
i s  not that th ere are d ifferen ces between the /З-v a lu es extracted  from  
(p, p1) data and those extracted  from  (e, e1) sca tter in g  or Coulomb excitation, 
but that th e se  are so  s im ila r  in  som e of the c a se s  you have p resen ted . T h ese  
p r o c e s se s  involve quite d ifferent parts of the nuclear w ave-function . F or  
exam ple, for Cd iso to p es, the E-M  excitations involve the 2-proton  hole 
core com ponents only, w hile (p, p1) involve a lso  the neutrons of the open 
sh e ll .

T . TAMURA: Iknow that if you take m icro sco p ic  d escrip tion  youwould  
get d ifferent /З-v a lu e s  for d ifferent p r o je c tile s . What I would lik e to se e  
i s  som ebody explaining the d ifferen ce in a convincing, c lea r -c u t way.

J . BANG: When the /Зх.-v a lu es m easu red  by Coulomb ex c ita tio n ‘and 
by in e la s tic  sca tter in g  at h igher en erg ie s  are  com pared it is  n e c e ssa r y  
for the charge d istribution  assum ed in the calcu lations of Coulomb ex c ita 
tion  to be r e a lis t ic .  T h is is  tr iv ia l and so  is  the fact that the point is  
p articu lar ly  im portant for the h igher m u ltip o les , but uniform  d istrib u tion s  
are in effect often used in the ca lcu la tion s.

T . TAMURA: I think your question is  e s sen tia lly  the sam e as that 
of Dr G illet, so  my answ er to him  ap p lies a lso  to your question.
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Abstract — Аннотация

COLLECTIVE STATES IN CONTINUUM. An analysis of the state of theory describing co llective  
excitations of nuclei in the region of the  continuous spectrum is given. Isobaric analogue resonance in heavy 
nuclei is considered as a special case of a co llective  sta te . The accuracy of the approxim ate methods used 
to calcu la te  the  nucleon resonance widths is estim ated by the method of strong coupling of channels.

К О Л Л Е К Т И В Н Ы Е  СО СТ О ЯН И Я  В Н Е П Р Е Р Ы В Н О М  С П Е К Т Р Е . Д ан ан ал и з со сто ян и я  
тео р и и , описы ваю щ ей ко л л ек ти в н ы е  во зб у ж д ен и я  яд ер  в о б л асти  н еп р е р ы в н о го  с п е к т р а . Как 
особы й  случай  к о л л е к ти в н о го  с о сто я н и я  р а с с м а т р и в а е т с я  и зо б ар и ч еск и й  а н ал о го в ы й  р е з о 
нан с в тя ж е л ы х  я д р а х . С помощ ью  р а с ч е т о в  по м ето д у  сильн ой  с в я з и  к а н ал о в  о ц ен и в ается  
то ч н о сть  п риближ енны х м е т о д о в , и сп о л ь зу е м ы х  для р а с ч е т а  нуклонной ширины р е зо н а н с о в .

The problem  of co lle c tiv e  s ta te s  in continuum is  handled under three  
m ain headings:

(1) C la ss ifica tio n  of co lle c tiv e  s ta te s  and the m eans for th e ir  e x c ita 
tion  and study.

(2) Damping of co lle c tiv e  exc ita tion s as an effect of coupling with 
s ta te s  of a d ifferent nature.

(3) C o llective  s ta te s  in continuum as an effect of the strong coupling  
of channels; the d ecay involving p a rtic le  em iss io n .

' ?  I

The c la ss if ic a tio n  of s ta te s  is  not d ifficu lt. This m ay be done on a 
sim p le  form al b a s is , accord in g to the rank of the sp a tia l, sp in  and i s o 
sp in  parts of op erators which ex c ite  th e se  s ta te s  when acting on the 
ground s ta te s  o f a nucleus;

<3u (sq) = )  pj (r¡) [ Ye(i) .X <JS(i)]k • Tq(i); s  = 0; 1; q = 0; 1; k = T + s
í- ¡  q

i

(for exam p le, q = 0 are the is o s c a la r  excitations; q = 1 are  the iso v e c to r  
excitations; s = 1 a re  the p r o c e s se s  with sp in  flipping, e tc .) . The 
gen era l stru ctu re of operators

A

Qkl<scl)  = ^ $ k i ( scl)
Í = 1

is  d eterm ined  by the additive ch aracter  of outer perturbations with resp ect  
to the nucleons of a nucleus (" im pulse approxim ation"). When d iscu ss in g
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such  p r o c e s se s  we confine o u rse lv es  to the c o llec tiv e  s ta tes  w here ex c ita 
tions of the p a r tic le -h o le  type form  the b a sis .

The b est known and m ost im portant exam ple of such s ta te s  is  the 
dipole giant reson ance of photoabsorption [1]. F o r  a long tim e photo- 
nuclear reaction s w ere p ra ctica lly  the only m eans of studying the c o l
le c t iv e  exc ita tion s of n u clei in  continuum . But at presen t the idea of the  
giant reson an ce is  w idely used  in other f ie ld s , both c lo se  to photonuclear  
rea ctio n s and a long way from  them . It is  in terestin g  that the p rob lem s  
of h igh -en ergy  nuclear p h ysics are now am ong the m ain stim u li in in 
vestiga tin g  the stru cture of various giant reso n a n ces. In what w ays can 
th e se  in vestigation s be prom oted?

F ir s t ,  the excitation  and decay of co lle c tiv e  s ta te s  are of particu lar  
im portance for the p r o c e s se s  of nuclear d isin tegration  in elem en tary  
p artic le  absorption. H ere the excitation  and decay com pete stron g lyw ith  
the "direct" m echanism  of d isin tegration . The relation  between the d irect  
and reson an ce m ech an ism s of d isin tegration  is  one of the m ain p rob lem s  
of the ц -cap tu re theory  [2]. S evera l q uestions of weak in teraction  theory  
depend on the solution  of th is  problem . The sam e problem  is  involved in 
such th e o r ie s  as the тг-m eson  radiation capture theory  [3] and the n -m eson  
photoproduction theory [4].

T here is  a certa in  analogy between the p r o c e sse s  of -cap tu re and the 
photodisintegration  of n u clei. This analogy, how ever, m akes it p ossib le  
to esta b lish  certa in  quantitative relation s betw een the p rob ab ilities of the 
two p r o c e s se s  only in som e sp ec ific  c a se s  (in p ractice  th ese  are only the 
lig h test "alpha-particle"  n u clei). In dealing with m edium  and heavy  
n u cle i, the sta te s  excited  in the photoeffect and ц -capture only p artia lly  
overlap  — the le s s  so  with in crea sin g  A [5]. Even the dipole portion of 
the tra n sitio n s in ц -capture does not correspond  to the whole d ipole giant 
reson an ce of photodisintegration  but to its  upper weak branch with is o -  
spin  which exceed s the iso sp in  of the ground sta te  by unity: T = T? = TQ+ 1 
(se e  F ig . l ) .

Thus, the u se  of the idea of the giant reson ance in /л-capture theory  
and in other s im ila r  p r o c e sse s  has in sp ired  the search  for d irect w ays 
of finding the appropriate co llec tiv e  s ta te s .

Another urgent problem  of h igh-en ergy  nuclear p h ysics in vo lves a 
s im ila r  program . I have in mind the p rosp ects of using com plex n uclei as 
a se le c to r  of individual m ech an ism s (am plitudes of elem en tary  p article

( N,Z)

F IG .l. Schem atic relation between dipole transitions in muon capture and photoeffect.
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in teraction  with n ucleon s). The sp ec ia l p urpose'of'such  an approach is  to 
te s t  various on e-boson  exchange m od els for d escrib in g  the am plitudes of 
elem en tary  p artic le  sca tter in g  [6 ,7 ] .  From  th is view point, the co llec tiv e  
excitation  of various types is  a sso c ia ted  with the exchange of various  
in term ed iate b oson s. The excitation  stru ctu re d eterm in es the stru cture  
of the corresponding ver tex  parts which, for the im p u lse  approxim ation, 
m ay be d irectly  ex p ressed  through the m atrix  e lem en ts of the tran sition s .

Thus the problem  of the co llec tiv e  excitation  of a nucleus is  added to 
the problem  of "com plete experim ent" for determ ining the c h a ra c ter is tic s  
of a nucleus as an "elem entary particle"  [8 ].

The m ost obvious way' of excitin g  and studying co llec tiv e  s ta te s  in 
continuum is  the in e la s tic  sca tter in g  of e lec tro n s and protons. In eith er  
ca se  the dipole giant reson an ce is  stron gly  excited  but at th is reson ance  
the le v e ls  of the sp in -w ave reson an ce are a lso  excited  in the sam e region . 
T h ese le v e ls  correspond  in the ev en -ev en  n u clei to the s ta te s  0 ” , 1"
(with spin flip) and 2 ”. The excitation  of th ese  le v e ls  in the c a se  of 
e lec tro n  and proton sca tter in g  has been repeated ly  d iscu ssed  w ithin the 
fram ew ork of the sh e ll p a r tic le -h o le  approach [9] and it has been shown  
that th is excitation  m ay be d escrib ed  on the sam e b a sis  and with about 
the sam e accu racy  as the usual d ipole excitation . No sp ec ia l prob lem s  
are seen  h e te  at p resen t.

The study of highly excited  co lle c tiv e  sta te s  in m edium  and heavy  
n uclei p resen ts m uch grea ter  d iff ic u lt ie s . In th is ca se  the data on in 
e la s tic  elec tron  sca tter in g  are absent a ltogether (only quite recen tly  
have the f ir s t  th eo re tica l ca lcu la tion s been perform ed [10]). As regards  
the photoeffect, even in th is  prob lem , w hich has been much studied, the 
im portant questions rem ain  unsolved: a re lia b le  way of in vestigatin g  the 
quadrupole absorption  of 7 -quanta has not been evolved; the overlapping  
ch aracter  of the m ain branches of the dipole o sc illa tio n  with T = T0 and 
T = Tq + 1 is  obscure; it is  not c lea r  to what extent the overton es of the 
dipole o sc illa t io n s  a re  im portant. T h ese questions w ere d iscu sse d  in 
d etail in 1967 at the F ir s t  International C onference on E lectrom agn etic  
Interactions at Dubna but no great p ro g ress  has been noted s in ce  then.

Just recen tly , the f ir s t  exp erim en ts w ere carried  out [11] bearing  
on the charge exchange (n, p) reaction . The u se  of neutrons with high 
en erg ie s  (higher than hundreds of MeV) at high (of the ord er of 1 MeV) 
m onochrom aticity  of the beam lends great value to th is  reaction  from  
the viewpoint of the above-m entioned  "com plete experim ent" . T his r e a c 
tion is  of sp ec ia l im portance as an addition to in e la stic  sca tter in g  r e a c 
tions in ord er to separate individual-types of co lle c tiv e  exc ita tion s in the 
m edium  and heavy n u clei corresponding to d ifferent va lu es of iso sp in .
In the ab sen ce  of strong sp in -flip  e ffec ts  the (n, p) reaction  m ight be a 
d irect m eans of studying the upper branch of the dipole o sc illa tio n s  in

F(q) A

С
О i=l
о£¡

heavy n u clei which, accord ing to p resen t op inions, is  a sso c ia ted  with the 
m axim um  of the (7 , pi c r o s s - s e c t io n . H ow ever, th is m ay unfortunately
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not be tru e. In the M oscow State U n iversity , K arapetyan, K orenm anand  
Y adrovsky recen tly  estim ated  [12] the (n, p) reaction  on the 90Zr nucleus  
for neutrons with en erg ies  of 150 MeV. The excitation  sp ectra  of the 
90Y resid u a l n ucleu s, calcu lated  in the fram ew ork of the im pu lse approxim a
tion  for sm a ll an gles of proton esca p e , show (see  F ig .2) that in th is r e a c 
tion  the sp in -flip  tran sition s w ill be m ost stron gly  excited  including the  
le v e ls  1" w hose analogues in the target nucleus are  not the le v e ls  of the  
dipole excitation  but the sp in -w ave reson ance J = 1"; T = To + 1, which  
is  3 MeV higher than the m axim um  of the (y, p) reaction .

О---------,---------------------- ,----------------------,----------------------r
E y 25 20 15 10

FIG.2 . C alculated excitation spectrum in the 90Z r (n ,p )90Y reaction at 150 MeV compared with ex
perim ental data for the ^Z -riy , p)fi9Y reaction and theoretical calculations for the dipole excitation in 
zirconium with isospin T>.

V irtu ally , study of com plex giant reson ances in m edium  and heavy 
n uclei has not yet started . It is  hardly lik ely  that their explanation w ill 
require a theory differing from  the theory of the photoabsorption giant 
reson ance. In any ca se , experim ents are urgently needed.

II

Let us turn now to the theoretica l prob lem s. The m ain trend of recent 
th eo retica l stud ies in the field  under consideration  is  the inclusion  of the 
sp ec ific  ch aracter of the form ation of co llec tiv e  excitations in continuum  
which is  due to the p resen ce of a number of open channels. F or th is purpose, 
various m ethods w ere used for solving the general equations of the m any- 
channel sca tter in g  problem . T hese equations w ere sim p lified  by using a 
lim ited  se t of channels with the help of gen eral ideas of the sh e ll m odel.
With such an approach the reson ances for the reaction s, including m ore  
in ten sive  reson ances corresponding to the co llec tiv e  excitation s, appear 
"autom atically" as an effect of the channel coupling. One usually  con 
s id er s  the p a rtic le -h o le  excitations in the continuum of double m agic  
n uclei 12C, 16O, 40Ca. D esp ite the variety  of approaches, the com m on
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problem s are so lved . T h ese are the sca tter in g  and charge exchange of 
nucleons on the "hole" n uclei (in p ra ctice  on 1SN) [13, 14], the dipole  
photoeffect [15 -18 ], and the excitation  of the d ipole giant reson an ce by 
e lec tro n s [1 9 ,2 0 ]. The ca lcu lation s of nuclear d isin tegration  at 
ju-capture [21] are  a lso  involved h ere . We have just fin ished  work on a 
unified d escrip tion  of the q u a sie la stic  (with nucleon knock-out) and in 
e la s tic  (with excitation  of m an y-p artic le  reson an ces) sca tter in g  of h igh- 
energy e lec tro n s [22].

As regard s the lon g -term  (4-5 yea rs) activ ity  of variou s groups in 
th is fie ld , it is  of in te re st now to go back to the orig in a l so u r c e s .

The m ain stim ulu s for the developm ent of the m odern theory of 
co llec tiv e  sta tes  in continuum w as the ab sen ce of a unified d escrip tion  
of the d irect and reson an ce p r o c e s se s  in rea ctio n s. In addition, som e  
d issa tis fa ctio n  was caused by the fact that w ithin the fram ew ork of the 
sh e ll p a rtic le -h o le  approach, gen era lly  accepted  e a r lie r , the in terp reta 
tion of highly excited  sta te s  of a co llec tiv e  nature in no way d iffered  from  
the con sid eration  of low (for exam ple quadrupole) co llec tiv e  s ta te s . In 
such an approach, the o n e-p a r tic le  functions of an infinite w e ll (infinite  
rectangular w ell, N ilsso n  functions) w ere often u sed , which w as esp e c ia lly  
in ad m issib le  when d escrib in g  s ta te s  in the region  of continuum . In particu lar  
th ere  w ere objections to the com bination of the reduced width m ethod for 
calcu lating the decay of s ta te s  and the d iagonalization  m ethod of con figura
tion  m ixing in continuum .

An a n a ly sis  of the r e su lts  obtained within the fram ew ork of t’.ie new  
approach show s that in som e c a s e s  th is approach to som e extent re fin es  
the old sh e ll approach and brings th e ; r e su lts  of the calcu lation  c lo s e r  to 
exp erim en t. T his statem ent con cern s the fo rm -fa c to rs  of in e la s tic  e l e c 
tron  sca tter in g  and the probability  of ц -cap tu re. The new approach m akes  
it p o ssib le  to 'in clu de m ore naturally  the m ixing of individual d ipole le v e ls  
for the iso sp in , which r e su lts  in an additional stru ctu re of the giant r e 
sonance, etc . H ow ever, in the light of the m ost urgent prob lem s relatin g  
.to the nature of the co lle c tiv e  s ta te s  th ese  im provem ents m ay not seem  
so im portant. Of g rea ter  im portance is  the fact that the new ca lcu lation s  
roughly repeat the r e su lts  of the s im p ler  old sh e ll-m o d e l approach, th e r e 
by substantiating it to a certa in  extent. T hese ca lcu la tion s g ive a lm ost the 
sam e p osition  of reso n a n ces as the old approach and the widths of the r e 
son an ces appear to be in qualitative agreem en t with what m ay be obtained  
by u sing  the d iagonalization  procedure and reduced width m ethod. In th is  
ca se  the d isagreem en t with experim ent is  s t i l l  m uch g rea ter  than the 
d ifferen ce betw een the th eo re tica l r e su lts  (it w ill be noted once m ore  that 
th e se  con clu sion s are  drawn from  calcu lation s for light n uclei).

It b ecom es m ore and m ore obvious that the m ain d efect of the c la s s ic a l  
p a rtic le -h o le  approach to the d escrip tion  of co llec tiv e  s ta te s  in continuum  
does not l ie  in the fact, that the sp ec ific  ch aracter  of form ation  of th ese  
exc ita tion s, due not only to the c lo se  channels but a lso  to the open on es, 
w as not taken into account. The p a r tic le -h o le  excita tion s a re  stron gly  
coupled with other s ta te s  of a m ore com plex nature (two p a r tic le s  - two 
h o les , e tc .) . This coupling d estro y s the coh eren ce of m otion  of individual 
nucleon s, thus resu ltin g  in a com plex stru ctu re of the co llec tiv e  reson ance  
and an in cr ea se  in its  width. Of co u rse , in the c a se  of a s tr ic t  approach  
th e se  s ta te s  should a lso  be con sid ered  by taking the sp ec ific  ch aracter  of 
continuum into account. Such gen era liza tion s, of the theory of p a r tic le -
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hole excita tion s in continuum have been m ade by G illet et a l. [23] and by 
the author and co lleagu es in the M oscow State U n iversity  [24]. It se em s  
to m e, how ever, that such a tech n ica lly  subtle procedure d iverts attention  
from  the m ain d ifficu lties of the theory. The d ifficu lties a r ise  not from  
the techn iques of including individual com plex sta tes  but from  the fact 
that it is  not quite c lea r  which sta tes  determ in e the spread of the c o llec tiv e  
excitation , at what freq u en cies iney are located , and (which is  of grea test  
im portance) whether an e sp e c ia lly  stron g su c c e s s iv e  coupling of the two 
h o les  - two p a rtic les  sta te s  with even m ore com plex sta te s  takes p lace.

The m icro sco p ic  theory of the damping of co llec tiv e  p a rtic le -h o le  
excita tion s in nuclei was based on es tim a tes  of the coupling between the 
dipole and quadrupole (surface) o sc illa tio n  [25]. At presen t G r e in e r 's  
group has used  great sk ill in calcu lating th is coupling and has calcu lated  
the c r o s s - s e c t io n  of the dipole photoabsorption in a num ber of n uclei 
u sing the m ethod of d irect d iagonalization  of the co llec tiv e  Ham iltonian  
in the sp ace of the sta te s  which contain a large  number of quadrupole 
phonons [26]. Much work on the theory of damping of c o llec tiv e  s ta te s  
is  being done by Y ud in 's group [27]. In particu lar, th is group has shown 
that not only quadrupole o sc illa tio n  but a lso  other co llec tiv e  s ta te s  with 
a h igher m ultip olarity  (of the types 3" and 5 “) m ay stron gly  a ffect the 
form  of the dipole reson ance. Investigation of the connection between  
various m odes of co llec tiv e  nucleon m otion in n uclei has becom e a w id e
spread  problem  of m icro sco p ic  theory. This trend, as applied to the 
p hotoeffect, cannot be estim ated  until the energy d istributions of the 
photoproducts and the relation  of the branches of the m ain reaction s  
(7 , n) and (y, p) are con sid ered  on this m icro sco p ic  b a sis . The sp ectra  
of the photoprotons and photoneutrons calcu lated  within the fram ew ork  
of the p a r tic le -h o le  m odel appear to be too hard. It is  c lea r  that the 
w idening of the dipole absorption curve ca u ses a softening of th ese  sp ectra  
and draws th eir  form  c lo se r  to the s ta tis t ic a l one which is  ch a ra c ter istic  
for the evaporation m od els.

Ill

The p rob lem s of d escrib in g  the re a l (with nucleon em ission ) decay  
of co llec tiv e  dipole sta tes  are c lo se ly  a sso c ia ted  with the problem  of 
th e ir  damping - spread over s ta te s  of a d ifferent nature. One would 
im agine that the two m ain questions are a lso  stron gly  interlinked with 
the problem  of quadrupole reson ance, giant reson an ces of sp in-w ave  
excitation , e tc . To study the problem  of the decay of co llec tiv e  sta te s  
in a pure form  one should seek  exam p les of those se lec tio n  ru les  which  
break the coupling of th ese  s ta te s  with the background of sta te s  of a d if
ferent nature which surround them . At p resen t, we know only one such  
exam ple: the isob aric  analogue sta tes  of the ground and low er excited  
le v e ls  of heavy n uclei which are located in th ese  nuclei much h igher than 
the thresh old  of th e ir  nucleon decay.

Isob aric reson an ces of such a type are an excellen t exam ple of the 
co llec tiv e  sta te  with typ ica l e ffec ts  of the coherent contribution of various 
p a rtic le -h o le  excitations - in th is ca se , exc ita tion s of the "neutron hole - 
proton" type. This asp ect of the problem  has been dealt with very litt le  
in the many works on an alogue-states and th erefore I sh a ll d iscu ss  it at
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g rea ter  length. I repeat once m ore that I am in terested  in analogue r e 
son ances as a unique opportunity to study, in the pure form , the gen era l 
problem  of the d ecay widths of co lle c tiv e  sta te s  in heavy n u clei. The 
m icr o sco p ic  (m an y-p artic le) theory of th ese  reson an ces has gone through  
se v e r a l s ta g e s . Let us con sid er them  b rie fly  u sing  the c la s s ic a l  exam ple, 
nam ely the analogue of the ground sta te of the 208pb nucleus which m ay be 
ob served  during proton sca tter in g  on the 207Pb nucleus as a narrow (of 
the order of 250 keV in width) reson an ce of the compound n u c leu s208Bi 
(see  F ig .3 ).

0+
208 Pb

207 Pb + p 208 Bi

207
Pb + p'

FIG.3. Schem atic diagram  of excitation of the analogue of the ground state of 20sPb in elastic  and in 
elastic  scattering for 20,Pb + p.
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A ssu m in g from  the v ery  begifining that the iso sp in  is  co n serv ed , the 
s im p lest  way is  to construct the wave function of the 208Bi nucleus in the 
iso sp ace:

SB (208B i;  0+) ~  T (_) Ф (208P b ; 0*)

With such an approach the problem  of the energy p osition  of the analogue 
reson an ce is  absent: it is  com p letely  determ ined  by the Coulomb shift; 
th is  fact a g re es  with exp erim en t. The wave function Ф (208Bi; 0+) appears  
to be en tire ly  determ ined by the su perposition  of elem en tary  p a r t ic le -  
h ole excitation:

Ф (208Bi; 0+) = I j"1 (n) j (P): 0+ >
i

A ccording to the method of con stru ction , th is function absorbs the whole 
sum  of the tran sition s caused  by the charge exchange operator  
T ^  = E a¡ (n) at(p) and in th is  se n se  it is  a function of the co llec tiv e  ex -  

j J 1
citation  with resp ec t to th is operator. The la tter  exp ression  im m ed iate ly  
g iv e s  the reduced widths of the proton decay into various hole le v e ls  of 
the target nucleus 207Pb:

в - I2j + 1P \J 2T0

If the o n e-p a r tic le  widths of the decay Г^0,̂  which depend on the p en etra 
tion  fa c to rs , the channel rad iu s, e tc ., are known one m ay obtain the 
decay widths:

r, = r f  >• e2

Such a procedure w as adopted by Anderson et a l. [28] and resu lted  in 
qualitative agreem ent with exp erim en t.

The next step  [29] was the rejection  of the in itia l assum ption  about 
the con servation  of the iso sp in  in the excited  sta te  and the usual d ia 
gonalization  calcu lation  of the whole spectrum  of bound q uasistation ary  
sta tes  0+ in the 208Bi nucleus on the b a sis  of configurations | j _1(n) j (p) : 0+ )>. 
To zero  approxim ation the p a r tic le -h o le  le v e ls  occupy a narrow band in 
the range of 3 .0 -4 .5  MeV. The in clu sion  of the p a rtic lè -h o le  in teraction  
Vph r e su lts  in an anom alous escap e of one of the sta tes  from  th is range. 
T his is  a typ ica l B ro w n -B o lster ly  effect [30]. The m atrix  e lem en ts of 
the p a r tic le -h o le  in teraction  are  p roperly corre la ted  with the m atrix  
e lem en ts of the excitation  operator:

<ji"1 (n )j1 (p) : 0+ I Vph| j j 1 (n) j2 (p) : 0+>  ~  J 2 j ±+1  • J 2 j 2 + 1
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The co lle c tiv e  le v e l ab sorb s m ore than 98% of the total in ten sity  of
90Я 208the tran sition s Pb - Bi and it is  natural that the reduced widths r e 

lating to th is  le v e l prove to be c lo se  to th ose  calcu lated  in the sch em e of 
pure iso sp in  (Table I).

Now as regard s the problem  of finding the o n e-p a r tic le  proton widths 
: in the work by Anderson et a l. [;28] th e se  widths w ere calcu lated  

u sing an a r tif ic ia l technique the re lia b ility  of which is  d ifficu lt to estim ate.. 
We have not found another m ethod for ca lcu lating them  c o r re c tly  except 
by confining the w hole problem  within the fram ew ork of the s tr ic t  m ath e
m atica l problem  of the coupling of channels in sca tter in g  [31]. With such  
an approach another defect of the old d escrip tion  (separation  of the inner 
and outer reg ion s of a nucleus) m ay a lso  be avoided.

The tota l wave function of the sy stem  207Pb + p is  sought at each  
energy value in the form  of the expansion

*e = I  ^  <rh) ’ V e ' У  
j

w here <pj (rh) are the functions of the h o les and f¡(E, rp) a r e  the sought wave 
functions of a proton in the appropriate channels. A ll the channels are  
open and th is fact d eterm in es the asym ptotic form  of the functions fj 1̂ :

(E, Гр) I ■—» [G(kjrp) - iF (k jr p)] 6y - Sy (E) [G (k jrp) +iF(kjrp)]
r p -»  CO

w here G (kr) and F (kr) are the Coulomb functions. F or the functions 
f j ( E ,r p) we obtain the sy stem  of coupled lin ear equations. Of cou rse , 
th is sy stem  is  reduced according to the tota l angular m om entum  of the 
sy stem  207Pb + p. F or the sta te  0 + we a rr iv e  at a sy stem  of s ix  coupled  
d ifferen tia l equations, accord in g to the num ber of hole le v e ls  of the 
207Pb nucleus: 3 pi/г , 2 î  5/ 2 , З р з /2 , 1 i 13/2, 2 f 7/2, l h 9/2.

[ Hj - (E - £j)] fj (E ,r p) = - ^ V jk (rp) ■ fk(E ,r p)
к

TABLE I. CALCULATIONS OF REDUCED WIDTHS FOR 0+ 
ANALOGUE RESONANCE IN 205Bi

6P
Diagonalization calculation [29] / 2j + 1 ’

V  2 T 0

P l/2
0.22 0 .21

f./> 0.40 0.37

^ 3/2
0.32 0.30
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The W oods-Saxon o n e-p a r tic le  potential is  used  as Hj (in th is  calcu lation  
it is  without an im aginary part, as in A nderson1 s calcu lation).

It can be seen  that th is is  the u sual problem  of channel coupling  
w hich has been developed in d eta il, for exam ple, for application  to 
nucleon sca tter in g  on deform ed n uclei. A p ecu liar ity  of the ca se  under 
con sid eration  is  the appearance high in the spectrum  (10 MeV higher  
than the threshold  and reson an ces of potential scatterin g) of a narrow  
co lle c tiv e  reson an ce which is  so le ly  due to the coupling of the open 
channels betw een each other. In the calcu lation  according to the m ethod  
of d istorted  w aves it is  absent at a ll the channels; at a fixed (su ffic ien tly  
high) coupling am plitude the reson ance is  su c c e s s iv e ly  shifted  tow ards 
higher en erg ie s  when néw channels are included (see  the sch em e in F ig .4 
for one of the in e la stic  sca tter in g  channels). To explain  the shift qualita
tiv e ly  one m ay e a s ily  g en era lize  the B ro w n -B o lster ly  sch em atic m odel 
taking the asym ptotic of the open channels into account.

By fitting the am plitude of the p a r tic le -h o le  in teraction  (it corresp ond s  
to the am plitude of 6 -in teraction  g = 1350 MeV ■ fm3 with exchange p ara 
m eter a = 0.13) one can obtain agreem en t on the position  of th is reson ance  
with exp erim en t. The cu rves of the c r o s s - s e c t io n  of in e la stic  sca tter in g  
w ith ‘excitation  of various le v e ls  of 207Pb for the v ic in ity  of the analogue

r l/2
f 9/2

'S/2 5/2-

1 / 2 -

S/2- 
1 / 2  -

FIG.4 . Effect of the number of the coupled channels in forming the co llective  resonance: schem atic.
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reson an ce a re  shown in F ig .5. In a lm ost a ll the channels the reson ance  
has an a sy m m etr ica l form . The reson ance widths are  m o stly  included in 
the ca lcu lation  as p aram eters but if one approxim ates the reson an ce by 
the B reit-W ign er form ula it is  p o ss ib le  to obtain the proton widths Ij 
and the total width r t, which, within the fram ew ork of th is  ca lcu lation , is  
the sum  of the proton widths from  the cu rves Гр = £ Tj . The va lu es of 
the widths as w ell as the exp erim en ta l data and the r e su lts  of calcu lation  
by A nderson et a l. [28] are p resen ted  in Table II.

FIG .5. Inelastic cross-sections of the reactions z07Pb (p, p’)20TP b* in  the region of analogue resonance 0+. 
Upper diagram : close coupling calculations [3 1 ] .  Lower diagram : experim ent [33] .

The calcu lated  va lu es of the proton widths are overestim ated  (on 
average by a factor of 2) in com parison  with exp erim en t. S im ilarly  as  
in the calcu lations by H ill and Buck of the photoeffect in light n u clei [32], 
an im ag in a ry  part can be included in the W oods-Saxon proton potential; 
th is  would resu lt  in d im inish ing the proton w idths. H ow ever, th ere  is  
fundam entally som e uncertainty about¡ the u se  of the on e-p a r tic le  co m 
plex potential in the problem  of p a rtic le -h o le  in teraction .

A com parison  of the above ca lcu lation  with that by Anderson et al. 
and, to an even g rea ter  d eg ree , with the diagonalization  ca lcu lation  [29], 
is  e sp e c ia lly  im portant. The gen era l agreem en t between th ese  resu lts  
(on an average within 50%) su bstan tia lly  con firm s the valid ity  of the 
sim p le  d iagonalization  approach to the d escrip tion  of co lle c tiv e  reson an ces  
even at such great sh ifts  (of the ord er of 10 MeV) which are  ch a ra c ter istic  
for heavy n uclei.

If one turns now to the m ost d ifficu lt problem  of the spread of c o l le c 
tive  sta te s  in continuum over s t a t es  of a com plex nature, it m ight be 
su ggested  that when solving th is problem  one hardly needs to fear the 
sp ec ific  e ffec ts  of continuum.
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TABLE II. PROTON PARTIAL WIDTHS FOR 0+ ANALOGUE 
RESONANCE IN 208 Bi

207pb Ij(k eV )

E* J*
Experiment

[26]
Pure isospin 

[26]
D iagonalization

[29]
Close coupling 

[31]

0
1"
2

66 60 60.3 81

0.57 5"
2

19 16 17.3 38

0.89
3“
2

44 74 79 92

1*63
13 + 
2

- 0 .4 0 .3 7

2 .3 4
7 "
2

- 8 .8 9 .5 15

3 .63
9"
2

- - - 0 .3

ГР
129 159 166 233

r t 220

The m icr o sco p ic  approach to the ca lcu lation  of the iso b a ric  reso n a n ces, 
outlined above, m ight be con sid ered  as an a lternative to another m ethod  
based on the solu tion  of the re la ted  Lane equations for the c lo sed  neutron  
and open proton channels. The optical (T • t) Lane potential is  good for 
so lv in g  the problem  of the d irect charge exchange (p, n). H ow ever, its  
application  to the problem  of analogue reson an ce excitation  req u ires a 
sp e c ia l foundation. N eg lectin g  an tisym m etriza tion  for a ll the nucleons  
of the sy stem  inherent in th is  m ethod m ay resu lt in spurious s ta te s  which  
are  s tr ic t ly  forbidden b ecau se of s im p le  group con sid era tion s. In 
p articu lar , th is  m ay put one on a fa lse  track , in looking for "antianalogue"  
s ta te s  ( i.e . s ta te s  with m ostly  T4) in c a s e s  w here they just do not e x is t.
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D I S C U S S I O N

J. J. GRIFFIN: I just want to m ention that o n e 's  attem pts to learn  
about nuclear excita tion s at high excitation  energy m ight proceed  from  two 
d irection s. The one is  from  our knowledge of low excited  bound sta tes  
towards a d escrip tion  of the s im ila r  s ta tes  which occur in the continuum. 
T his approach enables us to use th eoretica l knowledge to obtain a detailed  
descrip tion  of certa in  sta te s  in the continuum, as has been d iscu ssed  h ere.

On the other hand, one m ight a lso  im agine that new kinds of excitation  
could ex ist  at high excitation  energy which could resu lt  in stru cture not 
e a s ily  pred ictab le from  our knowledge of lo w -ly in g  bound s ta te s . Then one 
can proceed  in the opposite d irection  (from  the lim it w here bound sta tes  
are very com plicated  and c lo se  together and lead in f ir s t  approxim ation  
to sm ooth c r o s s - s e c t io n s )  and search  in the data for sy stem a tic  deviations  
from  the appropriate sm ooth s ta tis t ic a l descrip tion . The la tter  viewpoint 
m ight recom m end it s e lf  e sp e c ia lly  to exp er im en ta lists .

P. von BRENTANO: Can you say  how much the w ave-function  for the 
ground state analogue of 208Bi(O+ ), which you have calcu lated , d iffers  from  
the wave-function of T_ 1208Pb(0+ ) )> ?

V. V .. BALASHOV: This d ifferen ce has two a sp ec ts . F ir s t, the functions 
differ in a certa in  ' in tegral' m anner, which is  revea led  as a d ifferen ce in 
the ratio of p artia l proton widths calcu lated  using the above m ethod. This 
can be seen  from  Table II. Second, a m ore detailed  d ifferen ce, concerning
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the form  of the proton rad ial w ave-function  in the reson ance, should be 
m entioned. In sp ite of the high b a rrier , the shape of the proton function  
does not coincide with that of the neutron function in the ground sta te of 
208Pb.

D. F. ZARETSKY : In the second ca lcu lation  you did not take into account 
the coupling between the sim p le  configurations and com plicated  s ta te s  of the 
compound nucleus. Are your ca lcu lations stab le against including th is  
coupling? What is  the effect of iso sp in  n on-con servation  upon your 
calcu lations?

V. V. BALASHOV: The coupling you w ere speaking about has been  
taken into account neither in the sim p le diagonalization  nor in the coupled  
channels calcu lation . This coupling is  im portant but its  treatm ent goes  
beyond the scope of the problem  for which our calcu lation  has been perform ed.
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Abstract — Аннотация

ANALOGUE STATES AND RESONANCES. A review is given of recent experiments on isobaric analogue 
resonances (IAR), especially  near closed shells, with exam ples in 208Pb and 118Sn where high-resolution in 
elastic-scattering  data are now availab le . The use of polarized beam s in the  study of IAR is discussed.
Several extensions of resonance experim ents into the  region of deformed and transition nuclei have revealed 
interesting structural inform ation, although the  question o f  the  deform ation dependence of Coulomb displace
m ent energies has not been answered as yet in view of com plications. The use of (p, n) reactions with 
resolved neutron groups via IAR for nuclear spectroscopy seems promising. Many new results are available 
on gam m a decay of 1AR, especially for those with isospin-fobidden partic le-decay  channels, observed m ainly 
in the p-shell and ds-shell nuclei. The question of the isobaric spin splitting of the giant dipole resonance 
(m ainly in 90Zr) is under active investigation. Useful connections have been pointed out between El decay 
of IAR and corresponding first-forbidden beta  transitions. Another class of gam m a transitions recently  observed 
are those de-exciting  residual excited states following inelastic proton scattering through IAR, shedding light 
on the partic le-ho le  structure of excited states. The difference between "allowed" (conventional) and 
"forbidden" IAR is discussed, and the current situation for T=3/2 states in T z = -1 /2  nuclei is summarized in 
the light of recent successful analyses o f these resonances to extract partial and to ta l widths. We also present 
the status of T=2 states in T z = 0 nuclei. The ro le of T-allow ed particle-transfer reactions in establishing the 
properties of these T -m ultip le ts is em phasized. Finally, a number of open problems in these areas are 
presented, such as stripping to isospin-forbidden states, the use of neutrons in the study of IAR, and two — or 
more -  partic le  transfer reactions in the heavy nuclei to excite  additional members of T -m ultip le ts . It is 
pointed out that our theoretical understanding of such problems as the widths of these T-fobidden 1AR, or 
the structural Coulomb displacem ent energy shifts found between m ultiplet members, is generally still 
lacking, although precise experim ental values, and the ingredients for calculations, are availab le.

А Н А Л О ГО В Ы Е С О СТ О ЯН И Я  И Р Е ЗО Н А Н С Ы . Д а е т с я  о б зо р  п о с л е д  них э к сп ер и м ен то в  по 
и зо б ар и ч еск и м  ан ал о го в ы м  р е зо н ан с а м  (И А Р) вб ли зи , гл ав н ы м  о б р а зо м , за м к н у т ы х  о б о л о ч е к . » 
В к а ч е с т в е  п р и м ер а  п р и в о д ятся  2ÜSP b  и 118 Sn, для которы х  в н асто ящ ее  в р ем я  им ею тся д ан 
ны е о н еу п р у го м  р ассеян и и  с вы сокой  степ ен ью  р а зр е ш е н и я . О б с у ж д а е т с я  и сп о л ьзо в ан и е  по
ляр и зо в ан н ы х  пучков для и зучен и я  И А Р . Н екоторы е случаи  р а сп р о стр ан ен и я  р езо н ан сн ы х  
эк сп ер и м ен то в  на о б л а с т ь  д е ф орм и рован н ы х  и п ереходн ы х яд ер  позволяю т  получит ь  и н т е р е с 
ную информацию  о с т р у к ту р е  я д р а , х о тя  воп рос  о за в и с и м о ст и  к у л о н о вск о го  с д в и г а  в эн ер ги ях  
о т  деф орм ац и и  о с т а е т с я  не реш енн ы м  и з - з а  возникаю щ их осло ж н ен и й . И сп о л ьзо ван и е  (р ,п )-  
реакц и й  ч е р е з  И А Р с разреш ен н ы м и  ней тронн ы м и  груп п ам и  для ядерн ой  сп ектр о ско п и и  п р ед 
с т а в л я е т с я  п ер с п е к т и в н ы м . П олучено м н о го  новы х р е з у л ь т а т о в  по у  р асп ад у  И А Р, особенн о  
для  И А Р с зап рещ ен н ы м и  по и зоспи ну  ч асти ч н ы м и  кан ал ам и  р а с п а д а , н аб л ю д аем о м у ,гл авн ы м  
о б р а зо м , в я д р ах  р -о б о л о ч к и  и d S -о б о л о ч к и . И с с л е д у е т ся  воп рос  об и зосп и н ов ом  р а сщ еп л е 
нии г и г а н т с к о г о  дип о л ь н о г о  р е зо н ан с а  (гл а в н ы м  о б р азо м  в luZ r ) ,  У к а зан о  на полезную  с в я з ь  
м еж ду  E l -р а с п а д о м  ИАР и соответствую щ и м  зап р ещ ен н ы м .в  п ервом  п оряд ке  б е т а -п е р е х о д о м . 
Н едавн о  наблю дался другой  к л а с с  г а м м а -п е р е х о д о в , разряж аю щ их о с т а т о ч н ы е  во збуж ден н ы е ' 
со сто ян и я  п осле  н еу п р у го го  р а сс е я н и я  п ротон а ч е р е з  ИАР. Э то  п р о ли ва ет  с в е т  на ч а с т и ч н о -д ы 
рочную стр у к ту р у  возб уж д ен н ы х  с о сто я н и й . О б су ж д ается  р а зн и ц а  м еж ду "р азр еш ен н ы м и " 
(обы чны м и) и "зап р ещ ен н ы м и " И А Р, а  т а к ж е  р а с с м а т р и в а е т с я  с о в р е м е н н о е  п олож ен ие для 
Т= 3 /2  со сто ян и й  в я д р ах  с Т 7 -  -  1 /2  в с в е т е  п оследн их  успеш ны х ан а л и зо в  э ти х  р е зо н ан с о в , 
проведен н ы х  с целью  и зв л е ч ен и я  точной  п арц иальн ой  и полной ш ирины . П р и в о д ятся  данн ы е о 
полож ении Т  = 2 состоян и й  в я д р ах  с T z  = 0 .  П о д ч ер к и в ается  роль T -р азр еш ен н ы х  реакци й  по 
п ер ед ач е  части ц ы  в вы явлен и и  с в о й ств  т а к и х  Т -м у л ь т и п л е т о в . Н аконец , у к а за н  р яд  н ер еш ен 
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ных в э то й  о б л а сти  п роблем , к а к , н ап р и м ер , стри п п и н г н а  зап р ещ ен и е  по изоспи ну  с о сто я н и я , 
и сп о л ьзо в ан и е  ней тронов в изучении  И А Р, реакци и  п ередачи  двух или б олее  ч асти ц  в тяж ел ы х  
яд р ах  с в о зб у ж д ен и ем  добавоч н ы х  член ов Т - м у л ь т и п л е т а . У к а за н о , ит о  т е о р е т и ч е с к о е  пони
м ан и е  так и х  п роблем , как  ширина данны х T -зап р ещ ен н ы х  ИАР или стр у кту р н ы й  эн е р ге ти ч е ск и й  
сд в и г  б л а го д а р я  кулон овском у  смещ ению , обн аруж и ваем ы й  м еж ду член ам и  м у л ь т и п л е т а , все  
ещ е с т р а д а е т  н ед о с т а тк а м и , х о тя  имею тся как  точн ы е эк сп е р и м ен та л ь н ы е  д ан н ы е , т а к  и в о з 
м ож н ости  для вы чи слен и й .

1. INTRODUCTION

As is  cu stom ary, th is  su rvey  paper m ust begin by deploring the lim ited  
tim e  availab le for its  p resen tation , as w ell as the abundance of recen t ex 
ce llen t r e se a rch  re su lts  from  lab ora tories other than my own which m erit  
m ention . I sh a ll lim it m y se lf  m ainly to new and unusual a sp ec ts  of the 
vast fie ld  which has grown out of the rea liza tion  that iso b a ric  spin sym m etry  
u sefu lly  ap p lies to a ll n u cle i, light and heavy. T his exciting new horizon  
we owe without a doubt to the d irect (p, n )-reaction  exp erim en ts of A nd er
son and co llab orators [1] in 1961, and to the new approach to reson ance  
reaction s by F ox, Robson and their co -w o rk ers  in 1964 [2]. In a ll th is , 
the ear ly  th eo retica l con sid eration s of F ren ch  and M acfarlane [3] and 
Lane [4] w ere e s se n tia l. My paper w ill of n e ce ss ity  em p hasize the exp e
rim en ta l a sp ec ts  of the subject, and by p referen ce  the isob aric  analogue 
reso n a n ces, s in ce  they have contributed m ost of the recen t m ateria l (and 
I have been involved with them  p erson a lly ). A lso , in sp ite of a number 
of advances in the th eo retica l approach [5, 6], I b elieve  that exp erim en ts  
have held the lead , and to a la rg e  extent pointed the way recen tly .

2. NEW DEVELOPMENTS WITH CONVENTIONAL ANALOGUE
RESONANCES

(a) E la stic  and in e la stic  scattering: Many additional n uclei have been  
studied, the p referen ce  c le a r ly  being for even -even  ta rg e ts , the m ore m agic  
the b etter . The region  of lead , perhaps m ore than any other, has yielded  
a rich  assortm en t of new r e su lts  bearing on nuclear sp ectroscop y . R utgers 
[7], Seattle  [8], T exas [9] and Y ale [10] have extended the range of target 
n u c le i (Z = 82 - 76, A = 208 - 188) [7], a s w ell as the bom barding-energy  
range to above 20 MeV [10], and the in e la s tic  proton excitation  range to 
about 7 MeV [8 - 10]. Striking exam ples of the se le c tiv e  excitation  of su c 
c e s s iv e ly  h igher excited  target sta tes  in zospb with in creasin g  proton bom 
bard in g-en ergy  are shown in F ig . la  and lb  [8, 9], revea lin g  very  c lea r ly  
the con stru ction  of the low -ly in g  excited  sta te s  of doubly-m agic 208рь  
ter m s of th e ir  p a r tic le -h o le  exc ita tion s. Much work of th is type rem ains  
to be done with h igh -reso lu tion  m agnetic spectrographs; in F ig . 2 we show  
a m ore com plicated  but beautiful exam ple in 118Sn [11] with in e la stic  p ro
ton sp ectra  obtained every  100 keV in excitation  energy 119Sb. Additional 
in form ation  on certain  of the p a rtic le -h o le  s ta te s  in the resid u a l n uclei can  
be obtained from  their gam m a decay, to be d iscu ssed  below .

P o la r iza tio n  m easu rem en ts are becom ing very  popular, e sp e c ia lly  with 
the in creasin g  availab ility  of po larized  a cce lera to r  beam s. F ig .3  shows 
m ore recen t r e su lts  on 124Sn [12] using the older and m ore h eroic double
sca tter in g  method with a carbon an a lyser . In F ig . 4 we g ive a recent asym -
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lo e P b (p .p ‘ ) 0=90°

(a)

F IG .l. (a) Inelastic proton spectra from 208Pb a t four bom barding energies corresponding to successive 
single-particle analogue states of 209Pb. Excitation energy increases from right to le ft. (From Ref. [9 ] ) .
(b) Excitation functions for various inelastic  proton groups from 208Pb, mostly at 90 degrees; peaks 
correspond to analogue states listed in the figure, and excitation  of states in 208Pb ranges from 3.469 MeV 
(first peak) to 5.914' MeV (last peak). (From Ref. [8 ] ) ,

m etry  excitation  cu rve of 140Ce +p [13] covering  se v e r a l analogue reson an ces, 
u sing a p o larized  ion so u rce , and co n c lu siv e ly  determ in ing the j-v a lu e  of 
each of the reso n a n ces , including one unexpected 1 /2 “ sta te , just as in 
138 Ba [13] and 144Sm [ 14]. These, in ten se p olarized  b eam s w ill soon allow  

the study of the asym m etry  of the w eaker in e la s tic  proton groups from  ana
logue reso n a n ces, a r ich  potential sou rce  of n uclear coupling sch em e in form 
ation.

In the la s t  y ear , deform ed n uclei in the r a r e -ea r th  reg ion  and beyond 
have com e under scru tin y  v ia  analogue reson an ce exp er im en ts . Som e of 
us [15 - 17] had the hope that, in addition to pursuing N ilsso n  sp ectroscop y  
in  the way d escrib ed  by Sheline at th is  Sym posium , one m ight d etect d e
form ation  e ffec ts  in the Coulomb d isp lacem ent en erg ie s  Д ЕС [18]. B ecau se  
of the c lo se  spacing of s ta te s  in  th e 1 parent n u clei, and the in tr in sic  widths 
(~100keV ) of th e ir  an alogues, it is  u sually  d ifficu lt to lo ca te  corresponding  
s ta te s  with su ffic ien t accu racy . The expected  d ecr ea se  if ДЕС for d eform a
tion s encountered in the rare  earths is  about 100 keV re la tiv e  to sp h erica l 
n u cle i. It is  co n tro v ers ia l as to how to es ta b lish  ДЕС for zero  deform ation  
from  the sy s te m a tic s , and how to sep arate  the sh ifts  which are known to 
ex ist  due to stru ctu ra l (orbital) d ifferen ces betw een s ta te s . The m ost d i
rect approach to  th is  problem  would be to com pare ДЕС for deform ed and 
sp h erica l s ta te s  with the sam e Si-v a lu e  in the sam e n ucleu s.

F ig u re  5 show s an exam ple of e la s tic  and in e la stic  excitation  cu rves  
for 192O s, illu stra tin g  another effec t w hich b ecom es p articu lar ly  pronounced  
for n uclei with co lle c tiv e  2+ sta te s  [15, 16, 19] ; th e ir  enhanced B(E2) values  
lead to C oulom b -excitation  c r o s s - s e c t io n s  which account for m ost of the
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non-resonant y ie ld  betw een analogue reso n a n ces. Since th is  in e la s tic  p ro 
c e s s  i s  w ell understood (e sp ec ia lly  below  the Coulomb b a rr ier ), its  in te r 
feren ce  with the resonant am plitudes is  am enable to th eo re tica l treatm ent 
[20], and may help in  our quantitative understanding of in e la s tic  scatter in g  
through analogue reso n a n ces in m ore com plicated  situ ation s.

(b) P r o g r e s s  in  (p ,n ) reaction s through analogue reson an ces: S ince the 
in itia l d isco v ery  of isob aric  analogue reson an ces through th is iso s p in -fo r 
bidden reaction  channel [2] without d iscr im in ation  as to neutron energy, 
se v e r a l groups have begun to study outgoing neutron sp ectra  [21 - 23]. The 
d ecay of th e se  highly excited  sta tes  takes p lace in the usual s ta tis tic a l  
(H auser-F eshb ach ) m anner through the so -c a lle d  T< component; the only

2.5 3.0 3.6 4.0 < 5 2.0 2.5 3.0 3.5 4,0
--------- 1----------------- 1----------------- 1----------------- 1------------------Г — I------------------------------------------------------ 1---1------------------- 1-1—

2.5 3.0 3.5 <.0 4.5 2.0 2.5 3.0 3.5 ¿ 0

E X C IT A T IO N  E N E R G Y  IN  , ,e S n  ( M e V )

FIG .2 . Inelastic proton energy spectra taken at 10Q-keV intervals of bombarding energy for ll8Sn. Ex
cita tion  energy increases from left to right, and bombarding energy from lower right to upper le ft. Changes 
in inelastic emphasis are more com plicated than in F ig . l .  (From Ref. С11]).
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FIG .3. Asymmetry excitación curve for u8Sn + p from  double scattering, using a carbon second scatterer, 
over the region of the Í  = 3 analogue state of 119Sn in 119Sb. Dashed curve is theoretical prediction for 
j = 5 /2 " ; solid curve for j ■= 7 /2 " . (From Ref. [1 2 ]) .

Ep (MeV)
FIG.4 . Asymmetry excitation curves for l40Ce attw oangles, using a polarized ion source, traversing five 
analogue resonances in 141 Pr whose J2-values are indicated a t the bottom . Solid curve is calculated  for 
a given set of choices for the various j-values, which are correct except for 10.9-M eV  resonances where 
dashed curve ( j  = 1 /2") gives correct behavioûr. (From Ref. [1 3 ]) .
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FIG .5. Elastic and inelastic  (2+) excitation curves for protons on 19zOs. Cross-hatched band indicates 
Coulomb excitation cross-section as calcu lated  from the B(E2) value; agrees perfectly with observed 2+ 
excitation  at the lowest energies (below the Coulomb barrier) where elastic  scattering is pure Rutherford. 
Arrows along top ind icate  states observed in corresponding 1920 s (d , p)193 0s reaction . (From Ref. [1 5 ]).

sp ec ia l use being m ade of th e ir  location  within iso b a ric  an a logu e-reson an ces  
l i e s  in the enhancem ent of th e ir  reduced w idths, and our knowledge of their  
unique spin  and parity , which often a llow s the determ ination  of the sp ins  
of the resid u a l sta tes  from  neutron an gular-d istribu tion  m easu rem en ts.
F ig . 6  shows an exam ple of outgoing neutron sp ectra , taken on and off the 
0+ analogue reson ancè of 120Sn in 120Sb [22].

(c) Gamma decay of isob aric  analogue states: In the ligh ter  n uclei, 
esp e c ia lly  in the d s -s h e l l ,  the beautiful work of the groups at U trecht (see  
for exam ple, R ef. [24]) and Dayton (USA) [25] has for som e tim e revea led  
v ery  sy stem a tic  behaviour in the gam m a tran sition s connecting T analogue 
s ta te s  with th e ir  lo w er-ly in g  T< hom ologues (often ca lled  an ti-analogues) 
w h ich p roceed b y  strong M l tran sition s of the ord er of the W eisskopf unit, 
in agreem en t with th eoretica l expectations [26].

Another c la s s  of gam m a tran sition s involve the giant dipole reson ance, 
studied esp e c ia lly  in 90Z r. The question of the sp litting of th is reson ance  
into T-, and T< com ponents [27 - 29] is  under active  investigation  in various  
la b o ra to r ies  [30, 31], and by no m eans c lea r -c u t.

V ery recen tly , the d irect E l gam m a tran sition  from  an iso b a ric  analogue 
reson ance (2f 7 /2  ) to the ground state (2 ds/ 2  ) [32] of the compound nucleus 
l4 lpr Was ob served , using G e(Li) d etecto rs . T h is tran sition  can be d irectly  
re la ted  to the first-forb id d en  beta tran sition  l41Ce->-141P r as illu stra ted  in 
F ig . 7; there is  p rom ise  of valuable sp ectro sco p ic  inform ation from  the 
hindrance factors obtained in th is  way.

F in a lly , isob aric  analogue reso n a n ces, which are m ade up to a large  
extent of 2 p -lh  configuration, have been used to populate neutron p-h  sta tes
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FIG .6. Neutron tim e-o f-fligh t spectra (flight tim e increasing with increasing channel number) taken 
on the 0+ ground-state analogue resonance of 120Sn in 120Sb (Ep = 4.642 MeV) and off resonance 
(E = 4 .709  MeV) showing 13 residual neutron groups leading to low -lying states of 119Sb. Resonant 
enhancem ents can be used to deduce spins and parities of residual states. (From Ref. [22]).

in l 4 0 C e[33] and 208рь [3 4 ] v ia in e la stic  proton scatterin g; the E l gam m a  
decay of th ese  sta te s  to the 0 + ground sta te  has been identified  from  the 
angular d istrib u tion s, leading to unique 1 ” spin a ssign m en ts for eight 
sta tes  betw een 5 and 7 MeV excitation  in 2 0 8P B , as illu stra ted  in F ig . 8 .

3. RECENT DEVELOPMENTS IN ISQSPIN-FORBIDDEN RESONANCES

F ig u re  9 show s the b asic  d ifferen ce betw een a conventional isob aric  
analogue reson an ce for a nucleus with neutron e x c e s s  (bottom ), and an i s o 
sp in-forb idden  reson an ce with no allow ed channels (top). The Coulomb  
field  produces m ixing in both c a s e s ,  involving the T< sta te s  of the sam e  
spin and parity  as the reson an ce, the m ixing coeffic ien t being given  by the
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FO R B ID D EN )

FIG .7. Relation between the El gamma decay connecting the 2f 7y 2 analogue state and 2d 5̂ ,2 ground 
state of 141Pr, and the first-forbidden beta decay of 141Ce to the same ground state. (From Ref. [3 2 ]) .

T=

•d3/2 (17.47 MeV) 
s,/2 (16.97 MeV) 
d5/2 (16.47 MeV)

~ 5 -7  \
« P U T »  I

4 .0 8 0

2 .615

E„(MeV) 208 Pb

FIG .8. Excitation of 1" partic le-ho le  states in 208pb between 5 and 7 MeV, and their subsequent gamma 
decay, following the inelastic proton emission from various analogue resonances in Z09Bi. (From Ref. [3 4 ]).
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FIG .9. Schem atic comparison of "allowed" and "forbidden" isobaric analogue resonances with respect 
to Coulomb m ixing. For detailed  description, see tex t.

perturbation ex p ressio n  in the centre of the figure. The fundam ental d if
feren ce  l ie s  in the fact that, in the form er c a se , the analogue resonance  
has a resid u a l proton width even in the ab sen ce of Coulomb m ixing, and this  
width is  then shared with the la rg e  d en sity  of T< sta te s  (downward arrow s); 
in the la tter  (iso-forb id d en ) c á se , on the other hand, there is  no "prim ordial"  
proton width (Coulomb in teraction  sw itched off), but the few  neighbouring  
T< reson an ces contribute proton width via Coulomb m ixing (upward arrow s), 
the width being then a d irect m easu re  of the d egree of iso sp in  im purity.

(a) E la stic  and in e la stic  proton sca tter in g : T = 3 /2 , T z = - 1 /2  r e s o 
nances have now been ob served  for 13N [35], 17F [35, 36], 21Na [38 ],
25Д1 [39], 29p  [39], 37K [40], and 41Sc [41], thus com pleting the 4n se r ie s
of stable n uclei with the exception  of 33C1. In a ll th ese  c a s e s ,  iso sp in - 
allow ed (p ,t) an d /or (3H e,n) rea ctio n s, as w ell as delayed-proton  d ecays  
have located  th ese  s ta te s  within certa in  erro r  lim its  (~40-100 keV) given  
by the resp ec tiv e  in stru m ental re so lu tio n s . T h eir widths w ere determ ined  
from  e la stic  sca tter in g  exp erim en ts at R utgers [35, 39], C altech [38, 40], 
and R ice [41]. We p resen t a sum m ary of the r e su lts  for grou n d-state analogue 
reson an ces in th ese  n uclei in Table I; we l is t  the bom barding en erg ies  
Ep(lab), excitation  en erg ie s  E*, sp in -p arity  I, total widths Г , and partial 
e la stic  proton widths Г ро; we a lso  indicate the iso sp in -a llo w ed  tran sfer  
reaction s and delayed-proton  d ecays (p) leading to th ese  s ta te s , and their  
re fe r e n c e s . We show two exam p les of the an a lysis  of th ese  narrow  r e s o 
n an ces, which illu stra te  how one can account for the ch a ra c ter istic  resonant 
sign atu res at various an g les by having a su fficien t p h a se -sh ift  d escrip tion
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. TABLE I. SUMMARY OF RESONANCE PARAMETERS FOR 
LOWEST T = 3 /2 , Tz = - 1 /2  STATES.
E n erg ie s  in MeV; widths in eV. F or defin ition s, se e  text.

Nucleus Ep(lab) I Г Гро
References

Resonance (®He, n) (p .t) P

1? N 14.233 15.068 3/2" 1550 280 135] [61] [55] -

n F 11.270 11.196 1 /2 - -500 -50 [35, 37] [62] - [63]

21 Na 6.872 8.973 5/2+ <1500 -300 [38] [64] [65] [66]

25A1 5.866 7.916 5 /2 + -100 -17 L 39 ] - [67] [68]

29 p 5.840 8.376 5 /2 + -170 -140 [39] - L67] [69]

37 К
J  3.249 5.0181 3/2+ J 600 600 I

[40] [65] [70]
[3 .280 5.048 Г 1 40 40 Г

4lSc 4.899 5.865 3/2+ 2600 2600 [41] - - [70]

of the non-resonant background am plitude, plus a resonant am plitude having 
the appropriate t  and j. F ig . 10a g iv e s  the 3/2" analogue reson ance [35] of 
the ground state of 13B, where the dashed lin es rep resen t the id eal cu rves, 
and the solid  lin e s  include the effec ts  of beam spread and target th ick n ess. 
F ig . 10b p resen ts s im ila r  r e su lts  for the analogue of the f ir s t-e x c ite d  
sta te of 17N, estab lish in g  j = 3 /2  for th is iso sp in  quartet w hose parent 
spin was not known.

Having all th ese  widths availab le , it is  now of great in te re st  to relate  
them  to iso sp in  im p u rities . V ery lit t le  p ro g re ss  has been m ade on th is  
th eo re tica l prob lem . R ecen tly , Y oshida and A rim a at R utgers undertook 
a detailed  and e s se n tia lly  exact calcu lation  of the e la s tic  width for the 13N 
ca se , using availab le p -s h e l l  wave functions. U nfortunately, at our p r e 
sent state of knowledge of n uclei, a d ifferent m odel has to be used for each 
of the above c a s e s .  A c lo se ly  related  problem  con cern s the isotop e sh ifts  
in the C oulom b-d isp lacem ent en er g ie s , for which very  p r e c ise  va lu es are 
now availab le; we b eliev e  that the solu tion  of th ese  prob lem s w ill shed 
con sid erab le light on the re lia b ility  of wave functions, as w ell as on our 
id eas as to the orig in s of iso sp in  im p u rities . • •

(b) Gamma decay of isosp in -forb id d en  re so n a n c es: This iso s p in -allowed
decay channel has been studied for som e tim e in the T = 3 /2  c a s e s  A = 13 [42], 
A = 25 [43], A = 29 [44], and A = 37 [40]. F o r  A = 25, a m ore detailed  r e 
cent study [45] has g iven  in terestin g  sp ectro sco p ic  inform ation in the form  
of branching ra tio s  to the grou n d-state rotationalband of th is deform ed  
nucleus; the iso sp in  question  of the capturing state is  incidental, serv in g  
only  to sin g le  out a w ell-d efin ed  in itia l state with s im p le  rad iative p ro
p e r t ie s , in the continuum .

Much proton-capture activ ity  has centered  on the low est T = 2, T z = 0, 
1 = 0 +  sta tes  in the 4n -type n uclei 20Ne [46]1, 24M g[48], 28Si [49], and 
32S [50]1 . M oreover, the next h igher T = 2 state in 20 Ne (2+) has been 
found as a reson ance in 19F + p, as ob served  in the outgoing e la s tic  pro-

1 Twice-forbidden resonant elastic scattering was also observed [47] for 20Ne, and [50] for 32S.
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FIG. 11. (p , t) and (p , 3He) reactions on l5N, leading to T = 3 /2  states in 13N and iaC by T -allowed
process. Left-hand graphs illustra te  t  and 3He spectra showing the lowest T = 3 /2  states; right-hand 
graphs show angular distributions to various mirror states; upper portion to  T = 1 /2  states with no sim ilarity  
in shape; lower portion to corresponding T = 3 /2  states superimposed after correction  for isospin-coupling 
factor (tw o-nucleon transfer has Д Т  = 1 only) and slight Q -value difference. (From  Ref. [5 5 ] ) .

¿cm 1



ANALOGUE STATES AND RESONANCES 261

ton channel, alpha2 channels to the f ir s t  th ree  sta te s  of 16O, a gam m a  
channel [51], as w ell as in som e neutron groups [52]. .The gam m a decay  
of th e se  sta tes  was found to occu r by tw o -step  ca sca d es  via one or m ore  
known T = 1 sta te s  of low  sp in , located  about m idway betw een the T = 2 
sta te s  and the 0+ ground s ta te s . B eca u se  of the 0 - J - 0 nature of th ese  
ca sca d es , the angular co rre la tio n s a re  very  pronounced and perm it definite  
spin 0 a ssign m en ts for the T = 2 reson an ces.

We w ish to m ake sp ec ia l m ention h ere of the ex ten sive  work on two- 
nucleon (and even th ree - and four-nucleon) tra n sfer  reaction s at B erk eley  
(m ain ly (p ,t) and (p, 3He) [53] and C altech  (m ainly (3H e, n) and ( 3H e,p )[54])  
which located  a ll T = 3 /2  and T = 2 sta tes  by iso sp in -a llo w ed  paths, w ith
out which the search  for th ese  forbidden reso n a n ces would have been hope
le s s .  M oreover, the id en tica l angular d istrib ution s, and sim p le  C leb sch-  
Gordan ra tio s of re la tiv e  in te n s itie s  for the p a irs  of m irro r  tra n sfer  r e a c 
tion s m entioned provide the stron gest ev idence for the analogue re la tio n 
ship between the sta te s  reached . A beautiful illu stra tion  of th is  is  shown 
in F ig . 11, w here the left-hand  sid e g iv e s  the sp ectra  of the m irro r  nuclei 
13N and 13C, w hile the low er right-hand sid e show s the angular d istr ib u 
tions to the low est T = 3 /2  s ta te s  superim posed  after correctin g  for phase  
sp ace and iso sp in  coupling [55].

4 . OPEN PROBLEMS

(a) H igher isosp in -forb id d en  re so n a n c es: It is  of great in te re st to have 
very  accurate location s .for T > T z sta te s  in n uclei so as to be able to check  
som e of the sem i-em p irica l isob aric  m ass, form ulae m ore strin gen tly , and 
to p red ict the m a sse s  of as yet und iscovered  n uclear sp e c ie s . At presen t, 
only T = 3 /2  sta tes  in Tz = ± 1 /2  n uclei, and T = 1 and 2 sta tes  in T z = 0 
n uclei have been located . We have attem pted to form .T  = 5 /2  reson an ces  
in the T z = 1 /2  nucleus 435c, using the T =■ Tz = 1  target 42Ca [56], the 
lig h test nucleus for which the n ece ssa r y  inform ation is  availab le from  
allow ed tran sfer  rea ctio n s . The sam e d egree of forb iddenness (AT = 1)
is  involved as in the reaction s p rev iou sly  d iscu sse d . P re lim in a ry  r e su lts  
are  not encouraging in view  of the very  com plicated  stru ctu re found in the 
appropriate continuum region  of 43S c. The next availab le stab le targets  
for esca la tion  in iso sp in  are the T = 3 /2  n uclei 37C1, 41к , and 45Sc, leading  
to forbidden T = 3, 0+ compound reson an ces in the Tz = 1 n uclei 38A r, 42Ca 
and 46T i, r e sp ec tiv e ly . In the f ir s t  of th ese  c a s e s , the T = 3 sta te has 
been located  by allow ed 40A r(p, t )38A r [57]. Of co u rse , in a ll th ese  iso sp in -  
forbidden reson an ces the param ount con sid eration  is  whether they w ill be 
narrow; th is depends upon whether a ll p o ss ib le  decay channels are iso sp in -  
forbidden; sp ec ifica lly , whether the low est sta te having iso sp in  one unit 
g rea ter  than the ground state of the target, is  en erg etica lly  a c c e s s ib le  or 
not. A sy stem a tic  exam ination of th is question was m ade by Jâhnecke [58].

(b) Stripping to isosp in -forb id d en  s ta te s : The p o ss ib ility  e x is ts  of 
excitin g , say, T = 3 /2  s ta te s  in the (d, p) reaction  on T = 0 ta r g e ts . It is  
expected that th ese  s ta te s , in sp ite of th e ir  exceed ingly  sm a ll sp ec tr o 
scop ic factors (~10-4 or le s s )  would n ev er th e less  show ch a ra c ter istic

2 Note that here only the iso-tensor part of the Coulomb perturbation can produce the necessary mixing
in first order.
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stripping angular d istrib u tion s, w hereas ord in arily , sta te s  with S<  0 .1  
do not show such p atterns. On the other hand, secon d -ord er  p r o c e sse s  
such as v irtual target or deuteron (s in g le t-s ta te )  excitation  m ay m ake them 
se lv e s  fe lt h ere . A num ber of the c a se s  d iscu ssed  in section  3 could be 
so in vestigated .

(c) Neutron excitation  of analogue re so n a n c es: S ince (p, n) reaction s  
have proved very  effec tive  in revealing  iso b a ric  an a logu e.reson an ces, the 
p o ssib ility  of using the in v er se  reaction  e x is ts  in those c a s e s  where an 
im portant branch of the (p, n) reaction  would in fact lead to the ground 
sta te . A great many nuclei n ever b efore a c c e s s ib le  to analogue reson ance  
study m ight be availab le through this channel. One m ight a lso  con sid er  
the excitation  of the isosp in -forb id d en  T = 3 /2  and T = 2 s ta te s  d iscu ssed  
in section  3, using neutrons instead  of protons, and leading to the m irror  
n uclei of th ose  con sid ered  e a r lie r . A few favourable c a s e s  ex ist where 
h igh -reso lu tion , lo w -en erg y  neutron so u rces  might reach  the appropriate  
s ta te s . The m ain in terest h ere  would be in the elucidation of the ro le  of 
the charge of the p ro jectile  in the broadening (iso sp in -m ix in g ) p r o c e ss  of 
th e se  reso n a n ces.

A nother variation  in the use of neutrons is  in  the excitation  of unbound 
parent s ta te s  of iso b a ric  analogue reso n a n ces. One such c a se  has appa
rently  a lread y been ob served  in 89Y + n, exciting one of the T> 1" com po
nents of the giant dipole reson ance, in the parent nucleus 90Y w hose ana
logue sta tes  in 90Zr w ere m entioned e a r lie r .

(d) T w o-nucleon  tra n sfer  reaction s in heavy n u c le i: The extension  of 
th ese  stu d ies to heavy n uclei with the h igh -reso lu tion , h igh er-en ergy  a c c e l
era to rs  now com ing into use is  c lea r ly  of sp ec ia l in terest s in ce  they can  
rev ea l an additional (T z = T - 2) m em ber of the iso sp in  m ultip lets which, 
until now, are  only known through their T z = T and T - 1 m em b ers. F or  
in stan ce, the T = 23, Tz = 21 state in 20брь can be form ed via 208Pb(p, t)205Pb 
or 204Hg(3He, n)206Pb*, being the third m em ber (spin  0+) of the 4 7 -p le t whose 
parent is  the ground sta te of 20SHg, which can be studied in turn via the 
204Hg(t, p)2oeHg réaction . When we r e c a ll that th ree-n u c leon  [59], and four- 
nucleon [60] tra n sfe rs  have a lso  been observed  recen tly , the p o ss ib ilit ie s  
for clim bing th e 'iso sp in  ladder are v irtu a lly  unlim ited.

5. CONCLUSION

The great variety  of exp erim en ts carr ied  out over the past 7 y ea rs  as 
a resu lt  of the rather unexpected applicab ility  of the iso sp in  concept through
out the p eriod ic tab le , have grea tly  enriched  our appreciation  of nuclear  
sp ectra  and of re la tion sh ip s between n uclei. T here se e m s to be no end in 
sight to the kinds of approaches that have been and can be tried  in th is fie ld . 
The ex isten ce  of th is  sligh tly  broken sym m etry  in nuclear p h y sic s , with the 
presum ption  of an understanding of what ca u se s  the breaking, con stitu tes ■ 
a ch allenge to which the exp er im en ta lists  seem  to have am ply responded. 
H ow ever, many th eo re tica l prob lem s ra ised  by th ese  exp erim en ts have 
been n eglected  and even ignored; it is  to be hoped that th is situation  w ill 
im prove, perhaps in tim e for the next International N uclear P h y s ic s  
C onference.
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D I S C U S S I O N

D. F . ZARETSKY: Are there any data on the (p, n) reaction s in the 
heavy n u clei region  (e. g. Pb)?

G. M. TEMMER: We tried  to ob serve 207Pb (p, n)207Bi without s u c c e s s .  
As far as I know, Sm is  the h eav iest nucleus for which the (p, n) reaction  has 
been ob served .

D. F . ZARETSKY : What is  known about the d ifferen ce between the total 
width of the analogue reson an ce and the total proton width?

G. M. TEMMER: T his is  a question  which should be answ ered  by a 
theoretic ian . ’

P . von BRENTANO: C oncerning P r o fe s so r  Z a r e tsk y 's  question  on the 
spreading width in heavy n uclèi, we have m easu red  th ese  spreading widths 
for five  analogue reson an ces in 209Bi at the U niversity  of W ashington. We 
m easu red  the total width Г of a reson ance and a lso  the in e la stic  proton  
decay width ГР' to various final s ta te s  from  the reson an ce. Then we obtain  
w = Г - E Г^. We found va lu es u> ~  100 keV for the g 9/,2 reson an ce and 
w ~ 1 5 0  keV for the d§/2 analogue reson an ce. I would lik e to m ention the 
v ery  in terestin g  id ea  of D r. Bondorf, who c la im s that we can d eterm in e the 
sp readin g width Wsp(J) due to a sin g le  p artic le  J only by com paring the 
sp readin g width of the s in g le -p a r tic le  reson an ce in 209Bi with spin  J - 
W(J, 209) with the spreading width of the ground-state analogue in 208B i(0 + ) - 
W (0+, 208). Wl3 (J) — W (J, 209) - W(0+ , 208). The valu es found for WSP (J) 
are about 50-100% of the e la s tic  w idths.

Ya. A. SMORODINSKY : How do you know the va lu es of the iso top ic  
sp ins? In what c a se s  are se v e r a l m em b ers of the sam e iso top ic  fam ily  
known?

G. M. TEMMER: In th is gam e, one n ever re a lly  has su ffic ien t con 
d itions for determ in ing the value of the iso sp in . M ost ex p er im en ters agree  
with each other on the va lu es of T. To sta te  it n a ively , any reson ance
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o b s e r v e d  on h e a v i e r  n u c l e i  (be low  th e  C o u lo m b  b a r r i e r )  w i l l  h a v e  a v a lu e  
T> s i m p l y  b e c a u s e  i t  i s  o b s e r v e d ,  i.  e .  i t  i s  s i m p l e  en ou gh  to  h a v e  a l a r g e  
o v e r l a p  w i th  th e  t a r g e t  + p r o t o n  c h a n n e l .

V. I. M ANKO: W h a t a r e  th e  s p e c i f i c  f e a t u r e s  of th e  g a m m a  d e c a y  f r o m  
th e  a n a lo g u e  and  d o u b le  a n a lo g u e  s t a t e s ?

G. M. T E M M E R :  In th e  s - d  s h e l l  m a n y  c a s e s  o f  t r a n s i t i o n s  f r o m  T> 
to  T< s t a t e s  w i th  th e  s a m e  sp in  and  p a r i t y ,  v i a  s t r o n g  M l  t r a n s i t i o n s ,  h a v e  
b e e n  o b s e r v e d  ( s e e  R e f s  [24] and  [25] of m y  p a p e r ) .  A ls o  P r o f e s s o r  
H a n n a  w i l l  d i s c u s s  s o m e  a s p e c t s  of t h i s  p r o c e s s  in  h i s  c o n t r i b u t io n  w h ic h  
w i l l  fo l low . T h e r e  i s  a l s o  th e  q u e s t i o n  of th e  i s o s p i n  s p l i t t i n g  o f  th e  g ia n t  
E l  r e s o n a n c e  ( s e e  R e f s [ 2 7 ]  to  [31] of m y  p a p e r ) .

V. I. GOLDANSKY : A r e  t h e r e  any  d i r e c t  c o m p a r i s o n s  f o r  the  an a lo g u e  
s t a t e s  a r i s i n g  in  v a r i o u s  n u c l e a r  r e a c t i o n s  and  in  th e  e m i s s i o n  of d e la y e d  
p r o t o n s  in  th e  d e c a y s

A=2Z‘ 3MZ M N=Z-3

T = 3 /2

A=2Z-3
Z - l IvlN=Z-2

T  = 3 /2

•P + 
1/ 2

A=2Z"4 MZ -2 M N=Z-2

T = 0

(e. g. in  th e  d e c a y  o f  21Mg, 25Si, 29S, 33A r,  e tc .  )?
Is  i t  p o s s i b l e  by  s tu d y in g  a n a lo g u e  s t a t e s  in  n u c l e a r  r e a c t i o n s  to  m a k e  

any  d e f in i t e  a s s u m p t i o n s  r e g a r d i n g  th e  /3 + - d e c a y  m e c h a n i s m  and  e n e r g i e s  
in  l i g h t e r  e m i t t e r s  of th e  d e la y e d  p r o t o n s  o f  th e  ty pe

A_2Z"4 MZ iV1N=Z-4

T = 2

8+ A=2Z_4MZ-l  N=Z-3 » p + 

1/2

A_2Z"5 M2-2 N=Z-3

T = 1 /2

( e . g .  in  th e  d e c a y  o f  20Mg, 24Si, 28 S, 28 A r ,  e t c . ) ?
A r e  t h e r e  any  e x p e r i m e n t a l  r e s u l t s  f o r  s i m i l a r  an a lo g u e  s t a t e s ?
G. M. T E M M E R :  F o r  th e  odd  n u c le i  y ou  m e n t io n  in  th e  f i r s t  p a r t  of 

y o u r  q u e s t io n  we h a v e  u s e d  th e  d e la y e d  p r o t o n  r e s u l t s  v e r y  m u c h  in d e e d  
( s e e  R e f s  [63], [6 6 ], [6 8 ], [ 6 9 ]  and  [70] of m y  p a p e r ) .  As to  th e  e v e n  n u c le i ,  
I h a v e  no in f o r m a t i o n  on  any  r e s u l t s  to  d a te .

P .  A X E L : In a n s w e r  to  th e  q u e s t i o n  ab ou t  th e  (p, n) r e a c t i o n  in  P b ,  
o n e  c o u ld  l e a r n  a bo u t  th e  w id th  of th e  a n a lo g u e  s t a t e  and  a b o u t  th e  b r a n c h i n g  
r a t i o  of p r o t o n s  by  o b s e r v i n g  th e  d i s t i n c t i v e  d e c a y  p r o t o n s  e m i t t e d  a f t e r  t h e '  
a n a lo g u e  s t a t e  i s  f o r m e d  in  a  (p, n) r e a c t i o n .

G. M. T E M M E R :  I a g r e e  w i th  you .
M . G. URIN: Do you  know  any  r e c e n t  d a t a  on th e  f in e  s t r u c t u r e  of th e  

a n a lo g u e  s t a t e s  in  n u c l e i  h e a v i e r  th a n  48C a?
G. M. T E M M E R :  F o x  and  h i s  c ô - w o r k e r s  h a v e  s t u d ie d  92M o + p, a s  

y o u  know . T h a t  i s  th e  h e a v i e s t  e l e m e n t  in  w h ic h  any  e v id e n c e  f o r  f in e  
s t r u c t u r e  w a s  found .  H e a v i e r  e l e m e n t s  a r o u n d  Sm and  Nd h a v e  b e e n  
e x a m i n e d  w i th  ~ 5  k e V  r e s o l u t i o n  w i th o u t  r e v e a l i n g  any  s t r u c t u r e .  We at 
R u t g e r s  a r é  w o r k in g  h a r d  to  r e d u c e  th e  s p r e a d  of o u r  b e a m  to  a b o u t  100 eV 
( i t  i s  now ab ou t  500 eV) to  s tu d y  t h i s  p r o b l e m .

P .  von  B R E N T A N O : You m e n t io n e d  th e  new  w o r k  in  w h ic h  th e  n e u t r o n  
d e c a y  o f  a n a lo g u e  r e s o n a n c e s  to  v a r i o u s  f in a l  s t a t e s  w a s  m e a s u r e d .  T h e r e  
•is a q u i t e  d e f in i t e  p r e d i c t i o n  f r o m  a n a lo g u e  s t a t e s  t h e o r y ,  n a m e l y  th a t  th e  
r a t i o s  o f  th e  c r o s s - s e c t i o n s  apn(i)' to  tw o  f in a l  s t a t e s  i  and  j,  crpn( i ) / crpn(j ), 
sh o u ld  b e  in d e p e n d e n t  of th e  i n c id e n t  e n e r g y ,  t h a t  i s  th e y  sh o u ld  n o t  v a r y
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o v e r  th e  r e s o n a n c e .  Does, t h i s  c h e c k  ou t?  I th in k  th i s  i s  a  v e r y  im p o r t a n t  
c h e c k  on th e  t h e o r y .

G. M . T E M M E R :  B o th  R e f s  [2 2 ]  and  [23] of m y  p a p e r  d i s c u s s  th e  ty p e  
of  c o m p a r i s o n  you  s u g g e s t .  So f a r  a s  I know , th e  r a t i o s  a r e  in  a g r e e m e n t  
w i th  th e  H a u s e r - F e s h b a c h  t h e o r y  and s o  a r e  th e  a n g u la r  d i s t r i b u t i o n s .

D r .  P .  v o n  B R E N T A N O  p r e s e n t e d  C o n t r ib u t io n  No. 55 to  th e  S y m p o s iu m ,  
b y  P .  v on  B r e n t a n o ,  P .  R i c h a r d  and W. W h a r to n  ( U n iv e r s i t y  o f  W a s h in g to n ,  
S e a t t l e ,  USA).

S h o r t  c o n t r ib u t io n

S. S. HANNA: I sh o u ld  l i k e  to  m a k e  s o m e  r e m a r k s  on th e  s u b j e c t  of 
T  = 2. l e v e l s  in  20Ne a s  c o m p o u n d - n u c le u s  r e s o n a n c e s ,  w o r k  d o n e  by
S. S. H an n a ,  F .  R i e s s ,  W . J .  O 'C o n n e l l ,  K. A. S n o v e r ,  H. M . K uan ,
D. W. H e ik k in e n ,  G. L . L a t s h a w ,  E . A d e l b e r g e r ,  and  A. V. N e r o  
(S ta n fo rd  U n iv e r s i t y ,  S ta n fo rd ,  C a l i f o r n i a ,  USA).

T h e  T  = 2 r e s o n a n c e s  in  T z = 0 n u c l e i  a r e  o b s e r v e d  by  m e a n s  o f  th e  
i s o s p i n  c a s c a d e  T  = 2 -» 1 -* 0 in  (p, 7 7 ) r e a c t i o n s .  F o r  th e  l o w e s t  T  = 2 l e v e l s ,  
t h e  s p in  c a s c a d e  i s  = 0+ -* 1+ -» 0+ w h ic h  p r o d u c e s  th e  7 - 7  c o r r e l a t i o n  
1 + c o s 2 в .  T h e s e  r e s o n a n c e s  a r e  a l s o  o b s e r v e d  in  th e  r e a c t i o n s  (p, p 0),
(p, p j) .  . . (p, во), (p, <*1 ). . . and  (p, no), . . .  In g e n e r a l  th e  T = 2 -» 1,
T z = 0 t r a n s i t i o n s  a r e  g a m m a  r a y  a n a lo g u e s  of o b s e r v e d  T z = 2 -» 1 b e t a  
t r a n s i t i o n s .

T h e  lo w e s t  T  = 2 l e v e l  in  20Ne i s  o b s e r v e d  a s  a r e s o n a n c e  in
19F (p ,  7y )90 N e . T h e  T  = 2 s t a t e  c a s c a d e s  th r o u g h  a 1+, T  = 1 l e v e l  f o r  
w h ic h  a l l  p a r t i c l e  c h a n n e l s  a r e  c lo s e d .  T h e  r e s o n a n c e  w a s  lo c a t e d  by  
o b s e r v i n g  th e  y ie ld  of th e  s e c o n d  7 - r a y  of h i g h e r  e n e r g y .  T h e  p r i m a r y  
t r a n s i t i o n  i s  th e  g a m m a .a n a lo g u e  o f  th e  b e t a  t r a n s i t i o n  f r o m  th e  g r o u n d  s t a t e  
o f  20O to  th e  an a lo g u e  1+ l e v e l  o f  20F .  T h e  r e s o n a n c e  o c c u r s  a t  
Ep = 4. 090 ± 0. 005 M eV  o r  E x = 16. 728 ± 0. 005 M eV  in  20N e. T h e  a n g u la r  
d i s t r i b u t i o n  o f  th e  11. 2 -M e V  7 - r a y  r e l a t i v e  to  th e  p r o t o n  b e a m  i s  i s o t r o p i c ,  
w h ic h  i s  c o n s i s t e n t  w i th  J  = 0 f o r  the  T  = 2 s t a t e .  T h e  p a r t i c l e  g r o u p s  f r o m  
th e  r e a c t i o n  w e r e  o b s e r v e d  a t  s e v e r a l  a n g le s .  T h e  T = 2 s t a t e  a p p e a r s  as  
a s h a r p  a n o m a ly  in  th e  e l a s t i c  s c a t t e r i n g  a t  a l l  a n g le s .  T h e  c u r v e s  a r e  
c o n s i s t e n t  w i th  i = 0 ,  J* = 0f , Г  s  2 keV , and  Гр / Г  « 0 . 1 .  T h e  u n r e s o l v e d  
g ro u p  » !  + « 2  s h o w s  a s t r i k i n g  a n o m a ly  at th e  b a c k w a r d  a n g le s .  At 154° 
th e  or2 g ro u p  w a s  r e s o l v e d  and  sh o w s  th a t  th e  a n o m a ly  c a n  be  a t t r i b u t e d  
p r i n c i p a l l y  to  th e  t r a n s i t i o n  to  th e  3" lev e l^ o f  16 О w i th  Д H = 3 and  Д Т  = 2. 
T h e  a 0 g ro u p  sh o w s  s i m i l a r  b u t  l e s s  p r o n o u n c e d  a n o m a l i e s .  F r o m  th e  
7 - r a y  d a t a  i t  i s  e s t i m a t e d  th a t  Гр Г  / Г  « 0 .  5 eV. T h u s  « 5 eV . T h e  
W e i s s k o p f  e s t i m a t e  i s  3 . 4  eV.

T h e  s e c o n d  T = 2 l e v e l  in  20Ne w a s  o b s e r v e d  in  19F (p ,  p 0), (p, a 0 ) ,
(p, ) and  (p, a 2 ) a t  E p = 5. 880 ± 0. 005 M eV , E x = 18. 427 MeV, w ith
Г 1аЬ = 11 ± 3  k eV , and  Гр / Г  « 0 . 2  (fo r  = 2+). In  19F (p ,  7 )20N e th e  g a m m a -  
r a y s  70, y v  у 2 ,  73, T4 and 75 a r e  no t  r e s o n a n t  bu t  th e  r e s o n a n c e  i s  o b s e r v e d  
f o r  a  10. 6 -M e V  7 - r a y ,  i d e n t i f i e d  as  th e  s e c o n d  7 - r a y  o f  a c a s c a d e  th r o u g h  
a  T  = 1 l e v e l  a t  E x = 12. 26 M eV  to  th e  2+, 1. 6 3 -M e V  le v e l .  T h e  r e s o n a n c e  
c u r v e  g iv e s  ГрГу / Г  « 0 . 0 5 5  eV. H en ce  Гу « 0 .  3 eV. In th e  19F (p ,  n )19Ne 
r e a c t i o n ,  s t r o n g  a n o m a l i e s  w e r e  o b s e r v e d  f o r  n 0 and  n a+ n 2 at  b a c k w a r d  and  
f o r w a r d  a n g le s  w i th  a  p u l s e d - b e a m ,  t i m e - o f - f l i g h t  s p e c t r o m e t e r .
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S h o r t  c o n t r i b u t io n

S. S. HANNA: I sh o u ld  a l s o  l i k e  to  r e p o r t  on w o r k  done  by  M. H as in o f f ,
H. M. K uan ,  S. S. H a n n a  and  G. A. F i s h e r  (S ta n fo rd  U n iv e r s i t y ,  S ta n fo rd ,  
C a l i f o r n i a ,  USA) on E l  a n a lo g u e  s t a t e s  in  th e  T > r e g i o n  o f  90Z r  f r o m  th e  
89Y + p r e a c t i o n s .

T h e  r e a c t i o n  89Y(p, T 0)90Z r  w a s  s t u d ie d  f r o m  E p = 10. 0 - 17. 4 M eV  
c o r r e s p o n d i n g  to  E x = 18. 2 -  25. 6 M e V  i n  90Z r .  In a d d i t io n  to  th e  p r e v i o u s l y  
o b s e r v e d  r e s o n a n c e  a t  E x = 2 1 . 0  M e V ,1 a  n a r r o w e r  r e s o n a n c e  at 
E x = 19. 5 M eV  w a s  o b s e r v e d .  T h e  w id th s  a r e  0. 7 -and  0. 2 M eV , r e s p e c t i v e l y . 
A n g u la r  d i s t r i b u t i o n s  t a k e n  a t  E x = 1 9 .2 ,  1 9 .6 ,  1 9 .8 5 ,  2 0 .4 ,  2 0 .7 5 ,  2 0 .8 5 ,  
21. 10 and  21. 75 M eV  i n d i c a t e  a  d ip o le  d i s t r i b u t i o n  c o n s i s t e n t  w i th  J ïï -  1” 
f o r  bo th  l e v e l s .  T h e s e  tw o  s t a t e s  a r e  p r e s u m a b l y  th e  t h e o r e t i c a l l y  p r e 
d i c t e d 2 T  = 6 a n a lo g u e  s t a t e s  in  90Z r  a t  E x = 19. 7 and  21. 2 M eV  ( c o r r e 
sp o n d in g  to  p r e d i c t e d  s t a t e s  a t  E x = 6 . 3  and  8 . 0 M eV  in  90Y). T h e  (p, n) 
y i e l d  in  t h i s  r e g i o n  w a s  a l s o  m e a s u r e d  and no s t r o n g  s t r u c t u r e  w a s  o b s e r v e d ;  
t h i s  s u p p o r t s  th e  s u g g e s t i o n  th a t  t h e s e  r e s o n a n c e s  a r e  p a r t  of th e  T? d ip o le  
s t r e n g t h .  E l a s t i c  and  i n e l a s t i c  p r o t o n  s c a t t e r i n g  at s e v e r a l  a n g le s  in  the  
r e g i o n  E  = 10. 5 - 1 3 .  5 M eV  i n d i c a t e  w e a k  r e s o n a n c e s  in  (p, p 0) at 
Ep = 11. 25 M eV  and  12. 6 M eV  in  a g r e e m e n t  w i th  th e  g a m m a - r a y  d a ta .  T h e  
s h a p e s  of th e  (p, p 0) e x c i t a t i o n  c u r v e s  a r e  c o n s i s t e n t  w i th  H = 0 c a p t u r e  to  
1" s t a t e s .  P r e l i m i n a r y  a n a l y s i s  of th e  i n e l a s t i c  d a t a  s h o w s  no  r e s o n a n c e  
s t r u c t u r e s . 3

V. I. MANKO: W hat i s  know n a b o u t  a lp h a - d e c a y  f r o m  a n a lo g u e  and 
d o u b le  a n a lo g u e  r e s o n a n c e s ?

G. M. T E M M E R :  T h i s  c - d e c a y  m u s t  in v o lv e  th e  i s o - t e n s o r  c o m p o n e n t  
of th e  C o u lo m b  f i e ld  in  f i r s t  o r d e r  w h ich ,  a c c o r d i n g  to  H e c h t  of th e  U n iv e r s i t y  
of M ic h ig a n ,  m a y  n o t  b e  m u c h  s m a l l e r  th a n  th e  i s o - v e c t o r  c o m p o n e n t .  T h e  
c u r v a t u r e  of th e  i s o b a r i c  m a s s  p a r a b o l a  sh o w s  a n o th e r  e f f e c t  p r o d u c e d  by 
th e  i s o - t e n s o r  c o m p o n e n t .

S. S. HANNA: We h a v e  n o t  y e t  o b ta in e d  v a l u e s  f o r  th e  r e d u c e d  a lp h a  
p a r t i c l e  w id th  f o r  t h e s e  T = 2 r e s o n a n c e s .  H o w e v e r ,  o u r  w o r k  and  th e  
w o r k  o f  th e  B e r k e l e y  g r o u p  i n d i c a t e  t h a t  th e  a lp h a  w id th s  m a y  b e  c o m p a r a b l e  
to  th e  p r o t o n  w id th s .  T h u s  th e  a lp h a  w id th s  c o u ld  b e  of th e  o r d e r  of 10% 
of  th e  to t a l  w id th .

S h o r t  C o n t r ib u t io n

M. G. U RIN  (M o sc o w  P h y s i c a l  E n g i n e e r i n g  I n s t i t u t e ,  M o s c o w ,  USSR):
I sh o u ld  l i k e  to  p r e s e n t  s o m e  r e s u l t s  b y  Y u. N. D e v ia tk o ,  D. I. Z a r e t s k y  
and  m y s e l f  on th e  p r o t o n  w id th  o f  a n a lo g u e  r e s o n a n c e s .

P r o f e s s o r  T e m m e r  to u c h e d  u p o n  th e  p r o b l e m s  c o n c e r n i n g  an a lo g u e  
r e s o n a n c e .  I w o u ld  l i k e  to  d w e l l  u p o n  on e  o f  t h e s e  p r o b l e m s ,  n a m e l y ,  th e  
t h e o r e t i c a l  i n t e r p r e t a t i o n  of th e  m e c h a n i s m  of th e  p r o t o n  d e c a y  o f  a n a lo g u e  
s t a t e s  in  h e a v y  n u c l e i .  I s h a l l  g iv e  a b r i e f  a c c o u n t  o f  th e  r e s u l t s  on s o m e  
p a r t i a l  p r o t o n  w id th s  f o r  th e  c a s e  of r e s o n a n c e  ( p p ) - s c a t t e r i n g  on  207P b ,
208 р ь  n u c le i .

1 AXEL, P ., DRAKE, D .M ., WHETSTONE, S ., HANNA, S .S ., Phys. Rev. Lett. 19 (1967)1348.
2 FALLIEROS, S ., private communication.
3 VAN BREE, R ., TEMMER, G .M ., Bull. Am. phys. Soc., Washington, D .C . (1968).
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TABLE A. CALCULATED PROTON PARTIAL WIDTHS (IN keV)

EK(MeV) Ï = 0.15 ï  = 0.2 W = 15 MeV Гexp

1 -2 11.4 58 39 61 61± 15<a>

207Pb f  - 10.9 26 18 24 17± 4<a>

1-2 10.6 74 51 80 50± l l ( a )

0+ 14.9 25(£ = 0.18) 17(g = 0.24) 18.5 (W = 18 MeV) 17± 4(3)

208pb 4 - 11.4 26 18 27 24<b >

5" 11.7 32 21 34 23Íb )

Note: E^ is the proton kinetic energy, ё the imaginary part of the optical potential versus the
real one for volume absorption, W the force of the surface absorption.

ía) LENZ, G .H ., TEMMER, G .M ., Nucl. Phys. A112 (1968)625.
RICHARD, P. et a l . , Phys. Lett. 268 (1967)8.

T h e  d e c a y  o f  th e  a n a lo g u e  s t a t e  w i th  p r o t o n  e m i s s i o n  r e s u l t s  f r o m  
n u c l e a r  i n t e r a c t i o n .  T h e  m a t r i x  e l e m e n t  d e t e r m i n i n g  th e  d e c a y  w id th  is

M =<f I F  I a>.

H e r e  I a  | 0 )>is a  w a v e - f u n c t io n  o f  the  a n a lo g u e  s t a t e .  F  i s  an
i r r e d u c i b l e  a m p l i tu d e  of s c a t t e r i n g  in  th e  p a r t i c l e - h o l e  c h a n n e l  w h ic h  in  
th e  c o o r d i n a t e  r e p r e s e n t a t i o n  h a s  th e  f o r m

F  = F ^ T t ;  Tk ó(ri - r k ) 
ik

T h e  v a lu e  of th e  s t r e n g t h  c o n s t a n t  F  i s  r e l a t e d  to  s u c h  n u c l e a r  c h a r a c t e r 
i s t i c s  a s  th e  p o s i t i o n  o f  th e  g ia n t  d ip o le  r e s o n a n c e ,  s y m m e t r y  e n e r g y ,  
L a n e ' s  p o te n t i a l  v a lu e ,  e tc .

C o n s i d e r  th e  p r o t o n  d e c a y  of th e  e x c i t e d  s t a t e  208B i* ,  w h ic h  i s  an 
a n a lo g u e  s t a t e  o f  208P b  w i th  e x c i t a t i o n  o f  h o le  s t a t e s  in  207P b .  In  t h i s  
c a s e  th e  m a t r i x  e l e m e n t  M c a n  b e  r e l a t e d  to  th e  d i a g r a m

F

S im p le  c a l c u l a t i o n  g iv e s  th e  fo l lo w in g  e x p r e s s i o n  f o r  th e  p a r t i a l  p r o t o n  
w id th

r ~ l F/ R(kjî n^ Rnj« r W
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H e r e  Rjjjj i s  a  p r o t o n  r a d i a l  w a v e - f u n c t io n  in  a c o n t in u o u s  s p e c t r u m  w h ic h  
i s  d e t e r m i n e d  f r o m  th e  o p t i c a l  m o d e l ,  R nj£ i s  a  n e u t r o n - h o l e  w a v e - f u n c t io n ,  
n ( r )  th e  d e n s i t y  o f  e x c e s s  n e u t r o n s .

In  a s i m i l a r  w ay ,  the ' e l a s t i c  and  i n e l a s t i c  w id th s  f o r  th e  p r o t o n  d e c a y  
o f  th e  209P b  g ro u n d  s t a t e  a n a lo g u e  r e s o n a n c e  h a v e  b e e n  c a l c u l a t e d  by t a k in g  
in to  a c c o u n t  th e  e x c i t a t i o n  o f  th e  p a r t i c l e - h o l e  l e v e l s  o f  208p b  l e v e l s  w i th  
s p in  and  p a r i t y  v a l u e s  e q u a l  to  4 '  and  5". T h e  r e s u l t s  o f  c a l c u l a t i o n s  a r e  
in  s a t i s f a c t o r y  a g r e e m e n t  w i th  e x p e r i m e n t a l  d a t a  ( s e e  T a b le  A).

G . E .  BRO W N : T h i s  i s  a  v e r y  s p e c i a l  c a s e  w h e r e  you  h a v e  c a l c u l a t e d  
on ly  th e  w id th  f o r  d e c a y .  In g e n e r a l ,  th e  w id th  a r i s e s  a l s o  f r o m  m ix in g  
in to  c o m p o u n d  s t a t e s ,  e t c . , and  th e  s i t u a t io n  i s  m u c h  m o r e  c o m p l i c a t e d .

M. G. URIN: We do no t  s t a t e  t h a t  th e  s u m  of p a r t i a l  p ro t o n  w id th s  f o r  
th e  d e c a y  o f  an  a n a lo g u e  s t a t e  sh o u ld  be  e q u a l  to  th e  t o t a l  r e s o n a n c e  w id th .  
In d e ed ,  th e  an a lo g u e  s t a t e  c a n  a l s o  d e c a y  a t  th e  c o m p o u n d - n u c le u s  l e v e l .
In th e  c a s e  of h e a v y  n u c le i  th e  w id th  fo r  t h i s  d e c a y  i s  l i k e ly  to  c o in c id e  w i th  
th e  r e s o n a n c e  n e u t r o n  w id th .
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Abstract — Аннотация

FINE STRUCTURE AND QUASIBOUND STATES. With the exception of single-particle resonances, or 
of the gross structure of the giant resonance, the nature of unbound nuclear states is still largely unexplored. 
However, this field of research is becoming rapidly a most promising one. This is due on one hand to the 
extension of shell model concepts and techniques to the microscopic description of nuclear modes above 
particle emission threshold, and on the other hand to the recent development of the technology of cluster 
transfer reactions ( i .e .  reactions where a number of nucleons are added to a target nucleus).

The fine structure of nuclear continuum states is interpreted in the framework of the shell model as the 
result of coupling unbound configurations to many particle - many hole quasibound states. The density of the 
resonances is linked to the density of shell model quasibound states which can be formed while the widths of 
the peaks are related to the overlap between the wave-functions of the quasibound states and of the unbound 
configurational states. This description is amenable to experimental verification. For example an inter
ference shape in the cross-section curve for a process induced by a one body operator may be attributed to a 
n particle - n hole quasibound state when a resonance in the excitation cross-section via the transfer of a n-p 
cluster to a n-h target occurs at the same energy.

As an illustration the present experimental situation for the l60  continuum is reviewed.

ТОНКАЯ СТРУ КТУ РА  И КВАЗИСВЯЗАННЫЕ СОСТОЯНИЯ. За исключением одно
частичных резонансов и грубой структуры  ги ган тского  резонанса, природа несвязанны х 
ядерных состояний о стае тся  в значительной степени неизученной. О днако,эта область 
исследований становится в настоящ ее время одной из наиболее обещающих. С одной с т о 
роны, это  происхрдит благодаря распространению  принципов и методов оболочечной м о
дели на вопросы, связанны е с микроскопическим описанием ядерных свойств выше поро
га эмиссии нуклонов. С другой стороны , это  происходит благодаря новейшему достиж е
нию в области осущ ествления реакций с передачей кластеров ( т . е .  реакций, когда не
сколько нуклонов добавляется к ядру мишени). Тонкая структура ядерных состояний в 
непрерывном спектре интерпретируется в рам ках модели оболочек как резу л ьтат  связи  с 
многочастичными — многодырочными квазисвязанны м и состояниям и . Плотность таких р е 
зонансов связан а с плотностью квазисвязанны х состояний, которые м огут быть постро
ены в модели оболочек, а ихширины определяю тся перекры ванием , существующим между 
волновыми функциями квазисвязанны х состояний и несвязанны х конфигураций. Т акое опи
сание подлежит экспериментальной проверке. Например, интерференционная форма кри
вой сечения для процессов, вы зы ваем ы х одночастичным оператором , может быть приписана 
к n -частичному — n -дырочному квазисвязанном у состоянию , если при той же энергии р а с 
положен резонанс в сечении возбуждения это го  состояния при передаче n — р-частичиого  
кластера n — h -дырочному ядру мишени. В качестве иллюстрации рассм атр и вается  со вр е
менное состояние эксперим ента для непрерывного спектра 160 .

IN T R O D U C T IO N

W ith  th e  e x c e p t io n  o f  s i n g le  p a r t i c l e  r e s o n a n c e s ,  o r  o f  th e  g r o s s  
s t r u c t u r e  o f  t h e  g ia n t  r e s o n a n c e ,  th e  n a t u r e  o f  u n b o u n d  n u c l e a r  s t a t e s  is  
s t i l l  l a r g e l y  u n e x p lo r e d .  H o w e v e r ,  t h i s  f i e ld  o f  r e s e a r c h  i s  b e c o m i n g  
r a p i d l y  a  m o s t  p r o m i s i n g  o n e .  T h i s  i s  due  on th e  o n e  h a n d  to  t h e  e x t e n s io n  
o f  s h e l l  m o d e l  c o n c e p t s  a n d  t e c h n i q u e s  to  th e  m i c r o s c o p i c  d e s c r i p t i o n  of 
n u c l e a r  m o d e s  a b o v e  th e  p a r t i c l e  e m i s s i o n  t h r e s h o l d ,  a n d  on  th e  o t h e r
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h a n d  to  th e  r e c e n t  d e v e lo p m e n t  o f  th e  t e c h n o lo g y  of c l u s t e r  t r a n s f e r  r e a c 
t i o n s  ( i . e .  r e a c t i o n s  w h e r e  a  n u m b e r  o f  n u c le o n s  a r e  a d d e d  to  a  t a r g e t  
n u c le u s ) .

E x p e r i m e n t a l  an d  t h e o r e t i c a l  r e s u l t s  a r e  s t i l l  v e r y  s c a r c e .  A c c o r d 
in g ly ,  t h i s  p a p e r  w i l l  b e  l i m i t e d  to  g e n e r a l  c o n s i d e r a t i o n s  ab ou t  th e  
m e c h a n i s m  f o r  th e  c o n t in u u m  fine  s t r u c t u r e  w h en  lo o k e d  a t  f r o m  a. s h e l l  
m o d e l  v ie w p o in t .  T h i s  b r i n g s  in  the  n o t io n  o f  " q u a s ib o u n d "  s t a t e s .  T h e y  
p la y  e x a c t ly  th e  r o l e  o f  th e  B o h r  c o m p o u n d  n u c l e u s  in  th e  m i c r o s c o p i c  
t h e o r y  o f  n u c l e i  w ith ,  h o w e v e r ,  th e  m a j o r  s i m p l i f i c a t i o n  th a t  o n ly  a  v e r y  
few  n u c le o n s  c a n  be  e x c i t e d  in  th e  c o m p o u n d  s t a t e  due  to  th e  e x i s t e n c e  of 
a  l a r g e  H a r t r e e - F o c k  e n e r g y  g a p .  W e s h a l l  r e v i e w  th e  t h e o r e t i c a l  and  
e x p e r i m e n t a l  s i t u a t i o n  in 160 , w h ich  i s  th e  o n ly  n u c l e u s  f o r  w h ic h  a  f a i r l y  
c o m p l e t e  s e t  of d a t a  e x i s t s .

N A T U R E  O F  QUASIBOUND S T A T E S

A c c o r d in g  to  th e  c o m p o u n d  n u c le u s  m o d e l  of B o h r ,  th e  e x i s t e n c e  of 
a  r a p i d l y  v a r y i n g  s t r u c t u r e  in  th e  c o n t in u u m  i s  a t t r i b u t e d  to  l o n g - l i v e d  
c o m p o u n d  s t a t e s  in w h ic h  th e  a v a i l a b l e  e x c i t a t i o n  e n e r g y  e x c e e d in g  th e  
t h r e s h o l d  i s  s h a r e d  a m o n g  m a n y  n u c le o n s ,  no ne  o f  w h ic h  h a s  en o u g h  of 
i t  t o  e s c a p e .  T h e  t r a n s p o s i t i o n  of t h i s  c o n c e p t  in to  a s h e l l  m o d e l  f r a m e 
w o r k  l e a d s  to  c o n s i d e r a b l e  s i m p l i f i c a t i o n  by  r e s t r i c t i n g  th e  n u m b e r  o f  
n u c l e o n s  w h ic h  c a n  be  e x c i t e d  in th e  c o m p o u n d  s t a t e  due  to  th e  l a r g e  
e n e r g y  g ap  b e tw e e n  f i l l e d  a n d  u n f i l l e d  s h e l l - m o d e l  o r b i t a l s .  T h u s ,  c o n s i d e r  
in g  a  d o u b le  c l o s e d  s h e l l  n u c l e u s  f o r  s i m p l i c i t y ,  th e  c o n f i g u r a t io n s  to  be 
c o n s i d e r e d  c a n  b e  c l a s s i f i e d  a c c o r d i n g  to  t h e i r  n u m b e r  o f  p a r t i c l e - h o l e  
p a i r s ,  n a m e l y  ( l p - l h ) ,  (2 p -2 h ) ,  (3 p -3 h ) ,  (4 p -4 h ) ,  . . . , (n p -n h ) .  It i s  t r u e  
t h a t  th e  n u m b e r  o f  c o n f i g u r a t i o n s  i n c r e a s e s  r a p i d l y  w i th  n , a s  w e l l  a s  
t h e i r  s h e l l  m o d e l  e n e r g i e s .  H o w e v e r ,  a s  w e d i s c u s s  b e lo w ,  t h e r e  a r e  a 
few  p a r t i c u l a r  c o h e r e n t  s u p e r p o s i t i o n s  o f  t h e s e  c o n f i g u r a t io n s  w h ic h  u n d e r 
go s u f f i c i e n t  e n e r g y  sh i f t  to  y i e l d  in th e  i n t e r m e d i a t e  e n e r g y  r e g i o n ,  i .  e . 
b e tw e e n  th e  p a r t i c l e  e m i s s i o n  t h r e s h o l d  an d  th e  g ia n t  r e s o n a n c e ,  n 
p a r t i c l e  -  n  h o le  (n p -n h )  s t a t e s  w h e r e in  a l l  e x c i t e d  n u c le o n s  a r e  b ound .  
A s s u m in g  th e  g r o u n d  s t a t e  of th e  s y s t e m  to  b e  a  p u r e  c lo s e d  s h e l l  s t a t e ,  
t h e s e  d i s c r e t e  b o u n d  (n p -n h )  s t a t e s  c a n  d e c a y  o r  b e  e x c i t e d  in  a  r e a c t i o n  
o n ly  b e c a u s e  o f  t h e i r  co u p l in g  to  th e  un b o u n d  c o n f i g u r a t io n s .  If t h i s  
c o u p l in g  i s  s m a l l ,  th e  c o h e r e n t  (n p -n h )  s t a t e s  a r e  long  l i v e d ,  and  th u s  
th e y  p la y  e x a c t ly  th e  r o l e  of c o m p o u n d  s t a t e s  in  a  s h e l l  m o d e l  f r a m e w o r k  
a n d  a r e  c a l l e d  q u as ibo un d -  s t a t e s  [ 1 ] .

T h e  m e c h a n i s m  r e s p o n s i b l e  f o r  th e  e x i s t e n c e  of n p - n h  q u a s ib o u n d  
s t a t e s  a t  e n e r g i e s  m u c h  lo w e r  th a n  th e  s h e l l  m o d e l  e n e r g y  ju m p  n e e d e d  
f o r  c r e a t i n g  th e  n - p a r t i c l e  n - h o l e  p a i r  i s  s i m p l e .  It m a y  b e  s k e t c h e d  in 
a  s c h e m a t i c  t w o - l e v e l  m o d e l :  a  l e v e l  j c o m p l e t e l y  f i l l e d  w i th  p r o t o n s  and  
n e u t r o n s  r e p r e s e n t i n g  th e  d o u b le  c lo s e d  s h e l l  and  an e m p ty  l e v e l  к  at 
e n e r g y  e ab o v e  l e v e l  j .  R a i s i n g  n n u c le o n s  f r o m  j to  к  r e q u i r e s  an  e n e r g y  
n e ,  i . e .  w h ich  v a r i e s  l i n e a r l y  w i th  th e  n u m b e r  of e x c i t e d  n u c le o n s .  On th e  
o t h e r  h an d  t h e r e  w i l l  b e  a  g a in  of p o t e n t i a l  e n e r g y ,  w h ic h  w i l l  i n c r e a s e  
q u a d r a t i c a l l y  w i th  th e  n u m b e r  o f  e x c i t e d  n u c l e o n s  ( i . e .  it  i s  p r o p o r t i o n a l  
to  th e  n u m b e r  of bound  s t a t e s ) ;  t h i s  g a in  i s  p r o p o r t i o n a l  to  V = Vi + V2 , 
w h e r e  i s  th e  p o t e n t i a l  e n e r g y  o f  tw o h o le s  a n d  \  th e  p o te n t i a l  e n e r g y  
o f  tw o p a r t i c l e s .  T h i s  q u a d r a t i c  b e h a v io u r  i s  s u b j e c t  to  a  v e r y  im p o r t a n t
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r e s t r i c t i o n  w i th o u t  w h ic h  th e  g a in  o f  p o t e n t i a l  e n e r g y  f o r  s o m e  n v a lu e  w ould  
a lw a y s  o v e r c o m e  th e  s h e l l  m o d e l  e x c i t a t i o n  e n e r g y :  tw o n u c le o n s  m u t u a l l y  
i n t e r a c t  s t r o n g l y  o n ly  w h en  in  a s y m m e t r i c  ( s p a c e )  b o u n d  sta te ,  and  m u c h  
l e s s  so  in  an  a n t i s y m m e t r i c  ( s p a c e )  b o u n d  s t a t e .  We m a y  s c h e m a t i z e  t h i s  
e f f e c t  by  s e t t i n g  th e  p o t e n t i a l  e n e r g y  of tw o  n u c le o n s  in  an  a n t i s y m m e t r i c  
s p a c e  s t a t e  e q u a l  to  z e r o .  T h e  r e s u l t i n g  q u a s ib o u n d  s t a t e  s p e c t r u m  is  
sh o w n  in  F ig .  1. T h e  lo w e s t  s t a t e  a t  e n e r g y  x = 4 e  - 6V >0 i s  a  4 p -4 h  one ,  
t h e n ,  i n . s u c c e s s i o n ,  3 p -3 h ,  l p - l h , .  2 p -2 h .  . . .  It i s  s e e n  th a t  an  8p - 8h 
q u a s ib o u n d  s t a t e  m a y  a p p e a r  b e lo w  th e  l p - l h  one  if x  i s  s m a l l  eno ug h .
If x < 0 th e  c h o s e n  s h e l l  m o d e l  g r o u n d  s t a t e  i s  u n s t a b l e .  D e ta i l e d  c a l c u l a 
t i o n s  show  in d e e d  th a t  s u c h  a  m e c h a n i s m  i s  a l r e a d y  r e s p o n s i b l e  f o r  th e  
e x i s t e n c e  of bo u n d  m a n y  p a r t i c l e  - m a n y  ho le  s t a t e s  [ 2 ] .

FIG. 1. The energy E = T + V of the 2-level schematic model as a function of the number N of particle- 
hole excited pairs.

T h e  c o m p l e t e  s t r u c t u r e  o f  th e  c o n t in u u m  is  o b ta in e d  f r o m  th e  c o u p l in g  
o f  th e  q u a s ib o u n d  s t a t e s  to  th e  u n b o u n d  s h e l l  m o d e l  c o n f i g u r a t i o n s .  T h u s  
in  t h i s  m i c r o s c o p i c  s h e l l  m o d e l  d e s c r i p t i o n  o f  c o n t in u u m  s t a t e s ,  th e  d e n s i ty  
o f  th e  s t r u c t u r e  i s  l in k e d  to  th e  d e n s i ty  of s h e l l  m o d e l  q u a s ib o u n d  s t a t e s  
w h ic h  c a n  b e  f o r m e d ,  w h i le  th e  w id th s  o f  th e  p e a k s  a r e  r e l a t e d  to  th e  o v e r 
la p  b e tw e e n  th e  w a v e - fu n c t io n s  of th e  q u a s ib o u n d  s t a t e s  and  th e  w a v e - fu n c 
t i o n s  o f  th e  u nb ound  c o n f i g u r a t i o n a l ' s t a t e s .

U nbound c o n f i g u r a t io n s  in  th e  e n e r g y  r e g i o n  u n d e r  c o n s i d e r a t i o n  a r e  
g e n e r a l l y  s i m p l e ,  f o r  e x a m p l e  ( l p - l h ) ,  and  t h e i r  o v e r l a p  w i th  th e  s h e l l
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m o d e l  q u a s ib o u n d  s t a t e s  w i l l  d e c r e a s e  r a p i d l y  a s  th e  c o m p l e x i t y  o f  th e  
l a t t e r  i n c r e a s e s .  T h i s  p e r m i t s  th e  p e a k s  in  th e  s t r u c t u r e  to  b e  c l a s s i f i e d  
a c c o r d i n g  to  t h e i r  w id th s  in to  a  h i e r a r c h y  l i n k e d  to  th e  ( l p - l h ) ,  (2p - 2h), 
(3 p -3 h ) ,  e t c .  . . . , q u a s ib o u n d  s t a t e s  [1] .

G E N E R A L  F O R M A L IS M

T h e  c o r r e c t  t h e o r e t i c a l  t r e a t m e n t  o f  th e  f ine  s t r u c t u r e  i s  ou t of r e a c h  
fo r  th e  s h e l l  m o d e l l i s t s .  In a  u n if ie d  m i c r o s c o p i c  t h e o r y  th e  t r e a t m e n t  
o f  n p - n h  q u a s ib o u n d  s t a t e s ,  w h e r e  a l l  n  e x c i t e d  p a r t i c l e s  a r e  b o u n d ,  w o u ld  
r e q u i r e  th e  t r e a t m e n t  on  th e  s a m e  fo o t in g  o f  u p  to  n u n b o u n d  n u c l e o n s .  It 
i s  w e l l  know n th a t  a l l  p r e s e n t  c o n t in u u m  t h e o r i e s  a r e  l i m i t e d  to  s t a t e s  w i th  
a t  m o s t  o ne  u n b o u n d  p a r t i c l e  in o r d e r  to  a v o id  th e  f o r m i d a b l e  m a t h e m a t i c a l  
d i f f i c u l t i e s  w h ic h  a p p e a r  a s  s o o n  a s  tw o n u c le o n s  a r e  in  th e  c o n t in u u m .

An a p p r o x i m a t e  p r o c e d u r e  [3] h a s  b e e n  u s e d  w h ich  n e g l e c t s  th e  c o u p l in g  
w i th  th e  np (n > 1 ) c o n t in u u m  an d  on ly  r e t a i n s  th e  c o u p l in g  b e tw e e n  th e  
q u a s ib o u n d  s t a t e s  an d  th e  l p - l h  c o n t in u u m .  T h e  t r e a t m e n t  i s  c a r r i e d  ou t 
in  tw o s t e p s .  S tep  1: D ia g o n a l i z a t io n  o f  th e  s h e l l  m o d e l  r e s i d u a l  i n t e r 
a c t i o n  o v e r  th e  s p a c e  o f  th e  e i g e n s t a t e s  o f  H 0 w h ic h  in v o lv e  c o n f i g u r a t io n s  
o f  m o r e  th a n  1 p a r t i c l e  - 1 h o le  e x c i t a t i o n s ,  y ie ld in g  a  n u m b e r  o f  q u a s i 
b o u n d  s t a t e s  |X> a t  e n e r g y  E ^  . H e r e  t h e  c a l c u l a t i o n  i s  done  f o r  s i m p l i c i t y  
w i th  th e  d i s c r e t e  s t a t e s  o f  an  h a r m o n i c  o s c i l l a t o r ,  w h ic h  i s  q u i t e  j u s t i f i e d  
s i n c e  f i n i t e  e d g e  e f f e c t s  up on  bou nd  s t a t e  w a v e - fu n c t io n s  a r e  s m a l l .  F u r t h e r 
m o r e ,  a l l  a p p r o p r i a t e  a p p r o x i m a t i o n s  f o r  t r e a t i n g  c o n f i g u r a t i o n  m ix in g  
in  th e  n p - n h  s p a c e  (n > 1 ) c a n  b e  u s e d ,  s u c h  a s  i n t e r a c t i n g  p h o n o n s  in  w e a k
c o u p l in g  [3] o r  th e  d e f o r m e d  o r b i t a l  m e t h o d  w i th  J  p r o j e c t i o n  [2] , e t c ..........
S tep  2 : T r e a t m e n t  o f  th e  r e s i d u a l  i n t e r a c t i o n  o v e r  th e  e x te n d e d  s p a c e  
c o n s i s t i n g  o f  th e  bou nd  an d  un bo un d  l p - l h  c o n f i g u r a t i o n s  o f  H0 and  th e  
q u a s ib o u n d  s t a t e s  I X)> o b ta in e d  in  S tep  1. H e r e  th e  b o u n d  an d  u n bo un d  
l p - l h  c o n f i g u r a t i o n s  a r e  c a l c u l a t e d  in  th e  p r o p e r  f in i te  ( r e a l )  w e l l .  T h e  
m e th o d  o f  so lu t io n  o f  th e  S c h r o d i n g e r  e q u a t io n  f o r  p o s i t i v e  e n e r g y  E  > 0 
c a n  b e  o ne  o f  th e  m a n y  r e c e n t l y  p r o p o s e d ,  s u c h  a s  th e  C o u p le d  C h a n n e l  
E q u a t i o n s  [4] in c o o r d i n a t e  r e p r e s e n t a t i o n ,  th e  E ig e n c h a n n e l  M eth o d  [5] 
o r  th e  К - m a t r i x  M eth o d  [ 6] in  th e  e n e r g y  r e p r e s e n t a t i o n .  F o r  e x a m p l e ,  
in  th e  l a t t e r  m e th o d  th e  c o m p l e t e  n u c l e a r  w a v e - fu n c t io n  i s  g iv e n  by  the  
e x p a n s io n

|A>
а X

w h e r e  (n) d e n o te s  th e  o r d e r  o f  d e g e n e r a c y  o f  th e  l p - l h  c o n t in u u m  ( i . e .  th e  
n u m b e r  o f  in d e p e n d e n t  s e t s  o f  d i s c r e t e  q u a n tu m  n u m b e r s  a ) ,  an d  |» ,  е У  a r e  
S l a t e r  d e t e r m i n a n t s  o f  o r t h o n o r m a l i z e d  s i n g le  p a r t i c l e  s t a t e s  w i th  o ne  
un b o u n d  p a r t i c l e  o f  e n e r g y  e. T h e  m ix in g  c o e f f i c i e n t s  a^n' E) ( e ) and  
a ^ ' E) a r e  o b ta in e d  b y  r e s o l v i n g  th e  s e t  of e q u a t io n s  r e s u l t i n g  f r o m  th e  
a p p l i c a t i o n  o f  H to  th e  a b o v e  f o r m  of f  ̂  [3 , 6] .

T h i s  w a v e - fu n c t io n  (E) c a n  o n ly  b e  u s e d  f o r  e v a lu a t in g  p r o c e s s e s  
w h ic h  l e a d  to  a t  m o s t  one  p a r t i c l e  in  th e  c o n t in u u m  ( y - a b s o r p t i o n ,  p ,  p ' ,  
e ,  e \  7 , n  e t c .  . . ) a l th o u g h  i t  i n c lu d e s  th e  e f f e c t  of th e  q u a s ib o u n d  s t a t e s .
F o r  t h e s e  p r o c e s s e s ,  th e  a b s o l u t e  v a l u e s  o f  th e  c r o s s - s e c t i o n s  c a n n o t  b e  
c o r r e c t  s i n c e  c o u p l in g  w i th  un b o u n d  m a n y - p a r t i c l e  c h a n n e l s  i s  n e g le c t e d ;

Y (n) ( E ) = Y j  <*e a ^ n' ^  ( e )  k e >  +
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h o w e v e r ,  th e  r e l a t i v e  v a r i a t i o n  w i th  E s h o u ld  no t b e  a f f e c t e d  b y  t h i s  
co u p l in g  w h ic h  v a r i e s  s lo w ly  an d  s m o o th l y  w i th  E .

F o r  e x a m p l e ,  g iv e n  a  c o m p l e t e  s e t  o f  w a v e - f u n c t io n s  № )  (E ),  th e  
7 - a b s o r p t i o n  r a t e  a t  e n e r g y  E  i s  g iv e n  by

T(E) = l T ”l  I / d e < " e  И ° > аСа ,Е )<е)

w h e r e  | 0)> d e n o te s  th e  s h e l l  m o d e l  g r o u n d  s t a t e  an d  О  th e  o n e - b o d y  t r a n s i 
t i o n  o p e r a t o r .  In t h i s  e x p r e s s i o n  it  sh o u ld  b e  n o te d  th a t  w h i le  th e  m a t r i x  
e l e m e n t s  a r e  s o l e ly  fu n c t io n s  o f  th e  ( l p - l h )  c o n f i g u r a t io n s ,  th e  e f f e c t  of 
t h e  q u a s ib o u n d  s t a t e s  l k ) >  i s  f e l t  t h r o u g h  th e  m ix in g  c o e f f i c i e n t s  (e)
s i n c e  t h e s e  a r e  o b ta in e d  b y  s o lv in g  e q u a t i o n s  w h e r e  th e  |X)>'s a p p e a r  
e x p l i c i t l y  [7] . T h i s  i s  sh o w n  in  F ig .  2. T h e  c o u p l in g  o f  a  d i s c r e t e  n p - n h  
q u a s ib o u n d  s t a t e - t o  a  s m o o th l y  v a r y i n g  l p - l h  c o n t in u u m  y i e l d s  a  r a p i d ly  
v a r y i n g  s t r u c t u r e  in  th e  c r o s s - s e c t i o n s  o f  p r o c e s s e s  p r o d u c e d  b y  o n e -  
b o d y  o p e r a t o r s  (p, p 1, a ,  o ' ,  (p, 7 ), (7 , n) e t c .  . . ). If  a  c l u s t e r  np i s  t r a n s r
f e r r e d  to  a  t a r g e t  r e p r e s e n t e d  b y  n - h o l e s ,  b o th  w i th  th e  a p p r o p r i a t e  s p a c e  
s y m m e t r y  a s  d i s c u s s e d  a b o v e ,  we m a y  e x p e c t  a  r e s o n a n c e  s h a p e  (F ig .  2),

Model: 1 porticle - Ihole

Model: n particles - n holes

Target

FIG.2. Effect of the mixing of an np-nh quasibound state with the lp - lh  continuum on cross-sections 
via a one-body operator ( i .e .  p ,p \  a,a ' , ■ p, y, y ,n ,e tc .)  and on cross-sections for a cluster transfer 
reaction (incoming projectile np + xp, target nh).
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F IG .*3 . T h e  g ia n t  re so na nce  o f  160  in  a o n e - p a r t ic le  o n e -h o le  c o n t in u u m  m o d e l w ith o u t  (d a s h e d  c u rv e ) 

o r w ith  c o u p lin g  w ith  2 p -2 h  q u a s ib o u n d  s ta tes  [ 3 ]  .

E(HeV)

FIG.4. Upper curve: total photoabsorption cross-section in 160  (from Ref. [9] ). Lower curve: the 
reaction 14N (d ,y ) l60  (from Ref. [ 11]).

c o r r e s p o n d i n g  to  th e  s p r e a d i n g  of th e  q u a s ib o u n d  s t a t e  by  i t s  co u p l in g  w i th  
th e  c .on tinuum .

T h e  r e s u l t  o f  a  c a l c u l a t i o n  [3] c a r r i e d  ou t on t h e s e  l i n e s  i s  sh o w n  in  
F ig .  3. It r e p r e s e n t s  th e  t o t a l  p h o t o - a b s o r p t i o n  c r o s s - s e c t i o n  in  160
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c a l c u l a t e d  in  th e  l p - l h  c o n t in u u m  a lo n e  (d a s h e d  c u r v e )  and  w i th  th e  c o u p l in g  
to  2 p -2 h  q u a s ib o u n d  s t a t e s  ( s o l id  c u r v e ) .  T h i s  co u p l in g  y i e l d s  a d e f in i t e  
f ine  s t r u c t u r e  in  s p i t e  of th e  f a c t  t h a t  th e  q u a s ib o u n d  s t a t e s  a r e  no t  c o u p le d  
d i r e c t l y  to  th e  g r o u n d  s t a t e  ( tak en  a s  a  p u r e  s h e l l  m o d e l  s t a t e )  by  a  o n e -  
b o d y  o p e r a t o r .

R E V IE W  O F  T H E  E X P E R I M E N T A L  D A T A  IN 160

A s an  i l l u s t r a t i o n  of t h e s e  c o n s i d e r a t i o n s ,  we d i s c u s s  now th e  e x p e r i 
m e n t a l  s i tu a t io n  f o r  th e  c o n t in u o u s  s p e c t r u m  of  160 .  T h i s  i s  th e  on ly  
n u c l e u s  f o r  w h ic h  t h e r e  e x i s t s  a t  p r e s e n t  a  f a i r l y  c o m p l e t e  s e t  of d a ta .

T h e  d a ta  c a n  b e  d iv id e d  in to  t h r e e  g r o u p s .  G ro u p  1 : E x c i t a t i o n s  v ia  
o n e -b o d y  o p e r a t o r s ,  s u c h  a s  y - a b s o r p t i o n ,  160  ( y ,  n) 150 ,  l s N(p, y ) l s O,
16 0 (p f, p 1), 160 ( e ,  e ' ) ,  e t c .  G ro u p  2: P h o t o - c a p t u r e  o f  c l u s t e r s  s u c h  a s  
14 N ( d , y ) 160 ,  13C (3 H e ,y )  160 ,  12C ( 4H e , y ) ,  e t c .  G ro u p  3 :. d u s t e r  t r a n s f e r  
r e a c t i o n s  s u c h  a s  14N ( 3H e, p) 160 ,  12C ( 6L i,  d) l sO, e tc .  In th e  a b s e n c e  of 
t h e o r e t i c a l  r e s u l t s ,  it  i s  th e  s y s t e m a t i c  s tu d y  o f  th e  c o r r e l a t i o n s  b e tw e e n  
t h e s e  c r o s s - s e c t i o n s  w h ic h  m a y  s h e d  s o m e  l ig h t  on th e  o r i g i n  o f  th e  o b s e r v e d  
f ine  s t r u c t u r e s .

We d i s c u s s  f i r s t  th e  p r o c e s s e s  o f  g r o u p  1 in  th e  r e g i o n  o f  th e  g ian t  
r e s o n a n c e .

U n d e r - p o o r  e n e r g y  r e s o l u t i o n  th é  p h o t o - a b s o r p t i o n  c r o s s - s e c t i o n  
e x h ib i t s  tw o p e a k s  a r o u n d  22 a n d  25 M eV , h a v in g  w id th s  o f  2 to  3 M eV.

15 16 17 18 19 20  21 22 23 2i 2Б

,60  EXCITATION ENERGY (MeV)

FIG.5. Comparison between lSN (p, y )l60  [10], l2C (a, y )160  [ 12], l3C( 3He, y)160  [ 14] and 14N (d ,y )l60 . 
The diagram is by courtesy of M. Suffert.
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T h e  p o s i t i o n  and  w id th s  a r e  w e l l  e x p la i n e d  by  co u p l in g  l p - l h  q u a s ib o u n d  
s t a t e s  to  th e  l p - l h  c o n t in u u m  [8 ] ,  w h i le  th e  c a l c u l a t e d  s u m  r u l e  i s  w ro n g  
b y  a  f a c t o r  of 4 too  m u c h .  M o r e  r e c e n t  h i g h e r  r e s o l u t i o n  p h o t o - a b s o r p t i o n  
e x p e r i m e n t s  [9] r e v e a l  a  f in e  s t r u c t u r e  w i th  d ip s  a t  21. 05 M eV , 22. 7 M eV  
a n d  24. 7 M eV  ( a r r o w s  A, В an d  С in F ig .  4) h a v in g  s m a l l e r  w id th s  (200-  
300 keV ).  T h i s  f ine  s t r u c t u r e  i s  not a c c o u n te d  f o r  by  th e  o ne  p a r t i c l e  - 
o n e  h o le  m o d e l .

A  s i m i l a r  f in e  s t r u c t u r e  i s  o b s e r v e d  in  ( p , 7 ) e x p e r i m e n t s  [10] (F ig .  5).
T h e  o r i g i n  o f  t h i s  f ine  s t r u c t u r e  i s  p a r t l y  e x p la in e d  by  th e  r e s u l t s  of 

th e  p r o c e s s e s  o f  g ro u p  2. T h e  r e a c t i o n s  o f  th e  ty p e  14N ( d , 7 ) 160  and  
1 2 C (« ,  7 ) 16 0  h a v e  T  = 0 in  th e  e n t r a n c e  c h a n n e l .  H o w e v e r ,  th e  d i p o l a r  
n a t u r e  o f  th e  e m i t t e d  7  i s  e x p e r i m e n t a l l y  w e l l  e s t a b l i s h e d  [11, 12] . A c c o r d 
in g ly ,  t h e s e  r e a c t i o n s  a r e  o n ly  p o s s i b l e  b e c a u s e  o f  th e  i s o s p i n  i m p u r i t i e s  
o f  th e  w a v e - fu n c t io n .  T h e  p a r i t y  o f  th e  e m i t t e d  7  i s  n o t  know n; in  w h a t  
fo l lo w s  we a d o p t  th e  w o rk in g  h y p o th e s i s  o f  n e g a t iv e  p a r i t y .

T h e  14N(d,Y) '160  e x p e r i m e n t  [11] (F ig .  4, l o w e r  p a r t )  y i e l d s  a  p e a k  
a t  22. 7 M eV , e x a c t ly  w h e r e  th e  i n t e r f e r e n c e  d ip  sh o w s  in  th e  7 - a b s o r p t i o n  
c u r v e  ( a r r o w  B, F ig .  4, u p p e r  p a r t ) .  T h i s  s i t u a t i o n  i s  s i m i l a r  to  t h a t  of 
F i g .  2. T h i s  w o u ld  m e a n  th a t  a  2 p -2 h  q u a s ib o u n d  s t a t e  1“ T  = 1 i s  r e s p o n s 
ib l e  f o r  th e  f in e  s t r u c t u r e  sh o w n  t h e r e  b y  th e  p r o c e s s e s  o f  g r o u p  1 , a l th o u g h  
t h e s e  do n o t  c o u p le  d i r e c t l y  th e  2 p -2 h  e x c i t a t i o n s  to  th e  g r o u n d  s t a t e .  S o m e  
s u p p o r t  f o r  t h i s  i n t e r p r e t a t i o n  i s  g iv e n  b y  th e  c a l c u l a t i o n  o f  F ig .  3, w h e r e  
th e  22. 7 M eV  dip i s  r e p r o d u c e d  by th e  c o u p l in g  o f  a  2 p -2 h  q u a s ib o u n d  s t a t e  
to  th e  l p - l h  c o n t in u u m .

16
0  E x c i t a t i o n  Ener gy  ( M e V )

FIG.6. Comparison between 14N ( 3He,p) 160 [  15], 15N (p .y )160[10] and 15N (p, n) 160  [19] . The 
diagram is from Ref. [ 15].



FIG. 7. The l2C (^Li, d) i60  reaction [ 16].
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S i m i l a r l y  12C ( a , 7 ) 160  [12] y i e l d s  a  n a r r o w  d ip o l a r  p e a k  e x a c t ly  w h e r e  
th e  p r o c e s s e s  of g r o u p  1 y ie ld  a  dip a t  21. 05 MeV (F ig .  5). T h e  y  i s  • 
d i p o l a r ,  h e n c e  T  = 1 [12], and  w i th  o u r  h y p o th e s i s  of n e g a t iv e  p a r i t y  a  4 p -4 h  
q u a s ib o u n d  s t a t e  w ou ld  th u s  a p p e a r  r e s p o n s i b l e  f o r  th e  g ia n t  r e s o n a n c e  
s t r u c t u r e  a t  th a t  e n e r g y .

T h e  n a t u r e  o f  th e  s t r u c t u r e  a r o u n d  24. 7 MeV i s  m o r e  u n c e r t a i n .  T h e  
1 4 N(d, y ) 1 6 0  e x p e r i m e n t  c a r r i e d  ou t up  to  25 MeV [13] g iv e s  s o m e  e v id e n c e  . 
o f  a  p e a k  in  t h a t  r e g i o n .  H o w e v e r ,  th e  13C ( 3H e, 7 ) 160  [14] e x p e r i m e n t  a l s o  
g iv e s  a  r e s o n a n c e  in  th e  s a m e  e n e r g y  r e g i o n .  T h e  s t r u c t u r e  w o u ld  th u s  
a p p e a r  a s  th e  r e s u l t  o f  c o u p l in g  2 p -2 h  a n d  3 p -3 h  q u a s ib o u n d  s t a t e s  ( s e e  
F ig .  5).

O th e r  c o r r e l a t i o n s ,  a t  l o w e r  e n e r g y ,  c a n  b e  s e e n  in  F ig .  5 b e tw e e n  
th e  p r o c e s s e s  of g ro u p  1 and  g ro u p  2 .

T h e  p r o c e s s e s  of g ro u p  3 a r e  m o r e  d i f f ic u l t  to  i n t e r p r e t  s i n c e  th e y  
a r e  no t  l i m i t e d  to  th e  s e l e c t i o n  r u l e s  b r o u g h t  in  by th e  7  s i g n a t u r e .  F o r  
e x a m p l e ,  m o s t  o f  th e  s t a t e s  s e e n  in 14N ( 3H e, p) 160  [15] a r e  no t c o r r e l a t e d  
w i th  th e  d ip o le  s t a t e s  ( fo r  e x a m p l e ,  s e e n  in  p ,  7 ) bu t  w ith  o t h e r s  s e e n  f o r  
e x a m p l e  in  (p ,n )  (F ig .  6 ). C o m f o r t  e t  a l .  [15] c o n c lu d e  f r o m  a  c o m p a r i s o n  
w i th  14N(t, p) 16N th a t  m o s t  o f  th e  e x c i t a t i o n s  o b ta in e d  in  14N (3 H e, p) 160  
a r e . T  = 1, e v e n  p a r i t y  an d  2 p -2 h ;  t h i s  m a y  b e  an  i n d i r e c t  te c h n i q u e  f o r  
p a r i t y ,  i s o s p i n  and  sp in  a s s i g n m e n t  of th e  l p - l h  s t a t e s  s e e n  in  (p, n),  
a c c o r d i n g  to  w h e th e r  th e y  i n t e r f e r e  o r  no t  w i th  th e  id e n t i f i e d  2p - 2h c o m p o 
n e n t s .  L ik e w is e ,  12C (6L i ,  d) 160  [16] y i e l d s  m a n y  m o r e  4 p - 4 h  s t a t e s  in  
16О th a n  12C K 7 )1 6 o ,  w h ic h  w as  p r e d o m i n a n t l y  1" T = 1. S o m e  r e s u l t s ,  
c a r r i e d  ou t o n ly  up  to  16 M eV , a r e  g iv e n  in  F ig .  7. M o r e  c o m p l i c a t e d  
p r o c e s s e s  in v o lv in g  8p - 8h e x c i t a t i o n s ,  a s  in  1 2 C ( a ,  s B e ) 8B e [1 8 ] ,  h a v e  
b e e n  s t u d ie d ,  w h ic h  sh ow  a  d e f in i t e  s t r o n g  s t r u c t u r e  b e lo w  20 M eV .

CO N C LU SIO N

In c o n c lu s io n ,  i t  a p p e a r s  t h a t  in  o r d e r  to  i m p r o v e  o u r  u n d e r s t a n d i n g  
of th e  s t r u c t u r e  o f  th e  c o n t in u u m  it i s  n e c e s s a r y  to  c a r r y  ou t c o m p a r a t i v e  
e x p e r i m e n t a l  s t u d i e s  of v a r i o u s  c l u s t e r  t r a n s f e r  r e a c t i o n s  s u c h  a s  ( 6L i ,  d), 
(3H e , p ) ,  (ISO, 12C), (d, 7 ), (4H e , 7 ), l e a d in g  d i r e c t l y  to  th e  p o s s i b l e  n p - n h  q u a s i 
b o u n d  s t a t e s .  A  v e r y  p r e c i s e  c a l c u l a t i o n  of th e  p o s i t i o n  o f  s u c h  (n p -n h )  
s t a t e s  i s  a t  p r e s e n t  not p o s s i b l e  ow ing  to  th e  v e r y  l a r g e  e n e r g y  s h i f t s  
in v o lv e d  a n d  th e  i n h e r e n t  u n c e r t a i n t i e s  o f  s h e l l  m o d e l  c a l c u l a t i o n s .  
A c c o r d in g l y ,  th e  i d e n t i f i c a t io n  o f  th e  c l u s t e r  n a t u r e  of th e  q u a s ib o u n d  
s t a t e s  r e s p o n s i b l e  f o r  th e  s t r u c t u r e  o f  c o n t in u u m '  s t a t e s  r e s t s  w ith  th e  
e x p e r i m e n t a l i s t s .
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D I S C U S S I O N

B . N. Z A K H A R IE V : I w a n t  to  m a k e  a r e m a r k  a b o u t  one  o f  the  
d i f f i c u l t i e s  of u n if ie d  t h e o r i e s  of n u c l e a r  r e a c t i o n s .  It i s  c o n c e r n e d 'w i t h  
th e  c o n t in u o u s  p a r t  of th e  e x p a n s io n  of th e  w a v e - f u n c t io n  ¥ and  i t  l e a d s  to  
c o m p l i c a t e d  i n t e g r a l  o r  i n t e g r o - d i f f e r e n t i a l  e q u a t io n s .  T h i s  i s  due  to  th e  
f a c t  th a t  Y d i f f e r s  f r o m  z e r o  in  an  in f in i t e  r e g i o n  and  i t s  e x p a n s i o n  in v o lv e s  
a g e n e r a l i z e d  F o u r i e r  i n t e g r a l  ( i n s t e a d  of a s u m ) .  T h i s  d i f f ic u l ty  c a n  be  
o v e r c o m e 1 if  we s u b t r a c t  f r o m  ¥ i t s  k n ow n  a s y m p to t i c  p a r t  ф and  ex p a n d  on ly  
X = ¥  - ф w h ich  i s  d i f f e r e n t  f r o m  z e r o  in  a f i n i t e  r e g i o n .  T h e  e x p a n s io n  of 
X c o n ta in s  o n ly  a  d i s c r e t e  s u m  (and  no in t e g r a l ) .

V. G I L L E T :  A n o th e r  m e th o d ,  a lo n g  th e  s a m e  l i n e s ,  h a s  b e e n  r e c e n t l y  
p r o p o s e d  by  L a n e  and  R o b s o n .  T h e i r  m e th o d  i s  a l s o  b a s e d  on th e  r e m a r k  
th a t  th e  u n bo un d  n u c le o n  s c a t t e r i n g  w a v e - f u n c t io n  i s  n e e d e d ,  w h en  s e t t i n g  
up  th e  G r e e n 1 s  fu n c t io n  m a t r i x ,  o n ly  in  th e  i n t e r i o r  r e g i o n .  C o n s e q u e n t ly ,  
i n s t e a d  of u s i n g  a  c o n t in u o u s  e x p a n s io n  w h ic h  w ou ld  y ie ld  th e  s c a t t e r i n g  
w a v e - f u n c t io n  in  th e  w h o le  s p a c e ,  th e y  u s e  a f in i t e  e x p a n s i o n  o v e r  d i s c r e t e  
h a r m o n i c  o s c i l l a t o r  fu n c t io n s .  T h i s  b a s i s  i s  t o t a l l y  w r o n g  in  th e  e x t e r n a l  
r e g i o n  bu t  i t  g i v e s  r a p i d l y  c o n v e r g e n t  r e s u l t s  in  th e  i n n e r  r e g i o n  and 
p r o v i d e s  a c o n v e n ie n t  r e p r e s e n t a t i o n  o f  l i m i t e d  d i m e n s i o n s  f o r  i n v e r t i n g  
th e  n u c l e a r  m a t r i x .

S. S Z P IK O W S K Y : M y q u e s t i o n  c o n c e r n s  th e  s i m p l e  t w o - l e v e l  m o d e l .  
H e r e  you  t a k e  in to  a c c o u n t  o n ly  th e  p o te n t i a l  e n e r g y  of th e  n u c le o n s  in  th e  
h i g h e r  l e v e l .  T h e  r e s u l t s  m i g h t  b e  q u i t e  d i f f e r e n t  i f  you  to o k  in to  a c c o u n t  
th e  i n t e r a c t i o n  in  th e  l o w e r  l e v e l  to o .

V. G I L L E T :  T h e  i n t e r a c t i o n  in  th e  l o w e r  l e v e l  i s  t a k e n  in to  a c c o u n t .  
M o r e  p r e c i s e l y ,  a s  p o in te d  ou t by D r .  R ip k a ,  by d e f in i t io n  in  th e  p r e s e n t  
s i m p l e  m o d e l  th e  s h e l l  e n e r g y  ju m p  e i s  e q u a l  to  th e  b r e a k i n g  e n e r g y  of 
t h r e e  n u c l e a r  b o u n d s  in  th e  l o w e r  l e v e l .  On th e  o t h e r  han d ,  w h e n  c r e a t i n g
1, 2, 3, 4 p a r t i c l e - h o l e  p a i r s  you  l o s e  in  th e  l o w e r  l e v e l  3, 2, 1, 0 b o u n d s ,  
e a c h  e q u a l  to  V*, and  g a in  0, 1, 2, 3 b o u n d s ,  e q u a l  to  Vjj in  th e  u p p e r  l e v e l .  
I n t r o d u c in g  a l o s s  of s h e l l  e n e r g y  e q u a l  to  N e s 3 NVj, t h i s  l e a d s  to  a g a in  
of p o te n t i a l  e n e r g y  [N (N -1 ) /2 ]V ,  w h e r e  V = V 1 +  V2. In o t h e r  w o r d s ,  th e  
p o te n t i a l  e n e r g y  o f  tw o  h o le s  a d d s  up  to  th e  p o t e n t i a l  e n e r g y  of tw o p a r t i c l e s .

1 EFIMENKO, T .G ., ZAKHARIEV, B.N.-, ZIGUNOV, V .P ., Ann. Phys. 47(1968)275.
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C. F .  C L E M E N T :  It w ou ld  be n ic e  i f  t h e r e  w e r e  m o r e  e x p e r i m e n t a l  
w o r k  on a  f o u r th  c l a s s  of e x p e r i m e n t s  w h ic h  w o u ld  be  a v a lu a b le  to o l  fo r  
i n v e s t i g a t i n g  c o l l e c t i v e  s t a t e s  in  th e  c o n t in u u m .  T h e s e  a r e  c a p t u r e  r e a c t i o n s  
w h ic h  l e a d  to  e x c i t e d  s t a t e s  o f  n u c le i .  B e c a u s e  t h e s e  s t a t e s  c a n  b e  c h o s e n  
to  h a v e  p a r t i c u l a r  p a r t i c l e - h o l e  p r o p e r t i e s  r e l a t i v e  to  th e  g ro u n d  s t a t e ,  
t r a n s i t i o n  f r o m  th e  c o n t in u u m  w ou ld  e x a m i n e  c o r r e s p o n d i n g  p a r t i c l e - h o l e  o r  
m u l t i p a r t i c l e - m u l t i h o l e  s t a t e s  in  th e  c o n t in u u m  w h ic h  m a y  h a v e  c o l l e c t i v e  
p r o p e r t i e s .  F o r  e x a m p le ,  f in a l  s t a t e s  s e l e c t e d  co u ld  be  v i b r a t i o n a l  o r  
r o t a t i o n a l  2+ s t a t e s .

V. G IL L E T :  I q u i t e  a g r e e .  M ay  I g ive  a n o th e r  e x a m p l e :  in  th e  
c a l c u l a t i o n  of th e  f in e  s t r u c t u r e  of 160, th e  i n t e r f e r e n c e  dip at 22. 7 M eV  
a p p e a r s  as  due  to  a 2p - 2 h q u a s ib o u n d  s t a t e ,  w h o se  m a i n  c o m p o n e n t  i s  
th e  tw o -p h o n o n  v e c t o r  { (ph) 0+ ; ( p h ) l - } . T h e  0+ p - h  phonon , in  a s p h e r i c a l  
b a s i s ,  h a s  e n e r g y  ~  11 - 12 M eV  w h i le  th e  d ip o le  ph on on  i s  th e  13 M eV  
s t a t e .  O b s e r v a t io n  o f  a  d ip o le  7 , of abou t  13 M eV  e n e r g y ,  l e a d i n g  to  an 
e x c i t e d  0+ s t a t e  a ro u n d  H M e V ,  w o u ld  c o n f i r m  th i s  i n t e r p r e t a t i o n .

S. S. HANNA: As a c o m m e n t  on D r .  C l e m e n t 1 s r e m a r k ,  I sh o u ld  l ik e  
t o  m e n t io n  t h a t  th e  g ia n t  d ip o le  r e s o n a n c e s  b u i l t  on e x c i t e d  s t a t e s  of n u c le i  
a r e  b e in g  s tu d ie d  in  s e v e r a l  l a b o r a t o r i e s ,  e .  g. A rg o n n e  and S ta n fo rd .
Q u i te  d e ta i l e d  i n f o r m a t io n  i s  now a v a i l a b le  f o r  s e v e r a l  n u c le i .  T h e  o b s e r 
v a t i o n s  c o v e r  s e v e r a l  l i g h t  and  m e d i u m  n u c le i  up to  90Z r .  T h e  c a s e  of 
160  i s  e s p e c i a l l y  d i f f ic u l t  e x p e r i m e n t a l l y  b e c a u s e  th e  e x c i t e d  s t a t e s  l i e  
a t  r a t h e r  h igh  e x c i t a t i o n  e n e r g i e s .  H o w e v e r ,  t h i s  e x p e r i m e n t  i s  p la n n e d  
and  i t  i s  h o p ed  r e s u l t s  w i l l  b e  o b ta in e d  soo n .
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Abstract — Аннотация

THE STUDY OF ATOMIC NUCLEI USING NEUTRON SPECTROSCOPY METHODS: SOME RESULTS AND 
PROSPECTS. The results of some investigations performed recently on the pulsed reactor of the Laboratory of 
Neutron Physics, Dubna, are presented. The experiments on the (n, a) reaction in resonances with w3Nd,
145Nd, 147Sm, 149Sm, 95Mo and some others as targetsiare discussed in greatest detail. The results of measuring 
variations of the neutron average number v per fission event in neutron resonances of 235Pu and 235 U are 
presented; these experiments yield information on the dependence of и on the spin of a fissionable nucleus.
The gamma-spectra study of neutron radiative capture in resonances and also the future prospects of applying 
polarized neutrons and oriented nuclear targets in neutron spectroscopy are given briefly.

ИССЛЕДОВАНИЯ АТОМНЫХ ЯД ЕР МЕТОДАМИ НЕЙТРОННОЙ СПЕКТРОСКОПИИ. НЕ
КОТОРЫ Е РЕЗУЛЬТАТЫ  И ПЕРСПЕКТИВЫ  . Представлены результаты  некоторых исследо
ваний, выполненных в последнее время на импульсном реакторе Лаборатории нейтронной фи
зики. Наиболее подробно обсуждаются эксперименты  по изучению реакций (п ,^ )  в резонансах, 
проведенные с мишенями 143Nd, 145Nd, 147Sm , 149Sm, s9Mo и некоторыми другими. И зл ага 
ются результаты измерений вариаций среднего числа нейтронов v на акт деления в нейтронных 
резонансах 239Ри и 235U ; эти опыты дают сведения о зависимости v от спина делящ егося яд 
р а . Кратко р а с с м а т р и в а л с я  исследования гам м а-сп ектр о в  радиационного зах в ата  нейтронов 
в р езо н ан сах ^а  такж е перспективы использования в нейтронной спектроскопии поляризованных 
нейтронов и ориентированных ядерных мишеней.

1. IN T R O D U C T IO N

In a p p r o x i m a t e l y  tw e n ty  y e a r s  o f  i n t e n s e  d e v e lo p m e n t ,  s lo w  n e u t r o n  
s p e c t r o s c o p y  has- e n r i c h e d  n u c l e a r  p h y s i c s  w i th  i m p o r t a n t  i n f o r m a t i o n  on 
th e  p r o p e r t i e s  of h ig h ly  e x c i t e d  n u c l e i .  T h e s e  in c lu d e  d i r e c t  d a t a  on 
e n e r g y  l e v e l  d e n s i t i e s ,  d i s t r i b u t i o n s  of l e v e l  s p a c i n g s  and  t h e i r  w id th s ,  
an d  n e u t r o n  s t r e n g t h  f u n c t io n s .  T h e s e  d a ta  h e lp e d  to  i m p r o v e  th e  o p t i c a l  
a n d  s t a t i s t i c a l  m o d e l s  an d  c o n f i r m e d  th e  v a l i d i t y  of t h e i r  p r e d i c t i o n s  
w i th in  a n  a c c u r a c y ,  w h ic h  m a y ,  in  g e n e r a l ,  b e  c o n s i d e r e d  s a t i s f a c t o r y  
i f  one  t a k e s  in to  a c c o u n t  t h a t  t h e  m o d e l s  t h e m s e l v e s  a r e  o n ly  c r u d e  a p 
p r o x i m a t i o n s .  F r o m  th e  v ie w p o in t  of th e  a b o v e - m e n t i o n e d  t h e o r e t i c a l  
m o d e l s  n e u t r o n  s p e c t r o s c o p y  h a s  to  a  c o n s i d e r a b l e  e x te n t  a c c o m p l i s h e d  
i t s  m i s s i o n .  T h i s  i s  p r o b a b l y  w h a t  i s  r e s p o n s i b l e  f o r  t h e  o p in io n  th a t  i t  
i s  d i f f ic u l t  to  e x p e c t  m u c h  f r o m  th e  f u r t h e r  s tu d y  o f  n e u t r o n  r e s o n a n c e s  
a n d  t h a t  i t  w o u ld  p o s s i b l y  b e  u s e f u l  o n ly  a s  f a r  a s  th e  r e q u i r e m e n t s  o f  
n u c l e a r  e n e r g e t i c s  a r e  c o n c e r n e d .

T h i s  m a y  b e  a r g u e d  f r o m  th e  m o s t  g e n e r a l  c o n c e p t io n s  o f  t h e  w a y s  
o f  s c i e n t i f i c  d e v e lo p m e n t .  At p r e s e n t ,  h o w e v e r ,  th e  n e e d  f o r  s u c h  a r g u m e n t  
h a s  p a s s e d  s i n c e  a n e w  an d  p r o m i s i n g  t r e n d  h a s  a l r e a d y  b e e n  o u t l in e d  in
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n e u t r o n  s p e c t r o s c o p y .  P e r h a p s  i t  m a n i f e s t s  i t s e l f  m o s t  c l e a r l y  in  th e  
r e c e n t  d i s c o v e r y  w h ic h  w i l l  b e  d i s c u s s e d  in  d e t a i l  in  th e  in v i t e d  p a p e r s  
by  L y n n  and  by  S t r u t i n s k y  and  B j 0r n h o l m  in  t h i s  S y m p o s iu m  — th e  d i s 
c o v e r y  o f  tw o  d i f f e r e n t  s y s t e m s  of h ig h ly  e x c i t e d  s t a t e s  in  m a n y  f i s s i o n a b le  
n u c le i .

T h e  p r e s e n c e  of tw o  s y s t e m s  of l e v e l s  i m p l i e s  t h a t  th e  c o m p o u n d  
n u c l e u s  h a s  a  s t r u c t u r e  w h ic h  i s  g e n e r a l  and  s i m p l e  e no ug h  to  b e  of i n t e r e s t  
f o r  b o th  e x p e r i m e n t a l  and  t h e o r e t i c a l  s t u d i e s .  It co u ld  h a r d l y  be  d o u b ted  
th a t  t h i s  p e c u l i a r i t y  i s  c h a r a c t e r i s t i c  no t e x c lu s iv e l y  of f i s s i o n a b l e  n u c le i .  
M o r e  p ro b a b l y ,  th e  p r e s e n c e  of a  c h a n n e l  g r e a t l y  s i m p l i f i e s  th e  o b s e r v a 
t i o n s  of s t r u c t u r e  c o n n e c t e d  w i th  l a r g e  n u c l e a r  d e f o r m a t io n .

A n o th e r  f e a t u r e  of t h i s  p r o m i s i n g  t r e n d  i s  th e  g r e a t  d e a l  of i n f o r m a t io n  
b e c o m i n g  a v a i l a b l e  on th e  p r o p e r t i e s  of t h e  c a p t u r e  s t a t e  and  of m a n y  lo w -  
ly in g  l e v e l s ;  t h i s  i n f o r m a t io n  i s  p ro v id e d  by m e a s u r e m e n t s  o f  y - r a y  s p e c t r a  
of r e s o n a n c e  n e u t r o n  c a p t u r e  u s in g  g e r m a n i u m  d e t e c t o r s .

I n d ic a t io n s  a s  to  th e  n o n - s t a t i s t i c a l  c h a r a c t e r  of 7 - r a y  s p e c t r u m  
v a r i a t i o n s  f r o m  r e s o n a n c e  to  r e s o n a n c e  a r e  e s p e c i a l l y  i n t e r e s t i n g .  T h e  
H a r w e l l  g ro u p ,  w h ic h  o b s e r v e d  s u c h  a n  a n o m a l y  in  th e  t a r g e t  n u c l e u s  of 
m e r c u r y - 1 9 8 ,  c o n s i d e r e d  it  a s  e v id e n c e  of th e  s t r u c t u r e  of a  co m p o u n d  
n u c l e u s  a n a lo g o u s  to  t h a t  o b s e r v e d  in  f i s s i o n a b l e  n u c le i  [ 1 ].

In  th e  en d ,  p r o g r e s s  in  th e  e x p e r i m e n t a l  te c h n iq u e  h a s  b e e n  th e  b a s i s  
of th e  new  t r e n d .  T h i s  p r o g r e s s  h a s  m a d e  i t  p o s s i b l e  to  p a s s  to  h ig h -  
r e s o l u t i o n  n e u t r o n  s p e c t r o m e t r y  e x p e r i m e n t s ,  y ie ld in g  new i n f o r m a t i o n  . 
a s  c o m p a r e d  w ith  th e  m e a s u r e m e n t s  o f  t o t a l  n e u t r o n  c r o s s - s e c t i o n s ,  w h ich  
w e r e  th e  on ly  o n e s  a v a i l a b l e  a  few y e a r s  ago .

In th e  p r e s e n t  r e p o r t  s o m e  of t h e s e  m o r e  c o m p l i c a t e d  e x p e r i m e n t s  
on n e u t r o n  r e s o n a n c e s ,  w h ic h  a r e  b e in g  c o n d u c te d  o r  p la n n e d  in  D ubna ,  
a r e  c o n s i d e r e d .

2. ( n , a )  R E A C T IO N  IN T H E  R E S O N A N C E  E N E R G Y  R E G IO N

T h e  s tu d y  of th e  (n,or) r e a c t i o n  in  n e u t r o n  r e s o n a n c e s  w a s  b e g u n  by 
P o p o v  and  K v i te k  a b o u t  2 y e a r s  ago  [2].

T h e  e x p e r i m e n t s  a r e  v e r y  d i f f ic u l t  ow ing  to  th e  s m a l l n e s s  of th e  
(n ,» )  r e a c t i o n  c r o s s - s e c t i o n s  c a u s e d  by th e  low  o ' - p a r t i c l e  p e n e t r a b i l i t y  
of th e  C o u lo m b  b a r r i e r .  T h e y  w e r e  m a d e  p o s s i b l e  th a n k s  to  th e  d e v e l o p 
m e n t  of g a s  s c i n t i l l a t i o n  and  io n i z a t i o n  m u l t i l a y e r  c h a m b e r s  w ith  low 
( l e s s  t h a n  1 0 ' 8) e f f ic ie n c y  f o r  g a m m a - r a y s ,  w h ic h  e n a b le d  one  to  o p e r a t e  
w i th  l a y e r s  of i n v e s t i g a t e d  s u b s t a n c e  h a v in g  an  a r e a  of 2 0 0 0 -6 0 0 0  c m 2.
So fa r ,  P o p o v  and  c o - w o r k e r s  h a v e  o b ta in e d  p o s i t i v e  r e s u l t s  f o r  th e  i s o 
to p e s  of n e o d y m i u m - 1 4 3 ,  n e o d y m i u m - 145, s a m a r i u m - 147, s a m a r i u m - 1 4 9  
and  m o l y b d e n u m - 9 5 .  T h e  l o w e r  p a r t  of F i g . l  p r e s e n t s  th e  y ie ld  of th e  
r e a c t i o n s  143Nd (n ,a0  140Ce v e r s u s  n e u t r o n  e n e r g y  m e a s u r e d  by  th e  t i m e -  
o f - f l i g h t  s p e c t r o m e t e r  of th e  L a b o r a t o r y  of N e u t r o n  P h y s i c s ,  J IN R  (IBR 
r e a c t o r  w ith  a m i c r o t r o n  i n j e c t o r ) .  T h e  m a i n  c u r v e  i s  m e a s u r e d  w i th  a 
r e s o l u t i o n  of 100 n s / m  o v e r  75 h o u r s .

T h e  i n s e t  d i a g r a m  sh o w s  th e  r e s u l t s  of m e a s u r e m e n t s  w i th  a r e s o l u 
t i o n  of 30 n s / m  ( e x p o s u r e  140 h o u r s ) ;  th e  t a r g e t  c o n s i s t e d  of a  t h i n  l a y e r  
of n e o d y m iu m  o x ide  e n r i c h e d  in  n e o d y m i u m - 143 to  73.2%, th e  t o t a l  w e ig h t  
of th e  t a r g e t  b e in g  a b o u t  20 g .  T h e  u p p e r  p a r t  of t h e  c u r v e  r e p r e s e n t s  
th e  y ie ld  of r a d i a t i v e  c a p t u r e  g a m m a - r a y s  f o r  th e  s a m e  t a r g e t ,  o b ta in e d
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F IG .l. The curves of cc-particle and y-ray yields for the 143Nd target.

w ith  th e  s a m e  r e s o l u t i o n ,  100 n s / m .  A c o m p a r i s o n  of th e  a r e a s  o f  th e  
c o r r e s p o n d i n g  p e a k s  on  th e  c u r v e s  of a - p a r t i c l e  and  7 - r a y  y i e l d s  g iv e s  
th e  a - p a r t i c l e  w id th s  o f  th e  r e s o n a n c e s  Г а  ,  s i n c e  t h e i r  r a d i a t i o n  w id th s  
TJ, a r e  w e l l  know n. H e r e  th e  a b s o l u t e  c a l i b r a t i o n  i s  o b ta in e d  by  m e a s u r e 
m e n t s  in  th e  t h e r m a l  e n e r g y  r e g i o n ,  w h e r e  th e  c r o s s - s e c t i o n s  o f  both  
r e a c t i o n s  (n , a )  a n d  (n, y) a r e  k n o w n -fo r  s o m e  i s o t o p e s .  T h e  d a t a  on th e  
a lp h a - w i d th s  of n e o d y m i u m - 1 4 3 4 r e s o n a n c e s  a r e  g iv e n  in  T a b le  I. T he  
55.8  eV , 157^eV and  190 eV r e s o n a n c e s  a r e  c h a r a c t e r i z e d  by a m u c h  
s m a l l e r  a - w i d t h  t h a n  th e  o t h e r  r e s o n a n c e s .  T h e  d i f f e r e n c e  m a y  be  e x 
p la in e d  by th e  d e c a y  s c h e m e  of a co m p o u n d  n u c l e u s  of n e o d y m i u m - 144 
( F i g . 2). C a p tu r e  of a n  s - w a v e  n e u t r o n  by n e o d y m i u m - 1 4 3  l e a d s  to  e x c i t a 
t i o n  of l e v e l s  of n e o d y m i u m - 1 4 4  w i th  s p in  an d  p a r i t y  3" an d  4 ' .  T h e  c o n 
s e r v a t i o n  of p a r i t y  f o r b id s  th e  a  - d e c a y  o f  4 '  s t a t e s  in to  th e  0 + g ro u n d  s t a t e  
of th e  e v e n - e v e n  p r o d u c t - n u c l e u s  of c e r i u m - 1 4 0 .  D e c a y  in to  th e  2+ l e v e l  
w i th  e x c i t a t i o n  e n e r g y  1.6 MeV i s  p o s s ib l e .

A d e c r e a s e  o f  a - p a r t i c l e  e n e r g y  by  1.6 MeV r e s u l t s  in  a  d e c r e a s e  of 
t h e  C o u lo m b  b a r r i e r  p e n e t r a b i l i t y  by tw o  o r d e r s  of m a g n i tu d e .  T h e r e f o r e  
th e  a - w i d t h s  of r e s o n a n c e  w ith  s p in  4 sh o u ld  be  s m a l l e r  th a n  t h o s e  of r e 
s o n a n c e s  w i th  s p in  3 by  a  f a c t o r  of s e v e r a l  h u n d r e d s .  T h u s ,  in  T a b le  I 
s p in  3 i s  a s s i g n e d  to  s t r o n g  r e s o n a n c e s ,  w h e r e a s  s p in  4 i s  m o s t  p r o b a b l e  
f o r  w e a k  r e s o n a n c e s .

T h e  s i t u a t i o n  i s  a n a lo g o u s  f o r  th e  o t h e r  i s o to p e s  i n v e s t i g a t e d .  H o w 
e v e r ,  f o r  t h e m  th e  f i r s t  e x c i t e d  l e v e l  of a  p r o d u c t - n u c l e u s  is  not s o  h ig h
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TABLE I. Ü  FOR 143Nd RESONANCES

Resonance energy 
(eV)

Resonance spin
ra

(jjeV)
Resonance spin from the value of

r«

-6 3 5.6 ± 1.3

55.8 < 0.1 (4)

128 7 * 1 3

138 36 ± 3 3

157 < 0.2 (4)

184 2 ± 0.4 3

190 < 0 .5 (4)

410 14 ± 3.5 3

713 17 ± 8 3

a s  f o r  t h e  m a g i c  c e r i u m - 1 4 0 ,  so  t h a t  th e  d e p e n d e n c e  of th e  a - w i d t h s  on 
th e  r e s o n a n c e  s p in  i s  l e s s  p r o n o u n c e d .  F ig .3  r e p r e s e n t s  th e  c u r v e  of th e  
a - p a r t i c l e  y ie ld  f r o m  th e  s a m a r i u m - 1 4 9  t a r g e t  ( e n r i c h m e n t  94.6%). T h e  
l a r g e s t  n u m b e r  of a - w i d t h s  i s  d e t e r m i n e d  f o r  t h i s  n u c le u s ;  t h e i r  i n t e g r a l  
d i s t r i b u t i o n  f o r  15 r e s o n a n c e s  i s  r e p r e s e n t e d  a s  a  h i s t o g r a m  in  F i g . 4.
F o r  f iv e  s a m a r i u m - 1 4 9  r e s o n a n c e s . w i t h  know n s p in  4 ' ,  th e  a v e r a g e  v a lu e  
o f  an  a - w i d t h  i s  e q u a l  to  Г а  (4") = 5.3 X 1 0 ”2 i u e V .  If  th e  n u m b e r  o f  r e 
s o n a n c e s  i s  a s s u m e d  to  be  p r o p o r t i o n a l  to  2J  + 1, Г«(3") = 0 .41  p e V  m a y  
b e  found .  In F i g . 4 th e  s o l id  c u r v e  g iv e s  th e  s u m  of  two x 2 d i s t r i b u t i o n s  
w i th  th e  n u m b e r  of d e g r e e s  of f r e e d o m s  = 2 ( i .e .  tw o  e x p o n e n ts )  an d  th e  
a v e r a g e  v a lu e s  g iv e n  a b o v e .  A s i s  s e e n ,  th e  s o l id  c u r v e  f i t s  th e  e x 
p e r i m e n t a l  d a t a  s u f f i c i e n t ly  w e l l .

143T h e  s p r e a d  of a - p a r t i c l e  w id th s  of Nd 3" l e v e l s  c o r r e s p o n d s  to  
th e  n u m b e r  of d e g r e e s  of f r e e d o m  v e{{ -  1 .8  ± 1 , w h e r e a s ,  in  t h i s  c a s e ,  
i f  th e  P o r t e r - T h o m a s  t h e o r y  i s  v a l id  f o r  a  w id th  d i s t r i b u t i o n s ,  i t  w ou ld  
b e  e x p e c t e d  t h a t  v  = 1 .

F o r  s a m a r i u m - 1 4 9 ,  w h e r e  t r a n s i t i o n s  to  th e  e x c i t e d  l e v e l ,  to  w h ich  
s e v e r a l  o r b i t a l  m o m e n t a  c o n t r i b u t e ,  a r e  a p p r e c i a b l e ,  v  s h o u îd  b e  a b o u t  2 . 
T h u s ,  w i th  a v e r y  low  a c c u r a c y  of th e  e x p e r i m e n t a l  e s t i m a t i o n  of v  it  c an  
b e  p r e l i m i n a r i l y  c o n c lu d e d  th a t  th e  o b s e r v e d  d i s t r i b u t i o n  of а - w id t h s  i s  
c o n s i s t e n t  w i th  th é  P o r t e r - T h o m a s  t h e o r y .

F i g . 5 p r e s e n t s  th e  c u r v e  of th e  a  - p a r t i c l e  y ie ld  o b ta in e d  w i th  a  c h a m b e r  
in  w h ic h  n e o d y m i u m - 1 4 3  and  m o l y b d e n u m - 9 5  t a r g e t s  ( e n r i c h m e n t  82.4%) 
w e r e  p la c e d  s i m u l t a n e o u s l y .  A p a r t  f r o m  th e  n e o d y m iu m - 1 4 3  r e s o n a n c e s ,  
t h r e e  p e a k s  c o r r e s p o n d i n g  to  th e  m o l y b d e n u m - 9 5  r e s o n a n c e s  a r e  d i s t i n c t l y  
s e e n .  T h e s e  r e s o n a n c e s  a l s o  a p p e a r e d  in  th e  m e a s u r e m e n t s  w ith  o n ly  a 
m o ly b d e n u m  t a r g e t .  A v e r y  s t r o n g  r e s o n a n c e  of m o l y b d e n u m - 9 5  a t  45 eV 
d id  no t o c c u r .  It m a y  th u s  be  c o n c lu d e d  th a t  s p in  3+ i s  p r o b a b l e  f o r  t h i s  
l e v e l ,  w h e r e a s  th e  553 eV, 899 eV  and  1145 eV  l e v e l s  h a v e  s p in  2+ .
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NEUTRON ENERGY (eV)

FIG.3 . The curves of a -p a rtic le  and y-ray  yields for the 149Sm target.

FIG.4 . Integral distribution of а -widths of |,49Sm neutron resonances (histogram ). The solid curve is 
the sum of two x 2 distributions with the number of degrees of freedom v -  2. (N (> r a ) = 7 exp [ - I ^ /0 .4 1 ]  
+ 9 e x p [ - r a /0 .0 5 3  ] ) .

T h e  d a t a  on th e  a v e r a g e  a -w id th s  f o r  th e  i s o to p e s  i n v e s t i g a t e d  by 
P o p o v  e t  a l .  a r e  s u m m a r i z e d  in  T a b le  II. . T h e  s a m e  t a b l e  g iv e s  th e  v a lu e s  
of a - w i d t h s  c a l c u l a t e d  f r o m  th e  w e l l - k n o w n  f o r m u l a  of s t a t i s t i c a l  th e o r y :
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FIG. 5. The curve of a -p a rtic le  yield in resonances of 143Nd and 95Mo.

w h e r e  D i s  th e  a v e r a g e  d i s t a n c e  b e tw e e n  r e s o n a n c e s  w i th  g i v e n  s p in  and  
p a r i t y ,  T,;; i s  th e  b a r r i e r  p e n e t r a b i l i t y  f o r  a  p a r t i a l  w a v e  w i th  o r b i t a l  
m o m e n tu m  1 f o r  t r a n s i t i o n  to  th e  i - t h  l e v e l  of th e  f in i t e  n u c l e u s .

T h e  p e n e t r a b i l i t y  w a s  c a l c u l a t e d  in  th e  q u a s i - c l a s s i c a l  a p p r o x i m a 
t io n .  T ho u g h  th e  e x p e r i m e n t a l  d a t a  a r e  c h a r a c t e r i z e d  by  l a r g e  e r r o r s  
d u e  p r i m a r i l y  to  th e  s m a l l  n u m b e r  of i s o to p e s  u n d e r  i n v e s t i g a t i o n ,  s t i l l ,  
th e  g e n e r a l  i m p r e s s i o n  i s  th a t  th e  o b s e r v e d  a v e r a g e  a - w i d t h s  a r e  s m a l l e r  
t h a n  th o s e  p r e d i c t e d  by  s t a t i s t i c a l  t h e o r y  ( F i g . 6 ). T h e  d i s c r e p a n c y  i s  
e s p e c i a l l y  l a r g e  f o r  m o ly b d e n u in - 9 5 .  It i s  d i f f ic u l t  a t  p r e s e n t  to  s a y  a n y 
th in g  d e f in i t e  a b o u t  th e  n a t u r e  of th e  h i n d r a n c e  of th e  a - d e c a y  of th e  c o m 
pound  n u c le i  i n v e s t i g a t e d .  M e a s u r e m e n t s  of a - p a r t i c l e  s p e c t r a  sh o u ld  
y ie ld  v a lu a b l e  a d d i t io n a l  i n f o r m a t io n .  Such m e a s u r e m e n t s  f o r  t h e r m a l  
n e u t r o n  c a p t u r e  a r e  b e in g  m a d e  s u c c e s s f u l l y  by  s e v e r a l  g r o u p s  and  
m e a s u r e m e n t s  f o r  r e s o n a n c e  c a p t u r e  h a v e  b e e n  b e g u n  by  P o p o v ' s  g ro u p .

F i g u r e  7 p r e s e n t s  th e  o r - p a r t i c l e  s p e c t r a  f o r  th e  14,Sm  3.4 eV and 
18.3 eV r e s o n a n c e s  o b ta in e d  w i th  a n  IB R  p lu s  m i c r o t r o n  s e t - u p  u s i n g  a 
g r i d  io n i z a t io n  c h a m b e r  [3].

' D a ta  on p a r t i a l  a - t r a n s i t i o n  w id th s  p e r  l e v e l  of a  f i n i t e  n u c l e u s ,  
a v e r a g e d  o v e r  l e v e l s  w i th  e x c i t a t io n ,  e n e r g y  be low  o r  a b o v e  th e  p a i r in g  
e n e r g y ,  a r e  t a b u l a t e d  i n  T a b le  III. A s  i s  s e e n  in  th e  s t a t i s t i c a l  t h e o r y  
e s t i m a t e s  a r e  r e a c h e d  f o r  t r a n s i t i o n s  to  th e  l e v e l s  a b o v e  th e  p a i r i n g  
e n e r g y  and  th i s  i s  no t  so  f o r  t r a n s i t i o n s  to  th e  l e v e l s  be low  th e  p a i r i n g  
e n e r g y .  T h i s  d i f f e r e n c e  m a y  b e  u n d e r s to o d  in  th e  fo l lo w in g  w ay .  W hen
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Compound nucleus D (eV) Spin and parity Number of levels
(iieV)

Experiment
value

Statistical
theory

L44Nd 80 3"
4“

6
3

13
<0.3

36
0.1

146Nd 38 3~
4"

3 0.4 0.4 
2 . 2 . 10-2

3~ 2 1.2 8.1
148Sm 14 4~ 0.34 1.1

3- + 4" 0.6 4.6

150Sm 6
3“
4~

10
5

0.41
0.053

1.2
0,16

96Mo 280 2+
3+

3
1

6.4 
< 1. 10” 2

360
6.4

i30Xe 80
1+
2+

1
1

< 2 . 10"3 
< 0.1

4 .1 0 “ 3 
0.3

i ° 6 p d 27 to +
CO
+ 3 < 3.10" 2 > 0.1

190Os 10 1' ,  2~ 3 < 3 .10" 3 0.3

£(expt)/£  (statistical)

I Ï

0.1 -

0.01-

60 80 100 120 140 160 180 A

FIG.6 , The ratio of experimental values of resonance а -widths to the theoretical values estimated from 
statistical theory (see Table II).
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FIG.7. The a-particle spectra of the 147Sm (n,a) reaction for resonances with an energy of 3 .4  eV (Jïï = 3") 
and 18.3 eV (Jïï -  4"). In the upper plot the a-particle spectrum of the uranium source, which was used, 
to calibrate the apparatus, is also shown.

T A B L E  III. A V E R A G E  R E D U C E D  a  - P A R T IC L E  W ID THS

ô2(eV)

Compound nucleus Statistical theory Experimental values Remarks
ó2 -  D For levels below 

pairing energy
For levels above 
pairing energy

не Nd 38 5 40 - 80 Resonance 4.37 eV

148 Sm 14
7 100 ± 80 Resonance 3.4 eV
3.7 26 ± 22 Resonance 18.3 eV

,50Sm 5.3 Measurements with
thermal neutrons[14]

144 Nd 80 20 140 [15]

an  a - p a r t i c l e  i s  f o r m e d  in  a  h o t  c o m p o u n d  n u c l e u s  tw o o r  m o r e  u n p a i r e d  
n u c le o n s  a r e  le f t  in  th e  r e s i d u a l  n u c l e u s .  T h e  s t r u c t u r e  o f  t h i s  s t a t e  i s  
v e r y  d i f f e r e n t  f r o m  th a t  of a f in i t e  n u c l e u s  s t a t e  s i t u a t e d  b e lo w  th e  p a i r in g  
e n e r g y  and in  t h i s  c o n n e c t io n  a d d i t io n a l  f o r b i d d e n n e s s  a p p e a r s .  T o ta l  
а -w id th s  ( T a b le  II) a r e  p r a c t i c a l l y  e n t i r e l y  d e t e r m i n e d  by th e  p a r t i a l  
w id th s  of t r a n s i t i o n  to  th e  g ro u n d  o r  f i r s t  e x c i t e d  s t a t e  of a  f in i t e  n u c le u s .  
T h e r e f o r e ,  f r o m  th e  ab o v e  p o in t  o f  v ie w ,  th e y  sh o u ld  b e  l o w e r  th a n  th e  
s t a t i s t i c a l  v a lu e ,  a s  i s  a c tu a l ly  o b s e r v e d .  T h e  p r e l i m i n a r y  d a t a  g iv e n  in
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T a b le  II on th e  u p p e r  l i m i t s  o f  p a l l a d i u m -1 0 5 ,  o s m i u m - 1 8 9  an d  x e n o n -1 2 9  
r e s o n a n c e  a - w i d t h s  f o r  w h ic h  th e  r e a c t i o n  (n , a )  h a s  no t y e t  b e e n  o b s e r v e d ,  
c o n f i r m  t h i s  c o n c lu s io n .

P i k e l n e r  e t  a l .  h a v e  a t t e m p t e d  to  e v a lu a te  th e  a - w i d t h s  o f  n e p tu n i u m - 2 3 7  
r e s o n a n c e s  c h a r a c t e r i z e d  by  v e r y  l a r g e  f i s s i o n  w id th s .  S in ce  th e  l a t t e r  i s  
a s s u m e d  to  b e  d u e  to  t h e  g r e a t  d e f o r m a t i o n  of a  c o m p o u n d  n u c le u s ;  it 
w o u ld  b e  of i n t e r e s t  to  s e e  i f  th e  d e f o r m a t i o n  c a n  a l s o  c a u s e  a c c e l e r a t i o n  
o f « - d e c a y .

At p r e s e n t ,  i t  m a y  o n ly  b e  s t a t e d  t h a t  f o r  n e p tu n iu m - 2 3 7  r e s o n a n c e s  
w i th  e n e r g y  o f  40 eV an d  205 eV , 1^ /1}  i s  < 0.1 a n d <  1, r e s p e c t i v e l y .
T h e  s t a t i s t i c a l  t h e o r y ,  w h en  a p p l ie d  to  1^ , g iv e s  a  v a lu e  m a n y  o r d e r s  of 
m a g n i tu d e  s m a l l e r .

3 . T H E  Y IE L D  O F  P R O M P T  FISSION N E U T R O N S  V ER S U S  R E S O N A N C E  
S P IN  IN P L U T O N IU M -2 3 9  AND U R A N IU M -23 5 .

T h e  n u m b e r  v  o f  p r o m p t  n e u t r o n s  e m i t t e d  d u r i n g  f i s s i o n  i s  a  m e a s u r e  
o f  th e  e x c i t a t i o n  e n e r g y  t r a n s f e r r e d  to  f r a g m e n t s  in  th e  p r o c e s s  of f i s s i o n .
A s  A n d r e e v  [4] s u p p o s e d ,  th e  e x c i t a t i o n  e n e r g y  m a y  to  s o m e  e x te n t  b e  
d e p e n d e n t  on  t h e  p a r a m e t e r s  of a f i s s i o n  c h a n n e l .

S in c e  th e  f i s s i o n  c h a n n e l s  f o r  th e  l e v e l s  of a  c o m p o u n d  n u c l e u s  w i th  
s p in  J  = i + 1 /2  an d  J  = i - 1 /2  (i i s  t a r g e t - n u c l e u s  sp in )  a r e  d i f f e r e n t ,  th e  
e x c i t a t i o n  e n e r g y  of f r a g m e n t s  an d  n e u t r o n  y ie ld  m a y  a l s o  v a r y  f o r  t h e s e  
l e v e l s .  L a r g e r  l e v e l  d e n s i t y ,  c o r r e s p o n d i n g  to  a  g r e a t e r  s p i n ,  sh o u ld  
f a c i l i t a t e  t h e  e n e r g y  t r a n s f e r  to  i n t e r n a l  d e g r e e s  of f r e e d o m  a t  t h e  m o m e n t  
o f  n u c l e a r  f i s s i o n ,  w h ic h  m a y  b e  a n o t h e r  r e a s o n  f o r  s p in  d e p e n d e n c e .
F r o m  b o th  p o in t s  of v ie w ,  a  s t r o n g e r  s p i n  d e p e n d e n c e  o f  v  s h o u ld  b e  
e x p e c t e d  f o r  p lu to n iu m -2 4 0  th a n  f o r  u r a n i u m - 2 3 6 .  T h e  e n e r g i e s  o f  th e  
f i s s i o n  c h a n n e l s  (J  = 0 + a n d  1+) a r e  f a r t h e r  a p a r t  f o r  b o th  s p i n s  of 
p lu t o n iu m - 2 4 0  th a n  f o r  u r a n i u m - 2 3 6  (J  = 3 '  an d  4 " ) ;  th e  r a t i o  of th e  
s t a t i s t i c a l  w e ig h t s  o f  tw o s p in  s t a t e s  i s  a l s o  m u c h  m o r e  in  th e  c a s e  of 
p l u t o n i u m .

V a r i a t i o n s  of v  in  th e  r e s o n a n c e s  o f  th e  n u c l e i  m e n t io n e d  a b o v e  h a v e  
b e e n  m e a s u r e d  b y  R y a b o v ,  So D on S ick ,  C h ic k o v  and  Iv a n e v a  in  t h e  • 
L a b o r a t o r y  of N e u t r o n  P h y s i c s ,  D u bn a  [5]. A  5 0 0 - l i t r e  l iq u id  s c i n t i l l a 
t i o n  d e t e c t o r ,  w h ic h  p e r m i t t e d  r e g i s t r a t i o n  of th e  n u m b e r  o f  n e u t r o n s  p e r  
f i s s i o n  e v e n t s ,  w a s  u s e d .  F i g .8 p r e s e n t s  th e  v a l u e s  of v i or  a  n u m b e r  of 
p l u t o n iu m - 2 3 9  r e s o n a n c e  r e l a t e d  to  t h e  a v e r a g e  v a lu e  of 'C ¡y)>.

T h e  l e v e l s ,  w h ic h  a c c o r d i n g  to  R e f . [ 6] h a v e  s p i n  1; a r e  m a r k e d  w i th  
c i r c l e s ,  an d  th e  l e v e l s  w i th  s p i n  0 a r e  m a r k e d  w i th  s q u a r e s .

T h e  m e a s u r e m e n t s  w e r e  m a d e  w i th  t h r e e  s a m p l e s  of m e t a l l i c  p lu to n iu m  
of v a r i o u s  t h i c k n e s s .  T h e  r e s u l t s  f o r  a l l  t h e  s a m p l e s  a g r e e  w i th in  s t a t i s t i c a l  
- e r r o r .  A s  i s  e a s i l y  s e e n ,  r e s o n a n c e s  w i th  s p i n  1 a r e  c h a r a c t e r i z e d  b y  a 
l a r g e r  n e u t r o n  y ie ld  th a n  r e s o n a n c e s  w i th  s p in  0. T h e  d i f f e r e n c e  a c c o u n t s  
f o r  A v ¡ v  У  = (5 .8  ± 1)%. It i s  k no w n  t h a t  a s  t h e  k in e t i c  n e u t r o n  e n e r g y  
i n c r e a s e s ,  у i n c r e a s e s  l i n e a r l y  a t  a  r a t e  d v / d E  = 0 .14  M e V -1. If w e  t a k e  
t h e  d e p e n d e n c e  b e tw e e n  v  a n d  th e  e x c i t a t i o n  e n e r g y  o f  f i s s i o n  f r a g m e n t s  
to  b e  th e  s a m e ,  th e  d i f f e r e n c e  in  e x c i t a t i o n  e n e r g i e s  f o r  f i s s i o n  of 
p l u t o n iu m - 2 4 0  w ith  s p in  1 a n d  s p in  0 i s  1.2 ± 0 .2  M eV . T h i s  v a lu e  i s  
c l o s e  to  th e  e x p e c t e d  d i f f e r e n c e  b e tw e e n  th e  e n e r g i e s  o f  1 + and  0+ s t a t e s  
in  th e  s a d d l e  p o in t  o f  a  h e a v y  e v e n - e v e n  n u c l e u s  [7].
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FIG.8. The average number of neutrons per fission eveut for the resonances of 239Pu (relative units). Circles 
represent the resonances with spin and parity J* = 0+; squares indicate those with J ïï = 1+; dots mean that 
reliable data on the resonance spin are lacking.
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FIG. 9. The average number of neutrons per fission event for the resonances of 235U (relative units). Circles 
represent the resonances with a probable value of J7*" f  3"; squares indicate those with a probable value of 
jff = 4". dots mean that reliable data on the resonance spin are lacking.

F i g u r e  9 sh o w s  th e  u r a n i u m - 2 3 5  d a t a  of th e  s a m e  g r o u p .  F r o m  
R ef .  [ 8] d e f in i t e  s p i n s  (3" and  4")  m á y  b e  a s s i g n e d ,  w i th  c e r t a i n  p r o b a 
b i l i t y ,  to  t h i r t e e n  o f  t h e  i n v e s t i g a t e d  r e s o n a n c e s .  T h e  m e a s u r e m e n t s  
w e r e  m a d e  on  s e v e r a l  s a m p l e s  an d  a l s o  w i th  a  f i s s i o n  c h a m b e r  c o n n e c t e d  
in  c o in c i d e n c e  w i th  th e  l iq u id  s c i n t i l l a t i o n  d e t e c t o r .  T h e  r e s u l t s  o f v a r i o u s  
m e a s u r e m e n t s  a g r e e d  w i th in  s t a t i s t i c a l  a c c u r a c y .  O n th e  a v e r a g e ,  r e 
s o n a n c e s  w i th  h i g h e r  s p in  h a v e  a  l a r g e r  v a lu e  o f  v :
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T h e  e r r o r  i s  d e t e r m i n e d  f r o m  th e  s p r e a d  o f  th e  v a lu e s  of v  f o r  s e v e n  
r e s o n a n c e s  w i th  s p in  3 and  s i x  r e s o n a n c e s  w i th  s p in  4 a r o u n d  th e  c o r r e 
sp o n d in g  a v e r a g e  v a lu e s .  T h i s  re s u l t ¡  d o e s  no t a g r e e  w ith  th e  d a t a  in  a 
r e c e n t  p a p e r  by W e in s t e i n  and  B lo c h  [9] u s in g  a  s i m i l a r  t e c h n i q u e .  In 
t h e  l a t t e r  p a p e r  th e  v a lu e s  o f  v  w e r e  o b ta in e d  f o r  30 r e s o l v e d  r e s o n a n c e s  
of u r a n i u m - 2 3 5  in  an  e n e r g y  r e g i o n  up  to  40 eV. P o in t s  a r e  c o n ta in e d  in  
an  i n t e r v a l  of v  a b o u t  1.7% and  a r e  no t  s p l i t  in to  g r o u p s  a c c o r d i n g  to  th e  
tw o  s p in  s t a t e s .  T h e  a u t h o r s  d r a w  th e  c o n c lu s io n  th a t  w i th in  an  a c c u r a c y  
of ± 0.25% a l l  th e  r e s o n a n c e s  a r e  c h a r a c t e r i z e d  by  one  v a lu e  of v .  T h e  
r e a s o n  f o r  th e  d i s c r e p a n c y  of th e  r e s u l t s  of th e  tw o  p a p e r s  r e m a i n s  to  
b e  s e e n .  T h e  o n ly  c o n c lu s io n  th a t  c a n  a t  p r e s e n t  b e .d r a w n  i s  t h a t  th e  
c h a n g e  of v  v e r s u s  s p in  i s  w i th in  1.5%. C o n s e q u e n t ly ,  a  c h a n g e  in  th e  
e x c i t a t i o n  e n e r g y  of f r a g m e n t s  d o e s  no t  e x c e e d  0.3 M eV . T h u s  fo r  
u r a n i u m - 2 3 5  th e  s p in  d e p e n d e n c e  of v ,  i f  any ,  i s  a t  any  r a t e  m u c h  w e a k e r  th a n  th a t  
f o r  p lu t o n iu m - 2 3 9 ,  a s  e x p e c t e d .

T h e  s u m m a t e d  k in e t i c  e n e r g y  of f i s s i o n  f r a g m e n t s  sh o u ld  b e  c h a n g e d  
in  th e  i n v e r s e  d i r e c t i o n  to  th e  ch ang e ;  of t h e i r  e x c i t a t i o n  e n e r g y  an d  of v .  
E x p e r i m e n t s  on th e  s tu d y  of v a r i a t i o n s  o f  f i s s i o n  f r a g m e n t  k in e t i c  e n e r g y  
f r o m  r e s o n a n c e  to  r e s o n a n c e  w e r e  c a r r i e d  ou t by  B o c h v a r o v ,  D e r m e n d z h i e v  
an d  K o s h u k e e v .  T h e  i n d i r e c t  m e th o d  jwas u s e d :  th e  y i e l d s  of f i s s i o n  f r a g 
m e n t s  f r o m  a  u r a n i u m  l a y e r  w e r e  c o m p a r e d  f o r  low and  h ig h  e n e r g y  
t h r e s h o l d s  of r e g i s t r a t i o n  in  a  g r i d  io n i z a t i o n  c h a m b e r .  A v a i la b l e  d a ta  
f o r  235и  in d i c a t e  t h a t  th e  d i f f e r e n c e  in  th e  t o t a l  k in e t i c  e n e r g y  f o r  th e  
1.14 eV , 7 .09  eV and  8 .78  eV l e v e l s  (J  = 3"?)  and  t h a t  f o r  th e  2.03 eV 
l e v e l  (J = 4 “?) i s  0 .6  ± 1.2 M eV . W ith in  n o r m a l  e r r o r ,  t h i s  r e s u l t  is  
c o n s i s t e n t  w i th  the  p r e c e d i n g  one .

4 .  G A M M A -S P E C T R A  O F  N E U T R O N  R E S O N A N C E  C A P T U R E

M e a s u r e m e n t s  of g a m m a - s p e c t r a  a r e  b e in g  m a d e  b y  U r b a n e c ,
B e c v à r  e t  a l .  a t  D u b n a .  T h e y  u s e  g e r m a n i u m - l i t h i u m  c o a x ia l  d e t e c t o r s  
w i th  a  v o lu m e  of 1 2 -30  c m 3; th e  n e u t r o n  e n e r g y  r e s o l u t i o n  i s  a b o u t  80 n s / m .  
C a e s i u m - 1 3 3 ,  b a r i u m - 1 3 5 ,  p r a s e o d y m i u m - 141 [10] and  q u i t e  r e c e n t l y  
io d in e -1 2 7  h a v e  b e e n  in v e s t i g a t e d .  L s h a l l  c o n s i d e r  on ly  tw o  f e a t u r e s  of 
th e  r e s u l t s  o b ta in e d .

(a) T h e  e x p e r i m e n t  i n d i c a t e s  th e  e x i s t e n c e  of -y -ray  s p e c t r u m  f l u c t u a 
t i o n s  e x c e e d in g  t h o s e  w h ic h  m a y  b e  e x p e c t e d  f r o m  th e  P o r t e r - T h o m a s  
s t a t i s t i c a l  t h e o r y .  F i g u r e  10 show s,  a s o l id  p a r t  of th e  g a m m a - s p e c t r u m  
f o r  t h r e e  r e s o n a n c e s  of c a e s i u m - 133. T h e  s p e c t r a  a r e  d i s s i m i l a r .  T h e  
s p e c t r u m  of th e  4 7 .8  eV r e s o n a n c e ,  c h a r a c t e r i z e d  by  f iv e  s t r o n g  t r a n s i 
t i o n s  w i th  a n  e n e r g y  in  th e  i n t e r v a l  54 9 3 -5 8 0 3  keV  and  w i th  a  s t r o n g ly  
r e d u c e d  in t e n s i t y  of a l m o s t  a l l  th e  o t h e r  t r a n s i t i o n s ,  i s  e s p e c i a l l y  i n t e r e s t 
ing . T h e  to t a l  i n t e n s i t y  of 5 l i n e s  of ¡5493-5803 keV f o r  th e  4 7 .8  r e s o n a n c e  
m a y  b e  c o m p a r e d ,  w i th  th e  a v e r a g e  in t e n s i t y  o f  t h e s e  t r a n s i t i o n s  f o r  a l l  
c a e s i u m -133 r e s o n a n c e s  of e n e r g y  u p  to  625 eV . T h e  p r o b a b i l i t y  of th e  
o b s e r v e d  f lu c tu a t io n  f o r  x 2 d i s t r i b u t i o n  w i th  f ive  d e g r e e s  of f r e e d o m  
a m o u n t s  to  o n ly  3 .5  X 1 0 -3 . A n a lo g o u s  p e c u l i a r i t i e s  a r e  o b s e r v e d  in  th e  
s p e c t r a  o b ta in e d  f o r  b a r i u m - 1 3 5  a n d : io d in e -1 2 7  r e s o n a n c e s .  H o w e v e r ,  
a d d i t io n a l  d a t a  a r e  r e q u i r e d  to  c l a r i f y  th e  s i t u a t io n .

(b) F o r  b a r i u m - 1 3 5  an a n o m a l o u s l y  h ig h  i n t e n s i t y  of M l  t r a n s i t i o n s  
i s  o b s e r v e d .  It i s  d i f f ic u l t  to  u n d e r s t a n d  th i s  p h e n o m e n o n  a s  a r e s u l t  of
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t h e  in f lu e n c e  of a g ia n t  M l  r e s o n a n c e ,  s i n c e  in  n e ig h b o u r in g  n u c l e i  no 
v e r y  h ig h  in t e n s i ty  of M l  t r a n s i t i o n s  w a s  o b s e r v e d .  T h e  r e a s o n  f o r  th e  
i n c r e a s e  of s u c h  t r a n s i t i o n s  in  b a r i u m - 1 3 5  r e m a i n s  to  b e  s tu d ie d .

5. E X P E R IM E N T S  W IT H  P O L A R IZ E D  N E U T R O N S  AND O R IE N T E D  
N U C L E A R  T A R G E T S

In th e  L a b o r a t o r y  of N e u t r o n  P h y s i c s ,  D u b n a ,  t h e r e  i s  a  p o l a r i z e d  
b e a m  of  r e s o n a n c e  n e u t r o n s  w i th  65% p o l a r i z a t i o n  in  th e  r e g i o n  f r o m
1 eV to  s o m e  t e n t h s  of 1 k e V .  T h e  p o l a r i z a t i o n  i s  a c h ie v e d  b y  t r a n s 
m i t t i n g  th e  n e u t r o n  b e a m  th r o u g h  a  d y n a m i c a l l y  p o l a r i z e d  p r o t o n  t a r g e t .
T h e  p o l a r i z a t o r  t r a n s m i s s i o n  i s  a p p r o x i m a t e l y  0 .1 5 ,  and  i t s  a r e a  i s  
22 c m 2. T h i s  b e a m  w a s  u s e d  in  e x p e r i m e n t s  to  d e t e r m i n e  th e  s p i n s  of 
h o lm i u m - 1 6 5  n e u t r o n  r e s o n a n c e s  u s i n g  a  s t a t i c a l l y  p o l a r i z e d  n u c l e a r  
t a r g e t  of h o lm iu m - 1 6 5  [11] .  I t  w a s  a l s o  u s e d  to  s tu d y  th e  s p in  d e p e n d e n c e  
of  n e u t r o n - d e u t e r o n  s c a t t e r i n g  le n g th s  [12] .  T h e  l a t t e r  e x p e r i m e n t  w a s  
r e c e n t l y  r e p e a t e d  in  b e t t e r  e x p e r i m e n t a l  c o n d i t io n s  and  c o n f i r m e d  th a t  
th e  r e a l  s e t  of n e u t r o n - d e u t e r o n  s c a t t e r i n g  le n g th s  i s  t h a t  f o r  w h ic h  th e  
d o u b le t  l e n g th  i s  s m a l l e r  t h a n  th e  q u a d r u p l e t  on e .  L a t e r  on , th e  p o l a r i z e d  
n e u t r o n  b e a m  w i l l  b e  u s e d  to  d e t e r m i n e  th e  s p i n s  of n e u t r o n  r e s o n a n c e s  of 
r a r e  e a r t h s  and  s o m e  o t h e r  n u c l e i  and  to  s tu d y  th e  s p in  d e p e n d e n c e  of 
c r o s s - s e c t i o n s  in  t h e  e n e r g y  r e g i o n  w h e r e  in d iv id u a l  r e s o n a n c e s  a r e  n o t  
r e s o l v e d .  T h e  p o l a r i z a t i o n  of n u c l e i  w i l l  b e  a c h ie v e d  a t  t h e  e x p e n s e  of 
i n t e r n a l  m a g n e t i c  f i e ld s  w h i le  c o o l in g  th e  s a m p l e s  to  a  t e m p e r a t u r e  of 
a  few  h u n d r e d t h s  of °K. T o  o b ta in  s u c h  t e m p e r a t u r e s  th e  m e th o d  o f  d i s 
s o l v in g  h e l i u m - 3  in  h e l i u m - 4  w a s  u s e d .

T o  s e p a r a t e  th e  i n t e r a c t i o n  of n e u t r o n s  w i th  o r b i t a l  m o m e n t a  d i f f e r e n t  
f r o m  z e r o ,  e x p e r i m e n t s  w i th  u n p o l a r i z e d  n e u t r o n s  and  a l i g n e d  n u c l e i [13] 
w i l l  b e  u s e f u l .  M e a s u r e m e n t s  of a n g u l a r  g a m m a - r a y  a n i s o t r o p y ,  f o r  
n e u t r o n  c a p t u r e  by  an  o r i e n t e d  t a r g e t ,  m a y  y ie ld  v a s t  i n f o r m a t i o n  on th e  

. m u l t i p o l a r i t y  of g a m m a - r a y s  of r e s o n a n c e  c a p t u r e  and  on q u a n tu m  n u m b e r s  
of l o w - l y in g  l e v e l s .

M e a s u r e m e n t s  of m a g n e t i c  d ip o le  m o m e n t s  o f  c o m p o u n d  n u c l e i  a r e  
a l s o  b e in g  p la n n e d .  T h e  m e t h o d  i s  b a s e d  on  u s i n g  a  s m a l l  s h i f t  in  th e  
n e u t r o n  r e s o n a n c e  e n e r g y  d ue  to  th e  h y p e r f in e  i n t e r a c t i o n  of a  c o m p o u n d  
n u c l e u s  [13] .  T h i s  m e a n s  m e a s u r i n g  c h a n g e s  in  th e  co u n t in g  r a t e  on th e  
s l o p e  o f  th e  r e s o n a n c e  c u r v e  b y  s o m e  t e n t h s  of one  p e r c e n t .  E s t i m a t e s  
sho w  t h a t  s u c h  a n  e x p e r i m e n t  i s  p o s s i b l e ,  w h ic h  s e e m s  of i n t e r e s t  s i n c e  
i t  w i l l  y ie ld  q u i t e  a  n ew  ty p e  of i n f o r m a t io n  on th e  l e v e l s  o f  a  c o m p o u n d  
n u c l e u s .

I t  m a y  t h e n  b e  p o s s ib l e  to  go on to  m e a s u r e m e n t s  of e l e c t r i c a l  
q u a d r u p o l e  m o m e n t s ,  w h ic h  i s  e s p e c i a l l y  i n t e r e s t i n g  in  r e l a t i o n  to  new  
d a t a  on th e  e x i s t e n c e  of s t a t e s  of a  c o m p o u n d  n u c le u s  w i th  l a r g e  d e f o r m a 
t i o n .  H o w e v e r ,  in  t h i s  c a s e  th e  e f f e c t s  a r e  e x p e c t e d  to  b e  s m a l l e r  by  an  
o r d e r  o f  m a g n i tu d e .
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D I S C U S S I O N

T . K R O G U L SK I: H ave  you  m e a s u r e d  th e  e n e r g y  s p e c t r u m  of  n e u t r o n s  
e m i t t e d  d u r i n g  th e  f i s s i o n  of 240P u ?  ;

F .  L .  S H A PIR O : No, b e c a u s e  th e  e f f i c i e n c y  o f  th e  n e u t r o n  c o u n t e r  d id  
n o t  d ep e n d  on th e  e n e r g y  o f  n e u t r o n s  and  t h e r e f o r e  th e  r e s u l t s  p r e s e n t e d  
me;an s i m p l y  th a t  th e  a v e r a g e  n u m b e r  of n e u t r o n s  f o r  b o th  s p in  s t a t e s  d i f f e r s  
by  ~  6%.

T . K RO GU LSKI: In t h i s  s i tu a t io n ,  c a n  w e  c o n c lu d e  t h a t  th e  e x c i t a t i o n  
e n e r g y  o f  f r a g m e n t s  d i f f e r s  r e a l l y  f o r  b o th - m o d e s  o f  f i s s i o n  o f  240P u ?

F .  L . S H A P IR O : T h e  d i f f e r e n c e  in  th e  e x c i t a t i o n  e n e r g y  of th e  f r a g 
m e n t s  f o r  th e  tw o  s p in  s t a t e s  i s  a b o u t  1. 2 M eV .

A. B O H R : In th e  s t a t i s t i c a l  e s t i m a t e  of Ta w e r e  th e  t r a n s m i s s i o n  
f a c t o r s  c a l c u l a t e d  on  th e  b a s i s  o f  an  o p t i c a l  m o d e l?

F .  L .  S H A P IR O : T h e  t r a n s m i s s i o n  f a c t o r s  w e r e  c a l c u l a t e d  s e m i -  
c l a s s i c a l l y .
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Abstract — Аннотация

SIMPLE NUCLEAR EXCITATIONS DISTRIBUTED AMONG CLOSELY SPACED LEVELS. A review is 
given of the limited information available about the correct description of simple nuclear excitations when 
they are mixed with more complicated excitations to form the quasi-stationary highly excited states of nuclei. 
Examples are given which illustrate the energy region over which a simple excitation appears, the existence 
of local variations or intermediate structure with a characteristic energy of about 100 keV, and correlations 
which might exist between two different simple excitations. The types of simple excitations considered are 
single-particle states, analogue states, and electric dipole excitation.

There is little  quantitative information about the gross spreading of single-particle strength despite 
the successes of the optical model and the popularity of transfer reactions. There may be some evidence 
for intermediate structure in reported variations of neutron scattering cross-sections, but the interpretation is 
ambiguous. A convincing and educational example of a single-particle "doorway” is given by the Monahan 
and Elwyn analysis of s-wave neutron resonances in Fe.

The fragmentation of an analogue state among the T< states is another interesting example of 
experimentally observable spreading of strength. Additional information on the spreading of strength in highly 
excited states (e .g . in 90Y) can be obtained by studying the more easily seen corresponding analogues (e . g. 
i n 90Zr).

Information on the spreading of electric dipole strength can be obtained directly from gamma-ray 
interaction cross-sections. The non-statistical neutrons emitted from the giant dipole resonance provide 
guidance for the theoretical description of the resonance. At energies well below the giant resonance there 
is evidence for substantial intermediate structure. In the same energy region comparisons between (y, y) and 
(y, Pq) cross-sections are particularly sensitive to correlations.

Many more relevant experiments will be needed before the spreading of strength and the correlations 
between different simple excitations are understood..

ПРОСТЫ Е ЯДЕРН Ы Е ВОЗБУЖ ДЕНИЯ, РАСПРЕДЕЛЕНН Ы Е МЕЖДУ БЛИЗКО РА С 
ПОЛОЖЕННЫМИ УРОВНЯМ И. Приводится обзор ограниченной в настоящ ее время инфор
мации о правильном описании простых ядерных возбуждений, когда они смешаны с более 
сложными возбуждениями при образовании квазистационарны х сильно возбужденных со сто 
яний яд ер . П риводятся примеры, иллюстрирующие в области энергий, в которой появляется 
простое возбуждение, сущ ествование промежуточной структуры с характерной энергией около 
100 кэв и корреляции, которые, возмож но,сущ ествую т между двумя различными простыми 
возбуждениями . Р ассм отрены  простые типы возбуждений: одночастичные состояния, ан а
логовы е состояния, электрическое дипольное возбуждение. Н есмотря на успехи применения 
оптической модели и популярность реакций передачи, в настоящ ее врем я и м еется лишь не
значительная количественная информация об основных чертах распределения силы одно
частичной конфигурации. Наличие вариаций в приведенных сечениях рассеяния нейтронов 
можно рассм атри вать  как некоторое указание на сущ ествование промежуточной структуры , 
но такая интерпретация носит неоднозначный х арактер . Убедительный и поучительный при
мер одночастичного "doorw ay" состояния дается Монаханом и Эльвином при анализе s -вол - 
новых нетронных резонансов в F e . Другим'интересным примером наблю даемого эксперим ен
тально распределения силы одночастичного резонанса является расщепление аналогового 
состояния на Т< состоян и я. Дополнительная информация о разбросе силы  в сильно возбуж 
денных состояниях (например, в 90У) может быть получена посредством  изучения со о тв е т 
ствующих аналогов их состояний, которые наиболее л егко  наблю дать (например, в 9üZ r) .  
Информацию о разбросе электрической дипольной силы можно получить прямо из сечений 
взаим одействия га м м а -к в а н т о в . Н естати сти ч ески ен ей трон ььи сп уш енн ы евобласти гиган т- 
ского дипольного резон анса, служ ат основой для теоретическстго описания р езон анса. При 
энергиях, намного меньших  энергии ги ган тского  резонанса, имеются данные о сущ ественной
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промежуточной структуре. В той же области энергий сравнения между сечениями (7 , у) и 
(7 , р,,) особенно чувствительны к корреляциям . П отребуется провести еще много экспери
м ентов, прежде чем разброс силы одночастичных резонансов и корреляции между различны 
ми простыми возбуждениями будут поняты .

1. IN T R O D U C T IO N

l .A .  G r o s s  s t r u c t u r e ,  i n t e r m e d i a t e  s t r u c t u r e ,  an d  c o r r e l a t i o n s

O ne  of t h e  m a j o r  u n s o l v e d  p r o b l e m s  in  n u c l e a r  p h y s i c s  i s  t h e  d e s 
c r i p t i o n  of s i m p l e  n u c l e a r  e x c i t a t i o n s  w h en  th e y  a r e  m i x e d  w i th  m a n y  
m o r e  c o m p l i c a t e d  e x c i t a t i o n s  to  f o r m  th e  n u m e r o u s  q u a s i - s t a t i o n a r y  
s t a t e s  found  a b o v e  s e v e r a l  M eV  of e x c i t a t i o n  in  m e d i u m  a n d  h e a v y  n u c le i .
T h e  q u a l i t a t i v e  i m p o r t a n c e  o f  t h i s  p r o b l e m  m e r i t s  e m p h a s i s  b e c a u s e  m a n y  
n u c l e a r  p h y s i c i s t s  a r e  to o  p e s s i m i s t i c  to  r e c o g n i z e  th e  s i m p l i c i t y  o f  th e  
q u e s t i o n s  in v o lv e d ,  w h i le  o t h e r s  a r e  s o  o p t i m i s t i c  a s  to  b e l i e v e  th e  
q u e s t i o n s  h a v e  b e e n  a n s w e r e d .

T o  m a k e  th e  q u e s t io n s  c l e a r ,  l e t  u s  c o n s i d e r  on ly  th e  1" s t a t e s  in  th e  
90Z r  n u c l e u s  a t  a n  e x c i t a t i o n  e n e r g y  n e a r  11 M eV . A 1 MeV e n e r g y  i n t e r 
v a l  m ig h t  c o n ta in  a b o u t  3000 of t h e s e  1" s t a t e s .  If one  w e r e  t o  t r y  to  e x 
p la in  t h e s e  u s i n g  an  in d e p e n d e n t  p a r t i c l e  m o d e l ,  one  w ould  b e  f a c e d  w i th  
th e  t a s k  of l i s t i n g  a t  l e a s t  3000 z e r o - o r d e r  1 ” s t a t e s  t h a t  a r e  e x p e c t e d  
n e a r  11 MeV d u e  to  th e  e x c i t a t i o n  of one  o r  m o r e  in d iv id u a l  n u c l e o n s .
E v e n  i f  one  h ad  th e  f o r t i t u d e  to  l i s t  t h e s e  z e r o - o r d e r  s t a t e s ,  i t  w o u ld  be 
n e c e s s a r y  to  add  a  r e s i d u a l  i n t e r a c t i o n  and  d ia g o n a l i z e  th e  r e s u l t i n g  
m a t r i x  to  o b ta in  th e  m ix e d  w a v e - f u n c t io n s  f o r  th e  a c t u a l  1" s t a t e s .  T h e  
p e s s i m i s t i c  n u c l e a r  p h y s i c i s t  w ou ld  c o r r e c t l y  p o in t  out t h a t  w e  a r e  v e r y  
f a r  f r o m  b e in g  a b le  to  c a r r y  ou t s u c h  a  c a l c u l a t i o n  w i th  s u f f i c i e n t  r e l i a 
b i l i t y  to  t r u s t  it ; e v e n  m o r e  i m p o r t a n t ,  no  o ne  r e a l l y  w a n t s  t h a t  m u c h  
d e t a i l e d  i n f o r m a t io n  a b o u t  th e  1 '  s t a t e s  in  90Z r .  H o w e v e r ,  t h e  q u a l i t a t i v e  
q u e s t i o n s  w h ic h  p h y s i c i s t s  s h o u ld  b e  a b le  to  a n s w e r  do  no t  in v o lv e  th e  
e x a c t  w a v e - f u n c t io n s  of th e  i n d iv id u a l  l e v e l s ;  i n s t e a d ,  th e  i m p o r t a n t  q u e s t io n s  
a r e  c o n c e r n e d  w i th  th e  a v e r a g e  d i s t r i b u t i o n  of a  p a r t i c u l a r l y  s i m p l e  e x c i t a - ,  
t i o n .  F o r  e x a m p l e ,  o n e  m i g h t  c o n c e n t r a t e  on th e  e x te n t  to  w h ic h  th e  1~ 
s t a t e s  c o n ta in  th e  e x c i t e d  p r o t o n  c o n f ig u ra t io n  (2р]у2, 3 s  r e l a t i v e  to  th e  
90Z r  g r o u n d  s t a t e .  If  a  p a r t i c u l a r  s i m p l e  c o n f i g u r a t io n  i s  s e l e c t e d ,  t h r e e  
q u a l i t a t i v e  q u e s t i o n s  c a n  b e  a s k e d :

901. O v e r  w h a t  e n e r g y  r e g i o n  in  Z r  d o e s  th e  s i m p l e  c o n f i g u r a t io n  
a p p e a r ?

2. I f  one  a v e r a g e s  o v e r  en o u g h  l e v e l s  to  s m o o th  out e x p e c t e d  s t a t i s t i c a l  
f l u c tu a t io n s ,  i s  th e  s i m p l e  c o n f i g u r a t io n  d i s t r i b u t e d  s m o o th ly  in  e n e r g y  o r  
i s  i t  c o n c e n t r a t e d  in  s o m e  e n e r g y  i n t e r v a l s ?

3. Is  t h e  s i m p l e  c o n f i g u r a t io n  c o r r e l a t e d  w i th  s o m e  o t h e r  s i m p l e  
e x c i t a t i o n ?  F o r  e x a m p l e ,  i s  t h i s  p ro to n  p a r t i c l e - h o l e  s t a t e  c o r r e l a t e d  
w i th  th e  g a m m a - r a y  d e c a y  w id th  to  th e  g ro u n d  s t a t e ?

T h e s e  q u e s t i o n s  and  th e  f r a g m e n t a r y  a n s w e r s  a v a i l a b l e  a t  t h i s  t i m e  
c a n  b e  i l l u s t r a t e d  w i th  e x a m p l e s  in v o lv in g  th e  t h r e e  s i m p l e  e x c i t a t i o n s  
a b o u t  w h ic h  m o s t  i n f o r m a t io n  i s  a v a i l a b le :  s i n g l e  p a r t i c l e  e x c i t a t i o n s ,  
a n a lo g u e  s t a t e s ,  and  th e  one  p a r t i c l e  -  o ne  h o le  e x c i t a t i o n s  a c t i v a t e d  by
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e l e c t r o m a g n e t i c  e x c i t a t i o n s .  T h e  n o t a t io n  n e e d e d  to  d i s c u s s  th e  e x a m p l e s  
c a n  b e  i n t r o d u c e d  b y  r e v i e w i n g  s o m e ;w e l l - k n o w n  r e l a t i o n s  b e tw e e n  w id th s  
o f  i s o l a t e d  e n e r g y  l e v e l s  an d  c r o s s - s e c t i o n s .

1. B . L e v e l  w id th s ,  a v e r a g e  c r o s s - s e c t i o n s ,  an d  s t r e n g t h  fu n c t io n s

T h e  a m o u n t  of m i x in g  in  h ig h ly  e x c i t e d  s t a t e s  i s  u s u a l l y  i n f e r r e d  
f r o m  e x p e r i m e n t a l  m e a s u r e m e n t s  w h ic h  d e t e r m i n e  p a r t i a l  d e c a y  w id th s .  
T h e  t o t a l  w id th  of t h e  i th e x c i t e d  s t a t e ,  ( r t ) ¡ , i s  t h e  s u m  o f  p a r t i a l  w id th s ,  
( ryf) j ,  w h e r e  y  d e n o te s  t h e  ty p e ’ o f  e m i t t e d  r a d i a t i o n  an d  f  s p e c i f i e s  th e  
f i n a l  s t a t e  in  th e  a p p r o p r i a t e  r e s i d u a l  n u c le u s :

(Ft)i = ;Z I ( ryf)i (1)
У f

T h e  s u b s c r i p t s  p , n ,  an d  y  w i l l  b e  u s e d  in  p l a c e  o f  у  f o r  p r o t o n ,  n e u t r o n  
and  p h o ton  d e c a y .  F o r  e x a m p l e ,  ( r n0)j r e p r e s e n t s  th e  p a r t i a l  w id th  fo r  
n e u t r o n  d e c a y  f r o m  th e  i th e x c i t e d  s t a t e  in  (Z ,  A) to  th e  g r o u n d  s t a t e  in  
( Z , A - 1 ) .  T h e  c r o s s - s e c t i o n  f o r  th e  p r o d u c t io n  o f  an  i s o l a t e d  s t a t e  r e 
s o n a n t  a t  n e u t r o n  e n e r g y ,  E ¡ ,  b y  a  n e u t r o n  of e n e r g y  E  i s :

tfa(E)i = g ( I i )  i r X
1

<Jt )i Г 2
fT ( E - Ej )

w h e r e

and

+  1

: ( I ¡ )  4 g 1 ( I¡ )  4 ; 2 ( 2 I 0 +  1)
2 ( 2 I j  + 1 ) 

21 o + l

( 2 )

( 3 )

E  =
h 2 k 2
2M

2 Ш Г
(4a)

N o te  th a t  E q s  (2) and  (3) h o ld  f o r  g a m m a  r a y  a b s o r p t i o n  a s  w e l l  a s  n e u t r o n  
a b s o r p t i o n  i f  (Гу0)1 r e p l a c e s  ( rn0)¡, an d  i f  th e  w a v e le n g t h  of th e  g a m m a  r a y  
i s  u s e d :

(4b)

T h e  c r o s s - s e c t i o n  i n t e g r a t e d  o v e r  t h e  r e s o n a n c e  i s

л 2 2
a a ( E ) d E  = g ( I i )  (I io ) i (5)
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T h e  s i m p l e  f o r m  of th e  i n t e g r a t e d  c r o s s - s e c t i o n  in  E q .(5 )  l e a d s  to  a  
c o r r e s p o n d i n g l y  s i m p l e  a v e r a g e  c r o s s - s e c t i o n  <(CTa ^>for a n  e n e r g y  i n t e r 
v a l  Д Е  w h ic h  c o n ta in s  n  l e v e l s  of th e  s a m e  s p in  I í :

< CT*> = À11 °*dE = ~г  g M h  I (r-o)i = -ir g (!.) <6>
If n  i s  l a r g e  en o ug h ,  <(1^  У i s  in d e p e n d e n t  of n  o r  Д Е ;  s i m i l a r l y ,  i f  n  is  
l a r g e  en o u g h ,  a m e a n in g fu l  a v e r a g e  l e v e l  s p a c i n g ,  D(I¡) = Д Е / п ,  c a n  be  
d e f in e d  in d e p e n d e n t  of A E  and  n.

/  \  7T2X 2 , t  ( r n o !>
< ^ a >  = —  S ( I i )  - —  (7)

N o te  th a t  <^o-a^>, X Г п0/  an d  D a l l  c o r r e s p o n d  to  a  p a r t i c u l a r  v a lu e  of Ij; 
i f  r e s o n a n c e s  of m o r e  t h a n  o n e  s p in  v a lu e  p a r t i c i p a t e ,  e a c h  c o n t r i b u t e s  
a  p a r t i a l  c r o s s - s e c t i o n  s u c h  a s  a p p e a r s  in  E q . (7 ) .

If t h e  p a r t i a l  w id th  <( Гу0  ̂ i s  g o v e r n e d  by  a  s i m p l e  c o n f i g u r a t i o n ,  th e  
r a t i o  < ( ry0^ / D ,  w h ic h  i s  th e  a m o u n t  of p a r t i a l  w id th  p e r  e n e r g y  i n t e r v a l  
in  th e  e x c i t e d  n u c l e u s ,  i s  p r o p o r t i o n a l  to  th e  a m o u n t  of s i m p l e  c o n f i g u r a 
t io n  p e r  u n i t  e n e r g y .  B e c a u s e  of th e  t h e o r e t i c a l  t r e a t m e n t  w h ic h  w i l l  be  
m e n t io n e d  b e lo w ,  w e s h a l l  g iv e  th e  n a m e  " s t r e n g t h  fu n c t io n "  to  th e  a m o u n t  
of s i m p l e  c o n f i g u r a t io n  p e r  u n i t  e n e r g y .  O ne  c a n  o b ta in  th e  s t r e n g t h  f u n c 
t io n ,  and  i t s  e n e r g y  d e p e n d e n c e ,  f r o m  <СГуо)> /0  i f  th e  e n e r g y  d e p e n d e n c e  
o f  Гуо i s  know n. F o r  e x a m p l e ,  th e  e n e r g y  d e p e n d e n c e  of th e  p a r t i a l  g a m m a  
d e c a y  w id th  to  th e  g ro u n d  s t a t e ,  Гу0, i s  w e l l  known; f o r  d ip o le  r a d i a t i o n  it 
i s :

( r y o ) i  *  E y  I О  I z  I 0  >  Г  ( 8 )

T h e r e f o r e ,  th e  a m o u n t  of d ip o l e  m a t r i x  e l e m e n t  p e r  u n i t  e x c i t a t i o n  e n e r g y  
o r  th e  d ip o l e  s t r e n g t h  fu n c t io n  i s :

< Г у0>  i  ( о ^ У
d ip o le  s t r e n g t h  fu n c t io n  «  — ^ — ------  oc ----------------------------------------  (9)

°  E y  Е У

(T h e  s t r e n g t h  fu n c t io n  sho u ld  not be  c o n fu se d  w i th  th e  o s c i l l a t o r  s t r e n g th  
f r e q u e n t l y  m e n t io n e d  in  p h o to r e a c t i o n s ;  th e  o s c i l l a t o r  s t r e n g t h  i s  d e f in e d  
p r o p o r t i o n a l  to  E у  I i | z | 0 / | 2 , and h e n c e  i s  E y  t i m e s  th e  s t r e n g t h  
fu n c t io n ) .

F o r  n e u t r o n s ,  th e  t r a n s i t i o n  m a t r i x  e l e m e n t  i s  m o r e  o b s c u r e  th a n  it 
i s  f o r  g a m m a  r a y s ,  but th e  s t r e n g t h  fu n c t io n  c a n  be  i n f e r r e d  f r o m  m e a s u r e d  
p a r t i a l  w id th s  by e x t r a c t i n g  th e  n e u t r o n  p e n e t r a b i l i t y ,  P ¡ ,  w h ic h  d e p e n d s  
on th e  a n g u l a r  m o m e n tu m ,  i ,  c a r r i e d  aw a y  by th e  n e u t r o n :

p  \  i
n e u t r o n  s t r e n g t h  fu n c t io n  «; — ^ — —- ( 10 )
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T h e  r a t i o  of th e  n e u t r o n  w id th  to  th e  p e n e t r a b i l i t y ,  Гпо / Р г , i s  c a l l e d  th e  
r e d u c e d  n e u t r o n  w id th .  F o r  s - w a v e  n e u t r o n s ,  th e  p e n e t r a b i l i t y  i s  p r o 
p o r t i o n a l  to  E,?. T h e  r e d u c e d  s - w a v e  w id th ,  C  = r n0 (1 e V / E J * .  is  
c o m m o n ly  u s e d ;  a n o t h e r  f r e q u e n t l y  u s e d  r e d u c e d  w id th  i s  ХГпП/ 2  w h ic h  
i s  2 .28 X 1 0 - 10 c m  Гп°0.

T h e  n e u t r o n  s t r e n g t h  fu n c t io n  sh o u ld  in  p r i n c i p l e  a l s o  be  o b ta in a b le  
f r o m  t r a n s f e r  r e a c t i o n s  w h ic h  d e p o s i t  a  n e u t r o n  in to  th e  n u c l e u s .  T he  
q u a n t i ty  p r o p o r t i o n a l  to  (rn0) i / P{  i s  s i m p l y  th e  s p e c t r o s c o p i c  f a c t o r ,  S¡.
A s i s  w e l l  know n, i t  h a s  n o t  y e t  b e e n  f e a s i b l e  to  e x t r a c t  s p e c t r o s c o p i c  
f a c t o r s ,  Sj ,  f o r  v e r y  c o m p l i c a t e d  e n e r g y  l e v e l s  s u c h  a s  t h o s e  u s u a l ly  
found w h en  th e  l e v e l  d e n s i t y  i s  h i g h . 1 It i s  a l s o  p o s s i b l e ,  in  p r i n c i p l e ,  to  
o b ta in  i n f o r m a t i o n  a b o u t  th e  n e u t r o n '  s t r e n g t h  fu n c t io n  b y  s tu d y in g  th e  
p r o t o n  d e c a y  of th e  a n a lo g u e s  of th e  d e n s e  n u c l e a r  l e v e l s  w h o s e  n e u t r o n  
s t r e n g t h  fu n c t io n  i s  of i n t e r e s t .  I f  e i t h e r  t r a n s f e r  r e a c t i o n s  o r  a n a lo g u e  
d e c a y s  co u ld  b e  u s e d  to  o b ta in  s p e c t r o s c o p i c  f a c t o r s ,  t h e  s u m  of s p e c t r o 
s c o p i c  f a c t o r s  p e r  u n i t  e n e r g y  w o u ld  g iv e  th e  d e s i r e d  s t r e n g t h  fu n c t io n .

l . C.  T h e  t h e o r e t i c a l  i n t e r p r e t a t i o n  o f  th e  s t r e n g t h  fu n c t io n  an d  th e  
s p r e a d i n g  o f  s t r e n g t h

l . C . l .  T h e  t h e o r y  of r e s o n a n c e s

T h e  m i x in g  of a  s i m p l e  e x c i t a t i o n  w i th  m o r e  c o m p l i c a t e d  e x c i t a t i o n s  
h a s  b e e n  a c c e p t e d  a s  a u n i v e r s a l  p r o p e r t y  of c l o s e l y  s p a c e d  n u c l e a r  
e n e r g y  l e v e l s  e v e r  s i n c e  N ie l s  B o h r  [1] i n t r o d u c e d  th e  c o n c e p t  of th e  
" c o m p o u n d  n u c le u s "  (p r o d u c e d  by  th e  r a p i d  e x c h a n g e  of e n e r g y  b e tw e e n  
n u c le o n s )  to  e x p la in  n e u t r o n  i n t e r a c t i o n s  and  th e  s h a r p  r e s o n a n c e s  o b 
s e r v e d  w i th  s lo w  n e u t r o n s .  T h e  r a t i o  <( ■̂nO У  I ' D ,  w h o s e  e x p e r i m e n t a l  
i m p o r t a n c e ' f o r  n o n - o v e r l a p p i n g  r e s o n a n c e s  i s  d i s p l a y e d  in  E q . (7 ) ,  a l s o  
p la y s  a  c e n t r a l  r o l e  in  th e  t h e o r y  o f ‘r e s o n a n c e s . E a r l y  t h e o r e t i c a l  d e 
s c r i p t i o n s  [2] r e l a t e d .  <( Гп0 У / D  to  th e  " s t i c k i n g  p r o b a b i l i t y " ;  th e  f o r e 
r u n n e r s  of m o d e r n  t h e o r y  s t r e s s e d  th e  r e l a t i o n s  b e tw e e n  < Гпо У / D and  
th e  t r a n s m i s s i o n  c o e f f i c i e n t  1 3 ,4 ] .  T h e  t e r m  " s t r e n g t h  fu n c t io n "  w a s  
i n t r o d u c e d  by W ig n e r  [5] d u r i n g  th e  d e v e lo p m e n t  of th e  R - m a t r i x  t h e o r y  
o f  n u c l e a r  r e s o n a n c e s .  L a n e ,  T h o m a s  and  W ig n e r  [6 ] d i s c u s s e d  th e  
m i x in g  of a s i m p l e  e x c i t a t i o n  o v e r  æ l i m i t e d  e n e r g y  r a n g e  w i th  m o r e  
c o m p l i c a t e d  e x c i t a t i o n s  in  t e r m s  of a  " g i a n t  r e s o n a n c e "  o f  t h i s  s t r e n g t h  
fu n c t io n .  T h e  t h e o r y  o f  r e s o n a n c e s  h a s  b e e n  r e v i e w e d ,  i n t e r p r e t e d ,  and  
a m p l i f i e d  in  to o  m a n y  w o r k s  to  l i s t  h e r e ;  th e  p a r t i a l  l i s t  g iv e n  [7 -1 3 ]  
i n c l u d e s  m a n y  a d d i t io n a l  s i g n i f i c a n t  ¡ r e f e r e n c e s . T h e r e  i s  no d i f f ic u l ty  
in  f o r m u l a t i n g  a  s a t i s f a c t o r y  t h e o r e t i c a l  f r a m e w o r k  w h ic h  r e l a t e s  th e  
s t r e n g t h  fu n c t io n  to  t h e  a v e r a g e  c r o s s - s e c t i o n  f o r  l e v e l s  w h o s e  s p a c i n g  
i s  m u c h  g r e a t e r  t h a n  t h e  t o t a l  l e v e l  w id th s ;  m o r e  a m b i g u i t y  a r i s e s  [13] 
f o r  l e v e l s  w h o s e  w id th s  a r e  e q u a l  to. o r  g r e a t e r  th a n  th e  s p a c i n g .

It  i s  i m p o r t a n t  to  r e c o g n i z e  t h a t  a l th o u g h  th e  e le g a n t  t h e o r y  o f  n u c l e a r  
r e s o n a n c e s  p r o v i d e s  a n  i n t e r p r e t a t i o n ,  of th e  s t r e n g t h  fu n c t io n  an d  a  f r a m e 
w o r k  f o r  t r e a t i n g  r e s o n a n c e s ,  i t  d o e s  n o t  in c lu d e  th e  p h y s i c a l  c o n te n t  
n e c e s s a r y  to  m a k e  a n y  p r e d i c t i o n s  a b o u t  e i t h e r  t h e  e n e r g y  d e p e n d e n c e  
of th e  s t r e n g t h  f u n c t io n  o r  t h e  c o r r e l a t i o n s  w h ic h  m a y  e x i s t  b e tw e e n  
s i m p l e  e x c i t a t i o n s .
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T h e  m o d e r n  n u c l e a r  m o d e l s  w h ic h  a r e  r e l a t e d  to  th e  s p r e a d i n g  of 
s t r e n g t h  e v o lv e d  in  t h r e e  s t a g e s .  T h e  f i r s t  s t a g e  fo l lo w ed  f r o m  B o h r ' s  
o r i g i n a l  co m p o u n d  n u c le u s  p i c t u r e  [ 1 ] w h ic h  e n t a i l e d  v e r y  s t r o n g  i n t e r 
a c t i o n s  and  c o r r e s p o n d e d  to  a  u n i f o r m  s p r e a d i n g  of s t r e n g t h .  T h i s  
u n i f o r m  s p r e a d i n g  i s  im p l i c i t  in  th e  con tinuum , m o d e l  [ 3 , 4 ,  14] w h ic h  
p r e d i c t s  a n  a v e r a g e  n e u t r o n  c r o s s - s e c t i o n  w h ic h  i s  a  s m o o th  m o n o to n ie  
fu n c t io n  of e n e r g y  and  m a s s  n u m b e r  A .

T h e  e x p e r i m e n t a l l y  o b s e r v e d  s y s t e m a t i c  v a r i a t i o n s  of th e  a v e r a g e  
n e u t r o n  c r o s s - s e c t i o n  le d  F e s h b a c h ,  P o r t e r  an d  W e is s k o p f  [15] to  i n t r o 
d u c e  a n  o p t i c a l  m o d e l  p o t e n t i a l  w ith  m o d e r a t e  a b s o r p t i o n .  In i t s  o r i g i n a l  
s q u a r e  w e l l  f o r m ,  th e  o p t i c a l  m o d e l  p r e d i c t i o n  f o r  th e  s p r e a d i n g  of th e  s t r e n g t h  
fu n c t io n  w a s  p a r t i c u l a r l y  s i m p l e ;  th e  s p r e a d i n g  i s  c h a r a c t e r i z e d  by  a 
w id th ,  Г  = 2W, w h e r e  W is  th e  im a g i n a r y  p a r t  of th e  p o te n t i a l .  T h e  
n u m e r o u s  r e f i n e m e n t s  and  s u c c e s s e s  of th e  o p t i c a l  m o d e l  a r e  w e l l  kn ow n ,  
an d  r e l e v a n t  r e f e r e n c e s  c a n  b e  found in  a  r e c e n t  r e v i e w  [16]. H o w e v e r ,  
i t  sh o u ld  b e  r e m e m b e r e d ,  a s  e m p h a s i z e d  by  M cV oy  [17] ,  t h a t  th e  p e a k s  
in  th e  n e u t r o n  i n t e r a c t i o n  c r o s s - s e c t i o n s  d u e  to  g ia n t  r e s o n a n c e s  of th e  
s t r e n g t h  fu n c t io n  a r e  g e n e r a l l y  o b s c u r e d  by  n o n - r e s o n a n t  c o n t r i b u t io n s  
to  th e  c r o s s - s e c t i o n .  T h u s ,  t h e  g e n e r a l  s u c c e s s  of th e  o p t i c a l  m o d e l  
d o e s  no t  im p ly  th a t  th e  c o n c e n t r a t i o n s  of th e  s t r e n g t h  fu n c t io n s  p r e d i c t e d  
by  th e  m o d e l  h a v e  b e e n  c h e c k e d  s e n s i t i v e l y  by e x p e r i m e n t s .

T h e  t h i r d  s t a g e  in  th e  ev o lu t io n  o f  r e a c t i o n  t h e o r i e s  in v o lv e s  a n  
a t t e m p t  to  o b ta in  a  m o r e  r e f i n e d  d e s c r i p t i o n  of th e  m ix in g  of a s i m p l e  
c o n f i g u r a t i o n  th a n  i s  g iv e n  by  th e  im a g i n a r y  p a r t  of th e  o p t i c a l  p o te n t i a l .  
T h e  " d o o r w a y  s t a t e "  w a s  i n t r o d u c e d  [18] to  d e s c r i b e  th e  f i r s t  s t e p  in  
t h e  p r o c e s s  of e n e r g y  s h a r i n g  by  a n  in c o m in g  n u c le o n ;  on e n c o u n te r in g  
a n u c le o n  w i th in  th e  n u c l e u s ,  th e  in c o m in g  n u c le o n  c a n  s c a t t e r ,  c r e a t i n g  
a  p a r t i c l e - h o l e  p a i r .  T h e  r e s u l t i n g  " d o o r w a y "  f o r  a n  in c id e n t  n u c le o n  
i s  t h e r e f o r e  a  2 p a r t i c l e  - 1 h o le  s t a t e ;  i f  th e  in c o m in g  n u c le o n  s c a t t e r e d  
a s  a  r e s u l t  o f  p r o d u c in g  a c o h e r e n t  p a r t i c l e - h o l e  e x c i t a t i o n ,  th e  docSrway 
c o u ld  be  d e s c r i b e d  a s  a  p a r t i c l e  c o u p led  to  a  phonon .

. It h a s  b e e n  s u g g e s t e d  [19] th a t  d o o rw a y  s t a t e s  a r e  r e s p o n s i b l e  f o r  
th e  i n t e r m e d i a t e  s t r u c t u r e  o b s e r v e d  in  e x p e r i m e n t a l  c r o s s - s e c t i o n s ,  and  
a  t h e o r y  o f  i n t e r m e d i a t e  r e s o n a n c e s  h a s  b e e n  d e v e lo p e d  [20]. I n t e r m e d i a t e  
s t r u c t u r e  in  c r o s s - s e c t i o n s  h a d  a l s o  b e e n  i n t e r p r e t e d  w ith  a  p a r t i a l  e q u i 
l i b r i u m  m o d e l  [21]. M any  of t h e  e x p e r i m e n t a l  m a n i f e s t a t i o n s  of a n  i n t e r 
m e d i a t e  s t r u c t u r e  m o d e l  h a v e  b e e n  g iv e n  [ 2 0 ], bu t  th e  d e g r e e  to  w h ich  
o b s e r v a b l e  i n t e r m e d i a t e  s t r u c t u r e  m ig h t  be  a n t i c ip a t e d  a t  d i f f e r e n t  e n e r g i e s  
in  d i f f e r e n t  n u c l e i  r e m a i n s  q u i t e  u n c e r t a i n .  O ne  a id  to  th e  id e n t i f i c a t io n  
of i n t e r m e d i a t e  s t r u c t u r e  w i l l  b e  th e  r e c e n t  c a l c u l a t i o n s  [2 2 -2 6 ]  w h ic h  
d e s c r i b e  t h e  d i s t r i b u t i o n  of i n t e r m e d i a t e  s t r u c t u r e  s t r e n g t h  a m o n g  th e  
u n d e r l y in g  n u c l e a r  e n e r g y  l e v e l s .

l .D .  S t a t i s t i c a l  f lu c tu a t io n s  and  c o r r e l a t i o n s

l . C . 2. The spreading of strength

T h e  l a r g e  f l u c tu a t io n s  of th e  r e d u c e d  p a r t i a l  w id th s ,  (Гп°); , f r o m  
l e v e l  to  l e v e l  a r e  w e l l  know n, and  g e n e r a l l y  s e e m  d e s c r i b a b l e  by  th e
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P o r t e r - T h o m a s  d i s t r i b u t i o n  [27] ,  w h ic h  i s  a p p r o p r i a t e  to  one  d e g r e e  of 
f r e e d o m  and  n o n - o v e r l a p p i n g  l e v e l s :

( 1 1 a)

( l i b )

w h e r e  2 y \  = x¡ = (Гп°0). /  < Г п°0> (12)

T h e  f l u c tu a t io n s  im p l i e d  by t h i s  d i s t r i b u t i o n  a r e  r e s p o n s i b l e  f o r  th e  l a r g e  
e r r o r s  d ue  to  f in i t e  s a m p l e  s i z e  w h ic h  a r e  a s s o c i a t e d  w i th  e x p e r i m e n t a l  
v a lu e s  o f  s t r e n g t h  fu n c t io n s .

T h e  e f f e c t s  of th e  P o r t e r - T h o m a s  d i s t r i b u t i o n  on a v e r a g e  b r a n c h i n g  
r a t i o s  a r e  l e s s  w e l l  know n e v e n  th o u g h  th e y  w e r e  d i s c u s s e d  [28] f o r  
n e u t r o n  c a p t u r e ,  w e r e  pu t in to  th e  c o n v e n ie n t  n u m e r i c a l  f o r m  o f  a  s i n g le  
i n t e g r a l  by M o l d a u e r  [29], and  a p p l ie d  to  a v e r a g e  g a m m a - r a y  c r o s s -  
s e c t i o n s  [30]. T h e s e  b r a n c h i n g  r a t i o  e f f e c t s  c a n  b e  u n d e r s to o d  q u a l i t a t i v e l y  
w hen  it  i s  r e c o g n i z e d  t h a t  m a n y  l e v e l s  h a v e  r e d u c e d  w id th s  m u c h  l e s s  th an  
th e  m e a n ,  T h e r e  a r e  10% of t h e  l e v e l s  w h o s e  r e d u c e d  w id th  is  l e s s
th a n  1.7% of th e  m e a n ,  30% w h o s e  w id th  i s  l e s s  th a n  15%, and  o n ly  31% 
w h o s e  w id th  i s  g r e a t e r  th a n  th e  m e a n .  At th e  s a m e  t i m e ,  th e  l e s s  th a n  
13% of th e  l e v e l s  w h o s e  w id th s  a r e  m o r e  th a n  2.3 t i m e s  th e  m e a n  c a r r y  
h a l f  of th e  t o t a l  a b s o r p t i o n  s t r e n g t h .  In th e  e x t r e m e  c a s e  w h en  on ly  two 
u n c o r r e l a t e d  P o r t e r - T h o m a s  c h a n n e l s  a r e  o p en ,  e l a s t i c  s c a t t e r i n g  c a n  be  
f a v o u r e d  by a h u g e  f a c t o r  c o m p a r e d  to  w h a t  m ig h t  be  e x p e c t e d  f r o m  th e  
a v e r a g e  w id th s .  F o r  e x a m p l e ,  c o n s i d e r  th e  c a s e  in  w h ic h  on ly  th e  p a r t i a l  
n e u t r o n  w id th ,  ГпО, and  th e  p a r t i a l  g a m m a - r a y  w id th  to  th e  g r o u n d  s t a t e ,
Гу0, c o m p e te :

< a yy> < г у 0 > / < r r o > y  < Г у0>

< V > < Г п0 > \  < r n0 > j  < r no>

T h i s  im p l i e s  th a t  f o r  < r y0 > /  < r n0 - a s  s m a l l  a s  0 .0 1 , ■( О у у У  /  <C °yn У  = 0 .2 1  
i f  (Гу0) ; and  (ГПД  a r e  c o m p l e t e l y  u n c o r r e l a t e d ;  of c o u r s e ,  i f  t h e y  w e r e  
c o m p l e t e l y  c o r r e l a t e d ,  th e  c r o s s - s è c t i o n  r a t i o  w ou ld  be  on ly  0 .0 1 .
A l th o u g h  th i s  e n h a n c e m e n t  of th e  e l a s t i c ’ c r o s s - s e c t i o n  i s  r e d u c e d  if  a 
t h i r d  P o r t e r - T h o m a s  c h a n n e l  i s  o p en ,  o r  i f  e a c h  l e v e l  h a s  a c o n s t a n t  
g a m m a - r a y  w id th  f o r  d e c a y  to  a l l  l e v e l s  e x c e p t  th e  g ro u n d  s t a t e ,  l a r g e  
e n h a n c e m e n t s  p e r s i s t  w h ic h  p r o b a b l y  m a k e  th e  a v e r a g e  e l a s t i c  g a m m a -  
r a y  s c a t t e r i n g  c r o s s - s e c t i o n  a  p a r t i c u l a r l y  s e n s i t i v e  in d i c a t i o n  of lo c a l  
c o r r e l a t i o n s  in  a p p r o p r i a t e  c a s e s .

1 + 2
< r n 0 >

< r y 0 >
(13)

P  (x) dx  =
, - x /2

(2 jr x ) 2
dx

2 e"  У.
P  (У) ¿У = — —  dy
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C o r r e l a t i o n s  b e tw e e n  p a r t i a l  w id th s  of n o n - o v e r l a p p i n g  l e v e l s  c a n  be 
th o u g h t  of a s  th e  low e n e r g y  f o r e r u n n e r  of th e  " r e s o n a n t - d i r e c t "  [31] 
p h o to n e u t r o n s  e m i t t e d  f r o m  th e  g ia n t  d ip o le  r e s o n a n c e .  In b o th  e n e r g y  
i n t e r v a l s ,  g a m m a  r a y s  m i g h t  p r o d u c e  m o r e  p h o to n e u t r o n s  th a n  w ou ld  b e  
im p l i e d  by  s t a t i s t i c a l  c o n s i d e r a t i o n s  b e c a u s e  th e  w a v e fu n c t io n s  f a v o u r e d  
by  g a m m a  r a y s  a r e  r e l a t e d  to  th o s e  r e s p o n s i b l e  f o r  n u c le o n  e m i s s i o n .
I t ' s h o u ld  b e  e m p h a s i z e d  th a t  n e i t h e r  r e s o n a n t - d i r e c t  p h o to n u c le o n s  n o r  
c o r r e l a t i o n s  a r e  r e l a t e d  to  a  d i r e c t  p r o c e s s  w h ic h  m ig h t  e x i s t  in d e p e n d e n t ly ,  
an d  b e  n o n - r e s o n a n t .

2. T H E  C U R R E N T  ST A T U S AND T H E  C H A L L E N G E

A b r i e f  s u m m a r y  of t h i s  ty p e  c a n  n e i t h e r  b e  c o m p r e h e n s i v e  n o r  do 
j u s t i c e  to  t h e  f in e  r e l e v a n t  w o r k  th a t  h a s  b e e n  d o n e  by m a n y  p h y s i c i s t s .  
A l th o u g h  th e  c o v e r a g e  g iv e n  b e lo w  w i l l  o b v io u s ly  b e  s e v e r e l y  l i m i t e d ,  
i t  sh o u ld  b e  e m p h a s i z e d  th a t  th e  o m i t t e d  m a t e r i a l ,  v a lu a b l e  th o u g h  i t  i s ,  
d o e s  n o t  c h a n g e  th e  m a i n  q u a l i t a t i v e  c o n c lu s io n .  S u r p r i s i n g l y  l i t t l e  is  
know n a b o u t  th e  e n e r g y  d e p e n d e n c e  of th e  s t r e n g t h  fu n c t io n ,  th e  e x i s t e n c e  
o f  i n t e r m e d i a t e  s t r u c t u r e ,  o r  c o r r e l a t i o n s  b e tw e e n  c h a n n e l s .

T h e  e x a m p l e s  g iv e n  b e lo w  w e r e  c h o s e n  m a i n ly  to  d e f in e  and  to  
i l l u s t r a t e  th e  p r o b l e m s ;  s o m e  e x a m p l e s  m a y  in d i c a t e  th e  p r o m i s e  of 
f u t u r e  a n s w e r s .  T h e  w o r k  w i th  w h ich  I w a s  p e r s o n a l l y  a s s o c i a t e d  is  
o v e r e m p h a s i z e d  d i s p r o p o r t i o n a t e l y  b e c a u s e  th e  d a t a  w e r e  e a s i l y  a v a i l a b l e ;  
t h e s e  d a t a  i l l u s t r a t e  t h e  q u e s t i o n s ,  an d  sh o u ld  no t  b e  m i s i n t e r p r e t e d  a s  
m e r i t i n g  a t t e n t i o n  b e c a u s e  t h e y  p r o v i d e  a n s w e r s .

2 .A. S ing le  p a r t i c l e  s t r e n g t h

2 .A . I .  T h e  g r o s s  s p r e a d i n g  o f  s t r e n g t h  s e e n  in  t r a n s f e r  r e a c t i o n s

In v iew  of th e  a m o u n t  of i n f o r m a t i o n  a v a i l a b l e  a b o u t  s i n g l e  p a r t i c l e  
s t r e n g t h ,  a s  i n d i c a te d  in  P r o f e s s o r  C o h e n ' s  t a l k ,  i t  is  s u r p r i s i n g  how 
l i t t l e  c o n s i d e r a t i o n  h a s  b e e n  g iv e n  to  th e  e n e r g y  r a n g e  o v e r  w h ic h  a 
p a r t i c u l a r  s i n g l e  p a r t i c l e  s t r e n g t h  h a s  b e e n  s p r e a d .  P r o f e s s o r  C oh en  
an d  h i s  g r o u p  a r e  a m o n g  th e  v e r y  few w ho s e e m  to  c o n s i d e r  t h i s  p r o b l e m ,  
an d  e v e n  t h e y  m a i n t a i n  t h e  c r u d e  q u a l i t a t i v e  a p p r o a c h  th e y  in t r o d u c e d  1 32] 
in  1962. T h e y  o f ten  sh ow , t o g e t h e r  w ith  t h e  e x p e r i m e n t a l l y  o b s e r v e d  
f r a g m e n t a t i o n ,  a  l in e  e x te n d in g  E c/3  o n  e i t h e r  s i d e  of th e  c e n t r e - o f -  
s t r e n g t h  e n e r g y ,  E^.. T h is  e x t e n s io n  w a s  o r i g i n a l l y  c h o s e n  b e c a u s e  f o r  
a s q u a r e  w e l l  v o lu m e  a b s o r p t i o n  o p t i c a l  m o d e l ,  Г  = 2W, an d  b e c a u s e  
P r o f e s s o r  C o h e n  i n f e r r e d  th a t  W = E c/3  w a s  a r e a s o n a b l e  a p p r o x i m a t io n  
to  th e  d a t a  a v a i l a b l e  in  1962.

A l th o u g h  t h e r e  i s  s o m e  in d i c a t i o n  t h a t  a s  E c i n c r e a s e s ,  th e  s i n g le  
p a r t i c l e  s t r e n g t h  a p p e a r s  m o r e  f r a g m e n t e d  and  s p r e a d  o v e r  a  l a r g e r  
e n e r g y  r e g i o n ,  th e  v a lu e  of Г  = 2 E c/3  h a s  no t  b e e n  sh o w n  to  r e p r e s e n t  
th e  d a t a  p a r t i c u l a r l y  w e l l  by  e v e n  a  s e m i q u a n t i t a t i v e  a n a l y s i s .  F r o m  a 
t h e o r e t i c a l  p o in t  of v ie w ,  i t  i s  no t  a t  a l l  c l e a r  th a t  t h i s  c h o ic e  of Г  i s  
c o n s i s t e n t  w i th  th e  m o d e r n  o p t i c a l  m o d e l  and  i t s  s u r f a c e  a b s o r p t i o n  [33]. 
T h e  s u r f a c e  a b s o r p t i o n  m ig h t  im p ly  b o th  a n  e n e r g y  and  a n  a n g u l a r  
m o m e n t u m  d e p e n d e n c e  b e c a u s e  d i f f e r e n t  b o u n d - s t a t e  w a v e - f u n c t io n s  s a m p l e  
th e  r e g i o n  of th e  n u c l e a r  s u r f a c e  d i f f e r e n t ly .  F u r t h e r m o r e ,  i f  th e  s p r e a d i n g
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of s t r e n g t h  a m o n g  b o u n d  s t a t e s  i s  in d e e d  r e l a t e d  to  th e  i m a g i n a r y  p a r t  of 
th e  o p t i c a l  p o te n t i a l ,  t h e r e  m u s t  b e  s o m e  v e r y  i n t e r e s t i n g  p h y s i c s  in  th e  
r e l a t i o n  b e tw e e n  th e  o p t i c a l  p o t e n t i a l  and  s u c h  n u c l e a r  s t r u c t u r e  f e a t u r e s  
a s  p a i r i n g ,  s h e l l  c l o s u r e ,  v i b r a t i o n s ,  an d  c o n f i g u r a t i o n  m ix in g .  ■

O n e  r e c e n t  e x p e r i m e n t a l  p a p e r  w h ic h  s e e m e d  p a r t i c u l a r l y  i n t e r e s t i n g  
[34] c o n c e r n e d  i t s e l f  w i th  th e  id e n t i f i c a t io n  o f  th e  p ^  d 3/ 2 c o n f i g u r a t io n  
in  90Z r .  A l th o u g h  th e  a i m  of t h i s  s tu d y  w a s  to  find an  e m p i r i c a l  v a lu e  
f o r  th e  n u c l e a r  s y m m e t r y  e n e r g y ,  i t  in c i d e n ta l l y  e x te n d e d  th e  e x t r a c t i o n  
of s t r e n g t h  fu n c t io n  i n f o r m a t i o n  to  h i g h e r  e n e r g y  th a n  u s u a l  a n d  a l s o  gave  
in f o r m a t io n  a b o u t  a  p a r t i c l e - h o l e  r a t h e r  th a n  a  s i n g le  p a r t i c l e  s t r e n g t h .  
T h e  a u t h o r s  i n f e r  [34] t h a t  th e  s t r e n g t h  i s  m a i n l y  c o n f in ed  to  an  e n e r g y  
i n t e r v a l  of a b o u t  1.5 MeV e v e n  th o u g h  th e  c e n t r e - o f - s t r e n g t h  e x c i t a t i o n  
e n e r g y  i s  5 .8  MeV.

2 .A . 2. I n f o r m a t io n  f r o m  r e d u c e d  n e u t r o n  w id th s

A lth o u g h  th e  m a i n  d i s c u s s i o n  a b o u t  r e d u c e d  n e u t r o n  w id th s  w i l l  o c c u r  
l a t e r  in  th e  c o n f e r e n c e ,  t h e r e  a r e  tw o  a s p e c t s  w h ic h  sh o u ld  b e  m e n t io n e d  
d u r i n g  t h i s  r e v i e w  o f  t h e  s p r e a d  o f  s t r e n g t h  a s  a fu n c t io n  of e n e r g y .  B e c a u s e  
th e  e n e r g y  v a r i a t i o n  of th e  s t r e n g t h  fu n c t io n  i s  d i f f i c u l t  to  o b ta in  e x p e r i m e n 
t a l l y ,  o p t i c a l  m o d e l  a n a l y s e s  o f ten  c o n c e n t r a t e  on th e  v a r i a t i o n  w i th  A of 
th e  s t r e n g t h  s a m p l e d  by  v e r y  low e n e r g y  n e u t r o n s ,  a s  d e f in e d  in  E q .( lO ) .
A t y p i c a l  p lo t  of Гпо> /D  a s  a  fu n c t io n  of A c a n  be  found in  a r e c e n t  
c o m p i l a t i o n  [35]. T h e  e x p e r i m e n t a l  v a lu e s  f a l l  b e tw e e n  a  m a x i m u m  of 
5 X 1 0 ' 4 j u s t  b e lo w  A = 60 and  a  m i n im u m  of 0 .2  X 1 0 ~4 n e a r  A = 120.
A l th o u g h  th i s  A d e p e n d e n c e  of th e  s low  n e u t r o n  " s t r e n g t h  fu n c t io n "  h a s  
b e e n  d i s c u s s e d  q u a l i t a t i v e l y  [9 -11 ]  i n i t e r m s  of th e  L a n e ,  T h o m a s  and 
W ig n e r  [ 6] g ia n t  r e s o n a n c e  m o d e l ,  th e  d e t a i l e d  a g r e e m e n t  d o e s  no t  i n 
s p i r e  c o n f id e n c e  in  th e  p o s i t i o n ,  o r  s p a c i n g ,  o r  s p r e a d i n g  of s i n g le  
p a r t i c l e  s t r e n g t h .  T h e  q u a l i t a t i v e  i n t e r p r e t a t i o n s  [9 -11]  a r e  u s u a l l y  
g iv e n  in  t e r m s  of " s i z e "  r e s o n a n c e s  w h ic h  im p ly  40 MeV e n e r g y  sp a c i n g s  
b e tw e e n  s - w a v e  s i n g l e  p a r t i c l e  l e v e l s ;  t h i s  s p a c i n g  i s  a b o u t  t w ic e  th a t  
im p l i e d  by u s u a l l y  a c c e p t e d  s h e l l  m o d e l  o s c i l l a t o r  s p a c i n g s .  In a d d i t io n ,  
v a lu e s  of Г  b e tw e e n  2 and  10 MeV h a v e  b e e n  q u o ted  [9 -1 1 ]  a s  b e in g  r e 
p r e s e n t a t i v e .  T h e  f r i n g e  s u r f a c e  a b s o r p t i o n  m o d e l  of M o l d a u e r  [36] s e e m s  
to  a c c o u n t  f o r  th e  a b s o r p t i o n  of low e n e r g y  n e u t r o n s  bu t it  o b s c u r e s  any  
n u c l e a r  s t r u c t u r e  c o n c e p t  s u c h  a s  " s i n g l e  p a r t i c l e  s t r e n g t h "  in  th e  n u c l e a r  
i n t e r i o r .

T h e  A d e p e n d e n c e  of th e  s - w a v e  n e u t r o n  " s t r e n g t h  fu n c t io n "  c a n  p r o 
v id e  s o m e  in d i c a t i o n  a b o u t  i n t e r m e d i a t e  s t r u c t u r e  i f  one  a s s u m e s ,  a s  
s e e m s  r e a s o n a b l e ,  t h a t  th e  n e u t r o n  b in d in g  e n e r g y  i s  u n c o r r e l a t e d  w i th  
th e  e n e r g y  of d o o rw a y  s t a t e s .  If th e  n e u t r o n  s t r e n g t h  fu n c t io n  v a r i e d  
g r e a t l y  w i th  e n e r g y ,  th e  a m o u n t  of s t r e n g t h  found n e a r  z e r o  n e u t r o n  
e n e r g y  w ou ld  i n d i s c r i m i n a t e l y  s a m p l e  th e  v a r i a t i o n .  A lth o u g h  th e  e x 
p e r i m e n t a l  u n c e r t a i n t i e s  a r e  l a r g e ,  a.nd s o m e  m o d u la t io n  o f  th e  s t r e n g t h  
fu n c t io n  m ig h t  e x i s t ,  th e  e x p e r i m e n t a l  p o in t s  a r e  no t a s  e r r a t i c  a s  one 
w ou ld  e x p e c t  i f  th e  s i n g le  p a r t i c l e  s t r e n g t h  w e r e  g e n e r a l l y  c l u s t e r e d  in  
p e a k s  th a t  w e r e  s e p a r a t e d  by d e e p  v a l l e y s .  In d iv id u a l  p o in t s  r a r e l y  
d e v ia t e  f r o m  th e  n e ig h b o u r in g  a v e r a g e  by a s  m u c h  a s  a f a c t o r  of 2 .
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2 .A .3 .  E n e r g y  d e p e n d e n c e  an d  i n t e r m e d i a t e . s t r u c t u r e

A l 'V ^ugh  m a n y  e x p e r i m e n t a l  r e s u l t s  h a v e  b e e n  i n t e r p r e t e d  in  t e r m s  
o f  i n t e r m e d i a t e  s t r u c t u r e ,  w e  s t i l l  h a v e  e x t r e m e l y  l i t t l e  s y s t e m a t i c  i n 
f o r m a t i o n  a b o u t  p o s s i b l e  c l u s t e r i n g  o f  s t r e n g t h .  T o ta l  n e u t r o n  i n t e r 
a c t i o n  c r o s s - s e c t i o n s  u p  to  e n e r g i e s  o f  a b o u t  600 keV  r e v e a l e d  10-20% 
v a r i a t i o n s  w h ic h  h ad  c o r r e l a t i o n  w id th s  o f  5 0 -1 0 0  keV [37]. S e v e r a l  
e x p e r i m e n t s  [38] s u g g e s t  a  p o s s i b l e  r a p i d  e n e r g y  d e p e n d e n c e  of th e  
n e u t r o n  s t r e n g t h  fun c t io n ;  a l th o u g h  t h e s e  e f f e c t s  m a y  n o t  b e  s t a t i s t i c a l l y  
s i g n i f i c a n t  b e c a u s e  of th e  P o r t e r - T h o m a s  d i s t r i b u t i o n ,  th e y  m a y  e q u a l ly  
w e l l  h in t  a t  l a r g e  i n t e r m e d i a t e  s t r u c t u r e  e f f e c t s  n e a r  th e  m a g i c  n u c le o n  
n u m b e r s .  In s e v e r a l  c a s e s  in v o lv in g  l ig h t  n u c le i ,  a n g u l a r  d i s t r i b u t i o n s  
o f  b o th  a lp h a  p a r t i c l e s  [39] an d  n e u t r o n s  [40] i n d i c a t e  t h a t ' p a r t i c u l a r  
p a r t i a l  w a v e s  r e s o n a t e  a t  e n e r g y  i n t e r v a l s  c o r r e s p o n d i n g  to  i n t e r m e d i a t e  
r a t h e r  t h a n  g r o s s  s t r u c t u r e .  On th e  o t h e r  h a n d ,  w h en  th e  e l a s t i c  and  
i n e l a s t i c  s c a t t e r i n g  of n e u t r o n s  w ith  e n e r g i e s  f r o m  400 keV  to  1.6 MeV 
w e r e  s t u d ie d  u s i n g  T a ,  R e ,  and  P t  t a r g e t s  [41] n o  i n t e r m e d i a t e  s t r u c t u r e  
e f f e c t s  w e r e  n o te d .  It h a s  a l s o  b e e n  n o te d  [42] t h a t  t o t a l  n e u t r o n  c r o s s -  
s e c t i o n s  a t  h i g h e r  e n e r g y  ( 4 .5 - 7 .5  MeV) do no t  f l u c tu a t e  by  a s  m u c h  a s  
1% f o r  10 e l e m e n t s  b e tw e e n  C o and  T a .  F o r  e ig h t  o t h e r  s a m p l e s  (w hich  
w e r e  m a i n l y  l i g h t e r  e l e m e n t s  b u t  in c lu d e d  Pb) c r o s s - s e c t i o n  v a r i a t i o n s  
w e r e  found [42] ,  bu t co u ld  be  e x p la in e d  by  a  s t a t i s t i c a l  f l u c tu a t io n  a n a l y s i s  
w i th o u t  in v o k in g  i n t e r m e d i a t e  s t r u c t u r e .  T h e s e  m e a s u r e m e n t s  in d i c a t e  
th a t  f o r  m e d i u m  and  h e a v y  n u c l e i  a w a y  f r o m  m a g i c  n u m b e r s ,  ' t h e  s u p e r 
im p o s e d  i n t e r m e d i a t e  s t r u c t u r e  of m a n y  p a r t i a l  w a v e s  d o e s  no t m o d u l a te  
th e  t o t a l  n e u t r o n  c r o s s - s e c t i o n  enough  to  b e  d e t e c t e d .  In a d d i t io n ,  f o r  
t h e " t a r g e t s  in  w h ic h  f lu c tu a t io n s  w e r e  s e e n ,  th e  t o t a l  c r o s s - s e c t i o n s  
c o u ld  no t  b e  u s e d  to  d i s t i n g u i s h  i n t e r m e d i a t e  s t r u c t u r e  f r o m  s t a t i s t i c a l  
f l u c tu a t io n s .  It h a s  a l s o  b e e n  sh o w n  [43] th a t  s t a t i s t i c a l  f l u c tu a t io n s  c a n  
o f te n  a p p e a r  to  h a v e  th e  f o r m  o f  i n t e r m e d i a t e  s t r u c t u r e  so  th a t  p e a k s  of 
a n o m a l o u s  w id th  in  c r o s s - s e c t i o n s  a r e  no t n e c e s s a r i l y  i n t e r m e d i a t e  
s t r u c t u r e .

2 .A .4 .  I n t e r m e d i a t e  s t r u c t u r e  r e v e a l e d  by  a n  a n a l y s i s  o f  f in e  s t r u c t u r e

A c o n v in c in g  e x a m p l e  o f  i n t e r m e d i a t e  s t r u c t u r e  and  a n  a p p r e c i a t i o n  
o f  i t s  s i g n i f i c a n c e  c a n  b e  o b ta in e d  f r o m  a  r e c e n t l y  p u b l i s h e d  a n a l y s i s  
by M o n a h a n  and  E lw y n  [44] o f  th e  n e u t r o n  s c a t t e r i n g  c r o s s - s e c t i o n  of 
56F e .  T h e  t o t a l  c r o s s - s e c t i o n  o b ta in e d  w i th  20 keV r e s o l u t i o n  [45] i s  
sh o w n  in  th e  u p p e r  p a r t  of F i g . l :  A p h a s e  s h i f t  a n a l y s i s  of " p o o r  r e s o l u 
t i o n "  d i f f e r e n t i a l  c r o s s - s e c t i o n s  and  p o l a r i z a t i o n  im p l i e d  an  s - w a v e  
d o o r - w a y  s t a t e  a t  E D = 360 keV  w h ic h  h ad  a t o t a l  w id th  o f  a b o u t  Г  = 145 keV , 
a  n e u t r o n  e s c a p e  w id th ,  Г  t  = 50 k eV , and  h e n c e  а  Г  A of 95 keV  [44].  T h e  
s a m e  t o t a l  c r o s s - s e c t i o n  t a k e n  w i th  1 keV  r e s o l u t i o n  b y  D r .  A .B .  S m i th  
of A r g o n n e  i s  sh o w n  in  th e  b o t t o m  p a r t  o f  F i g . l .  S i m i l a r  d a t a  had  a l r e a d y  
b e e n  a n a ly s e d  by a  m u l t i l e v e l  f i t  [46] w h ic h  g a v e . th e  e n e r g i e s ,  E ^ ,  and 
r e d u c e d  w id th s  (Гп0)^  o f  14 s - w a v e  l e v e l s  b e tw e e n  186 and  645 k eV .

A r é i n t e r p r e t a t i o n  of t h e s e  l e v e l  p a r a m e t e r s  in  t e r m s  of a n  e x t r e m e  
s i n g le  d o o r w a y  s t a t e  f o r m a l i s m  [26] s e e k s  to  l e a r n  w h e t h e r  th e  n u c l e a r
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FIG.1 . The total neutron scattering of Fe in moderate and good energy resolution. The upper portion 
of the curve shows the total cross-section taken withi20 keV resolution [45]. With the aid of differential 
scattering and polarization studies, the s-wave contribution can be analysed to give [44]: e ^ = 0.36 MeV, 
Г = 145 keV, and r t =  50 keV. The lower part of the figure shows the same energy region when studied 
with much better resolution by Dr. A.B. Smith; the dashed curve shows a detailed fit to the s-wave levels 
obtained from similar data [46] . When the detailed level parameters were reinterpreted with a doorway 
stat.e analysis [44], values of e j  = 0.36 MeV, rT = 4 6 k eV , and Г = 132-151 keV were obtained. See 
section 2. A .4 and Ref. [44] for more details.

s t r u c t u r e  of t h e s e  l e v e l s  w ou ld  be  m o r e  t r a n s p a r e n t  i f  o ne  u s e d  a  m o d e l  
in  w h ic h  a s i n g le  s t a t e  w i th  th e  e n t i r e  n e u t r o n  w id th ,

■ N

(r n0)d = X
Л.=1

m i x e s  w ith  (N - 1) b a c k g ro u n d  s t a t e s ,  e a c h  o f  w h ic h  h a v e  z e r o  r e d u c e d  
n e u t r o n  w id th  b e f o r e  th e  m ix in g .  M o n a h a n  and E lw y n  s e l e c t e d  13 s t a t e s  
(o m i t t in g  th e  one  a t  645 keV) and  t r a n s f o r m e d  th e  26 p a r a m e t e r s  ( E ^  

and  (Г^о)л.) ^ 6] in t °  th e  26 d o o rw a y  p a r a m e t e r s  w h ic h  c o n s i s t  of th e  
d o o r w a y  s t a t e  u n p e r t u r b e d  e n e r g y ,  , i t s  r e d u c e d  w id th ,  Г*¥ = (r¡Jg)d, 
and  24 p a r a m e t e r s  a s s o c i a t e d  w ith  th e  12 b a c k g r o u n d  l e v e l s .  E a c h  b a c k 
g ro u n d  l e v e l ,  q , h a s  a n  u n p e r t u r b e d  e n e r g y ,  E q , and  a m a t r i x  e l e m e n t  
s q u a r e d ,  v | , w h ic h  r e p r e s e n t s  th e  c o u p l in g  b e tw e e n  th e  d o o r w a y  s t a t e
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and  s t a t e  q. T h e r e  a r e  s e v e r a l  c r i t e r i a  f o r  e v a lu a t in g  th e  u s e f u l n e s s  of 
th e  d o o r w a y  s t a t e  p a r a m e t r i z a t i o n .  F i r s t ,  f o r  th e  p a r a m e t e r s  to  b e  
a c c e p t a b l e ,  th e  d o o rw a y  d a m p i n g  w id th ,  Г 4-, w h ic h  is  d e f in e d  to  d ep e n d  
on E  and  an  a v e r a g i n g  i n t e r v a l ,  I, sh o u ld  a c tu a l ly  be  r e l a t i v e l y  in d e p e n d e n t  
of E  and  I p r o v id e d  th a t  t h e  a v e r a g i n g  i n t e r v a l  i s  l a r g e r  th a n  th e  a v e r a g e  
l e v e l  s p a c i n g  a n d  s m a l l e r  t h a n  th e  t o t a l  w id th  F t  + Г  4,. T h e  56F e  d a t a  
s a t i s f y  t h i s  co n d i t io n  [44]. (T h is  c o n d i t io n  i s  r e l a t e d  to  th e  s e n s i t i v i t y  of 
th e  p a r a m e t e r s  to  th e  n u m b e r  of l e v e l s ,  X, u s e d  in  th e  a n a l y s i s . )  In 
a d d i t io n ,  th e  d o o rw a y  s t a t e  p a r a m e t r i z a t i o n  m a y  be t e s t e d  by c o m p a r i n g  
th e  d e r i v e d  p a r a m e t e r s  E q and  Vq w ith  s t a t i s t i c a l  t h e o r i e s .  I f  th e  E q 
v a l u e s  and  th e  V2 v a lu e s  a r e  d i s t r i b u t e d  s t a t i s t i c a l l y  (e .g .  i f  th e  V2 
v a l u e s  fo l low  th e  P o r t e r - T h o m a s  d i s t r i b u t i o n  of E q . ( l l ) ) ,  th e  E ^  and  
( r n°o)x w i l l  n o t  be  d i s t r i b u t e d  s t a t i s t i c a l l y .  In  p a r t i c u l a r ,  t h e r e  w i l l  be  
l a r g e  r e d u c e d  w id th s  (Г°0)^ f o r  l e v e l s  w i th  E ^  n e a r  E d ; t h e s e  w id th s  w ould  
b e  g o v e r n e d  b y  p r o x i m i ty  of b a c k g ro u n d  l e v e l s  to  th e  d o o r w a y  s t a t e  r a t h e r  
t h a n  th e  s i z e  o f  m a t r i x  e l e m e n t s  w h o s e  r a n d o m n e s s  w a s  a s s u m e d  to  d e r i v e  
th e  P o r t e r - T h o m a s  w id th  d i s t r i b u t i o n .  F i n a l l y ,  an  i m p o r t a n t  n u c l e a r  
s t r u c t u r e  q u e s t i o n  a s s o c i a t e d  w i th  th e  d o o r w a y  p a r a m e t r i z a t i o n  i s  w h e t h e r  
th e  v a l u e s  of Г 11 a s s o c i a t e d  w i th  d i f f e r e n t  d o o r w a y s  c a n  be  i n t e r p r e t e d  
m i c r o s c o p i c a l l y .

2 .B .  A n a lo g u e  s t a t e s  and  i n t e r m e d i a t e  s t r u c t u r e

A lth o u g h  P r o f e s s o r  T e m m e r  h a s  a l r e a d y  g iv e n  th i s  c o n f e r e n c e  a 
r e v i e w  of th e  i m p r e s s i v e  n u c l e a r  s t r u c t u r e  i n f o r m a t i o n  o b ta in e d  f r o m  
a n a lo g u e  s t a t e  s t u d i e s ,  t h e i r  u s e f u l n e s s  in  t e a c h in g  u s  a b o u t  th e  s p r e a d i n g  
of s t r e n g t h  sh o u ld  a l s o  b e  s t r e s s e d .  It  i s  c l e a r  f r o m  th e  c l a s s i c  h ig h  
r e s o l u t i o n  s t u d i e s  a t  D uke  [47] th a t  a n a lo g u e  s t a t e s  in  th e  r e g i o n  of n o n 
o v e r l a p p in g  c o m p o u n d  n u c l e a r  r e s o n a n c e s  p r o v i d e  e x c e l l e n t  e x a m p l e s  
f r o m  w h ic h  p a r a m e t e r s  s u c h  a s  F t  a n d  Г  4 sh o u ld  b e  e x t r a c t e d  an d  u n d e r 
s to o d .  A s  a  b y - p r o d u c t  o f  s u c h  s t u d i e s ,  th e  s p in  d e p e n d e n c e  of th e  
c o m p o u n d  n u c l e a r  l e v e l  s p a c i n g s  sh o u ld  b e  o b ta in a b le  b y  e x a m i n in g  th e  
f ine  s t r u c t u r e  a s s o c i a t e d  w i th  a n a lo g u e  s t a t e s  of d i f f e r e n t  s p in .  At 
h i g h e r  e n e r g i e s ,  w h e r e  l e v e l  w id th s  e x c e e d  s p a c i n g s ,  f ine  s t r u c t u r e  m a y  
t e a c h  u s  a b o u t  th e  s p in  d e p e n d e n c e  of l e v e l  w id th s .  W h e th e r  o r  n o t  th e  
f in e  s t r u c t u r e  a s s o c i a t e d  w i th  a n a lo g u e  s t a t e s  c a n  b e  o b s e r v e d ,  i t  w ou ld  
be  e x t r e m e l y  w o r th w h i l e  to  o b ta in  s y s t e m a t i c  d a t a  a b o u t  t h e  s p r e a d i n g  
w id th  o f  a n a lo g u e  s t a t e s .

T h e  w id th s  of s o m e  a n a lo g u e s  o b s e r v e d  in  th e  n u c l e u s  Z+1 A c a n  a l s o  
g iv e  v a lu a b l e  i n f o r m a t io n  a b o u t  th e  s p r e a d i n g  of s t r e n g t h  in  th e  c o r r e s 
p o n d in g  p a r e n t  s t a t e s  in  / А .  F o r  e x a m p l e ,  c o n s i d e r  th e  1" a n a lo g u e  
s t a t e  n e a r  21 MeV in 90Z r  w h ic h  w a s  r e c o g n i z e d  [48] b e c a u s e  i t  h a d  
b e e n  p r e d i c t e d  a s  a  T> c o m p o n e n t  o f  th e  g ia n t  d ip o le  r e s o n a n c e  in  90Z r  
[49] .  T h e  c o r r e s p o n d i n g  e n e r g y  r e g i o n  in  90Y i s  a b o u t  7 .9  MeV a b o v e  
th e  g r o u n d  s t a t e  w h e r e  th e  1" l e v e l  s p a c i n g  i s  p r o b a b l y  a b o u t  1 keV ; 
b e c a u s e  t h i s  i s  a b o u t  1 MeV a b o v e  th e  n e u t r o n  s e p a r a t i o n  e n e r g y ,  th e  
l e v e l  w id th s  a r e  p r o b a b l y  an  a p p r e c i a b l e  f r a c t i o n  of th e  s p a c i n g .  T h e r e 
f o r e ,  i f  th e  p e a k  o b s e r v e d  n e a r  21 MeV in 90Z r  c a n  b e  th o u g h t  o f  a s  th e  
a n a lo g u e  of a  " s t a t e "  in  90Y, i t  m u s t  b e  th e  a n a lo g u e  of a t  l e a s t  o n e  1" 
d o o rw a y  s t a t e  n e a r  7 .9  MeV in  90Y. T h e  o b s e r v e d  600 keV  w id th  of th e  
1" a n a lo g u e  in  90Z r  m u s t  in c lu d e  s o m e  a n a lo g u e  s t a t e  d a m p i n g  w id th  
and  s o m e  p r o t o n  e m i s s i o n  w id th  in  a d d i t io n  to  th e  r f  + Г I  d o o r w a y  w id th
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c h a r a c t e r i s t i c  of th e  1" s t r e n g t h  in  90 Y. T h e  1“ a n a lo g u e  s t a t e  in  90Z r  
w i l l  h a v e  th e  a d d i t io n a l  c o m p l i c a t io n  o f  a p o s s i b l e  i n t e r f e r e n c e  b e tw e e n  
th e  i s o s p i n  a l lo w e d  and  th e  i s o s p i n  f o r b id d e n  n e u t r o n  e m i s s i o n  to  s t a t e s  
in  89Z r  n e a r  9 MeV of e x c i t a t i o n .  T h e  l -  d o o r w a y  in  90Y sh o u ld  be 
o b s e r v a b l e  in  s t u d i e s  of 1 MeV n e u t r o n  s c a t t e r i n g  f r o m  89Y; p r e l i m i n a r y  
d i f f e r e n t i a l  c r o s s - s e c t i o n s  and  p o l a r i z a t i o n  s t u d i e s  s e e m  to  show  an  
a n o m a ly  [50], bu t  no  d e f in i t e  i n f o r m a t i o n  i s  a v a i l a b l e .  T h e r e  is  a l s o  
e v id e n c e  f o r  a n o t h e r  1" a n a lo g u e  i n . 90Z r  a t  a b o u t  19.6 MeV [51]; th e  
o b s e r v e d  w id th  of a b o u t  200 keV  [51] p r o v i d e s  a n  u p p e r  l i m i t  on th e  w id th  
of th e  c o r r e s p o n d i n g  1" d o o r w a y  n e a r  6.5 MeV in 90 Y.

2 .C . G a m m a - r a y  i n t e r a c t i o n s  and  i n t e r m e d i a t e  s t r u c t u r e

2 .С .1 .  T h e  g ia n t  d ip o le  r e s o n a n c e

T h e  e n h a n c e m e n t  o f  th e  g a m m a - r a y  s t r e n g t h  fu n c t io n  a t  th e  g ia n t  
d ip o le  r e s o n a n c e  i s  e x t r e m e l y  w e l l  kn o w n ,  bu t th e  d e g r e e  to  w h ic h  th i s  
r e s o n a n c e  c ou ld  be  c o n s i d e r e d  a s  a 1 " s i m p l e "  i n t e r m e d i a t e  r e s o n a n c e  
w a s  n o t  t e s t e d  in  d e t a i l  u n t i l  r e c e n t l y  [52]. P h o to n e u t r o n  s p e c t r a  f r o m
209B i w e r e  o b ta in e d  a t  d i f f e r e n t  g a m m a - r a y  e n e r g i e s  th r o u g h o u t  th e  g ian t  
d ip o le  r e s o n a n c e  r e g i o n .  It w a s  found  th a t  a  c r u d e  m o d e l  in  w h ic h  th e  
e n t i r e  g ia n t  d ip o l e  r e s o n a n c e  w a s  t r e a t e d  in  t e r m s  of a n  e l e c t r i c  d ip o le  
d o o rw a y  s t a t e  co u ld  a c c o u n t  f o r  th e  d a t a  if  Г4- w a s  a l lo w e d  to  h a v e  an  
e n e r g y  d e p e n d e n c e .  T h i s  i n t e r p r e t a t i o n  of th e  g ia n t  d ip o le  r e s o n a n c e  is  
i n c o m p le t e  a t  t h i s  s t a g e  p a r t l y  b e c a u s e  Г 11 ( i .e .  th e  n u c le o n  e m i s s i o n  
f r o m  th e  d ip o le  d o o rw a y )  c a n n o t  b e  ¡¡predicted a c c u r a t e l y ,  and  p a r t l y  b e 
c a u s e  th e  e n t i r e  e n e r g y  d e p e n d e n c e 1 of th e  g a m m a - r a y  a b s o r p t i o n  c r o s s -  
s e c t io n  h a s  n o t  r e c e i v e d  a r e l i a b l e  i n t e r p r e t a t i o n .

2 .C .2 .  T h e  d i s t r i b u t i o n  o f  d ip o le  s t r e n g t h  b e lo w  the  g ia n t  d ip o le  r e s o n a n c e

T h e  e n e r g y  d i s t r i b u t i o n  of th e  e l e c t r i c  d ip o le  s t r e n g t h  fu n c t io n  s e e m s  
to  be  a p a r t i c u l a r l y  c o n fu s in g  one  f o r  m a n y  n u c l e a r  p h y s i c i s t s .  T h e  w e l l -  
know n p r o p o r t i o n a l i t y  b e tw e e n  th e  g a m m a - r a y  d e c a y  w id th  and  E y fo r  a 
g iv e n  m a t r i x  e l e m e n t  (E q . ( 8)) s e e m s  to  l e a d  to  th e  m i s c o n c e p t i o n  t h a t  
th e  o b s e r v e d  w id th s  of n u c l e a r  t r a n s i t i o n s  a r e  e x p e c t e d  to  be  p r o p o r t i o n a l  
to  E ^ . T h i s  p r o p o r t i o n a l i t y  c ou ld  b e  e x p e c te d ,  a s  sh o w n  in  E q . (9 ) ,  on ly  i f  
th e  g a m m a - r a y  s t r e n g t h  fu n c t io n  o r  th e  s u m  of th e  s q u a r e s  of th e  d ip o le  
m a t r i x  e l e m e n t  p e r  u n i t  e n e r g y  in  th e  n u c le u s  w e r e  in d e p e n d e n t  of th e  
e x c i t a t i o n  e n e r g y .  T h e r e  is  n e i t h e r  e x p e r i m e n t a l  n o r  t h e o r e t i c a l  s u p p o r t  
f o r  th i s  r a d i c a l ,  o b v io u s ly  i n c o r r e c t ,  e n e r g y - i n d e p e n d e n t  s t r e n g t h  fu n c t io n .  
T h e  q u a n t i t i e s  Гу0/ Е у  and  <( r  0/ / D ,E }, c o n ta in ,  a s  E q s  (8) and  (9) 'show, 
v e r y  i n t e r e s t i n g  n u c l e a r  s t r u c t u r e  in f o r m a t io n ,  bu t  th e y  a r e  no t e x p e c te d  
to  be  in d e p e n d e n t  of E y o r  A. T h e r e  i s  l i t t l e  t h e o r e t i c a l  g u id a n c e  ab ou t  
th e  s p r e a d i n g  of d ip o le  s t r e n g t h .  T h e  e x p e r i m e n t a l l y  kno w n  s y s t e m a t i c  
b e h a v io u r  of th e  g ia n t  d ip o le  r e s o n a n c e  c a n  p r o v i d e  e x c e l l e n t  e s t i m a t e s  
in  th e  e n e r g y  r e g i o n  of t h i s  r e s o n a n c e  (E q .(9 ) ) ,  bu t  t h e r e  i s  l i t t l e  c o n c l u 

s i v e  e v id e n c e , f o r  h i g h e r  o r  l o w e r  e n e r g y  r e g i o n s .
T h e  l i t t l e  th a t  i s  know n a b o u t  th e  a v e r a g e  lo v y -e n e rg y  d ip o le  s t r e n g t h  

s e e m s  to  b e  c o n s i s t e n t  w i th  a n  e x t r a p o la t i o n  of th e  g ia n t  d ip o le  r e s o n a n c e  
130]. P r o f e s s o r  B o l l i n g e r . w i l l  show  s o m e  i n t e r e s t i n g  c a p t u r e  g a m m a -  
r a y  r e s u l t s  w h ic h  add  s u p p o r t  to  t h i s  e x t r a p o l a t i o n  p r o c e d u r e .  On a  f i n e r
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e n e r g y  s c a l e ,  t h e r e  i s  d e f in i t e  e v id e n c e  [53] f o r  s i g n i f i c a n t  c l u s t e r i n g  of 
e l e c t r i c  d ip o le  s t r e n g t h  a t  l e a s t  in  209B i ,  206P b ,  Sn, and  90Z r ,  a l l  of 
w h ic h  h a v e  m a g i c  n u m b e r s .  T h e  p h o ton  s c a t t e r i n g  d a t a  o b ta in e d  w i th  a 
Z r  t a r g e t  w i l l  b e  d i s c u s s e d  b e lo w .

2 .C .3 .  C o r r e l a t i o n s  b e tw e e n  p a r t i c l e  and  p h o to n  w id th s

T h e  p o s s i b i l i t y  of f in d in g  c o r r e l a t i o n s  c a n  be  m a d e  p l a u s ib l e  by  c o n 
s i d e r i n g  ( r p0)i and  (Гуо); f o r  1" l e v e l s  in  90Z r .  A l a r g e  p ro to n  e m i s s i o n  
w id th  w ou ld  b e  e x p e c t e d  f o r  90Z r  s t a t e s  w h ic h  a r e  v e r y  s i m i l a r  to  an  
s - w a v e  p r o t o n  and  89Y (w hich  c a n  be  th o u g h t  of a s  90Z r  and  a  pjy2 p r o t o n  
h o le ) .  If th e  g a m m a - r a y  t r a n s i t i o n  p r o b a b i l i t y  d e p e n d e d  on ly  on a  s i n g le  
p a r t i c l e - h o l e  c o n f i g u r a t io n ,  a  1 ” l e v e l  w h ic h  h a d  a  l a r g e  c o m p o n e n t  of 
| 90Z r p ¿ /2 S j /2 У  w ould  a l s o  h a v e  a p a r t i c u l a r l y  l a r g e  g a m m a - r a y  t r a n s i 
t i o n  r a t e  b e c a u s e  th e  d ip o le  o p e r a t o r  co u ld  m o v e  th e  e x c i t e d  p ro t o n  f r o m  
th e  Sjy2 t o  th e  p\/<¿ s i n g le  p a r t i c l e  l e v e l .  T h i s  p h y s i c a l  a r g u m e n t  fa v o u r in g  
c o r r e l a t i o n s  i s  w e a k e n e d  c o n s i d e r a b l y  b e c a u s e  th e  m a i n  e l e c t r i c  d ip o le  
t r a n s i t i o n  s t r e n g t h  d ue  to  in d iv id u a l  s i n g l e  p a r t i c l e  - s i n g le  h o le  s t a t e s  is  
s h i f t e d  u p  in  e n e r g y  to  f o r m  th e  g ia n t  d ip o le  r e s o n a n c e .  T h e  s a m e  m ix in g  
w h ic h  p r o v i d e s  a  c o h e r e n t  c o m b i n a t i o n  of p a r t i c l e - h o l e  s t a t e s  in  th e  g ia n t  
d ip o le  r e s o n a n c e  r e g i o n  m i x e s  th e  c o n f i g u r a t i o n s  of th e  o t h e r  u n s h i f t e d  
o n e  p a r t i c l e  - o ne  h o le  s t a t e s  in  j u s t  th e  w ay  n e c e s s a r y  to  c a n c e l  m o s t  of 
t h e  d ip o l e  t r a n s i t i o n  s t r e n g t h .  A s  a r e s u l t ,  i t  i s  no t c l e a r  w h e t h e r  one  
s h o u ld  o r  sh o u ld  no t  e x p e c t  to  f ind  c o r r e l a t i o n s  b e tw e e n  p a r t i c l e  and  
g a m m a - r a y  p a r t i a l  w id th s ;  e x p e r i m e n t  m u s t  d e c id e .

À p o s i t i v e  c o r r e l a t i o n  b e tw e e n  n e u t r o n  r e d u c e d  w id th s  ( Г ^  and  
p a r t i a l  g a m m a  d e c a y  w id th s  (Г ^ ^  w a s  r e p o r t e d  f o r  s o m e  n e u t r o n  r e 
s o n a n c e s  in  th e  ggTm + n r e a c t i o n  [54]. O n ly  8 n e u t r o n  r e s o n a n c e s  w e r e  
in c lu d e d  in  th e  a n a l y s i s  ( i .e .  i=  1 , 2 , . . .  8), b u t  d a t a  w e r e  o b ta in e d  f o r  
g a m m a  r a y  t r a n s i t i o n s  to  15 f i n a l  s t a t e s  in  170T m  ( i .e .  f = 1, 2, . . .  15).
T h e  p o s s i b l e  c o r r e l a t i o n  m e n t io n e d  in  th e  p r e v i o u s  p a r a g r a p h  w ou ld  
c o r r e s p o n d  to  t e s t i n g  e a c h  o f  th e  8 r e s o n a n c e s  f o r  one  p a r t i c u l a r  f in a l  
s t a t e ,  f. H o w e v e r ,  to  i m p r o v e  th e  s t a t i s t i c a l  a c c u r a c y ,  th e  c o r r e l a t i o n s  
w e r e  a v e r a g e d  o v e r  a l l  f in a l  s t a t e s .  D e s p i t e  t h i s  a v e r a g i n g ,  a s i g n i f i c a n t  
c o r r e l a t i o n  w a s  o b ta in e d .  T h e r e  a r e ,  h o w e v e r ,  tw o  f e a t u r e s  of t h i s  
i n t e r e s t i n g  r e p o r t  w h ic h  m i g h t  j u s t i f y  s c e p t i c i s m .  F i r s t ,  a  m a j o r  p a r t  
of th e  a p p a r e n t  c o r r e l a t i o n  i s  p r o b a b l y  d u e  to  th e  lo w e s t  r e s o n a n c e  (at 
3 .9  eV) w h ic h  h a s  b o th  th e  l a r g e s t  n e u t r o n  r e d u c e d  w id th  and  a l m o s t  
tw ic e  th e  a v e r a g e  n u m b e r  o f  h i g h - e n e r g y  g a m m a - r a y s .  In a d d i t io n ,  th e  
f i n a l  l e v e l s  w h o s e  g a m m a - r a y  t r a n s i t i o n s  s e e m  m o s t  c o r r e l a t e d  w i th  
r e d u c e d  n e u t r o n  w id th s  a r e  n o t  th e  s a m e  l e v e l s  t h a t  a r e  m o s t  s t r o n g ly  
p o p u la t e d  in  a (d ,p )  r e a c t i o n  [55].

T h e  f i n a l  e x a m p l e  of s t r e n g t h  s p r e a d i n g ,  i n t e r m e d i a t e  s t r u c t u r e ,  
a n d  c o r r e l a t i o n s  i s  sh o w n  in  F i g . 2. T h e  l i n e  m a r k e d  e x t r a p o l a t e d  a b s o r p 
t i o n  r e p r e s e n t s  th e  to t a l  g a m m a - r a y  a b s o r p t i o n  e x p e c t e d  fo r  90Z r  f r o m  
d a t a  [56] in  th e  g ia n t  r e s o n a n c e  r e g i o n .  T h e  e x p e r i m e n t a l  p o in t s  a r e  th e  
e l a s t i c  g a m m a - r a y  s c a t t e r i n g  c r o s s - s e c t i o n  o b s e r v e d  w i th  a b o u t  100 keV 
e n e r g y  r e s o l u t i o n  [53, 57]; th e  c r o s s - s e c t i o n  a s s u m e s  t h a t  o n ly  90Z r  i s  
c o n t r ib u t in g  to  th e  e l a s t i c  s c a t t e r i n g  a b o v e  8.7 MeV b e c a u s e  a l l  o t h e r  Z r  
i s o t o p e s  c a n  e m i t  n e u t r o n s .  A l th o u g h  th e  e l a s t i c  s c a t t e r i n g  c r o s s - s e c t i o n  
w o u ld  b e  e x p e c t e d  to  b e  b e lo w  th e  a b s o r p t i o n  c r o s s - s e c t i o n  d u e  to  i n 
e l a s t i c  g a m m a - r a y  s c a t t e r i n g  (below  11 MeV) and  p r o t o n  e m i s s i o n  (above
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FIG. 2. The elastic gamma-ray scattering and ground-state photoproton cross-sections for 90Zr. The 
experimental points correspond to the total elastic gamma-ray scattering cross-section assuming only the 
isotope 90Zr contributes above 8.7 MeV. The uppermost curve is the extrapolation of the measured [56] 
total absorption cross-section o f 90Zr in the giant resonance region. The experimental values of (y ,p0) 
are 10 times the 90° differential cross-section obtained with a poor resolution average of (p, y0) results 
[58, 59], The theoretical curves for (y , y) and (y, p n) were obtained by using the extrapolated cross- 
section to calculate ^Г у ^ /VD, and optical model parameters [60] to calculate / D. The other
parameters required for the calculation were chosen as D(10.8 MeV) - 440 eV, T = 1.2 MeV, and a 
constant inelastic gamma-ray width of 0 .2  eV. The theoretical curves emphasize the presence of inter
mediate structure in the gamma-ray strength function. Some of the correlated finer structure in the 
(y, p 0) and (y,y) yields might also be due to correlations between (Г and (Гр^);. See section 2 .C .3  
for more details.

11 M eV ),  th e  e l a s t i c  s c a t t e r i n g  c r o s s - s e c t i o n  sh o u ld  v a r y  s m o o th l y  w i th  
e n e r g y  a s  i l l u s t r a t e d  by  th e  c u r v e  m a r k e d  (7, 7)theor. • D e s p i t e  t h e  l a r g e  
s t a t i s t i c a l  e r r o r s ,  i t  i s  c l e a r  t h a t  th e  d ip o le  s t r e n g t h  v a r i e s  s i g n i f i c a n t l y  
w i th  e n e r g y ,  and  sh o w s  i n t e r m e d i a t e  s t r u c t u r e .  T h e  s h a r p  r i s e  in  th e  
s c a t t e r i n g  f r o m  11.2 to  11.5 M eV  i s  p a r t i c u l a r l y  s t r i k i n g .

T h e  d o t t e d  c u r v e ,  l a b e l l e d  (7 , p0) exp.< i s  i n f e r r e d  f r o m  a  100 keV 
r e s o l u t i o n  a v e r a g e  o f  th e  p ,  y 0 d a ta  r e p o r t e d  [58 ,  59] f o r  89Y + p. T h e  
s h a r p  r i s e  in  th e  (7 , Pq) c r o s s - s e c t i o n  n e a r  11 MeV is  d o m i n a t e d  b y  th e  
r i s e  in  p r o t o n  t r a n s m i s s i o n  c o e f f i c i e n t ,  a s  c a n  b e  s e e n  f r o m  th e  t h e o r e t i c a l  
c u r v e ,  l a b e l l e d  (7 , Po)theor. - w h ic h  a s s u m e s  a  p r o t o n  s t r e n g t h  fu n c t io n  
g iv e n  by  th e  o p t i c a l  m o d e l  u s i n g  L o s  A la m o s  p a r a m e t e r s  [60] .  T h e  g a m m a -  
r a y  s t r e n g t h  fu n c t io n  u s e d  f o r  th e  t h e o r e t i c a l  c a l c u l a t i o n  i s  o b ta in e d  f r o m  
th e  e x t r a p o l a t e d  a b s o r p t i o n  c r o s s - s e c t i o n  a s  in  E q .(7 )  o r  (9). A c c o r d in g  
to  t h e s e  c a l c u l a t i o n s  \Xpo!> = "Cr^o^ a t  10.8 M eV . T h e  a b s o l u t e  w id th s
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d e p e n d  on th e  v a lu e  a s s u m e d  f o r  th e  1" l e v e l  s p a c i n g ,  D. D w a s  c h o s e n  
a s  a b o u t  440  eV and  a c o n s t a n t  n u c l e a r  t e m p e r a t u r e  of a b o u t  1.2 MeV w a s  
u s e d  to  o b ta in  th e  l e v e l  s p a c i n g  a t  o t h e r  e n e r g i e s ;  t h i s  c h o ic e  im p l i e d  
< Г ро> = < Г у0> = 53 X 1 0 -3 eV a t  10.8 M eV . A c o n s t a n t  i n e l a s t i c  w id th  
of 200 X 1 0 ~3 eV w a s  a l s o  a s s u m e d  f o r  e v e r y  co m p o u n d  n u c l e a r  l e v e l .

B o th  ( r p0)¡ and  (Гy0)i w e r e  a s s u m e d  to  b e  in d e p e n d e n t  u n c o r r e l a t e d  
P o r t e r - T h ó m a s  d i s t r i b u t i o n s .  T h e  t h e o r e t i c a l  c r o s s - s e c t i o n s  do n o t  
b e c o m e  e q u a l  u n t i l  <( ГрО > = 4 <  Г у о / .  B e c a u s e  i t  i s  d i f f ic u l t  to  s u m m a r i z e  
th e  e f f e c t s  w h ic h  c o r r e l a t i o n s  w ould  h a v e ,  o ne  e x a m p l e  w i l l  h a v e  to  
s u f f i c e .  At 12 M eV , w h e r e  th e  i n e l a s t i c ,  e l a s t i c  and  p ro t o n  w id th s  a r e  
15.6% , 3.1% an d  81.3% r e s p e c t i v e l y ,  th e  c o r r e s p o n d i n g  p e r c e n t a g e s  of 
th e  c r o s s - s e c t i o n s  w i th  no c o r r e l a t i o n s  a r e  30.6%, 15.8%, a n d  53.6%.
If  t h e  e l a s t i c  g a m m a  w id th s  and  th e  p r o t o n  w id th s  w e r e  c o m p l e t e l y  
c o r r e l a t e d  t h e s e  p e r c e n t a g e s  w ou ld  c h a n g e  to  a b o u t  12%, 3%, and  85%.
T h e  e x p e r i m e n t a l  c r o s s - s e c t i o n  f lu c tu a t io n s  in  bo th  th e  e l a s t i c  s c a t t e r i n g  
and  th e  p h o to p r o to n  c r o s s - s e c t i o n  m a y  w e l l  r e p r e s e n t  a  d e l i c a t e  i n t e r p l a y  
b e tw e e n  i n t e r m e d i a t e  s t r u c t u r e  and  c o r r e l a t i o n s ,  and  w e do no t y e t  
u n d e r s t a n d  th e m .

T h i s  e n t i r e  r e v i e w  h a s  h a d  a s u f f i c i e n t l y  c o n s i s t e n t  t h e m e  to  p e r m i t  
i t s  s u m m a r y  s e c t i o n  to  be  s h o r t .  S t r e n g th  i s  s p r e a d  in  n u c l e i  b u t  w e 
h a v e  v e r y  l i t t l e  e x p e r i m e n t a l  i n f o r m a t io n  a b o u t  t h i s  s p r e a d i n g .  T h e r e  
a r e  s o m e  e x a m p l e s  of i n t e r m e d i a t e  s t r u c t u r e ,  and  m a n y  m o r e  c a n  b e  
fou nd .  O u r  t a s k  i s  n o t  on ly  to  find p e a k s  o r  id e n t i fy  t h e m  a s  d o o r w a y s ,  
b u t  a l s o  to  l e a r n  en o u g h  a b o u t  th e  p r o c e s s e s  to  e s t a b l i s h  th e  c h a r a c t e r  
o f  a t  l e a s t  s o m e  of t h e s e  d o o r w a y s .  W id th s  o r  s t r e n g t h  fu n c t io n s  f o r  d i f 
f e r e n t  p r o c e s s e s  m a y  b e  c o r r e l a t e d ;  th e y  m a y  s h a r e  th e  s a m e  d o o r w a y s .  
T h i s  e n t i r e  f ie ld  of n u c l e a r  p h y s i c s  p r e s e n t s  a n  e x c i t in g  c h a l l e n g e  to  
w h ic h  m o r e  n u c l e a r  p h y s i c i s t s  w i l l  r e s p o n d .
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D I S C U S S I O N

G. B A R T H O L O M E W : I w o u ld  l i k e  to  m a k e  th e  p o in t  t h a t  a n a l y s e s  
o f  (n, 7 ) s p e c t r a  h a v e  gone  b ey o n d  th e  p o in t  o f  a s s u m i n g  a c o n s t a n t  s t r e n g t h  
fu n c t io n .  I r e f e r  in  p a r t i c u l a r  to  th e  a n a l y s e s  of S t a r f e l t  and  B e r g q v i s t  on 
7 - r a y  s p e c t r a  fo l lo w in g  f a s t  n e u t r o n  c a p t u r e .  In s o m e  m a s s  r e g i o n s  one
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g e t s  a b e s t  f i t  by a s s u m i n g  th a t  th e  s t r e n g t h  fu n c t io n  i s  g iv en  by an  e x t r a 
p o la t io n  of th e  t a i l  of th e  g ia n t  r e s o n a n c e ;  f o r  o t h e r  m a s s  r e g i o n s ,  fo r  
e x a m p l e  e l e m e n t s  b e tw e e n  T a  and  P b ,  o ne  m u s t  a l s o  a s s u m e  a s e c o n d  
p e a k  (o r  p ig m y  r e s o n a n c e )  a t  ab ou t  5. 5 M eV  to  fi t  th e  d a ta .  R e c e n t  (d, py) 
m e a s u r e m e n t s  a t  C h a lk  R i v e r  a l s o  g iv e  in f o r m a t i o n  on th i s  q u e s t io n .

Yu. P .  P O P O V : T h e  id e n t i f i c a t io n  of p r o c e s s e s  w h ic h  p r o c e e d  th r o u g h  
a d o o rw a y  s t a t e  i s  o f ten  m a d e  by lo o k in g  f o r  d e v ia t io n s  f r o m  th e  p r e d i c t i o n s  
o f  s t a t i s t i c a l  m o d e l s .  H o w e v e r ,  t h i s  p r o c e d u r e  i s  no t  a lw a y s  u n a m b ig u o u s .
It w ou ld  b e  u s e f u l  to  id e n t i fy  d o o rw a y  s t a t e s  by  s tu d y in g  th e  p r o d u c t  p a r t i c l e s .  
F o r  e x a m p l e ,  g a m m a - r a y  s p e c t r a  sh o u ld  sho w  e v id e n c e  o f  th e  d o o rw a y  
s t a t e s .

P .  A X E L : I a g r e e .  I t r i e d  to  e m p h a s i z e  th e  s a m e  id e a  by  p o in t in g  
ou t t h a t  i t  i s  v e r y  i m p o r t a n t  to  o b s e r v e  th e  d o o rw a y  s t a t e  in  m o r e  t h a n  o ne  
c h a n n e l .  T h e r e  m u s t  b e  c o r r e l a t i o n s  b e tw e e n  the  p a r t i a l  w id th s  a s s o c i a t e d  
w i th  th e  m a i n  d e c a y  m o d e s  o f  e a c h  d o o rw a y  s t a t e .

G. M. T E M M E R : I h a v e  h e a r d  th a t  s o m e o n e  h a s  a l r e a d y  s e e n  th e  
p a r e n t  s t a t e  of th e  1" a n a lo g u e  s t a t e  i n 90Z r  w h ic h  you  m e n t io n e d  w i th  
n e u t r o n s  o f  ab ou t  1 M eV  on 89 Y, bu t u n f o r tu n a t e ly  I do n o t  know th e  a u t h o r s .

P .  A X E L : T h e  on ly  w o r k  o f  w h ic h  I a m  a w a r e  i s  t h e  p r e l i m i n a r y  w o r k  
b y  E lw y n  and Cox, w h ic h  i s  m e n t io n e d  in  m y  p a p e r  a s  R ef .  [50]. In  a  p r i v a t e  
c o m m u n i c a t i o n  to  m e  E lw y n  in d i c a te d  t h a t  t h e r e  i s  an a n o m a ly  in  th e  
s c a t t e r i n g  by 89Y of n e u t r o n s  o f  abou t 1 M eV . H o w e v e r ,  th e  d a t a  h a v e  no t 
y e t  b e e n  a n a ly s e d ;  i t  w ou ld  b e  p r e m a t u r e  to  c l a i m  th a t  t h e r e  .is  d i r e c t  
e v id e n c e  abou t  th e  Г  p a r e n t  in  90Y.

M . G. URIN: W h a t  c a n  you  s a y  a b o u t  th e  t h e o r e t i c a l  e s t i m a t e s  of 
s p r e a d i n g  w id th s  f o r  d o o rw a y  s t a t e s ?

P .  A X E L : I do n o t  know  of  any r e c e n t  c a l c u l a t i o n s ;  th e  e a r l y  e s t i m a t e s  
o f  ab ou t  100 k eV  - 300 k e V  f o r  s p r e a d i n g  w id th s  r e m a i n  o u r  on ly  t h e o r e t i c a l  
g u i d e .

S. S. HANNA: I w ou ld  l i k e  to  c o n f i r m  w h a t  D r .  A xel s a i d  a b o u t  th e  
e x p e r i m e n t  of E lw y n  e t  a l .  on 89Y(n, n)89Y. I h a v e  s e e n  th o s e  d a t a  and  
b e l i e v e  th e y  sho w  s t r u c t u r e  w h ic h  cou ld  b e  in d i c a t iv e  of th e  a n a lo g u e  r e 
s o n a n c e  in  90Y. H o w e v e r ,  I do no t  th in k  th e  a u th o r s  b e l i e v e  th e  e v id e n c e  
i s  c o n c lu s iv e .  I m ig h t  add  th a t  w e a r e  a t t e m p t in g  to  o b s e r v e  th e  an a lo g u e  
r e s o n a n c e s  b y  m e a n s  of th e  r e a c t i o n  89Y(d, p ) 90Y.



RADIATIVE TRANSITIONS 
FROM HIGHLY EXCITED NUCLEAR STATES*

L . M.  BOLLINGER
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UNITED STATES OF AMERICA

Abstract — Аннотация

RADIATIVE TRANSITIONS FROM HIGHLY EXCITED NUCLEAR STATES. The experimental characteristics 
of radiative transitions from the highly excited states formed by slow-neutron capture are summarized. The 
partial radiation widths obtained from the refined spectra measured with Ge-diode y-ray spectrometers are in 
good agreement with the Porter-Thomas distribution. Both the absolute values and the energy dependence of 
the widths for El transitions are in quantitative agreement with what is expected from the presence of the 
electric-dipole giant resonance at a higher energy. Various kinds of nuclear-structure effects for El radiation 
are examined critically. For relatively light nuclides there is convincing evidence for a correlation between 
the strengths for (n, y) and (d, p) transitions, as is expected if the single-particle component of radiative 
capture is significant. For the typical heavy nucleus, recent measurements show that the radiation width is 
independent of the character of the final state to a high degree of refinement. However, two experiments 
seem to indicate that single-particle effects are significant in the reaction 169Tm (n, y / 70Tm, since they 
give convincing evidence for a correlation between radiation and neutron widths. However, the expected 
correlation between (n, y), and (d, p) strengths for this reaction are not observed. Evidence concerning hard- 
sphere capture is described. The reduced widths for Ml transitions are summarized. They are found to be 
considerably larger than expected. Also, there is some indication that the reduced widths forl36Ba and 
perhaps some tin isotopes are abnormally large. The reduced widths for Ml transitions in 136Ba exhibit a strong 
energy dependence.

РАДИАЦИОННЫЕ ПЕРЕХОДЫ С ВЫСОКОВОЗБУЖДЕННЫХ ЯДЕРНЫ Х СОСТОЯНИЙ. 
Приведены эксперим ентальны е характеристики радиационных переходов с вы соковозбуж ден
ных состояний, образованны х захв атом  медленных нейтронов. Парциальные радиационные 
ширины, полученные из точных спектров , измеренны х с помощью 7 -спектром етров на г е р 
маниевых диодах, находятся в хорошем согласии с распределением П ортера-Т ом аса . Как 
абсолю тные величины, так  и эн ергетическая зависим ость ширин для E l -переходов, находят
ся в качественном  согласии с те м , что ож идается из наличия электрического дипольного 
ги ган тского  резонанса при высокой энергии . Проверены разного рода эф ф екты  ядерной 
структуры  для E 1 -п ер ех о д о в . Для относительно легких изотопов есть  убедительное дока
зат ел ьс тв о , как и ож идается, сущ ествования корреляций между силами (п, 7) и (d, р) пере
ходов, если одночастичная компонента радиационного зах в ата  зн ачительна. Для типичного 
тяж елого ядра последние измерения показы ваю т, что радиационная ширина не зависит от 
структуры  конечного состояния в высшей степени точности . Однако представляется, что 
два эксперим ента указы ваю т на то , что одночастичные эффекты значительны в реакции 
169T m (n , 7) 170Т т ,  так как в них обнаружены явные корреляции между излучением и нейтрон
ными ширинами. О днако,ож идаемая корреляция между (п, 7) и (d, р) сечениями для этой 
реакции не зам е ч е н а . Описаны данные, касаю щ иеся прямого за х в а т а . С истем ати зи рова
ны приведенные ширины для M l-переходов . Они оказались значительно большими, чем 
ож идалось. Имеются также' некоторые указания на то , что приведенные ширины для 136Ва и, 
вероятно, для некоторы х изотопов олова аномально велики. Приведенные ширины для М1-пе 
реходов в 136Ва сильно  зависят от энергии .

* Work performed under the auspices of the U.S. Atomic Energy Commission.
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T h i s  p a p e r  a t t e m p t s  to  s u m m a r i z e  th e  p r e s e n t  s t a t e  of e x p e r i m e n t a l  
k n o w le d g e  a b o u t  r a d i a t i v e  t r a n s i t i o n s  f r o m  a p a r t i c u l a r  s e t  of h ig h ly  
e x c i t e d  n u c l e a r  s t a t e s  -  th e  s t a t e s  f o r m e d  by  c a p t u r e  of s lo w  n e u t r o n s .
T h e  l e v e l  s p a c i n g s  and  n e u t r o n  w id th s  of t h e s e  s t a t e s  h a v e  p r o v i d e d  one  
of o u r  b e s t  s o u r c e s  of i n f o r m a t i o n  a b o u t  th e  s t a t i s t i c a l  c h a r a c t e r i s t i c s  
of n u c l e a r  e n e r g y  l e v e l s ,  bu t  u n t i l  r e c e n t l y  th e  d a t a  on r a d i a t i v e  t r a n s i 
t i o n s  f r o m  t h e s e  s a m e  s t a t e s  h a v e  b e e n  q u i t e  c r u d e .  T h i s  s i t u a t i o n  i s  now  
c h a n g in g  r a p i d l y  b e c a u s e  of th e  a d v en t  of th e  G e -d io d e  " r r a y  s p e c t r o m e t e r ,  
th e  a v a i l a b i l i t y  of m o r e  i n t e n s e  n e u t r o n  s o u r c e s ,  and  th e  d e v e lo p m e n t  of 
n ew  m e t h o d s  of m e a s u r e m e n t .  T h u s  th e  d a t a  now  b e in g  a c c u m u l a t e d  m a y  be 
e x p e c t e d  n o t  o n ly  to  p r o v i d e  a good d e s c r i p t i o n  of th e  s t a t i s t i c a l  b e h a v io u r  
of th e  h i g h - e n e r g y  t r a n s i t i o n s ,  bu t a l s o  to  e lu c i d a t e  th e  d e g r e e  to  w h ich  
t h e  r a d i a t i o n  w id th s  d e v ia t e  f r o m  a s i m p l e  s t a t i s t i c a l  d e s c r i p t i o n  b e c a u s e  
o f  th e  in f lu e n c e  of n u c l e a r  s t r u c t u r e .

A good e x a m p l e  of th e  k ind  of r a w  m a t e r i a l  w ith  w h ich  we w i l l  be 
c o n c e r n e d  h e r e  i s  p r o v id e d  by th e  s p e c t r u m  f o r  th e  r e a c t i o n  113Cd(n, y ) 114Cd, 
a s  g iv e n  in  F ig ,  1. H e r e  o ne  s e e s  t h a t  th e  s p e c t r u m  h a s  t h r e e  
c h a r a c t e r i s t i c  r e g i o n s  of e n e r g y  -  a  h i g h - e n e r g y  r e g i o n  in  w h ic h  in d iv id u a l  
•y - ra y  l i n e s  a r e  w e l l  r e s o l v e d ,  a n  i n t e r m e d i a t e  r e g i o n  in  w h ic h  a  b r o a d  
m a x i m u m  i s  f o r m e d  by  a  v e r y  l a r g e  n u m b e r  of u n r e s o l v e d  l i n e s ,  and  
a  l o w - e n e r g y  r e g i o n  of r e s o l v e d  l i n e s .  We w i l l  be  c o n c e r n e d  o n ly  w ith  
th e  h i g h - e n e r g y  7 - r a y  l i n e s ,  w h ic h  a r e  f o r m e d  by p r i m a r y  t r a n s i t i o n s  
f r o m  th e  i n i t i a l  s t a t e  to  l o w - e n e r g y  s t a t e s  in  th e  co m p o u n d  n u c le u s .  
T y p ic a l ly ,  th e  i n i t i a l  s t a t e  i s  so  c o m p le x  th a t  i t s  c h a r a c t e r i s t i c s  c a n n o t  
be  u n d e r s t o o d  in  d e ta i l ,  w h e r e a s  th e  f i n a l  s t a t e s  a r e  r e l a t i v e l y  s i m p l e .

T h e  h i g h - e n e r g y  t r a n s i t i o n s  o b s e r v e d  in  t h r e e  k in d s  of m e a s u r e m e n t s  
w i l l  be c o n s i d e r e d .  T h e  f i r s t  of t h e s e  i s  th e  m e a s u r e m e n t  of s p e c t r a

1. IN T R O D U C T IO N

FIG. 1. Gamma-ray spectrum for the reaction 113Cd (n, y) 114Cd (Groshev [1]).
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f o r m e d  by th e  r a d i a t i v e  c a p t u r e  of t h e r m a l  n e u t r o n s .  T h e  s e c o n d  ty p e  
i s  th e  o b s e r v a t i o n  of s p e c t r a  f o r  a  v a r i a b l e ,  w e l l - d e f i n e d  n e u t r o n  e n e r g y ,  
u s u a l l y  a t  n e u t r o n  r e s o n a n c e s .  Such m e a s u r e m e n t s  a r e  u s u a l l y  m a d e  
w i th  a  G e - d io d e  " p r a y  s p e c t r o m e t e r  a t  a  t i m e - o f - f l i g h t  n e u t r o n  s p e c t r o m e t e r .  
B e c a u s e  of th e  low  i n t e n s i t y  of t i m e  n e u t r o n s ,  s p e c t r a  of t h i s  k in d  a r e  
u s u a l l y  of p o o r  q u a l i t y  t e c h n i c a l l y ,  bu l  p o t e n t i a l l y  t h e y  c a n  g iv e  th e  m o s t  
i n f o r m a t io n .  T h e  t h i r d  c l a s s  of m e a s u r e m e n t s  i s  th e  n e w ly  d e v e lo p e d  
n e u t r o n - f i l t e r  t e c h n i q u e  in  w h ic h  th e  m e a s u r e d  s p e c t r u m  i s  f o r m e d  by th e  
c a p t u r e  of n e u t r o n s  in  a b a n d  of e n e r g y  th a t  i s  b r o a d  en o u g h  to  c o n ta in  
m a n y  r e s o n a n c e s  — t y p i c a l l y  h u n d r e d s .  T h e s e  s p e c t r a  g ive  a  d i r e c t  
m e a s u r e  of a v e r a g e  w id th s  of r a d i a t i v e  t r a n s i t i o n s .

2. D IS T R IB U T IO N  O F  P A R T IA L  R A D IA TIO N  W IDTHS

O ne o f  th e  m o s t  i n t e n s i v e l y  s t u d i e d  c h a r a c t e r i s t i c s  of th e  h i g h - e n e r g y  
t r a n s i t i o n s  h a s  b e e n  th e  d i s t r i b u t i o n  of p a r t i a l  w id th s  f o r  E l  t r a n s i t i o n s .  
T h e  s t a r t i n g  p o in t  f o r  a d i s c u s s i o n  of t h i s  to p ic  i s  th e  f a m i l i a r  a n a l y s i s  
by  P o r t e r  and  T h o m a s  [2] of th e  d i s t r i b u t i o n  of r e d u c e d  n e u t r o n  w id th s .  
T h e y  sh o w e d  t h a t  th e  e x t r e m e l y  b r o a d  d i s t r i b u t i o n  of n e u t r o n  w id th s  i s  a  
r e s u l t  of th e  c o m p l e x i t y  of th e  w a v e  fu n c t io n s  o f  th e  h ig h ly  e x c i t e d  s t a t e s  
f o r m e d  by  n e u t r o n  c a p t u r e .  R e a s o n a b le  a s s u m p t i o n  a b o u t  th e  n a t u r e  of 
th e  c o m p l e x i t y  l e a d s  to  th e  e x p e c t a t i o n  th a t ,  f o r  a r e a c t i o n  th a t  p r o c e e d s  
b y  w a y  of a s i n g le  e x i t  c h a n n e l ,  th e  d i s t r i b u t i o n  of th e  w id th  Г  i s  of th e  
f o r m  x ' 1/ 2 e "X//2 , w h e r e  x  = Г / Г .  And i f  t h i s  f o r m  i s  v a l i d  f o r  a  s i n g l e 
c h a n n e l  p r o c e s s ,  th e  d i s t r i b u t i o n  of w id th s  f o r  a  r e a c t i o n  t h a t  p r o c e e d s  
by  w a y  of v  e x i t  c h a n n e l s  of th e  s a m e  m e a n  w id th  m u s t  be  a  x 2 d i s t r i b u t i o n  
w i th  у d e g r e e s  of f r e e d o m ,  i . e .  a  d i s t r i b u t i o n  of th e  f o r m

w h e r e  T ( v / 2 )  i s  th e  u s u a l  Г  f u n c t io n .  E q .  (1) i s  w r i t t e n  in  s u c h  a  f o r m  
t h a t  th e  m e a n  v a lu e  of x  i s  u n i t y  and  th e  v a r i a n c e  i s  2 / v .

M any e x p e r i m e n t e r s  h a v e  sh o w n  th a t  th e  r e d u c e d  n e u t r o n  w id th s  a r e  
in  e x c e l l e n t  a g r e e m e n t  w i th  th e  P o r t e r - T h o m a s  d i s t r i b u t i o n  ( v  = 1). S ince  
a  r a d i a t i v e  t r a n s i t i o n  f r o m  a  h ig h ly  e x c i t e d  s t a t e  a l s o  a p p e a r s  to  be  a  r e a c t i o n  
t h a t  p r o c e e d s  by  w a y  of a  s i n g le  e x i t  c h a n n e l  and  s i n c e  th e  i n i t i a l  s t a t e s  
a r e  th e  s a m e  o n e s  in v o lv e d  in  n e u t r o n  e m i s s i o n ,  th e  d i s t r i b u t i o n  of p a r t i a l  
r a d i a t i o n  w id th s  i s  a l s o  e x p e c t e d  to  o b e y  th e  P o r t e r - T h o m a s  d i s t r i b u t i o n .
In an y  c a s e ,  i t  h a s  b e e n  c u s t o m a r y  f o r  e x p e r i m e n t e r s  to  a n a l y s e  t h e i r  
m e a s u r e d  d i s t r i b u t i o n  of r a d i a t i o n  w id th s  on th e  a s s u m p t i o n  th a t  th e  w id th s  a r e  
d r a w n f r o m a  X2 p o p u la t io n ,  an d  th e  r e s u l t s  h a v e  b e e n  s u m m a r i z e d  by  g iv in g  
th e  r a n g e  of v a l u e s  of v  t h a t  a r e  c o n s i s t e n t  w i th  th e  d a t a .  T h e  m a i n  p o in t  
o f  th e  a n a l y s i s  i s  to  d e t e r m i n e  w h e t h e r  o r  n o t  th e  d a t a  a r e  c o n s i s t e n t  w ith  
th e  v a lu e  v =  1 e x p e c t e d  f r o m  t h e  s t a t i s t i c a l  m o d e l .  If n o t ,  th e  r e s u l t  i n d i 
c a t e s  th e  in f lu e n c e  of s o m e  n u c l e a r - s t r u c t u r e  e f f e c t .

T h e  r e s u l t s  r e p o r t e d  o v e r  th e  y e a r s  f o r  th e  d i s t r i b u t i o n  of p a r t i a l  
r a d i a t i o n  w id th s  h a v e  b e e n  v a r i e d  and  c o n f l i c t in g ,  w i th  v a lu e s  of v  r a n g i n g  
f r o m  1 to  100'. It now  s e e m s  a l m o s t  c e r t a i n  t h a t  m a n y  of t h e s e  e a r l y  
r e s u l t s  w e r e  c a u s e d  by  th e  u s e  ( o r  m i s u s e )  of a  N a l  s c i n t i l l a t o r  a s  th e  
•y-ray s p e c t r o m e t e r .  T h e  r e s u l t s  n ow  b e in g  o b ta in e d  w i th  G e - d io d e
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FIG. 2. Integral distribution of partial radiation widths for the reaction I95Pt (n.y) I96Pt (Jackson et al. [3]).

s p e c t r o m e t e r s  a r e  a l l  c o n s i s t e n t  w ith  th e  P o r t e r - T h o m a s  d i s t r i b u t i o n .  
P e r h a p s  th e  m o s t  r e f i n e d  r e s u l t  r e p o r t e d  y e t  i s  t h a t  o b ta in e d  a t  S a c la y  
by  J a c k s o n  e t .  a l .  [3] f o r  th e  r e a c t i o n  195P t ( n ,  y) 196P t .  T h e y  m e a s u r e d  th e  
t r a n s i t i o n s  to  t h r e e  l o w - e n e r g y  s t a t e s  in  th e  s p e c t r a  f r o m  22  r e s o n a n c e s  
w i th  J  = 1 and  f r o m  t h e s e  66 t r a n s i t i o n s  o b ta in e d  th e  v a lu e  v  = 1. 23 ± 0. 19. 
T h i s  r e s u l t  i s  show n  g r a p h i c a l l y  in  F ig .  2.

A lth ou gh  th e  q u e s t io n  of th e  d i s t r i b u t i o n  of p a r t i a l  r a d i a t i o n  w id th s  
f o r  a  c o m p o u n d  n u c l e u s  r e a c t i o n  in  th e  t y p i c a l  h e a v y  n u c l e u s  h a s  b e e n  
s e t t l e d ,  i t  i s  p e r h a p s  w o r th  k e e p in g  in  m in d  t h a t  t h e r e  m a y  be  s p e c i a l  
c a s e s  f o r  w h ich  th e  d i s t r i b u t i o n  d e v ia t e s  s i g n i f i c a n t l y  f r o m  th e  P o r t e r -  
T h o m a s  d i s t r i b u t i o n  b e c a u s e  of n u c l e a r - s t r u c t u r e  e f f e c t s .

F r o m  th e  p o in t  of v ie w  of m o s t  of th e  r e m a i n i n g  s u b j e c t  m a t t e r  to  be 
c o v e r e d  in  t h i s  p a p e r ,  a n  i m p o r t a n t  p r a c t i c a l  i m p l i c a t i o n  of th e  b r o a d  
d i s t r i b u t i o n  of w id th s  f o r  in d iv id u a l  t r a n s i t i o n s  i s  th e  d i f f ic u l ty  i t  c a u s e s  
in  th e  d e t e r m i n a t i o n  of a v e r a g e  v a lu e s  of th e  w id th s .  S p e c i f i c a l ly ,  th e  
v a lu e  v  = 1 i m p l i e s  t h a t  th e  r e l a t i v e  e r r o r  of a n  a v e r a g e  d e t e r m i n e d  f r o m  
n w id th s  i s

Д Г  Г2
( 2)

T h u s ,  s i n c e  f o r  m o s t  n u c l i d e s  o n ly  5 o r  10 r e s o n a n c e s  c a n  be  s tu d ie d  
in d i v id u a l ly  w ith  a  n e u t r o n  s p e c t r o m e t e r ,  a v e r a g e  w id th s  d e t e r m i n e d  f r o m  
m e a s u r e m e n t s  on  in d iv id u a l  r e s o n a n c e s  a r e  t y p i c a l l y  u n c e r t a i n  by 50% 
o r  m o r e .

3. G IA N T -R E  SON AN C E  D E S C R IP T IO N  O F  E l  T RA N SITION S

T h e  m o s t  w i d e ly - u s e d  r e l a t i o n s h i p s  f o r  th é  w id th s  of h i g h - e n e r g y  
t r a n s i t i o n s  a r e  t h o s e  o b ta in e d  f r o m  .the s i n g l e - p a r t i c l e  m o d e l  [4 ] .  S p e c i f i c -
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a l ly ,  th e  w id th s  f o r  th e  t r a n s i t i o n s  t h a t  a r e  s t r o n g  en o u g h  to  be  d e t e c t a b l e  
i n  th e  n e u t r o n - c a p t u r e  7 - r a y s  a r e

r yij ( E l )  = 6 .8  X 1 0 ‘ 2 A 2/ 3 E  3 D ¡ /D q  (За)

r yij (E 2)  = 4 . 9  X 1 0 ‘ 8 A 4/ 3 E 5y D i /D o  (3b)

r yij (M l)  = 2. 1 X 1 0 '2 E y  D i / D o  (3c)

w h e r e  F yij i s  in  eV, E y i s  th e  7  - r a y  e n e r g y  in  MeV, A i s  th e  n u c le o n  
n u m b e r ,  and  D¡ i s  th e  s p a c i n g  a t  t h e ; i n i t i a l  s t a t e  i of l e v e l s  w ith  th e  s a m e  
s p in  and  p a r i t y  a s  th e  r a d i a t i n g  s t a t e .  T h e  s u b s c r i p t  j  d e s i g n a t e s  th e  
f i n a l  s t a t e .  T h e  q u a n t i ty  D 0 i s  a  s p a c i n g  t h a t  i s  c h a r a c t e r i s t i c  of th e  
s e p a r a t i o n  b e tw e e n  m a j o r  s h e l l - m o d e l  s h e l l s .  B o th  D an d  D 0 a r e  in  MeV. 
T h e  v a lu e  of Do o r i g i n a l l y  s u g g e s t e d  by  W e is s k o p f  w a s  0. 5 M eV . H o w e v e r ,  
r e c e n t l y  i t  h a s  b e e n  c u s t o m a r y  to  u s e  a  v a lu e  of ab ou t  15 M eV . T h e  n u 
m e r i c a l  c o n s t a n t s  in  E q . ( 3 )  a r e  t h o s e  g iv e n  by  W ilk in s o n  [5 ] .

An a l t e r n a t i v e  a p p r o a c h  to  an  u n d e r s t a n d i n g  of th e  b e h a v io u r  of th e  
E l  t r a n s i t i o n s  i s  one  in  w h ich  th e  t r a n s i t i o n s  o b s e r v e d  in  th e  n e u t r o n -  
c a p t u r e  r e a c t i o n  a r e  a s s u m e d  to r e s u l t  f r o m  th e  s a m e  p h y s i c a l  p r o c e s s e s  
t h a t  f o r m  th e  f a m i l i a r  d ip o le  g ia n t  r e s o n a n c e  o b s e r v e d  in  p h o to n u c l e a r  
r e a c t i o n s .  S e v e r a l  y e a r s  ago  A x e l  [6 ] e x p lo r e d  th e  i m p l i c a t i o n  of t h i s  
h y p o th e s i s  u n d e r  th e  a s s u m p t i o n  th a t  th e  g ia n t  r e s o n a n c e  i s  d e s c r i b a b l e  
b y  a  c l a s s i c a l  L o r e n t z i a n  l in e  s h a p e  and  th a t  t h i s  s h a p e  i s  v a l id  down to  
th e  6 -8  M eV  r a n g e  of i n t e r e s t  f o r  th e  n e u t r o n - c a p t u r e  7  r a y s ,  w e l l  b eyo nd  
th e  r a n g e  in  w hich  th e  L o r e n t z i a n  s h a p e  h a s  b e e n  v e r i f i e d  e x p e r i m e n t a l l y  
f o r  m o s t  n u c l i d e s .  U n d e r  t h e s e  a s s u m p t i o n s  th e  w id th  Гу0 f o r  th e  g r o u n d -  
s t a t e  t r a n s i t i o n  i s

§ f  = i - l 3 x l 0 ' 6 A ( Ë | ^ f ^ V | -  <4 >

w h e r e  E y and  a l s o  th e  g i a n t - r e s o n a n c e  e n e r g y  E g  and  w id th  r g a r e  in  
M eV; A i s  th e  a to m ic  w e ig h t .

T o  o b ta in  a  r e l a t i o n s h i p  t h a t  i s  a p p l i c a b le  to  a  w id e  r a n g e  of n u c l i d e s ,  
A x e l  u s e d  th e  a p p r o x i m a t e  v a lu e s  Tg= 5 M eV  and  E g  = 80 A "1/ 3 M eV .
T h e n  in  th e  r a n g e  6 -8  M eV  E q . ( 4 )  r e d u c e s  to  th e  s i m p l e  a p p r o x i m a t e  
r e l a t i o n s h i p

^ = 6 . 1  X 1 0 ' 1 5 E r5A 8/3 (5)

H e r e  Гуо and  D a r e  in  th e  s a m e  u n i t s  and  E y i s  in  M eV .
E q s  (4) and  (5) a r e  r e l a t i o n s h i p s  f o r  th e  g r o u n d - s t a t e  t r a n s i t i o n  

w h e r e a s  in  th e  c a p t u r e  7 - r a y  s p e c t r a  o ne  i s  u s u a l l y  c o n c e r n e d  w ith  t r a n 
s i t i o n s  to  e x c i t e d  s t a t e s .  H o w e v e r ,  i f  a  g ia n t  r e s o n a n c e  w ith  a  u n i v e r s a l  
s h a p e  i s  b u i l t  on  e a c h  e x c i t e d  s t a t e ,  th e n  i t  i s  e a s i l y  sh o w n  t h a t  E q s  (4) 
and  (.5) d e s c r i b e  th e  e n e r g y  d e p e n d e n c e  of th e  r a d i a t i o n  w id th ,  in d e p e n d e n t  
of w h e t h e r  th e  e n e r g y  of th e  i n i t i a l  o r  f i n a l  s t a t e  i s  v a r i e d .  L e t  u s  p r o c e e d  
to  e x a m i n e  th e  e x p e r i m e n t a l  d a t a  to  s e e  w h e th e r  t h e y  s u p p o r t  t h i s  
h y p o th e s i s .

We s t a r t  o u r  d i s c u s s i o n  of d a t a  by  a t t e m p t i n g  to  d e t e r m i n e  w h e th e r  
th e  e n e r g y  d e p e n d e n c e  i s  c o n s i s t e n t  w ith  th e  E y d e p e n d e n c e  of E q .  (5).
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FIG.3. Average resonance-capture spectrum for platinum (Bollinger and Thomas [7]).
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B e c a u s e  th e  c a p t u r e  7 - r a y  s p e c t r a  f o r  h e a v y  n u c l i d e s  c a n  be  r e s o l v e d  o n ly  
o v e r  a  r a n g e  o f  1 o r  2 M eV , th e  a v e r a g e  w id th s  m u s t  be d e t e r m i n e d  
a c c u r a t e l y  i f  o ne  i s  to  d i s t i n g u i s h  b e tw e e n  an E® d e p e n d e n c e  and  s o m e  
o t h e r  s u c h  a s  E |  . The. m a i n  e x p e r i m e n t a l  d i f f ic u l ty  i s  c a u s e d  by  th e  
P o r t e r - T h o m a s  d i s t r i b u t i o n ,  w h ic h  r e s u l t s  in  an  u n c e r t a i n t y  g iv en  by  
E q . ( 2 ) .  T h i s  k in d  of u n c e r t a i n t y  i s  too  l a r g e  to  p e r m i t  m u c h  to  be l e a r n e d  
a b o u t  th e  e n e r g y  d e p e n d e n c e  of r a d i a t i o n  w id th s  f r o m  m é a s u r e m e n t s  a t  
in d iv id u a l  n e u t r o n  r e s o n a n c e s .  H o w e v e r ,  th e  p r o b l e m  of P o r t e r - T h o m a s  
f l u c tu a t io n s  c a n  be  d im i n i s h e d  g r e a t l y  by  th e  n e w  t e c h n iq u e  in  w h ic h  one 
m e a s u r e s  d i r e c t l y  th e  a v e r a g e  s p e c t r u m  f o r m e d  by  c a p t u r e  of n e u t r o n s  
in  a b an d  of e n e r g y  th a t  i s  b r o a d  eno ug h  to  c o n ta in  m a n y  r e s o n a n c e s .
T h i s  a p p r o a c h  h a s  b e e n  u s e d  by  B o l l i n g e r  and  T h o m a s  [7] a t  A rg o n n e  in  
a  s tu d y  of th e  e n e r g y  d e p e n d e n c e  of h i g h - e n e r g y  t r a n s i t i o n s  in  196P t .

A n e x a m p le  of an  a v e r a g e  r e s o n a n c e - c a p t u r e  s p e c t r u m  i s  g iv e n  in  
F i g .  3. N o t ic e  th e  h ig h  d e g r e e  of u n i f o r m i t y  of th e  i n t e n s i t i e s  of th e  7  - r a y  
l i n e s ,  in  c o n t r a s t  to  th e  w id e  f l u c tu a t io n s  in  i n t e n s i t y  of th e  s p e c t r u m  f o r  
a  s i n g le  r e s o n a n c e ,  a s  g iv e n  in  th e  to p  p a r t  of th e  f i g u r e .  T h e  e n e r g y  
d e p e n d e n c e  of th e  m e a s u r e d  i n t e n s i t i e s  a r e  g iv en  in  F i g .  4 .  T h e  e r r o r  b a r s  
on  th e  d a t a  p o in t s  g ive  th e  r m s  u n c e r t a i n t i e s  c a u s e d  by  P o r t e r - T h o m a s  
f l u c tu a t io n s .  T h e  d a t a  a r e  s e e n  to  be  e n t i r e l y  c o n s i s t e n t  w ith  a n  E ^  d e 
p e n d e n c e  and  q u i t e  i n c o n s i s t e n t  w ith  an  E y d e p e n d e n c e .  A s s u m i n g  th a t  
th e  w id th  i s  p r o p o r t i o n a l  to  E “ , a  l e a s t - s q u a r e s  f i t  g iv e s  a  -  4 . 9  ± 0 . 5 .

/ - R A Y  ENERGY ( M e V )

FIG.4. Energy dependence of radiative transitions in 196Pt (Bollinger and Thomas [7]).

T h e  r e l a t i o n s h i p  of th e  d a t a  to  th e  L o r e n t z i a n  s h a p e  i s  sh o w n  in  F ig .  5. 
S i m i l a r  m e a s u r e m e n t s  [8 ] on  166Ho, 168E r ,  110T m ,  178Hf, 182T a ,  ! 84W, 
and  190O s a l l  give r e s u l t s  s i m i l a r  to  t h o s e  f o r  196P t ,  a l th o u g h  l e s s  a c c u r a t e .  
T h u s ,  th e  w id th s  in  a  n u m b e r  of n u c l i d e s  e x h ib i t  th e  e n e r g y  d e p e n d e n c e  
t h a t  i s  e x p e c te d  f r o m  th e  s u g g e s t i o n  t h a t  a  g ian t  r e s o n a n c e  w ith  a  u n i v e r s a l  
s h a p e  i s  b u i l t  on e a c h  e x c i t e d  s t a t e .  , ''

A n o th e r  c h e c k  on E q . ( 5 )  w ou ld  be  a d e t e r m i n a t i o n  of th e  d e p e n d e n c e  
of Fyij on A. H o w e v e r ,  th e  d a t a  t h a t  a r e  now  a v a i l a b le  f r o m  th e  n e u t r o n



324 BOLLINGER

Г -RAY ENERGY (MeV)

FIG.5. Energy dependence of radiative transitions in 196Pt (Bollinger and Thomas [7 ,8 ]).

c a p t u r e  y - r a y s  a r e  n o t  a c c u r a t e  enough  to  a l lo w  one  to  d i s t i n g u i s h  w ith  
c e r t a i n t y  b e tw e e n  an  A 8/ 3 d e p e n d e n c e  an d  th e  A 2/ 3 d e p e n d e n c e  t h a t  i s  
e x p e c t e d  f r o m  th e  s i n g l e - p a r t i c l e  m o d e l .  On th e  o t h e r  h an d ,  a t  th e  s o m e 
w h a t  h i g h e r  e n e r g y  of 1 0 .8  M eV  H u r s t  an d  D o nah ue  [9] s h o w e d  by  a  m e a s u r e 
m e n t  o f  th e  (7 , n) c r o s s - s e c t i o n  th a t  th e  q u a n t i ty  Гуо/ D  i s  in  good a g r e e m e n t  
w ith  th e  A 8/ 3 d e p e n d e n c e  f o r  a  s e t  of t a r g e t s  r a n g i n g  f r o m  75As to  209B i.

T h e  s m o o t h  v a r i a t i o n  o f  Tyij w ith  Ey in  F i g .  4 and  s i m i l a r  d a t a  f o r  
m a n y  o t h e r  n u c l i d e s  p o s e  tw o  i n t e r e s t i n g  q u e s t i o n s .  F i r s t ,  w hy  i s  th e  
r a d i a t i o n  w id th  so  h ig h ly  in d e p e n d e n t  of th e  c h a r a c t e r  of th e  f i n a l  s t a t e ?
A nd  s e c o n d ,  how  d o e s  o n e  j u s t i f y  t h e o r e t i c a l l y  t h e  i d e a  t h a t  a  g ia n t  r e 
s o n a n c e  w i th  a u n i v e r s a l  s h a p e  i s  b u i l t  on e a c h  e x c i t e d  s t a t e ?  R o s e n z w e ig  [10] 
h a s  c o n s i d e r e d  b o th  of t h e s e  q u e s t i o n s  in  t e r m s  of a  h y d r o d y n a m ic  m o d e l  
of th e  r a d i a t i o n  p r o c e s s .  In  t h i s  t r e a t m e n t  th e  f u n d a m e n ta l  p h y s i c a l  
a s s u m p t i o n  i s  t h a t  e l e c t r i c - c h a r g e  v i b r a t i o n s  of th e  e n t i r e  n u c l e u s  p la y  
th e  d o m in a n t  r o l e  in  e l e c t r i c  d ip o le  r a d i a t i o n .  U n d e r  t h i s  a s s u m p t i o n  th e  
d ip o le  a b s o r p t i o n  i n t e g r a l  i s  sh ow n  to  b e  e f f e c t i v e ly  th e  s a m e  f o r  a l l  e x c i t e d  
s t a t e s  and  th e  m e a n  e n e r g y  o f  th e  g ia n t  r e s o n a n c e  a s s o c i a t e d  w ith  an  e x c i t e d  
s t a t e  i s  h i g h e r  t h a n  th e  m e a n  e n e r g y  f o r  th e  g r o u n d - s t a t e  r e s o n a n c e  by  an  
a m o u n t  t h a t  i s  e x a c t ly  e q u a l  to  th e  e x c i t a t i o n  e n e r g y .  T h e s e  tw o  c h a r a c t e r i s 
t i c s  of th e  g ia n t  r e s o n a n c e  m a k e  i t  e n t i r e l y  p l a u s ib l e  t h a t  th e  g ia n t  r e 
s o n a n c e  b u i l t  on  an  e x c i t e d  s t a t e  h a s  th e  s a m e  s h a p e  a s  th e  r e s o n a n c e  b u i l t  
on  t h e  g ro u n d  s t a t e  and  th a t  t h i s  u n i v e r s a l  s h a p e  i s  d i s p l a c e d  in  e n e r g y  
b y  a n  a m o u n t  e q u a l  to  th e  e x c i t a t i o n  e n e r g y .

Up to  t h i s  po in t ,  w e h a v e  b e e n  c o n c e r n e d  o n ly  w ith  th e  m a n n e r  in  w h ich  
th e  r a d i a t i o n  w id th s  v a r y . H o w e v e r ,  th e  a b s o l u te  v a l u e s  a r e  a l s o  of i n t e r e s t .  
T h e  m o s t  e x t e n s iv e  s t u d y  of th e  w id th s  w a s  m a d e  by C a r p e n t e r  [11] i n  a 
s t u d y  of r e s o n a n c e  c a p t u r e .  In a l l ,  121 w e l l - u n d e r s t o o d  t r a n s i t i o n s  w e r e



RADIATIVE TRANSITIONS 325

FIG.6. Dependence of average radiation widths on A (Carpenter [11]).

o b s e r v e d  in  12 n u c l i d e s  r a n g i n g  f r o m  144Nd to  202H g. W hen  i n t e r p r e t e d  in  
t e r m s  of th e  s i n g l e - p a r t i c l e  m o d e l ,  h i s  a v e r a g e  v a lu e  f o r  th e  r e d u c e d  
w id th  £ e i  = Г  D ‘1 E ^  A 2/ 3 = 4. 0; a n o th e r  w a y  of e x p r e s s i n g  th e  s a m e  
r e s u l t  i s  t h a t  D 0 = 16. 5 M eV  in  E q . ( 3 ) .  W hen  i n t e r p r e t e d  in  t e r m s  of th e  
g i a n t - r e s o n a n c e  m o d e l ,  th e  d a t a  a r e  a s  g iv e n  in  F ig .  6, and  th e  b e s t  f i t  to  
th e  d a t a  i s

r r i j= 3. 2 X 1 0 ‘ 15 D ¡ E ® A 8/3 ( 6)

w h e r e  and  D a r e  in  eV  and  E  у i s  in  M eV . T h e  c o n s t a n t  3 , 2  X 10 "15 
i s  c o n s i d e r e d  to  be in  s a t i s f a c t o r y  a g r e e m e n t  w ith  th e  v a lu e  6 . 1 X 1 0 ' 15 
o b ta in e d  f r o m  th e  p h o to n u c l e a r  d a ta ,  in  v ie w  of th e  e r r o r s  in  th e  d a t a  and 
th e  a p p r o x i m a t io n s  m a d e  in  d e r i v i n g  E q . ( 5 ) .

R o s e n z w e ig  [10] h a s  e x a m i n e d  th e  p a r t i c u l a r  c a s e  of t r a n s i t i o n s  in  
196P t  to  d e t e r m i n e  w h e t h e r  o r  no t  th e  a b s o l u t e  v a lu e s  of th e  w id th s  a r e  
q u a n t i t a t i v e l y  c o n s i s t e n t  w ith  w h a t  w o u ld  be  i n f e r r e d  f r o m  d e t a i l e d  b a la n c e  
b y  e x t r a p o l a t i n g  th e  m e a s u r e d  p h o t o a b s o r p t i o n  c r o s s - s e c t i o n s  f o r  196P t  to  
low  e n e r g i e s .  H e  f in d s  th a t  t h e r e  i s  a g r e e m e n t  w i th in  th e  e x p e r i m e n t a l  
u n c e r t a i n t y  of a b o u t  50%. A lso ,  t h i s  m o r e  d e t a i l e d  t r e a t m e n t  of th e  p h o to 
a b s o r p t i o n  d a t a  s h o w s  t h a t  in  196P t  th e  w id th s  a r e  e x p e c t e d  to  be  p r o p o r 
t i o n a l  to  E 5ÿ5 r a t h e r  t h a n  E® a t e n e r g i e s  n e a r  th e  n e u t r o n  b in d in g  e n e r g y .

4 . N U C L E A R  S T R U C T U R E  E F F E C T S

A s w a s  s e e n  in  th e  p r e c e d i n g  s e c t i o n ,  th e  n e u t r o n  c a p t u r e  -y - r a y s  f o r  
m a n y  n u c l i d e s  a r e  a c c u r a t e l y  d e s c r i b a b l e  by  a  s t a t i s t i c a l  m o d e l  in  w h ich  
th e  y -ray  s t r e n g t h  fu n c t io n  (Гу^ /D )  i s  a  s m o o th  fu n c t io n  f ( Ey)  of y  - r a y  
e n e r g y ,  in d e p e n d e n t  of th e  n u c l e a r  s t r u c t u r e  of th e  f i n a l  s t a t e .  H o w e v e r ,  
d u r i n g  th e  p a s t  10  y e a r s  t h e r e  h a v e  b e e n  a  n u m b e r  of s u g g e s t io n s ,  both  
t h e o r e t i c a l  and  e x p e r i m e n t a l ,  t h a t  n u c l e a r - s t r u c t u r e  e f f e c t s  do p la y  a  
s i g n i f i c a n t  r o l e  in  th e  r a d i a t i v e  c a p t u r e  of s lo w  n e u t r o n s .  L e t  u s  e x a m in e  th e  
m o r e  r e c e n t  e v id e n c e  of t h i s  k ind .
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T h e  t h e o r y  of r a d i a t i v e  c a p t u r e  d e v e lo p e d  by  L a n e  and  L y n n  [12] 
h a s  b e e n  an  i m p o r t a n t  s t i m u l u s  to  m o s t  of th e  r e c e n t  e x p e r i m e n t a l  e f f o r t s  
to  f in d  e v id e n c e  f o r  n u c l e a r - s t r u c t u r e  e f f e c t s .  T h i s  t h e o r e t i c a l  t r e a t m e n t  
t a k e s  in to  a c c o u n t  no t  o n ly  th e  u s u a l  c o m p o u n d - n u c le u s  f o r m a t i o n  l e a d in g  
to  an  i n i t i a l  r a d i a t i v e  s t a t e  of g r e a t  c o m p l e x i t y  but i t  a l s o  i n c l u d e s  p r o c e s s e s  
in  w h ic h  d ip o le  r a d i a t i o n  i s  e m i t t e d  w h i le  th e  i n c id e n t  s - w a v e  n e u t r o n  in  
th e  f i e ld  of th e  t a r g e t  n u c l e u s  u n d e r g o e s  a  s i n g l e - p a r t i c l e  t r a n s i t i o n  to  a  
f i n a l  s t a t e  w ith  a  l a r g e  c o m p o n e n t  of p - w a v e  o r b i t a l .  In th e  r e s o n a n c e  
r e g i o n  of n e u t r o n  e n e r g y ,  th e  a m p l i tu d e  f o r  r a d i a t i v e  e m i s s i o n  to  a  g iven  
f i n a l  s t a t e  i s  found  to  be m a d e  up of t h r e e  p a r t s  -  th e  u s u a l  " i n t e r n a l "  
c o m p o u n d - n u c le u s  r e s o n a n c e  p a r t ,  an " e x t e r n a l "  o r  " c h a n n e l "  r e s o n a n c e  
p a r t ,  and  a  " h a r d - s p h e r e "  p a r t .  T h e  i n t e r n a l  r e s o n a n c e  c o n t r i b u t io n  
e x h ib i t s  th e  f a m i l i a r  s t a t i s t i c a l  b e h a v io u r  t h a t  i s  i n s e n s i t i v e  to  n u c l e a r  
s t r u c t u r e  w h e r e a s  both  c h a n n e l  r e s o n a n c e  and  h a r d - s p h e r e  c a p t u r e  d ep en d  
on th e  s i n g l e - p a r t i c l e  c h a r a c t e r  of th e  f i n a l  s t a t e .  T h e  c h a n n e l  r e s o n a n c e  
p a r t  e x h ib i t s  th e  s a m e  k ind  of r e s o n a n c e  b e h a v io u r  a s  the  i n t e r n a l  r e s o n a n c e  
p a r t ,  w h ic h  m a k e s  i t  h a r d  to  s e p a r a t e  th e  tw o  in  any  s t r a i g h t f o r w a r d  w ay; 
h o w e v e r ,  in  p r i n c ip l e  th e  p r e s e n c e  of c h a n n e l - r e s o n a n c e  c a p t u r e  c a n  be 
r e c o g n i z e d  e i t h e r  by th e  a n o m a l o u s l y  l a r g e  i n t e n s i t y  of a  t r a n s i t i o n  o r  by a 
d e p e n d e n c e  of i t s  r a d i a t i o n  w id th  on th e  r e d u c e d  n e u t r o n  w id th .  H a r d -  
s p h e r e  c a p t u r e ,  w h ic h  h a s  a  n o n - r e s o n a n c e  b e h a v io u r ,  a l s o  r e s u l t s  in  a n o 
m a l o u s l y  s t r o n g  t r a n s i t i o n s  and  in  a d d i t io n  i t  m a y  be r e c o g n i z e d  b y  a 
c h a r a c t e r i s t i c  n e u t r o n - e n e r g y  d e p e n d e n c e  f o r  t h e y - r a y  i n t e n s i t y ;  i n t e r 
f e r e n c e  b e tw e e n  th e  a m p l i t u d e  f o r  r e s o n a n c e  and  h a r d - s p h e r e  c a p t u r e  
p r o d u c e s  a s y m m e t r i e s  of t h e  s a m e  k in d  a s  a r e  o b s e r v e d  in  t h e  n e u t r o n  
s c a t t e r i n g  c r o s s - s e c t i o n .

T h e  t h r e e  e x p e r i m e n t a l  c h a r a c t e r i s t i c s  t h a t  a r e  of i n t e r e s t  to  th e  
L a n e  and  L y n n  t h e o r y  ( the  y - r a y  in t e n s i ty ,  th e  c o r r e l a t i o n  w ith  n e u t r o n  
w id th ,  .and th e  n e u t r o n - e n e r g y  d e p e n d e n c e )  p ro v id e  a  c o n v e n ie n t  w a y  to  
c l a s s i f y  th e  e x p e r i m e n t a l  r e s u l t s ,  w h e t h e r  o r  n o t  th e  d a t a  a r e  th o u g h t  
to  b e  i n t e r p r e t a b l e  in  t e r m s  of th e  t h e o r y .

(1) A n o m a lo u s ly  s t r o n g  t r a n s i t i o n s . T h e  t r a n s i t i o n  i n t e n s i t y  i s  th e  . 
on ly  k in d  of i n f o r m a t i o n  a b o u t  n u c l e a r - s t r u c t u r e  e f f e c t s  t h a t  c a n  be o b 
ta i n e d  f r o m  t h e r m a l - n e u t r o n  c a p t u r e  s p e c t r a .  P e r h a p s  th e  m o s t  w id e ly  
d i s c u s s e d  in d i c a t i o n  of a  d e p e n d e n c e  of t h e s e  s p e c t r a  on  n u c l e a r  s t r u c t u r e  
i s  w h a t  a p p e a r s  to  be th e  a n o m a l o u s l y  l a r g e  s t r e n g t h s  of c e r t a i n  h i g h -  
e n e r g y  t r a n s i t i o n s  in  th e  s p e c t r a  f o r  n u c l i d e s  in  th e  r a n g e  24 < A <70,.
A s p o in t e d  o u t  by  L a n e  an d  L yn n  [12] ,  t h e s e  s t r o n g  t r a n s i t i o n s  a p p e a r  to  
be a s s o c i a t e d  w ith  f i n a l  s t a t e s  th a t .h a v e  a  l a r g e  c o m p o n e n t  of p - w a v e  
n e u t r o n  o r b i t a l .  •

A q u a n t i t a t i v e  w ay  to  s tu d y  th e  n o n - s t a t i s t i c a l  b e h a v io u r  of th e  c a p t u r e  
y - r a y s  i s  to  c o m p a r e  th e  s t r e n g t h s  of (n, y) t r a n s i t i o n s  w i th  th e  s t r e n g t h s  
of th e  c o r r e s p o n d i n g  (d, p) t r a n s i t i o n s ,  f o r  w h ic h  the  i n t e n s i t y  d e p e n d s  on 
th e  s i n g l e - p a r t i c l e  c h a r a c t e r  of the  f i n a l  s t a t e  in  a w e l l  u n d e r s t o o d  w ay . 
G r o s h e v  and  D e m id o v  [13] h a v e  r e c e n t l y  s u m m a r i z e d  r e s u l t s  of t h i s  k ind  
fo r .  11 l ig h t  n u c l i d e s  r a n g i n g  f r o m  25M g to  67Z n. F i g .  7 s h o w s . t h e  s t r i k i n g  
d e g r e e  of c o r r e l a t i o n  b e tw e e n  th e  s t r e n g t h s  f o r  (n, y  ) t r a n s i t i o n s  and  (d, p) 
t r a n s i t i o n s  w ith  o r b i t a l  a n g u l a r  m o m e n tu m  £ „ =  1 , a  c o r r e l a t i o n  th a t  
p r o v i d e s  s t r o n g  s u p p o r t  f o r  th e  r e a l i t y  o f  s i n g l e - p a r t i c l e  e f f e c t s  in  th e  
r a d i a t i v e  t r a n s i t i o n s  in  l i g h t  n u c l i d e s .  H o w e v e r ,  th e  d a t a  do n o t  t e l l  u s  
w h e th e r  h a r d - s p h e r e  c a p t u r e  o r  c h a n n e l  r e s o n a n c e  c a p t u r e  i s  th e  d o m in a n t  
p r o c e s s .
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FIG.7. Correlation between strengths for (n,y) and (d,p) transitions (Groshev and Demidov [13]).

A com parison  between the sp ectra  for th erm al-cap tu re and reson an ce-  
capture can give som e indication  about the nature of the radiation . Good 
data of both kinds are availab le for the reaction  63Cu(n, y) S4Cu, and the 
two kinds of sp ectra  are found to be str ik in g ly  d ifferen t. In therm al 
capture 43% of the capture p roceed s by way of h igh -en ergy  tran sition s to 
three low -en ergy  s ta te s  [14]. In con trast, the tran sition s to th ese  three  
low -en ergy  sta tes  are no stron ger than m any other tran sition s in the 
average resonance.-capture sp ectrum  form ed  by the capture of neutrons 
in the keV range of en ergy  [15 ]. This str ik in g  d ifferen ce between therm al
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an d  r e s o n a n c e  c a p tu r e  s u g g e s ts  th a t  th e  s t r o n g  l in e s  in  t h e r m a l  c a p tu r e  
a r e  f o r m e d  by  h a r d - s p h e r e  c a p tu r e  r a t h e r  th a n  by c h a n n e l r e s o n a n c e  
c a p tu r e .

W hen  th e  le v e l  s p a c in g  of th e  c o m p o u n d  n u c le u s  is  s m a l l  en o u g h  to  
p e r m i t  7  - r a y  s p e c t r a  to  be m e a s u r e d  a t  s e v e r a l  r e s o n a n c e s ,  in  p r in c ip le  
so m e w h a t m o r e  c o m p le te  in f o rm a t io n  a b o u t th e  r e a c t io n  m e c h a n is m  c a n  
be  o b ta in e d . T h e  r e a c t io n  55M n (n, 7 ) 56M n and  59Co (n , y ) 60Co h a v e  b e e n  
a c t iv e ly  s tu d ie d  w ith  th i s  a im . P r e s tw ic h  and  C o té  [16  ] fo u n d  th a t  th e  
(n , 7  ) s t r e n g th s  in  bo th  th e r m a l  and  r e s o n a n c e  c a p tu r e  in  55M n e x h ib i t 
a  s ig n if ic a n t  c o r r e la t io n  w ith  th e  (d, p) s t r e n g th s .  A nd in  59C o (n , 7 ) 60Co 
th e y  fin d  th a t  th e  (n, 7 ) t r a n s i t i o n s  to  s t a t e s  f e d  by  (d , p) t r a n s i t i o n s  w ith  
l n =  3 a r e  o n ly  0 .1 2 6  ± 0 . 08 t im e s  a s  s t r o n g  a s  (n , 7  ) t r a n s i t i o n s  to  s t a t e s  
w ith  SL „ = 1. T h is .d e p e n d e n c e  on £ n i s  w h a t i s  e x p e c te d  f r o m  s in g l e - p a r t i c l e  
e f f e c ts ,  s in c e  o n ly  th e  i  n = 1 t r a n s i t io n s  a r e  a s s o c ia te d  w ith  f in a l  s t a t e s  
th a t  h a v e  a  s t r o n g  c o m p o n e n t o f p -w a v e .

C o m fo r t  [17] h a s  r e f in e d  th e  a n a ly s is  o f th e  55M n (n , 7 ) 56Mn d a ta  
by  ta k in g  in to  a c c o u n t j - j  c o u p lin g  in  th e  d i r e c t - c a p tu r e  m o d e l of 
B o c k e lm a n  [1 8 ] . In th i s  t r e a tm e n t  th e  r a t io  o f (n , 7 ) to  (d , p) r e d u c e d  
w id th s  i s  e x p e c te d  to  d ep en d  on  th e  to t a l  a n g u la r -m o m e n tu m  t r a n s f e r  j n 
a s  w ç ll  a s  on th e  o r b i t a l  a n g u la r  m o m e n tu m  £ n; in  p a r t i c u l a r ,  th e  r a t i o  
i s  p r o p o r t io n a l  to  ( 2 jn + 1). T h e  m e a s u r e d  r e d u c e d - w id th  r a t i o s  f o r  th e  
M n 'd a ta  f o r m  a  p a t t e r n  th a t  i s  c o n s i s te n t  w ith  th i s  e x p e c ta t io n , b u t th e  
p r e d ic t io n  c a n n o t be t e s t e d  fu l ly  b e c a u s e  th e  s p in s  o f m a n y  of th e  f in a l  
s t a t e s  a r e  n o t know n.

T u rn in g  now  to  h e a v ie r  s u b s ta n c e s ,  one  o f th e  m o s t  w id e ly  d is c u s s e d  
in d ic a t io n s  of a n u c l e a r - s t r u c t u r e  e f f e c t  i s  th e  p r e s e n c e  of an  a n o m a lo u s  
"b u m p "  in  th e  u n re s o lv e d  s p e c t r a  of so m e  h e a v y  n u c l id e s  s u c h  a s  g o ld .
T h is  p h e n o m e n o n , w h ich  w a s  o r ig in a l ly  p o in te d  o u t by G ro s h e v  [1 9 ] , h a s  
b e e n  in v e s t ig a te d  in te n s iv e ly  by  B e r g q v is t  an d  S ta r f e l t  [2 0 ] , w ho h av e  
sh o w n  th a t  th e  b u m p  i s  in c o n s is te n t  w ith  a  s im p le  s t a t i s t i c a l  d e s c r ip t i o n  of 
th e  c a p tu r e  7  - r a y  s p e c t r a  and  a ls o  i s  in c o n s is t e n t  w ith  th e  L a n e  and  L y n n  
m o d e l .  O ne w ould  h o p e  th a t  th e  m o r e  h ig h ly - r e s o lv e d  s p e c t r a  now  o b ta in 
a b le  w ith  G e -d io d e  s p e c t r o m e te r s  w ill  s o o n  p ro v id e  an  e x p la n a tio n  f o r  th e  
a n o m a lo u s  b u m p .

U n e x p e c te d  r e g u l a r i t i e s  in  th e  e a s i ly  r e s o lv e d  p o r t io n  of th e  g a m m a -  
r a y  s p e c t r a  f r o m  th e r m a l - n e u t r o n  c a p tu r e  in  s e v e r a l  d e fo rm e d  e v e n -  
e v e n  h e a v y  n u c l id e s  h a v e  r e c e n t ly  e x c i te d  i n t e r e s t .  T h e  f i r s t  e v id e n c e  of 
th i s  k in d  c a m e  f r o m  s tu d ie s  o f th e r m a l  c a p tu r e  in  176H f a n d  178H f by  
N a m e n so n  e t  a l .  [21] and  c a p tu r e  in  182W, 184W and  186W by  M a r t in  e t a l .  [2 2 ] . 
T h e  e v id e n c e  h a s  b e e n  r e v ie w e d  b y  N a m e n so n  an d  B o lo tin  [2 3 ] . In  th e s e  
d a ta , h ig h - e n e r g y  t r a n s i t i o n s  t o t h e i l / 2 *  and  3 /2 "  s t a t e s  o f th e  1 / 2 '  [510] 
N ils s o n  b an d  and  to  th e  3 /2 "  s t a te  o f th e  3 /2 "  [512] b an d  a r e  o b s e r v e d .
T h e  a r r e s t i n g  f e a tu r e  o f th e  d a ta  i s  th a t  f o r  a l l  f iv e  n u c l id e s  th e  h ig h -  
e n e rg y  t r a n s i t i o n s  to  th e  1 / 2 '  [510] b an d  a r e  v e r y  m u c h  s t r o n g e r  th a n  
th e  t r a n s i t i o n s  to  th e  3 /2 "  [512] band , a s  i s  sh o w n  in  t h e i r  T a b le  IV ; 
a ls o ,  e x c e p t in  187W, th e  1 /2 "  s t a te  o f th e  1 /2 "  [510] N ils s o n  b an d  i s  fed  
m o r e  s t r o n g ly  th a n  th e  3 /2 "  s t a t e  o f th e  s a m e  b a n d . A so m e w h a t s i m i l a r  
p a t t e r n  w a s  o b s e r v e d  by  P r e s tw ic h  and  C o té  [24] f o r  th e  r e a c t io n  
166E r  (n , 7  ) 167E r .  I t i s  n o t 's u r p r i s i n g  th a t  th i s  u n u s u a l  d e g r e e  of r e g u l a r i t y  
w a s  f o r  a  t im e  c o n s id e r e d  to  b e  c o n v in c in g  e v id e n c e  f o r  a  s p e c i f ic  n u c l e a r -  
s t r u c t u r e  e f f e c t .  D i r e c t  c a p tu r e  d o e s  n o t e x p la in  th e  d a ta ,  s in c e  th e  
(n , 7 ) i n t e n s i t i e s  a r e  n o t c o r r e l a t e d  w ith  th e  (d , p) t r a n s i t i o n  s t r e n g th s .
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N am enson and Bolotin  [23] su ggested  that the ob served  in ten sity  pattern  
m ight re su lt  from  the A se lec tio n  ru le that, in the co llec tiv e  m odel, would 
govern tran sition s from  an in itia l state in which the incident S]y2 neutron  
i s  stron g ly  coupled to the 0 + deform ed ev en -ev en  target.

S evera l stu d ies of reson ance capture have been ca rr ied  out in an 
effort to check  the in ten sity  pattern ob served  in th erm al capture. T hese  
exp erim en ts throw con sid erab le  doubt on the s ign ifican ce of the regu larity  
in  the therm al sp ectra , s in ce  not a ll of the reson ance sp ec tra  exhibit the 
in ten sity  pattern found in the th erm al sp ec tra . M oreover, average sp ectra  
from  reson ance capture w ere m easu red  [25] for ta rg ets  of *82w, 184W, 
and 186W. In a ll of th ese  average sp ectra , the tran sition s to the 1/2" [510] 
and 3 /2 ” [512] N ilsso n  bands are of equal in ten sity  within an exp erim en ta l 
uncertain ty  of about 30%, as is  shown in Table I. Thus, until a convincing  
alternative explanation is  offered , one m ust conclude that the reg u la r itie s  
ob served  in the th erm al sp ec tra  re su lt  from  an u n in terestin g  s ta tis t ic a l 
fluctuation.

B efore c lo s in g  th is d iscu ss io n  of the influence- of n uclear stru cture  
on the in te n s itie s  of h igh -en ergy  rad iative tra n sitio n s , le t  us inquire to 
what extent the tra n sitio n s m ay be independent of the ch aracter  of the final 
sta te . The m ost refined  exp erim en ta l answ er to th is question  is  being  
provided by the average reson an cercap tu re sp ectra  of B o llin ger and Thom as 
[7, 8, 26, 2 7 ] . The re su lts  p resen ted  e a r lie r  for 196pt are a good exam ple. 
When the widths of tran sition s to eight lo w -en erg y  sta te s  are assu m ed  
to vary as E the rm s deviation of the m easu red  widths from  a le a s t-  
sq uares fit is  only 9% and th is is  co n sisten t with the 11% deviation  that 
is  expected  on the b a s is  of the num ber of reson an ces that contribute to the 
average. Thus, the widths for the h ig h -en erg y  tran sition s in 196Pt are  
v ery  in sen sit iv e  indeed to the ch aracter  of the fina l sta te . Other compound 
n uclid es w hose widths depend sm ooth ly  on E y to a s im ila r  d egree are 
16eHo, 168E r, n s Hf and 190O s. A lso , the widths of the other 11 even -even  
n uclid es that have been studied are a ll con sisten t with a sm ooth dependence 
on E y, although the u n certa in ties from  P o rter -T h o m a s fluctuations are 
som ew hat grea ter . In con trast, the widths for the odd-odd n uclid es  
170Tm  and 182 Ta exhib it fluctuations that are much grea ter  than can be 
accounted for  in ter m s of P o rter -T h o m a s fluctu ations. T h is d ifferen ce  
in behaviour is  not understood.

(2) C orrelation  with the neutron width. As m entioned e a r lie r , in the 
Lane and Lynn [12] th eory  the am plitude for channel reson an ce capture is  
expected  to be proportional to the reduced neutron-w idth am plitude. The 
detèction  of the p red icted  corre la tion  betw een radiation width and reduced  
neutron width is  a hard exp erim en ta l problem  becau se the sy stem a tic  
dependence on neutron widths is  obscured  by the random  fluctuation in the 
dominant com pound-nucleus com ponent of the radiation am plitude. A s a 
re su lt, until recen tly  no s ta tis t ic a lly  sign ifican t co rre la tio n s w ere found.

T his u n in terestin g  situation  has changed during the past y ear , how ever, 
s in ce  B eer et a l. [28 ] at Brookhaven have reported  the d etection  of a 
s ta tis t ic a lly  sign ifican t p ositive  corre la tion  between the reduced  neutron  
width and the radiation  widths in the reaction  169T m (n , y) i™ Tm. They  
studied 15 h ig h -en erg y  tran sition s in  the sp ec tra  of sev en  reso n a n ces and 
found the co e ffic ien t of co rre la tio n  betw een Г° and r ^ t o  be R = + 0 .2 7 , 
w here the corre la tion  coeffic ien t R i s  defined in the u sual way so  that 
its  p o ssib le  va lu es range from  -1 to +1.



TABLE I. RELATIVE INTENSITIES OF HIGH-ENERGY RADIATIVE TRANSITIONS IN THE ISOTOPES OF 
TUNGSTEN

Emitting
nucleus

Final State Relative Intensity

Energy
(keV)

Nilsson
band

Therm ala 
capture

Resonance^
capture

0 Сл о 1 ~2 100 100 ±25

183 47 3 - 7 34 99 ±25

209 |-[512] 3 -2 <1 63 ±25

0 I -[512] 3 -2 10 90 i  25

1«5W 23 2 [510] 12 100 100 ±25

93 СЛ © 3 -2 16 77 ±25 '

0 1"[512] 3 -2 5 75 ± 35

1S7W 147 *-[510] 1 -2 100 100 ±30

205 Г[510] 3 -
I 139 138 ±30

a Martin et al. [22] 
k Bollinger and Thomas [25]
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To determ in e the s ta tis t ic a l sign ifican ce  of the ob served  p ositive  
corre la tion , the Tm data  w ere in terp reted  in ter m s of the theory  of Lane 
and Lynn b y .assu m in g  that the radiation am plitude is  made up of a channel- 
reson ance term  and a com pound-nucleus term , so  that

, r rí¡ = A jT y f +  r j ¡  (7)

1
w here Aj is  a p aram eter independent of the in itia l sta te i and Гс̂  is  a 
random  com pound-nucleus am plitude with a m ean value of ze ro . Defining  
p j as the coeffic ien t of corre la tion  between F^j and r n5¡ , a Monte Carlo 
technique was used  to show that the exp erim en ta l value R = + 0. 27 
im p lies  that 0. 2 < p < 0 . 7 with 80% confidence and that th ere is  only a 0. 1% 
probability  that the data are con sisten t with no corre la tion . This convincing  
dem onstration  of a p ositive  corre la tion  between and Fy¡j was cited  
as evidence for the d etection  of channel reson ance capture.

A som ewhat d isturbing feature of the Brookhaven data is  that the 
n on -zero  corre la tion  is  caused  en tire ly  by the influence of one resonance  
-  one with the la r g e st  radiation width. In an attem pt to rem ove th is sou rce  
of doubt, Jackson and B ollin ger [29] at Argonne have extended the c o r r e la 
tion study to other reso n a n ces that have large neutron w idths. In these  
m easu rem en ts it  was n e c e ssa r y  to have good n eu tron-en ergy  reso lu tion  
and consequently the neutron in ten sity  was not large enough to p erm it 
the use of a Ge diode as the 7 -ra y  sp ec tro m eter . Instead, a large Nal 
sc in tilla to r  was u sed . S ince the effec tiv e  reso lu tion  width of th is d etector  
i s  about 300 keV, the m easu red  in te n s itie s  w ere form ed  by tran sition s to 
se v e r a l final s ta te s . H ow ever, this; is  no handicap if the ob jective of the 
experim ent is  to m easu re the average in ten sity  of tra n sitio n s to many 
final s ta te s .

The sign ifican ce of an average in ten sity  of tran sition s to m any final 
sta te s  m ay be understood by' squaring both s id es  of Eq. (7) and averaging  
over  fina l s ta te s  to obtain

( r r i> j =<A 2 >jr “ + < r ci>j± < A r ^ r l > j , (8 )

H ere we se e  that there is  a lin ea r  dependence of on , but su p e r 
im posed  upon th is sy stem a tic  dependence are two random ly fluctuating  
te r m s . N ev e r th e le ss , the dependence of ^ Г у ^ о п  would be revea led ,
if  the p aram eter ^ p2)> j = A 2)>j <(Гп )>i /^.ТуУц i s  large  enough.

In sp ite of the re la t iv e ly  poor reso lu tion  of the N al 7  -r a y  sp ectrom eter  
u sed  in the Argonne exp erim en t [20], it i s  good enough to perm it the 
determ ination  of the average in ten sity  of tran sition s to approxim ately the 
sam e final s ta te s  as w ere studied in the Brookhaven exp erim en t [28].
The dependence of th is average in ten sity  on Г° is  shown in F ig . 8 . From  
th ese  data it se e m s  q ualitatively  obvious that the radiation width is  not 
independent of Г„ and th is con clusion  is  confirm ed by a x 2 a n a ly sis , which  
show s that there is  le s s  than a 0. 1% probability  that P o rter-T h o m a s  
fluctuations could cau se the m easu red  in te n s itie s  to d eviate from  a constant 
value as much as they do. Thus, it  s e e m s  quite certa in  for  the reaction  
1 6 9 T m (n , 7 ) 1 7 0 Tm, at le a s t , that th ere is  a corre la tion  betw een the radiation  
and neutron'w idths. M easurem ents, on other ta rg ets  are in  p r o g r e ss .

S ince the am plitude for channel reson ance capture depends on the 
sin g le -p a r tic le  ch aracter  of the final sta te , when channel reson ance capture
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FIG.8. Dependence of average radiation width on reduced neutron width r°  (Jackson and Bollinger [29]). 
The slope of the line drawn through the data points corresponds to p 2 - 0 .3 .

i s  sign ifican t the radiation widths are expected  to be corre la ted  with the 
in te n s itie s  of (d, p) tran sition s as w ell as with the reduced neutron w idths. 
The expected  relation sh ip  is  contained in the p aram eter A j  in Eq. ( 7 ) ,  

which should be proportional to the SLn = 1 am plitude of the (d, p) tran sition . 
Thus, under the ch an n el-reson an ce-cap tu re in terpretation  of the 
169Tm  (n, 7  ) 170Tm  data, th ere should be a p ositive  corre la tion  between the 
strengths for (n, 7 ) and (d, p) tran sition s to the final s ta te s  for which a 
n on -zero  value of p j -  А2 <̂ Г® was m easu red . B o llin ger and
T hom as [30] have attem pted to te s t  th is idea by u sing a n eu tron -filter  
technique to obtain accurate va lu es of the average widths of rad iative  
tra n sitio n s from  m any in itia l sta te s  to individual fin a l s ta te s  in  1 7 0 Tm .
No corre la tion  between the (n, 7 ) and (d, p) in te n s itie s  was ob served , even  
though the fina l s ta te s  of the tran sition s com pared w ere the sam e as th ose  
involved  in the tran sition s that exhibit a corre la tion  with the neutron w idths. 
T his negative resu lt su g g ests  stron gly  that the corre la tion  between radiation  
and neutron widths in l f 9Tm (n, 7 ) 170Tm  does not re su lt  from  channel r e 
sonance capture. On the other hand, th is in feren ce m ay be prem ature, 
in v iew  of doubts ra ised  by the com p lexity  of the nuclear reaction  and the 
in com p leten ess of the (d, p) data involved.. In any ca se , the gen era l question  
of the extent to which channel reson ance capture is  sign ifican t for m ost  
n uclid es is  s t i l l  an unsolved exp erim en ta l problem .

(3) In terference 'e ffects . When the p o ss ib ility  of h ard -sp h ere  capture 
i s  taken into account fil2 ], the c r o s s - s e c t io n  сгДЕ) for a p rim ary  rad iative  
tran sition  to a fina l state j v a r ie s  with the neutron energy E accord ing to 
a relation sh ip  of the form

f f j ( E ) oc 1
1 !  E :  - E  +  f i Г .

(9)

w here aj i s  the am plitude for h ard -sp h ere d irect capture and the te r m s  in 
the sum m ation are am plitudes for reson ance capture; the quantities Г\,
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Г ni, Гц , and E; are, re sp ec tiv e ly , the to ta l width, the reduced  neutron  
width, the width for a rad iative tran sition  to a state j, and the reson ance  
en ergy  for an in itia l sta te i. It is  assu m ed  that the sp acin g betw een the 
le v e ls  is  much g rea ter  than the w idths. The h ard -sp h ere  and reson ance  
am plitudes add co n stru ctiv e ly  and d estru ctiv e ly  to form  a capture c r o s s -  
sectio n  CTj with an a sym m etr ic  in terferen ce  pattern of the kind that is  
fa m ilia r  from  neutron sca tter in g .

In princip le the ob servation  of the expected  in terferen ce  effec t in the 
n eu tron -en ergy  dependencè of the c r o s s - s e c t io n  for  individual rad iative  
tran sition s should provide an unam biguous m easu re of the am plitude for  
the h ard -sp h ere part of d irect capture. H ow ever, in p ra ctice  such  
m easu rem en ts are d ifficu lt and u su a lly  the data are not v ery  se n sitiv e  
to a sm a ll c r o s s - s e c t io n  for d irect capture, s in ce  the in terferen ce  effec ts  
a sso c ia ted  with h ard -sp h ere  capture are obscured  by the ordinary  
reso n a n ce-reso n a n ce  in te r fer en ce . The uncertain ty  cau sed  by reson an ce-  
reson ance in terferen ce  is  e sp e c ia lly  hard to rem ove b ecau se nuclear le v e ls  
below the binding energy, about which we have lit t le  in form ation , can have 
a large  in fluence on the c r o s s - s e c t io n  above the binding energy.

The Brookhaven group have been e sp e c ia lly  active in the search  for 
evidence of h ard -sp h ere  capture and they have reported  that the energy  
dependence in the reaction s 5 9 C o(n, 7 ) 60Co and 238U (n, 7 . ) 239U both exhibit 
in terferen ce  e ffec ts  that cannot be explained in ter m s of reso n a n ce-  
reson ance in terferen ce  [31, 3 2 ]. Let us con sid er what se e m s  to the author 
to be the m ore convincing ca se , the reaction  2 3 8 U (n, 7  ) 2 3 9 U. The neutron- 
en ergy  dependence of the c r o s s - s e c t io n s  for the 4059-keV  and 3982-keV  
7  -r a y s  w ere m easu red  [32] over the en ergy  range 0-21 eV, a range that 
contains the prom inent reso n a n ces at 6 .7  and 21 eV. Both c r o s s - s e c t io n s  
show a sharp departure from  the shape d escrib ed  by a sum  of s in g le - le v e l  
B reit-W ign er te r m s . The data for the 3982-keV  7  -ra y  can be explained  
in  term s of the in ter feren ce  between nearby reson an ces; but the energy  
dependence of the c r o s s - s e c t io n  for the 4059-keV  tran sition  cannot be 
explained in ter m s of known reson an ces u n le ss  h ard -sp h ere  capture is  
assu m ed  to be p resen t. As is  shown in F ig , 9, the b est fit is  obtained for  
a h ard -sp h ere-cap tu re  c r o s s - s e c t io n  of 0 .0016  barns at 1 eV, a value  
that is  an ord er of m agnitude sm a lle r  than is  ca lcu lated  from  the theory  
of Lane and Lynn [12 ]. T his d irect-cap tu re  in terp retation  is  rein forced  
by the fact that the sta te fed  by the 4059-k eV  tran sition  is  known to have 
a stron g  p-w ave s in g le -p a r t ic le  com ponent w hereas the sta te  fed by the 
3982-keV  tran sition  has lit t le  if  any s in g le -p a r t ic le  ch aracter . H ow ever, 
from  a s tr ic t ly  exp erim en ta l point of view , the lack  of in form ation  about 
the in fluence of s ta te s  below  the neutron binding en ergy  would se em  to be 
a sou rce  of uncertain ty .

5. M l TRANSITIONS

T his is  a poor tim e at which to attem pt to su m m arize  the data on Ml 
tran sition s , becau se the r e su lts  now availab le are s t i l l  quite fragm entary  
and at the sam e tim e new exp erim en ta l in form ation  is  being rapidly  
accum ulated. Thus anything said  now w ill soon be outdated.
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E n (eV)

FIG.9. Evidence for direct capture in 238U (n,y)239U (Chrien etal.[32]). The vertical axis gives the 
fractional intensity of the indicated y -ray as a function of neutron energy En-

Much of what we know about h igh -en ergy  M l tran sition s is  sum m arized  
in Table II. The average reduced width kM1 for Ml tran sition s , the 
quantity of in te re st  in the table, is  defined by Bartholom ew  [33] to be

kMi = T y ijD ^ E ;3 (10)

w here Г  ̂ i s  in eV, and both D and E are in MeV. In the calcu lation  
of the reduced widths given in the table, exp erim en ta l va lu es of the average  
width r yij w ere obtained by averaging over tran sition s from  se v e r a l in itia l 
sta tes  i an d /or tran sition s to se v e r a l fina l sta te s  j, depending on what 
data are availab le .

F or a ll the tran sition s used  in the table, the M l ch aracter  of the 
radiation  was in ferred  from  the known sp ins and p arities of the in it ia l and 
final s ta te s  under the assum ption that tra n sitio n s of h igher m ultip olarity  
(e sp e c ia lly  E2 tran sition s) m ay be n eg lected . Not enough is  known about E2 
radiation to be su re that th is assum ption is  valid  for a ll the data, although 
average reson an ce-cap tu re m easu rem en ts [8 ,2 7 ] have shown that E2 
tran sition s are much w eaker than Ml tran sition s in 96Mo, 98Mo, 106Pd, 
136Ba, 166Ho, and 168E r.
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TABLE II. SUMMARY OF AVERAGE VALUES OF REDUCED 
WIDTHS к ш  FOR Ml TRANSITIONS.

Under sp ectra , • the sym bols T, R, and A stand for data obtained from  
sp ec tra  form ed  by capture of th erm al neutrons, capture in  individual 
reso n a n ces, and average reson ance çaptùre, re sp e c tiv e ly .

Emitting
Nucleus к m i x 10-3 Spectra Uncertainty

Factor
■ Ey 

(MeV)
Ref.

«Z r 8 R 2 7.7 a

%Mo 10 T 2.5 7,6 b

106pd 17 T 2 8.3 с

lOípd 18 A 2 8.6 d

iMCd 18 T 2 7.8 e

“ ’Sn, “ 9Sn 150 R 3 6.6 f.g

u»Sn 31 T 2 7.8 h

ll8Sn 17 A 2 7.5 d

124Xe 8 ' T 2 7.9 i

136Ba 49 R 2 8'.0 j

i36ga 52 A 2 . 8.3 d .

I66H0 7 T 2.5 6.0 к

168Er 6 T 2 7.0 1

ls*Er 21 A 2 6.8 d

170 Tm 22 A 2 5.9 d

178Hf 24 A ! 2 6.5 m

182та 12 A 2 5.8 d

239ц 30 R 2 4.7 • n ,o

a Jackson [37]
b Kinsey and Bartholomew [38] 
с Groshev et al. [39] 
d Thomas and Bollinger [8,27] 
e Smither [40] 
f Harvey et al. [34] 
g Slaughter et al. [35] 
h Harvey et a l. [41]

i Chaturvedi et al. [42] 
j Becvar et al, [36] 
k Motz et al. [43]
1 Groshev et a l. [44] 
m Buss and Smither [45] 
n Bergqvist [46] 
o Jackson [47]

Two quite d ifferen t kinds of in form ation  are used  in the tab le . One 
kind i s  the absolute in te n s itie s  of MÍ tra n sitio n s ob served  in the sp ectra  
form ed  by capture of th erm al neutrons or capture of neutrons in  individual 
re so n a n c es . T h ese absolute in te n s itie s  (usu ally  ex p re sse d  as photons per 
neutron capture) are com bined with the to ta l radiation width and the le v e l  
sp acin g at the in it ia l sta te  in  an obvious_way to_obtain va lu es of k M1. The 
second  c la s s  of in form ation  is  the ratio  Г (Е 1)/Г (М 1) of average widths 
for  E l and M l tra n sitio n s obtained from  average reso n a n ce-ca p tu re  sp ectra . 
An exam ple of a re su lt  of th is kind i s  g iven  in F ig . 10, w here the m easured  
in te n s itie s  for  the reaction  167E r (n, у ) 168E r are given as a plot of
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EXCITATION • ENERGY (MeV)

Г - R A Y  E N E R G Y  ( M e V )

FIG.10. Data used to determine the ratio Г(Е1)/Г(Ml) for i61Er (n, y )168Er (Bollinger and Thomas [26]).
The numbers within the data points give known spins of final states.

r r¡j EÇ3 v er su s  E y. The ratio  Г (Е 1)/Ц М 1) is  im m ed iate ly  apparent from  
th is  p lot. A sid e from  the u n certa in ties caused  by P o rter -T h om as  
fluctuations (indicated by the dashed lin es) and counting s ta t is t ic s  (g iven  by 
er r o r  bars), the only sou rce  of erro r  is  the p o ssib le  in fluence of p -w ave  
capture. H ow ever, for the data in the figure and for many other data, 
p-w ave capture has been shown to be n eg lig ib le . The value of k M1is  
calcu lated  from  the ratio  Г(Е1)/Г(М 1) under the assum ption that Г(Е1) 
is  given by Eq. (6), the sum m ary of C arpenter's exp erim en tal r e su lts .

In the table, the en tr ie s  under "uncertainty factor" give the factor  
by which the k M1 v-alues are b elieved  to be uncertain  (in the sp ir it  of a 
standard s ta tis t ic a l er ro r ). P o rter -T h om as fluctuations are a m ajor 
sou rce of uncertainty for the data obtained from  therm al capture or from  
the sp ectra  for capture in individual re so n a n ces, s in ce in a ll c a se s  the 
average is  obtained from  a rather sm a ll num ber of tran sition s -  
typ ica lly  6 or 8. In addition, the uncertainty in the le v e l sp acin g D is  
often a sign ifican t sou rce of uncertainty in k M1. For the average resonance  
capture data, the m ain sou rce of uncertainty com es from  the assum ption  
that the width for E l tra n sitio n s is  given by Eq. (6).

The км1 valu es of Table II are plotted in F ig . 11 as a function of A.
In view  of the large u n certa in ties a sso c ia ted  with a ll the data points, the 
r e su lts  obtained from  the various kinds of m easu rem en ts appear to be 
co n sisten t. Although in published d iscu ss io n s  of Ml tran sition s there has 
been frequent m ention of abnorm ally stron g tran sition s that give ev idence  
for an Ml giant reson ance, one s e e s  from  the figure that, with the p ossib le  
exception  of tran sition s i_n n l Sn, 119Sn and 136Ba, a ll the data are con sisten t  
with a constant value of kM1 = 20 X 10“3 . T h is value is  som ew hat greater  
than that in ferred  p rev iou sly  by Bartholom ew  [33] from  th erm al-cap tu re  
data and it is  very  much la rg er  than the value calcu lated  from  the s in g le - 
p artic le  m odel — Eq. (3c). Thus, the frequent observation  in the litera tu re  
that an Ml tran sition  is  anom alously strong because it is  an order of 
m agnitude greater than the s in g le -p a r tic le  estim ate is  seen  to be m islead in g .
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FIG.11. Summary of reduced widths for M l transitions.

The re la tiv e ly  large  va lu es of k M1 in Table II and F ig . 11 have the 
im portant p ractica l impl i ca t ion  that È1 and Ml tran sition s are not as 
ea s ily  d istinguishable on the b asis of ítheir in ten s ities  as se e m s  to have 
been gen era lly  thought to be the c a s e i If one a ssu m es that the average  
width for E l tran sition s is  given by E q .( 6 ) and that the average width for  
Ml tran sition s is  given by the value kM1 = 20 X 10"3 , then the ratio  of E l
to Ml widths is

ЦМ1)
1 .7 7 J  Viooy

8/3

( 11)

Although th is re la tion sh ip  m ay be in erro r  by as much as a factor of 3 for 
som e n uclid es, it show s c le a r ly  that the in te n s itie s  for E l and Ml 
tran sition s are of the sam e order of m agnitude under conditions that are 
frequently  encountered with neutron-capture 7 -r a y s . Eq. ( l l )  is  intended  
to be m eaningful only over the lim ited  en ergy  range from  about 6 - 8  MeV 
and for A> 90.

Since the large va lu es of kMifo r  117Sn and 119Sn and for 136Ba would 
be in terestin g , if true, le t  us b r ie fly ,co n sid er  the nature of the exp erim en 
ta l ev idence. The data [34, 35] for trie Sn iso to p es c o n s is ts  of just four 
tran sition s , two each for  one reson ance in 1 1 6 S n (n ,7 ) 117Sn and one r e 
sonance in 1 1 8 Sn(n, 7  ) 1 1 9Sn. Since thè P o rter -T h om as fluctuations a ssoc ia ted  
with a sam ple of four can be quite large and sin ce  there are other  
p o ssib le  so u rces of er ro r , it appears to the author that the large value of
■ Ml for 117Sn and 119Sn cannot be accepted  as re lia b le  until other tr a n s i

tions in th ese  nuclides are ob served  to exhibit a s im ila r  behaviour.
Two kinds of data se em  to indicate that the value of kM1for 136Ba 

is  excep tionally  la r g e . B ecvar et al. [36] used  the Dubna pulsed  reactor  
to m easu re the sp ectra  for s ix  reso n a n ces of 1 3 5 Ba, in which they observed  
a total of 13 Ml tra n sit io n s . The probability  that the value кш  = 49 X 10*3 

deduced from  th eir  data is  con sisten t with the m ore typ ica l value  
20 X 10 ' 3 is  sm a ll -  roughly 5%,taking into account a ll so u rc es  of u n cer
tainty.
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FIG.12. Energy dependence of reduced widths for Ml transitions in 135Ba (n ,y )l36Ba (Bollinger and Thomas[8]). 
The numbers within the data points give known spins of final states.

The second p iece  of ev idence for  an abnorm ally large  value of k Mi 
for 136Ba com es from  the average reson an ce-cap tu re sp ectra  m easured  
at Argonne [8 , 2 7 ] . In th ese  exp erim en ts the quantity m easu red  is  the 
ratio  Г (Е 1)/Г (М 1), where the E l width is  that a ssoc ia ted  with tran sition s  
to  the 3" sta te at 2532 keV. The m ajor sou rce of uncertain ty  in the 
к mi value is  the need to u se  Eq. (6 ) to ca lcu la te  Г (Е 1). Again, the p ro 
b ability  that the resu lt could be con sisten t with the value ¥ M1 = 20 X 10 ' 3 

is  thought to be le s s  than 10%. Attem pts now being m ade to m easu re  
kMi d irectly  by m eans of the average reson an ce-cap tu re technique are 
expected  to give a much m ore refined  resu lt.

F o r  a plot such as F ig . 11 to be m eaningful req u ires that k M 1 should  
not depend m arkedly on the 7 -ra y  en ergy . The average reso n a n ce-  
capture data [8 , 27] provide an exp erim en ta l answ er to th is  question.
The resu lt  for  167E r (n, 7 )1 6 8 E r, as given in F ig . 10, is  typ ica l of the 
data for  m ost of the n u clid es that have been studied; the data indicate that 
к mi depends som ewhat on Ey, but the variation  is  re la tiv e ly  sm a ll over  
the lim ited  range of e n er g ie s  availab le for study. H ow ever, th ere are  
th ree excep tions -  1 1 8 Sn, 1 2 0 Sn, and 136Ba -  and for th ese  the value of the 
reduced width se e m s to vary  by a factor of 3 within the en ergy  range 
Ey = 7-9  MeV. The data for  13®Ba are given in F ig .1 2 , where TcM 1 i s  
seen  to in cr ea se  rapid ly with in crea sin g  en ergy . The ob served  en ergy  
dependence i s  probably rea l, sin ce a s ta tis t ic a l a n a ly sis  show s that th ere  
i s  l e s s  than a 1 % chance that random fluctuations could cau se the data 
points to deviate from  a constant value as much as they do. Unfortunately, 
th ere are no published th eo re tica l trea tm en ts of Ml radiation that take 
into account the n u c lea r -stru c tu re  e ffe c ts  needed to exp lain  the ob served  
en ergy  dependence.
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D I S C U S S I O N

K. F. ALEXANDER: Could you com m ent on the strong a n tic o rr e la 
tion e ffe c ts  between (n, 7 ) and (d, p) strengths found in se v e r a l nuclei?

L. M. BOLLINGER: I have treated  th is subject only b r ie fly  in m y
paper b ecau se it se em s to m e that the published rep orts on the a n tic o rr e la 
tion have not m ade a convincing ca se  that the an ticorrela tion s actually  
e x is t. T his is  not to say  that I b e liev e  that the an ticorrela tion s do not 
ex is t . I m erely  m ean that I w ill r e se r v e  judgment until I se e  a m ore  
quantitative d iscu ssion  of the subject.

W. RUDOLPH: There are many an ticorrela tion s in the m a ss  region
А 40 —60, e sp e c ia lly  in odd-odd n u clei. T h ese an ticorrela tion s show  
c le a r ly  the influence of the sp ec ia l stru ctu re of the final and a lso  of the  
capture sta te , I think.

L. M. BOLLINGER: My reply  to  th is  com m ent i s  the sam e as m y
p rev iou s one.

W. RUDOLPH: We ca lcu lated  the lo w -en erg y  le v e l  sch em e of 52V 
and found strong adm ixtures of exc ited  target sta te s  in m ost o f the s ta te s . 
Taking into account the adm ixture of the f ir s t  exc ited  target sta te and 
assu m ing that th is configuration is  a lso  m ixed  into the capture sta te , it 
w as p o ss ib le  to d escr ib e  the m easu red  in te n s itie s  b etter  than by the d irect  
capture. A lso  it is  not p o ss ib le  to explain  the strong 7 -r a y s  to le v e ls  
with i n = 3 in 4°K and ^Sc by the d irect capture.

R .E . CHRIEN: It is  unfortunate that P r o fe s so r  B o llin ger did not
have tim e in h is short presen tation  to d escr ib e  an in terestin g  asp ect of 
the theory of .Lane and Lynn, nam ely  the potential or hard sp here capture.
At Brookhaven, the F ast Chopper Group has p resen ted  convincing ev idence  
for th is  effec t in 59Co (n, 7 )6 0 Co, 238U (n, 7 )239U and 169Tm  (n, 7 )1 7 0Tm . The 
effec t has been studied by the in terferen ce  of the sm ooth am plitude for  
potentia l capture with the fluctuating am plitude for compound nucleus  
form ation.

L. M. BOLLINGER: T his subject is  treated  in m y w ritten  paper.
G. M. TEMMER: When you m ake your com parison  with the giant E l

L orentzian  ta il, does your sam ple contain only target sp ins |  so that 
I ” + (s-w ave  neutron) -» (0 “) or 1" in the capture sta te , decaying by pure 
E l tran sition  to the 0+ ground state?

L. M. BOLLINGER: In the illu stration  I gave on 1 95pt (n, 7 )19ePt the 
target spin is  and we ob serve E l tra n sitio n s not only to the 0+ ground  
sta te but a lso  to О* and 2* exc ited  s ta te s . H ow ever, other ta rg e ts  we have 
studied do not have sp in  f . T h is c a u se s  no d ifficu lty , how ever, if  one 
knows the sp ins and p a r it ie s  of the final s ta te s .

H. T. MOTZ: The odd-odd .nucleus issHo, lik e  170Tm  m entioned by
Dr. C hrien, shows a strong in tensity  corre la tion  betw een (d, p) and therm al 
(n, 7 ). In the s im p lest  v iew , s in ce  the s ta te s  exc ited  by p rim ary tr a n s i
tions are a lm ost id en tica l, the only sta te s  exc ited  by capture in is^Ho are  
'n eu tron-excited ' s ta te s . We ob serve  no p ro ton -exc ited  s ta te s . T h erefore ,
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one m ay say  that the compound nucleus rem em b ers the in itia l target (1 65Ho) 
proton sta te . This appears in con sisten t with a purely s ta tis t ic a l concept 
for the compound n ucleu s.

L. M. BOLLINGER: I have read  your p apers on th is  subject and, 
frankly, I do not understand your confidence that the h igh -en ergy  th erm al-  
neutron-capture 7 -r a y s  in 166Ho and iTOTm are so v ery  n o n -sta tis t ic a l.

J . U R B A N E C :  I would lik e  to ask about the energy depehdence of prim ary  
tran sition  p rob ab ilities . It s e e m s  to,; m e that in a proper experim ent the 
tra n sitio n s feeding the final s ta te s  ofi the sam e stru cture m ust be taken  
into account. Indeed, the dependence of the tran sition  probability  on the 
final state stru cture m ay cau se a d istortion  of the probability  dependence 
of the p rim ary tra n sitio n s . Did yoü try  to com pare the tran sition  prob
a b ilit ie s  of prim ary tran sition s w hich are going to final sta te s  of the sam e  
stru cture as two p a rtic le  sta tes  or so?

L. M. BOLLINGER: One of the m ain points I have been trying to make 
is  that the radiation  widths for many: n uclid es do not se em  to depend on the 
ch aracter  of the final sta te . The ev idence for th is is  that the width v a r ies  
sm oothly with 7 -ra y  en ergy  over an energy range that contains sta tes  that 
m ust have quite d ifferent c h a r a c te r is t ic s . A good exam ple of th is  is  the data 
I showed for 167Er (n, 7 )168E r , w here the final sta te s  involved  are known to 
be a sso c ia ted  with at le a st  four d ifferent rotational bands.

R. K. SHELINE: I would lik e  to en large on the com m ent of-D r. Motz.
We have looked in con sid erab le  d eta il at the low -ly in g  le v e ls  in WOTm and 
I6 6H0  both with (d, p) and (n, 7 ) rea ctio n s. We se e  no c a se  in which a le v e l  
populated in the (п ,т ) reaction  is  not a lso  populated in the (d, p) reaction .
In each  c a se  th ese  populated sta te s  are neutron sta te s  s in ce  the (d, p) 
reaction  cannot populate exc ited  proton s ta te s . Yet we know from  the 
detailed  stud ies of D r. Bunker and D r. R eich that the density  of proton  
and neutron sta tes  in the rare  earth  n u cle i is  very  s im ila r  (200-400 keV 
spacing). It is  th erefore v ir tu a lly  in con ceivab le that th ere are no excited  
proton sta tes  in the f ir s t  750-1000 keV of eith er ПОТт or 166Ho which (from  
the point of view  of spin and parity  only) would not be populated in the 
(n, 7 ) reaction . The fact that they are not populated should probably be 
ascrib ed  to a n uclear stru cture effec t. .

L. M. BOLLINGER: As I understand your com m ent and your papers, 
your argum ent that th ere m ust be lo w -en erg y  proton sta tes  in I66H0  and 
ПОТт is  based  en tire ly  on n u c lear-m od el con sid era tion s. Is it not p o ss ib le  
that the proton sta te s  are ra ised  in én ergy  by 100 or 1000 keV? In view  of 
the high d egree to which the reso n a n ce-a v era g e  radiation width is  independent 
of the ch aracter  of the final sta te under m any other c irc u m sta n c es , I 
sim p ly  cannot accept your argum ent that there are  E l tran sition s that 
we do not se e  at a ll b ecau se of some, n u c lea r -stru c tu re  effec t. I w ill  
is su e  a ch allenge — you show m e a lo w -en er g y  proton state and I w ill  
show you a rad iative tran sition  to it!

G. V. DANILYAN: I should lik e  to com m ent on that part of P r o fe s so r
B o llin g er 's  report which tre a ts  of the p artia l radiation width d istrib ution s.
A  few y e a r s  ago we in vestigated  the 7 -ra y  sp ectra  averaged  on a v ery  large  
quantity of reso n a n ces from  the capture of neutrons in n uclei of 10 3Rh,
181Та and 197Au. The r e su lts  w ere so unexpected that we have not published  
them  yet. (The p relim in ary  re su lts  w ere p resen ted  at the Annual N uclear  
S pectroscopy and N uclear Structure M eeting, M oscow , 1966). The neutron  
spectrum  was su ffic ien tly  large  and a v ery  high'num ber of reson an ces
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contributed to the reaction  but n ev er th e less  the fluctuations of p artia l 
radiation widths w ere v ery  great. A ssum ing the P o rter -T h om as d istr ib u 
tion , th ese  fluctuations would correspond  to the contribution in the reaction  
of only th ree-fou r  reson an ces which is  obviously  not the c a s e ..  It is  
im portant to underline that a ll investigated  n u c le i are odd-odd.

W. RUDOLPH: T here are a lso  strong prim ary tran sition s to exc ited  
proton sta te s  in 4®Sc at about 600 keV. T h ese sta te s  are excited  very  
w eakly in the (d,p) but stron gly  in the 47Ti(d,3He)46Sc and in the (n.-y) 
reaction . F urther, in the m a ss  region  A = 40-60  strong m ixing of excited  
proton and neutron sta te s  can be expected .

Short contribution

R .E . CHRIEN (Brookhaven National Laboratory, Upton, N. Y . , USA):
I should lik e to m ake som e ob servation s on the an om alies in the s ta tis t ic a l  
p rop erties o f rad iative widths in slow  neutron capture.

In the usual in terpretation  of the decay of the highly exc ited  sta tes  
form ed  by slow  neutron capture, a s ta tis t ic a l p icture is  adopted. F o llow 
ing the p lau sib le assum ption  that the compound state is  highly com p lex , and 
u s in g ‘the cen tra l lim it th eorem , one is  led  to a G aussian  d istribution  of 
width am plitudes with zero  m ean. A P o rter -T h o m a s or ch i-sq u are  d istr ib u 
tion with one d egree of freedom  is  thereby obtained for the w idths. In th is  
p ictu re, no corre la tion  betw een width am plitudes is  expected .

R ecently , evidence has been accum ulating that th is s im p le  p icture is 
not valid  for a ll n u clid es. I would lik e  to p resen t additional ev idence  
indicating the breakdown of the s ta tis t ic a l assu m p tions, and indicating the 
p resen ce  of sim p le  stru ctu res in the capturing s ta te s . In the reaction  
1 6 9 Tm (n, 7)l70Tm', the Brookhaven F ast Chopper Group have dem onstrated  
a corre la tion  betw een p artia l rad iative w idths and reduced neutron w idths.
In th is recen tly  published w o rk 1 an average corre la tion  coeffic ien t of +0. 2 7 
w as found for 15 final s ta te s  from  8  r e so n a n ces. The p ositive  corre la tion  
in d icates that the 7 -r a y s  tend to be stron ger from  reson an ces with large  
neutron w idths. Taking advantage of an extension  of the Chopper flight 
páth to  48. 87 m e tr e s , and an im proved  d etector geom etry , the Brookhaven  
group have extended th e ir  data to se v e r a l hundred elec tron  v o lts , including  
a large  reson ance at 153 eV, with a reduced  width a lm ost tw ice  as large  
as the la r g est  width in the p rev iou sly  published work. Table A shows 
the 7 -r a y  in te n s itie s , as recorded  with a 10 cm 3  Ge(Li) detector of 8  keV 
reso lu tion , for the 15 final s ta te s  in 1 ,,0 Tm , as recorded  in the 153 eV  
reson an ce . The reson an ce, indeed, show s strong radiative tra n sitio n s .
The sum m ed in ten sity  for th e se  15 lin e s  ex ceed s that on any p rev iou sly  
recorded  reson ance in thulium . The corre la tion  coeffic ien t has been  
ca lcu la ted  for 10 J = 1 reso n a n ces, including the 153 eV reso n a n ces . The 
resu lt is  +0. 26, which con firm s the p rev iou sly  reported  value. Such non
zero  co rre la tio n s have a lso  been estab lish ed  for 182\у(П)-у,)183\у and
“ e w fn ^ S T w .

1 BEER, M ., LONE, M. A ., CHRIEN, R. E ., WASSON, О. A ., BHAT, M. R. , MUETHER, H. R. ,
Phys. Rev. Lett. 20 (1967) 340-343.

г HUGHES, D. J . , PALEVSKY, H ., BOLOTIN, H. H ., CHRIEN, R. E ., Proc. Int. Conf. Nuclear 
Structure (BROMLEY, D. A ., VOGT, E. W ., Eds), Univ. of Toronto Press, Toronto, Ontario, Canada
(1960) 771; CORGE, C ., HUYNH, V .D ., JULIEN, J . , MORGENSTERN, J . , NETTER, F ., J. Phys. Rad. 22
(1961) 722-723! JACKSON, H. E ., Phys. Rev. 134B (1964) 931.



TABLE A. SUMMARY OF Tm DATA.

E0 = 153 eV , F°= 6 .5  MeV
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Er Iy(photons/1000 cap.)

6594 1.86 ± 0.49

6556 1. 02 ± 0. 48

6445 3.39 ± 0. 41

6389 ' < 0. 47

6375 < 0 .4 4

6356 2.61 ± 0.58

6003 4. 04 ± 0. 70

5945 6. 57 ± 0. 75

5911 < 0 .44

5900 < 0. 64

5809 8. 30 ± 0 .79

5736 < 0. 65

5730 3.12 ± 0, 71

5684 0. 85 ± 0. 68

551Ô 1.56 ± 0. 72

C onsiderable in terest in the d istribution of p artia l rad iative widths 
was engendered by ear ly  r e s u lt s 2  on 238U taken with Nal d etec to rs. T hese  
r e su lts  indicated a d istribution  of widths with a re la tiv e  variance much 
sm a lle r  than p o sse s s e d  by the P o rter -T h o m a s d istribution . R ecent data 
of much h igher reso lu tion  are at p resen t availab le , and it is  of in terest  
to re -ex a m in e  238U 7 -r a y s  to se e  if'the departure from  the P orter -T h om as  
distribution is  a re a l effec t. C ontrary to exp ecta tion s, the sm a ll re la tive  
variance is  confirm ed  by the high reso lu tion  data. F igure A shows the 
cum ulative probability  d istribution for 90 p artia l widths (5 reson an ces and 
18 final sta tes) from  2 3 8U. The tran sition s have been n orm alized  to the 
sam e 7 -ray  energy, 4 .0 5 9  MeV, b yfapplying an E3 n orm alization  factor. 
Known E2 and M l tran sition s have been om itted from  the sam p le. The 
m axim um  lik elihood  value of v l ie s  betw een 4 and 5. A detailed  Monte 
Carlo an a lysis  shows that the data is  in con sisten t with v = 1 or 2. C learly  
the (n ,7 ) reaction  m echanism  in 238u is  d ifferent from  1 95pt( whose 
con sisten cy  with the P o rter-T h o m a s d istribution is  w e ll estab lish ed  . 3 

The distribution of p artia l widths for se v e r a l n uclid es is under in v estig a 
tion.

3 JACKSON, H. E. , JULIEN, J. , SAMOUR, C. , BLOCH, A. , LOPATA, C. , MORGENSTERN, J. , 
MANN, H. M ., THOMAS, G .E., Phys. Rev. Lett. 17 (1966) 656.
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FIG.A. Cumulative probability distribution for 90 partial widths from 238U.

Short Contribution

G. A. BARTHOLOMEW (Atom ic E nergy of Canada Ltd, Chalk R iver, 
Ontario, Canada): I should lik e  to introduce a 7 -ra y  effect not w e ll covered
in e a r lie r  ta lks in th is se s s io n . This is  a g ro ss  stru ctu re effec t that has 
been known for many y ea rs  in therm al neutron capture 7 -r a y  sp ec tra  studied  
in the Soviet Union, Canada and e lsew h er e . It has been m ore recen tly  
studied in fast-n eu tron  capture 7 -ra y  sp ectra  by B ergq vist and S tarfelt in 
Sweden and we are cu rren tly  studying the sam e effect using the (d, p7 ) 
reaction  at Chalk R iver. My co lleagu es in the la tter  work are I. B ergq v ist, 
E. D. E a r le , and A. J. F ergu son . 1

The m ain featu res of the effect are as fo llow s:
(1) It is  ob served  in e lem en ts in the m a ss  ranges 110< A< 140 and 

180< A< 208. The effec t is  stron gest in the la tter  region  and, to co n serv e  
tim e , I w ill d iscu ss  only those e lem en ts .

(2) The g ro ss  stru cture is  centred  at ~  5 MeV and appears as a bump 
or peak with width about 1. 5 MeV. The peak rem ains at ~ 5  MeV regard 
l e s s  of the excitation  en ergy  Ex. In fast neutron capture, for exam ple, 
the 5 MeV bump is  ob served  for a ll neutron en er g ie s  up to En = 4 MeV.
In the (d ,p 7 ) experim ent we ob served  the 7 -ra y  sp ectra  in co incidence  
with 240 keV -w ide bands of protons feeding con stru ctive  bands of le v e ls  
from  Ex = 0. 8  MeV up to ~ 1 . 2 MeV above the neutron binding energy. 
Throughout the range, the g r o s s  stru cture bump rem ained  at ~ 5  MeV.

(3) The sp ectrum  shape cannot be reproduced with a s ta t is t ic a l theory  
involving a sm oothly varying le v e l d en sity , E 3  energy dependence, and
a constant, or m onotonically  varying, 7 -r a y  strength  function.

(4) In the p articu lar ca se  of the 1 9 9Hg(n, 7 )20C,Hg reaction  with th erm al 
n eutrons, w here it has been p o ss ib le  to m ake m ultip olarity  assign m en ts  
by polarization  co rre la tio n s , the bump is  known to be at le a st  85% E l  
radiation .

1 BARTHOLOMEW, G. A ., EARLE, E.D ., FERGUSON, A.J. , BERGQVIST ¡ I . ,  Phys. Lett. 24B (1967) 47.
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(5) The radiation is  m ostly  p rim ary , i . e .  em itted  f ir s t  in the 7 -ra y  
cascad e. T h is has been shown for a la rg e  num ber of the bump 7 -r a y s  in 
200Hg by co incidence m ea su rem en ts. One can a lso  m ake an argum ent 
that the bump is  prim ary from  the in ten sity  of the bump ob served  for Ex 
only .400 keV or so  above the bump en ergy . If the bump w ere secondary  
it would have to be p reced ed  by ~ 4 0 0  keV prim ary radiation in th is  c a se , 
which se e m s in con sisten t with the ob served  norm al bump in tensity .

(6 ) The bump does not appear to be a d irect-cap tu re  e ffec t. The 
c r o s s -s e c t io n  is ,  in som e c a s e s ,  an ord er of m agnitude or m ore la r g er  than 
the c r o s s - s e c t io n s  for d irect capture pred icted  by Lane and Lynn. If the 
7 -r a y s  in the bump fed a sp ec ia l group of low -ly in g  le v e ls ,  e . g. p -s ta te s ,
Ey would change with Ex, which is  not ob served .

F igure (i) show s the bump in the sp ectra  of Pt and Ir as ob served  by 
G roshev and co -w o rk er s . T h ese sp ectra  are com pared with the sp ectra  
of higher e lem en ts w hich contain no bum ps.

Щ )  J

FIG.(i). Neutron capture y-ray spectra of 196Pt and182- 194Ir showing gross structure bump at 5.5 MeV. 
From GROSHEV. L .V ., e t a l . ,  Nucl. Phys. 16 (1960) 645.

F igu re (ii) contains th erm al neutron capture 7 - ray sp ec tra  from  the 
180 < A <  208 reg ion  sm oothed to rem ove a ll but the m ajor g r o s s  stru ctu re  
fea tu res. T h is figure show s c le a r ly  how the bump d im in ish es as one 
p roceed s away from  the c lo sed  sh e ll .
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FIG. (ii). Gross spectral distributions from a Nal detector of gamma rays from the (n, y) reaction with thermal 
neutrons. The ordinates, in units of counts per channel times channel energy, are normalized at 3 MeV.

E ,Pu lse  Height, MeV

FIG.(iii). AsinFig.(ii) but for fast neutron capture in Au at neuuon energies shown. From LUNDBERG, B., 
STARFELT, N.. Nucl.Phys. 67 (1965) 321.

Figure (iii) shows the y -r a y  spectrum  follow ing fast-n eu tron  capture  
in gold as ob served  with a Nal detector by B ergq vist and S tarfelt. The 
bump is  c lea r ly  evident at the sam e energy for En = 1 .0  and 3. 2 MeV.

F igu re (iv) contains sp ectra  from  our recent (d,py) r e su lts  sm oothed  
to rem ove a ll but the g ro ss  structure fea tu res. The sp ectra  w ere obtained
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FIG.(iv). G a m m a  rays from the (d, py) reaction at excitation energy equal to the neutron binding in the 
product nucleus. Ordinates as in Fig.(ii).

at an excitation  energy near the neutron binding energy . S im ilar curves  
w ere obtained at other excitation  en er g ie s .

As a p o ssib le  explanation, we su ggest that the incom ing neutron  
e x c ite s  a neutron p a r t ic le -h o le  configuration of the type f_1 g, p'-'-d, p"1 s, 
e tc . The subsequent E l decay then com p etes with other p r o c e s s e s  open 
to th is "doorw'ay state" . At h igher exc ita tion s the p a r tic le -h o le  m ay be 
coupled to other p a rtic le  exc ita tion s form ing, for exam p le, two p a r tic le -  
two hole configurations in the product n ucleu s, or it m ight be coupled  
to a co llec tiv e  exc ita tion . The spacing betw een sh e lls  of opposite parity  
differing by 1 unit is  just about 5 MeV near Pb. One could a lso  have sp in- 
flip  M l neutron tra n sitio n s , Í1 3 /2  to i i i / 2 , for which the sp litting  is  a lso  
about 5 MeV, and a lso  proton p a r tic le -h o le  exc ita tion s.

This p icture req u ires that som e o f the E l strength  rem ain  at 5 MeV and 
is  not pushed up into the giant dipole reson an ce . In 197Au (n, у)!98ди the 
spectrum  shape can be accounted for by assu m ing a strength  function with 
a 'resonance' at 5 MeV with 2% of the giant dipole strength  (as shown by 
S ta r fe lt2). From  the su c c e s s iv e  sp ec tra  of our (d, py) exp erim en t in Au 
one can deduce, assu m ing a certa in  le v e l d istribution , a strength  function  
with a 5 MeV reson an ce s im ila r  to that obtained by tr ia l-a n d -e r r o r  fitting  
by S tarfelt.

We have tr ied  recen tly  to ex c ite  individual le v e ls  g iv ing r is e  to the 
bump in 2 0 брь (d, p7 )207Pb but low  in tensity  in the experim ent has so far  
defeated  th ese  attem pts.

г STARFELT, N ., Nucl. Phys., 53 (1964) 397.
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STRENGTH FUNCTIONS AT EXCITATION NEAR 
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Abstract — Аннотация

DENSITIES OF NUCLEAR LEVELS AND STRENGTH FUNCTIONS AT EXCITATION NEAR THE NEUTRON 
BINDING ENERGY. A review is given of some recent work on neutron spectroscopy of non-fissionable nuclei, 
performed on the pulsed reactor, Dubna.

Neutron transmission and radiative capture were measured for separated isotopes of rare earths “  
neodymium, gadolinium and erbium -  and for isotopes of germanium and selenium. Parameters of the 
considerable number of levels of these isotopes were obtained, by which strength functions, average level 
spacings, and single-particle state density near the Fermi energy were calculated.

Strength functions of rare earths have a weak maximum at A “  160, in addition to two main peaks at 
A ~ 145 and A «  180 associated with nuclear deformation in this mass number region. Strength functions of 
germanium and selenium isotopes are in satisfactory agreement with the calculations from the optical model, 
which take into account nuclear dynamic deformation.

The detailed experimental data on nuclear level density in the rare earth region made it possible to 
determine reliably a peak of the density g of single-particle states near the Fermi level at A =* 150. As was 
shown by the calculations of Furman and Popov, the experimental results are in satisfactory agreement with 
theoretical g shell(^) calculated from single-particle level schemes in the deformed well.

Level spacings versus neutron excess in a nucleus (N - Z) in the region of light nuclei are discussed and 
comparison is made with the experimental data.

ПЛОТНОСТИ УРОВНЕЙ И СИЛОВЫЕ ФУНКЦИИ ЯД ЕР ВБЛИЗИ ЭН ЕРГИИ СВЯЗИ 
НЕЙ ТРО Н А . Д ается обзор работ по нейтронной спектроскопии неделящихся ядер, выпол
ненных в последнее врем я на импульсном реакторе ОИЯИ. И змерения пропускания и р а 
диационного зах в ата  нейтронов были проведены для разделенны х изотопов редкоземельны х 
элем ентов неодима, гадолиния и эрбия, а такж е для изотопов германия и с елен а .  Полу
чены  парам етры  значительного числа уровней этих изотопов, по которым рассчитаны  си 
ловые функции, средние расстояния между уровнями, плотность одночастичных состояний 
вблизи энергии Ф ерми. Силовые функции редкозем ельны х элем ентов имеют слабо вы ра
женный максимум  при А -  16ty помимо двух основныхпиков при А-145 и А -180 , связанны х с деф ор
мацией ядер в этой области м ассовы х ч и с е л . Силовые функции изотопов германия и с е л е 
на удовлетворительно согласую тся с расчетам и по оптической модели, в которых учиты ва
ется  динамическая деформация яд ер . Подробные эксперим ентальны е данные о плотности 
уровней ядер в области редкозем ельны х элем ентов поволили надежно проследить пик плот
ности g одночастичных состояний вблизи поверхности Ферми при А -1 5 0 . Как показали р а с 
четы Попова и Ф урмана, эксперим ентальны е р езультаты  удовлетворительно согласую тся 
с теоретически  полученной g06on(N), вычисленной из схем  одночастичных уровней в деф орм и
рованной я м е . О бсуж дается зависим ость  плотности уровней от избы тка нейтронов в ядре 
(N — Z) в области легки х  ядер и проводится сравнение с экспериментальны ми данны м и.

INTRODUCTION

Neutron sp ectroscop y  is  one of the o ld est branches of n uclear stud ies; 
how ever, the subject is  far from  being exhausted and in ten sive  develop 
m ent work is  continuing. T his developm ent is  on the follow ing lin es :  im 
proving sp ec tro m eter  en ergy  reso lu tio n , refin ing detection  apparatus, and 
u sing  enriched  iso to p es as sa m p les.

349
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N uclear inform ation obtained by neutron sp ectroscop y  m ethods co m 
p r ise s  such data as strength functions (p rim arily  for S-w ave neutrons), 
le v e l  density and average radiation width. The high reso lu tion  of the p resen t-  
day sp ec tro m eters perm its p aram eters to be obtained of up to hundreds of 
le v e ls  for an individual isotope.. H ence, the detailed  in vestigation  of d is tr i
butions of widths and le v e l sp acin gs b ecom es p o ssib le . „

In th is paper I review  som e recent work on the neutron sp ectroscop y  
of n on -fission ab le  n uclei, perform ed in the L aboratory of Neutron P h y sics

The m icrotron , which provided a short burst of b rem sstrah lu ng, made 
it  p o ssib le  to im prove the neutron sp ectrom eter  reso lu tion  con sid erab ly  [ 1] . 
At p resen t, the sp ectrom eter has the follow ing ch a ra c ter istic s:  e lectron  
pulse duration: 1. 5-2 ,us; neutron m ultiplying constant for the reactor:
200; in tegra l neutron output: (3-4) X 1013 n eu tr o n s/s , neutron pulse h a lf
width: 3 jus. Work was recen tly  carried  out at a reso lu tion  of up to 3 n s /m  
for tra n sm iss io n  and 12 n s /m  for radiative capture.

A liquid m ethyl borate sc in tilla tion  d etector with an area of 800 c m 2 
analogous to that d escrib ed  e a r lie r  [2] was used . R adiative capture was 
m easu red  by a liquid sc in tilla tion  d etector, which con sisted  of two tanks 
with a total volum e of about 500 litr e s  [3] .

The L aboratory M easuring Centre co m p rises  4096-channel tim e ana
ly s e r s ,  u sed  in the m easu rem en ts. The data from  the a n a ly sers w ere con 
veyed  to a com puter for subsequent treatm ent.

F or the tra n sm issio n  data p ro cessin g  we applied the area m ethod, and 
in a num ber of c a se s  the form  m ethod w as used [4] .

F or the rad iative capture data p ro cessin g  the follow ing relation  was 
u sed  [5]:

w here is  the-sum  of counts under a reson an ce, П(Е) the num ber ofi
neutrons im pinging on the total sam ple area  during the m easu rem ent, ê , 
the. detection  effic ien cy  for a radiative capture event, Г , Г the radiation

and total le v e l widths, and A- [1 - exp(- n o ,)] dE a function of the sam ple

th ick n ess and le v e l p aram eters, having the m eaning of the area of the dip 
in the tra n sm issio n  curve.

E xp ression  (1) a llow s Г and Гп to be deduced from  the experim ental 
value of С according to the relation  between them . It m ay be illu stra ted  
m ost c lea r ly  for the ca se  of a thin sam ple. It m ay then be w ritten  in

w here X is  the neutron wave length at the reson ance energy and g the 
s ta tis t ic a l factor.

As is  e a s ily  seen , for Гп »  Г̂ ,, С is  determ ined  by the product gFy , 
and for Гп «  Г , С depends only on grn. In the in term ediate c a se , С is  
a function of both w idths. T h ese prop erties vary sligh tly  for the m ore  
gen era l ex p ressio n  (1). Thus, the rad iative capture m easu rem en ts p er-

at JINR.

(1)

the form

(2)
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m it Гу to be obtained for reson an ces with a large  neutron width, Гп for 
Гп «  Гу and in the in term ed iate ca se  they com plem ent con sid erab ly  the 
data obtained in tra n sm iss io n  m ea su rem en ts. In a num ber of c a se s  le v e l  
sp ins can be determ ined .

Neutron c r o s s - s e c t io n  m easu rem en ts w ere perform ed  recen tly  in 
JINR for two groups of n uclei: rare  earths and n uclei of m a ss  num ber 
A = 70 to A = 80. In a ll the c a s e s ,  enriched  iso top es w ere used  as sa m p les. •

Rare earths with even Z have a large  num ber of iso top es in natural 
m ixture and th eir  in vestigation  is  im p o ssib le  until separated  iso top es are  
ava ilab le . The data on th ese  n uclei w ere very  sc a r c e . Only quite recen tly  
the r e su lts  of m easu rem en ts by the Brookhaven [6] and Kiev [7] groups 
w ere reported , but they w ere obtained with w o rse  reso lu tion  than in JINR.

The data on germ anium  and se len iu m  iso top es w ere  a lso  rath er m odest. 
They co n sis t  p rim arily  in the r e su lts  of Good et a l. [8] and a lso  the data 
of the Saclay [9] and Argonne [10] groups for se len iu m  in a rather narrow , 
energy range.

The m ain r e su lts  obtained in JINR are d iscu ssed  below .

RARE EARTHS

The f ir s t  m easu rem en ts of r a r e -ea r th  c r o s s - s e c t io n s  w ere perform ed  
on the pulsed reactor with praseodym ium , terbium  and ytterbium  as the 
n u clei in vestigated  [11, 12] . Ilolm ium  [4] and erbium , neodym ium  and 
gadolinium  iso top es [13, 14, 15] w ere in vestigated  after the recon stru ction  
of the sp ectrom eter  and the tran sition  to work under m icro tro n -rea cto r  
con d itions. T r a n sm issio n  and rad iative capture m easu rem en ts w ere made 
for a ll of them . As a r e su lt, the p aram eters of a con sid erab le  num ber of 
le v e ls  w ere obtained for the in vestigated  iso to p es , from  which the averaged  
ch a r a c te r is tic s  su m m arized  in Table I w ere then ca lcu la ted . H ere the 
energy region  indicated the neutron energy range, which contains the in 
v estig a ted  le v e ls ,  Dobs is  the ob served  average le v e l  sp acin g , S0 the strengtt 
function for S -n eu tron s, Г̂  the average radiation width and a the s in g le 
p artic le  state d en sity  p aram eter near the F erm i le v e l.

A com p arison  of the data from  Table I with recen t re su lts  [6, 7] points 
to sa tis fa c to ry  agreem en t betw een them .

B etter  reso lu tion  of the JINR sp ec tro m eter  m ade it p o ss ib le  to m easu re  
reson an ce p aram eters in a w ider neutron energy reg ion . T h is, in p articu lar , 
perm itted  an explanation of the d iscrep an cy  in va lu es of S0, deduced from  
the reson ance p aram eters and averaged  c r o s s - s e c t io n s  for 1ИЕг given  in 
Ref. [6] . The h igher value of S0 found by the reson ance p aram eters is  due 
to som e stron g le v e ls ,  p r im arily  the stron g 26 eV le v e l,  which appreciably  
affect the strength  function taken in a sm all en erev  range.

F igu re 1 p resen ts  the exp erim en tal data on the strength  functions for 
S-neutrons in the ra r e -e a r th  region . The m axim um  at A -  145 is  evident.
The second  peak at A = 180 is  l e s s  d istin ct. In addition, at A -  165 a 
w eak lo c a l m axim um  is  ob served , which w as noticed  in R ef. [13] .

The sp littin g  of the peak of the strength  function in the r a r e -ea r th  region  
due to n uclear deform ation  w as ca lcu lated  from  the op tica l m odel in .R efs [16, 
17] . M ore recen t ca lcu la tion s by Jain [28] , the r e su lts  of w hich are  p re 
sented  as a curve in Fig. 1, fit w e ll the exp erim en ta l data in the region  of 
m axim a. H ow ever, near A = 160 the curve is  m arked ly  below  the exp eri-
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T A B L E  I. A V E R A G E  P A R A M E T E R S  O F  R A R E - E A R T H  N U C L E I

Target
nucleus

Energy
region
(keV)

^obs
(eV) s0(io"4) Fy

(meV)
a

( M e V 1)

142 Nd 0 - 10 1000 ± 250
- 0 .5

- 18.5 ±0.5

143 Nd 0 - 1 39 ± 6 4. 3 ± 1.4 76 ± 11 17.7 ±0.3

144 Nd 0 - 14 520 ± 70 78 ± 12 19.4 ± 0.4

145 Nd 0 - 1 19 ± 3 3 ± 0.7 58 ± 8 20.3 ±0.4

146 Nd 0 - 7 310 ± 43 + 3.2 
4-6 - i .6 55 ± 8 24.4 ± 0.5

148 Nd 0 - 9 200 ± 23
- : î : ï

96 ± 14 26.9 ±0.5

150 Nd 0 - 4 230 ± 28
- : o ! e

84 ± 12 27.4 ±0.5

I52Gd 0 - 0.23 15 è 2 л + 2.6 4.0
-1.5

57 ± 15 25.3 ± 0.4

154 Gd 0 - 0.23 15.5 ±2.3 2 .1 + 1 ' 5 - 0.7
63 ± 15 25.2 ± 0.4

155 Gd 0 - 0.18 1.8 ± 0.3 2.10 ± 0.35 100 ± 10 22.6 ± 0.4

156 Gd 0 - 1.2 47 ± 4 1 .6 + ° ' 8 
- 0.5

82 ± 12 22.8 ±0.3

157Gd 0 - 0 . 3 5.6 ± 0.7 2.16 ± 0.45 86 ± 10 21.6 ± 0.3

158Gd 0 - 2 85 ± 9 + 0.7 
1 .4  ft - 0.4 89 ± 13 22.2 ± 0.4

160 Gd 0 - 2.5 170 ± 21 + 1.72.7 -0.9 98 ± 15 22.1 ± 0.4

165Ho 0 - 0 . 5 5.5 ±0.5 1.9 ± 0.3 73 ± 3 20.8 ± 0.2

1MEr 0 - 0.6 23 ± 4 + 0.9 
U - 0 . 4 - 22.4 ± 0.4
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T A B L E  I ( c o n t .  )

Target
nucleus

Energy
region
(keV)

Dobs
(eV)

S0(l< r4) ГУ
(meV)

a
(MeV' l)

w  Et 0 - 1.4 52.± 7
+ 0.9 

1- B - 0 .4
87 ± 13 21.1 ± 0.4

167Er 0 - 0.32 4 .6  ± 0.7 ■ 1.8 ± 0.4 92 ± 3 20.0 ± 0.4

168 Er 0 - 1.5 110 ± 16 , + 1.0 
^ - О . б

81 ± 10 21.2 ± 0.4

170 Er 0 - 3 170 ± 24
+ 0. 8 

U . 0 . 5 - 21.3 ± 0.4

m ental points. E lagin  et a l. [18] noticed  that taking into account the spin- 
orb ita l in teraction  for the n uclei with sta tic  deform ation r e su lts  in addi- ■ 
tional sp litting of the strength  function and the appearance of a weak m axi
mum in the reg ion  A -  160. If th is b rings about an ap preciable in crea se  of 
the strength  function, the th eo re tica l curve w ill fit the strength  function in 
the ra r e-ea r th  region  w ell enough (within exp erim en tal accuracy). It should

FIG.1. The strength function S0 for S-neutrons in the region 130 < A < 200. i - the datia of JINR, 
i  - the data of others. The curve has been calculated from the optical model (rotational model with 
surface absorption) by Jain [28] .
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be noted h ere that the accu racy  of the exp erim en ta l value of So ca lcu lated  by 
individual le v e ls  is  estim ated  in d ifferent w ays by d ifferent authors. In our 
opinion, the m ost r igorou s approach is  g iven  in R efs [19 ,20 ] . Though the 
frequently used  ex p ressio n  AS0/S 0 = (2. 5 /n )1/ 2 , w here n is  the num ber of 
le v e ls  used  to obtain the strength  function, takes into account neutron width 
and le v e l spacing d istr ib u tion s, it does not fit  the ca se  of a sm a ll number 
of le v e ls  (n < 10) and g iv e s  an appreciable underestim ation  of the erro r . 
T h erefore it is  d esira b le  that the m ethods p resen ted  in R efs [19, 20] be used  
in the exp erim en tal data p ro cessin g .

L et us con sid er the n uclear le v e l d en sity  at excitation  of the o rd er of 
the neutron binding energy. T his is  u su ally  d escrib ed  in the fram ew ork  
of the F erm i gas' m odel by the Bethe form ula:

2 J + 1
P(U' J) = 24 Л  a1/4U 5/4a 3 6XP

„  i 7 7  J ( J + 1 )

2 " 2a2 ( 3 )

w here U is  the excitation  en ergy  corrected  for the nucleon pairing effect  
and a the s in g le -p a r tic le  sta te  d en sity  p aram eter near the F erm i le v e l.

A sp in  cu t-o fi factor a is  determ ined  by the relation sh ip

a 2 = -^ < m ¡> (a U )l/2 (4)7Г J
w here \:m^ is  the average square of the projection  of the total angular  
m om entum  for the sta tes  around the F er m i le v e l .  )> = KA2/,S is  a
sa tis fa c to ry  approxim ation for it. The value of the constant К is  usually  
taken as 0. 146 [21] , how ever in Ref. [ 22] it is  indicated that the value
0 .2 4  is  m ore exact. Neutron c r o s s - s e c t io n  m easu rem en ts perm it the le v e l  
d en sity  to be obtained for a la rg e  num ber of n uclei and the p aram eter a to 
be ca lcu lated  using ex p re ss io n s  (3) and (4). F igu re 2 g iv es the exp erim en ta l 
va lu es of a calcu lated  in th is way. The data obtained in JINR [4, 13-15] are  
m arked with c r o s s e s ,  the r e s t  is  borrow ed from  the tab les in Ref. [ 22] . In 
F ig . 2, in addition to the known stru cture a sso c ia ted  with m agic n uclei,

+
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FIG.2. The experimental data on the parameter a . + the data of JINR, * the data from Ref. [22].
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attention is  a ttracted  to the peak at A  ̂ 150. A sa tis fa c to ry  in terpretation  
of a v e r su s  A w as f ir s t  g iven  by Newton [23] , assu m in g  that

a = 2a (jz + j N + 1) A2/ 3 (5)

jz and jN being the averages of p roton ,and neutron m om enta for the sta te s  
near the F erm i le v e l, and a = const.

A s a re su lt o f ca lcu lating  j z and jN the va lu es of a w ere obtained, - which  
reproduced a regu lar cou rse of a and the p resen ce  of m inim a for m agic  
n uclei.

In Ref. [22] the exp erim en ta l dependence of a on the neutron num ber N 
w as com pared with the value a shell (N) = (7r2/ 6) g sheii (N) calcu lated  by 
Strutinsky [24] (g shell is  the sh e ll le v e l density  near the F erm i le v e l) .

In the range N = 20 to 150 there is  a gen era l co rre la tio n  between theory  
and experim ent. H ow ever, a peak around N = 90, determ ined  d efin ite ly  in

FIG.3. The density g of single-particle states near the Fermi level as a function of the neutron number N. 
The solid lines connect the experimental points for isotope groups of an element. The dashed lines represent 
the theoretical values of gs|je ij for isotope groups.

JINR in vestigation s [14, 15] , is  not d iscu ssed  in R ef. [22] . The influence of 
the nuclear sh e ll stru cture on the le v e l d en sity  for iso top e groups in the 
indicated m a ss num ber region  was con sid ered  by Furm an and Popov [30] .
In F ig . 3 the va lu es of g shell(N) for the isotope groups are rep resen ted  by 
dashed lin e s , calcu lated  from  the s in g le -p a r tic le  le v e l sch em es in the de
form ed hole with diffused edge, obtained in JINR [29] . The so lid  lin e  c o r 
responds to the va lu es of g exp for the isotope groups. As can be seen , g shen 
reproduces sa tis fa c to r ily  the behaviour of gexp> in p articu lar the p resen ce  
and position  of the peak at N = 90, though the quantitative d isagreem en t is  
con sid erab le . As is  seen  from  F ig .3 ,  the exp erim en ta l points are alw ays 
above the calcu lated  on es. It m ay be said  roughly that a r is e  of g(N) in 
the in term ediate region  A i .  155 is  determ ined  by the in cr ea se  of g sheii due 
to the m ixing of su b sh ells  at sm a ll deform ations (¿3 -  A '2/ 3). A drop of 
gsheii and its  further trend are determ ined by the tran sition  to grea ter  d e
form ations (P ~ A"1/ 3) resu lting  in rarefica tion s in the le v e l sch em es for 
the m iddle of the neutron sh ell.

As to the a in form ula (3) it should be noted that if one u ses  exp ression
(4), the va lu es obtained for <j for the ra r e-ea r th  n uclei are about 7. This 
d isa g rees very  much with the exp erim en tal va lu es obtained in R efs [6, 12] ,
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w here a was c lo se  to 2 .8 .  The reason  for such a d iscrep an cy  is  not c lea r .
It m ay be due to the fact that a m ay be derived  from  the experim ent only 
under som e assum ptions about a. In p articu lar , in R efs [6 ,1 2 ] the va lu es  
of a w ere assu m ed  to be the sam e for the investigated  n uclei in ord er to find 
the p aram eter a from  E q .(3) by leaving  it only in the exponent, and in the 
term  b efore the exponent rep lacin g  it accord in g to Eq. (4). In so  doing, it 
should be borne in mind that in the exponent 2 -j aU »  J(J+ 1 ) / 2cr2, so that 
a d ecr ea se  of a or U by 10% com p en sates for the in cr ea se  of a from  3 to  
in fin ity.

GERMANIUM AND SELENIUM

The r e su lts  of in vestigatin g  all stab le iso top es of germ anium  and se len iu m  
are given  in R efs [25 ,26 ] . T ra n sm issio n  and rad iative capture m ea su re 
m en ts perm itted  p aram eters to be obtained for about 200 le v e ls  for a ll the 
iso to p e s , on which Table II was based , giv ing the average p aram eters of 
the in vestigated  iso to p es. The sym bols h ere are the sam e as in Table I.

TABLE II. AVERAGE PARAMETERS OF GERMANIUM AND 
SELENIUM NUCLEI

Target
nucleus

Energy
region
(keV)

^obs
(eV)

о
 i—iCO

(meV)
a

(M eV'1)

70 Ge 0 - 30 1330 ± 210
+ 1.0

2,3 - 0.9
162 ± 25 11.9 ± 0.3

n  Ce 0 - 30 1550 ± 270 i . o + 0 -6
- 0.4

160 ± 25 13.4 ± 0 .4

73 Ge 0 - 9 62 ± 7 ■ + 0.7 2.0 *- 0.6
197 ± 29 13.2 ± 0.3

74Ge 0 - 30 3900 ± 770 195 ± 40 13.0 ± 0.6

76Ge 0 - 30 4200 ± 835
+ 2.1 
- 1.0 120 ± 25 14.2 ± 0 .7

74 Se 0 - 7 370 ± 70 л + 3 
*6 - 0.9

290 ± 50 14.1 ± 0„ 5

' ,6Se 0 - 13 700 ± 150 1.7 + 1Л  - 0 .5 230 ± 40 ' 14.3 ± 0 .4

77 Se 0 - 4 120 ± 20

+ 1.6
1 = 0 ^ - O . S  

+ 0.6
J = 1 1,1 - 0. 3

390 ± 70 14,1 ± 0.3

78 Se 0 - 20 1000 ± 270
+ 1.3 

1,9 - 0.5
220 ± 45 14.0 ± 0 .5

80 Se 0 - 23 1200 ± 380 S. o * \- 0.7 220 ± 50 14.7 ± 0.7
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The va lu es of the strength  function for a ll the germ anium  and selen iu m  
iso to p es do not d iffer v ery  m uch, as is  seen  from  F ig . 4 , and g ive s a t is 
factory  agreem en t with the th eoretica l curve obtained by Buck and P erey  
from  the op tica l m odel taking n uclear dynam ic deform ation into account[27] . 
Attention should be drawn to the va lu es of the strength  function of 11 Se for  
d ifferent sp ins J. In R ef. [9] , w here the le v e l p aram eters in the energy  
range up to 1 .5  keV w ere  m easu red , it w as concluded that the strength  func
tion  of 71 Se for J = 0 is  7 t im es as large as S0 for J = 1. In R ef. [26] the 
en ergy  range over which the strength  function was ca lcu lated  w as widened  
to 4 keV, the va lu es of J being obtained for a ll the strong le v e ls  from  the 
m easu rem en ts of the rad iative capture c r o s s - s e c t io n . In so  doing, the 
radiation widths w ere assu m ed  to be the sam e for the le v e ls  of both sp ins; 
th is  w as in agreem en t with the spin  va lu es obtained in R efs [9 , 10] . As a 
resu lt, the va lu es of Sq w ere found for both sp ins; and the d ifferen ce between  
them  did not exceed  the er ro r . Thus the d ifferen ce betw een So (observed  
in Ref. [9] ) for two spin  s ta te s  w as not confirm ed , but w as a resu lt of f lu c
tuation in neutron width d istributions due to the sm a ll num ber of in vestigated  
le v e ls .  During rad iative capture m easu rem en ts a large  num ber of le v e ls  
w as d iscovered , the neutron w idths o f which accounted for 10'2 to 10'3 of 
the average width for a given  iso top e. The estim ation s showed that this  
a g re es  with the expected  widths of P -w ave reson an ces in th is region . In
th is connection such reson an ces w ere  

given  in Table II. For
term in ed  for the m ixture of two spin  s ta te s .

not taken into account in the calcu lations  
the iso top es with odd A, Dobs w as de-

FIG.4. The strength function S0 for S-neutrons in the region 40 < A < 90. i - the data of JINR,
$ - the data of other authors. The curve is the calculation from the optical model, taking nuclear 
dynamic deformation into account, by Buck and Perey [27].
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The found average le v e l sp acin gs perm itted  the va lu es of the p aram eter a 
to be determ ined from  ex p ressio n s (3) and (4). In the region  of m a ss num bers 
from  70 to 80 the behaviour of a v ersu s A has a sm ooth ch aracter.

It se e m s of in te re st to con sid er one m ore dependence of the param eter  
a, which was indicated by M alishev et al. [31] . They found that a depends 
on the d ifferen ce N-Z and th is dependence m ay be exp ressed  by the s e m i
em p iric  form ula for the coeffic ien t a entering E q .(5):

7Г A cos
2 0  x  i t ( A - A o ) 20 Г1 + .7 ( А - А й)] 2

H ere a 0 = 0 .0 3 8 0 , 3 = 0 .0 1 2 5 , 7  = { e .v V iO -^ a t  А й 80, A ° = 8 0 - This
dependence r e su lts  in the m odulation of the p aram eter a so that in the 
region  A < 60 the points rep resen tin g  the behaviour of a /A 2/i3 v er su s  A 
are h igher with g rea ter  va lu es of N-Z and in the region  80 > A > 60 the 
effect changes its  sign .

F igu re 5 g iv e s  the experim ental points for the region  with A between  
40 and 80. The spread  of the points is  too great to speak of an exp lic it  
dependence, although a tendency to the above-m entioned  d istribution  of 
points m ay be ob served .

In con clusion , it m ay be noted that although the exp erim en ta l data on 
strength  functions a re , in gen era l, fitted  sa tis fa c to r ily  by the op tica l m odel 
theory, further p ro g ress  is  required both in experim ent and in theory . In 
exp erim en ta l in vestigation s it is  e s se n tia l not only to in cr ea se  the accu racy , 
but a lso  to obtain the va lu es of the strength  functions in a w ider en ergy  range. 
This is  of in te re st from  the viewpoint of the doorway sta te concept, and 
a lso  to c la r ify  the question  a s  to w hether the strong fluctuations in strength  
functions, observed  for a num ber of n uclei ( 53Cr [32] , 76Ge [25] and som e

ом L______ _______ ______  .
Ц0 50 60 70 Д

FIG.5. The expetimentalivalues of a / A2 ̂  in the region 40 < A < 80. * is the data of JINR, > is the 
data of others. The numerals are the values of N-Z for a compound nucleus.
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o th ers), are acc id en ta l. In addition, the problem  of the spin  dependence of 
strength  functions is  not quite c lea r .

The op tica l m odel does not fit su ffic ien tly  w ell the exp erim en ta l data in 
the region  of m a s s  num bers from  100 to 120 and from  155 to 170.

A s regard s le v e l den sity , recen t th eoretica l papers have sa tis fa c to r ily  
reproduced the m ain p ecu lia r itie s  o f a v er su s  A obtained in experim ent, 
although quantitative agreem en t is  not yet su ffic ien t.

The quantity a rem ains to be studied both th eo re tica lly  and exp erim en ta lly ..
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D I S C U S S I O N

R. L. HAHN: S evera l papers have appeared in the litera tu re  over the 
la s t  few y ea rs  in which the exp erim en ta l variation  of the le v e l density  
p aram eter ' a 1 (p (U) ~  exp -J aU) with m a ss  num ber A has been analysed . The 
r e su lts  in gen eral have shown that 1 a' v a r ie s  in a lin ea r  way with A, as 
is  expected  for the degenerate F erm i gas. Could you d iscu ss  th is con
clu sion  s in ce  you take 'a' to be proportional to A2 /3 in your an alysis?

L. B. PIKELNER: In the evaluation of the p aram eter ' a 1 from  the 
exp erim en ta l data we did not u se  its  dependence on A. As far as co m 
p arison  with theory is  concerned , it se e m s to m e that the proportionality  
of a to A2/ 3, which has been taken in the work of Newton and som e m ore  
recen t work, does not need to be changed on the b a s is  of exp erim en tal data.

P . DECOWSKI: I should lik e  to m ake a rem ark  about the cr2 valu e. It 
is  known that the pairing corre la tion s play a very  im portant ro le  which can  
be seen  in the d ecrea se  of the cr param eter in the excitation  energy range 
low er than c r it ica l energy, i. e . ~ 1 5  MeV for m edium  and heavy n uclei.
T h is fact can explain the d isagreem en t betw een exp erim en tal a2 va lu es and 
those pred icted  on the b a sis  of the F erm i gas m odel.

A. V. IGNÀTYUK: F or exp erim en ta l data p ro ce ss in g  by the excited  
sta te density  in order to p a ss  to the le v e l density  p aram eter ' a' it is  
n e c e ssa r y  to introduce the e ffec tiv e  excitation  energy Ueff = U - 6. T h eo reti
ca l ca lcu la tion s of the condensation energy, taking into account pairing  
co rre la tio n s , g ive a value which in the m ajority  of c a se s  greatly  ex ceed s the 
exp erim en ta l value of 6. When U eff is  taken into account m ore accurately , 
th is greatly  a ffects the va lu es of the p aram eter 1 a ' , and the dependence 
a(U) obtained from  the ca lcu la tion s for low  excitation  en erg ie s  m ay  appear 
to be con sid erab le due to the d ecr ea se  of Ueff to se v e r a l MeV in the ca se  
of neutron reson an ces. T h erefore , the d irect study of the le v e l sp acin g D 
se e m s  to be m ore to the purpose at p resen t than the study of ' a 1 .

М. V. PASECHNIK: My com m ent is  on the le v e l density  in c lo se  binding 
energy exc ita tion s. The data on the le v e l d en sity  obtained in neutron tr a n s 
m iss io n  exp erim en ts provide valuable in form ation about the p rop erties of 
s in g le -p a r t ic le  le v e ls  (degree of. degen eracy , le v e l spacing, population, 
etc . ). It w as in terestin g  to study the variation  of le v e l d en sity  at the sam e  
excitation  en ergy  for a la rg e  number of iso to p es , p articu lar ly  for sligh tly  
distributed  iso to p es for which data w ere not ava ilab le .

In our lab oratory data have been obtained on 152> 154Cd, 156> 158’ 160 Dy,
1 6 2 , 164, 166  - 1 6 8  E r and 130, i32Ba le v e ls  in the energy reg ion  of 0-100  eV  

with a reso lu tion  of 50 n s /m . U sing our data and that published in the 
litera tu re  from  Dubna, the Kurchatov Institute and other la b o ra to r ies , we 
calcu lated  the le v e l  sp acin g (Dre(jJ re ferr in g  to the sam e excitation  energy  
(U = 6 MeV). F igu re A show s the dependence of D ^  on the neutron num ber. 
It has been estab lish ed  that:

(1 ) D retj_ in c r e a se s  in the v ic in ity  of the neutron number to m agic  
n um bers.

(2) The m inim a of D ,.^  are at neutron num bers N ~ 9 0  and N ~  115.
(3) T here is  con sid erab le d isagreem en t betw een the ca lcu lated  and 

exp erim en ta l data for 130Ba (20 and 140 eV).
It se e m s to u s that the iso top ic  dependence of Dje^ is  m ore sign ifican t for  
the stru ctu re effec ts  than the constant a, e sp e c ia lly  in the report. We are  
continuing to work on the iso top ic  dependence of D red_ .
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Short Contribution

C. SAMOUR (Centre d' études n u c léa ires  de Saclay, F ran ce): The 
im provem ents m ade in exp erim en ta l apparatus at Saclay have allow ed  
detailed  exam ination of reson an ce neutron capture gam m a-ray  sp ectra . 
T im e -o f-flig h t exp erim en ts w ere perform ed  at the 2 kW Saclay Linac with 
two flight paths: 29 m (for which the reso lu tion  w as 30 n s /m  at 100 eV  
and 10 n s /m  at 700 eV); and 15 m (60 n s /m  at 100 eV ). The gam m a-rays  
w ere d etected  in an 8 c m 3 Ge(Li) d etector with a reso lu tion  of 15 keV at 
7 MeV. Spectra w ere record ed  with a 24-d ig it tw o-p aram eter ta p e-reco rd in g  
sy stem .

The d istribution  of p artia l radiation  widths was d eterm ined  in the fr a m e 
work of the P o rter -T h o m a s d escr ip tion . Such a d istribution  is  given by the 
X2-d istr ib u tio n  for v d eg rees of freed om . The v p aram eter m ay be in te r 
preted  as the reaction  channel num ber. Then the d istribution  of Ту.,  which  
corresp ond s to only one ex it channel, should be exp ected  to have v = 1.
The 196p t compound nucleus is  a very  favourable c a se  for such a study: 
a large num ber of 1“ reso n a n ces are availab le (22 reso n a n ces betw een  10 
and 700 eV) and th ere  are th ree d istin ct in ten se E l  tran sition s to the ground  
sta te and the two f ir s t  exc ited  s ta te s , g iving an exp erim en ta l sam ple of 
66 w idths.
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The exp erim en ta l h istogram s of reduced  widths X¡ = Г /(  Гу. are shown 
in F ig . (i). X2 square d istributions for v = 1 and 2 are a lso  drawn; our data 
appear con sisten t with v = 1 rath er than an exponential function (v = 2). We 
have developed a s ta tis t ic a l treatm ent based on a tw o-d im en sion a l Monte 
C arlo m ethod, in which the exp erim en tal thresh old  is  introduced and which  
takes into account the fact that our exp erim en ta l sam ple is  a random sam ple. 
In th is m ethod both exp erim en tal sam ple and sim ulated  sam p les are 
ch aracterized  by two p aram eters, the num ber of d eg rees of freedom  and the 
num ber of widths le s s  than the exp erim en ta l threshold . This m ethod g ives  
the b est estim ate: „ or.

The p artia l rad iative capture for platinum can be con sid ered  as a o n e-ex it  
channel reaction  and we have an a p o ster io r i justification  of the extension  of 
the channel notion to reaction s with gam m a em iss io n .

FIG.(i). Distribution of 66 partial radiative widths Гу ¡ in 19SPt + n and comparison with xZ'function.

To in vestiga te  the p o ss ib ility  of corre la tion  between two p artia l rad iative  
widths re la tiv e  to tran sition s going to very  c lo se  energy sta te s , one may 
exam ine the d istribution of their sum s, which m ust be a X2- d istribution  
with v = 2 if  the two tran sition s are to be independent. We have investigated  
the two E l tran sition s going to the fundam ental state and the f ir s t  excited  
sta te of 1S4W. This nucleus is  very  in terestin g  to study b ecau se it is  a 
deform ed nucleus and the two preceding le v e ls  belong to the sam e rotational 
band (K = 0, 1 = 0, 2). F igu re (ii) shows the exp erim en ta l d istribution  for 
th irteen  1" reson an ces from  7 to 360 eV. Our data are con sisten t with X2 
functions with v = 2. The Monte Carlo an a lysis  g ives

in agreem ent with the p revious value and we can conclude that th ere is  
no appreciable corre la tion  between th ese  two tran sition s. H ow ever, it would 
be very  in terestin g  to study reso n a n ces of h ighest energy to in cr ea se  the 
s ta tis tic a l p rec is io n . This is  p o ssib le  now with separated  iso to p es.

The variation  of partia l capture c r o s s - s e c t io n s  with neutrons allow s 
an in terferen ce  effect to be put in ev idence. For in stance, we have found 
a negative in terferen ce in 196Pt for the tran sition  of 7920 keV going to the 
fundam ental of th is nucleus between 12 and 1У e V l"  reso n a n ces. T his
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effec t is  shown in F ig . (iii) , where we have plotted the re la tiv e  in ten sity  
of th is tran sition  v er su s  neutron energy. Curve 1 is  obtained without in te r 
feren ce  effec t, curve 2 with p ositive  in terferen ce  and curve 3 with negative  
in ter feren ce . Curve 4 is  lik e 3 except that we have taken into account four 
other 1" or 0" reso n a n ces up to 120 eV.

FIG.(ii). Distribution of the sum of two Гу 1 in 183W + n, corresponding to the 2 dipolar electric transitions 
going to the ground state and first excited state of l84W. .

TIME O F FLIG HT (/u s )

FIG.(iii). Interference effect in 195Pt + n, for the transitions of 7920 keV going to the ground state of I96Pt.

The study of th ese  gam m a-ray  sp ec tra  has allow ed us to com pare the 
in ten s ities  of d ipolar e le c tr ic  and dipolar m agnetic tra n sitio n s . A tr a n s
m iss io n  m easu rem en t m ade at Saclay allow ed the i  value to be evaluated  
for se v e r a l re so n a n c es . We have found 6 s -w a v es  and 3 p -w aves  
from  39 to 200 eV . We have estim ated  the in te n s itie s  of 12 E l and 
12 M l tran sition s in five d ifferent iso to p es . We have supposed with Harvey  
that the two h ighest energy tran sition s in 62 eV  reson an ce rep resen t 65% of 
the tota l rad iative width. The an a lysis  of the sp ectra  show s very  stron g , 
M l tra n sitio n s . We have obtained the m ean va lu es <( Г1̂  )> = 28 MeV and 

< Г " 1 > = 5 MeV.



364 PIKELNER

D etailed  le v e l sch em es can be obtained from  gam m a-ray  em iss io n  
follow ing reson ance neutron capture. Such a study p resen ts  se v e r a l  
advantages in connection with therm al neutrons: enhancem ent of tran sition s  
b ecau se Г .̂ obeys a P o rter -T h om as d istribution , spin a ssign m en ts when 
m any reson an ces are availab le, the unam biguous assignm en t of le v e l  
sc h e m e s to d ifferent iso to p es.

FIG. (iv). Level scheme of l96Pt obtained from 30 neutron resonances (22 resonances with J ^ = 1 and 
8 resonances with Jïï = 0"); 40 excited states are obtained, 12 having = 1+.

I sh a ll g ive ,on ly  one exam ple. We have obtained a detailed  le v e l schem e  
for i 96p t from  22 1' reson an ces and eight O' reson an ces. F orty  exc ited
sta tes  have been found up to 3500 keV. T w elve le v e ls  have spin 1+, c o r r e s 
ponding ones being ob serv ed in  1* and 0" reson an ces (F ig . (iv)). Other 
le v e ls  are probably 0+ or 2+ . We have a lso  studied the 0 -d eca y  of 196Au.
So it is  in terestin g  to com pare the exp erim en ta l le v e l sequence of 196Pt 
with the p red ictions of the vibrational harm onic m odel. The second  excited  
sta te  2+ at 356 keV can be con sid ered  as a pure 2-phonon sta te . But the 
separation  of the three excited  sta tes  2+ , 4 + and 0+ at 686, 876 and 1137' 
keV is  too high to allow th ese  th ree sta tes  to be con sid ered  as the three  
com ponents of the 2-phonon tr ip le t. On the other hand, an in term ed iate  
sta te  3+ appears at 1015 keV and we ob serve two other le v e ls  at 1358 keV  
(J = 2+ ) and 1400 keV (J = 0+ or 2+). Here the le v e l sequence would be 
explained rather by a very  anharm onic vibration  m ode.
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ISOTOPE SHIFTS AND ISOMER SHIFTS 
IN MUONIC ATOMS"

c . s .  w u
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Abstract — Аннотация

ISOTOPE SHIFTS AND ISOMER SHIFTS IN MUONIC ATOMS. Recent results on isotope shifts 
1̂42-146,148, 150 92'95~97Mo, 50' 52_54c r)  and isomer shifts (182' 1B4-I86W) are summarized in this paper. First,

the merits and disadvantages of the three different isotope shift methods (optical h .f .s . spectra, electronic 
X-rays and muonic X-rays) are briefly outlined. The sensitivities of model dependence of the observed 
isotope shifts by these three methods are also introduced and discussed. The main emphasis of the paper 
is to show and to explain how the muonic isotope shift results may be used to normalize the optical isotope 
shift results and obtain the specific mass corrections occurring in optical results. The energy shifts of nuclear 
gamma rays as the result of the dynamic E2 interactions in several deformed nuclei have been precisely 
measured. The calculated shifts of the centre of gravity of the unresolved magnetic doublet are first applied 
to the observed shifts. The remaining shifts may be interpreted as the isomer effects, i .e .  the effect of 
charge distribution on the transition energy, A comparison of the isomer effects by the muonic atom method 
and by the Môssbauer technique is included.

ИЗОТОПИЧЕСКИЕ И ИЗОМЕРНЫЕ СДВИГИ В МЮ-МЕЗОННЫХ АТОМАХ. Представлены по
следние результаты  исследований по изотопическим сдвигам  (142-146, i48,i50Nd, 92> 95 97М о,50,52‘54Сг) 
и изомерным сдвигам  (J82-184- 18*>\у). Д ается краткое описание достоинств и недостатков трех 
различных методов изотопических сдвигов {оптические спектры сверхтонкой структуры , эл ек 
тронные гам м а-кван ты  и м ю -мезонны е га м м а-к в ан ты ). Представлены и обсуждаю тся дан
ные о чувствительности модельной зависимости наблюдаемых изотопических сдвигов при 
использовании этих трех  м етодов. П оказы вается и объясняется, как можно использовать 
результаты  м ю гмезонного изотопического сдвига для нормализации результатов оптичес
кого изотопического сдвига и получения поправок на изменение удельной м ассы , которое 
не учиты вается в оптических р езу л ьтат ах . Точно измерены энергетические сдвиги яд ер
ных гам м а-кван то в  как результат  динамических Е 2-взаим одействий в нескольких дефор* 
мированных ядрах . Расчетны е сдвиги центра тяж ести неразреш енного м агнитного дублета 
впервые применяются по отношению к наблюдаемым сдви гам . О стальные сдвиги можно ин
терпретировать как изомерные эф ф екты , т . е .  влияние распределения заряда на энергию пе
рехода. Приводится сравнение изомерных эф ф ектов с помощью м етода м ю -мезонны х а т о 
мов и метода М ессбауэра.

It is  w e ll known that, s in ce  the r e s t  m a ss of the muon is  207 tim es  
la r g er  than that of the e lec tro n , a "K -shell"  muon w ill be about 200 tim es  
n earer the nucleus than a "К-sh e ll"  e lec tro n . The c lo se  p roxim ity  of the 
"K -shell"  muon in the Coulomb field] of a n ucleu s, and p articu lar ly  its  
exceed ingly  weak in teraction  with n ucleon s, allow  the muon to spend an 
appreciable fraction  of its  life tim e  (10'7 - 10-6 s) within the nucleus it s e lf  
an d 'serve as an id eal.p rob e for the d istribution  of n uclear charge and 
nuclear m om ents in sid e the n u c leu s.1 The p ioneer work in m uonic X -r a y s  
in the ear ly  period  of 1953-1954 dem onstrated  [1, 2] quite c lea r ly  som e of 
th ese  rem arkable attributes of the muon as a nuclear probe. S ince the 
introduction in 1964 of the h igh /reso lu tion  G e(Li) d etector [3] into the 
exp erim en ta l technique of m uonic X -ra y  stu d ies , m ost of the fine stru cture  
and hyperfine stru cture of the m uonic X -ra y  sp ectra  can now be reso lv ed

* Partially supported by the US Atomic Energy Commission and the National Science Foundation.
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and analysed . The p ro g re ss  made so far in the field  has been m ost 
encouraging.

B ecau se the tim e allotted  to th is paper is  short, it is  im p ossib le  to 
try  to touch on a ll the in terestin g  r e su lts  obtained in the field  of the m uonic 
atom . I sh a ll p resen t only our recent work on isotope sh ifts  and iso m er  
sh ifts  in m uonic atom s. The m uonic isotop e shift r e su lts  not only re v ea l 
the variation  of nuclear charge d istribution between neighbouring iso top es  
in a vivid  m anner (the lin e sh ifts  can be detected  by the unaided eye), but 
a lso  illu stra te  a p o ss ib le  approach in relatin g  our understanding of the 
m uonic isotope sh ifts to op tica l isotope sh ifts . The la st part of the paper 
w ill be on nuclear iso m er  sh ifts  in which it w ill be shown that the iso m er  
sh ifts  of deform ed n uclei can be determ ined by the m uonic atom m ethod as 
w ell as by the M ôssbauer technique. F urth erm ore, th e ir  r e su lts  are in 
su bstan tia l agreem ent.

I. THE ISOTOPE SHIFT

A. Introduction

The iso top ic  shift can be studied by u sing e ith er op tica l h. f. s . sp ectra , 
e lec tro n ic  X -r a y s , or m uonic X -ra y s .

The optical isotope shift f4] has been continuously studied for n early  
four decad es and recogn ized  as an im portant sou rce of inform ation on the 
changes of nuclear charge distribution and the fine variations of nuclear  
stru cture between iso to p es. H ow ever, ca lcu la tion s of e lectron  energy  
le v e ls  in an atom are com plicated  by not only the screen in g  e ffec ts , but 
a lso  the sp ec ific  m a ss  e ffec ts  which are due to the corre la tion  of m otions 
of the e lec tro n s in an atom . I w ill explain  th is in m ore detail la ter .

The e lec tron ic  X -ra y  m easu rem ent of isotope shift has b een .developed  
into a fine art only recen tly  through the valiant efforts of the two e x p er i
m ental groups headed by Dr. О. I. Sumbaev of the Ioffe Institute [5] and 
D r. F. Boehm  of Cal. T ech. [6] . The in terp retation s of the e lec tron ic  
X -ra y  r e su lts  on isotop e sh ifts  are re la tiv e ly  free  from  the lim itations  
ex istin g  in the optical m ethod. H ow ever, b ecau se of the Doppler lin e-  
broadening, which is  gen era lly  se v e r a l hundred tim es  la rg er  than the 
lin e -sh ift  expected , and furtherm ore, b ecau se of its  ex trem e sen sitiv ity  
to ch em ica l com position  and cr y sta llin e  stru ctu re, the exp erim en tal 
p rec is io n  se e m s  to be the only m ajor lim ita tion  on its  e ffec tiv e n e ss  as a 
se n s itiv e  too l at the p resen t m om ent. Both optical and e lec tro n ic  X -ray  
isotop e shift stud ies are lim ited  to m edium  and heavy atom s with Z ^ 40 .

B. Model dependence

The r e su lts  from  both op tica l and e lec tro n ic  X -ra y  m ethods are 
re la tiv e ly  in sen sitiv e  to the detailed  m odel of nuclear charge d istribution . 
T his is  b ecau se the w ave-length  of the e lectron  is  long com pared to the 
n uclear dim ension; th erefore the e lectron  w ave-function  can be con sid ered  
to be constant over the nuclear volum e. In other w ords, one can extract  
from  th ese  sh ifts  only inform ation on the change of r . m. s. radius Д<(г2]>.

B ecau se of its  sim p le hydrogen-like stru cture, the binding en erg ie s  
of the variou s le v e ls  of a m uonic atom can be calcu lated  accu rately  if the
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charge d istribution  is  known. H ow ever, for light and m edium  n uclei, 
even  the.m uonic X -.rays are rath er m odel-independent. T h erefore one 
again m ea su re s  only the r. m . s . radius in th ese  m uonic atom s. F or  
n uclei of atom ic num ber Z ь 60, in p rin cip le it is  p o ss ib le  to determ ine  
two p aram eters in a charge d istribution  if  the absolute e n er g ie s  of К and 
L X -r a y s  are determ ined  to an accuracy  equal to or b etter than 1 and 
0. 1 keV, r e sp ec tiv e ly . Under such favourable conditions, the isotope  
shift r e su lts  should be applied to a F erm i charge d istribution  m odel or 
other appropriate m odels and the pair of varia tion s Дс and At or A<r?^>and 
At can thus be deduced. The A<(r2)> thus obtained in m uonic atom s may 
then be com pared with that obtained from  op tica l and e lec tron  X -ray  
re su lts .

In short, the op tica l and e lec tro n ic  X -ra y  isotope shift re su lts  y ie ld  
only A ^r2)1. In heavy m uonic a tom s, the isotope sh ifts  m ay y ie ld  in form a
tion on the charge d istribution  by a pair of quantities such as A<(r2)> and 
At only if high p rec is io n  in the L X -ra y  energy m easu rem en ts (better than 
100 eV) is  attained. H ow ever, there are other u n certa in ties involved other 
than the exp erim en ta l p rec is io n  which w ill be d iscu ssed  la ter .

C. Major contributing term s in optical isotope sh ifts

B efore presen tin g  the exp erim en ta l r e su lts , I w ill f ir s t  w rite down 
the im portant ter m s which contribute to the ob served  op tica l isotope sh ifts . 
G enerally , the I. S. e f fe c t1 com es from  two m ajor so u rces

(AE)i g. -  (AE ) Mass Effect +  Field Effect

w here the m a ss  effect can be divided into norm al m a ss  and sp ec ific  m ass  
effect and the field  effec t is  contributed by both volum e changes and deform a
tion effec t. T h erefore

Â E  Ь. S. " ^Normal Mass'1" (Д Е  ̂ Specific Mass

+ (AE)Volume + Д̂Е ^Deformation

The origin  of the two m a ss  ter m s can be shown by w riting the n o n -re la tiv istic  
Ham iltonian of an atom with n e lec tro n s  in the centre of m a ss  sy stem  

n

j = l  j * i

where ц (reduced m a ss) = m e MN / (me + Mn ). T h erefore the transition  
energy is  la rg er  for the h eav ier iso top es due to the norm al m a ss  effect  
alone.

The sp ec ific  m a ss  effect orig in a tes from  co rre la tio n s  in the m otion  
of the e lec tro n s in an atom £. (Pj - Pi ). N aturally, th is effect van ishes  
in the hydrogen atom  or o n e-e lec tro n  ion s. It a lso  does not ex ist  in

1 Conventionally, the isotope shift is expressed as S(AE). ДЕ represents the line shift due to the 
finite size effect (the effects on levels other than s electrons are generally neglected) and 0(ДЕ) is the 
shift between isotopes. However, for simplicity, we use Д Е  for the isotope shift &(&¥.).
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m uonic atom s. From  .the Ham iltonian ex p ress io n  shown above, it can 
be seen  that the sp ec ific  m a ss  term  is  in v er se ly  proportional to the nuclear  
m a ss ( l/M ); th erefore its  contribution to the isotope shift should
vary  as 1 /М 2 and it has been construed  that th is effec t is  n eg lig ib le  in heavy  
atom s in the p ast. H ow ever, recent exp erim en ta l evidence [4, 17] in dicates  
that th is  term  does vary with l /M 2 but C /M 2 is  by no m eans n eg lig ib le . 
T h eoretica lly , there are no ex ten sive  ca lcu la tion s of th is effect in the 
m edium  and heavy atom s. N ev e rth e less , se v e r a l ser io u s attem pts have 
been in itiated  in th is d irection  and the ca lcu lated  r e su lts  are com parable  
to those ob served  [7] .

The deform ed volum e effect was f ir s t  suggested  by B r ix  and K opfer- 
mann [8] in 1947 to account for the anom alously large isotop e sh ifts  
ob served  in som e of the rare earth  iso to p es. It is  easy  to se e  that n uclei 
which have n on -sp h er ica l shapes appear (after averaging over an g les) to 
be m ore extended rad ia lly  than sp h erica l n u clei of the sam e volu m e. It is  
p o ssib le , th erefore, to obtain a change in the r. m. s. charge radius between  
iso top es by m ere ly  allow ing the shapes of the n u clei to vary , even when the 
volum e rem ain s constant. To low est order in /3, one m ay ex p re ss  the 
relation:

The norm al volum e effect com es from  the assum ption that heavier  
n u clei are la rg er  according to the A ï law so that the e lectron  orb its  
penetrate m ore deeply into the nucleus and thus m ove in a w eaker fie ld .
T his naturally  r e su lts  in a d ecrea se  in binding energy.

A ctually , although the rad ii of the n uclei on the lin e of m axim um  
stab ility  in gen era l vary  with the As law , th is  does not im ply that the 
variation  of radius between iso top es of the sam e elem en t m ust a lso  
follow  the A3 law . Let us im agine that we take two neutrons and add 
them  to a n ucleu s. S ince the Coulomb rep u lsion  is  diluted in adding 
two neutrons, the la st  protons becom e m ore strongly  bound and, th erefore , 
the protons d istributed  on the outer su rface probably get pulled tow ards the 
centre of the n ucleu s. The r. m. s . charge radius actually  b eco m es sm a lle r  
than that pred icted  from  the A  ̂ law . T h is w as pointed out for the f ir s t  
tim e by W ilets et al. [9] on the b a sis  of the theory of nuclear co m p ress ib ility  
and la ter  w as further extended in its  application to isotop e sh ift effec t by 
Bodm er [10] . This proton binding en ergy  effec t is  actually  re la ted  to the 
iso sp in  dependent term  in the nuclear op tica l potential as su ggested  by 
Lane [11]

■ TV = V0 + Vx '

w here 7 is  the iso sp in  of the "added" neutron and T̂ is  the iso sp in  of tne 
"target'^nucleus. P erey  and Shiffer [12] and Elton and Swift [13] have 
shown that by choosing W oods-Saxon p otentia ls for both Vo and Vi and by 
adjusting p aram eters to g ive the co r re c t  binding en er g ie s  for the outer 
sh e ll p rotons, the isotope sh ifts  in ^ ' ^ C a  and 40 - 48Ca becom e sm a lle r  
than that exp ected  from  the A3 law .
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M agic sh e ll effect

T his deviation from  the A® law  m a n ifes ts  it s e l f  in a str ik in g  fashion  
when two added neutrons happen to com p lete the m agic sh e lls  of 20, 28, or 
50 neutrons. The <^r2)> of the neutron m agic n uclei of m a ss  num ber A 
com pared with that o f the ligh ter  isotop e (A -2) not only in c r e a se s  much  
l e s s  than expected  from  the Аз law , it actually  d e c r e a se s  [14, 15] . In 
other w ords, the charge rad ii of, n uclei A with neutron m agic sh e lls  
of n = 20, 28, and 50 are sm a lle r  than those of the corresponding (A-2) 
n uclei. The p resen ce  of the sh e ll effec t was f ir s t  detected  in the stud ies  
of optical isotope sh ifts  in Ba, Ce (n=82). B ecau se there was no sim p le  
way to ca lcu late accu rately  on the co rrectio n  of the sp ec ific  m a ss  effect, 
the sh e ll-c lo su r e  effec t is  som ew hat m asked by it and appeared le s s  s tr ik 
ing than that in m uonic data.

II. EXPERIM ENTAL RESULTS

Our m uonic atom  exp erim en ts w ere carried  out on the Colum bia  
syn ch rocyclotron  at N ev is Laboratory. The detailed  d escrip tion  of our 
exp erim en ta l se t-u p  can be found in recen t litera tu re  [16] . In th is paper, 
only the r e su lts  on Nd, Cr, and Mo w ill be p resen ted .

Nd

The m uonic К and L X -r a y  lin e  sh ifts  among the seven  iso top es  
1 4 2 - 1 4 6 ,1 4 8 ,l^gNd have been m easu red . T his is  a p articu lar ly  in te r e s t
ing sequence of iso top es to study. F ir s t ly , the iso top es begin from  nearly  
sp h erica l shape with neutron m agic num ber (n=82), then p roceed  to the 
la st  m em ber with 90 neutrons which is  known to behave as a soft rotator  
with the c h a ra c ter is tic s  of perm anent deform ation. Secondly, the isotope  
sh ifts  of Nd iso top es have been p r e c ise ly  and ex ten siv e ly  studied by the 
optical m ethod [ 1 7 ]  and a lso , recen tly , by the e lec tro n ic  X -ra y  m ethod  
[5, 6] . In th ese  iso to p es , the isotope sh ifts  due to the norm al volum e  
effec ts  are rein forced  by the deform ation effec t, that is  deform ation  
in c r e a se s  with in cr ea se  of neutron number; the ob served  isotop e sh ifts  
are much la rg er  than those pred icted  by the Аз law . The sh ifts  between  
two adjacent (even-even) iso top es are gen era lly  of the ord er of ten s of keV, 
and can be e a s ily  seen  from  F ig . 1. F urth erm ore, the lin e sh apes of the 
odd iso top es are much m ore com p licated  than those of the even ones becau se  
of the p resen ce of the sta tic  quadrupole hyperfine stru cture. The ground 
state of 143Nd has spin 7 /2  and a p ositive  static  quadrupole m om ent. The 
in teraction  of the muon and the nuclear quadrupole m om ent ca u se s  the 2p3/2 
muon state to sp lit into four com ponents (it does not affect the 2p]y2 sta te ). 
B elow  the exp erim en ta l sp ectrum  of 143Nd in F ig . 1 we have shown 
sch em atica lly  the position  of th ese  four com ponents, as w e ll as two 
com ponents due to iso top ic  im p u rities. The ca lcu lated  lin e width a g rees  
roughly with the m easu red  value. The shift between 148Nd and 150Nd is  
n early  tw ice as large as that from  other (e -e )  p a irs . P a r t ic u la r ly ,’ the 
dynam ic quadrupole hyperfine stru cture appears suddenly in the spectrum  
of the deform ed 150Nd isotop e in con trast to the spectrum  of 14SNd.
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In F ig . 2 , the upper portion (2a) show s the p osition s of the ob served  
Ka l (2p3/2— ‘lS j / 2  ) and Ka2(2pi/2—>1 s l/2 ) lin es  from  variou s Nd iso to p es.
The unusually large  d ifferen ce in the sp litting  of the 2p3/2 and 2p1/2 
le v e ls  between 148Nd and 150 Nd is  m ostly  due to the large d ifferen ce in 
the dynam ic quadrupole excitation  which perturbs the two p le v e ls  d ifferen t
ly  in th ese  two n uclei. H ow ever, th ese  perturbations on the v ariou s le v e ls  of 
a m uonic atom  can be ca lcu lated  accurately  u sing W ilets' or Jacobsohn's  
form ulation . The op tica l iso top e sh ifts  of the lin e s  (5621 A and 4945 A) 
from  the Nd iso top es m easu red  by Hansen, Stendel and W alther [17] are  
reproduced in F ig . 2b. The gen era l s im ila r ity  between the m uonic and 
the op tica l isotope sh ifts  is  apparent.

F IG .l. Experimental muonic К X-ray spectra of ,42‘ 14G ■148 > 150Nd isotopes. Note the Broadening of the 
lines in the odd isotopes and the dynamic h .f .s . structure in 150Nd. The vertical lines under the peaks 
of 143Nd represent the calculated position and relative intensities of the various hyperfine components and 
two impurity lines due to 142Nd and 144Nd.
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FIG.2a. Relative positions of the Ka  i and Ka  2 lines in the Nd isotopes. The unusually large isotope 
shift between 148Nd and 1S0Nd is due to both the dynamic E2 interaction and the deformation effect.

. 2b. Isotope shifts in optical spectra of Nd isotopes [17]. The large shift between 148Nd and 150Nd 
is due to the deformation effect. The similarities between the muonic and optical isotope shifts 
can be seen.

Figure 3 show s the 2p fine stru cture separation s ob served  in the 
m uonic К and L lin e s  in N d -iso top es b efore and after the correction  for 
the dynam ic E2 perturbation. The corrected  va lu es are plotted in open 
c ir c le s  and u ncorrected  data in so lid  dots. The th eo re tica lly  calcu lated  
variation  of the fine stru cture sp litting for a F erm i charge distribution  
with c ~ A 3 and At = 0 in Nd iso top es is  shown in dotted cu rv es . The 
agreem ent between the exp erim en tal re su lts  and the th eo re tica l ca lcu la 
tions for At = 0 is  rath er good.

Cr

The four iso top es 50- 52'§|Cr w ere studied. The c lo s in g  of the n = 28 
sh e ll in 52Cr m akes the isotope sh ifts  in chrom ium  p articu lar ly  in terestin g . 
The fine structure in the Ka lin es  w as too sm a ll to be com p letely  reso lv ed . 
The sh ifts  of the Is le v e ls  in m uonic atom s are shown in F ig . 4a. The is o 
tope shift between 50Cr and 52Cr is  re v er sed  in d irection; th is im p lies  that 
the Is le v e l in m uonic atom s of 52 Cr actually  l ie s  deeper than in 50Cr or 
the r . m .s .  charge radius of 52Cr is  sm a lle r  than that of 50Cr. This 
r e v e r sa l of the shift is  partly due to the sh e ll-c lo su r e  effect and partly, 
due to the change of deform ation from  /3(50) = 0. 31 to /3(52) = 0. 23. The 
la tter  alone cannot account for the re v er s in g  of the effect ob served . 53Cr 
l ie s  c lo se r  to 52Cr than 54Cr. T his is  known as odd-even  staggering  effect.
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FIG. 3. Fine structure splitting of the muonic К and L lines versus mass number for the Nd isotopes. The solid dots 
denote experimentally observed values; the open circles represent the same data after the correction of 
the dynamic E2 effects. The dotted line indicates the behaviour expected for a change of с only in a 
Fermi distribution.

Isotope shifts in muonic atoms of 24Cr-isotopes 

50 53

(a)

(b)

52
+ 2.I7 -

- -0.83 -

E ( 2P-IS) in keV -

Optical spectrum of isotope shifts in Сr 

50 52
i "“7 к

With normal and specific

X = 4274 A
' -—  -U mK— - mass correction

Without mass correction
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X = 4274 A

• +0.5mK
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FIG.4a. Muonic isotope shifts in 50,52"|JCr isotopes.

4b. Optical isotope shifts in so,s,^Cr isotopes with the correction of mass effects. 

4c. Observed isotope shifts in Cr isotopes [18].
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The staggering  p aram eter yn which is  conventionally  defined as

= [ E(N - 1) - E(N)]
, TN 1/2[E (N  - 1) - E(N + 1)]

is  equal to yn = 0. 65.
The op tica l isotope sh ifts  on Cr have been m easu red  recen tly  by 

H eilig  and Wendlandt [18] . They have in vestigated  tra n sitio n s of the 
type 3d54s - 3d54p. The ob served  isotop e sh ifts  in the op tica l spectrum  
for the lin e X= 4274 A b efore applying the sp ec ific  m a ss  correction  are 
shown in F ig . 4c and show no resem b lan ce to the sh ifts  observed  in m uonic 
atom s. When the sp ec ific  m a ss  co rrectio n , as ca lcu lated  by norm aliz ing  
the optical data with m uonic isotop e sh ifts , is  applied, the co rrected  optical 
sh ifts  are as shown in F ig . 4b; for com p arison  the m uonic re su lts  are  shown 
in F ig. 4a. ‘ '

Mo :

The four iso top es 92' 95'|2 Mo w ere studied. The optical r e su lts  of 
Hughes [19] for thé lin e at 5793 Â and those of A rroe and C ornw all [20] 
for the lin e at 6032 A w ill be com pared.

III. INTERPRETATION AND DISCUSSION

One of the strong m otivation s of study of isotope sh ifts  is  to extract 
inform ation concerning the variations of charge d istribution  betw een is o 
top es. Since the op tica l and e lec tro n ic  X -ray  r e su lts  are m odel-independent, 
only one quantity which is  proportional to the change of r. m . s . charge  
radius A<(r2 )> can,;be obtained. Forjm uonic isotope sh ifts  in heavy n uclei 
(Z > 5 0 ), the in terpretation  is  m ore involved b ecau se it is  m odel-dependent 
and, th erefore , depends on the varia tion s of two or m ore p aram eters in a 
given charge d istribution . For in stance, if the phenom enological F erm i 
charge distribution is  u sed , the isotope sh ifts  should depend not only on 
the variation  of c(Ac) but a lso  on the, variation  of t(At). As a m atter of 
fact, the recen tly  proposed  m odified, charge d istrib ution s [21 ,22] indicate  
that even a third p aram eter m ay be required  to m odify the F erm i d istr ib u 
tion. H ow ever, le t  us suppose that the К and L X -r a y s  of m uonic atom s  
could be determ ined to very  high accuracy  ( «  100 eV). To deduce the 
p aram eters с and ‘t sep ara te ly  and uniquely, one m ust a lso  know very  
accu rately  se v e r a l other quantities, j As was m entioned before, the nuclear  
polarization  correction  due to v irtu al exc ita tion s on Is and 2p le v e ls  m ust 
be evaluated to an ,accu racy  b etter than 1 and 0. 1 keV, r e sp ec tiv e ly , which  
is  beyond the p rec is io n  lim its  given to th ese  quantities at the presen t  
m om ent. P articu lar ly , the skin th ick n ess is  ex trem ely  se n sitiv e  to the 
3d - 2p L X -ray . , A correction  of 2j keY in the L X -ra y  en er g ie s  of 
m uonic atom s in the rare earth  region can affect a change in skin th ick n ess  
of (25-35)% (see  Ref. [23] ). In interpreting the isotope shift r e su lts , the 
d ifferen ce of the nuclear p olarization  between iso top es m ust a lso  be taken 
into account. In gen era l, th is fraction al change in nuclear polarization  
between (e -e ) iso top es m ay be assu m ed  to be in proportion to the fractional
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change in nuclear volum e; th erefore б(Д Е )к _р_ ~  (AE)N_p_ X 6V /V  = 
(A E )N P. X 5A /A . F or Nd, (ДЕ)К-Р. is  ca lcu lated  to be around 6 keV  
[24-27]; ó (ДЕ)М-Р. ~  6 X 2 /1 50 ~  0. 1 keV, which is  sm a ll in com parison  
with the exp erim en ta l uncertainty. No correction  for the d ifferen ce in 
nuclear p olarization  has been applied in our interpretation  of the m uonic 
isotop e shift r e su lts . H ow ever, where abrupt changes in n uclear con figu ra
tion should occur betw een the adjacent iso to p es, the above assum ption  m ay  
not apply. Secondly, the deform ation p aram eter j32 derived  from  other  
exp erim en ts such as Coulomb excitation  m ust be known accu rately  to 
b etter  than 1%. T his is  a lso  beyond the reach  of the p resen t technique.

The variation  of t betw een the adjacent (e -e )  iso top es

Now, le t  us se e  how the varia tion s Дс and At can affect the isotope  
sh ift ДЕ ob served . Taking into account the f ir s t  ord er term s only, then

The co e ffic ie n ts  (6 E /6 c )t and (6E/5t)c vary  with Z and v ery  s ligh tly  with 
A and can be obtained from  the calcu lated  muon le v e l en erg ie s .

F or exam ple, in Nd, where Z = 60 and A = 142 - 150,

iso to p es is  as large as A t / t  = 5%, then the contributions from  At and Дс are  
about equal.

The pertinent question h ere , th en ,is: What evidence do we have con cern 
ing the variation  of t betw een  iso top es?  U nfortunately, our know ledge of th is  
is  rather lim ited . Elton [28] has shown that with a constant t (2.35 F ), the 
e lec tro n  sca tter in g  re su lts  and m uonic tran sition  en er g ie s  can be fitted  
over a wide range of A. Of co u rse , th is does not rea lly  im ply that it is  
a lso  true for variation  of t betw een  iso to p es . The only exp erim en tal 
inform ation on the variation  of t between iso top es cam e from  the in terp reta 
tion2 of recen t re su lts  [29] of e lectron  sca tter in g  on 4°> ^  ^ C a. Both 4°Ca 
and ^ C a  are doubly m agic n u clei and w Ca is  in -betw een. The re su lts  could  
be in terp reted  as Дс = 2. 2% and At = -1 . 7% betw een 40 С a and 44Ca and 
Дс = 4. 1% and At  ~ -12%  betw een ® C a and 4®Са. The At betw een 40Ca and 
48Ca is  probably ~  -10%. T h erefore the assum ption  that the variation  of t 
betw een (e -e )  iso top es of Nd with neutron d ifferen ce of 2 is  no m ore than 
5% is  not unreasonable. On the other hand, there is  a b etter way to obtain  
som e inform ation concerning th is  pertinent question of variation  of skin  
th ick n ess t betw een iso top es in heavy n uclei. T his is  to study the behaviour  
of the ra tio s  of isotop e sh ifts  am ong se v e r a l isotope p a irs  of a given  elem ent 
m easu red  by both op tica l and m uonic m ethods. The follow ing se c tio n s  w ill 
be devoted m ostly  to th is type of com parison  and its  con clu sion s.

At

F or ДА = 2, Дс = 0. 03F from  the A  ̂ law , if the variation  in t betw een two

2 In interpreting the electron scattering data, no account has been taken of nuclear polarization.
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The (AE) in m uonic , op tica l and e lec tro n ic  isotop e sh ifts

If At is  a con sid erab le fraction  of t and a lso  fluctu ates from  one 
adjacent (e -e )  isotope pair to another, then the ratio of (AE)Field Effect 
in m uonic isotope sh ifts  to that of op tica l or e lec tro n ic  X -ra y  sh ifts  
should vary irreg u la r ly  am ong the adjacent p a irs  b ecau se the form er is  
m odel-dependent w hile the la tter  two are not. Fortunately, the isotope  
sh ifts  between the' adjacent (e -e )  iso to p es in a long sequence of 
142, 144, 146,148,150]\jd have been m easu red  accu rately  by both the 
m uonic[30, 31] and the op tica l m ethod [17] . The e lec tro n ic  X -ra y  sh ifts  
of Nd iso top es have a lso  been reported  recen tly  by two separate stud ies  
['5, 6] . In F ig. 5 the m uonic s h if t s 3 [31] are plotted against the optical 
sh ifts  [17] m easu red  for the two lin e s  at X = 5621 A and X = 4945 A . A 
p erfectly  straight lin e can be drawn through a ll the points rep resen tin g  
e ith er one of th ese  two op tica l lin es . Although the rem arkable lin earity  
of th ese  p lots cannot be construed  as ev idence for At = 0, th ere is  no 
evidence of large' var ia tion s of At. F igu re 6 shows the sam e lin ea r  plot 
in Mo. Here the s ta t is t ic s  are not as good as in Nd iso to p es.

FIG.5. Plot of the muonic isotope shifts versus the optical isotope shifts per two neutrons in Nd. The 
optical data include the total mass effect and are taken from Ref. [17]. ‘

The sam e relation  was a lso  plotted for m uonic [30, 31] and e lec tro n ic  
isotope sh ifts  [5, 6] in Nd. Although; a stra igh t lin e can be drawn through 
the points within the uncertain ty  lim its ,  unfortunately the u n certa in ties  
in the e lec tr o n ic  X -r a y  sh ifts  w ere so  large  that no firm  con clu sion s

3 Our muonic shifts represent the energy shifts-of Is levels in muonic atoms. This is determined by 
^ l + ^ - K +l àA  + La l ^  or analogously for the and üHes. The shift of 3d level is

only a few eV and therefore negligible.



378 WU

concern ing the question of At between iso top es could be reached . More 
p r e c ise  m easu rem en ts of the e lec tro n ic  iso top e sh ifts in Nd iso top es are  
highly d esired .

S p ecific  m a ss effect in optical isotope sh ifts  and Is energy term s in 
m uonic atom s

It has been frequently em phasized  in the literatu re that the m uonic 
isotop e sh ifts  can be used to n orm alize  the optical isotope sh ifts . To 
obtain the field  effect term  (AE)Field Effect in optical sh ifts , one m ust 
fir s t  subtract the m a ss effect term  (A E )Mass Effect from  the ob served  
effect (AE)obs .

(д Е )ПеЫ Effect = ' (AE)°P‘- - (AE)SpecificMass

w here (ДЕ)°Р*' =(Д Е )°Р‘у - (ДЕ ) Normal Mass . The ca lcu lation  of ‘
(ДЕ) Normal Mass is  tr iv ia l. (Д Е) Specific Mass m ay be ex p ressed  in term s
of m C(N2 - N 1 ), where mC is  the sp ec ific  m a ss effect per nucleon  
m = 1 /(A 1-A1'f'2 ), and (N2 - N i) = neutron d ifferen ce. The (AE)Field Effect, 
due to a sm a ll change in the nuclear charge d istribution , m ay be ex p ressed  
as

( A E ) F i e l d  Ef fect  ~  U  « »  | 2 Л < > 2 >

where ^e (0) is  the w ave-function  of the e lec tron  involved in the tran sition  
at the n ucleu s. P rep resen ts  the e lec tron  density at the nucleus.

FIG.6. Plot of the muonic isotope shifts versus the optical isotope shifts per neutron in Mo. The data 
for X = 6032 A is taken from Ref. [19] and \ = 5793 A is from Ref. [20].



The change of n uclear charge d istribution  is  proportional to T h erefore

|(¿e ( 0 ) | 2 Д < г 2 >  ~  (Д Е)°Р ‘ - - m C ^ - N - J .

In m uonic isotope sh ifts , at f ir s t  the sp ec ific  m a ss  term  does not ex ist. 
H ow ever, the Is  m uonic energy a lso  depends on h igher ord er ter m s ( r 2 n )> 
as w ell a s the <(r2 )> term . T his a r is e s  from  thé Is  m uonic w ave-function  
not being a constant over the n uclear volu m e. The (AE )Field Effect could  
be ex p ressed  as

( Д Е  ) pieid Effect ~  (0 )  I2 Г Д  < r 2 >  +  а 2 Д < г 4 >  + а 3 Д < г ® >  +  а 4 Д < г 8 > + .  . .]

The ratio  of the sum  of the h igher m o m e n t s  а ц Д (г 2П у  to the Д ^ г 2 у  
term  depends on the charge d istribution  u sed  but is  not very  se n s itiv e  to it.

H ow ever, when the isotop e sh ifts  betw een two or m ore p a irs  of iso -  
tope.s have been m easu red  by both m uonic and.optical m ethods, then, in 
the op tica l c a s e , we have the ratio: ,

( Д Е ) ° Р 1, _ m C ( N 2 - N i )  Д < г 2 >  N 
W1 > W2 _ iNl ) iN2

( Д Е ) ; р 1; Я ( - ш с (М4 - М з ) “  A < r 2 >N3iN<

ISOTOPE SHIFTS AND ISOMER SHIFTS 3 7 9

In the corresponding m uonic ca se , we have

(A E )Nw N2

<A E > L n4

A < r 2 > N l,N 2 + X  а« Л < г 2 П  > N ,,N 2 
n̂ 2

A< r 2 >N3,N4 + I  an A< r 2 n >N,N4
na2

The e lec tron  d en sity  \ф& (0) | 2 and the muon density  | ф (0) |2 are assu m ed  
to be the sam e for the two p a irs of iso to p es involved  and th erefore can cel 
in the ratio .

The ratio  of the sum  o f the h igher m om ents Эд Д<(г2П У to the

Д<(г2 У term  w as in vestigated  by u sing a n o n -re la tiv ist ic  muon w ave-  
function and assu m in g  a F erm i charge d istribution . It g iv e s  the ratio

£  ап Д<г'2'1 >
na 2

Д < г 2 >
e  0 .19± 0.02

for Nd iso top es and neutron d ifferen ce = 2. F u rth erm ore, the ratio is  
v er y  constant and v a r ie s  only about (1-2)% betw een the s u c c e s s iv e  p a irs  
and if At  < 20% is  assu m ed . T h erefore , the ratio  of the (ДЕ) Fiell¡ Effect
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in m uonic isotop e sh ifts  can be ex p ressed  again approxim ately in term s  
of < r 2 У :

<ДЕ1м , л < г г >м„ » ,  |Д Е >Г;М- - ш с ! " » - ” !)

д < г 2 > » „ » . (A E > í ; » . - m C <Ni - Ns i

F rom  the above re la tion , the value of the m a ss effect per two nucleons  
can be f ir st roughly estim ated  from  the in tercept of the lin ear plot on the 
ordinate ax is of F ig s 5 and 6. Then the m ore accurate value of С is  obtained  
by taking into con sideration  the proportionality  factor: m = ■1/(A1-A i+2).

The sp ec ific  m a ss constants С obtained from  the n orm alization  m ethod  
as d escrib ed  above are lis te d  in Table I. The percentage in the p aren th esis  
in d icates the p o ssib le  uncertainty in the determ ination  w here both the 
u n certa in ties in the m easu rem en ts as w ell as that from  the an a lysis  are  
approxim ately taken into account. The (ДЕ)цо и п а 1 ĵ ass Per  two nucleons  
is  lis te d  in the la st colum n. The sp ec ific  m a ss  effect (AE)Specific Mass 
per two nucleons can be ca lcu lated  by

2C
Specific Mass “ 2m С - дГГд1+2~

which is  usually  ex p ressed  in mK (cm '1 X 10"3 ). For in stance,

( Д Е ) Й с  Mass = -2 3 .5 5  mK ( 142' 144Nd) and (A E )f^ fflc Mass = -1 0 .7 2 m K
( 142-144 N d ) _

From  the optical isotope shift a n a ly sis , a relation  betw een the m a ss  
effect for a tran sition  lin e  "a" to that of another line "b" can be obtained  
by plotting the ob served  isotope sh ifts for lin e "a" to that of line "b". This  
is  known as K ing's m ethod. Hansen, Steudel and W alther [17] m ade a 
thorough investigation  of th is  method and obtained such a relation  for the 
two lin es  Xa = 4945 A and Xb = 5621 A from  Nd iso top es (see  Eq. (4) of 
Ref. [17]). The va lu es of С for Nd iso to p es as lis te d  in Table I fit that 
relation  beautifully.

H eilig  and Wendlandt [18] com pared the optical sh ifts  in Cr iso top es  
of three optical lin es  and can conclude only that the m inim um  sp ec ific  m a ss  
effect of any one of th ese  lin e s  m ust be g rea ter  than 4. 4 mK. T his is  again  
in accord  with our determ ination of 6 .6 , 7.1, and 7.05 mK for the lin es  
4254A, 4274A and 4289A in 50 - 52£r re sp ec tiv e ly .

It is  m ost encouraging to se e  that the sp ec ific  m a ss  effect due to 
the corre la tion  m otion of e lec tro n s  in an atom as com plicated  as Nd can 
be now determ ined with the help of m uonic isotope sh ifts in such a s im p le  
way.

Bauche [7] used n o n -re la tiv istic  H artree-F ock  w ave-function  to ca lcu la te  
the sp ec ific  m a ss  effect for the tran sition  4 f3 5d 6 s2 5L - 4 f4 6 s2 ®I in Nd 
and ДА = 2 and obtained a value for (A.i/) specific Mass s  - 18 mK, which is  
indeed com parable to what was ob served  (-23 .55  ± 1) mK for 142-144Nd. 
T h ese ob servation s should re in force stron gly  the statem ent that the sp ec ific  
m a ss e ffec ts  even in heavy n uclei could be com parable to the ob served  shift 
and th erefore cannot be neglected  in gen era l.
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TABLE I. THE SPECIFIC MASS EFFEC TS EXTRACTED FROM THE 
OPTICAL ISOTOPE SHIFT DATA WITH THE HELP OF MUONIC ISO
TOPE SHIFT RESULTS.

Specific Mass Constant 

CS.M. in c m -‘ Normal Mass ^

Nd 5621Á -240 (±5%) -0. 95

= 4945Â -110 (±5%) -1.08

Mo X = 5793Â -85 (±10%) -2.0

= 6032Â -148 (±10%) -1. 9

Cf X = 4254Â +8. 58 (±10%) -9. 9 (50-52) 
-9. 2 (52-54)

= 4274Â +9. 23 (±10%) -9. 9 (50-52) 
-9. 2 (52-54)

= 4289Â +9.16 (±10%) -9. 9 (50-52) 
-9. 2 (52-54)

IV. ISOMER EFFEC T S IN MUONIC ATOMS

In a highly deform ed n ucleu s, the e lec tr o n ic  quadrupole in teraction  
betw een the muon and the nucleus is  com parable to the e n er g ie s  of the low - 
lying rotational le v e ls  and the fine stru ctu re sp litting  of the m uonic 2p 
doublets. T h erefore the E2 in teraction  m ix es  the nuclear ground sta te Io 
with variou s exc ited  sta te s  Ij , I2  • • • and a lso  the variou s muon sta te s . 
T his dynam ic E2 h. f. s . sp ectrum  has been  ob served  and c lo se ly  studied  
in m ost of the deform ed n uclei.

Now le t us turn to d iscu ss  the ob served  en ergy  sh ift of the nuclear  
gam m a ray in m uonic s ta te s . In the dynam ic E2 in teraction  in the (e -e )  
n uclei as just d escr ib ed , the probability  that the n ucleu s w ill be left in 
the I = 2+ state is  high. The subsequent d e-exc ita tion  of the nuclear sta te , 
w hich has a life tim e  of about 10"9s , takes p lace in the p resen ce  of the Is  
muon, sin ce  the muon capture life tim e  from  the Is  state is  about 10'7s in 
the rare earth  reg ion . If the charge d istribution  of the ex c ited  sta te is  
different from  that of the ground sta te , then an en ergy  sh ift is  expected  
w hich is  known as the iso m er  e ffec t, i . e .  the effec t of charge d istr ib u 
tion s on the tran sition  energy:

ДЕ„ = Ц-  Z e2R2 |^ . ( 0 ) |2 < R ex > -< R G d >
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An analogous ca se  in e lec tro n ic  atom s is  the m easu rem ent o í energy shift 
by M ôssbauer effect through the d ifferen ce of e lectron  density produced  
in d ifferent ch em ica l environm ents at the nucleus.

The gam m a-ray  energy sh ifts  expected  in m uonic atom s are gen era lly  
le s s  than 1 keV. M easurem ents of such sm a ll energy d ifferen ces w ere  
carried  out by d irectly  and sim u ltan eou sly  com paring the energy of the 
n uclear gam m a ray in co incidence with a stopped muon with that of the 
unshifted  gam m a ray follow ing ¡3* decay from  a Z ± 1 nucleus in the sam e  
d etector and e lec tro n ic  sy stem . The g en era l layout of the exp erim en ta l 
se t-u p  is  shown in F ig . 7.

Steel Shielding

I 2 Polyethylene Absorber
7 V / / /
/ /

/ /
/ /

/

/
/ / /

/ /

/ / /
/

/ /

/ / /И A /

/ / / / /

Pb
Shield

o f  C o u n t e r s

5" dio. к 1/2"
2 5" dio. x 1/4"
ÜF l- j "  x 5" dio. 1 ,2 ,3 ,4 :

б ; 5 - j"  x 5 f  x 2" t F :

3 2 ^ "x  2 ^ "х  1/32"
4 6 ° x 6 “ x 1/2"
4 ‘ 4 x 4 ^ "  x 1/16"

FIG.7. Schematic diagram of beam telescope and Ge(Li) detector arrangement.

Our fir s t  observation  of the gam m a ray energy shift in 152 Sm was 
reported  [32] in 1967. Since then, we have com pleted  the energy shift 
m easu rem en ts [33] a lso  in 150 Nd, 154 Gd, 166 E r, 182 W, i84w  and 186 W, 
and CERN [38] has reported  th eir  gam m a ray sh ifts  in m uonic 152 Sm,
1 82 w , I84\y, 186W, 188O s, l90Os and 192 Os. The agreem en ts between
th ese  two groups are ex ce llen t [33, 38] . The nuclear gam m a ray sh ifts  
in m uonic 152 Sm and 184w  are shown in F ig . 8. The m easu red  energy  
sh ifts  are lis te d  in Table II and the la s t  four n u clei are a ll with negative  
sig n s . If the observed  effect is  a ll due to the d ifferen ce of nuclear rad ii 
betw een the exc ited  and ground s ta te s , then the negative value could im ply  
that the r. m . s. radius of the excited  state is  sm a ller  than that of the ground 
sta te , < r 2x > < <rg;d >.

R ecent th eo re tica l investigation s by Gal, G rodzins and Hüfner [34] 
have shown that the negative sh ifts  could have resu lted  from  the sh ift of 
the centre of gravity  of the unreso lved  m agnetic doublet. They pointed  
out that the F = 5 /2  state d ecays m ainly to the F = 3 /2  state v ia  a strong  
Auger tran sition , and not d irectly  to the ground state (F = 1 /2 ). This 
in tense M l interdoublet tran sition  has the effect of low ering the ob served
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TABLE II. A COMPARISON OF Д < г 2 > / < r 2 > AS OBTAINED WITH MUONIC ATOMS AND MÔSSBAUER 
TECHNIQUES

Isotope 2+-* 0+ energy 
(keV)

Comparison
Source

Exp. Energy 
Shift (AE6bsJ  

(eV)

Centre of 
Gravity Shift a 
(AECe g>) (eV)

^ iso m e r
(eV)

Л/< Г Ч X1° 4 <Г2>

Muonic Môssbauer

‘¡«Nd 130.17 Coulomb excitation ̂ +570±120 -270 +840±120 + 5.8±0.8 No
measurement

‘iS m 121.78 152eu(B+ e. c .) +560±60 -360
-240

+920±70
+800±70

+5. 9±0.4 
+ 5 .1±0.4

J  +3. 7 [6]. 
1 +4. 8 c

‘«Gd 123.07 154Eu(6~) +670±150. -310 +980±150 +5. 9±0. 8 . No 
measurement

48* 80. 56 16lHo(0") -350U50 -320 - 30±150 - 0 .16±0.8 No
measurement

182U/74 100.10 18гГа(6‘) -320±100 -290
-240

- 30±100
- 80±100

- 0 .13±0. 5 
-0. 33±0. 5 •

f + 0 .15 [6] 
1 + 1 .2  [5]

|84w74 111. 20 184Re(E. C.) -340±100 -315
-250

- 25±100
- 90±100

- 0 .11±0.5 
-0. 40±0. 5

+0. 8

^Jw 122.57 186Re(E. C. ) -350±1'00 -340
-250

- 10±100 
-100±100

-0. 04±0. 5 
-0. 50±0. 5

No
measurement

a The values of the centre of gravity shift for 1MSm, 166Er, 182W, 184W, ie6W are taken from Ref. [34]. Those for 150Nd and 154Gd are calculated by Hiifner (private 
communication) using the value 0 .2  for the feeding factor. The uncertainty is estimated to be ±10%.
b The Coulomb excitation on l50Nd was carried out in the 8 MeV He++ beam of the Pegram Van de Graaff accelerator by E. Greenbaum, F. Hsu, Z. Y. Chow
and R. Howes. The calibration lines used were the 137.16 and 122. 6 keV lines of 18foe.
c From Ref.[39]. Recently Hiifner has measured the 5f shielding effect in solids by observing the isotope shifts of 151Eu and I53Eu in CaF and found an increase
of the electron density by a factor of 2. 09 compared with the free atom. Hence Д^г2^/^г2^ = (+ 10 X 10-4) /  2. 09 = +4.8x10"4.
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energy, sin ce  m ost of the rad iative d e-exc ita tion  takes p lace from  the 
F = 3 /2  su b sta te . Since D r. G rodzins w ill report on th e ir  work la ter  in 
th is  Sym posium , I w ill show you only our m easu red  energy sh ifts  with the 
co rrectio n s for the ca lcu lated  m agnetic sh ifts  (Table II). The fraction al 
changes of Д<̂ г 2 У/<^.г2 У are ca lcu lated  assum ing only с changes and plotted  
against m a ss  number A as shown in F ig . 9. It is  v ery  strik in g  to see  that 
a ll three n u clei, 1|§Nd, l | |S m ,  and 1||G d , known as soft ro ta to rs , have 
approxim ately equal large  stre tch in gs. The iso m er  effec t of the re s t  
nuclei, which are known as rig id  ro ta to rs, drops down an ord er of magnitude 
from  that of the soft ro ta to rs. The ob served  va lu es of Д'Сг2 )>/<(r2 у  of 
th ese  rig id  ro ta tors are only a sm a ll fraction  of the value (~ 4 X  10'4) 
estim ated  in the fram ew ork of the rotation-v ib ration  coupling m odel [35] .
For the m ore detailed  d isc u ss io n s , rea d ers are re ferred  to R efs [33],
[36 ], and [37] .

FIG. 9. Л < r 2> /  <(r 2̂> plotted against mass number A for several even-even nuclei in the rare earth region, 
(a) Table II and Refs [35] and [37] ; (b) Ref. [36]; (c) The two values of A < J2̂ > /< ^ r2^  shown for 
152Sm represent two values of A Ec corresponding to two different measurements of the g factor of the 
2+ state. The two values of \ Г 2 /  shown for each of the W isotopes represent two values of
ДЕС „ corresponding to N j or Oi electron shell conversion ([7]).

The iso m er  e ffec ts  ob served  by the M ôssbauer technique are a lso  
plotted on the sam e figure for com p arison  (F ig . 9). It is  gratify in g to see  
that the agreem ent betw een them  is  good within the lim its  of exp erim en ta l 
p rec is io n .
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D I S C U S S I O N

G. M. TEMMER: Could you com m ent on the p resen t status of your 
knowledge of the shape of the nuclear charge d istribution  in deform ed  
nuclei?

C. S. WU: For 182W and 1S4W a n egative value of /3' in the m odified
deform ed F erm i charge d istribution  is  requ ired  in order to obtain the 
calculated  va lu es of Q0(0, 2) com parable to that obtained from  Coulomb 
excitation . When /31 is  n egative, it im p lies  that the skin th ick n ess of the 
deform ed F erm i d istribution  is  th icker in the equatorial plane than at 
the p o les . However, we have m easu red  the E2 h. f. s . sp ectra  of 150 Nd, 
152Sm, 162’ 164Dy, 166’ 170 Er and 23SU; not all of them need n egative /31 .
To reach  any defin ite conclusion , one m ust try  to in terp ret the r e su lts  
with d ifferent charge d istribution  with sligh t a lterations of the density  at 
the centre or at the shoulder as su ggested  by B eth e1 s recen t p apers.

D. F . ZARETSKY: 2 p - ls  tran sition s in the m uonic atom with deform ed  
n uclei are accom panied by exc item en t of the nucleus le v e ls .  The m agnetic  
in teraction  of the muon with excited  n u c le i ca u ses the hyperfine sp litting
of the nucleus le v e ls  (the estim a te  g iv es a value of about a few keV). Have 
you ob served  such sp litting?

C. S. WU : The m agnetic h. f. s . of the 2+ le v e l in deform ed n uclei of 
the rare earth reg ion  is  about 500 eV to 1 keV. Such a sp litting  has not 
been reso lved  and th erefore has not been d irectly  ob served . H owever, 
its  p resen ce  se em s to have been observed  in the negative sh ift of the iso m er  
effec t. Since I had no tim e to go into d eta il on this in terestin g  subject,
D r. Grodzins w ill d isc u ss  th is  m agnetic h. f. s . of the 2+ le v e l in h is paper.

V. I .  GOLDANSKY: V alues of Д R2)>/  ̂R2  ̂for a few iso top es of 
tungsten  (182W, 184W, 186W) have been obtained both from  m uonic e x 
perim ents and the M ôssbauer effec t. The absolute va lu es are sm a ll but 
they d iffer in sign; th ese  va lu es are p ositive  in the M ôssbauer exp erim en ts  
and negative in the m uonic exp erim en ts . Are there any su ggestion s con 
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cern in g the re a so n s  for the p o ss ib le  d isagreem en t of the M ôssbauer and 
the m uonic in terpretation  of th is problem ?

C. S. WU : If one takes into account the a sy m m etr ies  of the u nreso lved  
m agnetic hyperfine stru ctu re of the g am m a-rays, the negative sh ifts  seem  
to d isappear and the iso m er  sh ift r e su lts  from  the m uonic m ethod and 
M ôssbauer technique can be recon ciled .

A. FAESSLER: I would lik e  to com m ent on the d ecr ea se  of the root 
m ean square radius in  tungsten  (W) as seen  by the M ôssbauer effec t and 
by ц -m e so n ic  atom s. • This m ay be due to an anharm onicity in the (3- 
v ibrational potential. B aranger and Kumar did show that th is potential is  ■ 
s teep er  for deform ations la rg er  than the equilibrium  deform ation  than on 
the sid e for sm a lle r  d eform ations. If the nucleus is  exc ited , the equilibrium  
w ill sh ift th erefore to sm a lle r  va lu es.
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Abstract — Аннотация

NUCLEON-NUCLEUS FORWARD DISPERSION RELATIONS. Elastic forward dispersion relations are 
illustrated by n - a  scattering and prelim inary results are given. Exchange effects are of great im portance at 
low energies. This conclusion should be  generally valid  for light nuclei.

СООТНОШ ЕНИЯ ПРИ РА С С Е Я Н И И  В П Е Р Е Д  НУКЛОНА НА Я Д Р Е . П о казы в аю тся  
соотнош ени я при у п р у го м  р а ссе ян и и  вп ер ед  с помощ ью  п -  о -р а с с е я н и я  и п ри в о д ятся  п р е д в а 
р и тел ьн ы е  р е з у л ь т а т ы . При н изких  э н е р г и я х в а ж н о е  зн ач ен и е  имею т обм ен н ы е э ф ф е к т ы . 
О бы чно это т  вы вод  сп р авед л и в  для л е гк и х  я д е р .

S tim u la ted  by o u r  p re v io u s  r e s u l t s  l l ]  on the  e f fec tive  тг-n u c le u s  coupling 
co n s tan t  in  T = \  nuc le i ,  we a r e  a t  p r e s e n t  applying fo rw a rd  d i s p e r s io n  r e l a 
t ions  (FDR) to  n u c le o n -n u c le u s  e l a s t ic  s c a t t e r in g .  Since to ta l  c r o s s - s e c t i o n s  
a r e  v e r y  s i m i l a r  above 20 MeV fo r  a l l  l ight e le m e n ts  we have ch osen  the 
te ch n ic a l ly  s im p le s t  c a s e  of n - a  s c a t t e r in g  to  d e m o n s t r a te  the  m ethod  [one 
am p li tude  (sp in  and is o s p in  ze ro ) ,  no nega t ive  e n e rg y  r e s o n a n c e s  in  the 
com pound s ta te ,  no Coulomb e f f e c t s ] . O u r  m a in  conc lus ion  i s  tha t the 
nu c leu s  b ehaves  like an e l e m e n ta ry  p a r t i c l e  at high e n e r g ie s ,  w h e r e a s  at 
low e n e r g ie s  v e r y  im p o r ta n t  co n t r ib u t io n s  com e f ro m  the exchange channel,  
e s p e c ia l ly  f ro m  the  exchange of deep ly  bound s y s t e m s  (in the  p a r t i c u l a r  ca se  
of n - a  s c a t t e r in g  f ro m  3He exchange).

T he  once su b t r a c te d  d i s p e r s io n  r e la t io n 1 fo r  the  fo rw a rd  n-c? la b o ra to ry  
s c a t t e r in g  am p li tu d e  i s 2

He f ( E )  - E .  , (0| *  •  f  P  / d E '  i f S ^ E l L

- 2 m

d )

_E_ Г [g (E ')  - a ( E ) ] k '  
4n2 J (E '+E+2 m)(E '+2 m)

0

T h is  exac t  fo rm u la  i s  r e l a t iv i s t i c  and co m p le te ly  g e n e r a l  excep t  fo r  the  pole 
t e r m .  F o r  n o n - r e la t iv i s t i c  a p p ro x im a t io n s  one can  n eg lec t  the  la s t  
te rm (~ f f  - ct).

1 For comparison with NN scattering see Ref. [2 ] .
2 Notation: E is the laboratory kinetic energy of the neutron (mass m), k = (Ez+2m E)2 its momentum, 

f and f the n - a  and ñ-oí am plitudes, a  and 5 the corresponding to tal cross-sections, E0 the 3He pole position, G 
the pole residue, E], the branch point o f the unphysical cu t. Re f(0) = (1 + т / т щ е) X (scattering length), 
do/dSÎ(0«) = |f |! ; с — 1.
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The s in g u la r i ty  s t r u c t u r e  of the  un p h y s ic a l  reg io n  fo r  n - а  s c a t t e r in g  is  
a s  follows :

/ P d Eb' Eb E0
1---------------------------<ГЛ с - < 1^ 3 4  О ---------------------------------------------------------------------------------------------------------- 1 E

-2 m  ppn -21.1 -15.4 O(MeV)
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The pole t e r m  c o r r e s p o n d s  to 3He exchange , w ith  a  po s i t io n  E 0 = - 15.4 MeV. 
The s ign  of the pole i s  c h a r a c t e r i s t i c  of the  pos i t ive  p a r i t y  of 3He.

He

(In an  e l e m e n ta ry  p a r t i c l e  t r e a tm e n t  of n ( |+)3He ( | +) 4He (0+) the  pole is  
ana logous  to  th a t  in  Kp s c a t t e r in g  [3] . Note tha t  the  c o r r e s p o n d e n c e  i s  to 
p s e u d o s c a l a r  Kp s c a t t e r in g ,  b e c a u s e  3He i s  a nega tive  e n e rg y  in te r m e d ia te  
s ta te .  O ur  defin ition  of G2 in c lu d es  the  m a s s  f a c to r s  th a t  a r e  r e s p o n s ib le  
fo r  th is  s ign  dependence  on p a r i ty .  )

The  exchange of m o r e  th a n  one p a r t i c l e  le a d s  to c u ts .  T he  n e a r e s t  
b r a n c h  point com ing  f ro m  pd exchange s t a r t s  at Eb = - 19. 4 MeV. The 
exchange of ppn beg ins  a t  E ^  = - 21.1 MeV, w h e r e a s  the cut c o r re s p o n d in g  
t o 3He 7г° exchange s t a r t s  at  -120  MeV._

A n u m b e r  of a c c u r a t e  p h ase  sh if t  a n a ly s e s  [4] being  ava i lab le  fo r
0 < E < 50 MeV, we have s tu d ied  Eq. (1) m a in ly  in  th is  e n e rg y  reg io n .  To 
show the im p o r ta n c e  of the  un p h y s ic a l  reg io n ,  we have c o m p a re d  the  d i s 
p e r s io n  in te g r a l  f ro m  the  p h y s ic a l  r e g io n  only, inc lud ing  the  s u b t r a c t io n  
co n s tan t  (dashed  line in  F ig .  1) to  the  r e a l  p a r t  of the am p litude  f ro m  p hase  
sh if t  a n a ly s is  [4] (so lid  line).

T he  to ta l  c r o s s - s e c t i o n s  a r e  taken  f ro m  Ref. [5 ].  The in te g r a l  dependent 
on  ( 5 -  a) h a s  b ee n  n eg lec ted  s ince  i t  c o n t r ib u te s  l e s s  than  1% f o r  E  < 50 MeV 
u n d e r  a l l  r e a s o n a b le  p a r a m e t r i z a t i o n s  (note the  s u p p r e s s io n  due to the  la rg e  
d e n o m in a to r  > 4 m 2). The d i f fe ren ce  A (= so lid  m inus  d ashed  line) i s  v e r y  
l a r g e  and i s  shown in F ig .  2. If  the 3He pole of E q . (1) i s  the  dom ina t ing  
s in g u la r i ty ,  we expec t the  quan ti ty  E /Д  to be l i n e a r  in  E .  Indeed, the 
l in e a r i ty  i s  s t r ik in g  (dashed  l ine) .  C o m p a r i so n  with the pole t e r m  in  (1) 
f ix es  the  p a r a m e t e r s  a s :

2
E„ = - 10 MeV G 2 = 1 .3  o r ^ - s 2 5 F  u . E

o

Note th a t  the  s ign  of G2 i s  c h a r a c t e r i s t i c  of the  exchange of a p a r t i c l e  of 
po s i t iv e  p a r i t y  (cf. the  r e m a r k  f u r th e r  above). The sh if t  of the  pole pos i t ion  
by 5 MeV, i f  i t  i s  a r e a l  e ffec t,  could be due to a nega t ive  co n t r ib u t io n  f rom  
the  n e a rb y  cu t .  A c o m p a r a t iv e ly  l a r g e  ca n c e l la t io n  of the o r d e r  of 50% would 
then  be n e c e s s a r y .

An eva lua t ion  of Re f a ro u n d  100 MeV, pole t e r m  inc luded , s t i l l  in d ic a te s  
m is s in g  c o n t r ib u t io n s  of the  o r d e r  of - 4 F  w hich  v a r y  s lowly w ith  E .  T h e se
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F IG .l. T h e fu llp o in tsa re R e fin n -a sca tte rin g  from phase shifts [43. The solid line  is a smooth in ter
polation, The error bar is, the estim ated systematic error at 40 MeV. It is less at lower energies. The 
dashed line is the contribution to Re f from the  physical region (see text) with Re f (0) = -3 .0 4  F.

Е/Д

A  ( F ) ( M e v / F  )

FIG .2. T he derived exchange am plitude Д and the function E/Л  versus the kinetic energy E. Full points 
are d irectly  related to phase shift analysis, while the dashed line is the pole extrapolation described in the 
text.
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p r e s u m a b ly  com e f ro m  m o r e  d is tan t  s in g u la r i t i e s  l ike  exchange of 3He ж,
3He p (o r  и o r  cp ) e tc .  and a r e  of the expected  m agn itude  and sign.  H ow ever,  
the e x p e r im e n ta l  r e a l  p a r t  beg ins  to be u n re l i a b le  at th e se  e n e r g ie s .  In 
addition ,  the p h y s ic a l  re g io n  of a n t ip a r t ic le  c r o s s - s e c t i o n s  beg ins  to c o n t r i 
bute a  few p e r  cen t to the d i s p e r s io n  in te g ra l .  T h e r e f o r e  th e se  s t a te m e n ts  
m u s t  r e m a in  qu a l i ta t iv e .

The exchange am p litude  f rom  3He of about 25F can  be r e la te d  to  the 
re d u c e d  w idth  fo r  4He -»n + ЗНе. With an  in te r a c t io n  r a d iu s  R = 2F th is  is  
co m p atib le  w ith  a red u c ed  w idth  7 2~ 1 ; i t  should be noted , how ever,  tha t  the 
exponen tia l  p e n e t r a t io n  f a c to r  exp[/<R] i s  v e r y  la rg e .

Since the  to ta l  c r o s s - s e c t i o n s  have s i m i l a r  shape a s  fo r  4He in  o th e r  
l ight e le m e n ts ,  s i m i l a r  d i s p e r s io n  in te g r a l s  o c c u r  lead ing  to the  g e n e r a l  
co n c lu s io n  of v e r y  im p o r ta n t  exchange t e r m s  in n u c leo n -n u c le u s  fo rw a rd  
s c a t t e r in g  a m p li tu d e s .  It i s  i n te r e s t i n g  to a s k  how th is  is  r e c o n c i la b le  with 
o r d in a r y  po ten t ia l  s c a t t e r in g .  The exp lana tion  i s  the following th e o re m :  
s c a t t e r in g  f ro m  an e x te r n a l  r e a l  p o ten tia l  w ith  so m e bound s t a te s  occup ied  
is  id e n t ic a l  to  tha t  f ro m  an unoccupied  well ,  p rov ided  tha t  the  inc iden t  
p a r t i c l e  i s  id e n t ic a l  to the  bound ones  and th a t  the  p a r t i c l e s  a r e  non 
in te r a c t in g .  T hus ,  the exchange co n tr ibu t ion  is  exac t ly  the c o n tr ib u t io n  
f ro m  the  s t a t e s  w hich a r e  occupied  ánd hence b locked .

To e s ta b l i s h  the c o r re sp o n d in g  im p o r ta n c e  of exchange fo r  o th e r  l ight 
nucle i ,  we a r e  at p r e s e n t  in v e s t ig a t in g  n - 12C sc a t t e r in g ,  w hich has  the  ' 
add i t iona l  c o m p lic a t io n  of a few nega tive  en e rg y  com pound s t a te s .
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D I S C U S S I O N

H. MELDNER: Since al l  y o u r  r e s u l t s  depend on the  a s s u m e d  an a ly t ic i ty ,
I would l ike  to a sk  about ju s t i f i c a t io n s .  I u n d e rs ta n d  f ro m  y o u r  p a p e r  tha t 
you a r e  led  to th is  p a r t i c u l a r  a s su m p tio n  f ro m  i ts  s im i l a r i t y  to  th e  NN 
a m p li tu d e  an a ly t ic i ty  v ia  G la u b e r - ty p e  m u l t i s c a t t e r in g  a p p ro x im a t io n s .  
H ow ever ,  tak ing  the  NN c a s e  a s  the s in g le  s c a t t e r in g  t e r m  in th is  se n se ,  
you get the  fu ll  am p litude  as  an infin ite  s e r i e s  of convolution  in te g r a l s  
involving s ing le  t e r m s .  T h is  way you g e n e r a te  a r a t h e r  c o m p lic a te d  cut 
s t r u c t u r e .  I w onder  how you in s tea d  get th is  s im p le  CDD pole p lus cut? 
A n o th e r  te c h n ic a l  point: did you com pute  the  in te g r a l s  (up to infinity) as  
in  the  F E S R  gam e?
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T . E . O .  ERICSON: We have not been  led to the  a n a lv t ic i ty  s t r u c t u r e
by m u l t ip le  s c a t t e r in g  a p p ro x im a t io n s .  The s t r u c t u r e  of the d i s p e r s io n  
re la t io n  is  ob ta ined  d i r e c t ly  f ro m  an a n a ly s i s  o f  the  s in g u la r i ty  s t r u c t u r e  
of  the  am p li tu d e .  Of c o u r s e ,  we do not p re te n d  th a t  the  n u c le o n -n u c le a r  
and p io n - n u c le a r  d i s p e r s io n  r e la t io n s  a r e  r ig o ro u s  in  the  s e n s e  of a x io 
m a t ic  f ie ld  th e o ry ,  but even  in  h ig h - e n e rg y  ph y s ic s  d i s p e r s io n  r e la t io n s  
a r e  r a r e l y  p roven , although th e y  a r e  e x t r e m e ly  p la u s ib le .  As f a r  as  n u c le a r  
p h y s ic s  i s  c o n c e rn ed ,  we can c o n s id e r  th e m  to be  ex a c t .

The G lau b e r  ap p ro x im a t io n s  e n t e r  on ly  in  an e x t r e m e ly  m in o r .w a y  
in  the n u m e r ic a l  eva lua tion  of u n m e a s u r e d  h ig h -e n e rg y  to ta l  c r o s s - s e c t i o n s  
aw aiting  d i r e c t  e x p e r im e n t s .  T h e r e  is  am p le  ev idence  tha t  the  a p p ro x i 
m a t io n  i s  quite su ff ic ien t  fo r  o u r  p u rp o se  s ince  we could have app ro x im a te d  
the  h ig h -e n e rg y  c r o s s - s e c t i o n s  even m o r e  c ru d e ly .  In the  h ig h -e n e rg y  
re g io n  we invoke th a t  cr(E) and ct(E) b ec o m e  equal (P o m e ra n c h u k  th e o re m ) ,  
a s  everybody does .

F in a l ly ,  I want once  m o r e  to in s i s t  on the  g r e a t  s im p l i f ic a t io n  i n t r o 
duced in the  a n a ly t ic a l  s t r u c t u r e  b y -co n s id e r in g  only fo rw a rd  d is p e r s io n  
r e la t io n s .

V. M. KOLYBASOV: If you n eg lec t  the  co n tr ibu t ion  of the  cut in the
n o n -p h y s ica l  reg io n  and le av e  only  the  co n tr ibu t ion  of the  pole, you obta in  
an ex ce l len t  e x t ra p o la te d  s t r a ig h t  l ine ,  but the  pole po s i t io n  is  s t ro n g ly  
rem o v e d  f ro m  the  r ig h t  one.  H ow ever ,  we se e  the cut beg ins  v e ry  c lo se  
to  the  pole. It m igh t happen th a t  the  conc lu s ion  you p robab ly  com e to 
co n c e rn in g  the  dom inan t co n tr ib u t io n  of the  pole t e r m  in the  n o n -p h y s ica l  
re g io n  is  not c o r r e c t ,  and the  cut g ives  the  co n tr ibu t ion  c o m p a ra b le  with 
o r  l a r g e r  than  the pole, but the  e x t ra p o la te d  cu rv e  co m es  c lo se  to a s t r a ig h t  
l in e  owing to the  a l re ad y -m e n tio n ed  s h o r t  d is ta n c e  be tw een  the  cu ts  and 
the  pole.

A .K .  KERMAN: It is  not s u r p r i s in g  tha t  y ou r  e x t ra p o la t io n  did not
com e to the expected  15 MeV in v iew of  the  l a r g e  d is ta n c e  to the  po le .  How
e v e r ,  it m a y  s t i l l  be in te r e s t i n g  to s e e  the  r e s id u e .  D oes it a g r e e  with 
what one ex p e c ts  fo r  the  ta i l  of the  s ing le  p a r t i c le  w av e -fu n c t io n  in  4He?

T . E . O .  ERICSON: T h is  is  e x a c t ly  o u r  conclus ion .  The exchange
am pli tude  Д is  d e te rm in e d  e x p e r im e n ta l ly  and s im p ly  p lo tted  so as  to  give 
it  a chance  to d isp lay  a  s ing le  pole if  t h e r e  is  one.  T he  ex c e l len t  s t r a ig h t  
l ine  to a point w h ere  th e r e  m a n i f e s t ly  is  no pole should be  a l e s s o n  to 
p o lo lo g is ts .  T h e r e  should c l e a r ly  be an im p o r ta n t  3He pole at -15 MeV.
My s ta te m e n t  was th a t  we can 'ex p la in '  the  a b sen c e  of c u r v a tu r e  to the  
eye be tw een  0 and 40 MeV a s  well a s  the  a p p a re n t  pole at -10  MeV by 
in tro d u c in g  an add i t iona l  pole to d e s c r ib e  the  cu t .  I ts  s ign  m u s t  be ty p ic a l  
o f  n ega t ive  p a r i t y  exchange; i t s  pos i t ion  can be anyw here  f ro m  -20 MeV 
to -120 MeV, if p a r a m e t e r s  a r e  ch osen  c o r re sp o n d in g  to 0 to  100 MeV 
e x c i ta t io n  of ЗНе. T he  p ro b le m  is  th a t  4He s t r u c t u r e  is  well  u n d e rs to o d  
and th e r e  is  not m uch  p lace  fo r  such  r a t h e r  s t ro n g  nega t ive  p a r i t y  s t r e n g th  
in  the  cut.  T h e r e  i s  no ev idence  at a l l  of an en h ancem en t  of any kind o r  
even of any s t r e n g th  in  the  cut in  knockout r e a c t io n s  of a p ro to n  f ro m  4He 
(i. e. p, 2p ex p e r im e n ts )  in the  f i r s t  20 MeV of the  con t inuum . T h is  i s  why 
it  is  a cha l lenge  to  find out the  o r ig in  of the  continuum  3He co n tr ibu t ion .

C . F .  CLEM EN T: In connect ion  with the  u se  o f  d i s p e r s io n  r e la t io n s
in  n u c le a r  p h y s ic s  it is  im p o r ta n t  to  a s k  the  q u es t io n  w h e th e r  they  can  be 
d e r iv e d  f ro m  th e  conven tiona l  p o te n t ia l  th e o ry  u se d  to d e s c r ib e  n u c le a r  
r e a c t io n s .  A l te rn a t iv e ly ,  we can  a s k  w h e th e r  the  th e o r i e s  a r e  equivalen t
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and, if  not, in what r e s p e c t  they  d if fe r .  One of the r e a s o n s  why d i s p e r s io n  
r e la t io n s  have not been  used  s u c c e s s fu l ly  in  the pas t  in n u c le a r  r e a c t io n s  
i s  tha t  it has  been  found difficult  to show tha t  they  can re p ro d u c e  such  
c h a r a c t e r i s t i c  f e a tu re s  as  s t ro n g  a b so rp t io n .

T . E . O .  ERICSON: A b so rp t io n  is  d i r e c t ly  included in the  d i s p e r s io n
r e la t io n s  by the  to ta l  c r o s s - s e c t i o n s  so th a t  i ts  e f fec ts  in  the  fo rw a rd  
Re f a p p e a r s  im m e d ia te ly .  The d is p e r s io n  th e o ry  should be m o r e  g e n e ra l  
th a n  p o ten tia l  th e o ry ,  which r e p r e s e n t s  a s p e c ia l  c a s e .  E v en  so ,  the  
two a p p ro a c h e s  d if fe r  in the  k in e m a t ic a l  r e c o i l  e f fec ts  a s s o c ia te d  with 
the  bound s ta te  s c a t t e r in g  as c o m p a re d  to exchange e f fec ts  in the  d is p e r s io n  
r e la t io n  (the d if fe ren ce  is  s m a l l  fo r  heavy  e le m e n ts  but not fo r  4He).

It should  be added th a t  we do not even a t tem p t  to d e s c r ib e  d if f ra c t io n  
s c a t t e r in g  p roduced  by s t r o n g  a b s o rp t io n  at p r e s e n t . ,  T h e se  phenom ena 
involve n o n - fo rw a rd  s c a t t e r in g .  F o r  a lo o se ly  bound s y s te m  new s in g u 
l a r i t i e s  ca lled  anom alous  th r e s h o ld s  then  a p p e a r .  The s tudy  of th e se  
e f fec ts  is  e x t r e m e ly  in te r e s t i n g  although m uch  m o r e  d ifficu lt  and am b i t io u s .  
We b e l iev e  it is  im p o r ta n t  to f i r s t  u n d e rs ta n d  the  s im p le s t  s i tu a t io n s  in 
full d e ta i l  b e fo re  tack l ing  th is  m o r e  am b it ious  p ro b lem .

Gy. BEN CZE: L ip p e rh e id e  at B e r l in  has  r e c e n t ly  in v e s t ig a te d  the
a n a ly t ic a l  p r o p e r t i e s  of the  g e n e ra l iz e d  o p t ic a l  po ten tia l  and by a s su m in g  
c a u sa l i ty  has  obta ined  a  d i s p e r s io n  r e la t io n  be tw een  the  r e a l  and im a g in a ry  
p a r t s  of the  po ten t ia l .  T h is  r e la t io n sh ip  was then used  to check  the  co n 
s i s t e n c y  of o p t ic a l  m ode l  po ten t ia ls  ob ta ined  f ro m  phenom enolog ica l  
a n a ly s e s .  Now m y ques tion  is ,  what is  the advantage of y ou r  us ing  the 
s c a t t e r in g  am plitude  r a t h e r  than  the g e n e ra l iz e d  o p t ic a l  po ten t ia l?  Does 
not the  s tudy  of the  g e n e ra l iz e d  o p t ica l  p o ten tia l  r e v e a l  m o r e  f e a tu re s  of 
re a c t io n  m e c h a n is m s  in n u c le a r  p hys ic s?

T . E . O .  ERICSON: While it is  in te r e s t i n g  to study  the  d i s p e r s iv e
p r o p e r t i e s  of an o p t ic a l  po ten tia l  it m u s t  be c l e a r ly  r e a l iz e d  th a t  th is  
po ten t ia l  is  a t h e o r e t i c a l  o b jec t  d e r iv e d  u n d e r  sp e c if ic  a s s u m p t io n s .  I 
doubt w h e th e r  L ip p e rh e id e 's  po ten t ia ls  include r e la t iv i s t i c  e f fec ts  exac t ly .  
F u r t h e r m o r e ,  you have the  d ifficulty  of uniquely  d e te rm in in g  th is  po ten tia l  
f ro m  e x p e r im e n ts  w ithout highly sp ec if ic  addi t iona l  a s s u m p t io n s .  The 
advan tage  of the  s c a t t e r in g  am p litude  is  tha t  it is  a d i r e c t ly  m e a s u r a b le  
ph y s ic a l  quantity .  The la ck  of am bigu ity  h e r e  s e e m s  to m e  an en o rm o u s  
a d v a n ta g e .
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Abstract — Аннотация

HYPERFINE MAGNETIC FIELDS ON MOVING ATOMS IN FERROMAGNETIC MEDIA. Strong transient 
m agnetic fields have been shown to act on moving ions during slowing down in ferrom agnetic m aterials.
A summary of the experim ental evidence is given together with a short description of a theoretical model.

ВЛ И ЯН И Е М А ГН И ТН Ы Х  ПОЛЕЙ НА ДВИЖ УЩ ИЕСЯ АТОМ Ы  В Ф Е РР О М А ГН И Т Н Ы Х  
С Р Е Д А Х . П о казан о  влияние си льн ы х  п ер ех о д н ы х 'м агн и тн ы х  полей на движ ущ иеся ионы 
при их зам е д л ен и и  в ф -ерром агнитны х м а т е р и а л а х . П риводятся  р е зу л ь т а т ы  эк сп ер и м ен то в  
в м е с т е  с к р атк и м  оп исани ем  т е о р е т и ч е ск о й  м о д ел и .

In th i s  r e p o r t  we d e s c r ib e  so m e  of the  r e c e n t  o b s e rv a t io n s  of h y p e r 
f ine  f ie ld s  on m oving  ions  in  f e r r o m a g n e t i c  m e d ia  and s u m m a r i z e  the  
f i r s t - o r d e r  th e o ry  which s e e m s  to  accoun t  f o r  m a n y  of th e  p r o p e r t i e s  of 
the  o b se rv e d  m a g n e t ic  f ie ld s .  T he  s h o r tn e s s  of th is  r e p o r t  is  ju s t i f ie d  
by the  ex ten s iv e  d e s c r ip t io n s  of th e s e  e x p e r im e n ts  p ub lished  e a r ly  in 
1968 [1-3],  a s  w ell  a s  by  th e  fo r th c o m in g  p a p e r s  d e s c r ib in g  r e c e n t  d e 
v e lo p m e n ts  in  th e o ry  [4] and e x p e r im e n t  [5, 6].

The e x p e r im e n ts  a t  the  U n iv e r s i ty  of W isco n s in  T andem  A c c e le r a to r  
w e r e  c a r r i e d  out on i s o to p e s  f r o m  i r o n  to  m e r c u r y  u s in g  the  te chn ique  
(IMPAC) of Coulomb e x c i ta t io n  with  heavy  ions  and co n seq u en t  im p la n ta 
t io n  of the  r e c o i l in g  n u c le i  into v a r io u s  b ac k in g s .  The s c h e m a t ic  d raw ing  
of the  a p p a r a tu s  show n in  F ig .  1 h a s  b e e n  d isp lay e d  m a n y  t im e s .  An oxy
gen b e a m  of a p p ro x im a te ly  35 MeV s t r i k e s  a th in  t a r g e t  which h a s  b ee n  
e v a p o ra te d  onto an  a p p r o p r ia t e  back ing , the  b a c k - s c a t t e r e d  oxygen p a r 
t i c l e s  be ing  d e te c te d  in  a s u r f a c e  b a r r i e r  h e a v y - io n  d e t e c to r .  T he  7 - r a y s  
f ro m  s ta te s  Coulom b e x c i te d  by  th e s e  b a c k - s c a t t e r e d  oxygen p a r t i c l e s  a r e  
de te c te d  in  fo u r  m o vab le  с о - p l a n a r  c o u n te r s .  F o r  f e r r o m a g n e t i c  fo i ls  a 
m ag n e t iz in g  f ie ld  p e r p e n d ic u la r  to  th e  c o u n te r  p la n  i s  p ro v id ed .

T y p ic a l  p r e c e s s i o n  r e s u l t s ,  aga in  w e l l - d e s c r ib e d  in  the  l i t e r a t u r e  
[7],  a r e  shown in  F ig .  2, fo r  the  334 keV, 0 .0 7  ns  s t a t e  of 150Sm in 
p o la r i z e d  F e ,  Ni, Co, and Gd b a c k in g s .  The d a ta  a r e  f i t ted  by  t h e o r e 
t i c a l  c u r v e s ,  a s s u m in g  th a t  t h e r e  i s  no a t ten u a t io n  of the  g a m m a  r a y  
o th e r  th a n  th a t  f ro m  a s in g le - v a lu e s  m a g n e t ic  f ie ld .  Such r e s u l t s  a s  th o se  
of F ig .  2 g ive confidence  th a t  the  IM PA C  techn ique  i s  r e l i a b l e  fo r  s t a t e s  
l iv ing  a s  s h o r t  a s  a few te n th s  of a n an osecond .
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F o r  n u c l e a r  s t a te s  of s h o r t e r  l i f e t im e s ,  one g e n e ra l ly  d e t e r m in e s  the  
L a r m o r  p r e c e s s i o n  angle, u l t ,  f ro m  the  effec t of m a g n e t ic  f ie ld  f lip  at 
the  m a x im u m  an iso t ro p y  of the  g a m m a - r a y  a n g u la r  d is t r ib u t io n  s in c e  the  
a t ten u a t io n  of the  a n g u la r  d i s t r ib u t io n s ,  being  p r o p o r t io n a l  to  [ 1  + (urr)2 ] ' a, 
i s  neg l ig ib le .  F o r  such  s h o r t - l iv e d  s t a te s  a c o m p a r is o n  of the  p r e c e s s i o n  
a n g le s ,  ( w l t ) i m p a c , with  the  c o r re s p o n d in g  v a lu e s  now m e a s u r e d  by  u s in g  
ra d io a c t iv e  s o u r c e s  in i r o n  i s  g iven in  F ig .  3. The r e f e r e n c e s  to  the  r a d i o 
a c t iv i ty  da ta  m a y  be found in  R ef.  [2]. T he  r a d io a c t iv i ty  p r e c e s s i o n  an g les  
do not a g r e e  with  th o se  o b s e rv e d  by IM PA C . ( F o r  s t a te s  l iv ing  lo n g e r  than  
n a n o s e c s ,  how ever,  the  a g r e e m e n t  i s  good [2 ].)

F IG .l. Schem atic diagram of IMPAC technique apparatus.

Many f e a tu r e s  of the  anom alous  h y p e r f in e  f ie ld  a r e  ev iden t in  the  p r e 
c e s s io n  r e s u l t s  fo r  2* s t a t e s  of ™ , 7 2 , 74, i &q q  ( s e e  F ig .  4 [6] ) .  The v a lu es  
of (ul7")impac a r e  e s s e n t i a l l y  independen t of the  l i f e t im e s  of the  s t a t e s .  
M o re o v e r ,  the  p r e c e s s i o n s  in  F e  back ings  a r e  u n ifo rm ly  g r e a t e r  in m a g n i 
tude than  those  in Ni b ac k in g s .  The s ta t ic  m a g n e t ic  f ie ld s  [8], HGe(Fe)
= + 70 ± 3 kG and GGe (Ni) = + 30 ± 3 kG, a r e  s m a l l  and r e s u l t  in neg l ig ib le  
p r e c e s s i o n s  fo r  th e  1 .8  p s ,  2+ s ta te  of 10Ge. C le a r ly ,  then ,  we a r e  d e a l 
ing with  a t r a n s i e n t  m a g n e t ic  f ie ld  w hich  t a k e s  p la c e  in  l e s s  than  1 . 8  p s .  
M o re o v e r ,  the  ev idence  of F ig .  4 c o r r o b o r a t e s  p re v io u s  ev idence  [9] tha t  
the  t r a n s i e n t  h y p e r f in e  f ie ld  i s  p ro p o r t io n a l  to  the  h o s t  m a g n e t ic  m o m e n t  
(o r  to  the  conduction  e l e c t ro n  p o la r iz a t io n ) .

In Ref. [ l] ,  a s e r i e s  of^sandwich t a r g e t  e x p e r im e n ts  w e re  d e s c r ib e d  
which showed quite  c l e a r ly  th a t  th e r e  i s  a v e lo c i ty  dependence to  th i s  
t r a n s i e n t  h y perf ine  f ie ld  and th a t  m uch  of the  e ffec t o c c u r s  at low veloc ity .  
R a th e r  th a n  r e p e a t  th i s  d e s c r ip t io n ,  we d e s c r ib e  a p a r t i c u l a r l y  e legan t e x 
p e r im e n t  now being c a r r i e d  out at  the N ie ls  B o h r  In s t i tu te  T andem  A c c e l e r a 
t o r  by  H ersk in d  and c o - w o r k e r s  [5], w h e re in  the  t r a n s i e n t  h y p e rf in e  f ie ld
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FIG .2. Typical precession results for the 334 keV, 0 .07  ns state of 150Sm in polarized Fe, Ni, Co, and 
Gd backings.
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FIG .3. Comparison of precession angles ( ĉ l T)lMPAC with the corresponding values measured by using 
radioactive sources in iron.

T  in p ic o s e c s

FIG .4. Л0 data for Fe and Ni hosts.



HYPERFINE MAGNETIC FIELDS 3 9 9

on 56F e  r e c o i l in g  th ro u g h  an  i r o n  la t t i c e  i s  being  i so la te d  and m e a s u r e d .
T he  p r e l i m i n a r y  r e s u l t s  p r e s e n te d  h e r e  have a l r e a d y  b ee n  co n f i rm e d  by 
B o r c h e r s  et a l .  [10].

A s e r i e s  of e x p e r im e n t s  [3, 11, 12] have  shown tha t  the  t r a n s i e n t  p r e 
c e s s io n  f o r  the  10 p s ,  856 keV s ta te  of S6F e  re c o i l in g  in  F e  is ,  a c c iden ta l ly ,  
ju s t  equa l  and o ppos i te  to  the  s ta t ic  p r e c e s s i o n .  T hus ,  u n le s s  the  r e c o i l  
v e lo c i ty  i s  v e r y  s m a l l  [ 1 1 ], the  o b s e rv e d  p r e c e s s i o n  i s  e s s e n t i a l l y  z e ro .
To iso la te  the  t r a n s i e n t  h y p e rf in e  f ie ld ,  H ersk in d  et a l .  [5] u sed  a ro l le d
2. 8 m g / c m 2 i r o n  t a r g e t  onto which a Cu back ing  of ~ 3  m g / c m 2 w as  ev a -  - 
p o ra te d .  H e rsk in d  m a d e  u s e  of th e  fac t  th a t  the  e n e rg y  of the  b a c k - s c a t t e r e d  
oxygen p a r t i c l e s  r e f l e c t s  the  depth  at which the  Coulomb ex c i ta t io n  ta k e s  
p la ce  in  the i r o n  t a r g e t ,  th u s  m ak ing  it  p o s s ib le ,  in one e x p e r im e n t ,  to 
s o r t  and m e a s u r e  the  p r e c e s s i o n  of r e c o i l s  which stop in  the  F e  t a r g e t  i t s e l f  
(c re a te d  in  the  f ro n t  of the  F e  la y e r )  f ro m  th o se  c r e a te d  n e a r e r  to  the  F e - C u  
in te r f a c e ,  and th u s  spend ing  the  l a s t  p o r t io n  of t h e i r  f l ight in  co p p e r .  The 
e a r ly  r e s u l t s  a r e  show n in  F ig .  5. The nega tive  v a lu e s  of ur  c o r r e s p o n d  to 
p o s i t iv e  h y p e r f in e  f ie ld s .  One s e e s  th a t  the  m a x im u m  of the  t r a n s i e n t  p r e 
c e s s io n  o c c u r s  a t  v e r y  low ve loc it ies :  w h e re  the  F e  r e c o i l s  ju s t  s top  in  the  
Cu by the  F e - C u  in te r f a c e .  S im i la r  e x p e r im e n ts  a r e  in  p r o g r e s s  on o th e r  
e le m e n ts .
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FIG .5. T o tal rotation angle as a function of stopped 56Fe recoils in Fe-C u target. (Preliminary data 
of Herskind e t a l . К

We sh a l l  now s u m m a r i z e  the  s y s t e m a t ic s  ob ta ined  on the  t r a n s i e n t  
h y p e rf in e  m a g n e t ic  f ie ld  by  B o r c h e r s ,  B ro n so n ,  G ro d z in s ,  H ees tand ,  
H ersk in d ,  K a l i s h  . and M u rn ic k  a t  the  W isco n s in  a c c e l e r a t o r .
1. The t r a n s i e n t  f ie ld  i s  a lw ays  p o s i t iv e .  Independent of w h e th e r  the

s ta t ic  f ie ld  i s  p o s i t iv e  o r  nega t ive ,  the  t r a n s i e n t  f ie ld  i s  in  the  d i r e c 
t io n  of the  app l ied  f ie ld .

2. The t r a n s i e n t  f ie ld  a c t s  p r i m a r i l y  on the  m oving  ion.
3. The m agn itude  of the  t r a n s i e n t  f ie ld  m a y  be e x p r e s s e d  by the  equation

Ht ~ 0 . 2 Z  m e g a g a u s s - p ic o s e c o n d s .  F r o m  the  sandw ich  e x p e r im e n ts
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above, i t  i s  r e a s o n a b le  to  conclude th a t  the  t im e  o v e r  which the  
t r a n s i e n t  f ie ld  a c t s  is  ap p ro x im a te ly  a th i r d  of a p ico seco n d  so  tha t  
H T - 0 . 6 Z  m e g a g a u ss .

4. T he  t r a n s i e n t  f ie ld  i s  rough ly  p ro p o r t io n a l  to the a to m ic  m a g n e t ic  
m o m e n t  of the  h o s t .  T he  da ta  a r e  a l so  c o n s is te n t  w ith  the  t r a n s i e n t  
f ie ld  be ing  p ro p o r t io n a l  to  the  p o la r i z a t io n  of the conduction e l e c t r o n s .

5. A t r a n s i e n t  h y p e r f in e  f ie ld  e x i s t s  when the  back ing  fo il  is  Gd though the  
t r a n s i e n t  p r e c e s s i o n  i s  s m a l l e r  th a n  th a t  with Ni [12]. T h is  too i s  in  
keep ing  with the  idea  th a t  the t r a n s i e n t  f ie ld  i s  p ro p o r t io n a l  to  the  c o n 
duction  e le c t ro n  p o la r iz a t io n .

6 . The p o s s ib le  ex is te n c e  of a t r a n s i e n t  p r e c e s s i o n  when r a r e  e a r th s  a r e  
r e c o i l e d  in to  F e  is  a c o m p le te ly  open ques tion  at the  p r e s e n t  t im e .

F in a l ly ,  a few c o m m e n ts  on the  th e o ry  of t r a n s i e n t  f ie ld s  a s  su g g e s ted  
by  L in d h a rd  [13].

A heavy  ion which m oves  th rough  a so lid  with m o d e ra te  v e lo c i t ie s  is  
su b je c t  to  two ty p e s  of co l l i s io n s :  n u c le a r  c o l l i s io n s  w h e re  m o m e n tu m  and 
en e rg y  a r e  t r a n s f e r r e d  to  the  a tom s  a s  a whole, and e le c t ro n ic  c o l l i s io n s  
w h e re  e l e c t r o n s  a r e  e x c i te d  o r  e jec ted  f ro m  the  a to m s  along the  p a th .  F o r  
low v e lo c i t ie s ,  the  n u c l e a r  c o l l is io n s  a r e  r e sp o n s ib le  fo r  th e  m a in  p a r t  of 
the  r a t h e r  cons tan t  spec if ic  e n e rg y  lo s s .

An e s s e n t i a l  f e a tu re  in  the  d e s c r ip t io n  of th e s e  p r o c e s s e s  i s  the  a v e ra g e  
f ie ld  su r ro u n d in g  the ion. The f ield  is  a s c re e n e d  Coulomb f ie ld  w here  
th e  s c re e n in g  is  p a r t l y  due to  e l e c t ro n s  bound by the  ion and p a r t l y  to  e l e c 
t r o n s  w hich a r e  s c a t t e r e d  by the  ion. The f ie ld  is  a  r a t h e r  sm oo th  function  
of th e  ve lo c i ty  which, a t  s m a l l  v e lo c i t ie s ,  a p p ro a c h e s  th e  T h o m a s - F e r m i  
f ie ld  of a f r e e  a tom  with a s c re e n in g  r a d iu s  of

~  / v  ! /3a -  a 0 /  Zy
w h e re  a 0 i s  the  B o h r  r a d iu s  and Z i  is  the  ion ch a rg e .

The ions with an e n e rg y  l a r g e r  than, say ,  10 keV m ove r a t h e r  f r e e ly  
in  the  la t t ic e ,  and a to m ic  e le c t ro n s  excep t  the  s t ro n g ly  bound ones  will 
b e  s c a t t e r e d  in  the f ie ld .  In th i s  s c a t t e r in g ,  the  e l e c t ro n  den s i ty  at the  
ion w ill  be  am plif ied  a s  c o m p a re d  to the  a v e ra g e  e le c t ro n  d e n s i ty  by a 
f a c to r  of the  o r d e r

2 7Г r\ 2 î r Z i e 2
~  2тгг) ------------------

ь 1 - e ' 2mi h v r

w h ere  v r is  the  r e la t iv e  ve loc i ty  of e l e c t ro n  and ion. T h is  e s t im a te ,  
which i s  a c c u r a t e  fo r  a p lane  wave s c a t t e r e d  in a p u r e  Coulomb field , 
m a y  not be too bad s in c e  th e  K - r a d i u s  a 0/ Z x is  m uch  s m a l l e r  than  a.

F o r  low ion v e lo c i t ie s ,  < ^ l/v r )> m a y  be of the  o r d e r  of l / v 0; the 
a m p l i f ic a t io n  f a c to r  i s  of the  o r d e r  of s e v e r a l  hu n d red .  Since the m a g 
ne t ic  f ie ld  at the  ion i s  ap p ro x im a te ly  p r o p o r t io n a l  to the  den s i ty  of 
p o la r i z e d  e l e c t ro n s  a t  the  n u c leu s ,  the  a v e ra g e  m a gne t ic  f ie ld  in i ro n  
of, say, 2X 104 G m a y  be a m p lif ied  to s e v e r a l  m e g a g a u ss .

To c a lc u la te  in d e ta i l  the  p r e c e s s i o n  of the  nuc leus  du r in g  slowing 
down, we m u s t  eva lua te  the  a v e ra g e  L a r m o r  p r e c e s s i o n  and in te g r a te  it 
o v e r  the  s topping t im e  un t i l  the  ion i s  so  s low  th a t  it cannot p e n e t r a te  into 
th e  p o la r i z e d  Id e l e c t ro n s  in  the  ion la t t i c e .  The r e s u l t  of r a t h e r  p r e l i 
m in a r y  e s t im a te s  shows r e a s o n a b le  a g r e e m e n t  with the  ab o v e -m en tio n ed  
e x p e r im e n ta l  r e s u l t s  both  in  r e g a r d  to  the  a b so lu te  m agn itude  and to  the  
dependence  on ion c h a rg e ,  l i f e t im e ,  and ran g e .
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Abstract — Аннотация

EQUILIBRIUM DEFORMATIONS OF THE GROUND AND EXCITED STATES IN NUCLEI. The deformations 
of atom ic nuclei, i .  e . the deviations of their shape from the spherical one, are discussed. An attem pt is 
m ade to understand the origin and nature of deform ation. Various aspects of the  problem such as axial 
symmetry, higher m ultipole (hexadecapole) components, deformations of the excited states, potential and 
k ine tic  energy in the fission process, e tc . are discussed.

РА В Н О В Е С Н Ы Е  ДЕФ О РМ А Ц И И  ОСНОВНЫ Х И В О ЗБУ Ж Д ЕН Н Ы Х  СО СТО ЯН И Й  Я Д Е Р . 
Р а с с м а т р и в а ю т с я  д еф о р м ац и и  а т о м н ы х  я д е р , т . е. отклон ен и я  их ф орм ы  от сф ер и ч еск о й . С д елан а  
п опы тка  п он ять причину и природу деф орм ац и й . О бсуж д аю тся  р а зл и ч н ы е  а сп е к т ы  п р о б л ем ы , 
к а к , н ап р и м ер , а к с и а л ь н а я  с и м м е тр и я , вы сш ие м у л ьти п о л ьн ы е  (г ек с а д е к а п о л ь н ы е ) к о м п о - 
н е т ы , деф орм ац и и  во зб у ж д ен н ы х  с о сто я н и й , п отен ц и ал ьн ая  и к и н ети ч еск ая  эн е р ги я  в п р о ц ессах  
д елен и я  и д р .

1. INTRODUCTION

A g r e a t  am ount of e x p e r im e n ta l  da ta  c o n f i rm s  the  a s su m p t io n  th a t  the 
sp a t ia l  d i s t r ib u t io n  of nuc leons  in so m e  a to m ic  n uc le i  d i f fe r s  ap p re c ia b ly  
f ro m  a s p h e r ic a l  d is t r ib u t io n .  The w ell-know n r o ta t io n a l  p r o p e r t i e s  of the 
s p e c t r a  in th e s e  n u c le i  s e e m  to be  a  good c r i t e r i o n  fo r  the  e x is te n c e  of the 
n u c l e a r  eq u i l ib r iu m  d e fo rm a t io n  f ro m  a  sp h e re .  The Coulomb exc ita t ion  
e x p e r im e n ts  a s  w ell  a s  the  hfs  m e a s u r e m e n t s  of the  ‘a tom ic  s p e c t r a  a r e  the 
m a in  ev idence  u se d  fo r  the  quan t i ta t ive  d e te rm in a t io n  of the  m agn itude  of 
n u c l e a r  d e fo rm at ion .  The " c l a s s i c a l "  re g io n s  of the  d e fo rm e d  n ucle i  such  
a s  the r a r e  e a r th ,  ac t in ide ,  and ligh t e le m e n t  r e g io n s  ( A ~ 2 4 )  have been  . 
w e l l  e s ta b l ish e d .  The quad rupo le  (or  e l l ip so id a l)  c h a r a c t e r  of the  n u c le a r  
shape has  been  concluded, a s  a l so  the  ax ia l  s y m m e t r y  and the  p o s i t iv e  sign 
of the  d e fo rm a t io n  p a r a m e t e r  (p ro la te  shape) .  The equa tion  fo r  the  n u c le a r  
s u r fa c e  (or the  equ ipo ten t ia l  su r fa c e )

R = R0 ( l  + ^  Y,0 + /34Y40 + • • • ) (1)

s e r v e s  a s  a  defin ition  of d e fo rm a t io n  p a r a m e t e r s  /32 , /34 . . . (Another 
p a r a m e t r i z a t i o n  is  defined by  Eq. (2)). The n o n -a x ia l  quad rupo le  
d e fo rm a t io n  p a r a m e t e r  7  is  u su a l ly  in tro d u c ed  by adding a t e r m  
(1 ДГ1) /32 s in У (Y22 + Ÿ2_2 ) to  the r ig h t -h a n d  s ide  of Eq. (1) and at the sa m e  
t im e  by rep la c in g '  by /З2 c o s  y.

In r e c e n t  y e a r s  g r e a t  p r o g r e s s  in the  e x p e r im e n ta l  in v e s t ig a t io n  of 
n u c le a r  sh a p es  has  b een  m ad e .  C om ple te ly  new te ch n iq u e s  such  a s  the 
X - r a y  m e a s u r e m e n t s  of /u -m e s ic  a to m s  o r  in e la s t ic  s c a t t e r in g  of p a r t i c l e s  
have been  em ployed .  The am ount of in fo rm a tio n  has  been  co n s id e ra b ly
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en r ic h e d .  M o re o v e r ,  a l a r g e  n u m b e r  of new p r o b le m s  r e la t e d  to  n u c l e a r  
shape  have b ee n  a t tacked .  The b eh a v io u r  of n uc le i  in the  t r a n s i t io n  r e g io n s ;  
the  ex is te n c e  of n o n -a x ia l  and ob la te  d e fo rm a t io n s ;  the o th e r  than  q u a d r u 
pole (P2 ) com ponen ts  in n u c l e a r  d e fo rm a t io n ,  e s p e c ia l ly  the  hexadecapo le  
com ponen t (P4 ); the  new re g io n s  of d e fo rm e d  n u c le i  ly ing off the  s ta b i l i ty  
l ine ;  the ex tens ion  of the  in v e s t ig a t io n s  into v e ry  l a r g e  d e fo rm a t io n  r e g io n s  
( r e la t e d  to f is s ion ) ;  th e s e  a r e  a l l  ex a m p le s  of the  new l in e s  of in v es t ig a t io n .

L e t  u s  b r ie f ly  r e c a l l  the  b a s ic  th e o r e t i c a l  a s su m p t io n s  and m e th o d s  
u se d  in the  d e fo rm a t io n  ca lcu la t ion .  The p r o p e r  ca lc u la t io n  should  be 
b a s e d  on the  n u c le a r  tw o-body  fo rc e .  U nfor tuna te ly ,  such  a c a lc u la t io n  
would be too co m p l ic a te d  a s  it would r e q u i r e  the  so lu t ion  of the  m an y -b o d y  
p ro b le m .  T h e r e f o r e ,  the  ex is t in g  c a lc u la t io n s  a r e  m a in ly  confined to the  
f r a m e w o r k  of the  independen t p a r t i c l e  a s su m p t io n .  The a v e r a g e  n u c l e a r  
d e fo rm e d  p o te n t ia l  is  then  in tro d u c ed  and the  n u c l e a r  w ave-function  can  be 
d e t e r m in e d  f ro m  the  equa tion  of m otion .  F in a l ly ,  the  s p a t i a l  shape  of the  
d en s i ty  d is t r ib u t io n  can be found. In the s t a te  of eq u i l ib r iu m  the  d efo rm a t io n  
of the  c a lc u la te d  den s i ty  shou ld  o v e r la p  w ith  the  d e fo rm a t io n  of the  p o te n t ia l  
a s s u m e d  in it ia l ly .  Such a condition  of s e l f - c o n s i s t e n c y  can thus  b e  u s e d  fo r  
the  d e te r m in a t io n  of the  e q u i l ib r iu m  s ta te  in the  n u c le u s .  The m e thod  of 
c a lc u la t io n  d e s c r ib e d  above p r o v e s ,  h ow ever ,  v e r y  ine ff ic ien t  in p r a c t i c e ,  
a s  i t  t u r n s  out th a t  th e  s e l f - c o n s i s t e n c y  condition  is  ap p ro x im a te ly  va l id  
a lm o s t  in the  whole re g io n  of r e a s o n a b le  d e fo rm a t io n s .  T hus ,  the  d e t e r m in a 
t io n  of the  eq u i l ib r iu m  f ro m  the  s e l f - c o n s i s t e n c y  condition  b e c o m e s  v e r y  
inexac t .  A s im p le  m e thod  com m only  u se d  is  one th a t  c o n s i s t s  in the 
s u m m a tio n  of the  s in g l e - p a r t i c l e  e n e r g ie s  fo r  ea ch  d e fo rm a t io n .  The to ta l  
e n e rg y  ca lc u la te d  in th is  w ay can then  be m in im iz e d  with  r e s p e c t  to  d e f o r m a 
tion .  In th is  m ethod , h ow ever ,  the p o te n t ia l  en e rg y ,  and in p a r t i c u l a r  the 
p a r t  of i t  th a t  depends on d e fo rm a t io n ,  is  counted  tw ice  a s  the t r u e  n u c le a r  
p o te n t ia l  e n e rg y  h a s  a tw o-body  c h a r a c t e r .  B o h r  and M otte lson  have e lu c id a t 
ed th i s  point in t h e i r  book [1] . T h e i r  conc lu s ion  is  tha t  the m in im u m  in the  
s in g l e - p a r t i c l e  e n e rg y  c u rv e  r e a l ly  c o r r e s p o n d s  to  the s e l f - c o n s i s t e n t  point 
u n d e r  the  condition  th a t  the  n u c l e a r  p o te n t ia l  fu lf i ls  the  r e q u i r e m e n t s  of a 
c o n s tan t  vo lum e, i . e .  th e  eq u ip o ten t ia l  s u r f a c e  should  en c lo se  r e g io n s  of 
c o n s tan t  vo lum e fo r  any de fo rm a t io n .

T he  m e thod  of su m m in g  up the  s in g l e - p a r t i c l e  e n e r g ie s  w ith  the  co n s tan t  
vo lum e cond i t ion ,has  b een  u se d  in the p io n e e r  w o rk  of M otte lson  and N i ls so n  
[2] . In th is  w ork  the a n i s o t ro p ic  h a rm o n ic  o s c i l l a to r  s ing le  nucleon p o te n 
t ia l ,  co m p le ted  by the  5* ■ I* and Î*2 t e r m ,  has  b ee n  u se d  [3] ( see  E q .  (2 )).
L a t e r  on, the  e ffec t  of the  s h o r t - r a n g e  r e s id u a l  n u c l e a r  in te r a c t io n  has  been  
inc luded  in the  c o n s id e ra t io n s  [4, 5 ] .  Such s h o r t - r a n g e  p a i r in g  f o r c e s  te n d  
to  couple  nuc leons  in p a i r s  with  to ta l  a n g u la r  m o m e n tu m  equa l  to z e ro .  It 
t u r n s  out tha t  th e y  a r e  m o r e  e f fec tive  in the  s p h e r i c a l  n u c le i  th a n  in  the  
d e fo rm e d  ones .  Thus  p a i r in g  f o rc e s  r e s t o r e  s p h e r ic a l  s y m m e t r y  in n u c le i  
w ith  only few nuc leons  ou ts id e  c lo se d  s h e l l s  w hile  they  r e d u c e  a p p re c ia b ly  
the  d e fo rm a t io n  e n e r g y  (i. e. the  d i f fe ren ce  in to ta l  e n e rg y  be tw een  the  
s p h e r i c a l  and e q u i l ib r iu m  c a s e )  in  n u c le i  w ith  p ro n o u n ced  d e fo rm a t io n .

T he ca lc u la t io n s  with  the 1955 N i ls s o n  p o te n t ia l  [3] inc lud ing  p a i r in g  
f o r c e s  have le d  to  a  s e r io u s  d ifficu lty  [4] . In the  t r a n s i t io n  reg io n ,  fo r  
ex a m p le  the  v ic in i ty  of the  Sm iso to p es ,  it ha.s p ro v e d  im p o s s ib le  to  get 
r e a s o n a b le  r e s u l t s  fo r  th e  eq u i l ib r iu n i  d e fo rm a t io n .  T h is  is  i l l u s t r a t e d  
in F ig .  1. To avoid the  m ono ton ie  d e c r e a s e  of the  to ta l  n u c l e a r  e n e r g y  with  
d e fo rm a t io n  an i l l e g i t im a te  p r o c e d u re  of sh if t ing  the  m a jo r  h a rm o n ic  
o s c i l l a to r  s h e l l s  h a s  b een  u s e d  [4] to r e s t o r e  the  e x i s te n c e  of e q u i l ib r iu m .
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In 1966 -Gustafson et al. [6] no ticed  th a t  the  p r e s e n c e  of the  nega tive  Î 2 t e r m  
in the  old 1955 N i ls so n  po ten t ia l  l e a d s  to  the  a r t i f i c i a l  condensa tion  of the 
m a jo r  h a rm o n ic  o s c i l l a to r  sh e l l s .  The a p p r o p r ia te  sh e l l  d is ta n c e  can be 
r e s t o r e d  when the  I?2 t e r m  i s  c o r r e c t e d  by the  su b t r a c t io n  of a co n s tan t  
t e r m  <(ü2 )>av, the  a v e r a g e  va lue  be ing  ta k e n  o v e r  ea ch  m a jo r  sh e l l  s e p a r a t e 
ly. The ca lc u la t io n s  m a d e  w ith  th is  new p o te n t ia l  p ro v ed  to be  m u c h  m o r e  
s a t i s f a c to r y ,  a l though the  r e s u l t s  fo r  d e fo rm a t io n  a p p e a re d  som ew hat  on the 
lo w er  s ide  (see  F i g . l ) .

F IG .l. T o tal energy for the ls!Sm nucleus plotted against deform ation param eter e . For the definition 
of the param eter e see Eq. (2). Curve (a) corresponds to the 1955 Nilsson potential [3] without any 
m odifications. Curve (b) includes also the level shifts [4 ] .  Curve (c) corresponds to the new Nilsson 
potential [6 ] .  Pairing interactions have been included in a ll  three cases.

An a l te r n a t iv e  p r o c e d u re  fo r  o v e rc o m in g  th is  d ifficulty  has  been  s u g g e s t 
ed by B a ra n g e r  and K u m ar  [5] . By c o m p a r in g  the m a t r ix  e l e m e n ts  of the 
quad rupo le  fo rc e  to  the  m o r e  r e a l i s t i c  ones  they  conclude th a t  the  su m m atio n  
of the c o n t r ib u t io n s  to  the  to ta l  e n e rg y  should  be  l im i te d  to  a c e r t a in  n u m b e r  
of s t a te s  lying not; too f a r  f ro m  the F e r m i  su r fa c e .

A nother  p o s s ib le  way of im p ro v in g  the  ca lc u la t io n s  in the  t r a n s i t io n  
reg io n  c o n s is t s  in us ing  the  p r o je c te d  BCS functions c o r re s p o n d in g  to a 
f ixed n u m b e r  of p a r t i c l e s  [7] . Of c o u r s e  the u se  of m o r e  r e a l i s t i c  (as 
c o m p a r e d  w ith  the h a rm o n ic  o s c i l la to r )  p o te n t ia ls  should  be  in v e s t ig a ted  
in the d e fo rm a t io n  p ro b le m .  F o r  exam ple ,  a d e fo rm ed  Saxon-W oods p o te n t ia l  • 
has  been  su g g es ted .  P r e l i m i n a r y  a t te m p ts  have b e e n .m a d e  in th is  d i r e c 
tion [8 ]. ■.

The deve lopm ent of e x p e r im e n ta l  tech n iq u e s  in n u c l e a r  r e a c t io n s  such  
a s  in e la s t ic  s c a t t e r in g  p e r m i t s  the  in v e s t ig a t io n s  to  be ex tended  to  o th e r  
than Ц  - co m p o n e n ts  of d e fo rm a t io n .  In p a r t i c u l a r ,  the  e x p e r im e n ta l  
d e te rm in a t io n  of the  P4 -com ponen t  (hexadecapole)  is  now p o s s ib le .  Rough 
e s t im a te s  of the  P4 d e fo rm a t io n s  can be ob ta ined  f ro m  p r e c i s e  e x p e r im e n t s  
on the  Coulomb ex c i ta t io n  of the  r o ta t io n a l  s t a te s  in d e fo rm e d  nucle i .  F o r  
the  p u re  quad rupo le  d e fo rm a t io n ,  only the  f i r s t  s ta te  (2+) in the  ro ta t io n a l
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band can be exc ited .  The second  s ta te  (4+) can  only be r e a c h e d  by a  double 
Coulomb exc i ta t ion .  H ow ever ,  the  ex is te n c e  of a hexadecapo le  com ponent 
in the  n u c l e a r  shape p e r m i t s  d i r e c t  ex c i ta t io n  of the  4+ s ta t e .  H ence ,  the  
ex a c t  ba lan c e  of the  s ing le  and double ex c i ta t io n s  en a b le s  the  d e te rm in a t io n  
of the  ex is t in g  P4 d e fo rm a t io n  [9].

S im i la r  a rg u m e n ts  w e re  u se d  in the r e c e n t  e x p e r im e n ts  by H endr ie  
e t  a l .  [10] on in e la s t ic  a lpha  p a r t i c l e  s c a t t e r in g  on d efo rm ed  n uc le i .  H e re ,  
the  m e th o d  c o n s is te d  in the  m e a s u r e m e n t  of the d i f fe re n t ia l  c r o s s - s e c t i o n  
and a p p e a re d  to  be m uch  m o r e  eff ic ien t  a s  the  a lpha  p a r t i c l e s  c a r r y  high 
enough m o m e n tu m  for  d i r e c t  t r a n s f e r  of l a rg e  un its  of an g u la r  m o m e n ta  to 
be p o s s ib le .  The ca lc u la t io n  of n u c le a r  e q u i l ib r iu m  in bo th  the  quad rupo le  
and hexadecapo le  com ponen ts  has  been  r e c e n t ly  p e r f o rm e d  [11] . The 
ca lc u la t io n  u s e s  the  N i ls so n  p o te n t ia l  co m p le ted  by. the  addition  of a  new 
t e r m  p r o p o r t io n a l  to . T h is  po ten t ia l  is  then  g iven by the following 
e x p r e s s io n :

V = | ñ w 0(e,e4 )p2( í - f e P 2 + 2e4P4 )

2 Kf t ¿ 0 [ j ; - s + f ( ? t2 - < * t > N)l ( 2 )

w h e re  p2 = f 2 + 172 + Ç2 and Tt as  w ell  a s  the  a rg u m e n ts  of and P4 a r e  
def ined  in the  " s t r e t c h e d  c o - o r d in a t e "  s y s t e m  of Ref. [3] :

F>; 5 -

and  the  dependence  of fiue(e, e4) on e and e4 i s  f ixed  by the  condition  th a t  
equ ipo ten t ia l  s u r f a c e s  en c lo se  a  sp a ce  of co n s tan t  vo lum e independent 
of d e fo rm a t io n .  The P4 t e r m  coup les  the  m a jo r  h a rm o n ic  o s c i l l a to r  sh e l l  
N to  N ± 2. The p o la r i z a t io n  of the  s t a t e s  due to  th is  coupling tu r n s  out 
to  be  im p o r ta n t  so  th a t  no p e r tu rb a t io n  t r e a tm e n t  of the  t e r m  s e e m s  to  
be  va l id .

T hus ,  the  d iagona l iza t ion  of the  s in g l e - p a r t i c l e  H am il ton ian  involves  
a l l  the  h a rm o n ic  o s c i l l a to r  s h e l l s  up to  a  c e r t a in  ^ ах value u se d  to  cut 
off th e  r a n k  of m a t r i c e s .  F ig s  2 and 3 p r e s e n t  the  r e s u l t s  of the  c a l c u l a 
tion  fo r  the  r a r e  e a r th  and ac t in ide  r e g io n s ,  r e s p e c t iv e ly .  F ig .  2 co n ta in s  
in  addition  the  e x p e r im e n ta l  d e te rm in a t io n s  ta k e n  f ro m  Ref. [10].  It c an  be 
se e n  th a t  the a g r e e m e n t  is  quite s a t i s f a c to r y .

T he  p o s s ib i l i ty  of the  ex is te n c e  of th e  octupole  (IJ ) com ponen t in 
n u c l e a r  eq u i l ib r iu m  sh ap e  has  a l so  been  the  su b je c t  of r e c e n t  co n s id e ra *  
t io n s  [ 1 2 ] .

T he-dependence  of n u c l e a r  e n e rg y  on the  n o n -a x ia l  dev ia tion  in the 
quad rupo le  d e fo rm a t io n  a s  w e ll  a s  the  q u es t io n  of the  p o s s ib le  cho ice  b e 
tw een  a p r o la te  and ob la te  shape  has  a l so  been  the sub jec t  of r e c e n t  d i s c u s 
s io n s .  C a lc u la t io n s  by  A rs e n ie v  et a l .  [13] show th a t  the  to ta l  n u c l e a r  
e n e rg y  in the  r a r e  e a r t h  r e g io n  p lo tted  a g a in s t  d e fo rm a t io n  ex h ib i ts  two 
m in im a  (Fig .  4) fo r  the  p o s i t iv e  and neg a t iv e  d e fo rm a t io n  p a r a m e t e r s ,  a 
r e s u l t  in l ine  with  p r e v io u s  in v e s t ig a t io n s  [5 ] .  H ow ever ,  the  ob la te  m i n i 
m u m  does not s e e m  to  be  a  s ta b le  one a s  no s ign if ican t  b a r r i e r  in e n e rg y  
a p p e a r s  when going f ro m  one m in im u m  to  the  o th e r  v ia  g a m m a  d e fo rm a t io n  
(Fig .  5). In o th e r  r e g io n s ,  how ëver,  fo r  e x a m p le  the  re g io n  of n o n - s ta b le
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FIG .2 . The equilibrium  hexadecapole deformations for nuclei in the rare earth  region. The solid line 
with black circles refers to the theo re tical resulte [1 1 ] . Open circles correspond to the experim ental values 
obtained by Hendrie e t a l .  [1 0 ] . The figure is taken;from  Ref. [11 ].

FIG .3. Theoretical results [11] for the equilibrium  hexadecapole param eters for the actin ide region.
The figure is taken from Ref. [11 ].

n u c le i  with both  N and Z ly ing be tw een  50 and 82, the  e x i s te n c e  of an ob la te  
d e fo rm a t io n  does not s e e m  to be  exc luded  [14] .

An in te r e s t i n g  q u es t io n  is :  how does the  n u c l e a r  shape change when 
the  nu c leu s  i t s e l f  i s  ex c i te d ?  F o r  ex a m p le ,  the  l a s t  odd p a r t i c l e  in the  
odd-A  n u c le i  can  be  sh if ted  f ro m  the  lo w es t  av a i la b le  o rb i t  to  one of the 
nex t o r b i t s .  Then, the  c a lc u la te d  change of n u c l e a r  d e fo rm a t io n  s e e m s  
to  be of the  o r d e r  of a  few p e r c e n t  of the  g r o u n d - s t a te  d e fo rm a t io n  in the  
w e l l -d e fo r m e d  re g io n  [15] . Slightly  lo w er  d e fo rm a t io n  ch a n g es  of the  
o r d e r  of a few p e r  m i l le  (%o) a r e  ex p e c ted  fo r  the  co l le c t iv e  r o ta t io n a l  
e x c i ta t io n s  of n u c le i  [16] . The iso tope  sh if t  s tu d ie s  a r e  a  v a lu a b le  s o u rc e  
of e x p e r im e n ta l  in fo rm a t io n  on th i s  kind of n u c l e a r  d e fo rm a b i l i ty  [17].
In the  re g io n  of t r a n s i t io n  be tw een  s p h e r i c a l  and d e fo rm e d  n u c le i ,  w h ere  
the  c u rv e  of to ta l  n u c l e a r  e n e rg y  p lo t ted  v e r s u s  d e fo rm a t io n  b e c o m e s  
v e r y  f la t ,  a p p re c ia b le  ch a n g es  in n u c l e a r  shape  a r e  not exc luded  fo r  
th e  e x c i te d  s t a t e s .  T h is  could  be  a  p o s s ib le  exp lana t ion  of the  ex is te n c e  
of shape  i s o m e r s  in so m e  n u c le i  [14].  The shape  i s o m e r s  can  a l so  o c c u r  
in  the  m idd le  of th e  d e fo rm e d  r e g io n  if  the  n u c le i  a r e  soft enough with  
r e s p e c t  to  n o n -a x ia l  d i s to r t io n  [14] .

The w ell-know n  phenom enon  of n u c l e a r  f i s s io n  is  connec ted  w ith  a 
d r a s t i c  change in n u c l e a r  sh a p e ,  lead ing  f inally  to the  s c i s s io n  of the



410 SZYMANSKI

n u c leu s  into two o r  m o r e  p a r t s .  In v es t ig a t io n s  of the f i s s io n  th r e s h o ld  in 
v a r io u s  n u c le a r  r e a c t io n s  p e r m i t  the d e te rm in a t io n  of the  heigh t of the  
b a r r i e r  of the  n u c le a r  p o te n t ia l  en e rg y ,  i. e. the  to ta l  n u c l e a r  e n e rg y  m in u s  
th e  k ine tic  e n e rg y  of the  co l lec t iv e  m o tion  in  the f i s s io n  channel .

On the  o th e r  hand, the  m e a s u r e m e n t s  of the  l i f e - t i m e  fo r  spon taneous  
f i s s io n  c h a r a c t e r i z e  the  d y n am ics  of th e  p r o c e s s .  T h is  c h a r a c t e r i s t i c  is  
c lo se ly  connec ted  with the k ine tic  e n e rg y  involved in the  r a t e  of change in 
n u c l e a r  d is to r t io n .

The  m a in  p ro b le m  in the  in v e s t ig a t io n  of the  n u c l e a r  p o te n t ia l  e n e rg y  
c o n s i s t s  in the p r o p e r  e x t ra p o la t io n  of the  s in g l e - p a r t i c l e  p o te n t ia l  p a r a 
m e t e r  into the  r e g io n  of v e r y  l a r g e  d is to r t i o n s ,  p o ss ib ly  involving s e v e r a l  
com ponen ts  of v a r io u s  m u l t ip o la r i t i e s .  The w ell-know n p o te n t ia ls ,  such  
a s  the  N ils so n  p o te n t ia l  g iven by Eq. (2), th a t  fit v e r y  w ell  a lm o s t  a l l  the  
da ta  in the  eq u i l ib r iu m  reg io n ,  m ay  behave  v e r y  v io len tly  when ex tended  
o v e r  the  l a r g e  d is to r t io n  reg io n .  Let u s  f i r s t  c o n s id e r  a v e r y  s im p le  
p o te n t ia l  of the  an iso t ro p ic  h a rm o n ic  o s c i l l a to r .  The b eh a v io u r  of the  
p o te n t ia l  e n e rg y  of the  heavy  nu c leu s  is  p r e s e n te d  in F ig .  6 . The c u rv e s  
show f i r s t  of a l l  the  p ro n o u n ced  a s y m m e t r y  w ith  r e s p e c t  to  the  p r o la te  
and obla te  s id e s .  The v e r y  s te e p  d e c r e a s e  of the  en e rg y  fo r  l a rg e  p o s i t iv e  
d e fo rm a t io n s  i s  found to  r e s u l t  m a in ly  f ro m  the  influence of Coulomb 
e n e rg y  in a c c o rd a n c e  with  the e x p e c ta t io n s  of the  ro le  of e l e c t r i c  re p u ls io n  
in f i s s io n .  The addition  of the J 2 t e r m  to the h a rm o n ic  o s c i l l a to r  p o te n t ia l  
ch a n g es  the  s i tua t ion  co m p le te ly .  The e n e rg y  c u rv e  i n c r e a s e s  v e r y  r a p id ly  
w ith  the  d e fo rm a t io n  so th a t  t h e r e  is  no p o s s ib i l i ty  of expla in ing  f is s io n  
w ith  the  p o te n t ia l  con ta in ing  an J 2 t e r m .

FIG .4 . T o tal energy curves plotted for some nuclei for negative and positive values of the deformation 
param eter fl = S2 . The figure is taken from Ref. [13 ].
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F IG ,5. T o tal energy plo tted  against non-axial deform ation param eter y for some nuclei. Curves 1 - 7  
correspond to the nuclei 174Hf, 176Hf, 178Hf,. 180Hf, 156Gd, 154Gd, 152Gd respectively. T he figure is taken 
from Ref. [13].

FIG .6. Energy diagram  based on a,pure harm onic oscillator for a nucleus w ith Z=100 and N=154, The 
curve m arked SP represents the sum o f s ing le-partic le  energies. The curve SP + С includes in  addition 
the Coulomb energy calcu lated  for the uniformly charged ellipsoid.
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Up to  now, no n u c l e a r  p o te n t ia l  has  been  p r e s e n te d  th a t  r e p r o d u c e s  
c o r r e c t l y  the  eq u i l ib r iu m  p r o p e r t i e s  of n u c le i  and at the s a m e  t im e  a llows 
a  p r o p e r  ex t ra p o la t io n  into the  re g io n  of l a rg e  d e fo rm a t io n s .  P e r h a p s  a 
d e fo rm e d  Saxon-W oods p o te n t ia l  [8] w ill  fu lfi l  th e s e  r e q u i r e m e n t s .  On 
the  o th e r  hand, the  l iq u id -d ro p  m o d e l  is  b e l iev e d  to  r e p ro d u c e  f a i r ly  
c o r r e c t l y  the  g e n e r a l  b eh a v io u r  of n u c l e a r  e n e rg y  with  r e s p e c t  to  d e f o r m a 
tion .  H e re ,  the  s u r fa c e  te n s io n  a p p e a r s  a s  the  m a in  f a c to r  tend ing  to 
r e s t o r e  the  s p h e r ic a l  shape of the  n u c leu s .  The d e fo rm a t io n  dependence  
of the  s u r fa c e  en e rg y  s e e m s  to  be  m u c h  m o r e  r e a s o n a b le  than  the  b eh a v io u r  
of the  í ¿ t e r m  added to  the  h a rm o n ic  o s c i l l a to r  p o ten t ia l .  In o r d e r  to 
inc lude  both  the  l iq u id -d ro p  g e n e r a l  b eh a v io u r  and at the  s a m e  t im e  the 
s in g l e - p a r t i c l e  sh e l l  e f fec ts ,  S tru t in sk y  [18] has  in tro d u c ed  a new m e thod  
in the  ca lc u la t io n  of n u c l e a r  d e fo rm a t io n .  It is  a  f u r th e r  deve lopm en t  of 
the  a p p ro a c h e s  of M y e rs  and S w iateck i [19] and Jo h a n sso n  [20] . The s in g l e 
p a r t i c l e  en e rg y ,  including a l so  the  p a i r i n g  in te ra c t io n ,  i s  r e n o r m a l i z e d  
by the  su b tr a c t io n  of i t s  a v e ra g e d  va lue ,  the  a v e r a g e  being ta k en  o v e r  an 
i n te r v a l  of e n e rg y  l a rg e  enough c o m p a r e d  to  the  s ing le  le v e l  d is t a n c e .  The 
r e s u l t  is  then  added to  the  backg round  l iq u id -d ro p  en e rg y .  In the  eq u i l ib r iu m  
re g io n  the S tru t in sk y  m e th o d  g ives  a lm o s t  the  s a m e  r e s u l t s  a s  c o m p a re d  
to  the  a p p ro a c h e s  tha t  a t te m p t  to  sum  the  s in g l e - p a r t i c l e  e n e r g ie s .  On the 
o th e r  hand , th i s  m e thod ,  a s  app l ied  to  the  l a r g e  d e fo rm a t io n s ,  s e e m s  to 
r e p r o d u c e  f a i r ly  c o r r e c t l y  the  b eh a v io u r  of the  p o te n t ia l  en e rg y .  O bv ious
ly, the  d e ta i led  r e s u l t s  s u b s ta n t ia l ly  depend on the  p a r a m e t r i z a t i o n .  F o r  
ex a m p le ,  the  m o r e  m u lt ipo le  com ponen ts  P2 , , P6 . . . taken  into account ,
the  b e t t e r  the  r e s u l t s  th a t  should  be expec ted .  R ecen tly ,  N i l s s o n 's  g roup  
[2 1 ] have p e r f o r m e d  ex ten s iv e  ca lc u la t io n s  of the  p o te n t ia l  e n e rg y  a s  a 
function  of two d efo rm a t io n  p a r a m e t e r s  e and e4 . A ty p ic a l  ex a m p le  of the 
r e s u l t s  is  shown in F ig .  7. The loca tion  of the  sadd le  point in the  e n e rg y  
su r fa c e ,  a s  w e l l  a s  the  pos i t ion  of thè  eq u i l ib r iu m  de fo rm a t io n ,  can  be 
se e n  f ro m  th is  f igu re .

In addition  to  the  P2 , T4 . . .  com ponen ts  in the  n u c l e a r  shape p a r a 
m e t r i z a t io n ,  odd m u l t ip o le s  can  a l so  a p p e a r .  In p a r t i c u l a r ,  the  octupole 
d e fo rm a t io n ,  P3 , m o s t  p ro b ab ly  p lays  an im p o r ta n t  ro le  in exp la in ing  the  
a s y m m e t r y  in the  m a s s  d is t r ib u t io n  of the  f i s s io n  f ra g m e n ts .

FIG .7. Topographical diagram for 242 Pu to ta l intrinsic energy. The calculation [21] has been performed 
using the Strutinsky method [18 ]. Parameters с and e 4 are defined by Eq. (2). The figure is taken  from 
Ref. [2 1 ] .
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F i r s t  co lum n  id e n t i f ie s  the nucl ide ;  second  co lum n  l i s t s  the  ca lc u la te d  
d i f fe re n c e  be tw een  the  s a d d le -p o in t  d e fo rm a t io n  e 5 and the  eq u i l ib r iu m  
defo rm a t io n  eeq.

T A B L E  I. E STIM A T E S O F THE S A D D L E -P O IN T  POSITION

232T h 0.40 242 Cm 0.36

234U 0.39 244 Cm 0.36

Z360 0.39 ««Cm 0.39

238U 0.40 248Cm 0.39

Z36pu 0. 34 24sCf 0 .3 4

238P u 0.37 248C f 0. 37

240pu 0 .39 250C f 0.38

2«Pu 0.38 252c f 0 .37

244 Pu 0. 41 ^ F m 0. 36

240 Cm 0. 35

T he b eh a v io u r  of the  p o te n t ia l  e n e r g y  c h a r a c t e r i z e s  the  p u re ly  s ta t ic  
p r o p e r t i e s  of nucle i .  On the  o th e r  hand , the  ev idence  f ro m  the  m e a s u r e r  
m e n ts  of the spon taneous  f is s io n  l i f e - t i m e  is  connec ted  r a t h e r  w ith  the  
dynam ic p r o p e r t i e s  of nuc le i .  The n u c l e a r  k ine tic  e n e rg y  of d e fo rm a t io n ,

O )
\ к

is  c h a r a c t e r i z e d  by the  i n e r t i a l  p a r a m e t e r s  B^K of the  n u c l e a r  c o l lec t iv e  
m otion .  H e re  the  su m m atio n  i s  ex tended  on the  v a r io u s  m u l t ip o le s .  The 
ef fec tive  i n e r t i a l  p a r a m e t e r  В in the  f i s s io n  channel ,  to g e th e r  w ith  the 
p o te n t ia l  en e rg y , ,  d e t e r m in e s  the  p ro b a b i l i ty  of p e n e t r a t io n  in to  th e  f i s s io n  
b a r r i e r  a s  a  quantum  tunne ll ing  e ffec t.  The v a lu e s  of В c a lc u la te d  by a 
m ic r o s c o p ic  m ethod  [2 2 ] p ro v e  to  be  ty p ic a l ly  of the  o r d e r  of (6 - 1 0 ) of 
the  Вщ , the  m a s s  p a r a m e t e r  c a lc u la te d  fo r  the  d e fo rm e d  liqu id  drop .

U sing  the  knowledge of the  o b s e rv e d  l i f e - t i m e s  f o r  spon taneous  f is s io n  
to g e th e r  w ith  the  e x p e r im e n ta l  e s t im a te s  fo r  the  f i s s io n  b a r r i e r  h e igh ts ,  
one can  a t te m p t  to  e s t im a te  the  e ffec t ive  w idth  of the  b a r r i e r  and thus  the  
loca t ion  of the  sa d d le  point in th e  p o te n t ia l  e n e rg y  c u rv e .  The ca lcu la t io n  
invo lves  the  t h e o r e t i c a l  v a lu e s  of В [22] and is  b a s e d  on the  WKB m ethod  
in  the  com puta t ion  of the  p ro b a b i l i ty  of b a r r i e r  p e n e t r a t io n .  The r e s u l t s  
a r e  shown in  T ab le  I. The s a d d le -p o in t  d e fo rm a t io n  i s  then  ex p e c ted  to 
l ie  in the  re g io n  of e ~ 0 . 6 a c c o rd in g  to  th i s  e s t im a te .
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D I S C U S S I O N

H. M ELDNER: You m en tioned  the  p ro b le m  due to double counting
of po ten t ia l  e n e rg ie s  in  y o u r  c a lc u la t io n s .  If you do th is  r igh t  fo r  lo c a l  
N i ls s o n - ty p e  po ten t ia ls  you w ill  get b inding e n e r g ie s  wrong  by at l e a s t  
an  o r d e r  of m a g n i tu d e . H ow ever,  y o u r  m o d e l  p ro v id es  an o th e r  m a jo r  
lo g ic a l  p r o b le m . Since you do not have s e l f - c o n s i s t e n c y  you cannot,  as  
you should, m in im iz e  the  H am il ton ian  m in u s  a s e t  of L a g ra n g ia n  m u l t i 
p l i e r s  t im e s  a se t  of m ult ipo le  m o m e n ts ,  i . e .  H - ^  • <5, fo r  the  ca lcu la t io n  
of  p o ten tia l  e n e rg y  s u r f a c e s  a s  shown in  y o u r  f ig u re s .

Z .  SZYMANSKI: I a g r e e  th a t  the p r o c e d u re  of sum m ing  up the  s in g l e 
p a r t i c l e  le v e ls  does not s e e m  to be su f f ic ien t ly  ju s t i f ied .  H ow ever,  I can  
r e f e r  you h e r e  to  the  t h e o r e m  p roved  r e c e n t ly  by  B o h r  and M otte lson  
ac c o rd in g  to which th is  p r o c e d u re  is  equ iva len t  to finding the m in im u m  
f ro m  the  m o r e  a p p r o p r ia te  tw o-body  f o rc e .  T h is  ho lds ,  p rov id ing  the  
n u c l e a r  po ten tia l  fu lfi ls  the  vo lum e c o n s e rv a t io n  condition.
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H. M ELD NER: T hat m igh t w ork  ¡at one point.  But how about a l l  the
o th e r  po in ts  on y o u r  ca lc u la te d  e n e rg y  s u r f a c e s ?

Z .  SZYMANSKI: In p r in c ip le ,  t h e r e  a r e  two po in ts  w h ere  the  two
a p p ro a c h e s  s e e m  to be equ iva len t:  e q u i l ib r iu m  and sa d d le  point.  H ow ever,
I a g r e e  th a t  at the  sadd le  point the  B o h r -M o t te l s o n  th e o r e m  m a y  not be 
ex ac t ly  val id  as  th e  Coulomb f o rc e s  have not b ee n  inc luded  in  the  f o r 
m a t io n  of the  n u c l e a r  f ie ld .

P . E .  NEMIROVSKY: Have you ta k e n  into accoun t in  y o u r  ca lc u la t io n s
the  in te r a c t io n  of the  N and N+2 s h e l l s  in  the  o s c i l l a to r  m o d e l?  T h is  
in te r a c t io n  s e e m s  to be r a t h e r  c o n s id e ra b le ,  as  w as shown by o u r  c a lc u 
la t io n s  f ro m  the  W oods-Saxon  m o d e l .  T h is  m ay  r e s u l t  in  a d e c r e a s e  of 
the  le v e l  en e rg y  by  1 MeV.

Z . SZYMANSKI: T he  quad rupo le  coupling be tw een  the  N and N+2 sh e l ls
i s  ta k e n  into account by us ing  the  N i ls so n  ' s t r e t c h e d '  c o o r d in a te s .  The r e s t  
of the  coupling c a u se d  by the  P4 t e r m  has  a lso  been  inc luded  and it s e e m s  
to  be quite im p o r ta n t  fo r  the  po ten t ia l  e n e rg y .  We have a lso  inc luded  the  
N, N+2 m a t r ix  e le m e n ts  in  the  ca lc u la t io n  of the  m a s s  p a r a m e t e r  В and we 
find it a lso  e s s e n t i a l .

K. A. BRUECKNER: T he  p re d ic t io n  of n u c l e a r  p r o p e r t i e s  f a r  f ro m
o b s e rv e d  n uc le i  depends  on a knowledge of th e  e f fec t ive  f ie ld  and liquid 
d ro p  p a r a m e t e r s .  T h e s e  cannot be p r e d ic te d  by e x t ra p o la t io n  but m u s t  
be  ca lc u la te d  f ro m  r e a l i s t i c  f o rc e s  in-a  c o r r e l a t e d  H a r t r e e - F o c k  c a lc u 
la t io n .  The p r o b le m s , ,  fo r  exam ple ,  of h ig h e r  o r d e r  t e r m s  in  s u r fa c e  
ene rgy ,  the  s u r f a c e  s y m m e t r y  ene rgy ,  m a y  be im p o r ta n t  and cannot be 
d e te rm in e d  without u se  of r e a l i s t i c  f o rc e s  and ca lc u la t io n  of th e  effec tive  
p o ten t ia l  f ie ld .

Z .  SZYMANSKI: I a g r e e  c o m p le te ly  with y o u r  c o m m e n t .  I can  only
add th a t  up to now the  l iq u id -d ro p  m o d e l  has  b een  u se d  a lm o s t  e x c lu s iv e ly  
in  the exp lana tion  of f i s s io n  p h enom ena .  The a p p ro a c h  I have  a t tem p ted  
to p r e s e n t  h e r e  c o n s i s t s  m o s t ly  in  the  a p p l ica t io n  of the  s im p le s t  n u c le a r  
po ten t ia l  such  as ,  fo r  ex am ple ,  the  h a rm o n ic  o s c i l l a to r .  T he  next s te p  
would be to  in t ro d u c e  a m o r e  r e a l i s t i c  p o ten tia l  (p e rh a p s  S ax o n -W o o d s) .
In the  following s te p  one should  t r y  a s e l f - c o n s i s t e n t  H a r t r e e - F o c k  ap p ro a ch  
th a t  I b e l iev e  would im p ro v e  the  r e s u l t s .

K r i s h n a  KUMAR: In connect ion  with P r o f e s s o r  B r u e c k n e r ' s  r e m a r k s ,
I would l ike  to s a y  th a t  of c o u r s e  it i s  b e t t e r  to u se  r e a l i s t i c  f o rc e s  and 
H a r t r e e - F o c k  m e th o d s .  But t h e r e  a r e  two s e r io u s  l im i ta t io n s ,  e s p e c ia l ly  
w hen  one t r i e s  to. c a lc u la te  l a r g e  d e fo rm a t io n s  of h ea v y  n u c le i .  Only a 
l im i te d  n u m b e r  of s t a t e s  n e a r  the  F e r m i  s u r f a c e  a r e  c o n s id e re d ,  and 
t im e - d e p e n d e n c e  of, d e fo rm a t io n  is  n e g lec ted .  Such ca lc u la t io n s  with a 
v e r y  l a r g e  n u m b e r  of s i n g l e - p a r t i c l e  s t a t e s  a r e  quite  im p r a c t i c a l  when 
r e a l i s t i c  f o rc e s  a r e  u se d .

J . R .  NIX: Y our  p o te n t ia l - e n e r g y  co n to u r  m a p  fo r  ^ P u  in d ic a te s
th a t  the  p o te n t ia l  e n e rg y  d iv e rg e s  to  in f in ity  at l a r g e  d e fo rm a t io n s .  T h is  
o c c u r s  fo r  a l l  n u c le i  in  the  ac t in ide  reg io n ,  even  when the  po ten t ia l  e n e rg y  
is  ca lc u la te d  by u s in g  the  S t ru t in s k y  m ethod ,  which i s  th e  b e s t  m e thod  tha t  
can  be  u se d  at p r e s e n t .  T h is  d iv e rg e n c e  of the  p o te n t ia l  e n e rg y  i s  p r im a r i l y  
the  r e s u l t  of not tak ing  into accoun t a su f f ic ien t  n u m b e r  of d e g r e e s  o f  f r e e 
dom to d e s c r ib e  th e  l a r g e  d e fo rm a t io n s  en c o u n te re d  beyond th e  sadd le  
point.  As a m e thod  fo r  inc luding m o r e  d e g r e e s  of f re e d o m  we r e c o m m e n d  
us in g  a  p a r a m e te r i z a t io n  of the  n u c l e a r  shape  defined in t e r m s  of sm o o th ly  
jo ined  p o r t io n s  of t h r e e  q u a d ra t ic  s u r f a c e s  of rev o lu t io n  ( e .g .  two sp h e ro id s  
connec ted  by a h y p e rb o lo id a l  neck) r a t h e r  th a n  continuing to add m o r e
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d e g r e e s  of f re ed o m  of the  L e g e n d re -p o ly n o m ia l  type .  T h is  p a r a m e t e r i 
za t io n  is  a p p r o p r ia te  fo r  the  ca lcu la t io n  of the  p o ten tia l  e n e rg y  by using  
m e th o d s  o th e r  th a n  the  S t ru t in sk y  m ethod , f o r  exam ple  the  H a r t r e e - F o c k  
m e th o d .  If the  S tru t in sk y  m e thod  is  u se d ,  we re c o m m e n d  u s in g  a r e a l i s t i c  
W oods-S axon  po ten t ia l  w ell  r a t h e r  th a n  a h a r m o n i c - o s c i l l a t o r  po ten t ia l  
w ell ,  s in c e  the  o s c i l l a to r  po ten tia l  i s  i t s e l f  i l l -b e h a v e d  at l a r g e  d e fo rm a t io n s .

A. V. IGNATYUK: Could you co m m en t  on  the  dependence of th e  s a d d le -
point d e fo rm a t io n  on the  m e th o d s  of c a lc u la t in g  eq u i l ib r iu m  d e fo rm a t io n s  
and p a i r in g  in te r a c t io n  c o n s ta n ts?  In the  in te r p re ta t io n  of the  da ta  on the  
a n g u la r  d is t r ib u t io n  of f i s s io n  f ra g m e n ts  th e r e  is  a c o n s id e ra b le  s p r e a d  
of  the  c o r r e la t io n  function Д , which is  o f ten  explained  by the  i n c r e a s e  of 
the  p a i r in g  in te r a c t io n  cons tan t  fo r  the  sadd le  point.

Z .  SZYMANSKI: We have u sed  a cons tan t  p a i r i n g - f o r c e  s t r e n g th  G.
H ow ever ,  I a g r e e  tha t  one should  a lso  in v e s t ig a te  the  p o ss ib le  in f luence 
of the  v a r ia t io n  in  th a t  p a r a m e te r .  It m a y  affec t quite  a p p re c ia b ly  th e  m a s s  
p a r a m e t e r  B, fo r  ex a m p le .

M. VENERONI: About the  p ro b lem  of im prov ing  the  c a lc u la t io n s  by
us in g  the  Saxon-W oods po ten t ia l  in s tea d  of a h a rm o n ic  o s c i l l a to r ,  it s e e m s  
to  m e  th a t  one should  s e r io u s ly  th ink  about the  n o n - lo c a l i ty  of the H a r t r e e -  
F o c k  w ell which i s  a c r u c ia l  in g red ien t  fo r  ge t t ing  the  r igh t  w ave -func t ions  
and, m o r e  im p o r ta n t ,  r ig h t  s in g l e - p a r t i c l e  e n e r g ie s .

A. BOHR: R a th e r  than  a t tem p t  a de ta i led  H a r t r e e - F o c k  c a lc u la t io n
of the  s t ro n g ly  d e fo rm ed  nucle i ,  it would s e e m  p r e f e r a b le  to  c o n c e n t ra te  
e f fo r t s  in  th i s  d i r e c t io n  on the  a n a ly s is  of the  p a r a m e t e r s  which e n t e r  into 
the  m o r e  phenom enolog ica l  ca lc u la t io n s  in  an  im p o r ta n t  m a n n e r .  Of 
s p e c ia l  s ig n if ic an c e  is  the  s y m m e t r y  t e r m  in  the  s u r fa c e  e n e rg y  on which 
th e r e  is  only a s m a l l  am ount of e m p i r i c a l  ev idence .  A nother  p ro b lem  to 
be f u r th e r  exp lo red  is  the  ex ten t  to which the s u r fa c e  d e fo rm a t io n  p a r a m e t e r  
is  equal to the  p a r a m e t e r s  d e te rm in e d  f ro m  the n u c le a r  m a s s  fo rm u la .

A. SOBICZEWSKI r e p o r te d  b r ie f ly  on the  r e s u l t s  of ca lc u la t io n s  
p e r f o rm e d  at JINR, Dubna, concern ing  the  eq u i l ib r iu m  d e fo rm a t io n s  of the  
ground  and the lo w es t  o n e - o r  tw o - q u a s ip a r t ic l e  ex c i ted  s t a te s  of even, odd- 
m a s s  and odd n ucle i  in  the  50 < Z ,  N < 8 2  reg io n .  The ca lc u la t io n s  have 
been  p e r f o rm e d  by D .A .  A rs è n ie v ,  L. A. Malov, V. V. P ashkev ich ,
A. Sob iczew sk i and V .G .  Soloviev and so m e  of t h e i r  r e s u l t s  a r e  p re s e n te d  
a s  C on tr ibu t ions  Nos.  92 and 93 to  th is  S ym posium .

K . F .  ALEXANDER (JINR, Dubna) p r e s e n te d  C on tr ibu t ion  No. 18 to 
th i s  S ym posium , on the  e x p e r im e n ta l  ind ica t ion  fo r  an  ob la te  shape  of the  
nu c leu s  129La.

L . GRODZINS: T he  ev idence  p re se n te d  shows c l e a r ly  th a t  in  *29La 
th e r e  e x is ts  an E3 and an  M l t r a n s i t io n .  F r o m  th is  point one u s e s  a  v e r y  
u n c e r ta in  th e o ry  to ob ta in  e s s e n t i a l l y  unequ iva len t  a s s e r t i o n s  about sp in s ,  
N i ls s o n  l e v e ls ,  and about the  d e fo rm a t io n .  In m y  opinion such  conc lus ions  
a r e  co m p le te ly  u n w a r ra n te d .  One i s  te m p te d  to ask ,  why do the  e x p e r i 
m e n t  if  such  m e a g r e  ev idence  is  ' s t r o n g  ev id e n c e 1 fo r  the  s ta te  p a r a m e t e r s ?

R .K .  SHELINE: I fee l p e rh a p s  the  l a s t  co m m en t  of D r .  G ro d z in s  was
a b it u n fa i r .  It is  d ifficult to e s ta b l ish  a new reg ion  of ob la te  d e fo rm a t io n  
and I fee l  the  r e s u l t s  of A lex a n d e r  a r e  h ighly  su g g e s t iv e  of h is  conc lus ion .
Of c o u r s e ,  s t i l l  m o r e  def in i t ive  data  a r e  h ighly  d e s i r a b le .  It is  p o ss ib le
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th a t  C,e va lu es  d e te rm in e d  f ro m  the  130Ba (d, t)129Ba re a c t io n  would help  
define a re g io n  of ob la te  d e fo rm a t io n .  T h e s e  e x p e r im e n ts  should  be p o ss ib le .

R. A RLT: I would l ike  to  m a k e  a 'c o m m e n t  which c o n f i rm s  the  id e n t i f i 
ca tion  of the  i s o m e r  s ta te  ju s t  in the  nucleus  of 129L a .  We have  in v e s t i 
gated  th is  nucleus  f ro m  the  d ecay  of a s h o r t - l iv e d  iso to p e  of 129Ce, and 
o b s e rv e d  the  67 keV e n e rg y  g a m m a - t r a n s i t io n  which a l so  a r i s e s  f ro m  the  
i s o m e r  c a sc a d e  t r a n s i t i o n  in  129L a.
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Abstract — Аннотация

NUCLEAR COLLECTIVE HAMILTONIAN AND DEFORMATIONS. The scope and lim itations of a recently 
developed treatm ent of co llective  quadrupole m otion of even-even nuclei are review ed. This method is based 
on Bohr’s co llective  Ham iltonian and the  pairing-plus-quadrupole m odel. With an exact, num erical treatm ent 
of the couplings between the five components of quadrupole motion, the theory is able to explain and predict many 
trends in the low -lying levels and electrom agnetic moments of nuclei in the W -Os-Pt region. The zero-point 
quantal motion plays an im portant role in spreading the nuclear w ave-function in the 0-y  plane so that the 
nucleus is affected essentially by the behaviour of the co llective  H am iltonian away from the equilibrium  shape. 
The у -dependence o f  the H am iltonian, especially  the p rola te-oblate  difference term  of the potential function, 
plays a crucial role in the splitting of the 2,+and 4+ states and the non-zero quadrupole moments of I Ф 0 states, 
which can occur even if  the  equilibrium  shape is spherical or com pletely asymm etric with y  = 30°. The 
anharm onicities of the six inertia l functions of Bohr’s H am iltonian cause 0-y band-m ixing in the W isotopes, 
reduce the ground-0-у band-m ixing in the Os isotopes, and counteract the  p ro la te-ob late  difference term  so 
that the spectrum of the calculated  196Pt appears to be v ibrational. The calculation  for 196 Pt gives á large, 
oblate quadrupole moment of the first 2+ state as well as a sm all cross-over transition from the ground state 
to the second 2* state. However, the calculated 2 ,+ states of l92‘196Pt are too high by 0 .1 -0 .2  MeV, and 
the  calculated B(E2j 2-» 2 ') values for the region are too large by about a factor of two. Some possible 
ways of improvement are indicated .

Я Д Е РН Ы Й  К О Л Л ЕК ТИ В Н Ы Й  ГАМ ИЛЬТОНИАН И Д ЕФ О РМ А Ц И И . Р а с с м а т р и в а ю т с я  
в о зм о ж н о сти  и огран и ч ен и я  н едавн о  р азв и то й  тр а к то в к и  ко л л ек ти в н о го  к в ад р у п о л ьн о го  д в и 
жения в ч е т н о -ч е т н ы х  я д р а х . Э тот  м е т о д  о сн ован  на к оллекти в н ом  га м и л ьто н и а н е  Б о р а  
и м одели  с парны м  и к в адруп ольн ы м  в з а и м о д е й с т в и е м . С помощ ью  ч и с л е н н о г о  подбора  
величины  с в я зе й  м еж ду  пятью  ком п он ен там и  к в ад р у п о л ьн о го  движ ения тео р и я  м о ж ет  о б ъ 
ясн и ть  и п р е д с к а зы в а т ь  м н оги е  тенденции  н изколеж ащ их уровн ей  и эл ек тр о м аг н и т н ы х  п е 
р еход ов  в о б ласти  W — O s — P t .  Н улевы е колебани я и граю т важ ную  роль в р а зм ы ти и  в о л 
новой функции яд ра  в п ло ск о сти  Q — у, так ч то  п оведен и е  ядра  су щ ествен н о  за в и с и т  от п о 
веден и я ко л л ек ти в н о го  га м и л ьто н и ан а  вдали  о т  р авн овесн ой  ф о р м ы . З а в и си м о с ть  г а м и л ь 
тони ана от 7 , и особенн о  член а в п о тен ц и ал е , о твеч аю щ его  за  разн и ц у  вы тян у то й  и сп л ю с
нутой ф о р м ы , и гр а ет  рёшающую роль в расщ еп лен ии  2± и 4+ состоян и й  и в с о ст о я н и я х  1^=0, 
с квадруп ольн ы м и  м о м ен т ам и , н еравн ы м и  нулю и имею щ ими м е с т о  даж е  в сл у ч ае  с ф е р и 
ческой  р авн овесн ой  ф орм ы  или полностью  асси м м етр и ч н о й  с 7 =  3 0 ° .  А н гарм он и чн ость  
ш ести  инерционны х функций га м и л ьто н и а н а  Б о р а  в ы зы в а е т  см еш иван и е  £ - 7  полос в про
то н ах  W, ум ен ьш ает  /3- 7 -см еш и ва н и е  в и зо т о п а х  O s и н ей тр ал и зу е т  р а зл и ч и е  в п о тен ц и 
а л е  вы тян утой  и сплю сн утой  ф о р м ы . Т аки м  о б р а зо м , р ассч и тан н ы й  с п е к т р  196P t  о к а за л с я  
к о л е б а те л ь н ы м . Р а с ч е т ы  для 196P t  даю т как д о стато ч н о  больш ой о тр и ц ател ьн ы й  к в ад р у - 
п ольны й м ом ен т п ер в о го  2+ со с т о я н и я , т а к  и малую  в е р о я тн о с ть  п р ям о го  п ер ех о д а  и з о сн о в 
н ого  со сто ян и я  на вто р о е  2+ с о с т о я н и е . О дн ако? р ассч и та н н ы е  2{ со сто ян и я  l92' 196P t  н а х о 
д я т ся  на 0,1 —0,2  М эв вы ш е. В еличины  В (Е 2 ; 2 -* 2 ') ,  р ассч и тан н ы е  для этой  о б л а сти , больш е 
н аб лю д аем ы х  п ри б л и зи тел ьн о  р а за  в д в а .  У к а зы в аю тся  н ек о то р ы е  в о зм о ж н ы е п ути  с о в е р 
ш енствован ия м е то д и к и .
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The su b je c t  of m y  p a p e r  i s  r a t h e r  b ro ad  and h a s  a l r e a d y  been touched  
upon at th is  S ym posium  by P r o f e s s o r s  S o rensen ,  Vogel, Davydov,
S zym añsk i  and o th e r s .  As I u n d e rs ta n d  it,  m y  ta s k  i s  to ou tline  the  scope 
and l im i ta t io n s  of the p r o g r a m  developed  d u r in g  the  p a s t  f ive  y e a r s  u n d e r  
the  l e a d e r s h ip  of P r o f e s s o r  M ichel B a ra n g e r .  T h is  t r e a tm e n t  i s  b ased  
on the  co l lec t iv e  H am il to n ia n  developed by P r o f e s s o r  Aage B ohr  i n ' 1952 [1], 
and on the  p a i r in g -p lu s -q u a d ru p o le  m o d e l  w orked  out by B ohr,  M otte lson  
and B e lyaev  around  1958 [2].  T hese  two m o d e ls  have been  applied  and 
developed  in  n u m e ro u s  p a p e r s  of the  p a s t  few y e a r s  [3].

The m a in  new e le m e n t  in the  p r e s e n t  p r o g r a m  [4, 5] i s  an exact ,  
n u m e r i c a l  t r e a tm e n t  of the  couplings be tw een  the  f ive  com ponen ts  of q u a d r u 
pole m otion ,  th a t  i s  the  r o ta t io n -v ib ra t io n  coupling in  the  language of the  
ro ta t io n a l  m ode l o r  the  phonon m ix ing  in the  language of the  v ib ra t io n a l  
m ode l .  In s tead  of m ak ing  a p e r tu rb a t io n  expansion  around  the e q u i l ib r iu m  
n u c l e a r  shape,  a  d e ta i led  m ic r o s c o p ic  ca lcu la t io n  i s  p e r f o rm e d  f o r  each  
point on a f i - y  m e s h  and the  com ple te  f i - y  dependence  of the p o ten tia l  
and k ine tic  e n e rg y  functions i s  d e te rm in e d .  A n u m e r i c a l  m ethod  of so lv ing  . 
B o h r 's  co l lec t iv e  H a m il to n ia n  i s  then  u se d  to  c a lc u la te  the e n e rg y  le v e ls  
and w av e -fu n c t io n s .  The s a m e  m ethod  is  applied  to s p h e r i c a l  as  w ell  as  
d e fo rm e d  nuc le i .  The t r a n s i t io n a l  n ucle i  such  as  th o se  of the  o sm iu m  reg io n  
a r e  t r e a t e d  in a n a tu r a l  way a s  those  ly ing  in between the two l im i t s  of 
q uad rupo le  m otion .  The m a in  l im i ta t io n s  of th is  p r o g ra m  com e f ro m  
the  a s su m p tio n s  m a d e  in  the  p a i r in g -p lu s -q u a d ru p o le  m ode l.

B e c a u se  of l im i ta t io n s  of t im e  and knowledge, th is  r e p o r t  i s  v e r y  
sk e tch y .  We sh a l l  b r ie f ly  d is c u s s  the p h y s ic a l  a s su m p t io n s  in  p a r t  I 
and so m e  r e s u l t s  and co n c lu s io n s  in p a r t  II.

I. PHYSICAL ASSUMPTIONS

I. 1. B o h r 's  c o l lec t iv e  H am ilton ian  and i t s  so lu t ions

In t e n s o r  nota tion ,  the H am il ton ian  i s  w r i t te n  as

H c = V(¡3)+£¡3 • B(3) • ¡3 ( 1 )

whjsre 3  i s  the  quad rupo le  d e fo rm a t io n  v e c to r  with f ive  com ponen ts  and 
V(j3) i s  the  po ten t ia l  e n e rg y  o r  the  to ta l  in s tan ta n eo u s  e n e rg y  of the n u c leu s .  
The second  t e r m  in H c is  the  k ine tic  e n e r g y  of co l lec t iv e  quad rupo le  m otion  
o r  the  s e c o n d - o r d e r  t im e -d e p e n d e n t  c o r r e c t io n  to the in s ta n ta n e o u s  en e rg y .
In the  l im i t  of z e r o  d e fo rm a t io n ,  the i n e r t i a l  function  m a t r ix  B(3) a p p ro a c h e s  
a s im p le ,  h a rm o n ic  f o rm  and depends on a s ing le  c o n s tan t  [1 ].  In gen e ra l ,  
i t  i s  a 5 X 5 m a t r ix  with /З-dependen t e le m e n ts  which can, how ever,  be 
r e d u c e d  to s ix  (^-dependent functions  on choos ing  the  axes  to  co inc ide  with 
th o se  of the  p r in c ip a l  m o m e n ts  of i n e r t i a  and on m ak ing  u se  of the  r o t a 
t io n a l  and t i m e - r e v e r s a l  in v a r ia n c e  of H c . Thus,  in g en e ra l ,  B o h r 's  
c o l le c t iv e  H am il ton ian  co n ta in s  seven  functions  of d e fo rm a t io n  which a r e  
co m p le te ly  a r b i t r a r y ,  excep t  fo r  c e r ta in  s y m m e t r y  r e q u i r e m e n ts  [1, 5 ] .

T h e  c o l lec t iv e  v a r ia b le  m ethod  h a s  t h r e e  m a in  advan tages  o v e r  the 
p u re  s h e l l - m o d e l  m ethod .  (1) It is  not l im i te d  by the d e g re e  of conf igu
r a t i o n  m ix ing . E a c h  co l le c t iv e  s ta te  of an e v e n -e v e n  nu c leu s  r e p r e s e n t s

I N T R O D U C T I O N
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a l in e a r  com binat ion  of ze ro ,  two, four,  and h ig h e r  q u a s i - p a r t i c l e  s t a t e s .
(2) It is  not l im i te d  by the  n u m b e r  of p a r t i c l e s .  In fac t,  t'he m ethod  w orks  
b e t t e r  when the n u m b e r  i s  l a rg e .  (3) A la rg e  n u m b e r  of s in g l e - p a r t i c l e  
s t a te s  can be inc luded  in  the  m ic r o s c o p ic  p a r t  of the  c a lc u la t io n  and thus 
it  i s  c o m p a ra t iv e ly  e a s i e r  to include the  o f f - t h e - e n e r g y - s h e l l  m a t r ix  e l e 
m e n ts .  :

In i t s  u su a l  fo rm ,  th is  m ethod  has  th r e e  m a in  l im i ta t io n s .  (1) It is  
a s su m e d  tha t  the  c o l lec t iv e  quad rupo le  m ode is  s e p a r a te d  f ro m  a l l  o th e r  
m o d e s  of m otion.  While th is  i s  not r e a l ly  an a s su m p tio n  fo r  the  m o s t  
im p o r ta n t  n u c le a r  m a t r ix  e l e m e n ts  connect ing  the 0 + and 2 + s ta te s ,  th is  
i s  p ro b ab ly  the m o s t  s e v e r e  l im i ta t io n  of the  m ethod . (2) The ad iaba tic  
a s su m p tio n  i s  m ade  th a t  the co l lec t iv e  m otion  i s  s low and, hence,  h ig h e r  
than  s e c o n d - o r d e r  t e r m s  in  the  ve loc i ty  (3 can  be n e g lec ted .  This 
a s su m p tio n  is  n e c e s s a r y  fo r  the quan t iza tion  of the  H am il to n ia n .  (3) It 
i s  a s su m e d  tha t  the nu c leu s  p e r fo rm s-  sm a l l ,  h a rm o n ic  v ib ra t io n s  around  
the  e q u i l ib r iu m  shape which i s  d e te rm in e d  in  a  phenom eno log ica l  t r e a tm e n t  
by f i t t ing  the e x p e r im e n ta l  dat^a and in  a m ic r o s c o p ic  t r e a tm e n t  by looking 
fo r  the  low es t  m in im u m  of V(/3).

The ca lcu la t io n  of eq u i l ib r iu m  n u c le a r  sh a p es ,  r e v ie w e d  in the p r e 
ced ing  ta lk  by S zym añsk i [6 ], p ro v id es  a v e r y  u se fu l  t e s t  of the m i c r o s c o 
p ic th e o ry .  H ow ever ,  i t  is  not a su ff ic ien t  t e s t ,  s ince  the  n u c le a r  s p e c t r a  
a r e  in g e n e ra l  s e n s i t iv e  to the  v a r ia t io n  of the po ten t ia l  and in e r t i a l  functions 
away f ro m  the  low es t  m in im u m . If the  v a r ia t io n  of the p o te n t ia l  en e rgy  
i s  slow, as in the  t r a n s i t io n a l  nucle i,  then  the  am p litude  of z e ro -p o in t  
v ib ra t io n s  is  l a r g e  and c a u se s  r o ta t io n -v ib ra t io n  coupling o r  phonon mixing. 
If th i s  v a r ia t io n  i s  ra p id  as  in the c lo s e d - s h e l l  n uc le i  o r  s t ro n g ly  d efo rm ed  
nucle i,  then the  e n e rg y  of z e ro -p o in t  m otion  i s  l a rg e .  In e i th e r  c a se ,  the 
a n h a rm o n ic i t ie s  o r  the  dev ia t ions  of the po ten t ia l  function  f ro m  a p a ra b o la  
a round  the  eq u i l ib r iu m  shape and th o se  of the i n e r t i a l  functions  f ro m  the 
h a rm o n ic  f o rm  can be im p o r ta n t .

The l im i ta t io n  of sm a l l ,  h a rm o n ic  v ib ra t io n s  i s  re m o v e d  in the  n u 
m e r i c a l  m ethod  [4, 5 ] .  The to ta l  n u c l e a r  w ave -funct ion  i s  w r i t te n  as

® I M  = | 0 ( / 3 , 7 ) > £ с 1К Ф)  (2)
К

w h ere  j3, 7  r e p r e s e n t  the shape of the  n u c le a r  quad rupo le  in  the in t r in s i c  
s y s t e m  and the E u le r  ang les  0, <p, ф give i t s  o r ie n ta t io n  with r e s p e c t  to 
the l a b o ra to r y  ax e s .  The in t r in s i c  o r  z e ro  q u a s i - p a r t i c l e  w ave -funct ion  
|°(/3, 7 ) ^ i s  c o u p le d to  the  v ib ra t io n a l  w ave -func t ion  С IK th ro u g h  the  dynam ic 
v a r i a b le s  j3, 7 . Thé d e g re e  of coupling of the  v ib ra t io n a l  w ave -func t ion  and 
the r o ta t io n a l  <2> - m a t r i x  depends on K, which is  not a good quantum  n u m b e r  
in  g e n e ra l .  The H am il to n ia n  Hc( E q . ( l ) )  i s  quan tized  and the  S ch ro d in g e r  
equation  Н СФ = ЕФ is  c o n s t ru c te d .  On u s in g  the  s ta n d a r d  ^ - m a t r i c e s ,  
the  p ro b le m  is  r e d u c e d  to a s e t  of coupled p a r t i a l - d i f f e r e n t i a l  equations 
in /3 and 7 , whose d e g re e  of coupling depends on the n u m b e r  of К com ponen ts .  
T h ese  equations a r e  then  so lved  by u s in g  n u m e r i c a l  .methods, and va lues  
of C IK a r e  d e te rm in e d  at each  point of a /3 -7  m e s h  (F ig .  1).

T h is  m ethod  i s  quite  g e n e ra l  and can be u se d  fo r  s p h e r i c a l  nuclei,  
d e fo rm e d  nucle i ,  and a l so  t r a n s i t io n a l  n u c le i .  It i s  a lso  independen t of 
the m ethod  of d e te rm in a t io n  of the  seven  functions of B o h r 's  H am ilton ian .
F o r  exam ple ,  in  c a s e  of s m a l l  dev ia tions  f ro m  the  v ib ra t io n a l  and r o t a 
t iona l  l im i t s ,  one can m ake  an a n a ly t ica l  expansion  and s tudy  the  e f fec ts  • 
of d if fe ren t  anharrrionic t e r m s .  H ow ever ,  such a m ethod  has  l im i te d  value.
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F IG .l. The S -y  mesh used for num erical solution.

A nharm on ic  t e r m s  a p p e a r  in  the  p o te n t ia l  as w e ll  as  i n e r t i a l  functions .  
H ence,  a l a rg e  n u m b e r  of p a r a m e t e r s  would be r e q u i r e d  fo r  a com ple te  
t r e a tm e n t .  A lso , the  an h a rm o n ic  t e r m s  a r e  in  g e n e r a l  qu ite  l a r g e  and 
the c o n v e rg en ce  i s  not r a p id  [4, 7 ] .  T h e r e f o r e ,  m o s t  of o u r  w ork  has  
been p e r f o rm e d  with a  m ic r o s c o p ic  d e te rm in a t io n  of the n u m e r i c a l  va lues  
of the  sev en  functions at ea c h  point of the  f i - y  m e sh .

1.2 .  The p a i r in g -p lu s -q u a d ru p o le  m o d e l  and the  d e te rm in a t io n  of the 
tw elve functions of )3 and y

The m ode l H am il ton ian  c o n s is t s  of th r e e  p a r t s :  a s p h e r ic a l ,  s h e l l -  
m o d e l  p a r t  whose e ig en v a lu es  a r e  the e m p i r i c a l  s i n g l e - p a r t i c l e  e n e r g ie s  
and whose e ig e n v e c to r s  a r e  ap p ro x im a te d  by the h a rm o n ic  o s c i l l a to r  w ave-  
functions;  a p a i r in g  p a r t  which r e p r e s e n t s  the  J = 0, T=  1 com ponen t of 
th e  r e s id u a l  tw o-body  in te r a c t io n  and w hose  s t r e n g th  i s  d e te rm in e d  by 
f i t t in g  the  odd -even  m a s s  d i f fe re n c e s ;  and a quadrupo le  p a r t  which r e 
p r e s e n t s  the  J  = 2, T = 0 com ponen t of the  r e s id u a l  in te r a c t io n  and whose 
s t r e n g th  i s  d e te r m in e d  by f i t t ing  the  s ta t ic  d e fo rm a t io n s  of w e l l -d e fo rm e d  
nuc le i .  ■

A side  f ro m  the  n e g le c t  of h i g h e r - o r d e r  com ponen ts  of the  r e s id u a l  
in te ra c t io n ,  two a s su m p t io n s  a r e  m ade  in  th is  m ode l:  ( 1 ) the p a i r in g  
m a t r ix  e le m e n ts  a r e  s ta te - in d e p e n d e n t ,  and (2 ) the  r a d i a l  f o rm  of 'the  
quad rupo le  o p e r a to r  i s  r2 .  T hese  two a s su m p t io n s  have been t e s te d  by 
m a k in g  a c o m p a r iso n  with the  p a i r in g - ty p e  and the  q u ad ru p o le - ty p e  c o m 
ponen ts  of s e v e r a l  " r e a l i s t i c "  f o rc e s  [8, 9 ] .  The m ode l is  quite  good 
w ith in  the  m a jo r  sh e l l  n e a r  the  F e r m i  s u r fa c e  but ge ts  w o rs e  a s  we 
inc lude  s t a te s  away f ro m  th e  F e r m i  s u r fa c e .
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U sing  th is  m ode l,  the  seven  functions  of B o h r 's  H am il to n ia n  a r e  c a l 
cu la te d .  In addition, two e l e c t r i c  quad rupo le  m o m e n t  functions  and 
th r e e  g y ro m ag n e t ic  r a t i o  functions  a r e  com puted .  The m ethod  of c a l c u 
la t ion  i s  s i m i l a r  to the  N ils  son m o d e l  p lu s  p a i r in g  p lu s  c ra n k in g  m ode l
[3].  The m a in  d i f fe ren ce  i s  th a t  the  condition  of vo lum e c o n s e rv a t io n  
and the  m ethod  of su m m in g  o v e r  the occup ied  N ils so n  le v e ls  a r e  not used .  
In s tead ,  a s e l f - c o n s i s t e n t  t im e -d e p e n d e n t  H a r t r e e -B o g o ly u b o v  [10] type 
of ca lcu la t io n  i s  done. Thus,  the u n c e r ta in ty  due to the  condition  of volum e 
c o n s e rv a t io n  as. d i s c u s s e d  by S tru t in sk y  [11] n e v e r  e n t e r s  th is  p r o g ra m .  
A lso, the s e l f - c o n s i s t e n c y  condition  th a t  the w ave -func t ion  and po ten t ia l  . 
d e fo rm a t io n  a r e  equa l  at eq u i l ib r iu m -p ro v id e s  a u se fu l  check  of the c a l 
cu la tion .

T h e r e  a r e  s e v e r a l  o th e r  d i f fe re n c e s  which could in p r in c ip le  be 
in c o rp o ra te d  in a N i ls s o n  ca lcu la t io n  but u su a l ly  a r e  not.  (1) The com ple te  
/З-7  dependence of the  tw elve  functions i s  d e te rm in e d .  (2) The c o n t r i 
bu tions  of t im e -d e p e n d e n t  o r  d e fo rm a t io n -d e p e n d e n t  changes  in the  p a i r in g  
f ie ld  to the i n e r t i a l  functions  a r e  inc luded . Such c o n t r ib u t io n s  w e re  f i r s t  
d i s c u s s e d  by B ès [12'] . (3) The a s su m p tio n  of u n ifo rm  c h a rg e  d is t r ib u t io n
is  not m ad e .  In s tead ,  the  e l e c t r i c  quad rupo le  m o m e n t  of the  in t r in s i c  
w ave -funct ion  i s  d e t e r m in e d  by s u m m in g  o v e r  the  quad rupo le  m o m e n ts  
of the  s ing le  p a r t i c l e  o r b i t s . .  This  p r o c e d u re  h a s  one u n p le a sa n t  aspec t ,  
nam ely ,  s in c e  we su m  o v e r  only the  nucleons  ou ts ide  the co re ,  an effec tive  
ch a rg e  h a s  to be u se d .  But th e r e  i s  ¡also a p le a s a n t  a s p e c t .  H ig h e r - o r d e r  
t e r m s  in /3 2, /33, . . . which a r e  r e s p o n s ib le  fo r  p a r t  of the  a n h a rm o n ic i ty  a re  
au to m a t ic a l ly  inc luded . (4) The a s su m p tio n  of a  co n s tan t  g -v a lu e  ( indepen 
dent of /3 and d irec t io n )  i s  not m ade ; th e r e f o r e  the B(M1) v a lu e s  do not 
van ish  t r iv ia l ly .

II. SOME RESULTS AND CONCLUSIONS

II. 1. Some r e s u l t s

E n e rg y  le v e ls  ca lc u la ted  [13] fo r  the W - O s - P t  reg io n  a r e  c o m p a re d  
with e x p e r im e n t  in F ig .  2. T re n d s  of v a r io u s  le v e ls  a r e  g iven c o r r e c t ly .  
But the  c a l c u la t e d -2l+ s ta te  of the  Pti i so to p e s  is  too high by 0. 1 - 0 .2  MeV. 
Some of the u n te s te d  p re d ic t io n s  a re ;  s t r o n g  /З-7  band m ix ing  in  tungs ten ,  
and /3-phonon plus two 7 -phonon m ix ing  in  the o sm iu m  iso to p e s .

F ig u re  3 h a s  been ta k en  f ro m  the  w ork  of C a s te n  e t  al .  [14], who have 
p e r f o rm e d  so m e b eau t ifu l  Coulom b ex c i ta t io n  m e a s u r e m e n t s  in the  Os 
iso to p es .  While the  th e o ry  [13] g ives the t r e n d s  c o r r e c t ly ,  the  too s h a rp  
d e c r e a s e  in B(E2;0-*2 ')  and the  f a c to r  of about 2 in the B (E 2 ;2^ -2 ')  
va lu es  a r e  cha lleng ing  p r o b le m s .

F ig u re  4 has  been  taken  f ro m  the w o rk  of Glenn and Salad in  [15] 
who have m e a s u r e d  the quad rupo le  m o m e n ts  of the  p la t in u m  iso to p e s .  It 
i s  enco u rag in g  th a t  the  m e a s u r e d  va lue  and s ign (which c o r r e s p o n d s  to an 
ob la te  shape) a r e  in good a g re e m e n t .w i th  th e o ry  [13].  The m e a s u r e m e n ts  
of the  r e m a in in g  Q 2 + v a lu e s  would p rov ide  f u r th e r  u se fu l  t e s t s .

D eta iled  c o m p a r is o n s  between th e o ry  and e x p e r im e n t  a r e  given e l s e 
w h e re  [13-16] .  We sh a l l  now d is c u s s  th e s e  r e s u l t s  in t e r m s  of the 
n u c le a r  co l lec t ive  H am il to n ia n .
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FIG .2. Energy levels of tungsten, osmium and platinum  nuclei.

F IG .3 . Electric quadrupole transitions in the osmium nuclei. Figure taken from Casten e t a l. [14 ].
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FIG .4 . Quadrupole m om ent values of tungsten, osmium and platinum  nuclei. The dashed curves give 
the ro tational values. The solid curves give the theore tical values from Ref. [1 3 ] . Experimental values 
and the figure are from Glenn and Saladin [15 ].

The eq u i l ib r iu m  n u c l e a r  shape g iv e s  u s  o u r  m o s t  im p o r ta n t  clue about 
the c o l lec t iv e  b eh a v io u r  of a n u c leu s .  H ow ever ,  i t  i s  not enough. We 
a lso  need  to know the  re la t io n s h ip  of th is  m in im u m  to o th e r  p o ss ib le  
m in im a ,  m a x im a  o r  sa d d lep o in ts  of the  po ten t ia l  s u r f a c e .  . In th i s  connection, 
the  z e r o -p o in t  m otion ,  the  7 -d ep endence  of the po ten t ia l  function , and the 
a n h a rm o n ic i t ie s  of the  i n e r t i a l  func tions  p lay  c r u c ia l  r o l e s .  E ffe c ts  of 
th e s e  th r e e  in te r m in g le  and cannot be s e p a r a te d  out c o m p le te ly .  With 
th is  r e s e r v a t io n  in  m ind , we s h a l l  now d i s c u s s  the  m a jo r  e f fec ts  of each .

II. 2. Z e r o - p o in t  m otion

The e n e rg y  of z e r o -p o in t  m otion  f 0 i s  ju s t  the  d i f fe re n c e  between 
the  e n e rg y  of the  g r o u n d - s t a te  so lu t ion  of the  H am il to n ia n  and the  e n e rg y  
of the lo w es t  p o te n t ia l  m in im u m . In the  v ib ra t io n a l  l im i t  of the  f iv e -  
d im e n s io n a l  quad rupo le  m otion ,  i t  i s  g iven by ( 5 /2 )h u .  If the  eq u i l ib r iu m  
shape  i s  to  be s ta b le  a g a in s t  z e r o -p o in t  m otion,  two cond it ions  m u s t  be 
sa t i s f ie d :

? 0 < < E s  ( 3 )

? o  «  E  p o  ( 4 )
w h e re  E s i s  the e n e r g y  of d e fo rm a t io n  c o m p a re d  to the  s p h e r i c a l  shape,  
and E p 0 i s  the  e n e rg y  of p r o la t e - o b la t e  d i f fe re n c e  at /3 = 0 r.m .s.-  Additional 
s t a t io n a ry  po in ts  of V would r e q u i r e  m o r e  cond it ions .

T h e se  cond it ions  a r e  obv iously  s a t i s f ie d  by the  n ucle i  in  the  m idd le  
of the  d e fo rm e d  reg io n ,  but a r e  not a lw ays  s a t i s f ie d  by the  po ten t ia l
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func tions  u se d  to d e s c r ib e  th e s e  nucle i!  The conditions a r e  obviously  not 
s a t i s f ie d  by the  s p h e r ic a l  n u c le i  s ince  E s = 0, but th is  s im p ly  m e an s  
t h a t th e  r . m . s .  va lue  of d e fo rm a t io n  i s  n o n - z e r o  and d i f fe r s  f ro m  the s ta t ic ,  
z é r o  va lue .  In the  t r a n s i t i o n a l  r e g io n , • th e s e  conditions a r e  not s a t i s f ie d  
(T a b le  I). Hence, the n u c l e a r  w ave -func t ions  a r e  s p r e a d  in the /3-y p lane 
in s te a d  of being c o n c e n t ra te d  a t  the eq u i l ib r iu m  shape [4, 13 ] .  The ex ten t 
of the  s p re a d in g  i s  d i r e c t ly  p ro p o r t io n a l  to the  d e g re e  of v io la t ion  of 
th e s e  two conditions and th e r e f o r e  i n c r e a s e s  as  we go f ro m  W to Os to P t  
n uc le i .

II. 3. The 7 -dependence  of the po ten t ia l  function

Since the po ten t ia l  e n e rg y  is  a s c a l a r ,  i t  can  be w r i t te n  a s

V = a + b(¡3 • 0 )o +c(js  • I  ■ P)0 +. . . (5)

w h e re  0 i s  the  d e fo rm a t io n  t e n s o r  of r a n k  2 and the sym bo l  ( )o s ig n if ie s  
th a t  the  t e n s o r s  in s id e  the  b r a c k e t s  a r e  coupled to  J  = 0. When such

TA BLE I. E F F E C T S  OF Z E R O -P O IN T  MOTION AND P R O L A T E -  
O B LA TE D IF F E R E N C E

E x p e r im e n ta l  va lues  a re  g iven in p a r e n th e s e s
Col. 2 3 4 5 ' 6 7 8

8s У S Es
(MeV)

F
bpo

(MeV)
 ̂0 

(MeV)
Er  -E 4 Ог + 

Q r

”7§Yb 0 .32 0.0 10.6 7.3 3 .3 18.0
(15 .4 )a

1.0

0.25 0 .0 4 .3 1 .5 1 .9 7 .2  
(8 .9)a

0.99

0 .22 30.0 3 .0 0.1 1.1 0.15 
(0. Q5)a

0.61

» |P t 0.15 60.0 1 .5 -0 .7 1 .6 0.0  
( - 0 .53)a

-0 .6 5
(-0 .5 1  ±19)b

2¡$Pb 0 . 0  0 . 0  0 .0  -0 .8  2 .0  2 .0  -1 .0

(-0 .2 7 )a

Col. 2. Equilibrium shape deform ation.
C ol. 3 . Equilibrium shape asymm etry.
Col. 4. Deformation energy.
Col. 5. Prolate-oblate difference enèrgy calculated at 8 = 8 r .m .s . = 0.085 for 2°epb and 

S = 0 S for others.
Col. 6. Zero-point motion energy.
C ol. 7, Splitting of 2,+ and 4 + states.
C ol. 8. Quadrupole m om ent of the first 2 + state compared to the rotational value for a prolate shape.

Qr = - |
16 7Г "I ;
—^  В (E2; 0"*2)j ■

3 1967 Table of Isotopes [20]. b Glenn and Saladin [15].
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p ro d u c ts  a r e  w r i t te n  in  t e r m s  of the i n t r in s i c  com ponen ts ,  one f inds th a t  
the  only  two b a s ic  ‘in v a r i a n t s  th a t  can  e n t e r  V a r e  3 Z and /33 co s  3 7  [5, 17] . 
Thus,  the  7 -d ep endence  of V can  be e x p r e s s e d  as

V(j3,7) = V0 (/32) + Vi (/32 )Д 3 co s  3 7  + V2 (/32) 3 6 c o s 2 З7  + . . . (6)

w h ere  Vq, V i,  V2 , : . . a r e  7 - independen t  functions of even  p o w e rs  of |3.
The Vj t e r m  c a u s e s  p r o la t e - o b la t e  d i f fe ren ce  and the  V2 t e r m  c r e a t e s  
a r id g e  o r  a v a l ley  a long 7  = 30°.

The two m a in  e f fec ts  of the  p r o la t e - o b la t e  d i f fe ren ce  t e r m  a r e  : (1) 
the  sp l i t t in g  of the  2,+ and 4+ s ta te s ,  which belong  to the 7 -band  and the 
g round  band in  ihe  r o ta t io n a l  l im i t  and to  the N = 2 phonon t r i p l e t  in  the 
v ib ra t io n a l  l im i t ;  and (2) the  n o n - z e ro  quad rupo le  m o m e n ts  of I f  0 s t a te s .

The ca lc u la te d  p r o la t e - o b la t e  d i f fe re n c e  i s  about 7 MeV in  112Yb
and le a d s  to r a t i o s  (E 2’ - E 4) /E  2 3 18. 0 and Q 2+/Qr = 1 . 0  (T a b le  I). If
th is  t e r m  had  not been  th e re ,  then  the  2 I+ s ta te  of the  7 -band  would have 
been  d e g e n e ra te  with  the  4+ s ta te  o f ' the  g round  band and th is  nu c leu s  with 
a  s ta t ic  d e fo rm a t io n  of 0. 3 would look t r a n s i t i o n a l  r a t h e r  than  defo rm ed!  
Hence,  the  condition  (4) i s  r e a l l y  e s s e n t i a l  fo r  a ro ta t io n a l  n u c leu s .

As A i s  i n c r e a s e d  in  the  Y b - P b : reg ion ,  the  p r o la t e - o b la t e  d if fe ren ce  
d e c r e a s e s  up to 190Os w h e re  i t  p a s s e s  th ro u g h  z e ro  and bu ilds  up aga in  in 
the  nega tive  d i r e c t io n .  As can  be. s e e n  f ro m  T ab le  I, the r a t i o s  (Ег* - e 4)/ 
E 2 and Q 2+/Qr; follow th is  d i f fe ren ce  r a t h e r  c lo se ly  (the f o rm e d  ra t io  
depends on the ; m agn itude  only) ex c ep t  in the  re g io n  of s m a l l  E po w here  
o th e r  a n h a r m o n ic i t ie s  becom e im p o r ta n t .

The /36 co s2 '3 !7  t e r m  of V((3, 7 ) a p p e a r s  to  be s m a l l  s in c e  in  m o s t  
of the  ca lc u la te d  n uc le i  the  po ten t ia l  e n e rg y  s u r fa c e  r i s e s  sm o o th ly  f ro m  
the  low es t  m in im u m  to  the  h ig h e r  one. T h is  t e r m  would have  i t s  b e s t  
chance  in  a nu c leu s  l ike  190Os w h ere  the  m a in  7 -dependen t t e r m  is  
van ish ing ly  s m a l l  n e a r  ¡3 = /3s . If V2 had  a s u b s ta n t ia l  n ega t ive  value,  then 
a r id g e  a long 7  = 30° would s e p a r a t e  the p r o la te  and ob la te  m in im a  and 
th e r e  would be two s e t s  of r o ta t io n a l  bands .  If V2 had  a s u b s t a n t ia l  p o 
s i t iv e  value, a! v a l ley  a long 7  = 30° would m a k e  the  nu c leu s  a s y m m e t r i c .  
T h e re  i s  so m e  ev idence  f o r  the  second  p o s s ib i l i ty  s ince  the  lo w es t  m in im u m  
of 190Os o c c u r s  at 7  = 30°. H ow ever ,  th is  ev idence  m u s t  be c o n s id e re d  
v e r y  w eak  s ince  the  en e rg y  gained by m ak ing  the  nu c leu s  a s y m m e t r i c  is  
only  0. 1 MeV, w hile  the  e n e rg y  of z e r o  po in t m o tion  i s  1. 1 MeV.

T h is  c a lc u la t io n  a l so  in d ic a te s  th a t  a d e fo rm e d  e q u i l ib r iu m  shape  is  
not e s s e n t i a l  fo r  a l a r g e  Q 2+/QR • In the  c a lc u la te d  206Pb  (T a b le  I), 
the  e q u i l ib r iu m  shape  i s  s p h e r ic a l ,  but the  po ten t ia l  e n e rg y  s u r f a c e  r i s e s  
m o r e  r a p id ly  on the  p r o la te  s ide  than  on the  ob la te  s id e  of 8 = 0. The 
nuc leus  h a s  a ¡ substan tia l  p r o la t e - o b la t e  d i f fe re n c e  of - 0 . 8  MeV at 
P m s = 0. 085 and a l a rg e ,  ob la te  quad rupo le  m o m e n t  of the  f i r s t  2+ 
s ta te .

II. 4. A n h a rm o n ic i t ie s  of the  s ix  i n e r t i a l  functions

Since th e s e  functions  a r e  p a r t s  of a 5 X 5 m a t r ix ,  t h e i r  s y m m e t r y  
condit ions  and f i - y  d ependence  [5] a r e  c o n s id e ra b ly  m o r e  co m p l ic a te d  than  
th o se  of the s c a l a r  p o te n t ia l  function .  A c o m p a r i s o n  of the  ca lc u la ted  
i n e r t i a l  functions  with  the  h a r m o n ic  f o r m s  shows th a t  the  a n h a rm o n ic i t ie s  
have  no m a rk ë d  t r e n d s  with (3 and 7 . With a  su i ta b le  a v e ra g e  o v e r  the
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s ix  В -func t ions ,  the  a v e ra g e  В -value  changes  o v e r  the  e n t i r e  0 *7  m e s h  
re g io n  by only ± 10% in  the W and Os i so to p e s ,  and ± 20% in  the  P t  i so to p e s .  
H o w ever ,  the  lo c a l  v a r i a t io n s  by f a c to r s  of two ind ica te  a com peti t ion  
be tw een  s e v e r a l  l a rg e  t e r m s  of c o m p a ra b le  m ag n itu d e s  but opposite  s ig n s .  
H ence  a p e r tu r b a t io n  expansion  i s  not valid .

T he  m a in  e f fec ts  of th e s e  an h a rm o n ic  t e r m s  a r e  a s  fo llow s. (1) The 
7 -band  i s  pushed  up and band m ix ing  be tw een  the  |3-and 7 -b an d s  i s  c a u se d  
in  the  W iso to p e s .  The B(E2) va lues  connect ing  th e s e  bands a r e  quite 
l a r g e ,  and th e  s p e c t r o s c o p ic  quad rupo le  m o m e n ts  dev ia te  s t ro n g ly  f ro m  
the  r o ta t io n a l  v a lu es .  F o r  exam ple ,  in 182W the r a t i o  B (E 2 ;  21-* 2 " ) / B  (E2; 
0-+2) i s  0 .2 5  in s te a d  of z e ro  and the r a t i o s  Q 2. / Q R, Q 2« / Q R a r e  0 .08 ,
0 .1 7  in s te a d  of ± 1 .0 .  E x p e r im e n ta l  m e a s u r e m e n t s  of th e s e  qu an t i t ie s  
would p ro v id e  u se fu l  t e s t s  of th is  point.  (2) Mixing be tw een  the ground,
/3- and 7 -bands  is  r e d u c e d  in the Os is o to p e s .  E ven  though the  e q u i l ib r iu m  
shape  of 19°.i92os i s  a s y m m e t r i c  (7 = 30°, 45°), the quad rupo le  m o m e n t  
of the  2+ s ta te  is  n ega t ive  (F ig .  4) in s te a d  of being z e ro  in  190Os and pos i t ive  
in 192Os [18].  T h is  h appens  p a r t ly  b ec a u s e  the a n h a r m o n ic i t ie s 'o f  В favou r  
p r o la t e  o v e r  ob la te  in  th is  reg io n  and p a r t l y  b ec a u s e  the po ten t ia l  function 
a t  l a r g e  /3 a lso  fav o u rs  p ro la te  o v er  o b la te .  T h ese  Q 2+ v a lu e s  r e m a in  to 
be te s te d ,  but the an h a rm o n ic  t e r m s  of В p lay  an e s s e n t i a l  ro le  in  lo w er in g  
the  2,+ below the  4 + s ta te  of 192Os in a g r e e m e n t  with e x p e r im e n t .  (3) The 
m a in  effec t  in  the P t  i so to p e s  is  th a t  the  2 ,+ s t a t e  i s  lo w e re d .  If th e s e  
a n h a rm o n ic  t e r m s  had  been  neg lec ted ,  then  the  2I+ s ta te  of 196P t  would 
h ave  been  above 4+ b e c a u s e  of the  su b s ta n t ia l  p r o la t e - o b la t e  d i f fe ren ce .  
Thus,  the  a n h a rm o n ic i t ie s  of the  i n e r t i a l  functions  oppose th o se  of the 
p o te n t ia l  function  and p lay  a c r u c ia l  ro le  in  giving u s  th is  p ic tu re  of the 
ca lc u la te d  196P t .  The s p e c t r u m  looks ap p ro x im a te ly  v ib ra t io n a l  (the
2 ,+ and 4 + s ta te s  a r e  d eg e n e ra te )  but the  f i r s t  2+ s ta te  h a s  a  l a r g e  
quad rupo le  m o m e n t  (Q 2+/Q r  = -0 .6 5 ) .  A lso ,  the  c r o s s - o v e r  t r a n s i t io n  
0-*2' i s  s m a l l  by a f a c to r  of 65 c o m p a re d  to 0^2  and by a f a c to r  of 14 
c o m p a re d  to 2->2'. T h is  i s  s t ro n g ly  su g g e s t iv e  of the s i tu a t io n  in  114Cd 
[19], but m o r e  e x p e r im e n ta l  checks  f o r  196P t  and th e o r e t i c a l  ch ecks  fo r  
114Cd a r e  needed .

II. 5. Main c o n c lu s io n s  .

It a p p e a r s  tha t,  in  i t s  p r e s e n t  fo rm ,  the  m ethod  of n u c l e a r  co l lec t iv e  
H am il to n ia n  and d e fo rm a t io n s  is  a pow erfu l  tool, fo r  s tudying  the  low- 
e n e rg y  p r o p e r t i e s  of e v e n -e v e n  nucle i .  The m a in  v i r tu e s  of th is  m ethod  
a r e :  ( 1 ) l a r g e  am oun ts  of con f igu ra t ion  m ix ing  can be inc luded  at a 
c o m p a ra t iv e ly  s m a l l  p r ic e ;  (2 ) t im e -d e p e n d e n c e  o r  q uan ta l  f luc tua tions  
a r e  ta k en  into account and n u c le a r  w ave -func t ions  a r e  c o n s t ru c te d  without 
confron ta t ion  with the p r o b le m s  of n o n -c o n se rv a t io n  of an g u la r  m om e n tu m  
o r  n o n -c o n se rv a t io n  of p a r t i c l e  n u m b e r ;  and (3) the s a m e  m e thod  i s  applied  
to s p h e r ic a l  and d e fo rm e d  nucle i ,  so tha t  the t r a n s i t io n a l  n ucle i  a r e  t r e a te d  
in  a n a t u r a l  way as  th o se  ly ing  in  between the two l im i ts .

In i t s  p r e s e n t  fo rm  the  m e thod  has  the  following l im i ta t io n s .  (1) The 
n u m e r i c a l  a c c u r a c y  of the m ethod  of so lv ing  B o h r 's  co l lec t iv e  H am il ton ian  
i s  l im i te d  by the  fac t  tha t  the  m a t r ix  s iz e  i s  p ro p o r t io n a l  to the  n u m b e r  of 
po in ts  in the /З-7  m e sh .  A lso, the m a t r ix  s iz e  i s  p ro p o r t io n a l  to  the  n u m b e r  
of К com ponen ts ,  hence the  m ethod  is  l im i te d  to s t a te s  with К  4. A 
m odif ied  m ethod  b ased  on ana ly tic  expans ions  is  being in v e s t ig a ted .  (2 )
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I n te ra c t io n s  be tw een  s t a te s  away f r o m  the  F e r m i  s u r fa c e ,  f o r  exa m p le  
the  A N  = 2 m ix ing , a r e  not d e s c r ib e d  c o r r e c t l y  by the  p a i r i n g -p lu s  - 
quad rupo le  m o d e l  b a s e d  on the h a r m o n ic  o s c i l l a to r  w ell .  A m o d if ica t io n  
b ased  on the  W oods-S axon  w ell  i s  being  in v e s t ig a te d  in  c o l la b o ra t io n  with
B. S o re n se n .  (3) H ig h e r  m o d e s  of n u c l e a r  motion, such  a s  octupole  v i 
b r a t io n s  ( e s s e n t i a l  f o r  neg a t iv e  p a r i t y  and 1 + s ta te s ) ' 'an d  p a i r in g  v ib ra t io n s  
( im p o r ta n t  fo r  h igh  ly ing  0+ s ta te s )  have been  n eg le c te d .  The p r e s e n t  
techn ique  i s  being  app l ied  to  the  p ro b le m  of p a i r in g  v ib ra t io n s  in c o l l a b o r a 
tion  with R. B ro g l ia .  At a l a t e r  s ta g e ,  we hope to  t r e a t  the  coupling 
be tw een  p a i r in g  and quad rupo le  v ib r a t io n s .  (4) The p r e s e n t  t r e a tm e n t  
is  l im i te d  to e v e n -e v e n  n u c le i .  I ts  ex ten s io n  to  odd n u c le i  p o se s  a c h a l 
leng ing  p ro b le m .
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D IS  C U S S I O N

R . V. JOLOS: It s e e m s  to  m e  th a t  when you c o n s id e r  n u c le i  with the
s m a l l  d e fo rm a t io n  o r  t r a n s i t i o n  n u c le i  as  Os and P t  i so to p e s  it  is  not 
ev iden t th a t  you can  u se  the  H a r t r e e ^ F o c k  m e thod  b e c a u s e  it does  not 
ta k e  into account the  f lu c tu a t io n s  of the  d e fo rm a t io n  w hich  a r e  l a r g e  in  
t h e s e  c a s e s .
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With the help  of an o th e r  m ethod , which is  b ased  e s s e n t i a l l y  on.the 
boson  expansion  m ethod  p ro p o sed  by S . T .  B elyaev  and V .G .  Zelev insky ,  
and ta k e s  into accoun t the  f luc tua t ions  of the  d e fo rm a t io n  I get an o th e r  
p ic tu r e  fo r  the  p o ten tia l  en e rg y .  In s tead  o f  one m a x im u m  at j3 = 0 and 
m in im u m  at j3 f  0 ( the  u su a l  p ic tu re  fo r  the  H a r t r e e  ca lcu la t ions)  t h e r e  a r e  
two m in im a  at (3 = 0 and at ¡3 f  0. The second  m in im u m  b e c o m e s  d e e p e r  
and d e e p e r  when it goes f ro m  s p h e r ic a l  to d e fo rm e d  nuc le i .  And only 
in  the  c a s e  of s t ro n g ly  d e fo rm ed  n ucle i  do we get the  s a m e  p ic tu re  a s  in  
the  H a r t r e e - F o c k  ca lc u la t io n s .

D . F .  ZARETSKY: D r .  K u m a r ,  does it follow f ro m  y o u r  ca lc u la t io n s  
th a t  the  ex is te n c e  of a shape  i s o m e r  s ta b le  ag a in s t  7 - d e fo rm a t io n  is 
p o s s ib le ?

K r i s h n a  KUMAR: In a l l  o u r  ca lc u la t io n s ,  the p o ten tia l  e n e rg y  r i s e s
o r  fa l l s  sm oo th ly  f ro m  7  = 0° to 60° without a b a r r i e r  in  the m id d le .  In 
fac t ,  the  7 - dependence is  v e r y  s i m i l a r  to th a t  shown by P ro f .  S zy m a n sk i .  
T he  r e a s o n  is  th a t  the  m a in  7 -d ependence  co m es  f ro m  the  0 3 cos  З7  t e r m  
in  a c c o rd a n c e  with g e n e r a l  in v a r i a n c e  p r o p e r t i e s  of the  p o ten tia l  e n e rg y  
function .
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Abstract — Аннотация

INTERMEDIATE STATES IN FISSION, Consequences of the presence of a second, interm ediate 
equilibrium  state at large deformations in some fissioning nuclei (two-humped fission barrier) are discussed.
The most im portant effects re la ted  to such states are: ,(1) spontaneously fissioning isomers, (2) grouping 
of neutron-induced fission resonances, related to intrinsic states in the second potential w ell, (3) vibration
mode resonances in the fission cross-section, and (4) m oderation of the channel structure in fission fragment 
anisotropies for fission near the  barrier. An attem pt is,m ade to sum m arize the evidence obtained from various 
experim ents.

П РО М ЕЖ У ТО Ч Н Ы Е С О СТО ЯН И Я Д Е Л Е Н И Я . О бсуж даю тся п о сл ед ств и я  н аличия в то р о го  
п р о м еж уточ н ого  р ав н о в есн о го  с о сто ян и я  при больш их д еф о р м ац и ях  в н еко то р ы х  д елящ ихся  я д 
рах (двугорбны й б ар ьер  д е л ен и я). Н аиболее с ущ ествен н ы м и  э ф ф е к т а м и , о тн осящ и м и ся  к эти м  
со сто я н и я м , являю тся следую щ ие: 1) нали чи е спон тан н о  д елящ ихся  и зо м е р о в , 2) гр уп п и ровк а
вы зв а н н о го  н ей тронам и  ¡резон ансов дел ен и я, отн осящ и хся  к вн утрен н и м  со сто я н и я м  во  второй  
потенциальной  я м е , 3) вибрационны е р езо н ан с ы  в сечен и и  д елен и я  и 4) отклон ен и я  от обычной 
м одели кан алов  в анизотроп ии  о ск о л к о в  делен и я при делении  около  б а р ь е р а . А нализирую тся 
дан н ы е, п олученны е в р азли ч н ы х  э к с п е р и м ен т а х .

INTRODUCTION

N o n -u n i fo rm it ie s  in  the  e n e rg y  d is t r ib u t io n  of s ing le  n u c leo n s  in  the 
n u c l e a r  b inding f ie ld  in f luence  the  s ta b i l i ty  of heavy  n u c le i  ag a in s t  f i s s io n  
in  a v e r y  im p o r ta n t  way. When the  nucleus  is  d e fo rm ed ,  such  as  in f is s ion ,  
c o m p re s s io n  of the  s in g le -n u c le o n  le v e ls  n e a r  the  F e r m i  e n e rg y  a l t e r n a t e s  
with a th inn ing -ou t  (a she l l ) ,  and th i s  le a d s  to  m o d u la t io n s  in  the  liquid 
d ro p  (LDM) e n e rg y  !of the  nuc leus  ( see  F i g . l ) .

Minima, in  the  d e fo rm a t io n  en e rg y ,  a r i s in g  f ro m  sh e l l  e f fec ts ,  c o r r e s 
pond to  s ta t io n a ry  d e fo rm a t io n s  of the  nuc leus .

The p o s s ib le  a p p e a ra n c e  of s h e l ls  in  d e fo rm ed  n u c le i  was d is c u s s e d  in, 
fo r  exam ple ,  the  p a p e r  by G e il ik m a n  [ l ]  . H ow ever ,  the  co n c lu s io n s  w ere  
so u n c e r ta in  th a t  it w as com m only  a s s u m e d  tha t  the  s h e l l s  a r e  c h a r a c t e r i s t i c  
only  fo r  the s p h e r ic a l  sh ap e  and d i s a p p e a r  when the  nuc leus  is  s l ig h t ly  
de fo rm ed .

The p r e s e n c e  of s h e l l s  is  a r a t h e r  r e g u la r  f e a tu re ,  which is  not r e 
la te d  to the  s p h e r ic i ty  of the  a v e r a g e  f ie ld .  The m in im u m  at the  s m a l le s t  
d e fo rm a t io n  c o r r e s p o n d s  to the  g r o u n d -s t a te  d e fo rm a t io n ,  s p h e r ic a l  o r  
d e fo rm e d .  Im p o r ta n t  sh e l l  e f fec ts  a r e  p r e s e n t  a lso  at l a r g e r  d e fo rm a t io n s  
and, in  so m e  cases¿  th e s e  can  give r i s e  to  a second  m in im u m  in  the  d e f o r 
m a t io n  e n e rg y  with  which sp o n ta n eo u s ly  f i s s ion ing  i s o m e r s ,  d i s c o v e re d  in 
Dubna so m e  y e a r s  ago [2],  a r e  p o ss ib ly  r e la te d .

T he  sh e l l  phenom ena a r e  accoun ted  fo r  by the  m ethod  of s h e l l - e n e r g y  
c o r r e c t io n s  [3] . With th is  m ethod  the  e q u i l ib r iu m  d e fo rm a t io n s  a s  w ell  as

* On leave from the  I. V. Kurchatov Institute for. Atomic Energy, Moscow, USSR.
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the  sh e l l  e n e rg y  c o r r e c t io n s  to the  s e m i - e m p i r i c a l  m a s s  fo rm u la e  can  be 
eva lua ted ,  and they  can be im m e d ia te ly  c o m p a re d  with e x p e r im e n t  (see  
F i g - 2).

T h e  a g re e m e n t  is  good and the  ca lc u la t io n s  show tha t the  r e s u l t s  a r e  
r a t h e r  in se n s i t iv e  to the  sp e c if ic  s in g l e - p a r t i c l e  model;  th is  i s ,  of c o u r s e ,  
im p o r ta n t  fo r  ex t ra p o la t io n s  to l a r g e r  d e fo rm a t io n s  o r  new reg io n s  of 
nuc le i .

F1G.1. Contour map of the shell energy correction to the LDM deform ation energy; tj is Nilsson’s de 
form ation param eter, calculated from the Nilsson level schemes suggested for the protons Z > 82 and 
neutrons (left) N > 126, The low-density "shell" regions, where <5U is negative, are shaded. (From R ef.[3]).

A

FIG .2, Calculated total shell cross-sections for the nuclear ground-state masses compared with the 
experim ental deviations from the smooth LDM mass law . (From Ref. [3]).
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FIG .3. Examples of the deform ation energies (heavy lines) calculated with the perturbation theory Saxon- 
Woods level schemes (2,*2Ри,250С ^ left side) and the Nilsson schemes. Dashed lines are liquid drop deform ation 
energies, thin lines the shell corrections for protons and neutrons (the latter are denoted by crosses). For the 
energy scale one division is 2 MeV. (From Ref. [3]).

At the  s a m e  t im e ,  the  c a lc u la t io n s  show th a t  e q u i l ib r iu m  s ta te s ,  c o r 
resp o n d in g  to a second  ene rgy  m in im u m  on the way to w a rd s  f i s s io n ,  m ay  
be im p o r ta n t  fo r  a n u m b e r  of heavy  e le m e n ts ,  w here  the  second  m in im u m  
i s  found ju s t  a few MeV above the g round  s ta te .  The e n e rg y  d if fe ren ce  
be tw een  the  two m in im a  depends s t ro n g ly  on the  effec tive  s u r f a c e  ene rgy  
of the LDM and is  t h e r e f o r e ,  in g e n e ra l ,  l a r g e r  fo r  l ig h t e r  nucle i ,  w here  
the  Coulomb field  is  w e a k e r .  The second  m in im u m  a p p e a r s  at a d e f o r 
m a t io n ,  which is  2 to  2 .5  t im e s  l a r g e r  than  the  g ro u n d -s t a te  d e fo rm a t io n .  
T h is  c o r r e s p o n d s  ap p ro x im a te ly  to the  LDM sadd le  sh a p es  in  nucle i ,  such 
a s  u ra n iu m  and plutonium . The LDM p r e d ic t s  h e r e  a long and f la t  po r t ion  
in the d ia g ra m  of e n e rg y  v e r s u s  d e fo rm at ion ,  i . e .  a f la t  top  of the  f is s io n  
b a r r i e r .  F o r  these ,  nuc le i ,  the  sh e l l  c o r r e c t io n s  a r e  t h e r e f o r e  p a r t i c u la r ly  
l ik e ly  to p roduce  a p ronounced  second  m in im u m .

As a r e s u l t ,  one ob ta in s  f i s s io n  b a r r i e r s  such  as  th o se  shown in F ig .3 ,  
depending som ew hat on the  s in g l e - p a r t i c l e  m ode l used .

Many e x p e r im e n ts  a r e  insensitive ,  to the  p r e s e n c e  of a second  well .  
S in g le -p a r t i c le  t r a n s f e r  r e a c t io n s ,  s c a t t e r in g  and 7 - t r a n s i t io n s ,  fo r  exam ple ,  
involve only  exc i ta t ions  of s ta te s  in  the  f i r s t  w ell .  F o r  n u c l e a r  f is s io n ,
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how ever ,  the  second  m in im u m  is  v e ry  im p o r ta n t .  D uring  f is s io n ,  the 
nu c leu s  p a s s e s  o v e r  the  second  m in im u m  and i t s  p r e s e n c e  s t ro n g ly  
in f lu e n ces  the  o b se rv e d  f e a tu re s  of the  p r o c e s s .

It was fe l t  th a t  the  ex is te n c e  of the  spon taneously  f is s ion ing  i s o m e r s  
was su g g e s t iv e  ev idence fo r- the  fact tha t  the  f i s s io n  b a r r i e r  could have 
two hum ps .with a r a t h e r  deep  m in im u m  be tw een  them .

Since then ,  s e v e r a l  new deve lopm en ts  have in c re a s e d  o u r  b e l ie f  in 
t h e s e  ideas ;  th u s ,  today  we p lan  to s t a r t  d i r e c t ly  ta lk ing  about the  tw o 
hum ped  b a r r i e r .  New ca lc u la t io n s  gave addit iona l  p roofs  th a t  the p r e s e n c e  
of the  second  m in im u m  is  a  r a t h e r  g e n e r a l  f e a tu re ;  It was ob ta ined  in al l  
m o d e ls  known at p r e s e n t ,  including the  f in i te -d e p th  W oods-Saxon po ten tia l
[4] ; it is  s ta b le  to som e m o s t  im p o r ta n t  d e fo rm a t io n s ,  l ike  Y4- type  o r  
n o n -a x ia l  7 - d e fo rm a t io n s  [ 4 ] ,  and i t s  f e a tu re s  a r e  r a t h e r  in se n s i t iv e  to 
the  m o d e l .  The e x p e r im e n ta l  ev idences  a r e :  (a) f i s s io n  i s o m e r s ,  (b) n a r ro w  
s u b - b a r r i e r  f i s s io n  r e s o n a n c e  groups  of com pound type, (c) b ro ad  s u b 
b a r r i e r  f i s s io n  r e s o n a n c e s  of v ib ra t io n a l  type ,  and (d) so m e ev idence  f rom  
s tu d ie s  of channel e f fec ts  in  n e a r - t h e - b a r r i e r  f i s s io n .

We sh a l l  t r y  to d i s c u s s  h e r e  som e of the  th e o re t i c a l  c o n seq u e n ces  of 
the  tw o-hum ped  b a r r i e r  in r e la t io n  to  the  e x p e r im e n ta l  s i tua t ion .

I

In hot nucle i ,  a  f a s t  d is s ip a t io n  of the  co l lec t ive  m otion  n o r m a l ly  ta k es  
p la ce  and, as  a r e s u l t ,  the  nuc leus  ta k e s  a shape  which c o r r e s p o n d s  to 
one o r  the  o th e r  of the  two e n e rg y  m in im a .  In the  co l lec t iv e ,  a s  well  as  in 
each  of the  o n e - p a r t i c l e  d e g r e e s  of f re e d o m ,  a  r e la t iv e ly  s m a l l  am ount of 
en e rg y  of the  o r d e r  of the  n u c l e a r  t e m p e r a t u r e  T i s  c o l lec te d .  If T is  
s m a l l e r  than  the  depth of the  po ten tia l  well ,  the  nucleus  m a in ta in s  i t s  
e q u i l ib r iu m  shape  fo r  a r e la t iv e ly  long t im e .  T hus ,  th e r e  a r e  two i n t e r 
m e d ia te  e q u i l ib r iu m  s ta te s  p re se n t  in  the  com pound n u c leu s ,  ea ch  with 
i t s  own t e m p e r a t u r e ,  s p e c t ru m ,  e tc .  ( see  F ig .  4 ) .  F o r  r e a c t io n s  produced  
by m o n o c h ro m a t ic  n e u t ro n s ,  one m a y  expec t s t r u c t u r e s  r e la te d  to  th e  s t a t e s  
in  the second  po ten tia l  well; p a r t i c u la r ly  in the d is t r ib u t io n  of f is s io n  
r e s o n a n c e s ,  the  f i s s io n  w idth m u s t  be e s p e c ia l ly  la r g e ,  with c a p tu re  . 
r e s o n a n c e s  which a r e  c lo se  in  e n e rg y  to  th e s e  s t a te s  [5] . The f is s io n  
c r o s s - s e c t i o n  i s  m odu la ted  by th is  s t r u c t u r e ,  and the  e n e rg y  width of 
th e s e  m odu la tions  c o r r e s p o n d s  to  the s p re a d in g  width (7 !) of the  q u a s i 
eq u i l ib r iu m  s ta te s  in  the  se co n d  w ell .  T h e  s t r u c t u r e  in  the  f i s s io n  c r o s s -  
se c t io n  is  shown q u a l i ta t iv e ly  in  F ig .  5, w h ere  the  d if fe ren t  w idths re le v an t  
to th i s  c a se  a r e  ind ica ted .  T h e  f ig u re  i l l u s t r a t e s  s c h e m a t ic a l ly  the  c r o s s -  
se c t io n  fo r  f i s s io n  induced in  240Pu by s u b - b a r r i e r  n e u t ro n s ,  a s  d e s c r ib e d  
by M igneco and Theoba ld  [6 ] . T he  quan ti ty  Г ( is  the to ta l  width of the 
com pound nucleus  fo rm e d  in  the  neu tro n  c a p tu re  rea c t io n ;  F ig .  5 c o r r e s p o n d s  
to  a c a s e  w h e re  7 * i s  l a r g e r  th a n  Г,, but s m a l l e r  than  the  spac ing  be tw een  
th e  in tè r n a l  le v e ls  in the  second  well .  The a r e a  of each  r e so n a n c e  d e 
t e r m i n e s ,  as  u su a l ,  the  f i s s io n  width Ff . Ind ices  1 and 2 c o r r e s p o n d  to 
the  s t a t e s  in  the  f i r s t  and second  p o ten tia l  w ells  ( c la s s  I and II s t a t e s ,  r e 
sp e c t iv e ly ,  a c co rd in g  to  the  deno ta tion  g iven by J . E .  Lynn) and qu an t i t ie s  
without th e s e  in d ic e s ,  denoted by Г, r e f e r  to the  compound nucleus  as a 
whole.  In g e n e ra l ,  th e s e  a r e  d if fe ren t  f ro m  the  ana logous q u an t i t ie s  fo r  
the  two s t a te s  ind iv idually ,  but one m a y  deduce s im p le  re la t io n s h ip s  fo r  
the  a v e ra g e  w idths, val id  fo r  the  c a s e  which we c o n s id e r  h e r e ,  i . e .  when
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DEFORMATION
FIG. 4. Intrinsic excitations in the two potential wells and at the two barriers.

Dn

FIG. 5. Schematic representation of the fission cross-section observed for fission of !40Pu by sub-barrier 
resonance neutrons. The quantities discussed in the text are shown on the figure.

the  nuc leus  is  hot in  both s t a te s  and a s im p le  s t a t i s t i c a l  m ode l can  be u se d .  
L a t e r ,  we c o n s id e r  the  c a s e  when the  nuc leus  is  cold in  the  second  well 
and the  s t a t i s t i c a l  p ic tu re  b ec o m e s  i r r e l e v a n t .

L e t  п^т)  and п2(т) be the  popula tions of the  f i r s t  and the  second  poten tia l 
w ells  at the t im e  т .  We a s s u m e  tha t  the  nucleus  was fo rm e d  at т = 0 in 
the  f i r s t  well ,  i . e .

n 2(0 )  = 1

n 2(0) = 0
( 1)

F o r  t >  0, the  following equa tions  hold: 

3 n 1
Эт

Эп
Эт

- т ‘ п 1 + г 2 П2

(2)

-=  \ n i ' \ n 2
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T he sy m b o ls  y ’ deno te  the  w idths of th e  in te r n a l  n o n - ra d ia t iv e  t r a n 
s i t io n s  f ro m  th e  f i r s t  well  to the  second  (7 j) ,  and b ackw ard  (т2 ); 7 i  and 
7 * a r e  the  to ta l  w idths of the  s t a t e s  in  the  f i r s t  and the  second  w e l l s ,  r e 
sp e c t iv e ly ,  which inc lude the  d ecay  w idths fo r  a l l  p a r t i a l  d ec ay s  w hich  a r e  
e n e r g e t i c a l ly  p o s s ib le .  The r a t e  of any p a r t i a l  d ecay  of the  compound 
nu c leu s  a s  w ell  a s  the  p ro b a b i l i ty  fo r  s p e c i f ic  ex c i ta t io n s  in  th e  second  
w e ll  (y ield  of th e  spon taneous  f i s s io n  i s o m e r s  [7] ) m a y  be found f ro m  
t h e s e  eq u a t io n s .  T hus  th e  f is s io n  r a t e  i s  d e te rm in e d  by the  equation

3 n f p
- ^ Г = Т 2 п 2(т ), п{(т) =72J n2 (T )dT (3)

0

w h e re  nf  i s  the  in te g ra te d  n u m b e r  of f i s s io n s  at the  t im e  т .  We find th a t  
the  a v e ra g e  n u m b e r  of f i s s io n s  p e r  com pound nuc leus  fo rm e d  is

nf (oo) = J T2n2 (r)dT = у1у21(у\у\-у1у2)- . (4)

0

T h is  can  be iden tif ied  with the  a v e ra g e  b ran c h in g  r a t io  f o r  f i s s io n ,  i .  e. 
th e  r a t io  of the  a v e r a g e  f i s s io n  width to  th e  a v e ra g e  to ta l  width of the  
nu c leu s  <(rf У/К.Ц У. S im ple  e x p r e s s io n s  f o r  th e  w idths of the  com pound 
n u c leu s  a r e  ob ta ined  fo r  th e  c a s e  of a weak coupling with the  second  well 
o r  fo r  a s t ro n g  coupling when at l e a s t  one of the  two n o n - ra d ia t iv e  t r a n 
s i t io n  w idths  7 j O r  72 i s  l a r g e r  than  the  d ec ay  w idths y¡ and y%. The 
e x p r e s s io n  fo r  the  a v e ra g e  f i s s io n  w idth f o r  the  w eak  coupling c a s e  is

<т( У - ъ ъ ! у1

Q uan ti ta t ive  e s t im a te s  can  be  ob ta ined  fo r  an  im p o r ta n t  p r a c t i c a l  
c a s e ,  when the  s p re a d in g  width 7* of the  s ta te  in  the  second  w ell  i s  l a r g e r  
th a n  the  a v e ra g e  d is ta n c e  be tw een  the  le v e ls  in  the  f i r s t  w ell ,  so  th a t  each  
of the  c l a s s  II s t a t e s  o v e r la p s  with m a n y  s t a t e s  in  the  f i r s t  well ,  a s  was 
i l l u s t r a t e d  in  F i g . 3 .  In th i s  c a s e ,  the  B o h r - W h e e le r  fo rm u la  f o r  a v e ra g e  
w id ths 7  , 72 and 72 m a y  be u se d .  In the  c a s e  of 240Pu, the  s p re a d in g  
w id th  7 * is  of th e _ o rd e r  of t e n s  of keV, and i t  is  c l e a r  th a t  i t  i s  e s s e n t i a l l y  
a  s u m  of 72 and y2 :

[N(A)+N{B)] (6)
2 ¿ ir p 2

T h e  a v e r a g e  f i s s io n  width, in  the  re g io n  of  the  second  w ell  r e s o n a n c e ,  is

4  f '  y l y2 l y2 2irp1 [N(A) + N(B)1 1 '

T h e  sp r e a d in g  w idth 7 | a s  w ell  a s  <(lj У and the  d e n s i t ie s  p1 and p2 a r e  
im m e d ia te ly  ob ta ined  f ro m  e x p e r im e n t  and, t h e r e f o r e ,  N(A) and N(B) m a y
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b e  found. H ow ever,  f ro m  th e s e  da ta  it  cannot be dec ided  w hich  of the  
two n u m b e rs  i s  r e l a t e d  to the  b a r r i e r  A and which to  B, s in c e  E qs  (6) 
and (7) a r e  s y m m e t r i c  in  th e s e  two q u a n t i t ie s .  F o r  th e  240pu e x p e r im e n t  
we ob ta in  N(A) o r  N(B) equal to 0 .5  and N(B) (o r  N(A)) equa l  to  0 .0 0 3 .

T h e s e  nu m b e rs '  show th a t  the  e n e rg y  is  s l ig h t ly  below  one of  the 
b a r r i e r s  and a p p r e c ia b ly  below  the  o th e r .  The l a r g e  d i f fe re n c e  be tw een  
th e  two n u m b e rs  iN(A) and N(B) i s  not s u r p r i s in g  b e c a u s e  of t h e i r  expo
n e n t ia l ly  s t ro n g  dependence  on  the  he ig h ts  of the  b a r r i e r s .

At h ig h e r  e n e r g ie s ,  th e  to ta l  width 7 * of the  s t a t e s  in  th e  second  well 
ap p ro a c h e s ,  o r  is  l a r g e r  than ,  the  le v e l  sp a c in g  l / p 2 and no c l e a r  s t r u c t u r e  
i s  to  be  s e e n .  It m igh t be  expected ,  ho w ev e r ,  th a t  in  th is  c a s e  th e  in fluence 
of the  second  well m a y  be d is c lo se d  by s tudying  the  a u to c o r re la t io n  in  the  
f i s s io n  c r o s s - s e c t i o n ,  a s  in  the  c a s e  of E r i k s o n 's  f luc tua t ion .  E v idence  
of th is  type ,  r e la te d  p o s s ib ly  to  the  c lo sed  4 - f i s s io n  channel in  235U+n, 
h a s  r e c e n t ly  been  r e p o r te d  by the  G ee l  group; in  233U, on the  o th e r  hand, 
no a u to c o r re la t io n  é f fec ts  could be  found.

II

In d is c u s s in g  t h e s e  r e s u l t s ,  it ha s  been  a s s u m e d  th a t  the  m o tion  in  
th e  f is s io n  d i r e c t io n ,  i . e .  the  s e p a r a te  s t r e t c h in g  d e g r e e  of f re e d o m ,  is  
c o m p le te ly  dam ped ,  c o m p le te ly  d is t r ib u te d  in  a s t a t i s t i c a l  way on the  c o m 
pound n u c le a r  s t a te s  in  both  w e l l s .  If th e  second  m in im u m  is  not v e r y  
deep, th is  a s su m p tio n  m a y  not b e  t r u e .  T he  o th e r  e x t r e m e ,  no dam ping, 
i s  i l l u s t r a te d  in  F ig .  6 . In th is  c a s e ,  the  p e n e t r a t io n  function  w ill  have 
sp ik e s  at e n e r g ie s  c o r r e sp o n d in g  to v ib ra t io n  s t a te  in  the  second  w ell [8] 
( s e e  F ig .  7).

FIG. 6. Model of th e  v ibrational states in the tw o-w ell m odel. Heavy lines represent the regions where 
the vibrational wave functions яге concentrated, the energy ev  corresponds to a resonance in the second 
w ell. Damping is indicated with hatched lines. Because of larger dam ping, vibrations in the first well 
form almost a continuum a t higher energies.

P e r h a p s  th i s  happens  [9] in  230T h + n  ( see  F ig .  8) and, who knows, it 
m a y  a l so  have been  o b s e rv e d  in  239P u  (d, pf) ( see  F ig .  9). T he  m ax im u m  
at  4 .9  MeV ex c i ta t io n  en e rg y ,  which i s  below  th e  n eu t ro n  binding energy ,  
cannot be explained  as a channel s t r u c t u r e  (A. B o h r 's  th e o ry  p r e d ic t s
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p la te a u s ,  not m a x im a ) ,  and m a y  th e r e f o r e  r e p r e s e n t  a n o th e r  exam ple  of a 
r e s o n a n c e .  If th is  i s  t r u e ,  the  p la tea u s ,  which a r e  o b s e rv e d  in  the  f i s s io n  
p ro b ab i l i ty ,  m igh t  as  well be w eakly  p ronounced  m a x im a  and c o r r e s p o n d  to 
i n te r n a l  s t a t e s  in  the  second  poten tia l  w ell .  The t r u e  f is s io n  b a r r i e r ,  which 
c o r r e s p o n d s  to the  top  of the  h ig h e r  of the  b a r r i e r s  A o r  B, would then  lie  
a t  a  h ig h e r  ene rgy  th a n  h i th e r to  a s s u m e d .  It s e e m s  tha t  the  ex is t in g  e x p e r i 
m e n ta l  ev idence  does not ru le  out such  a p o ss ib i l i ty ,  which d e s e r v e s  to be 
s tud ied  m o r e  ca re fu l ly .

FIG. 7 . Penetration function for vibrational motion in the fission direction for the  two-hum ped potential, 
shown in Fig. 6.

Of, ь

En - w
FIG .8 . Possible exam ple of the vibration-m ode resonance: cross-section for fission of 230Th with neutrons.
(From Ref, [9]).
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FIG. 9. Probability of fission as a function of the excitation energy of the compound nucleus, as obtained 
in Ref. [10] from the 239Pu(d, pf) reaction.

It is  in te r e s t in g  tha t  the  re so n a n c e  m a x im u m  in P(e) has  a v e ry  p e c u l ia r  
fo rm .  N ea r  the  re so n a n c e

w h ere  6(e) is  the  e sca p e  width f ro m  the  second  well ,  the  ha l f-w id th  of the 
r e s o n a n c e  b e c o m e s  exponen tia l ly  s m a l l  when e d e c r e a s e s .  H ow ever ,  owing 
to a v e ry  s t ro n g  dependence  of 0 on the  e n e rg y  e,  the  width of the  r e so n a n c e  
m a x im u m  in i t s , lo w e r  p a r t  r e m a in s  of the  o r d e r  of the  f re q u en c y  of v i 
b r a t io n s  in the second  w ell ,  i . e .  the  ' re sonance  is  v e ry  th in  at the  top and 
b ro ad  at the bo ttom . The o b se rv e d  value of P (e res) will a lways be l e s s  than  
unity, both b e c a u s e  of the  p oo r  e n e rg y  r e so lu t io n  in  the  e x p e r im e n ts  and 
dam ping  of the v ib ra t io n a l  m otion  in  the  second well .  A no ther  condition  for  
o b se rv in g  the  m a x im u m  re so n a n c e  in  the  f is s io n  c r o s s - s e c t i o n  is  tha t  the  
width в  m u s t  be l e s s  than  the  sp a c in g  betw een  the  in t r in s i c  ex c i ta t io n s  
(the f is s io n  ch a n n e ls ) .  O th e rw ise ,  a p la teau  w ill be s e e n  in s te a d ,  when the 
sum  o v e r  d if fe ren t  f i s s io n  channels  is  taken .

A nother  consequence  of a tw o -hum ped  b a r r i e r  is  tha t i t  a f fec ts  the 
an g u la r  d is t r ib u t io n  of f i s s io n  f r a g m e n ts .  Looking at F ig .  3, we se e  tha t 
the nucleus  m a y  fo rg e t  i t s  o r ie n ta t io n  b ec a u s e  it  s ta y s  in  the  second  well 
fo r  a  t im e  long enough fo r  c o r io l i s  f o rc e s  to r e d i s t r i b u te  the an g u la r  
m om en tum  p ro je c t io n  К with which the  nuc leus  p a s se d  o v e r  the  f i r s t  
b a r r i e r .  T hus ,  the  channel s t r u c t u r e  o b se rv e d  in an g u la r  an iso t ro p y  
e x p e r im e n ts  m u s t  c o r r e s p o n d  to the  second  b a r r i e r  B, if the  second  
w ell  is  deep  enough. Now, if the second  b a r r i e r  l i e s  lo w e r  than  the f i r s t ,  
m any  channels  w ill be open  th e re  and a weak, s t a t i s t i c a l - ty p e  an g u la r  
a n iso t ro p y  will r e s u l t  even in the  n e a r - b a r r i e r  (i. e. n e a r  the  b a r r i e r  Aj  
f i s s io n .  T h is  is  im p o r ta n t  b ec au se ,  in the  usua l  p ic tu re  of channel effec ts ,  
the  channel s t r u c t u r e  m u s t  in v a r ia b ly  be p r e s e n t  n e a r  the b a r r i e r .

P(e) = e 2(e ) / [ e 2(e) + (e - e res)2] (8 )

III
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E ven fo r  so m e  even  t a r g e t  nucle i ,  su c h  as  238u  and 240P u, the  n e a r 
b a r r i e r  n eu t ro n - in d u c ed  f is s io n  is  r a t h e r  s t r u c t u r e l e s s  ( see  F i g . 10). In co n 
t r a s t  to th e  l ig h t e r  nuc le i ,  th e  f is s io n  c r o s s - s e c t i o n  is  peaked  in the  fo rw a rd -  
b ac k w ard  d i r e c t io n  and it changes  sm o o th ly  with angle  so tha t  e s s e n t i a l l y  
on ly  a  P 2-com ponen t is  n e c e s s a r y  to d e s c r ib e  the  a n g u la r  d is t r ib u t io n .
It a lso  does not depend s ign if ican t ly  on en e rg y ,  and t h e r e  i s  no pronounced  
channel s t r u c t u r e  in  the  in te g r a l  f i s s io n  c r o s s - s e c t i o n .

0.5 (.0 (.5 2.0
f ,  ( Mev)

F1G.10. Fission fragment anisotropy and the cross-section for fission of Z38U. (From Ref. [11]).

So f a r ,  t h e r e  s e e m s  to be no good exp lana tion  fo r  i t  [11 ] . In so m e  
o th e r  c a s e s ,  w h ere  a s t ro n g  channel s t r u c t u r e  is  o b se rv e d ,  one m a y  a lso  
s e e  so m e  e f fec ts  of th e  second  m in im u m , as  in  the ca se  [11] of 234U(n,f) .  
H e r e ,  s t r o n g  channel e f fec ts  a r e  o b s e rv e d  in  p a r a l l e l  with a p ronounced  
s t r u c t u r e  of th e  ex c i ta t io n  function fo r  f i s s io n .

We th ink tha t  it is  Lamphere_ [11] who h a s  pointed out a d ifficu lty  with 
th is  " ty p ic a l  c a s e "  of channel s t r u c t u r e .  The exc i ta t ion  function  has  a 
sp ike  and you m a k e  in e la s t ic  n eu t ro n  co m p e ti t io n  r e s p o n s ib le  fo r  
th e .d e c r e a s e  beyond the  m ax im um ; now, the  an iso t ro p y  a l so  d e c r e a s e s  
d e s p i te  th e  fac t  th a t  f i s s io n  s t i l l  p r o c e e d s  th ro u g h  the  s a m e  channel .  In 
the  s ta n d a rd  th e o ry ,  we have to m ake  v e r y  a r t i f i c i a l  a s su m p t io n s  to 
ex p la in  th is :  th e  n eu t ro n s  have to c a r r y  away a spec if ic  p a r t  of the  an g u la r  
m o m e n tu m  to expla in  the  d e c r e a s e  in  a n i so t ro p y .  P e r h a p s  in  e ffec t we 
a r e  co n c e rn ed  h e r e  with a s u b - b a r r i e r  v ib ra t io n - ty p e  r e so n a n c e ,  in which 
c a s e  the  a n iso t ro p y  should peak to g e th e r  with the  c r o s s - s e c t i o n .

T he  ex a m p le s  d i s c u s s e d  h e r e  s e e m  to in d ic a te  tha t ,  indeed , the  f i s s io n  
b a r r i e r  can  have qu ite  a co m p lic a te d  s t r u c t u r e  and, in  a s e n se ,  we should 
be  happy to have found a new d e g re e  of  f re e d o m ,  a new d im e n s io n  in  f is s io n ,  
fo r  a b e t t e r  u n d e rs ta n d in g  of the  d a ta .  But of c o u r s e  a n u m b e r  of c o n s e 
q u en ces  follow f ro m  the  new th e o ry  and we would l ik e  to s e e  t h e i r  v e r i f ic a t io n  
b e fo re  we a r e  convinced. The second  m in im u m  m u s t  develop  and d is a p p e a r  
v e r y  sm o o th ly  when we add n eu t ro n s  o r  p ro to n s  to the  n u c le u s .  A cco rd ing  
to  the  ca lc u la t io n s ,  so m e th in g  l ik e  10  p ro to n s  o r  n e u t ro n s  m u s t  be added 
to  s e e  th e  m in im u m  develop and d is a p p e a r  aga in .  T hus ,  a l l  the  e f fec ts  
we have d is c u s s e d  fo r  p a r t i c u l a r  n ucle i  m u s t  a l so  be p r e s e n t  in  t h e i r  
im m e d ia te  n e ig h b o u rs .  It i s  c o m fo r t in g  th a t  an in te n s if ie d  s e a r c h  fo r  
i s o m e r s ,  fo r  ex am ple ,  ex tending  the  m e a s u r e m e n t s  to  nanosecond  l i fe -
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t im e s ,  has  r e s u l t e d  in the  d isc o v e ry  [12] of eight new i s o m e r s  of Am, Pu, 
and U o r  Np with a, v a r i e ty  of l i f e t im e s ,  a s  one would have expected .  The 
th e o ry  p r e d ic t s  th a t  the  d ee p es t  m in im u m  should  o c c u r  fo r  N = 148, and 
th e  i s o m e r s  r e a l l y 1 s e e m  to c l u s t e r  around  th is  n u m b e r .  A dd it iona l  a t tem p ts  
to find i s o m e r s  in  l ig h t e r  nucle i ,  such  a s  232Th + d /p 233' 234U+13 MeV d /p ,  
have  fa iled .  M ore  d e ta i led  u p - to -d a te  in fo rm a t io n  about the  sp on taneous ly  
f i s s ion ing  i s o m e r s  is  p r e s e n te d  in the  t a lk s  by D r s .  S .M .  P o l ikanov  and 
J . E .  Lynn at th i s  S ym posium .

Evidence  fo r  s u b - b a r r i e r  r e s o n a n c e s  a l so  c l u s t e r s  in  the  s a m e  reg io n  
of n eu t ro n  n u m b e rs .  So f a r  so good, but we can  go f u r th e r  in  o u r  dem and 
fo r  co n s is te n c y  of the  d a ta .  The e x c i ta t io n  en e rg y  of the  second  m in im u m  
E ¡SOmer can  be m e a s u r e d  th ro u g h  a d e te rm in a t io n  of the  th r e s h o ld  in  c o m 
pound rea c t io n s '  (p, 2n) o r  (n, 2n) lead ing  to  the  i s o m e r .  T h is  n u m b e r  can, 
in  p r in c ip le ,  be  c o m p a r e d  to a d e te r m in a t io n  b a s e d  on the  m e a s u r e m e n t s  
of s u b - b a r r i e r  r e s o n a n c e  g roups :  the  d is tan c e  be tw een  g roups  m e a s u r e s  
the  le v e l  den s i ty  in  the  se cond  well,  the  d is ta n c e  be tw een  th e  individual 
r e s o n a n c e s  e s s e n t i a l l y  m e a s u r e s  the le v e l  den s i ty  in  the  f i r s t  w ell .  F r o m  
th e s e ,  it i s  p o ss ib le  to  d e r iv e  ex c i ta t io n  e n e r g ie s  f ro m  the  le v e l  d e n s i t ie s  
and thus  to find the  d i f fe re n c e  in  ex c i ta t io n  e n e rg y  in  the  two w ells  [5] .
We fee l  so m e  sa t i s f a c t io n  th a t  i s o m e r s  and s u b - b a r r i e r  r e s o n a n c e s  r e a l ly  
s e e m  to o c c u r  g e n e ra l ly  in  th is  reg io n  and in  the  one c a s e  w h e re  the  two 
independen tly  d e r iv e d  e n e r g ie s  can be  c o m p a re d ,  in  242Am, th e y  a g r e e .
An a s p e c t  of thé  i s o m e r  l i f e t im e s  i s  puzz ling : a c tu a l ly  one would e s t i 
m a te  the  spon taneous  l i f e t im e  of an i s o m e r ,  s i tu a te d  in  the second  m in im u m
3 MeV h ig h e r  th a n  the  f i r s t ,  to be 10~Ю s and not 10~2  gj as  o b s e rv e d  fo r  
M2A m . The r e s o n a n c e  d a ta  p re d ic t  lo w e r - ly in g  i s o m e r s  in  P u ,  fo r  exam ple ,  
but h e r e  the  l i f e t im e s  a r e  of the  o r d e r  of 10" 7 s ,  i . e .  s h o r t e r .  H ow ever,  
th i s  d i s c re p a n c y  m a y  be o v e rc o m e  by  v a ry in g  the sh ap e  of  the b a r r i e r .

It is  c e r t a in ly  a  l e g i t im a te  ob jec t io n  to  say :  No w onder  th a t  you find 
th e s e  sp e c ia l  e f fec ts  fo r  n e u t ro n  n u m b e rs  n e a r  148; a l l  f i s s io n  s tu d ie s  a r e  
m a d e  with  n u c le i  in  th i s  v ic in i ty .  M ore  s ign if ican t  would be to identify  
a new re g io n  of i s o m e r i s m ,  new m a g ic  n u m b e rs  fo r  sa d d le  sh ap e  d e f o r 
m a t io n .  C a lcu la t ions  show th a t  N= 118 and Z = 86 ( N i ls so n 's  L y sek i l  v e r s io n  
in  F i g . l )  a r e  a l so  m a g ic .  Well,  th a t  g ives  204Rn, which could be s tud ied  
in  the  iso to p e  s e p a r a t io n  o n - l in e  e x p e r im e n ts  at CERN, fo r  ex a m p le .

We fee l  th a t  we a r e  in  the  m id d le  of a v e r y  p ro m is in g  deve lopm en t .
You m a y  sa y  th a t  i t  ha s  b ee n  shown th a t ,  even  at high e x c i ta t io n  e n e r g ie s  
o f  the  nuc leus ,  the  quantum  s ta te s  s e p a r a t e  in  two w e ll -d e f in ed  c l a s s e s  
w eakly  coup led 1 to one an o th er ;  in  th i s  s e n s e ,  a n ice  p a r a l l e l  to the  i sos p in  
ana logue s t a te s  is  p r e s e n te d .  T h e r e  is  an o th e r  p r o s p e c t  if we can  su b 
s ta n t ia te  o u r  f ind ings .  We e s s e n t i a l l y  m e a s u r e  the  p r o p e r t i e s  of the  s in g le 
p a r t i c l e  e n e rg y  d ia g ra m  at v e r y  l a r g e  d e fo rm a t io n s  and e x t ra p o la te  f ro m  
s m a l l  to l a r g e  d e f o r m a t io n s .  T h is  is  in t im a te ly  connec ted  to ex t ra p o la t io n  
f r o m .a  s m a l l  tó  a d a r g e  p a r t i c l e  n u m b e r  N o r  Z and th u s  it is  r e l a te d  to  
th e  r e l i a b i l i ty  with w hich  we can  hope to  p r e d ic t  the  s ta b i l i ty  of s u p e r 
heavy  e l e m e n t s .  T he  sh e l l  e f fec ts  in  s p h e r ic a l  and d e fo rm e d  n u c le i  a r e  
e x t r e m e ly  im p o r ta n t  fo r  th is  p ro b le m ,  and a b e t t e r  u n d e rs ta n d in g  of them  
m a y  be ob ta ined  f ro m  s tu d ie s  of a b r o a d e r  r a n g e  of p r o b le m s ,  p a r t i c u la r ly  
r e la te d  to  n u c l e a r  f i s s io n .

On the  o th e r  hand, i t  s e e m s  th a t  th e  m ethod  of  sh e l l  e n e r g y  c o r r e c t io n  
p ro v id es  a r e a s o n a b le  b a s i s  f o r  the  t h e o r e t i c a l  s tudy  of th e s e  p r o b le m s .
Som e ca lc u la t io n s  on the  s ta b i l i ty  of h y po the t ica l  su p e rh e a v y  e le m e n ts



4 4 2 STRUTINSKY and BJQfRNHOLM

w e r e  done r e c e n t ly  in  Dubna by M uzichka, P ash k e v ich  and S tru t in sk y  [13] , 
and in B e rk e le y  by N ilsso n  and h is  g roup  [14] . V e ry  in te r e s t i n g  r e s u l t s ,  
which p r o m is e  exc it ing  d ev e lo p m en ts ,  w e re  ob ta ined .
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D I S C U S S I O N

V. A. KRAVTSOV: I have  a q ues t ion  c o n c e rn in g  the  f i r s t  p a r t  of the
p a p e r .  In studying the  e n e rg y  su r fa c e  of the n ucle i  developed  on the 
b a s i s  of e x p e r im e n ta l  da ta  ( m a s s  ta b le s  by M attauch, W a p s t r a  et a l . )  
one can  d is c o v e r  the  s u b - s h e l l s  of p ro to n s  66 and 70. T hey  a r e  se e n  
as  v a l ley s  along the  l in e s  on the  d ia g ra m s  fo r  Dy(Z = 66) and Yb(Z = 70) 
i so to p e s ,  w h e re a s  t h e i r  c u r v a tu re  ex ceed s  the  e r r o r s  of e x p e r im e n ta l  
d a ta  s e v e r a l  t im e s .  All th i s  o c c u r s  in the  d e fo rm ed  n u c le a r  reg io n  
l im i te d  by the  l in e s  of N = 88 and N = 114. Can y ou r  th e o ry  exp la in  the  
p r e s e n c e  of th e se  s u b - s h e l l s ?

V .M .  STRUTINSKY: In p r in c ip le  it shou ld .  But up to now only
p r e l i m in a r y  " e x p e r im e n ta l"  ca lcu la t ions  have been  m ade  which se e m  to 
be insuf f ic ien t ly  a c c u r a t e  fo r  the  d e s c r ip t io n  of such  d e ta i l s .

Z .  SZYMANSKI: You have shown the  r e s u l t s  of the  ca lcu la t io n  of the
po s i t io n  of the  second  m in im u m .  My q u es t ion  is  w h e th e r  the  inc lu s ion  
of the  hexadecapo le  d e fo rm a t io n  could be im p o r ta n t  in th e s e  ca lcu la t ions . '

V .M .  STRUTINSKY: The effect of the hexadecapo le  d e fo rm a t io n  was
e s t im a te d .  R e la t ive ly  s m a l l  c o r r e c t io n s  a r i s e  but they  do not change the 
p i c t u r e .

S . T .  BELYAEV: As follows from  the  p a p e r  by D r .  K um ar ,  the  c o l 
le c t iv e  H am ilton ian  has  a v e r y  co m p lic a te d  s t r u c t u r e ,  not only  the p o ten tia l  
but a lso  the k ine tic  e n e rg y  being s t ro n g ly  dependent on /3 and y.  In th is
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c a s e ,  the  s ta b i l i ty  of a nucleus  i s  not d e te r m in e d  only  by p o ten tia l  en e rg y .  
W as th is  q ues t ion  in v e s t ig a ted ?

V .M .  STRUTINSKY: D r .  K u m a r  h a s  c o n s id e re d  the  p ro b le m  of c o l 
le c t iv e  m o d e s  in  the  s o - c a l le d  t r a n s i t i o n  nucle i ,  w h e re  s h e l l s  do not a r i s e .  
T h e r e  a f in e r  s t r u c t u r e  (about 0 .5  - 1 .0  MeV) i s  m e a n t .  T he  sh e l l  effec ts  
a r e  m uch  l a r g e r .  T h e r e f o r e ,  the  q u es t io n  is  r e d u c e d  to the  r e la t io n  b e 
tw ee n  the  f re q u en c y  of o s c i l la t io n s  and the  depth  of the  w ell .  The ra t io  
of th e s e  quan t i t ie s  i s ,  p robab ly ,  su f f ic ien t ly  s m a l l .

J .  J .  G RIFFIN : At the  second  m in im u m  we know th a t  the  s u r fa c e
en e rg y  i s  g r e a t e r  and the  Coulomb e n e rg y  l e s s  th a n  at the  f i r s t  m in im u m . 
One m igh t expec t ,  th e r e f o r e ,  th a t  in  the  d e fo rm e d  i s o m e r  th e  Z th p ro ton  
le v e l  l i e s  c o n s id e ra b ly  lo w e r  th a n  th e  Nth n e u t ro n  le v e l  so th a t  the  nucleus  
is  u n s ta b le  ag a in s t  /З-d e c a y .  j WOn d e r  w h e th e r  such  / 3 - d e c a y s  a r e  a c c e s s ib le  
e x p e r im e n ta l ly ,  and w h e th e r  the  th e o r y  in  i t s  p r e s e n t  fo rm  i s  ab le  to  p r o 
v ide any guidance  to  e x p e r im e n ta l i s t s  as  to w h e re  b e s t  to  look fo r  such  
ev e n ts?

V .M .  STRUTINSKY: The l i f e - t i m e s  in  the  second  w ell  can  be  e s t i 
m a te d  f ro m  the  l i f e - t i m e s  of spo n ta n eo u s ly  f is s io n in g  i s o m e r s .  In so m e 
c a s e s ,  i t  is  se co n d s ,  t h e r e f o r e  th e  m e a s u r e m e n t  o f  |3 -decay  i s  in p r in c ip le  
p o s s ib le .  We hope to  c a lc u la te  the  m a s s e s  of n u c le i  w ith  r e s p e c t  to d e f o r 
m a t io n  and then ,  p e rh a p s ,  we sh a l l  be ab le  to g ive gu idance  to 
e x p e r im e n t a l i s t s .

Yu. P .  POPOV: How m a y  th e  n u c l e a r  d e fo rm a t io n s ,  w hich  you co n 
s id e r ,  affect the  v e lo c i t ie s  of the  а -d e c a y  of the  s t a t e s  ex c i ted  dur ing  the 
n e u t ro n  c a p tu re ?

V .M .  STRUTINSKY: As I sa id ,  th e  p r e s e n c e  of the  second  w ell does
not in f luence m o s t  o f  th e  n u c l e a r  p r o c e s s e s .  I th ink  th a t  th i s  is  va l id  fo r  
the  a -d e c a y  too.

Y u .T s .  OGANESYAN: You have  s a id  th a t  a  s i m i l a r  s i tu a t io n  in  the
fo rm  of n u c l e a r  po ten t ia l  en e rg y  a p p e a r s  in  the  r a r e  e a r th  reg io n .  Does 
th i s  m e a n  tha t  when the  f i s s io n  c r o s s - s e c t i o n s  o r  a n g u la r  d is t r ib u t io n s  
in  the  r a r e  e a r th  r e g io n  a r e  s tud ied ,  th e n  the  e f fec ts  c h a r a c t e r i s t i c  of 
heavy  n ucle i  w ill  be o b s e rv e d ?  And if  so , then  how s t ro n g ly ?

V .M .  STRUTINSKY: Although the  second  sh e l l  a p p e a r s  in  the  r a r e -  
e a r th  reg ion ,  it p ro d u c e s  on ly  a v e r y  sha llow  m in im u m  (o r  none) at a 
r a t h e r  high en e rg y ,  about 15 o r  20 MeV. T h e r e f o r e ,  i t  can  h a r d ly  in fluence 
th e  f is s io n  p r o c e s s  t h e r e .

F . L .  SHAPIRO: What do you th ink  about the  p o s s ib i l i ty  of us ing  the
re a c t io n  i n v e r s e  to  f is s io n ,  fo r  e x a m p le  the  r e a c t io n  of the  fu s ion  of the  
n u c le i  of k ry p to n  and xenon, fo r  the  s tudy  of n u c l e a r  s t a t e s  at l a r g e  d e f o r 
m a t io n s ,  in  p a r t i c u l a r  th o se  a s s o c ia te d  with the  second  w ell?

V .M .  STRUTINSKY: I have not thought about th i s ,  but i t  should
be done.

J . O .  RASMUSSEN: I w ish  to  co m m e n t  on the  a lpha  d ecay  r a t e  ques tion .
F o r  d ecay  of th e  h igh ly  d e fo rm e d  i s o m e r ,  it m igh t at f i r s t  a p p e a r  th a t  a lpha 
decay  r a t e s  could be v e r y  fas t ,  bo th  b e c a u s e  of i n c r e a s e d  d ecay  ene rgy  
and b ec au se  of  a  th in n e r  b a r r i e r  a t  the  po les  o f  the  s p h e ro id .  H ow ever ,  
a lpha  d ecay  to  g round  m igh t  be  h igh ly  inh ib i ted  by a l a r g e  shape  change.
F o r  a lpha  d ec ay  to  th e  d e fo rm ed  i s o m e r  of the  d au g h te r ,  the  decay  en e rg y  
would be s i m i l a r  to  g r o u n d - to -g ro u n d  decay .  W h e th e r  o r  not t h e r e  is 
so m e  s m a l l  s p e e d -u p  due to the  th in n e r  b a r r i e r  depends  on th e  type of 
N i ls s o n  o r b i t a l s  n e a r  the  F e r m i  en e rg y .  If th e y  a r e  of  low Я va lue  ( p ro 
je c t io n  of a n g u la r  m o m e n t u m ) ,  then  a lpha  d ecay  m a y  exploit  the  th in
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b a r r i e r  and th e r e  would be a  s p e e d -u p .  On the  o th e r  hand, if  m o s t  o r b i t a l s  
h ave  high th e n  th e r e  w il l  be no sp e e d -u p  f ro m  th e  th in n e r  b a r r i e r  b e c a u s e  
th e  a lphas  a r e  fo rm e d  at the  n u c l e a r  e q u a to r  w h e re  th e  b a r r i e r  is  th ic k e r .
We m u s t  look at a N ilsso n  le v e l  d ia g ra m  fo r  the  re g io n  of the  i s o m e r  to 
d ec id e  b e t t e r .  F in a l ly ,  a  ques tion  fo r  D r .  S t ru t in sk y .  D oes the  d o ub le 
hum ped  b a r r i e r  o c c u r  a lso  in  the  reg io n  of 210P o?

V. M. STRUTINSKY: Y es ,  it does ,  a t l e a s t  in the  ca lc u la t io n s  which
h ave  b e e n  done so fa r .

R . L .  HAHN: We have d is c u s s e d  a lpha  and b e ta  decay .  I w ish  now 
to  a s k  about g a m m a  decay .  You show w ell -d e f in ed  le v e l  s t r u c t u r e  in  y o u r  
w e ll  n u m b e r  II.  Should not one expect to  s e e  g a m m a  t r a n s i t io n s  be tw een  
th e s e  l e v e l s ? '  So f a r  as  I know, people have not s e e n  any g a m m a  r a y s  
f ro m  the  spo n ta n eo u s ly  f is s io n in g  i s o m e r s .

V .M .  STRUTINSKY: I be l ieve  th a t  i t  would be r a t h e r  d ifficult to do
t h i s .

S. A. KARAMYAN: Could you c o m m en t  on the  in f luence  of the  tw o 
hum ped  f is s io n  b a r r i e r  on the  m a s s ,  c h a rg e  and e n e rg y  d is t r ib u t io n s  of 
f ra g m e n ts  at induced f is s io n ?

V .M .  STRUTINSKY: It i s  in tended  to look into th i s  p ro b le m .
D . F .  ZARETSKY: At p r e s e n t  i t  cannot be s ta te d  th a t  the  shape

i s o m e r  c o r re sp o n d in g  to  the  ob la te  d e fo rm a t io n  does  not e x is t .  If th is  
i s  so , it m a y  be a s s u m e d  th a t  the  m a in  d a ta ,  n am e ly  the  ex is te n c e  of an 
i s o m e r  fo r  spon taneous  f i s s io n  and the  a n o m aly  in  the  c r o s s - s e c t i o n s  
(n,f), m a y b e  qu a l i ta t iv e ly  explained  by the  h y po thes is  m en tioned .  The 
p r e s e n c e  of i s o m e r s  co r re sp o n d in g  to  the  o b la te  sh ap e  can  be d is c o v e re d  
by  s tudy ing  de layed  co in c id e n ce s  in the  c a sc a d e  of 7 - quanta  which o c c u r  
a f t e r  the  n e u t ro n  c a p tu re  by n uc le i .  W hat is  y o u r  opinion?

V .M .  STRUTINSKY: The ob la te  shape  m in im a  which we ob ta ined  in
th e  ca lc u la t io n  w e r e  a l l  u n s ta b le  to w a rd s  7 -d e f o rm a t io n s .  I th ink  th a t  
such  an  explana tion  would m e e t  with o th e r  e s s e n t i a l  d if f icu l t ie s .

V .G .  SOLOVIEV: The ca lc u la t io n s  of th e  d e fo rm a t io n  dependence  of
the  to ta l  e n e rg y  m a d e  by A rs e n ie v ,  Malov and o th e r s  showed tha t  f o r  the  
n u c le i  of the  t r a n s u r a n iu m  re g io n  the  p ro t ru d e d  r o ta t io n a l  e l l ip so id  i s  an 
eq u i l ib r iu m  sh a p e .  The en e rg y  m in im u m  c o r r e s p o n d s  to  the  n u c l e a r  ob la te  
sh a p e .

Yu. P .  POPOV: Did you ob ta in  in  y o u r  c a lc u la t io n s  the  c a s e s  when
the  r a t io  of I and II m a x im a  i s  in v e r s e ,  i . e .  the  second  one is  below the 
f i r s t ,  and how will th is  affect the  p r o p e r t i e s  of f is s ion ing  nuc le i?

V .M .  STRUTINSKY: T he  second  b a r r i e r  is  lo w e r  th a n  the  f i r s t
e s s e n t i a l l y  b e c a u s e  of the  Coulomb en e rg y ,  when i t  s t ro n g ly  d e c r e a s e s  in 
n u c le i  with a l a r g e  va lue  of Z 2/A .  T h e r e f o r e  the  second  b a r r i e r  m u s t  
be h ig h e r  than  the  f i r s t  in  l ig h t e r  n uc le i .  T he  well is  sh a l lo w e r  th e r e ,  too.

T . E . O .  ERICSON: V a r io u s  people have su g g e s ted  looking fo r  (3, a  and
7  t r a n s i t io n s  f ro m  the  second  m in im u m . I am  ig n o ran t  of th e s e  q u e s t io n s ,  
and w onder  how long the  nucleus  s ta y s  in  the  second  m in im u m .  T h is  t im e  
is  h ighly  r e le v a n t  fo r  t h e r e  a r e  s u m - r u l e s  of weak in te r a c t io n s ,  fo r  ex am ple ,  
which say  th a t  even a fully  al low ed /З-d e c a y  cannot go f a s t e r  th a n  ~ 1 0 ”4 s e c "1 
o r  so .

V .M .  STRUTINSKY: My a n s w e r  to D r .  G ri f f in  app l ies  h e r e .
B . T .  GEILIKMAN: In the  c a lc u la t io n s  which I r e p o r te d  a t  th e  K ingston  

C o n fe re n ce  on N u c le a r  S t ru c tu r e  in 1960 it was shown tha t  th e r e  ex is t  sh e l l s  
fo r  l a r g e  n u c l e a r  d e fo rm a t io n s  in  the s im p le  o n e - p a r t i c l e  N i ls so n  m o d e l
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and an  e l l ip so id a l  s q u a r e  w ell .  In the  a n i s o t r o p ic a l  o s c i l la t io n  m o d e l  the
p h y s ic a l  m e an in g  of  the  se c o n d a ry  s h e l l s  i s  e s p e c ia l ly  c l e a r .  The e n e rg y
le v e l s  of such  an  o s c i l l a to r  a r e  o f  the  fo rm

E =fiwx(nj + l )  + f iu z (nz + i ) ;  nj.= n x + n y; I0x = (0y

E="hu (п.+ п^—  )+ E  ; if = 2, 3, 4z  /  o ’  w .

Then

E =fttoz ( n + m n j  5 f iuz n'

w h e re  m  = 1, 2, 3 and n' i s  an  in te g e r ,  i . e .  the  en e rg y  d e g e n e ra t io n  a p p e a r s  
aga in  a s  in  the  s p h e r i c a l  n u c leu s ,  i .  e .  so m e  s h e l l s  o c c u r .  If we in tro d u c e  
th e  d e fo rm a t io n  p a r a m e t e r  e ac c o rd in g  to

ux = uo(e)(1 + f )  J Uz = “ o(e) ( l - x )

th e n  it is  e a s y  to s e e  th a t  s h e l l s  a p p e a r  a t  e = em = m / [ l + ( 2 m / 3 ) ]  = 0.6; 6 /7 ;  1, 
and so on.  Of e s p e c ia l  im p o r ta n c e  is  the  sh e l l  fo r  e = 0 .6 ,  i . e .  n' = n + n x . 
The following s h e l l s  b e c o m e  d e n s e r  and th e  m a g ic  n u m b e r s  f o r  th e m  b e c o m e  
c l o s e r  to each  o th e r ,  i . e .  the  sh e l l  e f fec ts  d i s a p p e a r  when m  i n c r e a s e s .
F o r  e = 0. 6 the  m a g ic  n u m b e rs  (c o r re s p o n d in g  to n 1 = 0 ,1 ,  2, . . . ) a r e
2, 4, 6, 10, 16, 28, 40, 60, 80, 110, . . . T he  in t ro d u c t io n  of the  s p in - o r b i t a l  
coupling  and the  t r a n s i t i o n  to the  N ils so n  H am il ton ian  change th e  m a g ic  
n u m b e rs  but c o n s e r v e  the  s a m e  q u a l i ta t iv e  p ic tu r e  of s e c o n d a ry  s h e l l s .  
P r o f e s s o r  S t ru t in sk y  has  m a d e  m o r e  d e ta i led  c a lc u la t io n s .

T h e  p r e s e n c e  of the  m a x im a  on the  c u r v e  PJ (E) m a y  a l so  be explained  
without the  a s s u m p t io n  about two w e l l s .  Indeed, in  the  w ell  fo r  th e  n u c le a r  
po ten tia l  e n e rg y  a s  a function  of the  d e fo rm a t io n  p a r a m e t e r  a t h e r e  m u s t  
e x is t  q u a s i - s t a t i o n a r y  le v e l s .  T he  f i s s io n  p ro b a b i l i ty  should  be  p r o 
po r t io n a l  to the  s q u a re  of the  ф function  am p litude  ф(а) in s id e  the  w ell 
a(E) which is  e s p e c ia l ly  l a r g e  fo r  q u a s i - s t a t i o n a r y  l e v e l s .  It i s  known 
th a t

a 2 ( E )  -  ------------ 2
(E -E .  ) +(Д E j )2 • p (E)

T hen

r f=fiio • W(E) • a2(E) • p(E)

H e r e  Д E j  = E j  - E i- i  i s  the  s c a t t e r in g  be tw een  two q u a s i - s t a t i o n a r y  leve ls ;

2 T
p(E) = exp(-G) i s  the  b a r r i e r  p e n e t r a b i l i ty ;  G =щ I ^ 2 В 1 и (а ) -Е й Ь  de; В i s

. “ i
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the  m a s s  coeff ic ien t  and W(E) is  the  p ro b ab il i ty  of the  t h e r m a l  f luc tua tion  
c o r re s p o n d in g  to the co n c e n t ra t io n  of the  e n e rg y  E on the  d e g r e e s  of 
f re e d o m  a .  All the  f a c to r s  excep t a2(E) depend sm o o th ly  on E; a 2 h a s  the 
c h a r a c t e r  of the d i s p e r s io n  fo rm u la .  The le v e ls  E¡ bec o m e  c l o s e r  to each  
o th e r  n e a r  th e  b a r r i e r  top  and Д Ej m a y  be v e r y  s m a l l  th e r e .  T h e s e  le v e ls  
fo rm  a second  sy s te m  of le v e ls  in addi t ion  to  the u s u a l  s y s te m  of nucleon  
l e v e l s .

L .N .  USACHEV: Owing to new concep ts  on the  f i s s io n  tw o-hum ped
b a r r i e r ,  I would l ike  to d raw  y o u r  a t ten t io n  to so m e  e x p e r im e n ta l  r e s u l t s  
on the  p h o to - f i s s io n  of e v e n -e v e n  n ucle i  ^^Th, 238U, 238Pu, ^ P u  and 
242P u  on the  b r e m s s t r a h lu n g  s p e c t r a  whose boundary  e n e r g ie s  a r e  v a r ie d  
w ith in  5-8 MeV.

T h e ‘m ethod  of m e a s u r e m e n t  and the  m a in  r e s u l t s  have been  published 
in so m e  p a p e r s  by N .S .  Rabotnov, G .N .  S m iren k in ,  A .S .  Soldatov,
L .N .  U sachev  ( In s t i tu te  of P h y s ic s  and P o w e r  E n g in e e r in g ,  Obninsk),
S. P .  K ap itza  and Y u .M . T s ip e n iu k  (S. I. Vavilov In s t i tu te  fo r  P h y s ica l  
P r o b le m s ,  M oscow).

I sh a l l  m en t io n  on ly  th a t  the  12 MeV m ic r o t r o n  of the  In s t i tu te  fo r  
P h y s ic a l  P r o b le m s  and the g la s s  techn ique  have been  u se d .  The y ie ld  
of f i s s io n  f ra g m e n ts  at each  e n e rg y  has  been  expanded into th r e e  c o m 
ponents  d if fe r in g  in  t h e i r  an g u la r  d is t r ib u t io n :  quad rupo le ,  dipole with
an g u la r  d is t r ib u t io n  c o s 2 в,  and the  i s o t ro p ic  on es .  The is o t ro p ic  c o m 
ponent is  r e la te d  by us  to dipole g a m m a -q u a n ta  f i s s io n  th ro u g h  the  К = 1 
f i s s io n  channel ,  w h e re a s  the  com ponent c o s 2 0 is  due to f i s s io n  th rough  
the  К = 0 channel.

C o n s id e r  F ig .  A ,w h ere  the  c u r v e s  have the  m e a n in g s  g iven in  the 
cap tion .  The a im  of m y  co m m en t  is  to c o m p a r e  the  r e la t iv e .e n e r g y  
dependence  of f i s s io n  th rough  the  channels  К = 0 and К = 1.

In the  c a se  of .T h  and U the  К = 1 com ponent does  not r e a c h  the  К = 0 
com ponent.  Such b e h a v io u r  does not c o n t ra d ic t  the  old concep t o f  the 
o n e -h u m p  f is s io n  b a r r i e r  and f is s io n  channe ls  in the  s a d d le -p o in t  developed 
by P r o f e s s o r  A. Bohr, in  1955.

H o w e v e r ,  t h e  o v e r t a k i n g  o f  t h e  К  = 0 c o m p o n e n t  b y  t h e  К  = 1 c o m p o n e n t ,  
o c c u r r i n g  f o r  a l l  t h r e e  P u  i s o t o p e s  f a r  b e l o w  t h e  f i s s i o n  b a r r i e r ,  c a n n o t  
b e  e x p l a i n e d  f r o m  t h e  p o i n t  o f  v i e w  o f  t h e  o l d  c o n c e p t  o f  t h e  f i s s i o n  b a r r i e r .

At the  s a m e  t im e ,  the  concept of the  tw o -hum ped  b a r r i e r  having 
the  f i r s t  m ax im u m  h ig h e r  a l lows one to  explain  the  o b s e rv e d  phenom enon.

As to the  c a s e s  with Th  and U, the  o b s e rv e d  b eh a v io u r  of f i s s io n  c o m 
ponents  is  d e s c r ib e d  on th e  b a s i s  of the  tw o-hum ped  po ten t ia l  cu rv e  having 
ap p ro x im a te ly  s i m i l a r  he ig h ts  of both the b a r r i e r s  o r  having a h ig h e r  
second  b a r r i e r .

I. P .  SELINOV: P r o f e s s o r  S t ru t in s k y 's  v e r y  in te r e s t i n g  ca lc u la t io n s
a r e  b ased  m a in ly  on e x p e r im e n ta l  d a ta  on nucl ide  m a s s e s  u s e d  fo r  the  d e 
te rm in a t io n  of the  sh e l l  c o r r e c t io n .  T hus ,  the  dependence  of the  binding 
en e rg y  cu rv e  and the  im p ro v e m e n t  of the  sh e l l  m o d e l  a r e  of  im p o r ta n c e  
fo r  the  deve lopm en t of th is  m e thod .  The p a i r in g  en e rg y  c u rv e  tha t  has  
been  d e m o n s t r a te d  h a s  been  d raw n  e n t i r e ly  on the  b a s i s  of e x p e r im e n ta l  
da ta .  It show s a s h a r p  d e c r e a s e  of the  binding e n e rg y  a f t e r  n u c l id es  having 
th e  "m a g ic "  n e u t ro n  n u m b e rs :  88S r 5Q, 140Ceg2 , 208P b 126 e^c - * which,
th e r e f o r e ,  can  be c o n s id e re d  as  "end" nuc l ides  com ple t ing  n u c l e a r  s h e l l s .
In v iew  of the  r e g u la r i t i e s  of th is  cu rv e  and of o th e r  n u c l e a r  p r o p e r t i e s ,  
the  p r in c ip le s  of a new n u c le a r  m o d e l  c o n s t ru c t io n  (the s o - c a l l e d  b ih o m o 
nucleon  v e r s io n  of the  sh e l l  th eo ry )  have been  fo rm u la te d .  T h is  m ode l,
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which I have no p o ss ib i l i ty  of d i s c u s s in g  in d e ta i l  h e r e ,  can  exp la in  b e t t e r  
th a n  o th e r  m o d e ls  the  s t r u c t u r e  of a n u m b e r  of b e t a - s t a b l e  i so to p e s  and 
a l l  the  m a s s  p e c u l i a r i t i e s  and som e o th e r  p r o p e r t i e s .  It a lso  a l lows one 
to  p re d ic t  b e t a - s t a b l e  i so to p es  of  t r a n s a c t in id e s  and to d e te rm in e  the  reg io n  
of lo n g e s t - l iv e d  n u c l id e s . One u su a l ly  does  not ta k e  into account th a t  the
2 b e t a - s t a b l e  l ine  is  of s ign if icance  fo r  the  p ro b le m  th a t  has  b een  d i s 
c u s s e d  of the  lo n g e s t - l iv e d  iso to p es  of t r a n sa c t in id e s ' .  As has  been  
m en tio n e d  by the  au tho r ,  the h a l f - l iv e s  in  b e t a - t r a n s i t io n s  ( T s ) a r e  r e 
duced on r e m o v a l  f ro m  the  b e t a - s t a b i l i t y  reg io n .  T h e r e f o r e ,  if  th e r e  
w e r e  nuc l ides  having l a r g e r  p e r io d s  of spon taneous  f is s io n  (T Q) f a r  f ro m  
th e  b e t a - s t a b i l i t y  reg ion ,  th is  would not be im p o r ta n t  fo r  t h e i r  p roduc t ion  
s in c e  they  would d i s in te g r a te  rap id ly  by be ta  o r  a lp h a -d e c a y s  b e fo re  th e s e  
d ec ay  cha ins  had re a c h e d  the  lo n g e s t - l iv e d  b e t a - s t a b l e  i so to p e s  (with con 
s id e r a b ly  s m a l l e r  n u m b e r  Z than  the  in i t ia l  ones ) .  T h e s e  nuc l ides  could 
d ecay  by spon taneous  f i s s io n  in  t r a v e r s i n g  the  re g io n s  of s h o r t - l iv e d  
sp o n ta n eo u s ly  f i s s ion ing  iso to p e s .  M o re o v e r ,  one can  a s s u m e  with g re a t  
p ro b a b i l i ty  th a t  th e s e  e x c e s s - p r o to n  nuc l ides  (in the  m a jo r i ty  of  re a c t io n s  
with m u l t ic h a rg e  ions) can  be red u c ed  by rem o v in g  f ro m  the  2 b e t a - s t a b i l i t y  
reg io n ,  as  th is  o c c u r s  fo r  w ell-know n iso to p e s .  On th is  b a s i s ,  a s  w e l l  as 
f ro m  the  dependences  of  the  binding e n e rg y  and in  the 2 b e t a - s t a b le  nuclide 
fo rm a t io n s  f ro m  p and n, one can  p re d ic t  th a t  th e  lo n g e s t - l iv e d  t r a n s -  
ac t in ide  iso to p es  w ill be n e a r  the  end nucl ide  (the n u c le a r  ana logue 208Pb) 
a c c o rd in g  to the  s im p le  ru le  of Д Z = 2n = 2 X 6 = 12, w h ere  n i s  the  sh e l l  
n u m b e r ,  and a lso  n e a r  the  n u c l e a r  ana logues  of the  lo n g e s t - l iv e d  Th and U 
n a tu r a l  i so to p e s .  It is  m o s t  p ro b ab le  tha t  the  iso tope  288110178 , 298114184 o r  
3OO1 1 4 180 (but not the  nuclide  2,76106no su g g e s ted  e a r l i e r )  w ill b e  the  end 
nucl ide .  The. long-  l ived  n u c l e a r  ana logue of 238U w ill  be the  nucl ide  336126 
(with end nucl ide  30t)114).

It would be of i n t e r e s t  to .know P r o f e s s o r  S t ru t in s k y 's  opinion on the  
p o s s ib i l i ty  of continuing h is  in te r e s t in g  and p ic tu re sq u e  d ia g ra m  in the 
d i r e c t io n  of rem o v e d  t r a n s a c t in id e s  in  o r d e r  to c l a r i fy  w h e th e r  th e s e  
nuc l id es ,  having .the l a r g e s t  va lues  of T0, a r e  in the  reg io n  of b e t a - s t a b le  
iso to p es  n e a r  the  n u c l ides  300114 and 336126.

V .M .  STRUTINSKY: T he  c a lc u la t io n  of hypo the tica l  s u p e r - h e a v y
n ucle i  is  one of the  m a in  a im s  of the  ca lc u la t io n s  by the  sh e l l  c o r r e c t io n  
m e thod .  T h is  would, how ever,  r e q u i r e  a s e p a r a te  d i s c u s s io n .

In concluding the p r e s e n t  d is c u s s io n ,  I would f i r s t  l ike  to note tha t 
a  b e t t e r  u n d e r s ta n d in g  of the  ro le  of the  s h e l ls  both in  s p h e r ic a l  and d e 
fo rm e d  n ucle i  would lead  us to a b e t t e r  un d ers ta n d in g  of the  whole p ro b le m  
of s ta b i l i ty  of the  su p e rh e a v y  nucle i,  which l ie  f a r  f ro m  the  b e t a - s t a b i l i t y  
l ine .

Q u ali ta t ive ly ,  the d is t r ib u t io n  o f 's h e l l s  in  d e fo rm ed  n ucle i  can  be 
e a s i ly  un d ers to o d  by co n s id e r in g  a s im p lif ied  sh e l l  m ode l .  In n u c le a r  
d e fo rm a t io n  the  sp l i t t in g  of ¡she ll '  l e v e ls  ta k e s  p lace ,  which r e s u l t s  in 
the  p ic tu re  which is  c h a r a c t e r i z e d  by the  d e fo rm a t io n  of the o r d e r  of A' 1,/3 
and in hom ogene i t ie s  in  en e rg y  in te r v a ls  of the  o r d e r  of fiu  “ 6-8  MeV. The 
o s c i l l a to r  is  a v e r y  sp e c ia l  c a s e .

My th i rd  r e m a r k  c o n c e rn s  the  a l te r n a t iv e  in te r p re ta t io n  of 'v ib ra t io n a l '  
r e s o n a n c e s  in  the  f i s s io n  c r o s s - s e c t i o n ,  which w as su g g e s ted  by 
D r .  G e il ikm an .  Of c o u r s e ,  it m ight be p o ss ib le  to a s s o c ia te  th e m  with 
the  v ib ra t io n a l  l e v e ls  in  the  f i r s t  well,  but it s e e m s  to  m e  thá t  in th is  
c a s e  a d ifficu lty  w ill a r i s e  s in c e  I th ink  it  should be a s s u m e d  th a t  v ib ra t io n a l  
le v e l  at a 5-7 MeV e x c i ta t io n  e n e rg y  h a s  a width of the  o r d e r  of 100 keV.
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Abstract — Аннотация

SPONTANEOUSLY FISSIONING ISOMERS. A review is given of the basic experim ental data which 
perm it some assumptions to be m ade about the nature of the spontaneously fissioning isom er. Recently, 
am ericium  isomer production both by neutron radiative capture and stripping reactions with deuterons 
has been studied. An analysis of the data obtained provided the basis for suggesting "shape isomerism" in 
the case of the am ericium  fissioning isomers.

Some possible experiments perm itting a check on the validity  of the suggested hypothesis are 
discussed.

СПОНТАННО ДЕЛ ЯЩ И ЕСЯ  И ЗО М Е Р Ы . Д а е т с я  о б зо р  основны х эксп е р и м ен таль н ы х  
данн ы х, которы е п о зво л яю т  с д е л а т ь  н ек о то р ы е  п редполож ения о тн о с и те л ьн о  природы с п о н 
тан н о  делящ ихся  и зо м е р о в . Н едавно  бы ло и зучен о  о б р азо в ан и е  и зо м ер а  ам ери ц и я как при 
радиационном  з а х в а т е  н ей тр о н о в , т а к  и в р еак ц и ях  ср ы в а  на д е й то н ах . А нализ полученны х 
д а н н к х  д а е т  основан ие  с д е л а т ь  предп олож ен и е "об и зом ери и  ф орм ы " в сл у ч ае  спон тан но  
делящ ихся  и зо м ер о в  а м е р и ц и я . О бсуж д аю тся  во зм ож н ы е э к с п е р и м е н т ы , позволяю щ ие п ро
в ер и ть  с п р ав е д л и в о сть  сделан ной  ги п о т е зы  .

In r e c e n t  y e a r s  so m e new e x p e r im e n ta l  da ta  about spon taneous ly  
f is s io n in g  i s o m e r s ,  o f  t r a n s u r a n iu m  have a p p e a re d  w hich  p e r m i t  u s  to 
a s s u m e  th a t  we a r e  dea ling  w ith  "sh ap e  i s o m e r i s m " .

T h e re  a r e  a lso  so m e  th e o r e t i c a l  foundations ju s t i fy ing  the  c o n s id e r 
a t ion  of th is  h y p o th e s is ,  i . e .  the  ca lc u la t io n s  m a d e  by S tru t in sk y  [1] and 
G us ta fson  et a l .  [2 ] ,  w h e re  co n c lu s io n s  a s  to the  co m p lex  f is s io n  b a r r i e r  
shape w e re  d raw n  and, in p a r t i c u l a r ,  the  second  m in im a  of the  po ten t ia l  
e n e r g y  a t  the  sadd le  point.

N e v e r th e le s s ,  ; it is  im p o s s ib le  now to d raw  only the  conc lu s ion  th a t  
the  d e fo rm a t io n  p a r a m e t e r  is  l a r g e r  fo r  the  o b s e rv e d  i s o m e r i c  s ta te s  
than  tha t  fo r  the  g round  s ta t e .  The ava i lab le  e x p e r im e n ta l  da ta ,  a s  we 
sh a l l  se e  l a t e r ,  only m a k e  it p o s s ib le  to s ta te  tha t  they  do not c o n t ra d ic t  
th is  hypo thes is  but nothing m o r e .  T hus ,  s e r io u s  w ork  on the  a c c u m u la 
tion  of new fac ts  is  needed .

Let us  now an a ly se  the  m o s t  im p o r ta n t  e x p e r im e n ta l  data .
F i r s t  of a l l ,  the  ques tion  a r i s e s  a s  to  how often the sp on taneous ly  

f i s s ion ing  i s o m e r s  a p p e a r  am ong t r a n s u r a n iu m  e le m e n ts .
F ig u re  1 shows the  d a ta  on the  h a l f - l iv e s  of a l l  i s o m e r s  sy n th e s iz e d  

up to  now. The. s u r e s t  a r e  the  po in ts  fo r  a m e r ic iu m  i s o m e r s  with  m a s s e s  
238, 240, 242 and 244.

T h e re  is  no doubt th a t  fo r  th e s e  n uc le i  the  o b se rv e d  effec t  i s  due to 
i s o m e r  f is s io n  with  h a l f - l iv e s  of 60 /us to  14 m s .  All a m e r ic iu m  i s o m e r s  
shown have odd n u m b e rs  of p ro to n s  and n e u t ro n s .  F o r  a long t im e  it was 
not c l e a r  why only odd-odd  i s o m e r s  w e re  o b se rv e d .

T h e re  w e re  two p o ss ib le  r e a s o n s  fo r  th is :  e i th e r  such  i s o m e r s  did 
not ex is t ,  o r  t h e i r 1 h a l f - l iv e s  w e re  so s h o r t  th a t  i t  w as im p o s s ib le  to 
o b s e rv e  such  i s o m e r s  with the  help  of the equ ipm en t u se d  in e a r l i e r  
e x p e r im e n t s .

449



4 5 0 POLIKANOV

10
24

10

10

10

20

16

12

~  10 
1Л

S io 4
> .

ш 10
z

ш 10 -4

10
-  (

-12
•10

-1 6
10

10-20

T h " "

234, 236 Vu23*

J
231

240— ; 

23t

42Л

îîï0̂
L ‘ c

f 249

Cn. - 2 * 1 i^VLCm25» 2 
irFm253

Cm **4  j 
Cf

»Fm257

- N f
22*m? 734 m?

C f ^
\ f m 2“

1 Am" 
■  1 ■ ■

Am2î2m? An ,242a,
ZS1C —■o 1322S6N1

\ io ^260

AnC l■
■Al n 244m <4

Am23»m

1,cf24' m \
\

222 226 230 234 238 242 246 250 254 258 262 266 270

A
F I G . l .  S ystem a tic s  o f  spontaneous fission h a lf - l iv e s . ■  isom ers, О e v e n -e v e n  n u c le i, x odd n u c le i.

The only e v e n -e v e n  i s o m e r  with a  h a l f - l i f e  of ~  10 ‘ 7 s known up
to now w as 246Cf p ro d u c e d  in

At the  N ie ls  B ohr  In s t i tu te ,  Bjizfrnholm et al .  [4] r e c e n t ly  o b s e rv e d  
new f iss ion ing  i s o m e r s  with  h a l f - l iv e s  of 10 - 10 0  ns in e x p e r im e n ts  on 
235U, 239P u, 240P u ,  M P u ,  and 242P u  t a r g e t s  i r r a d i a t e d  with d e u te ro n s .
A p paren t ly ,  in th is  c a s e  d ecay  of i s o m e r s  with  even  n u m b e r  of nuc leons  
took  p la c e .  H ow ever ,  it is  not exc luded  th a t  new odd-odd  i s o m e r s  w e re  
p ro d u ce d .

It can  thus  be s e e n  th a t  in the  Am re g io n  the  ex is te n c e  of a sp o n ta n e o u s 
ly f is s io n in g  i s o m e r  is  r a t h e r  the  r u le  than  the  exception .

In the  e x p e r im e n ts  with  heavy  ions so m e  f iss ion ing  i s o m e r s  w ith  h a l f -  
l iv e s  ~  3 s and lo n g e r  w e re  p roduced ;  h ow ever ,  th e s e  i s o m e r s  have not 
y e t  been  iden tif ied  and fo r  th is  r e a s o n  th e i r  p r o p e r t i e s  cannot b e .d i s c u s s e d .

T he  fu l le s t  in fo rm a tio n  ob ta ined  so f a r  is  r e la t e d  to  a m e r ic i u m  i s o m e r s .  
The i s o m e r i c  s ta te  e n e r g y  v a lu e s  d e te r m in e d  in th r e s h o ld  m e a s u r e m e n t s  
f o r  (p, 2n) and (n, 2n) r e a c t io n s  a r e  g iven in T ab le  I.

A cco rd ing  to  rough  e s t im a te s ,  a  change of 1 MeV in the  f is s io n  b a r r i e r  
heigh t c o r r e s p o n d s  to  a  b a r r i e r  p e n e t r a b i l i ty  change by a f a c to r  ~ 1 0 8. 
C onsequen t ly ,  fo r  the  ex c i te d  s ta te  with  e n e rg y  n e a r  3 MeV we can  expec t 
th e  p e n e t r a b i l i ty  to  i n c r e a s e  1 0 24 t im e s ,  on the  a s su m p tio n  th a t  the  heigh t 
of the  f i s s io n  b a r r i e r  does not change and th i s  a g r e e s  w ith  e x p e r im e n ta l  
data .

238U i r r a d i a t i o n  with 12C [3] .
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Is o m e r 23lk m 240A m z42A m

H a l f - l i f e  (s) 6 x  10~5 9 x  I d ' 4 1.4 x  1 0 ~ 2

E x c ita t io n  e n e rg y  (M e V ) 3 - 4  3. 15 ± 0. 2 5  2 . 9 ± 0 . 4

H o w e v e r ,  th e  q u e s t i o n  now  i s :  
f r o m  th e  i s o m e r i c  s t a t e  h i n d e r e d ?

Why i s  th e  e l e c t r o m a g n e t i c  t r a n s i t i o n

F ig .  2 sh o w s  th e  l e v e l  s c h e m e  f o r  242A m  c a l c u l a t e d  b y  M a lo v  e t  a l .  [5] 
W e s e e  t h a t  th e  l e v e l s  w i th  s p in  12 h  a p p e a r  a l r e a d y  a t  1. 2 M eV . T o  e x 
p l a i n  th e  l a r g e  v a lu e  o f  th e  h i n d r a n c e  f a c t o r  ( ~ 1 0 12 ) w e s u g g e s t  th a t  th e
i s o m e r  sp in  i s h ig h , a t  l e a s t  h i g h e r  t
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F I G . 2 .  L e v e l s c h e m e  o f  M A m ;  ó is  th e  d e fo rm a t io n  p a ra m e te r .

Now t h e r e  i s  o n ly  one  p o s s i b i l i t y  o f  o b ta in in g  s o m e  in f o r m a t i o n  c o n c e r n 
in g  th e  sp in  v a lu e  o f  s p o n t a n e o u s ly  f i s s i o n in g  i s o m e r s .  T h i s  fo l lo w s  f r o m  
an  a n a l y s i s  o f  e x p e r i m e n t a l  d a t a  on th e  m a i n  f e a t u r e s  o f  i s o m e r  f o r m à t i o n  
in  n u c l e a r  r e a c t i o n s .

A fa c t  w h ic h  a t t r a c t s  a t t e n t io n  i s  t h a t  in  th e  c a s e  o f  2% m  th e  i s o m e r i c  
r a t i o ,  e q u a l  a l m o s t  to  10 ‘4 , in p r a c t i c e  d o e s  no t d e p e n d  on th e  c o m p o u n d  
n u c l e u s  sp in  (F ig .  3).

At th e  s a m e  t i m e ,  it  i s  c l e a r  f r o m  F ig .  3 t h a t  th e  p r o b a b i l i t y  o f  f o r m a 
t io n  of tw o q u a s i p a r t i c l e  i s o m e r s  196Au an d  190I r  w i th  s p i n s  12  h  a n d  1 1  fi 
i n c r e a s e s  s h a r p l y  w i th  th e  i n c r e a s e  o f  th e  c o m p o u n d - n u c le u s  sp in .
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F IG .3 .  D e p e n d e n c e  o f  is o m e r ic  r a t io  o n  a v e ra g e d  a n g u la r  m o m e n tu m  2.

F IG .4 .  F is s io n  b a r r ie r  c a lc u la te d  w ith  s h e ll  c o r re c t io n s  [ 1 ]  .
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T h i s  c i r c u m s t a n c e  i n d i c a t e s  th a t  th e  s p in  o f  th e  242Au i s o m e r  d o es  
n o t  d i f f e r  g r e a t l y  f r o m  th a t  in th e  g r o u n d  s t a t e ,  i.  e .  it i s  e q u a l  to  s o m e  
u n i t s  o f  h  o n ly  [ 6 ] .

A v e r y  s i m p l e  n u c l e a r  r e a c t i o n  le a d in g  to  242A m  i s o m e r  f o r m a t i o n  is  
th e  r a d i a t i v e  c a p t u r e  o f  n e u t r o n s  w i th  ~ 1 .  5 MeV e n e r g y  b y  241A m  [7] .
T h e  c r o s s - s e c t i o n  o f  th e  s p o n t a n e o u s ly  f i s s i o n in g  242A m  i s o m e r  p r o d u c 
t i o n  i s  e q u a l  to  1 . 5X 1 СГ29 c m 2 w i th  t h i s  n e u t r o n  e n e r g y ,  i . e .  on ly  te n  
t i m e s  l e s s  th a n  f o r  th e  243A m  (n, 2n) 242A m  r e a c t i o n  a l th o u g h  th e  p a r t i a l  
c r o s s - s e c t i o n  of f o r m a t i o n  o f  a  c o m p o u n d  n u c le u s  w i th  s p in  m o r e  th a n  
14 h  i s  s o m e  o r d e r s  l e s s  f o r  th e  r e a c t i o n  o f  n e u t r o n  r a d i a t i v e  c a p t u r e .

T h e  e x p e r i m e n t a l  d a t a  h i t h e r t o  a v a i l a b l e  l e a d  to  th e  c o n c lu s io n  th a t  
242t h e  s p in  of th e  A m  i s o m e r  i s  a p p a r e n t l y  low . H o w e v e r ,  i f  th e  s p in  of 

th e  i s o m e r i c  s t a t e  i s  low  i t  i s  d i f f ic u l t  to  u n d e r s t a n d  th e  r e a s o n  f o r  th e  
s t a b i l i t y  w i th  r e s p e c t  to  y - e m i s s i o n .

In c o n n e c t io n  w i th  t h i s ,  s o m e  a u t h o r s  h a v e  s u g g e s t e d  th a t  th e  l a r g e  
h in d r a n c e  f a c t o r  i s  due  to  th e  l a r g e  d i f f e r e n c e  of th e  n u c l e u s  s h a p e  in th e  
g r o u n d  and  th e  i s o m e r i c  s t a t e s  [9] .

In p a r t i c u l a r ,  i t  i s  p o s s i b l e  t h a t  th e  i s o m e r i c  s t a t e  i s  th e  g r o u n d  s t a t e  
in  th e  s e c o n d  p o te n t i a l  w e l l  o b ta in e d  in  S t r u t i n s k y ' s  c a l c u l a t i o n s  (F ig .  4).
T h e  f i s s i o n  b a r r i e r  f o r  s u c h  a  s t a t e  i s  s h a r p l y  d e c r e a s e d ,  an d  t h e r e  a r e  
no d i f f i c u l t i e s  in  e x p la in in g  th e  h ig h  p r o b a b i l i t y  o f  s p o n ta n e o u s  f i s s i o n .

At th e  s a m e  t i m e ,  th e  p o t e n t i a l  b a r r i e r  b e tw e e n  th e  i s o m e r i c  and  th e  
g r o u n d  s t a t e s  w i l l  l e a d  to  a  l a r g e  r e t a r d a t i o n  o f  th e  e l e c t r o m a g n e t i c  
t r a n s i t i o n .

T h e  e s t i m a t e s  m a d e  by  B a ld in  e t  a l .  [10] sh ow  th a t  th e  n e c e s s a r y  
v a lu e  o f  th e  h i n d r a n c e  f a c t o r  m a y  b e  o b ta in e d  if  th e  d e f o r m a t i o n  p a r a m e t e r  
6 i s  n e a r  to  0. 6 in  th e  c a s e  o f  th e  i s o m e r  a s  w e l l  a s  w h en  th e  2®Am

m
g r o u n d  s t a t e  i s  n e a r  to  0. 3.

F ig .  5 sh o w s  th e  c r o s s - s e c t i o n  f o r  th e  242A m  i s o m e r  f o r m a t i o n  fo r  
n e u t r o n  r a d i a t i v e  c a p t u r e  d e p e n d in g  on n e u t r o n  e n e r g y .  O ne c a n  s e e  th a t  
th e  s h a p e  of th e  c u r v e  o b ta in e d  i s  u n u s u a l  f o r  n e u t r o n  r a d i a t i v e  c a p t u r e  
r e a c t i o n s .  U s u a l ly ,  a  m o n o to n ie  d e c r e a s e  of c r o s s - s e c t i o n  in  th e  s tu d ie d  
e n e r g y  r a n g e  i s  o b s e r v e d .  But f o r  th e  242A m  i s o m e r  a  r a t h e r  s h a r p  c r o s s -  
s e c t i o n  r i s e  in  th e  0. 5 -1 .  5 MeV e n e r g y  r a n g e  i s  o b s e r v e d  w i th  n e u t r o n  
e n e r g y  i n c r e a s e ,  th e  s lo p e  o f  th e  c u r v e  b e in g  j u s t  th e  s a m e  a s  t h a t  f o r  
n e u t r o n - in d u c e d  f i s s i o n .

Su ch  a  c h a r a c t e r  f o r  th e  c u r v e  c a n  be  u n d e r s to o d  if  i t  i s  a s s u m e d  th a t  
th e  i s o m e r i c  s t a t e  c o r r e s p o n d s  to  a l e v e l  in  th e  s e c o n d  p o te n t i a l  w e l l ,  
s e p a r a t e d  f r o m  th e  g r o u n d  s t a t e  by  a b a r r i e r .

If we t a k e  t h i s  a s s u m p t i o n  in to  c o n s i d e r a t i o n ,  th e  i n c r e a s e  o f  th e  
i s o m e r  f o r m a t i o n  c r o s s - s e c t i o n  c a n  be  e x p la in e d  a s  th e  r e s u l t  of o v e r 
c o m in g  th e  b a r r i e r  s e p a r a t i n g  the  two w e l l s .  F o r  t h e r m a l  n e u t r o n  c a p tu r e  
th e  p r o b a b i l i t y  o f  o v e r c o m i n g  th e  b a r r i e r  i s  low  and  f o r  t h i s  r e a s o n  th e  
p r o b a b i l i t y  of b o th  i s o m e r  p r o d u c t io n  and  f i s s i o n  i s  s ig n i f i c a n t l y  l e s s  in 
c o m p a r i s o n  w ith  r a d i a t i v e  c a p t u r e  to  th e  g  r o u n d  s t a t e  o f  242A m  [11] .

T h e  d e c r e a s e  o f  th e  c r o s s - s e c t i o n  f o r  p ro d u c t io n  of th e  242A m  i s o m e r  
a t  n e u t r o n  e n e r g y  h i g h e r  th a n  1. 5 MeV i s  e v id e n t ly  in d u c e d  by  th e  i n c r e a s e  
o f  i n e l a s t i c  n e u t r o n  s c a t t e r i n g .

B jô r n h o lm  e t  a l .  [12] s tu d ie d  A m  i s o m e r  f o r m a t i o n  in  (d, p) and  (d , t )  
r e a c t i o n s .  F ig .  6 s h o w s  th e  c r o s s - s e c t i o n  o b ta in e d  f o r  th e  242A m  and  
244 A m  i s o m e r s  p r o d u c e d  in (d, p) r e a c t i o n .  In th e  c a s e  of th e  (d, t)  r e a c t i o n  
th e  c r o s s - s e c t i o n  a p p e a r e d  to  b e  to o  low  to b e  o b s e r v e d .
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F IG . 5 . 

c a p tu re .

E n (MeV)
E x c ita t io n  fu n c t io n  fo r  th e  242A m  s p o n ta n e o u s ly  f is s io n in g  is o m e r re s u lt in g  f r o m  n e u tro n  r a d ia t iv e

E
и

F I G . 6 .  E x c ita t io n  fu n c t io n s  fo r  c o m p o u n d -n u c le u s  fo r m a t io n  (  о  T ) ,  in d u c e d  f is s io n  ( a f )  a nd  

24j, 243A m ( d , p )  î « , M 4 A m ( a m ) .  ( a ) w lA ra ,  ( b )  24SA m .
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T h e  e x p e r i m e n t a l  d a t a  a n a l y s i s  done  by  th e  a u t h o r s  on th e  b a s i s  of 
p r e s e n t  id e a s  ab ou t  t h e  n e u t r o n  s t r i p p i n g  r e a c t i o n  m e c h a n i s m  l e d  t h e m  
to  th e  c o n c lu s io n  t h a t  f o r  i s o m e r  p r o d u c t io n  th e  f o r m a t i o n  o f  A m  e x c i t e d  
s t a t e s  p r o c e e d s  a t  an  e n e r g y  h i g h e r  t h a n  6 M eV . T h i s  r e s u l t  i s  in  good  
a g r e e m e n t  w i th  th e  d a t a  on  th e  241A m (n ,  7 ) 242mA m  r e a c t i o n  an d  w a s  e x p l a i n 
e d  b y  th e  a u t h o r s  a s  a  p o s s i b l e  in d i c a t i o n  o f  th e  f a c t  t h a t  th e  o b s e r v e d  
i s o m e r s  a r e  " s h a p e  i s o m e r s " .

Of c o u r s e ,  w e c a n n o t  e x c lu d e  a  d i f f e r e n t  n a t u r e  f o r  s p o n t a n e o u s ly  
f i s s i o n in g  i s o m e r s ,  a n d  f u r t h e r  e x p e r i m e n t s  a r e  n e c e s s a r y  to  d e c id e  th i s  
p r o b l e m .

In R e f s  [10, 13] s o m e  c o n c lu s io n s  w e r e  g iv e n  to  th e  e f f e c t  t h a t  i f  th e  
A m  i s o m e r s  d i s c u s s e d  a r e  r e a l l y  s t r o n g l y  d e f o r m e d  it  i s  p o s s i b l e  to  o b ta in  
s o m e  i n f o r m a t io n  on  th e  d e f o r m a t i o n  p a r a m e t e r  b y  s tu d y in g  th e  r a d i a t i v e  
c a p t u r e  in  a  w ide  n e u t r o n  e n e r g y  r a n g e .

A s a  b a s i s ,  th e  a b o v e - m e n t i o n e d  a u t h o r s  to o k  th e  w e l l - k n o w n  e x p e r i 
m e n t a l  f a c t  o f  g ia n t  r e s o n a n c e  s p l i t t i n g  in to  tw o p e a k s  o b s e r v e d  d u r in g  
p h o to n u c l e a r  r e a c t i o n  s t u d i e s .  T h i s  s p l i t t i n g  i s  e x p la i n e d  a s  a  r e s u l t  of 
tw o  t y p e s  o f  n u c l e u s  o s c i l l a t i o n s  — a lo n g  an d  p e r p e n d i c u l a r  to  th e  s y m m e t r y  
a x i s  o f  th e  d e f o r m e d  n u c le u s .

T h e  e s t i m a t e s  sho w  t h a t  t h i s  o p t i c a l  a n i s o t r o p y  o f  th e  s o l i d  l i n e  in  
F ig .  5 r e p r e s e n t s  th e  r e s u l t  o f  th e  c a l c u l a t i o n s  [10] on  th e  a s s u m p t i o n  th a t  
th e  d e f o r m a t i o n  p a r a m e t e r  o f  242A m  in  th e  i s o m e r i c  s t a t e  i s  e q u a l  to  
a b o u t  0 . 6.

In th e  f r a m e w o r k  o f  th e  m o d e l  c o n s i d e r e d  it  w a s  a s s u m e d  th a t  th e  
a p p e a r a n c e  o f  a  p e a k  i s  c o n n e c te d  w i th  d ip o le  t r a n s i t i o n  w h e n  th e  e x c i t a 
t i o n  e n e r g y  c o r r e s p o n d s  to  th e  g ia n t  r e s o n a n c e .

In c o n c lu s io n ,  l e t  u s  c o n s i d e r  s o m e  p o s s i b l e  e x p e r i m e n t s  w h ic h  w i l l  
e x te n d  o u r  u n d e r s t a n d i n g  of th e  n a t u r e  o f  th e  s p o n t a n e o u s ly  f i s s i o n in g  
i s o m e r .

It i s  i n t e r e s t i n g  to  e x te n d  th e  e x p e r i m e n t s  on n e u t r o n  r a d i a t i v e  c a p t u r e  
w i th  242mA m  f o r m a t i o n .  In e x p e r i m e n t s  w i th  n e u t r o n  e n e r g i e s  up  to  10 MeV 
it i s  p o s s i b l e  to  c h e c k  w h e t h e r  th e  s e c o n d  m a x i m u m  f o r  c r o s s - s e c t i o n  at 
E n 8 M eV  e x i s t s .

It s e e m s  to  b e  v e r y  im p o r t a n t  to  i n c r e a s e  th e  e f f i c i e n c y  o f  th e  e q u ip 
m e n t  and  to  m e a s u r e  th e  c r o s s - s e c t i o n  f o r  242mA m  p r o d u c t io n  f r o m  th e  
t h e r m a l  e n e r g y  o f  n e u t r o n s  up to  s o m e  eV  w h e r e  th e  c r o s s - s e c t i o n  f o r  
i n d u c e d  f i s s i o n  i s  a b o u t  3 X 10'24 c m 2 . If 242mA m  i s  a  n u c l e u s  " f r o z e n "  
in  th e  s a d d l e  p o in t ,  t h e n  in  th e  r a n g e  f r o m  t h e r m a l  e n e r g y  up  to  1 . 5  MeV 
th e  d e p e n d e n c e  o f  i s o m e r  f o r m a t i o n  on th e  n e u t r o n  e n e r g y  w i l l  b e  j u s t  th e  
s a m e  a s  t h a t  f o r  in d u c e d  f i s s i o n .

F in a l ly ,  th e  d i s c o v e r y  o f  s h o r t - l i v e d  i s o m e r s  in  C o p e n h a g e n  p e r m i t s  
u s ,  in  p r i n c i p l e ,  to  s tu d y  th e  (d, p i)  r e a c t i o n  w i th  m e a s u r e m e n t s  of th e  
e n e r g y  s p e c t r a  o f  th e  p r o t o n  w h ic h  a c c o m p a n i e s  th e  i s o m e r  f o r m a t i o n .
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D I S  C U S S I O N

S h o r t  C o n t r ib u t io n

N .  L A R K : I sh o u ld  l i k e  to  r e p o r t  th e  d i s c o v e r y  o f  s e v e r a l  n ew  s h o r t 
l i v e d  s p o n t a n e o u s ly  f i s s i o n in g  i s o m e r s .  T h i s  r e s e a r c h  h a s  b e e n  done  a t  
t h e  N ie l s  B o h r  I n s t i t u t e  by  G .  S le t t e n ,  S .  B j ^ r n h o lm  and  m y s e l f ,  w i th  th e  
c o l l a b o r a t i o n  o f  V . A . D r u in  d u r i n g  th e  e a r l y  s t a g e s .  I s h a l l  c o n f in e  m y  
r e p o r t  e n t i r e l y  to  o u r  ow n  e x p e r i m e n t a l  p r o c e d u r e s  a n d  r e s u l t s  and  l e a v e  
g e n e r a l  d i s c u s s i o n  and  t h e o r e t i c a l  i n t e r p r e t a t i o n  to  o t h e r  s p e a k e r s  o n  th e  
p r o g r a m .

W e h a v e  b o m b a r d e d  th i n  t a r g e t s  o f  th e  a v a i l a b le  e n r i c h e d  i s o t o p e s  o f  
T h ,  U, Np a n d  P u  w ith  p r o t o n s  and  d e u t e r o n s  o f  13 MeV e n e r g y .  F i s s i o n  
f r a g m e n t s  f r o m  th e  d e c  a y - i n - f l i g h t  o f  r e c o i l i n g  co m p o u n d  n u c le i  a r e  
r e g i s t e r e d  in  p l a s t i c  d e t e c t o r  fo i l s  w h ich  a r e  p la c e d  so  t h a t  t h e y  c a n n o t  
b e  h i t  by  f i s s i o n  f r a g m e n t s  c o m in g  d i r e c t l y  f r o m  th e  t a r g e t .  T h e  p l a s t i c  
fo i l s  a r e  15 c m  lo n g ,  and  t h e  f r o n t  e d g e  i s  5 m m  f r o m  th e  t a r g e t ,  so  we 
c a n  m e a s u r e  h a l f - l i v e s  in  th e  r a n g e  o f  15 n s  to  1 ju s .

T h e  d e t e c t o r  fo i l s  a r e  8 ц т  t h i c k  M a k r o fo l ,  a  p o l y c a r b o n a te  p l a s t i c .
A f t e r  e x p o s u r e ,  t h e y  a r e  e t c h e d  in  s o d i u m  h y d r o x i d e ,  w h ich  m a k e s  m i c r o 
s c o p i c  h o le s  t h r o u g h  th e  fo i l s  by  d i s s o lv i n g  aw a y  th e  m a t e r i a l  w h ic h  w a s  
d a m a g e d  by  th e  p a s s a g e  o f  th e  h e a v i ly  io n i z in g  f i s s i o n  f r a g m e n t s .  T h e n  
a  s p a r k  ga p  i s  u s e d  a s  a  f a s t  s c a n n in g  d e v ic e  f o r  f in d in g  th e  h o l e s  in  th e  
fo i l .  T h e  s p a r k s  e n l a r g e  th e  h o le s  and  a l s o  d a r k e n  th e  r i m s  o f  t h e  h o le s ,  
so  t h a t  t h e y  b e c o m e  c l e a r l y  v i s i b l e  to  th e  u n a id e d  ey e .

T h e  a n a l y s i s  o f  o u r  r e s u l t s  i s  m a d e  d i f f ic u l t  b y  th e  p r o b l e m s  of 
a b s o r p t i o n  and  s c a t t e r i n g  o f  th e  r e c o i l i n g  n u c le i  in  th e  t a r g e t s .  C o n s e q u e n t ly ,  
w e h a v e  n o t  y e t  c o m p l e t e d  o u r  a n a l y s e s ,  so  t h a t  v a lu e s  w h ic h  a r e  q u o ted  
h e r e  m u s t  b e  c o n s i d e r e d  v e r y  p r e l i m i n a r y .  U n c e r t a i n t i e s  m a y  be  a s  l a r g e  
a s  a  f a c t o r  o f  two in  s o m e  c a s e s .  C r o s s - s e c t i o n s  f o r  p ro d u c in g  th e  v a r i o u s  
i s o m e r s  in  r e a c t i o n s  in d u c e d  b y  13 M eV  p r o t o n s  and  d e u t e r o n s  a r e  c o n 
s i s t e n t l y  n e a r  1 ц Ъ ,  w h i le  o u r  l i m i t  o f  d e t e c t a b i l i t y  i s  ab ou t  0 .0 2  ц Ъ .  B e 
c a u s e  o f  t h i s  c o n s i s t e n c y  and  o u r  e x p e r i m e n t a l  u n c e r t a i n t i e s  I w i l l  no t 
c o n s i d e r  m o s t  c r o s s - s e c t i o n s  in  d e t a i l  h e r e .

T h e  b e s t  s t u d i e d  o f  th e  ne w  i s o m e r s  a r e  o d d - m a s s  A m  i s o t o p e s .
F r o m  th e  r e a c t i o n s  24ipu + d  an(j 242pu + p  a t  13 M eV  w e o b s e r v e  d e la y e d  
f i s s i o n  w ith  a  l i f e t i m e  o f  a b o u t  1 . 5  jus. T h e  i s o m e r  i s  t h e n  v e r y  p r o b a b ly
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241A m . We h a v e  m e a s u r e d  th e  e x c i t a t i o n  fu n c t io n  f o r  th e  (p, 2n) r e a c t i o n  
and  f ind  th e  t h r e s h o l d  i s  2. 5 M eV  h i g h e r  th a n  th e  Q v a lu e  f o r  t h e  r e a c t i o n  
to  th e  g ro u n d  s t a t e .  T h i s  d i f f e r e n c e  p r o b a b l y  r e p r e s e n t s  th e  e x c i t a t i o n  
e n e r g y  o f  th e  i s o m e r i c  s t a t e .

In  an  e n t i r e l y  p a r a l l e l  s i t u a t io n ,  'w e  o b s e r v e  d e la y e d  f i s s i o n  w ith  a 
h a l f - l i f e  o f  140 n s  f r o m  th e  r e a c t i o n s 1 239P u  + d an d  240P u + p .  F r o m  th e  
t h r e s h o l d  o f  th e  (p, 2n) r e a c t i o n  we i n f e r  t h a t  th e  e x c i t a t i o n  e n e r g y  o f  th e  
239A m  i s o m e r  i s  2 . 9  M eV .

In  13 M eV  d e u t e r o n  b o m b a r d m e n t s  o f  2 3 9 p u >  2 4 0 p U j  2 4 1 p u  a n c j  2 4 2 p u  w e  

o b s e r v e  d e la y e d  f i s s i o n  w ith  h a l f - l i v e s  o f  ~ 1 0 ,  35, 40 and  55 n s ,  r e s p e c t i v e ly .  
T h e s e  a r e  in  a d d i t io n  to  th e  l o n g - l i v e d  i s o m e r s  o f  A m  p r o d u c e d  in  e a c h  
c a s e .  N one o f  t h e s e  s h o r t - l i v e d  i s o m e r s  a r e  s e e n  f r o m  p r o t o n - in d u c e d  
r e a c t i o n s ,  so  i t  i s  l i k e ly  t h a t  th e  (d, p) r e a c t i o n  i s  r e s p o n s i b l e ,  and  th a t  
t h e  i s o m e r s  a r e  in  2 4 0 , 2 4 i , 2 4 2 , 2 4 3 p u >

In  a  s i m i l a r  w ay ,  w e  s e e  d e la y e d  f i s s i o n  w ith  a  105 n s  h a l f - l i f e  f r o m  
b o m b a r d m e n t  o f  ^ U  w ith  d e u t e r o n s , '  b u t  f ind  n o th in g  f r o m  p r o t o n  b o m b a r d 
m e n t  o f  234.235.236u o r  d e u t e r o n  b o m b a r d m e n t  o f  .234U o r  236U. O u r  b e s t  
g u e s s  i s  th e n  t h a t  we a r e  p ro d u c i n g  a n  i s o m e r  o f  236U f r o m  a  (d , p) r e a c t i o n .

F r o m  th e  r e a c t i o n s  238U + d  and  237N p + d  we s e e  a h a l f - l i f e  o f  about 
120 n s .  A p p a r e n t ly ,  th e  p r o d u c t  h e r e  i s  an  i s o m e r  o f  238Np, p ro d u c e d  
t h r o u g h  (d, 2n) and  (d, p) r e a c t i o n s .

F i n a l l y ,  we h â v e  o b s e r v e d  a n  i s o m e r  w i th  a  30 n s  h a l f - l i f e  f r o m  
p r o t o n  b o m b a r d m e n t  o f  231N p. It  s e e m s  m o s t  l i k e l y  t h a t  t h i s  i s  in  236P u , 
b u t  o u r e v i d e n c ë  i s  no t  a t  a l l  c o n c lu s iv e .

In  c lo s in g ,  I w ou ld  l i k e  to  e m p h a s i z e  a g a in  th e  p r e l i m i n a r y  an d  t e n t a 
t i v e  n a t u r e  o f  o u r  r e s u l t s .  S o m e  o f  o u r  i s o to p i c  a s s i g n m e n t s  m a y  w e l l  
b e  i n c o r r e c t  and  m a n y  o f  th e  n u m e r i c a l  v a l u e s  w il l  be  c h a n g e d  a s  we 
r e f i n e  o u r  a n a l y s i s  a n d  e x te n d  o u r  m e a s u r e m e n t s .  H o w e v e r ,  t h i s  d o e s  no t 
a f f e c t  o u r  m a i n  c o n c lu s io n :  t h a t  th e  e x i s t e n c e  o f  s p o n t a n e o u s ly  f i s s i o n in g  
i s o m e r s  i s  q u i t e  w i d e s p r e a d  and  t h a t  t h i s  w i l l  r e q u i r e  a  g e n e r a l  and 
s y s t e m a t i c  t h e o r e t i c a l  i n t e r p r e t a t i o n .

H . JU N G C L A U S S E N : A f t e r  th e  .d i s c o v e ry  o f  th e  s p o n t a n e o u s  f i s s i o n
of  n u c le i  in  i s o m e r  s t a t e s ,  a  l a r g e  n u m b e r  o f  h y p o th e s e s  w e r e  m a d e  a s  to 
t h e  n a t u r e  o f  t h e s e  s t a t e s .  T h e  h i s t o r y  o f  e x p e r i m e n t a l  s t u d i e s ,  ab ou t  
w h ic h  P r o f e s s o r  P o l ik a n o v  h a s  sp o k e n ,  w a s  in  a  s e n s e  th e  h i s t o r y  o f  th e  
r e j e c t i o n  o f  o n e  t h e o r y  a f t e r  a n o th e r .

A f t e r  th e  a p p e a r a n c e  o f  th e  c a l c u l a t i o n s  by P r o f e s s o r  S t r u t i n s k y ,  
a b o u t  w h ich  h e  sp o k e  in  h i s  p a p e r ,  i t  w a s  th e  t u r n  o f  th e  h y p o th e s i s  o n  s h a p e  
i s o m e r i s m  in  th e  c a s e  o f  s p o n t a n e o u s ly  f i s s i o n i n g  i s o t o p e s .  T h i s  p o s s i 
b i l i t y  h a s  a l r e a d y  b e e n  m e n t i o n e d 1 . H o w e v e r ,  t h i s  h y p o th e s i s  t u r n e d  ou t 
to  b e  v i t a l  w h i le  a l l  th e  o t h e r s  d r o p p e d  o u t .  I t  d id  n o t  b r i n g  a b o u t  s e r i o u s  
c o n t r a d i c t i o n s  w i th  e x p e r i m e n t a l  d a ta ;  o n  th e  c o n t r a r y ,  i t  h e lp e d  to  e x p la in  
th e  m a i n  e x p e r i m e n t a l  f a c t s  w h ic h  i s  d i f f i c u l t  o n  th e  b a s i s  o f  o t h e r  h y p o 
t h e s e s .  I s h a l l  d w e l l  u p o n  tw o p e c u l i a r i t i e s  m e n t io n e d  by  P r o f e s s o r  
P o l ik a n o v ,  n a m e l y  th e  d e p e n d e n c e  o f  th e  i s o m e r  r a t i o  f o r  th e  g e n e r a t i o n  
o f  a n  242mfA m  i s o m e r  o n  th e  a v e r a g e  o r b i t a l  m o m e n t u m  o f  th e  co m p o u n d  
n u c l e u s  ( F ig .  3 in  th e  p a p e r )  and  th e  e x c i t a t i o n  fu n c t io n s  o f  th e  s a m e  i s o m e r  
s t a t e  o f  th e  n e u t r o n  r a d i a t i v e  c a p t u r e  ( F i g .  5). B o th  d e p e n d e n c e s  c a n  
e a s i l y  b e  o b ta in e d  t h e o r e t i c a l l y  i f  o n e  s t a r t s  f r o m  th e  a s s u m p t i o n  abou t

1 P O L IK A N O V . S .M .  e t a l . ,  Z h .  e ksp . te o r .  F iz .  4 2  (1 9 6 2 ) 1 4 6 4 .
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w h ic h  P r o f e s s o r  S t r u t i n s k y  s p o k e ,  n a m e l y  th a t  a  s u f f i c i e n t l y  h ig h  e x c i t e d  
n u c l e u s ,  o n  g o ing  t h r o u g h  th e  f i r s t  p o t e n t i a l  b a r r i e r ,  f o r m s  a new  c o m 
pound  n u c le u s  w i th  d e f o r m a t i o n  c o r r e s p o n d i n g  to  th e  s e c o n d  m i n i m u m  of 
t h e  d e f o r m a t i o n  e n e r g y .  T h i s  t a k e s  p la c e  if , in  th e  n u c l e u s  b e in g  r e m o v e d  
in  th e  r e g i o n  o f  th e  s e c o n d  w e l l ,  th e  e n e r g y ,  c o n c e n t r a t e d  d u r in g  th e  b a r r i e r  
t r a n s i t i o n  to  c o l l e c t i v e  d e g r e e s  o f  f r e e d o m ,  d i s s i p a t e s  r a p i d l y  and  i s  d i s t r i 
b u te d  a m o n g  o t h e r  d e g r e e s  o f  f r e e d o m .  T h e n  th e  fo l lo w in g  c a l c u l a t i o n a l  
p r o c e d u r e  i s  ju s t i f i e d :  ( 1 ) to  a s s o c i a t e  t h e  r e a c t i o n  c r o s s - s e c t i o n s  w i th
th e  w id th s  o f  a l l  th e  p r o c e s s e s  t a k in g  p a r t  in  t h i s  r e a c t i o n ,  s a y ,  n e u t r o n  
w id th s  in  th e  f i r s t  and  s e c o n d  w e l l s ,  w id th s  o f  t r a n s i t i o n s  o v e r  th e  f i r s t  
b a r r i e r  in  b o th  d i r e c t i o n s ,  e t c . ;  ( 2 ) to  e x p r e s s  t h e  w id th s  t h r o u g h  th e  
n u m b e r  o f  c h a n n e l s  o p e n  f o r  a  g iv en  t r a n s i t i o n ;  (3) to  c a l c u l a t e  th e  n u m b e r  
o f  o p e n  c h a n n e l s  f r o m  th e  s t a t i s t i c a l  m o d e l .

T h e  r e s u l t s  o b ta in e d  in  t h i s  w ay  r e p r o d u c e  th e  e x p e r i m e n t a l  c u r v e s  
s a t i s f a c t o r i l y ,  i . e .  th e  i s o m e r  r a t i o 2 and  th e  e x c i t a t i o n  fu n c t io n  o f  r a d i a 
t i v e  c a p t u r e 3. F r o m  th e  v a lu e  o f  th e  r a t i o  o f  ffm /ff{~ 3 X  1 0 "5 (am i s  th e  
c r o s s - s e c t i o n  o f  th e  i s o m e r  g e n e r a t i o n )  m e a s u r e d  f o r  th e  m a x i m u m  of 
th e  e x c i t a t i o n  fu n c t io n ,  i t  fo l lo w s  th a t  th e  s e c o n d  b a r r i e r  i s  a p p r o x i m a t e l y  
1 M eV  l o w e r  t h a n  th e  f i r s t  o n e .  T h e s e  r e s u l t s  a r e  a  c o n v in c in g  a r g u m e n t  
in  f a v o u r  o f  th e  h y p o th e s i s  o f  th e  s h a p e  i s o m e r i s m .  H o w e v e r ,  if  one  g o e s  
in to  d e t a i l s ,  a  n u m b e r  o f  p r o b l e m s  a r i s e .  O ne of t h e m  w a s  in d i c a t e d  by  
D r .  N ix  in  an  e a r l i e r  c o m m e n t .  W h ile  t h e  r a t i o  of t h e  l i f e t i m e s  o f  th e  
g r o u n d  and  i s o m e r  s t a t e s  to  s p o n ta n e o u s  f i s s i o n ,  o b ta in e d  t h e o r e t i c a l l y  
f r o m  th e  tw o - h u m p e d  s h a p e  o f  th e  f i s s i o n  b a r r i e r  t a k in g  in to  a c c o u n t  th e  
e n e r g y  d i f f e r e n c e  o f  th e  g r o u n d  and  i s o m e r  s t a t e  eq u a l  to  3 M eV , i s  c o n 
s i s t e n t  w i th  e x p e r i m e n t a l  data , '  to  o b t a i n  th e  a b s o l u te  v a lu e  o f  th e  l i f e t i m e  
o f  th e  242mfAm i s o m e r  th e  n u m b e r  o f  a t t e m p t s  o f  a  n u c le u s  to  p e n e t r a t e  
th e  b a r r i e r  sh o u ld  b e  a s s u m e d  to  be e q u a l  to  1 0 14 s e c ”1 in  o r d e r  o f  m a g n i 
tu d e ,  i .e . .  s e v e r a l  o r d e r s  o f  m a g n i tu d e  l o w e r  t h a n  th e  f r e q u e n c y  o f  z e r o  
o s c i l l a t i o n s .

S E M E N K O : T h e r e  a r e  s o m e  b a s i c  r e a s o n s  ( e . g .  S o m m e r - c a l c u l a t i o n
f o r  t h e r m a l  n e u t r o n s )  w h ic h  a l lo w  o n e  to  c o n s i d e r  th e  (n , y )  r e a c t i o n  w i th  
i s o m e r  f o r m a t i o n  to  b e  o f  th e  o n e - s t a g e  t y p e  (a  g a m m a - q u a n t u m  i s  e m i t t e d ) .  
A t h i g h e r  n e u t r o n  e n e r g i e s  (a b o u t  1 MeV) w h en  d i r e c t  c a p t u r e  i s  p r e d o m in a n t ,  
t h i s  s e e m s  to  be  o f  s p e c i a l  i m p o r t a n c e .  In  t h i s  c a s e  th e  a p p l i c a b i l i t y  of 
o n ly  s t a t i s t i c a l  c o n s i d e r a t i o n s  i s  no t q u i t e  u n d e r s t a n d a b l e .

T h e  s t a t e  f r o m  w h ic h  th e  g a m m a - q u a n t u m  i s  e m i t t e d  h a s  a d i f f e r e n t  
p a r i t y  and  d i f f e r e n t  i n t r i n s i c  s t r u c t u r e  f r o m  th e  i s o m e r i c  o n e s .  It  i s  c l e a r  
t h a t  i t  s h o u ld  b e  d e s c r i b e d  w ith  a  d i f f e r e n t  c u rv e ;  o ne  sh o u ld  n o t  i n t e r p o l a t e  
i t  a s  i f  i t  i s  w i th in  th e  i s o m e r i c  p o te n t i a l  w e l l .

H . JU N G C L A U S S E N : T h e  s p in  and  p a r i t y  o f  o n e  o r  th e  o t h e r  s t a t e s
c a n ,  o f  c o u r s e ,  a f f e c t  th e  p r o b a b i l i t y  o f  i s o m e r  p r o d u c t io n .  H o w e v e r ,  
i f  th e  b a s i c  a s s u m p t i o n  m e n t io n e d  a b o v e  i s  t r u e ,  t h e n  t h i s  e f f e c t ,  p r i m a r i l y ,  
i s  h a r d l y  r e l a t e d  to  th e  g a m m a  w id th  bu t  r a t h e r  to  th e  f a c t  t h a t  th e  b a r r i e r  
s h a p e  i s  s p i n - d e p e n d e n t  and  c a n  v a r y  f o r  g ro u n d  and  i s o m e r i c  s p in  s t a t e s .  
T h e  a c c o u n t  of s u c h  e f f e c t s  r e q u i r e s  a  m o r e  d e v e lo p e d  t h e o r y .

N . V1LCOV: C o n c e r n in g  P r o f e s s o r  P o l ik a n o v 'S  p a p e r ,  o u r  u n d e r 
s t a n d in g  o f  th e  m e c h a n i s m  of  th e  f o r m a t i o n  and  d e c a y  o f  s p o n t a n e o u s ly  
f i s s i o n i n g  i s o m e r i c  s t a t e s  h a s  b e e n  c o n s i d e r a b l y  c l a r i f i e d  in  th e  l a s t  y e a r .  
T h i s  i s  d u e  to  the  a p p l i c a t i o n  o f  th e  tw o - h u m p e d  p o te n t i a l  b a r r i e r  to  e x p la in

2 JU N G C L A U S S E N , H . ,  Y a d e m a y a  F iz .  5 (1 9 6 7 ) 5 38 .
3 JU N G C L A U S S E N , H . ,  PLEVE, A . A . ,  P re p r in t P 1 5 -3 6 1 8 , D ubna  (1 9 6 7 ).
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t h e  e x p e r i m e n t s  on  f a s t  n e u t r o n  c a p t u r e  (of th e  r e a c t i o n  ty p e  241A m (n ,  7 ) 
242mfAm) a s  w e l l  a s  th e  e x p e r i m e n t s  o n  s u b - b a r r i e r  r e s o n a n c e s  o f  in d u c e d  
f i s s i o n .  U n fo r tu n á te ly ,  th e  p r e s e n t  t h e o r y  i s  o f  a  q u a l i t a t i v e  c h a r a c t e r ,  
m a i n l y  b e c a u s e  o f  th e  a b s e n c e  o f  d a ta  o n  n u c l e a r  p a r a m e t e r s ,  e . g .  th e  l e v e l  
d e n s i t y  p a r a m e t e r  f o r  h e a v y  n u c le i  a t  l a r g e  d e f o r m a t i o n s .  In  p r i n c i p l e ,  
th e  s tu d y  of s u b - b a r r i e r  r e s o n a n c e s  and  (d, p) e x p e r i m e n t s  c a n  p ro v id e  
i n f o r m a t i o n  o n ly  on  n u c l e a r  s t a t e s  in  t h e  s e c o n d  p o te n t i a l  w e l l .  T a k in g  
in to  a c c o u n t  th e  c o m p l e x i t y  of t h e s e  e x p e r i m e n t s  in  t h e  s a d d l e - p o i n t ,  one  
a r r i v e s  a t  th e  c o n c lu s io n  th a t  th e  v a lu e s  o f  t h e  s t a t i s t i c a l  m o d e l  p a r a m e t e r s  
w i th  r e s p e c t  to  n u c l e a r  d e f o r m a t i o n s  c a n  be  o b ta in e d  now o n ly  by  m e a n s  o f  
c a l c u l a t i o n s .

S o m e  w o r d s  o n  th e  'u n d e s e r v e d l y  f o r g o t t e n '  s p i n .  T h e  i s o m e r i c  s t a t e  
s p in  a l lo w s  o n e  to  f o r g e t  i t  u n t i l  i t  i s  s m a l l .  T h e  e x p e r i m e n t s  h a v e  sho w n  
t h a t  f o r  th e  i s o m e r i c  s t a t e  of 242mfAm th i s  i s  th e  c a s e ,  i . e .  th e  s p in  i s  
no t  l i k e ly  to  e x c e e d  a  few u n i t s .  B u t  t h i s  r e f e r s  to  a  s i n g le  i s o m e r .  It  
i s  q u i te  p o s s i b l e  t h a t ,  f o r  e x a m p l e ,  th e  s h i f t  o f  th e  e x c i t a t i o n  fu n c t io n s  
o f  th e  243A m (n , 7 ) r e a c t i o n  o b ta in e d  r e c e n t l y  in  B u c h a r e s t  i s  d ue  to  a  l a r g e r  
s p in  v a lu e  o f  th e  244mfA m  i s o m e r i c  s p a t e s .  F r o m  t h i s  po in t  o f  v ie w  th e  
a t t e m p t s  t o  c o m b i n e  t h e  t w o - h u m p e d  b a r r i e r  m o d e l  w ith  s t a t i s t i c a l  c a l c u 
l a t i o n s ,  t a k in g  in to  a c c o u n t  a n g u l a r  m o m e n t a ,  s e e m  to  be  o f  s p e c i a l  i n t e r e s t .

J .R .N I X :  F o r  t h e  c l a s s i c  242A m  s p o n t a n e o u s ly  f i s s i o n in g  i s o m e r  an
in c o n s i s t e n c y  e x i s t s  b e tw e e n  th e  v a r i o u s  t y p e s  o f  e x p e r i m e n t a l  d a t a  i f  i t  
i s  a s s u m e d  t h a t  th e  i s o m e r i c  s t a t e  i s  t h e  r e s u l t  o f  a s e c o n d a r y  m i n im u m  
in  a o n e - d i m e n s i o n a l  p o t e n t i a l  b a r r i e r .  T h e  m e a s u r e d  t o t a l  h a l f - l i f e  ( i .  e . 
th e  h a l f - l i f e  f o r  s p o n t a n e o u s  f i s s i o n  t h r o u g h  th e  s e c o n d  b a r r i e r ,  f o r  g a m m a  
d e c a y  t h r o u g h  th e  f i r s t  b a r r i e r ,  f o r  a lp h a  and  b e t a  d e c a y ,  e t c . )  i s  14 m s  
f o r  th e  i s o m e r i c  s t a t e .  T h e  m e a s u r e d  s p o n t a n e o u s - f i s s i o n  h a l f - l i f e  f r o m  
e s s e n t i a l l y  th e  g ro u n d  s t a t e  i s  1 0 12 y e a r s ,  and  th e  l a r g e r  o f  th e  tw o  b a r r i e r  
h e ig h t s  i s  6 . 4  M eV . F r o m  t h e s e  d a t a  o n e  c a n  c o m p u te  t h a t  th e  e n e r g y  
o f  th e  s e c o n d a r y  m i n i m u m  c a n  a t  m o s t  be  a b o u t  1. 5 M eV  a b o v e  th e  e n e r g y  
o f  th e  g ro u n d  s t a t e ,  e v e n  i f  o n e  p e r m i t s  a  d e p e n d e n c e  o f  th e  i n e r t i a l  p a 
r a m e t e r  up o n  d e f o r m a t i o n  and  a  w id e  r a n g e  o f  b a r r i e r  s h a p e s .  T h i s  i s  
s u b s t a n t i a l l y  l e s s  t h a n  th e  v a lu e  o f  (2. 9 ± 0 . 4 )  M eV  d e d u c e d  f r o m  th e  e x c i 
t a t i o n  fu n c t io n s  f o r  p r o d u c in g  th e  g r o u n d  and  i s o m e r i c  s t a t e s ,  o r  th e  v a lu e  
o f  3 .1  M eV  d e d u c e d  f r o m  f i s s i o n  c r o s s - s e c t i o n  r e s o n a n c e  s p a c i n g s .  T h i s  
i n c o n s i s t e n c y  l e a d s  o n e  to  s u g g e s t  t h a t  i f  t h e s e  d e d u c e d  v a l u e s  r e p r e s e n t  
a c c u r a t e  m e a s u r e m e n t s  o f  th e  e n e r g y  o f  th e  s e c o n d a r y  m i n i m u m ,  t h e n  p e r 
h a p s  th e  p o s i t i o n  o f  t h e  s e c o n d a r y  m i n i m u m  i s  in  a  d i r e c t i o n  in  t h e  m u l t i 
d im e n s i o n a l  d e f o r m a t i o n  s p a c e  t h a t  i s  no t a lo n g  th e  d i r e c t i o n  t h r o u g h  w h ich  
s p o n ta n e o u s  f i s s i o n  f r o m  th e  g r o u n d  s t a t e  p r o c e e d s .

F o r  th e  o n e  o t h e r  n u c l e u s  f o r  w h ic h  th e  tw o h a l f - l i v e s ,  th e  b a r r i e r  
h e ig h t ,  and  th e  i s o m e r  e x c i t a t i o n  e n e r g y  h a v e  b e e n  m e a s u r e d ,  n a m e l y  
241 A m , th i s  i n c o n s i s t e n c y  i s  no t p r e s e n t .  H o w e v e r ,  th e  i n c o n s i s t e n c y  f o r  
242A m  m e a n s  t h a t  we do no t  r e a l l y  h a v e  t h e  e n t i r e  e x p la n a t io n  o f  s p o n 
t a n e o u s l y  f i s s i o n in g  i s o m e r s  in  t e r m s  o f  a  s e c o n d a r y  m i n i m u m  in  a  o n e 
d i m e n s i o n a l  p o t e n t i a l  b a r r i e r .

J .  J .  G R I F F IN :  I w o u ld  l i k e  v e r y  b r i e f l y  to  g ive  a p o s s i b l e  b a s i s  f o r  
d e s c r i b i n g  th e  m a s s  a s y m m e t r y  in  n u c l e a r  f i s s i o n .  T h e  d e s c r i p t i o n  i n 
v o lv e s  t h r e e  e s s e n t i a l  e l e m e n t s :
( 1 ) t h e  a s s u m p t i o n  t h a t  th e  d e f o r m a t i o n  frorri s a d d l e  p o in t  s h a p e  to  s c i s s i o n  
s h a p e  p r o c e e d s  m i ld ly ;
( 2 ) th e  r e c o g n i t i o n  th a t  th e  c o l l e c t i v e  p o te n t i a l  e n e r g y  f o r  l a r g e  r a p i d  s h a p e  
c h a n g e s  i s  no t th e  s a m e  a s  th e  l i q u id  d r o p  p o t e n t i a l  s u r f a c e ,
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(3) th e  u s e  o f  th e  r e f l e c t i o n  s y m m e t r y  p r o p e r t y  o f  n u c le o n ic  o r b i t a l s  in  
r e f l e c t i o n - s y m m e t r i c  n u c le i  to  s tu d y  th e  p o t e n t i a l  e n e r g y  f o r  r a p i d  c o l 
l e c t i v e  m o t io n .

H i l l  and  W h e e l e r  h a v e  c a l c u l a t e d 4 th e  p r o b a b i l i t y  th a t  an  o c c u p ie d  
o r b i t ,  (+ +),  r e m a i n s  o c c u p ie d  a s  th e  d e f o r m a t i o n  i s  c h a n g e d  th r o u g h  a 
v a lu e ,  a Q, a t  w h ic h  t h i s  o r b i t  c r o s s e s  an  u n f i l le d  o r b i t  If a  i s  s m a l l ,
t h e n  th e  s y s t e m  fo l lo w s  E low and  th e  p r o b a b i l i t y  o f  f in d in g  (++) o c c u p ie d  
a t  l a r g e  a  i s  z e r o .  F o r  a d e f o r m a t io n  v e lo c i ty  l a r g e  c o m p a r e d  w ith  
V 12 /f t ,  t h e  p r o b a b i l i t y  t h a t  (++) r e m a i n s  o c c u p ie d  a p p r o a c h e s  1 .

T h i s  s u g g e s t s  a  s i m p l e  m o d e l  f o r  e s t i m a t i n g  th e  p o te n t i a l  e n e r g y  
f o r  r a p i d  d e f o r m a t i o n  a s  fo l lo w s .  L e t  e a c h  n u c le o n  r e m a i n  in  th e  o r b i t a l  
w h ic h  e v o lv e s  c o n t in u o u s ly  a s  th e  d e f o r m a t i o n  p r o c e e d s ,  i . e .  n e g le c t  
th e  e f f e c t  o f  r e s i d u a l  tw o -b o d y  i n t e r a c t i o n s ,  V 12, in  s c a t t e r i n g  n u c le o n s  
in to  o t h e r  l o w e r  e n e r g y  o r b i t s .  T h e n  th e  t o t a l  e n e r g y  of a l l  th e  n u c le o n s  
o c c u p y in g  th e  o r b i t s  o b ta in e d  in  t h i s  w ay  g iv e s  an  e s t i m a t e  o f  th e  p o te n t i a l  
e n e r g y  f o r  r a p i d  c o l l e c t i v e  m o t io n .  We r e f e r  to  t h i s  e n e r g y  a s  th e  
n u c l e o n - c o n f i g u r a t i o n a l  ( o r  " N - C " )  e n e r g y  s u r f a c e .

F o r  m a n y  n u c le o n s  c o n ta in e d  in  an  in f in i te  s q u a r e  w e l l  box o f  v o lu m e  V 
and  s u r f a c e  a r e a  S o n e  c a n  w r i t e  down a s t a t i s t i c a l  f o r m u l a  f o r  th e  d e n s i t y  
o f  o r b i t s ,  d N /d k .  If, b e s i d e s ,  th e  s h a p e  i s  r e f l e c t i o n - s y m m e t r i c ,  o ne  
c a n  w r i t e  down s e p a r a t e l y  th e  d e n s i t i e s  o f  r e f l e c t i o n - s y m m e t r i c  and 
a n t i - s y m m e t r i c  o r b i t s  (c f .  C o n t r ib u t io n  No. 166 to  t h i s  S y m p o s iu m ) .  W ith 
s u c h  f o r m u l a s  we h a v e  s tu d ie d  th e  N -C  s u r f a c e  w h ich  l i e s  lo w e s t  a t  th e  
s a d d l e  po in t  a lo ng  two e d g e s  o f  a t w o - p a r a m e t e r  d e f o r m a t i o n  s p a c e .  One 
ed g e  i s  th e  l in e  o f  r e f l e c t i o n - s y m m e t r i c  s h a p e s ,  p a r a m e t e r i z e d  by  th e  
a r e a ,  a, o f  th e  n u c l e a r  n e c k  in  th e  Z = 0 p la n e .  T h e  o t h e r  e d g e  i s  th e  
l in e  o f  s c i s s i o n  s h a p e s  ( a s  0), p a r a m e t e r i z e d b y  th e  a s y m m e t r y  p a r a m e t e r ,  
6, c h o s e n  so  th a t  the  v o lu m e  r a t i o  o f  th e  two f r a g m e n t s  i s  ( l  + 6) / ( l - 6).

T h e  r e s u l t s  a r e  a s  fo l lo w s .  F o r  a g iv e n  c o n f ig u ra t io n ,  s p e c i f i e d  
f o r  r e f l e c t i o n - s y m m e t r i c  s h a p e s  by th e  n u m b e r ,  N+, o f  f i l l e d  r e f l e c t i o n -  
s y m m e t r i c  o r b i t s ,  th e  e n e r g y  r i s e s  m o n o t o n ic a l ly  a s  th e  a r e a ,  a ,  t e n d s  
t o w a r d s  z e r o .  A long  th e  s c i s s i o n  l in e ,  o n  th e  o t h e r  han d ,  th e  lo w e s t  
e n e r g y  c o n f i g u r a t io n  w h ic h  c a n  be  e v o lv ed  c o n t in u o u s ly  f r o m  th i s  h ig h ly  
e x c i t e d  N + c o n f ig u r a t io n  h a s  an  e n e r g y  w h ich  d e c r e a s e s  w ith  a s y m m e t r y ,  
6, u n t i l  i t  t o u c h e s  th e  l iq u id  d r o p  s u r f a c e  at a  v a lu e  o f  6 g iv e n  by

( l  + á ) / ( l - ó )  =N+/N_ = VH/V L (1)

O ne t h e r e f o r e  i n f e r s  th a t  th e  s e q u e n c e  o f  s y m m e t r i c  s h a p e s  l e a d in g  
to  s y m m e t r i c  s c i s s i o n  i s  q u i t e  u n f a v o u r a b le  e n e r g e t i c a l l y  f o r  r a p i d  d e f o r 
m a t i o n s .  (Slow d e f o r m a t i o n s ,  in  c o n t r a s t ,  would find t h i s  p a th  th e  m o s t  
f a v o u r a b le  one  on  th e  L - D  s u r f a c e . )  R a t h e r ,  a  s e q u e n c e  o f  s h a p e s  a lon g  
w h ich  6 i n c r e a s e s  a s  ' a '  d e c r e a s e s  to  z e r o ,  and  w h ich  l e a d s  to a n  a s y m 
m e t r i c  s c i s s i o n  w ith  m a s s  r a t i o  g iv e n  by E q . ( l ) ,  i s  p r e f e r r e d  on  th e  N -C  
p o te n t i a l  s u r f a c e .

T h u s  o n e  c o m e s  to  c o n s i d e r  'w a l k - r u n '  f i s s i o n  in  w h ic h  s lo w  m o t io n  
o v e r  th e  L - D  p o te n t i a l  s u r f a c e  b r i n g s  th e  n u c le u s  to  i t s  s a d d l e  p o in t  
s h a p e ,  w h en ce  r a p i d  m o t io n  o c c u r s  to  a s c i s s i o n  po in t  w ith  a s y m m e t r y  
d e f in ed  in  f i r s t  a p p r o x i m a t io n  by th e  v a lu e  o f  N /N_ a t  th e  s a d d le  po in t .

4 Phys. R ev . 89  (1 9 5 3 ) 1 1 0 2 .
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T h i s  a s y m m e t r y  d e c r e a s e s  w ith  d e c r e a s i n g  f i s s i o n a b i l i t y ,  x , in  q u a l i t a t iv e  
a g r e e m e n t  w ith  e x p e r i m e n t a l  f a c t .

F i n a l l y ,  we p o in t  ou t  t h a t  th e  d i f f e r e n c e  b e tw e e n  th e  e n e r g y  a t  th e  
s y m m e t r i c  s c i s s i o n  s h a p e  and t h a t  o f  th e  l o w e s t  e n e r g y  a s y m m e t r i c  s c i s s i o n  
s h a p e  i s  a t e r m  o f  o r d e r  o f  th e  n u c l e a r  v o lu m e ,  A, in  c o n t r a s t  to  th e  s u r f a c e  
e n e r g y  and  s h e l l  c o r r e c t i o n s  w h ich  a r e  o f  o r d e r  A2'/3 . T h i s  r e s u l t  p r o 
v id e s  g ro u n d s  f o r  o p t i m i s m  th a t  th e  m a j o r  f e a t u r e s  o f  th e  d e s c r i p t i o n  w il l  
s t i l l  o b ta in  w hen  th e  n u c l e a r  m o d e l  i s  m a d e  m o r e  r e a l i s t i c .

A ll  in  a l l ,  th e ’ r e s u l t s  s e e m  to r e c o m m e n d  a c a r e f u l  s t u d y  o f  th e  
d y n a m i c a l  a s p e c t s  o f  th e  c o l l e c t i v e  p r o b l e m ,  a im e d  a t  e s t a b l i s h i n g  th e  
a s s u m p t i o n  o f  r a p i d  m o t io n  w h ic h  u n d e r l i e s  th e  p r e s e n t  d e s c r i p t i o n .
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Abstract — Аннотация

S TR U C T U R E  E FFECTS IN  N U C L E A R  F IS S IO N . T w o  k in d s  o f  s t ru c tu re  in  s u b - th re s h o ld  f is s io n  h a v e  

b e e n  o bse rve d  a nd  a re  re v ie w e d  h e re .  T h e  f i r s t  k in d ,  c a l le d  gross s t ru c tu re ,  a re  th e  p ea ks  ra n g in g  o v e r  som e 

ten s  o f  k e V  in  w id th  in  th e  n e u tro n  c ro s s -s e c t io n s , a v e ra g e d  o v e r e n e rg y  in te r v a ls  th a t  in c lu d e  v e ry  m a n y  

f in e - s tr u c tu re  re so na nce s , fo r  f is s io n  o f  m a n y  a c t in id e  n u c le i .  T h e  second k in d ,  c a l le d  n a r ro w  in te r m e d ia te  

s tru c tu re , is  s p e c ta c u la r ,  a nd  is  fo u n d  in  n a r ro w  g roups  o f  f in e - s t r u c tu re  re so na nce s  w i t h  a n o m a lo u s ly  h ig h  

fis s io n  w id th s .  T h e  e x p la n a t io n  fo r  b o th  the se  k in d s  o f  s t ru c tu re  seem s to  b e  th e  S tru t in s k y  p o te n t ia l  e n e rg y  

c u rv e  fo r  th e  p ro la te  d e fo rm a t io n  o f  t ra n s u ra n ic  n u c le i .  T h is  e x h ib it s  a  s e c o n d a ry  m in im u m  b e fo re  re a c h in g  

th e  s a d d le -p o in t .  T h is  s e c o n d a ry  m in im u m ,  in  w h ic h 1 th e  c o m p o u n d  n u c le u s  has a lo w  e f fe c t iv e  e x c i ta t io n  

e n e rg y , m a y  be  re s p o n s ib le  fo r  th e  w e a k - m ix in g  o f  f is s io n  m o d e s  in to  th e  c o m p o u n d  n u c le u s  m o t io n  (g ro ss  

s t ru c tu re ) ,  as w e l l  as fo r  th e  a p p e a ra n c e  o f  a  second  c la ss  o f  ’ c o m p o u n d  n u c le u s  s ta te s ’ , w i t h  la rg e  fis s io n  

w id th s ,  th a t  a re  o n ly  v e ry  w e a k ly  c o u p le d  to  th e  m u c h  d en se r 'n o r m a l '  c la s s  o f  c o m p o u n d  n u c le u s  s ta tes 

(n a rro w  in te r m e d ia te  s tru c tu re ) .

В Л И Я Н И Е  Р Е З О Н А Н С Н О Й  С Т Р У К Т У Р Ы  Н А  Д Е Л Е Н И Е  Я Д Р А .  Р а с с м а т р и в а ю т с я  д в а  
т и п а  с т р у к т у р ы ,  к о т о р ы е  б ы л и  о б н а р у ж е н ы  в  с е ч е н и и  п о д п о р о г о в о г о  д е л е н и я .  П е р в ы й  т и п ,  
н а з ы в а е м ы й  г р у б о й  с т р у к т у р о й ,  п р е д с т а в л я е т  с о б о й  п и к и  с  ш и р и н о й  б о л ь ш е  н е с к о л ь к и х  
десят ков  к э в  в  н е й т р о н н о м  с е ч е н и и ,  у с р е д н е н н о м  п о  э н е р г е т и ч е с к о м у  и н т е р в а л у ,  в к л ю ч а ю 
щ е м у  б о л ь ш о е  к о л и ч е с т в о  р е з о н а н с о в  т о н к о й  с т р у к т у р ы ,  и  н а б л ю д а е т с я  у  м н о г и х  а к т и н и д о в .  
В т о р о й  т и п ,  н а з ы в а е м ы й  у з к о й  п р о м е ж у т о ч н о й  с т р у к т у р о й ,  в и д е н  н е п о с р е д с т в е н н о  и  о б н а 
р у ж е н  в  у з к и х  г р у п п а х  р е зо н а н с о в  с а н о м а ль н о  б о л ь ш и м и  д е л и т е л ь н ы м и  ш и р и н а м и .  О б ъ я с 
н е н и е  о б о и х  э т и х  в и д о в  с т р у к т у р ы ,  в и д и м о ,  д а е т  к р и в а я  С т р у т и н с к о г о  д л я  п о т е н ц и а л ь н о й  
э н е р г и и  в ы т я н у т ы х  д е ф о р м и р о в а н н ы х  я д е р  т р а н с у р а н о в о й  о б л а с т и .  Э т а  к р и в а я  и м е е т  н и ж е  
с е д л о в о й  т о ч к и  в т о р о й  м и н и м у м .  Этот в т о р о й  м и н и м у м ,  г д е  с о с т а в н о е  я д р о  и м е е т  н и з к у ю  
э ф ф е к т и в н у ю  э н е р г и ю  в о з б у ж д е н и я ,  м о ж е т  о т в е ч а т ь  к а к  з а  с л а б о е  с м е ш и в а н и е  к о н ф и г у р а 
ц и й  р а з л и ч н ы х  т и п о в  д е л е н и я  и  с о с т а в н о г о  я д р а  ( г р у б а я  с т р у к т у р а ) ,  т а к  и  з а  п о я в л е н и е  д р у ~  
г о г о  к л а с с а  " с о с т о я н и й  с о с т а в н о г о  я д р а "  с  б о л ь ш о й  д е л и т е л ь н о й  ш и р и н о й ,  о ч е н ь  с л а б о  с в я 
з а н н ы х  с  г о р а з д о  б о л е е  п л о т н ы м и  " н о р м а л ь н ы м и "  с о с т о я н и я м и  с о с т а в н о г о  я д р а  ( у з к а я  п р о м е 
ж у т о ч н а я  с т р у к т у р а ) .

1. IN T R O D U C T IO N

It h a s  lo n g  b e e n  b e l i e v e d  t h a t  th e  f i s s i o n  m o d e  of m o t io n  o f  a n  e x c i t e d  
n u c l e u s  i s  one  th a t  i s  s t r o n g l y  d a m p e d ;  i . e .  th e  e l e m e n t a r y  f i s s i o n  m o d e ,  
a  p r o l a t e  s h a p e  v i b r a t i o n  l e a d in g  to  d iv i s i o n  o f  th e  n u c le u s ,  i s  d i s s o l v e d  
a m o n g  th e  c o m p o u n d  n u c le u s  s t a t e s  o v e r  a  v e r y  b r o a d  e n e r g y  i n t e r v a l .  
Now, h o w e v e r ,  t h e r e  i s  p e r s u a s i v e  e v id e n c e  th a t  th e  s t r o n g  d a m p i n g  
m e c h a n i s m  b r e a k s  dow n, a t  l e a s t  f o r  s u b - t h r e s h o l d  f i s s i o n ,  a n d  t h a t  t h i s  
b r e a k d o w n  i s  a s s o c i a t e d  w i th  th e  e x i s t e n c e  of m e t a s t a b l e  s h a p e s  o f  th e  
n u c l e u s .  T h e r e  a r e  f o u r  m a i n  g r o u p s  of e v id e n c e  f o r  t h i s  s t a t e m e n t .

2 . S P O N T A N E O U S  FISSIO N IN G  ISO M E R S

’ T h e  f i r s t  g r o u p  o f  e v id e n c e  i s  c o n c e r n e d  w ith  th e  e x i s t e n c e  of m e t a 
s t a b l e  s h a p e s ,  an d  w i l l  o n ly  b e  d e a l t  w i th  v e r y  s u m m a r i l y  h e r e  b e c a u s e  it  
w a s  th e  s u b j e c t  of t h e  p r e v i o u s  p a p e r  [1]. I t  s t a r t s  f r o m  th e  d i s c o v e r y  of
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s p o n ta n e o u s  f i s s i o n in g  i s o m e r s  by  F l e r o v  a n d  P o l ik a n o v  [2] in  1964. S ince  
t h e  o r i g i n a l  d i s c o v e r y  a  n u m b e r  of t h e s e  h ig h ly  i n t e r e s t i n g  i s o m e r i c  s t a t e s  
h a v e  b e e n  d i s c o v e r e d  a n d  t h e i r  p r o p e r t i e s  in v e s t i g a t e d ,  m a i n ly  by  F l e r o v  
an d  P o l i k a n o v ' s  g r o u p  in  R u s s i a  and  by  BjySrnholm and  h i s  c o l l e a g u e s  in  
C o p e n h a g e n .  A l l  t h o s e  d i s c o v e r e d  up to  th e  end  o f  1967 a r e  in  i s o t o p e s  of 
a m e r i c i u m .  T h e i r  h a l f - l i v e s  a r e  of th e  o r d e r  o f  m i l l i s e c o n d s ,  and  th e  
p r i n c i p a l  m o d e  of d e c a y  i s  s p o n ta n e o u s  f i s s i o n .  T h e  e n e r g i e s  of t h e s e  
s t a t e s  h a v e  b e e n  found in  a  few  c a s e s  to  be  a b o u t  3 M eV  a b o v e  th e  g ro u n d  
s t a t e  of th e  r e s p e c t i v e  i s o to p e ,  th u s  s h o w in g  th a t  t h e i r  p e c u l i a r  p r o p e r t y  
i s  no t  th e  d e c a y  b y  s p o n ta n e o u s  f i s s i o n ,  bu t th e  e x t r a o r d i n a r y  in h ib i t io n  of 
g a m m a - d e c a y  to  l o w e r  s t a t e s .  A n a ly s i s  of th e  s h a p e s  of th e  y ie ld  c u r v e s  
f o r  f o r m a t i o n  o f  th e  i s o m e r s  sh o w s  th a t  t h e i r  s p i n s  a r e  not p a r t i c u l a r l y  
h ig h  (•*! 7h); th e  c o n v e n t io n a l  e x p la n a t io n  f o r  i s o m e r i s m  (high m u l t i p o l a r i t y  
of a l l  e l e c t r o m a g n e t i c  t r a n s i t i o n s  in  d e c a y )  c a n n o t  a p p ly  h e r e .

3. D E F O R M A T IO N  E N E R G Y  O F  N U C L E I :  T H E  ST R U T IN S K Y
P O T E N T I A L

3 . 1 .  T h e  s o u r c e  o f  th e  p o t e n t i a l

T h e  s e c o n d  l i n e  of r e s e a r c h  i s  a  p u r e l y  t h e o r e t i c a l  o n e .  In  a n  e f f o r t  
to  e x p la in  th e  e q u i l i b r i u m  d e f o r m a t i o n s  o f  n o n - m a g i c  n u c le i  a s  w e l l  a s  th e  
h e ig h t s  and  s a d d l e - p o i n t  d e f o r m a t i o n s  of f i s s i o n  b a r r i e r s ,  S t r u t i n s k y  [3] 
h a s  a d o p te d  a c o m b i n a t i o n  of l i q u i d - d r o p  m o d e l ,  w h ic h  p r o v i d e s  th e  m a j o r  
c o m p o n e n t  of th e  n u c l e a r  m a s s ,  and  a  N i l s s o n  d e f o r m e d  s h e l l - m o d e l ;  th e  
l a t t e r  p r o v i d e s  a  c o r r e c t i o n  t e r m  to  th e  l i q u i d - d r o p  e n e r g y .  M in im a  in  
th e  s h e l l - c o r r e c t i o n  t e r m  o c c u r  w h e r e  t h e r e  a r e  g a p s  in  th e  s i n g l e 
p a r t i c l e  l e v e l  s t r u c t u r e  n e a r  t h e  F e r m i  e n e r g y  of th e  s y s t e m .  F o r  s p h e r i 
c a l  n u c le i  t h e s e  m i n i m a  a r e  m o s t  p r o n o u n c e d  a t  th e  m a g i c  n u m b e r s ,  bu t  
th e  im p o r t a n t  p r o p e r t y  of th e  N i l s s o n  d i a g r a m  th a t  S t r u t i n s k y  e m p h a s i z e s  
i s  th a t  o t h e r  g a p s  o c c u r  a t  n o n - z e r o  d e f o r m a t i o n s ,  and  s u c h  g a p s  r e c u r  
w i th  i n c r e a s i n g  d e f o r m a t i o n  f o r  a g iv e n  n u c le o n  n u m b e r .  T h u s ,  a c c o r d i n g  
to  th e  c a l c u l a t i o n s ,  m o r e  th a n  o ne  m i n i m u m  c a n  o c c u r  in  th e  p o te n t i a l  
e n e r g y  of d e f o r m a t i o n  of a n u c le u s ,  and  s u c h  a s e c o n d a r y  m i n i m u m  i s  e x 
p e c t e d  to  b e  s t r o n g ly  p r o n o u n c e d  in  th e  t r a n s u r a n i c  n u c le i .

T h i s  s e c o n d a r y  m i n im u m  p r o v i d e s  a  p o s s i b l e  e x p la n a t io n  of th e  s p o n 
ta n e o u s  f i s s i o n in g  i s o m e r s ;  s u c h  an  i s o m e r  w ou ld  b e  th e  lo w e s t  v i b r a t i o n a l  
s t a t e  o f  th e  s e c o n d a r y  m i n i m u m .  I t s  t u n n e l l i n g  t o w a r d s  d e c a y  by  s p o n 
t a n e o u s  f i s s i o n  w ould  b e  l e s s  in h ib i t e d  th a n  u s u a l  w h i le  i t s  g a m m a  d e c a y  
w ou ld  b e  s t r o n g l y  r e d u c e d  b e c a u s e  of i t s  s m a l l  a m p l i t u d e  in  th e  n o r m a l  
m i n i m u m .

3 . 2 .  W a v e - f u n c t i o n s  in  th e  S t r u t i n s k y  p o te n t i a l

T h e  S t r u t i n s k y  p o te n t i a l  i s  sh o w n  s c h e m a t i c a l l y  in  F i g .  1. T h e  p a r a m 
e t e r  /3 i s  th e  c o - o r d i n a t e  d e s c r i b i n g  p r o l a t e  d e f o r m a t i o n  of th e  n u c le u s ,  
th r o u g h  th e  s a d d l e  p o in t  in  th e  p o t e n t i a l  e n e r g y  s u r f a c e  o f  th e  n u c l e u s  a s  a 
fu n c t io n  o f  d e f o r m a t io n ,  le a d in g  e v e n tu a l ly  t o w a r d s  s c i s s i o n .  G e n e r a l l y  
sp e a k in g ,  th e  o n e - d i m e n s i o n a l  w a v e - f u n c t io n s  in  t h i s  p o te n t i a l  m a y  be 
c l a s s i f i e d  by  t h e i r  r e l a t i v e  a m p l i t u d e s  in  th e  tw o  p o te n t i a l  e n e r g y  m i n i m a .  
W e c o n s i d e r  t h o s e  e ig e n f u n c t io n s  w ith  th e  m a j o r  p a r t  of t h e i r  a m p l i t u d e s  in
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th e  f i r s t ,  d e e p e r  m i n i m u m  a s  " c l a s s  I " ,  and  th o s e  w ith  th e  m a j o r  p a r t  of 
t h e i r  a m p l i t u d e s  in^ the s h a l l o w e r  m i n i m u m  a s  " c l a s s  I I м.

T h e  r e l a t i v e  a m p l i t u d e s  o f  a  g iv e n  e ig e n f u n c t io n  in  th e  tw o  m i n i m a  
d e p e n d  on  th e  d e p th ’ of th e  e ig e n f u n c t io n  b e lo w  th e  i n t e r m e d i a t e  m a x i m u m  
(in a n  e x p o n e n t i a l  m a n n e r )  an d  on the, e ig e n v a lu e  s e p a r a t i o n  of tw o  n e ig h 
b o u r i n g  e ig e n f u n c t io n s  of o p p o s i t e  c l a s s .  I t  i s  p o s s i b l e  ( though  no t  l ik e ly )  
th a t  s u c h  n e ig h b o u r in g  e i g e n s t a t e s  a r e  s o  c l o s e  th a t  th e y  c a n n o t  b e  s i g 
n i f i c a n t ly  c l a s s i f i e d  by  th e  s h a p e  q u a n tu m  n u m b e r s  g iv e n  a b o v e :  i . e .  f o r  
e a c h  e ig e n f u n c t io n  th e  r e l a t i v e  a m p l i t u d e  с in  th e  tw o m i n i m a  i s  c lo s e  
to  u n i ty .

Int. moxm-

F I G . l .  S c h e m a t ic  d ia g ra m  o f  th e  S tru t in s k y  p o te n t ia l  as a  fu n c t io n  o f  p ro la te  d e fo rm a t io n  o f  th e  n u c le u s . 

C la ss  I  ( f u l l  l in e )  a nd  c lass I I  (b ro k e n  l in e )  v ib r a t io n a l  le v e ls  a nd  w a v e - fu n c t io n s  a re  a lso  sh o w n .

F IG .2 . A c tu a l  p o te n t ia l  used fo r  c a lc u la t io n s  o f  t u n n e l l in g  p ro p e r t ie s  o f  c lass I  and  c la ss  I I  w a v e - fu n c t io n s .  
M ass p a ra m e te r  В = 2 . 84 X 1 0 ~ «  g  c m 2 . C o n d it io n s  a re  ch ose n  to  a p p ro x im a te  tho se  b e lie v e d  to  a p p e r ta in  

to  l e A m  (e x c e p t  th a t  th e  s a d d le  p o in t  is  n o t s h o w n ). C u t - o f f  in te r m e d ia te  p e a k  is  to  s im p l i f y  n u m e r ic a l 

c o m p u ta t io n .
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T h e  a p p r o x i m a t e  r e l a t i o n s h i p s  g o v e r n i n g  th e  r e l a t i v e  a m p l i t u d e  a r e  
g iv e n  in  R e f . [4] and  a r e  no t  r e p e a t e d  h e r e .  I n s t e a d  w e  p r e s e n t  a  n u m e r i c a l  
e x a m p l e  f o r  a  p a r t i c u l a r  c a s e ,  in  w h ich  th e  s e c o n d a r y  m i n i m u m  l i e s
3. 1 M eV  a b o v e  th e  p r i m a r y  m i n im u m ,  an d  th e  i n t e r m e d i a t e  m a x i m u m  is
3. 4 M eV  a b o v e  t h i s .  T h e  r e l a t i v e  v a lu e s  of th e  m a s s  p a r a m e t e r  an d  th e  
r e s t o r i n g  f o r c e  c o n s t a n t  a r e  c h o s e n  to  g iv e  a  p ho n o n  e n e r g y  of 0 . 8  M eV , 
an d  th e  s e p a r a t i o n  of th e  tw o m i n i m a  in  /3 i s  a p p r o x i m a t e l y  t h a t  s u g g e s t e d  
by  S t r u t i n s k y ' s  c a l c u l a t i o n s .  T h e  a b s o l u t e  v a lu e  of th e  m a s s  p a r a m e t e r  i s  
th e n  c h o s e n  to  g iv e  a tu n n e l l i n g  p a r a m e t e r ,  f t u f , in  th e  H i l l - W h e e l e r  f o r 
m u l a  f o r  th e  t r a n s m i s s i o n  c o e f f i c i e n t  th r o u g h  a  p a r a b o l i c  b a r r i e r ,  o f  ab ou t  
800 k e V .  T h e  p o te n t i a l  i s  s h o w n  in  F i g .  2, and  th e  a p p r o x i m a t e  i n t e n s i t y  
c 2 o f  t h e  s u b s i d i a r y  p a r t  of t h e  w a v e - f u n c t io n  r e l a t i v e  to  th e  m a j o r  p a r t  i s  
sh o w n  in  F i g .  3 a s  a fu n c t io n  of e n e r g y .  In  t h i s ,  th e  c l a s s  I - c l a s s  II n e a r e s t  
n e ig h b o u r  e ig e n v a lu e  s e p a r a t i o n  i s  a s s u m e d  to  b e  a b o u t  100 k eV .

Energy below central maximum (Mev)

F IG . 3 . T u n n e l l in g  in te n s i ty  fo r  w a v e - fu n c t io n s  o f  p o t e n t ia l  in  F i g . 2 as fu n c t io n  o f  e n e rg y  b e lo w  in t e r 

m e d ia te  m a x im u m .  T o w a rd s  th e  to p  o f  th is  p e a k  th e  c a lc u la t io n  is  e x p e c te d  to  b e  u n r e a l is t ic a l ly  lo w .  

P h y s ic a l ly  o n e  w o u ld  e x p e c t  c 2 to  te n d  to w a rd s  u n i t y  a t  th e  p e a k , a nd  th is  e x tr a p o la t io n  is  ro u g h ly  show n  
b y  th e  b ro k e n  l in e .

4. GROSS S T R U C T U R E  IN  S U B -T H R E S H O L D  FISSION

4 . 1 .  D a ta

T h e  t h i r d  g r o u p  of e v id e n c e  i s  m a i n ly  to  do w ith  th e  h y p o th e s i s  of w e a k  
d a m p i n g  of s u b - t h r e s h o l d  f i s s i o n  m o d e s .  T h e r e  i s  now a m p l e  e v id e n c e  
th a t  t h e  s t r o n g - m i x i n g  m e c h a n i s m  b r e a k s  dow n f o r  s u c h  m o d e s .  It  h a s  
lo n g  b e e n  kno w n  th a t  th e  c r o s s - s e c t i o n s  f o r  f a s t - n e u t r o n  in d u c e d  f i s s i o n  
(up to  a b o u t  2 M eV  n e u t r o n  e n e rg y )  e x h ib i t  a  c e r t a i n  a m o u n t  of s t r u c t u r e .  
T h e  e x p la n a t io n  t h a t  w a s  u s u a l l y  a d v a n c e d  f o r  t h i s  [5] i s  t h a t  th e  c o m p e 
t i t i o n  f r o m  n e u t r o n  i n e l a s t i c  s c a t t e r i n g  c a u s e s  th e  f i s s i o n  c r o s s - s e c t i o n  
to  f a l l  fo l lo w in g  i t s  i n c r e a s e  w i th  e n e r g y  and  e v e n tu a l  s a t u r a t i o n  a s  e a c h  
new  f i s s i o n  c h a n n e l  o p e n s .  R e c e n t  m e a s u r e m e n t s  and  m o r e  c a r e f u l  a n a l y s i s  
of s u c h  c r o s s - s e c t i o n s  a n d  r e l a t e d  p h e n o m e n a  sh o w  t h a t  t h i s  e x p la n a t io n  i s  
u n t e n a b l e  in  a  n u m b e r  of c a s e s  a t  l e a s t .  T h e  in d iv id u a l  c a s e s  a r e  s u m 
m a r i z e d  b e lo w .



STRUCTURE EFFECTS IN FISSION 467

T h e  f a s t  n e u t r o n  in d u c e d  f i s s i o n  c r o ç s - s e c t i o n  o f  230T h  [6] e x h ib i t s  a 
p e a k  l e s s  t h a n  100 k eV  w id e  r e a c h i n g  a  m a x i m u m  v a lu e  o f  50 m b  (u n d e r  
th e  a v a i l a b l e  r e s o l u t i o n  of 20 keV) a t  750 k eV  and  fa l l i n g  to  l e s s  t h a n  o n e -  
q u a r t e r  of t h i s  v a lu e  a t  800 k e V .  C a lc u l a t i o n s  [7, 8] show  th a t  t h i s  c a n n o t  
b e  a  r e s u l t  of i n e l a s t i c  s c a t t e r i n g  c o m p e t i t i o n .  T h e  a n g u l a r  d i s t r i b u t i o n  of 
f i s s i o n  p r o d u c t s  f r o m  th e  s a m e  r e a c t i o n  sh o w s  [9, 1 0 ] t h a t  th e  f i s s i o n  . 
c h a n n e l  a s s o c i a t e d  w i th  t h i s  p e a k  h a s  a  К  q u a n tu m  n u m b e r  ( p r o j e c t io n  of 
s p in  on  th e  c y l i n d r i c a l  s y m m e t r y  a x i s )  of i .

(a) 231Th

E n (M « V )

F I G . 4 .  F a s t n e u t ro n - in d u c e d  f is s io n  c ro s s -s e c t io n  o f  2 s lP a.

(b) 232P a

S i m i l a r  s t r u c t u r e  i s  o b s e r v e d  in  t h e  c r o s s - s e c t i o n  o f  231P a  [11 ] .  T h e  
f i r s t  v e r y  m a r k e d  p e a k  i s  a t  320 k eV  n e u t r o n  e n e r g y  an d  h a s  a w id th  o f  l e s s  
t h a n  80 k e V .  I t  f a l l s  to  o n ly  h a l f  o f  i t s  p e a k  of 100 m b  a t  400 k e V .  T h e r e  
i s  a  s e c o n d  p e a k  to  530 k eV , r e a c h i n g  550 m b ,  w ith  a  r a t e  o f  "fall a t  h i g h e r  
e n e r g i e s  t h a t  s e e m s  m u c h  to o  g r e a t  to  b e  d u e  to  c o m p e t i t io n  ( s e e  F i g .  4).

(c) 233T h

T h e  n e u t r o n - i n d u c e d  f i s s i o n  c r o s s - s e c t i o n  of 232T h  s h o w s  m a r k e d  
p e a k s  a t  1. 6 M eV  and  1 .7  M eV  w ith  w id th s  of a b o u t  150 k e V .  C a lc u l a t i o n  
and  o b s e r v a t i o n  of n e u t r o n  i n e l a s t i c  s c a t t e r i n g  [ 1 2 ] show  th a t  t h e s e  s t r u c 
t u r e s  c a n n o t  b e  a  c o m p e t i t i o n  e f f e c t .  T h e r e  a r e  a l s o  b r e a k s  f a r  b e lo w  
t h r e s h o l d ,  a t  e n e r g i e s  of 0 . 8  M eV  and  1 .0 5  M eV , w h ic h  m ig h t  b e  p o o r l y  
r e s o l v e d  s t r u c t u r e .  T h e  f i s s i o n  p r o d u c t  a n g u l a r  d i s t r i b u t i o n  [13] i n d i c a t e s  
t h a t  t h e s e  b r e a k s  a r e  a s s o c i a t e d  w ith 'K  c h a n n e l s ,  t h e r e f o r e  h ig h n e u t r o n  
a n g u l a r  m o m e n tu m  c a n n o t  b e  r e s p o n s i b l e  f o r  th e  low c r o s s - s e c t i o n s .  It  
f o l lo w s  th a t  th e  b r e a k s  a r e  t r u l y  s u b - t h r e s h o l d  and  t h e r e f o r e  c a n n o t  b e  
c o m p e t i t io n  e f f e c t s .
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(d) 235U

T h e  f i s s i o n  s t r u c t u r e  in  t h i s  co m p o u n d  n u c le u s  i s  r e v e a l e d  no t  s o  m u c h  
by  th e  n e u t r o n  c r o s s - s e c t i o n  o f  234U as. by  th e  f i s s i o n  p r o d u c t  a n g u l a r  
d i s t r i b u t i o n  b o th  f r o m  th e  234U(n, f) [10] an d  234-g (d, pf) [14] r e a c t i o n s ,  
w h ic h  f l u c tu a t e  q u i t e  s t r o n g l y  w ith  c h a n g in g  e x c i t a t i o n  e n e r g y .  T h e r e  i s  a 
p e a k  p e r h a p s  200 to  300 keV  w id e  a t  840 k eV  and  a  b r e a k  a t  300 k eV  in  th e  
(n, f) c r o s s - s e c t i o n .  B o th  a r e  a s s o c i a t e d  w i th  К  = i  s a d d l e - p o i n t  c h a n n e l s .

(e) 239U

T h e  n e u t r o n - i n d u c e d  f i s s i o n  c r o s s - s e c t i o n  of 238u  i s  v e r y  s m o o th  in  
th e  n e a r - t h r e s h o l d  r e g i o n  b u t  b r e a k s  o c c u r  f a r  b e lo w  t h r e s h o l d  a t  630 keV , 
950 k e V  and  1 . 2  M eV . A n g u la r  d i s t r i b u t i o n  d a t a  [10] in d i c a t e  t h a t  a l l  
t h e s e  a r e  a s s o c i a t e d  w ith  К  = i  s a d d l e - p o i n t  c h a n n e l s .

(f) 242A m

A t low  n e u t r o n  e n e r g i e s  th e  f i s s i o n  c r o s s - s e c t i o n  of 241 A m  i s  q u i t e  
a p p r e c i a b l e ;  e v e n  th o u g h  th e  e x c i t a t i o n  e n e r g y  i s  s t r o n g l y  s u b - t h r e s h o l d  
(by a b o u t  900 k e V ) .  T h e  s h a p e  of th e  a v e r a g e  c r o s s - s e c t i o n  [15] sh o w n  in  
F i g .  5 i s  m o s t  u n l ik e  t h a t  o f  a n  s - w à v e  n e u t r o n  r e a c t i o n  c r o s s - s e c t i o n ,  
w h ic h  i s  n o r m a l l y  p r o p o r t i o n a l  to  1 /« /e .  On d iv id in g  ou t b y  th e  n o r m a l  
c o m p o u n d  n u c l e u s  f o r m a t i o n  c r o s s - s e c t i o n  w e f ind  t h a t  Гщ / Г  h a s  th e  
e n e r g y  d e p e n d e n c e  sh o w n  in  F i g .  6 . T h e  f a l l  a b o v e  15 k e V  c a n n o t  b e  a c 
c o u n te d  f o r  b y  n e u t r o n  s c a t t e r i n g  c o m p e t i t i o n .  T h e  n e a r - L o r e n t z i a n  f o r m  
of Г щ  i s  th u s  q u i t e  s t r i k i n g .

F IG . '5 .  F is s io n  c ro s s -s e c t io n  ( l o c a l ly  a v e ra g e d  o v e r  g roups  o f  m a n y  f in e - s tr u c tu re  re so na nce s) o f  241A m .  

T h is  f ig u r e  is  a s c h e m a t ic  d ia g ra m  o f  th e  d a ta  ra th e r  th a n  a  t r u ly  q u a n t i ta t iv e  re p re s e n ta t io n .
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The ratio for M IA m +  n under the assumption

that the fission cross-section  is entirely due to 

s-wave interactions.
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F I G . 6 .  T h e  r a t io  o f  Г ( д / Г  fo r  f in e - s t r u c tu re  re so na nce s  o f  241A m  + n , d e d u c e d  f r o m  a v e ra g e  fis s io n  

c ro s s -s e c t io n .

4. 2. I n t e r p r e t a t i o n  o f  g r o s s  s t r u c t u r e

I f  i t  i s  a c c e p t e d  th a t  th e  a b o v e  c r o s s - s e c t i o n s  a r e  a l l  a s s o c i a t e d  w ith  
p r o c e s s e s  t h a t  o p e r a t e  t h r o u g h  th e  co m p o u n d  n u c le u s  m e c h a n i s m  (and th e  
n e u t r o n  e n e r g i e s  in  t h e s e  e x a m p l e s ,  p a r t i c u l a r l y  in  th e  242A m  c a s e ,  a r e  
s u f f i c i e n t ly  low , and  th e  c r o s s - s e c t i o n  in  m a n y  c a s e s  s u f f i c i e n t ly  h igh ,  f o r  
o n ly  c o m  pound n u c le u s  p r o c e s s e s  to  s e e m  v a l id )  t h e n  i t  i s  c l e a r  t h a t  th e  
s t r u c t u r e  i s  a s s o c i a t e d  w i th  th e  f i s s i o n  s t r e n g t h  fu n c t io n  Г ф  / D .  T h i s  i s  
b e c a u s e  s i m i l a r  s t r u c t u r e  i s  no t  a p p a r e n t  in  th e  t o t a l  n e u t r o n  c r o s s - s e c t i o n ,  
th u s  r u l in g  out i t s  a s s o c i a t i o n  w ith  th e  n e u t r o n  s t r e n g t h  fu n c t io n  Г ^  / D .

A p h e n o m e n o l o g ic a l  i n t e r p r e t a t i o n  of th e  g r o s s  s t r u c t u r e  c a n  b e  p r o 
v id ed  in  th e  f o r m  of a  c o m p le x  p o te n t i a l  m o d e l  f o r  th e  f i s s i o n  m o d e  [7].
T h e  c o m p le x  p o t e n t i a l  e n e r g y  i s  a  fu n c t io n  o f  th e  p r o l a t e  d e f o r m a t i o n  (3. In 
t h i s  m o d e l  s t r u c t u r e  in  t h e  f i s s i o n  s t r e n g t h  fu n c t io n  w i l l  a p p e a r  a t  e n e r g i e s  
of v i r t u a l  s t a t e s  in  th e  p o te n t i a l  b u t  no t  a t  e n e r g i e s  m u c h  a b o v e  th e  f i s s i o n  
b a r r i e r .  S t r u c t u r e  b e lo w  th e  b a r r i e r  w i l l  on ly  a p p e a r  a s  w e l l - d e f i n e d  
p e a k s ,  h o w e v e r ,  i f  th e  i m a g i n a r y  c o m p o n e n t  of th e  p o te n t i a l  e n e r g y  ( the 
d a m p in g  w id th )  i s  v e r y  m u c h  l e s s  th a n  th e  tu n n e l l i n g  p a r a m e t e r ,  h u f , of 
th e  H i l l - W h e e l e r  [16] s a d d l e - p o i n t  b a r r i e r .  S uch  d a m p in g  w id th s  ( l e s s  
t h a n  a b o u t  10Ó keV ) a r e ,  of c o u r s e ,  'v e ry  s m a l l ;  and a  f u n d a m e n ta l  e x 
p l a n a t io n  o f  t h e m  i s  r e q u i r e d .

A l th o u g h  no q u a n t i t a t i v e  c a l c u l a t i o n s  h a v e  b e e n  m a d e ,  i t  c e r t a i n l y  
s e e m s  p l a u s ib l e  on q u a l i t a t i v e  r e a s o n i n g  th a t  th e  S t r u t i n s k y  p o te n t i a l  i s  
v e r y  i m p o r t a n t  f o r  s u c h  a n  e x p la n a t io n .  D a m p in g  w id th s  in  g e n e r a l  a r e  
e x p e c te d  to  d e p e n d  on  th e  e x c i t a t i o n  e n e r g y  a v a i l a b l e ,  an d  d a m p i n g  w id th s  
of h a r m o n i c  v i b r a t i o n s ,  in  p a r t i c u l a r ,  c a n  b e  sh o w n  to  d e p e n d  l i n e a r l y  on 
th e  e n e r g y  o f  th e  v i b r a t i o n  a s  w e l l ' a s  i n v e r s e l y  on th e  r e s t o r i n g  f o r c e  c o n 
s t a n t  of th e  p o t e n t i a l .  T h e  f i s s i o n  m o d e  w i l l  n o r m a l l y  b e  a s s o c i a t e d  w ith  
t h e  h ig h e s t  e n e r g e t i c a l l y  a v a i l a b l e  v i b r a t i o n  in  th e  s e c o n d a r y  m i n i m u m  of 
t h e  S t r u t i n s k y  p o te n t i a l ;  b e c a u s e  o f  th e  h i g h e r  p o te n t i a l  e n e r g y  in  t h i s



F IG .  7 .  C o m p a r is o n  o f  re d u c e d  n e u tro n  w id th s  o f  re s o n a n c e s  in  th e  c ro s s -s e c t io n  o f  237N p  w i t h  th e  f is s io n  

c ro s s -s e c t io n .
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m i n i m u m ,  th e  ' e x c i t a t i o n  e n e r g y 1 a v a i l a b l e  to  th e  f i s s i o n  m o d e  i s  m u c h  
l e s s  th a n  th a t  o f  th e  p r o p e r  e x c i t a t i o n  e n e r g y  of th e  c o m p o u n d  n u c l e u s .  T h e  
s h a p e  o f  th e  p o te n t i a l  e n e r g y  c u r v e  a l s o  i m p l i e s  t h a t  th e  r e s t o r i n g  f o r c e  
c o n s t a n t s  in  th e  tw o  in d iv id u a l  w e l l s  a r e  c o n s i d e r a b l y  h i g h e r  th a n  th a t ,  s a y ,  
f o r  a  c o n v e n t io n a l  l iq u id  d r o p  p o t e n t i a l  e n e r g y  c u r v e .  I t  i s  to  b e  n o ted  th a t  
w h en  th e  v i b r a t i o n a l  e n é r g y  o f  th e  f i s s i o n  m o d e  i s  a b o v e  th e  i n t e r m e d i a t e  
m a x i m u m  in  th e  p o te n t i a l  e n e r g y  c u r v e  th e  d a m p in g  w id th  ough t to  i n c r e a s e  
d r a m a t i c a l l y  b e c a ú s e  th e  e f f e c t iv e  e x c i t a t i o n  e n e r g y  o f  th e  f i s s i o n  m o d e  
r i s e s  to  t h a t  o f  th e  c o m p o u n d  n u c l e u s ,  an d  th e  e f f e c t iv e  r e s t o r i n g  f o r c e  
c o n s t a n t  f a l l s  to  a m u c h  lo w e r  v a lu e  th a n  th a t  in  th e  s e c o n d a r y  m i n i m u m .  
T h i s  w ou ld  e x p la in  th e  v i t a l  f a c t  tha t ,  s t r o n g - d a m p i n g  of th e  f i s s i o n  m o d e  
s e e m s  n e c e s s a r y  to  e x p la in  a b o v e - t h r e s h o l d  f i s s i o n ,  s u c h  a s  s l o w - n e u t r o n  
in d u c e d  f i s s i o n  of 233u [17].

5. N ARROW  IN T E R M E D IA T E  S T R U C T U R E  IN S U B -T H R E S H O L D
F ISSIO N

5 . 1 .  D a ta

In  th e  r e s o n a n c e  r e g i o n  o f  n e u t r o n  c r o s s - s e c t i o n s  i t  h a s  now  b e e n  
d i s c o v e r e d  t h a t  f i s s i o n  c a n  o c c u r  in  n a r r o w  b a n d s  t h a t  i n c lu d e  o n ly  a few 
r e s o n a n c e s  w h i le  in  l a r g e  i n t e r v e n i n g  r e g i o n s  o f  n e u t r o n  e n e r g y  t h e r e  i s  
l i t t l e  o r  no  o b s e r v a b l e  f i s s i o n .  T h e  o b s e r v e d  e x a m p l e s  of t h i s  (up to  
M a r c h  1968) a r e  l i s t e d  b e lo w .

(a) 237N p + n  й

In  t h i s  c r o s s - s e c t i o n ,  th e  f i r s t  d i s c o v e r e d  e x a m p l e  of th e  p h e n o m e n o n ,  
m e a s u r e d  b y  th e  S a c la y  g r o u p  [18], t h e r e  i s  a  c l u s t e r  o f  f i s s i o n  r e s o n a n c e s  
a ro u n d  39 eV . T h e  n e u t r o n  w id th s  an d  f i s s i o n  c r o s s - s e c t i o n  f r o m  10 eV to 
a b o u t  100 eV a r e  sh o w n  in  F i g .  7; i t  i s  c l e a r  f r o m  t h i s  t h a t  th e  f i s s i o n  
w id th s  a r e  r e s p o n s i b l e  f o r  th e  s t r u c t u r e .  T h e  r e s o n a n c e  a t  39. 9 eV h a s  
a  f i s s i o n  w id th  of :6 m e V  w h i le  i t s  i m m e d i a t e  n e ig h b o u r s  h a v e  f i s s i o n  w id th s  
of a b o u t  0 . 5 m e V .  F a r  aw a y  f r o m  th i s  g r o u p  th e  f i s s i o n  w id th s  a r e  m u c h  
s m a l l e r ,  a b o u t  0.,03 m e V  a t  25 eV, and  0 .0 0 2  m e V  a t  a  few  eV . M e a s u r e 
m e n t s  a t  h i g h e r  e n e r g i e s  w i th  c o a r s e r  r e s o l u t i o n  sho w  th a t  t h e r e  a r e  m a n y  
m o r e  s u c h  g r o u p s  of f i s s i o n  r e s o n a n c e s  (F ig .  8).  T h e  m e a n  s p a c i n g  of 
t h e s e  b a n d s  i s  54 eV, w h e r e a s  th e  m e a n  r e s o n a n c e  s p a c i n g  in  th e  t o t a l  
c r o s s - s e c t i o n  i s  0 .6 7  eV.

(b) 240P u + n

In  th e  t o t a l  c r o s s - s e c t i o n  of t h i s  r e a c t i o n  th e  m e a n  r e s o n a n c e  s p a c in g  
i s  13 eV . T h e  low est ,  r e s o n a n c e  a t  1. 04 eV, h a s  a  f i s s i o n  w id th  of 6 /ueV 
and  in  th e  i m m e d i a t e l y  h i g h e r  r e s o n a n c e s  f i s s i o n  i s  no t  m e a s u r a b l e .  B and 
f i s s i o n  w a s  f i r s t  s u s p e c t e d  in  th e  c r o s s - s e c t i o n  b y  W e ig m a n n  and  S ch m id  
[19] on  th e  b a s i s  of r a d i a t i v e  c a p t u r e  a n o m a l i e s ,  and  f i s s i o n  m e a s u r e m e n t s  
by  M ig n e c o  and  T h e o b a ld  [20] r e v e a l e d  th e  d r a m a t i c  f i s s i o n  c r o s s - s e c t i o n  
sh o w n  in  F i g .  9. A n a l y s i s  o f  th e  d a ta  sh o w s  th a t  in  th e  f i r s t  g r o u p  th e  
r e s o n a n c e  a t  782¡eV  h a s  a  f i s s i o n  w id th  of abo u t  130 m e V ,  w h i le  i t s  i m 
m e d i a t e  n e ig h b o u r s  a t  750 eV  and  791 eV h a v e  f i s s i o n  w id th s  o f  o n ly  ab ou t
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F I G . 8 .  C o a rs e r re s o lu t io n  m e a s u re m e n ts  o f  th e  f is s io n  c ro s s -s e c t io n  o f  237N p  s h o w in g  in te r m e d ia te  s t ru c tu re  
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F I G . 9 . N e u t ro n - in d u c e d  f is s io n  c ro s s -s e c t io n  o f  240Pu s h o w in g  n a r ro w  g roups o f  re so na nce s  w i t h  a p p re c ia b le  

f is s io n .

10 m e V .  On th e  o t h e r  han d ,  t h e  n e u t r o n  w id th  o f  th e  782 eV r e s o n a n c e  i s  
m u c h  s m a l l e r  t h a n  i t s  n e ig h b o u r s ,  and  i t  sh o w s  up  in  th e  f i s s i o n  c r o s s -  
s e c t i o n  a s  on ly  a  r e l a t i v e l y  m i n o r  p e a k  in  th e  g r o u p  a t  780 eV . T h e  h i g h e r  
g r o u p s ,  a t  1400 eV a n d  1900 eV, a l s o  sh ow  one  o r  tw o r e s o n a n c e s  to  h a v e  
m u c h  l a r g e r  f i s s i o n  w id th s  th a n  t h e i r  n e i g h b o u r s .  T h e  m e a n  s p a c i n g  of 
th e  f i s s i o n  b a n d s  i s  720 eV.



STRUCTURE EFFECTS IN FISSION 473

(c) 241A m  + n

T h e  lo w e s t  r e s o n a n c e s  in  th e  241À m  c r o s s - s e c t i o n  h a v e  a  m e a n  s p a c i n g  
o f  0 . 5 6  eV an d  ex h ib i t  q u i t e  c o n s i d e r á b l e  s u b - t h r e s h o l d  f i s s i o n  
(Гщ яв 0. 2 m eV ) [21] .  No s p e c i a l  f e a t u r e  e m e r g e s  in  th e  r e s o l v e d  f in e  
s t r u c t u r e  r e s o n a n c e s .  In  th e  c o a r s e r  r e s o l u t i o n  m e a s u r e m e n t s  [15] a t  
h i g h e r  e n e r g i e s ,  h o w e v e r ,  t h e r e  a r e  s u g g e s t i o n s  of s p i k e s  a t  e n e r g i e s  of ■
1. 6 k eV , 2. 3 keV , 2. 8 k eV , 3. 5 keV  a n d  4 .  3 keV  (i . e .  w i th  a  m e a n  s p a c 
in g  of a b o u t  1 keV ) a s  w e l l  a s  b r o a d e r  s t r u c t u r e  a t ,  f o r  e x a m p l e ,  400 eV 
( s e e  P i g .  5).

(d) 234 U + n

T h e  f i s s i o n  c r o s s - s e c t i o n  of 234U up to  a b o u t  15 k eV  h a s  b e e n  m e a s 
u r e d  a t  H a r w e l l  by  J a m e s  and  R a e  [22] .  T h e  c r o s s - s e c t i o n  i s  sh o w n  in  
F i g .  10. T h e r e  i s  a g r o u p  w i th  a h a l f - w id th  of a b o u t  250 eV, c e n t r e d  a t  
500 eV, in  w h ic h  th e  r e s o n a n c e s  show  f i s s i o n .  T h e r e a f t e r  no f i s s i o n  i s  
o b s e r v a b l e  u p  to  a b o u t  7 k eV , w h e r e  t h e r e  i s  a  d i s t i n c t  ba n d  of f i s s io n ,  
a l th o u g h  th e  in d iv id u a l  r e s o n a n c e s  w i th in  i t  a r e  no t r e s o l v e d ,  and  a t  
1 3 . 9  k e V .  L e s s e r  s t r u c t u r e  i s  i n d i c a te d  a t  7 . 3  and  9 .1  k e V .  T h e  c r o s s -  
s e c t i o n  a r e a s  w i th in  t h e s e  g r o u p s  a r e  r e p o r t e d  to  be  95 b . e V  (500 eV 
g ro u p ) ,  47 b . e V  ( 8 .3  k eV  g ro u p )  and  35 b . e v  ( 1 3 .9  keV  g ro u p ) .  T h e  
m e a n  f ine  s t r u c t u r e  r e s o n a n c e  s p a c i n g  i s  14 eV .

5. 2. G e n e r a l  i n t e r p r e t a t i o n  of n a r r o w  i n t e r m e d i a t e  s t r u c t u r e

T h e  i n t e r p r e t a t i o n  p r e s e n t e d  h e r e  i s  a  s u m m a r y  of t h a t  g iv e n  in  
R e f .  [4]. T h e  e ig e n v a lu e s  and  e ig e n f u n c t io n s  of th e  v i b r a t i o n a l  s t a t e s  in  
th e  S t r u t i n s k y  p o t e n t i a l  a r e  d e n o te d  b y  E j ,  Ф® , Ej,1, ®^®for c l a s s  I and 
c l a s s  II s t a t e s ,  r e s p e c t i v e l y .  T h e  e ig e n v a lu e s  and  e ig e n f u n c t io n s  f o r  th e  
d y n a m i c a l  m o t io n  of th e  n u c l e u s  in  a l l  th e  o t h e r  d e g r e e s  o f  f r e e d o m ,  i . e .  
i n t r i n s i c  n u c le o n i c  m o t io n ,  r o t a t i o n a l  m o t io n  an d  c o l l e c t i v e  v i b r a t i o n  in  
m o d e s  o t h e r  th a n  th a t  of s p h e r o i d a l  e lo n g a t io n ,  a r e  d e n o te d  by  \
T h e s e  " i n t r i n s i c "  s t a t e s  a r e  d e f in e d  f o r  a f ix ed  p r o l a t e  d e f o r m a t i o n ,  /30, 
s a y .  In  th e  f i r s t  p l a c e  a l l  t h e s e  s t a t e s  a r e  a s s u m e d  d i s c r e t e ,  e i t h e r  by 
im a g in i n g  th e  b a r r i e r s  in  e a c h  d e c a y  c h a n n e l  to  be  r a i s e d  so  t h a t  th e  
c h a n n e l s  a r e  c lo s e d ,  o r  by  i m p o s i n g  s u i t a b l e  b o u n d a r y  c o n d i t io n s  in  th e  
o p e n  c h a n n e l s .  T h e  s i m p l e  p r o d u c t  f u n c t io n s  Ф„Хр w ith  e n e r g y  E „  + E ^  
m a y  now b e  u s e d  a s  a  b a s i s  f o r  d ia g o n a l i z i n g  th e  n u c l e a r  H a m i l to n ia n ,  
t h e r e  b e in g  a  r e s i d u a l  t e r m  of t h i s ,  H " ,  d e s c r i b i n g  i n t e r p l a y  of th e  
/З- v i b r a t i o n a l  and  o t h e r  d e g r e e s  of f r e e d o m ,  t h a t  h a s  no t b e e n  u s e d ' i n  d e 
f in in g  e i t h e r  th e  v i b r a t i o n a l  s t a t e s  Ф „  o r  th e  " i n t r i n s i c "  s t a t e s  х д • I t  i s  
p o s s i b l e  to  d i a g o n a l i z e  s e p a r a t e l y  th e  tw o  s u b - m a t r i c e s ,  one  r e f e r r i n g  on ly  
to  b a s i c  s t a t e s  w i th  c l a s s  I v i b r a t i o n s ,  an d  th e  o t h e r  r e f e r r i n g  o n ly  to  b a s i c  
s t a t e s  w i th  c l a s s  II v i b r a t i o n s .  In  t h i s  w a y  w e  o b ta in  tw o  s e t s  of e ig e n 
s t a t e s ;  th e  o ne ,  X-x® , w i th  e ig e n v a lu e s  E* , m a y  b e  c a l l e d  c o m p o u n d  
s t a t e s  of c l a s s  I w i th  v i b r a t i o n a l  m o t io n  in  th e  f i r s t  m i n im u m ,  an d  th e  
o t h e r ,  X ® i  , w i th  e ig e n v a lu e s  EjJ1, m a y  b e  c a l l e d  c o m p o u n d  s t a t e s  of 
c l a s s  I I .  T h e r e  i s  a  r e s i d u a l  i n t e r a c t i o n  b e tw e e n  t h e s e  tw o  s e t s ,  th e  
m a t r i x  e l e m e n t s  f o r  w h ic h  a r e  g iv e n 'b y

< Х 1 |Н " |Х Ц> = J T  < X 1. | i / i a i > < v I m | h » |  v 11 Ц '  > 0 % ' í x n > (1)

I  I I  ,V fl ] V fl
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I f  t h e  e x c i t a t i o n  e n e r g y  o f  th e  c o m p o u n d  n u c le u s  i s  s u f f i c i e n t ly  f a r  b e lo w  
th e  to p  of th e  f i r s t  m a x i m u m ,  v i b r a t i o n a l  s t a t e s  t h a t  o n ly  t u n n e l  w e a k ly  
t h r o u g h  t h i s  b a r r i e r  a r e  in v o lv e d  in  th e  r i g h t - h a n d  s i d e  of E q .  (1). C o n s e -  ' 
q u e n t ly ,  th e  o v e r l a p  of c l a s s  I and . c l a s s  II v i b r a t i o n a l  s t a t e s  i s  v e r y  s m a l l ,  
an d  i t  fo l lo w s  th a t  th e  r e s i d u a l  i n t e r a c t i o n  m a t r i x  e l e m e n t  i s  a l s o  s m a l l .

A v e r y  r o u g h  s e m i - q u a n t i t a t i v e  e s t i m a t e  of t h i s  m a t r i x  e l e m e n t  c a n  be  
m a d e .  R e ta in in g  on ly  th e  t e r m s  w ith  h ig h e s t ,  a p p r e c i a b l y  m i x e d  v i b r a t i o n a l  
c o m p o n e n t s  in  E q . ( l )  we h a v e ,  a p p r o x i m a t e l y

<Xj  I H "  | x n >2 «  c ^ X j i ^ / i ) 2 < y I I (U I H "  I Xn > 2

+ <1/11^11XH >'2 < X I | H " |  ^ V > 2 j  (2)

w h e r e  с i s  th e  r e l a t i v e  a m p l i t u d e  of a  v i b r a t i o n a l  w a v e - f u n c t io n  of g iv e n  
c l a s s  in  th e  p o te n t i a l  m i n i m u m  of  th e  o p p o s i t e  c l a s s .  N u m e r i c a l  e s t i m 
a t e s  of i t  h a v e  a l r e a d y  b e e n  g iv e n  in  S e c t io n  3 . 2 .  T h e  c o e f f i c i e n t s  and  
m a t r i x  e l e m e n t s  on  t h e  r i g h t - h a n d  s i d e  of E q .  (2) a r e  r e l a t e d  to  d a m p in g  
w id th s  W j , Wn of th e  v i b r a t i o n a l  m o d e s  and  th e  m e a n  s p a c i n g s  Dj, D n of
c l a s s  I and  c l a s s  II co m p o u n d  s t a t e s ,  
c e r t a i n  a s s u m p t i o n s )  l e a d s  to

I n t r o d u c t i o n  of t h e s e  r e l a t i o n s  (with

D i D i i c 2
7Г 2

WTT , W,
Wj W-IX

(3)

N u m e r i c a l l y ,  t h i s  g iv e s  f o r  й 2 А т  a t  i t s  n e u t r o n  s e p a r a t i o n  e n e r g y ,  i f  a s 
s u m e d  to  b e  900 k eV  b e lo w  th e  i n t e r m e d i a t e  m a x i m u m ,  a v a lu e  of a b o u t  
1 0 “2 e V 2. T h i s  cou ld  b e  in  e r r o r  by  tw o  o r  t h r e e  o r d e r s  of m a g n i tu d e  
b e c a u s e  of th e  v a r i o u s  a s s u m p t i o n s  m a d e  in  th e  c a l c u l a t i o n s ,  bu t  n e v e r t h e 
l e s s  i t  sh o w s  how w e a k  th e  c o u p l in g  b e tw e e n  c l a s s  I and  c l a s s  II s t a t e s  m a y  
b e  w i th in  th e  f r a m e w o r k  of th e  S t r u t i n s k y  p o te n t i a l .

T h e  d e n s i t y  of th e  c l a s s  II co m p o u n d  s t a t e s  a t  a  g iv e n  e n e r g y  w i l l  n o r 
m a l l y  b e  c o n s i d e r a b l y  l o w e r  t h a n  th e  d e n s i t y  of c l a s s  I s t a t e s ,  ow ing  to  th e  
g r e a t e r  a m o u n t  of e n e r g y  t i e d  up  in  d e f o r m a t i o n  in  th e  f o r m e r  c a s e .  T h e  
p r o p e r t i e s  o f  th e  tw o c l a s s e s  w i l l  be  v e r y  d i f f e r e n t .  T h e  f i s s i o n  w id th  
a m p l i t u d e s  a s s o c i a t e d  w i th  th e  c l a s s  II l e v e l s  a r e  r e l a t e d  to  th e  a m p l i t u d e  
of th e  h ig h e s t  a d m ix e d  c l a s s  II v i b r a t i o n a l  s t a t e  t o g e t h e r  w ith  a n  a t t e n u a t i o n  
f a c t o r  f o r  t u n n e l l i n g  t h r o u g h  th e  s a d d l e - p o i n t  b a r r i e r .  F i s s i o n - w i d t h  
a m p l i t u d e s  of th e  c l a s s  I l e v e l s  w i l l  b e  m u c h  s m a l l e r  b e c a u s e  th e y  d ep e n d  
on th e  a m p l i t u d e  of a c l a s s  I v i b r a t i o n a l  w a v e - f u n c t iq n  w i th in  th e  s e c o n d a r y  
m i n i m u m ,  a s  w e l l  a s  on th e  s a d d l e - p o i n t  tu n n e l l i n g  f a c t o r .  T h e  d i f f e r e n c e  
in  r e l a t i v e  f i s s i o n  w id th s  i s  f u r t h e r  i n c r e a s e d  b y  th e  l e v e l  d e n s i ty  d i f f e r e n c e  
b e tw e e n  th e  tw o c l a s s e s  ( c o e f f i c i e n t s  f o r  a d m i x t u r e  of e l e m e n t a r y  m o d e s  
a r e  p r o p o r t i o n a l  to  th e  l e v e l  s p a c i n g  of th e  c o m p o u n d  s t a t e s ) .  T h e  n e u t r o n  
w id th s  ( e l a s t i c  s c a t t e r i n g )  w i l l  h a v e  o p p o s i t e  b e h a v io u r ;  b e c a u s e  th e  
r e s i d u a l  n u c l e u s  h a s  to  b e  le f t  in  i t s  g ro u n d  s t a t e ,  th e  v i b r a t i o n a l  w a v e -  
fu n c t io n  o f  w h ic h  i s  th e  z e r o - p o i n t  v i b r a t i o n  of th e  f i r s t  m i n im u m ,  th e  
c l a s s  II l e v e l s  a r e  a s s o c i a t e d  w i th  z e r o  n e u t r o n  w id th .  R a d ia t io n  p r o p e r 
t i e s  a r e  a l s o  q u i t e  d i f f e r e n t .  T h e  c a s c a d e  of g a m m a - r a y s  f r o m  a s t a t e  of 
p a r t i c u l a r  c l a s s  w i l l  m o s t l y  b e  th r o u g h  lo w e r  l e v e l s  of th e  s a m e  c l a s s .  
Q u a l i t a t i v e ly ,  th e  g a m m a - r a y  s p e c t r a  o f  c l a s s  II l e v e l s  w i l l  b e  c h a r a c t e r -
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i z e d  by  w i d e l y - s p a c e d  t r a n s i t i o n s  (e n h a n c e d  r e l a t i v e  to  th e  c l a s s  I t r a n 
s i t i o n s  by  th e  d i f f e r e n c e  in  i n i t i a l  l e v e l  d e n s i ty )  a t  c o m p a r a t i v e l y  low 
g a m m a - r a y  e n e r g i e s .

On th e  o t h e r  h and ,  so  lo ng  a s  th e  c o m p o u n d  n u c le u s  e x c i t a t i o n  e n e r g y  
i s  a t  l e a s t  2 o r  3 M eV  g r e a t e r  t h a n  th e  e n e r g y  of th e  l o w e s t  c l a s s  II s t a t e  
( the s p o n ta n e o u s  f i s s i o n in g  i s o m e r )  i t  i s  to  b e  e x p e c t e d  t h a t  th e  m o r e  
g e n e r a l  s t a t i s t i c a l  p r o p e r t i e s  o f  th e  tw o  c l a s s e s  of c o m p o u n d  s t a t e s  w i l l  b e  
s i m i l a r .  T h u s , 1 f o r  a  g iv e n  t o t a l  a n g u l a r  m o m e n tu m  a n d  p a r i t y ,  th e  s p a c 
in g s  of th e  c l a s s  IIi s t a t e s  sh o u ld  h a v e  a  W ig n e r  d i s t r i b u t i o n ,  w h i le  t h e i r  
f i s s i o n  w id th s ,  for>a s i n g le  s a d d l e - p o i n t  c h a n n e l ,  sh o u ld  h a v e  a  P o r t e r -  
T h o m a s  d i s t r i b u t i o n .  T h e  f l u c tu a t io n  a b o u t  z e r o  m e a n  o f  t h e  e x p a n s io n  
c o e f f i c i e n t s  \ ь > ц У  t h a t  i s  r e s p o n s i b l e  f o r  th e  P o r t e r - T h o m a s  d i s t r i 
b u t io n  a l s o  s u g g e s t s  a  b i v a r i a t e  P o r t e r - T h o m a s  d i s t r i b u t i o n  f o r  th e  
s q u a r e d  m a t r i x  e l e m e n t s  <(X ¡  | H" | Xn )> 2.

T h e  i n t e r p r e t a t i o n  o f  th e  n a r r o w  i n t e r m e d i a t e  s t r u c t u r e  in  t h e  f i s s i o n  
s t r e n g t h  i s  now c l e a r .  E a c h  g r o u p  o f  f i s s i l e  r e s o n a n c e s  c o r r e s p o n d s  to  a  
c l a s s  II co m p o u n d  s t a t e .  T h e  l a t t e r  i s  r e v e a l e d  in  th e  n e u t r o n  c r o s s -  
s e c t io n  by  th e  co u p l in g  w ith  c l a s s  I c o m p o u n d  s t a t e s  (h av in g  n o n - z e r o  
n e u t r o n  w id th s ) .  T h i s  c o u p l in g  c a u s e s  th e  a d m i x t u r e  o f  s o m e  o f  th e  c l a s s I I  
co m p o u n d  s t a t e  w a v e - f u n c t io n s  w i th  n e ig h b o u r in g  c l a s s  I s t a t e s  g iv in g  t h e m  
a n o m a l o u s  f i s s i o n  w id th s .

F r o m  th e  r a t i o  o f  th e  d e n s i t y  o f  c l a s s  II s t a t e s  ( the f i s s i l e  g r o u p s )  to  
th e  d e n s i t y  o f  c l a s s  I s t a t e s  (v e r y  n e a r l y  th e  n o r m a l  r e s o n a n c e  d e n s i ty ) ,  
s t a n d a r d  l e v e l  d e n s i t y  f o r m u l a e ,  s u c h  a s  th a t  of L a n g  and  L e  C o u te u r  [23], 
e n a b le  u s  to  e s t i m a t e  th e  d i f f e r e n c e  in  e f f e c t iv e  e x c i t a t i o n  e n e r g y ,  o r  
p o t e n t i a l  e n e r g y  d i f f e r e n c e ,  in  th e  tw o  m i n i m a .  F o r  th e  c a s e s  d e s c r i b e d  
in  S e c t io n  5 .1  we find  t h e  fo l lo w in g  e n e r g y  d i f f e r e n c e s :

241 P u ,  1 . 9  M eV ; 235U, 2 . 4  M eV ; 238Np, 2 .3  M eV ; 242 A m ,  3 .1  M eV .

T h e  l a s t  i s  p a r t i c u l a r l y  i n t e r e s t i n g  b e c a u s e  th e  m e a s u r e d '  e n e r g y  o f  th e  
s p o n ta n e o u s  f i s s i o n in g  i s o m e r  [24] a b o v e  th e  g ro u n d  s t a t e  g iv e s  u s  a  d i r e c t  
e s t i m a t e  o f  t h i s  d i f f e r e n c e ;  i t  i s  2. 9 ±  0 . 4  M eV .

5 . 3 .  C o u p l in g  c o n d i t io n s  in  t h e  i n t e r m e d i a t e  s t r u c t u r e

T h e  d i f f e r e n t  c o u p l in g  c o n d i t io n s  b e tw e e n  t h e  c l a s s  I and  c l a s s  II c o m 
pound  s t a t e s  m a y  b e  c l a s s i f i e d  a s  fo l lo w s .

(a) V e r y  w e a k  c o u p l in g

I f  th e  r e s i d u a l  i n t e r a c t i o n  <^Xj |н ,"  | x n ^ z, a v e r a g e d  o v e r  th e  s t a t e s  Xj 
f o r  a  g iv e n  c l a s s  II s t a t e  i s  s m a l l  c o m p a r e d  w i th  th e  c l a s s  I l e v e l  s p a c 
ing , th e n ,  g e n e r a l l y  .sp eak in g ,  p e r t u r b a t i o n  t h e o r y  m a y  b e  a p p l i e d  to  o b ta in  
th e  p r o p e r t i e s  o f  th e  u l t i m a t e  co m p o u n d  s t a t e s  X o f  th e  s y s t e m .  O ne  c o m 
pound  s t a t e  r e m a i n s  p r e d o m i n a n t l y  c l a s s  II , and  th e  o t h e r s  r e m a i n  p r e 
d o m in a n t ly  c l a s s  I .  T h e  f i s s i o n  w id th  o f  th e  f i r s t  s t a t e  p r e d o m i n a t e s  o v e r  
a l l  th e  o t h e r s  in  th e  g ro u p ,  w h i le  i t s  n e u t r o n  w id th  c a n  h e  sh o w n  to  h a v e  
o ne  o f  a  l i m i t e d  s e t  o f  v a l u e s  t h a t  d e p e n d  on  th e  n e u t r o n  and  f i s s i o n  w id th s  
of a l l  t h e  n e ig h b o u r in g  s t a t e s .

I t  c a n  a l s o  h a p p e n  t h a t  o n e  c l a s s  I s t a t e  i s  a c c i d e n t a l l y  d e g e n e r a t e  w ith  
t h e  c l a s s  II s t a t e ,  in  w h ic h  c a s e  t h e r e  a r e  tw o  u l t i m a t e  c o m p o u n d  s t a t e s  
w ith  c o m p a r a b l e  f i s s i o n  w id th s  m u c h  l a r g e r  t h a n  t h o s e  o f  t h e i r  n e i g h b o u r s .
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T h e  f i s s i l e  g r o u p s  of th e  240P u  c r o s s - s e c t i o n  a p p e a r  to  p r o v i d e  
e x a m p l e s  of v e r y  w e a k  co u p l in g .  A n a ly s i s  of th e  r e s o n a n c e  p a r a m e t e r  d a t a  
r e v e a l s  t h a t  th e  n e u t r o n  w id th  of th e  s t r o n g e s t  f i s s i o n  r e s o n a n c e  in  e a c h  
g r o u p  i s  r e l a t e d  to  th e  r e m a i n i n g  p a r a m e t e r s  w i th in  th e  r a t h e r  b r o a d  l i m i t s  
a l l o w e d  b y  th e  e x p e r i m e n t a l  e r r o r s .  T h i s  i s  a l s o  t r u e  of th e  lo w e s t  f i s s i l e  
g r o u p  in  th e  2^7Np c r o s s - s e c t i o n .  It  c a n n o t  b e  r u l e d  out, h o w e v e r ,  t h a t  
t h e r e  i s  no t  a  r e s o n a n c e  w ith  e v e n  g r e a t e r  f i s s i o n  w id th  p r e s e n t  in  e a c h  
g ro u p ,  b u t  w i th  s u c h  a s m a l l  r a t i o  of n e u t r o n  to  f i s s i o n  w id th  t h a t  i t  h a s  
no t b e e n  o b s e r v e d  in  th e  c r o s s - s e c t i o n .  In  t h i s  c a s e  th e  c o u p l in g  s t r e n g t h  

j |H "  |А ц ,>2 w i l i  b e  r a t h e r  s m a l l e r  th a n  th e  v a lu e  of •=* 100  e V 2 d e d u c e d  
f r o m  th e  240P u  d a t a .  F o r  a c l a s s  II f i s s i o n  w id th  Ц.ц (f) ^ 0 . 5  eV i t  w i l l  
b e  a b o u t  20 eV 2 , f o r  Гх.п (д ^  3 . 0  eV i t  w i l l  b e  a b o u t  3 e V 2 .

F o r  c l a s s  II f i s s i o n  w id th s  th a t  a p p r o a c h  o r  e x c e e d  th e  o r d e r  of 
m a g n i tu d e  of th e  c l a s s  I l e v e l  s p a c i n g  w e c a n  no l o n g e r  r e g a r d  th e  c o u p l in g  
o f  t h e  d i s c r e t e  c o m p o u n d  s t a t e s  to  th e  c h a n n e l s  a s  b e in g  a  m i n o r  p e r 
t u r b a t i o n .  P r o p e r  c o n s i d e r a t i o n  o f  th e  c o u p l in g  to  th e  c o n t in u u m ,  th r o u g h  
th e  R - m a t r i x  t e c h n iq u e ,  f o r  e x a m p le ,  sh o w s  th a t  in  th e  f o r m e r  c a s e  
(Г  xjj(f)  ^  D i )  e v e n  a c c i d e n t a l  d e g e n e r a c y  of a c l a s s  I and  c l a s s  II s t a t e  
r e s u l t s  in  a  q u a s i - r e s o n a n c e  th e  n a r r o w  c o m p o n e n t  of w h ich  h a s  s m a l l  
f i s s i o n  a n d  a p p r e c i a b l e  n e u t r o n  w id th ,

r  4 < X I | H " U i i > 2 

1(0 ( I \ n (f) - Г М п ) > 2 41

Г Ц п )  % r \ I (n ) ( 5 ^

w h i le  th e  b r o a d  c o m p o n e n t  w i l l  p r o b a b l y  b e  u n d e te c t a b l e  by  v i r t u e  of i t s  
s m a l l  n e u t r o n  w id th :

r 2(f) ^  Г х тт(0

r  4 < X I | H " U i i > 2
2(n) ~  (Г  - Г .  , ,)2 XjCn)\ц (0  >ч (nr 1

T h i s  s i t u a t io n  cou ld  a l s o  c o r r e s p o n d  to  th e  240P u  d a ta ,  y ie ld in g  a r e s i d u a l  
co u p l in g  s t r e n g t h  of th e  o r d e r - o f  1 e V 2, f o r  Г  \ n (f) Ю eV .

In  th e  s e c o n d  c a s e  ( Г xTI (f) >  D t ) i t  c a n  b e  sho w n  by th e  R - m a t r i x  t e c h 
n iq u e  th a t  th e  o r i g i n a l  c l a s s  I s t a t e s  b e c o m e  r e s o n a n c e s  w ith  f i s s i o n  
w id th s

r  , X X i | H " | x n > 2 Г М К 0
w  ( E .  - E .  )2 +  j  Г 2x. x il  ̂u (0

(a r e s u l t  d e m o n s t r a t e d  by  W e ig m a n n  [25] in  a  d i f f e r e n t  way) w h i le  a  v e r y
w e a k  b a c k g r o u n d  t e r m  u n d e r l y in g  t h e s e  r e s o n a n c e s  w i l l  c a r r y  m o s t  of th e  ' 
f i s s i o n  w id th .

(b) W eak  c o u p l in g

W e u s e  t h i s  t e r m  to  d e s c r i b e  th e  s i t u a t i o n  in  w h ich  th e  c l a s s  II c o m 
pound  s t a t e  i s  s p r e a d  e f f e c t iv e ly  o v e r  m a n y  of th e  u l t i m a t e  r e s o n a n c e s  bu t



STRUCTURE EFFECTS IN FISSION 479

y e t  o v e r  a n  e n e r g y  r e g i o n  th a t  i s  m u c h  s m a l l e r  th a n  th e  c l a s s  II l e v e l  
s p a c i n g .  I t  c a n  b e  sh o w n  t h a t  th e  p r o f i l e  of th e  f i s s i o n  w id th s  i s  L o r e n t z i a n

r  . <XilH"Un )* Гхпю 
( E ,  - E ,  )2 +  W 2  

x MI

w h e r e  W ¡*¡ ж < ^ X l | H" | Xn ^ / D j .  T h e r e  w i l l  b e  s t r o n g  in d iv id u a l  f l u c tu a t io n s  
a b o u t  t h i s  e n v e lo p e  of c o u r s e .  T h e  234ц- c r o s s - s e c t i o n  d a t a  s e e m  to  p r o 
v id e  an  e x a m p l e  of t h i s  b e h a v i o u r .  T h e  lo w e s t  g r o u p  o f  r e s o n a n c e s  h a s  a 
h a l f - w id th  2W% 25Ó eV, g iv in g  u s  a  v a lu e  o f  a b o u t  500 e V 2 f o r  <(X¡| H" | X п У2. 

F r o m  th e  c r o s s - s e c t i o n  a r e a  of t h i s  g r o u p  w e f ind  th a t  ЗГхц Cf) ** 20 m e V .
It  i s  t e m p t i n g  to  s p e c u l a t e  t h a t  th e  b r e a k  a t  300 keV  in  th e  f a s t  n e u t r o n  
f i s s i o n  c r o s s - s e c t i o n  of 234и  i s  th e  c e n t r e  of th e  n e a r e s t  " g i a n t  r e s o n a n c e "  
in  th e  K ïï = j + f i s s i o n  m o d e  ( the  a n g u l a r  d i s t r i b u t i o n  d a t a  c e r t a i n l y  s u p p o r t  
t h i s  a s s i g n m e n t  of к and  p e r h a p s  of p a r i t y  a l s o ) .  W ith  a  s a d d l e - p o i n t  
h e ig h t  of b e tw e e n  600 k eV  and  1 M eV  a b o v e  n e u t r o n  t h r e s h o l d  and  a  s a d d l e -  
p o in t  tu n n e l l i n g  p a r a m e t e r  h u f * s  800 k eV , t h i s  c l a s s  II f i s s i o n  w id th  w ould  
i n d i c a t e  a g ia n t  r e s o n a n c e  d a m p in g  w id th  W of th e  o r d e r  o f  1 to  10 k e V .  In  
th e  l ig h t  of th e  e v id e n c e  p r e s e n t e d  in  S e c t io n  4 .1  t h i s  w ou ld  s e e m  q u i t e  
r e a s o n a b l e .

H o w e v e r ,  th e  234u r e s o n a n c e  d a t a  cou ld  a l s o  b e  a n  e x a m p l e  of- the  
e x t r e m e  c a s e  of v e r y  w e a k  co u p l in g  to  a  v e r y  b r o a d  c l a s s  I I . l e v e l  (E q .  (8)).
In  t h i s  c a s e  it  i s  found  th a t  Г \ п (0 % 250 eV and  <,Xj | H" | Xn % 0 .1  e V 2 . 
T h i s  r e s u l t  f o r  (f) w ou ld  s ig n i fy  t h a t  th e  s a d d l e - p o i n t  i s  c l o s e  to  o r  
b e lo w  th e  n e u t r o n  t h r e s h o l d .  Su ch  a  low  s a d d l e - p o i n t  w o u ld  r e n d e r  
s t r u c t u r e  in  th e  f a s t - n e u t r o n  c r o s s - s e c t i o n  m o s t  i m p r o b a b l e  [26].

(c) M o d e r a t e l y  w e a k  c o u p l in g

W hen  th e  s p r e a d i n g  of th e  c l a s s  II f i s s i o n  w id th s  o v e r  th e  c o m p o u n d  
s t a t e s  a p p r o a c h e s  t h e  o r d e r  o f  m a g n i tu d e  of th e  c l a s s  II l e v e l  s p a c i n g  we 
m a y  d e s c r i b e  t h e  c o u p l in g  a s  m o d e r a t e l y  w e a k .  M a n y  of th e  e x i s t i n g  r e s o 
n a n c e  f i s s i o n  d a t a  w i l l  h a v e  to  b e  a n a ly s e d  m o s t  c a r e f u l l y  to  e s t a b l i s h  
w h e th e r  o r  no t t h i s  c o n d i t io n  i s  f u l f i l l e d .  T h e r e  i s  s o m e  h in t  t h a t  i t  m a y  
o c c u r  in  th e  s lo w  n e u t r o n  c r o s s - s e c t i o n  of 239pu , ¡n  240 p u y. k n ow n  th a t  
th e  f i s s i o n  t h r e s h o l d  of 1+ s t a t e s  l ie s ;  s o m e  100 o r  200 k eV  a b o v e  n e u t r o n  
t h r e s h o l d .  If t h i s  t h r e s h o l d  i s  d u e  to  t h e  i n t e r m e d i a t e  m a x i m u m , t h e n  
m o d e r a t e l y  w e a k  c o u p l in g  i s  p o s s i b l e .  T h e  f i s s i o n  c r o s s - s e c t i o n  d a t a  [27] 
a s  w e l l  a s  th e  r a t i o  of l o c a l l y - a v e r a g e d  (o v e r  100 eV  i n t e r v a l s )  c a p t u r e  to  
f i s s i o n  c r o s s - s e c t i o n  [28] sh ow  s i g n s  of s t r u c t u r e .

6 . IN T E R P R E T A T I O N  O F  F ISS IO N  DATA ON T H E  C O M P O U N D
N U C L E U S  242 a m

In  th e  l o w - e n e r g y  n e u t r o n  c r o s s - s e c t i o n  o f  241дт  w e  h a v e  a n  e x a m p l e  
of  th e  d e t a i l e d  i n t e r p l a y  o f  r e s o n a n c e  f in e  s t r u c t u r e ,  n a r r o w  i n t e r m e d i a t e  
s t r u c t u r e  an d  g r o s s  s t r u c t u r e .  F u r t h e r m o r e ,  w e h a v e  s o m e  d a t a  on  th e  
lo w e s t ,  o r  ' g r o u n d ' ,  of th e  c l a s s  II s e t  of s t a t e s ,  th e  s p o n t a n e o u s  f i s s i o n in g  
i s o m e r  [24], a s  w e l l  a s  d a t a  on  th e  e x c i t a t i o n  of t h i s  i s o m e r  b y  n e u t r o n  
b o m b a r d m e n t  o f  24lAm  [29] .  A l l  t h e s e  d a t a  e n a b le  u s  to  m a k e  s o m e  d e 
d u c t io n s  a b o u t  c o u p l in g  s t r e n g t h s  and  b a r r i e r  h e ig h t s  in  242A n i.
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F i r s t  of a l l ,  th e  f i s s i o n  c r o s s - s e c t i o n  d a t a  s u g g e s t  t h a t  th e  lo w e s t  
c l a s s  II r e s o n a n c e  i s  a t  a b o u t  400 eV w ith  a w id th  W ( e i t h e r  co u p l in g  o r  
f i s s io n )  of a b o u t  300 eV (s e e  F i g .  5); t h e r e  m a y  b e  a s e c o n d  b r o a d  c l a s s  II 
r e s o n a n c e  a t  a b o u t  1 keV , and  a n o t h e r  i s  a t  1600 eV w ith  a w id th  l e s s  th a n  
a b o u t  100 eV . T h e r e  a r e  tw o  s e t s  of s - w a v e  r e s o n a n c e s  in  th e  c r o s s -  
s e c t i o n  o f  241A m , h a v in g  to t a l  a n g u l a r  m o m e n tu m  an d  p a r i t y  2", 3" an d  w e 
do no t know  to  w h ich  s e t  to  a s c r i b e  th e  a b o v e  c l a s s  II r e s o n a n c e s ,  n o r  
in d e e d  do  w e know  t h e s e  q u a n tu m  n u m b e r s  f o r  th e  f ine  s t r u c t u r e  r e s o n a n c e s ,  
o r  a n y th in g  a b o u t  c l a s s  II s t a t e s  b e lo w  th e  n e u t r o n  t h r e s h o l d .  A ll  t h i s  
i n t r o d u c e s  s o m e  u n c e r t a i n t y  in to  th e  a n a l y s i s .

T h e  t h e r m a l  n e u t r o n  c a p t u r e  c r o s s - s e c t i o n  f o r  e x c i t a t i o n  of th e  s p o n 
ta n e o u s  f i s s i o n  i s o m e r  i s  l e s s  th a n  5 X 1 0 -7 of t h a t  f o r  f o r m a t i o n  o f  th e  
g r o u n d  s t a t e  of 242A m  [29] .  T h u s ,  th e  t o t a l  r a d i a t i o n  w id th  f o r  t r a n s i t i o n s  
f r o m  a c o m p o u n d  s t a t e  X (of n e a r l y  p u r e  c l a s s  I c h a r a c t e r )  to  a  l o w e r  
c l a s s  II s t a t e  ( t h e s e  a s s u m e d  to  be  e s s e n t i a l l y  u n m ix e d  w ith  l o w e r  c l a s s  I 
s t a t e s )  i s

w h e r e  th e  ' n o r m a l '  r a d i a t i o n  w id th  Г ^ у _> q o f  a  r e s o n a n c e  to  a l l  lo w e r  
c l a s s  I s t a t e s  i s  a s s u m e d  to  b e  4 0  m e V .  F r o m  th i s ,  w ith  ^  0,  we find 
t h a t  <(Xj I H" I Лц У 2 i s  l e s s  th a n  0.  1 e V 2 ( a s s u m i n g  E \ j j  =« 4 0 0  eV), o r  l e s s  
th a n  1 . 6  eV 2 ( if  Е \ ц  % 1 6 0 0  eV ). In  th e  f i r s t  c a s e  ( Е \ц  % 4 0 0  eV) we 
c o n c lu d e  t h a t  th e  w id th  Ж  i s  e s s e n t i a l l y  th e  c l a s s  II s t a t e  f i s s i o n  w id th  
( Г  \ n (f) ^  3 0 0  eY); t h i s  i s  a  c a s e  of v e r y  w eak  c o u p l in g  to  a b r o a d  c l a s s  II 
l e v e l  ( s e e  S e c t io n  5. 3). F r o m  E q . (8) we d e d u c e  in  t u r n  th a t  th e  f i s s i o n  
w id th  of a r e s o n a n c e  n e a r  z e r o  (E x ^  0) i s  ab ou t  0 . 2  m eV , w h ich  a g r e e s  
w ith  o b s e r v a t i o n .  T h e  s e c o n d  a s s u m p t i o n  ( E X]J «  1 6 0 0  eV) t o g e t h e r  w ith  
th e  v a lu e s  of th e  o b s e r v e d  f i s s i o n  w id th s  n e a r  z e r o  s u g g e s t s  a c l a s s  II 
f i s s i o n  w id th  of a b o u t  300 eV, w h ic h  i s  g r e a t e r  th a n  th e  o b s e r v e d  w id th  of 
t h i s  c l a s s  II s t a t e .

We c a n  o b ta in  m o r e  i n f o r m a t io n  by  c o n s i d e r i n g  th e  v a lu e  of th e  i n t e g 
r a t e d  f i s s i o n  c r o s s - s e c t i o n  ( f ro m  z e r o  to  a b o u t  40 keV) in  F i g .  5, o r ,  
m o r e  p r e c i s e l y ,  J  dE  a ¡  (E ) \T e ;  th e  e x p e r i m e n t a l  v a lu e  i s  a bo u t
2. 2 X 10 6 b .  eV 3/2 . i f  i t  i s  a s s u m e d  th a t  t h i s  c r o s s - s e c t i o n  i s  m a i n ly  due  
to  s - w a v e  n e u t r o n  b o m b a r d m e n t ,  i t s  t h e o r e t i c a l  v a lu e  is

r <xT|H"[x„ )2 r Ml(Y)
H y - I I )  ~  ( E x  - E X i i ) 2 + { 9 T 2

^  5 X 1 0 - 1 T U r  D = 2 X 10"s eV

( 10 )

J d E  cjf  nTe  =

\
Г (11)

w h e r e  X0 and  Г ® 0) a r e  th e  d e  B r o g l i e  w a v e le n g th  and  n e u t r o n  w id th  r e 
d u c e d  to  1 eV . U s in g

(12)

w e find

(13)
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T h e  i n f o r m a t i o n  d e d u c e d  on  th e  400 eV c l a s s  II  r e s o n a n c e  s u g g e s t s  th a t  
9̂  ss , an d ,  t h e r e f o r e ,  t h a t  a F a v e r a g e d  o v e r  e a c h  c l a s s  II r e s o n a n c e
i s  d e p e n d e n t ,  no t on  F XlI( f) , b u t  on  th e  c o u p l in g  m a t r i x  e l e m e n t .  I f  th e  
l a t t e r ,  th e n ,  i s  a s s u m e d  to  h a v e  th e  L o re n tz ia .n  b e h a v io u r  sh o w n  in  F i g .  6, 
i . e .

<X 1 1 H" I An > 2 »  ^  ■ WÊ ' j 2 + w-2- (14)
л 11 H

2 H!!2, and  h e n c e ,

I
X

Г  % H " 2 (15)
\(f) Dj 0

f  dECTf / E  % 4tt3X2 (16)
J  , D T

U s in g  th i s  in  c o n ju n c t io n  w ith  th e  e x p e r i m e n t a l  v a lu e ,  w e f ind  H J 2 % 30 e V 2 . 
W ith  t h i s  v a l u e , E H ^ 1 5  k eV  and  w як 7. 5 keV , w e a l s o  f ind  t h a t  
■(X; I H" I Хц ^2 f o r  a c l a s s  II l e v e l  n e a r  z e r o  n e u t r o n  e n e r g y  sh o u ld  b e  of 
th e  o r d e r  of 0 . 25 e V 2 , c lo s e  to  th e  v a lu e  d e d u c e d  f o r  th e  400 eV c l a s s  II 
r e s o n a n c e .  ,

C o m p a r i s o n  w ith  E q .  (1) s u g g e s t s  th e  p r e d o m i n a n c e  o f  a  s i n g l e  m o d e  
I v и У  a t  15 k eV  n e u t r o n  e n e r g y  in  th e  e x p r e s s i o n  f o r  th e  m a t r i x  e l e m e n t .
I t s  n a r r o w  s p r e a d  s u g g e s t s  t h a t  i t  i s  a  c l a s s  II m o d e ,  m o s t  l i k e ly  w i th  h ig h  
v i b r a t i o n a l  q u a n tu m  n u m b e r  i/ц  . I t  c a n  p r o b a b l y  b e  id e n t i f i e d  w i th  th e  
f i s s i o n  m o d e ,  in  w h ic h  c a s e  w e c a n  d e d u c e  th e  tu n n ë l l i n g  f a c t o r  Tf th r o u g h  
.the s a d d l e - p o i n t  b a r r i e r  f r o m  th e  s p r e a d i n g  w id th ,  15 k eV , th e  f i s s i o n  
w id th ,  300 eV, of th e  400 eV c l a s s  II r e s o n a n c e ,  and  th e  t h e o r e t i c a l  f i s s i o n  
w id th  of a  p u r e  v i b r a t i o n a l  s t a t e ,  (hu /27r)T f . T h i s  t u r n s  ou t to  b e  a bo u t  
0 . 25, im p ly in g  th a t  th e  s a d d l e - p o i n t  b a r r i e r  i s  on ly  v e r y  s l ig h t ly  h ig h e r  
t h a n  th e  n e u t r o n  t h r e s h o l d  in  242A m ,  T h e  v a lu e  o f  H "2 c a n  be  i n t e r p r e t e d  
to  in d i c a t e  th a t  c 2, th e  s q u a r e d  a m p l i t u d e  of th e  s u p p o s e d  f i s s i o n  m o d e  
w i th in  th e  f i r s t  m i n im u m ,  i s  of th e  o r d e r  o f  0. 01 . T h i s  i s  in  no t  to o  bad  
a g r e e m e n t  w i th  F i g .  3, p r o v i d e d  th a t  we r e m e m b e r  a l l  th e  l i m i t a t i o n s  of 
th a t  c a lc u la t i o n ,  and  s u p p o r t s  th e  id e a ,  d e d u c e d  f r o m  th e  e n e r g y  d e p e n d 
e n c e  o f  th e  n e u t r o n  c a p t u r e  c r o s s - s e c t i o n  f o r  e x c i t a t i o n  of th e  s p o n ta n e o u s  
f i s s i o n  i s o m e r  [30], t h a t  th e  i n t e r m e d i a t e  m a x i m u m  i s  n e a r l y  1 M eV  a b o v e  
th e  n e u t r o n  t h r e s h o l d .
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D I S C U S S I O N

H. M E L D N E R :  I w o u ld  l i k e  to  a s k  D r .  L y n n  f o r  a  c o m m e n t  on th e  
s t r u c t u r e  e x p la n a t io n  v i a  th e  o n e - d i m e n s i o n a l  S t r u t i n s k y  p o te n t i a l  v e r s u s  
th e  s u g g e s t i o n  o f  D r .  N ix  of tw o  m i n i m a  in ,  s a y ,  a  tw o - d i m e n s i o n a l  p lo t  
o f  th e  e n e r g y  s u r f a c e .

J . E .  L Y N N : D r .  N i x ' s  s u g g e s t i o n  of an  a l t e r n a t i v e ,  m o r e  d i r e c t  
r o u t e  to  f i s s i o n  in  s u c h  a  t w o - d i m e n s i o n a l  p lo t  of th e  e n e r g y  s u r f a c e  m a y  
c e r t a i n l y  p r o v i d e  a n  e x p la n a t io n  o f  th e  r e l a t i v e  l i f e t i m e s  f o r  s p o n ta n e o u s  
f i s s i o n  o f  th e  ' s h a p e  i s o m e r '  and  th e  g r o u n d  s t a t e  o f  242A m . A h ig h  n a r r o w  
b a r r i e r  in  th e  d i r e c t  r o u t e  and  a  low , r a t h e r  w id e  b a r r i e r  in  th e  s a d d l e  
p o in t  f r o m  th e  s e c o n d a r y  m i n im u m  w o u ld  a c h ie v e  an  e x p la n a t io n  o f  th e  
l i f e t i m e s  w i th o u t  a p p r e c i a b ly  a f f e c t in g  th e  o n e - d i m e n s i o n a l  e x p la n a t io n  of 
th e  s l o w - n e u t r o n - i n d u c e d  f i s s i o n  c r o s s - s e c t i o n s .

D. F .  Z A R E T S K Y  : (1) D id  you  e s t i m a t e  th e  r a d i a t i o n  h a l f - l i f e  of th e  
i s o m e r ?  (2) T h e  w a v e - f u n c t io n s  o f  t w o - s y s t e m  l e v e l s  w i l l  d i f f e r  in  th e  
c a s e  o f  an  o b la t e  i s o m e r  f o r m .  I s  t h e r e  a n y  e x p e r i m e n t a l  a p p r o a c h  f o r  
d i s t i n g u i s h i n g  t h e s e  f o r m s ?
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J . E .  LY N N : (1) I m a d e  an e s t i m a t e  of th e  r a d i a t i o n  h a l f - l i f e  of th e  
i s o m e r  of 242A m ., W ith  th e  a s s u m p t i o n s  t h a t  th e  i n t e r m e d i a t e  b a r r i e r  h a s  
a p e n e t r a b i l i t y  g iv e n  by  th e  H i l l - W h e e l e r  f o r m u l a  w i th  a tu n n e l l i n g  p a r a 
m e t e r  hUf of th e  o r d e r  of 0. 8 M eV , a n d  th a t  t h i s  b a r r i e r  e x t e n d s  to  1 M eV  
ab o v e  th e  n e u t r o n  s e p a r a t i o n  e n e r g y ,  a  r o u g h  c a l c u l a t i o n  i n d i c a t e s  t h a t  t h i s  
h a l f - l i f e  sh o u ld  b e  of th e  o r d e r  of 20 m s .  T h i s  i s  c o n s i s t e n t  w i th  th e  
o b s e r v e d  h a l f - l i f e  of th e  i s o m e r  in  the, s e n s e  t h a t  i t  i s  g r e a t e r . .

(2) I th in k  th e  ?41A m  n e u t r o n  c r o s s - s e c t i o n  d a t a  a r e  c e r t a i n l y  in -  
c o n s i s ' t e n t  w i th  th e  h y p o t h e s i s  of an o b la t e  s e c o n d a r y  m in im u m ,.  T h e  
f i s s i o n  w id th  a s s o c i a t e d  w i th  th e  v i b r a t i o n a l  m o d e  m i x e d  in to  th e  c l a s s  II 
s t a t e s  e v id e n t  in  t h i s  c r o s s - s e c t i o n  i s s a b o u t  30 keV , i n d i c a t i n g  a  p e n e 
t r a b i l i t y  o f  th e  o r d e r  o f  0. 25. T h i s  is! m u c h  to o  h ig h  f o r  a  v i b r a t i o n a l  
m o d e  in  an o b la t e  m i n i m u m  s e p a r a t e d  by a  h ig h  b a r r i e r  f r o m  th e  n o r m a l  
m i n i m u m .

N. V IL C O V : B y  d e d u c in g  th e  e n e r g y  o f  th e  g r o u n d  s t a t e  in  th e  s e c o n d  
p o te n t i a l  w e l l  f r o m  th e  u n d e r b a r r i e r  r e s o n a n c e s  d a t a  y o u  h a v e  u s e d  th e  s a m e  
' a '  p a r a m e t e r  in  b o th  w e l l s ,  (a) Is  i t  c o r r e c t  to  u s e  th e  F e r m i - g a s  m o d e l  
l e v e l  d e n s i t y  f o r  v i b r a t i o n a l  s t a t e s  in  th e  s e c o n d  p o te n t i a l  w e l l?  (b) Is  i t  
c o r r e c t  to  u s e  th e  s a m e  ' a 1 p a r a m e t e r  a t  v e r y  d i f f e r e n t  d e f o r m a t i o n s  and 
e n e r g i e s ?

J . E .  LYN N: T h e  c o m p o u n d  s t a t e s  a s s o c i a t e d  w i th  th e  s e c o n d  w e l l  
a r e  b u i l t  up  f r o m  c o m b i n a t i o n s  of th e  m a n y  1 i n t r i n s i c 1 s t a t e s  X of th e  m a n y  
d e g r e e s  of f r e e d o m  of th e  n u c l e u s  and  th e  few v i b r a t i o n a l  s t a t e s .  T h e  i n 
t r i n s i c  s t a t e s  a r e  e x p e c t e d  to  be a p p r o x i m a t e ly ,  s o  f a r  a s  t h e i r  d e n s i ty  
g o e s ,  o f  in d e p e n d e n t  p a r t i c l e  c h a r a c t e r ,  and  t h i s  i s  w hy w e  u s e  an  i n d e p e n 
d e n t  p a r t i c l e  m o d e l .

T o  th e  s e c o n d  p a r t  of y o u r  q u e s t io n ,  I w o u ld  a n s w e r  t h a t  th e  m i n i m a  in 
th e  S t r u t i n s k y  p o t e n t i a l  a r e  a s s o c i a t e d  w ith  h ig h  s i n g l e - p a r t i c l e  d e n s i ty  at 
th e  F e r m i  e n e r g y  w h i le  th e  m a x i m a  a r e  a s s o c i a t e d  w i th  low  s i n g l e - p a r t i c l e  
d e n s i ty .  T o  a f i r s t :  a p p r o x i m a t io n ,  t h e r e f o r e ,  w e a s s u m e  th a t  th e  s i n g l e -  
p a r t ic . le  d e n s i t i e s ,  and  t h e r e f o r e  th e  ' a '  p a r a m e t e r s ,  a r e  s i m i l a r  f o r  th e  
tw o  m i n i m a .  T h e  e n e r g y  d e p e n d e n c e  of l e v e l  d e n s i ty  l a w s  i s  no t  v e r y  w e l l  
know n, and t h i s  i s  a  p o in t  t h a t  w i l l  c e r t a i n l y  n e e d  m o r e  a t t e n t io n .

P .  A X E L : In t h o s e  c a s e s  w h ic h  in v o lv e  m ix in g  of c l a s s  II s t a t e s  a m o n g  
s e v e r a l  c l a s s  I s t a t e s ,  a r e  a l l  o f  th e  c l a s s  I s t a t e s  s e e n ?  If no t,  i s  th e  
n u m b e r  of d e t e c t a b l e  c l a s s  I s t a t e s  c o n s i s t e n t  w ith  r e a s o n a b l e  a s s u m p t i o n s  
ab ou t  th e  m i x in g  m a t r i x  e l e m e n t s  ?

J . E .  LYN N: In a t  l e a s t  one  c a s e ,  th e  1900 eV  g ro u p  in  th e  c r o s s -  
s e c t io n  of 240 P u ,  no t  a l l  th e  r e s o n a n c e s  s e e m  to  b e  o b s e r v e d .  T h e  r e a s o n  
s e e m s  to  be  p a r t l y  e x p e r i m e n t a l  r e s o l u t i o n  and  p a r t l y  th e  e f f e c t  of  th e  
P o r t e r - T h o m a s  s t a t i s t i c a l  d i s t r i b u t i o n  of th e  co u p l in g  m a t r i x  e l e m e n t s .

S h o r t  C o n t r ib u t io n

A. F .  M ICH AU DO N  ( C e n t r e  d 1 E tu d e s  N u c l é a i r e s  de  S a c la y ,  G i f - s u r -  
Y v e t te ,  F r a n c e ) :  I sh o u ld  l i k e  to  p r e s e n t  a  s h o r t  r e p o r t  on th e  s u b j e c t  of 
t h e  i n t e r m e d i a t e  s t r u c t u r e  o b s e r v e d  in  th e  f i s s i o n  c r o s s - s e c t i o n s  o f  237Np 
and  p o s s ib ly  of 239P u .  T h i s  w o r k  h a s , b e e n  do ne  by D. P a y a ,  J .  B lo n s ,
A. F u b in i  and A. M ic h a u d o n .

T h e  237Np n u c le u s  i s  n o t  f i s s i o n a b l e  by s low  n e u t r o n s  b e c a u s e  th e  f i s s io n  
b a r r i e r  i n  238N p  i s  650 k e V  abo ve  th e  n e u t r o n  b in d in g  e n e r g y .  N e v e r t h e l e s s ,  
th e  p e n e t r a t i o n  of t h i s  f i s s i o n  b a r r i e r ;  l e a d s  to  a s m a l l  s u b - t h r e s h o l d  f i s s i o n
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c r o s s - s e c t i o n  w h ic h  c a n  b e  m e a s u r e d  u s i n g  th e  i n t e n s e  n e u t r o n  s o u r c e s  
now  a v a i l a b l e .

T h e  i n t e r a c t i o n  o f  r e s o n a n c e  n e u t r o n s  w i th  237Np h a s  b e e n  s t u d ie d  w i th  
th e  S a c la y  l i n e a r  a c c e l e r a t o r  u s e d  a s  a  p u l s e d  n e u t r o n  s o u r c e  in  o r d e r  to  
o b t a i n  m o r e  i n f o r m a t i o n  on  th e  f i s s i o n  b a r r i e r  and  th e  m e c h a n i s m  of  s u b 
t h r e s h o l d  f i s s i o n  in d u c e d  by  s lo w  n e u t r o n s . 1 - 2

T h e  to t a l  c r o s s - s e c t i o n  i s  v e r y  s i m i l a r  to  th o s e  of o d d -A  n u c l e i  w ith  
m a s s  n u m b e r s  c lo s e  to  237.

On th e  c o n t r a r y ,  th e  b e h a v io u r  o f  th e  f i s s i o n  c r o s s - s e c t i o n s  i s  r a d i c a l l y  
d i f f e r e n t  f r o m  th a t  of th e  t o t a l  c r o s s - s e c t i o n .  S ince  i t  h a s  an  u n u s u a l  b e 
h a v i o u r  i t  h a s  b e e n  m e a s u r e d  s e v e r a l  t i m e s .  T h e  f i r s t  m e a s u r e m e n t  w a s  
c a r r i e d  ou t w i th  a  g a s  s c i n t i l l a t o r .  A g ro u p in g  e f f e c t  of r e s o n a n c e s  w a s  
c l e a r l y  o b s e r v e d  and  r e p o r t e d  a t  th e  P a r i s  c o n f e r e n c e  in  1 9 6 6 .3 T h i s  w a s  
c o n f i r m e d  by  a s e c o n d  m e a s u r e m e n t  c a r r i e d  ou t  in  1967 w i th  an  io n i z a t i o n  
c h a m b e r .4 In  F i g s  A and  В th e  s a m e  c r o s s - s e c t i o n  i s  sho w n ,  m e a s u r e d  
in  m u c h  b e t t e r  c o n d i t i o n s 1 ' 5 w i th  an  i m p r o v e d  g a s  s c i n t i l l a t o r  and  an  o v e r 
a l l  r e s o l u t i o n  o f  18 n s / m  at 100 eV.

I n s t e a d  of s h o w in g  a  r e g u l a r  p a t t e r n ,  th e  f i s s i o n  c r o s s - s e c t i o n  i s  
c o m p o s e d  o f  s e v e r a l  p e a k s  o r  1 s t r u c t u r e s '  (w h ich  m a y  c o n ta in  s e v e r a l  
r e s o n a n c e s )  a t  d e f in i t e  e n e r g i e s :  40  eV, 118 eV, 198 eV, e tc .  T h e  m e a n  
l e v e l  s p a c i n g  of t h e s e  ' s t r u c t u r e s '  i s  a b o u t  60 eV, w h ic h  i s  r o u g h l y  100 
t i m e s  a s  g r e a t  a s  th e  s p a c i n g  o f  th e  c o m p o u n d  n u c le u s  r e s o n a n c e s  o b s e r v e d  
in  t r a n s m i s s i o n .  B e tw e e n  th e  p e a k s ,  th e  c r o s s - s e c t i o n  i s  a l m o s t  to o  s m a l l  
to  be  m e a s u r e d .  Such a  c r o s s - s e c t i o n  i s  i n c o m p a t i b le  w i th  r e s o n a n c e  
p a r a m e t e r s  d i s t r i b u t e d  a t  r a n d o m ,  a s  h a s  b e e n  c h e c k e d  by  m e a n s  of M on te  
C a r l o  c a l c u l a t i o n s .

T h e  i n t e r m e d i a t e  s t r u c t u r e  th a t  i s  o b s e r v e d  c a n n o t  b e  c a u s e d  by  
c o m p l i c a t e d  ' d o o rw a y  s t a t e s '  in  th e  e n t r a n c e  c h a n n e l  s i n c e  th e  t o t a l  c r o s s -  
s e c t i o n  d o e s  n o t  show  any  a n o m a ly .  R a t h e r ,  i t  a p p e a r s  th a t  o n ly  th e  c o u p l in g  
o f  th e  c o m p o u n d  n u c le u s  s t a t e s  to  th e  f i s s i o n  e x i t  c h a n n e l s  i s  m o r e  i n t e n s e  
a t  s o m e  d i s c r e t e  e n e r g i e s  (40 eV, 118 eV, e t c . ) .  It  h a s  b e e n  s u g g e s t e d 6' 8 
t h a t  th e  c o m p o u n d  n u c le u s  s t a t e s  c o u ld  b e  c o u p le d  to  i n t e r m e d i a t e  s t a t i o n a r y  
s t a t e s  s i t u a t e d  b e tw e e n  th e  tw o  h u m p s  o f  a d o u b le - h u m p e d  f i s s i o n  b a r r i e r .9 
C o n s e q u e n t ly ,  a l l  th e  l a r g e  f i s s i o n  r e s o n a n c e s  b e lo n g in g  to  one  o f  th e  
o b s e r v e d  ' s t r u c t u r e s '  sh o u ld  h a v e  th e  s a m e  s p in  and  p a r i t y .  T h e  n e e d  to  
m e a s u r e  th e  s p i n s  o f  th e  r e s o n a n c e s  in  th e  f i r s t  ' s t r u c t u r e '  a t  40 eV  is  
t h e r e f o r e  o b v io u s .

O th e r  c a s e s  of i n t e r m e d i a t e  s t r u c t u r e  in  s u b - t h r e s h o l d  f i s s i o n  w e r e  
fo un d  l a t e r  in  o th e r  n u c l e i .5"7 So i t  s e e m s  t h a t  t h i s  i s  a  g e n e r a l  p h e n o m e n o n  
in  t h i s  m a s s  r e g i o n .  If t r u e ,  i t  m a y  b e  o b s e r v e d  a l s o  in  th e  f i s s i o n  c r o s s -  
s e c t i o n  o f  f i s s i l e  n u c l e i  w h en  th e  c o n t r ib u t io n  o f  t r a n s i t i o n  s t a t e s  ab o ve

1 F U B IN I, A . ,  e t a l , ,  P hys. R e v . L e t t ,  2 0 , N b  4 ,  1 3 7 3 .

2 RAE, E .R . , in  P hys ics and C h e m is t ry  o f  F is s io n  (P ro c .  S y m p . S a lz b u rg , 1 96 5 ) 1., IA E A , V ie n n a  

(1 9 6 5 )1 8 7 .

3 P A Y A , D . t e t a l . ,  in  N u c le a r  D a ta  fo r  R e ac to rs  (P ro c .  C o n f .  P a ris , 1 96 6 ) 2 , IA E A , V ie n n a  (1 9 6 6 ) 

1 2 8 .

4 P A Y A , D . , e t  a l . ,  P ro c . C o n f .  M e d iu m -M a s s  and H e a v y  N u c le i ,  B o rd e a u x  1 9 6 7 , J o u rn a l de 

P h y s iq u e , S u p p l.  N o . l  (1 9 6 8 )1 5 9 ,

5 M IC H A U D O N , A . F . ,  In v i te d  p a p e r , 2nd C o n f .  N e u tro n  C ro s s -s e c t io n s , W a s h in g to n ,M a rc h  1 9 6 4 .

6 L Y N N , J . E , ,  these  P ro c e e d in g s ; a lso  p r iv a te  c o m m u n ic a t io n .

7 S T R U T IN S K Y , V . М . ,  the se  P ro c e e d in g s .

8 W E IG M A N N , H . ,  p r iv a te  c o m m u n ic a t io n .

9 S T R U T IN S K Y , V . M . ,  N u c l.  P hys. 9 5 A  (1 9 6 7 )4 2 0 .
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F IG . A .  F is s io n  c ro s s -s e c t io n  o f  23?Np f r o m  10 e V  to  500 e V .

F IG .B .  F is s io n  c ro s s -s e c t io n  o f  237N p  f r o m  500  e V  to  200 0  e V .

m e  n e u t r o n  b in d in g  e n e r g y  i s  o f . ' so m e  i m p o r t a n c e .  5 T h i s  i s  p r o b a b l y  th e  
c a s e  f o r  th e  4" t r a n s i t i o n  s t a t e  in  235U w h e r e  a u t o - c o r r e l a t i o n s  h a v e  b e e n  
found  in  th e  f i s s i o n  c r o s s - s e c t i o n . 5 In  239P u  th e  1+ t r a n s i t i o n  s t a t e  i s  
ab o u t  200 k eV  abo ve  th e  n e u t r o n  b in d in g  e n e r g y .  In P ig .  С i s  sh o w n  th e  
f i s s i o n  c r o s s - s e c t i o n  o f  239P u ,  r e c e n t l y  m e a s u r e d  at S a c la y 10 w i th  s a m p l e s  
c o o le d  dow n to  th e  l iq u id  n i t r o g e n  t e m p e r a t u r e  and  w i th  a  n o m i n a l  r e s o l u t i o n  
o f  1 n s / m .  T h i s  c r o s s - s e c t i o n  sh o w s  s o m e  s t r u c t u r e s  a t  500 eV , 950 eV,

10 B LO N S , J . e t a l . ,  C . r .  h e b d . S ë a n c . A c a d .  S c i . ,  P a ris , to  b e  p u b lis h e d .
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e tc .  w i th  a  m e a n  l e v e l  s p a c i n g  o f  abo u t  3 50 eV, w h ic h  i s  r o u g h ly  100 t i m e s  
a s  g r e a t  a s  th e  s p a c i n g  o f  th e  co m p o u n d  n u c le u s  r e s o n a n c e s .  T h e s e  
' s t r u c t u r e s '  co u ld  b e  due  to  an  i n t e r m e d i a t e  s t r u c t u r e  in  th e  c r o s s - s e c t i o n  
f o r  s u b - t h r e s h o l d  f i s s i o n  t h r o u g h  th e  1 + t r a n s i t i o n  s t a t e .

F 1 G .C . F is s io n  c ro s s -s e c t io n  o f  23$Pu f ro m  500 e V  to  400 0  e V .

L . B .  P IK E L N E R :  D id  you  p e r f o r m  th e  a n a l y s i s  of th e  d i s t r i b u t i o n  o f  
s p a c e s  b e tw e e n  m a x i m a  o f  th e  i n t e r m e d i a t e  s t r u c t u r e  in  th e  c a s e  o f  237Np?
If so ,  i s  t h e r e  a g r e e m e n t  w i th  th e  W ig n e r  d i s t r i b u t i o n ?

A. F .  M ICH AU DO N : T h e  ' s t r u c t u r e s '  w h ic h  sh ow  up  in  th e  f i s s i o n  
c r o s s - s e c t i o n  o f  237Np a r e '  s u p p o s e d  to  b e  c o u p le d  to  e x c i t e d  s t a t e s  in  th e  
s e c o n d  w e l l  h a v in g  s p in  and  p a r i t y  2+ o r  3 + . T h e r e f o r e ,  th e  l e v e l  s p a c i n g  
d i s t r i b u t i o n  o f  t h e s e  ' s t r u c t u r e s '  sh o u ld  o b ey  a  d i s t r i b u t i o n  o b ta in e d  f r o m  
th e  r a n d o m  s u p e r p o s i t i o n  o f  tw o  W ig n e r  d i s t r i b u t i o n s .  In f a c t ,  th e  o b s e r v e d  
l e v e l  s p a c i n g  d i s t r i b u t i o n  o f  th e  ' s t r u c t u r e s '  i s  in  a g r e e m e n t  w i th  a  W ig n e r  
d i s t r i b u t i o n  c o r r e s p o n d i n g  to  o n e  s i n g l e  f a m i l y  a s  i f  a l l  th e  ' s t r u c t u r e s '  
w e r e  c o u p le d  to  o ne  s p in  s t a t e  o n ly .  N e v e r t h e l e s s ,  t h i s  r e s u l t  sh o u ld  n o t  
b e  c o n s i d e r e d  a s  d e f in i t e  b e c a u s e  o f  th e  d i f f ic u l ty  o f  c o r r e c t l y  id e n t i f y in g  
d i f f e r e n t  s t r u c t u r e s  in  th e  f i s s i o n  c r o s s - s e c t i o n .

S h o r t  C o n t r ib u t io n

M. P E T R A S C U  ( I n s t i tu t e  f o r  A to m ic  P h y s i c s ,  B u c h a r e s t ,  R o m a n i a ) :
I sh o u ld  l i k e  to  p r e s e n t  a s h o r t  r e p o r t  on m e c h a n i s m s  o f  p lu t o n iu m - 2 3 9  
f i s s i o n  in d u c e d  by  m u o n s .
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F I G . ( i ) .  B lo c k  d ia g ra m  o f  th e  e x p e r im e n t .  1, 2 , 3 ,.4 : scintillation counters; GSC: gaseous s c in t i l la t io n

c o u n te r ;  F: f i l t e r ;  C C C A : c o in c id e n c e - a n t ic o in c id e n c e  s c h e m e ; Sp: s p l i t ;  F A : fa s t a m p l i f ie r ;

D : d is c r im in a to r ;  G: g a te ;  T P C : t im e  to  p u lse  h e ig h t  c o n v e r te r ;  SA: s lo w  a m p l i f ie r ;  A D C j 2 :

d o u b le  a n a lo g u e  to  d ig i t a l  c o n v e r te r ;  M B : 409 6  m e m o ry  b lo c k .

ns
F lG . ( i i ) .  T im e  d is t r ib u t io n  o f  th e  f is s io n  fra g m e n ts .
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T h e r e  a r e  tw o  m e c h a n i s m s  w h ic h  a r e  a s s u m e d  to  c o n t r ib u t e  to  th e  
f i s s i o n  o f  h e a v y  m u - m e s i c  a t o m s .  O ne  m e c h a n i s m  c o n s i s t s  in  th e  
e x c i t a t i o n  o f  th e  n u c le u s  d ue  to  m u o n  c a p t u r e  t h r o u g h  th e  r e a c t i o n  
1Л ~  +  p  -» n + у. F i s s i o n s  d u e  to  t h i s  r e a c t i o n  a p p e a r  w i th  th e  l i f e t i m e  of 
t h e  m u o n  in  a  s p e c i f i c  m e s i c  a to m .  T h e  o t h e r  m e c h a n i s m  w a s  t h e o r e t i c a l l y  
i n v e s t i g a t e d  b y  Z a r e t s k y  and  c o n s i s t s  in  th e  d i r e c t  t r a n s f e r  to  th e  n u c l e u s  
o f  th e  2 p - l s  t r a n s i t i o n  e n e r g y  o f  th e  m e s i c  a to m .  F i s s i o n s  in d u c e d  b y  th i s  
m o d e  o f  e x c i t a t i o n  a r e  p r e s e n t .  Due to  t h i s  d i f f e r e n c e  i n t i m e  c h a r a c t e r i s t i c s  
one  c a n  s e p a r a t e  th e  tw o  m e c h a n i s m s  by  m e a s u r i n g  th e  t i m e  a t  w h ic h  th e  
f i s s i o n s  o c c u r ,  th e  o r i g i n  o f  th e  t i m e  s c a l e  b e in g  g iv en  by  th e  s to p p in g  of 
th e  m u o n  in  th e  t a r g e t .

A g ro u p  of u s  f r o m  R o m a n i a  (A. B u ta ,  N. G r a m a ,  V. H u lub e i ,
L .  M a r i n e s c u ,  G. V o ic u le s c u  and  m y s e l f )  t o g e t h e r  w i th  M. O m e l i a n e n k o  
f r o m  D u b n a  h a v e  ju s t  f i n i s h e d  a tw o p a r a m e t e r  ( t im e  an d  p u l s e - h e i g h t  
s e l e c t i o n )  in v e s t i g a t i o n  o f  th e  f i s s i o n s  in d u c e d  by  m u o n s  in  p lu t o n iu m - 2 3 9 .  
F i g .  (i) sh o w s  th e  g e n e r a l  l a y o u t  o f  th e  e x p e r i m e n t  t o g e t h e r  w i th  the  
e l e c t r o n i c s  u s e d  f o r  t i m e  and  p u l s e - h e i g h t  s e l e c t i o n .  F ig .  (ii)  r e p r e s e n t s  on 
a  s e m i l o g a r i t h m i c  s c a l e  th e  t i m e  d i s t r i b u t i o n  o b ta in e d ;  e x c lu d in g  th e  f i r s t  
t i m e  i n t e r v a l ,  o ne  o b ta i n s  by  ap p ly in g  th e  m e t h o d  o f  P e i e r l s  th e  v a lu e  
67 ± 8 n s  f o r  th e  m u o n  l i f e t i m e  in  p lu t o n iu m - 2 3 9 .  In  th e  f i r s t  i n t e r v a l  one  
c a n  s e e  a s i g n i f i c a n t  e f f e c t  d ue  to  d i r e c t  e x c i t a t i o n  o f  th e  n u c l e u s  b y  th e  
n o n - r a d i a t i v e  2 p - l s  t r a n s i t i o n ,  c o n f i r m i n g  o u r  p r e v i o u s  r e s u l t s .  If  one  
c a l c u l a t e s  th e  r a t i o  o f  th e  f i s s i o n s  by  t h i s  m e c h a n i s m  to  th e  f i s s i o n s  f r o m  
m u o n  c a p t u r e  one  o b ta in s  th e  v a lu e  0. 28 ± 0. 04. Now i f  o ne  c o m p a r e s  t h i s  
r e s u l t  w i th  t h o s e  o b ta in e d  by  D iaz  e t  a l .  an d  by  B i e l o v i t s k y  and  by  u s  f o r  
u r a n i u m  o n e  g e t s  a n  i n c r e a s e  b y  an  o r d e r  of m a g n i tu d e  of th e  n o n - r a d i a t i v e  
m e c h a n i s m  c o n t r ib u t io n  in  th e  c a s e  o f  p lu to n iu m .  P e r h a p s  t h i s  i s  c o n n e c t e d ,  
a s  s u g g e s t e d  b y  Z a r e t s k y ,  w i th  a  m o d i f i c a t i o n  o f  th e  f i s s i o n  b a r r i e r  d ue  to  
th e  p r e s e n c e  of th e  m u o n  in  th e  I s  s h e l l .  T h i s  m o d i f i c a t i o n  o f  th e  f i s s i o n  
b a r r i e r  a c c o r d i n g  to  th e  t h e o r e t i c a l  c a l c u l a t i o n s  i s  s m a l l e r  f o r  p lu to n iu m  
th a n  f o r  u r a n i u m .
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Abstract — Аннотация

F IS S IO N  OF E X C IT E D  N U C L E I.  N u c le a r  f is s io n  a t e x c i t a t io n  e n e rg y  m o re  th a n  50 M e V  has bee n  

in v e s t ig a te d .  I t  is  sh ow n  th a t  th e  s ta t is t ic a l  th e o ry  d e te rm in e s  a n u c le a r  s ta te  a t th e  s a d d le -p o in t  ra th e r  

w e l l ,  b u t  appea rs to  be  in a p p l ic a b le  fo r  d e s c r ib in g  th e  p rocess a t th e  s c iss io n  p o in t .  T h is  c o n c lu s io n  is 

based  o n  th e  e x p e r im e n ts  o n  m ass a nd  c h a rg e  d is t r ib u t io n s  o f  f is s io n  fra g m e n ts  fo r  n u c le i  in  th e  w id e  Z 2/ A  

ra n g e .

Д Е Л Е Н И Е  В О З Б У Ж Д Е Н Н Ы Х  Я Д Е Р .  Р а с с м а т р и в а е т с я  д е л е н и е  я д е р  п р и  э н е р г и и  в о з 
б у ж д е н и я  с в ы ш е  5 0  М э в .  П о к а з а н о ,  ч т о  с т а т и с т и ч е с к а я  т е о р и я  д е л е н и я  х о р о ш о  о п р е д е л я е т  
с о с т о я н и е  я д р а  в  с е д л о в о й  т о ч к е  и  н е п р и м е н и м а  д л я  о п и с а н и я  п р о ц е с с а  в  т о к е  р а з д е л е н и я  
о с к о л к о в .  Э т о т  в ы в о д  с л е д у е т  и з  о п ы т о в  п о  и з м е р е н и ю  м а с с о в ы х  и  з а р я д о в ы х  р а с п р е д е л е 
н и й  о с к о л к о в  п р и  д е л е н и и  я д е р  в  ш и р о к о м  д и а п а з о н е  Z 2/ A .

I

S in c e  th e  d i s c o v e r y  o f  u r a n i u m  f i s s i o n ,  th e  s tu d y  o f  th e  f i s s i o n  m e c h a 
n i s m  h a s  b e e n  o n e  of th e  m o s t  i m p o r t a n t  and  i n t e r e s t i n g  p r o b l e m s  o f  n u c l e a r  
p h y s i c s .  A lo t  o f  w o r k  i s  d e v o te d  to  th e  i n v e s t i g a t i o n  o f  t h i s  p h e n o m e n o n ;  
to  e x p la in  e x p e r i m e n t a l  d a t a  v a r i o u s  n u c l e a r  s t r u c t u r e  m o d e l s  a r e  u s e d ,  
s u c h  a s  t h e  l iq u id  d r o p  m o d e l ,  th e  s h e l l  m o d e l  and  s t a t i s t i c a l  t h e o r y .  It 
i s  n a t u r a l  t h a t  th e  r a n g e  of a p p l i c a t i o n  o f  a  m o d e l  i s  v e r y  l i m i t e d  an d  t h e r e  
i s  a s  y e t  no c o n s i s t e n t  t h e o r e t i c a l  i n t e r p r e t a t i o n  o f  t h i s  c o m p l i c a t e d  n u c l e a r  
p r o c e s s .

T h e  w e l l - k n o w n  m a s s  d i s t r i b u t i o n  o f  f i s s i o n  f r a g m e n t s  o f  235U w ith  
t h e r m a l  n e u t r o n s  i s  s o m e t i m e s  e x p la in e d  f r o m  p o s i t i o n s  l i t t l e  c o m p a t ib l e  
w i th  one  a n o t h e r .  It i s  p r o b a b l y  b e c a u s e  o f  t h i s  t h a t  a  g r e a t  d e a l  o f  e f f o r t  
i s  m a d e  to  e x p la in  th e  m e c h a n i s m  of  l o w - e n e r g y  o r  s p o n t a n e o u s  n u c l e a r  
f i s s i o n .

H o w e v e r ,  i t  h a s  b e e n  e s t a b l i s h e d  e x p e r i m e n t a l l y  t h a t  w i th  i n c r e a s i n g  
n u c l e a r  t e m p e r a t u r e  th e  p i c t u r e  c h a n g e s :  a t  a n  e x c i t a t i o n  e n e r g y  h i g h e r  
t h a n  50 M eV , f i s s i o n  a c t u a l l y  b e c o m e s  s y m m e t r i c a l  [1, 2] . I t  m a y  be  
s u p p o s e d  t h a t  t h i s  e n e r g y  i n c r e a s e  d o e s  no t r a d i c a l l y  a l t e r  th e  m e c h a n i s m  
o f  t h i s  c o m p l i c a t e d  n u c l e a r  t r a n s f o r m a t i o n .  At th e  s a m e  t i m e  th e  f i e ld  
o f  th e  e x p e r i m e n t a l  s tu d y  o f  n u c l e a r  f i s s i o n  i s  c o n s i d e r a b l y  e x te n d e d .

In d e e d ,  f o r  t h e  i n v e s t i g a t i o n  o f  s p o n ta n e o u s  f i s s i o n  o r  f i s s i o n  on  
t h e r m a l  n e u t r o n s ,  o n ly  n u c le i  f r o m  u r a n i u m  to  c a l i f o r n i u m  c a n  b e  u s e d  
w h i le  in  th e  h ig h ly  e x c i t e d  s t a t e  a l l  n u c l e i  w i th  Z 2/ A >  25 u n d e r g o  f i s s i o n
[3] . O f ' c o u r s e ,  d a t a  o b ta in e d  f o r  a  h e a t e d  n u c l e u s  c a n n o t  b e  d i r e c t l y  
u s e d  f o r  e x p la in in g  a l l  f i s s i o n  r e g u l a r i t i e s  n e a r  th e  t h r e s h o l d .  H o w e v e r ,  
f a c t s  s u c h  a s  n u c l e a r  s h a p e  a t  th e  s a d d l e  po in t ,  t h e  m e c h a n i s m  of  n u c l e a r  
m o t io n  f r o m  s a d d l e  to  s c i s s i o n  p o in t ,  th e  c h a r a c t e r  o f  s e p a r a t i o n ,  e t c .  
a r e  c o m m o n  and  i m p o r t a n t  f o r  th e  f i s s i o n  p r o b l e m  a s  a  w h o le .

T h u s ,  in  w h a t  fo l lo w s  we s h a l l  c o n s i d e r  n u c l e i  a t  an  e x c i t a t i o n  e n e r g y  
h i g h e r  th a n  50 MeV; a t  t h e s e  e n e r g i e s  th e  s t r u c t u r e  f e a t u r e s  o f  l o w - e n e r g y  
f i s s i o n  a r e  c o m p l e t e l y  a b s e n t .
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W e n o te ,  h o w e v e r ,  t h a t  th e  q u a n t i t a t iv e  s tu d y  o f  th e  e x c i t e d  n u c le u s  
f i s s i o n  m e e t s  w ith  s e r i o u s  d i f f i c u l t i e s .  W hen  th e  p r o j e c t i l e  e n e r g y  i n 
c r e a s e s ,  th e  n u m b e r  o f  r e a c t i o n  c h a n n e l s  a l s o  i n c r e a s e s  and th e  i n i t i a l  
s t a t e  o f  a f i s s i o n in g  s y s t e m  is  u n c e r t a i n .  E x p e r i m e n t s  w i th  r e l a t i v i s t i c  
p r o t o n s  m a y  s e r v e  a s  an  e x a m p l e  o f  th i s ;  h e r e ,  a f t e r  th e  f a s t  c a s c a d e  
e m i s s i o n  o f  n u c le o n s ,  q u i t e  a  n u m b e r  o f  n u c le i  w ith  a w id e  e x c i t a t i o n  
s p e c t r u m  u n d e rg o  f i s s i o n  [4, 5] .

F r o m  t h i s  po in t  o f  v iew ,  h e a v y  io n s  h a v e  s o m e  a d v a n ta g e s  s i n c e  a t  an 
e n e r g y  l o w e r  th a n  10 M eV  p e r  a to m ic  m a s s  u n it  th e  m a i n  m o d e  o f  i n t e r 
a c t i o n  o f  c o m p le x  n u c le i  i s  c o m p l e te  fu s io n  w ith  th e  p r o d u c t io n  o f  a h ig h ly  
e x c i t e d  c o m p o u n d  n u c l e u s .  On th e  o n e  h a n d ,  t h i s  d e f i n e s  u n a m b i g u o u s l y  
t h e  n u c l e a r  s t a t e  j u s t  b e f o r e  f i s s io n ;  o n  th e  o t h e r  h an d ,  i t  a l lo w s  a l a r g e  
n u m b e r  o f  n u c le i  to  b e  i n v e s t i g a t e d  in  a  w id e  r a n g e  of Z 2/ A .

B e lo w  we s h a l l  d i s c u s s  th e  e x p e r i m e n t a l  d a t a  on  f i s s i o n  in d u c e d  by  
h e a v y  io n s  f r o m  12C to  40A r .

II

It  a p p e a r s  t h a t  in  th e  f i s s i o n  p r o c e s s  th e  n u c le u s  p a s s e s  t h r o u g h  a  t r a n 
s i t i o n  s t a t e  -  t h e  s a d d l e  p o in t  -  w h ich  c o r r e s p o n d s  to  th e  f i s s i o n  b a r r i e r .
It  i s  a s s u m e d  th a t  a t  th e  s a d d l e  p o in t  t h e  n u c le u s  i s  in  t h e r m a l  e q u i l i b r i u m .  
T h i s  s t a t e  i s  e s s e n t i a l l y  an  i n i t i a l  s t a t e  f o r  a l l  f u r t h e r  f i s s i o n  p r o c e s s e s .

If s u c h  a  s i t u a t i o n  o c c u r s ,  t h e n  a c c o r d i n g  to  s t a t i s t i c a l  t h e o r y  th e  
a n g u l a r  d i s t r i b u t i o n  o f  th e  f r a g m e n t s  i s  u n a m b i g u o u s l y  r e l a t e d  to  th e  e f f e c 
t i v e  m o m e n t  o f  i n e r t i a l  Ief[ w h ic h  c h a r a c t e r i z e s  th e  n u c l e a r  s h a p e  a t  th e  
s a d d l e  p o in t  [7 -9 ]  .

1 J_ 1_

! e f f

w h e r e  1  ̂ a nd  1 ц a r e  th e  m o m e n t s  o f  i n e r t i a  o f  th e  t r a n s i t i o n  s t a t e  n u c le u s  
a t  th e  s a d d l e  d e f o r m a t i o n  a b o u t  an  a x i s  p e r p e n d i c u l a r  and  p a r a l l e l  to  th e  
a x i s  of s y m m e t r y ,  r e s p e c t i v e l y .

T h e  e x p e r i m e n t a l  d a t a  on I eff c a l c u l a t e d  f r o m  th e  a n g u l a r  a n i s o t r o p i e s  
f o r  h e a v y  io n - in d u c e d  f i s s i o n  in  v a r i o u s  t a r g e t  n u c l i d e s  a r e  g iv e n  in  F i g . l .

It sh o u ld  b e  n o te d  th a t ,  w i th in  e x p e r i m e n t a l  a c c u r a c y ,  I eff d o e s  no t 
d e p e n d  on  th e  m o d e  o f  p r o d u c t io n ,  th e  e x c i t a t i o n  e n e r g y  and  th e  a n g u l a r  
m o m e n t u m  of a  f i s s i o n in g  n u c le u s  [10, 12], bu t  i s  o n ly  a  fu n c t io n  of Z 2/ A .

Now i t  i s  i n t e r e s t i n g  to  c o m p a r e  th e  e x p e r i m e n t a l  d a ta  w ith  th e  c a l c u 
l a t e d  r e s u l t s  f o r  I eff u s i n g  th e  u s u a l  l i q u id  d r o p  m o d e l  [10, 11] . A n o t i c e 
a b l e  l a c k  o f  a g r e e m e n t  f o r  l a r g e  Z 2/ A  v a lu e s  i s  s e e n  in  F i g .  1, w h ich  
in d i c a t e s  t h a t  th e  d e f o r m a t io n  a t  th e  s a d d l e  p o in t  i s  s m a l l  a s  c o m p a r e d  
w ith  th e  s h a p e  o b ta in e d  by  m e a n s  of th e  l i q u id  d r o p  m o d e l .

H o w e v e r ,  t h i s  d i s a g r e e m e n t  i s  p r a c t i c a l l y  e l i m i n a t e d  if , a s  b e f o r e  
i n  th e  f r a m e w o r k  o f  th e  l iq u id  d r o p  m o d e l ,  t h e  d i s t r i b u t i o n  of th e  n u c le o n  
d e n s i t y  o f  th e  n u c le u s  i s  c o r r e c t l y  t a k e n  in to  a c c o u n t  and th e  s u r f a c e  t e n s io n  
a s  a  fu n c t io n  o f  th e  c u r v a t u r e  o f  the  e f f e c t i v e  s u r f a c e  i s  i n t r o d u c e d  in  
c a l c u l a t i n g  Ieff [1 3 ] .

I t  i s  v e r y  im p o r t a n t  th a t  th e  c a l c u l a t e d  r e s u l t s  a g r e e  w ith  the  
e x p e r i m e n t a l  o n e s .
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T h i s  p r o v i d e s  e v id e n c e  t h a t  th e  l iq u id  d r o p  m o d e l  i s  a  good a p p r o x i 
m a t i o n  in  c a l c u l a t i n g  th e  p o te n t i a l  e n e r g y  an d  th e  n u c l e a r  s h a p e  a t  th e  s a d d le  
po in t .  At th e  s a m e  t i m e  th e  a s s u m p t i o n  o f  t h e  s t a t i s t i c a l  n u c l e a r  e q u i 
l i b r i u m  o n  th e  to p  o f  th e  b a r r i e r  i s  v a l i d  w ith  g r e a t  a c c u r a c y  f o r  a l l  i n 
v e s t i g a t e d  n u c l e i .

H e n c e ,  i t  fo l lo w s  t h a t  th e  d e f o r m e d  n u c le u s  i s  r e a l l y  f o r  a  lo n g  t i m e  
in  an  i n t e r m e d i a t e  s t a t e  c o r r e s p o n d i n g  to  th e  s a d d l e  p o in t .

N o te  th a t  th e  e x t r e m e  p o in t  a t  Z 2/ A  = 4 3 .5  ( F i g . l )  o b ta in e d  f r o m  th e  
a n g u l a r  d i s t r i b u t i o n  o f  140L a  n u c le i  in  th e  f i s s i o n  o f  23su  by  th e  40A r  io n s  
c o r r e s p o n d s  to  I Sp h / l eff = 0 . 1 .  B e c a u s e  o f  t h i s ,  it  i s  p o s s i b l e  to  d e t e r m i n e  
a c c u r a t e l y  f r o m  e x p e r i m e n t s  th e  m a i n  p a r a m e t e r  o f  t h e  l i q u id  d r o p  m o d e l ,  
( Z 2/A )crit , w h ic h  d e f in e s  th e  s t a b i l i t y  l i m i t  o f  n u c l e a r  m a t t e r  a g a in s t  f i s s i o n .  
T h e  e x t r a p o l a t i o n  1 / l eff -► 0 (n u c l e i  w i th  s p h e r i c a l  s h a p e  a t  th e  s a d d le  point)  
g iv e s  ( Z 2/ A ) crit = 45 ± 1.

F I G . l .  D e p e n d e n c e  o f  th e  e f fe c t iv e  m o m e n t  o f  in e r t ia  a t th e  s a d d le  p o in t  o n  th e  f is s io n  p a ra m e te r  Z 2/ A .  

T h e  c u rv e s  a re  th e  re s u lts  o f  c a lc u la t io n  u s in g  th e  l iq u id  d ro p  m o d e l:  (a )  fo r  a n u c le u s  w i t h  sh arp  e d g e ,

(b ) ta k in g  in to  a c c o u n t th e  n u c le o n  d e n s ity  d is t r ib u t io n  in  th e  s u rfa c e  la y e r .  T h e  e x p e r im e n ta l  p o in ts : 

o p e n  c ir c le s  a re  th e  d a ta  f r o m  e x p e r im e n te  o n  d e u te ro n s  a nd  a lp h a  p a r t ic le s  [ 1 0 , 1 1 ]  ; f u l l  c ir c le s ,  e x p e r im e n ts  

o n  h e a v y  io n s .  T h e  f ig u re s  c o rre s p o n d  to  th e  n u c le u s  shape  a t th e  s a d d le  p o in t  o n  th e  a s s u m p tio n  o f  a x ia l  

s y m m e try .

I t  i s  sh o w n  a b o v e  t h a t  th e  m a i n  c h a r a c t e r i s t i c s  o f  th e  n u c l e u s  in  th e  
q u a s i - s t a t i o n a r y  s t a t e  n e a r  th e  b a r r i e r  t o p  c a n  b e  d e t e r m i n e d  f a i r l y  a c c u 
r a t e l y .  F u r t h e r  m o t io n  o f  th e  n u c l e u s  f r o m  s a d d l e  to  s c i s s i o n  p o in t  is  
v e r y  c o m p l i c a t e d 1 w h e r e a s  th e  a p p r o p r i a t e  i n f o r m a t i o n  m a y  be  o b ta in e d  
o n ly  a f j th e  i n i t i a l  m o m e n t  ( the  b a r r i e r  top) and  in  the  v e r y  l a s t  s t a g e  
(d iv i s io n  in to  two' f r a g m e n t s ) .  T h u s  th e  c h a r g e  and  m a s s  d i s t r i b u t i o n s  
o f  f r a g m e n t s ,  th e  t o t a l  k in e t i c  e n e r g y  and  f lu c tu a t io n s  o f  th e  f r a g m e n t  
k in e t i c  e n e r g y  a r e  e s s e n t i a l l y  th e  o n ly  d a t a  w h ic h  r e f l e c t  th e  f i s s i o n  
m e c h a n i s m .

It i s  o b v io u s  t h a t  t h i s  i n f o r m a t i o n  i s  not e x p l i c i t  eno ug h  to  d e s c r i b e  
a  c o m p l i c a t e d  n u c l e a r  s y s t e m  w i th  m a n y  d e g r e e s  o f  f r e e d o m .  T h e r e f o r e ,  
to  d e s c r i b e  th e  p h e n o m e n o n  one  o r  o t h e r  o f  th e  m o d e l s  i s  u s e d  w h ich  
s u p p o s e s  a  p r i o r i  a  c e r t a i n  r e g u l a r i t y  in  th e  d e v e lo p m e n t  o f  th e  p r o c e s s .

W hen  a  f i s s i o n i n g  n u c le u s  i s  h ig h ly  e x c i t e d  i t  i s  a s s u m e d  th a t  th e  
e n e r g y  e x c h a n g e  b e tw e e n  d i f f e r e n t  d e g r e e s  o f  f r e e d o m  p r o c e e d s  f a r  m o r e  
r a p i d l y  c o m p a r e d  to  th e  r a t e  o'f the '  d e f o r m a t i o n  c h a n g e .  T h i s  a l lo w s  
one  to  c o n s i d e r  th e  n u c l e u s  a s  a n  i s o l a t e d  s y s t e m  in  t h e r m o d y n a m i c
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e q u i l i b r i u m  in  a l l  th e  s t a g e s  o f  m o t io n  f r o m  s a d d l e  to  s c i s s i o n  po in t  
[1 4 -1 7 ]  . T h u s ,  t h e  w ho le  p r o c e s s  m a y  b e  c o n s i d e r e d  in  th e  v e r y  l a s t  
s t a g e ,  th a t  i s  a t  th e  s c i s s i o n  p o in t ,  and  th e  s t a t i s t i c a l  t h e o r y  m a y  be  
a p p l i e d  to  d e s c r i b e  th e  m a i n  f i s s i o n  r e g u l a r i t i e s .

T h i s  a p p r o a c h  s e e m s  to  b e  j u s t i f i e d  f o r  f i s s i o n  f r o m  e x c i t e d  s t a t e s  
f o r  g e n e r a l  r e a s o n s  [14, 1 8 ] ,  so  an  e x p e r i m e n t a l  c h e c k  o f  th e  a p p l i c a b i l i t y  
o f  s t a t i s t i c a l  t h e o r y  i s  im p o r t a n t  h e r e .

T h e  s t a t i s t i c a l  m o d e l  h a s  b e e n  u s e d  f o r  e x p la in in g  m a n y  e x p e r i m e n t a l  
d a t a  [1 9 -2 1 ]  o n  th e  f i s s i o n  o f  e x c i t e d  n u c l e i .  H o w e v e r ,  u n t i l  r e c e n t l y  
o n ly  a s m a l l  n u m b e r  o f  l i g h t  n u c le i  w ith  Z 2/ A  f r o m  31 to  35 h a v e  b e e n  
s y s t e m a t i c a l l y  i n v e s t i g a t e d .

We g iv e  be lo w  th e  r e s u l t s  o f  m e a s u r e m e n t s  o f  th e  m a s s  and  c h a r g e  
d i s t r i b u t i o n s  o f  f i s s i o n  f r a g m e n t s  [22, 23] f o r  n u c l e i  w i th  Z 2/ A  f r o m  
3 7 .5  to  4 3 .5 .

W h en  b o m b a r d in g  209B i and  238u  th i n  t a r g e t s  w i th  th e  160 ,  20Ne and  40A r  
i o n s ,  f r a g m e n t s  o f  th e  r a r e - e a r t h  g r o u p  a n d ,  in  s o m e  c a s e s ,  h e a v y  f r a g 
m e n t s  f r o m  go ld  to  p o lo n iu m  w e r e  s e p a r a t e d  by  th e  r a d i o c h e m i c a l  
m e t h o d  [24] .

F u r t h e r ,  u s in g  a  G e ( L i ) - g a m m a  s p e c t r o m e t e r ,  t h e  g a m m a  r a d i o 
a c t i v i t y  o f  f r a g m e n t s  w as  m e a s u r e d  and  th e  s p e c t r u m  o b ta in e d  w a s  a n a ly s e d  
w i th  th e  a i m  o f  id e n t i fy in g  th e  i s o to p e s  and  d e t e r m i n i n g  t h e i r  y i e l d .  T h i s  
t e c h n i q u e  w a s  f a i r l y  r e l i a b l e  and  th e  y ie ld  w a s  d e t e r m i n e d  w i th  a n  e r r o r  
n o t  g r e a t e r  t h a n  15%.

T o  p lo t  th e  m a s s  d i s t r i b u t i o n s  th e  fo l lo w in g  a s s u m p t i o n s  w e r e  m a d e  
a b o u t  th e  c h a r g e  d i s t r i b u t i o n  o f  f r a g m e n t s ,  w h ic h  w e r e  th e n  c h e c k e d  
e x p e r i m e n t a l l y :

(1) F o r  e a c h  f r a g m e n t  m a s s  A f th e  y ie ld  o f  i s o b a r s  w ith  Z d i f f e r i n g  
f r o m  th e  m o s t  p r o b a b l e  v a lu e s  of Z p w a s  d e s c r i b e d  by  th e  G a u s s i a n  
d i s t r i b u t i o n  9

(2) T h e  d e p e n d e n c e  o f  Z p o n  A fW as c a l c u l a t e d  u n d e r  th e  fo l lo w ing  
h y p o th e s i s :

It  w a s  a l s o  a s s u m e d  th a t  n e u t r o n s  w e r e  e v a p o r a t e d  f r o m  f r a g m e n t s  [25] 
< rn / r f «  1) in  a  n u m b e r  p r o p o r t i o n a l  to  t h e  f r a g m e n t  m a s s  = ( v j A 0)A f .

W ith  th e  a id  of a n  e l e c t r o n i c  c o m p u t e r ,  u s in g  th e  l e a s t  s q u a r e s  
m e th o d ,  th e  p a r a m e t e r s  v  and  ( с У  w e r e  c h o s e n  f o r  d i f f e r e n t  d e p e n d e n c e s  
Z (A), g iv in g  th e  s m a l l e s t  d e f l e c t io n  o f  th e  e x p e r i m e n t a l  p o in t s  f r o m  th e  
s m o o th  c u r v e  w h ich ,  a s  e x p e c t e d ,  w a s  w e l l  d e s c r i b e d  by th e  G a u s s i a n

(i) c o n s t a n t  c h a r g e  d e n s i ty  o f  f r a g m e n t s  
(ii) e q u a l  c h a r g e  d i s p l a c e m e n t  [25]

(i ii)  th e  c h a r g e  d i s t r i b u t i o n  f r o m  th e  m i n im u m  o f  th e  p o te n t i a l
e n e r g y  o f  f r a g m e n t s  [16] .

d i s t r i b u t i o n :

w ith  o n e  p a r a m e t e r  <(c/)>2
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T A B L E  I .  E X P E R IM E N T A L  D A T A  ON 
H E A V Y -IO N  IN D U C E D  F ISSIO N  [23] .
T h e  <\ c / >exp v a l u e s  a r e  g iv e n  f o r  r a r e - e a r t h  f r a g m e n t s .

Ê -
A

E (M e V ) < o > 2 V < c > < c  >e x p

209 B i( 20N e , f ) 3 7 ,7 100 710 1 0 .8 0 .5 6

238U(12C , f ) 3 8 .4 42 0 .7  ± 0 .2

238 U ( 160 , f ) 3 9 .4 81 1280 1 1 .2 1 .7

238U( 20N e , f ) 4 0 ,5 120 2280 1 2 .6 3 .3

95 1660 1 1 . 5 , 2 .9

65 1130 8. 9 2 .7 2 .6  ± 0 .2

209B i( 40A r , f ) 4 1 ,0 115  ' 2 2 0 0  ‘ 9 .5 2 .7 5

238U ( 40A r , f ) 4 3 .5 110 279 0 1 3 .3 3 .0

75 1980 ' 1 0 ,6 2 .9 2 .8  ± 0 .2

W hen u s i n g  s u c h  a  m e th o d ,  p r e f e r e n c e  i s  no t  g iv e n  to  an y  o n e  h y p o 
t h e s i s  on th e  c h a r g e  d i s t r i b u t i o n  o f  f r a g m e n t s ;  t h i s  fo l lo w s  f r o m  th e  b e s t  
f i t  o f  th e  e x p e r i m e n t a l  p o in t s  on  th e  m a s s  c u r v e .

T h e  e x p e r i m e n t a l  d a t a  a r e  g iv e n  in  T a b le  I .  It  w a s  found  f o r  a l l  r e 
a c t i o n s  t h a t  th e  w o r s t  a g r e e m e n t  i s  o b ta i n e d  w h en  th e  c h a r g e  i s  a s s u m e d  
to  b e  p r o p o r t i o n a l  to  th e  f r a g m e n t  m a s s  ( F i g .  2) w h ile  f o r  t h e  o t h e r  two 
c a s e s  th e  r e s u l t s  p r a c t i c a l l y  c o in c id e .

T h e  m a s s  s p e c t r a  f o r  f i s s i o n  f r a g m e n t s  a r e  g iv e n  in  F i g .  3. U s in g  
th e  d e p e n d e n c e  o f  th e  m a s s  d i s t r i b u t i o n  w id th  o n  t h e  n u c l e a r  t e m p e r a t u r e

s  \  2  2  /w e o b ta i n  \ c r /  a s  a  fu n c t io n  o f  th e  p á r a m e t e r  Z / А  f o r  a  f ix e d  e x c i t a t i o n  
e n e r g y .  A s  i s  s e e n  f r o m  F i g .  4 a t  Z 2/ A  > 38 a s t r o n g  e n l a r g e m e n t  o f  th e  
m a s s  c u r v e  i s  o b s e r v e d .

Now i t  i s  i n t e r e s t i n g  to  c o m p a r e  th e  e x p e r i m e n t a l  d a t a  w i th  th e  
c a l c u l a t i o n s  p e r f o r m e d  u s in g  th e  s t a t i s t i c a l  t h e o r y .  S e v e r a l  m e t h o d s  o f  
s u c h  c a l c u l a t i o n s  a r e  knownT H e r e  w e u s e  th e  m e t h o d  s u g g e s t e d  in  R e f . [16] 
w h ic h  i s  th e  m o s t  c o n v e n ie n t  and  e x a c t .

In  th e  f r a m e w o r k  o f  th e  s t a t i s t i c a l  t h e o r y  th e  f i s s i o n  p r o b a b i l i t y  f o r  
a  g iv e n  r a t i o  o f  f r a g m e n t  m a s s e s  i s

P( A) ~  e x p [ - - ^ - ^

w h e r e
:2<a 6 > 2J

A o  i /  2 A f \  / A i X 2 _ J l a 2 w |

A  = T \  )* < Д б > 2 9 6 *  U=s

-1

H e r e  T  i s  th e  n u c l e u s  t e m p e r a t u r e .
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Л /

F I G . 2 .  ( 0 .4 A  -  Z p )  as a fu n c t io n  o f  th e  fra g m e n t mass A f  fo r  th e  re a c t io n  Z3* U ( 22N e , f ) .  T h e  c u rve s

a re  th e  p re d ic t io n s  o f  th e  h yp o th e s e s : (1 ) c o n s ta n t c h a rg e  d e n s ity  o f  th e  fra g m e n ts , p r o p o r t io n a l i t y  o f  th e  

c h a rg e  to  th e  f ra g m e n t  m ass , (2 ) e q u a l c h a rg e  d is p la c e m e n t ,  (3 ) th e  c h a rg e  d is t r ib u t io n  a c c o rd in g  to  th e  

m in im u m  o f  p o te n t ia l  e n e rg y  a t  th e  s c is s io n  p o in t  [ 1 6 ] .

F I G .3 .  M ass d is t r ib u t io n  o f  th e  fis s io n  fra g m e n ts .  C u rv e  1: 197A u ( 12C , f )  [2 0 ]. ,  e x c i t a t io n  e n e rg y  1 0 5 M e V ; 

c u rv e  2 : 238U  ( 20N e , f)  [ 2 3 ] ,  e x c i t a t io n  e n e rg y  95 M e V ; c u rv e  3: 238U  ( 40A r ,  f )  [ 2 3 ] ,  e x c i t a t io n  e n e rg y  

110 M e V .  T h e  u p p e r d ia g ra m  is  th e  d e p e n d e n c e  o f  <^o^>2 o n  th e  e x c i t a t io n  e n e rg y  o f  a  f is s io n in g  n u c le u s  
23»u ( 20N e , f ) .
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p re d ic t io n s  o f  th e  s ta t is t ic a l  th e o ry  o b ta in e d  fo r  d i f fe r e n t  mass fo rm u la s :  (a ) C a m e ro n  [ 2 8 ] ,  (b ) G r e e n [ 2 5 ] , 

( c )  M y e rs  and  S w ia te c k i [ 2 9 ] .

w h e r e  a a 2 ,  . . . a e a r e  th e  c o n s t a n t  c o e f f i c i e n t s .  Д Е 5 an d  Д Е С a r e  th e  
d i f f e r e n c e s  in  th e  s u r f a c e  and  C o u lo m b  e n e r g y  f o r  th e  i n i t i a l  ( s p h e r i c a l )  
n u c l e u s  and  tw o ( s p h e r i c a l )  f r a g m e n t s  . E ds, E dc a r e  th e  s u r f a c e  and 
C o u lo m b  e n e r g i e s  o f  th e  f r a g m e n t  d e f o r m a t i o n  a t  th e  s c i s s i o n  m o m e n t .  
'E i s  th e  e n e r g y  f o r  th e  C o u lo m b  i n t e r a c t i o n  o f  f r a g m e n t s  w h ic h  i s  e q u a l  
to  th e  t o t a l  k in e t i c  e n e r g y ,  th e  l a t t e r  b e in g  d e t e r m i n e d  a c c u r a t e l y  f r o m  
th e  e x p e r i m e n t a l  d e p e n d e n c e  [27]

In  c a l c u l a t i n g  th e  p o te n t i a l  n u c l e u s  e n e r g y  d i f f e r e n t  m a s s  f o r m u l a s  w e r e  
u s e d  [25, 28, 29] . C o m p a r i s o n  o f  th e  t h e o r e t i c a l  and  e x p e r i m e n t a l  d a t a  in  
F i g .  4 sh o w s  t h a t  a g r e e m e n t  i s  o b ta in e d  o n ly  f o r  a  v e r y  n a r r o w  r e g i o n  o f  
l i g h t  n u c le i ,  w h i le  f o r  Z2 / A >  38 t h e r e  i s  an  e s s e n t i a l  d i s a g r e e m e n t ,  c o n 
s i d e r a b l y  e x c e e d in g  th e  e r r o r s .  T h u s ,  th e  l a r g e  d i s a g r e e m e n t  c a n  be 
e l i m i n a t e d  by  no t v a r y i n g  th e  m o d e l  p a r a m e t e r s ,  w i th in  r e a s o n a b l e  l i m i t s .

It i s  a l s o  s e e n  f r o m  e x p e r i m e n t s  t h a t  th e  d e p e n d e n c e  o f  <( a^> o n  th e  
e x c i t a t i o n  e n e r g y  i s  s t r o n g e r  t h a n  t h e , t h e o r y  p r e d i c t s .

"vH ow ever ,  i t  s e e m s  to  us  th a t  th e  s t r i c t e s t  c r i t e r i o n  o f  th e  v a l i d i t y  
o f  th e  s t a t i s t i c a l  a p p r o a c h  i s  th e  f l u c tu a t io n  o f  th e  f r a g m e n t  c h a r g e  f o r  a 
g iv e n  m a s s  r a t i o  ( o r  th e  m a s s  f l u c tu a t io n  f o r  a  g iv e n  c h a r g e  r a t i o ) .

In d e e d ,  a c c o r d i n g  to  R e f .  [1 6 ] ,  in  c a l c u l a t i n g  th e  i s o b a r  o r  i s o to p i c  
c u r v e s ,  o n ly  t h e  w e l l - k n o w n  t e r m  o f  th e  m a s s  f o r m u l a  ~ ( A - 2 Z ) 2/ A  i s  
u s e d ,  w h ich  t a k e s  in to  a c c o u n t  th e  a f f in i ty  of th e  p r o t o n s  and  n e u t r o n s  in  
t h e  n u c l e u s .

Э2 w / 9 6 2 i s  th e  s e c o n d  d e r i v a t i v e  o f  th e  t o t a l  p o t e n t i a l  n u c l e u s  e n e r g y  
w h ic h ,  a c c o r d i n g  to  R e f .  [ 1 6 ] ,  c a n  b e  p r e s e n t e d  a s :

7 /3
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In  t h i s  c o n n e c t io n ,  we n a v e  m e a s u r e d  th e  i s o to p i c  d i s t r i b u t i o n s  o f  
f r a g m e n t s  n e a r  th e  m a x i m u m  of th e  m a s s  c u r v e  f o r  n u c l e i  w i th  d i f f e r e n t  
Z 2/ A .  It  i s  s e e n  f r o m  F i g .  5 t h a t  th e  c h a r g e  ( o r  i s o to p ic )  c u r v e s  a r e  w e l l  
d e s c r i b e d  b y  th e  G a u s s i a n  d i s t r i b u t i o n  and  th e  p a r a m e t e r  <(c)> a g r e e s  w ith  
t h e  d a t a  o f  T a b le  I.

F I G . 5 .  I s o to p ic  d is t r ib u t io n s  o f  th e  f is s io n  f ra g m e n ts .  C u rv e  1: l97A u (  12C , 0  [ 2 0 ]  ; c u rv e  2 : 238U  ( 20N e , f ) [ 2 3 ]  ; 

c u rv e  3 : 23SU ( 40A r ,  f ) [ 2 3 ]  . P a ra m e te r  Z 2/ A  is  3 4 .5 ,  4 0 .5  a nd  4 3 .5  r e s p e c t iv e ly .  T h e  c h a r g e 'd is tr ib u t io n  

w id th s  < ^ ф еХр  f ° r  th is  r e a c t io n  a re  p re s e n te d  in  T a b le  Í .

j Lfí
F I G . 6 .  C h a rg e  d is t r ib u t io n  w id th  <(c^> as a  fu n c t io n  o f  th e  p a ra m e te r  Z 2 /A  a t an  e x c i t a t io n  e n e rg y  o f  

a b o u t 80 M e V .  T h e  d o t te d  l in e  is  d ra w n  th ro u g h  th e  e x p e r im e n ta l  p o in ts .  T h e  cu rve s  a , b  a nd  с  a re  

th e  th e o r e t ic a l  c a lc u la t io n s  (see F ig . 4 ) .

T h e  e x p e r i m e n t a l  d e p e n d e n c e  o f  th e  c h a r g e  d i s t r i b u t i o n  w id th  < c У  
o n  Z 2/ A  ( F i g .  6) a g r e e s  w i th  th e  t h e o r e t i c a l  o n e  in  th e  r a n g e  o f  l ig h t  n u c le i  
o n ly ,  and  d i s a g r e e s  s t r o n g l y  f o r  Z 2/ A >  38.

T h e  i s o to p ic  d i s t r i b u t i o n s  in  d i f f e r e n t  p l a c e s  o f  th e  m a s s  c u r v e  w e r e  
m e a s u r e d  f o r  th e  r e a c t i o n  238U ( 40A r ,  f) . T h e  <(cУ  v a lu e s  o b ta in e d  f r o m  
t h e s e  d a t a  a s  a fu n c t io n  of th e  m a s s  a s y m m e t r y  ( F ig .  7) in d i c a t e  t h a t  th e  
c h a r g e  d i s t r i b u t i o n  w id th  i s  no t c o n s t a n t  f o r  a l l  th e  m a s s e s ,  a s  i s  u s u a l ly  
a s s u m e d  w hen  c a l c u l a t i n g  th e  m a s s  d i s t r i b u t i o n s  o f  f r a g m e n t s .
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F I G . 7 . D e p e n d e n c e  o f  \ c " /  on  th e  a s y m m e try  o f  r ,a U  f is s io n  w i t h  40A r io n s .  T h e  d o t te d  l in e  is  d ra w n  

th ro u g h  th e  e x p e r im e n ta l p o in ts .  T h e  c u rv e s  a , b  a nd  с  a re  th e  th e o r e t ic a l  c a lc u la t io n s  ( F ig . 4 ) .

IÍI

T h e  m a i n  c a u s e  o f  th e  d i s a g r e e m e n t  b e tw e e n  th e  e x p e r i m e n t a l  d a t a  
and  th e  t h e o r e t i c a l  p r e d i c t i o n s  o f  th e  s t a t i s t i c a l  m o d e l  l i e s ,  i t  s e e m s  to  u s ,  
in  th e  f a c t  th a t  u n ju s t i f i e d  a s s u m p t i o n s  h a v e  b e e n  m a d e  c o n c e r n i n g  th e  
f i s s i o n  m e c h a n i s m .

T h e  e x i s t e n c e  o f  t h e r m o d y n a m i c  ¡e q u i l ib r iu m  a t  th e  s c i s s i o n  p o in t ,  
w h ich  i s  u s e d  f o r  th e  c a l c u l a t i o n  o f  th e  n u c l e a r  p o te n t i a l  e n e r g y  an d  o f  a l l  
o t h e r  q u a n t i t i e s ,  s e e m s  to  b e  do ub tfu l  f o r  th e  fo l lo w in g  r e a s o n s .

T h e  s t a t i s t i c a l  a p p r o a c h  i s  v a l i d ;o n ly  in  th e  c a s e  w hen  th e  r e l a x a t i o n  
t i m e  of th e  n u c le u s  i s  f a r  s h o r t e r  t h a n  th e  t i m e  o f  th e  d e f o r m a t i o n  c h a n g e .  
H o w e v e r ,  th e  r a t e  ■ o f  th e  d e f o r m a t i o n  c h a n g e  i s  m i n im u m  a t  th e  b a r r i e r  
and  m a x i m u m  a t  th e  s c i s s i o n  p o in t .  In  th e  l a t t e r  c a s e  i t  m a y  b e  th e  s a m e  
a s  o r  e v e n  l a r g e r  t h a n  th e  r a t e  o f  th e  n u c le u s  r e l a x a t i o n  [30] .

T h i s  f a c t  c o n t r a d i c t s  th e  a s s u m p t i o n s  of th e  s t a t i s t i c a l  t h e o r y .
A c o r r e c t  d e s c r i p t i o n  o f  th e  p h e n o m e n o n  m a y  be  o b ta in e d  o n ly  b y  

t a k in g  in to  a c c o u n t  th e  d y n a m i c s  o f  th e  p r o c e s s ,  w h ich  n e e d s  a d d i t io n a l  
a s s u m p t i o n s  r e g a r d i n g  th e  k in e t i c  p r o p e r t i e s  o f  th e  f i s s i o n  p r o c e s s .

L e t  u s  t r y  to  e x p la in  q u a l i t a t i v e l y  th e  e x p e r i m e n t a l  d a ta .
F o r  d i f f e r e n t  Z 2/ A  th e  s t a r t i n g  f i g u r e s  ( s a d d le  po in t)  m a y  b e  e s s e n t i a l l y  

d i f f e r e n t  (F ig .  1), t h e r e f o r e  th e  n u m b e r  o f  c o n f i g u r a t io n s  a lo n g  th e  w ho le  
p a th  up to  th e  s c i s s i o n  p o in t  i s  a l s o  d i f f e r e n t .  T a k in g  in to  a c c o u n t  th e  
a c c e l e r a t i v e  c h a r a c t e r  o f  th e  m o t io n , '  i t  sh o u ld  be  a s s u m e d  th a t  m o s t  
o f  th e  t i m e  th e  n u c le u s  h a s  a  d e f o r m a t i o n  w h ic h  d i f f e r s  s t r o n g l y  f r o m  
th e  f i g u r e  a t  the  s c i s s i o n  p o in t .  T h i s  m e a n s  th a t  th e  f a te  o f  th e  s e p a r a t i o n  
w a s  a t  s t a k e  lo n g  b e f o r e  th e  m o m e n t  w h e n  th e  n u c le u s  w a s  r e a d y  to  a s s u m e  
th e  s h a p e  of two s e p a r a t e  f r a g m e n t s . ;  In  th e  p r o c e s s  o f  c h a n g e  o f  d e f o r 
m a t io n ,  e a c h  f i g u r e  h a s  a c e r t a i n  s t a b i l i t y  a g a in s t  th e  a s y m m e t r i c a l  v a r i 
a t i o n s  of th e  s h a p e  [31] .

F o r  s u c h  an  a p p r o a c h  th e  f l u c tu a t io n  o f  th e  m a s s  and  c h a r g e  o f  f r a g 
m e n t s  d e p e n d s  on th e  r a t e  o f  th e  d e f o r m a t i o n  c h a n g e  and  on  th e  i n i t i a l  s h a p e  
o f  th e  n u c le u s .
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H o w e v e r ,  th e  e x a c t  c a l c u l a t i o n  i s  a  m a t t e r  o f  s o m e  d i f f ic u l ty  bu t,  
w ith  s o m e  s i m p l i f i c a t i o n s  o f  th e  p r o b l e m ,  th e  d e p e n d e n c e  o f  t h e  m a s s  
d i s t r i b u t i o n  w id th  <̂ a)> m a y  b e  o b ta in e d  c lo s e  to  th e  e x p e r i m e n t a l  o n e .

I t  sh o u ld  b e  n o te d  th a t  th e  good a g r e e m e n t  o f  th e  e x p e r i m e n t a l  p o in t s  
( F i g s  4 and  6) w ith  th e  c a l c u l a t i o n s  u s in g  th e  s t a t i s t i c a l  t h e o r y  in  th e  r a n g e  
o f  l i g h t  n u c le i  (Z 2/ A  = 31 - 34) i s  a c c o u n te d  f o r  b y  th e  f a c t  t h a t  th e  n u c l e a r  
s h a p e s  a t  th e  s c i s s i o n  m o m e n t  and  a t  th e  s a d d l e  p o in t  d i f f e r  l i t t l e  f r o m  e a c h  
o t h e r .  S in c e  th e  s e c o n d  s t a g e  o f  th e  p r o c e s s  i s  p r a c t i c a l l y  a b s e n t ,  th e  
a s s u m p t i o n  o f  t h e r m o d y n a m i c  e q u i l i b r iu m  a t  th e  s c i s s i o n  p o in t  i s  e s s e n t i 
a l l y  r e l a t e d  to  th e  s a d d l e  po in t ;  t h i s  i s  q u i t e  j u s t i f i e d  and  a g r e e s  w e l l  w ith  
e x p e r i m e n t a l  r e s u l t s . -

IV
A n o t i c e a b l e  e n l a r g e m e n t  o f  th e  m a s s  c u r v e  w i th  i n c r e a s i n g  Z 2/ A  

g iv e s  r i s e  to  a n  i n t e r e s t i n g  p h e n o m e n o n :  " c a s c a d e  f i s s i o n "  of th e  n u c le u s
w i th  t h e  p r o d u c t io n  o f  t h r e e  f r a g m e n t s  of a b o u t  e q u a l  m a s s e s  [32] .

T h e  e s s e n c e  o f  t h i s  p h e n o m e n o n  i s  t h a t  in  s o m e  c a s e s  a n  e x c i t e d  c o m 
po un d  n u c le u s  u n d e r g o e s  a  s t r o n g  a s y m m e t r i c a l  f i s s i o n .

If  t h e  e x c i t a t i o n  e n e r g y  o f  a  h e a v y  f r a g m e n t  i s  h i g h e r  t h a n  i t s  f i s s i o n  
b a r r i e r ,  t h e n  i t  c a n  d i s i n t e g r a t e  o n c e  a g a in  in to  two p a r t s .  T h e  c r o s s -  
s e c t i o n  o f  t h i s  p r o c e s s  d e p e n d s  o n  th e  m a s s  d i s t r i b u t i o n  in  th e  f i r s t  s t a g e  
o f  f i s s i o n  ( th e  y ie ld  o f  l a r g e  m a s s e s )  an d  o n  th e  f i s s i o n  p r o b a b i l i t y  f o r  th e  
h e a v y  f r a g m e n t .  T h i s  m e c h a n i s m  e x p la i n s  c l e a r l y  t h e  e x p e r i m e n t a l  d a t a  
o n  th e  f i s s i o n  o f  n u c l e i  in to  t h r e e  f r a g m e n t s  in  h e a v y - i o n  in d u c e d  r e a c t i o n s  
[ 3 3 , 3 4 ] .

N o te  a l s o  th a t  th e  f i s s i o n  o f  h e a v y  e x c i t e d  n u c le i  m a y  b e  a  good m e th o d  
f o r  s y n t h e s i z i n g  ne w  i s o to p e s  [35] . It s e e m s  to  u s  t h a t  f i s s i o n  in d u c e d  
b y  io n s  h e a v i e r  th a n  a r g o n  i s  v e r y  p r o m i s i n g  f o r  o b ta in in g  n u c le i  f a r  off 
t h e  s t a b i l i t y  l in e  [36] .
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Abstract — Аннотация

T H E  IN C O N S T A N C Y  OF M E A N  R A D II OF N U C IÏE A R  S T A T E S  IN  R O T A T IO N A L  B A N D S . T h e  d i f fe re n c e ,

Д  < R 2> ,  in  th e  m e a n  s q ua re  ra d iu s  o f  th e  f i r s t  2 + s ta te  w ith  re s p e c t to  th e  0 + g ro u n d  s ta te  o f  r o ta t io n a lb a n d s  

has n ow  b e e n  m e a su re d  fo r  a n u m b e r o f  d e fo rm e d  n u c le i  u s in g  M ô ssb au e r and m u o n ic  is o m e r s h if t  te c h n iq u e s .

T h e  re s u lts  o f  b o th  ty p e s  o f  m e a s u re m e n ts  a re  re v ie w e d .  T h e  d e r iv a t io n  o f  Д  <R b>  f ro m  M ô ssb au er d a ta  s t i l l  

c o n ta in s  up  to  50^0 u n c e r ta in ty  in  th e  e v a lu a t io n  o f  1 1 ( 0 ) | 2 . T h e  m u o n ic  d a ta  a re  s u p e r f ic ia l ly  m o re , re l ia b ly  

a n a ly s e d . T h e re  a re , h o w e v e r, la rg e  c o r re c t io n s  fo r^ e n e rg y  s h ifts  re s u lt in g  f ro m  a s y m m e tr ie s  in  th e  d e c a y  

o f  th e  m a g n e t ic a l ly  s p l i t  n u c le a r  t r a n s i t io n .  A n d  th e re  a re  fu r th e r  a m b ig u it ie s  in  e v a lu a t in g  p o la r iz a t io n  

e f fe c ts .  C o n s id e r in g  th e  o v e r a l l  u n c e r ta in t ie s ,  th e  re s u lts  o f  th e  tw o  te c h n iq u e s  a re  in  goo d  a c c o rd .  O n  th e  

o th e r  hand  th e  th e o re t ic a l p re d ic t io n s  o f  Д  <R *>  a re  U n ifo r m ly  s e v e ra l t im e s  la rg e r  th a n  th e  e x p e r im e n ta l 

v a lu e s .  E ven  m o re  in te re s t in g  is  t h a t  re c e n t e x p e r im e n ts  in d ic a te  th a t  th e  m e a n  ra d iu s  o f  f i r s t  2+ s ta tes 

b e c o m e  s m a lle r  th a n  th e  m e a n  ra d iu s  o f  th e  re s p e c t iv e  g ro u n d  s ta te  in  th e  W -  Os re g io n .  .

Н Е П О С Т О Я Н С Т В О  С Р Е Д Н И Х  Р А Д И У С О В  Я Д Е Р Н Ы Х  С О С Т О Я Н И Й  В  Р О Т А Ц И О Н Н Ы Х  
П О Л О С А Х .  Р а з н и ц а  2 >̂ д л я  с р е д н е - к в а д р а т и ч н о г о  р а д и у с а  п е р в о г о  2*  с о с т о я н и я  о т н о с и 
т е л ь н о  0 + о с н о в н о г о  с о с т о я н и я  п о л о с  в р а щ е н и я  б ы л а  и з м е р е н а  д л я  р я д а  д е ф о р м и р о в а н н ы х  я д е р  
с  и с п о л ь з о в а н и е м  м е т о д и к и  М е с с б а у э р а  и м ю о н н о г о  и з о м е р н о г о  с д в и г а .  Д а е т с я  о б з о р  р е з у л ь 
т а т о в  о б о и х  т и п о в  и з м е р е н и й .  П о л у ч е н и е  Д<^Я2/ и з  М е с с б а у э р о в с к и х  д а н н ы х  с о д е р ж и т  в с е  ж е  
5 0 %  н е о п р е д е л е н н о с т и !  в  р а с ч е т а х  10 ( 0 )  Í 2 . М ю о н н ы е  д а н н ы е  п р о а н а л и з и р о в а н ы  н а м н о г о  н а д е ж 
н е е .  О д н а к о , и м е ю т с я 'б о л ь ш и е  п о п р а в к и  н а  с д в и г и  п о  э н е р г и и  в р е з у л ь т а т е  ‘ а с и м м е т р и и  в р а с 
п а д е  д л я  я д е р н о г о  ¡п е р е х о д а  с  р а с щ е п л е н н о г о  м а г н и т н ы м  п о л е м  с о с т о я н и я .  Е с т ь  и д р у г и е  н е я с 
н о с т и  в  о ц е н к е  э ф ф е к т о в  п о л я р и з а ц и и .  П р и у ч е т е  в с е х  н е о п р е д е л е н н о с т е й ,  р е з у л ь т а т ы  д в у х  
м е т о д и к  м о ж н о  с ч и т а т ь  н а х о д я щ и м и с я  в х о р о ш е м  с о г л а с и и .  С  д р у г о й  с т о р о н ы ,  т е о р е т и ч е с к и е  
п р е д с к а з а н и я  A < (R 2)> п о с т о я н н о  п р е в ы ш а ю т  э к с п е р и м е н т а л ь н ы е  з н а ч е н и я  в 7 р а з - .  П о с л е д н и е  
э к с п е р и м е н т ы  у к а з ы в а ю т ,  ч т о  с р е д н и й  р а д и у с  п е р в ы х  2* с о с т о я н и й  с т а н о в и т с я  м е н ь ш е  с р е д 
н е г о  р а д и у с а  с о о т в е т с т в у ю щ е г о  о с н о в н о г о  с о с т о я н и я  в о б л а с т и  W -  O s .

IN T R O D U C T IO N

T h e  s tu d y  o f  n u c l e a r  r a d i i  r e m a i n s  o ne  o f  t h e  c l a s s i c  a p p r o a c h e s  to  
th e  u n d e r s ta n d in g ,  o f  n u c l e a r  s t r u c t u r e  w ith  th e  p r e p o n d e r a n c e  of s u c h  
i n v e s t i g a t i o n s  b e in g  c o n c e r n e d  w i t h : r a d i a l  d i s t r i b u t i o n s  o f  g r o u n d  s t a t e s .  
T h e  d e v e lo p m e n t  o f  t e c h n i q u e s  to  a c c u r a t e l y  c o m p a r e  th e  r a d i u s  o f  a 
g r o u n d  s t a t e  w ith  t h a t  o f  an  i s o m e r  ( 1 , 2 ] h a s  a l lo w e d  th e  i s o l a t i o n  o f  
s p e c i f i c  e f f e c t s  o f  th e  n u c l e a r  c o n f i g u r a t io n .  T h e  m e a s u r e m e n t s  a r e  
c a r r i e d  ou t by  c o m p a r i n g  th e  t r a n s i t i o n  e n e r g y  b e tw e e n  e x c i t e d  (e) and  
g r o u n d ' s t a t e  (g) in  two e l e c t r o n i c  e n v i r o n m e n t s .  T h e  d i f f e r e n c e  in  
e n e r g y ,  o b s e r v e d  a s  a v e lo c i ty  D o p p le r  s h i f t  o f  th e  c e n t r e  o f  g r a v i ty

*  T h is  w o rk  is s u p p o rte d  in  p a r t  th ro u g h  funds p ro v id e d  by th e  U .S .  A to m ic  E ne rg y  C o m m is s io n  C o n tra c t  

A T  ( 3 0 - 1 ) - 2 0 9 8 .  •
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o f  th e  s o u r c e  (S) l in e  w ith  r e s p e c t  to  th e  a b s o r b e r  (A) i s  g iv e n  by [3] 
( s e e  F i g .  1),

(1)

T h e  i s o m e r  s h i f t  m e a s u r e m e n t s  w e r e  f i r s t  c a r r i e d  ou t b e tw e e n  s t a t e s  
o f  w id e ly  d i f f e r e n t  c o n f i g u r a t i o n s  s u c h  a s  a r e  found  in  57F e ,  b u t  i t  w a s  
r e a l i z e d  q u i t e  e a r l y  t h a t  on e  o f  th e  i m p o r t a n t  a p p l i c a t i o n s  of s u c h  m e a s u r e 
m e n t s  w ou ld  b e  to  th e  s tu d y  o f  r o t a t i o n a l  s t a t e s  in  o r d e r  to  d i r e c t l y  e x a m i n e  
th e  n o n - a d i a b a t i c  e f f e c t s  in  r o t a t i o n a l  b a n d s  o f  d e f o r m e d  n u c l e i .  U n 
f o r t u n a t e l y  th e  v e r y  s i m i l a r i t y  o f  th e  n u c l e a r  c o n f i g u r a t io n s  w i th in  a  band  
m a k e s  th e  o b s e r v a t i o n  d i f f ic u l t .  F o r  t h i s  r e a s o n  th e  e a r l y  s e a r c h e s  w e r e  
c a r r i e d  o u t  on  t r a n s i t i o n  n u c l e i  a t  th e  e d g e s  o f  th e  d e f o r m e d  r e g i o n  w h e r e  
t h e  c o n f i g u r a t i o n s  w e r e  e x p e c t e d  to  be  m o s t  d i f f e r e n t .  T h e  f i r s t  u n 
a m b i g u o u s  m e a s u r e m e n t  o f  a  f i n i t e  i s o m e r  s h i f t  w a s  o b s e r v e d  [4] on  th e  
100 keV  t r a n s i t i o n  of 182W. T h i s  m e a s u r e m e n t  w a s  n o t ,  h o w e v e r ,  a m e n a b le  
to  u n a m b ig u o u s  a b s t r a c t i o n  of th e  r a d i a l  c h a n g e ,  o w ing  to  v e r y  u n c e r t a i n  
c a l c u l a t i o n s  o f  th e  s - e l e c t r o n  w a v e - fu n c t io n s ,  |Y (0 ) |2 = p (0) a t  th e  W n u c le i .  
( G r o s s  u n c e r t a i n t i e s  in  p (0) a r e  s t i l l  th e  r u l e  r a t h e r  t h a n  th e  e x c e p t io n ;  f o r  
e x a m p l e  th e  r e c e n t  c a l c u l a t i o n s  o f  th e  v a lu e  o f  Д <( R 2 ^>/<^R2 >̂ f o r  th e  
1 4 . 4  keV  t r a n s i t i o n  of 57F e  d i f f e r  by  a f a c t o r  o f  t h r e e  [5] .)

T o  r e d u c e  t h e s e  u n c e r t a i n t i e s  i n v e s t i g a t o r s  c o n c e n t r a t e d  on  th e  m o r e  
a m e n a b l e  r a r e  e a r t h  n u c l e i  w h e r e  th e  u n f i l l e d  b u t  w e l l - s h i e l d e d  4f s h e l l ,  
t h e  r e l i a b l e  h y p e r f in e  and  i s o to p e  s h i f t  d a ta ,  and  th e  t h e o r e t i c a l  u n d e r 
s t a n d in g ,  m a k e  f o r  r e a s o n a b l y  r e l i a b l e  e s t i m a t e s  o f  p(0 ) .  T h e  e n t i r e  s u b j e c t  
h a s  b e e n  r e v i e w e d  r e c e n t l y  b y  K ie n le  [1 1 ] ,  who, in  c o l l a b o r a t i o n  w ith  B r ix ,
H ü fn e r  a n d  Q u i t m a n n  l a i d  th e  fo u n d a t io n  f o r  m u c h  o f  t h e  p r e c i s e  c a l i b r a t i o n s

I so m er  S h ift

Finite 
Nucleus 

Compound IT
Point

Nucleus

Finite 
Nucleus 

Compound I

Û E , „ = k k B(0 ) |2< R j> \ / AEe I= k |f , (0 ) |Z< R |>

En = Eo + k|i^I I (0 ) |Z^ < R |> "< R q > ' E t = E„ + k  I 0)|2 [ <  R | > - <  R | > ]

AEqD = k U n(0)|2<Rl> \ , /  1  Û E 41 = k | ^ ( 0 ) | 2 < R | >

E n" E , = к [I ф, ( 0 ) | г _  I ( 0 ) | г] [ <  Re2 >  -  < R,z > ]

F IG . l .  Schematic representation of the isomer energy shifts due to  the interaction  of the atom ic 
electrons w ith  the nucleus o f f in ite  size.



MEAN RADII OF NUCLEAR STATES 505

in  t h i s  f ie ld  [6 ] . In . th e  p r e s e n t  p a p e r  we w il l  d i s c u s s  s e l e c t e d  p o in t s  w ith  
r e f e r e n c e  to  the . M o s s b a u e r  e x p e r i m e n t s  on  d e f o r m e d  n u c l e i .  M uch  of 
th e  d a t a  i s  c o l l a t e d ' i n  T a b l e  IA { E v e n - E v e n  N uc le i)  and  .IB (O dd -А N u c le i ) .

T h e  s e c o n d  p o r t i o n  o f  'th is  p a p e r  w i l l  be  c o n c e r n e d  w i th  th e  n u c l e a r  
e n e r g y  s h i f t  d a t a  o b s e r v e d  in  th e  p r e s e n c e  o f  th e  m u o n  fo l lo w in g  д - m e s o n  
c a p t u r e .  T h i s  e f f e c t ,  f i r s t  o b s e r v e d  in  1966 by B e r n o w  e t  a l .  [7] fo l low in g  
a n  id e a  of D e v o n s  [8 ] , h a s  now  b e e n  in v e s t i g a t e d  w i th  g r e a t  c a r e  in  a 
n u m b e r  o f  d e f o r m e d  n u c l e i  by  Wu [9] : and  c o l l a b o r a t o r s .  A m a i n  c o n t r i - -  1 
b u t io n  to  th e  e n e r g y  s h i f t  i s  d u e  to  th e  c h a n g e  in  n u c l e a r  r a d i u s .  T h e r e  
a r e ,  h o w e v e r ,  a d d i t io n a l  c o n t r ib u t io n s  to  th e  o b s e r v e d  e n e r g y  sh i f t ,  one  of 
w h ich  a r i s e s  f r o m  th e  h y p e r f i n e  i n t e r a c t i o n  and  c a n  be  f a i r l y  r e l i a b l y  
c a l c u l a t e d ,  w h i le  o t h e r s ,  a r i s i n g  f r o m  p o l a r i z a t i o n  e f f e c t s ,  c a n  a t  b e s t  
b e  e s t i m a t e d .

A s  we s h a l l  s e e ,  t h e  v a l u e s  o b t a i n e d  t h r o u g h  M o s s b a u e r  in v e s t i g a t i o n s  
a r e  in  r e a s o n a b l e  a c c o r d  w ith  д - m e s i c  r e s u l t s .  M o r e o v e r ,  a l l  r e s u l t s  
a r e  c o n s i s t e n t  w i th  th e  i n t e r p r e t a t i o n  th a t  in  e v e n - e v e n  n u c le i ,  f r o m  152Sm  
to  182W, <\ R g / > i s  g r e a t e r  t h a n  <(r|)> .

T h e  f in a l  s e c t i o n  d i s c u s s e s  th e  im p l i c a t i o n s  o f  t h e s e  r e s u l t s  f o r  th e  
t h e o r y  o f  n u c l e a r  s t r u c t u r e .  I t  i s  sh o w n  t h a t  so  f a r  t h e r e  i s  no t h e o r e t i c a l  
c a l c u l a t i o n  w h ic h  f i t s  th e  e x p e r i m e n t a l  r e s u l t s  in  a  s y s t e m a t i c  way; m o s t  
c a l c u l a t i o n s  p r e d i c t  A ^ R 2 )> v a l u e s  w h ic h  a r e  s e v e r a l  t i m e s  g r e a t e r  th a n  
o b s e r v e d .  F u r t h e r m o r e  th e  t h e o r e t i c a l  p r e d i c t i o n s  a v a i l a b l e  a t  t h i s  t i m e  
do no t  e x p la in  th e  t r e n d  of A ^ R 2/ ’ t o w a r d s  n e g a t i v e  v a l u e s  in  th e  W -  Os 
r e g i o n .

M O S S B A U E R  IS O M E R  S H IF T

T h e  m e t h o d o lo g y  a n d  t e c h n o lo g y  of th e  M o s s b a u e r  e f f e c t  i s  to o  w e l l -  
k now n to  n e e d  r e p e t i t i o n  h e r e .  M o r e o v e r  th e  s e a r c h  f o r  s m a l l  l i n e  s h i f t s  
h a s  lo n g  b e e n  o n e  o f  th e  m o s t  s t i m u l a t i n g  o f  i n v e s t i g a t i o n s .  O ne  o n ly  n ee d  
c i t e  th e  i n v e s t i g a t i o n  o f  th e  g r a v i t a t i o n a l  r e d  s h i f t  [1 0 ] w h e r e  a  l i n e  s h i f t  of  
a  few  p e r  c e n t  o f  th e  l i n e  w id th  w a s  m e a s u r e d  to  a n  u n c e r t a i n t y  o f  a  few  p e r  
c e n t .  T h e  57F e  s t u d y  h o w e v e r  in v o lv e d  a  M b s s b a u e r  a b s o r p t i o n  e f fe c t  
g r e a t e r  th a n  50% w h i le  th e  t r a n s i t i o n s  o f  i n t e r e s t  h e r e  y ie ld  M o s s b a u e r  
e f f e c t s  o f  1% o r  l e s s .  T h e  s e a r c h  f o r  s m a l l  l i n e  s h i f t s  u n d e r  th e  l a t t e r  
c o n d i t io n s  i s  m a d e  e v e n  m o r e  d i f f ic u l t  if ,  a s  i s  g e n e r a l l y  th e  c a s e ,  one  
m u s t  w o r k  a t  l i q u id  h e l i u m  t e m p e r a t u r e s  w h e r e  r e l a x a t i o n  e f f e c t s  a r e  
p r o n o u n c e d ,  w h e r e  o n e  i n v e s t i g a t e s  a  r a r e  e a r t h  w h o s e  c o m p o u n d s  a r e  
o f t e n  m a g n e t i c  a n d  w h e r e  n u c l e i  h a v e  l a r g e  q u a d r u p o l e  m o m e n t s .  F o r  
t h e s e  r e a s o n s  th e  fo l lo w in g  e x p e r i m e n t a l  p o in t s  a p p e a r  p e r t i n e n t .

(1) It  i s  i m p o r t a n t  t h a t  th e  e m p i r i c a l  l i n e  b e  f r e e  f r o m  h y p e r f in e  i n t e r 
a c t i o n s .  I d e a l ly  o n e  d e s i r e s  a  s i n g l e  l i n e  o f  n a t u r a l  l i n e  w id th  in  b o th  the  
s o u r c e  and  th e  a b s o r b e r ,  y e t  w i th  a f i n i t e  and  c a l c u l a b l e  d i f f e r e n c e  in  th e  
v a l u e s  o f  | f ( 0 ) | 2 . T h e s e  c o n d i t io n s  a r e  a l m o s t  n e v e r  a t t a i n e d  in  p r a c t i c e  
so  t h a t  o n e  m u s t  a c c e p t  th e  p o s s i b i l i t i e s  o f  p s e u d o - i s o m e r  s h i f t s  a r i s i n g  
f r o m  p o l a r i z a t i o n  e f f e c t s ,  r e l a x a t i o n  e f f e c t s ,  c r y s t a l  a n i s o t r o p i e s ,  e t c . ,  
a s  w e l l  a s  th e  p r a c t i c a l  d i f f i c u l t i e s  o f  m e a s u r i n g  c e n t r e s  o f  g r a v i t y  in  th e  
p r e s e n c e  of w e a k  l i n e s  o f  u n c e r t a i n  w id th  and  p o s i t i o n .

(2) T o  o b v ia t e  q u e s t i o n s  o f  u n c e r t a i n  e l e c t r o n i c  e n v i r o n m e n t s  in  th e  
r a d i o a c t i v e  s o u r c e s ,  w h ic h  in  m o s t  c a s e s  in v o lv e  a t r a n s m u t a t i o n  p r o c e s s ,



T A B L E  I .  M O S S B A U E R  IS O M E R  S H IF T S  O F  R O T A T IO N  B A N D  T R A N S IT IO N S

E0 ДУ £ < R * > /< R * > Д <R* > /  <R* > R e f .
I s o to p e

( k e V )
S p in s C m p d  I C m p d  I I

( ш ш / s e c ) x l Q 4 X 1 0 4 ( R e f .  [ 4 3 ] ) t o  E x p .

A . E v e n - E v e n  N u c l e i

1S2S m 1 2 2 2 + -  0 + Eu in  C a F j S m .O , 1 . 6 5 ( 1 5 ) 3 . 7 1 9 . 7 [ 2 4 ]

Eu i n  C a F j S m , O s 1 . 6 5 ( 9 ) 3 . 7 1 9 . 7 [ 2 5 ]

G d j O j S m C l j 1 . 6 0 ( 1 0 ) 3 . 7 1 9 . 7 [ 2 6 ]

1WG d 1 2 3  "

+о03 Eu i n  C a F 2 G d j O j 0 . 1 6 ( 7 ) — 8 . 8 [ 2 2 ]

E u F j G d F e , 0 . 9 2 ( 2 6 ) 3 . 9 0 [ 5 0 ]

1S6G d 8 9 2 + -  0 + S m 2 O j m e t a l 0 . 2 6 ( 9 ) 0 . 8 4 1 . 5 [ 2 2 ]

S m o s  A ls s m e t a l 0 . 1 6 ( 3 ) 0 . 6 4 [ 2 3 ]

1T0Y b 8 4  • 2 + - 0 + T m A l j Y b O O H 0 . 1 2  ( 3 ) 0 . 4 2 1 . 2 6 [ 4 8 ]

Y b A Ij Y b S 0 4 0 . 3 9 ( 7 ) 1 . 2 [ 5 1 ]

m w 1 0 0 2 + -  0 + W . W C 1 5- e 0 . 2 1 ( 2 ) ™ 2 . 4 5 [ 4 ]

W N a t W 0 4 - 2 H j O 0 . 1 5 6 ( 8 ) — ' [ 5 0 ]

W N a jW 0 4 - 2 H j O - 0 . 0 4 7 9 ( 1 7 7 ) 2 . 8 8 [ 5 0 ]

B. O d d - А  N u c l e i

' 153 Eu 8 3 . 4 7 / 2 - 5 / 2 EU (O s E uB, - 0 . 3 7 ( 8 ) - 1 . 1 ( 3 ) [ 1 5 ]

Eu j O j Eu S 0 4 - 0 . 8 0 ( 2 0 ) - 2 . 6 ( 6 ) [ 1 6 ]

E u , 0 3 Eu S 0 4 - 0 . 2 1 ( 6 ) - 0 . 6 8 ( 1 1 ) [ 1 7 ]

169 T m 8 . 4 2 3 / 2 - 1 / 2 T m T m E S - 1 . 1 8 ( 1 3 ) - 0 . 0 9 [ 4 7 . 1 1 ]

171 Y b 6 6 . 7 3 / 2 - 1 / 2 E rA l ™ , 0 э 0 . 2 3 ( 2 ) 0 . 4 5 [ 4 8 . 1 1 ]
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o n e  t r i e s  to  c o m p a r e  th e  s h i f t  o b s e r v e d  b e tw e e n  tw o q u i e s c e n t  a b s o r b e r s  [4] 
r a t h e r  t h a n  b e tw e e n  s o u r c e  and  a b s o r b e r .  K ie n le  and  c o - w o r k e r s  [11] 
h a v e  d e v e lo p e d  a  m e t h o d  u s i n g  t h r e e  s o u r c e s  o n  a  s i n g le  d r i v e  r o d  to  d i 
m i n i s h  i n s t r u m e n t a l  e f f e c t s .

(3) T e m p e r a t u r e  d e p e n d e n t  e n e r g y  s h i f t s  [12, 13] m u s t  b e  c o n s i d e r e d  
in  s p e c i a l  c a s e s  th o u g h  s u c h  s h i f t s  a r e  q u i t e  s m a l l  a t  th e  low  t e m p e r a t u r e s  
n e e d e d  f o r  m o s t  M ô s s b a u e r  t r a n s i t i o n s  o f  i n t e r e s t .

(4) One m e th o d  o f  c h e c k in g  th e  o v e r a l l  c o n s i s t e n c y  o f  th e  e x p e r i m e n t a l  
r e s u l t s  i s  to  . c o m p a r e  th e  i s o m e r  s h i f t ,  f o r  d i f f e r e n t  t r a n s i t i o n s  in  th e  
s a m e  e l e m e n t ,  f o r  d i f f e r e n t  a b s o r b e r  c o m b i n a t i o n s .  T h e  r a t i o  o f  i s o m e r  
s h i f t s  sh o u ld  be  u n c h a n g e d  on  c h a n g in g  th e  a b s o r b e r  [14] . K ie n le  and  c o 
w o r k e r s  [1 1 ] h a v e  a p p l i e d  t h i s  t e c h n i q u e  e x t e n s i v e l y  in  o r d e r  to  e s t a b l i s h
a  r e l i a b i l i t y  j u d g e m e n t  o n  th e  d a ta .

S o m e  o f  th e  p r o b l e m s  a r e  i l l u s t r a t e d  by  th e  fo l lo w in g  e x a m p l e s .
T h e  i s o m e r  s h i f t  r e s u l t s  f o r  182W in  T a  m e t a l  v e r s u s  a t u n g s t e n  a b 

s o r b e r  and  v e r s u s  a  W C lg a b s o r b e r  [4] h a v e  e lu d e d  s u c c e s s f u l  r e p e t i t i o n ,  
p o s s i b l y  b e c a u s e  o f  th e  u n s t a b l e  n a t u r e  o f  WClg . It  s e e m s  l i k e l y  t h a t  th e  
s u c c e s s f u l  co m p o u n d  w a s  a  m i x t u r e  o f  c h l o r i d e s .  In  t h i s  f i r s t  e x p e r i 
m e n t  th e  q u a l i t a t i v e  r a t h e r  t h a n  th e  q u a n t i t a t iv e  a s p e c t s  w e r e  m o s t  
r e l e v a n t  s i n c e ,  a s  s t r e s s e d  b y  C o h e n  e t  a l .  [4] , th e  e l e c t r o n i c  f a c t o r s  
w e r e  no t know n a n y w a y  to  be  b e t t e r  t h a n  a f a c t o r  o f  tw o , i f  t h a t .  '

T h e  f l u c tu a t io n s  w h ic h  c a n  o c c u r  in  m e a s u r i n g  s m a l l  s h i f t s  a r e  
i l l u s t r a t e d  by  th e  i s o m e r  s h i f t  i n v e s t i g a t i o n s  o f  th e  8 3 .4  keV  ( 7 / 2 +- 5 / 2 +) 
r o t a t i o n a l  t r a n s i t i o n  in  153E u .  S c h n id m a n  e t  a l .  [15] u s e d  a C o u lo m b  
e x c i t e d  s o u r c e  to  c o m p a r e  th e  s h i f t s  b e tw e e n  tw o q u i e s c e n t  a b s o r b e r s .  
A n s a ld o  et a l .  [1 6 ] ,  A tz m o n y  et a l .  [17] and  K ie n le  e t  a l .  [18] u s e d  
r a d i o a c t i v e  153S m  a s  a  s o u r c e .  S o m e  r e s u l t s  o f  th e  A n s a ld o  w o r k  a r e  
sh o w n  in  F i g s  2 -4 . ,  F i g u r e  2 sh o w s  th e  g a m m a - r a y  s p e c t r u m  f r o m  th e  
s o u r c e ;  th e  i n s e t  p r e s e n t s  th e  p e r t i n e n t  n u c l e a r  l e v e l s .  T w o o f  th e  l e v e l s  
f e d  f r o m  153Sm  sh o w  a  M ô s s b a u e r  e f f e c t .  T h e  v e lo c i ty  s p e c t r a  o b ta i n e d  
w i th  o x id e  s o u r c e s  a n d  a b s o r b e r s  f o r  th e  103 keV  and  83 keV  l e v e l s  a r e  
e x h ib i te d  in  F i g . 3 .  E a c h  i s  c e n t e r e d  a t  z e r o  r e l a t i v e  v e l o c i t y .  W hen  
t h e  a b s o r b e r  c o m p o u n d  w a s  c h a n g e d  to  th e  E u S 0 4 t h e  r e s u l t s  w e r e  d r a m a t i 
c a l l y  d i f f e r e n t  a s  sh o w n  in  F i g .  4 .  T h e  103 keV  l i n e  sh o w s  th e  w e l l - k n o w n  
l a r g e  sh i f t .  [6, 19, 20] o f  17 m m / s e c ,  p r o d u c e d  a s  a  r e s u l t  o f  th e  s u b 
s t a n t i a l  d i f f e r e n c e  in  th e  n u c l e a r  r a d i i  o f  t h e s e  d i f f e r e n t  i n t r i n s i c  s t a t e s ,  
th e  103 keV  s t a t e  h a v in g  th e  s m a l l e r  r a d i u s .  T h e  s h i f t  o f  t h e  83 keV  
s t a t e  i s  m o r e  th a n  an  o r d e r  o f  m a g n i tu d e  s m a l l e r  bu t  in  th e  s a m e  d i r e c t i o n  
a s  th e  s h i f t  o b s e r v e d  f o r  t h e  103 keV  t r a n s i t i o n .  T h e  m e a n  r a d i u s  o f  th e  
83 keV  s t a t e  i s  t h e r e f o r e  s m a l l e r  t h a n  t h a t  o f  th e  g ro u n d  s t a t e .  On th i s  
p o in t  a l l  g r o u p s  a g r e e .  T h e r e  i s ,  h o w e v e r ,  no a g r e e m e n t  a t  t h i s  t i m e  a s  
to  th e  m a g n i tu d e  o f  t h e  e f f e c t ;  R e f s  [1 5 -1 8 ]  r e p o r t  s h i f t s  o f  E u 20 3 r e l a 
t i v e  to  E u S 0 4 o f  0 . 4 0 ± 0 .  10, 0 . 80 ± 0 .1 5 ,  0 . 2 2 ± 0 . 0 7 ,  and  O'. 65 ± 0 .22  m m / s e c  
r e s p e c t i v e l y .  T h e  c l e a n e s t  o f  th e  e x p e r i m e n t s  i s  p r o b a b l y  t h a t  o f S c h n i d m a n  
e t  a l .  [15] who o b s e r v e  a 2% a b s o r p t i o n  e f f e c t ,  th o u g h  p r o b a b l y  th e  s a f e s t  
s t a t e m e n t  i s  t h a t  c o m p u t e r  f i t s  to  d a t a  do no t n e c e s s a r i l y  y ie ld  th e  t r u e  
v a lu e  o r  e r r o r s  in  th e  e x p e r i m e n t .

A n o th e r  i l l u m in a t in g  e x a m p l e  i s  t h e  i n v e s t i g a t i o n s  o f  th e  i s o m e r  s h i f t  
[2 1 -2 3 ]  o f  th e  89 k eV , 2+-«0+, t r a n s i t i o n  in  156G d. M e a s u r a b l e  an d  i n t e r 
p r e t a b l e  i s o m e r  s h i f t s  h a v e  b e e n  o b s e r v e d  b e tw e e n  th e  t r i v a l e n t  Gd c o m 
p o u n d s  and  th e  Gd m e t a l , b u t  u n f o r t u n a t e l y  Gd m e t a l  h a s  a  s i g n i f i c a n t



Channel Number

FIG  . 2 ,  G a m m a  ta y  s p e c t ru m  o f  153S m  o b s e rv e d  w i t h  a Pb c r i t i c a l  a bso rb e r. 

T h e  in s e t  d ia g ra m  shows th e  p e r t in e n t  M ô s s b a u e r le v e ls  in  153E u . F ig u re  ta k e n  

f r o m  R e f. [ 1 6 ] .
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F I G .3 .  M ô s s b a u e r a b s o rp t io n  s p e c tra  fo r  th e  8 3 .4  a nd  1 03  k e V  tra n s i t io n s  

o f  j 53Eu u s in g  s im i la r  s o u rc e a b s o rb e r c o m p o u n d s . F ig u re  ta k e n  f r o m  R e f. [ 1 6 j  .
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VELOCITY (m m /sec)

F IG .4 .  M ô ssb au e r a b s o rp t io n  s p e c tra  fo r  th e  8 3 .4  a nd  103  k e V  tra n s it io n s  o f  ,53Eu u s in g  a  t r i v a le n t  Eu 

so u rce  a nd  a d iv a le n t  Eu à b s o rb e r . N o te  th a t  th e  is o m e r  s h i f t  o f  th e  83 k e V  l in e  is  th e  sa m e  d ir e c t io n  as 

is  th e  is o m e r s h if t  o f  th e  103  k e V  l in e .  F ig u re  ta k e n  f ro m  R e f. [ 1 6 ]  .

m a g n e t i c  h y p e r f in e  i n t e r a c t i o n  and  i s  no t c u b ic ,  so  t h a t  th e  q u a d r u p o l e  
i n t e r a c t i o n  c a n  l e a d  to  s p u r i o u s  e n e r g y  s h i f t s .

T y p i c a l  s p e c t r a  a r e  sh o w n  in  F i g .  5 f o r  tw o d i f f e r e n t  a b s o r b e r s .  (N ote  
t h e  c h a n g e  in  v e l o c i t y  s c a l e . )  E x p e r i m e n t a l i s t s  a g r e e  r e a s o n a b l y  w e l l  on  
th e  a p p a r e n t  v a lu e  o f  th e  D o p p le r  s h i f t .  N e v e r t h e l e s s ,  th e  e m p i r i c a l  l i n e  
w id th  F i g .  5 a  i s  a b o u t  s i x  t i m e s  th e  n a t u r a l  l i n e  w id th  and  u n d e r  t h e s e  
c i r c u m s t a n c e s  i t  i s  th e  a u t h o r ' s  o p in io n  t h a t  th e  s h i f t  s h o u ld  b e  c o n s i d e r e d  
m o r e  a s  a l i m i t  th a n  a s  a d e f in i t iv e  n u m b e r .

A s  a  f in a l  e x a m p l e  we c o n s i d e r  th e  i m p o r t a n t  c a s e  o f  th e  122 keV  
(2+- 0 +) t r a n s i t i o n ;  in  152S m .  T h e  i s o m e r  s h i f t  r e s u l t s  o f  Y e b o a h - A m a n k w a h  
[24] a r e  sh o w n  in  F i g .  6 . T h e  u n a m b ig u o u s  e n e r g y  s h i f t ,  0 .165  ± 0 .015  c m / s e c ,  
h a s  b e e n  c o n f i r m e d  w i th in  a  few  p e r  c e n t  by  S t e i n e r  e t  a l .  [25] and  by  
A tz m o n y  e t  a l .  [26] . D e s p i t e  t h i s  a g r e e m e n t  t h e r e  i s  c o n s i d e r a b l e  d i s 
a g r e e m e n t  in  th e  v a l u e s  o f  |Т ( 0)|2 = p(0 ) n e c e s s a r y  to  e v a l u a t e  A<^R2/>/<^R2^  
( E q . ( l ) ) .  T h e  e s s e n t i a l s  o f  th e  a r g u m e n t  a r e  s k e t c h e d  b e lo w .

T h e  e f f e c t  o f  p(0) d ue  to  th e  d i f f e r e n c e  b e tw e e n  a  4 f5 and  a  4 f6 c o n 
f i g u r a t i o n  i s  i n d i r e c t ,  a r i s i n g  m a i n l y  f r o m  th e  c h a n g e  in  th e  s h i e ld i n g  
o f  th e  c lo s e d  s h e l l  s  e l e c t r o n s .  T h e r e  a r e  tw o  i n t e r r e l a t e d  w a y s  o f  d e 
t e r m i n i n g  th e  r e l e v a n t  d i f f e r e n t  [p (0 ) (4 f5) - p (0 ) (4 f6)] . O ne  i s  v i a  th e
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MÜSSBAUER ABSORPTION SPECTRUM FOR THE 89 KeV, 
2* L E V E L IN G d '56

Source----- Eu In Sm2 0 ,
Absorber— 3 2 m g /cm * G d l6S-M e to l
E f f e c t ------ 0 .4%
S h i f t -------- + 0 .2 6  ± 0.09 mm/sec.

10,970 К

I0.950K  •

10,930К

(a)

- 2 - 1  0  1 2 3
DOPPLER V ELO C ITY  0.385 cm /  sec.

MÔSSBAUER ABSORPTION SPECTRUM FOR THE 8 9 KeV, 2+LEVEL 
IN G d1”

S o u rc e -E u 156 in Sm20 j
Absorber 7 3 .5 m g/ с т г N atura l Gd АДг
E f fe c t -  0 .6 6 %
S h ift — -0 .05 - 0.05 mm /sec

-----------1----------- 1-----------1----------- 1______ J_______ I_______ I_______ I_______ l_
-5  -4  -3  -2 - I  О I 2 3 4 5

DOPPLER VELOCITY IN 0.1931 cm/sec

F I G . 5 . M ô ssb au e r sp e c tra  o b se rve d  fo r  th e  89 k e V  t r a n s i t io n  o f  1S6G d . N o te  th e  d i f fe re n t  v e lo c i ty  s c a le s . 
F ig u re  ta k e n  f ro m  R e f. [ 2 1 ] .
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Doppler Velocity in cm /sec

F I G . 6 .  (a ) M o s s b a u e r a b s o rp t io n  re s o n a n c e  in  th e  1 22  k e V ,  2+  -* 0+  t r a n s i t io n . in  i a S m , fo r  a  152Eu

2 + s o u rc e  in  C aF2 a n d  a й * 8 т , 0 3 a b s o rb e r , (b ) S a m e  as ( a ) ,  b u t  c o v e r in g  a  w id e r  v e lo c i t y  ra n g e . F ig u re  

ta k e n  f r o m  R e f. [ 2 4 ] .
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h y p e r f in e  i n t e r a c t i o n ;  th e  o t h e r  th r o u g h  th e  i s o to p e  s h i f t .  In  th e  Y e b o a h -  
A m a n k w a h  [24] w o r k ,  b o th  a p p r o a c h e s  w e r e  p r e s e n t e d  s i n c e  th e y  y i e ld e d  
r e s u l t s  w h ic h  d i f f e r e d  by  a  f a c t o r  o f  tw o .

T h e  r e s o l u t i o n  o f  th e  d i f f e r e n c e  [56] l i e s  in  t a k in g  a c c o u n t  o f  the  
s p e c i f i c  m a s s  e f f e c t s  in  t h e  i s o to p e  s h i f t  d a ta .  A s  H iifne r  e t  a l .  [20] 
h a v e  sh o w n ,  b a s e d  o n  th e  m e th o d  o f  K ing  [2 7 ] ,  th e  i s o to p e  s h i f t  d a t a  in  
S m  of  S t r ig a n o v  e t  a l .  [28] c a n  be i n t e r p r e t e d  a s  c o n ta in in g  a  m a s s  c o n t r i 
b u t io n  o f  a bo u t  50%. If  o n e  a c c e p t s  t h i s  i n t e r p r e t a t i o n ,  w h ic h  r e q u i r e s  
t h a t  a  s p e c i f i c  m a s s  t e r m  b e  in v o ked  w h ich  i s  a n  o r d e r  o f  m a g n i tu d e  l a r g e r  
t h a n  t h e  B o h r  m a s s  t e r m ,  t h e n  one  f in d s  t h a t

A<B2 ?

<r2 >

- k
7.3 x 10 *

15 2S m .

T h e r e  i s  now s t r o n g  a d d i t io n a l  e v id e n c e  th a t  s u c h  an  e f f e c t  e x i s t s .
Wu [29] h a s  sh o w n  th a t  i f  o n e  p lo t s  th e  v a lu e s  o f  th e  e l e c t r o n i c  i s o to p e  
s h i f t  v e r s u s  th e  c o r r e s p o n d i n g  v a lu e s  o b ta in e d  f r o m  ^ - m e s i c  w o r k  th e n  
th e  r e s u l t a n t  s t r a i g h t  l in e  d o e s  no t i n t e r c e p t  th e  o r i g i n  bu t  g iv e s  s t r o n g  
e v id e n c e  f o r  a  v o lu m e - i n d e p e n d e n t  t e r m  o f  a b o u t  50% of  th e  o b s e r v e d  
i s o t o p e  e f f e c t .  W e t h e r e f o r e  a s s u m e  th e  c a l i b r a t i o n  of B r i x  e t  a l .  [6] f o r  
a n a l y s i s  o f  th e  d a ta .

T h e r e  i s  s t i l l  a n o t h e r  u n c e r t a i n t y .  T h e  i n t e r p r e t a t i o n s  a b o v e  a r e  
b a s e d  o n  f r e e  a to m  d a ta ,  and  i s o m e r  s h i f t  e x p e r i m e n t s  in  s o l i d s  [30] i n d i 
c a t e  t h a t  one  sh o u ld  i n c r e a s e  th e  f r e e  a to m  v a lu e s  o f  p (0) by  a f a c t o r  
o f  tw o  f o r  a p p l i c a t i o n s  to  s o l i d s .

T h u s  th o u g h  a l l  i n v e s t i g a t o r s  a g r e e  o n  th e  e x p e r i m e n t a l  M ô s s b a u e r  
D o p p l e r  s h i f t s  in  152Sm  t h e r e  i s  a  w ide  d iv e r g e n c e  o n  th e  f in a l  v a lu e  of 
Д <( R 2 )>/<^R2 ^ . T h e  tw o v a lu e s  f o r  152Sm g iv e n  in  F i g .  10 a r e  b a s e d  o n  th e  
i s o to p e  s h i f t  and  th e  h y p e r f in e  i n t e r p r e t a t i o n s  a s s u m i n g  in  b o th  c a s e s  
th e  a b o v e  c o m p r e s s i o n  f a c t o r  o f  tw o .  T h e  o t h e r  r a r e  e a r t h  r e s u l t s  in  
F i g .  10 a r e  b a s e d  o n  th e  K ie n le  [6, 11, 20] c h o ic e  o f  c a l i b r a t i o n .  No 
e r r o r  i s  a s s i g n e d  to  th e  c r u d e l y  know n tu n g s t e n  r e s u l t .

We t u r n  now to |U -m es ic  e x p e r i m e n t s  w h ich  g iv e  o n e  hope  th a t  m a n y  
o f  th e  ab o v e  d i f f i c u l t i e s  m a y  b e  c i r c u m v e n t e d .

IS O M E R  S H IF T S  IN T H E  P R E S E N C E  O F  T H E  M U O N 1

W ile ts  [31] and  J a c o b s e n  [32] sh o w e d  s o m e  y e a r s  ago th a t  th e  
m u o n ic  t r a n s i t i o n s  in  an  a to m  c a n  l e a d  to  e x c i t a t i o n  o f  th e  n u c le u s  l e v e l s ,  
e s p e c i a l l y  lo w - l y in g  s t a t e s  o f  l a r g e  q u a d r u p o le  m o m e n t s .  In  1960, D ev on s  
[8 ] p o in ted  ou t  th a t  th e  p r e s e n c e  of th e  m u o n  in th e  l s 1//2 s t a t e  cou ld  
a f f e c t  th e  e n e r g y  of th e  e x c i t e d  n u c le u s  in  o b s e r v a b l e  w a y s .  At h i s  s u g 
g e s t i o n  in  1963, W ile ts  and  C h inn  [33] c a l c u l a t e d  th e  p o l a r i z a t i o n  e f f e c ts  
o f  th e  m u o n  a r i s i n g  f r o m  th e  n u c l e a r  c o m p r e s s i o n  in  th e  m u o n - n u c l e a r  
p o te n t i a l  of th e  m u o n .  A s i m i l a r  and in d e p e n d e n t  c a l c u l a t i o n  w a s  p e r 
fo r m e d  a t  t h i s  t i m e  by H iifner  [34] . T o  o b s e r v e  th e  s m a l l  e f fe c t  p r e d i c t e d  
o n e  sh o u ld  lo o k  d i r e c t l y  a t  th e  n u c l e a r  d e - e x c i t a t i o n  r a t h e r  th a n  th e  
m u o n ic  X - r a y  a n d ' t h i s  th e  C o lu m b ia  g r o u p  did in  an  e le g a n t  e x p e r i m e n t  
[7] o n  th e  2+^ 0 + t r a n s i t i o n  in  152S m .  An e n e r g y  s h i f t  of th e  t r a n s i t i o n

1 T h is  s e c t io n  is  b a se d  o n  w ork  d o n e  w ith  A . G a l an d  J. H iifn er.
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Electron Muon
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FIG. 7. Schem atic representation .of the energy shift of the nuclear transition under the influence of the 
a tom ic electrons and the muon.

o f  th e  o r d e r  o f  1 keV  w a s  o b s e r v e d  by c o m p a r i s o n  with, th e  s a m e  t r a n 
s i t i o n  f r o m  a r a d i o a c t i v e  s o u r c e  o f  152Eu. T h e  l a t e s t  d a t a  on  t h i s  t r a n 
s i t i o n  a r e  sh o w n  in. F i g .  8.

It  w a s  r e a l i z e d  h o w e v e r  t h a t  th e  e f f e c t  o f  th e  c h a n g e  of n u c l e a r  r a d i u s  
o n  th e  t r a n s i t i o n  e n e r g y  w ould  be  a s i g n i f i c a n t  c o n t r ib u t io n  to  th e  e n e r g y  
s h i f t  and in d e e d  T e le g d i  [57] s h o w e d  :that th e  p o l a r i z a t i o n  e f f e c t  s u g g e s t e d  
by  D ev o n s  w a s  z e r o  due  to  th e  s i m i l a r i t y  of th e  r o t a t i o n a l  ba n d  m e m b e r s .  
T h e  o b s e r v e d  e n e r g y  s h i f t  w as  th e n  i n t e r p r e t e d  a s  a r i s i n g  w h o l ly  f r o m  a 
c h a n g e  in  r a d i u s .  And t h i s  a g r e e m e n t  b e tw e e n  th e  r e s u l t  f o r  A ' \ R 2^ / <Cr 2 >̂ 
f r o m  M o s s b a u e r  [24] and  m u o n ic  e x p e r i m e n t s  [7] on  152Sm  w a s  g r a t i f y i n g  
and  g av e  c o n f id e n c e  in  th e  e x p la n a t io n .

T h e  n u c l e a r  e n e r g y  s h i f t s  a r i s i n g  f r o m  th e  C o u lo m b  i n t e r a c t i o n  of th e  
e l e c t r o n s  and th e  m u o n  w ith  th e  f in i t e  n u c le u s  a r e  sh o w n  s c h e m a t i c a l l y  in  
F i g .  7. M u o n ic  i n v e s t i g a t i o n s  o f  th e  n u c l e a r  i s o m e r  s h i f t  h a v e  s ig n i f i c a n t  
a d v a n ta g e s  o v e r  M o s s b a u e r  e x p e r i m e n t s .  T h e  lo w - l y in g  r o t a t i o n a l  s t a t e s  
a r e  r e a d i l y  e x c i t e d  by  th e  m u o n .  T h e  i s o m e r  s h i f t  i s  m e a s u r e d  d i r e c t l y  
in  t e r m s  o f  th e  e n e r g y  o f  th e  s t a t e  in  th e  a b s e n c e  of th e  m u o n .  T h e  c a l c u 
l a t i o n  of th e  p(0) f a c t o r  e n t e r s  in to  o t h e r  m u o n ic  p h e n o m e n a  s u c h  a s  ц ~  
c a p t u r e  and  c a n  be  c a l c u l a t e d  r e l i a b l y  f r o m  th e  f in i t e  s i z e  e f f e c t .  ' . T h e s e  
a d v a n ta g e s ,  c o u p le d  w ith  th e  i m p o r t a n c e  o f  th e  r e s u l t s  f o r  th e  t h e o r y  o f  
n u c l e a r  s t r u c t u r e ,  ( l e d  to  a  c o n c e n t r a t e d  a t t a c k  on  i s o m e r  s h i f t  i n v e s t i 
g a t io n s  bo th  by th e  C o lu m b ia  and C E R N - D a r m s t a d t  g r o u p s .

T h e  f i r s t  e x p e r i m e n t s  o f  th e  C o lu m b ia  g ro u p ,  fo l lo w in g  t h e i r  152Sm 
w o rk ,  w e r e  to  th e  s tu d y  o f  th e  2+-»0+ t r a n s i t i o n s  of 182,184,186\v . T h e y
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F IG .8. M uonic energy spectra for 152Sm and 184W displaying the nuclear de-excita tion  in  the  presence 
of the  muon. Lower spectra are obtained concurrently using appropriate radioactive source. Figure taken 
from Ref. [38 ].
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i m m e d i a t e l y  e n c o u n te r e d  th e  s t a r t l i n g  o b s e r v a t i o n  (F ig .  8) t h a t  th e  e n e r g y  
o f  th e  2+- 0+ t r a n s i t i o n  in  182W w a s  s m a l l e r  in  th e  p r e s e n c e  t h a n  in  th e  
a b s e n c e  o f  th e  m u o n  [9 ] ,  im p ly in g  t h a t  <Rg)> w as  l e s s  t h a n  < R | X  a r e s u l t  
h a r d  to  u n d e r s t a n d  f o r  a good r o t o r  s u c h  a s  182W.

T h e s e  n e g a t i v e  s h i f t s  h a v e  b e e n  sh o w n  by  G a l ,  H i i fn e r  and  G r o d z in s  
[35] to  r e s u l t  p r i n c i p a l l y  f r o m  a s y m m e t r i e s  in  th e  o b s e r v e d  h y p e r f in e  
s p e c t r a .  ' P o l a r i z a t i o n  c o n t r ib u t io n s  c a n n o t  b e  e x c lu d e d ,  h o w e v e r ,  and 
m a y  y e t  t u r n  ou t  to  b e  s i g n i f i c a n t .  T h e  fo l lo w in g  r e m a r k s  on  th e  h y p e r 
f in e  a s y m m e t r i e s  a r e  b a s e d  o n  R e f .  [35] .

T h e  i s o m e r  s h i f t  b e tw e e n  tw o n u c l e a r  s t a t e s  ¥  and  Yg i s  d e f in e d  a s  
t h e  e n e r g y  d i f f e r e n c e .

ISOMER /
a,p  '  cr f V  lsi>- < v  b i  V  u *> (2 )

w h e r e  l s ^ 2 d e n o te s  th e  s p e c t a t o r  m u o n ,  and Hc i s  th e  a p p r o p r i a t e  C o u lo m b  
i n t e r a c t i o n .

F o r  p r e c i s e  c o m p a r i s o n  w ith  e x p e r i m e n t  o n e  m u s t  s o lv e  E q . ( 2 )  e x a c t ly  
f o r  d i f f e r e n t  n u c l e a r  p o t e n t i a l s .  It  i s  u s e f u l  h o w e v e r  to  c a s t  i t  in  a  f o r m  
a n a lo g o u s  to  E q . ( l )  by  ap p ly in g  th e  E h r l i c h  e t  a l .  [36] p r e s c r i p t i o n  f o r  
o b ta in in g  ! Y(0) I2 v a l u e s  f r o m  th e  ^ - c a p t u r e  c a l c u l a t i o n s  o f  F o r d  and  W il l s  • 
[37] . T h u s  one  r e p l a c e s

*(0) (3)

w h e r e  Z ff i s  t a b u l a t e d  in  R ef .  [3 7 ] ,  and  a 0(J i s  th e  m u o n  B o h r  r a d i u s .  One 
th e n  o b ta in s

a„ISOMER , n -2 .2/3 1»
£E = 6 . O x  10 A ' J Z „ „eff < Re > - <”*>]

< h2>
e V (4)

T h e  c o n s t a n t  h a s  b e e n  a r b i t r a r i l y  n o r m a l i z e d  u p w a r d s  by  a  f a c t o r  of 
1 . 2 f r o m  th e  v a lu e  o f  E q .  (3) in  o r d e r  t h a t  A E isomer.: a g r e e  w ith  m o r e  
p r e c i s e  c a l c u l a t i o n s  [38] .

E a c h  n u c l e a r  s t a t e  ¥a w ith  s p in  1а + 0 a l s o  e x h ib i t s  a  h y p e r f in e  s p l i t t i n g  
w h ich  o r i g i n a t e s  f r o m  th e  i n t e r a c t i o n  o f  th e  n u c le u s  w ith  th e  m a g n e t i c  
m o m e n t  o f  th e  l s - m u o n .  T h e  s p l i t t i n g  i s  g iv en  in  f i r s t  o r d e r  by

< V  l s i ; F  = Ia - 0

(5)
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A g a in  w e c an  u s e  th e  ab o v e  p r e s c r i p t i o n  to  c a s t  E q . ( 5 )  in to  th e  u s e 
fu l  f o r m .

Zk *“AJ l  „  ̂ ,„-2 21 + 1 eff „
ЛЕГ = 2.5 x 10 —  e V (6)

T h e  n u m e r i c a l  c o n s t a n t  h a s  b e e n  n o r m a l i z e d  to  th e  v a lu e  o f  Д Е М f o r  th e  
g r o u n d  s t a t e  o f  209Bi [36] and  we h a v e  a s s u m e d  th a t  th e  a v e r a g e  o f  p(0) 
i s  th e  s a m e  f o r  th e  m a g n e t i c  a s  f o r  th e  e l e c t r o n i c  f o r m  f a c t o r s .

T h e  m u o n  h y p e r f in e  i n t e r a c t i o n  i s  i l l u s t r a t e d  in  F i g .  9 f o r  th e  c a s e  
o f  an  e v e n - e v e n  n u c l e u s .  If  th e  F  = 5 /2  and  F  = 3 /2  l e v e l s  a r e  fed  s t a 
t i s t i c a l l y ,  and  if  th e  i n t e r - d o u b l e t  t r a n s i t i o n  sh o w n  in  F i g .  9 c a n  b e  
n e g l e c t e d , t h e n  o ne  w ould  o b s e r v e  a d o u b le t  с and  b ( r e s o l v e d  o r  not) 
w i th  c e n t r e  o f  g r a v i ty  a t  E 0 and  a  s p l i t t i n g  g iv e n  by E q . ( 6 ) .  (T h e  m a g n e t i c  
s p l i t t i n g  f o r  s e v e r a l  f i r s t  2+ s t a t e s  i s  g iv e n  in  T a b le  II ,  c o lu m n  2. T h e  
n u c l e a r  g - f a c t o r s  h a v e  b e e n  t a k e n  f r o m  r e f e r e n c e s  c i t e d  t h e r e i n . )  H o w 
e v e r ,  n e i t h e r  o f  th e  tw o a s s u m p t i o n s  i s  e v e n  a p p r o x i m a t e l y  c o r r e c t  f o r  th e  
c a s e s  of i n t e r e s t .  W e t a k e  t h e m  up in  t u r n .

N u c l e u s  N u c l e u s
p l u s

m u o n  i n  I s  o r b i t  

H y p e r f in e  I n t e r a c t io n

FIG. 9. Schem atic representation of hyperfine interaction  of l s ^  muon with an even-even nucleus 
in  the 2+ state.

T h e  c o m p o n e n t s  of th e  h y p e r f in e  d o u b le t  b u i l t  on  th e  n u c l e a r  r o t a t i o n a l  
s t a t e  a r e  no t p o p u la te d  s t a t i s t i c a l l y ,  i . e .  p r o p o r t i o n a l l y  to  (2F  + 1 ) . T h e i r  
f e e d in g  d e p e n d s  on  th e  m e c h a n i s m  b y  w h ic h  t h e s e  r o t a t i o n a l  s t a t e s  a r e  
e x c i t e d  and  v a r i e s  f r o m  on e  n u c le u s  to  a n o t h e r .  W hile  e a c h  c a s e  m u s t  be 
t r e a t e d  s e p a r a t e l y ,  a s  w a s  d o n e  f o r  th e  v a lu e s  in  c o lu m n  3, th e  fo l lo w in g  
l i m i t s  m a y  be  u s e f u l .

I f  th e  p 3/ 2 ' P i /2 m u o n ic  f in e  s p l i t t i n g  i s  m u c h  l e s s  t h a n  th e  2+->0+ t r a n 
s i t i o n  e n e r g y ,  th e n  th e  f e e d in g  R = [ l ( F 5 / 2 ) / I ( F 3 / 2) ] = 4 . 152Sm  a p p r o x i 
m a t e s  t h i s  s i tu a t io n :  R = 5. W hen  th e  c o n v e r s e  i s  t r u e ,  e . g .  f o r  238U, 
t h e n  R  = 1 / 4 .

A m o r e  d o m in a n t  f a c t o r  i s  th e  e f f e c t  o f  th e  M l  h y p e r f in e  t r a n s i t i o n  
w h ic h  d e p o p u la t e s  th e  u p p e r  s t a t e .  (A s i m i l a r  e f f e c t  o f  th e  s t r o n g  i n t e r 
d o u b le t  t r a n s i t i o n  h a s  b e e n  s h o w n  to  b e  i m p o r t a n t  f o r  ц~ c a p t u r e  b y  W in s to n  
a n d  T e l e g d i  [39] .)
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T h e  M l ,  s p in  f l ip  t r a n s i t i o n  p r o b a b i l i t y  i s  g iv e n  by  
F (M 1 ) = Г г(М1).[1-+0'(М1)] . T h e  v a lu e s  I^(M1) a r e  c a l c u l a t e d  f r o m

w h e r e  Jc i s  th e  n u c l e a r  ( c o r e )  sp in ,  Fj ¡  a r e  th e  i n i t i a l  and  f in a l  s p in  
v a lu e s  o f  th e  d o u b le t ,  Д Е М i s  in  keV , gc_ a r e  in  u n i t s  o f  n u c l e a r  m a g n e t o n s ,  
and  = 4 .  2 X 10s keV "3 s e c " 1 . F o r  th e  d o u b le t  b u i l t  o n  th e  2+ l e v e l ,  E q . ( lO )  
t a k e s  o n  th e  s i m p l e  f o r m

Pr(Ml)' = 5.35 x 105 AEj sec-1 (8)

w h e r e  th e  s m a l l  c o n t r i b u t io n  o f  g c h a s  b e e n  n e g le c t e d .
T h e  c a l c u l a t i o n  o f  a ( M l )  f o r  th e  400 to  800 eV t r a n s i t i o n s  c o n ta in s  th e  

m a j o r  u n c e r t a i n t y  in  e v a lu a t in g  th e  r e l a t i v e  t r a n s i t i o n  p r o b a b i l i t i e s .  E s t i 
m a t e s  of Nj and  Oj s h e l l  c o e f f i c i e n t s  f o r  a t r a n s i t i o n . i n  e l e m e n t  Z w e re  
o b ta in e d  by  e x t r a p o l a t i n g  th e  low e n e r g y  K, L ,  and  M s h e l l  v a lu e s  f o r  Z - Г 
c a l c u l a t e d  r e c e n t l y  b y  H a g e r  and S e l t z e r  [4 0 ,4 1 ]  . T h e  r e s u l t i n g  i n t e r n a l  
c o n v e r s i o n  c o e f f i c i e n t s  a r e  g iv e n  in  c o lu m n  5 o f  T a b le  II .  T h e  e s t i m a t e d  
v a l u e s  h a v e  b e e n  c o n f i r m e d  to  w i th in  20% by th e  r e c e n t  c a l c u l a t i o n s  of 
P a u l i  [42] of Nj and  Oj i n t e r n a l  c o n v e r s i o n  c o e f f i c i e n t s  b a s e d  on  s e l f -  
c o n s i s t e n t  s o l u t i o n s  of th e  e l e c t r o n  w a v e - f u n c t io n s .

T h e r e  a r e , , h o w e v e r ,  f u r t h e r  s o u r c e s  of a m b ig u i ty .  T h e  v a lu e s  o f  
Д Е  M a r e  c lo s e  to  th e  v a lu e s  of th e  Nj t h r e s h o l d  e n e r g i e s  so  t h a t  e f f e c ts  
o f  th e  n u c l e a r  m a g n e t i c  f o r m  f a c t o r ,  w h ich  c a n  p r o d u c e  10% c h a n g e s  in  
Д Е М, and  th e  c h a n g e s  in  th e  e l e c t r o n  b in d in g  e n e r g i e s  d u e  to  th e  p r e s e n c e  
o f  th e  m u o n  and  to  th e  a to m ic  e n v i r o n m e n t ,  a s s u m e  an  a m p l i f i e d  i m p o r t a n c e ,  
p a r t i c u l a r l y  f o r  th e  s t a t e s  in  tu n g s t e n .  (Of c o u r s e ,  t h e s e  d i f f i c u l t i e s  
b e c o m e  a d v a n ta g e s  w h en  th e  e f f e c t s  t h e m s e l v e s  a r e  to  be s t u d i e d . )

T h e  b r a n c h i n g  r a t i o  b : a  ( F i g .  9) i s  th e n  r e a d i l y  c a l c u l a t e d  u s in g  
th e  know n l i f e t i m e s  of th e  n u c l e a r  s t a t e s .  V a lu e s  a r e  g iv e n  in  c o lu m n  6, 
T a b le  II .

T h e  i n t e n s i t i e s  o f  t h e  o b s e r v e d  t r a n s i t i o n s  f r o m  th e  d o u b le t  to  th e  
g ro u n d  s t a t e s

= I + R F (3/2 : 5/2) (| + 1) (9)

a r e  g iv en  in  c o lu m n  7, T a b le  II .
T h e  c a l c u l a t e d  c e n t r e - o f - g r a v i t y  s h i f t  o f  th e  h y p e r f in e  d o u b le t ,  g iv e n  

in  c o lu m n  8, T a b l e  II ,  i s  of th e  o r d e r  o f  t h e  r e p o r t e d  e n e r g y  s h i f t s ,  
c o lu m n  9.

A f t e r  c o r r e c t i n g  f o r  th e  h y p e r f in e  c e n t r e - o f - g r a v i t y  sh i f t ,  th e  p o s i t i v e  
e n e r g y  s h i f t  o b s e r v e d  in  152Sm  is  s e e n  to  i n c r e a s e ,  l e a d in g  to  v a lu e s  of

P 7(m i) 3 /2 (2Ff  + 1) Fj Ff  1
1 /2  1 /2  J
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T A B L E  III I S O M E R  S H I F T  D A T A

Isotope
2+ -*■ 0+ Energy

Exp. energy 
shift ЛЕоЫ

C entre-of-gravity  shift
AEC. g. AF.oc-isomer

Д<гг > „4
--------  X 10
<r2 >

a <r ! > x w <
<r2>

A<I2> „л4
--------  x 10

< r2>

(keV) (eV) 
Ref. [38]

(eV) 
(T ab le  II)

(eV)
M uonic Mdssbauer

M arshalek
[55]

loNd 130.17 + 570 ± 120 -270 + 840 ± 120 + 5 .8  ± 0 .8 No
m easurem ent

]l¡Sm 121.78 + 560 ± 60 -360
-240

+ 920 ± 70 
+ 800 ± 70

+ 5 .9  ± 0 .4  
+ 5 .1  ± 0 .4

+ 3 .7 19,7

64 Gd 123,07 + 670 ± 150 -310 + 980 ± 150 + 5 .9  ± 0 .8 No
m easurem ent

8 .8

166 u,66 Er 80.56 -350  ± 150 -320 - 30 ± 150 -0 .1 6  ± 0 .8 No
m easurem ent

0 .51

l82TT74 W 100.10 -320 ± 100 -290
-240

- 30 ± 100
- 80 ± 100

-0 .1 3  ± 0 .5  
-0 .3 3  ± 0 .5

Г (+ 0 .15 ) 
\  (+ 1 .2 )

2.45

m w74 W 111.20 - 34*0 ± 100 -315 - 25 ± 100 -0 .1 1  ± 0 .5 2. 88
-250 - 90 ± 100 -0 .4 0  ± 0 .5

1 8 6 , , VJ74 VV 122.57 -350  ± 100 -340 - 10 ± 100 - 0 .0 4  ± 0 .5 5 .5
-250 -100  ± 100 -0 .5 0  ± 0 .5
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Д < г 2> in  c lo se r  agreem ent with M ôssbauer r e su lts . The negative energy  
sh ifts  (which im ply that the excited  sta te radius is  sm a lle r  than that of 
the ground state) b ecom e sm a lle r  and m ay r e v e r se  s ign .

The situation  in odd-A  nuclei is  m ore com plex s in ce  m agnetic sp litting  
o ccu rs in both the ground and excited  n uclear s ta te s . F or exam ple in the 
д -m e s ic  iso m er  sh ift study of 181Ta th is  sp litting  was taken into account [43] 
and shown to lead to an apparent energy shift of 25 eV . It was assum ed  
that the feeding, R F, w as s ta tis t ic a l and that the sp in -flip  in ter-dou b let  
tran sition  probability i s  n eg lig ib le . N either assum ption  is  valid  in 
th is  ca se , yet neither phenomenon m easu rab ly  a ffects the apparent shift 
o f 25 eV.

The iso m e r  shift data of Bernow et a l. [38] are su m m arized  in 
T able III. The only m eaningful com parison  betw een m uonic and M ôssbauer  
r e su lts  for the sam e sta te is  for 152Sm and h ere the d ifferen ce is  on the 
edge of the stated e r r o r s . P o lar iza tion  effec ts  can produce energy sh ifts  
and sp littings of the nuclear le v e ls  in a m uonic atom through seco n d -o rd er  
e ffec ts  o f the term  HC+H M. C ertain  sp ec ific  polarization  contributions 
have been  estim ated  and shown to be sm a ll [35, 44-46] but som e p o la r i
zation  effec ts  have not yet been evaluated . It rem ains to be seen  w hether 
such effec ts  w ill be sign ifican t contributions.

The m uonic and M ôssbauer resu lts  o f Д <̂ R2^>/<^R2^ for 2+-»0+ tra n 
s itio n s  in even -even  n uclei are plotted in F ig . 10. Keeping in mind the 
u n certa in ties which s t i l l  plague the r e su lts  one has the im p ress io n  that 
both m ethods are giving p ositive  va lu es of A<Cr 2/7  <(R2 >̂ in fa ir  agreem ent 
with each o th er.

,KSm I

A

FIG .10. Summary of A ^ R ^ / ^ R 2̂  data for even-even rotational transitions. The two MOssbauer points for 
152Sm result from two possible methods of calculating  A 11 (0) | 2; the lower value should be taken as 
being most correct (see tex t). The open-circ le  points are taken from Ref, [38 ]. The solid and dashed 
curves a te  theo re tical predictions (see te x t) .
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(Note added: Many of the m uonic r e su lts  o f the Colum bia group have 
recen tly  been repeated  and extended by the D arm stadt-C E R N  collaboration  
of H. B acke et a l. [58] . T h eir r e su lts  and in terp retation  for 152Sm,
182,184,186^ are s im ila r  to those p resen t h ere and in R ef. [35] and [38] .

/  2 \T h eir r e su lts  for the even -even  osm ium  iso top es indicate that \ r e y  is  
sm a lle r  than • M agnetic e ffec ts  do not change th is con clu sion . It
should be em p hasized , how ever, that p olarization  e ffec ts  have not been  
included in the a n a ly s is . And it is  just in th is region  that one exp ects  
p olarization  to be sign ifican t s in ce  osm ium  nuclei are "soft" and p re
sum ably m ore read ily  p olarized  than in the other c a s e s . )

DISCUSSION

The iso m e r  sh ift of rotational tra n sitio n s in odd-A  n uclei have been  
in vestigated  in 153Eu [1 5 -1 8 ], 16&Tm [4 7 ], 171Yb [1 1 ,4 8 ] , 181Ta [43 ], and 
183W [1 1 ]. [ <R2X> - < R 2 >] is  p ositive  in the la st  three c a se s  but n ega
tiv e  in the f ir s t  two. N egative va lu es are read ily  ration alized  [16, 17, 47] 
by invoking c o r io lis  coupling betw een in tr in sic  bands [49] . H ow ever, 
sin ce  the ob served  change in nuclear radius is  the sum  of se v e r a l term s  
in addition to such m ixing, it is  not c lea r  how quantitative any explanation  
of A<^R2)> va lu es can be at th is t im e . We th erefore b y -p a ss  th ese  questions  
to d iscu ss  the ca se  o f ev en -ev en  rotors w here co r io lis  m ixing m ay be 
expected  to be n eg lig ib le .

Isom er shift m easu rem en ts in even -even  n uclei are now availab le  
at the beginning [22, 24-26 , 3 8 ], m iddle [38, 48, 51] and end of the d e
form ed reg ion . The phenom enological d escrip tion  of the en ergy  of ro 
tational s ta te s ,

E = AI(I + 1) + BI2(I + l)2 + .......  ПО)

can be used to re la te  the re la tiv e  change of n uclear deform ation  Д/3//3, to 
d eviations of the ground sta te rotational band en erg ie s  from  that of a pure 
rotor . If one a ssu m es an in co m p ress ib le , ax ia lly  sy m m etr ic  nucleus  
with m om ent of in ertia  proportional to 02 then

43/fS = -1 (1  + 1) Б/A (И )

The va lu es of A<^R2^>/<(R2^ derived  from  E q .( l l )  are shown in F i g .10
by a dashed lin e . The predicted  va lu es are uniform ly much h igher than the
exp erim en ta l va lu es and indicate that deviations from  the rotor en erg ie s  are 
not p rim arily  the resu lt o f centrifugal stretch in g .

One can ca rry  the above argum ent a step  further by con sid erin g  the 
sp ec ific  ro tation al-v ib ration  contribution of the m ixing of the 0-band with 
the ground state; the contribution of the -у-band is  n eg lig ib le . One can 
estim a te  the contribution of the )3-band m ixing to A<(R2)>/<(R2^ in a nearly  
m odel-independent way obtaining [24]

Щ eld + l)p/Z (12)
<R > J



w here e is  the ¡3 band m ixing p aram eter and
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defined by Church and-W eneser [52] . (An erro r  of 5 /3  in Ref. [24] has 
been  corrected  in Eq. (12)).

The p aram eters e and p are known [53] for 152Sm (and 154Eu), though . 
with la rg e  e r r o r s . U sing the b est availab le num bers one finds 
A^R2 /" /(R2}  -  (2 to 5) X 10"4 for 152Sm; i . e .  about the m easu red  valu e.
Thus /З-band m ixing, which does not account for the deviations of the 
en ergy  le v e ls  from  that of a pure rotor, m ay account for the radius change. 
We em p hasize how ever that the values of e and p are not yet w ell fixed .

F in a lly , th ere have been m icr o sco p ic , and b a sica lly  not d is s im ila r ,  
ca lcu la tion s of Д(3/(3 [54] and A<^R2) ’/ <(R 25  d irectly  [55] . M arshalek 's  
ca lcu la tion s [55] are ex ten sive  and detailed , exposing the contributions  
from  centrifugal stretch ing  and co r io lis  an ti-p a irin g . His r e su lts  are  
given  in T ables I and III and plotted in F ig . 10. Again one s e e s  that theory  
p red icts la r g er  va lu es than ob served , the d isagreem en t being w orse at 
the ends of the rotational band.

W hether the p ers isten t d iscrep an cy  betw een experim ent and theory  
augurs the im portance of a new effect or is  sim p ly  the consequence of 
inadequacies in the ca lcu lation  is  u n clear . In eith er c a se  further ex p e r i
m ental work is  ca lled  for.

One m ay hope to te s t  for p olarization  term s in m uonic iso m e r  shift 
in vestiga tion s by com paring se v er a l such sh ifts  in a given  elem ent with 
the corresponding M ôssbauer iso m er  sh ifts .

Another open question is  the spin dependence of the iso m er  sh ift. The 
centrifu gal stretch ing  m odel p red icts an 1(1+1) dependence which m ight be 
ob servab le  in odd-A n uclei in vestiga tion s.

The em p irica l radial changes are not even proportional to the th eo 
re tica l p red ictions at the upper end of the rotational region . The va lu es of 
A<(R 2^>/'\R2 >̂ for the tungsten iso top es m ay be cr o ss in g  to negative v a lu es. 
M oreover, the va lu es of ДЕ for osm ium  iso to p es , obtained by the CERN- 
D arm stadt collaboration, indicate negative va lu es of A<(r 2)>/<[R2 >̂ (see  
ab ove).

The sy stem a tic s  of th ese  e ffe c ts , the m easu rem en ts to even g rea ter  
p rec is io n , as w ell as the reso lu tion  of rem aining d iscrep an c ies  w ill be a 
cen tra l concern  of ex p er im en ta lists . We m ay a lso  expect that other  
techn iqu es, m ost p articu larly  m ultip le Coulomb excitation  with heavy  
ion s, w ill join th is front of investigation  so  that the p resen t som ewhat 
foggy p icture w ill be c la r ified .
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D I S C U S S I O N

K rishna KUMAR: I would lik e to su ggest a qualitative reason  for the 
■sm allness of the m easu red  nuclear stretch in g . This is  due to a can cella tion  
of two e ffec ts . The centrifu gal b arrier  tends to in cr ea se  the n uclear d efor
m ation. On the other hand, the potential energy function tends to d ecrea se  it 
s in ce  th is function ris'es in m ost calcu lations m ore rapidly on the la rg er  /3 
sid e of the equilibrium  deform ation.

C .S . WU: A word of caution concern ing the iso m er  sh ift from  the 
m uonic X -ra y  data should be m entioned h ere . In our ca lcu lation s the • 
d ifferen ce in nuclear polarization  between the 2+ and 0+ sta te s  has been  
n eglected , although it has been shown by our theoretic ian  M. Y. Chen that 
in the sim p le rotational m odel the nuclear polarization  co rrectio n s to the 2+ 
and 0+ sta tes  are n early  id en tica l. H ow ever, th is conclusion  applies only 
to the rotational m odel which, in general, is  probably not expected to hold 
to better than a few percent. In the absence of any re liab le  es tim a tes , we 
have n eglected  this p o ssib le  contribution to the observed  sh ifts .

G. K. BACKENSTOSS: I would lik e to point out that work on iso m er  
sh ift is  a lso  being done at CERN. At the A silom ar C onference m easu rem ents  
on 181Ta w ere reported; th ese  w ere recen tly  rem easu red  and recon firm ed , 
the sh ift being about + 100 eV. Furtherm ore, there are m easu rem en ts by 
a group from  D arm stadt, Germ any, working at CERN on num erous n uclei, 
such as Os and Ir. N egative sh ifts w ere ob served  for Os and p ositive  
sh ifts  for Ir. But there is  a recent paper by H. D aniel in N atu rw issen -  
schaften, who d isc u sse s  the correction s n e c e ssa r y  as a consequence of 
the spin flip  tran sition  pointed out by P r o fe s so r  G rodzins.

L. GRODZINS: Do the negative va lu es in Os rem ain  after co rrectin g  
for m agnetic splitting?
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G..K. BACKENSTOSS: I do not know the exact answ er as to whether 
the O s-sh ifts  rem ain  s t i l l  s ligh tly  n egative after co rrectio n . H ow ever, 
s in ce  one can only .estim ate the spread  of the spin flip  tran sition  and one 
does not know ex a ctly  the in ten sity  of the hyperfine com ponents, one should  
be cautious about drawing con clu sion s as long as the hyperfine sp litting  
cannot be reso lv ed .

L. GRODZINS: F ir s t , it is  in terestin g  that in 181Ta the spin flip  
con sid eration s as w e ll as the deviations from  sta tis t ic a l feed in g  do not 
affect the resu lt  (se e  the tex t). Second, the negative va lu es for the Os 
r e su lts  are m ost in te re stin g  s in c e  a sh ift, as p relim in ary  rep orts indicate, 
of -500 eV, cannot be can celled  by the m agnetic in teraction  which can at 
m ost account for about 350 eV, and is  probably con sid erab ly  sm a lle r .
Thus, if  there are no further m ajor co rrectio n s , such large en ergy  sh ifts  
in osm ium  would m ean that<Cr |  )> is  l e s s  than'Crl X  in stron g d isagreem en t  
with theory.

V. S. SHPINEL: A variation  of the n uclear charge radius in e le c tr o 
m agnetic tran sition  is  an im portant property of the nucleus and a 
se n sitiv e  proof of n uclear m o d e ls . To d eterm ine th is quantity from  the 
ob served  iso m e r ic  ch em ica i sh ift of the 7 -lin e , one should know the v a r ia 
tion of e lectron  d en sity  for the nucleus in d ifferent ch em ica l com pounds. 
T h eoretica l ca lcu la tion s of e lectron  d en sity  depend on a num ber of 
in accu ra te ly  d eterm ined  p aram eters and th erefore the va lu es of ¿R/R  
obtained by d ifferent authors are in d isagreem en t, so m etim es even in the 
sign of the va lu es.

To obtain m ore exact inform ation  about óR /R  it is  w orthw hile  
m easu rin g  the re la tiv e  va lu es of 6 R /R  for d ifferent 7 -tr a n s itio n s . If th ese  
tran sition s occur in the sam e iso top e or d ifferent iso to p es  of the sam e  
elem en t, the e lec tron  factor can be reduced . To determ in e the re la tiv e  
valu es of 6 R /R  in d ifferent n uclei we ch ose n uclei of atom s neighbouring  
in the Z num ber: 1 1 9 Sn, 121Sb and 1 2 5 Te. A tom s of th ese  e lem en ts form  
a num ber of iso s tr u c tu ra l com pounds, which fa c ilita te s  an in terpretation  
of iso m e r ic  sh ifts . In F ig . 3 of a recen t p a p er 1 the re su lts  are shown of 
iso m e r ic  sh ifts  6 E for 7 -r a y s  of 2 3 .8  keV in i 1 9Sn, 37 .2  keV in i2isb  
and 35 .6  keV in l25Te for octahedral com p lexes of the SnTg, S bF 6 and 
ТеГ6 type (F= F, Cl, Br, I). T h e'figu re shows the lin ea r  dependence of 
6 E on a d ifferen ce in e lec tron egativ ity  (Д х), Sn-Г, Sb-Г  and T e - Г .
From  the sign  of the s lo p es  of th ese  lin e s  it fo llow s that the sign  of nuclear  
charge variation  for  the con sid ered  tran sition s in 119Sn and 1 2 5  Т е nuclei 
i s  the sam e, w hile that in the 121Sb nucleus is  the op posite . The data of r e l
ative va lu es of 6 R /R  can be u sed  to check  the 6 R /R  va lu es calcu lated  
from  the e lec tron  d en sity . The exp erim en ta l va lu es of 6 R /R  in l 19Sn 
and 125Те are in good agreem en t with th ose ca lcu lated  by Uher and Sorensen. 
T h ese ca lcu la tion s give sa tis fa c to ry  agreem ent in a num ber of other 
c a s e s .  The <5R/R value in the 121Sb n ucleu s, how ever, as m easu red  by us 
and sim u ltan eou sly  in the USA by Ruby et a l. is  h igher by two ord ers of 
m agnitude than the th e o re tic a l valu e. It is  an in te re stin g  fact that the 
6 R /R  va lu es for 7 /2 + -» 5/ 2+ gam m a tran sition s in the 127I and 1 2 9 I iso tó p es ,  
analogous to the d iscu sse d  tran sition  in 1 2 1 Sb, are a lso  in agreem en t with 
the calcu lated  va lu e.

1 BRUKHANOV, V .A ., e t a l . , Zh. eksp. teor, F iz. 53 (1967) 1582 J Soviet Physics JETP 26 (1968) 912.
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Abstract — Аннотация

STUDIES ON THE CHANGES OF NUCLEAR CHARGE RADII USING THE EFFECT OF X-RAY LINE 
ISOTOPE SHIFT. The effect of the X -ray volume isotope shift in ordinary atoms is discussed as a new 
experim ental method for determ ining the differences between the nuclear charge radii ( Д  <( r 2 /  ) of 
isotopes.

The core of the subject, which deals with rhe possibility of sufficiently accurate  (¿5% ) transition 
from the measured Д E shifts to Д ^чг2/  for the nuclei of the isotopes com pared, is described.

A summary of the experim ental data, obtained by using the method considered, is presented. It 
is evident from these data that the experim ental errors can be a t present reduced down to a few percent 
from the value of the shift, i . e .  they do not exceed the errors due to the transition from Д E to Д O 2/
(< ЗД.

The comparison of the values of Д ^ r 2)> obtained by the X -ray I .S .  methods for ordinary and m u- 
mesic atoms and by the optical I .S .  method reveals satisfactory agreem ent. However, the X -ray data 
on the absolute values of Д ^ r 2)>are considerably more accurate and re liable  than the optical shift d a ta .

A comparison is m ade of the experim ental results and the data calcula ted  within the framework of 
M igdal's finite Fermi-systems theory.

In conclusion, the new experim ental data о п Д ^ г ^  for Ba isotopes, which confirm  the presence 
of anom alies, sim ilar to the known case 40-48Ca, are discussed.

ИС СЛЕД ОВ А Н И Я И ЗМ ЕНЕНИЙ ЗА РЯ Д О В Ы Х  РА Д И У С О В  Я Д Е Р  С ПОМОЩЬЮ ЭФ Ф ЕКТА  
И ЗО Т О П И Ч Е С К О ГО  С Д В И ГА  Р Е Н Т Г Е Н О В С К И Х  ЛИ Н И Й . Р а с с м о т р е н  э ф ф е к т  о б ъ ем н о го  
и зо то п и ч е с к о го  с д в и га ,р е н тг е н о в с к и х  линий в обы чны х а т о м а х  как новы й эк сп ер и м ен таль н ы й  
м е то д  оп ределен и я  за р я д о в ы х  р ад и у со в  яд ер  ( Д ^ г 2)») и зо т о п о в . И зл о ж ен а  п ринципиальная с т о 
рона в о п р о са , заклю чаю щ егося в во зм о ж н о сти  д о стато ч н о  то ч н о го  5%) т е о р е т и ч е с к о г о  п е р е 
х о д а  от и зм е р я ем ы х  сд в и го в  линий Д Е  к Д<(г2/ , яд ер  ср ав н и в аем ы х  и зо т о п о в . П риводи тся  
сво д  эк сп ер и м ен та л ь н ы х  дан н ы х , п олученн ы х с помощью р а с с м а т р и в а е м о г о  м е т о д а , п о к а з ы в а 
ющий, что в н асто ящ ее  в р ем я  эк с п е р и м е н т а л ь н ы е  ошибки у д а е т с я  сн и зи ть  от величин сд ви го в  
до н ескольки х  п роц ен тов , т . е .  они сравни м ы  с точн остью  5%) т е о р е т и ч е с к о г о  п е р е с ч е т а  ДЕ 
в Д < (г 2̂ .  С о п о став л ен и е  зн ачени й  Д < (г2 Х  полученны х м ето д а м и  р е н т г е н о в с к о г о  и зо т о п и ч е с 
к о го  с д в и га  в обы чны х и ^ - м е з о а т о м а х  и и зо т о п и ч е с к о го  с д в и га  о п ти чески х  линий, обн аруж и 
в а е т  у д о в л етв о р и тел ь н о е  с о г л а с и е .  О д н ак о ,р е н т ге н о в с к и е  данн ы е об абсолю тны х зн ач ен и ях  
Д<(г 2)> обладаю т сущ ествен н о  больш ей точн остью  и н адеж н остью  по сравнению  с о п ти ч е с к и м и . 
П риводится срав н ен и е  эк сп е р и м ен та л ь н ы х  р е з у л ь т а т о в  с р а с ч е т а м и  в р а м к а х  теори и  М и гд ал л а
о конечны х Ф е р м и -с и с т е м а х . В заклю чение обсуж даю тся  н овы е эк с п е р и м е н т а л ь н ы е  данны е
О Д < г2 >  у и зотоп ов  бар и я , подтверж даю щ ие нали чи е ан о м ал и й , ан алоги чн ы х  и зв е с т н о м у  случаю 
4°-48 С а .

INTRODUCTION

The theory  of the effect of the so -c a lle d  volum e iso top e shift of 
sp ec tra l lin es  due to the changes of nuclear charge radii was form ulated  
in the ear ly  1930s [1-4] . F or op tica l lin e s  th is effect was d iscovered
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exp erim en ta lly  even e a r lie r  [5 ], has gained recogn ition  and is  used e x 
te n s iv e ly  at presen t to study the changes of charge radii (Д<^г2)>) in  the 
iso to p es  of re la tiv e ly  heavy elem en ts (Z ¿ 3 5 ) (see  R efs [6 -9 ] ).

A fter the f ir s t  th eo re tica l stud ies an analogous effect could be 
assu m ed  in princip le in X -ray  and, follow ing the d isco v ery  of m e s ic  
atom s, in m u -m eson ic  atom sp ectra . The rad ica l advantage of the two 
la tte r  effec ts (as com pared to optical shift), con sistin g  in the p ractica l 
o n e-e le c tro n  nature of the X -ray  and m u -m eson ic  atom p rob lem s, p ar
ticu la r ly  with resp ect to tran sition s betw een innerm ost atom ic le v e ls ,  
w a s  a lso  apparent. The la tte r  c ircu m stan ce m ade it p o ssib le  to b e liev e  
that su ffic ien tly  accurate th eo retica l so lu tion s, re latin g  lin e sh ifts  (ДЕ) 
to be m easu red  exp erim en ta lly  to the p aram eters sp ecify ing  the d is tr i
bution of nuclear e le c tr ic  ch arges ( e . g. Д<^г2)>) to be studied, can be 
obtained.

F o r  the ca se  of X -ra y  sp ectra  such so lu tions w ere found not long  
ago (1955-1963) in the stud ies of W ertheim  and Igo [10], Schawlow and 
Tow nes [11] and Babushkin [12] .

H ow ever, d esp ite repeated attem pts [1 3 -1 6 ], an exp erim en ta l d e
tec tio n  of the X -ray  isotop e sh if t1 was not su c c e ss fu l for a long tim e and 
the X -ra y  sh ift-in  ord inary atom s was ob served  even a lit t le  la te r  than 
a s im ila r  effect in m u -m eson ic  atom s [17] . A report on a prelim inary  
resu lt of the f ir s t  su c c e ss fu l experim ental observation  of the X .I .S .  of 
the Kai lin e  for uranium iso top es was m ade by B rock m eier, Boehm  and 
Hatch (C alifornia Institute of Technology, USA) in 1964 [18] :

E u233 - Eu238 = + 1 .3  1 0 . 5 eV

Sum baev and M esentsev  (A .F . Ioffe P h y sico -T ech n ica l Institute, 
A cadem y of S c ien ces , USSR) reported on th eir  ob servation  of the isotope  
sh ift o f the Kaj lin e for m olybdenum iso top es in 1965 [19] :

e Mo92_ E Moioo = + 0  0 3 0  ± 0 _0 0 4  e V

The final resu lt obtained by B rock m eier et a l. was published a lit t le  
la ter  [20] :

E u233 - E u238 = + 1. 8 ± 0. 2 eV

The experim ental procedure developed in R ef. [19] m ade it p o ssib le  
not only to detect the effect, but a lso to carry  out sy stem a tic  m e a su r e 
m ents for m ost re la tiv e ly  heavy elem en ts (Z > 3 5 ). This opened up p o s s i
b ilit ie s  for using the X .I .S .  effect as an exp erim en ta l m eans for stud ies  
on the changes of nuclear charge rad ii. In subsequent in vestigation s  
conducted at the P h y sico -T ech n ica l Institute [21] and the C alifornia  
Institute of T echnology [22] the new technique was used to advantage •

1 X .I .S . denotes the X-ray isotope shift, O .I .S . the optical isotope shift and ц. I. S. the m u-m esonic 
atom  isotope shift.
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for the iso to p es of a num ber of e lem en ts , with re la tive  accu racy  of the 
sh ift determ ination  w ithin a view  (2 to 10) per cent [22] approaching  
that o f the pertinent th eo re tica l so lu tions (^5%) relatin g  ЛЕ to Д ^ г 2^ 
[1 0 ,1 2 ] .

PHYSICS OF THE EFFECT AND THE PRINCIPLES UNDERLYING ITS 
USE AS A METHOD FOR DETERMINING A < r 2>

The dependence of the Coulomb potential V for a point nucle.us and 
for Z; A, A + n iso to p es with a fin ite region  of the e le c tr ic a l charge  
d istribution  upon r (so lid  and dashed lin e s  resp ective ly ) is  shown on the 
left-han d  sid e of F i g . l .  The e lectron  energy le v e ls  w hose wave-functions 
do not becom e zero  within the nucleus region  ( F i g . l ,  top left) w ill depend 
on the behaviour of V(r) o v er  th is reg ion . To take an exam ple: in the 
ca se  of a nucleus with a fin ite region  of the charge d istribution , the le v e l  
1 s 2 / 2  be located  h igher (with a sm a lle r  binding energy) than that in 
the ca se  o f a point nucleus (F ig . 1, at the right).

FIG. 1. Explanation of the physical nature of 

the isotopic X -ray shift effect (X .I.S . -effect).

D eviations of the potential from  the Coulomb point potential are m ore  
pronounced the la r g e r  the charge radius of the resp ec tiv e  nucleus and 
thus, gen era lly  speaking, for a h eav ier  isotope than those under com 
p arison  one would expect, owing, for in stance, to the drop dependence

R = R0A1/3, (1)

la r g er  deviations V(r) and, consequently, la r g er  le v e l sh ifts . The le v e l  
energy d ifferen ce ДЕ of iso top es under com parison  w ill thus be sp ec ific  
for the d ifferen ce of th e ir  charge rad ii. F or in stance, if the tran sition  
Ka 2p3/ 2 l s i/2 j w hose h igher le v e l is  not subject to the influence of the 
isotop e effect involved becau se of |¥(0)p3/,J2 being equal to zero, is  chosen, 
the exp erim en ta lly  m easu red  d ifferen ce in the en erg ie s  of the lin e (Д Ека1) 
being studied for the iso top es under com parison  w ill be a m easu re  of the 
change in charge rad ii (Д ^г2/ 1). The effect describ ed  is  referred  to as the 
volum e isotope shift o f X -ra y  lin es .
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When so lv ing  the problem  concerning the relation  between Д Е К 
and Д<^г2)> in th is  effect, Babushkin [12] found for the lin é  sh ift2 a‘

Д Е К = | z 2h cR  Ra, 3 "
L - e 0 M 2 p +3

( l - p ) L - ( l + p ) e 0 M Г(2р) Д < г 2> (2)

where

а,•о m e
h

J ’ P =
i 2 v21 - a  Z ;

L = a Z

R . is  the Rydberg constant; e = E /m c 2 is  the to ta l energy of ls j /g  elec tron  
in  term s of m e 2 . Solution (2) was obtained for the o n e-e le c tro n  problem . 
H ow ever, a sp ec ia l an a lysis  [10] has shown that the p resen ce  of the rest  
o f the atom ic electron s, (sh ield in g  of the l s i / 2  -e le c tro n  by them  and the 
change in th e ir  contribution to density  on the nucleus in the X -ra y  tran 
sition ) r e su lts  in co rrectio n s not over  «4% within 40 i,Z £ ,92 .

The p ractica l o n e -e le c tro n  nature of the problem  concerning the 
X .I .S .  d eterm in es a sm a ll m agnitude of the so -c a lle d  sp ec ific  m a ss  
sh ift effect (known from  the O .I .S .)  which is  e s se n tia lly  a m an y-e lectron  
effec t due to corre la tion s in  the m otion of e lec tro n s , is  d ifficu lt to ca lcu 
la te  and introduces an additional uncertainty when u tiliz ing  op tica l lin e  
sh ifts . R ecent ca lcu lations [22] have shown that for the Ka i- lin e  th is  
sh ift does not exceed  - 1 /3  of the ordinary o n e-e le c tro n  m a ss  effect:

T his resu lt se e m s natural becau se a K„ -tra n sitio n  can be treated  as aal
o n e-vacan cy  transition; that is ,  the problem  is  rather c lo se  to a sin g le  
p a rtic le  on e. Thus, the total m a ss effect can be allowed for in the ca se  
of X .I .S .  from  the relation

gen era lly  accounting for a sm a ll part o f the volum e effect o v er  the range.
Am ong other co rrectio n s, the effect related  to the m agnetic m om ent 

in teraction  of an elec tron  m oving within the nuclear e le c tr ic  field  [25] 
should be pointed out. The correction  factor

ДЕ _ m ДА  
E m n A j A2 (3)

(4)

_ i o,Z(2p + l)(2p  + 3)
6 8тгг0(р + 1) (5)

2 The ratio  AR/R in  Babushkin's o rig ina l re la tion  is expressed in Eq.(2) v ia  A <r2> , the only parameter 
upon which the effect under measurement is dependent both in  the X .I .S . and O .I.S . cases [2 3 ,2 4 ].
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where

r. = 1 .2 X 1 0 ’13A1/3/ - ¿О / m c ¿

s lig h tly  dependent upon Z, equals 0 . 940 ± 0 . 005.
The co rrectio n s are covered  in m ore d etail in Ref. [22] . T able I, 

taken from  th is work, g iv e s  an indication of th e ir  v a lu es . A factor, term ed  
in  Table I the dynam ic nuclear p o larizab ility  factor, p ra ctica lly  equals 
unity and allow s e sse n tia lly  for the change in energy of the lS j /2 e lectron ic  
le v e l attributed to non-absolute rig id ity  of a nucleus [25a] . In the gen eral 
ca se , such factors can occu r due to the contribution of m ore com plicated  
diagram s (of the type shown in F ig . 2(b)) to the Coulomb e-A  in teraction  
(F ig . 2(a)) allow ing for in tranu clear d eg rees of freed om . A sm a ll magnitude 
of such correction s determ ined  in the ca se  of X .I .S .  is  of advantage. 
G enerally  speaking, for m ore in form ative m ethods dealing with /к.I .S .  
and fast e lec tron  sca tter in g  (exp erim ents of the type carried  out by 
H ofstadter) there are no a p rior i reason s for expecting that th ese  c o r 
rection s would turn out to be sm a ll. M eanwhile, an accurate calcu lation  
o f the co rrectio n s apparently in vo lves an in tim ate knowledge of the in tra 
nuclear stru ctu re. Lack o f  th is uncertainty in the effect of the X -ra y  line  
volum e isotope shift for an ordinary atom is  apt to m ake the X .I .S .  the 
m ost re lia b le  m ethod for determ ining Д ^ г 2/ ’ .

TABLE I. CORRECTION FACTORS WHICH SHOULD BE 
INTRODUCED INTO THE EXPERIM ENTAL DATA WHEN
DETERMINING Д< r 2> [ 2 2 ]

Isotope pair
Screening by 
transition 
electron

Nuclear
polarization

M agnetic m om ent 
interaction

1 1 6 - 1 2 4 «Sn 0.96 1.00 0.944

1 4 8 -1 5 4  s m 0.97 0.980 0.942

182 -184  w 0.98 1.015 0.937

184 -186
W 0.98 1.002 0 .9 3 7 .

Æ a)
e

FIG .2. Discussion of a correction to the dynamic polarizability  of the nucleus.



T A B L E  I I .  P U B L IS H E D  E X P E R I M E N T A L  D A T A  O B T A IN E D  B Y  T H E  X . I . S .  M E T H O D  (G O L U M N S  2 ,3 ,7 )
A N D  T H E IR  C O M P A R IS O N  W IT H  T H E O R Y  (C O L U M N S  4, 5, 6) A N D  D A T A  O B T A IN E D  B Y  T H E  O . I . S .  A N D  n . I . S .  M E T H O D S  (C O L U M N S  (8 , 9)

I s o to p e

p a i r

A E e x p ( m e V > i E t h e o r  <m e V ) У - Д Е е х р /  Æ - s td

t o t a l v o l u m e [ 1 2 ] [ 2 9 ] [ 3 0 ] X .  I . S . O . l .  S . * i . I .  S .

1 2 3 4 5 6 7 8 9

M o

9 2 - 1 0 0

9 4 - 1 0 0

3 0  ± 5  [ 1 9 ]  

2 7  ± 8

3 5  ± 5  

3 1  ± 8

• 3 4 . 3  

2 5 . 6

2 4 . 2

1 7 . 6

- 1 . 0 2 * 0 . 1 5  

1 . 2 1  ± 0 . 3 1

1 . 2 1 * 0 . 2 4  [ 3 7 ]  

1 . 1 3  ± 0 . 2 2

1 . 5 8 * 0 . 1 8  [ 4 0 ]  

1 . 4 9  ± 0 . 1 7

S n 1 1 6 - 1 2 4 2 9 . 9 ± 1 . 2  [ 2 2 ] 3 5 . 0  ± 1 . 2 7 6 . 9 3 1 . 4 6 3 0 . 4 6  ±  0 . 0 2 0 . 3 3 ± 0 . 0 6  [ 7 ]

0 . 6 6  ± 0 . 0 1  [ 4 1 ]  

0 . 4 1  ± 0 . 1 5  [ 4 2 ]

1 3 4 - 1 3 5 - 6 . 9  ± 2 . 0  [ 2 7 ] - 6 . 3  ± 2 . 0 1 7 . 1 1 3 . 7 - - 0 . 3 7 * 0 . 1 2 - 0 . 4 1  [ 7 , 3 1 ] -

B a

1 3 4 - 1 3 6 - 4 . 7  ± 2 . 0 - 3 . 4  ± 2 . 0 3 4 . 2 1 5 . 2 2 5 . 2 - 0 . 1 0  ± 0 . 0 6

' + 0 . 1 2  ± 0 . 0 5

0 . 4 5 *  0 . 0 9  [ 3 4 ]
-

1 3 6 - 1 3 7 - 0 . 8  ± 2 . 0 - 0 . 2  ± 2 . 0 1 7 . 0 1 3 . 7 2 . 7 - 0 . 0 1  ± 0 . 1 2 - 0 . 3 6 -

1 3 6  - 1 3 8 7 . 7  ± 2 . 0 + 9 . 0  ± 2 . 0 3 4 . 0 2 7 . 5 2 5 . 7 + 0 . 2 6  ± 0 . 0 6

+  0 . 1 5  ± 0 . 0 5  

0 . 6 9 * 0 . 1 4  [ 3 4 ] -

1 4 4 - 1 4 6 6 3  ± 1 1  [ 2 2 ] 6 4  * 11 4 9 . 3 - 6 7 1 . 2 9  ± 0 . 2 2 1 . 3 0  * 0 . 2 4  [ 7 , 3 8 ] 1 . 1 1 * 0 . 1 6  [ 4 2 ]

1 4 6  - 1 4 8 6 5  ± 10 6 6  ± 10 4 9 . 1 - 6 7 1 . 3 4  ± 0 . 2 0 1 . 5 6 * 0 . 2 9 *

N d
1 4 8  - 1 5 0 1 1 0  ± 1 3 1 1 1  * 13 4 8 . 8 - 6 7 2 . 2 7  ±  0 . 2 7 2 . 1 5  ± 0 . 4 0 -

1 4 4 - 1 5 0

f  2 3 8  ± 1 3  

[  2 1 6 . 8  ± 3 . 5  [ 2 6 ]

2 4 2  ± 1 3  

2 2 0 . 6  ± 3 . 5

1 4 7 - 2 0 1

1 . 6 5  ± 0 . 0 9  

1 . 5 0  ± 0 . 0 2

1 . 6 7  ± 0 . 3 1 -
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T A B L E  II .  ( con t .  )

I s o to p e  

p a  ir

Û E e x p ( m e V > ¿ E t h e o r ( m e V ) у  = Д Е е х р /  A E std

t o t a l v o l u m e [ 1 2 ] [ 2 9 ] [ 3 0 ] X . I . S . O . I . S . M . I . S .

1 2  - 3  . A 5 6 . . 7 8 9

1 4 4 - 1 4 8 1 3 6  ± 2 4 [ 2 1 ] 1 3 9  ± 2 4 1 1 9 . 1 5 8 1 . 1 6  ± 0 . 2 0 1 . 3 4  ± 0 . 2 7  [ 7 , 3 9 ] .
1 4 8  - 1 5 0 1 0 1  ± 15 3 0 2  ± 15 5 9 . 3 _ 7 9 1 . 7 2  ± 0 . 2 5 1 . 6 6  ±  0 . 3 3 _

S m

1 5 0 - 1 5 2 1 0 9  t 16 1 1 0  1 16 5 9 . 0 - 1 9 1 . 8 6  ± 0 . 2 7 2 . 4 4  ± 0 . 4 9 -

1 4 8 - 1 5 4 2 7 1 . 6  3 . 5 [ 2 2 ] 2 7 5 . 4  i  3 . 5 1 7 7 - - 1 . 5 6  ± 0 . 0 2 1 . 7 6  ± 0 . 3 5 -

1 5 5 - 1 5 6 3 3 . 6  ± 5 . 4 [ 2 6 ] 3 4 . 2  ± 5 . 4 3 5 . 2 - - 0 . 9 7  0 . 1 5 - -

G d 1 5 6 - 1 6 0 1 0 0 . 0  ± 4 . 6 1 0 2 . 5  ± 4 . 6 1 4 0 - - 0 . 7 3  0 . 0 3 0 . 7 9  ± 0 . 1 3  [ 7 ] -

1 5 5 - 1 6 0 1 3 3 . 6 * 4 . 2 1 3 6 . 7  ± 4 . 2 1 7 5 - - 0 . 7 8  ± 0 . 0 2 - -

1 8 2 - 1 8 4 9 0 . 9  ± 1 0 . 5 [ 2 2 ] 9 2 . 2  ± 1 0 . 5 1 5 2 - - 0 . 6 1  0 . 0 7 0 . 4 0  ± 0 . 1 0  [ 7 ] 0 .5 9  ± 0 .1 3  [42 ]

W 1 8 4 - 1 8 6 5 8 . 5  ± 8 . 0 5 9 . 8  ± 8 . 0 1 5 1 - - 0 . 4 0  ± 0 . 0 5 0 . 3 5  ± 0 . 0 9 0 .4 7  i  0 .1 3

1 8 2 - 1 8 6 1 4 9 . 4  1 0 . 0 1 5 1 . 9  ± 1 0 . 0 3 0 3 - - 0 . 5 0  ± 0 . 0 3 0 . 3 7  ± 0 . 0 9 0 .5 3  i  0 .0 9

H g 2 0 0  - 2 0 4 2 5 2  t 3 7 [ 2 6 ] 2 5 5  ± 3 7 5 5 1 406 367 0 . 4 6  ± 0 . 0 7 0 . 6 3  ± 0 . 0 7  [ 7 ] -

Pb 2 0 6  - 2 0 8 1 6 6  ± 2 5 [ 2 6 ] 1 6 7  ± 25 3 2 6 240 3 3 4 0 . 5 1  0 . 0 8 0 . 6 4  ± 0 . 0 7  [ 7 ] 0 . 5 5 i 0 . 0 8  [ 4 3 ]

u 2 3 3  -  2 3 8 1 8 0 0  ± 2 0 0 [ 2 0 ] 1 8 0 3  ± 2 0 0 - - - - - -
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CORRELATION BETW EEN DATA ON Д < г 2> OBTAINED BY  
DIFFERENT METHODS. SOME PHYSICAL CONCLUSIONS

The effect of the isotop e sh ift of X -ra y  lin es  was d iscovered  ex p er i
m en ta lly  in 1964-1965 (see  above). Up to now only a few of the ob jects  
(iso top e pairs) am ongst th ose a c c e s s ib le  for in vestigation  in the p resen t  
sta te  o f the method have been studied. N ev e rth e less , som e data c o r r e 
la tion  can be m ade and the in itia l p hysica l r e su lts  d iscu sse d .

The exp erim en ta l data known to the author which have been obtained  
up to data by the X .I .S .  m ethod are g iven  in Table II. Column 2 l i s t s  the 
exp erim en ta l va lu es of to ta l sh ifts; colum n 3 the sam e va lu es corrected  
for m a ss  shift (from  relation  (3)). Column 4 g iv es  the va lu es ДЕ ca lcu 
lated  from  E q .(2) under an elem en tary  assum ption  of uniform ly charged  
sp h erica l nucleus with R = 1 .2 X  10"13A1,/3 [12]; colum ns 5 and 6 p resen t 
the th eo re tica l va lu es obtained in the ca lcu lation  of Д<(г2̂ > within the fra m e
work of the M igdal theory of fin ite F e r m i-sy s te m s  [2 8 -3 0 ]3 . The valu es  
ДЕ 1(/3 = A E std are gen era lly  accepted  as standard th eoretica l va lu es

o fferin g  a convenient unit for m easu rin g  isotop e sh ifts . Columns 7-9  give  
the va lu es of the у  e ffec ts  (in ter m s of such standard sh ifts) obtained by 
the X .I .S . ,  O .I .S .  a n d /¿ .1 .S. m eth od s4 .

The fa ir ly  sa tis fa c to ry  gen eral agreem ent betw een the va lu es o f  у  
obtained by different m ethods should be p rim arily  noted.

H ow ever, the r e su lts  vary  su b stan tia lly  as to the m agnitude and nature 
of e r r o r s  [21] . The O .I .S .  data exhibit the la r g e st  e r r o r s , caused  co m 
p lete ly  by the u n certa in ties a ssoc ia ted  with the m a n y -e lectro n  nature of 
the op tica l problem  (un certa in ties o f sh ield in g  co rrectio n s and d istortions  
of in ner sh e lls ) .  The e r r o r s  inherent in the X .I .S .  are sm a lle r  (p articu larly  
in  la te r  stud ies [22, 26, 27]) and b a sica lly  due to s ta tis t ic a l e r r o r s  of the  
exp erim en ta l data.

D esp ite  gen era lly  sa tis fa c to ry  agreem ent betw een the X .I .S .  and
O .I .S .  data, th ere  are d iscrep a n c ie s  in  a num ber o f c a s e s  that are  slig h tly  
beyond the lim its  o f the e r r o r s  sp ec ified  by the authors (for in stan ce,
Ii6-I24gn  ̂ 200-204jjg^ Since the X .I .S .  data are m ore dependable with 
re sp ec t to th e ir  absolute v a lu es , they are lik e ly  to be used  for n orm aliz ing  
the op tica l data.

The X .I .S .  and /л.I .S . data agree within re la tiv e ly  sm a ll e r r o r s ,5 
but are in su ffic ien t for revea lin g  sy stem a tic  d iv erg en cie s  lik e ly  to be 
p resen t. It m a y b e  in ferred , how ever, that co rrectio n s for in tranu clear  
d eg re es  of freedom  which m ight cause concern  in the ju .I.S . (se e  above) 
apparently do not exceed  20%of the va lu es of the effec ts  concerned .

A s to the th e o re tic a l va lu es of the effect lis te d  in T able II, the r e su lts  
o f  the study [12] (colum n 4) w ere obtained, as p rev iou sly  m entioned, 
under an e lem en tary  assum ption  regarding the dependence of the n uclear  
radius upon the num ber of neutrons (R ~ A 1/ 3 ) and for a uniform  charge

s Values of K ^ -sh ifts  in columns 5, 6 are recalculated from isotope shift constants С (10~3 c m " 1) by

the re la tion  ДЕ œ CZ*hc (see Ref. [30]).

4 Babushkin's values (colum n 4) a re  taken as standard values without any additional corrections.

8 M olybdenum,whose H .I.S . values were obtained by recalculating  ДЕМ о^ " ^ [ 4 0 ]  using the  re la tive  
shifts from the  О. I. S. [37], is an  exception to this. eX**
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distribution  o v er  the nuclear vo lu m e. H ence, from  a n uclear point of 
view  th ese  data are not intended to convey any fine e ffec ts .

F rom  th is viewpoint the r e su lts  of the calcu lations m ade according  
to M igdal's theory  of fin ite F e r m i-sy s te m s  are of su b stan tia lly  grea ter  
in terest in th ese  ca lcu la tion s. Account is  taken ex p lic itly  o f the quantum 
ch a ra c ter is tic s  of the s ta te s  in which neutrons added to a nucleus turn out 
to be. H ence, when choosing a v er s io n  for optim um  agreem ent with the 
exp erim en ta l data, : it m ay be hoped in p rin cip le that inform ation  on the 
ord er of sh e ll fillin g  in even -even  n uclei w ill be obtained. The resu lts  
of th ese  ca lcu lations from  the qualitative standpoint are in sa tisfa cto ry  
agreem ent with exp erim en t, but cannot apparently be taken, as yet, for a 
s tr ic t  quantitative agreem en t. (T his is  evident even from  the com parison  
o f the resu lts  from  the two stu d ies given in Table II).

F igu re 3 p resen ts a w ell-know n graph ( e .g .  se e  R ef. [8]) of the d e
pendence of 7  on the neutron num ber N, constructed  on the b a sis  of optical 
data. Isotopes d iffering by two neutrons are com pared and points are  
plotted opposite the neutron num bers corresponding to h ea v ier  iso top es  
in p a irs . T rian g les rep resen t the X .I . S. va lu es from  Table II, squares  
the m -I.S . v a lu es . The graph illu s tra te s  the aforesa id  sa tis fa c to ry  a g r e e 
m ent betw een the data obtained by d ifferent m ethods. The p hysical effects  
determ ining its  m ajor fea tu res have been repeated ly  d iscu ssed  e lsew h ere  
( e .g .  se e  R efs [6 -9 , 21, 2 6 ]). The co incidence m entioned above m akes 
further d iscu ss io n  u n n ecessary . • T h erefore , in conclusion , I would lik e to 
dw ell on anom alously low  points o v er  the region N (neutron number) = 7 0 -8 0 . 
S p ecifica lly , barium  and te llu r iu m  iso top es for which the O .I .S .  data are  
availab le , even on the negative va lu es of the effec ts  [8, 31, 32], are located  
within th is r e g io n .; T h ese data m ight p ossib ly  m ean that the addition of 
a neutron cau ses a; d ecr ea se  in the m ean square charge radius s im ila r ly  
to the w ell-know n ca se  of 40_48Ca [33] . However., another in terpretation , 
based on th e ■ assum ption  that the an om alies are due to the p resen ce  in the
O .I .S . o f the sp ec ific  m a ss  shift effect w hose sign  is  the r e v e r se  of the 
volum e effect, was thought to be m ore probable [8 ,34] .

In the ca se  of the X .I .S .  the sp ec ific  m a ss shift is  n eg lig ib ly  sm all 
(se e  relation  (3) above) and thus the d etection  of s im ila r  an om alies with  
th is  method would unam biguously m ean an om alies in Д<(г2)>.
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The prelim inary  r e su lts  of the study carried  out recen tly  by the 
Ioffe P h y sica l-T ech n ica l Institute group [27] and its  final r e su lts  g iven  
in Table II (134'138Ba) and in part in F ig . 3 show that such anom alies do 
take p lace . They are p articu lar ly  prom inent when adding.the 79th and 81st 
neu trons. It was supposed that the an om alies could be attributed to a 
d ecr ea se  in the d istortion  of isotop e n uclei when approaching the m agic  
138B a 82 (e .g . se e  R efs [32, 35] ), but other data on the deform ations [36] 
do not seem  to revea l the abrupt changes n e c e ssa r y  for such an explanation  
and th is intriguing problem  thus s t i l l  rem ain s to be so lved .
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D I S C U S S I O N

C .S . WU: I have two rem ark s to m ake. F ir s t , our new iso top e shift 
an a lysis  is  actually  based  on the sh ift of the binding en ergy  of I s  le v e ls  
and not the en ergy  ¡shift of K a , l in e s . Second, s in ce  the I s  muon w ave- 
function is  not constant over  the n uclear volum e, the binding en ergy  of 
the I s  muon depends on fin er d eta ils  of the charge d istrib ution . In other  
w ords, one m ust e s tim a te  the shift due to the change of a ll h igher m om ents  
ter m s as w ell as the term  due to the r . m . s .  radius <(r2^ .

F .H . BOEHM: I am p resen tin g  som e recen t r e su lts  on the variations  
of m ean square charge rad ii which w ere obtained from  our atom ic  
K -X -ra y  isotop e sh ift w ork. In a figure to be published in the P h y s ica l  
Review , is  p resen ted  a su rvey  of the ob served  charge radii in ter m s of those  
of a hom ogeneous sp h ere for  even -even  n u clei. We have just recen tly  
obtained r e su lts  for 178-I80jjf for which we find 6<^r2)b<p / S ^ r 2]) ai/s =
0. 59 ± 0. 04 and for 162"164Dy with 6<( r 2X xp/ê<\ r 2 ^ aj/ з = 0 .6 6  ± 0 .0 5 .
S evera l in terestin g  trend s can be seen , notably in the Sn iso to p es  and in Nd. 
As an exam ple, le t us b r ie fly  d iscu ss  the ca se  of Nd. Another figure to 
be published in the P h y s ica l R eview  show s a p icto r ia l p resen tation  of the 
charge radius based  on that of 142 Nd. A lso  shown for com p arison  is  a 
curve giving the radius from  the A1/ 3 law . We n otice a pronounced even-  
odd staggerin g  effec t. F or the even -even  iso to p es  the varia tion s of the 
rad ii are com pared with other exp erim en ta l re su lts  in F ig . 1 of a recen t  
p a p e r1. The a g re e m e n t  between K -X -ray , op tica l and /-i- m e s ic  data is  
good. The s iz e  of the radius in cr ea se  for the ca se  where two neutrons are  
added to the c lo sed  neutron sh e ll of 142Nd is  in  ex ce llen t agreem en t with 
a ca lcu lation  based on the M igdal m odel. F or the addition of subsequent 
neutron p airs the agreem en t is  le s s  good. A lso  shown are re su lts  from  
calcu lation s by Uher and Sorensen  based on a quadrupole and p airing  
m odel.

P . von BRENTANO: I would lik e  to point out that there are now v ery  
accurate m easu rem en ts of Coulomb d isp lacem ent en erg ie s  in the s e r ie s  
of Nd iso to p es done by D r. Wurm and of the s e r ie s  of Ba iso to p es  done 
by D r. M orrison  at Argonne and it  should be in te re stin g  to com pare  
th e se  data with you rs. T h is com parison  r a is e s  a problem , n am ely  that

1 BHATTACHERJEE, S .K ., BOEHM, F ., LEE, P ., Phys. Rev. Lett. 20 (1968) 1295.
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the Coulomb d isp lacem ent energy depends not only on the r . m . s .  charge 
radius but a lso  on the r .m . s .  radius of the e x c e s s  neutrons. A method 
for ca lcu lating th ese  en er g ie s  h as, how ever, recen tly  been proposed in a 
v ery  in terestin g  paper by Nolen and Shiffer. Thus one m ight do a s im ila r  
an a lysis  on th ese  n uclei as w ell.

G .K . BACKENSTOSS: It appears that there are three m àjor m ethods 
for m easu rin g  charge radii an d /or iso top e sh ifts: electron  sc a tter in g ,
M -X -r a y s  and now th is new X -ra y  work. The accuracy of ¡л-X -r a y s  
in c r e a se s  with in crea sin g  Z, being b etter than f o r ‘electron  sca tter in g  
for Z  S i l ,  Now it appears from  your m easu rem en ts that the accuracy  
does not depend on Z. Could you m easu re ligh ter  nuclei and what would 
be the accuracy  you could ach ieve there?

F .H . BOEHM: Our p resen t se t-u p  lim its  us to Z ^40. H ow ever, .
I se e  no reason  why one could not extend the range down to Z = 30, p ossib ly  
rep lacin g  the tra n sm iss io n  d iffraction  cr y sta l by a reflection  se t-u p .

Short Contribution '

N. G. SHEVCHENKO (P h y sic a l-T e ch n ic a l Institute, Kharkov, USSR):
I should like to report on work on the sca tter in g  of e lec tron s on 58 ,60 ,64  щ  
and 112-118 Sn iso to p es , done by V. M. Khvastunov, N. G. A fanas'ev,
N. G. Shevchenko, I. V. A ndreeva, G .A . Savicky, I. S. Gulkarov,
V. D. A fanas'ev, and A. A. Khomich.

We have m easu red  the e la s tic  sc a tter in g  of e lec tro n s with an energy  
of 225 MeV on th ese  iso to p es  in ord er to d eterm ine the effec t of additional 
neutrons upon the d istribution  of charge d en sity  (h a lf-d en sity  radius C, 
su rface layer th ick n ess t and the equivalent uniform  d istribution  radius R). 
The th eo re tica l ca lcu lation  w as perform ed  u sin g  the h igh -en ergy  approxi
m ation for the F erm i d istribution  of the c h a rg e1.

TABLE A. ELECTRON SCATTERING RESULTS ON Ni AND Sn ISOTOPES

Nuclei С (fm) t(fm ) R(fm)

58Ni 4.140 ± 0.017 2.46  ± 0.02 4.940 ± 0.020

H2sn 5.375 ± 0.026 2 .46  ± 0 .0 4 5 . 6.009 ± 0.029 ■■

A C (fm ) Д t (fm) AR(fm) r

60 Ni - 58Ni 0.062 à 0.018 0.000 ± 0.023 0.051 ± 0.014 0.88  ± 0.26

w Ni - 60Ni 0.044 ± 0.016 0.026 ± 0.020 0.055 ± 0.021 0.51 ±-0.19

WNi - 5«Ni 0.095 ± 0.018 . 0 .045 ± 0 .0 2 1 0.106 ± 0.020 0.62 ± 0 .1 2

ll8Sn - m Sn 0.021 ± 0.020 0.00 ± 0 .0 3 0.031 ± 0.030 0.18 ± 0.17

1 PETKOV, I. Z h . , LUKYANOV, V .K ., POL, Yu. S ., Yadernaya Fiz. 4 (1966) 57.
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T able A p resen ts  the quantity y,  ch a ra cter iz in g  a deviation  from  the 
A1/ 3 law  (we put R = r 0A y/ 3). It was ob served  that the addition of the f ir s t  
two neutrons to the 58Ni nucleus g iv es y  “ 1, w hile the addition of the next 
four neutrons g iv es y  “ 0. 5. T h is can be in terp reted  as fo llow s: the f ir s t  
two neutrons are plunged com p letely  into 'the volum e occupied  by protons 
and the next neutrons only by h a lv es . The f ir s t  two neutrons have the 
orb ita l m om entum  low er ( i n= 1) than and the next four equal (£n = 3) to 
the orb ita l m om entum  of p erip h era l protons (ip = 3).

In the iso top e 118Sn we have an addition of neutrons with 5 w hile 
i p  = 4, and we ob serve  7  = 0. T h is can be in terp reted  as an indication that 
added neutrons are p ra ctic a lly  on the su rface of the n u cleu s. In th is way 
a connection between a variation  of a charge radius and orb ita l m om enta  
of neutrons f illin g  the n uclear sh e lls  is  ob served .
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Abstract — Аннотация

THE METHOD OF QUASIPARTICLES IN THE THEORY OF THE NUCLEUS. The results of the 
application of Green's function to the theory of the nucleus are analysed. It is shown that the large 
number of observed phenomena (quadrupole and m agnetic moments, probabilities and transition rates, 
isotopic shifts, e tc .)  can be expressed by some constants identical for a ll m edium  and heavy nuclei.

М Е Т О Д  К ВА ЗИ Ч А СТ И Ц  В Т Е О Р И И  Я Д Р А . А нали зи рую тся  р е з у л ь т а т ы  п рим ен ен и я к т е о 
рии яд р а  м е т о д а  функций Г р и н а . П о к а за н о , что  больш ое число н аблю даем ы х явлени й  (к в а д р у - 
п ольны е и м агн и тн ы е  м о м ен т ы , в е р о я т н о с т и  и ч а с т о ты  п ер ех о д о в , и зо т о п и ч е с к о е  см ещ ен и е и 
т . д . )  м о г у т  бы ть  вы раж ен ы  ч е р е з  н ебольш ое число к о н ст а н т , о д и н ак о в ы х  для  в с е х  сред н и х  и 
тя ж е л ы х  я д е р .

In an id eal p hysica l theory th ere  should be no constants determ ined  
from  experim ent: a ll d im en sio n less  quantities such as m /M , g 2/h c , e tc . 
should be determ ined  from  the theory it se lf .

A theory of th is  kind belongs to the rem ote future. It w ill be con
stru cted  when a lark  has m ade h er n est on a ram 's back, to quote an 
E astern  proverb.

F o r  the tim e being the goal of the theory is  much m ore m odest: to 
obtain re la tion s betw een  quantities ob served , introducing a m inim um  num ber 
of em p ir ica l constants. Thus, m a sse s  and constants determ ining the in te r 
action between p a rtic les  are introduced in the d isp ers ion  theory  of e l e 
m entary p a r tic le s , whereupon the re la tion s betw een the ob served  quantities 
are obtained. S im ilar  m ethods can be applied in the theory of the n ucleu s.

A con sisten t application of the field  theory m ethods to a fin ite  sy stem  
of stron g ly  in teractin g  p a rtic les  in the sp ir it  of the L an dau -F erm i liquid  
theory m akes it p o ss ib le  to introduce q u asip artic les  c o r re c tly  and y ie ld s , 
s im ila r ly  to the d isp ers io n  theory of e lem en tary  p a r tic le s , the re la tion s  
betw een the quantities ob served  at the p rice of the introduction of constants  
ch aracteriz in g  the. in teraction .

We sh a ll begin with a sch em atic  outline of the stru ctu re of th is  
theory.

It can be r ig o ro u sly  shown that the f irst excited  s ta te s  of F erm i  
sy ste m s have a, very  sim p le  nature even when the p a r tic le -p a r tic le  in te r 
action  is  stron g. T h ese are eith er s in g le -p a r tic le  exc ita tion s, which can 
be d escrib ed  as the orig in  of q u asip artic les and q u a si-h o le s , o r  co llec tiv e  
excita tion s which can be in terpreted  as bound q u asip artic le  and q u asi-h o le  
s ta te s .

A few q u a sip a rtic les  are involved in nearly  a ll e s se n tia l nuclear  
p r o c e s se s . T h erefore , q u asip artic les can be regarded as gas, i . e .  the 
c a se s  when m ore than two q u asip artic les co llid e  sim u ltan eou sly  can be 
n eglected .
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Since the q u asip artic le  is  a p article  m oving in a dense m edium , its  
p rop erties m ay d iffer con sid erab ly  from  those of a free  p a rtic le . The 
effec tiv e  m ass of q u asip artic les and "charge" with resp ect to an external 
fie ld  d iffer from  the corresponding quantities for free  p a r tic le s . Thus, 
the in teraction  with a m agnetic fie ld  changes: m oving in the n ucleu s, the 
neutron acq u ires orb ita l m agn etism .

A m edium  introduces s t i l l  m ore e sse n tia l changes into the in teraction  
betw een p a r tic le s . C om parison of theory with experim ent show s that 
attraction  m ay be replaced  by repu lsion  in som e ca ses; and a n a ly sis , 
based  on the G reen 's function m ethod, in d icates that a ll quantities 
d escrib in g  the m otion of q u asip artic les can be divided into two groups:
(1) lo c a l quantities which are determ ined by the p rop erties of n uclear m atter  
at each point o f the nucleus; th ese  quantities include the depth- of the 
potential w ell, the nuclear radius, the lo ca l charge of q u asip artic les , the 
constants d escrib in g  the lo c a l in teraction  betw een  q u asip artic les , e t c . ,  
and (2) quantities d escrib in g  the m otion  and in teraction  of q u asip artic les  
o v er  d istan ces of the o rd er of the nuclear radius; th ese  quantities include  
the sca tter in g  am plitude of q u a sip a rtic les  in the nucleus, the effec tive  
(and not loca l) charge of q u a sip a rtic les , the effective  in teraction  between  
q u asip artic les in an unfilled  sh e ll, e tc .;  it is  through these quantities that 
a ll n uclear p r o c e sse s  ob served  are ex p ressed , such as nuclear m om ents, 
the in ten s ities  and freq u en cies of e lectrom agn etic  tran sition s, changes in 
the d istribution  of nucleons with excitation  and addition of p a r tic le s , nuclear  
m a ss  d ifferen ces, e tc .

The quantities of the f ir s t  kind can only be found with the aid of som e  
approxim ate m ethods assum ing that the in teraction  is  sm a ll in som e se n se , 
for which there are no su ffic ien t grounds in the nucleus. T h erefore , it is  
reason ab le , having rejected  the ca lcu látion  of th ese  quantities, to d escr ib e  
them  by a m inimum  num ber of p aram eters determ ined from  exp erim en t. 
T his approach is  exem plified  by the sh e ll m odel of the nucleus for which  
the depth, radius and width of the tran sition a l la y er  of the potential w ell 
are taken from  the com p arison  of s in g le -p a r t ic le  en erg ies  with m a ss  d if
fer en ces  of m agic and n ea r-m a g ic  n uclei.

A s for the quantities of the second kind, they can be calcu lated  com 
p aratively  after the lo c a l quantities have been introduced. As a re su lt, - 
we have relation s between d ifferent p h ysica l p r o c e sse s .

It should be em phasized  that those approxim ate m odels which are  
u su a lly  used are quite su ffic ien t for a qualitative study of n early  a ll nuclear  
p r o c e s s e s . What we are d iscu ssin g  is  the p o ss ib ility  of obtaining quantita
tive  re la tion s. H ow ever, below  we c ite  se v e r a l p r o c e sse s  which cannot 
be interpreted  co r re c tly  without a rigorou s approach.

F o r  hom ogeneous infinite F erm i sy stem s such a program  was  
carried  out by Landau in h is F erm i-liq u id  theory.

Thus, the idea of the m ethod proposed is  the sam e as in the d isp ers ion  
theory  of elem en tary  p a rtic les: constants d escrib in g  the m otion and in te r 
action of q u asip artic les are introduced, whereupon we can ca lcu late in 
prin cip le all nuclear p r o c e sse s  for en erg ie s  low com pared with the F erm i 
en ergy  (40 MeV).

Let us enum erate the p ecu lia r itie s  o f the theory  which d istingu ish  it 
from  other approaches.

(1) F ir s t  of a ll, the theory m ay be con secu tive ly  evolved in m ore  
accurate ter m s. A ll om itted term s m ay be evaluated . In the theory there
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is  a p aram eter of sm a lln ess  A"1̂ 3 , the expansion in which m ay be found 
(for m ost p r o c e s se s  the co rrectio n s begin  from  A"2,/3).

(2) A m inim um  num ber of constants is  introduced, or, m ore accu rately , 
only those constants are introduced which cannot be ca lcu lated  without the 
assum ption  that the in teraction  in the nucleus is  sm a ll.

(3) The theory  m akes it p o ssib le  to introduce unam biguously the pa
ra m eters ch aracteriz in g  the in teraction  betw een q u a sip a rtic les , taking 
into account the fin iten ess  of the range of fo r c e s , without introducing  
arb itrary  functions (like the G aussian  dependence of fo rc es  on the d istan ce). 
The natural assum ption  that we can confine o u rse lv es  to a sm a ll number
of harm onics in the expansion of the am plitude in sca tter in g  an gles is  
m ade for th is purpose. The relation s betw een am plitude h arm onics, 
follow ing from  iso top ic  invariance and the Pauli p rin cip le , are used . 
P o ss ib ly , we m ay confine o u rse lv es  to the S, P, D harm onics (not c o 
incid ing, of cou rse , with th e ir  analogue for free  nucleons of the sam e  
energy).

(4) The fact that the p aram eters of in teraction  ou tside the nucleus 
e s se n tia lly  d iffer  from  th e ir  counterparts in sid e the nucleus is  taken into 
account and p roves to be quite im portant. E xternal in teraction  constants  
m ay be connected with the sca tter in g  am plitude of two nucleons in  vacuum . 
F o r  q u asip artic les with en erg ie s  near the F erm i su rface the in teraction  
am plitude p a sse s  into the tw o-n ucleon  sca tter in g  am plitude extrapolated  
into a region of negative energy equal in absolute value to the doubled 
binding energy in tw o-neutron c a se s  o r  to the doubled d ifferen ce between  
the nucleon b a rr ier  and the F erm i energy in tw o-proton  c a s e s .

It can be calcu lated  that the sca tter in g  am plitude, into which the 
in ternal in teraction  am plitude should p a ss, has the follow ing form

к + i  + I  e*x
X

H ere x = 2J |E |(r -R ), (r -R )>  r 0; at x > >  1 the lim it value corresponding  
to the scatter in g  am plitude of two fre e  nucleons with negative energy - | e |  
is  attained; the second factor in ^ " a r ises  due to re flec tio n  from  the edge 
of the n u c leu s .

T his ex p ressio n  r e su lts  from  the solu tion  of the Schrôd inger equation  
for two nucleons with 6-type in teraction  and with boundary conditions, 
taking into account the potential w ell.

Thus, ou tside the nucleus th ere  is  con sid erab le attraction  betw een  
q u a sip a rtic les  leading to an e ffec tiv e  extension  of the w e ll. In th is way 
the p ro cess  explains why the d en sity  radius is  appreciably  sm a lle r  than 
the radius of the potential w ell.

S ince the quantity E d iffers appreciably  for two neutrons and two 
protons, the effec tive  extension  of the w ell w ill b e'd ifferent for neutrons 
and p roton s.

Let u s elucidate the w ell extension  m echan ism  without taking into 
account the d ifferen ces in in teraction  for neutrons and p rotons.
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L et R be the density d istribution radius determ ined  in the H ofstadter  
exp erim en ts .

Then, sch em atica lly , the nucleon potential near the edge of the nucleus 
is  given in the gas approxim ation by the ex p ressio n

U(r) = n(r)gr(r)

L et u s  a ssu m e t h a t ^ r )  is  determ ined  by the sam e interpolation  form ula  
as n(r)

n /r \ = n (0 ) . ~ ffió 
n(r > 1 + e a? ' ” i +

w here Ç = r - R.
The ex p ressio n  U(r) can be rep resen ted  in approxim ate term s as

Щ г ) - ____
'  l  +  e “ S - a 6

w here & i s  the effec tive  in cr ea se  of the rad iu s. In the f ir s t  ord er in ó we 
have

/v£
TT. U(0) , U(0)e
U(r ) 1 + e“S ( l + e “S )2

Com paring it with the exp ression

Т Т /гЧ  = В 1 2 Ж „  п ( 0 ) ( ^ о  - я »  ) е аё
' 1+ (1+ ea£)2

we obtain

a c - (^0 H ° )
U(0)

The resu lt is  a reason able quantity for 6.

(5) The effec tive  in teraction  and effec tive  charge in an unfilled  sh ell 
are ex p ressed  by constants of the theory. This d isp en ses with the need  
for introducing the constants o í d ifferent in teraction s (k2QQ, k3 v 3 v 3 > K0v0v0j 
etc .) .

(6) It has been found that q u asip artic les p o s se s s  lo c a l "charges"  
differing from  the "charge" of a particle: the external fie ld  should be 
m ultip lied  by an additional factor depending on the type of fie ld  (m ore
over , the fie ld  obviously undergoes n o n -lo ca l changes connected with
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the p o larizab ility  of q u asip artic les which is  sim ply ex p re sse d  v ia  in te r 
action con stants). The re la tio n s betw een lo c a l ch arges have been obtained  
for d ifferent f ie ld s . Thus, the lo c a l charge, by which the pseudovector  
constant of beta decay in the nucleus i s  m ultip lied , i s  connected with the 
factor of the spin m agnetic m om ent of n ucleons.

C om parison of the theory with experim ent p roves con clu sive ly  enough, 
it  se e m s to u s, that the approach proposed  is  se n s ib le . Many w idely  
different p ro cesses: can thus be brought into agreem en t at the exp en se of 
the introduction o f a m inim um  num ber of constants.

The in teraction  constants, introduced in the theory, have been  d eter
m ined very  roughly so  fa r . M oreover,, the behaviour of in teraction  
constants near the su rface of the n ucleu s should be sp ec ified  and the effect  
of f in iten ess  of the effec tiv e  in teraction  range be taken into account. A ll 
th ese  drawbacks can be elim inated  after a su ffic ien tly  ex ten sive  com parison  
with experim ent:

Of e s se n tia l im portance is  the com parison  with exp erim en t of the ca lcu 
la tion s by the freq u en cies and in te n s itie s  of co llec tiv e  tra n sitio n s , ca lcu 
la tion s by the f ir s t  le v e ls  o f tw ice m agic  n u clei, e tc .

It i s  of con sid erab le in te re st  to explain the H ofstadter exp erim en ts in 
the sca tter in g  of e lec tr o n s  on ca lciu m  iso top es and in gen era l to pred ict • 
th eoretica lly  the exp erim en ts of th is kind.

An explanation o f the n egative iso top ic  sh ift in Sr, Ba would be a m ajor  
su c c e ss  of the theory.

C alculations of th is kind are being m ade at p resen t.
It i s  a lso  of in te r e st  to ca lcu la te  the average quadrupole m om ents in 

excited  s ta te s . E stim a tes  y ie ld  va lu es of quadrupole m om ents exceed ing  by 
se v er a l tim es the s in g le -p a rtic le  v a lu es . The p hysica l cau se is  a stron ger  
quadrupole fie ld  owing to the in fluence of the low -ly in g  2+ le v e l.  Quantita
tive  ca lcu lation s are  now in p r o g r e ss .

R esearch  has started  in term s of the proposed approach to explain  
quantitatively the p r o c e s s e s  connected with analogue s ta te s .

U sefu l in form ation w ill a lso  com e from  dipole photo-absorption  ca lcu 
la tion s under thé assum ption  that the in itia l reaction  i s  the s in g le -p a r tic le  
excitation  of the n ucleu s which is  then red istr ib uted  over  m ore  com plex  
exc ita tion s. Thus, th is exam ple w ill enable us to trace the w hole m echanism  
of in itia l rea ctio n s.

It i s  of great in te re st  to con sid er the unified  m odel of the nucleus in 
ter m s of the approach proposed .

Of sp ec ia l in te re st  is  the calcu lation  of the p r o c e s s e s  involved  in the 
tran sition  from  a sp h erica l to a deform ed sta te .

Apart from  lo c a l in teraction , in deform ed n uclei th ere is  another 
m echanism  of in teraction  of q u asip artic les , nam ely exchange in rotational 
nuclear exc ita tip n s. T his m echanism  can a lso  be taken into account in 
term s of the theory proposed .

A con sid erab le range of prob lem s is  connected with the in teraction  
with the nucleus o f a д -m eson  ly in g on the К -s h e ll ,  s in ce  the form er ca u ses  
a strong e le c tr ic  and m agnetic p olarization  of the n u cleu s. Of the p rob lem s  
of th is ran ge, only the problem  of the iso  to pic sh ift in the м-atom  has been  
so lved .

F in ally , it  would be ex trem ely  im portant to develop a m ethod of ca lcu 
lating the constants of the theory v ia  the in teraction  of n ucleons in vacuum .
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Though there is  no sm a ll p aram eter in the nucleus, it  m ay appear that 
som e m ethod of ca lcu lation  w ill give sa tisfa cto ry  r e su lts  owing to a good  
convergen ce of s e r ie s .  If the r e su lts  of th ese  ca lcu lation s y ie ld  the co rrect  
va lu es of those constants of the theory which have already been found, 
other re su lts  of such calcu lations can a lso  be tru sted .

I would lik e  to re co n c ile  contrad ictory approaches to the theory of the 
n ucleu s by recounting the follow ing fa ir y -ta le . Once a father tr ied  to find 
h is son in a crowd of dirty children by washing them . But he had to g ive  
up h is idea, saying: " it 's  e a s ie r  to g ive birth  to a new baby than to wash  
a ll th is  crowd." Thus, in v iew  of the v ariety  of approaches and papers on 
n u clear stru cture, it  s e e m s  e a s ie r  to develop a new theory than to study 
a ll those that a lread y e x is t .

D I S C U S S I O N

G .E . BROWN: I am reluctant to c r it ic iz e  P r o fe s so r  M igdal, s in ce  I 
rem em b er the tim e when I was on a walk with m y father and we cam e to 
a stre a m . In ord er to c r o s s  it, we took off our sh o es . I looked at h is  
fee t and rem arked "your fee t are d irtier  than m ine". My father said ,
"I 'm o ld er than you are . "

When it  com es right down to what people do with the M igdal theory, 
th is  am ounts, at the m om ent, to u sing a density-dependent 6 -in teraction  
such as

f (p) Ô (? i - ? 2) { f  + gCTi • 0 2 + . . . }

M igdal and h is group have shown that a stron g d en sity  dependence is  
n e c e ssa r y , e sp e c ia lly  fo r  e ffec ts  such as the isotop e sh ift. The zero  range 
is  c le a r ly  a rather crude approxim ation, and w ill have to be extended when 
m ore sp ec tra  and other e ffec ts  are fitted .

K .A . BRUECKNER: The m ethod of q u asip artic les is  p articu larly  
u sefu l s in ce  exact re la tion sh ip s are m aintained by the exact structure  
of the theory. The m ethod is ,  how ever, u sefu l if  a sim p le  p a ra m eter i
zation  is  adequate. It is  known that the n uclear fo rc es  acting over the 
en ergy  range of n uclear c o llis io n s  m ust be d escrib ed  by 30-40  p aram eters  
and that s ix  p aram eters are su ffic ien t only over a few MeV range at v ery  low  
en ergy . It th erefore se e m s probable that the need for h igher accuracy  
in n uclear sp ectra  w ill lead  to many m ore p aram eters in the effec tive  
fo rc e . T h ese w ill d e s c r ib e , for exam ple, fo rce  range, strength, shape, 
n on -cen tra l ter m s, v e lo c ity  dependence (L* S).

It is  p o ss ib le  to ca lcu late th ese  p aram eters by perturbation m ethods 
sin ce  n u clei are d ilute w eakly in teractin g  sy s te m s .

S. T, BELYAEV: I would lik e to com m ent on the h ierarch y  and the 
d iv ision  of the "spheres of influence" of variou s approaches. The use  
of s im p le  m odel in teraction s (pairing, Q-Q in teraction , e tc . ) p erm its a 
v er y  sim p le  and fru itfu l search  for new phenom ena in n uclear stru cture and 
clarifica tion  of the qualitative p icture of phenom ena. H ow ever, in so  doing, 
one should not take the quantitative d escrip tion  into account. F or th is  
purpose, a m ore co n sisten t approach of the F erm i-liq u id  theory  should  
be u sed . C ertainly, in the fram ew ork of the la tter  a s im p lified  p ara 
m eter iza tion  of the e ffec tiv e  in teraction  can be used , but it m ay be made 
s u c c e s s iv e ly  m ore com p licated  if  requ ired .
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A. BOHR: As P r o fe s so r  M igdal reported , one can understand the 
ord er of m agnitude of the sta tic  quadrupole m om ents of the 2 + sta tes  
on the b a sis  of the graphs shown, and by including the p olarization  factor  
(1  +  x ) ,  w here x,  for exam ple, for 144Cd is  about 20. It is  a lso  in terestin g , 
as has been pointed out by P r o fe s so r  M ottelson, that the frequency  
dependence of x can give som e understanding of why the c r o s s -o v e r  
tran sition  Z' -*■ 0 from  the second 2 + state to the ground sta te is  re la tiv e ly  
weak; in fact

X (w = E (2') - E (0)) = - | x ( u  = 0)

It m ust be s tr e sse d , how ever, that such es tim a tes  are only qualitative, 
sin ce for the r e s t  of the n uclei con sid ered  the p a rtic le -v ib ra tio n  coupling  
i s  strong; we are in the tran sition  region  between sp h er ica l and deform ed  
n uclei, and m ore gen era l m ethods are needed for a quantitative d escrip tion  
of th ese  sp ectra .

A. B. MIGDAL: : It se e m s  to m e that it is  p o ssib le  to crea te  a theory  
which takes into account the effec t of the 2+ le v e l in the adiabatic approxi
m ation. But, independently of th is , there is  a wide region  of nuclei with 
a not very  low 2+ le v e l, w here the in fluence of anharm onicity can be studied  
by the perturbation theory .

V. V. BALASHOV: You have em phasized  the particu lar im portance 
of the study of the n egative iso top ic  sh ift. Don't you think that nuclear  

.c lu ste r  sta tes  and e sp e c ia lly  nuclear su rface should be taken into account 
when d iscu ssin g  th is effect?

A. B. MIGDAL: It se e m s  to m e that the negative iso top ic  shift is  
connected with the p rop erties of the potential and the n uclear su rface , and 
p ossib ly  with c lu ste r s  near the nuclear su rface .

K rishna KUMAR: In a deform ed sy stem  the s in g le -p a r t ic le  angular 
m om entum  is  not con served  in the in tr in sic  sy stem . In your theory, how 
do you avoid th is problem  and con stru ct s ta te s  of good angular m omentum?

A. B. MIGDAL: In a deform ed nucleus the eigenfunctions of the d e
form ed fie ld  through which new G reen's functions can be ex p ressed , 
should be introduced. The G reen's function G ^' (e) near the F erm i su rface  
is  diagonal on the. new in tegra ls  of m otion X: G^\t (e) = G \(e) &xx‘ ■

B. L. BIRBRAIR: What is  the num ber of p aram eters in your theory now?
A. B. MIGDAL: The num ber of em p ir ica l constants of the in teraction  

was con sid erab ly  reduced due to the calcu lation  of the in teraction  outside 
the n ucleu s. F ive constants are p ra ctica lly  su ffic ien t for the m ajority
of phenom ena.

B. L. BIRBRAIR: We have recen tly  attem pted to ca lcu la te  the quadru
pole m om ents of the f ir s t  2+ le v e ls , taking into account a ll the effec ts
you m entioned in your report. The qualitative resu lt  is  as fo llow s: the 
quadrupole m om ents appeared to be large in absolute value but the nu
m er ica l re su lts  are stron gly  dependent upon the d eta ils .of the s in g le -p a r tic le  
sch em e. By changing the schem e of s in g le -p a r tic le  le v e ls  one can obtain 
any number d esired . T h is a g rees with the r e su lts  of analogous ca lcu lations  
by Balbutsev and Jo lo s.

A. B. MIGDAL: The an a lysis with the help of d iagram  techniques  
shows that the resu lt is  stab le. For th is purpose the Ward identity  is  
used, after which the r e su lts  are p ractica lly  independent of s in g le 
p artic le  s ta te s .
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M. G. URIN: I should lik e  to dw ell on a sin g le  and, at the sam e tim e, 
p ra ctica lly  im portant application of the M igdal theory, nam ely, the ca lcu 
lation  of the value and rad ia l dependence of the V-^r) function in the w e ll-  
known Lane potential

VL(r) = | v ! ( r ) t f

T his potential d esc r ib es  in particu lar the excitation  of the analogous 
sta te s  in  d irect (p, n) rea ctio n s . In the excitation  of analogous sta te s  any 
e x c e s s  neutron is  tran sform ed  into a proton sta te with the sam e quantum  
n um bers. T h ese tran sform ation s re su lt  in a change of the d en sity  of 
q u asip artic les  6 p(r), and, consequently, in accordance with the Migdal 
theory, in the appearance of the ch arge-exch an ge field

V l ( r ) " F 6 p  •

w here F is  the ch arge-exch an ge part of the sca tter in g  am plitude. In heavy  
n uclei, w here 6 p ^ ( N -Z )/V  (V is  the nucleus volum e):

V l = — — F 1 2 V

F or the value of the fo rce  constant F ( its  d im en sio n less  value is  f = 1. 3) '
assu m ed  in the Migdal theory  Vi = 29 MeV, which is  in sa tis fa c to ry  agreem en t 
with the average exp erim en ta l value.

If the d en sity  of the e x c e s s  neutrons 6 p(r) m arkedly v a r ie s  within the 
nucleus volum e, then it should be found from  the in tegra l equation taking  
into account the core N = Z polarization  effec t in  the excitation  of the 
analogous sta te . When applied to other p rob lem s, th is  equation w as solved  
n u m erica lly  by M. T ro itsk y . In the q u a s i-c la s s ic a l approxim ation one 
can obtain a sim p le an alytica l ex p ressio n  for 5p(r):

6p{r) = N ■6 p 0(r) + f ( r  < R)

w here b p o(r) is  the d en sity  of e x c e s s  neutrons in the sh e ll m odel. Thus, 
the m icr o sco p ic  approach a llow s the dependence of the Lane potential 
on the sh e ll e ffec ts  to be found.
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. Abstract — Аннотация

EFFECTIVE FORCE FOR NUCLEAR RANDOM PHASE APPROXIMATION (.R.PA). The theoretical evaluation 
of the effective force operators for nuclear structure models is achieved within different approxim ate 
schem es. Some of the m atrix elem ents of the force result from the study of the association energies of 
nucleons, which involves various assumptions of nuclear coupling. Further information on the effective 
force is obtained by solving equations for the reaction-m atrix  -  a reliab le operator substituting the 
realistic  inter-nucleon force -  and also from the data availab le  on the nuc lear-m atte r properties. When 
com paring this information with ’experiment* it should be rem em bered that e acho fthe  models is characterized 
by its own effective force evaluated from appropriate equations.

Much attention is given to the precise definition of the effective force for a particular model - the 
random phase approximation (RPA) - and the relationship is established between the effective force operator 
and the reaction-m atrix , on 'the one hand, and the scattering am plitude in the Ferm i-liquid theory, on the 
other.

Some estim ates for the zero-range effective force are given. These are obtained from the data on 
the density dependence of the local part of the nuclear self-consistent potentia l. The resulting operator 
depends on the density itself.

Э Ф Ф ЕКТИ ВН Ы Е СИЛЫ  Д Л Я  Я Д Е РИ О Г О  ВА РИ А Н ТА  М ЕТО Д А  СЛУЧАЙНОЙ Ф АЗЫ . 
П р о блем а т е о р ет и ч е ск о го  оп ред елен и я  п ар а м е т р о в  эф ф е к ти в н ы х  сил для м о д ел ей  с т р у к т у 
ры  яд ра  р а с с м а т р и в а е т с я  в н асто я щ ее  врем я с разл и ч н ы х  то ч ек  зр е н и я . О тд ель н ы е  м а т 
ричны е эл ем ен т ы  сил у д а е т с я ‘вы числить по эн ер ги и  о тд е л ен и я  н уклонов о т  я д р а , и сп о л ьзу я  
при э т о м  предполож ения о х а р а к те р е  св я зи  нуклонов я д р а . Д ля д ал ьн ей ш его  расш ирени я 
знаний  об э ф ф ек ти в н ы х  си лах  п ри м ен яю тся  м етод ы  вы чи слен ия м атри ц ы  реакци и  -  о п е р а 
то р а  с хорош ими ан ал и ти ч ески м и  с в о й с т в ам и , зам ен яю щ его  р е ал и сти ч еск и й  п отен ц и ал  м еж - 
нуклонн ого  в з аи м о д е й с т в и я , а т а к ж е  ис п о ль зую т ся  данные о свойст вах  я д ер н о й  м атер и и .
При соп о став л ен и и  э т и х  данны х с " э к с п е р и м е н т о м "  с л ед у е т  у ч и т ы в а т ь , что  каж дой  м одели 
стр у к ту р ы  яд ра  долж на с о о т в е т с т в о в а т ь  своя  э ф ф е к т и в н а я  си л а , вы чи слен н ая  и з с о о т в е т 
ствую щ их уравнений '. П одробно р а с с м а т р и в а ю тс я  вопросы  с т р о г о г о ; оп р ед ел ен и я  э ф ф е к т и в 
н ого  в заи м о д ей ств и я  для данной м одели  яд р а , а им енно для м е т о д а  случайн ой  ф а з ы . С о д 
ной сторон ы , най ден4  с в я зь  э т о г о  о п ер а то р а  с м атри ц ей  р еак ц и и , а с д ругой  сторон ы  - с 
ам п ли тудой  р а сс е я н и я  к в ази ч ас т и ц  в с о о т в е тс т в и и  с теори ей  ж идкости Ф ерм и. Д ан ы  оц ен -. 
ки величины  э ф ф е к ти в н ы х  сил в приближении о п ер ато р о м  н у лев о го  р ад и у са  д е й с т в и я . О ц ен 
ки получены  по данны м  о за в и с и м о ст и  локальн ой  ч ас ти  п отен ц и ал а  с а м о с о г л а с о в а н н о г о  п о 
ля  яд ра  о т  п лотн ости  н у клон ов . О п ератор  э ф ф ек ти в н ы х  си л , полученны й так и м  о б р а зо м , 
т ак ж е  за в и с и т  о т  п лотн ости  н уклонов в я д р е . ¡

1. INTRODUCTION ' • •

Some re la tion sh ip  m ust ex is t  betw een the p aram eters used  in nuclear  
stru ctu re m odels and th ose d escrib in g  the sca tter in g  of free  nucleon s, 
u n less  the nuclear field  a ffects the co llis io n  p ro ce ss  too m uch. The 
nuclear m atter ca lcu lation s indicate that the effect of the nuclear field  
on the in ter-n u clea r  force  is  not grea t. But the n u c lea r -m a tter  ca lc u la 
tion s are concerned only with the g r o ss  p rop erties of n uclei and it is  
in terestin g  th erefo re  to e s ta b lish  th is relation sh ip  by studying'the nuclear  
stru ctu re. To ach ieve th is aim  one w ill have to deal with the problem  of 
evaluation of the e ffec tiv e  force for nuclear m od els.

549
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Another reason  for the th eo re tica l evaluation of the e ffec tiv e  force  
l ie s  in the large  num ber of nuclear m odels [1]. In th ese  m odels the 
equations d escrib in g  p h ysica l p r o c e sse s  d iffer e s se n tia lly  in the ch oice  
of the e ffec tiv e  force and e ffec tiv e  ch arges [2 -4 ]. Thus, in p ra ctice , the 
m odel w hose p aram eters can be calcu lated  from  f ir s t  p rin cip les m ust be 
con sid ered  p referab le .

Som e ca lcu lation s of the force u sing  the B rueckner technique [5-7] 
have been  a lread y perform ed . In Ref. [8] the m atrix  e lem en ts of the 
e ffec tiv e  force are related  in a sim p le  way to B ru eck n er 's  rea ctio n -  
m atrix . T h ere are in d ication s, how ever, that not a ll the im portant r e 
norm alization  p r o c e sse s  are  taken into account in th ese  papers. F or  
in sta n ce , the force ca lcu lated  in Ref. [8] fa ils  to reproduce the availab le  
exp erim en ta l data on the muon capture ra te s  [9] in 160 .

Another approach to the problem  is  su ggested  in Ref. [10]. H ere the 
e ffec tiv e  force  is  defined as a second variational d erivative  of the energy  
in the d en sity -m a tr ix  (as in the F erm i-liq u id  theory [1 1 ,1 2 ]). Som e data 
on the n uclear binding energy are used  in Ref. [10] to evaluate the z e r o -  
range e ffec tiv e  fo rce .

The two approaches used  in the ca lcu lation  of the effec tiv e  fo rce  for  
tl}e n uclear random phase approxim ation (RPA) -  one in R efs [5 -8 ] and 
the other in Ref. [10] -  are  rath er d ifferen t. F or p ractica l rea so n s the 
f ir s t  approach is  re s tr ic te d  to n uclei with few nucleons outside the c lo sed  
s h e lls .  D etailed  inform ation on the e ffec tiv e  force  is  obtained h ere  in the 
fram ew ork  of the s im p le  v er s io n  of the B rueckner theory .

The second approach is  base^1 on the recen t n u c lea r-m a tter  ca lc u la 
tio n s , taking into account th ree-b od y  c lu ste r s  and u sing the m ost u p -to -  
date force  betw een fr e e  n u cleon s. H ow ever, the inform ation on n uclear  
m atter is  used  h ere in conjunction with the varia tion a l technique which  
m akes the theory  str ik in g ly  d ifferent from  that in Refs [5 -8 ] on the one 
hand and in troduces unpredictable er ro r s  in it on the other.

Thus both approaches have their advantages and draw backs. It is  
ju stifia b le , then, to try  to find an unam biguous definition of the effec tiv e  
force  w hich is  gen era l enough to link them . T his definition is  g iven  in 
Section  2. In Section 3 the re la tion sh ip  betw een the varia tion a l p rocedure  
and the d iagram m atic rep resen tation  of the fo rce  is  e sta b lish ed . In 
Section  4 the es tim a tes  of Ref. [10] are  recap itu lated .

2. GENERAL EXPRESSION FOR EFFECTIVE FORCE

The ob jective of RPA is  to  d escr ib e  nuclear tra n sitio n s , for exam p le, 
betw een  sta tes  | o^> and [ 1 У, and th is is  ach ieved  by w riting equations for 
the tran sition  operator b+. The la tter  is  such that

| l >  = b+ |0 >  (1)

Equations for  b+ are based  on a num ber of assu m p tion s, two of w hich are  
re levan t to  what follow s:

(i) It is  assu m ed  that the m atrix  e lem en ts of b+ between e ig en sta te s  
|O a r e  c lo se  to  the m atrix  e lem en ts betw een  sta tes  of a v ery  sim p le
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stru ctu re . One of the s ta te s  includes no corre la tion s at a ll (in n u clei 
without pairing) or only pairing co rre la tio n s in other n u c le i. In som e  
c a s e s  the yn correla ted  sta te s  rep resen t the ground s ta te s  of n u c le i. Such 
functions m ay be w ritten  in the form

|к> = П a+" I Io » (2)

w here a+ is  a creation  operator of a s in g le -p a r t ic le  sta te  <p(x), 11 0
is  a vacuum  sta te . In Eq.(2) К is  defined by the on e-p a r tic le  d en sity -  
m atrix:

К (x, cp *  (X) (P (x1 ) ( 3 )

(ii) One a ssu m es a re la tiv e ly  sim p le  stru cture of the tran sition  
operator b+

‘ b+ = J  dxdx' (x |b+ [x' ) ф+ (x) ф (x' ) (4)

H ere ф (x) is  a field  operator

Ф (x) = У <P (x) a v (5)
Z_ i у

B ecau se of the repu lsion  betw een nucleons at sm a ll d istan ces each  
sta te (2) is  p ra ctica lly  orthogonal to any of the nuclear e ig en sta te s . Indeed 
the m ean value \  K | h  | k )> of a r e a lis t ic  Ham iltonian H ex ceed s the energy  
of a nucleus in a ll of the sta te s  con sid ered  in nuclear sp ec tro sco p y . T h er e
fore  one tak es a m odel H am iltonian

H = J ' d x d x 1 (x |.h Ix1 )ф+ (х)ф (x1 ) 

f  d x jd x j ,  a x ^ x '^ x j  x2 М х ^  x'2) ф+ { x j  ф+ (x2 ) ф (x'2 ) ф (x^)

(6)

with a potential included in h and a sm ooth force V.
The p hysica l m eaning of the above assu m p tions and the re la tion  of 

the m odel Ham iltonian to the r e a lis t ic  m any-body operator can be under
stood by introducing a truncated sp ace (m) of m any-body configurations [8 S 14]. 
To define it we w rite  the H am iltonian in the form

H = H 0 + V (7)
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w here H0 is  a one-body H am iltonian such  that its  lo w est N -n ucleon  con 
figuration  g iv e s  a co rrect d en sity  d istribution  in (even) n uclei w ith N - 
n ucleons and the sequence of eigen va lu es r e se m b les  the sp ectra  .of 
neighbouring (odd) n u c le i. The configurations of Ho m ay,be used  as b asic  
functions in the expansions for the eigenfunctions of H.

Let us sp lit the se t  of s in g le -p a r t ic le  functions |ф >̂ into two parts so  
that one of them  w ill include only re la tiv e ly  low -ly in g  s ta te s , as is  shown  
in F ig . l .  The truncated (m odel) sp ace of N -p a rtic le  configurations is  then  
defined as the m anifold of a ll configurations with N p a rtic les  occupying  
s in g le -p a r t ic le  s ta te s  below the wavy lin e in F ig . l .

F IG .l. D efinition of the m odel space of configurations. Orbitals up to ap are occupied in the shell- 
m odel ground-state function.

The true n uclear w ave-function m ay be found in the fo llow ing way. 
F ir s t  one finds an operator fi(z) sa tisfy in g  the equation

1 -  Pm
«  (z ) = 1 + z—  V П (z) (8)

with the projection  op erator pm which p rojects on sta te s  of the m odel 
sp ace (m).

Then the m odel Ham iltonian H m is  evaluated

Hm (z) = H0 + V n (z )  = H0 + Vm (z) = H + (z*) (9)

The H am iltonian Hm op erates in (m) only.
One finds e ig en sta tes  of the m odel H am iltonian

Hm ( z ) U m > = E m( z ) | 0  (10)

A fter th is  i s  done, one finds the tru e eigenfunctions and en erg ie s  of the 
sy stem  from  the equations

E m (E) = E  (11)

Ф >  = П (z)  I фт  > (12)
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If only one pair of quantities E m = E 0 , = | ( 0 ' i s  known, and th is
co rresp o n d s, for exam p le, to the ground sta te , it is  p o ss ib le  to w rite  
an equation for the tran sition  operator b+

Hm (E0 +*w )b +  - b + H m(E 0) = ftu)b+ + ,r (13)

or

[ ^ 0, b+] = - R u | l - H u g ? "  + . . . | b +  + 7r (14)

(тг 10 > = 0, Г (о)=  O i H m(Z) / â z i)z=Eû)

F rom  R efs [3 ,4 ] it is  known how the equations of the RPA are  obtained  
startin g  with Eqs (13), (14) when H m is  g iven  by Eq. (6).

In ord er to ca lcu la te  the e ffec tiv e  force  op erator we a ssu m e that 
the quantities en tering the RPA equations are  th o se  which should be 
used  in a Schrodinger equation for the m odel functions |$ т )>. M ore 
p articu lar ly , we suppose that in the m odel sp ace  (m) an u n correla ted  
function K 0 can be found which s a t is f ie s  the conditions

7Г |K 0> 7Г+ |K 0> *  0 (15)

w here n is  the operator on the r .h .s .  of Eqs (13), (14). F u rth er , Eq. (4) 
with the ap propriately  ch osen  w eighting function (x |b + |x ' ) is  assu m ed  to 
be a good approxim ation to the tran sition  op erator. A ll th e se  a ssu m p 
tions se em  to be rea so n a b le , b ecau se the exc lu sion  of the h igh -ly in g  
configurations from  (m) r e su lts  in g rea tly  reduced sh o r t-r a n g e -c o r r e la 
tions in I<j>y. H ow ever, due to the op erator S7(z), the m odel H am iltonian  
H mhas a v er y  com p licated  stru ctu re . The truncation  of the configuration  
sp ace lead s to changes in the m atr ix  e lem en ts  of H m taken betw een the  
tw o -p a rtic le  s ta te s  ¡ A s a re su lt of the truncation  th ere  appear th r e e - 
and m o r e -p a r t ic le  com ponents of Hm (see  exam p les in F ig .2).

F IG .2. Some three-body components of Hm (z). The labe l p denotes orbitals which are not included in (m ).

In what fo llow s two prob lem s are considered: (i) How are  the co m 
ponents of Hm(z) evaluated  ? and (ii) In what way do the m an y-p artic le  
com ponents of H m áffect the equations of RPA?
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A sim p le  solution of the second problem  is  obtained by u sing  the 
defin ition  of a norm al product of se v e r a l field  op erators [12, 15]. F or  
two op erators the defin ition  reads

: Ф (x ) Ф (x1 ): = ф (x) ф (x> )
(16)

: ф+ (x) ф (x1 ): = ф+ (x) ф (xM - К (x' , x)

w here K(x' , x) is  the d en sity -m a tr ix . The norm al product of m ore than 
two op erators is  given by the Wick theorem  with the con tractions defined  
as in Eq. (16).

Let us w rite the m odel H am iltonian in the form

Hm (z) = h„(z) + У  dx'n hn( z ; x 1 . . .x 'n )
П= 1, 2. ..

x  : Ф+ ( x j  . . . .  ф (x'n) :

(17)

F rom  the definition of a norfnal product one has

h0 (z) = < K 0|H m(z) |K 0 > (18)

The other coeffic ien ts in Eq. (17) are connected with h 0 by the equation

6 h n . !  6 n h 0 

hn = .6 K (x n, x'n ) = - •  = 6 К j . ..  ó К n (19)

Eq. (19) is  obtained by varying K (x, x' ) within (m).
To se e  the ro le  of co e ffic ien ts  h n in the equations for the tran sition  

operator b+ we w rite  the m atr ix  elem ent of Eq. (14) between the sta tes
I К o> and < K 0 \ ф+ (x0) ф (x'o)

■\ K0 IФ+ (x 0) ф (x'0) I  H m(E0 +fiu) b+ - b+Hrn(E 0) - hub+ | K 0 >̂ = 0 (20)

It is  e a s ily  found that the com ponents h n with n > 3 do not contribute to 
the m atrix  elem ent (20) provided that b+ is  given  by Eq. (4). Indeed, a 
typ ica l term  of Eq. (4) containing Í13 has the form

J d x 1... d x ^ h g íx ! ,  . ..  x '3 ) (x 4 |b+ |x '4  ) ^

(2 1 )

X < K0|(//+ (X0) ф (x'0) : ( X 1 ) . ..  ф (x'3) : Ф+ {*4)Ф (x'4) |K Q>

When evaluating the bracket in Eq. (21) with the help of the Wick theorem  
it should be rem em bered  that the six  op erators ф (x) a ssoc ia ted  with h3 
stand in the norm al ord er, so  that no contraction involving any pair of
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them  can appear. But the four rem ain ing op erators are not su ffic ien t  
to form  a С -num ber out of the product in sid e the bracket. Thus, the 
b racket is  equal to ze ro . F or the sam e reason  a ll the other ter m s with  
n > 3 van ish  as w ell.

If the z-d ep en dence of Hm(z) is  w eak, then for tran sition s with sm a ll 
excitation  en erg ie s  Eq. (21) and its  analogue with bra and ket exchanging  
p laces are reduced to the ordinary equations of the RPA. W riting the 
m odel H am iltonian (6) in n orm al products it b ecom es evident that the 
se lf-c o n s is te n t  H am iltonian and effec tiv e  force  op erators are g iven  by 
the follow ing ter m s of Hm(z) re sp e c tiv e ly

Hs'c- = /d x d x <  — : <P+ (x) ф (x1 ) :

( 2 2 )

62 h0
x 1d x 2dx'1d x ,2 ¿K(X,1X1)¿K(X, X2) : ^ ^ ^ ( ^ ^ ( ^ ( х у ;

Eq. (22) is  in agreem en t with the postu lates in the F erm i-liq u id  th eory .
But the p r e c ise  defin ition  of the quantities en tering Eq. (22), given  above, 
is  n e c e ssa r y  if the p aram eters of the e ffec tiv e  force are to be evaluated . 
M oreover, the above d erivation  su g g ests  that in p rin cip le it is  p o ss ib le  
to go beyond the RPA lim its .

3. RENORMALIZATION OF THE FORCE

In accord ance with Eqs (18), (22) the se lf -c o n s is te n t  field  and the 
effec tiv e  force  op erators are  g iven  by the varia tion a l d er iv a tiv es of the 
functional

v  <KHv t v 5 T T 0 v " ï ï ^ ï r r | L0 v  + - - - i l K > 1 2 3 »

w here | i O  is  an u ncorrelated  sta te  belonging to (m), and'V = H - H0 
in clu d es the in teraction  potential betw een fre e  n u cleon s. We suppose  
that the m atr ix  e lem en ts <( К |ф + (x) ф (x1 ) V |k)> are  fin ite  (but p ossib ly  
arb itra r ily  large).

In a particu lar c a s e , when (m) contains only one configuration  (say  
|К 0>), Eq. (23) re p r esen ts  the perturbation s e r ie s  for the en ergy  in a 
stationary  sta te  |ф^> = Г 2 |к 0/ .  Such a lim ited  m odel sp ace m akes it 
im p o ssib le  to study tra n sit io n s , and the above form alism  cannot be 
applied in th is  ca se .

The sta te s  w hich are con sid ered  in n uclear m odels are rath er num erous 
and include configurations of one or m ore sh e lls  ly in g c lo se  to the open 
sh e ll . A ccord ingly , w e a ssu m e that the m odel Ham iltonian H m is  defined  
in  a su ffic ien tly  la rg e  sp ace  of con figurations.

B ecau se of the p rojection  op erator a num ber of m atr ix  e lem en ts  
of V do not appear in Eqs (8)', (23). T h is m akes it p o ss ib le  to s im p lify  the 
evaluation of E pot for a m any-body sy stem  with fo rc es  d isp lay in g  a strong
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rep u lsion  at sm a ll d ista n ces . To show th is , we sp lit the in teraction  p oten 
t ia l into sh ort (Vs ) and lon g-ran ge (Vi ) parts

If the separation  d istance d is  su ffic ien tly  sm a ll the contribution of 
Vs to the energy E pot m ay be found by m eans of the expansion in pow ers 
of the m ean n uclear d en sity . F urth er, for any value of d the num ber of 
sta te s  included in (m) m ay be fixed  so  as to en su re a good con vergen cy  
of the expansion for E pot in pow ers of V j . It is  obvious that th is  num ber 
tends to d ecr ea se  when d is  in crea sed . But if d is  too large  the low -  
d en sity  expansion for the contribution of V s b ecom es in app licable. Thus 
it is  lo g ic a l to look for such a value of d and definition  of (m) that m ake 
the evaluation of E pot s im p le  without overcom p licatin g  the d iagon a liza 
tion  of Hm owing to the n e c e ss ity  to take into account a great num ber of 
con figurations.

The n u c lea r -m a tter  calcu lations indicate that E pot does not depend  
on the ch o ice of (m) cr it ic a lly  (som e rem ark s on th is m ay be found in 
Ref. [8]). Thus one m ay try  to estim ate  the effec tiv e  force from  the data 
on Epot obtained by u sing  the B rueckner technique.

The effec tive  m a ss  of a q u asip artic le  in the sh e ll-m o d e l Ham iltonian  
u su a lly  co in cid es with the m a ss  of a bare nucleon . This exp lains the lab el 
of the quantity on the right-hand sid e of Eq. (23), as h ere V d oes not in 
vo lve the k inetic energy operator. Thus in th is ca se  the k inetic energy  
is  not renorm alized  and, being lin ear in К (x, x' ), d oes not contribute to 
the effec tive  force

The re la tion sh ip  between the reaction -m atr ix  and an operator in 
Eq. (25) m ay be estab lish ed  by studying the Feynm ann d iagram s for  
E pot. It is  ea sy  to show that each  hole lin e in a d iagram  contributes a 
d en sity -m atr ix  K (x , x 1 ), and that variation  in К lead s to d iagram s which  
are obtained by cutting one of the hole lin es  in the varied  diagram  in a ll 
p o ssib le  w ays.

Let us define the rea ctio n -m a tr ix  G as the sum  of a ll ladder d iagram s  
in  which at le a st  one of the two in term ed iate p artic le  s ta te s  does not belong  
to (m). When the density  is  low the d iagram s with only a few hole lin es  
g ive the la r g est  contribution to E pot. T h ese d iagram s are con sid ered  in 
the n u c lea r-m a tter  ca lcu lation s and som e exam p les are shown in F ig .3 .
F or in stance, d iagram  3a is  the low -d en sity  lim it of E pot. Its second  
variational d erivative in К is .eq u a l to G. The other d iagram s for E pot 
lead to additional renorm alization  of the force and make it d ifferent from  
the rea ctio n -m a tr ix .

The renorm alization  due to m any-body p r o c e sse s  which are shown  
in F ig .4 does not coincide with that considered  by Brown [1 ,8 ] .  Brown  
takes into account only that p ro ce ss  which is  sp ec ific  for a ca se  when

V = Vs + Vt = Vx (d - r) + VX (r - d)

(24)

62h 0 ó2E pot

Fl2 ’ 6KjóK2 = ôKjôKa (25)
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the m odel sp ace is  com posed  of configurations with the sam e h arm on ic- 
o sc illa to r  p rin cip al quantum num ber. T his p ro ce ss  (see  F ig .4d) is  
connected w ith the lon g-ran ge part of the potential. If the orb ita ls  in 
cluded in (m) belong to  m ore than one m ajor sh e ll th is  ren orm aliza tion  
m ay be sm a ll but th ere  rem ain s another ren orm aliza tion  due to Vs , 
corresponding to the d iagram s b, c , in F ig .4 .

O O  ( 2 ) 0

(a) (b)

(c) (d)
FIG .3. Diagrams for E Qt: (a) low-density lim it, (b) and (c) three-body terms associated with Vs 
(d) a diagram associated with V«.

to- KD - o

FIG .4. Renorm alization of the effective force. Diagrams b, c, d are obtained by cutting two hole lines 
in  the respective diagrams of Fig. 3.

The ren orm aliza tion  a ffects  the m ultipole stru ctu re of the fo rc e .
The d iagram s in F ig .3  d eterm in e the so -c a lle d  rearrangem ent en ergy . 
The su bstan tia l contribution of the rearrangem ent e ffec ts  to the s in g le 
p artic le  potential su g g ests  that som e of the m ultipole com ponents of the 
force  m ay b ecom e n oticeab ly  changed as a re su lt  of the ren orm aliza tion  
p r o c e s se s  indicated above. The contribution of the rearrangem ent effec ts  
to the low m ultipole com ponents of the force  is  now ca lcu lated .

4 . EFFECTIVE 6 -FO RCE

One m ay apply Eqs (23), (25) to d eterm in e the p aram eters of an 
effec tiv e  6 -fo r c e  u sing  the ava ilab le data on the saturation  en ergy  and 
c o m p re ss ib ility  in n uclear m atter [10]. T his fo rc e  is  connected with the 
lo c a l term  in the n uclear se lf -c o n s is te n t  potential

BUioc 2
F loc = 6 ( r l  -  r 2) = 6 ( r l  -  r 2 )  ( 2 6 )

H ere Uioc and e are  re sp e c tiv e ly  the lo c a l potential and binding energy  
p er unit volum e in n uclear m atter , and p is  the p a rtic le  d en sity .
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The d en sity  dependence of saturating p otentia ls Uioc (p) ca u ses  the 
coeffic ien t at the 6 -function in Eq. (26) to depend on the density  too. In 
th is  se n se  the force (26) re se m b les  the sca tter in g  am plitude in the Migdal 
th eory  [2]. Indeed one of the coeffic ien ts  of the sca tter in g  am plitude in 
clud es the term  which is  lin ea r  in p. One obtains th is dependence if

fpot = - a p 2 + b p 3. (27)

In Eq. (27) two constants a and b m ay be chosen  so that Eq. (27) would 
g ive co rrect va lu es of the saturation  d en sity  (po) and the binding energy  
epot (Po). P aram eters of the force  corresponding to th is ch o ice are given  
in T able I together with som e other data on the force .

The application of the T h o m a s-F e rm i m ethod in evaluating the nuclear
potential [16] shows that unlocal term s in E pot are im portant in the d e s 
crip tion  of the su rface . A ccord ing to Ref. [16]

e Pot = ~ a iP2 + агР 8/3 + a 3 (VP)2 (28)

w here a¡ are em p ir ica l p aram eters. The la st  term  in Eq. (28) g iv es  
r is e  to a velocity-depend en t term  in the effec tive  fo rce . If the nuclear  
tran sition  is  d escrib ed  in ter m s of the T im e-dependent H artree-F ock  
(TDHF) theory one m ay conclude that each of the two sta te s  is  ch aracterized

TABLE I. ZERO-RANGE EFFECTIVE FORCE

C ol. 1 2 3

fA
external -3 -2 .5 -1 .4
internal 1 0 .45 0.15

So
external
internal

0.5
0.5

0 .3
0 .1

external 0 -0 .22
internal 0.3 0.62

external 0.5 -0 .0 5
§0 internal 0 .5 0 .45

The parameters of the force

F " 6 (Т Д- У  í fo + § о ° Г  °2  + Cfô + о2] ri * % }

from Ref. [2] (column 1) are compared with the estimates in Ref. [10]. In column 2 the values are 
given which correspond to Epot (p) in Eq. (27) and saturation conditions Eb¡ncj = 15 M eV/nucl.
Tp = 35 MeV. The force in column 3 is obtained by using the nuclear-m atter calculations in Ref. 
[17] with the Bressel-Kerman force between free nucleons. The force in column 3 acts in the 
re la tive  S-wave of the colliding particles only. The quantities are given in units of 2 /3  (Tp/p0) = 
320 MeV fm 3.
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by a functional dependence (Vp)2 = f (p). Now, if the function f (p) is  the 
sam e for both s ta te s , then the fo rce  corresponding to Eq. (28) m ay be 
w ritten  in the form

In Ref. [10], f(p) is  such that the rad ial d istribution  p (r) is  g iven  by 
the Saxon-W oods form ula p = p0 { 1 + exp [ (r - R)/b] } _1. F igu re  5 shows 
the rad ia l dependence of the coeffic ien t in the e ffec tiv e  ó -fo r c e  obtained  
in th is way.

FIG .5. . Radial dependence of the zero-range effective force for 208Pb. N orm alization as in Table I.

The sp in -iso sp in  dependence of the force  can be determ ined  if the 
contribution of d ifferent S, T sta te s  of co llid in g  p a rtic les  to E pot is  
known. This in form ation  can be found, for exam p le, in Ref. [17]. The 
va lu es of the force  corresp ond ing  to th ese  data are  given in Table I.

The force  in Ref. [10], although som ew hat s im ila r  to the sca tter in g  
am plitude in Ref. [2], d iffer s  from  it in many d e ta ils . If applied to the 
muon capture in 16 О and 40Ca th is force  leads to sa tis fa c to ry  capture  
ra tes  in s ta te s  0" and 1 " of the daughter n u clei [9]. H ow ever, the c a l
culated capture rate in sta te 2 '  is  m ore than tw ice  as b ig as the e x 
p erim en ta l valu e. Thus the e s tim a tes  of Ref. [10] should be co rrected .
It m ay be noted h ere that the fa ilu re  to d esc r ib e  th is p articu lar tran sition  
is  com m on to som e other approaches which u se  the force  ca lcu lated  from  
the data on the sca tter in g  of fre e  n ucleons.

5. CONCLUDING REMARKS

The d eta il which d istin gu ish es the fo rm a lism  d escr ib ed  in S ection s 2 
and 3 from  that used in the B rueckner theory  is  that a num ber of s ta te s  
are excluded from  the equation's for the rea ctio n -m a tr ix  and E pot. A pparently, 
the changes in th e se  quantities due to the exclu sion  are n eg lig ib le . But the
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new defin ition  s im p lif ie s  the estab lish m en t of re la tion s betw een tw o-  
nucleon sca tter in g  data and p aram eters in n u c lea r -stru c tu re  m od els.

The above d iscu ss io n  is  concerned  with n u c le i having no pairing  
co r re la tio n s . P airing  effec ts  m ay be accounted for by anom alous con- 
tra c tio n s M = < BCS Ii// (x) ф (x1 ) | BCS > in the definition of a n orm al product. 
This m odification  of the theory  m akes it p o ssib le  to study tra n sitio n s in 
which a pair of nucleons is  tra n sferred  to or from  a n u cleu s. The f r e 
q uencies of such tran sition s are determ ined  by the variational d er iv a tiv es  
of ho in ¡л . The second d eriva tive  in ц defines a force  which is  m uch c lo se r  
to  the operator con sid ered  in Ref. 18] than the fo rce  which d esc r ib e s  t r a n s i
tions in a particu lar n ucleu s.
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D I S C U S S I O N

C . F .  CLEMENT: I would like to m ake a com m ent concern ing the 
effective  6 -function  in teraction  shown by P r o fe s so r  M ikhailov. Such a 
form  for the in teraction  i s  often u sed  in n uclear reaction  th e o r ie s , p articu 
la r ly  at high e n e r g ie s . From  com p arison  with exp erim en ts th ere i s  a 
con sid erab le  amount of in form ation  in the litera tu re  on the va lu es of the 
p aram eters of the in teraction .

D. J. ROWE: I should like to com m ent that r e g a rd le ss  o f the nature of 
the true effec tive  in teraction  it is  so m etim es ju stifiab le  to rep lace it with
a sin g le  schem atic in teraction . F o r  exam ple, con sid er  the sta tic  H artree-  
F ock  problem : the s e lf-c o n s is te n t  field  m ay be w ritten

w here p0 is  the sta tic  d en sity . Thus we se e  that, for the H artree-F ock  
problem , we could m ake the substitution

Of cou rse , both u0 and V should be n on -loca l, and one can make them so, 
thereby including exchange and everyth ing e ls e .

The u sefu l application  of th is concept com es when we apply it to the 
RPA (Random P h ase A pproxim ation). S ince the RPA is  equivalent to 
T im e-D ependent H a rtree-F o ck  theory, a ll in teraction s which gen erate  
the sam e tim e-dependent s e lf-c o n s is te n t  field  are equivalent. W riting  
the tim e-dependent part of the field

we again find that the resid u a l in teraction  Vres can be rep resen ted  as a 
separable in teraction . If we suppose that the field  o sc illa tio n  is  volum e  
con servin g , we obtain

V (r, r') oc uQ(r) uQ (r')
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Let u s co n sid er  two p o ss ib ilit ie s .  (1) If the sta tic  field  u 0 is  approxim ated  
by a harm onic o sc illa tio n  potential

dun0 9Г — ;—  ос Г , dr

and the X = 2 com ponent of the above in teraction  b ecom es the often u sed  
p ( 2) fo rce . (2) If Ug is  approxim ated by a square w ell, then

du0
r — x 6 ( r - R 0)

and we have the SDI (S u rface-D elta  Interaction). F or a m ore r e a lis tic  
w ell, such  as a W oods-Saxon potential, we obtain a radial dependence 
in term ed iate between th ose of the P (2> and SDI in teraction s, i . e .  peaking  
at the n uclear su rface but w ith a fin ite width.
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Abstract — Аннотация

EFFECTIVE NUCLEAR FORCES. C alculation of effective forces in nuclei from the H am ada- 
Johnston potential is described. This work begins from the theories of Brueckner and Bethe and applies 
them  to finite systems. Various renorm alizations of the force are discussed. The density dependence of 
the effective forces is considered in d e ta il. Arguments for the partial breakdown of the shell model in 
heavy nuclei are given.

Э Ф Ф Е К Т И ВН Ы Е Я Д Е Р Н Ы Е  С И Л Ы . Д а е т с я  оп и сан и е  р а с ч е т а  эф ф ек ти в н ы х  сил в яд р ах  
с п отен ц и алом  Х а м а д ы -Д ж о н с т о н а . Р а б о т а  б е р ет  н ач ал о  о т  теори и  Б р ак н е р а  и Б э т э ,  к о то р ая  
п р и м е н яе т с я  к конечны м  с и с т е м а м . О бсуж даю тся  р а зл и ч н ы е  п ерен о р м и р о в ки  с и л . П одробно 
р а с с м а т р и в а е т с я  з а в и с и м о с т ь  п ло тн о сти  эф ф ек ти в н ы х  с и л . Д аю тся а р гу м е н ты  для р а зл и ч н о 
г о  н аруш ения оболочечн ой  м од ели  в тя ж е л ы х  я д р а х .

1. INTRODUCTION

The ca lcu lation  of effec tive  fo rces in nuclei from the nucleon-nucleon  
force is  one of the m ost fundam ental prob lem s in nuclear p h y sic s . In 
past y ea r s , it has rece ived  con sid erab le attention, and I sh all rev iew  the 
r e su lts  of those in vestiga tion s based on the theory of B rueckner and B ethe. 
Quite frankly, I sh a ll cover  m ain ly  the work of D r. T . T . S .  Kuo and m y se lf . 
Other groups have put parts of the ca lcu lations into m ore a esth etic  form s, 
but they have not, in gen era l, m ade such com plete ca lcu la tion s.

Let m e say , at the ou tset, that we b elieve  that we can ca lcu la te  d irectly  
the effec tive  force betw een nucleons in the nucleus from  the force  between  
two iso la ted  n ucleons. The effec tive  force is ,  of cou rse , d ifferent from  
the la tter . It contains e ffec ts  from  the Pauli P rin c ip le , m any-body e ffec ts , 
and those from  p olarization  of the n ucleu s. We b elieve  th ese  to be ca lcu l
able to a reasonable accuracy.

In philosophy, th is approach is  nearly  the opposite o f that of P r o fe sso r  
Migdal and h is co -w o rk er s . We have no adjustable p aram eters. The p ro
cedure used was se t down in detail by Kuo and Brown [1] for 180  and 18F 
and, as regard s the effec tiv e  p a r tic le -p a r tic le  in teraction , has not been  
changed s in ce . The theory is ,  how ever, by no m eans c lo sed , and it is  not 
c le a r  that h ig h er-o rd er  term s are n eg lig ib le . B eth e's work [2] on the 
theory of nuclear m atter  shows that the expansion is  in powers of a p aram eter

wave-function by the two-body in teraction . F or two-body fo r c e s  in current

( 1)

where p is  the d en sity  and / X2 d r is  the volum e of the "hole" m ade in the
/

5 6 3
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u se , к — 0. 2,  so that the expansion should be good. H ow ever, in many 
c a s e s ,  the lo w es t-o rd er  term  n early  v a n ish es, so that the co rrectio n  of 
next o rd er changes the r e su lts  d ra stica lly . In a se n se , one s im p ly  has 
to use the theory, se e  w here it w orks, se e  w here h ig h er-o rd er  ter m s are  
im portant.

In p ractice , how we d escr ib e  n uclear phenomena is  not m uch d ifferent 
from  the way in which M igdal and h is co llab orators d escr ib e  them  and, in 
fact, not much different from  the way people have been d escrib in g  them  
for y e a r s . We arr ive at a re la tiv e ly  sh ort-ran ge , bare in teraction , not 
unlike M igdal1 s effective  in teraction , and we obtain P2-fo r c e s  from  p o la r i
zation  of the m edium , as does M igdal and h is group. We d iffer in one im 
portant re sp ec t, which I sh a ll d iscu ss  later; nam ely, our in teraction  in 
s in g le t sta te s  is  a lm ost independent of density , w hereas M igdal's is  e x 
tr e m e ly  d en sity-d ep en dent. F in a lly , we d iffer in the amount of work we 
have to do; undoubtedly our approach req u ires much m ore com putation. 
But we fee l that th is is  a fundam ental problem , and that it is  w ell worth 
le ttin g  the com puters grind a bit in ord er to try  to so lve  it . '

2; DEVELOPMENT

In F ig . 1, I show m y ch aracteriza tion  of the developm ent of a theory  
o f e ffec tiv e  fo r c e s . T h is c o n s is ts  o f m any lin k s, not one o f which (with the 
p o ssib le  exception  of "experim ent") is  in rea lly  good shape, yet a ll seem  
to hang togeth er.
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F IG .l. C haracterization  of the calculation  of effective forces.
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THREE -  BODY FORCES

565

J /A
к Г = jr +

N *
+

cr

i kj i
T f l T . k 2 )

%  “  «

k2 ~ + /¿2 ( = -  f iz on mass shell ) 

Gauge Theories Tw(o,o) = 0 

At Threshold T(+)(MrM2)s  .002

FIG .2. T reatm ent of three-body forces. The process by which the virtual pion excites the middle 
nucleon to an excited  s ta te ;(N*, a.  e tc . )  or creates a  virtual pair can be viewed as the scattering of a 
virtual pion off its mass shell. ' The low-energy external nucleons constrain the energy of this pion 
(p • k/M  in terms of four.-vectors) to be s  0. Typical values of к are | k | э  j jc ,  k 0a¡ 0 giving k2 ~  ¡i2 
in nuclear m atter.

The question  of whether th ere are large  th ree-b od y  fo rc es  in nuclei 
has rece ived  a som ew hat d eiin ite  nno" as an answ er in the past y ear . As 
shown in F ig . 2, the lon g-ran ge part of the th ree-b od y  force  can be v isu a lized  
as ar is in g  from  the sca tter in g  of a v irtu a l m eson , involving the excitation  
o f an in term ed iate nucleon to an isob ar , e tc . We have learn ed  from  PCAC 
and gauge th eo r ie s  of pion in teraction s that the iso sp in  sy m m etr ic  part 
o f that sca tter in g  am plitude m ust vanish  for p articu lar va lu es o f the two 
invariants involved . T h ese va lu es are not far from  th ose o f in te re st in 
n uclear m atter and in the n u cleu s. F u rth erm ore, there are good in d i
cations that th is sca tter in g  am plitude ex trapolates sm ooth ly  to the va lu es  
required in the th ree-b od y  problem  [3] . Although m ore work needs to be 
done, I fee l that the th ree-b od y  fo rc es  cannot be la r g e , on the b a sis  of th ese  
argum ents.

In F ig . 3 is  shown the gen era l schem e of calcu lation  in the B rueck ner- 
Bethe m ethod. T he-tw o-nucleon  potential has a hard co re , so that one 
m ust use som e sch em e to "regu larize"  it . T his sch em e is  based on the 
m ethod of M oszkowski and Scott [4 ], who recogn ized  that the sh ort-ran ge  
part of the potential w ill act in n uclear m atter  or in n uclei very  m uch as 
it does between two iso la ted  p a r t ic le s . The potential in th is  region  is  so  
strong, that only h igh-ly in g  in term ed iate s ta tes  are involved , o f energy  
E ~ 3 0 0  - 500 MeV, so that the Pauli P rin cip le  is  just not im portant. The 
reaction  m atrix  G can then be w ritten  in a s e r ie s  involving the reaction  
m atrix  Gs for the sh ort-ran ge part of the potential, and the lon g-ran ge  
part of the potential Vc . The separation  is  m ade so  that in .zeroth  approxi
m ation, Gs does not contribute to the m atrix  e lem en ts . Now V£ is  determ ined  
p retty w ell by the, nucleon-nucleon  sca tter in g  data. W here o ff-th e -e n e rg y -  
sh e ll in form ation com es in, is  the so -c a lle d  d isp ers io n  co rrectio n . T his  
i s  not la r g e , o f the. ord er of 10% in typ ica l m atrix  elem en ts for fo rc es  Used
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Gs = Vs -  Vs ? G S

r  (0) -  \ /  \ /  i  T  (0)
- yS ~  VS e<°> b S

D i s p e r s i o n  C o r r e c t i o n

FIG .3. Schem e of calculation  with the G -m atrix . O ff-energy shell effects come almost com pletely 
in the dispersion correction, which is ~  10% of the m ain term  for typical potentials used. Introducing 
re la tiv istic  phase-space factors into the  theory seems to cut i t  down even more.

HAMADA-JOHNSTON POTENTIAL

V = Vc + VT S12 + (L • S) + VLL L12

L12 = (CT1 ' a2] 1,2 - I  {  (CT1 ‘ L)((T2 ' L) + ( a 2 ' L)(CT1 ’ L )}

Y c = 0. 08  ( 3 M. )( Tx • T2 ) ( a 1 • a2) Y (x) [ 1 + a c Y (x) + b c Y ¿ (x) ]

V T = 0. 08 ( I  Ц )( Tj • T2 ) Z (x ) [ 1 + a T Y (x) + b T Y 2 (x )]

,2 .

LS

LL

(i Y (x) [ 1 + Y(x) ]

[^ ° L L  X *2 Z(x) Г 1 + a LL Y(X) + bLL y2(x) ]LL LL

Y(x) = e ' X/ x  , Z(x) = (1 + 3 /x + 3 /x ) Y(x)

FIG .4 . Hamada-Johnston po ten tia l [ 5] .  Here p  is the pion mass, x = /j  r is the radia l coordinate measured 
in units of the pion Compton wavelength. The values of the param eters can be found in the paper.
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P2 Force

Г,2 Г22 P2 (cos 0i2)

Pairing

((j„ jb̂ J I ^pair I jd̂ d) = Sjo ,v 1 2

FIG .5. Definition of P2 and pairing forces.

so far. In fact, we have an argum ent that if one puts in a "minimum" 
amount of re la tiv ity  (to en su re r e la t iv is t ic  unitarity along the e la s tic  cut), 
then this correction  w ill be even s m a lle r .'  T h is correction  is  the only  
stron g ly  m odel-dependent part o f the problem ; the other parts are d e
term in ed  w ell by the nucleon-nucleon  sca tter in g  and by the p rop erties of 
the deuteron. But th is correction  can vary quite a. bit if, for exam ple, one 
changes from  a force with a hard core  to one with a soft core .

F ig . 4 shows the H am ada-Johnston potential used in our ca lcu la tion s. 
The p aram eters entering into it are fitted so as to reproduce the nucleon- 
nucleon sca tter in g  data as b est p o ss ib le . Had we used  the Y ale potential, 
o r  other current p otentia ls, our r e su lts  would not have been much d ifferent, 
as we checked in som e iso la ted  c a s e s .

The trad itional P2 plus P airing  fo rc es  are shown in F ig . 5. As is  
w ell known,' with just th ese  two e ffec tiv e  in teraction s, and with coeffic iën ts  
which vary  in a reasonable way throughout the period ic tab le , it is  p ossib le  
to g ive not only a qualitative, but a lso  a sem iquantitative d escrip tion  of 
m ost nuclear sp ec tra . Our job is ,  then, to show how effec tiv e  fo rc es  of 
th is  nature a r ise  from  a rather com plicated  tw o-nucleon  potential, lik e  the 
H a m a d a - J o h n s t o n  o n e  w h i c h  w e  d i s p l a y e d .

Of co u rse , the bare G -m atrix  in teraction , when expanded in m u ltip o les , 
has som e P2 com ponent. B aranger and Kumar [6] have analysed  th is and 
find the amount of P2 force  h ere to be about one h alf o f that required  to fit 
the data. ' We have found [7] that the renorm alization  (F ig . 6) of the in ter-

J

unimportant except in pairing - type 
matrix elements ( J = 0 ).

j
Many -  body Effects

FIG .6. Second-order contributions to the effective interaction .
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PROTON-PROTON INTERACTION FOR
99/j
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FIG.7. Comparison of calculated and empirical proton-proton matrix elements in the Zr region. 
Empirical matrix elements were obtained in Ref. [9 ].

action through p olarization  of the m edium  contributes a large part o f the 
P2 fo rce , as we sh a ll d is c u s s . T his is  a situation  in which one of the 
p a rtic les  ex c ite s  a p article  out of the co r e , which d e - ex c ite s  in  in te r 
action with the second p a rtic le . A ll p a r tic le -h o le  excitations of unper
turbed energy 2hu, w here hu is  the ç sc il la to r  sp litting , are included h ere . 
Krainov and Malov [8] com e to s im ila r  con clu sion s within the g en era lized
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FIG .8. Effects of the core polarization for nuclei in  the Z t  region.
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fram ew ork of the M igdal th eory . In th is  theory, although one begins with 
a zero -ra n g e  phenom enological in teraction , introduction of po larization  
p r o c e s se s  such as shown in F ig . 6 lead s to lon g-ran ge com ponents in the 
effec tive  fo rce , the m ain one being the P 2 com ponent.

In F ig . 7 we show how the in clu sion  of the p olarization  im p roves the 
agreem en t betw een ca lcu lated  e ffec tiv e  m atr ix  elem en ts and the data. 
Other seco n d -o rd er  co rrectio n s are rath er sm a lle r  than that from  core  
polariza tion . In F ig . 8 we s e e , in a ,typ ica l ca se , that the in clu sion  of 
the core p olarization  "opens out" the sp ec tra , pushing the 0+ le v e l down, 
the le v e ls  of h ighest angular m om enta up. T his la tte r  effect is  ex trem ely  
im portant in the sp ec tr a  of sy ste m s with m any va len ce p a r t ic le s , s in ce

FIG. 9. Comparison of calculated and empirical matrix elements in the Ni isotopes. The a 3/ 2, b 3y2, 
e tc. are combinations of matrix elements which Auerbach [11} found convenient to use in parameterizing 
the spectrum.

the E; tend to en ter  h ere  with a s ta tis t ic a l factor of (2J+1). T alm i has 
em phasized  for y ea rs  (s e e , for  exam ple. R ef. [10])  that the coeffic ien t  
of n (n -l)  in the ex p ress io n  for the grou n d-state energy of a sy stem  of 
id en tica l p a rtic les  fillin g  a g iven  su b sh ell is  rep u lsiv e . Such a rep u lsive  
term  em erg es from  the ca lcu lation s only a fter  in clu sion  of the co re  
p olarization .

In F ig . 9 we show the com p arison  betw een ca lcu lated  m atr ix  e lem en ts  
and em p ir ica l on es, d erived  d irectly  from  known en er g ie s  o f le v e ls  in  the 
Ni iso to p es . In F ig . 10, the contribution of the co re-p o la r iza tio n  with 
j"  = 2, that part contributing to the P2 fo rce , to variou s m atr ix  e lem en ts  
is  shown and com pared with the contribution from  the P2 force  ch osen  by 
K iss lin g er  and S oren sen  [12] . In F ig . 11 we tabulate the stren gth s o f P2 
and P4 m ultipole fo rc es  which would g ive the sam e m atr ix  e lem en ts  as  
th ose found in the co re-p o la r iza tio n  contribution. It is  se e n  that they  
correspond  quite w e ll to the valu e o f 1 2 5 /A, that u su a lly  ch osen  for the

E F F E C T I V E  I N T E R A C T I O N S  
F O R  N i  I S O T O P E S

I  E M P I R I C A L  ( A u e r b a c h )

-3
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FIG .10. Comparison of the contribution of the "bubbles" in which the particle and hole are coupled to 
j„ _ 2 X” = о m atrix elem ents in the Ni region with that from the P2 force used by Kisslinger and 
Sorensen [12 ].

em p ir ica l P2 fo rc e . In fact, we are a bit em b arrassed  by a su rfe it .o f P2 
fo rc e , s in ce  th is rep resen ts  only the contribution from  the core  polarization , 
and in clu sion  of the P2 com ponent of the bare in teraction  would in cr ea se  
the total P2 force by ~50% .

In F ig . 12 we show that our ca lcu lation s g ive a large pairing com ponent. 
A fter in clu sion  of the core p olarization  it is  la r g er , in gen era l, than the 
pairing interaction  chosen  by K isslin g er  and S orensen .

C alcu la ted S trengths Of Equiva lent 
M u ltip o le  Forces

X ^
H X ° _ X X TZ ■ T T T x  r 'X r 2X Px ( cos e i2) (2n  + £ + 3/ г ) A

Nucleus i X 2 1 2 5 /A X4

O'8 0  d 5 /2 4 .2 4 6 .9 5 2 .48

Ca42 0  f 7 /2 3.14 2 .98 2 .44

N¡58 1 P3/2 1.82 2.15 0

0  f 5/ z 3 .88 3.60

Zr92 1 d5/ 2 1.13 1.36 .94

FIG. 11. Strengths of P2 and P4 forces which would give the sam e contributions to matrix elem ents 
( ( j2)J l v eff I for various j .
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FIG. 12. Comparison of calculated  pairing components with those obtained from the  pairing force used 
by Kisslinger and Sorensen [12 ].

Just to show how w ell the ca lcu lated  m atrix  e lem en ts fit the em p ir ica l 
en ergy  le v e ls  in "good" c a s e s ,  we show in F ig . 13 the r e su lts  of a com plete  
diagonalization  in the s -d  sh e ll for  20Ne by F lo r e s  and P er ez  [13] .

In the ca lcu la tion s su m m arized  above, the effec tive  force em ployed  
w as that ca lcu lated  for an average d en sity , and it was then used as a 
density-independent fo rc e . S ince m atr ix  e lem en ts betw een n o d e less  sh e ll-  
m odel s ta te s  w ere the m ost im portant on es, in gen era l, th is seem ed  to be 
an adequate approxim ation . C learly  it would be d isa stro u s to u se  such  
fo r c e s  for ca lcu lating  n uclear saturation , or e ffec ts  connected with the 
n uclear co m p re ss ib ility , how ever.

One such effec t is  the iso top e sh ift. The m ain contributions to th is  
com e from  protons m aking a v irtu a l tran sition  through in teraction  with the 
added neutron from  an in itia l n o d e less  sta te , denoted by p¡ in F ig . 14, to 
a fina l sta te  with one node. B ecau se  of th is  node, contributions from  
in ner and ou ter reg ion s of the nucleus tend to ca n ce l. One can say  that 
when the added neutron is  in the in ter io r , it tends to pull protons in; when 
on the su rfa ce , it tends to pull them  out. W hereas the la tte r  should p r e 
dom inate, to produce the ob served  iso top e sh ift, with a density-independent 
fo rce  the effect e ith er v a n ish es, or goes in the wrong d irection .

To get the right m agnitude for th is effec t, Migdal and co llab orators used  
an in teraction  with such a d en sity  dependence that it was rep u lsive  in the  
in ter io r  of the nucleus and a ttractive  on-the su rface [14] .
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FIG. 13. Comparison with experim ent of the results of a com plete diagonalization in the s-d shell using 
the Kuo-Brown forces [1 ] .  The [4 ] , [31] and ( \ , д) are U (4) and SU (3) quantum numbers, respectively. 
The second colum n was obtained when the U (4) symmetry was restricted to [4] and [31] and the third 
column was obtained under the-restriction in SU(3) quantum numbers shown.

Such effec ts have led  to a m ore detailed  con sideration  of the density  
dependence within the fram ew ork of the B ru eck n er-B eth e th eory . T h is  
d en sity  dependence com es from  various so u r c e s , but m ainly from  the term

J= 0

FIG .14. C haracterization of the matrix elem ent entering into the isotope shift.
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in  the G -m atrix , a lm ost the en tire  contribution com ing h ere from  the long- 
range part o f the two-body ten so r  fo r c e . B ethe [15] has su ggested  that 
the en tire d en sity  dependence could be m ocked up in a p articu lar ly  sim p le  
way, by using

for the G -m atr ix . H ere r is  the re la tiv e  coordinate of the two in teracting  
p a rtic les; R is  the c e n tr e -o f-m a s s  coordinate; cts and /3S are con stants, 
determ ined  sep ara te ly  for S = 0 and S = 1 s ta te s , so as to reproduce the 
sin g le t and tr ip le t contributions to the binding en ergy  of n uclear m atter  
at various d en s it ie s , as calcu lated  from  m ore elaborate forces; V{ is  a 
cen tra l fo rce , s im ila r  to the Ve defined in Fi g . 3 .  The above approxim ation  
to G is  used  only in  re la tiv e  S -s ta te s .

F its  to the binding en ergy  from  fo r c e s  such ás the H am ada-Johnston, 
o r  new er p otentia ls, g ive large  va lu es for the coeffic ien t relevant to 
the tr ip le t c a se , m irro r in g  the la r g e  d en sity  dependence produced by the 
ten so r  force  [15] . H ow ever, is  sm a ll, and h ere is  a m ajor d ifferen ce  
betw een th is approach and that of M igdal, who has the sam e d en sity  d e
pendence in tr ip le t and sin g le t s ta te s . When rearrangem ent ter m s are  
included, it looks lik e  the above d en sity  dependence is  adequate to account 
for  the isotop e sh ift [17] .

D oes the gen era l s u c c e s s  in ca lcu lating  effec tiv e  in teraction s review ed  
above m ean that everyth ing is  in ord er?  Not exactly . One runs into trouble, 
of quite a gen era l nature, in ca lcu la tin g  v ib ration s in which protons m ove  
against neutrons in  heavy n u clei. In 208Pb, for exam ple, the calcu lated  
giant dipole sta te  com es out at ~11  MeV, w hereas em p ir ica lly  it o ccu rs  
at ~ 1 4  MeV. That the calcu lated  sta te  cam e too low  was a lread y found by 
G ille t, G reen and Sanderson [18] who used  a phenom enological f in ite -ra n g e  
in teraction , the p aram eters of which w ere determ ined  from  fits  to le v e ls  
in  light n u c le i. Our ca lcu la tion s with the G -m atr ix  g ive roughly the sam e  
re su lts  as th e ir s . One m ight think that th is  fa ilu re  of ou rs is  due to poor 
convergen ce of our expansion  for the effec tiv e  fo rc e . D r. Kuo has carried  
out the dipole sta te  ca lcu lation  with the "bubble" term  included in the in te r 
action, as shown in F ig . 15. T h is additional term  is  known as the " s e lf 
screen in g  of the exchange term " in the c a se  of the e lec tron  g a s . Such a 
calcu lation  in v o lv es1 175 000 m atrix  e lem en ts of the bare G -m atr ix , when 
a ll p a r tic le -h o le  s ta te s  o f unperturbed en ergy  2tiu are included in the 
"bubble"! The in clu sion  of such h ig h er-o rd er  ter m s changes the ca lcu 
lated  d istribution  of d ipole strength  only n eg lig ib ly .

G = Ps [ l - a s p2/3(R)] V (r)

FIG.15. Particle-hole interaction inclusive of the "bubble” term
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W ell, one could say  that we are com p letely  on the wrong track  and 
that the calcu lation  of e ffec tiv e  fo rc es  just fa ils  h ere . H ow ever, P e ter sen  
and V eje [19] show in a sim p le  and straightforw ard way that if  one 
sch em a tizes  the in teraction  involved  h ere as

\  ( < 0 + 4 / c i t ( i )  ' ^ i »  У  r i  Y 1 M r j  Y i / U ) >

i. j V

i . e .  rep resen ts  it a s a d ip o le-d ip o le  in teraction , then one n eed s.a  ratio  
а = - к 1/ к 0 = 2, a su rp ris in g ly  la r g e  valu e, to get the dipole sta te at the 
right en ergy . If one a ssu m es the o sc illa tin g  dipole field  to be of the sam e  
iso sp in  stru cture as the cen tra l n uclear fie ld , one finds a ^ 0 . 5 .

On the other hand, the tw o-flu id  m odel o f Steinw edel and Jen sen  [20] 
obtains a reasonable energy for the dipole excitation . In th is m odel, one 
co n sid ers o sc illa t io n s  in  the proton fluid 6pp , the restorin g  force being  
the sym m etry  en ergy . Now, S teinw edel and Jen sen  u se  the boundary con 
dition ópp(R) =0, where R is  the n uclear rad iu s. T his is  a com p letely  
d ifferent situation from  that o f the RPA d escrip tion , where protons o sc illa te  
rath er fre e ly  back and forth o v er  neutrons in  the nuclear su rfa ce . Bohr 
and M ottelson have pointed out that the s u c c e s s  of the S teinw edel-Jenson  m odel 
m ay indicate that protons and neutrons are glued together som ewhat m ore  
stron g ly  in the su rface than in the sh e ll-m o d e l d escrip tion . C lustering  
into a -p a r tic le s  could produce th is sort o f situation . There is  further  
evidence on th is point from  the sm a ll iso sp in  adm ixture in low -ly in g  2+ 
and 3' v ibrations [21] .

In any c a se , when our ca lcu lation  fa ils  so  badly as in the ca se  of the 
giant dipole sta te in 208Pb, we are led  to r e a s s e s s  the m odel. Of cou rse, 
if  one w ere u sing a phenom enological fo rce , one m ight be able to just crank  
up the strength until the dipole sta te  was brought high enough, and various  
people have done th is with zero -ra n g e  fo r c e s . H owever, I b elieve  our  
way of calcu lating effec tive  fo rc es  to be w ell founded and fa irly  accurate, 
giving bare G -m atrix  elem en ts to an accuracy of ~10-15% , and I se e  no 
way of running them  up a factor of 2. If one did, a ll so r ts  of other d is 
agreem en ts would appear, e sp e c ia lly  in ligh ter  e lem en ts.

In sum m ary, I b e liev e  that the derivation  of effective  fo rc es  in nuclei 
from  the nucleon-nucleon  force  is  a b asic  problem  which we have gone 
som e way towards so lv in g . If one knows the effective  fo rces , one e l im i
nates one m ajor sou rce of am biguity and can concentrate on sortin g  out 
which configurations or m odels to u se .
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D I S C U S S I O N

K. A . B R U E C K N E R : T h e  p ro b le m  o f  th e  d ip o le  r e s o n a n c e  in  le a d  i s  
r e l a te d  to  th e  p r o p e r  p r e d ic t io n  o f  th e  s y m m e t r y  e n e rg y .  D o es  th e  
H a m a d a -J o h n s o n  p o te n t ia l  a s  e v a lu a te d  in  y o u r  a p p ro x im a t io n  g iv e  th e  
c o r r e c t  s y m m e t r y  e n e rg y ?  T h e  c o r r e c t  p r é d ic t io n  r e q u i r e s  in c lu s io n  o f 
r e a r r a n g e m e n t  e f f e c ts  w h ic h  m a y  b e  o m it te d  in  y o u r  t r e a tm e n t  o f th e  
p ro b le m .

G. E . B RO W N : W e to o k  in to  a c c o u n t th e  r e a r r a n g e m e n t  t e r m s  o f 
s e c o n d  o r d e r ,  a n d  w e fin d  th a t  th e  t h i r d - o r d e r  t e r m s  o n ly  c u t th e  i n t e r 
a c t io n  dow n f u r th e r .

I . Ú L E H L A : How la r g e  i s  th e  d e p e n d e n c e  o f th e  c a lc u la te d  e f f e c t iv e
in t e r a c t io n  on th e  s p a c e  o f  th e  w a v e - fu n c t io n s  o f  th e  m o d e l?

G .E .  B R O W N : T h e  e f f e c t iv e  in t e r a c t io n  d e p e n d s  s e n s i t iv e ly  on  th e  
p r e c i s e  m o d e l s p a c e  c h o s e n ; o f te n  c h a n g in g  th e  l a t t e r  by  tw o  o r  t h r e e  
le v e l s  w il l  c h a n g e  th e  m a t r i x  e le m e n ts  b y  ~  20%. T h u s , w h en  c o m p a r in g  
w ith  e m p i r i c a l  m a t r i x  e le m e n ts ,  one  m u s t  be  c a r e f u l  to  u s e  p r e c i s e l y  th e  
s a m e  m o d e l s p a c e  f ro m  w h ic h  th e s e  w e r e  d e d u c e d .

D . J .  R O W E : I w o u ld  l ik e  to  e n q u ir e  a b o u t th e  u s e  o f  u n p e r tu r b e d  
p a r t i c l e - h o le  e n e r g i e s  f o r  th e  c o r e - p o la r i z a t i o n  c o r r e c t i o n s .  I f  th e  i n t e r 
a c t io n  a t  a l l  r e s e m b le s  a  P  M f o r c e ,  w h ic h  i s  a  f ie ld  f o r c e  a n d  w h ic h  
w o u ld  p r e f e r e n t i a l l y  e x c i te  v ib r a t i o n a l  c o r e  e x c i ta t io n s ,  th e n , s in c e  th e  
lo w - ly in g  v ib r a t i o n a l  s t a t e s  te n d  to  l ie  a t  a b o u t h a lf  th e  e n e rg y  o f  th e  
lo w e s t p a r t i c l e - h o le  e n e r g i e s ,  one  m ig h t e x p e c t y o u r  c o r e - p o la r i z a t i o n  
c o r r e c t i o n s  to  b e  u n d e r e s t im a te d  by  so m e th in g  l ik e  a  f a c t o r  o f  tw o .

G .E .  B R O W N : O f c o u r s e ,  th e  T  = 0 v ib r a t i o n s  go dow n in  e n e rg y ,  
b u t th e  T  = 1 o n e s  go u p . A lth o u g h  th e y  m o v e  u p  l e s s  th a n  th e  T  = 0 o n e s  
m o v e  dow n, t h e r e  a r e  t h r e e  t i m e s  a s  m a n y  o f th e m . In  160  K uo c o n s t r u c te d  
th e  n o r m a l  m o d e s  by  th e  R P A  a n d  c h e c k e d  th a t  t h e i r  e x c h a n g e  g av e  th e  
s a m e  r e s u l t  a s  p e r tu r b a t io n  th e o r y ;  th a t  i s ,  su m m in g  th e  b u b b le s  to  a l l  
o r d e r s  d id  no t c h a n g e  th e  r e s u l t s .

L . A . S L IV : F r o m  th e  th e o r e t i c a l  p o in t o f  v iew  a  m o r e  f a v o u r a b le  w ay  
o f  in v e s t ig a t in g  th e  n u c le a r  p r o p e r t i e s  i s  o n e  in  w h ic h  a  n u c le u s  i s  c o n 
s id e r e d  a s  a  s y s te m  o f A  n u c le o n s ,  i n t e r a c t in g  b y  th e  " r e a l i s t i c  f o r c e s " .  
T h is  i s  th e  m e th o d  o f  P r o f e s s o r  B ro w n , w ith  w h ic h  h e  o b ta in e d  v e r y  
i n t e r e s t i n g  r e s u l t s .  B u t i t  s h o u ld  b e  r e m e m b e r e d  th a t  a t  s m a l l  d i s ta n c e s
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w e know  v e r y  l i t t l e  a b o u t th e  tw o - p a r t i c l e  p o te n t ia l  a n d  i t  i s  th i s  p a r t  o f 
th e  p o te n t ia l  w h ic h  m a k e s  th e  m a in  c o n tr ib u t io n  to  th e  e f f e c t iv e  in te r a c t io n .  
M o r e o v e r ,  th e  r e a l i s t i c  f o r c e s  a r e  v e r y  c o m p lic a te d  a n d  th e  m e th o d s  of 
th e  m a n y -b o d y  th e o r ie s ,  w h ic h  w e u s e  in  c a lc u la t in g  th e  c o m p lic a te d  
r e a l i s t i c  f o r c e s ,  r e q u i r e  u s in g  a n  a p p ro x im a t io n  w h ic h  i s  no t a lw a y s  
ju s t i f ie d .  T h is  i s  th e  r e a s o n  w hy, in  o r d e r  to  o b ta in  good  d a ta  o n  th e  
e f f e c t iv e  in t e r a c t io n  in  n u c le i ,  i t  i s  n e c e s s a r y  to  in t ro d u c e  th e  e f f e c t iv e  
in t e r a c t io n  w ith  a  p a r a m e t e r  w h ic h  c a n  be  d e te r m in e d  f ro m  e x p e r im e n ta l  
d a ta  v e r y  s e n s i t iv e  to  th e  g iv e n  p a r a m e te r .

I t i s  p o s s ib le  to  show  th a t  th e  s e le c t io n  of th e  p a r a m e te r  c a n  be  p e r 
fo r m e d  u n iq u e ly  en o u g h .

Y a . A . SM O ROD INSK Y : It sh o u ld  be  m e n tio n e d  th a t  i t  i s  im p o s s ib le  to  
g e t a n  e f f e c tiv e  2 -b o d y  p o te n t ia l  f ro m  2 -b o d y  d a ta .  W hen  you  a d d  e v e n  th e  
o n e  p a r t i c l e  w h en  g o in g  to  th e  T o r  3H e s y s te m , you  h av e  to  ad d  new  i n 
fo r m a t io n  c o n c e rn in g  th e  p o te n t ia l  a t  s m a l l  d is ta n c e s  (go ing , s a y , f ro m  
th e  w a v e -z o n e  in to  a  s t a t i c  o n e ) . I f  you  a d d  m o r e  p a r t i c l e s  y o u  h a v e  a g a in  
to  ad d  in f o rm a t io n  fo r  e a c h  p a r t i c l e  a d d e d . T h e  q u e s t io n  i s  w h e th e r  th e  
l im i t  o f th i s  p r o c e s s  (w h ich  g iv e s  th e  e f f e c tiv e  p o te n t ia l )  c a n  be  o b ta in e d  
f ro m  f i r s t  p r in c ip l e s .  Up to  now , in  m y  o p in io n , th i s  l im i t in g  p o te n t ia l  
h a s  b e e n  c o n s id e re d  on  a  s e m i - e m p i r i c a l  b a s i s .
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Abstract — Аннотация

GENERAL NUCLEAR PROPERTIES WITH EFFECTIVE INTERACTIONS. This repon deals with the use 
of some effective interactions in calculating properties of closed shell nuclei and of the nuclear surface.
Closed shell nuclei have been investigated by several groups; the work of three of these groups is discussed 
here. Davies, Baranger et al. use a momentum-dependent Gaussian effective interaction whose para
meters are adjusted to fit the binding energy and density of nuclear matter using first-order perturbation 
theory and also match at least the low-energy nucleon-nucleon scattering phase shifts. Pearson and 
Saunier use quite similar interactions except that instead of fitting low-energy scattering data, they in
sist that the long range part must be of the one-boson exchange form, at least in ^  states. Brink and 
Boeker study various interactions which fit nuclear matter and the alpha particle binding energy. For
160, these groups obtain somewhat too low a binding energy.

Bethe has worked out a theory of the nuclear surface, which uses a quite simple effective inter
action derived from a realistic interaction. Bethe uses the Thomas-Fermi approximation and obtains an 
analytic form for the particle density distribution at the nuclear surface. He also calculates the nuclear 
surface energy and surface thickness and obtains good agreement with empirical values.

The nuclear surface problem has also been studied by other authors who do not make the Thomas- 
Fermi approximation. In particular, if one uses a simple effective interaction of the form suggested by 
Skyrme, with the same criteria as Brink and Boeker, then the surface energy comes out in good agreement 
with empirical values. In addition, this effective interaction can be used to assess the accuracy of the 
Thomas-Fermi approximation. This approximation underestimates the surface energy by only MeV.

ОБЩИЕ ЯДЕРНЫ Е СВОЙСТВА С ПРОСТЫМИ ЭФФЕКТИВНЫМИ ВЗАИМОДЕЙСТВИЯ
МИ. Р ассм атри вается  использование некоторых эффективных взаимодействий в вычислении 
свойств магических ядер и ядерной поверхности. Ядра с замкнутыми оболочками исследова
лись несколькими группами авторов . Обсуждаются результаты  исследований трех групп. 
Д евис, Баранж ер и другие используют зависящ ее от скорости гауссовское эффективное вза и 
модействие, параметры которого выбираются так , чтобы с помощью теории возмущений пер
вого порядка получить правильные значения энергии связи и плотность ядерной м атерии, а 
такж е сдвиги ф аз нуклон-нуклонного рассеяния при низких энергиях . Пирсон и Сонье исполь
зуют почти такие же взаим одействия, но вм есто подгонки данных по рассеянию при низких 
энергиях они исходят из предположения, что дальнодействующая часть должна им еть вид, со о т
ветствующий однобозонному обмену хотя бы в состояниях. Бринк и Б екер  изучают различ
ные взаим одействия для получения плотности ядерной материи и энергии связи а -части ц .
Для î60  эти группы получили несколько заниженное значение энергии свя зи . Б е те  предложил 
теорию ядерной поверхности, которая использует простое эффективное взаим одействие, полу
ченное из реального взаим одействия. Б ете  использует приближение Том аса-Ф ерм и и получа
ет распределение плотности частиц на ядерной поверхности в аналитическом виде. Он такж е 
вычисляет энергию  и толщину ядерной поверхности и получает  хорошее согласие с эм пиричес
кими значениями этих величин. Проблема ядерной поверхности изучалась такж е другими ав 
торам и, не использующими приближение Т ом аса-Ф ерм и . В частности, если использовать 
простое эффективное взаим одействие, предложенное Скирмом, с тем  же критерием , что и при 
взаимодействии Бринка и Б екер а , энергия связи  получается в хорошем согласии с эмпиричес
кими значениями. К тому же, это эффективное взаим одействие может быть использовано 
для оценки точности приближения Т ом аса-Ф ерм и . Это приближение дает энергию связи толь
ко на \ \  Мэв ниже наблюдаемой.

* Work supported in part by the National Science Foundation.
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In  th e  l a s t  few  y e a r s ,  m u c h  p r o g r e s s  h a s  b e e n  m a d e  in  r e l a t i n g  so m e  
n u c le a r  p r o p e r t i e s  s u c h  a s  th e  b in d in g  e n e rg y  an d  d e n s i ty  of n u c le a r  m a t t e r  
a n d  e n e rg y  le v e l  s p e c t r a  o f lig h t n u c le i ,  to  r e a l i s t i c  n u c le o n - n u c le o n  i n t e r 
a c t io n s .  B y  " r e a l i s t i c "  i s  g e n e r a l ly  m e a n t  an  in te r a c t io n  w h ich  f i t s  tw o -  
b o d y  n u c le o n -n u c le o n  p h a s e  s h i f t s  an d  a ls o  th e  p r o p e r t i e s  o f th e  d e u te r o n .  
H o w e v e r , th e  r e q u i r e d  c a lc u la t io n s  a r e  q u i te  c o m p lic a te d ,  ow ing  to  b o th  
th e  s h o r t - r a n g e  r e p u l s io n  and  t e n s o r  in t e r a c t io n .  U n til  ab o u t 5 to  10 y e a r s  
a g o , i t  w a s  h o p e d  th a t  lo w - e n e r g y  n u c le a r  p r o p e r t i e s  o f i n t e r e s t  c o u ld  b e  
a c c o u n te d  f o r  b y  a s im p le  " e f f e c t iv e "  in t e r a c t io n  w h ich  d o e s  no t n e c e s s a r i l y  
f i t  n u c le o n -n u c le o n  r e s u l t s .  H o w e v e r , i t  now  a p p e a r s  th a t  th i s  i s  p ro b a b ly  
n o t p o s s ib le .  N e v e r th e l e s s ,  w ith  e ff e c tiv e  i n t e r a c t io n s ,  one c a n  g a in  i n 
s ig h t  in to  a t  l e a s t  so m e  n u c le a r  p r o p e r t i e s  a s  I w ill  d i s c u s s .

A c tu a lly ,  th e  c o n c e p t of e f f e c tiv e  i n t e r a c t io n s  d a te s  b a c k  to  th e  e a r l y  
d a y s  o f n u c le a r  p h y s i c s .  A t th a t  t im e ,  R o se n fe ld  [1] p ro p o s e d  th a t  th e  
in t e r a c t io n  c o n ta in s  a  l a r g e  r e p u l s io n  in  odd s t a t e s  o f r e l a t i v e  m o tio n , 
w h ic h  c o u n te r b a la n c e s  th e  a t t r a c t i v e  in t e r a c t io n  in  e v e n  s t a t e s ,  so  a s  to  
y ie ld  s a tu r a t i o n  o f n u c le a r  m a t t e r .  S uch  a n  in t e r a c t io n  h a s  b e e n  w id e ly  
u s e d ,  e v e n  r e c e n t ly ,  in  s h e l l  m o d e l c a lc u la t io n s .

In  th i s  p a p e r  I d i s c u s s  s e v e r a l  k in d s  of e f f e c t iv e  i n t e r a c t io n s  a s  a p p lie d  
to  s o m e  g e n e r a l  n u c le a r  p r o p e r t i e s ;  n a m e ly ,

(1) G r o u n d - s ta te  p r o p e r t i e s  of l ig h t  c lo s e d  s h e l l  n u c le i .
(2) T h e o ry  o f th e  n u c le a r  s u r f a c e .

O th e r  n u c le a r  p r o p e r t i e s ,  e s p e c ia l ly  a p p lic a t io n s  in  th e  s h e l l  m o d e l , h a v e  
a l r e a d y  b e e n  d is c u s s e d  in  th i s  c o n fe r e n c e  b y  D r s .  M ig d a l [2], M ik h a ilo v  [3] 
an d  B ro w n  [4].

1. IN T R O D U C T IO N

2 . C L O SE D  S H E L L  N U C L E I W ITH  E F F E C T IV E  IN T E R A C T IO N S

F i r s t  le t  u s  d e fin e  a n  e f f e c t iv e  in t e r a c t io n  m o r e  p r e c i s e l y .  Such  an  
in t e r a c t io n  i s  g e n e r a l ly  ta k e n  to :

(a) f i t  b in d in g  e n e rg y  (-1 6  M eV /А ) an d  d e n s i ty  of n u c le a r  m a t t e r
p 0 ~  (1 /6 )  n u c le o n / F m 3 in  f i r s t - o r d e r  p e r tu r b a t io n  th e o r y .  (T h is  
d e n s i ty ,  p r e s u m a b ly  e q u a l to  th e  d e n s i ty  a t  th e  c e n t r e  of f in i te  
n u c le i ,  i s  d e d u c e d  f r o m  e le c t r o n  s c a t t e r in g  c r o s s - s e c t i o n s  w ith  
th e  a d d it io n a l  a s s u m p tio n  th a t  n e u tr o n s  and  p ro to n s  o c c u p y  th e  
s a m e  v o lu m e . I t  i s  e q u iv a le n t to  a  F e r m i  m o m e n tu m  kF = 1.36 F m ' 1 )¡

(b) b e  n o n - s in g u la r  en o u g h  to  m a k e  f i r s t - o r d e r  p e r tu r b a t io n  th e o r y  
a p p lic a b le ;

(c) f i t  a t  l e a s t  so m e  f r e e  s p a c e  n u c le o n -n u c le o n  r e s u l t s .
T h is  p a p e r  m e n t io n s  th e  a p p lic a t io n s  of e f f e c t iv e  in t e r a c t io n s  u s e d  b y  th r e e  
d i f f e r e n t  g ro u p s .

2. A . I n t e r a c t io n s  u s e d  by  D a v ie s ,  B a r a n g e r  an d  c o - w o r k e r s

A n  e a r l y  v e r s io n  o f th e  in t e r a c t io n  u s e d  b y  D a v ie s ,  B a r a n g e r  a n d  c o 
w o r k e r s  [5] w a s  ta k e n  to  b e  a  s u m  of a  c e n t r a l  G a u s s ia n  in t e r a c t io n  Vc (r)  
a n d  a  m o m e n tu m -d e p e n d e n t  r e p u l s io n  of th e  f o r m  p2 w ( r )+ w ( r )p 2 (w h e re  
p  d e n o te s  th e  m o m e n tu m  o p e r a to r )  s tu d ie d  b y  G re e n  [6 ], an d  w (r)  i s  a  s h o r t -  
r a n g e  G a u s s ia n  in t e r a c t io n .  T h is  in t e r a c t io n  w a s  a s s u m e d  to  a c t  o n ly  in
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S s t a t e s ,  i . e .  z e r o  r e l a t i v e  o r b i t a l  a n g u la r  m o m e n tu m . (T he  in t e r a c t io n  
w a s , h o w e v e r , ta k e n  to  b e  s t r o n g e r  in  th e  3Sj s t a te  th a n  in  th e  -̂Sq s t a t e . )  
T h e  p a r a m e t e r s  w e re  c h o s e n  so  a s  to  f i t  b o th  th e  b in d in g  e n e rg y  an d  d e n 
s i ty  o f n u c le a r  m a t t e r  in  f i r s t  o r d e r  an d  th e  n u c le o n -n u c le o n  s c a t t e r in g  
le n g th s  and  e f f e c t iv e  r a n g e s  in  b o th  th e  3S i and  xSo s t a te .

D a v ie s  e t  a l .  [5] fo u n d  th a t  th e  s e c o n d - o r d e r  e n e rg y  in  n u c le a r  m a t t e r  
w a s  o n ly  ab o u t 2 M eV . T h e y  a ls o  s tu d ie d  th e  e n e rg y ,  r a d iu s  and  s in g le - 
p a r t i c l e  e n e r g i e s  o f c lo s e d  s h e l l  n u c le i  u s in g  th e  H a r t r e e - F o c k  m e th o d .
T h e y  o b ta in e d  ro u g h  a g r e e m e n t  w ith  e x p e r im e n ta l  r e s u l t s .  H o w e v e r , t h e i r  
b in d in g  e n e rg y  o f 160  p e r  n u c le o n  i s  o n ly  5 M eV  a s  c o n t r a s te d  w ith  th e  
e m p i r i c a l  8 M eV .

R e c e n tly ,  N e s to r  e t  a l .  [7] d e v e lo p e d  a  s o m e w h a t m o r e  r e a l i s t i c  i n t e r 
a c t io n  w h ich  a c t s  in  a l l  tw o - p a r t i c l e  s t a t e s ,  odd  a s  w e ll  a s  e v e n  [7]. T h is  
in t e r a c t io n  i s  c h o s e n  so  a s  to  f i t  n o t o n ly  lo w -e n e r g y  s c a t t e r in g  p r o p e r t i e s ,  
b u t a ls o  th e  b in d in g  e n e rg y , an d  q u a d ru p o le  m o m e n t o f th e  d e u te r o n  and  
ro u g h ly  th e  t r i p l e t  odd  s t a te  p h a s e  s h i f t s .  T h is  r e q u i r e s  th e  in t ro d u c t io n  
of tw o -b o d y  t e n s o r  a n d  s p in  o r b i t  c o u p lin g  t e r m s .  T h e  f o r m e r  i s  w r i t te n

к т(г)-A [ ¿  (Z-Vfà-îJ
w h ic h  m a k e s  i t  t r a c t a b l e  in  H a r t r e e - F o c k  c a lc u la t io n s  u s in g  o s c i l l a to r  
w a v e fu n c tio n s . A g a in  th e  n u c le a r  m a t t e r  p r o p e r t i e s  a r e  f i t t e d .  T h e  
s e c o n d - o r d e r  e n e rg y  of n u c le a r  m a t t e r  i s  l a r g e r  th a n  b e f o r e ,  a b o u t 3 M e V /A . 
T h is  i s  due  to  th e  p r e s e n c e  of odd  s t a t e  i n t e r a c t io n s .  T h e  s y m m e t r y  e n e r 
g y  of n u c le a r  m a t t e r  w a s  a ls o  c a lc u la te d .  T h e  r e s u l t ,  40 M eV , is  s o m e 
w h a t l a r g e r  th a n  th e  3 0 .6  M eV  o b ta in e d  b y  a  r e c e n t  a n a ly s i s  o f e m p i r i c a l  
n u c le a r  m a s s e s  [8]. A lso  th e  1 S 0 n u c le o n -n u c le o n  p h a s e  s h i f ts  a t  m e d iu m  
e n e r g ie s  a r e  n o t r e p r o d u c e d ,  f o r  e x a m p le  a t  150 M eV  ( l a b o r a to r y  e n e rg y )  
th e  e m p i r i c a l  p h a s e  s h if t  [9] i s  15° w h ile  th e  in t e r a c t io n  c h o s e n  g iv e s  
c lo s e  to  0 ° .

T a rb u t to n  and  D a v ie s  [10] u s e d  th e  ab o v e  in t e r a c t io n s  to  s tu d y  th e  
p r o p e r t i e s  o f c lo s e d  s h e l l  n u c le i ,  f r o m  160  to  208P b . A g a in  th e y  o b ta in  
to o  s m a l lb in d in g  e n e r g i e s ,  i . e .  5 M eV /А  in  160  an d  208P b . H o w e v e r , 
t h e i r  c a lc u la te d  r o o t - m e a n - s q u a r e  r a d i i  h a v e  r e a s o n a b le  v a lu e s ,  i . e .

г 2 У =  2 . 67 F m  (e x p t. v a lu e  = 2 .62) f o r  160

= 5 .1 4  F m  (e x p t. v a lu e  = 5 .52) f o r  208P b

D a v ie s  e t  a l .  a c tu a l ly  a s s u m e d  a s l ig h t ly  l a r g e r  n u c le a r  m a t t e r  d e n s i ty ,  
w ith  k F = 1. 45 F m " 1 . T h is  i s  ro u g h ly  c o n s i s te n t  w ith  th e  s l ig h t ly  s m a l l e r  
c a lc u la te d  r . m . s .  r a d iu s  f o r  208P b . A ls o  th e  e n e rg y  of bo u n d  s in g le  
p a r t i c l e  s t a t e s  c o m e s  ou t q u ite  w e ll.  T h u s , f o r  l s i / 2 , 1р з /2 and  l p i /2 , 
th e  c a lc u la te d  s in g le  p ro to n  e n e r g i e s  in  160  a r e  4 4 .4 ,  1 7 .4  an d  11. 7 M eV  
r e s p e c t iv e ly ,  w h ile  th e  e n e r g i e s  d e te r m in è d  f ro m  (p, 2p) r e a c t io n s  [ 1 1 ] 
a r e  44 , 19, and  12 M eV .

2 .B .  I n te r a c t io n  u s e d  by  P e a r s o n  e t  a l .

A  s l ig h t ly  d i f f e r e n t  k in d  of e f f e c t iv e  in t e r a c t io n  w a s  d e v e lo p e d  by  
P e a r s o n  an d  S a u n ie r  [12] a t  M o n t r e a l .  T h e i r  in t e r a c t io n  i s  a g a in  r e 
q u i r e d  to  f i t  th e  b in d in g  e n e rg y  and  d e n s i ty  of n u c le a r  m a t t e r ,  and  g iv e
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s m a l l  s e c o n d - o r d e r  e n e rg y .  I t  i s  a l s o  r e q u i r e d  to  m a tc h  th e  r e a l i s t i c  
in t e r a c t io n  a t  i n t e r p a r t i c l e  d i s ta n c e s  > 1 F m , in  o th e r  w o rd s , th e  lo n g -  
r a n g e  p a r t  o f th e  in t e r a c t io n  sh o u ld  b e  r e a l i s t i c .  T h is  s t a te m e n t  h a s  to  
b e  q u a li f ie d  s o m e w h a t .  T h e  a u th o r s  n e g le c t  a n y  s p in  d e p e n d e n c e , s p in  
o r b i t  in t e r a c t io n  an d  t e n s o r  f o r c e .  T h u s  t h e i r  id e a  of " lo n g - r a n g e  c o n 
f o r m i ty "  r e q u i r e s  th a t  th e  in t e r a c t io n  in  th e  1 S() s t a t e  a g r e e s  w ith  th e  p r e 
d ic t io n s  o f a  o n e -b o s o n  e x c h a n g e  m o d e l .  T h e  l a t t e r  sh o u ld  b e  f a i r l y  
r e a l i s t i c  dow n to  ab o u t 1 F m .  P e a r s o n  an d  S a u n ie r  u s e  th e  o n e -b o s o n  
e x c h a n g e  p o te n t ia l  (O B E P ) p ro p o s e d  b y  B ry a n  an d  S c o tt [ 1 3 1, w h ic h  i n 
c lu d e s  c o n tr ib u t io n s  f r o m  e x c h a n g e  o f 'îr , p , со an d  a  h y p o th e t ic a l  a  ( s c a la r )  
m e s o n  w h ich  i s  m e a n t  to  r e p r o d u c e  a p p ro x im a te ly  th e  e f f e c t  o f th e  tw o - 
p io n  e x c h a n g e  in t e r a c t io n .  M o re  a c c u r a t e  O B E P  p o te n t ia l s  w ith  m o m e n tu m -  
d e p e n d e n t t e r m s  h a v e  b e c o m e  a v a i la b le  r e c e n t ly  [ 1 4 ,  1 5 l  . S u ch  a  lo n g  r a n g e  
p o te n t ia l ,  c u t o ff b e lo w  1 F m , sh o u ld , in  f a c t ,  r e p r o d u c e  ro u g h ly  th e  s a m e  
S -w a v e  p h a s e  s h i f t  a t  low  e n e r g i e s  a s  a  r e a s o n a b le  S - s ta te  p o te n t ia l  w ith  
a  r e p u l s iv e  c o r e  of r a d iu s  ~ 0 . 4  F m  an d  a t t r a c t i o n  o u ts id e .  S ta te d  in  
o th e r  w o rd s ,  a n  S s t a t e  in t e r a c t io n  w h ic h  f i t s  a t  l e a s t  th e  ^  0 p h a s e  s h i f t  
r e a s o n a b ly  w e ll h a s  a  s e p a r a t i o n  d is ta n c e  [ 1 6 ]  of ab o u t 1  F m  a t  low  m o 
m e n ta .  T h e  s h o r t - r a n g e  p o te n t ia l  in c lu d in g  c o r e  an d  s o m e  a t t r a c t io n  
g iv e s  no  p h a s e  s h if t  a t  lo w  m o m e n ta , b u t i t  a c t s  l ik e  a  r e p u l s io n  a t  h ig h e r  
m o m e n ta .  H o w e v e r , th e  e x a c t  f o r m  of th e  S s t a te  n u c le o n -n u c le o n  i n t e r 
a c t io n  b e lo w  ab o u t 1 F m  i s  s t i l l  s o m e w h a t u n c e r t a in ,  a s  i t  i s  p o s s ib le  to  
f i t  p h a s e  s h i f t s  u p  to  3 0 0  M eV  e q u a lly  w e ll  w ith  h a r d  c o r e  [17], s o f t  c o r e  
[18] an d  m o m e n tu m -d e p e n d e n t  c o r e  p o te n t ia l s  [14]. A ls o  th e  O B E P  m o d e l 
m a y  w e ll  f a i l  a t  d i s ta n c e s  l e s s  th a n  1 F m .  T h u s  P e a r s o n  an d  S a u n ie r  [19] 
in t ro d u c e  a  p h e n o m e n o lo g ic a l m o m e n tu m -d e p e n d e n t s h o r t - r a n g e  in t e r -  . . 
a c t io n  of th e  s a m e  fo r m  a s  d is c u s s e d  b e fo r e  [5 ]. (T h e y  a l s o  t r e a t  a n  i n t e r 
a c t io n  [20] in  w h ich  th e  m o m e n tu m -d e p e n d e n t  p a r t  i s  p 2 e ‘P2sZ. w ( r ) ,  b u t . 
t h i s  d o e s  n o t le a d  to  s ig n if ic a n t ly  d i f f e r e n t  c o n c lu s io n s .)

T h e  s h o r t - r a n g e  in t e r a c t io n
(1) m u s t  e s s e n t i a l ly  v a n is h  a t  , r > l  F m ,
(2 ) c a n  b e  t r e a t e d  in  f i r s t  o r d e r  p e r tu r b a t io n  th e o r y ,  and
(3) to g e th e r  w ith  th e  lo n g - ra n g e  p o te n t ia l  g iv e s  th e  e m p i r i c a l  b in d in g  

e n e r g y  an d  d e n s i ty  o f n u c le a r  m a t t e r .
U s in g  th i s  c o m b in e d  in t e r a c t io n ,  to g e th e r  w ith  a  s p in - in d e p e n d e n t  lo n g - r a n g e  
in t e r a c t io n  in  odd s t a t e s ,  P e a r s o n  an d  S a u n ie r  c a lc u la te d  th e  b in d in g  e n e r 
g y  a n d  r a d iu s  of 160  an d  40C a . T h e y  u s e  o s c i l l a to r  r a d i a l  w a v e - fu n c t io n s  
an d  m e r e ly  m in im iz e d  th e  e n e r g y  a s  a  fu n c t io n  o f o s c i l l a to r  s p a c in g  ftu.
T h is  p r o c e d u r e  h a s  b e e n  sh o w n  to  b e  a lm o s t  a s  a c c u r a t e  a s  a  H a r t r e e - F o c k  
c a lc u la t io n  of th e  b e s t  r a d i a l  w a v e - fu n c t io n s  [21 ]. T h e y  a l s o  v a r i e d  th e  
r a n g e s  o f th e  c o m p o n e n ts  o f th e  s h o r t - r a n g e  in t e r a c t io n .  T h e  s e c o n d -  
o r d e r  e n e rg y  c a m e  o u t o n l y ~ l  to  2 M eV  p e r  p a r t i c l e .  T h e  c a lc u la te d  
e n e r g y  a n d  r a d iu s  o f 160  an d  40C a  tu r n s  o u t to  b e  n e a r ly  in d e p e n d e n t o f  • 
th e  a s s u m e d  n u c le a r  i n t e r a c t io n  an d  c lo s e  to  th e  e x p e r im e n ta l  v a lu e s  
( i . e .  c a lc u la te d  E  of 160  = 6 .5  M e V /A ), a s  lo n g  a s  i t  s a t i s f i e s  th e  t h r e e  
c r i t e r i a  m e n t io n e d  a b o v e . I f  th e  s h o r t - r a n g e  in t e r a c t io n  h a s  to o  l a r g e  
a  r a n g e ,  th e n  i t  " s p i l l s  o v e r "  in to  th e  lo n g - r a n g e  r e g io n .  In  th i s  c a s e  
160  a n d  40C a  b e c o m e  u n d e rb o u n d  an d  t h e i r  r a d iu s  g e ts  to o  l a r g e .

A l to g e th e r ,  th e  id e a  of s e p a r a t i n g  th e  n u c le o n - n u c le o n  in t e r a c t io n  
in to  a  r e a l i s t i c  lo n g - r a n g e  a n d  a  p h e n o m e n o lo g ic a l  s h o r t - r a n g e  p a r t  m a y  
tu r n  o u t to  b e  v e r y  p r o m is in g  f o r  fu tu re  n u c le a r  s t r u c t u r e  a p p l i c a t i o n s .
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B r in k  a n d  B o e k e r  [22] s tu d ie d  v a r io u s  e f f e c t iv e ,  s p in - in d e p e n d e n t  
i n t e r a c t io n s  in  b o th  e v e n  an d  odd  s t a t e s ,  i . e .  d i f f e r e n t  e x c h a n g e  m i x tu r e s .  
T h e y  in c lu d e  a  su m  of tw o  G a u s s ia n s ,  G a u s s ia n  p lu s  d e l t a - i n t e r a c t io n  and  
a  v e lo c i ty - d e p e n d e n t  in t e r a c t io n .  A g a in  one  of th e  c r i t e r i a  i s  to  f i t  n u c le a r  
m a t t e r  b in d in g  e n e rg y  a n d  d e n s i ty ;  h o w e v e r ,  in s te a d  of m a tc h in g  th e  lo w - 
e n e rg y  n u c le o n -n u c le o n  d a ta ,  th e y  f i t  th e  e m p i r i c a l  b in d in g  e n e r g y  and  
r a d iu s  o f th e  a lp h a  p a r t i c l e .  B r in k  an d  B o e k e r  th e n  c a lc u la te ,  f o r  e a c h  
of th e  in t e r a c t io n s ,  th e  b in d in g  e n e rg y  an d  m e a n  s q u a r e  r a d iu s  o f 160 .
F o r  m o s t  o f th e m , 160  is  a g a in  u n d e rb o u n d  b y  1 to  2 M eV  p e r  p a r t i c l e .
T h e  m a in  a p p lic a t io n  of th e s e  in t e r a c t io n s  i s  in  H a r t r e e - F o c k  c a lc u la t io n s  
f o r  n o n -c lo s e d  s h e l l  n u c le i  a n d  e x c i te d  s t a t e s .  T h u s  B r in k  an d  B o e k e r  
c a lc u la te d  th e  g ro u n d  s t a t e  i n t r i n s i c  e n e r g i e s  o f  8B e a n d  12C u s in g  an  
a n is o t r o p ic  o s c i l l a to r  b a s i s  f o r  th e  s in g le  p a r t i c l e  w a v e - fu n c t io n s .  In  a l l  
c a s e s ,  th e y  o b ta in  to o  l i t t l e  b in d in g .

I t  s e e m s  th a t  a l l  th e  e f f e c t iv e  in t e r a c t io n s  d is c u s s e d  h e r e  do n o t g iv e  
en o u g h  b in d in g  e n e rg y  f o r  16Ó a n d  a ls o  f o r  o th e r  c lo s e d  s h e l l  n u c le i .  T h is  
d is c r e p a n c y  c a n  p e r h a p s  b e  re m o v e d  in  p a r t  b y  in c lu s io n  o f th e  g ro u n d -  
s t a te  c o r r e l a t i o n  e n e r g y  a s  c a lc u la te d  b y  B ro w n  an d  W ong [23] an d  p o s s ib ly  
a ls o  b y  a  d e n s i ty  d e p e n d e n c e  of th e  e f f e c t iv e  in t e r a c t io n  s u c h  a s  u s e d  by  
G re e n  [24 ]. O ne s u c h  c a lc u la t io n  w a s  m a d e  b y  K r i e g e r ,  B a r a n g e r  and  
D a v ie s  [21 ], w ho u s e d  a n  in t e r a c t io n  of th e  ty p e  d is c u s s e d  in  S e c tio n  2. A , 
an d  a n  a d d it io n a l  d e n s i ty -d e p e n d e n t  r e p u l s iv e  d e l t a  in t e r a c t io n  (c f . S e c tio n  3). 
T h e i r  r e s u l t s  w e re  v e r y  c lo s e  to  th o s e  o b ta in e d  in  R e f . [5 ]. '

3 . T H E  N U C L E A R  S U R F A C E

3 . A . B e th e ' s  T h o m a s - F e r m i  T h e o ry

R e c e n tly ,  B e th e  [25] h a s  d e r iv e d  th e  p r o p e r t i e s  o f th e  n u c le a r  s u r 
f a c e ,  th a t  i s ,  i t s  th ic k n e s s  an d  sh a p e  and  th e  s u r f a c e  e n e rg y .  H e a s s u m e d  
N = Z an d  d id  n o t ta k e  in to  a c c o u n t th e  C o u lo m b  e f f e c t .  B e th e , l ik e  m o s t  
p r e v io u s  a u th o r s  s tu d y in g  th e  n u c le a r  s u r f a c e ,  a s s u m e d  th e  v a l id i ty  of 
th e  T h o m a s - F e r m i  a p p ro x im a t io n .  T h is  a p p e a r s  to  b e  a  good  a p p r o x im a 
t io n  f o r  n u c le i ,  an d  i t  g r e a t ly  s im p l i f i e s  th e  c a lc u la t io n .  B e th e  sh o w s, 
u s in g  a  s im p le  f o r m  of r e a c t io n  m a t r i x  th e o r y ,  how  to  c o n v e r t  th e  c o m 
p l ic a te d  r e a l i s t i c  i n t e r a c t io n  to  a m u c h  l e s s  s in g u la r  e f f e c t iv e  in t e r a c t io n  
f r o m  w h ich  th e  e n e rg y  o f a  f in i te  n u c le u s  c a n  b e  o b ta in e d  in  f i r s t  o r d e r .  
B e th e  u s e s  th e  fo llo w in g  a p p ro x im a te  an d  v e r y  s im p le  e f f e c t iv e  in te r a c t io n :

w h e re  v L(r)  i s  th e  lo n g - r a n g e  [16] p a r t  of th e  r e a l i s t i c  S s t a t e  i n t e r 
a c t io n  in  th e  s e p a r a t i o n  m e th o d  an d  Pr i s  th e  M a jo ra n a  s p a c e  e x c h a n g e  
o p e r a to r .  T h u s  th e  f i r s t  p a r t  of th e  e f f e c t iv e  in t e r a c t io n  a c t s  o n ly  in  
s p a t ia l ly  e v e n  s t a t e s .  T h e  se c o n d  p a r t  o f th e  in t e r a c t io n  d e n o te s  a 
d e n s i ty -d e p e n d e n t  б - fu n c tio n . T h is  a r i s e s  f r o m  th e  fo llo w in g  tw o  s o u r c e s .

(1) T h e  s h o r t - r a n g e  p a r t  o f th e  in t e r a c t io n  c o n ta in in g  a  r e p u l s iv e  
c o r e  and  p a r t  of th e  a t t r a c t i v e  w e ll  d o e s  n o t c o n tr ib u te  to  th e  e n e rg y  a t 
low  d e n s i ty ,  i . e .  th e  e n e r g i e s  due  to  th e  r e p u l s iv e  an d  a t t r a c t i v e  i n t e r 
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a c t io n s  c a n c e l .  H o w e v e r, a t  n u c le a r  d e n s i ty ,  th e  r e p u l s io n  b e c o m e s  r e l 
a t iv e ly  m o r e  im p o r ta n t .  S in c e  th e  s h o r t - r a n g e  c o r r e la t io n s  a r e  n e a r ly  
m o m e n tu m - in d e p e n d e n t,  w e c a n  r e p l a c e  th e  e x t r a  e f f e c t iv e  r e p u l s io n  t e r m  
b y  a  d e l ta  in t e r a c t io n .

(2) T h e  t e n s o r  f o r c e  c o n tr ib u te s  to  th e  b in d in g  of n u c le a r  m a t t e r  o n ly  
in  s e c o n d  an d  h ig h e r  o r d e r .  V e ry  ro u g h ly , i t s  e f fe c t  in  n u c le a r  m a t t e r  
c a n  b e  s im u la te d  b y  a n  a t t r a c t i v e  in t e r a c t io n  w h ic h  b e c o m e s  w e a k e r  w ith  
in c r e a s in g  d e n s i ty .  T h is  t e r m  c a n  b e  o n ly  v e r y  ro u g h ly  r e p r e s e n te d  by  
a d e l t a  in t e r a c t io n .  A lto g e th e r  G s (p) c a n  b e  a p p ro x im a te d  [25] b y  a  c o n 
s ta n t  t im e s  p2/ 3 .

T h e  to t a l  e n e rg y  o f th e  n u c le u s  c a n  th e n  b e  e x p r e s s e d  in  t e r m s  of 
d e n s i t i e s :

* î J Ç s  * j T N c L \  (1)

w h e re  p ( r j  , r 2 ) i s  th e  m ix e d  d e n s i ty

s u m m e d  o v e r  a l l  o c c u p ie d  s t a t e s .  T (r )  i s  th e  k in e t ic  e n e rg y  d e n s i ty .
In  th e  T h o m a s - F e r m i  a p p ro x im a t io n , th e  m ix e d  d e n s i ty  i s  g iv e n  by  

th e  fo llo w in g  s im p le  e x p r e s s io n :  [26]

w h e re  R . = j -  ( % ,  t  Ъ г )

a n d  j(x) = 3 ( s in x  - x  c o s  x ) / x 3 . T h u s  th e  m ix e d  d e n s i ty  h a s  th e  s a m e  f o r m  
a s  f o r  n u c le a r  m a t t e r  w ith  d e n s i ty  c o r r e s p o n d in g  to  k F(R ). S u b s t i tu tin g  
th i s  r e s u l t  in to  th e  e q u a tio n  f o r  E  w e o b ta in  f o r  th e  se c o n d  t e r m  o f E q . (1):

w h e re

$ ( № )  (*)■*, J

T h e  e x p r e s s io n  f o r  th e  e n e rg y  b e c o m e s :  1

E  =J {  ? (* )[ -  Vo +j&5 (f(*)) 1- §(?(*))]+ T(?(*))]d3Æ (2)

w h e re

T h e  q u a n ti ty  in  b r a c k e t s  i s  th e  to t a l  e n e rg y  d e n s i ty .  I t i s  r e l a te d  to  th e  
e n e r g y  p e r  p a r t i c l e  a t  c o n s ta n t  d e n s i ty  W (p) b y  { } = pW (p). T h e  e n e rg y
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p e r  p a r t i c l e  a s  fu n c t io n  of d e n s i ty  c a n  b e  ta k e n  f r o m  n u c le a r  m a t t e r  c a l 
c u la t io n s  w ith o u t h a v in g  to  t r e a t  th e  in d iv id u a l  t e r m s  V0 , G s o r  Ф in  
d e t a i l . 1

N ow , ta k in g  in to  a c c o u n t th e  s p a t i a l  d e p e n d e n c e  of th e  d e n s i ty ,  and  
r e w r i t in g  E q .( 2 ) ,  w e o b ta in :

£  = J f ( e ) W ( p ( e ) )  d ? n  + ]  VL  ( г , г ) а с \ с 6 3 -гг  (3)

T h e  s e c o n d  t e r m  i s  th e  o n ly  one  w h ich  d e p e n d s  u p o n  v a r i a t i o n s  in  th e  n u 
c l e a r  d e n s i ty  ( fo r  c o n s ta n t  d e n s i ty  i t  v a n is h e s ) .  T h e  f a c to r  <p i s  a  c o r r e c 
t io n  due  to  th e  f a c t  th a t  f o r  p a r t  of th e  t im e ,  e a c h  n u c le o n  i s  th ro w n  ou t 
o f th e  F e r m i  s e a  o f n u c le a r  m a t t e r  b y  v i r tu e  of th e  s h o r t - r a n g e  r e p u l s io n .  
W hen o u t o f th e  F e r m i  s e a  a  n u c le o n  f e e l s  p r a c t i c a l l y  no b in d in g  d u e  to  
o th e r  n u c le o n s  in  bo u n d  s t a t e s .  T h is  i s  ju s t  a n o th e r  w ay  of s a y in g  th a t  
th e  o n e -b o d y  p o te n t ia l  i s  a s s u m e d  to  v a n is h  in  in t e r m e d ia t e  s t a t e s  [27].
T h e  f a c to r  cp i s  th e n  ju s t  th e  p ro b a b i l i ty  th a t  th e  in t e r a c t in g  p a r t i c l e s  a t  
r j  an d  r 2 a r e  b o th  in s id e  th e  F e r m i  s e a .  C a lc u la t io n s  [28] g iv e  cp = 0 . 7 5  
to  0 . 8 .

N ex t, B e th e  e x p a n d s  p ( r 2) - p ( r j )  in  p o w e rs  o f r 12 . S in c e  th e  d e n s i ty  
i s  s lo w ly  v a ry in g  c o m p a r e d  w ith  th e  r a n g e  of th e  n u c le a r  f o r c e s ,  i t  m a y  
b e  a  good  a p p ro x im a t io n  to  k e e p  o n ly  d e r iv a t iv e s  of p up  to  th e  s e c o n d .
T h is  m a k e s  i t  p o s s ib le  to  o b ta in  a  d i f f e r e n t ia l  e q u a tio n  f o r  th e  d e n s i ty .
N ex t th e  fo r m  of p (r )  in  E q . (3) i s  v a r i e d  s u b je c t  to  th e  c o n d it io n  th a t  
/ p ( r ) d 3 r = A  is  a  c o n s ta n t .  F in a l ly ,  B e th e  a s s u m e s  a p la n e  n u c le a r  s u r 
fa c e  . T h en  th e  s u r f a c e  e n e rg y  i s  g iv e n  by :

f s = 4o [JZ ĉ c?) - K)é<¿z + i  bJZ (4?k)dz] (4)

w h e re  p = p/po
p 0 = n u c le a r  m a t t e r  d e n s i ty

В = f v L( r 12 ) r 212 d 3r 12

r 0 = n u c le a r  r a d iu s  c o n s ta n t  = 1. 12 F m .
A c c o rd in g  to  E q . (4 ), th e  s u r f a c e  e n e rg y  d e p e n d s  o n ly  on W (p), th e  

b in d in g  e n e rg y  of n u c le a r  m a t t e r  v s .  d e n s i ty ,  and  f v L( r 12 ) r j 2 d 3 r 12, th e  
s e c o n d  m o m e n t o f th e  lo n g - ra n g e  in t e r a c t io n .  U s in g  th e  c a lc u lu s  of v a r i 
a t io n s  i t  i s  r e a d i ly  sh o w n  th a t 't h e  d e n s i ty  fu n c t io n  w h ich  m in im iz e s  th e  
s u r f a c e  e n e rg y  o b e y s  th e  d i f f e r e n t ia l  e q u a tio n

ieíĝ fíMél-w.) (5)
1 It has to be mentioned that nucleon-nucleon interactions which accurately fit nucleon-nucleon 

scattering phase shifts and have a static repulsive core (infinite or finite) give only 8 to 10 MeV (per particle) 
binding in nuclear matter [38].

In order to use a realistic interaction in nuclear matter or at the surface, perhaps the best procedure 
is the one suggested by Bethe [25]. which is simply to increase the calculated potential energy of nuclear 
matter due to the realistic interaction by about 20%, which will then yield the empirical nuclear matter 
energy.

It is not yet established if one can get the correct nuclear matter binding energy with a realistic 
interaction possessing a velocity dependent repulsion. This problem is being studied by L. Ingber, who 
uses an OBE potential.



A q u ite  a c c u r a t e  r e p r e s e n ta t io n  of W (p) i s  [25]:

W (f) /Wo = - i  +4?'/ г -2 ?
T h is  le a d s  to  a  n u c le a r  c o m p r e s s io n  m o d u lu s

К  = - 9W0 - 144 M eV  

T h e  d i f f e r e n t ia l  e q u a tio n  h a s  th e  e x a c t  s o lu tio n :

j*(z ) =(i -  £  f o r  z < 0

v, f  & Y/zw h e re  a  = / —  J  .
W o /

T h e  d e n s i ty  fu n c t io n  p (z) i s  p lo t te d  in  F ig .  1. A s  c a n  b e  s e e n ,  i t s  
p o in t  o f m o s t 1 r a p id  f a l lo f f  o c c u r s  a t  a  d e n s i ty  o n ly  25% of th e  c e n t r a l  v a lu e .  
T h e  c a lc u la te d  s u r f a c e  th i c k n e s s ,  d e fin e d  a s  a  r e c i p r o c a l  o f th e  m a x im u m  
s lo p e ,  i s  b  = 2 a . A s s u m in g  a  r e a s o n a b le  v a lu e  f o r  b  ~  s a y  2 .4  F m , th e n  
a  = 1. 2 F m , w h ic h  im p l ie s  th a t  В  = 23 M eV . A c tu a lly , u s in g  th i s  s im p l i f ie d  
in t e r a c t io n ,  B e t h e 's  c a lc u la te d  b i s  m u c h  to o  l a r g e .  T h e  s u r f a c e  e n e rg y  i s

‘ E s = —  X ^  = 17 M eV
S ro 3a

in  q u ite  good  a g r e e m e n t  w ith  th e  m o s t  r e c e n t  e m p i r i c a l  v a lu e  [8].
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F IG .l. Theoretical density distribution from differential theory versus r. AB is the tangent drawn at the 
point of steepest slope, the distance rg - гд is b = 2a. (From Ref. [25]).

A n a l t e r n a t iv e  p r o c e d u r e  i s  to  d ro p  th e  a s s u m p tio n  th a t  th e  d e n s i ty  
v a r i e s  s lo w ly . In  th i s  c a s e ,  B e th e  o b ta in s  a n  in t e g r a l  e q u a tio n  f o r  p (r); 
n a m e ly

+4?°4>Jvl tej-f (г,)] aCJît =o
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T h is  e q u a tio n  (a s  w e ll  a s  m o r e  c o m p lic a te d  o n e s  r e s u l t i n g  f r o m  th e  i n 
c lu s io n  of s t r o n g  S s t a te  an d  t e n s o r  f o r c e s ) ,  w a s  s o lv e d  b y  N e m e th  [29] 
an d  th e  r e s u l t i n g  d e n s i ty  d i s t r i b u t io n  tu r n s  ou t to  b e  of th e  fo r m :

p(x) = 1 - e " “ x if  o x  »  1

w h e re  x i s  th e  d is ta n c e  f r o m  th e  n u c le a r  s u r f a c e  ( a  ~  0 . 7 F m ) .  T h is  d e n 
s i t y  a p p ro a c h e s  th e  n u c le a r  m a t t e r  v a lu e  so m e w h a t m o r e  s lo w ly  th a n  th e  
d e n s i ty  d e r iv e d  f r o m  th e  d i f f e r e n t i a l  e q u a tio n . F u r t h e r m o r e ,  u s e  of th i s  
in t e g r a l  e q u a tio n  y ie ld s  a  r e a s o n a b le  v a lu e  of th e  s u r f a c e  th i c k n e s s .

3 .B .  S om e o th e r  t h e o r e t i c a l  t r e a tm e n t s

I sh o u ld  l ik e  to  b r i e f ly  m e n t io n  s o m e  o th e r  r e c e n t  t h e o r e t i c a l  s tu d ie s  
o f th e  n u c le a r  s u r f a c e .  B u c h le r ,  L o m b a rd ,  J o r n a  an d  B r u e c k n e r  [30] 
h a v e  c a lc u la te d  th e  d e n s i ty  d i s t r i b u t io n  o f s o m e  f in i t e  c lo s e d  s h e l l  n u c le i ,  
u s in g  a  m e th o d  q u ite  s i m i l a r  to  B e th e ' s .  T h u s  th e y  a ls o  a s s u m e  th e  v a 
l id i ty  o f th e  T h o m a s - F e r m i  a p p ro x im a t io n  an d  N = Z , an d  th e y  w r i t e  th e  
e x p r e s s io n  f o r  th e  s u r f a c e  e n e rg y  so  th a t  i t  d e p e n d s  e s s e n t i a l ly  o n ly  on 
th e  e n e rg y  d e n s i ty  r e l a t i o n  of n u c le a r  m a t t e r  an d  on  th e  in h o m o g e n e ity  
t e r m s  (V p)2 . U n lik e  B e th e , th e s e  a u th o r s  ta k e  in to  a c c o u n t th e  c u r v a 
t u r e  of th e  n u c le a r  s u r f a c e .

S o m e  of th e  o th e r  n u c le a r  s u r f a c e  s tu d ie s  h a v e  n o t a s s u m e d  th e  
v a l id i ty  of th e  T h o m a s - F e r m i  a p p ro x im a t io n .  T h u s  S w ia te c k i [31 ], in  
one  of th e  e a r l i e s t  w o rk s  on  th e  n u c le a r  s u r f a c e ,  u s e d  a R o s e n fe ld  p o te n 
t i a l .  H e fo u n d  m u c h  to o  s m a l l  v a lu e s ,  i .  e .  s u r f a c e  th ic k n e s s  b  = 1. 6 F m  
an d  E s = 10 M eV . H o w e v e r , w e now  know  th a t  th e  R o s e n fe ld  in t e r a c t io n  
d o e s  n o t d e s c r ib e  n u c le o n - n u c le o n  s c a t t e r in g  p h a s e  s h i f t s  a t  o th e r  th a n  
v e r y  low  e n e r g i e s .

A n o th e r  r e c e n t  in v e s t ig a t io n  o f i n t e r e s t  i s  th e  one  by  T a b a k in  and  
A m o s  [32]. T h e s e  a u th o r s  u s e d  v a r io u s  e f f e c t iv e  tw o -n u c le o n  in t e r a c t io n s  
a n d  d id  n o t m a k e  th e  T h o m a s - F e r m i  a p p ro x im a t io n .  W ith  a  v e lo c i ty -  
d e p e n d e n t p o te n t ia l  w h ic h  r e p r o d u c e s  th e  s a tu r a t i o n  p r o p e r t i e s  o f n u c le a r  
m a t t e r ,  b u t n o t th e  tw o -b o d y  d a ta ,  th e y  f in d : E s -  28 M eV , b  = 3. 5 F m . 
T h is  s a m e  in t e r a c t io n  a ls o  g iv e s  to o  l i t t l e  b in d in g  an d  to o  m u c h  s u r f a c e  
d i f fu s e n e s s  in  H a r t r e e - F o c k  c a lc u la t io n s  o f c lo s e d  s h e l l  n u c le i .  O n  th e  
o th e r  h a n d , w ith  a n  in t e r a c t io n  w h ich  f i t s  tw o -b o d y  r e s u l t s  b u t n o t n u c le a r  
m a t t e r ,  th e y  o b ta in  m o r e  r e a s o n a b le  v a lu e s  E g = 22 M eV  an d  В = 2. 1 F m , 
q u ite  c lo s e  to  th e  e m p i r i c a l  v a lu e s .

3 .C .  U se  of a  s im p le  e f f e c t iv e  in t e r a c t io n

I t  w a s  p o in te d  o u t by  B e th e  [25] th a t  th e  T h o m a s  - F e r m i  a p p ro x im a t io n  
i s  a c c u r a t e  to  w ith in  10 % in  th e  r e g io n  w h e re  th e  d e n s i ty  i s  m o r e  th a n  
15% of th e  n u c le a r  m a t t e r  v a lu e .  I t  w o u ld , h o w e v e r ,  b e  o f i n t e r e s t  to  
s tu d y  in  m o r e  d e ta i l  th e  a c c u r a c y  of th i s  a p p ro x im a t io n  e s p e c i a l l y  f o r  th e  
n u c le a r  s u r f a c e  e n e r g y .  T h is  i s  d if f ic u l t  to  do f o r  a  r e a l i s t i c  n u c le o n -  
n u c le o n  in t e r a c t io n  s u c h  a s  B e th e  u s e d .  In s te a d ,  I  h a v e  u s e d  a  g r e a t ly  
s im p l i f ie d  e f f e c t iv e  in t e r a c t io n  of th e  f o r m  s u g g e s te d  b y  S k y rm e  [33] 
s o m e  y e a r s  ag o .

C o n s id e r  a  s h o r t - r a n g e  in t e r a c t io n  v ( r )  a c t in g  in  S s t a t e s  o n ly . T h e n  
th e  d ia g o n a l m a t r i x  e le m e n t  of v  f o r  r e l a t i v e  m o m e n tu m  к  i s  g iv e n  b y
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v (k , к) = J v ( r )  io (k r)  d 3 r .  F o r  low  m o m e n tu m , o r  a  v e r y  s h o r t - r a n g e  i n t e r 
a c t io n ,  w e c a n  e x p an d  in  p o w e r s  of k 2 to  o b ta in

O u r  a p p ro x im a t io n  i s  to  d ro p  th e  k 4 t e r m  o r  w e m a y  su p p o s e  th a t  th e  
in t e r a c t io n  i s  so  s h o r t - r a n g e d  th a t  / v r 4d 3r  an d  h ig h e r  m o m e n ts  c a n  b e  
n e g le c te d .

In  c o o rd in a te  s p a c e ,  th i s  new  in t e r a c t io n  c a n  b e  w r i t te n  a s

V ( p , ï  J = / Ve¿31 $ & )  -  -g J v -b ZcL3l [ p ?J (rL)

w h e re  p is  th e  m o m e n tu m  o p e r a t o r .  T h e  f i r s t  t e r m  i s  a  c o n v e n tio n a l 
d e l t a  in t e r a c t io n .  In  a d d it io n  w e ad d  a  d e n s i ty -d e p e n d e n t d e l t a  in t e r a c t io n  
to  s im u la te  th e  e f f e c t  o f th e  s h o r t - r a n g e  r e p u l s io n  ju s t  a s  w a s  done  in 
S e c tio n  3 .A . T h u s  th e  c o m p le te  in t e r a c t io n ,  w h ich  w e c a l l  a  m o d if ie d  
d e l ta  in te r a c t io n ,  c a n  b e  w r i t te n  a s

V = ~ d ,  8  ( г )  +oif k f ( ñ ) S ( z )  + -£ ^ [р гЯЫ+ SCi-Jp2]  (6)

w h e re  th e  F e r m i  m o m e n tu m  i s  r e l a t e d  to  th e  d e n s i ty  p by

j

W e c a n  e a s i ly  o b ta in  a n  a n a ly t ic  e x p r e s s io n  f o r  th e  e n e rg y  o f n u c le a r  
m a t t e r  a s  a fu n c t io n  of d e n s i ty .

Now  th e  in te r a c t io n  h a s  t h r e e  a r b i t r a r y  p a r a m e t e r s .  F o llo w in g  B r in k  and  
B o e k e r  [2 2 ] , w e f i t  th e s e  p a r a m e te r s  to  y ie ld  th e  c o r r e c t  b in d in g  e n e rg y  
an d  d e n s i ty  of n u c le a r  m a t t e r  an d  th e  b in d in g  e n e rg y  of th e  a - p a r t i c l e ,  th e  
l a t t e r  in  th e  h a rm o n ic  o s c i l l a to r 'a p p r o x im a t io n .  T h is  y ie ld s

a 0 = 1160 M eV  F m 3, » i = 7 1 M e V F m  5, (3 = 756 M eV  F m 5

(We h a v e  n o t ta k e n  in to  a c c o u n t any  s p in  d e p e n d e n c e  of th e  in t e r a c t io n .  )
A s a  t e s t  f o r  th e  in t e r a c t io n  w e c a lc u la te d  th e  n u c le a r  m a t t e r  s y m m e t r y  
e n e rg y , in c lu d in g  a  s m a l l  c o r r e c t i o n  f o r  s p in  d e p e n d e n c e . T h e  r e s u l t  i s  
35 M eV . T h is  sh o u ld  b e  c o m p a r e d  w ith  th e  e m p i r i c a l  v a lu e  31 M eV  f o r  
th e  v o lu m e  s y m m e t r y  e n e rg y  [8] and  w ith  th e  r e s u l t s  of c a lc u la t io n s  by  
B r u e c k n e r  an d  D a b ro w s k i [34] (32 M eV ) and  b y  N e m e th  [35] (32 M eV ). 
A ls o , th e  c a lc u la te d  b in d in g  e n e rg y  of 160  a g r e e s  w e ll w ith  e m p i r i c a l  
r e s u l t s .

N ex t, w e u s e  th e  m o d if ie d  d e l ta  in te r a c t io n  to  c a lc u la te  th e  p r o p e r t i e s  
of th e  n u c le a r  s u r f a c e ,  a s s u m in g  N = Z .  T h e  c a lc u la t io n  c a n  b e  d o n e  e i t h e r
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w ith o u t o r  w ith  th e  T h o r a a s - F e r m i  a p p ro x im a t io n .  W e n e g le c t  th e  c u r v a 
t u r e  of th e  s u r f a c e ,  th e n  th e  o n e - p a r t ic le  w a v e - fu n c t io n  c a n  b e  w r i t t e n  a s

w h e re  ф i s  th e  s o lu tio n  to  th e  o n e -d im e n s io n a l  S c h ro e d in g e r  e q u a tio n .
W e c h o s e  a  W o o d s -S a x o n  ty p e  o n e -b o d y  p o te n t ia l  to  g e n e r a te  th e  ф fu n c t io n  
u  = - u 0 [ l +  e x p ( z / z 0)] . F o r  a  m o d if ie d  d e l ta  in t e r a c t io n ,  th e  e n e r g y  d e n s i ty  
i s  a  fu n c t io n  o f  p a r t i c l e  d e n s i ty  p an d  r e d u c e d  k in e t ic  e n e r g y  d e n s i ty  r  
a lo n e .

B o th  p  an d  t  c a n  e a s i ly  b e  e v a lu a te d  e i t h e r  e x a c t ly  o r  in  th e  T h o m a s - F e r m i  
a p p ro x im a t io n .  In  e i t h e r  c a s e ,  th e  s u r f a c e  e n e r g y  E s i s  g iv e n  b y  th e  fo l lo w 
in g  e x p r e s s io n :

E a c h  of th e  in t e g r a l s  J  i s  o f th e  fo r m :

T h e  s u r f a c e  e n e rg y  w a s  m in im iz e d  w ith  r e s p e c t  to  th e  d i f f u s e n e s s  p a r a 
m e t e r  z 0 of th e  g e n e r a t in g  p o te n t ia l ,  w ith  V0 = 50 M eV , an d  m a x im u m  
F e r m i  e n e rg y  E F = - 12. 5 M eV , an d  w a s  fo u n d  to  h a v e  a  m in im u m  c lo s e  
to  z 0 = 0 .7  F  b o th  in  th e  T h o m a s - F e r m i  a p p ro x im a t io n  an d  th e  e x a c t  c a l 
c u la t io n . T h e  k in e t ic  and  p o te n t ia l  e n e rg y  t e r m s  a r e  r e s p e c t i v e ly  ab o u t 
5% an d  10% l a r g e r  th a n  th e  T h o m a s - F e r m i  v a lu e s ,  w h ile  th e  d e n s i ty  g r a d 
ie n t t e r m  i s  10% s m a l l e r .  W e o b ta in  E s = 20 . 9 (22 . 3) M eV  in  th e  T h o m a s -  
F e r m i  (e x a c t)  c a lc u la t io n .  T h e  r e s u l t a n t  p a r t i c l e  d e n s i ty  i s  q u ite  c lo s e  
to  th e  W o o d s -S a x o n  f o r m ,  w ith  a n  e f f e c tiv e  s u r f a c e  th ic k n e s s  o f 2 .5  F m .  
T h e  T h o m a s - F e r m i  an d  e x a c t  p a r t i c l e  d e n s i t i e s  a g r e e  r a t h e r  c lo s e ly  dow n 
to  d e n s i t i e s  p ~  0 . 15. T h is  i s  i l l u s t r a t e d  in  F ig .  2, w h ic h  a ls o  sh o w s th a t  
th e  g e n e r a t in g  p o te n t ia l  U (z) e x te n d s  f u r t h e r  o u t th a n  th e  d e n s i ty  d i s t r i 
b u tio n  d o e s .  F in a l ly  i t  i s  n o te d  th a t  th e  p o te n t ia l  i s  s l ig h t ly  m o r e  d if fu se  
th a n  th e  p a r t i c l e  d e n s i ty .

I t  w il l  b e  v e r y  i n t e r e s t i n g  to  e x te n d  th e  c a lc u la t io n s  of th i s  s e c t io n  to  
f in i t e  n u c le i  w h e re  N > Z an d  th e  C o u lo m b  e f f e c t  i s  in c lu d e d . T h is  i s  
e s p e c i a l l y  so  s in c e  t h e r e  i s  now  c o n s id e r a b le  e v id e n c e  of a  n e u t r o n - r i c h  
o u te r  s u r f a c e  in  h e a v y  n u c le i  [36 ].

f  = r  f o r  J k , p 2 f o r  J 0 , p 8/"3 f o r  J  , рт f o r  J 2 ,

f 0 = n u c le a r  m a t t e r  v a lu e



588 MOSZKOW SKI

FIG.2. Theoretical distribution of potential (Woods-Saxon) and resulting particle density at the nuclear 
surface. Also shown is the Thomas-Fermi distribution.

In  th i s  c o n n e c t io n , I f e e l  i t  w ou ld  b e  a p p r o p r ia te  to  c lo s e  b y  s a y in g  
a few  w o rd s  a b o u t th e  c o n tr ib u t io n  to  th i s  s y m p o s iu m  of D r .  M . A . N aq v i, 
w ho a s  you  a l l  know , d ro w n e d  h e r e  so  t r a g i c a l ly  l a s t  w eek .

D r .  N aq v i, in  c o l l a b o r a t io n  w ith  D r .  D o n e lly , e s t im a te d  th e  v a r io u s  
t e r m s  in  th e  n u c le a r  m a s s  f o r m u la  e x c lu d in g  p a i r in g  a n d  s h e l l  c o r r e c t i o n s  

B . E .  = a vA = a sym I2A - a surf A 2/ 3 + a surf I2 A2/ 3+ C o u lo m b  e n e rg y .
I = ( N - Z ) / A

T h e y  a s s u m e d  a  m o m e n tu m -d e p e n d e n t  n u c le o n -n u c le o n  in t e r a c t io n  s i m i 
l a r  to  th a t  u s e d  b y  D a v ie s ,  B a r a n g e r  e t  a l . , d e s c r ib e d  in  S e c tio n  2. A .
T h e  p a r a m e t e r s  in  th e  in t e r a c t io n  w e re  f ix e d  b y  f i t t in g  th e  lo w -e n e r g y  
tw o -n u c le o n  d a ta  an d  th e  s a tu r a t i o n  p r o p e r t i e s  of n u c le a r  m a t t e r .  T h e i r  
c a lc u la te d  s y m m e t r y  e n e rg y  i s  30 M eV , c lo s e  to  th e  e m p i r i c a l  an d  th e o 
r e t i c a l  v a lu e .  A  l a r g e  v a lu e  f o r  th e  s u r f a c e  s y m m e t r y  e n e rg y  w a s  a l 
r e a d y  o b ta in e d  in  a  r e c e n t  s tu d y  b y  M y e r s  [37].
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D I S C U S S I O N

P . E .  N EM IR O V SK Y : W e h a v e  c a lc u la te d  th e  r a d iu s  o f  n u c le a r  d e n s i ty  
a n d  th e  r a d iu s  o f  th e  s e l f - c o n s i s t e n t 'p o t e n t i a l .  T h e  r e s u l t s  o b ta in e d  a r e  in  
good  a g r e e m e n t  w ith  th e  e x p e r im e n ta l  d a ta  i f  w e  a s s u m e  th a t  th e  n u c le a r  
d e n s i ty  i s  a  w e a k e r  s o u r c e  o f  n u c le a r  f o r c e s  in  th e  c e n t r a l  p a r t  o f  a  n u c le u s  
in  c o m p a r is o n  w ith  th e  n u c le a r  s u r f a c e .

S. A . M O SZK O W SK I: In d e e d , th e  i n t e r a c t io n  I m e n tio n e d  i s  s t r o n g e r  
a t  th e  s u r f a c e  o f  a  n u c le u s .

J .  N E M E T H : I w o u ld  l ik e  to  p o in t o u t th a t  th e  in t ro d u c t io n  o f n o n 
lo c a l  d e n s i ty -d e p e n d e n t  t e r m s  in to  th e  e f f e c t iv e  i n t e r a c t io n  m ig h t be  v e r y  
im p o r t a n t .  In  o u r  T h o m a s - F e r m i  c a lc u la t io n  i t  c h a n g e d  th e  s u r f a c e  th i c k 
n e s s  ab o u t 20% a n d  th e  s u r f a c e  e n e rg y  a  few  M eV .
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CLOSING REMARKS

In  th e  c lo s in g  s e s s io n  o f th e  s y m p o s iu m , u n d e r  th e  c h a ir m a n s h ip  
o f P r o f e s s o r  V. G . S o lo v iev , s h o r t  s t a te m e n ts  w e re  m a d e  b y  P r o f e s 
s o r s  A . B o h r, P . H u b e r , M, S ak a i an d  J . O .  R a s m u s s e n .  T h e  c lo s in g  
r e m a r k s  of P r o f e s s o r  B o h r a r e  in c lu d e d  h e r e .

A . B O H R : I sh o u ld  l ik e  to  g iv e  e x p r e s s io n  to  th e  g r a t i tu d e  w h ic h  th e
p a r t i c ip a n t s  o f th e  s y m p o s iu m  f e e l  to w a rd s  o u r  h o s t s  f o r  t h e i r  g e n e ro u s  
h o s p i ta l i ty  an d  to  c o n g r a tu la te  th e  o r g a n i z e r s  f o r  a  v e r y  s u c c e s s f u l  m e e t in g . 
In d e e d , o u r  s y m p o s iu m  h a s  b e e n  v e r y  im p r e s s iv e  in  r e g i s t e r i n g  a d v a n c e s  
o v e r  a  b ro a d  f r o n t .  W e h av e  h e a r d  a b o u t t e s t s  an d  c o n s o l id a t io n s  o f o u r  
p ic tu r e  o f n u c le a r  s t r u c t u r e ,  o f im p o r ta n t  p r o g r e s s  in  o u r  u n d e rs ta n d in g ,  
an d , no t l e a s t ,  th e  e x p lo r e r s  on th e  d i f f e r e n t  f r o n t i e r s  h a v e  r e p o r te d  e x c i t 
ing  new  p h e n o m e n a  th a t  p o s e  c h a lle n g in g  p r o b le m s .  T h e  t h e o r i s t s ,  I b e l ie v e ,  
le a v e  th e  s y m p o s iu m  w ith  m u c h  food  f o r  th o u g h t an d  p le n ty  o f h o m e w o rk . 
P r o f e s s o r  R a s m u s s e n  h a s  m e n tio n e d  s o m e  o f th e  d e v e lo p m e n ts  on th e  e x p e r i 
m e n ta l  s id e ;  I sh o u ld  l ik e  to  m a k e  a  few  g e n e r a l  r e m a r k s  on  t r e n d s  and  
p e r s p e c t iv e s  on th e  th e o r e t i c a l  s id e .

O ne o f  th e  m a in  th e m e s  o f th e  s y m p o s iu m  h a s  b e e n  th e  e le m e n ta r y  m o d e s  
o f e x c i ta t io n  in  th e  n u c le u s .  W e h av e  h ad  v a lu a b le  new  in f o rm a t io n  on th e  
s p e c t r u m  an d  p r o p e r t i e s  o f  th e  s in g le  p a r t i c l e  o r  q u a s ip a r t i c l e  e x c i ta t io n s  
in  th e  s p h e r ic a l  an d  d e fo r m e d  n u c le i .  B u t one  i s  e a g e r  to  u n d e r s ta n d  th e s e  
e x c i ta t io n s  m u c h  b e t t e r  b e c a u s e  o f  th e  b a s i c  r o le  th e y  p la y  in  th e  n u c le a r  
d y n a m ic s .  F o r  e x a m p le , th e  v e lo c i ty  d e p e n d e n c e  o r  n o n - lo c a l i ty  is  s t i l l  
a  v e r y  open  q u e s t io n  an d  i t  w ou ld  b e  v e ry  s ig n if ic a n t  to  h a v e  a  b e t t e r  u n d e r 
s ta n d in g  o f th e  m o r e  s p e c i f ic  l e v e l  s h i f t s  d e p e n d in g  on th e  c o n f ig u ra t io n  
in v o lv e d , e i t h e r  th ro u g h  H a r t r e e - F o c k  c a lc u la t io n s  o r  b y  o th e r  a p p r o a c h e s .  
T h is  i s  o f  im p o r ta n c e  n o t l e a s t  f o r  th e  e x t r a p o la t io n  in to  new  r e g io n s  of 
n u c le i .

W e h a v e  l e a r n e d  a  g r e a t  d e a l  ab o u t th e  c o l le c t iv e  m o d e s , h av e  h a d  m o r e  
d e ta i le d  in f o rm a t io n  ab o u t p r e v io u s ly  e s t a b l i s h e d  m o d e s , a s  w e ll  a s  e v id e n c e  
on  new  c o l l e c t iv e  m o d e s . B ut w e c a n  r a t h e r  c o n f id e n tly  e x p e c t th a t  a  w e a lth  
o f in t e r e s t in g  p h e n o m e n a  a r e  a w a itin g  th e  h u n te r s  in  th i s  f ie ld .  T h u s , th e  
e x p lo r a t io n  o f e x c i ta t io n s  in v o lv in g  c h a r g e  e x c h a n g e  an d  p a i r in g  is  o n ly  ju s t  
b e g in n in g ; w e s t i l l  know  v e r y  l i t t l e  ab o u t th e  s p in  m o d e s , an d  a r e  a lm o s t  in  
th e  d a r k  ab o u t th e  c o m p r e s s io n  m o d e s ,  w h ic h  r e p r e s e n t  a n o th e r  im p o r ta n t  
a s p e c t  o f th e  n u c le a r  d y n a m ic s , r e l a t e d  to  th e  e l e c t r i c  m o n o p o le  p h e n o m e n a  
on w h ich  w e h av e  h e a r d  m a n y  new  an d  p u z z lin g  r e s u l t s .

T h e  m ic r o s c o p ic  th e o r y  o f c o l l e c t iv e  m o tio n  h a s  m a d e  i t  p o s s ib le  to  t ie  
to g e th e r  m a n y  f e a tu r e s  o f th e  e le m e n ta r y  e x c i ta t io n s  an d  o f th e  n u c le a r  
d e fo r m a t io n s ,  b u t th e r e  is  n eed  fo r  f u r th e r  d e v e lo p m e n ts  in  m a n y  d i r e c t io n s .  
T h u s , t h e r e  is  th e  s u b t le  p ro b le m  o f  th e  e f f e c t iv e  in t e r a c t io n s  w h ich  g e n e r a te  
th e  c o l le c t iv e  m o tio n . M uch  o f  th e  s u c c e s s f u l  w o rk  h a s  b e e n  b a s e d  on th e  
a s s u m p tio n  th a t  th e  n u c le o n ic  in t e r a c t io n s  c a n  b e  r e p r e s e n te d  b y  a  co u p lin g  
o f th e  n u c le o n s  to  th e  s t a t i c  an d  t im e - d e p e n d e n t  n u c le a r  p o te n t ia l s  ( fo r  
e x a m p le , in  th e  p a i r in g  an d  m u l t ip o le  m o d e ls ) ;  o n e  t r i e s ,  a s  it  w e r e ,  to  
r e p r e s e n t  th e  f o u r - f i e ld  n u c le o n  c o u p lin g  b y  a  t h r e e - f i e l d  c o u p lin g , an d  th i s
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a p p e a r s  to  b e  a t  l e a s t  an  im p o r ta n t  a s p e c t  o f th e  c o l le c t iv e  m o tio n . B u t w e 
n e e d  m u c h  m o r e  in f o rm a t io n  ab o u t th e  c o u p lin g , i. e . on th e  r e l a t i o n  b e tw e e n  
d e n s i ty  an d  p o te n t ia l ,  due  to  th e  m an y  f ie ld  c o m p o n e n ts  w h ic h  m a y  o c c u r  and  
a ls o  due  to  th e  s p e c i a l  c o n d it io n s  w h ich  o c c u r  in  th e  s u r f a c e  r e g io n .  In d e e d , 
th e  s t r u c t u r e  o f  th e  s u r f a c e  i s  b e c o m in g  a  m o r e  an d  m o r e  a c u te  p ro b le m . 
T h e r e  is  a  n e e d  to  c o m b in e  a p p ro a c h e s  on  m a n y  le v e l s  o f p h e n o m e n o lo g y , 
f r o m  th e  s tu d ie s  b a s e d  on th e  n u c le o n -n u c le o n  in te r a c t io n  to  th e  d i r e c t  d e t e r 
m in a tio n  of th e  co u p lin g  p a r a m e te r s  f r o m  in e la s t ic  s c a t t e r in g  p r o c e s s e s  o r  
f r o m  th e  in te r a c t io n  o f b o u n d  n u c le o n s  w ith  th e  v ib r a t io n a l  m o t io n . 1

T h e  n u c le u s  o f f e r s  th e  o p p o r tu n ity  f o r  p e n e t r a t in g  d e e p ly  in to  th e  s t r u c 
tu r e  o f c o l l e c t iv e  m o t io n  in  a  m a n y -b o d y  s y s te m . T h e o ry  m a k e s  v e r y  d e ta i le d  
p r e d i c t i o n s  c o n c e rn in g  th e  m i c r o s t r u c t u r e  o f th e  c o l le c t iv e  m o d e s  a n d  th e  
m a n y  p h e n o m e n a  a s s o c ia te d  w ith  t h e i r  c o u p lin g  to  o th e r  e x c i t a t io n s ,  and  
th e s e  c a n  b e  t e s te d  b y  th e  g r e a t  a r s e n a l  o f p r o b e s  w h ich  a r e  b e c o m in g  a v a i l 
a b le  an d  th e  m a n y  d if f e r e n t  r e a c t io n s  w h ic h  c a n  g iv e  p e r t in e n t  in f o rm a t io n .
W e h a v e  h e a r d  ab o u t m a n y  o f th e  p r o m is in g  d e v e lo p m e n ts  in  th i s  d i r e c t io n .

Im p o r ta n t  g e n e r a l  p r o b le m s  a r e  c o n n e c te d  w ith  th e  a n h a rm o n ic i ty  o f th e  
c o l l e c t iv e  m o tio n , w h ic h  b e c o m e s  e s p e c ia l ly  s t r o n g  in  th e  r e g io n  o f th e  
t r a n s i t i o n s  f r o m  s p h e r i c a l  to  d e fo rm e d  n u c le i  an d  f r o m  n o r m a l  to  s u p e r 
f lu id  n u c le i .  T h is  is  a  f ie ld  o f  g r e a t  a c t iv i ty  an d  new  p r o m is in g  r e s u l t s  h av e  
b e e n  p r e s e n te d .  S t i l l ,  th e  p r o b le m s  r e m a in  of g r e a t  c h a lle n g e  a n d  th e  
p h e n o m e n a  c a n  h a v e  c o n s id e r a b le  s t r u c t u r e .  M uch  g u id a n c e  c a n  b e  o b ta in e d  
by  th e  e x p lo r a t io n  of s im p le  m o d e ls .  T h e r e  is  an  in t im a te  r e l a t i o n  to  th e  
p h a s e  t r a n s i t i o n s  in  in f in i te  s y s te m s  w h ic h  i s  a t  p r e s e n t  an  a r e a  in  th e  fo c u s  
of i n t e r e s t  o f s o l id  s t a te  p h y s i c i s t s ;  th e  n u c le u s  m a y  e lu c id a te  new  f e a t u r e s  of 
s u c h  p h e n o m e n a , s in c e  i t  i s  p o s s ib le  to  s tu d y  th e  s p e c t r u m  o f in d iv id u a l q u a n 
tu m  s t a t e s  o f  th e  c o l l e c t iv e  m o d e s  a s s o c ia te d  w ith  th e  p h a s e  t r a n s i t i o n s .

A n o th e r  th e m e  a t  th e  s y m p o s iu m  h a s  b e e n  th e  s tu d y  o f  n u c le a r  s p e c t r a  
in  th e  r e g io n  o f h ig h - le v e l  d e n s i ty  w h e re  m a n y  d e g r e e s  o f f r e e d o m  c a n  be  
e x c i te d  an d  w h e re  th e  in d iv id u a l q u a n tu m  s t a t e s  m a y  a c q u ir e  g r e a t  c o m p le x 
ity .  W e h av e  h e a r d  a b o u t c o n s id e r a b le  g a in s  in  th e  s t a t i s t i c a l  a n a ly s i s  o f 
le v e l  d e n s i t i e s  an d  p a r t i a l  w id th s  fo r  v a r io u s  ty p e s  o f p r o c e s s e s ,  a n d  m a n y  
p h e n o m e n a  c a n  b e  u n d e r s to o d  on  th i s  b a s i s ,  i . e .  b y  a s s u m in g  a  r a n d o m n e s s  
in  th e  p a r t i t io n  o f th e  e n e rg y  on  th e  d i f f e r e n t  d e g r e e s  o f  f r e e d o m . H o w e v e r , 
m a n y  t r u s tw o r th y  e x p lo r e r s  h a v e  r e p o r te d  f in d in g s  th a t  s u g g e s t  m o r e  
s p e c i f ic  s t r u c t u r e .  W e h a v e  o n ly  th e  f i r s t  in d ic a t io n s ,  b u t o n e  h a s  th e  f e e l 
in g  th a t  w e a r e  c o m in g  to  a  v e r y  in t e r e s t in g  s ta g e  o f  d e v e lo p m e n t on th i s  
f r o n t i e r .  T h e  f ie ld  i s  a  h u g e  one  an d  one  c a n  e n v is a g e  an  e n o rm o u s  v a r i e ty  
o f c o r r e l a t i o n s  a n d  new  ty p e s  o f  c o l le c t iv e  b e h a v io u r ,  b u t i t  i s  a s  y e t  q u ite  
u n c le a r  w h a t w ill  b e  th e  m o s t  r e le v a n t  p h e n o m e n a , w h a t a r e  th e  q u e s t io n s  to  
b e  a s k e d  an d  th e  c o n c e p ts  n e e d e d . W e a r e  d e a lin g  w ith  m a t t e r  in  a  fo r m  
w h ic h  h a s  n e v e r  b e e n  s tu d ie d  a t  th e  l e v e l  o f  d e ta i l  to  w h ich  th e  n u c le u s  is  
now  b e in g  s u b je c te d .

P r o f e s s o r  R a s m u s s e n  h a s  ta lk e d  a b o u t th e  f i s s io n  p r o c e s s ,  f o r  w h ic h  
th i s  s y m p o s iu m  is  a  la n d m a r k .  T h e  e x c i t in g  d e v e lo p m e n ts  b ro u g h t ab o u t 
by  e x p e r im e n ta l  d i s c o v e r ie s  an d  a d v a n c e s  in  th e  th e o r y  o p en  u p  m a n y  new  
p r o s p e c t s .  F i s s io n  i s  jo in in g  up  m u c h  m o r e  in t im a te ly  th a n  b e fo r e  w ith  
n u c le a r  s p e c t r o s c o p y ,  a n d  th e  s tu d y  o f th i s  e x t r a o r d in a r y  c o l le c t iv e  m o d e  
is  l ik e ly  to  b r in g  ou t n ew  a s p e c t s  o f n u c le a r  d y n a m ic s .  W e c a n  a ls o  f o r e s e e

1 It may be more simple to drag a hippopotamus out of a swamp than to synthesize one in the laboratory, 
though the ingredients are readily available.
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th a t  th e  s tu d y  o f h e a v y  io n  r e a c t io n s  w il l  g iv e  new  in s ig h t  in to  th e  b e h a v io u r  
o f n u c le a r  m a t t e r  u n d e r  n o v e l an d  m o r e  v io le n t c o n d it io n s . A f te r  a l l ,  in  th e  
u s u a l  r e a c t io n s ,  w e a r e  ju s t  t i c k l in g  th e  n u c le u s .

I s h o u ld  l ik e  to  c o n c lu d e  by  s t r e s s i n g  th e  r i c h n e s s  o f th e  n u c le a r  
p h e n o m e n a , a s  so  w e ll  i l l u s t r a t e d  by  th i s  s y m p o s iu m . In th e  t h e o r e t i c a l  
d e s c r ip t io n ,  th e  r i c h n e s s  i s  r e f l e c t e d  in  th e  m a n y  le v e l s  o f p h e n o m e 
n o lo g y  on w h ic h  th e  a n a ly s is  i s  c a r r i e d  fo r w a r d ,  f r o m  th e  d e s c r ip t io n  b a s e d  
on  in te r a c t in g  n u c le o n s , o r  e v en  d e e p e r  le v e l s  o f p h e n o m e n o lo g y  in  th e  d e 
s c r ip t io n  o f h a d ro n s ,  a t  th e  one  e x t r e m e ,  to  th e  a n a ly s is  b a s e d  on  g e n e r a l  
s y m m e t r y  p r in c ip l e s  a p p ly in g  to  th e  n u c le u s  a s  a  w h o le  an d  to  i t s  m o d e s  of 
e x c i ta t io n ,  a t th e  o th e r  e x t r e m e .  T h e  to t a l  p ic tu r e  m u s t  b e  a  u n if ie d  o n e , 
b u t th e  e f f o r t s  a t th e  d i f f e r e n t  le v e l s  c o m p le m e n t e a c h  o th e r  an d  to g e th e r  
g iv e  th e  s u b je c t  i t s  s p e c i a l  f la v o u r  an d  c o n c e p tu a l c o n te n t .

T h e  g a m e  of p u sh in g  f o r w a rd  a t  m a n y  le v e l s  o f p h e n o m e n o lo g y  is  
c h a r a c t e r i s t i c  o f q u a n ta l  p h y s ic s  d e a lin g  w ith  s y s te m s  w ith  m a n y  d e g r e e s  
o f f r e e d o m  and  is  a  c o m m o n  th e m e  fo r  n u c le a r  p h y s ic s  an d  o u r  n e ig h b o u r in g  
f i e ld s ,  w h ic h  d e a l  w ith  q u a n ta  w ith  h ig h e r  an d  s m a l l e r  e n e r g i e s  th a n  th o s e  
g o v e rn in g  th e  n u c le a r  d y n a m ic s .  T h e  im p o r ta n c e  o f c u l t iv a t in g  th e  c o n n e c 
tio n  b e tw e e n  th e  v a r io u s  d o m a in s  o f q u a n ta l  p h y s ic s  h a s  b e e n  s t r e s s e d  by  
s e v e r a l  s p e a k e r s ,  an d  w e h av e  h e a r d  o f new  e f f e c ts  an d  a p p ro a c h e s  w h ic h  
c o m b in e  m e th o d s  f ro m  d if f e r e n t  f i e ld s .  T h e  n u c le a r  p h y s i c i s t s ,  b e in g  so  
to  s p e a k  in  th e  c e n t r e  o f  th e  s p e c t r u m  o f  q u a n ta l  p h y s i c i s t s ,  h a v e  th e  o p p o r 
tu n i ty  to  p la y  an  im p o r ta n t  r o le  in  p ro m o tin g  th e s e  c o n n e c t io n s , w h ic h  c a n  
b e  e x p e c te d  to  b e  v e r y  f r u i t f u l  fo r  th e  d e v e lo p m e n t o f p h y s ic s  a s  a  w h o le .
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Rue A . B ria n d  14-18 B R IT A IN  A N D  N O R T H E R N  IR E L A N D

B u c a re s t * H er M a je s ty 's  S ta tio n e ry  O ffic e  
P .O . Box 569

SOUTH A F R IC A L o n d o n . S .E . l
Van S c h a ik 's  B o o ks to re  (P tv )  L td .
L ib r i  B u ild in g U N IT E D  S T A T E S  O F  A M E R IC A

C hurch S tre e t N a t io n a l A gency fo r

(P .O . B ox 724) In te rn a tio n a l P u b lic a t io n s , In c .

P re to ria 317 E a s t 34th S tree t 
N ew  Y o rk . N .Y . 10016

S P A I N
L ib re r ía  B osch V E N E Z U E L A
Ronda de la U n iv e rs id a d  11 Sr, B ra u lio  G a b rie l C hacares
B a rce lo n a G obernador a C a n d ilito  37

S W E D E N  4 Santa R o sa lia

C .E . F r itz e s  K u n g l. H o vb o kh an d e l (A p arta do  P o s ta l 8092)

F re d sga tan  2 C aracas D .F ,

S tockho lm  16 Y U G O S L A V I A
J u g o s lo v e n s k a  K n jig a  
T e ra z ije  27
B e lg rade

IA E A  p u b lic a t io n s  can a lso  be purchased r e ta i l  a t the U n ite d  N a tio n s  B o o ksho p  a t
U n ite d  N a tio n s  H e a d q ua rte rs , N ew  Y o rk , a t the n e w s-s ta n d  a t the A g e n c y ’ s H ead -
q u a rte rs , V ie n n a , and at m ost co n fe ren ce s , sym p os ia  and sem ina rs  o rg a n ize d  by the
A g e n cy .

In. o rder to  fa c i l i ta te  the d is t r ib u t io n  of i t s  p u b lic a t io n s , the A gency is  p repared  to
a ccep t p aym en t in  U NESC O  coupons or in  lo c a l c u rre n c ie s .

O rders and in q u ir ie s  from co u n tr ie s  where s a le s  agents have n o t y e t been a pp o in te d
may be s e n t to :

D is t r ib u t io n  and S a les  G roup, In te rn a tio n a l A to m ic  E nergy  A g e ncy ,
K a rn tn e r R ing  11, A -1010 , V ienna  I ,  A u s tr ia





INTERNATIONAL 
ATOMIC ENERGY AGENCY 
VIENNA, 1968

PRICE: US $15.00
A u s tr ian  Sch i l l ings  388,- 
(£6.5.0,- F.Fr. 73,50; DM 60,


