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INTRODUCTION

The measurement of short laser pulses which are less than 1 ps is an ongoing challenge in
optical physics. One reason is that no oscilloscope exists today which can directly measure
the time structure of these pulses and so it becomes necessary to invent other techniques
which indirectly provide the necessary information for temporal pulse reconstruction. One
method called FROG (frequency resolved optical gating) has been in use since 19911 and
is one of the popular methods for recovering these types of short pulses. The idea behind
FROG is the use of multiple time-correlated pulse measurements in the frequency domain
for the reconstruction. Multiple data sets are required because only intensity information
is recorded and not phase, and thus by collecting multiple data sets, there is enough
redundant measurements to yield the original time structure, but not necessarily uniquely

(or even up to an arbitrary constant phase offset).

The objective of this paper is to describe another method which is simpler than FROG.
Instead of collecting many auto-correlated data sets, only two spectral intensity measure-
ments of the temporal signal are needed in the absence of noise. The first can be from the
intensity components of its usual Fourier transform and the second from its FrFT (frac-
tional Fourier transform). In the presence of noise, a minimum of four measurements are
required with the same FrFT order but with two different apertures. Armed with these two

or four measurements, a unique solution up to a constant phase offset can be constructed.
The next sections will describe how

(i) the input temporal signal can be reconstructed from two different FrFT order
measurements in the absence of noise. See Finding s(t) from Io(f) and Iy(f) with

a bootstrap algorithm.

(7i) in the presence of noise, at least two sets of apertures and two different order
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FrFTs, i.e. four measurements makes the algorithm more immune to noise. See

Enhanced bootstrap algorithm.

(7i7) an optical setup for implementing the algorithm. See Method for Measuring Ultra-

short Laser Pulses.

(iv) the bootstrap algorithm can reconstruct the temporal signal from the optical setup.

See Numerical Demonstration I and II and Appendiz II: Optics Analysis.



THE FRACTIONAL FOURIER TRANSFORM

We define the fractional Fourier transform (FrFT)? of a function s(u) to be
o0
Sa(v) = / du K (o, u,v)s(u) (1)
—0o0
where the kernel K is given by

ez§a
K(a,u,v) =

[, (u? 4 v?) cosa—2uv]
——exp |im ,
isin sin o

(u? + v?) cos o — 2uw
sin «

= Ag exp {zﬁr

For the case when 0 < |a| < m, Ay can be written as

(7msgn(a) o
exp |—i(—pr—~ -9
Ag = [ ( - >] if0<|of < (3)
| sin |2

And in the cases where a = +7/2, (2) reduces to the ordinary Fourier transform. In this

paper, we define the Fourier transform to be

S1.(v) = / s s(u)e 12T (4)

i.e. when a = 7/2.

Important: the transform pair variables u and v are dimensionless. Since we are going
to be working in the time and frequency domains, we will identify u as the dimensionless
time variable and v as the dimensionless frequency variable. To keep the “bean counting”
easier, we will map v — t and v — f and call the dimensionless variables t time and f

frequency for the rest of this paper.®

An N-point a-order DFrFT of s(t) is easily created from (1) and is

N/2-1
Sa(mAf) = AgAt kZN/Q s(kAt) exp |:i7T [(mAf)2 + (kAt)?| cot o — i2ﬂ]];m} (5)

Ozaktas et al spent section 7.2 in their book? discussing the relationship between dimen-
sionless and dimensionfull variables in FrFT.
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where At is the sampling time, A fAt = sin /N, and we have assumed that N = 2¢ where

q € N.

An important FrE'T property which we will use to recover the input signal s(t) in the
Method section is the auto-correlation property® (c.f. Wiener-Khinchin Theorem and auto-

correlation for ordinary Fourier transforms). The auto-correlation for an a-order FrFT is

defined to be

. . (o) . )
(S *o S)(T) _ 6””—2 cosasma/ dt s*(t)s(t + 7 cos a)e—z27rthma (6)

—0o0
A quick check will show that (6) is the auto-correlation function for the ordinary Fourier

Transform when o = 0.

It is easy to show that (s%,_z /9 5)(7) is related to 1Sa(f)|? as follows

. 00 .
(8 *o—1 /2 8)(7’) = 3_27772 cota/ dt s* (t)s(t + 7_)6%27rt7 cot o
-0
> : (7)
:/ df |Sa(f)|26227rft
—00
We can discretise (7) using an N-point a-order DFrFT to get
N/2-1 )
; 2
Z S*(EAt)s[(E—}- k)At]eﬂﬂké(At) cot o
(=—N/2
: N/2-1 (8)
= _;;Z?; e—iﬂ(ijt)Q cot « Z |Sa(mAf) |26i27rkTm
m=—N/2 )

where AfAt = sina/N and 7 = kAt for 0 < k < N —1. We remind ourselves that periodic
boundary conditions have been applied to the lhs of (8) because clearly (¢ + k) > N/2—1

and (¢ + k) < —N/2 for some k. This condition will be used in the Method section.



Method

We will assume that our setup measures the FrFT spectrum from an input signal s(t).

The measured intensity I,(f) on the detector from an a-order FrFT is
00 2

S0P = | [~ dtsrtatn)| =1a(r) )

The goal, of course, is to extract s(¢) from two sets of measurements I, (f) and I(f).

Note: In the next section we will cavalierly assume that we can, in fact, produce I, in

the form that is compatible with the bootstrap algorithm and with the required accuracy.

However, in real life, there is noise in the measurement and a more complicated extraction

process which uses the bootstrap method as its basis must be used. We will discuss this

algorithm in the subsection Enhanced Bootstrap Algorithm.
Finding s(t) from I, (f) and Iy(f) with a bootstrap algorithm

In general, we need two sets of intensities from two different order FrFTs for extracting
s(t). We will describe a bootstrap algorithm? for obtaining s(t) here. Note: Much of our

work has been inspired by the work of Cong et al.’

Step 1 We divide s(t) into N samples at At intervals and then pad with zeros from
—(Nm/2)At to (—N/2 — 1)At and from (N/2)At to (Np,/2 — 1)At to get Ny (> 2N)

points, 1.e.

O_Nm/2, O_Nm/2+1, ceey ceey ey 0—N/2—17
{S@} = S_N/2 S_N/2+1> RN S_1, S0, S1, ceey SN/2—15 (10)

ON/27 ON/2+17 ceey ) RS ONm/272a ONm/Qfla

At least two algorithms exist, the Gerchberg-Saxton? algorithm and a recursive algorithm

published by Cong et al® Unfortunately, we do not understand how the recursive algorithm
described by them can work and so have come up with our own bootstrap algorithm.
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where ¢ = —Np,/2,—Np /2 +1,...,Np/2 — 1 and sy = s(¢At). Note: Here is one
major difference between our analysis and Cong et al’s: we have extended the analysis for

Ny > 2N.

Therefore, the Ny, a-order DFrFT of {s,} is

Ny /2-1
Sa(nAfy) = AgAt Z Sgeiw[(nAfa)QJr(EAt)z] cot a—i2mfn /Ny, (11)
(=N, /2

where AfyAt = sina /Ny, and —Np, /2 <n < Ny, /2 — 1.

We also perform an Ny, y-order DFYFT on {sy}, and the solution is

N /21
Sy(nAfy) = Ay At Z Skeiﬂ(nﬁfw)Q-&-(fAt)z] cot y—i2mln /Ny, (12)
(=N, /2

where A fy At = sin~y/Ny,.

The constraint on « and «y will be determined by the {sy} bootstrap process in Step 3

below.

Step 2 We apply the correlation property for the a-order N,,, DFrFT to {s,} at 7 = kAt.

Using (8), we get

N/2-1 )
Z sté+kei2ﬂ'k‘£(At)Q cot «
(=—N/2
_ sina_in(kA)? cot o e i2m km (13)
= NmAt2€ Z Io(mA fo)e ™" Nm
m=—N,,/2
= Cu (k) J

where In(mAf,) = |Sa(mAf,)|?. (Note that I, is independent of 7) The range of the
summation of s; sy, starts and stops with the non-zero values of {s;}. (Clearly the range
can be made tighter, but this is sufficient for our purposes). And I, (f) is just the intensity
which we measure of the a-order DFYFT of {sy}. This means that C,(k) is completely

known for each k given I,.



Similarly, the correlation property for the y-order 2N DFrFT of {s;} at 7 = kAt is

N/2-1 )
Z 8? S€+kei27rk€(At)2 cot y
(=—N/2
_ Sy in(kAn) coty an_l I(mAf )eiZWJIf,—Tn (14)
T N At2 i 7 7
= C’Y(k) /

where I (mAfy) = |Sy(mAf,)|? is the intensity which we measure of the y-order DFYFT

of {sy}. And again, C (k) is completely known for each k given I.

Step 3 We solve for the terms SiN/QSN/Qfm and 8*—N/2+m—lsN/2*1 which comes from

knowing Cy (k) and C, (k).

When we substitute £ = N — 1 is into (13) and (14), we find that
) _ 2 . . 2
SiN/QSN/2_1 — CQ(N _ l)elﬂN(N 1)(At)?cot o _ C'y(N . 1)6”TN(N 1)(At)* cot (15)

We notice that the rhs is completely independent of {sy}.

When we substitute £ = N — 2 into (13) and (14), we find that
eiQW(—N/Q)(N—Q)(At)2 cot vy ei27r(—N/2+1)(N_2)(At)2 coty 3*_N/2+13N/271
_ (Ua(2) Va(2) S*—N/2SN/2—2 [ Ca(N —2)
@) @)\ s ) \GIN=2)

which can be solved for S*_N/QSN/Q,Q and SiN/2+13N/271 by inverting the 2 x 2 matrix

( Li2m(—N/2)(N=2)(At)? cot ez’27r(—N/2+1)(N—2)(At)2cota) ( " N j2SN/2-2 )

(16)

on the lhs. When we do this, we have

‘SjiN/QSN/Q*2 _ 1 < VV(Z) _Va(2)> <Ca(N_ 2)) (17)
S* Nj24+15N/2-1 D(2) \ —~Uy(2) Ua(2) Cy(N —2)
where D(2) = det U (2) Va(2) . Again, like for the k = N — 1 case, the rhs is
Uy(2) W (2) ’ ’
independent of {s,}. However, this is not true for & > N — 2 because in general, for
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k= N —m, we have

( N ) L (e (G S

S_N/24+m—15N/2—1 D(m) \ —Uy(m) Ua(m) Cy(N —m) — Xy (m)
(18)
where

Up(m) = ei27r(_N/2)(N—m)(At)2 cot 6 \
Vy(m) = ei2m(=N/2+m=1)(N-m)(At)* cot §

m—2

S* N /245N 2—mtj€ ¢i2m(N—=m)(=N/2+])(At)* cot §
- (19)

) 36)

= det < )
_ i2m(= N/2)(N—m)(A )2(cota+cotv)eiZﬂ'(N—m)(m—l)(At)gcot’yx

(1 o GZ‘Q’N(N*m)(WL*].) (At)?(cot a—cot ’y))

V

and the rhs is clearly dependent on {sy}. We notice that D # 0 as long as m # N and m # 1

and so the general solution is always applicable for 2<m < N —1 (or 1 <k < N —2).

For the algorithm to work, we must ensure that D(m) # 0 for 2 < m < N/2+1 (or

N/2 —1 <k < N —2). This is the only constraint on « and ~.

Step 4 We start the bootstrap method by solving for SN/2—1 In terms of SN/2 with (15)

SNja_1 = Ca(N = 1)e irN(N—1)(At)? cot a/s N2 } 0)
= ca/s*_N/2
From (17), we can solve for sy /9_5 and s_p/o,q in terms of s_py /o
SN/2-2 = —1 ( Vy(2) )T<Ca(N—2))
/ s* npP(2) \ ~Val(2) Cy(N —-2) o
.i,

S_N/24+1 = % (_ QV(Z))) (2:5%: gg)



In general, we have

B 1 Vom) \T [ Ca(N = m) — Sa(m) ‘
SN/2—m = W (_Qa(m)) (CW(N —m) — X (m) >
_ Foy(m)
SE N /2 (22)
SN (—Uy(m) ) [ Ca(N —m) — Sa(m) )"
S—N/24+m—1 = & D*(m) ( ua”gm)) (CW(N —m) — Ey(m))
= s5_n/2%a,y(m) )
and
m—2 . T . . )
~Uy(j+1) Co(N —j—1)=3a(j+1)

jzlcaDj—l—l (Z/{o?&j‘Fl)) (Cv(N—j—l)_Ey(j—f—l))X

1 Vy(m =) \T ( CalN = m + §) = Sa(m - j) (23)
D(m—j)(—l}ya(m—j)) (Cv(N—m‘Fj)—Zv(m—j))x

6127T(N*m)(*N/2+j)(At)2 cot

/

We observe that ¥g(m) is independent of s_p;/o which means that 7o y(m) and Ga,y(m)

are both independent of s_ /2-

Step 5 We solve for s_ /9. From (22), we see that for both sy, and s_ /91 p—1,

1 <m < N/2. And from (13), we have for k=0

N/2-1
> |s¢|* = Ca(0) (24)
(=—N/2
Thus, by using (22), we have
N/2 N/2
s_wvjel® X [Gan(m)” + |S 3 > [Fan(m)* = Ca(0) (25)
m=1 N/ 2| m=1

which we can easily solve for |s_ 5 /2\. We can immediately dismiss the negative solutions
and only keep the two positive solutions. In principle, both solutions are possible values

for [s_p/o|- The final selection of |s_ /5| comes after we make the following assumption:

All the phases are measured w.r.t. s_y 9. This will allow us to make s_y/, € R and
s_ny2 > 0. Once we do this, we can make the identification that |s_y/o| = s_ /9. With
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this identification, we can select between the two possible s_ /2 by demanding that

0 = 8_N/29any(N/2+1) =

Fay(N/2) (26)
S_N/2

Therefore, we can bootstrap this solution to obtain the solution for every term in the
sequence {sy : £ = —N/2+1,—-N/2,...,N/2 — 1} by using all the equations in Step 4.
Q.E.D.

Note: We observe that since every sy is either multiplied by s_n or 1/s_y in the
equations of Step 4, we can set s_y = 1 first and solve for {s;} with this assumption.
After we have obtained s_p/o in Step 5, we can then re-calculate {s¢} with this value.
The Mathematica input files shown in the appendices and used in all the demonstrations

apply this observation.

Phase s(t) (radians) Magnitude s(t)

) E—

—

0.08 -

& N \ N\ A
“““ . . . . . . . . . . . . ! Timel L
-1.0 —0.! 0.5 1.0 L
0.04 -
002f

Figure 1  The blue traces are s(t) plotted out in phase and magni-

8]
T

— Timet
1.0

tude. The red traces are the results of the bootstrap algorithm applied
to the FrF'T intensity spectra of the example.

Demonstration of the Bootstrap Algorithm

We can demonstrate how the bootstrap algorithm works with an example.© The input

¢ The Mathematica input file which was used in this demonstration is attached in Appendiz
I.
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signal s(t) is slightly modified from Cong et al®

s(t) = 0.1 x 670.2(t+0.5)2€i[sin 57 (t+0.5)+cos 8m(t40.5)] (27)

For the bootstrap algorithm, we have padded the input with zeroes from —2.0 to —0.5
and 0.5 to 2.0 and set the number of samples N = 32 in the s(¢) region and N, = 256
from —2.0 <t < 2.0. We have chosen a = 7/2 for the first data set and v = 7/4 for the
second data set. We will only show the final results in Figure 1 because the demonstration
of the algorithm should be sufficiently clear from the Mathematica input file. It is obvious
that the bootstrap algorithm faithfully reproduces the magnitude of s(t) while the phase

is offset as expected.

Noise

The astute reader will notice that the the bootstrap algorithm solves for s_ N/2 and
then marches towards sg by bootstrapping. There are two problems with the algorithm

when applied to practical problems

(i) The temporal size of the signal is unknown and so N is unknown. For the algorithm

to work S_N/2 must not be zero.

(1) |s_pn/2lis at the tail end of the input pulse, it is usually much smaller than [so| and
so if there is any noise in the measurement of I ~, the error in s_ /2 will propagate
through the entire solution for {sy}. In fact, from our computer simulations, we
have discovered that the maximum relative error in the measured I w.r.t. true
I must be < 0.1x 10~° for the solution to be valid! This is, of course, impossible

to achieve in real life. Figure 2 shows the problem.

The first problem highlighted above can only be solved with a change or enhancement

of the bootstrap algorithm. We discuss the solution to (i¢) below. For the noise problem,
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Magnitude s(t)

Phase s(t) radians
2

‘ ' Time t
-10 0. v 05 10

Figure 2  With noise in Iy, the bootstrap algorithm does not

Time t

work very well. In this example, the maximum relative range of the
uniform noise at each point is £0.01, Ny, = 256, and N = 32.

the solutions are obvious:
(i) We can average I, ~ sufficiently so that we decrease the noise.

(17) We can enhance the bootstrap algorithm as follows: We take a smaller chunk of
the input pulse s(¢) by masking out the tails so that the bootstrap algorithm works
with [s_ /o] # 0 and, we hope, is comparable in size to |sg|. We can then increase
the chunk and bootstrap these solutions to solve for s, outside the first chunk. We
can continue increasing the chunk size until we obtain the solution for the entire
pulse. This forms the basis of our enhanced bootstrap algorithm which we will

describe in the next section.

Enhanced Bootstrap Algorithm

We can extend the bootstrap algorithm like we have previously described by first tak-
ing a smaller chunk of s(¢). Suppose Ny < N is the first chunk that is used to produce
the spectra I1 o and Is . We will assume that by taking this smaller chunk |3—N1/2| is

comparable in size to |sg| and so we hope will have greater immunity to noise in Iy , and
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I . We can then use the bootstrap algorithm to calculate {S_NI/Q, T TR 3N1/2—1} =

{O’_Nl/Q, ey OQy 70N1/2—1} where we will use oy to signify that the solutions have al-
ready been found.

For our paper, let us choose the size of the next chunk to be Ny = 2N1.d Using (13),

we can select only the equations which does not involve (s x s;) we can write down the

following complex matrix equation

(3)e=(&) @

Sy =
O Tmy o M oowm o oMo
I_Miiin-1 =Moo N1 oo 90Ni—1 O—LNi—-1 O0,N;—1 e 0N g N1 TN N1
T _Niion—2 T-Niig N, -2 OL,N-2  0-2Ni-2  O-1LNi—2 -+ ONi_ypn 9 TN 3N 2
7 co oy SRy Cnany I
(29)

* +i2mkl(At)? cot O and o1,y — o5, 0(0) = O.k6+i27r(k‘f€)€(At)2 cot 6

where G,y — 7y, 4(0) = o e

The size of the Sy matrix is (N1/2 + 1) x Ny.

*
ST Ny 1}U{Sﬂ’sﬂ+1""’8%_2’8%_1}

. * *
The s vector contains q s NysS Ny qree
-3 —3tl —7 - 2 2

which are the 2N (2x because the s;’s are complex) unknowns to be solved and is

s is an Ny x 1 vector.
4 This method works for Ny < 2Ny, but the matrix entries in (28) will have to be derived.
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The rhs of (28) is

Cy(N1) N
) ] 2
C%(Aﬁ'_l)——52}210i§l+‘_ (127 (= S+ —1) (N1 —1)(At)? cot 6
2

J 175 -2
. Ny |
Cy(Ny —2) — 2?21 o 6127r(—71—|—j—1)(N1—2)(At)2 cot 0

*
ON .
~Blj-1 F 43

Cy= (31)
Ny . . Ny | - N
N = -1 2m(— 5k +j—1) (5L +1)(At)2 cot 0

Co(5t+1) =32 "o* o;e 2 ) 2
p(5H+1) j=1 T %

Ny . Ny | . N

N = 2m(— 5t +7—1) 5 (At) 2 cot 6

C 1y _ 2 g* o e 3 TJ 2

9(7) j=1 —%-Fj—l Jj—1

which is a (N1/2 4 1) x 1 vector.

From (28), the number of equations is 2 x (2 x (N1/2+1)) = 2Ny +4 while the number
of unknowns is 2/Ny. Therefore, (28) is overdetermined. There are many ways to solve
(28) in this situation. Some standard techniques are the singular value decomposition
(SVD) method and the least squares fit (LSF) method. We will use the LSF method

LeastSquares[] built into Mathematica to solve for s in the demonstration.

Once we have the solution for the Ng chunk, we can expand the size of the chunk

N3 = 2N and solve for s. This continues ad infinitum until we have the complete solution

of s(t).

Enhanced Bootstrap Algorithm with Least Squares Fit Demonstration

The enhanced bootstrap algorithm (EBA) is demonstrated with a Mathematica pro-
gramme shown in Appendiz I. The noise level has been set so that the maximum relative
range at each point is £0.01 w.r.t. the true value of I, . The first chunk has length
N7 = 16. Once we get the solution to this chunk with the previously described bootstrap
algorithm, the second chunk Ny = 32 is solved with the matrix equation (28) with the
built-in LeastSquares[] function of Mathematica. Figure 3 shows the result. We can

compare it to Figure 2 where a large chunk Ni = 32 was used with the bootstrap algo-
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rithm with the same relative noise level £0.01 only and we see that the results are much

poorer than with the EBA. Furthermore, the EBA works even if s_p, /2= 0.

Phase s(t) radians Magnitude s(t)

X AN gag
0.08%
N g /\ﬂ 0.06

Time t
-10 05 o.v 10 o004l
1 |-
0.02]

Figure 3 Demonstration of the enhanced bootstrap algorithm with

* Time t
1.0

noise in I . In this example, the maximum relative range of the
uniform noise at each point is +£0.01, N,, = 256, N = 16 and Ny =
32. Contrast this to Figure 2 where only the bootstrap algorithm was
used. In this demonstration, the chunk N9 encloses the zero outside
t = =£0.5.
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METHOD FOR MEASURING ULTRA-SHORT LASER PULSES

We will describe an optical setup that will allow us to measure ultra-short laser pulses

in the femtosecond range. Our method relies on the well-known technique of coupling

the longitudinal distribution of a laser pulse to its transverse plane with either a prism

or a diffraction grating and then manipulating it with lenses to obtain spectral intensities

required for our bootstrap algorithm. Our proposed setup is shown in Figure 4.

In this setup, the elements in the yellow box are completely described in Appendiz II.

We will give a brief synopsis here:

(4)

(i)

The laser beam is incident on the transmission diffraction grating at an incident
angle ;. When the laser pulse goes through the lens, the longitudinal pulse distri-
bution is coupled to its transverse plane. The diffraction grating also performs the

first Fourier transform of s(t).

By placing Lens 1 at a distance equal to its focal length f; from the diffraction
grating, the spectrum at the output of the grating is quadratic phase compensated.
But an extra phase is also introduced when we apply the Fresnel diffraction formula
(53) and we have to introduce a new variable 5(¢) (See (61) in Appendix II) to
include this phase. The bootstrap algorithm will solve for §(¢) and we will correct

for the extra phases to get s(t).

Lens 2 is placed at a distance equal to its focal length fo from Lens 1. The image
at the back focal plane of Lens 2 is the exact Fourier transform of the image at P;.
Therefore, the image on P is the result of two Fourier transforms applied to the

5(t). This is the critical observation: It is well known that the Fourier transform of

a Fourier transform of 5(¢) yields 5(—t) and so the image at P is the longitudinal

distribution but phase modulated!
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(iv) We add an adjustable aperture at the focal plane P,. This is required for the EBA
because we want to sample the centre of the distribution first and then increase

the aperture to sample the rest of the distribution.

(i7) is the critical observation which tells us why the optical setup works because we
have successfully transferred the longitudinal distribution to a transverse distribution and
so the subsequent application of the bootstrap algorithm on this image will allow us to

recover §(t).

Of course, what we have described above is completely useless if there is no way to
accomplish this optically. It turns out that an invention by Lohmann® which uses a single
lens (type I) or a couple of lenses (type II) is all that is required. We describe his invention
in section Type I and II Optics. Using type I optics, we can place Lens 3 with focal length
f3 at a distance RQ f3 from P to produce an image at P3 which for RQ = (tan a//2)(sin «)
is the a-order FrFT of the image at P». For the bootstrap algorithm, we will need to
measure the spectral intensity at « and ~. For example, we can measure the spectral
intensity at P3 for a = w/2 and v = 7/4 and then apply the bootstrap algorithm for the

extraction of 5(t).

Type I and II Optics

Up to this point, we have used dimensionless variables. In this section we will introduce

dimensionfull variables & and &’ which, in this paper, have dimensions of length.

In both type I and II arrangements shown in Figure 5, the a-order FrFT of §(z) is

given by

& (A 7 RSO (22 + 2?) cos o — 223!
Sa(2)) = Aa/ dz §(z) exp [m( )\1;3 o (32)
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. g 2 3
— -
}\ ug u(t ) u(: +) u(z) u(g)
=4 N

£, RQf, RQf,

: — Lens 1 Lens 2 Lens 3

Aperture

Diffraction
Grating

Figure 4 Our proposed setup for the measurement of femtosecond
laser pulses. The incoming laser pulse is incident on the diffraction
grating at ;. Lens 1 compensates the quadratic phase and Lens 2
Fourier transforms the spectral pattern from the diffraction grating.
The position of Lens 3 is selected to give the o or y-order FrFT of
the pulse. The elements in the yellow box are completely described
in Appendiz II.

where .
) exp [—i <7r sgnisma) _ %ﬂ
|AF3sin a2

and the scaling parameter A\F3 (which has dimensions of [lengthz])7 A is the wavelength of
the laser pulse and Fj is the “local” focal length of the lens and depends on whether the

type I or II configuration is chosen

F3=QF for both type I and II
Type I: R= tan% Q = sina (34)

Type II: R =sina Q= tan%

where F' is the focal length of the lens (c.f. local focal length F3).

We can compare (32) and (33) with the original definition of the FrFT (1), (2) and (3).
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A 1
They are identical except for Ay, = Ay /|\F3|2 because the Fourier variables here are di-
mensionfull. The relationship between the dimensionfull and dimensionless representation
is:

. 1
Sa(x) = 1
|AF3[2

Sa(z) (35)

We can also similarly discretise (32) using the same arguments as before to get

N/2—1 .
Sa(mA#) = AaAi Y 3(kAE) exp Z—”[(km)2+(mm’)2] cotar— i (36)
k=—N/2 AL

where AZ is the sampling length, AZAZ'/\F3 = sin a/N and we have assumed that N = 29

where ¢ € NU {0}.

F=F,/q

(0] (0]
[ C
O O
Type I - t
P o
2 O
Q £
o z=RF3 z=RF3 =
F;FS/Q F o
C C
O O
Type II - c;
P o
2 o
Q €
o z=RF3 =

A
4

Figure 5 The type I and II FrFT 0ptics.6

Therefore, by placing a converging lens represented by Lens 3 (focal length f3) in
20



Figure 4 at a distance RQ f3 from Lens 2 we can produce an a-order FrFT of the image

on the Pj plane.

In the spirit of writing (36) into a dimensionless form which we can then easily compare
it with our original discretised version of FrE'T (5) we will introduce a new variable which

has dimensions of length
p3 =/ A3 (37)

and so A%/u3 — Ax and A2'/u3 — Az’ which are clearly dimensionless. When we

substitute these new dimensionless variables into (37), we have
N/2-1
Sa(mAz') = AgAx Z s(kAx) <i7r [(kAx)Q + (mAz")?| cot a — iQstm) (38)
k=—N/2
where §(kAZ) = §(kusAz) — s(kAx).

Numerical Demonstration 1

In this numerical demonstration of the optical setup shown in Figure 4, we will use a

100 fs pulse defined as
1 if [t| < 50 fs

Spulse (t) = (39)
0 otherwise

and set the slit size b of the diffraction grating to be 1 nm (which is unrealistically small)
so that it satisfies the condition b/\ < 1, and §; = 85° = 1.48 rad. These parameters allow
us to use (69) for u(17). The other parameters used in the simulation are summarised in
Table AII.2. Using these parameters, we can use the results of Ezample A.1I1.2 and see that
we only have 18 sampling points for the temporal pulse. However, 18 points are sufficient

to reproduce s,15¢(t) quite nicely with the bootstrap algorithm.

Since this is the first of two numerical demonstrations, we will go through the steps of
this demonstration carefully. (Note: All the mathematical details are in Appendiz II and
the Mathematica input file in Appendiz IV):
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Amplitude Amplitude
08 08}
06 06
04r 04r
02} 02k
“““““ time (fs) y y ' X
—-100 -50 50 00 -200 -100 100 200
Amplitude
0.8+
0.6
04r
02F
‘ ‘ ‘ ‘ ‘ x ()
-30 -20 -10 10 20 0
Figure 6 Different parametrisation of sp;jse. The red dots on the

bottom left plot show how sp,15¢(ct) is sampled by the diffraction grid

which are spaced asin #; apart.

(i) Figure 6 shows the input rectangular pulse parametrised in terms of time, phase

and space. The red dots on the bottom left plot show the sampling points of the

diffraction grid which are spaced asin 6; apart.

image is dependent on fi. In principle, we should be able to use multiple resonances
for averaging. We select f; = 5 cm because one resonance image fits in about 3 cm
of space, i.e. fits in a typical lens. We also notice the high frequency component in

this plot which we will correct with Lens 1. We can compare this plot to Figure 8

phase (rad)

Figure 7 shows the real and imaginary parts of u1=). The magnification of this

where fi =1 cm. We select only one of these “resonances” for the analysis.

(7i7) Figure 9 shows the result of correcting the high frequency component of u(1=) with
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Lens 1. These plots reveal the underlying sinc() component which is the FT of
Spulse(t)'

(iv) Figure 10 shows the image u?) which is a magnified version of . This is the key rea-
son why the optics setup works — Lens 2 recreates a magnified version of the input
pulse |s(ct)|. The magnification factor is fo/f1 (See Appendiz III). The width of
the pulse in Figure (a) is 20x the pulse shown in Figure 6. The real and imaginary

parts of 1) show an oscillation which originates from e'*® /2f1gtkazsinb;

(v) For illustrative purposes, we will construct a magnified version of 5 which we see
at the focal point of Lens 2, i.e. on P». The following equation essentially comes
from (91)

5/(—1/:13) _ S(_:L,)e—iﬁ/2eik:(—:c)2/2f1eik(—x) sin 6; (40)

The term e~¥7/2 has been included to reflect the two Fresnel propagations from
the diffraction grid to P». We note that the sampling distance is a (note: not
asin ;) just after the grid and so the oscillations are grossly under-sampled. See
Appendiz III. In Figure 11 we superimpose the “highly” sampled solution and
the under-sampled solution. The under-sampled solution looks nearly identical to
Figures 10(c) and (d). In fact, when we superimpose them in Figure 12 the two

match up really nicely!

(vi) Let us get back to the objective of the demonstration. We will generate four chunks
of spectral intensity data for the EBA for a = 7/2 and v = 7/4 and aperture radii
16Az kel = 0.2246 mm and 32Ax iy = 0.448 mm. With the selection of o and
and fixing the “local” focal length F5 = 1 m we can calculate focal length of Lens 3
and where to place it and the CCD camera w.r.t. the aperture. See Table 1. The

four chunks of the spectral intensity data are shown in Figure 13.

(vii) The spectral intensity data shown in Figure 13 are normalised so that the total
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integral power is one. This is necessary because in experiments, we expect to have
to integrate many pulses to get a good signal on the CCD. See the Mathematica
input file. The result of applying the EBA to the normalised spectra is shown in
Figure 14. The size of the magnitude is larger than the input signal because the
input spectra were normalised. The phase clearly has the contribution from Lens 1
eika®[2f1 gikazsin; o is also offset. Therefore, the last thing that is left for us to

do is to correct the phase.
(viii) The phase which originates from Lens 1 is corrected using the formula

. 2 B . i
¢correction(1/x) = eka /21 ezkx sinf; (41)

which takes into account the magnification factor v. The corrected phase is shown

in Figure 15 with the original input pulse rescaled without the magnification factor.

Table 1 Type I Optics Parameters for F3 = 1.0 m

o f3 = F3/sina (m) RQf; (m)
/2 1.0 1.0
/4 1.4 0.41

Re[u!7] Im[u7]
000005 0.00005 |

X (m) X (m)

Figure 7 The real and imaginary parts u(1=) which is the image
on Py. The magnification of this image is dependent on fi. In this
case fi1 =5 cm. Notice the high frequency components in ul-),
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Re[u!")]

X (m) X (m)

Figure 8 Thisis u(1) for f1 =1 cm. Multiple resonances are seen
within the ~3 c¢m aperture of the lens.

Re[u)] Im[u"*)]
0.00002 - )
I /\ 0.00006 -
“‘/\“‘\‘x\“x““\/\‘/\\“‘/ X (m) :
o107 0005 I O.WS \J 00w 0.00004 -
~0.00002 |
I 000002 |
~0.00004 - [
f Ao N o
i 60107 “olos\ /|| W.oos 0.010
—~0.00006

Figure 9 The high frequency component of u(17) are corrected by
Lens 1. The correction reveals the underlying sinc() component which
is the FT of spy150(t)-

Figure 15 compares the input pulse with the reconstructed pulse. The reconstructed
magnitude is similar up to a scale factor but the reconstructed phase has structures which
are absent from the input phase — it has wiggles at the edges because of the division of
small imaginary parts by real parts in this area. The reconstructed phase also has a kink
around 0 which comes from the imperfect phase correction which can be seen in Figure 16.

This is easily corrected with better data analysis but will not be done here.
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-0.0010

-0.0010

Figure 10

-0.0005

Re[u®]

-0.0005

0.0005

0.0005

(b)

Arg[u(z)]

L

X
Tlo

* X (m)
0.0010 -3
(d)
Im[u(z)]
0.0001
0.00005
x(m) lL;wwAA/\V T N
0.0010 -0.0010 -0.0005 0.0005 0.0010
-0.00005 -
-0.000 -

u(?) plotted in (magnitude, phase) and (real, imagi-

nary). This plot shows why the optical setup works — Lens 2 recre-

ates a magnified version of |s(ct)|. The phases are more complicated

because it contains e

ikx?/2f1 eikax sin 6; )
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Re[s'] Im[s']

!h il

il

X (mm)
06  -04 }

I!lH 04 os 1™

Figure 11  This figure shows the construction of 5 using (40). The

sampling distance is asin#; and so under-samples the oscillations.
The black dots are the sampling points and the red curve is created

when the black dots are joined. The blue curve is the “highly” sampled
/

s'.
Im[u®]

0000j1

0.0001
000003 -
0.00005 -
. L N .
v Y . W " \
—-0.0010 —-0.0005 0.0005 0.0010 v v X (m)
—-0.0010 —-0.0005 0.0005 0.0010

00005
—0.00005 -
—0.0001 | —0.000% L

Figure 12 We superimpose § (red curve) and u(2) (blue curve)
from Figure 10(c) and (d). Clearly the two match up very well.
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a = m/2, (16x2)Ax aperture

.

Magnitude

0.0

0.0

0.0

0.001|F

2y

o

-002  -001

0.01 0.02

« = m/2, (16x4)Ax aperture

Magnitude

0.008}

00

00

00
wwwwwwwwww O T S S N S S S XV

-002  -001 001 002

Figure 13

the spectral image on the CCD divided by pus.

The spectral intensities for « = 7/2 and v = 7/4 and
aperture radii (16Az i) = 0.224 mm and (32Axpiye1) = 0.448 mm.
These are the data sets which will be used for the EBA. These abscissa
of these plots is the dimensionless variable 2’ which is the length of
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v = n/4, (16x2)Ax aperture

Magnitude

0.0

0.0
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-0.01

001

v = n/4, (16x4)Ax aperture
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Magnitude

Phase (radians)
020 3L

H (m)

‘ .
(}[0005 0.0010

Figure 14 The results of the EBA with the normalised spectra.
The red traces are the results from the EBA. It is clear that the

magnitude is larger than the input signal because the intensity has

. .
—-0.0010 —-0.00

. . . ~ X (m)
-0.0010 -0.0005 0.0005 0.0010

been normalised. The phase has a constant offset as expected. The
magenta trace comes from the small radius aperture 16Ax ;. and
the blue is from the large radius aperture 32Az ).

Magnitude Phase (radians)
10 6r
08f 4r

" 1 2]\ Mﬂ

L P = ' time (S)
04l ~1.x10°13 Hvlo-” / s.xlou“u 1.x 10713
JN/W\,‘O,Z,M\ ol

: time (s) _6F
-1.x1071%  —5.x107'4 5.x1071 1.x10713

Figure 15 After the phase is corrected using (41) and the magni-
fication factor from Lens 1 and 2 is rescaled out from Figure 14, we
can compare the input pulse (blue trace) to the measured pulse (red
trace). There is a kink in the reconstructed phase at t = 0 because of
imperfect the phase correction which we can see from Figure 16.
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Phase (radians)

mw/Mﬂ w

Figure 16 The phase correction formula (41) is plotted here in
black with the reconstructed phase in red. Notice the imperfect match

in phase between the correction and reconstruction around x = 0.

Clearly this can be easily corrected with better data analysis.
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Numerical Demonstration 2

In this demonstration, we will use the input pulse (27) from Cong et al in the Demon-
stration of the Bootstrap Algorithm. It turns out that if we use the same diffraction grating
as in Numerical Demonstration 1, the 18 points used to sample the input pulse is insuffi-
cient to get a good reproduction of it after Lens 2 — which is the key for why the optical
setup works at all. Therefore, we will use a diffraction grating with double the number
lines per mm o’ = 1/1200 = 0.83 x 1073 mm. With this slit distance and an incident angle

of 85°, the number of sampling points are doubled on the input signal from 18 to 36.

Next, we will make the slit width b = a/8 = 104 nm so that b/\ = 0.13 < 0.5 is not
so large as to make our approximation of w17) from (75) useless and so can still be used

here. Otherwise, the other optical parameters remain the same as before.

Figure 17 shows the two cases for a and a’ for the same slit width b at the focal plane
Py. Tt is clear that the number of sampling points is critical for the good reproduction of

the input signal.

Finally, using the Mathematica programme shown in Appendixz IV, we can recreate
the input signal. The final results are shown in Figure 18. There is a kink in the phase
near t = 0 which comes from the imperfect phase correction. This can be easily corrected
with better data analysis. As expected there is a scale factor difference between the input

magnitude and the reconstructed magnitude.
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18 Sampling Points
(@) (b)

Abs[u®] Arg[u(z)]

il UUWVVMW

- X
-0.0010 —0.0005 0.0005 0.0010 -3f

36 Sampling Points

(a) (b)
Abs[u®] Arg[u®]
0.0030 | 3L

X (m)
—0.0010 —0.0005 0.0005 0.0010 -3r

Figure 17 The number of sampling points have a dramatic effect on
how the signal looks like at focal plane P». It is clear that increasing
the number of samples from 18 to 36 makes the signal look more like
the magnitude of the input signal shown in Figure 1.
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Magnitude
020 |

Phase (radians)
3 L

2
—1.x10713 VVN)” \/ \/ S'lel 1.x10713
l,

F

0.15F

: ! ' time (s) 3t
-1.x1071%  —5.x107'* 5.x1071 1.x10713

Figure 18 The reconstructed input signal (red) is plotted with
the input signal (blue). There is a kink in the phase near ¢ = 0
which comes from the imperfect phase correction. This can be easily
corrected with better data analysis. As expected there is a scale
factor difference between the input magnitude and the reconstructed

magnitude.
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CONCLUSION

We have demonstrated how the EBA works with and without noise and we have shown
that the algorithm works very well. We have also proposed a possible optical setup to
perform the EBA on an input signal and demonstrated that it works well in computer
simulations. However, in a real setup there are errors in alignment and positions of the op-
tical elements which have not been taken into account in the simulations. These errors will
definitely affect the effectiveness and accuracy of the results which we have not attempted
to examine in this long paper. This means that further study will need to be done to see

if this method is competitive with FROG or even works well at all in real life.
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Appendix I: Demonstration of the Bootstrap Algorithm and

the Enhanced Bootstrap Algorithm with Least Squares Fit
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Demo of Bootstrap Method

This is a demonstration of the boostrap method which will allow us to reconstruct the input signal from two of its fractional
Fourier intensity spectra.

Discrete Fractional Fourier Transform

An n point a-order discrete fractional Fourier transform (DFrFT) of a function s[t] is:

Exp[Ia/ 2]
In(]= DFrFT[s_, n_, a_, At_, m ] := —— At
VIsin[a]
mSin[a]

2
Sum[s[kAt] Exp[Iﬂ'[[ ] + (kAt)z] Cot[a] - Ianm/n], {k, -n/2, n/2-1}];

n At
Arguments of DFrFT][] are:
s: function to be transformed
n: number of points to be transformed. Must be power of 2
a: order of the transform
At: time step
m: returns value of transform at m Af

It is assumed that the time step gives the frequency step with the relationship Af At= Sin[a]/n.

Example Input Function sinput[t]

The example input function sinput[t] comes from Cong et al. (second example). Note: We have shifted Cong's example by 0.5
units so that the symmetry point is at t=0 rather than at t=1. It is assumed that the input signal is zero out side +/- 0.5 units. Note
that in the reconstruction, we will only reconstruct s[t] within +/- 0.5. We have also reduced the magnitude from 1 to 0.1.

In2):= sinput[t_] := n[t] 0.1Exp[—0.2 (t+0.5)2] Exp[I (Sin[57 (t+0.5)] + Cos[8xw (£ +0.5)])1;
n[t_] := If[-0.5 < t < 0.5, 1, O];

In[4)= Plot[Arg[sinput[t]], {t, -2, 2}, PlotRange -» All]

Out[4]=
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in[5]= Plot[Abs[sinput[t]], {t, -2, 2}]

0.10
Q.10

0.08
0.06
Out[5]=

0.04

0.02

/

= Measurement Parameters

We select @ = 71/2 and y = /4. The nonzero part of the signal is divided into n = 32 samples in the time interval +/-0.5. Therefore
At = 1/32. We pad the signal outside this interval with zeroes, we go from -nm/2 to -n/2-1 and n/2 to nm/2-1.

6= nm = 256; (*¥total number of samplesx)
n = 32; (* number of samples where s is the real signal and not padding#)
a =n/2;
Y = nn/4;
At = 1.0/ n;

Afa = Sin[a] / (nmAt);
Afy = Sin[y] / (nmAt);
Check that the At sampling samples the input data well.

In[13]:= ListPlot[Table[{i At, Abs[sinput[iAt]]}, (i, -nm/2, nm/2-1}],
Joined » True, PlotRange » {{-2, 2}, All}]

0.10
Y
0.08 \

0.06

Out[13]=
0.04

0.02
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In[14]:= ListPlot[Table[{i At, Arg[sinput[iAt]]}, {i, -nm/2, nm/2-1}],
Joined » True, PlotRange » {{-2, 2}, All}]

20

Out[14]=

m Createthe I, and I,

We need nm points of intensity from I,

In[15]:= ia = Table[{mAfa, Abs[ DFrFT[sinput, nm, a, At, m]]z}, {m, -nm/2, nm/2—1}] // N;
Table[{mAfr, Abs[ DFrFT[sinput, nm, ¥y, At, m]]z}, {m, -nm/ 2, nm/2—1}] // N;

iy

Make functions for the data sets

and I, to create n points of s.

inf17]:= Ia[f_] := ia[[Round[f / Afa] +nm/ 2+ 1]][[2]]

Iy [f_] := iy[[Round[f /A

Plot them out

fy] + nm/2+1]][[2]]’;

In[19]:= ListPlot[ia, Joined -» True, PlotRange -» All]

Out[19]=

T I I R R

-15 -10

38
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Inf20]:= ListPlot[iy, Joined » True, PlotRange -» All]

Out[20]=

SR R

-10

-5

I,and I, are the intensities which we measure.

The Bootstrap Method

We define the equations for the bootstrap method defined as equation (19) in the paper.

Exp[I2x (-n/2) (n-m) (at)?cCot[6]];
Exp[I2x (-n/2 +m-1) (n-m) (at)?Cot[6]];

In21]:= u[6_, m_] :

v[i6_, m_] :

Calk_] :=
Sin[a] km
—Exp[—In(kAt)ZCot[a]]Sum[Ia[mAfa] Exp[IZn ], (m, -nm/2, nm/2—1}];
nm At? nm
Sin[y] km
Cy[k_] := ——— Exp[-Ix (kAt)?Cot[y]] Sum[I*{[mAf*{] Exp[127r ], {m, -nm/2, nm/2—1}];

nm At? nm

=[6_, m_] := Sum[Conjugate[s[-n/2+j]]
s[n/2 -m+j]Exp[I2x (n-m) (-n/2+3) (at)?cot[6]], {j, 1, m-2}];

[a, m] v[a, m]
d[m ] := Det[(z[:’ :] :[:, :] )]’

Check that Ca[0] = Cy[0]

In[27]:= Ca[0]

Ou27l= 0.283636

Inf28]:= Cy[0]

Outj2g8]= 0.283636

They are equal, so at least energy is conserved!

Without loss of generality, we will set s[-N/2]=0=1 first and then use equation equation (25) to solve for s[-N/2] because every
s[n] is either multiplied or divided by s[-N/2]. The correct value of o in the "Calculate the magnitude s[-n/2]" section below

nE9)= o = 1;

Calculate ca and cy using Eq(20)
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In[30]:= ca = Ca[n-1] Exp[I in (n-1) At? Cot[a]]

Out[30]= 0.00815697 + 0.00147171 1

Check that the above is the same when Cy is used
n31}= Cy[n-1] Exp[Ixn (n-1) At? Cot[y]]
Out[31]= 0.00815697 + 0.00147171 1

From equation (20),

nB2l= s[n/2-1] = ca/o

Out[32]= 0.00815697 + 0.00147171 1

They are equal as expected!

From equation (21), we can solve for s[n/2-2] and s[-n/2+1]

1

33~ s[n/2-2] =Chop[First[c R te[o] d[2]
onjugate[o

out33]= 0.00826918 - 0.00140695 i

o

(vIv, 2] -via, 2] )-(

n34]= s[-n/2+1] = Chop[First[

Oufz4= 0.983918 + 0.177522 i

Now we can continue the bootstrap process until every element is done

In[35]:=
For[m=3, ms<n/2, m++,
s[n/2-m] =
1

Chop [First[

Conjugate[o] d[m]
o
s[-n/2+m-1] = Chop[First[

Conjugate[ca d[2]]

(viy, m] -v[a, m] ).(

COnjugate[( -u[y, m] uf[a, m] )-(

[E—
~

= Calculate the magnitude s[-n/2]

Conjugate[cad[m]]

cvtn-m1 -2y, m J]1001];

Caln - 2]
Cy[n-2]

Conjugate[( -uly, 2] ula, 2] ).(

Ca[n-m] - Z[a, m]
Cy[n-m] -Z[y, m]

)Jtean]

IESHE

We can calculate the magnitude of s[-n/2] using equation (25) of the paper. We will denote s[-n/2] = o

In36l:= s[-n/2] = o; (* placeholder for the above calculations =)

n[37]= sol = Solve[cZSum[Abs[s[—n/Z+m—1]]2, {m, 1, n/2}] +

o2

out37]= {{02 - 0.00826499}, {02 - 0.01}}

40

1
— sum[Abs[s[n/2-m]]*, {m, 1, n/2}] = Ca[O], oz]

Caln - 2]
Cy[n-2]

demo.nb
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We select between the two solutions by using equation (26)
sO = s[-n/2] Gay[n/2 + 1]

1
Conjugate [

In[38]:= Sqrt[oc2] Chop [First [
Conjugate[cad[n/ 2+ 1]]

Caln-(n/2+1)] -Z[a, n/2+1]

Cy[n-(n/2+1)] -2[y, n/2+1] )”[[1]]] /. Last[sol]

(-ul[y,n/2+1] ufa,n/2+1]).
Out[3g]= 0.0513951 + 0.0800432 1

The other part which is also s[0] from equation (26)

_ 1
sO = prar Fay[n/2)]
— ;cho [First[; (viy, n/2] -via, n/2]) (Ca[n—n/2] - 2[a, n/2] )][[1]]] /
T Sartroz T d[n /2] R ' ‘\cy[n-n/2]-2[y, n/2] )
Last[sol]

Out[39)= 0.0513951 + 0.0800432 1

Therefore, the second solution in sol is the correct one because the sO's calculated above are the same whether using

oGay[n/2+1] or é Fay[n/2],ie.

In[40]= o = Sqrt[o2] /. Last[sol]
Outj40]= 0.1

m  Check other solution

This is a quick check that the other solution is not correct

1

41~ Sqrt[o2] Chop[First[ Conjugate[( —u[y, n/2+1] ufa,n/2+1]).

Conjugate[cad[n/ 2 +1]]
(Ca[n— (n/2+1)] -2[a, n/2+1]

Cy[n-(n/2+1)] -Z[y, n/2+1] )”[[1]]] /. First[sol]

Out[41]= 0.0467243 +0.0727688 1

1 1
In[42];= ———— Chop [First[
Sqrt[o2]

First[sol]

Ca[n-n/2] - Z[a, n/2]

Cy[n-n/2]-=[y, n/2] )][[1]]] /e

(v[¥y, n/2] -v[a, n/2] ).(
d[n/ 2]

Outj42)= 0.0565329 + 0.0880447 1

They clearly do not agree, therefore this is the wrong solution to pick.

= Normalize s

Once we have o, we can normalize all the s's
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n43):= Forlm=1, m< n/2, m++,
sn[-n/2+m-1] = os[-n/2+m-1];
1;

For[m:l, ms<n/2, m++,

sn[n/2-m] = —s[n/2-m];
o

In[45].= sMag = Table[{k At, Abs[sn[k]]}, {k, -n/2, n/2-1}];
sArg = Table[{k At, Arg[sn[k]]}, {k, -n/2, n/2-1}];
sRe = Table[{kAt, Re[sn[k]]}, {k, -n/2, n/2-1}];
sIm = Table[{k At, Im[sn[k]]}, {k, -n/2, n/2-1}];
= Plots

In[49]:= ListPlot[sMag, Joined » True, PlotStyle » RGBColor[l, 0, 0], PlotRange -» {0, 0.1}]

— oy

0.06 +

Out[49]= r
0.04

0.02

-04 0.2 00 02 04
In[50]:= ListPlot[sArg, Joined - True, PlotStyle » RGBColor[1l, 0, 0]]

1.0 |

Out[50]=
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= Compare the solution to sinput

In[54:= Show[%4, %50, PlotRange -» {{-1, 1}, All}, AxesLabel » {"Time t", "Phase s(t) (radians)"}]

Phase s(t) (radians)
2

= ! : /\ 1 Timet
Out[54] _10 0. r 05 1o

In[55]:= Show[%5, %49, PlotRange » {{-1, 1}, All}, AxesLabel » {"Time t", "Magnitude s(t)"}]

Magnitude s(t)

—— 01|

0.08
0.06
Out[55]=

0.04

0.02

/

I . L Time t
-1.0 -0.5 1.0

©
n

In[56]:= GraphicsGrid[{{%54, %55}}, ImageSize -» Large]

Phase s(t) (radians) Magnitude s(t)

2 —— 0.0}

0.08 -

0.06 [
Out[56]= e /\ . \ /\ s ‘l‘DTimet [

-1.0 -0. 0.5

004

002]

. — Timet
-1.0 -0.5 0.5 1.0

in[57]:= Export["~/papers/frog/phaseAmp.eps"”, %56]

out57]= ~/papers/frog/phaseAmp.eps

43



Enhanced Bootstrap Algorithm with Least Squares Fit

We will demonstrate the enhanced bootstrap algorithm by applying it to the data with noise.
We will use the previous sinput[] but with the addition of noise.

Discrete Fractional Fourier Transform

An n point a-order discrete fractional Fourier transform (DFrFT) of a function s[t] is:

Exp[Ia/ 2]
In(]= DFrFT[s_, n_, a_, At_, m ] := —— At
VIsin[a]

mSin[a]

2
Sum[s[kAt] Exp[Iﬂ'[[ ] + (kAt)z] Cot[a] - Ianm/n], {k, -n/2, n/2-1}];

n At
Arguments of DFrFT][] are:
s: function to be transformed
n: number of points to be transformed. Must be power of 2
a: order of the transform
At: time step
m: returns value of transform at m Af

It is assumed that the time step gives the frequency step with the relationship Af At= Sin[a]/n.

Example Input Function sinput[t]

The input function sinput[t] which we had used previously

Inf2}= sinput[t_, Atr_] :=
nlt, At] 0.1Exp[-0.2 (t+0.5)?] Exp[I (Sin[57 (t+0.5)] + Cos[8x (£+0.5)])];
nit_, At_] := If[-ATt < t < AT, 1, O];

in[4}= Plot[Arg[sinput[t, 0.5]], {t, -2, 2}, PlotRange -» All]

Out[4]=
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in[5]= Plot[Abs[sinput[t, 0.5]], {t, -2, 2}]

0.10
Q.10

0.08
0.06
Out[5]=

0.04

0.02

/

= First measurement parameters with a small chunk

We select @ = /2 and y = n/4. The first chunk which we will use is size n1=16 in the time interval +/- 0.3. Therefore At = 0.6/n1
= 0.6/16. The signal outside this interval are zeroes which go from -nm/2 to -n1/2-1 and n1/2 to nm/2-1.

6= nm = 256; (*¥total number of samplesx)
nl 16; (* number of samples where s is the real signal and not padding#)
a =n/2;
Yy = nwn/4;
AT 0.6; (* total temporal interval +At/2 to +AtT/2x%)
At = At/ nl;

Afa = Sin[a] / (nmAt);
Afy Sin[y] / (nmAt);

= Create the new input sinput1[t]
In[13]:= sinputl[t_] := sinput[t, Atz /2];

Check that the At sampling samples the input data well.

In[14]:= ListPlot[Table[{i At, Abs[sinputl[iAt]]}, {i, -nm/2, nm/2-1}],
Joined » True, PlotRange » {{-2, 2}, All}]

’w

0.08
0.06
out[14]=

0.04

0.02
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In[15]= ListPlot[Table[{i At, Arg[sinputl[iAt]]}, {i, -nm/2, nm/2-1}],
Joined » True, PlotRange » {{-2, 2}, All}]

20

m Create the I, and I, with noise
We need nm points of intensity from /,and I, from sinput1[t].

n[16]:= ial = Table[{mAfa, Abs[ DFrFT[sinputl, nm, a, At, m]]z}, {m, -nm/ 2, nm/2—1}] // N;
iyl

Table[{mAfy, Abs[ DFrFT[sinputl, nm, ¥y, At, m] ]2}, {m, -nm/2, nm/2- 1}] // N;
Add in uniform noise that has a maximum relative range of +/- 0.01
In[18]:= perr = 0.01;

In[19]:= ia = Table[{ial[[i, 1]], ial[[i, 2]] (1 + Random[Real, {-perr , perr }])}, {i, Length[ial]}];
iy Table[{iyl[[i, 1]], i¥1[[i, 2]] (1 + Random[Real, {-perr, perr }])}, {i, Length[iyl]}];

Make functions for the data sets

inf21]:= Ia[f_] := ia[[Round[f / Afa] +nm/ 2+ 1]]1[[2]];
Iy [f_] := iy[[Round[f/Afy] + nm/2+1]][[2]];

Plot them out
In[23]:= ListPlot[ia, Joined -» True, PlotRange -» All]

0.0010

Out[23]=
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In[e4]:= ListPlot[iy, Joined » True, PlotRange -» All]

Out24]=

I,and I, are the intensities which we measure.

Let's normalize i and iy so that their power is 1

(%ia = 1a/( Sin[al Sum[ia[[i,2]], {i, Length[:.a]}])

nm (At)?

iy = dy/ (222 sumlix[[i,2]], {i, Length[ix]}]);«)

The Bootstrap Method

We define the equations for the bootstrap method defined as equation (19) in the paper.

In2s5)= ufe_, m_] :
v[ie_, m_] :

Exp[I2x (-nl1/2) (nl-m) (at)?cCot[e6]];
Exp[I2x (-nl1/2 +m-1) (nl-m) (at)?Cot[6]];

Calk_] :=
Sin[a] km
Exp[-In(kAt)2Cot[a]]Sum[Ia[mAfa] Exp[IZJT ], {m, -nm/ 2, nm/2—1}];
nm At? nm
Sin[y] km
Cy[k_] := —Exp[—In (kAt)ZCot[w]] Sum[Iy[mAfy] Exp[127r ], {m, -nm/ 2, nm/2—1}];
nm At? nm

n[6_, m_] := Sum[Conjugate[s[-nl/Z+j]]
s[nl/2 -m +3j] Exp[I2x (nl-m) (-nl/2+3) (at)?®cot[6]], {3, 1, m-2}];

ufa, m] v[ia, m] )]

d[m_] := Det[(u[y, m] v[y, m]

Check that Ca[0] = Cy[0]
n[31]:= Ca0 = Ca[0]

Out[31]= 0.144402

In32]:= Cy0 = Cy[O0]

Oout[32]= 0.144497

Clearly they are different because of the noise in the measurement of I and Iy.
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Solving s[t]
First set s[t] =0 for -n1/2 to -nm/2+1 and nm/2 to n1/2-1

n@3)= For[i= -nmm/2, i< -nl1/2-1, i++,
s[i] = O;
1
=nl/2, i<nm/2-1, i++,

For[i
s[i] = 0;

1;
Without loss of generality, we will set s[-N/2]=0=1 first and then use equation equation (25) to solve for s[—-n/2] because every

s[n] is either multiplied or divided by s[—n/2].

From equation (15),

n@Bs)= o = 1;

Insel= ca = Chop[ Ca[nl-1] Exp[Innl (nl-1) At?Cot[a]]]
Out[36]= 0.00885039 + 0.000728109 i
n[37]:= €Y = Chop[Cy[nl -1] Exp[I ninl (n1-1) At? Cot[vy] ]]
Out[37)= 0.00876743 +0.000753852 i

Clearly ca is not equal to ¢y because of noise.

m [teration
In[3g]= s[-nl/2] = o

out3gl= 1

Average ca and cy because they are supposed to be the same.

(ca + cy) / (2.0 0)

9= s[nl/2-1]
Out[39]= 0.00880891 + 0.000740981 1

Also set ca to the average since it is used below

= s[nl/2-1]

In[40]= ca
Out40)= 0.00880891 + 0.000740981 i
From equation (16), we can solve for s[n/2-2] and s[-n/2+1]

. 1 Ca[nl - 2]
1~ s[nl/2-2] = Chop[Flrst[Od[z] (viy, 2] -v[a, 2]). (C*{[nl 2] )] [[1]]]

Outf41)= 0.00771265 - 0.00355241 i

nf42= s[-nl/2+1] =
° Conjugate[(—u[w, 2] ula, 2] ).(Ca[nl-Z] )” [[1]]]

cy[nl - 2]

Chop [First [
Conjugate[ca d[2]]

Outj42)= 1.0341 +0.104501 1
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Now we can continue the bootstrap process until every element is done

In[43]:=
For[m=3, m<nl/2, m++,
s[nl/2-m] =

1
Chop [First [

(vivem] -via m]). (S 7 R R ]

Conjugate[o] d[m] Cy[nl-m] -Z[y, m]

(e}

s[-nl/2+m-1] = Ch°P[Fir5t[Conjugate[cotd[rlrl]]
cotmd 2t =) o)

Conjugate[( -u[y, m] ufa, m]). ( cy[nl-m] - =[y, m]

[—
~e

= Calculate the magnitude s[-n/2]

We can calculate the magnitude of s[-n/2] using equation (25) of the paper. We will denote s[-n/2] = o
02 MUST BE REAL so that s[-n/2] is REAL. See eq(25)

Inf44]:= s[-nl /2] = o; (* placeholder for the above calculations x)
In[45]:= sol = Chop[Solve[aZ Sum[Abs[s[—nl /2+m-1] ]2, {m, 1, nl/ 2}] +

1
— sum[Abs[s[nl/2-m]]?, {m, 1, n1/2}] = Ca[0], cz]]
o2

out[45]= {{02 - 0.00792997}, {02 - 0.0100484}}

02 must be real. So just select the real parts only for the calculations below
In[46]= ofirst = Re[o2] /. First[sol]

Outj46]= 0.00792997

In[47];= olast = Re[o02] /. Last[sol]

Out[471= 0.0100484

We select between the two solutions by using equation (26)

s0 = s[-n/2] Gay[n/2 + 1]

Inf48]:= firstsoll =

1
Sqrt[o2] Chop [First [

Conjugate[( -u[y, nl1/2+1] u[a,nl/2+1]).
Conjugate[cad[nl /2 +1]]

(Ca[nl- (n1/2+1)] -%[a, nl/2+1]

Cy[nl- (nl/2+1)] -%Z[y, nl/2+1] )”[[1]]] /.02 » ofirst

Outj48)= -0.0126781 + 0.0862064 1
The other part which is also s[0] from equation (26)

1

0=

Fay[n/2)]
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Inf49]:= firstsol2 =

1 1
Chop[First[ — (v[¥,nl/2] -v[a, nl/2] ).(

Ca[nl-nl/2] - Z[a, nl/ 2] )][[
d[nl /2]

Sqrt[o2] Cy[nl-nl/2]-2[y, nl/2]
1]]] /. 02 » ofirst

Out[49]= -0.0120715+0.102767 1

m  Check the second solution

This is a quick check that the other solution is not correct

In[50]:= secondsoll =
1

Sqrt [02] Chop[First[ Conjugate[( —u[y, n1/2+1] ufa, n1/2+1]).

Conjugate[cad[nl /2 +1]]
(Ca[nl— (n1/2+1)] -%[a, nl/2+1]

Cy[nl-(nl/2+1)] -=[y, nl/2+1] )]][[1]]] /. 02 > olast

Out[50)= -0.0142714 + 0.0970402 1

In[51]:= secondsol2 =
1 1 _ _
—— Chop[First| ———— (v[y, n1/2] -v[a, nl/2] ).(Ca[nl nl/2] - 5[a, nl/2] )] .
Sqrt[o2] d[nl/ 2] Cy[nl-nl/2]-=[y, nl/2]

1]]] /. 02 - olast

Out[51)= -0.0107238 + 0.0912938 1

Select between the two solutions by looking at their differences

inj52]:= If[Abs[firstsoll - firstsol2] < Abs[secondsoll - secondsol2],
o = Sqrt[o2] /. o2 » ofirst,
o = Sqrt[o2] /. o2 » olast
]

Out[52]= 0.100242

= Normalize s

Once we have o-, we can normalize all the s's

3= For[m=1, m< nl/2, m++,
sn[-nl1/2+m-1] = os[-nl1/2+m-1];
1:

For[m:l, ms< nl/2, m++,

1
sn[nl/2-m] = —s[nl/2-m];

o
In[55]:= sMag Table[{k At, Abs[sn[k]]}, {k, -n1/2, nl1/2-1}];
sArg Table[{k At, Arg[sn[k]]}, {k, -n1/2, nl1/2-1}];

sRe = Table[{k At, Re[sn[k]]}, {k, -n1/2, n1/2-1}];

sIm = Table[{kAt, Im[sn[k]]}, {k, -nl/2, nl/2-1}];
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= Plots

In[59]:= ListPlot[sMag, Joined » True, PlotStyle -» RGBColor[l, 0, 0], PlotRange » {{-1, 1}, All}]

0/1

0.09
Out[59]=

0.090

1
-0.5 0.5 1.0

L
-1.0
In[e0]:= ListPlot[sArg, Joined - True, PlotStyle » RGBColor[l, 0, 0], PlotRange -» {{-1, 1}, All}]

L . . . . | . A
Oull0l= _1g 05

0.5 1.0

| L

=

€ o
T

= Compare the result and the original chunk

In[62]:= Show[%15, %60, PlotRange -» {{-0.5, 0.5}, All}]

20

Out[62]= I . N\ I .

|
=
L o e e e AR

51



In[64]:= Show[%14, %59, PlotRange » {{-0.5, 0.5}, All}]

Out[64]=

n 1 n L L 1 L L L L L L
-04 -0.2 0.2 04

Extending the Bootstrap Algorithm

Using the sn[t] which we calculated, we will extend the solution for the next chunk.

The chunk has been increased by a factor of 2 from nl to n2=2*nl.

Infe5]= n2 = 2nl; (* number of samples where s is the real signal and not paddingx)
At = 1.2/ n2;

Afa
Afy

Sin[a] / (nmAt) ;
Sin[y] / (nmAt) ;

= Create the new input sinput2[t]
In[69]:= sinput2[t_] := sinput[t, 0.5];

Check that the At sampling samples the input data well.

In[70]:= ListPlot[Table[{i At, Abs[sinput2[iAt]]}, {i, -nm/2, nm/2-1}],
Joined » True, PlotRange » {{-2, 2}, All}]

008 \
006

Out[70]=

0020

52
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In[71]:= ListPlot[Table[{i At, Arg[sinput2[iAt]]}, {i, -nm/2, nm/2-1}],
Joined » True, PlotRange » {{-2, 2}, All}]

20

m Create the I, and I, with noise
We need nm points of intensity from /,and I, from sinput1[t].

In[72]:= ia2 = Table[{mAfa, Abs[ DFrFT[sinput2, nm, a, At, m]]z}, {m, -nm/ 2, nm/2—1}] // N;
iy2

Table[{mAfy, Abs[ DFrFT[sinput2, nm, y, At, m]]z}, {m, -nm/ 2, nm/2—1}] // N;
Add in the noise

In[74]:= ia = Table[{ia2[[i, 1]], ia2[[i, 2]] (1 + Random[Real, {-perr, perr }])}, {i, Length[ia2]}];
iy Table[{iy2[[i, 1]], i¥2[[i, 2]] (1 + Random[Real, {-perr, perr }])}, {i, Length[iy2]}];

Plot them out

In[76]= ListPlot[ia, Joined » True, PlotRange -» All]

Out[76]=

53



In[77]:= ListPlot[iy, Joined » True, PlotRange -» All]

out[77]=

I,and I, are the intensities which we measure.

enhanced.nb

[11

Create the Matrix Vector Equation

Clear previous definition of o

Inj78]:= Clear[o];
Clear|[os];

Define the equations that are the entries of the matrix S

infso}= os[k_, 1_, 6_] := Conjugate[sn[k]] Exp[i27rkl (At)? Cot[e]];

o[k_, 1_, 6_] := sn[k] Exp[12x (k-1) 1 (at)? Cot[6]];
Filling in the Symatrix shown in Eq. (29)

In[g2]:= Sa = Table[0, {i, nl/2+1}, {j, nl}];
Sy = Table[0, {i, nl1/2+1}, {j, nl}];
For[i=1, i<nl/2+1, i++,

For[j=1, j<nl/2, j++,
Sa[[i, j
Sy[[i, ]
1:

1;

11 =
11 =

For[i=1, i< nl/2+1, i++,
For[j=1, j<nl/2, j++,
Sa[[i, 3+n1/2]] = o[(3j-1) - (i-1), nl-(i-1), al;
Sy[[i, j+nl1/2]] = o[(j-1)-(i-1), nl1-(i-1), ¥];
17
1:

The Cyvector showin in Eq. (31)

54

os[-n1/2+(j-1)+(i-1), nl-(i-1), al;
os[-n1/2 +(j-1)+(i-1), nl-(i-1), ¥];
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In[g6]:= CCa = Table[O0, {i, nl1/2+1}, {j, 1, 1}];
CCy = Table[O0, {i, nl1/2+1}, {j, 1, 1}1;

For[i:l, i< nl/2+1, i++,
nl

Ca[nl- (i-1)] - Sum[Conjugate[sn[— 7 +3 - 1]]

CCa[[i, 1]1]

nl nl
sn[?+j-i] Exp[i27r[-7+j-1) (nl- (i-1)) (At)ZCot[a]], G, 1, i-1}];

nl

CCy[[i, 1]] Cy[nl-(i-1)] - Sum[Conjugate[sn[—? +3 -1” sn[n2—1 +3 —i]

nl
Exp[iZn[——+j—1] (nl- (i-1)) (At)ZCot[T]], G, 1, i—1}];
2

Create the matrix equation which we solve for the unknown s[] entries Eq. (28)

In[go]:= S = Table[0, {i, nl+2}, {j, nl}];
cC = Table[0, {i, nl+2}, {j, 1, 1}1;
For[i=1, i< nl/2+1, i++,
For[j =1, j < nl, j++,
S[[i, J1] = Sal[i, j11;
1:
1
For[i=1, i<nl/2+1, i++,
For[j =1, j< nl, j++,
S[[i+(nl1/2+1), 3]1] = sy[[i, §]1;
17
1
For[i=1, i<nl/2+1, i++,
CC[[i, 1]] = CCa[[i, 1]];
1
For[i=1, i<nl/2+1, i++,
CC[[i+(nl/2+1), 1]] = cCy[[i, 1]]1;
1

The number of equations is greater than the number of variables. Therefore, we'll have to use a least squares method to solve for

s[]

In95= sol = LeastSquares[S, CC];

Now, get the answers to the unknowns using Eq (30)

nfo6]:= For[i =1, i< nl/2, i++,
sn[nl/2+ (i-1)] = sol[[i, 1]];
1;
For[i=1, i<nl/2, i++,
sn[-nl+ (i-1)] = Conjugate[sol[[nl/2+1i, 1]]];
1;

m Plots

In98]:= sMag = Table[{k At, Abs[sn[k]]}, {k, -n2/2, n2/2-1}];
sArg Table[{k At, Arg[sn[k]]}, {k, -n2/2, n2/2-1}];
sRe = Table[{k At, Re[sn[k]]}, {k, -n2/2, n2/2-1}];
sIm = Table[{kAt, Im[sn[k]]}, {k, -n2/2, n2/2-1}];
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In[102]:= ListPlot[sMag, Joined -» True, PlotStyle » RGBColor[1l, O, 0], PlotRange » {{-1, 1}, All}]

Out[102]=

L 1
-1.0 -0.5

In[103]:= ListPlot[sArg, Joined -» True, PlotStyle » RGBColor[l, O, 0], PlotRange » {{-1, 1}, All}]

Out[103]= I L L o " A
-1.0 0.5

In[106]= Show[%102, %5, AxesLabel » {"Time t", "Magnitude s(t)"}]

Magnitude s(t)

Ao

0.08 [

Out[106]= 0.06 -
0.04[

0.02[

Ce oo e Pl L L L Timet
1.0
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In[107]:= Show[%103, %4, AxesLabel » {"Time t", "Phase s(t) radians"}]

Phase s(t) radians

out[107]=
L L L \ //\\ ‘/\ y L L L L I\OTimet

TR 05 — A ‘ 0\7
1L
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APPENDIX II: OPTICS ANALYSIS

In this appendix, we will analyse of the optics setup shown in the yellow panel of

Figure 4.
Transmission grating diffraction grating
2
x
A Pg
1 | d
g N
0
ad| /
— ‘] Q)
! / (x'y’)
-9 L/ > 2
/
0, |
// |
|
/
/ |

Figure 19 A simple transmission diffraction grating spectrometer.

A simple transmission diffraction grating spectrometer is shown in Figure 19. By tilting
the incident beam so that it intersects the diffraction grating at an angle, the diffracted
light will contain information about its longitudinal distribution. In this presentation we
will apply scalar diffraction theory for the analysis of the diffraction pattern and so there

cannot be any explicit time dependence.

In general, the transmission diffraction grating transmission function is the convolution
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of a sum of d-functions which are separated by a period a with the width of each slit b.¢

tp(z) = /_O:O dx’ Z §(z' —pa) | W(x —2') | P(x) (42)

p=—00
where the W is described by

1 if |x] <b/2 < a/2
Wi(z; b) = (43)
0 otherwise

We have also added an aperture function P(x) to describe the finite size of the diffraction

grating.
1 if || < Ma/2
P(x) = (44)
0 otherwise

where M is the total number slits.
M — oo diffraction grating model

For the analytic calculations, we will simplify diffraction grating model by making it
infinite in size, i.e. M — oo. Therefore, the transmission function is

th(z) = /O:O da’ Z §(z" — pa)W(x — 2’5 b)

— =00

= Z W(x — pa; b)

p=— )

Diffraction analysis

We will first consider the rays to the left of the diffraction grating and assume that it

is a plane wave with a propagation vector k = k(sin 6;, cos 0;) = 2T”(sin 0;,cos0;). Then at

¢ Note: Commercial diffraction gratings have a sinusoidal structure or a sawtooth structure.
Sinusoidal gratings have been analysed by Goodman.”
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r = (z,07), we have

u9(2,0; 035 ¢) = s(g)e (reosb/wiciker
(46)

_ S(¢)e—(x cos 91-)2/10262'1@:3 sin 6;

where s € C is the “temporal” description of the laser pulse in its propagation direction
which we have reparametrised in terms of phase (Note: we have to be careful in the defini-
tion of u9 because uY satisfies the Helmholtz equation which means it is time independent),

x cos b;)

and e~ */w* is the Gaussian spatial profile of the laser beam in its transverse direc-

tion projected onto the z-axis, and w is the radius of the beam where the field amplitude

has fallen by 1/e.

Since, our calculation cannot have any time dependence, let us consider a snapshot of

the fields at the grating when ¢ = 0 for ray 0 which we will use as the reference ray and so

ray 0 = u9(0,0; 6;; 0) (47)

For ray 1, we have

ray 1 = u9 (a,0; 0;; kasiné;) (48)

because it arrives earlier than ray 0, and so at any later sampling time, we will see a later

part of the pulse compared to ray 0. See Figure (c).

For ray (—1), we have
ray (—1) = u9 (—a,0; 0;; —kasinb;) (49)
because it arrives later than ray 0 and so at any later sampling time, we will see an earlier

part of the pulse compared to ray O.

And in general
ray p = u? (pa,0; 6;; pkasinb;) (50)
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Fresnel approximation confined to xz-plane

In general, the Fresnel approximation for diffraction is
oikz gik(z?+y?) /22
1Az

o0 (0]
(@, y,z) = / dac// dy' [u(x, v, 0)€ik(z’2+y’2)/2z] o ik(za'+yy') /2
—0 —0
(51)
We will confine our analysis only to the zz-plane. To do this, we will set y = 0 in (51) and
define u(z, 0, z) = u(z, z) to get

ikz ikx? /22 poo . o, 0 o,
u(z, 2) = € e / da’ u(x,o)ezkmz/%e—zkxx /z/ dy' otky 2/22 (52)
Az o0 —00

The integral [ dy/ etky?/22 = —iy/Az/i and when we substitute it into (52), we get the
Fresnel approximation which we desire

ikz ika?/2z  poo y o
u(:c, z) = _L / dr’ u(:r;, O)ezkx 2/2ze—zkx:c /% (53)
1Az —00

Fresnel diffraction pattern

If we describe the diffraction pattern on the the plane P, by the Fresnel approximation
(53), then it is

ikd, ika2/2d
(1—)( doop)—=_S ¢ 7
U X, g Z)_ - X
V1iAdg
00 . .
/ da’ [ug(m/, 0; 6;; ka'sin Qi)t/D(x/)eka/ /ng} etk /dg
—00
pikdy gika? /2d,

Vi

R / I ikx'?/2d /
/ dx [(ug(:c ,0; 0;; ka'sin6;)e 9) W(z' — pa; b)| x

o

(e.¢]

p=—00"

o~ tkxa'[dg

(54)
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When we only keep the non-zero parts of the integral we get the Fresnel diffraction pattern

for a transmission diffraction grating

cikdg gika® [2d,
u(l_)(m,dg; 0,)) = ———————X

V1Adg

. b/2 / / / k(2! 2/2d
Z dx [ug (:U + pa, 0; 0; k(z' + pa) SinQi)eZ (@'+pa)*/ 9] X
—J_p2

—zkx(m +pa)/d,

(55)

In general, (55) is not integrable for arbitrary u9 and even if it is, the results will clearly
not be very illuminating. Therefore, in the section Fxtremely narrow slits, we will make
the slits very small so that we can simplify (55). But first, we will check out (55) for the

special case of u9 = 1.
Check

We will check that (55) gives us the well known solution for a diffraction grating for

the case when u9 = 1. Substituting this into (55) we get

pikdy yika®/2d, O

ViNd,

(56)

u(l_)(ac,dg; 0) = — /b/2 dz’ 6ik(x’+pa)2/2dge—ikx(a:’+pa)/dg
b/2

p=—00

In the Fraunhofer approximation k(z’ + pa)?/ 2dgy ~ 0 and so

ikd
u(l_)(x,dg; 0) = e

elkd

pika?/2d,

Virdy

b
Z //2 da e~k (x'+pa)/dy
/b2

o

etkd

g ¢ika?[2dg <sin kbx/ng) —i2mpaz/\d,
E e
i,

kbx/2d,

—=—0Q

ikx?/2d Ady

se s [X\dy (sinkbz/2d, i 5
a i kbx/2dg b

_p_

62

|

(57)



where the last line comes from the Poisson sum formula for complex exponentials
o0 1 o0
+2mpfT _ - i
D€ =7 >, 0(f-p/T) (58)
p=—00 p=—oc
Hence, we have obtained the well-known solution of a diffraction grating in (57). The
width of the slit b gives the sinc() modulation of the spectrum which are an infinite number

of J-functions separated by Ady/a.
Extremely narrow slits

The Fresnel solution for a finite sized slit is very complicated. We can simplify it by

making the slits extremely narrow, i.e. b/\ < 1 so that u9 (x)eikxz/ 2dg ig constant in the

slit. We can simplify (55) to

ikdy ,ika?/2d, O ‘ ‘
u(l_)(x,dg; 0;) = S Z w9 (pa, 0; 0;; pkasin92-)e’k(pa)2/2dge_2pk“x/d9

Virdy

(59)
When we substitute (46) into (59), we have
ikdy ika?/2d
ull ) (z,dg; 0;) = —b—
ViAdg
o0
Z [S (pkasin6;) eik(pa)2/2dgeipka sin Gi] o~ (pacos 9i)2/w26—ipkax/dg
p=—00

(60)

k(pa)?/2dg gipkasin; a1 6ve  This means that the phase

Notice the quadratic phase term e’
at every point pkasin 6; is increased by (k(pa)?/2dg + pkasin ;). Since all the parameters
in this phase term are known, we can correct the for it in the phase calculated by the

bootstrap algorithm.

Let us define a new variable

5(pkasin ;) = s(pkasin Gi)eik(pa)2/2d9 e'Pkasinb;
(61)

or 5(¢) = 8(¢)6i¢2/(2kd9 sin? Qi)ei(b
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because we can always reconstruct s from s and so (60) becomes

ikd, ikx?/2d ©
u(lf)(a:,dg; 0;) = _bw Z 5 (pkasin ;) e*(paCosﬂi)z/w2efipkax/dg (62)

NoY

Note: Although the reconstruction of s(¢) from §(¢) is trivial, there are some technicalities
which must be understood for the reconstruction to work. Appendiz Il details the solution

of these technicalities.
CaseI. 0; = §

We want to show that (62) is the Fourier transform of 5(¢’). Let us consider the special

case when the incident angle 6; = 7/2 then
ikdy ,ika?/2d, O ,
R Z § (pka) e~ "Pkaz/dy (63)

NoY

If we only consider the sum on the rhs of (63), and identify ka = pAy' and px/dy /27 = ¢

u(lf)(x,dg; %71') =)

where ;1 € R is an arbitrary constant (see Example A.II.1) then

o0 o0

S(p)= D s(pka)e” PRl = N7 s(pAg)eBTPAL)? (64)

p=—00 p=—00

It is clear that (64) is the Fourier transform of 5(¢’).

We can transform (64) into a DFT by first defining a new variable

u Az
Ap=—|—
o= L (dg) (65)
and demanding that
Ap Ay = 2 (BT) ke )y (66)
L dg wo

where N is the number of points used to sample 5(¢’) which we have assumed to be a

finite pulse, thus

Az = ( ;2@) d, (67)
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Therefore, the DFT of 5(¢') is

N/2-1

S(gAg) = Y s(pAg))e 2N (68)
p=—N/2

and u17)(z, dg; %7‘(‘) when discretised is
eikdg 6z'k(chv)2/2dg B

i, S(qAyp) (69)

u(l_)(qAx,dg; %7‘(’) =-b

Example A.II.1

We will verify that the DFT of 5(¢') for a rectangle function

rect( /) = H(0 + bon/2) — H(@' — ¢]00/2) (70)

where H(¢') is the Heaviside operator, is the well known normalised sinc function

sin ng{ on®

FT rect((p’/(pien) () = ‘¢{en| wi ¢

using (68).

The parameters used for our example are shown in Table AIL.2. For a rectangle pulse
which is “on” for ), = 100 fs or ¢{ on = (o7 radians and p = 4 so as to reduce the sampling
period to A¢’ = ka/4, we can plot S(¢)/S(0) and sin ﬂ(;ﬁ{enqﬁ/mb{en(b and superimpose

them in Figure 20.
Case II: 0; = & — 00;

In general, the incident angle ; is at some value smaller than 7/2. For the success of

the optical setup, 6; must be as close to m/2 as possible, i.e.

Qi :7T/2_56i (72)
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S[¢1/S[0]. Sin[7 Piend'l/7 Prend’

10
0.8 X

0.4/

Figure 20 We superimpose S(¢)/S(0) (blue trace) and %ﬁ?fy
(red trace) and see that the two results are very close. The phase
difference between these two functions gets smaller as the sampling
period A¢’ — 0.

where 66; < 1. Therefore,
cos 0; = 66; + 0(56°)
sinf; = 1+ 0(66%)
When we substitute the above into (62), we have
pikdy yika® /2d, O

irdy pzoo

and so the sum on the rhs of (74) is still the Fourier transform of s(¢') without any coupling

w7 (a2, dg; 37— 86;) = —b 5 (pka) ¢~ (padti)? /w? o ~ipkax/d, (74)

to the transverse plane as long as
(i) the sum is not to infinity, i.e. s(&pmaxA¢’) = 0 for [p| > Pmax-
(41) (pmaxaéei/w)2 <1

If the above conditions are met then

pikdy gika? /2d, Pmax/2—1

L
p:_pmax/2
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(x'y’)

(x'y’)

Bp .':.':.:',: \)J_
44444 BH I
(d) t=a/csind, (e) t=2a/c sind, (f) t=8a/c sing,

(g) t=4a/c sing,

Figure 21  We have made the incident angle 6; very shallow in this
figure in order to illustrate the temporal dependence of the Fourier
spectrum. The leading edge of the pulse represented by ray 2 inter-
sects the diffraction grating first. As time progresses, the entire pulse

will eventually leave the grating.

and the previous arguments of the section Case I: ; = %ﬂ' apply. We will not consider the

case when §0; is large.

Sampling frames

In the previous sections, we have considered only the static situation of one snapshot.
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However, we have a dynamical situation where each snapshot shows a sampled pulse which
moves across the grating. See Figures 21 and 22. Because of this motion, we require the
number of frames which contain the entire pulse to be much greater than the frames which
only contain a partial part of the pulse. If the full frames are dominant then the only
concern that we have is the phase shift between each frame, i.e.

Frame 1 = u(z)

Frame 2 = ewu(:l;)

Frame 3 = ¢/2Yu(x)

But even in this case the CCD camera is only sensitive to the magnitude of each frame

and so the integral is simply

CCD integral = u(z)u*(z) + [ewu(aj)] [ewu(x)] ' + [eﬂwu(x)} [eﬂwu(m)} ' +...

= > lu@)P

N frames

which means that any phase shift ¢ arising from each frame is irrelevant.

The final part of this section is to calculate the optimum 6#; and number of samples n

per frame for a pulse width ¢,,.

The angle 6; must not be so large that the pulse from the first incident ray completely
leaves the slit before the subsequent rays enter their slits. If the sampling time is At, we

want

At = Lsin 0; (76)
c
If we want n samples of the pulse, we must have
At =ty/n = Esinﬁiztp/n (77)
c

Therefore, the maximum incident angle allowed is

ctp

HImax — gin 1
na

) where 0 < ;"% < 7/2 (78)
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p (slit number)

g_l_lé/jfﬁi o ANfeer e ] I

Qﬁii o el | /

e /M U s T s
N ) S | /W

start of end of
full pulse sample full pulse sample
Y —— T
[ oo 1 T I .
; | L1 ;
-N/2 -N/2+5 N/2-6  N/2-1 -N/2 -N/2+5 N/2-6  N/2-1

Figure 22 The sampling frames of the input pulse. As the pulse
moves across the diffraction grating, some of the slits sample the pulse.

We need to ensure that the number of full frames exceed the partial frames which depends
on the transverse width of the laser beam. If the transverse 1/e width is w, then the

projected width wy,q; onto the grid is
cos 8 = 2w/ Wpro; (79)

(Note: the “2” in the above equation is because w is the “radius” of the laser beam) which

means that the total number of full frames are

2w

N = Wproi/NG = N, = — 80
frames pI‘OJ/ frames na cos ; ( )

Example A.IL.2

We can calculate the number of sample points n per frame using (78) when we use the
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numbers in Table AIL.2 and set §; = (90° — 5°) = (/2 — 0.087) rad.

oty (3x10%)[m/s] x (100 x 1071)[s]
"= asiﬁ& ~ (1.67 x 1076)[m] x sin(7/2 — 0.087) 18 (81)

We can compare this number, n = 18, to FROG numbers in Trebino’s review paper.® We

see that this number seems to be typical.

The number of full frames using (80) is (w = 0.25 cm)
2 % (0.25 x 1072)[m]

N = =1914 82
frames ™ 787 (1.67 x 1006)[m] cos(r/2 — 0.087) (82)
Correcting the quadratic phase
Let us recall from (69) that u17) is
(1-) eikdgeik(qAx)2/2dg B
u " (gAz,dg) = —b S(qAyp) (83)

NOYP

where we have suppressed the 6; argument of u(17) because we will always be in the regime
which satisfies the conditions for this approximation. (See section Case II: §; = 5 — 66;.)

We can correct for the quadratic phase e%°/2ds in (83) with a converging lens by a
suitable choice of parameters because it is well known that the transmission function of a

lens is
t, = e~ tka?/2fe (84)
where f, is the focal length of the lens. And so if we choose the focal length of lens 1 to

be d4 then the quadratic phase in ul7) is compensated and thus we get
ikd
W) (2) = tut) = _bug[so(x)} (85)

Vi

Propagating through Lens 2

We have to add two more lenses after lens 1 to recover S without introducing anymore

quadratic phases because when we place lens 2 a distance equal to its focal length fo from
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lens 1 and look at the image at its back focal plane we have

UQ)(xva) /\\/m/
t g

Note: it is trivial to prove that applying the Fourier transform twice to a function s(t)

produces s(—t).
Propagating through Lens 3

Lens 3 is used for creating the FrF'T of the image from Lens 2. We have fixed the
“local” focal length to F3 and so the position for Len 3 is RQF3 = (tan «/2)(sin ) f3 from

(34) (also see Figure 4).

For a = /2, we can set f3 = fo we can show that S can be recovered because at this
position Lens 3 performs a Fourier transform of an object placed at the front focal length

of Lens 3.

Let us consider the case when we place lens 3 fo from from the focal plane of lens 2

and look at the image f9 from the back of lens 3. The final image is thus

Iz, fo) = — z)\3/2f2\/_/ da"! (/ g S[ (@ )]e—iQWx/x///)\fz) 272"\ f

eikdg oo / R i2m (' +z) 2" /A f:
- - 2
- )\3/2f2\/_ o S[SO(:E )} /oo e

zkd 00

\/)\d
elkdg
= —b—‘5[¢<—x)}

VA

dx/ S [(p(x/)] §(z +2)

(87)

The complete setup for producing the a-order FrFT of 5 is shown in Figure 4.
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Table AIL.2 Simulation Parameters

Parameter

Axpixel

pixel
dg - fl
f2

Value
800 ns

100 fs
0.25 cm
1.67 pm
0.83 pm

14 pm
2048
5 cm

100 cm
100 cm

Comments

Ti-Sapphire laser wavelength
longitudinal pulse width

transverse 1/e radius of the laser
600 lines/mm diffraction grating (600 lines/mm)
1200 lines/mm diffraction grating for Numerical

Demonstration 2

length of CCD pixel (Hamamatsu S10420)
true number of CCD pixels is 2068

focal length of lens 1

focal length of lens 2

“local” focal length of lens 3
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APPENDIX III: EXTRACTING s(¢) FROM 3(¢)

We note that the input pulse s(t) is sampled spatially at a distance asin8; just before
the diffraction grating. See Figure 23. If the number of slits used is ppax, then the

maximum transverse length of the sampled pulse is ppaxa sin 6;

However, also from Figure 23, just after the diffraction grating, the intensity pattern
is spaced a apart. Therefore, the maximum transverse length is pmaxa = Awzgq. The

magnification between the object at the diffraction grid and the image on P» is given byf
magnification v = fo/f1 (88)

For example, if we use the numbers in Table AIL.2 and (82), pmax = 18 fs, then Axgiq =

30 um. We expect the size of the image Axp, on P to be

Azp, = (%) Azgriq (89)

For f{ =0.05 m and fo = 1.0 m, we have

1.0
Azxp, = (m) x 30[pm] = 20 x 30[pm] = 0.60mm

This is exactly what we see in Figure 10.
5(¢) was defined in (61) which we repeat here but with s(¢) on the lhs
s(p) = g((p)efiapQ/(deg sin? Gi)eficp (90)

But because of the magnification factor shown in (88), we actually measure s(—vx) (the
negative sign of the argument comes the two Fourier Transforms of §(z). See (87))and so

our correction must reflect this magnification factor (including the sign)

s(—va) = 5(—a)e (@) (2kd, sin” 0;) ,—i(—x) (1)

The proof is trivial: The Fresnel integral between the grid and P, contains e~ [Af1 while

between P, and P it contains e~ [Afz, Therefore, the ratio fo/f] relates the size of the
object on the grid to the image on Ps.
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Finally, we must take into account the slow sampling compared to the oscillations of
ethesinti — ¢i9  We can superimpose the under-sampled version of § to the “highly”
sampled 5. This is shown in Figure 11. The Mathematica programme in the section

Numerical Demonstration 1 shows how we perform the extraction.

\t ,’/ \\7
t
\ .L\h -
[~ 7
] i“
/
.N\ N
[ -
-/ ~ 7
0. g
..... L N,
Vd
h
iy R
Vd
A N,
Vd
Before grating After grating

Figure 23 The input pulse is sampled at an interval of asinf; in
the spatial domain to the left of the diffraction grating. To the right
of the grid, the optics looks at a pulse which is sampled at a intervals.
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Appendix IV: Numerical Demonstration of the Optical Setup
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Demonstration 1

The goal is to see how well we can reconstruct the s[t] signal using reasonable parameters for the Ti:Sapphire laser. In this
demonstration grating size is very small here b=1nm and incident angle 6; = 85 deg = 1.48 rad is near grazing. The input is a

rectangle pulse so that we can understand the mechanics.

Simulation Parameters

= Ti : Sapphire laser parameters

800 x 107%; (*wavelength of TiS, mx)
3x10%; ( speed of light, m/sx)

nf]:= A

c

@)= k = 2w/ A; (* wave number mx)
1/e radius of the laser

4= W = 0.25x 107%; (xmx*)

= Grating parameters

The parameters of the grating, assuming 600 grooves/mm.
The period of the grating

nsi= a = 107 /600.; (xms)
The size of the slit

Ine]:= b = 107%; (#mx)

s CCD parameters
The size of a pixel and number of pixels on a CCD camera, for example Hamamatsu S10420

7= Axpixel = 14 x 107%; (#mx)

in[gl= Npixel = 2048; (* set it to 2048, actual number of pixels is 2068x70 =*)

= Integration Step Size

For convenience, we will make the integration step size, the same as the CCD camera
In[9}= Ax = Axpixel;

In[10}= NAx = Npixel;
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2 | demo1.nb

= Optics parameters
Lens 1 focal length

nf11]= £1 = 0.05; (*mx)
Lens 2 focal length

2= £2 = 1.0; (*mx)

= Input pulse parameters

The incident angle

In[13]:= €61 = 85w/ 180;

The input pulse is 100fs long

In[4]= tp = 100 x 1071%; (#*s%)

nfi51= n[t_] s= I£f[-0.5 < t/ (tp) < 0.5, 1, 0];
In[16]:= sinput[t_] :=n[t]

in(17]= Plot[Arg[sinput[t]], {t, -tp/2, tp/2},
PlotRange -» All, AxesLabel » {"time (s)",

Phase (rad)
10+

05l

Out[17]=

—4.x107*  —2.x10714 [ 2.x107*  4.x107

,]0;

n[18]:= Plot[Abs[sinput[t]], {t, -tp, tp}, AxesLabel » {"time (s)",

Amplitude
1O

0.8
0.6+
Out[18]=

04+

02

"Phase (rad)"}]

time (s)

time (s)

—1.x1071 —-5.x10714 5.x1071 1.x1071
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demo1.nb | 3

This is from Eq (46) which describes the distribution just before the diffraction grating. Note that the argument of sinput is
converted from phase ¢ to time.

. ¢ A . 2 2 . . .
9= ug[x_, ¢_] = s1nput[ 2— —] Exp[— (xCos[6i]) /w ] Exp[i k xSin[6i]];
) ¢

= The Diffraction Grating

From Example AIL.2, Eq (81), we know that pmax=18
In[20]:= pmax = 18;

= Use the ul approximation

We will use the approximation from Eq (75)

In[21]:= ulapprox[x_] :=

Exp[i k £1] Exp[ 12| pkasin[ei] k (pa)?
-b Sum[sinput[[—] —] Ex p[ ] Exp[ipkaSin[6i]]
Vixfl 2 f1

Exp[—(paCos[ei])z/wz] Exp[-ipka x/ f1], {p, -pmax/2, pmax/2—1}]
In[22]:= Lulapprox = Table[{i Ax, ulapprox[iAx]}, {i, -NAx/2, NAx /2 -1}];

In[23]:= Lulapproxr = Table[{Lulapprox[[i, 1]], Re[Lulapprox[[i, 2]]]}, {i, Length[Lulapprox]}];
Lulapproxi = Table[{Lulapprox[[i, 1]], Im[Lulapprox[[i, 2]]]}, {i, Length[Lulapprox]}];

in2s)= ListPlot[Lulapproxr, Joined - True, PlotRange » All, AxesLabel » {"x (m)", "Re[u’”]"}]

Re[u'7]

0.00005 |-

out[25]=
X (m)

~0.00005
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In[26]:= ListPlot [Lulapproxi, Joined -» True, PlotRange » All, AxesLabel - {"x (m)", "Im[u{?)] "}]
Im[u'7)]

0.00005

Out[26]=

X (m)
~0.00005 |

Looks pretty good! The rapid oscillations are from Exp[i k x? / 2f 1] which we will correct with lens 1 in the next section. Note:
the x axis has dimensions of length which is required for input into Lens 2.
= Correct Quadratic Phase

Correct the quadratic phase with lens 1.

k x2
7= ulp[x_] = Exp[—i

2 f1
Inf28]:= Lulp

In[29]:= Lulpr

] Lulapprox[[Round[x /Ax + NAx /2 +1], 2]]
Table[{i Axpixel, ulp[i Axpixel]},

Lulpi

{i, -NAx /2, NAx /2 -1}];
Table[{Lulp[[i, 1]], Re[Lulp[[i, 2]]]}, {i, Length[Lulp]}];
= Table[{Lulp[[i, 1]], Im[Lulp[[i, 2]]1]}, {i, Length[Lulp]}];
In[31]:= ListPlot[Lulpr, Joined » True, PlotRange » All, AxesLabel - {"x (m) ", "Re[u(l*)]"}]
Re[u"]
0.00002

BRV =g TR \ ‘ /3\675/\\//0\0& ava
01 -0. | i
Out[31]= 7

—-0.00002

X (m)

—-0.00004

-0.00006
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In[32]:= ListPlot [Lulpi, Joined » True, PlotRange » All, AxesLabel - {"x (m)", "Im[u*)] "}]

Im[u)]

0.00006

0.00004

Out[32]=

0.00002

‘/\‘/\/\‘A:

TR T

= Propagating through Lens 2

x must have dimensions of length for input into lens 2. Fortunately we do have this criteria satisfied in the construction of

Eq(86). The output x axis also has the dimensions of length.

A X (m)

demo1.nb

Instead of performing the integral in Eq(86) with NIntegral[], we will replace it with a Sum[] instead to speed things up.

1
n33]= u2[x_] 2= -
Vixf2

In[3g4]:= Lu2 = Table[{iAx, u2[

Sum[ ulp[i Ax] Exp[—i

iAx]}, {i, -NAx /2, NAx/2 -1}];

2 x (iAx)

A £2

In[35]:= Lmagu2 = Table[{Lu2[[i, 1]], Abs[Lu2[[i, 2]]]},
Largu2 = Table[{Lu2[[i, 1]], Arg[Lu2[[i, 2]]1]},

Lu2r = Table[{Lu2[[i,
Lu2i = Table[{Lu2[[i,

In[39]:= ListPlot [Lmaguz, Joined » True, PlotRange » {{-0.001, 0.001}, All},
AxesLabel » {"x (m)", "Abs[u®]"}, PlotLabel -» "(a)"]

(a)

Abs[u®]

Out[39]=

00015 +

0.00005

-0.0010 -0.0005

. 4 X
0.0005 0.0010
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(m)

], (i, -NAx/2, (NAx/2-1)}]Ax

{i, Length[Lu2]}];
{i, Length[Lu2]}];
111, Re[Lu2[[i, 2]]1]}, {i, Length[Lu2]}];
111, Im[Lu2[[i, 2]1]}, {i, Length[Lu2]}];
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In[40]:= ListPlot [Largu2 , Joined -» True, PlotRange » {{-0.001, 0.001}, All},
AxesLabel - {"x (m)", "Arg[u®] “}, PlotLabel » " (b) "]

(b)
Out[40]= “

<R {1}

ﬂ ‘ A\ ‘ ﬂﬁh\l\hM\'\M\ 0\ 6(m)

_2\

af

In[41]:= ListPlot[Lqu, Joined » True, PlotRange » {{-0.001, 0.001}, All},
AxesLabel - {"x (m)", "Re[u?] "}, PlotLabel » " (c) "]

—
—=

(©)
Re[u®]

0,0001 [

0.00003 -

Out[41]= ,

[ Ah\‘/\“i“‘/’\‘ﬂ,\h —— x(m)
~0.0010 ~0.0005 ¥ |/ '0.0005 0.0010

00005 |

-0.0001 [

In[42]= ListPlot [Lu2i, Joined » True, PlotRange » {{-0.001, 0.001}, All},
AxesLabel » {"x (m)", "Im[u®]"}, PlotLabel » "(d)"]

(d)
Im[u®]

0\0001 [

0.00005 [

Out[42]= F

[ L eedaa RN L PR X (m)
—0.0010 —0.0005 0.0005 0.0010

-0.00005 [

-0.000} [
Aperture Stop

We have to put in an aperture stop for the Enhanced Bootstrap Algorithm to work.
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Define the aperture function

Inf43= ap[x_, xstop_] := If[ -xstop < x < xstop, 1, O]

Create a interpolation of Lu?2 at the exit of Lens 2
In[44]= u2fi = Interpolation[Lu2]

Outj44]= InterpolatingFunction[{{-0.014336, 0.014322}}, <>]

and adding the aperture function

nf45]:= u2f[x_, xstop_] := ap[x, xstop] u2fi[x]
= Chunk 1

The first chunk which picks out the centre of the distribution (16 Ax)
In[46]:= Plot [Abs [u2f[x, 16 Ax]], {x, -0.001, 0.001},
PlotRange -> All, AxesLabel » {"x (m)", "Abs[u®]"}]
Abs[u®]
0,00014
MV W
00012 [
000010 |
00008 [
Out[46]= :
000006 [
00004 |

00002 [

(m)

S R U A S T S S U B
—-0.0010 —0.0005 0.0005 0.0010

in47)- Plot[Arg[u2f[x, 16 Ax]], {x, -0.001, 0.001},
PlotRange -> All, AxesLabel - {"x (m) ", "Arg[u(z)]"}]
Arg[um]

3¢

Out[47]=
(m)

e e N el e e X
—0.0010 —0.0005 [ 0.0005 0.0010

inj48]:= Export["~/papers/frog/math/demolchunkl.dat",

Table[{N[iAx], N[u2f[iAx, 16Ax]]}, {i, -NAx/2, (NAx/2-1)}]]

outj48]= ~/papers/frog/math/demolchunkl.dat
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Chunk 2

The second chunk which encompasses the entire pulse (32 Ax)
inj49)- Plot[Abs[u2f[x, 324x]], {x, -0.001, 0.001},
PlotRange -> All, AxesLabel - {"x (m)", "Abs[u‘®] "}]

Abs[u®]

00015 +

Out[49]=

0.00005 +

(m)

L L L L L L L it L L L L L Il X
—-0.0010 —0.0005 0.0005 0.0010

ins0)= Plot[Arg[u2f[x, 324Ax]], {x, -0.001, 0.001},
PlotRange -> All, AxesLabel - {"x (m) ", "Arg[u(z)]"}]

Arg[u?]

3t

Out[50]=
X (m)

L L L L L L L L L L L L Dw L L L L L Il
-0.0010 —-0.0005 J [ 0.0005 0.0010

In[51]:= Export["~/papers/frog/math/demolchunk2.dat",

Table[{N[iAx], N[u2f[iAx, 32Ax]]}, {i, -NAx/2, (NAx/2-1)}]]

outl51]= ~/papers/frog/math/demolchunk2.dat

Chunks 1 and 2 will be analysed in demola.nb
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Demonstration 1 using Type 1 Optics

Demonstration 1 produced chunk1 and chunk?2 for the "Enhanced Bootstrap Algorithm" to be analysed here with the type I optics.

Type 1 Optics DFrFT

The Type 1 dimensionfull DFrFT is given by Eq (36)

in[1= DFrFT[s_, n_, a_, At_, F_, A_, m_] :=

A F3Sin[a] Exp[Ia/ 2]
Block[{Axp, F3}, F3 = (Sin[a] F); Axp = ——— ; Return| —— At

nAt VIAF3Sin[a]

I
Sum[s[kAt] Exp[—7T ((maxp)? + (kAt)?) Cot[a] - Iznkm/n], (k, -n/2, n/2—1}”];
AF3

Arguments of DFrFT][] are:
s: function to be transformed
n: number of points to be transformed. Must be power of 2
a: order of the transform
Axp: pixel size of the CCD camera
F: focal length of the lens
A: wavelength of the laser
m: returns value of transform at m Axp

It is assumed that the time step gives the frequency step with the relationship Ax Axp= A F1 Sin[a]/n.
For type I configuration, F1 =QF and z=R F1 =RQ F. For type I: Q =sin[a] R = Tan[a/2]

Type | Optics Setup
Laser wavelength
2= A= 800x1077; (*mx)
Fixed "local" focal length
@)= F3 = 1; (*mx)
Focal length of the lens used for Type 1 optics for @ and y

wt/2;
wt/ 4;

Inf4]= a
¥

inel= F3a = F3 /Sin[a] (*mx*)
outlel= 1
In[7}= F3y = F3/Sin[y] (*mx*)

out[7]= \/?

Size of CCD pixel
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Ing]= Axpixel = 14 x 107%; (xmx)

Number of CCD pixels. Technically there are 2068 pixels, but just to make things a power of 2, we are setting it to 2048
In[9]:= Npixel = 2048;

For convenience, set the sampling size as the CCD pixel size

In[10]:= Ax = Axpixel;

Define the normalization factor from Eq (37)

In[11]:= 4 = SqQrt[AF3] // N

Out[11]= 0.000894427

Read in the chunk1 and chunk2 data

The input function sinput[t] which we had used previously

In[12]:= Lchunkl = ReadList["~/papers/frog/math/demolchunkl.dat"”, {Number, Expression}];
Lchunk2 = ReadList["~/papers/frog/math/demolchunk2.dat", {Number, Expression}];

Select out the signal part

in[14]:= Lechunkla = {};
For[i =1, i < Length[Lchunkl], i++,
If[Abs[Lchunkl[[i, 2]]] # O,
Lchunkla = Join[Lchunkla, {Lchunkl[[i]]}];
1i
1;

in[16]:= fchunkl = Interpolation[Lchunkla, InterpolationOrder -» 1]

out[16]= InterpolatingFunction[{{-0.000224, 0.000224}}, <>]

For numeric reasons, we are increasing the size of the signal by 10°. The first aperture is +/- 16Ax
in(17)- fapchunkl[x_] := If[-16Ax < x < 16 Ax, 10° fchunkl[x], 0]
In[18]:= Lchunk2a = {};
For[i =1, i < Length[Lchunk2], i++,
If [Abs[Lchunk2[[i, 2]]] # O,
Lchunk2a = Join[Lchunk2a, {Lchunk2[[i]]}];
1i
1:
Inf20]:= fchunk2 = Interpolation[Lchunk2a, InterpolationOrder -» 1]

outj20)= InterpolatingFunction[{{-0.000448, 0.000448}}, <>]
The second aperture is +/- 32Ax

Inf21]:= fapchunk2[x_] := If[—32 Ax < x < 32 Ax, 10° fchunk2[x], 0]
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in22)= Plot[{Arg[fapchunk2[x]], Arg[fapchunkl[x]]}, {x, -107%, 107},
PlotRange » All, AxesLabel » {"x (m)", "Phase (radians)"}]
Phase (radians)

3t

0ut[22]:“”“‘H:H‘D“H“‘X(m)
-0.0010 -0.0005 J ¥ 0/0005 0.0010

In[23]:= Plot [ {Abs [fapchunk2[x]], Abs[fapchunkl[x]]},
{x, -1073, 10'3}, PlotRange » All, AxesLabel » {"x (m)", "Magnitude"}]

Magnitude
0.15
AV
0.10 -
Out[23]= I

0.05 -

(m)

L L L L L L b L L L L L L L L L L L Il X
—-0.0010 —-0.0005 0.0005 0.0010

= First measurement parameters with a small chunk

We select @ = n1/2 and y = n/4 and work on the first chunk

In[24]= nm = Npixel;
(*»total number of samples which is
approximately equal to the number of pixels on the CCD=x)
nl = 16 x2; (* number of samples where s is the real signal and not paddingx)

a = n/2;
Y = n/4;
At = Ax/ u; (»dimensionaless temporal variable created from Axx)

Make dimensionless Afa and Afy. Note: AF1/u=pu

Inf29]= Afa = AF3 Sin[a] / (unmAt) // N;
Afy = AF3 Sin[y] / (unmAt) // N;

m Create the I, and I, fromchunk 1

We need nm points of intensity from I,and I, from sinput1[t].
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n3i)= ia =
Table[{mAfa, Abs[DFrFT[fapchunkl, nm, a, Ax, F3a, A, m]]*}, {m, -nm/2, nm/2-1}] // N;
iy =Tab1e[{mAf7, Abs|[ DFrFT[fapchunkl, nm, ¥y, Ax, F3y, A, m]]z},
{m, -nm/2, nm/2—1}] // N;

Make functions for the data sets

nf33]= Ia[f_] := ia[[Round[f /Afa] +nm/ 2+ 1]]1[[2]];
Iy [f_] := iy[[Round[f/Afy] + nm/2+1]][[2]];

Plot them out

In[35]:= ListPlot[ia, Joined » True, PlotRange -» All,
AxesLabel » {"x'", "Magnitude"}, PlotLabel » "a = n/2, (16x2)Ax aperture"]

a = m/2, (16x2)Ax aperture
Magnitude

Out[35]=

S2VA\
-0.02 -0.01 0.01 0.02

In[36]= ListPlot[iy, Joined » True, PlotRange -» All,
AxesLabel » {"x'", "Magnitude"}, PlotLabel -» "y = n/4, (16x2)Ax aperture"]

vy = n/4, (16x2)Ax aperture
Magnitude

0.0
0.0

0.0
Out[36]=

L L . SR L Va =N I L L L L L !
0.01 0.02

X

| L | _
-0.02 -0.01

I,and I, are the intensities which we measure. And note that the x-axis which is now frequency is dimensionless.
= Let's normalize i and iy so that their power is 1

Sin[a]
In[37]:= totalPower = — ——— Sum[ia[[i, 2]], {i, Length[ia]}];
nm (At)2
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In[38]:= ia = ia / totalPower;
iy = iy / totalPower;

demo1ia.nb

|5

The Bootstrap Method

We define the equations for the bootstrap method defined as equation (19) in the paper.

in4o)= u[6_, m_] := Exp[I2x (-nl/2) (nl-m) (at)?Cot[6]];

v[6_, m_] := Exp[I2x (-nl/2 + m-1) (nl-m) (at)?cCot[6]];

Calk_] :=
Sin[a] km
—Exp[-In(kAt)2Cot[a]]Sum[Ia[mAfa] Exp[IZn—], {m, -nm/ 2, nm/2-1}];
nm At? nm
Sin[y] km
Cy[k_] := ——— Exp[-Ix (kat)? Cot[y]] Sum[Ix[mAfx] Exp[127r ], {m, -nm/2, nm/2—1}];

nm At? nm

=2[6_, m_] := Sum[Conjugate[s[—nl/Z+j]]
s[nl/2 -m +3j] Exp[I2x (nl-m) (-nl/2+3) (at)®cot[6]], {j, 1, m-2}];

amn_y = pet[ (o T T )]

Check that Ca[0] = Cy[0]
In[46):= Ca0 = Ca[O0]
Outj46]= 1.

In47):= Cy0 = Cy[O0]

Out[47]= 1.

Solving s[t]
First set s[t] =0 for -n1/2 to -nm/2+1 and nm/2 to n1/2-1

Inf48]= For[i= -nm/2, i< -nl1/2-1, i++,
s[i] = 0;
1;
For[i=nl1/2, i<nm/2-1, i++,
s[i] = 0;
1;

Without loss of generality, we will set s[-N/2]=0=1 first and then use equation equation (25) to solve for s[—n/2] because every

s[n] is either multiplied or divided by s[—n/2].

In50):= 0 = 1;

In[51:= ca = Chop[ Ca[nl -1] Exp[I ninl (n1-1) At? Cot[a] ] ]

Out[51]= 0.0288895 + 0.00669871 i

In[52):= €Y = Chop[Cy[nl -1] Exp[I nnl (n1-1) At? Cot[v] ]]

Outj52)= 0.0288895+ 0.00669871 i

Clearly ca and cy are equal as required.
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Iteration
In531= s[-nl1/2] = o
out[s3]= 1
Average ca and cy because they are supposed to be the same.
4= s[nl/2-1] = (ca + cy) / (2.0 0)
Out[54]= 0.0288895 + 0.00669871 1
Also set ca to the average since it is used below
5= ca = s[nl /2 -1]
Out[55]= 0.0288895 + 0.00669871 i
From equation (16), we can solve for s[n/2-2] and s[-n/2+1]

1

nsel- s[nl/2-2] = Chop[First[ (vi¥, 2] -v[a, 2]). (Ca[“l'zl )] [[1]]]

Conjugate[o] d[2] Cy[nl - 2]

Out[56]= 0.0278015 +0.0121123 i
n57)= s[-nl1/2+1] =

o
Chop [First [

Conjugate[( —uly, 2] ula, 2]). (C“[nl'z] )]] [[1]]]

Conjugate[ca d[2]] Cy[nl - 2]

out57)= 1.06447 - 0.117289 i

Now we can continue the bootstrap process until every element is done

In[58]:=

For[m=3, ms< nl/2, m++,
s[nl/2-m] =

1

Chop[First[ Ca[nl-m] - Z[a, m] )] [[1]]];

(v[y, m] -v[a, m] )-( Cy[nl-m] - Z[y, m]

Conjugate[o] d[m]
o
s[-n1/2+m-1] = Chop[First[

Conjugate[cad[m]]

Ca[nl-m] - Z[a, m] )”[[1]]];

Conjugate[( -u[y, m] uf[a, m]). ( Cy[nl -m] - 5[y, m]

[E—
~

= Calculate the magnitude s[-n/2]

We can calculate the magnitude of s[-n/2] using equation (25) of the paper. We will denote s[-n/2] = o
02 MUST BE REAL so that s[-n/2] is REAL. See eq(25)

In[59]= s[-nl/2] = o; (* placeholder for the above calculations =x)
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neoj~ sol = Chop[Solve[cZSum[Abs[s[—nl/Z+m—1]]2, (m, 1, n1/2}] +

1
— sum[abs[s[nl/2-m]]1?, {m, 1, nl/2}] = ca[0], cz]]
o2

outeo)= {{02 - 0.0285318}, {02 - 0.0285889}}

02 must be real. So just select the real parts only for the calculations below
nfe1]:= ofirst = Re[o2] /. First[sol]

Outji]= 0.0285318

In62]:= olast = Re[o2] /. Last[sol]

Oute2]= 0.0285889

We select between the two solutions by using equation (26)

sO = s[-n/2] Gay[n/2 + 1]

Inf63]:= firstsoll =
1

Sqrt[o2] Chop[First[ Conjugate[( —u[y, nl/2+1] u[a, n1/2+1]).

Conjugate[cad[nl /2 +1]]
(Ca[nl— (nl1/2+1)] -2[a, n1/2+1]

Cy[nl- (nl/2+1)] -%[y, nl/2+1] )”[[1]]] /.02 » ofirst

out[3)= -0.178392-0.00763894 1

The other part which is also s[0] from equation (26)

1
s0 = oo Fayln/2]
Infe4]:= firstsol2 =

1 1

Chop [First [

(viy, nl/2] -via, nl/2] ).(Ca[nl—n1/2] - Z[a, nl/ 2] )][[

Sqrt[o2] d[nl/ 2] Cy[nl-nl/2]-2[y, nl/2]

1]]] /. 02 » ofirst

Out[4]= -0.178392-0.00763894 1

m  Check the second solution

This is a quick check that the other solution is not correct

In[65]:= secondsoll =
1

Sqrt[02] Chop[First[ Conjugate[( —u[y, nl/2+1] ufa, n1/2+1]).

Conjugate[cad[nl /2 +1]]
(Ca[nl— (n1/2+1)] -Z[a, nl/2+1]

Cy[nl- (nl/2+1)] -%[y, nl/2+1] )]][[1]]] /. o2 > olast

outesj- -0.17857 - 0.00764658 i
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In[66]:= secondsol2 =

1 1

Chop[First[ Ca[nl-nl/2] - Z[a, nl/ 2] )][[

(viy, n1/2] -via, nl/2] )'( Cy[nl-nl/2]-2[y, nl/2]

Sqrt[o2] d[nl/ 2]
1]]] /. 02 - olast

outeel= -0.178213 -0.0076313 i

Select between the two solutions by looking at their differences

in67):= If[Abs[firstsoll - firstsol2] < Abs[secondsoll - secondsol2],
o = Sqrt[o2] /. o2 » ofirst,
o = Sqrt[o2] /. o2 » olast
]

Outj67)= 0.168914

= Normalize s

Once we have o, we can normalize all the s's

ne8l:= Forlm=1, m< nl/2, m++,
sn[-nl1/2+m-1] = os[-n1/2+m-1];
1;

For[m:l, m< nl/2, m++,
1
sn[nl/2-m] = —s[nl/2-m];

) c

Plot out dimensionfull pictures

In[70}= sMag = Table[{k At u, Abs[sn[k]]}, {k, -nl1/2, nl1/2-1}];
sArg = Table[{k At u, Arg[sn[k]]}, {k, -nl1/2, nl1/2-1}];
sRe = Table[{kAt u, Re[sn[k]]}, {k, -n1/2, nl1/2-1}];
sIm = Table[{k At u, Im[sn[k]]}, {(k, -nl1/2, n1/2-1}];

= Plots

In[74]:= ListPlot[sMag, Joined » True, PlotStyle -» RGBColor[l, 0, O],
PlotRange » {{-107, 107}, All}, AxesLabel » {"x (m)", "Magnitude"}]

Magnitude

Out[74]=

(m)

L L L L L Il L L L L [ L L L L Il L L L L J X
—-0.0010 —-0.0005 r 0.0005 0.0010
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in7s)= ListPlot[sArg, Joined -» True, PlotStyle -» RGBColor[1, 0, 0],
PlotRange - {{—10‘3, 10'3}, All}, AxesLabel » {"x (m)", "Phase (radians) "}]

Phase (radians)
3

Out[75]=

T (m
-0.0010 -0.0005

L Il L L L L J X
0.0005 0.0010

= Compare the result and the original chunk

76}~ Show[%23, %74, PlotRange » {{-107°, 107°}, al1}]

Magnitude
ANV
0.15
PAAAANAN
Out[76]= 0.10 i
005
L n n n n | { L L L L L A | n n n n 'S (m)
—-0.0010 —0.0005 0.0005 0.0010

in77)- Show[%22, %75, PlotRange -» {{-1073, 107}, all}]

Phase (radians)

3L
y \
out[77]= o \ N

n L I
~0.0010 ~0.0005 J

[\

—_

(m)

L L L L L J X
0.0005 0.0010

These two plots match very well the input phase up to a constant and magnitude up to a gain which is expected because the input
power was normalised to 1.

Enhanced Bootstrap Algorithm

Using the sn[t] which we calculated, we will extend the solution for the next chunk.
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The chunk has been increased by a factor of 2 from nl to n2=2*n1.

n[78]= n2 = 2nl; (* number of samples where s is the real signal and not paddingx)

m Create the I, and I, from chunk 2

We need nm points of intensity from /,and I, from sinput1[t].

In[79]= ia =
Table[{mAfa, Abs[ DFrFT[fapchunk2, nm, a, Ax, F3a, A, m]]z}, {m, -nm/ 2, nm/2—1}] // N;
iy =Tahle[{mAf7, Abs [ DFrFT[fapchunk2, nm, ¥y, Ax, F3y, A, m]]z},
{m, -nm/2, nm/2-1}] // N;

Plot them out

In[g1]:= ListPlot[ia, Joined » True, PlotRange -» All,

AxesLabel » {"x'", "Magnitude"}, PlotLabel -» "a = x/2, (16x4)Ax aperture"]

a = /2, (16x4)Ax aperture
Magnitude

0.008 -

Out[81]=

Lo ey e !

P N P N
-0.02 -0.01 0.01 0.02

Injg2]:= ListPlot[iy, Joined -» True, PlotRange -» All,
AxesLabel » {"x'", "Magnitude"}, PlotLabel -» "y = n/4, (16x4)Ax aperture"]

vy = n/4, (16x4)Ax aperture
Magnitude

out[82]=

{v“\“‘\“‘\“‘\“‘\“‘
4
b
L
L

L | —_ L |
-0.01 001 0.02

| L
-0.02

I,and I, are the intensities which we measure.
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= Normalize w.r.t. the power from the initial bootstrap

In[g3]:= ia = ia / totalPower;
iy = iy / totalPower;

demo1ia.nb

[11

Create the Matrix Vector Equation

Clear previous definition of o

In[g5]:= Clear[o];
Clear|[os];

Define the equations that are the entries of the matrix S

infg7]:= os[k_, 1_, 6_] := Conjugate[sn[k]] Exp[:ﬁ. 27kl (Ai:)2 Cot[O] ];
olk_, 1_, 6_] := sn[k] Exp[i2x (k-1) 1 (at)®cot[e]];

Filling in the Symatrix shown in Eq. (29)

In[g9]:= Sa = Table[0, {i, nl/2+1}, {j, nl}];
Sy = Table[O0, {i, n1/2+1}, {j, nl}];
For[i=1, i< nl/2+1, i++,
For[j=1, j<nl/2, j++,
Sa[[i, j]] = os[-n1/2+ (j-1)+(i-1), nl-(i-1), a];
Sy[[i, 1] os[-n1/2 +(j-1)+(i-1),nl-(i-1), ¥];
1i
1;

For[i=1, i<nl/2+1, i++,
For[j=1, j<nl/2, j++,

Sa[[i, j+nl/2]] o[(j-1)-(i-1), n1-(i-1), al;
Sy[[i, j+nl/2]] o[(3j-1)-(i-1), nl1-(i-1), ¥];
1:
1;

The Cyvector showin in Eq. (31)

In[93:= CCa Table[0, {i, n1/2+1}, {j, 1, 1}];
CCy = Table[0, {i, nl/2+1}, {j, 1, 1}1;

For[i: 1, i<nl/2+1, i++,

Ca[nl- (i-1)] - Sum[Conjugate[sn[— nz_l +3 - 1”

CCa[[i, 1]]

nl nl

sn[—+j—i] Exp[iZn[——+j—l) (nl- (i-1)) (At)ZCot[a]], G, 1, i—l}];
2 2

cCy[[i, 1]]

Cy[nl-(i-1)] - Sum[Conjugate[sn[—nz—l +3 —1” sn[nz—l +3 —i]

nl
Exp[iZﬂ[—?+j—1] (nl- (i-1)) (At)ZCot[r]], G, 1, i—l}];

E

Create the matrix equation which we solve for the unknown s[] entries Eq. (28)
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In96]:= S = Table[O, {i, nl+2}, {j, nl}];
CC = Table[O, {i, nl+2}, {j, 1, 1}];
For[i=1, i< nl/2+1, i++,
For[j =1, j nl, j++,
S[[i, 311 Sa[[i, 311
1i
1;
For[i=1, i< nl/2+1, i++,
For[j =1, j< nl, j++,
S[[i+ (nl/2+1),3]]1 = Sy[[i, j11;
17
1;
For[i=1, i< nl/2+1, i++,
CC[[i, 1]] = CCa[[i, 11];
1;
For[i=1, i< nl/2+1, i++,
CC[[i+ (nl/2+1), 1]] = CCy[[i, 11];
1;

n A

The number of equations is greater than the number of variables. Therefore, we'll have to use a least squares method to solve for

s[]

In[102]:= sol = LeastSquares[S, CC];
Now, get the answers to the unknowns using Eq (30)
nf103= For[i=1, i< nl/2, i++,
sn[nl/2+ (i-1)] = sol[[i, 1]];
Fc]):.‘[i =1, i< nl/2, i++,

sn[-nl+ (i-1)] = Conjugate[sol[[nl/2+1i, 1]]];
1;

n Plots

Plot out dimensionfull pictures

In[105]:= sMag = Table[{k At u, Abs[sn[k]]}, {k, -n2/2, n2/2-1}];
sArg = Table[{k At u, Arg[sn[k]]}, {k, -n2/2, n2/2-1}];
sRe = Table[{kAtu, Re[sn[k]]}, {k, -n2/2, n2/2-1}];
sIm = Table[{k At u, Im[sn[k]]}, {k, -n2/2, n2/2-1}];
In[109]:= ListPlot[sMag, Joined » True, PlotStyle » RGBColor[1l, 0, 0],
PlotRange - {{—10'3, 10‘3}, All}, AxesLabel » {"x (m)", "Magnitude"}]
Magnitude
0.20

Out[109]=

(=)
—_
(=}
L e e e e e e L N e G

L L L L L L L L L L L L L L L L L L L 'S (m)
-0.0010 -0.0005 0.0005 0.0010

95



demola.nb | 13

In[110]:= ListPlot[sArg, Joined -» True, PlotStyle » RGBColor[l, 0, O],
PlotRange » {{- 1073, 10‘3} , All}, AxesLabel » {"x (m)", "Phase (radians)"}]

Phase (radians)
3

out[110]=

-0.0010

In[111]:= Show[%23, %109, AxesLabel -» {"x (m)", "Magnitude"}]

Magnitude

0.20 w

0.15 -

Out[111]= o010l

005

L L L L L L L L
-0.0010 -0.0005 0.0005 0.0010

In[112]:= Show[%22, %110, AxesLabel » {"x (m)", "Phase (radians)"}]

Phase (radians)

out[112]=

L L L L L 1 n
-0.0010 —-0.00

EBA works as expected!
Correct the quadratic phase

There is a phase contribution which was introduced by lens 1. See Eq (90). We can correct for this.
The size of the diffraction grating and incident angle

In[113]:= a = 10_3/600.; (*m*)
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In[1141= 61 = 85w/ 180;

focal length of lens 1

In[115]= £1 = 0.05; (*mx*)

focal length of lens 2

Inf116]:= £2 = 1.0; (*mx)

The magnification factor

nf171= v = £2/ £1

Out[117]= 20.

The wave number of the laser

nf118]:= k= 27w/ A;

From Example AIL.2, Eq (81), we can calculate the number of samples
In[119]:= € = 3 x 108%; (» speed of light, m/sx*)
In[120]= tp = 100 x 1071%;

ctp
In[121]:= pmax = IntegerPart[—]
asSin[ei]

Out[121]= 18
The phase correction comes from Eq (61) and add in a possible phase offset

x2

In[122]:= phasecorr[x_, 6_] := Arg [Exp [1 6] Exp [i k ] Exp[i k x Sin[6i]] ]

2 f1

We generate a table of the phase corrections which are spaced a apart. Note that we are undersampling the phase correction and
also the magnification factor v (the negative sign in the argument of phasecorr[] comes from performing the Fourier transform
twice, see Eq (40)). We anticipate that the phase offset is 7.

In[123]:= pcorr = Table[{pav, phasecorr[-pa, n]}, {p, -pmax, pmax}];

In[124]= ListPlot[pcorr, Joined » True, PlotStyle » RGBColor[0, 0, 0]]

Out[124]=

e e N e I N e
—0.0006 0.0004 -0.8002 [ 0.00 0.000: 0.0006

Show that the phase matches what we have calculated
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In[125]:= Show[%110, %124]

Out[125]= ﬂ H

Phase (radians)

L L L L
-0.0010 -0.0

Create the phase correction function which includes the magnification factor from pcorr
in[126]:= fcorr = Interpolation[pcorr, InterpolationOrder - 1]

out[126]= InterpolatingFunction[{{-0.0006, 0.0006}}, <>]

Perform the corection

In[127]:= corrArg = Table[{sArg[[i, 1]], sArg[[i, 2]] - fcorr[sArg[[i, 1]]1]1},

In[128]:= ListPlot [corrArg, Joined » True, PlotRange - { {—10'3,

Out[128]=

Corrected Phase
Phase (radians)

L J X
0.0010

I B
—-0.0010 —-0.0005

= Unwind the phase

There are phases which outside the range +/- 7. We can correct this with phaseUnwind below.

L Il L
0.0005

L J X
0.0010

In[129]= phaseUnwind[6_] := If[-w < 6 < x, Return[o],
If[6 < -7m, Return[6 + 2 7], Return[6 -2 rx]]

1

In[130]:= ucorrArg = Table[{corrArg[[i, 1]], phaseUnwind[corrArg[[i, 2]]]},

98

(m)

(m)

107}, a11},

AxesLabel » {"x (m)", "Phase (radians)"}, PlotLabel -» "Corrected Phase"]

demo1ia.nb

{i, Length[sArg]}];

{i, Length[corrArg]}];

|15
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In[131]:= ListPlot [ucorrArg, Joined » True, PlotRange - { {—10’3, 10'3}, All},

AxesLabel » {"x (m)", "Phase (radians)"}, PlotLabel » "Corrected Phase Unwound"

Corrected Phase Unwound
Phase (radians)

Out[131]=

X (m)
0005 0.0010

Notice the small discontinuity near the centre of the corrected phase. This is comes from imperfect phase correction.

Comparing with the input pulse

Rescale the magnitude and phase by v to take out the magnification from Lens1 and Lens2 and change it to time on the xaxis.
Also reverse the x axis, i.e. Xx-> -x because of the mirroring of the object by lens1 and lens2.

sMag[[i, 1]]

In[132]:= rescaleMag = Table[{— , sMag[[i, 2]]}, {i, Length[sMag]}];

cv

ucorrArg[[i, 1]]

rescaleArg = Table [{— , ucorrArg[[i, 2] ]}, {i, Length[corrArg] }] ;

cv

In[134]:= ListPlot[rescaleMag, Joined -» True, PlotStyle » RGBColor[1l, O, 0],
PlotRange » {0, 0.5}, AxesLabel » {"time (s)", "Magnitude"} ]

Magnitude
05 -

04

Out[134]=

L L L Il L L L Il L L L L L L Il L L L L fl T
10744, x 10742, x 1074 0 2% 107144.x 107146, x 10~14

time (s)

—6.%
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In[135;= ListPlot[rescaleArg, Joined » True, PlotStyle » RGBColor[1l, O, 0],

PlotRange -» {-w, n}, AxesLabel » {"time (s)",

Phase (radians)
3L

wﬁ w'\4 Ve = —

Out[135]=

L Ly

6.x[10[ 44.x 107142 x 10714
1L

= |nput pulse

[\ time (s)

L | L L
f \/ 2.><10’]44.><10’\“16.H10 !

The input pulse is 100fs long and a constant pulse

nf136]:= n[t_] := I£f[-0.5 < t/ (tp) < 0.5, 1, O];

In[137]:= sinput[t_] :=n[t]

in(138]:= Plot[Arg[sinput[t]], {t,
AxesLabel » {"time (s)",

Phase (rad)

10}
05l

Out[138]=

-tp/2, tp/ 2}, PlotRange » All,
"Phase (rad)"}, PlotStyle » Thickness[0.01]]

time (s)

-4.x107%  -2.x10714

10l

In[139]:= Plot[Abs[sinput[t]], {t,

2.x107*  4.x10714

-tp, tp}, AxesLabel -» {"time

Magnitude

1.0

Out[139]=

08/
06/
04

02

—1.x10713 —5.x10714

time (s)

5.x1071 1.x1071

100

(s)",

"Phase (radians)"} ]

"Magnitude"}]

demo1ia.nb
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Comparison

140~ Show|[ %135, %138, PlotRange -» {{-107", 107"}, {-2x, 27}}]

Phase (radians)
6L

Out140}= L L L A\ ﬂ N Vﬂ ﬂ (\ L L I time (S)
-1.x10713 va'm V 5.><IOHI4U 1.x10713
-2

(141~ Show|[%134, %139, PlotRange -» {{-107'%, 107%%}, al1}]

Magnitude

10

08+
0.6+

Out[141]=
04l

N 02F
L L —J L L L \/‘\/“_"\‘f\ﬂ/\n\,\‘, L L I time (S)

-1.x10713 -5.x10714 5.x 10714 1.x10713

Everything looks good! Magnitude needs rescaling as expected. Phase match looks great.
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Demonstration 2

The goal is to see how well we can reconstruct the s[t] signal using reasonable parameters for the Ti:Sapphire laser. In this
demonstration grating size is b=a/8=0.1 um and a = 0.83um, and incident angle 6; = 85 deg = 1.48 rad is near grazing.

Simulation Parameters

= Ti: Sapphire laser parameters

nf]= A = 800x107%; (*wavelength of TiS, mx)
c = 3x10%; (» speed of light, m/sx%)

nEl= k = 27/ A; (* wave number mx)
1/e radius of the laser

4= W = 0.25x 107%; (%mx)

= Grating parameters

The parameters of the grating, assuming 1200 lines/mm.
The distance between slits

5= a = 1073 /1200.; (*mx)
The size of the slit
nBl:= b= a/8 (+xmx)

Outfel= 1.04167 x 1077

s CCD parameters
The size of a pixel and number of pixels on a CCD camera, for example Hamamatsu S10420

In7]= Axpixel = 14 x 107%; (xmx)

in[gl= Npixel = 2048; (* set it to 2048, actual number of pixels is 2068x70 =*)

= Integration Step Size

For convenience, we will make the integration step size, the same as the CCD camera
In[9}= Ax = Axpixel;

In[10]:= NAX = Npixel;
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= Optics parameters
Lens 1 focal length

nf11]= £1 = 0.05; (*mx)
Lens 2 focal length

2= £2 = 1.0; (*mx)

= Input pulse parameters
The incident angle

In[13]:= €61 = 85w/ 180;

The input pulse is 100fs long
In[4]= tp = 100 x 1071%; (#*s%)
Using Cong's example Eq (27)

In[15]:= sinput[t_] :=
nit] 0.1Exp[-0.2 (t/ (tp) +0.5)?] Exp[I (Sin[5 7 (t/ (tp) +0.5)] + Cos[8 7 (t/ (tp) +0.5)1)]1;
nlt_] := I£f[-0.5 < t/ (tp) < 0.5, 1, O];

n[17]:= Plot[Arg[sinput[t]], {t, -tp, tp}, PlotRange » All]

20k
13f
L. L
0l L
out17]= /\ . /\
L L L L L ) L L L [ L L L L I L L L L I
—1.x10713 —5‘><10‘1\Z( F 5.x1071 1.x10713
-05F
-10F
15[

infig]:= Plot[Abs[sinput[t]], {t, -tp, tp}]

\0,10,

0.08 -

Out[18]= i
0.04

—1.x10713 —-5.x107'4 5.x1071 1.x1071
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This is from Eq (46) which describes the distribution just before the diffraction grating. Note that the argument of sinput is
converted from phase ¢ to time.

. ¢ A . 2 2 . . .
9= ug[x_, ¢_] = s1nput[ 2— —] Exp[— (xCos[6i]) /w ] Exp[i k xSin[6i]];
) ¢

= The Diffraction Grating
From Example AIL.2, Eq (81), we can calculate the number sampling frames

ctp
In[20]:= pmax = IntegerPart [ —]
aSin[6i]

Out[20]= 36

= The Diffraction Grating

Check that b/A is much less than 1 so that the ul approximation from Eq(75) can be used
n21= b/ A // N

Outl21]= 0.130208

This should be small enough for the ul approximation

m  Use the ul approximation

We will use the approximation from Eq (75)

In[22]:= ulapprox[x_] :=

Exp[i k £1] EXP[ zfl] pkasSin[6i] k (pa)?
-b Sum[sinput[[—] —] Ex [ ] Exp[ipkaSin[6i]]

Viaxfl

Exp[-(paCos[ei])z/wz] Exp[-ipka x/ f1], {p, -pmax/2, pmax/2-1}]

In[23]= Lulapprox = Table[{i Ax, ulapprox[iAx]}, {i, -NAx/2, NAx/2 -1}];

In[24]:= Lulapproxr = Table[{Lulapprox[[i, 1]], Re[Lulapprox[[i, 2]]]}, {i, Length[Lulapprox]}];
Lulapproxi = Table[{Lulapprox[[i, 1]], Im[Lulapprox[[i, 2]]]}, {i, Length[Lulapprox]}];

In[26]= ListPlot [Lulapproxr, Joined -» True, PlotRange » All, AxesLabel - {"x (m)", "Re[ul)] "}]

Re[u']

Out[26]=
X (m)
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In[27]:= ListPlot [Lulapproxi, Joined -» True, PlotRange » All, AxesLabel - {"x (m)", "Im[u{?)] "}]

Im[u)]

out[27]=

I al
L o x(m

Looks pretty good! The rapid oscillations are from Exp[i k x? / 2f 1] which we will correct with lens 1 in the next section. Note:
the x axis has dimensions of length which is required for input into Lens 2.
= Correct Quadratic Phase

Correct the quadratic phase with lens 1.

k x2

Infeg]:= ulp[x_] := Exp[—i ] Lulapprox[[Round[x / Ax + NAX/ 2 +1], 2]]

2 f1

Inf29]= Lulp = Table[{i Ax, ulp[iAx]}, {i, -NAx/2, NAx/2 -1}];

In30)= Lulpr = Table[{Lulp[[i, 1]], Re[Lulp[[i, 2]]1]}, {i, Length[Lulp]}];
Lulpi = Table[{Lulp[[i, 1]], Im[Lulp[[i, 2]]]}, {i, Length[Lulp]}];

In[32]:= ListPlot [Lulpr, Joined » True, PlotRange » All, AxesLabel - {"x (m) ", "Re[u(“)]"}]

Re[u"]

M X (m)

T Ly L
out[32)= 005 0.010

~0.0008
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In[33):= ListPlot [Lulpi, Joined » True, PlotRange » All, AxesLabel - {"x (m)", "Im[u*)] "}]

Im[u)]

0.0006 -
0.0004 |-

0.0002 [

/\\1\\ LA e /\ T / x (m)
—0.01\8\](). 05 I 0005 [obpio/\J
-0/0g02

0004 |-

Out[33]=

= Propagating through Lens 2

x must have dimensions of length for input into lens 2. Fortunately we do have this criteria satisfied in the construction of
Eq(86). The output x axis also has the dimensions of length.

Instead of performing the integral in Eq(86) with NIntegral[], we will replace it with a Sum[] instead to speed things up.
1 2 x (iAx)
nB4)= u2[x_] t= - —— Sum[ ulp[i Ax] Exp[—i _—

. ] (i, -NAx/2, (NAx/2-1)}]Ax
- A £2
Viaxf2

In[35]= Lu2 = Table[{iAx, u2[iaAx]}, {i, -NAx /2, NAx/2 -1}];

In[36]:= Lmagu2 = Table[{Lu2[[i, 1]], Abs[Lu2[[i, 2]]]}, {i, Length[Lu2]}];
Largu2 = Table[{Lu2[[i, 1]], Arg[Lu2[[i, 2]]]}, {i, Length[Lu2]}];
Lu2r = Table[{Lu2[[i, 1]], Re[Lu2[[i, 2]]]}, {i, Length[Lu2]}];
Lu2i = Table[{Lu2[[i, 1]], Im[Lu2[[i, 2]]]}, {i, Length[Lu2]}];

In[40]:= ListPlot [Lmaguz, Joined -» True, PlotRange » {{-0.001, 0.001}, All},
AxesLabel » {"x (m)", "Abs[u®]"}, PlotLabel -» "(a)"]
(@)
Abs[u®]
0.0030

Out[40]=

(m)

- ) | X
—-0.0010 -0.0005 0.0010
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In[41]= ListPlot [Largu2 , Joined -» True, PlotRange » {{-0.001, 0.001}, All},
AxesLabel - {"x (m)", "Arg[u®] "} , PlotLabel -» " (b) "]

(b)

Arg[u(z)]
3F

Out[41]=

-0.0

‘ T 3 1M .Flé(m)

In[42]:= ListPlot[Lqu, Joined » True, PlotRange » {{-0.001, 0.001}, All},
AxesLabel - {"x (m)", "Re[u?] "}, PlotLabel » " (c) "]

(©)

Re[u®]

Out[42]=
A [\ N A .

L L L . IS L L [ L L e
-0.0010 ~0.0005 U A \/ 0.0005
-0001 [
-0.002

In43:= ListPlot [Lu2i, Joined » True, PlotRange » {{-0.001, 0.001}, All},
AxesLabel - {"x (m)", "Im[u‘®] “}, PlotLabel » " (d) "]

L J m
0.0016( )

(d
Im[u®]
0003 -
0021
0001 [}
out[43]=
[ NPV, Vil B “‘/\‘\AA“\X(m)
~0.0010 ~0.0005 \/ V070005 0.0010
-0.p01 |
-0.002

Aperture Stop

We have to put in an aperture stop for the Enhanced Bootstrap Algorithm to work.
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Define the aperture function

In[44]= ap[x_, xstop_] := If[ -xstop < x < xstop, 1, 0]
Create a interpolation of Lu?2 at the exit of Lens 2

Inf45:= u2fi = Interpolation[Lu2, InterpolationOrder - 1]
outj45]= InterpolatingFunction[{{-0.014336, 0.014322}}, <>]
and adding the aperture function

nf46):= u2f[x_, xstop_] := ap[x, xstop] u2fi[x]
= Chunk 1

The first chunk which picks out the centre of the distribution (16 Ax)

In[47]:= Plot[Abs[qu[x, 16 Ax]], {x, -0.001, 0.001},
PlotRange -> All, AxesLabel - {"x (m)", "Abs[u(z)]"}]

Abs[u®]
0.0030 -

00020
Out[47]= 0.0015 [
00010

0.0005 [

(m)

S S I S S S S B 1
—-0.0010 —0.0005 0.0005 0.0010

in4e)- Plot[Arg[u2f[x, 16 Ax]], {x, -0.001, 0.001},
PlotRange -> All, AxesLabel - {"x (m) ", "Arg[u(z)]"}]

Arg[um]

3¢

Out[48]=

S (m)
—0.0010 —0.0005

L L L L L L Il X
0.0005 0.0010

inj49]:= Export["~/papers/frog/math/demo2chunkl.dat",

Table[{N[iAx], N[u2f[iAx, 16Ax]]}, {i, -NAx/2, (NAx/2-1)}]]

Ooutj49]= ~/papers/frog/math/demo2chunkl.dat
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Chunk 2

The second chunk which encompasses the entire pulse (32 Ax)
In[50]:= Plot [Abs [u2f[x, 32 Ax]], {x, -0.001, 0.001},
PlotRange -> All, AxesLabel - {"x (m)", "Abs[u‘®] "}]

Abs[u®]
0.0030 [

Out[50]=

e s WYY (m)
-0.0010 —-0.0005 : 0.0005 0.0010

in51)= Plot[Arg[u2f[x, 324Ax]], {x, -0.001, 0.001},
PlotRange -> All, AxesLabel - {"x (m) ", "Arg[u(z)]"}]

Arg[um]

3

Out[51]=

(m)

L L L L L L L L L L L L L Il X
-0.0010 -0.0005 0.0005 0.0010

In[52]:= Export["~/papers/frog/math/demo2chunk2.dat"”,

Table[{N[iAx], N[u2f[iAx, 32Ax]]}, {i, -NAx/2, (NAx/2-1)}]]

out52]= ~/papers/frog/math/demo2chunk2.dat

Chunks 1 and 2 will be analysed in demo2a.nb
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Demonstration 2 using Type 1 Optics

Demonstration 2 produced chunk1 and chunk?2 for the "Enhanced Bootstrap Algorithm" to be analysed here with the type I optics.

Type 1 Optics DFrFT

The Type 1 dimensionfull DFrFT is given by Eq (36)

in[1= DFrFT[s_, n_, a_, At_, F_, A_, m_] :=

A F3Sin[a] Exp[Ia/ 2]
Block[{Axp, F3}, F3 = (Sin[a] F); Axp = ——— ; Return| —— At

nAt VIAF3Sin[a]

I
Sum[s[kAt] Exp[—7T ((maxp)? + (kAt)?) Cot[a] - Iznkm/n], (k, -n/2, n/2—1}”];
AF3

Arguments of DFrFT][] are:
s: function to be transformed
n: number of points to be transformed. Must be power of 2
a: order of the transform
Axp: pixel size of the CCD camera
F: focal length of the lens
A: wavelength of the laser
m: returns value of transform at m Axp

It is assumed that the time step gives the frequency step with the relationship Ax Axp= A F1 Sin[a]/n.
For type I configuration, F1 =QF and z=R F1 =RQ F. For type I: Q =sin[a] R = Tan[a/2]

Type | Optics Setup
Laser wavelength
2= A= 800x1077; (*mx)
Fixed "local" focal length
@)= F3 = 1; (*mx)
Focal length of the lens used for Type 1 optics for @ and y

wt/2;
wt/ 4;

Inf4]= a
¥

inel= F3a = F3 /Sin[a] (*mx*)
outlel= 1
In[7}= F3y = F3/Sin[y] (*mx*)

out[7]= \/?

Size of CCD pixel
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Ing]= Axpixel = 14 x 107%; (xmx)

Number of CCD pixels. Technically there are 2068 pixels, but just to make things a power of 2, we are setting it to 2048
In[9]:= Npixel = 2048;

For convenience, set the sampling size as the CCD pixel size

In[10]:= Ax = Axpixel;

Define the normalization factor from Eq (37)

In[11]:= 4 = SqQrt[AF3] // N

Out[11]= 0.000894427

Read in the chunk1 and chunk2 data

The input function sinput[t] which we had used previously

In[12]:= Lchunkl = ReadList["~/papers/frog/math/demo2chunkl.dat"”, {Number, Expression}];
Lchunk2 = ReadList["~/papers/frog/math/demo2chunk2.dat", {Number, Expression}];

Select out the signal part

in[14]:= Lechunkla = {};
For[i =1, i < Length[Lchunkl], i++,
If[Abs[Lchunkl[[i, 2]]] # O,
Lchunkla = Join[Lchunkla, {Lchunkl[[i]]}];
1i
1;

in[16]:= fchunkl = Interpolation[Lchunkla, InterpolationOrder -» 1]

out[16]= InterpolatingFunction[{{-0.000224, 0.000224}}, <>]

For numeric reasons, we are increasing the size of the signal by 10°. The first aperture is +/- 16Ax
in(17)- fapchunkl[x_] := If[-16Ax < x < 16 Ax, 10° fchunkl[x], 0]
In[18]:= Lchunk2a = {};
For[i =1, i < Length[Lchunk2], i++,
If [Abs[Lchunk2[[i, 2]]] # O,
Lchunk2a = Join[Lchunk2a, {Lchunk2[[i]]}];
1i
1:
Inf20]:= fchunk2 = Interpolation[Lchunk2a, InterpolationOrder -» 1]

outj20)= InterpolatingFunction[{{-0.000448, 0.000448}}, <>]
The second aperture is +/- 32Ax

Inf21]:= fapchunk2[x_] := If[—32 Ax < x < 32 Ax, 10° fchunk2[x], 0]
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in22)= Plot[{Arg[fapchunk2[x]], Arg[fapchunkl[x]]}, {x, -107%, 107},
PlotRange » All, AxesLabel » {"x (m)", "Phase (radians)"}]
Phase (radians)

3

out[22]= ‘ ‘
-0.0010 —0.0005

L L L L L L L X (m)
0.0005 0.0010

In[23]:= Plot [ {Abs [fapchunk2[x]], Abs[fapchunkl[x]]},
{x, -1073, 10'3}, PlotRange » All, AxesLabel » {"x (m)", "Magnitude"}]

Magnitude
30F

20F

Out[23]= 15t

s AR PR N S AL I B (m)
—-0.0010 —0.0005 : 0.0005 0.0010

= First measurement parameters with a small chunk

We select @ = n1/2 and y = n/4 and work on the first chunk

In[24]= nm = Npixel;
(*»total number of samples which is
approximately equal to the number of pixels on the CCD=x)
nl = 16 x2; (* number of samples where s is the real signal and not paddingx)
a = n/2;
Y = 1w/ 4;
At = Ax/ u; (»dimensionaless temporal variable created from Axx)

Make dimensionless Afa and Afy. Note: AF1/u=pu

Inf29]= Afa = AF3 Sin[a] / (unmAt) // N;
Afy = AF3 Sin[y] / (unmAt) // N;

m Create the I, and I, fromchunk 1

We need nm points of intensity from I,and I, from sinput1[t].
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n3i)= ia =
Table[{mAfa, Abs[DFrFT[fapchunkl, nm, a, Ax, F3a, A, m]]*}, {m, -nm/2, nm/2-1}] // N;
iy =Tab1e[{mAf7, Abs|[ DFrFT[fapchunkl, nm, ¥y, Ax, F3y, A, m]]z},
{m, -nm/2, nm/2—1}] // N;

Make functions for the data sets

nf33]= Ia[f_] := ia[[Round[f /Afa] +nm/ 2+ 1]]1[[2]];
Iy [f_] := iy[[Round[f/Afy] + nm/2+1]][[2]];

Plot them out

In[35]:= ListPlot[ia, Joined » True, PlotRange -» All,
AxesLabel » {"x'", "Magnitude"}, PlotLabel » "a = n/2, (16x2)Ax aperture"]

a = m/2, (16x2)Ax aperture
Magnitude

0,7

Out[35]=

SRR | P L I R S X

L L 1 1 1 TN e, N L
-0.02 -0.01 g 0.01 0.02

In[36]= ListPlot[iy, Joined » True, PlotRange -» All,
AxesLabel » {"x'", "Magnitude"}, PlotLabel -» "y = n/4, (16x2)Ax aperture"]

vy = n/4, (16x2)Ax aperture
Magnitude

Out[36]=

L

-0.02 -0.01

L L R S,

T ) |
001 0.02

I,and I, are the intensities which we measure. And note that the x-axis which is now frequency is dimensionless.
= Let's normalize i and iy so that their power is 1

Sin[a]
In[37]:= totalPower = — ——— Sum[ia[[i, 2]], {i, Length[ia]}];
nm (At)2
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In[38]:= ia = ia / totalPower;
iy = iy / totalPower;
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The Bootstrap Method

We define the equations for the bootstrap method defined as equation (19) in the paper.

in4o)= u[6_, m_] := Exp[I2x (-nl/2) (nl-m) (at)?Cot[6]];

v[6_, m_] := Exp[I2x (-nl/2 + m-1) (nl-m) (at)?cCot[6]];

Calk_] :=
Sin[a] km
—Exp[-In(kAt)2Cot[a]]Sum[Ia[mAfa] Exp[IZn—], {m, -nm/ 2, nm/2-1}];
nm At? nm
Sin[y] km
Cy[k_] := ——— Exp[-Ix (kat)? Cot[y]] Sum[Ix[mAfx] Exp[127r ], {m, -nm/2, nm/2—1}];

nm At? nm

=2[6_, m_] := Sum[Conjugate[s[—nl/Z+j]]
s[nl/2 -m +3j] Exp[I2x (nl-m) (-nl/2+3) (at)®cot[6]], {j, 1, m-2}];

amn_y = pet[ (o T T )]

Check that Ca[0] = Cy[0]
In[46):= Ca0 = Ca[O0]
Outj46]= 1.

In47):= Cy0 = Cy[O0]

Out[47]= 1.

Solving s[t]
First set s[t] =0 for -n1/2 to -nm/2+1 and nm/2 to n1/2-1

Inf48]= For[i= -nm/2, i< -nl1/2-1, i++,
s[i] = 0;
1;
For[i=nl1/2, i<nm/2-1, i++,
s[i] = 0;
1;

Without loss of generality, we will set s[-N/2]=0=1 first and then use equation equation (25) to solve for s[—n/2] because every

s[n] is either multiplied or divided by s[—n/2].

In50):= 0 = 1;

In[51:= ca = Chop[ Ca[nl -1] Exp[I ninl (n1-1) At? Cot[a] ] ]

Outj51]= 0.0315972 + 0.0034225 1

In[52):= €Y = Chop[Cy[nl -1] Exp[I nnl (n1-1) At? Cot[v] ]]

Out[52]= 0.0315972 + 0.0034225 i

Clearly ca and cy are equal as required.

114



6 | demo2a.nb

Iteration
In531= s[-nl1/2] = o
out[s3]= 1
Average ca and cy because they are supposed to be the same.
4= s[nl/2-1] = (ca + cy) / (2.0 0)
Out[54]= 0.0315972 + 0.0034225 i
Also set ca to the average since it is used below
5= ca = s[nl /2 -1]
Out[s5]= 0.0315972 + 0.0034225 1
From equation (16), we can solve for s[n/2-2] and s[-n/2+1]

1

nsel- s[nl/2-2] = Chop[First[ (vi¥, 2] -v[a, 2]). (Ca[“l'zl )] [[1]]]

Conjugate[o] d[2] Cy[nl - 2]

Out[56]= 0.0273862 + 0.0150159 i
In571= s[-nl1/2+1] =

o
Chop [First [

Conjugate[( —uly, 2] ula, 2]). (C“[nl'z] )]] [[1]]]

Conjugate[ca d[2]] Cy[nl - 2]

out57]= 0.940244 - 0.203553 1

Now we can continue the bootstrap process until every element is done

In[58]:=

For[m=3, ms< nl/2, m++,
s[nl/2-m] =

1

Chop[First[ Ca[nl-m] - Z[a, m] )] [[1]]];

(v[y, m] -v[a, m] )-( Cy[nl-m] - Z[y, m]

Conjugate[o] d[m]
o
s[-n1/2+m-1] = Chop[First[

Conjugate[cad[m]]

Ca[nl-m] - Z[a, m] )”[[1]]];

Conjugate[( -u[y, m] uf[a, m]). ( Cy[nl -m] - 5[y, m]

[E—
~

= Calculate the magnitude s[-n/2]

We can calculate the magnitude of s[-n/2] using equation (25) of the paper. We will denote s[-n/2] = o
02 MUST BE REAL so that s[-n/2] is REAL. See eq(25)

In[59]= s[-nl/2] = o; (* placeholder for the above calculations =x)
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neoj~ sol = Chop[Solve[cZSum[Abs[s[—nl/Z+m—1]]2, (m, 1, n1/2}] +

1
— sum[abs[s[nl/2-m]]1?, {m, 1, nl/2}] = ca[0], cz]]
o2

outeo)= {{02 - 0.028556}, {02 - 0.0331599}}

02 must be real. So just select the real parts only for the calculations below
nfe1]:= ofirst = Re[o2] /. First[sol]

Outj1]= 0.028556

In62]:= olast = Re[o2] /. Last[sol]

Outfe2]= 0.0331599

We select between the two solutions by using equation (26)

sO = s[-n/2] Gay[n/2 + 1]

Inf63]:= firstsoll =
1

Sqrt[o2] Chop[First[ Conjugate[( —u[y, nl/2+1] u[a, n1/2+1]).

Conjugate[cad[nl /2 +1]]
(Ca[nl— (nl1/2+1)] -2[a, n1/2+1]

Cy[nl- (nl/2+1)] -%[y, nl/2+1] )”[[1]]] /.02 » ofirst

out[3l= 0.0964345-0.171092 1

The other part which is also s[0] from equation (26)

1
s0 = oo Fayln/2]
Infe4]:= firstsol2 =

1 1

Chop [First [

(viy, nl/2] -via, nl/2] ).(Ca[nl—n1/2] - Z[a, nl/ 2] )][[

Sqrt[o2] d[nl/ 2] Cy[nl-nl/2]-2[y, nl/2]

1]]] /. 02 » ofirst

Out[4]= 0.0964345-0.171092 1

m  Check the second solution

This is a quick check that the other solution is not correct

In[65]:= secondsoll =
1

Sqrt[02] Chop[First[ Conjugate[( —u[y, nl/2+1] ufa, n1/2+1]).

Conjugate[cad[nl /2 +1]]
(Ca[nl— (n1/2+1)] -Z[a, nl/2+1]

Cy[nl- (nl/2+1)] -%[y, nl/2+1] )]][[1]]] /. o2 > olast

outle5]= 0.103918 - 0.184368 i
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In[66]:= secondsol2 =

1 1

Chop[First[ Ca[nl-nl/2] - Z[a, nl/ 2] )][[

(viy, n1/2] -via, nl/2] )'( Cy[nl-nl/2]-2[y, nl/2]

Sqrt[o2] d[nl/ 2]
1]]] /. 02 - olast

Outfe6]= 0.08949 - 0.158771 1

Select between the two solutions by looking at their differences

in67):= If[Abs[firstsoll - firstsol2] < Abs[secondsoll - secondsol2],
o = Sqrt[o2] /. o2 » ofirst,
o = Sqrt[o2] /. o2 » olast
]

Outj67]= 0.168985

= Normalize s

Once we have o, we can normalize all the s's

ne8l:= Forlm=1, m< nl/2, m++,
sn[-nl1/2+m-1] = os[-n1/2+m-1];
1;

For[m:l, m< nl/2, m++,
1
sn[nl/2-m] = —s[nl/2-m];

) U

Plot out dimensionfull pictures

In[70}= sMag = Table[{k At u, Abs[sn[k]]}, {k, -nl1/2, nl1/2-1}];
sArg = Table[{k At u, Arg[sn[k]]}, {k, -nl1/2, nl1/2-1}];
sRe = Table[{kAt u, Re[sn[k]]}, {k, -n1/2, nl1/2-1}];
sIm = Table[{k At u, Im[sn[k]]}, {(k, -nl1/2, n1/2-1}];

= Plots

In[74]:= ListPlot[sMag, Joined » True, PlotStyle -» RGBColor[l, 0, O],
PlotRange » {{-107, 107}, All}, AxesLabel » {"x (m)", "Magnitude"}]

Magnitude

Out[74]=

(m)

S B P R B e
-0.0010 —-0.0005 0.0005 0.0010
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in7s)= ListPlot[sArg, Joined -» True, PlotStyle -» RGBColor[1, 0, 0],
PlotRange - {{—10‘3, 10'3}, All}, AxesLabel » {"x (m)", "Phase (radians)"}]

Out[75]=

Phase (radians)
3.

(m)

-0.0010

= Compare the result and the original chunk

L Il L
-0.0005

L Il L L L L J X
0.0005 0.0010

76}~ Show[%23, %74, PlotRange » {{-107°, 107°}, al1}]

Out[76]=

Magnitude
301

200
15)
10f

05[

e

L L
—0.0010

L L
-0.0005

h L L L L L 'S (m)
0.0005 0.0010

in77)- Show[%22, %75, PlotRange -» {{-1073, 107}, all}]

out[77]=

Phase (radians)

3k

i)
T

=
T

(m)

L L
-0.0010

-0.0005

i 4
——

)
T

L L L L L L J X
.0005 0.0010

Enhanced Bootstrap Algorithm

Using the sn[t] which we calculated, we will extend the solution for the next chunk.

The chunk has been increased by a factor of 2 from nl to n2=2*n1.

Inf78]= n2 = 2nl;

(* number of samples where s is the real signal and not paddingx)
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m Create the I, and I, from chunk 2

We need nm points of intensity from I,and I, from sinput1[t].

n79)= ia =
Table[{mAfa, Abs[DFrFT[fapchunk2, nm, a, Ax, F3a, A, m]]*}, {m, -nm/2, nm/2-1}] // N;
iy =Tab1e[{mAf7, Abs [ DFrFT[fapchunk2, nm, y, Ax, F3y, A, m]]z},
{m, -nm/2, nm/2—1}] // N;

Plot them out

Infg1]:= ListPlot[ia, Joined » True, PlotRange -» All,
AxesLabel » {"x'", "Magnitude"}, PlotLabel » "a = n/2, (16x4)Ax aperture"]

a = m/2, (16x4)Ax aperture
Magnitude

out[s1]=

n n | n n a 1 f L | D — n n | n
-0.02 -0.01 0.01 0.02

In[g2]:= ListPlot[iy, Joined » True, PlotRange -» All,
AxesLabel » {"x'", "Magnitude"}, PlotLabel -» "y = n/4, (16x4)Ax aperture"]

v = n/4, (16x4)Ax aperture
Magnitude

out[82]=

1 n n
-0.02 -0.01

I,and I, are the intensities which we measure.
= Normalize w.r.t. the power from the initial bootstrap

In[83]:= ia = ia / totalPower;
iy iy / totalPower;
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Create the Matrix Vector Equation

Clear previous definition of o

In[gs]:= Clear[o];
Clear[os];

Define the equations that are the entries of the matrix S

ns7)= os[k_, 1_, 6_] := Conjugate[sn[k]] Exp[12xk1l (at)? Cot[e]];
olk_, 1_, 6_] := sn[k] Exp[22x (k-1) 1 (at)? Cot[6]];

Filling in the Symatrix shown in Eq. (29)

In[89]:= Sa Table[0, {i, nl1/2+1}, {j, nl}];
Sy Table[0, {i, n1/2+1}, {j, nl}];
For[i=1, i< nl/2+1, i++,
For[j=1, j<nl/2, j++,
Sa[[i, 711 os[-n1/2+(j-1)+(i-1), nl1-(i-1), al;
Sy[[i, 311 os[-n1/2 +(j-1)+(i-1), nl-(i-1), ¥];
13

1

For[i=1, i< nl/2+1, i++,
For[j =1, j<nl/2, j++,
Sa[[i, j+nl1/2]] = o[(jJ-1)-(i-1), nl-(i-1), al;
Sy[[i, J+nl1/2]] = o[(j-1)-(i-1), nl-(i-1), ¥Il;
17
1:

The Cyvector showin in Eq. (31)

In[93]:= CCa
CCy

Table[O, {i, n1/2+1}, {jl ll 1}];
Table[0, {i, nl/2+1}, {j, 1, 1}1;

For[i:l, i< nl/2+1, i++,

Ca[nl-(i-1)] - Sum[Conjugate[sn[— nz_l +3- 1”

CCa[[i, 1]]

nl nl

sn[—+j-i] Exp[i27r[——+j—1) (nl- (i-1)) (At)ZCot[a]], G, 1, i—1}];
2 2

Cy[nl-(i-1)] - Sum[Conjugate[sn[-nz—l +3 -1” sn[nz—l +3 —i]

cCy[[i, 1]1]

1
Exp[iZn[—n?+j—1] (nl- (i-1)) (At)ZCot[w]], G, 1, i—1}];

E

Create the matrix equation which we solve for the unknown s[] entries Eq. (28)
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In96]:= S = Table[O, {i, nl+2}, {j, nl}];
CC = Table[O, {i, nl+2}, {j, 1, 1}];
For[i=1, i< nl/2+1, i++,
For[j =1, j nl, j++,
S[[i, 311 Sa[[i, 311
1i
1;
For[i=1, i< nl/2+1, i++,
For[j =1, j< nl, j++,
S[[i+ (nl/2+1),3]]1 = Sy[[i, j11;
17
1;
For[i=1, i< nl/2+1, i++,
CC[[i, 1]] = CCa[[i, 11];
1;
For[i=1, i< nl/2+1, i++,
CC[[i+ (nl/2+1), 1]] = CCy[[i, 11];
1;

n A

The number of equations is greater than the number of variables. Therefore, we'll have to use a least squares method to solve for

s[]

In[102]:= sol = LeastSquares[S, CC];
Now, get the answers to the unknowns using Eq (30)

nf103= For[i=1, i< nl/2, i++,
sn[nl/2+ (i-1)] = sol[[i, 1]1;
1;
For[i=1, i< nl/2, i++,
sn[-nl+ (i-1)] = Conjugate[sol[[nl/2+1i, 1]]];
1;

n Plots

Plot out dimensionfull pictures

In[105]:= sMag = Table[{k At u, Abs[sn[k]]}, {k, -n2/2, n2/2-1}];
sArg = Table[{k At u, Arg[sn[k]]}, {k, -n2/2, n2/2-1}];
sRe = Table[{kAtu, Re[sn[k]]}, {k, -n2/2, n2/2-1}];
sIm = Table[{k At u, Im[sn[k]]}, {k, -n2/2, n2/2-1}];

In[109]:= ListPlot[sMag, Joined » True, PlotStyle » RGBColor[1l, 0, 0],
PlotRange - {{—10'3, 10‘3}, All}, AxesLabel » {"x (m)", "Magnitude"}]

Magnitude
020+

Out[109]= 0.10

0.05

(m)

L L L L L Il h, L L L L L L L Il L L L L J X
-0.0010 -0.0005 0.0005 0.0010
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In[110]:= ListPlot[sArg, Joined -» True, PlotStyle » RGBColor[l, 0, O],
PlotRange » {{- 1073, 10‘3} , All}, AxesLabel » {"x (m)", "Phase (radians)"}]

Phase (radians)

3f
1r
Out[110]:“““\‘ Hf“/\“””‘x(m)
—0.0010 ~0.00 i \‘ (ﬁ.ooos 0.0010
~1¥
L

In[111]:= Show[%23, %109, AxesLabel -» {"x (m)", "Magnitude"}]

Magnitude
30F

20

out[111]= L5k

R JT\_/‘\’J’ P ‘/\«_A T X (m)
—-0.0010 —0.0005 : 0.0005 0.0010

In[112]:= Show[%22, %110, AxesLabel » {"x (m)", "Phase (radians)"}]
Phase (radians)

3¢

o
out[112]= ‘ B ‘ L\ [ N - -

n n L I L n n 1 X (m
~0.0010 ~0.00 / (K.ooos 0.0010

1 t
ey e s

EBA works as expected, but quadratic phase needs to be corrected
Correct the quadratic phase

There is a phase contribution which was introduced by lens 1. See Eq (90). We can correct for this.
The size of the diffraction grating and incident angle

In[113]= a = 10_3/1200.; (*mx)
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In[1141= 61 = 85w/ 180;
focal length of lens 1

In[115]= £1 = 0.05; (*mx*)
focal length of lens 2

Inf116]:= £2 = 1.0; (*mx)
The magnification factor
nf1171= v = £2/ £1

Out[117]= 20.

The wave number of the laser

nf118]:= k= 27w/ A;
From Example AIL.2, Eq (81), we can calculate the number of samples

In[119]:= € = 3 x 10%; (» speed of light, m/sx*)
In[120]= tp = 100 x 1071%;

ctp
In[121]:= pmax = IntegerPart[—]
asSin[ei]

Out[121]= 36
The phase correction comes from Eq (61) and add in a possible phase offset

x2

In[122]:= phasecorr[x_, 6_] := Arg [Exp [1 6] Exp [i k ] Exp[i k x Sin[6i]] ]

2 f1

We generate a table of the phase corrections which are spaced a apart. Note that we are undersampling the phase correction and
also the magnification factor v (the negative sign in the argument of phasecorr[] comes from performing the Fourier transform
twice, see Eq (40)). We anticipate that the phase offset is 7.

In[123]:= pcorr = Table[{pav, phasecorr[-pa, n]}, {p, -pmax, pmax}];

In[124]= ListPlot[pcorr, Joined » True, PlotStyle » RGBColor[0, 0, 0]]

Out[124]=

1 1 1 1 1 1 1 1
-0.0006 0004  -0.R002 r 0.00 0.0004 0.0006

Show that the phase matches what we have calculated
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In[125]:= Show[%110, %124]

Phase (radians)

3

T T T T T T T TR

Out[125]=

>

R (m)
-0.0010 -0.00

T T
I

L L L L L L ] X
?.0005 0.0010

3
Create the phase correction function which includes the magnification factor from pcorr
in[126]:= fcorr = Interpolation[pcorr, InterpolationOrder - 1]

out[126]= InterpolatingFunction[{{-0.0006, 0.0006}}, <>]

Perform the corection

In[127]:= corrArg = Table[{sArg[[i, 1]], sArg[[i, 2]] - fcorr[sArg[[i, 1]]]}, {i, Length[sArg]}];

In[128]:= ListPlot [corrArg, Joined » True, PlotRange - { {-10'3, 10'3}, All},

AxesLabel » {"x (m)", "Phase (radians)"}, PlotLabel -» "Corrected Phase"]

Corrected Phase
Phase (radians)

Out[128]=
L L L L L L L '\ (\ /\
~0.0010 ~0.00 \‘ /

L /\ L L L L L L L 'S (m)
v 0.0005 0.0010

= Unwind the phase

There are phases which outside the range +/- 7. We can correct this with phaseUnwind below.

In[129= phaseUnwind[6_] := If[-7 < 6 < 7x, Return[o],
If[6 < -m, Return[6 + 2 7], Return[6 -2 n]]
1;

In[130]:= ucorrArg = Table[{corrArg[[i, 1]], phaseUnwind[corrArg[[i, 2]]]}, {i, Length[corrArg]}];
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In[131]:= ListPlot [ucorrArg, Joined » True, PlotRange - { {—10’3, 10'3}, All},

AxesLabel » {"x (m)", "Phase (radians)"}, PlotLabel » "Corrected Phase Unwound"

Corrected Phase Unwound
Phase (radians)

3

(8]

/\A L n n (m)

out[131]= N
L L L L L ] X
0.0005 0.0010

L L L L L Il n
-0.0010 —0.000.

-3

Notice the small discontinuity near the centre of the corrected phase. This is comes from imperfect phase correction.

Comparing with the input pulse

Rescale the magnitude and phase by v to take out the magnification from Lensl and Lens2 and change it to time on the xaxis.
Also reverse the x axis, i.e. X-> -Xx because of the mirroring of the object by lens1 and lens2.

sMag[[i, 1]]

In[132]:= rescaleMag = Table[{— , sMag[[i, 2]]}, {1, Length[sMag]}];

cv

ucorrArg[[i, 1]]

rescaleArg = Table[{— , ucorrArgl[[i, 2]]}, {i, Length[corrArg]}];

cv

In[134]= ListPlot[rescaleMag, Joined » True, PlotStyle » RGBColor[1l, O, 0],
PlotRange -» {0, 0.5}, AxesLabel » {"time (s)", "Magnitude"} ]

Magnitude
05+

04

Out[134]=

—6.x10744.x10742.x 1074 O 2.x107144.x 107146.x 10~14

time (s)
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In[135;= ListPlot[rescaleArg, Joined » True, PlotStyle » RGBColor[1l, O, 0],
PlotRange » {-2w, 2rn}, AxesLabel » {"time (s)", "Phase (radians)"} ]

Phase (radians)
6L

N

V \ij'ﬂ x 10~ '42 W : '44 x 10~ '46 10/

2L

4l

—6

= |nput pulse

Recreate the input pulse so that we can compare with the reconstructed pulse.

In[136]:= sinput[t_] :=
n[t] 0.1Exp[-0.2 (t/ (tp) +0.5)?] Exp[I (Sin[5x (t/ (tp) +0.5)] + Cos[8x (t/ (tp) +0.5)]1)1;
nit_] := If[-0.5 < t/ (tp) < 0.5, 1, 0];

inf138]:= Plot[Arg[sinput[t]], {t, -tp, tp},
PlotRange » All, AxesLabel » {"time (s)", "Phase (rad)"}]

Out[138]=
. R /\ /\ | L time (S)

—-1.x10713 -5.x 1071 t 5.x 10714 1.x10713

Phase (rad)
20k

In[139]:= Plot[Abs[sinput[t]] , {t, -tp, tp}, AxesLabel » {"time (s)", "Magnitude"}]

Magnitude
\0_10,

008/

006
Out[139]= [
004[

002[

e L time )
—1.x10713 -5.x1071 5.x1071 1.x1071
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Comparison

140~ Show|[ %135, %138, PlotRange -» {{-107, 107}, {-x, n}}]

Phase (radians)

3L
2
Out140}= L L L L ﬁ\ /\‘ L L L /\V‘ I L L L L I time (S)
-1.x10713 X 10714 5.x 101! 1.x10713
1k
2L
-3

(141~ Show|[%134, %139, PlotRange -» {{-107'%, 107%%}, al1}]

Magnitude
020+

Out[141]=

L I 1 time (S)

-1.x10713 -5.x10714 5.x 10714 1.x10713

Everything looks good! Magnitude needs rescaling as expected. Phase match looks great.
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