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Within the standard effective field theory of general relativity, we show that the speed of gravitational
waves deviates, ever so slightly, from luminality on cosmological and other spontaneously Lorentz-
breaking backgrounds. This effect results from loop contributions from massive fields of any spin,
including Standard Model fields, or from tree level effects from massive higher spins s > 2. We show that
for the choice of interaction signs implied by S-matrix and spectral density positivity bounds suggested by
analyticity and causality, the speed of gravitational waves is in general superluminal at low energies on null
energy condition preserving backgrounds, meaning gravitational waves travel faster than allowed by the
metric to which photons and Standard Model fields are minimally coupled. We show that departure of the
speed from unity increases in the IR and argue that the speed inevitably returns to luminal at high energies
as required by Lorentz invariance. Performing a special tuning of the effective field theory so that
renormalization sensitive curvature-squared terms are set to zero, we find that finite loop corrections from
Standard Model fields still lead to an epoch dependent modification of the speed of gravitational waves
which is determined by the precise field content of the lightest particles with masses larger than the Hubble
parameter today. Depending on interpretation, such considerations could potentially have far-reaching

implications on light scalar models, such as axionic or fuzzy cold dark matter.
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I. INTRODUCTION

In this new era of gravitational wave astronomy, it is
especially important to understand how gravitational waves
propagate. The recent simultaneous observation of gravi-
tational waves from the coalescence of two neutron stars,
GW170817, together with its gamma-ray counterpart, GRB
170817A, has put the cleanest constraint on the propaga-
tion speed of gravitational waves relative to photons [1-3].

In classical general relativity (GR) minimally coupled to
matter, gravitational waves always travel luminally, as
defined by the light cones of the metric g, with respect
to which matter is coupled, by virtue of the equivalence
principle. For instance, when considering the propaga-
tion of linearized gravitational waves across some general
curved background geometry, the background metric may
always be putin a Riemann normal coordinate system where
itis locally Minkowski in the vicinity of a spacetime point x,
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plus curvature corrections that grow away from x. Since the
Einstein-Hilbert action is second order, modifications from
the background curvature terms to the propagation of
gravitational waves on this background can only arise as
an effective mass term (simply from power counting
derivatives), and never as corrections to the Kinetic or
gradient terms. For example, in Friedmann-Lemaitre-
Robertson-Walker (FLRW) spacetime, gravitational waves
have an “effective mass” from the background expansion of
order H?, H, in terms of the Hubble parameter H, but their
sound speed defined by the ratio of kinetic to gradient terms
is luminal.' Hence it is the two derivative nature of Einstein’s
theory, together with diffeomorphism invariance, that guar-
antees luminality in general relativity.

lCanonically normalized tensor fluctuations in GR have
quadratic action Sgg = [dnpd®x1(h? = (Vh)* + %”hz). Despite
the effective mass —a”/a the actual mass is zero. In the well-
known case of the propagation of gravitational waves during
inflation, this effective mass is negative and drives an instability
which generates long wavelength scale invariant tensor fluctua-
tions, but the retarded propagator vanishes outside the light cone
defined by ¢, = 1. In what follows, in FLRW we define the
speed via the light cone of the effective metric on which
modes propagate, i.c., via ¢, in the action Sy, = [dnd®x] (h*-

2(Vh)? = m2h?), so the effective mass does not play a role in
the definition of the speed.
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Classical general relativity is not, however, the real
world. At a minimum, gravitational effects generated from
quantum loops of known particles, e.g., the electron, will
already generate modifications to Einstein gravity which
alter this process. Many of these effects are finite (meaning
free from renormalization ambiguities) and calculable.
These effects are of course highly suppressed, being
induced by loops, but any potential departure of the speed
of propagation of gravitational waves from luminality is
itself significant, not least because it impacts our under-
standing of the causal structure of a given theory. Various
proposed extensions to four-dimensional general relativity,
such as extra dimension models, or string theory, will also
induce modifications to the Einstein-Hilbert Lagrangian
that can potentially change the above picture.

The general framework to account for such corrections is
well understood and goes under the umbrella of “effective
field theory for gravity” [4—7] (for a recent example of this
methodology, see [8]). Historical issues with nonrenorma-
lizability and the artificial separation of quantum fields on
curved spacetimes are replaced with the general effective
field theory (EFT) framework that allows us, if desired, to
simultaneously quantize matter and gravity despite the
nonrenormalizability of the Lagrangian. The price to pay is
the need to introduce an infinite number of counterterms,
but in practice at low energies only finite numbers are ever
relevant. The low energy effective theory is defined by an
effective Lagrangian valid below some scale £ < M which
accounts for all tree and loop level corrections from
particles of masses greater than or equal to M, and loop
processes of light fields at energies greater than M 2 The
starting point is then the Wilsonian action which includes
all possible covariant operators built out of the Riemann
tensor, its derivatives, and combinations of light fields and
their derivatives. For instance, assuming no other light
fields than gravity, the leading corrections are powers of
curvature and derivatives thereof, i.e., very schematically

M2
SEFT = /d4X\/—g |:—A + TPIR -+ C1R2 + CzRﬁD

o] C n ) _
Ry DTS TR gl
n=1 p=0

where by V??Riem”>*"~? we mean all possible scalar local
operators constructed out of contractions of this number of
powers of Riemann tensor and covariant derivatives. The
precise energy scale of suppression C,, ,/ M3 will depend
on the origin of a given term; e.g., it will in general be
different for interactions coming from tree level processes
or from loops. In general there is not one such EFT, but a

2Precisely how this is achieved depends on the renormalization
prescription, and we work with the most convenient which is
dimensional regularization.

family of them depending on the choice of scale M above
which physics has been integrated out.

Even in the absence of matter, the speed of gravitational
waves is modified by the addition of higher curvature
terms, precisely because the earlier argument based on
power counting of derivatives is no longer valid. Higher
derivative curvature terms can, and do, modify the second
order derivative terms in the equation for propagation when
expanding around a background. Since gravitational waves
are luminal in pure GR, the sign of higher curvature terms
will typically lead the resulting corrections to make the
waves either superluminal or subluminal. Typically cau-
sality is imposed by demanding that the modified gravi-
tational waves are subluminal (with respect to the light cone
defined by the metric g,,) based on similar arguments for
scalar fields [9,10], hence fixing the signs for the higher
curvature coefficients. For instance, for Ricci flat back-
grounds this is done in [11] for quartic curvature correc-
tions of the type that arise in the low energy EFT from
string theory. Within the context of the EFTs of inflation/
dark energy, where matter sources the background, a
potential modification to the speed of gravitational waves
has been noted in [12—16]. For p p waves such an effect was
also noted in [17].

More generally this procedure of demanding sublumin-
ality of all fluctuations is problematic because in a
gravitational EFT the metric itself is ambiguous (see
[18] for related discussions). It is always possible to
perform field redefinitions, schematically of the form

an, .
G = G+ Y 5 (VPRiem”),,. (L.1)
pn Mp

where (V?’Riem”),, is a tensor constructed out of n
contractions of Riemann and 2p covariant derivatives,
which leave invariant the leading Einstein-Hilbert term.
Those are consistent with the gravitational EFT, but modify
the light cone of the metric. In this way, in some cases,
some spacetime with superluminal fluctuations may be
rendered subluminal and vice versa.’ A related effect
known to occur at one loop is that the paths of massless
particles of different spins do not receive the same amount
of bending as they pass a massive object (e.g., the Sun)
[19-21], which means that despite being massless they
effectively do not see the same metric which further
confuses the question of how to describe the causal
structure.

In response to this, more recent discussions of causality
in the EFT context have focused on causality constraints
implied by S-matrix analyticity. These have the virtue of
being invariant under field redefinitions and are in some
sense true avatars of causality. One such idea is to demand

3Although in general there is no universal procedure to render
all fields (sub)luminal.
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causality a la Wigner by imposing positivity of the
scattering time delay [22,23]. These arguments may
plausibly apply for weakly coupled UV completions
where the irrelevant operators in the EFT arise from tree
level effects of high mass modes, but are already known
to fail for QED where the corrections come from loops
[24]. Another proposal is to use S-matrix positivity
bounds [10,25-28] which constrain the 2 — 2 scattering
amplitude of gravitons and other particles. For example
S-matrix positivity arguments have been applied to
quartic curvature interactions in [29]. Recent works have
applied these ideas more specifically to the weak gravity
conjecture, which focuses on the EFT for gravity and a
U(1) gauge field [30-32]. In what follows we shall see
that positivity bounds will provide very useful guidance
on corrections to propagation speeds.

Phenomenologically it is still pertinent to ask what is
the speed of gravitational waves relative to the metric to
which photons and the Standard Model fields couple
minimally, and this is independent of field redefinitions.
It is well known that the photon speed can be modified
in a curved background due to loop corrections from
charged particles, e.g., electrons, even leading to super-
luminal group velocities at low energies for certain
backgrounds [33,34]. The fact that this low energy
superluminal group velocity is not in conflict with
causality has been discussed extensively in a series of
papers [24,35-42], which essentially identify the require-
ment that the front velocity is luminal as the key
requirement for causality. Apparent low energy violations
of causality in, for instance, scattering time delays are
absent in the UV theory [24]. In the EFT description
these effects come from nonminimal Riemann curvature
coupling to the Maxwell field strength squared, specifi-
cally AL o m;?/=gR,pcqF**F°, which would arise
from electron loops. These effects arise in the EFT
defined below the scale of the electron, V < m,, or
whatever charged particle has been integrated out. While
those operators are present in the EFT we will consider,
they do not affect the speed of gravitational waves in the
same way and are not the focus of our discussion.
Moreover they typically enter at a scale much larger
than what we have in mind in the cosmological context.
For the rest of this discussion, we shall therefore consider
that matter (including photons) minimally couples to the
metric, and equivalence principle violating curvature
terms are not present. We shall rather focus on pure
curvature interactions that can arise equally from inte-
grating out charged and chargeless particles and are
applicable for any matter (dark matter, Standard
Model, inflaton, etc.). In other words, photons will
always be luminal, and the relevant question is what
is the speed of gravitational waves as compared with a
luminal photon, or at least the metric to which the photon
is minimally coupled.

Our principal focus will be to ask what is the speed, by
which we mean the speed defined by the effective light
cone of the low energy equations of motion (specified
precisely in Sec. IIIA), of gravitational waves on a
spacetime with a long range spontaneous breaking of
Lorentz invariance. Thus we will not be interested in the
rather special shock wave or asymptotically flat geom-
etries considered for example in [17,22,24], but in cases
for which the departure of the speed of sound from unity
can significantly build up over time to lead to clearly
noticeable differences. The clearest example is FLRW
spacetimes since they spontaneously break time diffeo-
morphisms, have a clearly identifiable sound speed, have
sufficient symmetry to be simple such that gravitational
modes decouple from matter at linear order, and have
obvious phenomenological relevance. Nevertheless much
of what we will discuss will be relevant to other more
generic backgrounds. Crucially this means we do not
consider vacuum spacetimes, but require some light fields
to source the breaking. The inclusion of light fields in the
EFT is useful since they themselves provide a clock,
and their interactions with other matter can be used as we
will see, to impose S-matrix analyticity and unitarity
requirements.

Our main conclusions are the following:

(1) In the frame in which matter is minimally coupled,
the leading EFT corrections with signs imposed by
S-matrix locality, unitarity, and analyticity (if the
contribution from the massless graviton z-channel
pole can be ignored) enforce that gravitational waves
are superluminal for any matter satisfying the null
energy condition (NEC).

(i) On performing a field redefinition, this is equivalent
at leading order (alone) to the generation of universal
gravitationally induced matter interactions (77 de-
formation) which ensure that standard matter fluc-
tuations propagate slower than gravity.

(iii) The precise coefficient that determines the departure
of the propagation speed from unity is connected
with the elastic scattering amplitudes for matter
fields, both those that drive the expansion and
spectator fields.

(iv) If the leading order EFT corrections are set to zero,
the next to leading order corrections that arise from
loops give rise to an epoch and species dependent
modification of the speed of gravitational waves. If
the lightest particle with mass above the Hubble
parameter has spin-0, the speed of gravity is super-
luminal throughout the whole standard cosmological
history of the Universe.

(v) Our results remain valid when considering purely
quartic curvature corrections, such as those known to
arise in the low energy string theory effective action,
for which gravitational waves also travel super-
luminally on NEC preserving backgrounds.
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Stated differently, given the assumed sign of the leading
EFT coefficients (either as inferred from explicit integration
of fields or from positivity bounds or as implied from string
theory), the light cone inferred from the low energy sound
speed of (minimally coupled) matter always lies inside the
light cone of gravitational waves and is never exactly at the
same speed. The superluminality of the propagation of
gravitational waves in the calculation in the original frame
is (far from being in conflict with) consistent with the
requirements of causality implied by S-matrix analyticity.
Arguably we must accept it as a price for the associated
field redefinition ambiguity in metric (1.1); however, as is
already clear from the QED case [33], there are no field
redefinitions which render all modes luminal or sublumi-
nal. We will further show that when additional nonminimal
EFT interactions between gravity and the light fields are
included, the same results hold, namely that positivity
bounds (if valid) enforce the overall superluminality.

The rest of this paper is organized as follows: In Sec. 11
we start by reviewing what we need of the standard EFT of
general relativity and how curvature corrections are gen-
erated in the low energy EFT. We emphasize the role played
by field redefinitions and how to take care of them. We then
explore the leading curvature-squared contributions to the
low energy EFT for gravity in Sec. III and identify their
effect on the speed of gravitational waves on FLRW and on
static warped backgrounds. We then discuss the implica-
tions of our findings within the context of standard causal
and local UV completions in Sec. IV and argue that such
completions favor superluminal gravitational waves for
NEC preserving backgrounds. In Sec. V we explore the
possibility of tuning the EFT so that the leading quadratic
curvature corrections cancel, such that the dominant effect
comes from higher (cubic and quartic) curvature correc-
tions. In particular we show that the low energy speed of
the gravitational wave depends on the field content of
the high-energy completion, and particularly on the spin
of the lightest massive particle that is integrated out to
derive the low energy Wilsonian action. We provide an
outlook of our results in Sec. VI. Appendix A derives the
exact curvature-cubed operators in the one-loop effective
action obtained from integrating out a massive scalar.
Appendix B provides the details for the derivation of
the speed of gravitational waves on FLRW in the pre-
sence of curvature-cubed (dimension-6) operators. Finally
Appendix C highlights subtleties in defining the retarded
propagator perturbatively and justifies the approach we
follow in identifying the speed.

Throughout this paper we work in natural units where
the speed of light in vacuum, without any quantum
correction effects, is ¢ = 1. We shall also, as is standard,
slightly abuse the EFT operator counting terminology and
refer to Riemann” operators as dimension-2n operators
even though they include an infinite number of operators of
various dimensions >, h¥(0%h)" /MK ...

II. EFFECTS OF HEAVY MODES ON
GRAVITY AT LOW ENERGY

Throughout this work, we consider gravity as a low—
energy EFT and look at the effects that heavy fields
minimally coupled to gravity have on the EFT. In other
words we shall focus on the Wilsonian effective action for
the light fields which shall include gravity as well as some
light field that sources the background expansion (e.g.,
radiation, quintessence, inflaton) and look at the influence
of those corrections that arise from integrating out massive
fields for which the masses satisfy M; > H. Our focus will
be on identifying the speed of tensor gravitational waves on
non-maximally symmetric backgrounds, and for most of
Section III onwards we shall focus on cosmological back-
grounds. Working on FLRW has the advantage that at the
linear level tensor fluctuations cleanly decouple from scalar
and vector perturbations, the former of which is usually
coupled to whatever matter drives the cosmological expan-
sion. The FLRW symmetry also allows us to cleanly
distinguish between the speed of gravitational waves and
the speed of matter perturbations. However, we emphasize
that our results hold more generically beyond FLRW as is,
for instance, illustrated in Sec. III C dealing with static
warped geometries.

A. Effective field theory for gravity at low energy

We shall have in mind two different scenarios:

(i) Tree level corrections to the EFT, whereby tree level
effects of massive particles potentially generate
higher curvature interactions.

(i) Loop level corrections to the EFT coming from
integrating out standard matter (e.g., Standard
Model fields) of any spin, including s < 1.

The latter case is the most interesting since it does not
require any assumptions about an unknown UV comple-
tion, but rather relies on the calculable gravitational effects
of known particles, in particular from Standard Model
particles.

1. Tree level interactions

At tree level, a massive field which is minimally coupled
to gravity (i.e., without explicit curvature couplings) has no
effect on the low energy gravitational propagator if the spin
of that field is less than two s < 2. This can be seen
straightforwardly as a consequence of the scalar-vector-
tensor (SVT) decomposition. At tree level, we can work
with the (partial) UV completion that includes the addi-
tional massive mode as part of the Lagrangian. If this mode
has spin s < 2, then it has no tensor component and so will
at the level of quadratic fluctuations completely decouple
from the gravitational tensor modes. Thus integrating out
the massive mode at tree level will provide no contributions
to the gravitational fluctuations. Stated differently, it is not
possible to integrate out massive states with s < 2 at tree
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level and obtain higher curvature interactions that change
the speed of gravitational waves.

The situation changes if we integrate out at tree level
massive spins with s > 2. Any spin of s > 2 will by virtue
of the helicity or SVT decomposition effectively contain
spin 2 states, or more precisely tensor modes. Even at
quadratic order these states could mix with the usual
massless graviton, generating modifications to its speed
of propagation. We shall see explicit examples of this
below. Obvious examples are string theory, where an
infinite tower of massive spin states arise, or extra dimen-
sional models where the massless graviton in higher
dimensions can be viewed as a massless graviton in four,
together with an infinite tower of massive spin 2 states. See
Refs. [43,44] for examples from superstring theory where
integrating out massive higher spins at tree level leads to
specific types of quadratic and cubic curvature operators to
the low energy EFT for gravity.

Related arguments tell us that as soon as we allow
for massive spin 2 states, in order to construct a weakly
coupled UV completion of gravity we must necessarily
include an infinite number of spin particles. Recent versions
of these arguments have been given in [22,45,46] but they
follow straightforwardly from the observation that the
scattering amplitude of a massive spin 2 particle violates
the fixed ¢ Froissart bound by virtue of the s> growth of its
t-channel pole, and in a weakly coupled UV completion this
can only be turned around by an infinite number of powers
of s resumming into a softer behavior, which necessitates an
infinite number of spin states” (e.g., see [47)).

2. Loop level interactions

At loop level the situation is quite different. An internal
loop, even of a particle of spin s < 1, effectively contains
states of total angular momenta of arbitrary spin, as is
implied by the partial wave expansion. As such loop
corrections from the standard matter can, and do, correct
the propagation of gravitational waves. This effect is of
course tiny, being loop suppressed; nevertheless it is finite
(up to local counterterms), calculable, and controlled from
the EFT point of view. It is thus not necessary to know
what the appropriate theory of quantum gravity is in order
to determine the magnitude of this effect. In what follows
we will be integrating out heavy modes of mass M, with
H < M < My, where H is the typical scale at which we
are interested in probing our low energy EFT for gravity
(for instance, H is the typical scale of the curvature, and
we will consider modes with frequency H < k < M). We
will only be integrating out loops of “matter fields”; i.e.,
there will be no gravitons in the loops. This is consistent
with standard Wilsonian EFT, whereby we first integrate
out massive states to construct the low energy EFT, from

“The pole itself cannot be canceled as its residue is positive by
unitarity.

which light loops may be computed afterwards. The
former effects are captured by the Wilsonian effective
action, the latter by the 1PI effective action. When
focusing on the Wilsonian effective action, gravity, being
a light field, is treated “classically,” and so our results are
largely independent of the precise details of quantum
gravity and the UV completion of gravity at the Planck
scale (or string scale).

To be more concrete, we consider gravity (standard GR)
minimally coupled to light fields one or more of which will
be used to generate the cosmological backgrounds, and
heavy fields of mass M; which define the UV completion.
In the case of loop calculations we shall consider heavy
fields of spin-s =0,1/2, or 1, but for tree level UV
completions we have in mind any spin. We denote the
massive spin fields generically by @, and so schematically
we have the action

M3 e
Lov = V3| 2R+ L3 (g.0) + L0)(9.0) + Loy .

(2.1)

where Lil(,}'e‘> is the low energy Lagrangian for the low
energy fields (denoted generically as y) with masses m,, ~
O(H) < M (hence including massless modes), whose role
will be to generate the cosmological background, while
L£te)(g, @) represents the dynamics of the heavy fields,
with masses M; = M. We focus in what follows on minimal
couplings between both the light and heavy fields and
gravity, meaning that the fields @ and y do not directly
couple to the curvature below the Planck scale.”

At loop level, it is well known that integrating out any
massive field @ would lead to divergent contributions to
the cosmological constant, as well as to R and curvature-
squared terms R?, R2,, and R%,,,. In the EFT context, in
order to deal with these divergences we must add /=g,
V—9R and /=gR?, \/=gR:,. \/=gR:,, counterterms.

Hence we must include in the UV action

1
Lo =—Ayy + EMl%laUVR + CYVR* 4+ CYVRZ,

+CYVR2,,p 4 -, (2.2)
in addition to any other matter counterterms. The first two
terms are just a redefinition of the cosmological constant
and Planck mass and may be ignored in what follows as
their consequences are straightforward. The latter terms are
as we will see nontrivial and directly affect the speed of
propagation of gravitational waves.

>We would of course expect the EFT for gravity to include
operators that mix the Riemann curvature and the other fields
through Planck scale suppressed terms. Such types of interactions
are considered in Sec. IV D.
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3. Wilsonian effective action

To construct the low energy Wilsonian effective action,
we integrate out (both at tree and loop level) the heavy
modes in the schematic manner

eiSrgy) — / D®eiSuv(gy. @) (2.3)

The resulting low energy effective theory will take the form

M3 le.
L= 7|+ PR L ) + R

L+ CRR2, 4 CRR2, 4. } . (2.4)

More generally £$'e') (g,w) will also receive corrections if
the light field couples to the heavy fields integrated out. An
obvious and well-known example is if the light field is the
photon, and integrating out charged particles will result at
leading order in addition to the Euler-Heisenberg terms, the
RFF interactions considered in [33] (see also [34,49]). In
the interests of simplicity we will neglect these corrections
for now, but consider examples of them in Sec. IV D.

The IR coefficients that enter the low energy EFT will
differ from their UV values by virtue of both loop and tree
effects,

C11]?2’3 = CIIJ’Z3 + AC1.2y3. (25)
The natural scale of the corrections AC| ;5 is of order the
number of fields integrated out N, AC,,3 ~ N. In what
follows we will see that positivity bounds generically imply
that two specific combinations of these coefficients satisfy

1
ACy: =5 AC; +24C; > 0, (2.6)

1 1

Indeed, we shall further argue, provided we may apply
positivity bounds even in the presence of massless graviton
t-channel poles, as for example recently argued in [32],
that’ (see also Ref. [55] for related discussions on whether
this argument is justified)

°At loop level the process of “integrating out” may lead to
incorrect conclusions about the scales of coefficients, and so it is
better to phrase this in terms of a “matching” calculation [48].
This subtlety will, however, not be important for us since we will
be able to rephrase our result in terms of dispersion relations
which are universal.

It is worth noting that this is the opposite sign from what is
required for the quadratic gravity scenario [S0-53]. However, it is
expected that these models will have different causality and
analyticity structure [51,54] and hence the usual positivity
bounds are unlikely to apply.

1
Clft = 5 CR +2C% > 0.

(2.8)
It is of course not possible in the EFT context to fix the
precise values of C'Y ; or CT%, 5 in the absence of an explicit
matching calculation onto a UV completion. Hence we are
instructed to compare them with observations. Precisely
one such observation which is at least in principle possible
to measure is the speed of gravitational waves relative to
that of light. We shall begin in Sec. III B by focusing on the
case where these terms are present. In Sec. V A we shall set
them to zero and focus on the finite R* terms that arise from
integrating out matter loops.

4. Inclusion of light loops

As we have discussed the Wilsonian effective action Lz
includes loops from heavy fields but not from light fields.
As such it is local and is the typical starting point for
cosmological and phenomenological analyses. It is inter-
esting to ask what would happen if we integrated out the
light fields, in particular the massless graviton and photon.
In this case we should be working with the 1PI effective
action which is nonlocal and difficult to deal with. There is
considerable work on this in the literature [56—64] and
results are often presented in terms of a curvature expan-
sion. At the level of curvature-squared terms, the contri-
butions from loops of massless (or light) fields may be
modeled by the following proxy effective action

. -0 —ie
ALlight—loops = CIIRR In <'u—2> R
1

. —O-i
+CRR,, In <72 ’€> R
Ha
0

+ RS R (29)
3

This has been used in the cosmological context in [65]. It is
clear that due to the logarithm, the massless loops can
dominate over the heavy loop contributions, in particular in
the IR. However, if as we will assume, the number of heavy
fields is much greater than the number of massless or light
fields, then we expect C; > C; and so it will be sufficient to
focus on the heavy contributions.

B. A word of caution on field redefinitions

As is well known, the R* and Rj, interactions are
redundant operators and are therefore removable with field
redefinitions. Since the S-matrix is invariant under field
redefinitions, it seems appropriate to ignore these contri-
butions. This would be true for pure gravity, but when
gravity is coupled to matter, all the field redefinition does is
shift the same effect into another operator that arises at the
same scale, specifically into a pure matter contribution that
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produces the same effect. In general field redefinitions of
the metric change the “speed” of propagation by virtue of
modifying the background metric with respect to which the
speed is identified. However, field redefinitions do not
change the relative speed. For instance, if gravitational
waves travel faster than photons in one “‘field frame,” they
do so in all field frames. That is in the cosmological context

2 (tensor)

5 is invariant under field redefinitions. (2.10)
s

5 (matter)

The relative causal structure is kept intact [18]. Thus the
question of whether gravitational waves are superluminal
or subluminal with respect to light is a frame independent
question.

For backgrounds with FLRW symmetry, it is always
technically possible to perform a field redefinition that
renders the gravitational waves luminal. This is largely a
triviality, due to the symmetry, the difference between the
metric which matter couples to and the metric on which
gravitational waves propagate is just a rescaling of the time
component of the metric combined with an overall con-
formal factor (see e.g., [66]). Given whatever field is used
to spontaneously break time diffeomorphism, y, we can
always perform a field redefinition in the manner (as an
example)

G = AW) g + By)V,uV,y, (2.11)
and engineer the functions A and B so that for a given
background the metric travels luminally. However, there is
in general no single local and covariant background field
redefinition that would render gravitational modes luminal
around all backgrounds and so this procedure while
comforting is also misleading. At one loop level and higher
order, we find Riemann cubed terms in the effective action
generated from loops (5.1), part of which are Weyl cubed
terms. These terms cannot be removed with a local field
redefinition since they are not proportional to the leading
equations of motion. Although these terms do not contrib-
ute on FLRW backgrounds, for backgrounds with less
symmetry they do change the speed of gravitational waves
and yet there is clearly no local field redefinition that
removes them.

In this work we shall mainly focus on dimension-four R?
and dimension-six (R> and RV?R) curvature operators, as
well as specific dimension-eight R* curvature operators in
Sec. V B. Dimension-four curvature operators are naturally
the leading contributions, but if those vanish (as will be
considered in Sec. V) the dimension-six curvature oper-
ators are then the leading contributions.

1. Taking care of the dimension-four curvature operators

In discussing EFT descriptions of gravitational waves
from mergers, in [67] it was argued that the dimension-four

could be removed via a field redefinition and are hence
irrelevant for the low energy EFT relevant for gravitational
waves (GWs). While it is true that such operators could be
removed via field redefinitions, this would then affect

£$'B'> (9,w) and lead to nonminimal couplings with low
energy matter fields (and in particular photons), hence
leading to a nonstandard light cone for light and other light
particles. This effect is less important for the analysis there,
but is crucially important for cosmological analyses. Here
we largely insist on keeping a minimal coupling for the low
energy matter fields and hence avoid performing such field
redefinitions except where it is useful to give an alternative
explanation of the same phenomena and in deriving
positivity bounds.

C. Relevance of the dimension-six curvature operators

As for the dimension-six curvature operators, a subset of
them are not removable by field redefinitions (namely the
Weyl cubed terms). We shall consider those that arise in the
specific computations of loops from particles of spin s < 1
in Sec. V. It was argued in [67] in the application to
gravitational waves from mergers that those terms should
be suppressed, and one should focus instead on dimension-
eight operators. This argument was on the grounds that for
weakly coupled UV completions, these terms would arise
at a scale M3 Riemann®/M*® where M is the scale of
particles that have been integrated out. In order for the
Riemann® term to have an interesting effect for gravita-
tional wave astronomy, the scale M would have to be taken
so low that we would have observed the effect of the
associated additional gravitationally coupled states that
arise at the scale M. However, if the dimension-six
operators are suppressed, the dimension-eight operators
must be further suppressed since it equally holds for
dimension-eight operators that if they arise in a weakly
coupled UV completion, they do so in the manner
M3 Riemann*/M®, and then the UV completion would
need an infinite number of states of spin s > 2 arising at the
same low scale M. This is transparent by their influence on
the speed of propagation of gravitational waves, effects
which could not arise at tree level in a theory of massless
spin 2 and massless/massive spin s < 2. Thus it does not
make sense to argue on phenomenological grounds that the
dimension-eight operators are larger than the dimension-six
ones. Lower dimension operators are always more signifi-
cant, unless they are suppressed by a symmetry, which is
not the case here.

In a weakly coupled UV completion, we assume that there
is a small dimensionless coupling constant g which controls the
loop expansion of the UV theory Syy = ¢2S,. The implicit
assumption is that M3 = M?/g* which explains why tree level
effects will come with M3, in front but one loop effects will have
no power of Mp,. In the case of string theory, M is the string scale
and g the string coupling constant (dilaton).
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In this work we shall not assume any such preconditions
and will consider the (albeit small) effect of all dimension-
four and -six operators from loop corrections where they
rather arise at the respective scales Riemann?, Riemann? / M?
from integrating out particles of any spin, including Standard
Model particles of mass M. By relinquishing ourselves
from the constraints of purely tree level effects, we may
consider lower mass scales M without being ruled out by
other gravitational constraints. We refer to Appendix A
for details on how integrating out a massive scalar field
leads to specific Riemann?> and Riemann?®/M? operators.
The contributions from integrating out generic spin s < 2
fields can be found in [59]. We will also consider those
dimension-eight operators known to arise in the string
effective action in from o corrections in Sec. V B.

III. TENSOR MODES ON A BACKGROUND,
LEADING EFT CORRECTIONS

In what follows we shall remain agnostic on the precise
low energy field content that leads to the cosmological
solution and only assume that it is as ‘“‘standard” as
possible; in particular we assume that the effective degrees
of freedom relevant for the low energy dynamics (and the
cosmological background) are of spin s < 2 (in particular it
|

excludes massive gravity [68,69]) and couple minimally to
graVity.9

A. Identifying speeds in an EFT context

1. Reorganizing EFT expansion

Before proceeding to explicit calculations, it is worth
discussing how we identify the speed of propagation in a
time or space dependent setting in which we are working,
with a truncated EFT with higher derivative operators.
Throughout the following discussion we mainly have
FLRW in mind, although the reorganization of the EFT
and the way we identify the speed is fully generalizable to
any other type of background.

In an EFT higher derivative operators should be dealt
with perturbatively, and we may only draw conclusions
from them in the regime in which perturbation theory in
these higher derivative operators is valid. For instance,
working with the curvature-squared interactions introduces
fourth order derivatives in the equations of motion. Directly
perturbing will give an effective equation of motion for
gravitational waves written in momentum space of the
schematic form

(1 + 132;;12’ k))af;hk(n) + <le (n) +

P1

D)0 o)+ (2t )+ 20 )

2
M Pl P1

154(77) 84hk( )+l;;/[(;7)
Pl

OB (n) + O(M~*, MatM ™2, My') ~ 0. (3.1)

To simplify the procedure we may first perform a rescaling of field variables &y (1) — Q(n)hi(n) so that for the
resulting equation the leading friction term @, (17) vanishes and the resulting momentum space equation is schematically of
the form

by(n by (n L4 ag2ag—2 g
+ 4( )%hk(n)—l— ]:;%l)ath(ﬂ)+O(M 4,MP12M Z,Mpf‘)zo.

(3.2)

In the limit H < k/a < M we may use the Wentzel-Kramers-Brillouin (WKB) approximation to determine a dispersion
relation which has four powers of frequency and hence twice as many solutions as that of a second order differential
equation.'® The additional solutions of this dispersion relation are the ghostly states that arise from the truncation and whose
solutions should be ignored in the EFT context. What we are interested in are only the solutions that are continuously
connected with the solutions that arise in the limit Mp — O for which the equation of motion is second order,

Ohi(n) = —ao(n, k)i (n) + O(My?). (3.3)

°Conformal couplings to gravity can be dealt with by first diagonalizing and then working with the appropriate minimally coupled
fields.

The higher powers in the dispersion relation are always unphysical and simply signal the breakdown of perturbation theory when
k ~ M. Athigh energies the dynamics of the modes that have been integrated out should be accounted for. Note that the additional modes
one would obtain in any truncated theory are not and should not be directly identified with the degrees of freedom present in the high
energy theory [70].
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To identify these, we can use the lower order equations and substitute them either into the higher order ones or more
consistently at the level of the Lagrangian and perform field redefinitions to remove higher order time derivatives. Then to
the desired order, the equation of motion can be reexpressed as a second order in time derivatives equation of motion

+ h&—?aﬁ(—ao<n, k)hi(n)) + b;}f Lo (=0 (1, k) () + O(M™, MM, M) ~ 0 (3.4)

2. Identifying the speed

We could at this stage use the WKB approximation to
define an effective dispersion relation. Indeed we will in
general only be interested in the effective speed of
propagation in the region H < k/a < M in which the
EFT is under control and the modes are sufficiently
subhorizon that the WKB approximation is valid and it
is meaningful to talk about waves. However, already for
gravitational waves in GR, such an analysis would imply a
superluminal group velocity when the effective mass is
negative. For instance for GR, to implement the WKB
approximation we begin with the ansatz

A A AR /
ezkz zf ' w(n ,k)’

hy(n) = (3.5)
(1. k)
which leads to the exact equation
" i 2
N E SR (A L
w*(n, k) =k p 2<a) 20)2). (3.6)

The WKB approximation amounts to solving this equation
iteratively to any desired order. The leading iteration
@*(n,k) = k* — a" /a would for example during inflation,
where —a” /a is negative, give superluminal dw/dk. This is
clearly meaningless since an exact construction of the
retarded propagator on FLRW shows that it only has
support on and inside the light cone [71]. The WKB
approximation assumes k>>> —a”/a and hence is not
accurate enough to account for the effective mass term
in the exponent; all we can infer from it is @” ~ k*> and
that if this were the exact equation the front velocity
lim;_,, w/k would be luminal.'"" What is relevant from
the perspective causality is neither the phase or group

""The WKB approximation is still under control, and it is
just its interpretation that is failing. For example in the explicit
case of gravitational waves in de Sitter a = —1/(Hp), the
exact solutions are Hankel functions whose WKB form is
h~k~12etke=kn (1 + ay /(kn) + 3%, @,/ (kn)?). This follows
from (3.6) by taking the leading iteration as @ = k and treating
all high order terms perturbatively outside the exponent rather
than inside it. In fact in this special case the series terminates
a, = 0 for n > 2, and so this is the exact solution.

velocities which as we see are poorly defined in this time
dependent setting, but the causal properties of the hyper-
bolic equations defining the retarded Green’s functions.
This is entirely determined by the light cones of the
hyperbolic metric defining the equation.

With this in mind we reorganize the EFT expansion in a
manner suitable to determine the retarded propagator
perturbatively, as a second order in the time hyper-
bolic system plus (perturbative) higher spatial derivative
corrections. In doing so it is worth emphasizing that in
general the effective friction term, in the above example
(by = by0yag — aghb3)0,hy, is typically k-dependent and
an additional rescaling h; () — (1 + Q(k,n)/M3)h(n) is
helpful in order to remove any k-dependence in the friction
term before determining the propagation speed. Once this is
done, the equation of motion for tensors can be put in the
form

(5]

= Bk hi(n).

n=0

Ophy(n) = (3.7)

which is naturally reorganized as (to any desired order in
the EFT expansion)

Ayhic(n) + By (m)k*hye(n) + Bo(m) ()

:_Zﬂ

The left-hand side (LHS) defines a hyperbolic system
with propagation speed c¢? = f3,(7) and effective mass
m%; = Po(n). Temporarily ignoring the right-hand side
(RHS), just as in the GR case, the presence or not of
the effective mass is irrelevant to the causal structure of
the retarded propagator. The latter is determined by the
effective light cone of the two derivative/k? terms. The full
Green’s function can be determined perturbatively by
iterating the relation

(k" e () (3.8)

G (.1 + PGl (n.1) + Po () Gler(n.17)
== Bak"Gl(n. ) + 8(n =), (3.9)
n=2
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At any finite order in this expansion the causal structure of
Green’s function will be determined by zeroth order
Green’s function G§ . (n,1')

3Gl (11) 4 Pr (MK G (1,7) + Po (1) Gl e (0, 11)

=d(n—n). (3.10)

which has support on and inside the light cones defined by
the effective metric [71]
ds? = —c2(n)dn* + dx2. (3.11)

Hence this defines what we mean by the low energy speed
¢2 = B,(n). The above procedure may be easily generalized
to any order in time derivatives and hence any order in the
EFT expansion.12

In a fundamentally Lorentz invariant theory, all coef-
ficients 8, — 0 for n > 2 when the spontaneous breaking is
removed, and similarly #; — 1. Thus while the corrections
to the sound speed from unity will be small, suppressed by
at least one power of the maximal symmetry breaking, e.g.,
by one power of H/M3, in FLRW, the same will be true of
all the coefficients f, for n > 2 which must similarly be
suppressed by one power of H/M3,. ' Hence, as long as
k/a is small in comparison to the momentum EFT cutoff,
the dominant low energy modification to the propagation
will be captured by ; — 1, that is,

B - DR S B, (3.12)
n=2

The way in which we have defined the low energy speed is
easily generalizable to perturbations around any spacetime
and will always predict ¢, =1 for pure GR minimally
coupled to classical matter. The merit in its definition will
be seen in that it is naturally connected with precise terms
in scattering amplitudes that are potentially constrained by
means of S-matrix positivity bounds as we discuss
in Sec. IV.

B. Curvature-squared corrections on FLRW

1. Dimension-four curvature operators

We begin in this section with the leading curvature
corrections to our EFT, the R? corrections. To reiterate,
these may arise either from tree level or loop level effects of
heavy fields, and are to this order

Attempting to solve for the retarded Green’s function
perturbatively directly about the GR result would lead to a
secular growth as explained in Appendix C.

Or higher derivatives of H, since on de Sitter H = const there
will be no modification to the speed by virtue of de Sitter
invariance.

L==g P'R+£le(g,)

+ C\R*+ CR2, + GRS, + -+, (3.13)

where the ellipses represent higher-order operators in the
EFT expansion, £'*(g,y) is the Lagrangian for the low
energy fields y which we assume here are all minimally
coupled to gravity and do not include fields y with spin 2 or
more. Here and in what follows C; denotes the IR value
CR_In four dimensions R2,,, can be written in terms of the
Gauss-Bonnet term, which does not contribute to local
dynamics, plus the remaining curvature-squared terms, and
so these coefficients are better written in terms of the
coefficients of Gauss-Bonnet, Weyl squared, and Ricci
scalar squared

C\R*+ CR;, + C3R2 Mﬂ
= Cp 2R? + Cy2W ﬂl/aﬁ + CggGB, (3.14)
where the Gauss-Bonnet term is
GB =R’ ., — 4R}, + R*. (3.15)

The precise relations are C; = Cre + Cgp +%CW2, C, =
—2Cy2 —4Cgg, C3 = Cy2 + Cgg. Since the Gauss-
Bonnet term is topological in four dimensions effectively
for the rest of this section, we shall be working with the
leading EFT corrections to GR as follows:

L=./—g Pl R+ L' (g, p) + CraR*> + Cyp W#mﬁ]

(3.16)

As an example, we show in Appendix A how loops of a
massive scalar field of mass M leads to a contribution to
such curvature-squared contributions with [see Eq. (A28)]

R B0
r=-————log| —
R =876 % 24022 2\M2 )

S SR SRS
=————log|—5].
W T 416 x 24022 2\ M2

These expressions need to be supplemented by UV
counterterms which remove the A dependence. They
confirm, however, the general expectation that Cy. (M) —
Cy2(M,) > 0 for M| < M, which follows from dispersive
arguments (4.34). Thus as we flow to the IR, the coef-
ficients Cy2 and Cgre will increase.

(3.17)

2. Tensor modes on FLRW

We now consider a FLRW background in conformal time
1, with metric y,, = azn,w, and introduce the transverse
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and traceless tensor fluctuations /;; = 3 -, h,e7;, where the
sum is over the two polarizations ¢ = +, x and e;’x
represents the two polarization tensors. In what follows,
we shall omit any mention of those two polarizations and
simply denote the tensor modes as 4, while it is of course
understood that a sum over both polarizations is implicit.
The tensor modes are normalized so that the full metric is
given by

Gij zy,»j—kah,-j. (318)
We use the standard notation, H = d/a = da'/a* is the
Hubble parameter, with dots referring to derivatives with
respect to physical time ¢, and primes with respect to
conformal time 7.

3. Einstein-Hilbert

The Einstein-Hilbert term then leads to the standard
canonical kinetic term for the tensor modes,

L) _

M :
= T"la%(a—zmﬂ —4H? —3H)h, (3.19)

where D,, = —8,% + 62 is the d’ Alembertian on Minkowski

spacetime, with v’ being the standard three-dimensional
Cartesian Laplacian (that will be replaced by the momenta
—k? below).

Assuming that all the couplings to gravity involved in
E$‘C'> (g,w) are minimal and there are no fields y with spin
2 or more, then the matter field Lagrangian leads to the

following “effective mass” term for the tensor fluctuations
on FLRW,"

M3 .
V=LY (gop) ) = @ GH? +2H)R. (3.20)
leading to the standard low energy contribution
M3 1 )
hh
Loy, = Tf’la% (a2 0, + 2H? + H> h.  (3.21)

4. Curvature-squared contribution

We shall now derive the equation of motion for tensor
modes on including the R?-operators which either arise as
logarithmically running terms coming from matter loops or

“This result follows for quite general Lagrangians; for
instance, for a single scalar y it follows for all interactions of
the form P(X,y) = P((Oy)?,w) as well as a generalized cubic
Galileon G((Ow)?,w)Oy. However, we do not consider other
Horndeski operators as well as beyond Horndeski, as these
involve nonminimal couplings to gravity and already induce a
sound speed that differs from luminal at low energy on cosmo-
logical backgrounds without even accounting for the effect of
heavier modes.

may independently arise from tree level corrections from
fields of spin s>2. The contributions from the R2-
operators are of the form

‘Cgl?rill)ét = azhédim ah, (3.22)

where Oy 4 is a fourth order operator given by

a 1 1 1
Ogim 4 = gglm% +;93Dn8;7 + ?94@7 + 5958;1

+ %9762 + 93 (3.23)
with the coefficients expressed as

91 = Cyn, (3.24)
g3 = 2CynH, (3.25)
gs = 6Cr2(2H* + H) + 6Cy2H, (3.26)
gs = —6Cg2(4HH + H) — 4Cy2(HH + H),  (3.27)
g7 = —4CyH, (3.28)

g3 = 6Cr2(4H* — 10H?H — 8H? — 11HH — 2H)
— Cyw(2H?H + H? + 3HH + H). (3.29)

Working perturbatively in the dimension-four curvature
operators, following the approach discussed in Sec. III A,
we may substitute the relation for U, A in terms of & as
derived from (3.21),

O,h = a*(=2H? — H)h. (3.30)

This perturbative substitution can be performed on the first

three terms of the operator Odim 4 defined in (3.23) so that
only the last three terms remain with slightly altered
coefficients,

N 1. 1 = _
Odim 4 = 595571 +?97V + Js. (3.31)

The expressions of §sg is irrelevant for the rest of the
discussion but we include them for completeness,

Gs = gs +2g,(4H? + 6HH + H) + g3(—2H* — H),
(3.32)
s = gs + 91 (16H* + 34H*H + 9HH + H + 7(H)?)
+ g3(—4H> —6HH — H) + g,(-2H> = H). (3.33)

At this stage we see directly that to this order, the modified
equation of motion for the tensor modes on FLRW is
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1 16Cy.H 4as
— | =-0? 11— —"7\WV2 + 289 | h = m2h.
[ “( M3, ) M

(3.34)

The friction term can easily be taken care of by performing
a rescaling of the field which will keep the second space
and time derivatives unaffected and simply modify the
effective mass term by order H?>/M3, corrections. As a
result we can directly read off the effective low energy
sound speed which as we see gets affected by the Weyl term
(and solely the Weyl term) on this spontaneously Lorentz
breaking background,

16Cy2(—H) H*
c§:1+W7+O<—). (3.35)
M5, My,

Interestingly, we see that the effective sound speed is
superluminal on a null-energy condition satisfying back-
ground H < 0 as soon as Cy» > 0. At this stage we may be
inclined to conclude that Cy2 ought to be negative for any
consistent (causal) UV completion; however, this conclu-
sion would be wrong, or at least highly premature, as we
will argue in what follows (see Sec. IV).

In a weakly coupled UV completion, the natural scale
for Cy is M3,/A* where A is the scale of new tree level
physics. Hence the correction to the sound speed may be as
large as ~|H|/A?. This is particularly interesting in the case
of inflationary models where the hierarchy between |H|!/?
and the scale of new physics A is not necessarily large.

C. Static warped geometries

Although our main focus is on cosmological spacetimes,
it is worth noting that the above analysis trivially general-
izes to static warped geometries with /SO(1,2) symmetry.
By analytic continuation we can equally well consider
metrics with nontrivial dependence on only one space
dimension, e.g., y and associated matter profiles

ds? = a(y)?(dy? — d? + dx? + dz?) + a(y)hgpdx?dx?,
(3.36)

where h,, are transverse and traceless with respect to the
(t,x,z) subspace. Due to the fact that these solutions
have the same amount of symmetry as the FLRW solutions,
the equivalently defined tensor modes decouple from the
matter degrees of freedom which source the background y
dependence. Repeating the previous analysis, we find
similarly a fourth order differential equation which may
be reorganized into a second order differential equation
with associated propagation speed along the y direction (the
speed in the x-z plane is luminal by symmetry)

16Cy: (=H(y)) H*
Ay)=1+—2 222 L O —) (3.37)
M, M,
where H,(y) = dIna(y)/dy and H,(y) = il({;g‘),. As in the

cosmological case, for matter satisfying the null energy
condition we have

H!\(y) <0, (3.38)

and so we again conclude that if Cy2 > 0, then the tensor
modes propagate superluminally. This is consistent with the
arguments given below in Sec. IV which apply for any
geometry.

D. Sound speed frequency dependence

We have seen that the speed of gravitational waves is
superluminal in the low energy region for Cy2 > 0. Since
this calculation is performed in an EFT context, we can
only trust the calculation of ¢Z up to and including 1/M3,
corrections without including higher order operators in the
EFT Lagrangian. Nevertheless it is instructive to see what
happens if we temporarily assume that the R* and W? terms
define the exact Lagrangian and compute the speed to
higher order. The next order correction takes the form

16Cy2 (—H 3H? — 6H?H + 5HH — H\ K> H*k*
mzz(H#_mmc@W( x ) — +(9( . ))kz.
M My, a-My, M,

Pl

We see that at higher momenta, the departure of the speed
from unity is reduced regardless of the sign of Cy,2. Indeed,
determining the exact form of the dispersion relation shows
that the speed of sound always asymptotes to unity as
k — oo. This is simply because, at high energies in the
truncated Lagrangian, the W? terms dominate the dispersion
relation, the leading term is a Lorentz invariant (1> operator.
We stress again that we cannot trust this calculation in the
EFT context since other operators will kick on; however, it is
indicative of a general expectation that even on a background

(3.39)

|

which spontaneously breaks Lorentz invariance, for mo-
menta much larger than the scales of the background it will
always be the leading Lorentz invariant operators which
dominate and guarantee a luminal front velocity

lim (k) = 1.

k—co

(3.40)

Indeed taking seriously the fourth order equation inferred
from (3.22) and (3.21), it is helpful to note that to this order
the effective action can be rewritten as
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SO = / d*x L;mnh)u (MT%+94>
x (h* = (Vh)?) = g;(Vh)? + aZD(n)hz] . (3.41)

This can be rewritten as a second order system by intro-
ducing an auxiliary variable P,

(hh) 4 1 2 —Igp2 M12>1
S = d*x lPD'?h_Za 91 y + T+g4
x (h* = (Vh)?) — g7(§h)2 + aZD(n)hQ] . (3.42)

Performing a standard WKB approximation with ansatz

h = ho(n, k)e= W0k Y =W (n, k)e W0k (3.43)

with e=""(1X) varying rapidly in time and & (1, k), Wo (17, k)
slowly in time, we obtain at leading order in k > aH the
approximate equations

1
(W? = k*)ho ~ 5a?gl—llllo, (3.44)

(W’2—k2) +2<T+g )(W’z —kz)h0—2k2g7h0z0
(3.45)

Combining together the dispersion relation can be deter-
mined from

M2 k2 k2 2
(o 5
4 a? a?

k2

which has the exact solution (taking only that solution which
is continuously connected with the usual GR solution)

—4g, — M12>1+4 49'(]7
891

(9+)

* =W?=k>+a*

(3.47)

Interestingly this solution is always real, meaning no decay,
regardless of the sign of Cy: (i.e., g;) as long as the null
energy condition is satisfied H < 0, has the desired low
energy behavior, and asymptotes to w*> = W’> — k? at high
energies.

We have avoided performing a WKB analysis of the
fourth order equation in order to determine the speed of
propagation in the previous sections since for these higher
order derivative systems they generally do not give an

accurate determination of the low energy speed. In par-
ticular, we see from performing a Taylor expansion of this
approximation, the order k* term is incorrect. It is, however,
correct in the higher momentum limit if the equation were
taken as exact.

IV. SUPERLUMINALITY AND CAUSAL
UV COMPLETIONS

On NEC preserving backgrounds, we have seen that
gravitational waves have superluminal low energy speeds
if the coefficient Cy» of the Weyl squared operator in the
EFT of gravity is positive. If one were to jump to
conclusions at this stage, one may be inclined to argue
that consistency of the EFT requires setting Cy2 to be
negative (this is indeed the logic followed in much of the
standard literature). However, as we shall argue in this
section, this conclusion is premature and likely erroneous.
Indeed as already argued earlier, contributions to the
coefficient Cy from tree level massive spin—s > 2 fields
or from loops of massive spin—s < 2 fields lead to a
positive contribution to Cy2. In what follows we shall
show that a positive sign for Cy typically follows from
standard positivity bound arguments (if applicable to
gravity) and ensures subluminality in the matter sector.

A. Gravity versus matter light cones
and null-energy condition

1. Matter frame

Both for NEC preserving FLRW backgrounds and for
NEC preserving static warped geometries, it was shown in
(3.35) and (3.37) that the effective low energy sound speed
of gravitational waves is (ever so slightly) superluminal as
soon as Cy2 > 0. This result can actually be derived very
simply by recognizing that it is entirely a consequence
of the field redefinition between the metric frames in
which matter minimally couples and that in which gravity
minimally couples, following from (4.6). To see this
explicitly, we can start with our EFT Lagrangian for GR
including the leading order curvature corrections as given
in (3.16)

L= \/—[ PR+ CreR?> 4 Cy2W?, , + C5sGB

/waﬂ

-l @)
==y Pl Cre =2 Cye )R + 20,22
R+ R — g w2 | R™+ WzR;w

+ (CWZ + CGB) GB + Lmatter(.g’ W):| ’ (42)

where L,.er (g, W) is the Lagrangian for the (low energy)
matter fields that we assume (for now) are minimally
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X, X X..
FIG. 1.

energy tensor 7,

coupled to gravity. For definiteness, we refer to this frame
as the frame in which matter is minimally coupled and
denote the metric in this frame as g,, = g;;*"*". The leading
order equation of motion in this form is G"" = My2T,,,
where T, is the stress energy of the matter field

2 1
T, =-—= - ‘Cmatter s .
w \/—_gég””(\/ g (9.w))

(4.3)

2. Tensor frame

Consider now the following field redefinition:

1
atter __ tensor
9;121 — Juv + 59;0/ ’

(4.4)
M3,

for which the Lagrangian picks up a new interaction

1 1
AL = =60,(G* = M’ T") + - O(RR™).  (4.5)
Pl

If we make the choice that

1
6g,, = 4C G —T
G w2 ( uv + M1231 yu)

2 1
_2(c2__c 2>(R__T>gb, (4.6)
ey )T T )

then the field redefined Lagrangian is'

M3 2C
L= V') |:—P1R + CeGB + Liaer + —4W2 TﬂvTﬂy
2 My,
(Cr2 —3Cy2) }
Cr=5Cw)m, .| (4.7)
My,

where again ellipses represent higher order curvature
operators (e.g., of order R?/M*) and G 1s now the tensor
(Einstein) frame metric g,;/**". At the order at which we are
working, the dimension-four curvature-squared inter-
actions have now disappeared, other than the Gauss-
Bonnet term which does not affect local physics, at the

5To this order this is similar to a four-dimensional 77T
deformation; however, the coincidence ends at this order [72].

TT amplitude: Graviton mediated loop contributions to matter interactions. y symbolizes a matter field present in the stress-
a wiggly line is a graviton propagator, and solid purple lines are the loops of heavy fields.

price of nonminimal interactions in the matter sector. Such
types of operators were considered within the context of
EFTs for cosmic acceleration [73,74]. It is clear that to this
order, in this representation, gravitational waves will travel
at the speed defined by the light cones of the metric gj;*"",
but light itself will no longer travel at this speed since
Maxwell’s equations are modified by the inclusion of

higher order operators.

3. Gravitationally induced matter interactions

This leading order “TT deformation” of the matter
Lagrangian in (4.7) can be understood diagrammatically
as arising from the process given in Figs. 1 and 2. The
diagram in Fig. 2 represents the tree level process whereby
a massive heavy state of spin-2 or -0 is exchanged between
the two stress energies. This corresponds to the explicit
example given in Sec. IVC 1. The diagram in Fig. 1
describes a loop process from a heavy field mediated via
tree level massless graviton exchange. This corresponds to
the explicit example given in Sec. VA 1, at least after field
redefinition. We stress again that while the perspective
obtained by performing these field redefinitions is useful, at
least at these low orders, once we consider higher order
interactions, gravitational couplings arise (e.g., Riemann?).
These cannot be removed via local field redefinitions alone,
and so it will not be possible to give such a simple effective
description in terms of gravitationally induced matter
interactions. Of course S-matrix elements are invariant
under these field redefinitions, and the on-shell process
described by Figs. 1 and 2 can be computed in any frame.

4. Connection with the NEC

After performing the field redefinition to remove the
curvature-squared terms, we have the Einstein (or tensor)

matter field x -, X

" massive spin — 0, ¢/ °
. . i
R or massive spin — 2, H,
X° X

FIG. 2. TT amplitude: Gravitational strength matter inter-
actions arising from exchange of mass spin-0 and spin-2 states.
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frame metric in which the gravitational tensor fluctuations
are minimally coupled

4Cy0 1
— gmatter — (Gmatter + T U>
e\ g

4
_2Ce =5 <R L T) gty
. |
My, My, ’

tensor

gyz/

(4.8)

Evaluating this on-shell, then to the same order we have

8
tensor __ matter __ 8CW2 (G matter 4CR2 3 CW2 [Rmatter jmatter
g/w - g;u/ M2 )22 M2 g;u/
Pl Pl
L (4.9)
_8
__ matter __ 8Cy» matter Cr 3 Cy2 matter gmatter y
= 9w 4 uv 4 ) .
MPI MPl

(4.10)

For concreteness, we now focus on the FLRW metric
considered in Sec. III B, although the following argu-
ment clearly applies for any background (as for the
example of the static warped geometry in Sec. 11 C),
not just FLRW.

When the matter metric has the FLRW form
gmaterdx#dx” = a(n)*(—dn* +d¥?), then to this order
the Einstein (tensor) frame metric is

gerordptdxt = Q2a*(—c2dp? +dx?) + -+, (4.11)
with ¢2 = 1 + 16Cy2 (—H)/ M3, which is exactly the result
obtained in (3.35). The conformal factor Q is given by

8C
Q= <1 ARk
M,

(2H + 3H?)

24Cp2 — 1 .
_( Cr , 6Cy2) (H+2H2)).
M,

(4.12)

One of the interesting features about the above results for
the sound speed is that the correction is proportional to H
and so changes sign if we consider a field theory with NEC
violation. A violation of the NEC, required to achieve
w = p/p < —1, typically leads to instabilities [75,76] or
even a breaking of the low energy effective field theory
[77], unless it is accompanied with superluminal modes in
the sector responsible for the breaking of the NEC [78]. Our
findings naturally complement these results in the case
where Cy2 > 0. Indeed, for Cy. > 0, gravitational waves
become subluminal as soon as H > 0, which, in the field
frame in which gravity is luminal, is equivalent to the
statement that the matter fluctuations become superluminal
as soon as the NEC is violated (as soon as H > 0).

The previous argument works for any background given
the field redefinition (4.6). If n, denotes a vector which is
null with respect to the matter light cone g,,,n*n* = 0, then
if matter satisfies the NEC n*n*T,, > 0, we have

{nﬂnvg;fgmr <0, if Cye >0,

o . (4.13)
n"n”gﬂ‘"p“s"r >0, if Cy2 <0,

meaning that the vector n” is timelike with respect to the
gravitational wave light cone if Cy2 > 0 and spacelike if
Cy2 < 0. Since the vector n” is timelike with respect to
the gravitational wave light cone, in the case where
Cy2 > 0,'® the matter light cone always lies inside the
gravity light cone regardless of the choice of background,
for all NEC respecting matter. Violating the NEC or
having Cy2 <0 automatically reverses this (arguably
natural) order.

B. Positivity bounds for light fields

From an EFT point of view the coefficients Cg and
Cy2 are a priori undefined unless we match them with a
UV completion as will be performed shortly in Sec. IV C.
In the case where we are dealing solely with curvature-
squared corrections in the gravitational EFT, a local field
redefinition is always possible so as to move the
corrections into the matter sector as was performed in
the previous subsection. Before considering a matching
with a UV completion, we shall first consider how the
standard positivity bounds from S-matrix analyticity,
locality, and unitarity may be used to constrain the sign
of Cr and Cy. of the resulting matter interactions,
provided we argue or assume that the contribution of the
graviton exchange t-channel pole can be neglected.

1. Scaling Limit

Assuming we are free to choose the coefficients in the
EFT, at this point we can take a decoupling limit Mp — 0
keeping Cg2/M3, and Cy2 /M3, fixed. For instance, in the
case in which the R? terms arise from loop corrections from
integrating out fields, we expect the C’s to scale with N, the
number of fields. At the same time the Planck mass is
related to the species scale as My = NAZ,.i., [79]. Hence
this decoupling limit is simply the limit N — oo, Mp; — o0
keeping Agpecies fixed. In this limit, gravity may be
described by a linearized massless spin-2 on Minkowski
coupled to matter with Lagrangian

oA would, for instance, be the case if the curvature-squared
corrections were solely arising from integrating out massive
scalar fields, or as implied from the spectral representation
discussion in Sec. IV C.
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1 1
L=-h"Eh
8 ab + 2Mp,

habTab + ‘C;nalter + ey (414)

where & = [ + - - - is the Lichnerowitz operator, T, is the
stress energy of L .., and the last term is a modified
matter Lagrangian

2C 2 (CRZ - 2 Cw2)
Ll er = Lonatter + ——=T,, TW + 377272 4 .
matter matter Mél uv Mél

(4.15)

Since this is now a local field theory living on Minkowski
spacetime, we may ask what are the constraints on the
coefficients Cp and Cy2 based on positivity bounds
applied to the scattering of these light matter states,
including these N=! ~ My} corrections.

2. Light scalar fields
For instance, suppose we consider matter to be a
single (nearly) massless scalar field whose stress energy
takes the form 7, = 9,¢0,¢ — n,,(0¢p)*. The effective
Lagrangian for the scalar is then

L = = 09+ Yoyt + o).

(4.16)

At order N™! ~ M52, the tree 2 — 2 scattering amplitude
describing the process ¢¢p — ¢p¢p will receive two types
of contributions. Contact interactions which come from
the (O¢p)* interactions and s, 7, and u channel poles that
come from the exchange of massless spin-2 graviton,

1 —tu —st —su
A H)~y—— | —F—+—
oo~ (S 2+ )

) —Uu
Ce +4C
+2( L 3 W)(2+t2+u2)
MP]
+ O(My}) (4.17)

The direct application of forward limit positivity bounds
[10,25,26] is famously problematic due to the massless
t-channel pole. Defining as A', the fixed ¢, s-channel pole
subtracted amplitude, we have

11 4 4
afA’(s, t) ~ _M_l%l;_’_M_él <CR2 +§CW2> + O(ME{‘)

(4.18)

The forward scattering limit of 924’ (s, t) is dominated by
the contribution from the f-channel pole and potentially
bears no relevance for the sign of Cpg —l—%CWz. More
importantly, the pole at + = 0 prevents analytic continu-
ation of the partial wave expansion from the physical

region t <0 to t>0, precluding any statement of
positivity even for small positive .V

However, a recent argument given in [32] has suggested
a potential solution. The idea is to regulate the IR
divergence at t = 0 by compactification to three dimen-
sions and apply positivity bounds there. Assuming the
validity of this reasoning (see Ref. [55] for subtleties that
may need to be accounted for), it makes it possible to
discard the contribution from the massless graviton ¢
channel pole. If correct, then in the present context the
forward limit positivity bounds [10,25,26] applied to the
pole subtracted amplitude impose

4
Cr: +§CW2 > 0. (4.19)

In the next section we shall argue for this positivity in a
different manner which is consistent with this ability to
ignore the #-channel pole.

3. Electromagnetism
Similarly, taking the example of the matter being
electromagnetism for which 7, = F,,F,* — %Wny apF’ ap
then the effective matter Lagrangian is

I T I
‘C:natter = _ZFa/}F 4 + M%l (TI‘(F4) - Z(Tr[Fz])z)
+ O(MIZIA' (4.20)
1 Cyn
— —_F F% w F . F)2
4 aff + 2M§1 ( aff )
C -
W (F oy FP)2 + O(M5). (4.21)
M,

Familiar arguments on the absence of superluminalities for
photons in different backgrounds [10], or equivalently
positivity bounds applied assuming the graviton t-channel
pole can be neglected [32] imply that the coefficients of
both of the above dimension-six operators are positive
which is satisfied with the single condition

Cy2 > 0. (4.22)

We emphasize that what has been performed here is an
inverted logic as compared to what is typically considered
in the literature when imposing bounds on curvature
operators. Rather than applying positivity bounds directly
on the gravitational sector, we have applied it on scattering
amplitudes of the matter sector. Subtleties related to the
t-channel pole are of course equivalent in both cases, as it

"In the case of massive gravity, this problem is conveniently
avoided since the pole is at # = m? and so one can analytically
continue from ¢ <0 to m? >t > 0. Extensions of positivity
bounds to # > 0 have recently been considered in [27,28] with
particular application to massive gravity in [47,80].
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should be. The related arguments of [32] similarly deter-
mine the positivity bounds on photon scattering.

C. TT amplitude

The previous arguments allow us to impose constraints
on the sign of the curvature-squared operators using
positivity bounds applied on a scattering amplitude of
the matter sector provided the 7-channel pole that appears in
those amplitudes can be discarded. A stronger form of these
arguments follows from considering the 77T-contributions
from the matter Lagrangian to arise from the integration of
massive spin-2 fields. Indeed, the effective matter
Lagrangian may also be written as

2Cy» 1
C;natter = Lonager M: (T TH — g T2>

c
+M—‘§2T2 + O(MzH, (4.23)

Pl
which are the natural combinations following from the
Killén-Lehman spectral representation for the 77T two-
point function. This emphasizes the fact that this interaction

could be viewed as the 7T amplitude obtained from
|

M 2 1 ,
Lyy ~ /=9 [TPIR + (CUV - §C‘5V¥>R2 +2CYR;, + Z {5 H'"EH!,

+ Z |: ¢]D¢j M2¢2:| + ['matter + o 2MP1 Zaz l T’w + _Zﬁ]¢]guvT H

integrating out massive spin-2 and higher states which
naturally coupled to the stress energy through the —1/3
polarization factor and massive spin-0 states which could
couple to the trace of the stress energy.

1. Weakly coupled UV completion

To make the previous argument explicit, imagine a
weakly coupled UV completion, with a potentially infinite
tower of massive spin states. Let us imagine that matter
couples to an effective metric build out of the Einstein
frame zero mode metric g,, and some combination of all
the other spin states. If the spin states are only weakly
excited, as would be expected in the regime of validity of
the EFT, we may treat them as approximately linear, even

while the zero mode metric g, is nonlinear. Matter may

then be taken to effectively couple to gjjﬁf = G +

1 ‘ 1 ‘
a1 22 Ay + 5= Bi#;9,, Where H,, are any number
of massive spin-2 particles of mass M; and ¢; any number
of scalar particles of mass M;. Other spin states will not

couple at this order.
The UV Lagrangian describing this setup may then be
taken to be (ignoring Gauss-Bonnet terms)

1
_EMz(HtZ/w - le):|

: } . (424)

with £ the covariant version of the Lichnerowitz operator and ellipses indicating higher order interactions for the additional
spin fields. The obvious examples of this kind of effective Lagrangian are extra dimensional braneworld setups where
matter is localized on a brane whose induced metric is not equivalent to the Einstein frame zero mode metric. The induced
metric will indeed include Kaluza-Klein modes H:” as well as potentially other scalar moduli fields ¢ It

Now integrating out the massive fields to obtain the low energy effective theory, then due to the Fierz-Pauli structure of
the mass term from the spin-2 fields we obtain the —1/3 factor, namely

M2
['IR ~ \/—_g |:TPIR + <C}‘jT 3 C >R2 + 2CUVR2 + 'Cmatter

1 a 2
T ZW (TWT"” —37 ) 4M3, Z ]

1
Here we have made use of the fact that at leading order V¥T,, ~ 0, and so the action of the polarization tensors is simplified.
By rewriting the lew and T2 back in terms of curvature-squared interactions we may identify

(4.25)

M M?
IR _ ~UV Pl 2 IR _ ~UV 7Pl
Ci = CpY + §i Y ?ai’ CR =C% +§ 1 3 i (4.26)
that is,
M%,l 2

which gives the desired positivity properties. The equality could be saturated only if no fields coupled, i.e., if ¢; = f; = 0.
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2. Generic UV completion

Although the previous argument was made explicitly for
a weakly coupled UV completion, it follows equally well in
general from the spectral representation for the 77 two-
point function [81] for a conserved source, which would
also apply when loops are included and hence for an
arbitrary UV completion

l/ood ( )Tﬂbé T 1 T
Mél 0 Hp2\H ﬂ—D—iG 122 39;41/

1 /00 1
+— | dupo()T——=——T,
My, Jo (k) u—U—ie

where standard unitarity arguments imply p,(x) > 0 and
po(u) = 0. Crucially though this expression assumes that
no subtractions are necessary in writing this dispersion
relation. The leading subtraction term can be directly

absorbed into C1Y and CY,’ so that we may formally write

ALTT —

(4.28)

1 [ py(p)
IR _ ~UV
Clt, = CY¥ +3 A a2 . (4.29)
CIR — CUY ¢ / " dﬂp—oftﬂ ), (4.30)
0

with the understanding that Clvsz z are finite quantities. We

see that a?/M? is replaced by the spin-2 spectral density
divided by the spectral mass squared y and ﬂjz- / M? replaced
by the spin-0 spectral density divided by u. Again we
see that

ACWZ > O, ACRZ > 0. (4.31)
We may define these coefficients at an arbitrary scale,
which may be interpreted as the coefficients in the EFT
defined with all states of energies greater than M integrated
out, in the manner

1 [ py(p)
_ uv _
Cy2 (M) = COY + 5 L ) d,u—ﬂ , (4.32)
Cre(M) = CWY + /°° dﬂp‘)(”), (4.33)
M? H

so that the RG flow is finite (independent of subtraction/
renormalization considerations) and positive in the sense

%Mm—%mm:/%wﬁﬂ. (4.34)
M3 H

We thus see that standard spectral representation arguments
imply the expectation that ACy > 0 and related positivity
bounds strengthen this to the expectation that Cy2 > 0. Itis
precisely with this sign that we found in (3.35) and (3.37)

gravitational waves to be superluminal on NEC preserving
backgrounds unless one insists on having Cy2» =0 in
which case gravitational waves would be luminal to this
order (but not to higher orders as we see in Sec. V).

Related spectral representation arguments are given in
[81,82]. In these approaches the t-channel pole is effec-
tively neglected by focusing on graviton pseudoamplitudes
which are essentially on-shell stress energy correlators [83].
Similar arguments applied to the Gauss-Bonnet term or
equivalent Weyl squared term in higher dimensions are
given in [84] with the same implied choice of sign. S-matrix
positivity arguments have been applied to quartic curvature
interactions in [29,30] complementing previous superlu-
minality arguments [11]. Entropic arguments that constrain
the curvature-squared terms are given in [31,55] and are
consistent with these implied signs.

3. Neglecting the t-channel pole

The Kaillén-Lehman spectral representation for a
2-tensor can also include contributions from massless
graviton exchange. In the above we did not include this
as we have intentionally written the action (4.14) in a
representation in which the massless graviton has not been
integrated out. Had we done so then we would have
obtained an effective matter Lagrangian

‘Cgmtter = Ematter + ALITT’ (435)
where
1 1 1
AL, = T T, —=9,T
TToME —O-ie ( w = 9w >
1 [e P2(K) 1
— [ durw 2L (T, ——g.T
+M§1A K u—0O—ie\" " 39w
1 e PolK)
— duT ————T, 4.36
+ M, Jo H u—0—ie (4.36)

which is the full Kéllén-Lehman spectral representation
between two conserved sources. The first term in (4.36) is
of course the term that gives the pole terms in (4.17), in
particular the massless 7-channel pole which is responsible
for the problems with applying standard forward limit
dispersion relations.

In the above representation (4.36), it is arguably obvious
why we can ignore the contribution of the ¢ channel
pole. Unitarity imposes positivity of p,(x) and py(u)
through the requirement Im(AL%;) >0 regardless of
whether the massless pole part is present. This will allow
us to determine a positivity bound for Cy» and Cge. This
argument is slightly different from that given in [32] since it
focuses on only those interactions that are written in terms
of a single T, ; nevertheless it explains at least in part why
one would expect the result of [32] with regards to the
neglect of the 7-channel to be correct.
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The real issue, however, is not the t-channel pole per se,
but the required number of subtractions of the remaining
terms. The dispersion relation (4.36) is valid only if the

integrals
(s8] o0
/ A / a0 (4.37)
0 H 0 H
converge. If not, then it is necessary to perform subtrac-
tions. For instance, performing one subtraction is equiv-
alent to rewriting AL’ as

ALy =Lt L (g Lo p
T — - ie 122 29/41/

2M3,
1
+a, T (T,w -3 gm,T) + ayT?

1 & P2 1
— | 2= (7 g
+M§1£ M i =0=ie) ' 3%

1 /°° o)
+— | dur—202— T,
My, Jo p(u — O —ie)

where a, and q, are the subtraction constants. After a field
redefinition, the addition of these constants is equivalent to
adding R* and R2, counterterms, which are known to be
needed already in one-loop calculations to remove diver-
gences, in other words, the inclusion of ngv and C{},‘z. In
the relations C{}VE = CIV{,‘{ + 1 e du % etc., the RHS is
the difference of two infinite quantities, and it is hence not
possible to conclude positivity of the LHS. Hence the
ability to apply positivity bounds with the z-channel pole
neglected comes down to whether the integrals (4.37)
converge. This is not surprising since it is equivalent at
the scattering amplitude level to requiring some Froissart-
like bound on the #-channel pole subtracted amplitude.
Alternatively this comes down to the question of how many
subtractions are needed in specifying a dispersion relation
for the graviton two-point function.

(4.38)

4. Higher derivative corrections

The positivity bounds implied by the 77T amplitude
argument also apply to higher derivative terms. In particular
if one subtraction is sufficient for convergence (as is known
to be the case at the one-loop level), then expanding the

dispersion relation (4.28) in powers of [1/u we infer at next
order

1 00 O 1
ALpp =+ M—él A dﬂﬂz(ﬂ)T”DP (T;w - gg;wT>

1 [ O
+—A dﬂ/’o(ﬂ)T/?T‘f‘""

(4.39)
My,

which after a field redefinition is equivalent to a higher
derivative curvature correction

ALy =+ (A‘X’ dﬂpig’)>RWDRﬂu

(e

As a nontrivial check on this, comparing with the explicit
one-loop effective action from massive particles of spin-0,
—1/2, -1 given in (5.1) or Appendix A for spin-0, then we
have

dupzﬂ—(éu))RDR—k---.

(4.40)

1 dés') ©  py(p)
S Y | 4.41
12(27)* £ M2 A =g (44l)
(si)
1 d ©  po(w) 1/°° P2 ()
S =/ d —{ 4 . (442
12(277)4ZM12 A # W 3o a u? (4.42)

The positivity of p,(u) and py(u) at all scales implies that

. w1
& >0, dd > o

: (4.43)

From the results of Table I, or from (A25) for spin-0, we
see that all computed values of d, are positive and similarly

A 4 1dy = (J L 3y > Ofors; = (((),)1 /2,1). These

results are nontrivial since several of the d; "’ are negative.
Again we emphasize that since the one-loop effective
action is finite at this order, Eq. (5.1) needs no renormal-
ization counterterms which corresponds to the statement
that the dispersion relation (4.28) does not need any
subtractions at this order.

TABLE 1. Coefficients entering the dimension-six operators in the one-loop effective action, for scalars, spinors, and vectors.
From [85].

Spm N dl d2 d”; d4 d5 d(, d7 dg dg le

0 1/56 1/140 1/6° —1/180 1/180 —8/945 2/315 1/1260 17/7560 —1/270
1/2 —3/280 1/28 1/864  —1/180 -=7/1440  =25/756  47/1260 19/1260 29/7560 —1/108
1 —27/280 9/28 -5/72 31/60 -1/10 -52/63 —19/105 61/140 —67/2520 1/18
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5. EFT matching

In Sec. III D, we have shown how already within the
truncated EFT (only including the quadratic-curvature
corrections), the sound speed is frequency dependent.
Moreover, to the level we have expanded the sound speed
(while remaining in the regime k <« M), the departures
from luminality are always reduced at higher frequency
regardless of the sign of Cy,2 and regardless of whether the
background satisfies the NEC (i.e., regardless of whether
the speed is sub- or superluminal at low frequencies).
Putting those arguments aside, the clearest argument that
the speed of sound returns to unity at high energy is
obtained from the EFT matching. The speed we have
calculated reflects the tree level speed identified from a
Wilsonian effective action in which states heavier that some
mass scale M have been integrated out. As we have argued,
in general we anticipate

ACy = Cya(My) — Cya(M>)

M?
_/ F a2 W) o,

M2 H

M, <M, (4.44)

where Cy2 (M) denotes the associated coefficient in an EFT
with masses above M integrated out. It follows that the
associated speed of gravitational waves on FLRW defined
in a given EFT is

16Cy2 (M) (—H) H*
AM)=1+—"02 21 0], (445)
Mg, M,
and so for any fixed H < 0 [or H'(y) in a static warped
geometry]
C?(Ml) > C?(Mz), Ml <M2, H < 0. (446)
In other words integrating back in the heavy modes reduces
the departure of the speed of sound from unity. The need to

recover Lorentz invariance strongly suggests [86]

lim Cyz(M) = CY =0,

M—oo

(4.47)

where by M — oo we mean at energy scales well above the
cutoff of the low energy EFT and the scale at which Lorentz
invariance is spontaneously broken.

D. Curvature couplings to light fields

In the previous discussion we assumed that the light
fields that generate the cosmological background are
minimally coupled to gravity. For instance, the light field
Lagrangian may be that describing a minimally coupled
scalar field y with a potential V(). Alternatively, the
light field Lagrangian may model a perfect fluid with a
P((Oy)?, y) Lagrangian. To be concrete let us consider the
example of the former so that we may take

1

2
It is of course consistent to imagine that these light fields
also have nonminimal couplings to gravity. These may
arise if the light field is itself nontrivially coupled to the
heavy field, and then on integrating out the heavy fields we
generate new curvature interactions for the light fields.
Following the discussion in Sec. IV B we already know that
interactions of the form (Viy)* could be viewed as having
arise from field redefinitions. Far less trivial are the
following dimension-six operators which will contribute
at the same order as the curvature-squared corrections,18

Ly (g.w) = =5 (0w —V(y).  (448)

c c
ALY (g.w) = 13 GV, Vo + 5 R(Vy)?
Pl Pl

, (4.49)

where U(y) is a function of y with the same overall scale
as V(y). The addition of these operators modifies the
background equations of motion at order 1/M3,, and these
modifications need to be accounted for in analyzing the
perturbations. Following almost verbatim the previous
recipe we find that the speed of propagation for tensors
with the addition of these three nonminimal interactions
becomes

.y . 4
21 4 MGt aCy) (=) O(H

) 4.50)
My, M‘ﬁ)

It would be tempting to suppose that the value of C, should
be chosen in terms of Cy» so that either ¢2 < 1 or, indeed
by taking C;, = —8Cy, ¢2 = 1 s0 as to enforce GWs (sub)
luminality. The problem with this is that it presupposes that
the coefficient of whatever field is driving the cosmological
expansion is tied to the field content that has been
integrated out. But a priori, the field content driving the
expansion could be arbitrarily weakly coupled to the fields
that have been integrated out. For instance, y may represent
dark matter or dark energy degrees of freedom that may lie
in some dark sector arbitrarily weakly coupled to Standard
Model fields. Furthermore the precise light fields determin-
ing the cosmological expansion are epoch dependent,
inflaton, radiation, dark matter, dark energy, and there is
no reason to suppose each of these distinct light fields
should be nonminimally coupled in the precise manner
needed to enforce ¢2 = 1. More importantly, however, just
as in Sec. IV B, positivity bounds (to the extent where the
t-channel pole may be ignored) lead to the inevitable
conclusion that C4 +4Cy2 > 0 and hence that gravita-
tional waves remain superluminal.

A special case of these interactions has been considered in
[87] from the perspective of time delays/advances. Our discus-
sion here complements the one in [87].
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To see how positivity bounds constrain the sign of
C4+4Cy2, we note that the operators in (4.49) can
be removed with a field redefinition similarly as in
Sec. IVA,

2
g;w - g/w - M_Al.t] (C4vul//vyl// - CS(VW)zgﬂu - CéU(l//)g/w)?

(4.51)
|

/ _ l 2 _ _l 2 L
Linatter = 2(VI//) V(y) 2(V)() + My

1
2M3,

at the price of introducing additional matter interactions.
Let us consider a spectator field y which we take to be a free
massless scalar living on the original metric. The above
field redefinition will induce interactions between the scalar
x and the field y. Further removing the R> and Weyl
squared terms via the field redefinition (4.6), then to this
order we obtain Einstein gravity minimally coupled to an
effective matter Lagrangian

<4C6U W)V(w) +4 <4CR2 - % CW2> V(w)2>

4
+ — (Vl//)z |:2C6U(1//) =+ 2 <8CR2 — § CWZ — C4 + 4C5> V(I//)

8 8
—+ <2CR2 —+ gCWZ + C4 + 2C5) (VW)Z + <4CR2 - gCWZ — C4 + 2C5> (V)()2:|

4
MP]

b (Vy)? {C6U(l//) + (8CR2 - % sz) Viy) + (CRz + g sz) (V)()z]

(4.52)

1. Subluminal spectator

We may now take the double scaling limit Mp; — oo, keeping C/ M12>1 and C4/M 1%1 finite, so that £/, may be taken as a
nongravitational field theory living on Minkowski spacetime. The effective equation for linearized fluctuations of the

spectator field is

0,(270,) =0, (4.53)
with the effective metric
) ) 8 (Ow)* 2 4
Z” = 77” (1 — <4CR2 — §CW2 - C4 + 2C5> M—lz:'l - M—él CﬁU(l//) + SCRZ — §CW2 V(l[/)

2

Pl
The effective speed of propagation on a background in which w(7) is time dependent is seen to be to this order

2(Cy + 4Cy2 )y? 4(Cy+4Cy2)(-H
Ay) =1 _Mﬂf)w};1 )=1- (Ca T 4Cye)( )+0(M;,4). (4.55)

4
MP]

Thus in performing the field redefinition to the frame
in which gravity is minimally coupled, and hence gravi-
tational waves are luminal, we have made the spectator
field propagate subluminally by exactly the same amount.
This is consistent with the general expectation that
the ratio

2 (tensors) (4.56)
2 (spectator) ’

2
MP]

|

is field frame independent. Hence demanding that, in this
decoupling limit, the spectator field fluctuations are (sub)
luminal requires

Cy+4Cy2 > 0. (4.57)

2. Positivity bounds

We may provide a better argument by focusing on
S-matrix positivity bounds applied to ¢y — ¢y scattering,

063518-21



CLAUDIA DE RHAM and ANDREW J. TOLLEY

PHYS. REV. D 101, 063518 (2020)

assuming as per our previous discussion that we can neglect
the massless 7-channel pole. Regardless of the choice of
potentials V(y) and U(¢) we can see by power counting
derivatives that the only terms in the Lagrangian (4.52) that
will potentially contribute to the twice subtracted scattering
amplitude at tree level are (neglecting again the contribu-
tion from exchange of massless gravitons)

4Cy2 + C
‘c;natter ( V‘]/w4 4> (v”)(vul//)z
Pl
4C —8Cyr - C, +2C
( R? 3 w2 4 + 5) (vll/)z(v/’{/)z’

2M3,
(4.58)

which gives a contribution of the form

(4Cy2 4+ Cy) (1 1
O Qo iy
| (¢ —8Cy — C4 +2Cs)

Ay (8.1) D

t(t—2m2),
2M3, (1 =2m)
(4.59)
where u = 2m3, —t—s and my, is that mass of y.
Consequently
1% (4Cy2 + Cy)
—— =0,t=0)=—"7", 4.60
20520 =T, (4.60)

and so a standard application of the forward limit positivity
bounds implies [10,25,26]

Cy+4Cy2 > 0. (4.61)
The equality cannot be saturated since the right-hand side
of the dispersion relation is determined from the total
scattering cross section which is necessarily nonzero. Such
considerations would then ensure that in this field frame the
spectator field fluctuations are necessarily subluminal, or
that in the original field frame the gravitational waves are
necessarily superluminal. Although we have run this argu-
ment introducing a light spectator field, we could equally
apply it to any Standard Model field. For instance, the role
of y could have been played by the Higgs field, indeed
introducing a mass for that field y does not affect the
relevant conclusions.

V. EFFECTS FROM HIGHER-DIMENSION
CURVATURE OPERATORS

In the previous section, we discussed the effect of the
leading dimension-four operators in the EFT expansion,
the curvature-squared corrections. In the context of loop
corrections from matter the precise coefficients of the

curvature-squared terms cannot be determined since they
arise logarithmically divergent and must be renormalized
by introducing an appropriate counterterm CUY. Ry The
resulting renormalized coefficient CIR 2 2 can be consis-

tently chosen to take any value w1th0ut contradicting
the requirements of consistency of the EFT. We have
argued from positivity bounds that it is reasonable to
suppose C|%, > 0, which would then lead to superluminal
gravitatlonal waves on NEC preserving backgrounds.
Nevertheless it remains technically possible that we
have CIR w2 = 0. Although a seemingly technically unnatural
tuning, it would ensure that the nonluminal propagation we
have uncovered so far is removed. This forces us to look to
next order in the EFT expansion where things become more
interesting.

In this section, we shall assume that the IR curvature-
squared terms are set to zero, C{};z = Cg{z =0, and that in
such a basis, SM fields are minimally coupled to the metric.
In this case any effect arising on the speed of propagation of
gravitational waves will arise at next order in the EFT
expansion, which in the present context means dimension-
six operators, i.e., curvature-cubed and higher derivative
curvature-squared terms, which we consider in Sec. VA
before considering dimension-eight operators (fourth
power of curvature) in Sec. V B. Unlike the curvature-
squared terms, the curvature-cubed terms that arise from
matter loops are finite, are calculable, and have explicit
dependence on the number of species. There is no need to
assume the existence of a UV contribution (at least in the
absence of graviton loops), and so we can meaningfully
consider unambiguous finite contributions to the sound
speed. Moreover, unlike the case of the curvature-squared
operators considered so far, there is no covariant and local
field redefinition that can remove all the higher-order
curvature operators that we consider in this section.

A. Dimension-six curvature operators

1. One-loop effective action

The general form of the dimension-six curvature oper-
ators that are expected to arise in a gravitational EFT are
well-known and can be parametrized by [43]

(1-1
{I-loop) _ 508 4\/*2 [ IROR + d5' R, OR™
(s:) (s:) (si)
+d R+ dJVRR2, + db RR2W/,+d6Y R}
+d( I)RﬂuRaﬂR oy +d< L)R/,tl/R by R apfy
A5 RPR Ry + i R R RS,
(5.1)
where dﬁ“’ denotes the contribution from integrating

out a particle of mass M; and spin s;. The sign of the
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dimension-six curvature operators is not constrained by
known positivity bounds and fields of various spins can
lead to different sign coefficients of these operators, as is
illustrated here for fields of spin s = 0, 1/2, 1. In Ref. [88],
it was shown how the spin of intermediary states may affect
the sign of six derivative operators in a scalar field theory
and higher spins may have interesting effects.

As usual, the above form can be simplified by using field
redefinitions to remove for example all the R and R,,, terms
(see [8] for a recent discussion), but doing so will only
introduce interactions in the matter sector which capture the
same basic one-loop process, such as those described in
Fig. 1. Performing this field redefinition would take us out
of the frame in which we have chosen to minimally couple
SM fields and so we prefer to remain in this frame, being
the natural one from the perspective of a path integral
calculation.

Unlike the case for the curvature-squared corrections,

other than the coefficients dg‘vi) and dé‘v") there are no known
positivity bounds that fix the signs of the remaining
coefficients. That is because, even if we were to rewrite
these interactions as pure matter ones, they would corre-
spond to T, T 4T s interactions and would only contribute
(at tree level) to 3 — 3 scattering and higher order ampli-
tudes, or to three point Killén-Lehman dispersion relations,
for which clean statements of positivity are not known
(although see [46] for statements in the holographic/CFT
context).

We can bypass this problem by, however, focusing on the
explicit example of loop corrections from particles of spin
s; < 1 for which the coefficients are known and are finite.
This finiteness is crucial since it tells us there is no need to
add any counterterms at this order, and so there is no
ambiguity about the signs of the resulting coefficients. For
these dimension-six operators, the explicit one-loop effective
action was computed exactly in [59,85] for massive particles
of spin 0, 1/2, and 1, where the dimensionless coefficients

dﬁf" ) are given in Table I of Appendix A and depend on the
spin s; of the particle integrated. We reproduce these results
for spin-0 explicitly in Appendix A using dimensional
regularization for convenience.

As before, we shall see that the very existence of these
dimension-six operators leads to a sound speed for gravi-
tational waves at low energy which can differ from
luminality. On a cosmological background they lead to
corrections to the sound speed of order NHH?/M3M?,
where N is the number of fields integrated out and M their
mass. What is crucially different at this order is, depending
on the field content of heavy modes, the speed of
gravitational waves can effectively turn both superluminal
and subluminal. This is true even for matter forced to
respect the null energy condition, for signs we know to be
consistent with positivity since they are derived from an
explicitly unitary calculation from a local and well-behaved
field content.

2. Dimension-six curvature operators on FLRW

In what follows it will be convenient to define the
effective number N7 of scalars s = 0, vectors s = 1, and
spinors s = 1/2 as

M?
2 9
field i of spins ™ i

Nt = (5.2)

where we only include fields with masses above the scale of
the EFT we are interested in, i.e., M; > H on FLRW.
Unless there are large number particles N >> 1 at the same
mass, we would typically expect this effective number to be
dominated by the lightest massive particle beyond the low
energy EFT.

Given our assumption that the IR curvature-squared
terms have been set to zero, at energy scales below the
mass M, then the leading terms in our gravitational EFT are

Lo = /= M_]2>1R [:(l.e.) F(l—loop)
R = V9|5 R+ Ly (9:¥)| + Tiims

+ o O((R2 VIR, (53)

where T{I ') s given in (5.1), where the terms omitted are
operators of dimension-eight and higher that are further
considered in Sec. V B. Expanding to quadratic order
around an FLRW background, using the same conventions
as in Sec. III B with tensor modes normalized as in (3.18),
the contributions from the dimension-six operators are of
the form

1 2 ~
(nh) = : Odim —6hv

P — 5.4
dim=6 =" 12(277)* 420M? (5:4)

where the differential operator O includes up to fourth
order in derivatives. More specifically, the operator can be
put in the form

) T T
Odim-6_st{gf§)D%‘Fgfé)mnv

L L
"‘;fg)mn&ﬂL;fz(t)Dn

1 s 1 5) 2 1 5) 2 s
+— 00, + = [V, + = IV 4+
a a a
(5.3)
where again 7 is the conformal time and [, = —85 + Vs

the d’ Alembertian on Minkowski spacetime. The functions

f,(f> depend on the background (and on the spin s of
the particles integrated). Their precise expressions are
rather nonilluminating and are provided in Appendix B,
Egs. (B4)-(B27).
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As before, on pure de Sitter, the functions f5 5 ¢ 7 vanish
and the one-loop contribution is a simple combination of
flat d’ Alembertian and effective mass terms acting on the
tensor fluctuations, leading to the standard dispersion
relation of the form w? = k? + m3. On FLRW, however,
the breaking of the maximal symmetry implies the exist-
ence of additional time-derivative operators that break the
trivial relation between w? and k? in the dispersion relation.

3. Modification of the dispersion relation

Working perturbatively in the corrections from (5.4), we
may use the equations of motion inferred from the standard
Einstein and matter term Lgy ,, into (5.4) so as to trade the
higher derivatives for lower ones as explained in Sec. IIT A.
This is performed explicitly in Appendix B, and we are then
left with a perturbative second order action of the form

M3 1 .
Lh) ——"lazh(—D +2H2+H>h
4 ar "
1 a? a
———————hOy ch 5.6
+ 12(2m)% 420M2 "m0 (56)
with now
’ ALlzwg o 1202
Ogim-6 = N; Efs 8,7—1—;]”6 8,7
s=0,1/2,1
1 - s) =2 s
e 57

and the coefficients f5 g are given in Eqgs. (B30)—(B34).
The friction term can then be removed as usual with a field
redefinition, where the field redefinition is now momentum
depelllgdent (unless we are on de Sitter), of the symbolic
form

1 PR &

h— [1 + Ve (H + Ha2>] h, (5.8)
where the exact expression is provided in (B34) and (B35).
The apparent nonlocality of this field redefinition does not
cause a problem in identifying the speed of propagation,
since it is perturbatively local and the associated Green’s
function should be determined perturbatively in it. The
resulting equation of motion is then (symbolically) of the
form

A(k,n) B(k,n)
1 /% 1 kKh 2h = 0, (59
( +A41%1M2> * ( T )} =0 (59)

where the two functions A(k,7) and B(k,n) are symboli-
cally of the form A,B~ H* + 'a‘—sz, but with precise

PIn this symbolic notation, H should be understood to also
include all derivatives of H, so, for inst'z'l'nce, H* is really a
placeholder for H*, H>H, (H)?*, HH, and H.

coefficients that differ away from de Sitter. We may thus
infer an effective sound speed symbolically of the form

=1+ 1"11912)1_132’ derived explicitly in Appendix B to be

1
=1 105(27)* M2 M2,
x (2(163Nj — 39N7 , — 659N})H*H
— (46N + 62N}, + 530N})H?
+ (=93Nj +46N7 , + 617N} HH

+ (=37Nj — 10N}, + 57N} H),

(5.10)

and therefore departs from unity as soon as the back-
ground departs from pure de Sitter H # const. At this
level, we can also directly see that there is also no field
content (no tuned values of Ny, N ,, N7) that would lead

to an exactly luminal speed for different cosmological
epochs.

4. Field content dependence

Assuming a constant equation of state @ on FLRW,” the
effective speed of GWs is then

_ 1 H*
12(27)*140 M3, M*

x [N§(=349 + 1302w + 999w?)

+ 6N; (86 + 105w + 45w°)

+ N3(3209 — 966w — 1539w°2)],

=1

(1+w)

(5.11)

where N is the effective number of spin-s particles
integrated out [as defined in (5.2)]. The regions where
the effective speed c; is sub- vs superluminal for scalars,
vectors, and spinors is depicted in Fig. 3.

Scalar vs other fields.—Crucially, if the effective number of
scalars integrated out dominates over that of vectors and
spinors, then as we have defined it, ¢, would be super-
luminal for most of the late-time cosmological history of
our Universe (since radiation-matter equality). If, on the
other hand, the effect is dominated by vectors or spinors,
then ¢, would be subluminal for the whole (standard)
cosmological history of the Universe so long as one never
crosses down to @ < —1 corresponding to the breaking of
the null energy condition. This is an entirely novel effect
which did not arise at the previous order.

Subluminal radiation era.—Interestingly, independently
of the precise field content, the finite contributions from

“In this section @ represents the background equation of state
parameter, not to be confused with the frequency w of the GWs.
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[] Region of Subluminal Speed
B Region of Superluminal Speed
FIG. 3. Regions of infinitesimal sub- and superluminal GW

speed on FLRW with a constant equation of state parameter w,
from integrating out scalars, vectors, or spinors.

integrating out heavier fields appears to lead to a sub-
luminal speed for gravitational during the radiation era
when w = 1/3.

Speed of GWs as a discriminator.—In the past literature, an
even small (unobservable) superluminal speed of gravita-
tional waves has been commonly used as a discriminator
between models or as a way to constrain parameters within
an EFT (for instance, related to the EFT of inflation or dark
energy introduced in Refs. [12,13]). In constructing the
EFT for gravity, we are free to choose at what scale we wish
to consider M to be, provided we only consider back-
grounds with H << M. With this in mind, we are free to
integrate out Standard Model particles, including the
electron and neutrino. In this family of EFTs, it will be
that EFT defined with the lowest mass M for which the
dimension-six operators that scale 1/M? will have the
largest effect. If we were to demand the gravitational waves
to be subluminal, it would “rule out” any model that
postulates the existence of a scalar field with mass between
the Hubble parameter and the neutrino mass, unless that
particle was also accompanied with either vectors or
spinors of comparable or lower mass. Applying this logic
to current late-time cosmology with H ~ 10733 eV, this
would discriminate against any model that carries a scalar
field with mass m between say 1073 eV and 1073 eV,
unless other fermions or vectors of comparably low mass
were also included. For concreteness, in the absence of
vectors, one should have Nj < 0.2N7 ), to avoid ¢, being

superluminal as w approaches —1 (from above). For one
spinor and one scalar field, this requires the mass of the
scalar to be at least twice that of the spinor.

Implications for light scalar dark matter.—The search for
dark matter has inspired the development of many light or
even ultralight scalar field models. Whether those scalar

particles are charged and whether they are pseudoscalar are
irrelevant for this discussion as all that matters here is the
coupling to gravity. The considerations laid here could then
potentially impact some of the following scalar models of
dark matter such as axion or axionlike dark matter as well
as a fuzzy cold dark matter. In particular axion dark matter
[89] (see [90] for a review) has lead to a quest for a
multitude of experimental searches [91]. The theoretical
mass window for axion or axionlike dark matter spans over
many orders of magnitude, but the open range is typically
considered to be around 107°-1072 eV, while it is sug-
gested that string theory may favor lower masses [91]. As
for fuzzy cold dark matter [92] their postulated mass could
be as low as 1072% eV and within this logic would require
equally low-mass spinors or vectors to avoid a small
superluminal speed for GWs.

Speed of GWs as a discriminator redux.—It is, however,
clear from the discussions related to positivity bounds in
previous sections for the curvature-squared terms (see
Sec. IV) that one should take great caution prior to jumping
to any conclusion and using the presence, or absence, of
superluminal speed for gravitational waves as a discrimi-
nator. Indeed, as we have seen in Sec. IV, a superluminal
speed for gravitational waves at low energy may not
necessarily be in conflict with a causal UV completion
and may sometimes even be favored. Perhaps a more
appropriate criterion would be to require that gravitational
waves propagate faster than the light cone to which matter
minimally couples. This would then be the case for most of
the recent cosmological history of our Universe if the
curvature-squared corrections are included or if fields of
spin-0 dominate the contributions to the curvature-cubed
corrections. However, applying such a criterion would also
remain puzzling during the radiation era w = 1/3, where
modes are always subluminal, unless one relies on the
curvature-squared corrections. It may be possible that it is
not consistent in the given EFT to tune curvature-squared
terms to zero, and that their positive contribution should
dominate over the negative contribution from the dimen-
sion-six curvature operator. For this to be true we need

L
Mg,

|H|H?

C * )
M>M3,

(5.12)

essentially at all scales M as long as H < M. In other
words

H2

Cye > N*W' (5.13)

Given the expectation that Cy2 scales with the total number
of species, and the EFT requirement that H << M, this
condition is easily satisfied. Nevertheless from a low
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energy perspective there appeared to be nothing wrong with
tuning Cy2 = 0.

B. Dimension-eight curvature operators

Following from the previous logic, we may also inspect
the effect of dimension-eight curvature operators (fourth
power of curvature) on the graviton speed of sound. Such
operators are known to arise in the effective action for string
theory from tree level o« corrections [44,93]. These were
considered in [11] for Ricci flat backgrounds with the
following effective Lagrangian:

1
( (R;waﬂ) + CZGBZ)

Pl
R+M4

L=.~3 (5.14)

where GB is the Gauss-Bonnet term defined in (3.15). Then
following the same procedure as highlighted in Sec. III A as
applied for curvature-squared operators in Sec. III B and for
curvature-cubed operators in Sec. VA, we find that on
introducing a minimally coupled matter field (e.g., dilaton)
which sources an FLRW (or equivalently on a space
dependent) background, we find a departure of the gravi-
tational waves sound speed given by

384 . . ) e
¢ =1+ ———[c;(-8HH* + 3HH’ + 6H*H* + HH> + 5HH H +HH + H?)
MuM
+ ¢cy(—4HH* + 3HH? + 10H?>H? + HH? + 6HH H +H?)]. (5.15)
For constant equation of state parameter o, this leads to a sound speed
144HS )
=1+—— YENTR (1 4+@)(c;(19+ 15w)(5 4 6w + 9w*) — 4cy(1 + 3w) (17 + 15w)). (5.16)

It is clear that if the quadratic and cubic curvature operators
were set to zero, then demanding the sound speed to be
subluminal for NEC preserving backgrounds (i.e., for
w > —1) would require ¢; <0 which is in tension with
the requirement found in [11] for Ricci-flat backgrounds
(unless we restricted ourselves to ¢; = ¢, = 0). Indeed in
Ref. [11] it was found that subluminality on Ricci-flat
backgrounds imposed c;, ¢, > 0.

If, on the other hand, one required that gravitational
waves propagate faster than the light cone to which
matter minimally couples, this would require ¢; > 0 and
—1.49¢; < ¢y £ 1.09¢;. Interestingly, it was argued in [11]
that cons1der1ng the explicit quartic Riemann corrections
from the string theory example proposed in [93] and
compactifying on a four-dimensional flat manifold would
lead to ¢y = ¢, > 0, which in the analysis provided on
FLRW would be compatible with a superluminal sound
speed for gravitational waves.

A quite different result would arise if we first perform a
field redefinition to remove any R, and R terms in (5.14)
and then couple matter minimally to that new metric. In this
case (5.14) reduces to a quartic Weyl operator which will
not affect the speed of gravitational waves by virtue of the
vanishing of the Weyl tensor on FLRW. This is an example
of how the specific coupling to the light fields that source
the background expansion is crucial in the analysis.

VI. DISCUSSION

We have shown that in the standard effective field theory
treatment of general relativity coupled to matter, the low
energy speed of gravitational waves, defined precisely in

|

Sec. IIT A, is inevitably different than unity on a back-
ground which spontaneously breaks Lorentz invariance,
such as FLRW. The precise origin of this effect could be
loop corrections from matter fields, or from higher spin
particles s > 2 that may arise in a given UV completion.
The former are effects that can never be turned off and arise
in any UV completion. The latter are known to already arise
in the low energy effective action for strings as discussed in
Sec. V B. Perhaps surprisingly, for natural expectations of
signs of Wilson (interaction) coefficients, the gravitational
waves are generically found to be superluminal with
respect to the metric with which the matter driving the
background expansion is minimally coupled. This effect is
in some sense a pure gravitational analogue of the well-
known property of the low energy EFT for QED on a
curved spacetime [33,34].

As is well known, low energy superluminal group or
phase velocities are themselves not direct signs of acausality.
The front velocity, corresponding to the large frequency limit
of the phase velocity, is the speed at which information
travels, and a superluminal group velocity does not imply
superluminal propagation of information. A discussion of
this point is presented in [69,94,95] and has been empha-
sized in discussions of QED in curved spacetime [35-42]. In
the present context, the ambiguity of metric field redefini-
tions means that there is no absolute definition of low energy
speeds, only relative ones. The ratio of the speed of
gravitational waves to an individual species of matter is
invariant under field redefinitions.

Causality is likely better implemented by demanding
S-matrix analyticity. At low energies, this criterion can be
used to derive various positivity bounds that fix the signs of
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coefficients in the effective Lagrangian [10,25-28]. If we
assume that these bounds may be applied in the context of
gravitational systems—assuming following [32] that it is
possible to neglect the massless #-channel graviton pole—
then we have derived precise positivity bounds in Sec. IV
that enforce that regardless of field redefinitions, gravita-
tional waves travel faster than allowed by the metric to
which matter minimally couples. This apparent acausality
is in fact seen after a field redefinition to be equivalent to
the more prosaic requirement that matter fluctuations are
(sub)luminal, and is thus usually regarded as a requirement
of causality.

In our analysis we have focused mainly on curvature
corrections in the EFT, keeping the matter that sources the
background relatively minimal. A more complete analysis
could for example focus on the full effective theory of the
Standard Model coupled to GR (see [8] for an explicit
discussion), but the examples considered in Sec. IV D
support the universality of the connection between pos-
itivity bounds and superluminal gravitational wave propa-
gation. Furthermore, in the case of low energy QED [or
more generally the EFT of a U(1) gauge field coupled to
gravity], for which the general leading order EFT treatment
is well known, positivity bounds have been applied recently
in [32], and the signs are consistent with expectations when
applied in FLRW.

Assuming no fine-tuning of the EFT (no special proper-
ties of the UV completion), the magnitude of the departure
of the propagation speed from unity is of order

H

C? -1~ F s (61)
where A is the EFT cutoff, i.e., either the mass scale of any
heavy state or the strong coupling scale of the theory
integrated out. On de Sitter H =0 and so ¢, =1 as
required by de Sitter invariance. Hence during inflation
this effect is further slow roll suppressed. We have found
that quite generally the magnitude and sign of the effect is
controlled by the coefficient of the Weyl squared term in the
effective Lagrangian. Given this, it is worth looking for
independent arguments that may be used to constrain its
sign and magnitude (see for example [46,84]).

If the leading curvature-squared terms in the EFT
expansion are tuned to zero, as may be implied by a
specific UV completion, then the dominant effect will come
from higher order, whether dimension-six or dimension-
eight curvature operators. When this is the case, not only
does the sign of the effect switch at the onset of NEC
violation but also it becomes epoch dependent, a function
of the precise equation of state of the Universe. The attempt
to demand either universal subluminality or superlumin-
ality of gravitational waves would in turn place strong
constraints on the particle content in the Universe.

Our results have clear implications for cosmological
effective field theory model building where it is common

to assume that all fields (including tensor modes) are (sub)
luminal in constraining the form of the effective action.
Generically such a criterion is not well founded, and indeed
it is not even invariant under field redefinitions. At best it can
be implemented in some field frame, but as we have seen this
is not the natural one to which we expect Standard Model
fields to couple. Already in the case of the low energy
effective theory for QED, it is known that backgrounds can
be found in which different photon polarizations travel both
superluminally and subluminally, undermining the existence
of a single preferred field frame. What is needed is a better
understanding of how causality, likely through S-matrix
analyticity, could be used to constrain cosmological EFTs.
There have been some attempts in the recent literature
[46,96-98] although a clear understanding is absent due
to the particular challenge of dealing with a massless
graviton and the unclear meaning of analyticity on a curved
spacetime. From our analysis it is clear that a significant role
is played by the fully pole subtracted, elastic scattering
amplitudes for matter fields. This is not so surprising given
the similar role in nongravitational theories [10,25-28],
nevertheless the gravitational extension has yet to be fully
understood.

ACKNOWLEDGMENTS

We thank John Donoghue and Subodh Patil for useful
discussions and comments. A.J.T. and C.d.R. thank the
Perimeter Institute for Theoretical Physics for its hospitality
during part of this work and for support from the Simons
Emmy Noether program. The work of A.J. T. and C.d.R. is
supported by STFC Grant No. ST/P000762/1. C.d.R. thanks
the Royal Society for support at ICL through a Wolfson
Research Merit Award. C.d.R. is supported by the European
Union’s Horizon 2020 Research Council Grant No. 724659
MassiveCosmo ERC-2016-COG and by Simons Foundation
Grant No. 555326 under the Simons Foundation’s Origins of
the Universe initiative, Cosmology Beyond FEinstein’s
Theory. A.J.T. thanks the Royal Society for support at
ICL through a Wolfson Research Merit Award. A.J.T.
expresses special thanks to the Mainz Institute for
Theoretical Physics (MITP) off the DFG Cluster of
Excellence PRISMA" (Project ID No. 39083149) for its
hospitality and support.

APPENDIX A: ONE-LOOP EFFECTIVE ACTION

Here we show how to recover the one-loop effective
action derived in [85] following a perturbative diagram-
matic approach in the case of scalar fields; see Fig. 4. The
results are in complete agreements with those provided
in [85].

As we shall see below, by integrating (perturbatively) a
massive scalar field minimally coupled to gravity, we
recover the one-loop effective action (5.1) with the precise
same coefficients for the case of scalar fields. In Ref. [85]
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FIG. 4. Example diagrams indicating how loops of heavy fields correct the propagation of gravitational waves in a background
geometry. For weak backgrounds, the effect can be entirely accounted for by perturbative quantum field theory in Minkowski spacetime
(as we show below), giving identical results to covariant approaches.

the one-loop effective action for the spin-1/2 and -1 fields
were also derived, and depending on the spin of the particle
integrated out, the coefficients c,, are given in Table I below.

1. Minimally coupled scalar field

For concreteness, we shall integrate a scalar field ¢ of
mass M minimally coupled to gravity,

1 1
‘C[(p] = \/__g<_§glwaﬂ(pab(p - §M2¢2> . (Al)

We work perturbatively in the metric perturbations about
flat spacetime defined as

9w = (’7/41/ =+ gh/w>2 = Nw + Zgh/w =+ gzhlmhuﬂnaﬂ’ (AZ)
where the parameter ¢ has been introduced for bookkeeping

and we do not yet commit to /%, being the tensor
|

fluctuation as in what follows it will also carry the role
of the background field. To third order in perturbations for
hﬂ,, (i.e., third order in ¢), one has

1 NN
VTI= 4 gabede@®Cd (y 0 4 chaw ) Moy + Shpy)

X (Nee' + Ghee) Maa + Shaa) (A3)
2
= 1+ ch+ 5 (10 = [#2))
S P =30°] + 200 + O, (Ad)
G = = 2ch* + 32 hH — 48R + O(e*),  (AS)

where square brackets represent the trace (with respect to
Minkowski) of a tensor.
The relevant graviton-scalar vertices are therefore

h,:;__< = %(M P—p-@lh] p-q+ hup'd” (A6)
h;\w P
,>< = 1 (O p )0 ~ 7)) — 642,07 g* + Ahhp¥a”) (A7)
hey
h‘:,, P
h‘fb——:—)< = % ((M2 —p-q)([h)* = [P*))([n)? — 3[h][h?] + 2[h7))
v (A8)

"

+ 6([A)* = [W*Dhyupq" — 18hhZ, pHg" + 24hiyp“q“> :
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With those vertices in mind we can directly compute
the relevant one-loop scalar field contributions to the two
and three point gravitons. We do so using dimensional-
regularization and summarize our conventions in what
follows.

15 =101 -1, (A15)

n

where we emphasize that both 1 and I; are finite but 7 is
not in the limit € — 0.

We will also make use of the following relations:
2. Dimensional regularization

We work in d =4 —¢ dimensions in what follows. e d 2\¢-1
. . . £ H dk kﬂkl/(k ) 1 £
Defining the following integrals 74 as 20 | ()7 (8 + M) = Enﬂylna (A16)
€ d 2\¢
;K ¢k (©)
In = = / (27)72 (k2 + M2y (49) pe dk ko (R2)2
M4+2(f—n) (27[)51/2 (k2 +M2)"
we have in dimensional regularization, 1
= 3 A (’7/41/77(1/} + ny(tnuﬂ + nvanuﬁ)lﬁﬂ (A17)
=0 V¢ (A10) d(d+2)
and similarly for higher order integrals.
- 1
B=I=-1,+1, (A11)
€ 3. Perturbative one-loop contributions
19=-19-20, (A12) a. Graviton one-point function

1 For consistency, we start with the one-loop massive
5 =- 1 Iy, (A13)  scalar field contribution to the one-point function, which is
) 1 the leading term of the cosmological constant (and of
0= (n=3)! n >4, (A14)  course at the origin of the cosmological constant problem).

(n—=1)! The related Feynman diagram and amplitudes are

J
MY MY/

this is a diverging contribution and leads to a contribution to the effective cosmological constant that scales as M*. The order
of magnitude of this cosmological constant is of course well above that of the classical value we have considered so far.
Tackling the cosmological constant problem is well beyond the scope of this work, and for now we shall simply put this
problem aside.

(A18)

b. Graviton two-point function

Two types of diagrams contribute to the two—point function. The first one, referred to below as A<2a> and coming from the
vertex (A7), is simply

(A19)

As for the second one, referred to as Agb), it involves a product of Feynman propagators, which, for the context of this work
we simply deal with by expansion in the power of derivatives p of the external legs,

1 1

(M (k= pP + %) (@4 MR

2k - p
(K + M?)

LAk P L
(kB +M>)* (kK + M?)? ’
and work up to sixth order in the external leg derivative.
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Then as a perturbative expansion, the contribution of the second diagrams to the graviton two-point function is

A(Qb) = \/\/\/O/\/\/
- (1 1) (o - 20

M?
+ g I [Ohy — 20,00h8 + 0,0y h — Ny (Oh — 0,05h7)]

(A20)
1 _
+ % (I — L,) hHv [48#81,00485#@ — 3D8ﬂ3,,h — QDaOéa,uhS + D2h’l“/ + 377;Lu(|:|2h o Daaagha’ﬁ)}
I
~ g3goniz""” 0 1204006050 —1100,0,h — 20060, h + Oy + 111y (F°h — D06 05h°7)]

88
no(2),

where we immediately recognize the Lichnerowicz operator on the second line, corresponding to the leading expansion of
the Einstein-Hilbert term /=gR.

Adding the one- and two-point functions, we see that to the order we are working this is precisely equivalent to the
following effective action:

A+ A _ M L \/_+M271/_R+ : (I-1,)/=g Ly g2
PR =y 4 V7976 IR T 540 VTIN5 w

I; ok
— /= R)? + 2(D,R,4)* S A21
g VISORY + 20,8) + O( €31 ). (A2)

where so far the right-hand side should be understood as being only up to second order in the metric fluctuation. We see that
all the terms on the first line diverge and can in principle be fully removed by an appropriate renormalization procedure
while the term on the second line is entirely finite.

¢. Graviton three-point function
We can follow the same procedure for the three-point function. Three types of diagrams contribute at that level. The first

one is a tadpole type and contains no derivatives acting on the external legs, hence solely leading to a contribution toward
the cosmological constant at cubic order in ¢,

,4;“) = = <1+ L) ([n])* — 4[R][A?] + 4[1%]) . (A22)

The next diagram, involving both a hhgpe and a heg vertex, leads to contributions that are again computed performing a
derivative expansion. Below we only present explicitly the leading order contributions, but they have been explicitly
computed up to sixth order in derivative,

_ A23
= 20 (1 42) (o — sl + 6007 .

_ _ 1 I; o8
271292 11294 i 3296 2
+M2Ih%0%h + (I 211)h8h+M2h6h+(9<h M4h>,

where the first line is exact while the second line is of course only symbolic but accounts for the correct split between finite
and divergent pieces.
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Finally the diagram involving three hgq vertices is the most challenging to account for, and once again we only give its
symbolic form in what follows (apart from the first line which is exact) even though it has been computed explicitly to sixth

order in derivatives,

A =

12 de
I;

M2

2

_|_

ho®h? + O <h88h2>
M4 '

Mo 13_ 2 3 2719272 —_1, 472
(1+ )( [h] 3[h][h]+4[h]>+MIh8h + (I = 5 1)ho'h

(A24)

Combining the one, two, and three point functions explicitly, one can check that up to cubic order in the metric perturbation
and up to sixth order in derivatives, we obtain the following effective action (up to integrations by parts):

4

1

M* (-, M - 1
Al+A2+A3z_(1+¢>\/—_g+?1\/—_gR+24O(1—1,.)\/—_g(§R2+R§y>

4

I V=39(5(0R)> +2(D,R5)?)

* 672002
~ 2419202V Y

+ 56R,,

where again only the terms on the first two lines include
running and divergent pieces and could be entirely removed
via an appropriate renormalization procedure while the
remainder is finite. In particular / contains running and
divergent pieces, I;/¢ is divergent, but /; itself is finite and
does not run. One can check that they precisely match the
coefficients given in Table I for scalars as derived by [85],
up to appropriate integrations by parts.

It is worth noting that up to integrations by parts (i.e., up
to the Gauss-Bonnet term which is irrelevant in four
dimensions), the R? terms can be expressed in terms of
the Weyl term W ., as follows:

1 - 1
—(I-1)/=g|=R*+ R
240( l) g<2 + ,Ml/)

— - I,-)\/:'g'@Rz +%W2>. (A26)

This implies that the low energy EFT defined at a scale
M, < M (so that there are no other massive states between
M, and M) includes operators of the form

Lett D /=9(Cre(p. €) + 6,Cre(M))R?

+V=9(Cy2(u, €) + 8,Cpp (M)W}, (A27)

o8
s RO PPR " — 40R 5, R“PPR # ¥ 4+ 114RR2, ) 4+ O <g4, >

(47R* — 80R;, — 60RR:, + T2R*R R 4,1,

o (A25)

[
where the quantities C2 and Cy include the UV counter-
terms and with the contribution from integrating out the
massive particles going as

8 1 /1
~5,Cro(M) = 45,Cypo (M) = — ( ——
50 Cre(M) = 45,Cy2 (M) 240(871’26

1 M?

Had this been calculated directly in a cutoff scheme, with
cutoff A, we would have found

8 1 1 A?
§6ACR2(M):45ACW2(M)N% @ log W .

(A29)

which given the requirement M < A implies 5, Cy2 > 0.
Of course neither (A28) nor (A29) can be taken as an
answer because they are UV divergent and the 1/e¢ and A
dependence must be absorbed into a UV counterterm C
whose sign we cannot determine. However, what they do
confirm is the positivity of the flow as determined by the
spectral representation (4.34).

If we were to consider different UV completions, where
we adjust the mass of the heavy field being integrated out,
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for instance, if we considered the coefficient of the Weyl
square term in a low energy EFT endowed with a UV
completion where the mass of the particle we integrate out
is M, and compared it with the coefficient of another low
energy EFT that now enjoys another UV completion with a
massive state M, then regardless of renormalization
scheme we would have®'

1 1 M3
CWZ(MI) - CWZ(M2) = % @ log W > 0,
1
M, < M, (A30)

This difference is finite, positive, and renormalization
scheme independent. Since the IR part of the one-loop
dispersion relation is determined by the unitarity cut which
begins at 4M?, adjusting the mass of the particle in this way
is equivalent to adjusting the IR cutoff in the dispersion
relation. Thus (A30) is capturing the essential result of
(4.34). The logarithmic divergence of this one-loop con-
tribution arises because p,(¢) — constant for u > M.

APPENDIX B: TENSOR MODES ON FLRW
FROM DIMENSION-SIX OPERATORS

In this appendix, we shall derive the equation of motion
for tensor modes coming from dimension-six R correc-
tions arising from integrating out loops of massive fields of
various spins. Unlike the dimension-four operators
explored previously, these are finite and independent of
any renormalization procedure. Once again we work in
conformal time #, with metric 7, = aznﬂy, and we intro-
duce the transverse and traceless tensor fluctuations
hij=73, hsef;. Without loss of generality, we omit any
mention of those two polarizations and simply denote the
tensor modes as h and use the normalization g;; =
vij + ahj.

As explained previously, the standard contributions from
GR (the Einstein-Hilbert term and the low energy matter
fields) lead to the following contributions to the tensor
modes on FLRW:

MZ 1 .

The contributions from the dimension-six operators are

1 2 .
(ht) — L 1O sh.

) © B2
dim-6 " 12 (27)* 420M? (B2)

'we emphasize that the relation (A30) does not represent how
the coefficients of a specific low energy EFT run with scale; the
relation (A30) only illustrates how the positivity of the flow is in
agreement with previous arguments from the dispersion relation
if we adjust the mass of the heavy field being integrated out.

where O .6 is a fourth order operator similar in spirit to
the one found in (3.23) but with slightly different coef-
ficients,

. 1 s L (59— 2
Odim-6 = Z NS[—4f(1)D%+—4f§)D,1V
s=0.1/21 L4 a

1

Lvms 4L
+asf3 " n+a2f4 n
1 s 1 )2 1 5) w2 N
+— 00, + = fIV, + = IV 4 ],
a a a
(B3)
where the functions f f,s) are functions of time depending on

the spin of the particle integrated out.
For scalars,

£9 = a9m2 4 37H, (B4)
9 = _18H, (B5)
£ = 196H3 — 48HH — 74H, (B6)

F) = 394H* + 1128H2H + 59HH — 37H + 199(H)?,
(B7)

F — _1968H*H — 810H*H — 46HH — 1620H (H)?

—492H H, (B8)
O~ 18(H - 2HH), (B9)
9 = 10(H)? + 461 + 66HH — 344HH?,  (B10)
FY = 1528H — 1608H3 — 466(H)? — 466H H
— 5830H H H — 11313(H)?H? — 841HH?
— 4443HH? — 2836 HH*. (B11)
For vectors,
£V = —161H2 + 363H, (B12)
£V = —446H. (B13)
fV = —644H3 — 726H + 2096HH,  (B14)
£V = —358H* + 1059(H)? — 363H + 1577THH
— 2300HH>, (B15)
F = 572(H)2H - 166H H + 286H H?
— 4H(47H — 680H°), (B16)
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7 = 446H — 892HH, (B17)
Y = —362(H)? + 166H — 1286 H + 872HH?, (B18)

f = —1016H® + 618(H)? + 11253(H)*H? + 109H H>
+2687HH? + 1714(H)? + 2H(309H + 2441 HH

+ 1528H%), (B19)
and finally for spinors
(/2 _ 1 2 '
fi7 =2 (22112 + 104R), (B20)
£ — 768, (B21)
(1/2) _ 3_
I —42H3 - 104H + 250HH,  (B22)
i . .
AU 5 (~1I3H" +359(H)? ~ 104 + 450HH
— 284HH?), (B23)
F? = _92(H)2H — 48HH — 46 H H?
~ H(157H - 310H°), (B24)
FUP = 76H - 152HH, (B25)
VP = —90(H)? + 48H — 160HH + 2HH?,  (B26)
1
F§!? =3 (~288HS + 100(H)* + 2811(HH?

+ 53HH? + 755HH? + 391(H)? + H(100H
+ 1088HH + 753H*)). (B27)

Working perturbatively in the dimension-six operators,
we may substitute the relation for [,/ in terms of & as
derived from (B1),

O,h = a*(=2H* — H)h. (B28)
This perturbative substitution can be performed on the first

line of the operator Ogim ¢ defined in (B3) so that only the
second line remains which slightly altered coefficients,

A 1~ 1 -
Odim-6 = Z N {;f? n _3f(6 11
5=0,1/2.1
RO

with

FO = 9 4 of Y 4H3 + 6HH + H) + ) (<2H2 - H),

(B30)
7O =1, (B31)
P =10+ fa(-20? - ), (B32)

FO = f9 4 f16H + 34HH + 9OHE + H + 7(H)?)
+ £ (—aH? — 6HH — H) + £ (=2H? — H).
(B33)

The original normalization of the tensor modes g;; =
ah;; was chosen precisely so as to remove the friction term
that would otherwise have arisen from the standard
Einstein-Hilbert term. We now perform a subleading
rescaling of the tensor modes so as to absorb the subleading
friction term (f(;) + a‘2f<6s)§2) present in (B29). For this it
is easier to move to momentum space and perform the
rescaling

Q(k,n)
h | h(n). (B34
) = ( T 420(271)4M2M%,1> «bn), - (B34)
with
k2
Q(k. 1) = = 4(ONg + 38N, + 223N})H —
— (592N — 71N}, - T2N})H*
— 14(74N} - 2TN? , — 226N;)H*H
— (298N; — 99N}, + 1430N7) (H)2

— (92N + 96N, + 332N} HH, (B35)

leading to the following equation of motion for the tensor
modes,

B+ c2k*h = m3h, (B36)

with
~ 1
12 x 105(27)*M>M3,
x (2(163Nj — 39N} , — 659N} H*H
— (46Nj + 62N}, + 530N} H?
+ (=93N; +46N7 , + 617N} ) HH
+ (=37N; — 10N}, + 5TN})H),

(B37)
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while the IR part in the dispersion relation is
2 2 2 _ [ H°

APPENDIX C: RESUMMING GREEN’S
FUNCTION SECULAR BEHAVIOR

Rather than following the logic presented in Sec. [Il A 2 to
determine the speed, one could have attempted to define
Green’s function iteratively around the GR one. Following
such an approach, one would be lured into the belief that the
causal structure appears to be the standard one at any finite
order. A similar argument can be applied to any theory with a
small departure of the sound speed. The reason why such a
procedure is not correct in general is because it relies on
perturbations that carry secular effects, whose growth can in
turn undermine the perturbative expansion.

Indeed in rewriting in the form (3.7) we have implicitly
resummed effects, similar to a self-energy resummation,
which contribute already at two-derivative order. Super-
ficially higher order time derivatives generate second order
time derivatives by partly acting on the background, e.g.,

n!

21—y AP

o (alo)"h) = -+
(1)

hence giving a contribution to the low energy sound speed.
The superficially larger contributions from higher time

derivatives are canceled by similar spatial derivative terms
by virtue of the leading order equations of motion. Field
redefining the equation of motion into standard two time
derivative form (3.7) is helpful so that we may define the
retarded propagator in the standard way via time order-
ing, i.e., Gy (x, ) = i0(t — ') A(x, X') = i{Th(x)h(x')) —
i(h(x)h(x)) with A(x,x") the commutator function. But
perhaps more importantly the resummation removes sec-
ular behaviors that would have been obtained otherwise.
Specifically the resummed WKB modes can be rewritten
perturbatively in terms of the unresummed ones,

eikx—ifq dn'k/cg(n)
- e"k"—ff”dﬂ’k(l +ik/" drf (e, (n') = 1)+--->. (C2)

The secular perturbative growth of the right-hand side
would become large for |kn| ~ 1/(c, — 1), invalidating this
perturbative approach of solving (3.1) by directly iterating
about the GR result. Instead, in Sec. III A2, we have
identified the retarded Green’s function by iterating the
resummed counterpart given in Egs. (3.8) and (3.9). In
doing so, we have effectively resummed an infinite number
of contributions, leading to a better behaved perturbative
expansion. This is the approach we follow in identifying the
speed throughout this work.

Ultimately the causal structure is determined by the front
velocity, i.e., the high energy limit of the phase velocity.
As we have argued we expect this to be luminal in a
fundamentally Lorentz invariant theory.
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