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Abstract

In this thesis we study aspects of (0,2) superconformal field theories (SCFTs), which
are suitable for compactification of the heterotic string. In the first part, we study
a class of (2,2) SCFTs obtained by fibering a Landau-Ginzburg (LG) orbifold CFT
over a compact Kahler base manifold. While such models are naturally obtained as
phases in a gauged linear sigma model (GLSM), our construction is independent of
such an embedding. We discuss the general properties of such theories and present
a technique to study the massless spectrum of the associated heterotic compactifica-
tion. We test the validity of our method by applying it to hybrid phases of GLSMs
and comparing spectra among the phases. In the second part, we turn to the study
of the role of accidental symmetries in two-dimensional (0,2) SCFTs obtained by RG
flow from (0,2) LG theories. These accidental symmetries are ubiquitous, and, unlike
in the case of (2,2) theories, their identification is key to correctly identifying the IR
fixed point and its properties. We develop a number of tools that help to identify such
accidental symmetries in the context of (0,2) LG models and provide a conjecture
for a toric structure of the SCFT moduli space in a large class of models. In the final
part, we study the stability of heterotic compactifications described by (0,2) GLSMs
with respect to worldsheet instanton corrections to the space-time superpotential
following the work of Beasley and Witten. We show that generic models elude the
vanishing theorem proved there, and may not determine supersymmetric heterotic

vacua. We then construct a subclass of GLSMs for which a vanishing theorem holds.
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Introduction

Perhaps the most striking example of the fruitful interaction between physics and
geometry is general relativity, where classical geometry is key and guide in predicting
and understanding phenomena like singularities and more generally the structure of
spacetime. One would expect that string theory, as a quantum theory of gravity,
should be equipped with its own geometric tools and intuitions which would con-
stitute the mathematical framework for developing the theory. As it stands, the
definition of this mathematical framework is a formidable challenge even at the clas-
sical level. In order to better understand this statement, we should recall that in
string theory there are two different quantities, g, and «', which can be thought
as expansion parameters. The former, known as the string coupling, is the vacuum
expectation value of the dilaton field and it can be considered the stringy generaliza-
tion of A in quantum field theory (QFT). The loop expansion of Feynman diagrams
in QFT is replaced in string theory by a sum over worldsheet topologies, where g
is a weight for these different topologies. The classical limit, which we referred to
above, is defined by taking g, — 0, and it corresponds to string theory formulated

on a spherical worldsheet. The second quantity, o, is merely a scale that controls



the auxiliary quantum field theory defined on a worldsheet of fixed genus.

The full formulation of string theory should describe the theory for general values
of both these “parameters”. In fact, even in the classical limit g; — 0, the geometry
that characterizes string theory is far from the classical Riemannian geometry under-
lying general relativity or Yang-Mills theory. We refer to this new set of geometric
tools as stringy geometry, and we reserve the term quantum geometry for the full
quantum formulation of string theory.

In this thesis we will focus on compactifications of the Eg x Eg heterotic string
preserving N = 1 supersymmetry in four dimensions in the classical limit g; — 0.
The main reason for us to focus on this subset in the space of superstring theories
is that the choice of gauge bundle gives rise to phenomenologically intriguing mod-
els, with gauge groups in the four-dimensional spacetime that embed the Standard
Model’s. Moreover, these degrees of freedom are well-described by the worldsheet ap-
proach we wish to pursue. Other superstring theories, upon compactification to lower
dimensions, can give rise to phenomenologically attractive gauge groups. However,
these are obtained by D-branes wrapping circles in the non-compact dimensions, in
general together with orbifold planes. These features do not have clear worldsheet
corresponding degrees of freedom, thus this set of compactifications is hard to analyze
via the methods of this thesis.

In the rest of this chapter we will start from the field theory limit of string theory
(9s = 0, @ — 0) and work our way up to the subject of interest for this thesis,

namely (0,2) superconformal field theories in two dimensions.
1.1  From supergravity onto the worldsheet

A natural place to start the analysis of the compactification of the heterotic string is
in some large radius limit, if available. The goal of this section is to show that this
subset of compactifications, while certainly interesting, merely constitutes a corner of
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a larger landscape. In fact, we will be mostly interested in the worldsheet approach
to heterotic compactifications, which will lead us to the study of conformal field
theories as a tool to explore the stringy geometry of the moduli space.

However, we find it instructive to first give a swift review of the supergravity

approach to hetorotic compactifications as well as some spacetime aspects.
1.1.1 Heterotic supergravity

The bosonic massless string spectrum of the Eg x Eg heterotic string theory in ten

dimensions consists of the following:
e The metric Gyn;
e The heterotic B-field B,. Its field strength is given by Hz;
e The Eg x Eg gauge-field A,,. Its field strength is given by Fj;
e The dilaton ®.

Here the indices M, N = 1,...,10, parametrize the ten dimensional target space.
The fermion content of the theory is given by the gravitino ¥,,, the dilatino A and
the gaugino y. While the main body of this thesis will consider compactifications to
10 — d dimensions, for now we want to study the low-energy behavior of the heterotic
string in ten dimensions. This theory has N = 1 supersymmetry, that is, it is
invariant under the action of 16 supercharges !. This high degree of supersymmetry
completely determines the low-energy action, whose bosonic part is given by?

1 N 1 - o
S = 2—/{2 fd10$ —Ge 20 lR + 4|6M(I)|2 - §|H3‘2 - Z (tI‘|F2|2 - tI‘|R2|2) s (1].)

I This is also true for type I, and indeed the low-energy actions are the same, except that the
heterotic theory does not admit R-R fields.

2 For notation and more details we refer to [19].



where R is the scalar curvature, R, is the Riemann tensor 2-form, and the field

strengh Hj is twisted by

/

~ a

H3 = dBQ + Z(WSS — wgﬁ/[) . (12)

The two w® terms are the Lorentz and Yang-Mills Chern-Simons terms respectively

2 2

wfsztr(w/\ergw/\w/\w) : wgﬁ/[:tr<AAA+§A/\A/\A> . (1.3)

where w is the spin connection. The field H; satisfies a Bianchi identity
Fy o 2 2
ng = Z (tl“R2| - tI‘|F2| ) . (14)

The supersymmetry variations of the fermions of the theory are

1 1~
Y (6]\4 + —w]]\\}PFNp> € — —HNPMFNPG ,

4 8
O\ = b ™oy® — iﬁf MNP
2\/§ M 12 MNP )
1 MN
5)( = *—FMNF € . (15)

8

A solution is supersymmetric if the variations above vanish. The appearance of Hy
in the first equation in (1.5) gives it the interpretation of torsion.

Now we are ready to start considering possible supersymmetric solutions obeying
(1.4). We restrict our attention to the case of interest, that is when the target space
factors as R'?® x X, where X is a six-dimensional internal manifold. In this case,
solving (1.5) implies that X is complex with Hermitian form J,; such that

. i

Hy = 5(0-0)J,

JuyFuyzFMV:FWZO- (16)

The indices p, v and their barred counterparts parametrize the complex coordinates

of the internal manifold X. The first equation is the statement that if Hs # 0, X is

4



non-Kahler and the Bianchi identity now reads

/

i00J = — (tr|Ro|* — tx| %) . (1.7)

=~ R

Throughout the rest of this thesis, we will only consider the case of torsion-free
models, so the space X will be Kahler. We therefore restrict ourselves to the case
H; = 0 from here on. With this assumption, the second equation of (1.5) implies
that the dilaton is constant, while the vanishing of the variation of ¥, forces € to be
covariantly constant on X. This amounts to the fact that X has SU(3) holonomy,
which is equivalent to the space being Kahler and Ricci flat, which in turn means
that X has vanishing first Chern class. That is, X is a Calabi-Yau manifold. Now
we need to analyze the second line of (1.5), which constrains the bundle F over X.
The equations F),, = F = 0 imply that the bundle is homolorphic, while the first
equation is referred to as Hermitian-Yang-Mills. When the manifold is Kahler, there
is a powerful result known as the Donaldson-Uhlenbeck-Yau theorem. This theorem
states that given a holomorphic vector bundle over a Kahler space the second line
of (1.5) admits solutions when the bundle is poly-stable. Stability is a topological
condition which in rough terms can be stated as follows: a vector bundle is said
to be stable if it is more ample than any proper sub-bundle®. This definition of
stability is not rigorous, but we will not need a more precise definition of stability
for the purpose of this thesis. In Chapter 4, when studying the linear sigma model
approach to (0,2) models, we will assume the existence of such a stable bundle over
the Calabi-Yau threefold. Moreover, a bundle is said to be poly-stable if it splits as
a direct sum of stable bundles. Finally, the Bianchi identity can be recast as the

topological condition chy(F) = chy(Tx), where Ty is the tangent bundle of X.

3 In the case of bundles over a Riemann surface, we say that W is a stable bundle if and only if
deg(W)/rank(W) > deg(V')/rank(V) for each proper sub-bundle V' of W.



1.1.2  The non-linear sigma model

A different approach, which exploits the underlying worldsheet theory, is the non-
linear sigma model. This is a two dimensional theory of maps ¢’ : ¥ — X, where
X is a Riemannian manifold equipped with a metric g and a closed two-form B,
and ¥ is a Riemann surface. In addition, we have the superpartners of ¢, which
we denote as 1° and which transform as Grassman-valued sections of the pullback
of the tangent bundle of X, K2 ® ¢* (Tx), and a set of left-moving fermions ~/,
which instead transform as sections of K2 @ ¢* (€), where £ is a holomorphic vector
bundle over X. Here, K is the canonical line bundle of .. The action for this theory
is given by

B 1
2!

S

1 R . J— g = .
J d* [ng(awaqu +0¢'0¢") + By(0¢'0F — 06'06) + gy’ D
b
+H1777Dz71 + ijjﬁj’YIWEj] , (1.8)

where the covariant derivative Dz is constructed by pulling back the Christoffel
connection on 7', and the covariant derivative D, is constructed by pulling back
the Hermitian connection constructed from the metric H on X. See also [81] for
notation and a generalization of (1.8) to comprise H-fluxes.

Let us have a look at the symmetries of this theory. If X is complex Kahler, then
the theory posseses (0,2) supersymmetry, which is enhanced to (2,2) supersymmetry
when £ = Tx. One way to see this is that in this case the action can be explicitly
written in (0,2) (or (2,2)) superspace, and (1.8) becomes the component action ob-
tained by evaluating the superderivatives. Conformal invariance, on the other hand,
is a much tricker business, as in general (1.8) does not possess this symmetry. A
way to check this is to consider the metric g as a coupling constant and compute
the S8 function with respect to it. As a result, at lowest order in « the 8 function is

proportional to the Ricci tensor of X. Hence, a necessary condition for conformality

6



is X to be a Calabi-Yau manifold. We have thus recovered, from the worldsheet
perspective, one of the conditions that characterized the heterotic supergravity solu-
tions. In fact, one can push this further. If one computes the § function with respect
to the two-form B and the metric g at the appropriate order in o’ one recovers (1.5)
(we are ignoring the dilaton dependent part of the action here, but this extends to it
as well). We then see the relation between the non-linear sigma model and the super-
gravity approaches: constraints from conformal invariance translate into spacetime

equations of motion.
1.1.8  Stringy geometry

The discussion up to this point is valid in the field theory regime, where the curva-
ture of the background is small compared to the string scale. When the curvature
becomes large, this approximation is not valid anymore, and we need to substitute
our geometric interpretation by the properties of abstract conformal field theory. In
other words, instead of considering the target space to be R!3 x X, we will consider
more in general R x CFT, where the “internal” conformal field theory must satisfy
some constraints, for example a fixed central charge. These conformal field theories
naturally come with a moduli space, that is there exists a collection of operators that
we can use to deform the theory to reach a nearby conformal field theory. We refer
to these operators as exactly marginal. The study of different aspects of this moduli
space is the subject of this thesis.

We can start characterizing the moduli space by restricting ourselves to theories
that posses (2,2) superconformal symmetry. These theories come with a moduli space
that it is locally a product of two factors, which have a geometrical interpretation
when the conformal field theory is realized as a non-linear sigma model with a Calabi-
Yau target space. In fact, the two different types of marginal operators correspond

to the two different kinds of deformations that preserve the Calabi-Yau condition,



namely Kahler and complex structure deformations.

We can picture the Kahler moduli space for a given Calabi-Yau X as a cone, given
by elements of J € H?(X,R) satisfying certain positivity properties. Moreover, by
adding the contribution of the two-form B, the relevant object becomes the so-called
complexified Kahler form J+¢B. Its corresponding complexified Kahler moduli space
is also described by a cone, whose walls, in real codimension one, are parametrized
by metrics that fail to satisfy the positivity properties and therefore should lead to
a singular theory of some sort.

In order to briefly describe the complex structure moduli space, let us consider
the simple case of a Calabi-Yau given as a hypersurface in a (weighted) projective
space. The equation that defines the hypersurface depends on some coefficients, and
different choices for these correspond to different choices for the complex structure,
modulo the field redefinitions that act on the coordinates. The locus where the
Calabi-Yau is singular is referred to as the discriminant locus, and it is a complex
codimension one sublocus.

This picture is unsatisfactory for different reasons. For example, what happens
when we shrink the area of a given curve, or in other words when we move towards
the wall of the complexified Kahler cone? The problem in probing this regime is
that perturbation theory is not reliable anymore, as one of the scales in the theory,
namely the size of the shrinking curve, is now comparable to the string scale.

Mirror symmetry [53] provides an elegant answer to this, as under mirror sym-
metry the complex structure moduli space and the complexified Kahler moduli space
get exchanged in the mirror Calabi-Yau X. T hus, the region near to the wall in X
is mapped to a particular complex structure in X , which comes with the advantage
that now we are free to choose any Kahler form. In particular, we can pick a Kéhler
form deep in the Kéhler cone, where the perturbative analysis (in X ) is valid. The
resolution of the puzzle is provided by the previous paragraph: the singular theories

8



in the complex structure of X are a complex codimension one sublocus of the com-
plex structure moduli space of X. Translating back to X, this means that the locus
of singular theories in the complex Kahler moduli space is complex codimension one
as well. In particular, the theories near and on the wall of the Kahler cone are gen-
erally well-behaved, and we can ask what happens if we cross the wall. What we
discover is that, by a mathematical procedure called flop, we enter into the Kéhler
cone for a topologically different, but birationally equivalent, Calabi-Yau [10]. By
choosing a path that does not intersect the singular locus, this process is smooth in
the sense that the conformal field theory makes sense for any point along the path.
Thus we uncovered two properties of stringy geometry: topology chance is a smooth
process and perfectly well defined physics can arise from singular geometries (as in
orbifolds).

If one wants to study compactifications of type II string theory, one might be
quite satisfied with this picture, at least from a theoretical point of view in the
context of perturbative string theory. However, if we want to study compactifications
of the heterotic strings, this does not suffice even at the perturbative level. In fact,
while a theory with (2,2) superconformal symmetry can be completed to a consistent
heterotic vacuum, the moduli space M) of (2,2) theories is only a sub-locus of
the moduli space of a more generic heterotic compactification. In fact, as we will
show in the next section, N = 1 supersymmetry in spacetime requires at least (0,2)
superconformal symmetry on the worldsheet, and we will denote this general moduli
space as Mg 2).

The natural first step in this exploration is towards how M s 5) sits inside Mg 2),
and which properties extend off the (2,2) locus. One can then imagine starting from
a theory exhibiting (2,2) symmetry and considering small deformations that preserve
only (0,2) symmetry. Again referring to the case of a Calabi-Yau manifold described

by a hypersurface in some toric variety, these moduli correspond to deforming the

9



bundle for the left-moving fermions away from the tangent bundle. The study of
various aspects of these deformations has been carried out by various groups in the
past decade. There are two main lessons we can extrapolate from this body of work.
The first one is that, despite some technical challenges, many properties that hold
on the (2,2) locus keep holding in the deformed theory [11, 76, 17]. For this reason
we are especially interested in exploring theories which do not exhibit a (2,2) locus,
as it is for these theories that we expect many more exotic things to happen. The
second lesson is that even in this confined area there are many issues that are not yet
resolved. For example, at the moment there is not a complete generalization of the
mirror map to the bundle moduli, even though some steps have been made towards
it [80, 78].

The author hopes to have provided convincing evidence that the study of these
matters, despite being a classic topic in string theory, is both important and in need
of more profound understanding. Except in some special cases, it is very hard to give
a global description of this moduli space. For this reason we will follow a different
approach: we will study limiting points/corners in the moduli space, and develop
techniques to compute physically interesting quantities. By comparing these features
between different corners it is then possible to learn more about the structure and

the global properties of the moduli space.
1.2 Superconformal algebras

In this section we are going to provide some basics about supersymmetric CFTs
in two dimensions. The conformal group in two dimensions is somehow special, as
the local conformal group is infinite dimensional. The word local here means that
not all of these transformations are well-defined on the Riemann sphere P!. The
transformations that are well defined comprise the global conformal group, which
is isomorphic to SO(3,1) ~ SL(2,C)/Zs. These transformations are translations,

10



dilations and special conformal transformations, and they are realized on the states

of the CFT by the operators L_1, Ly and L; respectively. These satisfy the algebra
[L1, L] = 2Ly, (Lo, Li1] = FL1 - (1.9)

An central notion is the one of a primary operator. An operator ®(z,%) is said to be

primary if it transforms as

o2 - () (Z) s 700 (110)

z

under the transformation

z— f(2), zZ— f(%). (1.11)

If (1.10) holds only when (1.11) are restricted to global conformal transformations,
we say that @ is quasi-primary.
The most important object in any CFT is the energy-momentum tensor, which

has the following OPE with itself
2 21 01
c/ (w) T (w)

TET(w) ~ (z—w)t (z—w)? z—w’

(1.12)

Each of the terms on the RHS of the above OPE has a specific meaning. The first
term indicates the fact that T'(w) is not a primary operator unless the central charge
vanishes, ¢ = 0. However, it is quasi-primary, i.e., SL(2,C) primary, for any value
of ¢. The second term means that 7'(z) is an operator of weight (2,0). It is then

possible to expand the energy-momentum tensor in modes as

T(z) = ). Lpz "7, (1.13)

where the summand —2 in the exponent is appropriate for operators of weight h = 2.
The modes Lg +; are precisely the generators of the global conformal transformations
in (1.9). An equivalent way of phrasing the information contained in the OPE (1.12)

is in terms of commutators of the modes

[Ln, L] = (n—m)Lpim + 1—C2n(n2 — 1)0p,—m - (1.14)
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Since OPEs and (anti-)commutators provide the same content about the algebra,
henceforth we will stick to the former. Now we want to extend the above non-
supersymmetric algebra to posses N = 1 supersymmetry. This is possible if there is
an operator G(z) of weight (3/2,0), the worldsheet superpartner of T'(z), with the
following OPEs

N 3/2G(w) N 0G (w)

(z—w)? z—-w

)

2¢/3 2T (w)
(z —w)? * z—w

, (1.15)

and (1.12) still holds. This algebra is further enhanced to N = 2 SUSY when it is

possible to write 4
G (z) + =G (2), (1.16)

with OPE

2¢/3 2J(w) 2T (w) + 0J (w)
(z—w)3+(z—w)2+ Z—w ’

G (2)G™(w) ~

G*(2)GF(w) ~ 0,

+G*

G w) (L.17)
We see the appearance of a operator J(z) which is a current of weight (1,0), therefore

we need to complete the algebra

J(w) N 0J(w)

z—w)? z—w '’
( )

(1.18)

4 We are ignoring a possible phase between the two terms.
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1.2.1 The Sugawara decomposition

We have seen the appearance of a u(1) current in the N = 2 superconformal algebra
above. This has some very peculiar consequences that we will use abundantly in the
work presented in this thesis. In fact, even when the supersymmetry structure of
the algebra does not provide us with a natural candidate for such a u(1) symmetry,
as happens on the left-moving side in a (0,2) SCFT, we will restrict our attention to
models for which the existence of such a current is guaranteed. In this section, we
are going to sketch some of its properties.

The J(z) current of weight (1,0) that appeared above is the simplest example of
a Kac-Moody (KM) algebra, corresponding to a u(1) algebra. In general, the OPE

is given by

J(2)J(w) = , (1.19)

where r > 0 is known as the level of the algebra, and we assume r € Z. In the
SCFTs we will consider in this work, r will be related to the rank of the gauge
bundle associated to the corresponding heterotic compactification. A field is KM

primary if and only if

J(2)®(w) ~ q (1.20)

We will now describe how it is possible to “factorize” this KM dependence. We will
use this fact in the next section to prove a crucial fact for a SCEFT to describe a
N =1 SUSY heterotic compactification in d = 4 dimensions. Let us represent the
KM current as J = iy/r0H, where H is a free chiral boson. Now, a KM primary

field ® with charge ¢ under the U(1) and weights (h, h) can be decomposed as

®(2) = explig/v/rH)()®(z) , (1.21)

where ®(z) is KM neutral and has weights (h — ¢2/2r,h). This is the Sugawara

decomposition.
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1.3 Spacetime and worldsheet supersymmetry

The bosonic string theory has a number of features that historically made the theory

5

not suitable for realizing a conceivable model of particle physics °. The two main

issues are the following:

1. The closed string spectrum has a tachyon. This means that the vacuum of
the theory is unstable, or in other words that we are considering the theory
around a local maximum of the potential. Also the open string spectrum has
its own tachyons, but these are somehow more benign. In fact, they have
been interpreted as the decay of D-branes into closed string-radiation (see for

example [62]).

2. The spacetime spectrum does not contain fermions. This is a substantial prob-
lem if we want string theory to generate the particle content of the Standard

Model.

This leads us into the study of superstring theories. There are two approaches to
this, namely supersymmetry on the worldsheet (RNS formalism) or supersymme-
try in spacetime (GS formalism). It is easy to show that they are equivalent in
ten dimensional Minkowski spacetime, but since the main point of this thesis is to
further the understanding of string compactifications from the point of view of the
worldsheet, we are naturally going to implement the former approach.

This thesis aims at studying properties of (0,2) SCFTs relevant for heterotic
compactifications. It is perhaps useful to review the classic result [43] that relates
(0,2) SCFTs on the worldsheet and N = 1 SUSY in d = 4 spacetime. For ease
of exposition we will switch our convention and consider the left-moving part of

the algebra to be supersymmetric. We now assume (1,0) SUSY on the worldsheet,

5 This statement is not entirely fair, because half of the worldsheet theory in the heterotic string
is indeed purely bosonic.
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as it is necessary for a consistent string background [57], and show that N = 1
spacetime SUSY corresponds to (2,0) SUSY on the worldsheet. We start by writing
the spacetime supercurrents

Ve (2) = e ¥28,%(2) , Voi(2) = e 928,5(2) , (1.22)

1
2

N

where o = (i%, i%) and @ = (i%, $%), and the spacetime supercharges are
Qo = fazvy (), Q= paTy(2) (1.23)
2 2

Let us explain what these quantities are. @, and @ are Weyl spinors representing
the four supercharges of N =1 SUSY in d = 4, which satisfy the algebra
{Qaa@ﬁ} = O-ZEPM ) {Qaa Qﬁ} = {@Ea @B} =0, (124)

where the index p parametrizes the Minkowski spacetime. The currents (1.22) are
built out of three different pieces: exp(—3¢) is a spin field for the (8,~) Faddeev-
Popov ghost SCF'T that one introduces when gauge-fixing the Polyakov path-integral
for the superstring; the terms S, and Sz are Weyl spin fields for the fermions cor-
responding to the flat four dimensional Minkowski directions; finally, ¥ and ¥ are
fields in the internal SCF'T. Although our main focus will be on these internal fields,
we need to determine first the OPEs for the spin fields. This is easily done by consid-
ering first the bosonization of the spin fields (this is already explicit for the ghosts),
i.€., by writing the spin fields as the exponential of free bosons. Then, the dimen-
sions of the fields and their OPEs just follow from the ones for the bosonic fields
(see for example (2.2.14) and (2.2.17) of [88] with o/ = 1). We can then determine

the dimension h of the operators 3 and X, and we present the result in the following

table
6—¢/2 Sa _ 6ia~H 3& _ eiE-H val Vﬁ% )y i
2
h 3/8 1/4 1/4 1 1 3/8  3/8
(1.25)
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The OPEs are

1 1 xp(—

exp(—5¢)(2) exp(—5¢)(w) ~ % ’

Saga ~ Ugg¢u<w> )

5.5, ~ Nas ! (1.26)

(z —w)/2’

where I is the identity operator and similarly for Sgz. Now, (1.24) determines the ¥
and ¥ OPEs

v
&
M

(w) ~ (z —w)*O(w) + -+,
Y(2)S(w) ~ (z — w)3/4@(w) +oe

I

(w) ~ G—w)y o’ (1.27)

where O and O are some dimension 3/2 operators. For example, the first equation

of (1.24) implies that

(e7928,%) (2) (e 9?85%) (w) ~ %ggﬂ%(wm(zm(w) (1.28)

has a simple pole proportional to O'Z 5 The other two equations follow similarly by

imposing that the second set of equalities in (1.24) are satisfied.

At this point, we implement our assumption that we have already a N = 1
SCFT on the worldsheet, that is, we have operators T'(z) and G(z) satisfying (1.12)
and (1.15) for ¢ = 9. A first result that will be useful later on comes from the
supersymmetry invariance of the gravitino vertex operator exp(¢)G(z). In other

words

(67¢/28a2) (2) (equ) (w) ~ (z — w)? exp(1/2¢)S.(w)E(2)G(w) (1.29)

must have no single pole. This means that the most singular term in the OPEs
Y(2)G(w) and ¥(2)G(w) must be proportional to (z —w) /2.
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In order to study the next order in the ¥¥ OPE we consider the four-point

function

f(21, 22, 23, 21) = (2(21)38(22)8(23)(24)) . (1.30)

The OPEs (1.27) and SL(2, C) invariance constrain the above function to be

212714723234

- 3/4
f(21, 22, 23, 24) = ($> : (1.31)

We can expand this expression as z15 — 0 and we obtain

_3/4 — 3
o1, 22,25, 2) = 235 2! [1 + Z% + - ] : (1.32)
223224

The second order in the expansion signals the presence of an operator of dimension
—1/4 +2(3/8) = 1 in the ¥¥ OPE

I

G w). (1.33)

N(2)S(w) ~

thus J is a u(1) Kac-Moody current. In particular, we can see that ¥ and X have

charge +3/2 under this symmetry

I8 () ~ L2
J(2)S(w) ~ w . (1.34)

This is particularly nice, since we are starting to gain the structure of a more general
algebra. It is possible to implement the Sugawara decomposition described in the
previous section to all the operators we considered so far in the theory. In practice,
let us write J(z) = iv/30H (2), where H(z) is a free scalar. From (1.34) we see that
Y = exp(iv/3/2H) and similarly ¥ = exp(—iv/3/2H). For these there is no need

to multiply the exponential by a J-neutral operator because the dimensions already
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work out. Instead, G does not have a definite charge under J, and we decompose it

as follows

G = ) exp(iq/v/3H)GY . (1.35)

We can use these representations to determine for which values of ¢ we are able to
reproduce the OPE between ¥ and ¥ with G. For example, in the case of ¥(2)G(w)
we find

<exp(i\/§/2H)Zo> (2) <Z exp(iq/ﬁH)G%) (w) ~ 2(2 —w)??... (1.36)

q

from which we conclude that ¢ = —1. The same analysis with  gives ¢ = 1, therefore

we have found a decomposition G = %@(GJr +G ™) analogous to (1.16), which satisfies

£GHW) | (1.37)

Gw)J(z) ~ ——— Y , (1.38)

convenient to define G = —\}5(6”r (w) — G~ (w)) which means that
—_ T (w) 10J(w)
_ 2 _ 1
G(z)G(w) Cow)? iow (1.39)

For the last part of the argument it is convenient to expand the operators in modes

G(z) = %ZGTZT:W . G(z) = %Z@TZT‘W . J(z) = Zan’”’l . (1.40)

These satisfy the relations

[Jm Jm] = gmém,—m [JnyGr] = an+7"7 [Jmar] = Gn+7’7 {Graas} = (S - T)JT+S7
(1.41)
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which follow from (1.18), (1.38) and (1.39). Now we compute
{amas} = {[J(b Gr]vés} = JOGras - G'I‘JOES + asJOGT - ESG'I‘JO

= _{GT7 [J07ES]} + [‘]07 {Graas}] = _{Gra Gs} - (T - 8)[‘]07 Jr+s]
—{G,, G}, (1.42)

which, translated back into the OPE language, yields
G(2)G(w) ~ G(2)G(w) . (1.43)

This means that the GG and GG OPEs have the same singular terms. This fact
combined with (1.39) yield the remaining relations in (1.17). We have thus recovered
the structure of a N = 2 superconformal algebra, proving the claim that N = 1 SUSY

in spacetime implies (2,0) SUSY on the worldsheet.
1.4 Organization of the thesis

The remainder of this thesis is divided into three parts.

The work described in Chapter 2 is published in [27] and it was carried out in
collaboration with Ilarion Melnikov and Ronen Plesser. In this chapter we undertake
the study of hybrid theories with (2,2) supersymmetry. Roughly, a hybrid model is
a Landau-Ginzburg orbifold fibered non-trivially over a compact Kahler base. Al-
though the existence of such theories was known for more then two decades, their
properties have remained largely unexplored until recent years. In this work, we
present an intrinsic definition of a hybrid theory, that is independent of a GLSM
embedding. In order to do so, we derive several geometric constraints that charac-
terize the flow of the theory in the IR to a non-trivial fixed point. We also present
a method to compute the massless spectrum of the theory, which corresponds to
first-order deformations of the theory.

The work described in Chapter 3 is published in [26] and it was carried out in

collaboration with Ilarion Melnikov and Ronen Plesser. In this chapter we study

19



RG flows of (0,2) Landau-Ginzburg models. The superpotential of the UV theory
does not get renormalized under the RG flow, while the corrections to the kinetic
terms are believed to be irrelevant. This fact makes the problem very tractable,
as the IR behavior of the theory is encoded only in the superpotential. The UV
theory has in general a set of field redefinitions consistent with the symmetries of
the action, and the endpoints of RG flows corresponding to theories in the same
orbit of field redefinitions must coincide. If the UV superpotential admits a point
of enhanced symmetry, the R-symmetry at the conformal point might differ from
the naive one of the UV theory for general values of the superpotential. This rather
simple observation has two striking consequences: first, the moduli space of the
theory is stratified according to basins of attraction of orbits of enhanced symmetry;
second, the conformal manifold describing a theory with the naive UV properties
(central charges, etc.) might be empty. In this work, we study these “accidents” in
the context of (0,2) Landau-Ginzburg orbifolds, and, for a large subclass of theories,
we propose a geometric conjecture for the conformal manifold.

The work described in Chapter 4 is published in [25] and it was carried out in
collaboration with Ronen Plesser. In this chapter we undertake a study of o/ non-
perturbative corrections in the context of gauged-linear sigma models (GLSMs). It
is well known that, while most calculations are done in some appropriate large radius
limit (see for example the spectrum computation of Chapter 2), instanton effects are
important, as they can lift classically flat directions and they might destabilize the
vacuum and ruin conformal invariance. Indeed, at first it was thought that this was
the destiny of a general (0,2) model [35]. It was then shown that (0,2) models are non-
perturbatively stable when the gauge bundle splits non-trivially over every rational
curve in the Calabi-Yau [40]. Furthermore, there can be cases where the individual
instantons do contribute but these contributions sum up to zero [11]. It was argued in
the context of (0,2) GLSMs, that this is indeed the case [17]. However, the argument,
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while elegant and powerful, was not fully exploited and the only concrete evidence
was based on a very simple example. In this work, we show that the argument does
not apply to all linear models, and we provide a counterexample. We then conclude
by proving a theorem that defines a class of linear models that are truly conformally

invariant.
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2

(2,2) hybrid conformal field theories

2.1 Introduction

Just what is a hybrid anyway? In constructing two-dimensional superconformal field
theories (SCFTs) relevant for superstring vacua we are used to two sorts of massless
fluctuating fields: those corresponding to a non-linear sigma model (NLSM), and
those corresponding to a Landau-Ginzburg (LG) theory. The former define a clas-
sically conformally invariant system. Under favorable conditions, e.g. a Calabi-Yau
target space and world-sheet supersymmetry, the background fields can be chosen
to preserve superconformal invariance, and when the background is weakly coupled
in a “large radius limit” (i.e. the background fields have small gradients), the the-
ory reduces to a free-field limit. The latter have superpotential interactions that
explicitly break scale invariance; however, under favorable conditions, e.g. a quasi-
homogeneous superpotential, the IR limit of such a theory defines a non-trivial SCF'T.

In each case, the utility of the description is two-fold: at a fundamental level, we
can use the weakly coupled UV theory to define a SCFT; as a practical matter, the

weakly coupled description, combined with non-renormalization theorems that follow
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from supersymmetry, allow us to identify and compute certain protected quantities
such as chiral rings and massless spectra of the associated string vacua in terms of
the UV degrees of freedom.

By now the reader has surely guessed what is meant by a hybrid [97, 10]: it
is a two-dimensional theory that includes both types of massless fluctuating fields:
ones that have classically conformally invariant NLSM self-interactions, as well as
some that self-interact via a superpotential; of course an interesting hybrid also has
interactions between the two types of degrees of freedom. A hybrid is a fibered
theory, where the fiber is a LG theory with potential whose coefficients depend on
the fields of the base NLSM. The potential is chosen so that its critical point set is
the base target space. We then have two important questions: what are the criteria
for a hybrid theory to flow to a SCEFT? how do we generalize NLSM /LG techniques
to compute physical quantities?

It is well-known that all of these descriptions— large radius limits of NLSMs,
Landau-Ginzburg orbifolds (LGOs), and hybrid loci—arise as phases of (2,2), and
more generally (0,2) gauged linear sigma models (GLSMs) [97]. The GLSM phi-
losophy is that each phase should yield a limiting locus where at least protected
quantities should be amenable to computation via the UV weakly-coupled field the-
ory description. Such techniques are known for large radius NLSM and LGO phases
but not for more general phases. In this work, we take a step in developing techniques
for what we will call the “good hybrid” phases of a GLSM.!

Although this does not cover a generic GLSM phase, and there are perhaps
good reasons [8] that we should not expect a simple description for a generic phase,
it does increase the set of special points in the moduli space amenable to exact

computations; this can lead to useful insights into stringy moduli space as in [11, 7,

L Along the way we obtain a simple and direct description of the massless spectrum for the large
radius limit of a (0,2) NLSM — an application to CY NLSMs with non-standard embedding may
be found in appendix A.4 .
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4, 28]. In addition, our definition of a good hybrid model, although inspired by the
GLSM construction, will not explicitly invoke the GLSM. Thus, we are in principle
providing a new class of UV theories that can lead to SCFTs without a known GLSM
embedding.

In this chapter we will focus on hybrid theories with (2,2) world-sheet supersym-
metry that are suitable for supersymmetric string compactification, i.e. ones with
integral U(1)r, x U(1)gr R-symmetry charges; as in the case of LGO string vacua, this
is achieved by taking an appropriate orbifold.

While such models offer a good point of departure, it is clear that a more general
(0,2) hybrid framework will be both computationally useful and conceptually illu-
minating. While we are not going to tackle (0,2) hybrids in this thesis, for now we
note that just like (2,2) LG models, the hybrids incorporate a class of Lagrangian
deformations away from the (2,2) locus. These are obtained by smoothly deforming
the (2,2) superpotential to a more general (0,2) form.

In what follows, we first give a broad geometric description of (2,2) hybrids,
construct a Lagrangian for a good hybrid model and study its symmetries. With
that basic structure in hand, we turn to a technique, valid in the large base volume
limit and generalizing the well-known (2,2) and (0,2) LGO results of [61, 41], to
compute the massless heterotic spectrum of a hybrid compactification. We then
apply the techniques to a number of examples and conclude with a brief discussion

of applications and further directions.
2.2 A geometric perspective

The geometric setting for our theory is a (2,2) NLSM constructed with (2,2) chiral
superfields. Consider a Kéahler manifold ¥ equipped with a holomorphic function—
the superpotential W—chosen so that its critical point set is a compact subset B <
Y,. More precisely, dW, a holomorphic section of the cotangent bundle 75, has
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the property that dW=1(0) = B < Y. We call this the potential condition. A LG
model, with ¥j ~ C" and B being the origin, is a familiar example. A compact Y
necessarily has a trivial superpotential, and the resulting theory is just a standard
compact NLSM.

We say a geometry satisfying the potential condition has a hybrid model iff the
local geometry for B < Y can be modeled by Y — the total space of a rank n
holomorphic vector bundle X — B over a compact smooth Kéahler base B of complex
dimension d. The point of this definition is that the superpotential interactions will
lead to a suppression of finite fluctuations of fields away from B, so that the low
energy physics of the original NLSM will be well-approximated by the restriction
to the hybrid model. Our main task will be to describe this low energy physics,
and in what follows we will concentrate on the hybrid model geometry Y. In many
examples (e.g. the LG theories) Y ~ ¥, but our results apply to the more general
situation where Y is simply a local model. A simple example of a hybrid geometry,
where X = O(—2) over B = P!, is presented in appendix A.1.

In order to be reasonably confident that the low energy limit of a hybrid model
is a (2,2) SCFT, we will need the geometry to satisfy several additional conditions
intimately related to the existence of chiral symmetries and GSO projections. It will
be easiest to discuss these after we introduce the explicit Lagrangian realization of
this geometry. In our examples these features will already be present in the “UV”
completion of the hybrid model, offered either by ¥ or some other high energy
description such as a GLSM.?

A final geometric comment, relevant for heterotic applications, concerns (0,2)-
preserving deformations of these theories. (2,2) theories often admit a class of smooth
(0,2) deformations, where the left-moving fermions couple to a vector bundle £ — Y,

a deformation of Ty, and the (0,2) superpotential is encoded by a holomorphic section

2 Tt would be interesting to find hybrid examples where these features emerge accidentally.
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J € T'(E*) with J71(0) = B. In the hybrid case there exist (0,2) deformations where
E = Ty but dJ # 0; such a (0,2) superpotential cannot be integrated to a (2,2)

superpotential W. Turning these on leads to a simple class of (0,2) hybrid models.
2.3 Action and symmetries

In this section we construct the (2,2) SUSY UV action for a hybrid model and
analyze its symmetries. We begin with the necessary superspace formalism for a
flat Euclidean world-sheet with coordinates (z,Z). Since we are interested in (0,2)
deformations of (2,2) theories, it will be convenient for us to work with both (2,2) and
(0,2) superspaces.® Let’s start with the latter. Introducing Grassmann coordinates

6 and 0, we obtain the supercharges

0

- — _
Q= —%4-0%, Q= —£+«9@g, (2.1)

where ¢ = 0/0Z. These form a representation of the (0,2) SUSY algebra: Q% =

@2 = 0and {Q, Q} = —26. The supercharges are graded by a U(1)g symmetry that
assigns charge g = 1 to 6, and they anticommute with the supercovariant derivatives

o I
D= _—_ D=— 2.2
89+96;, 69+96;, (2.2)

that satisfy D2 = D’ = 0 and {D, D} = 22..

To build a (2,2) superspace we introduce additional Grassmann variables ¢’ ,gl
and form Q’, @/, as well as D' and 5/, by replacing (6,0, 3) — (9’,5,@), where
0, = 0/0z. These supercharges and derivatives are graded by U(1);, that assigns
charge g =1 to 0.

2.83.1 Multiplets

We are interested in Kahler hybrid models with target space Y, and these can be

constructed by using bosonic chiral (2,2) superfields and their conjugate anti-chiral

3 Our superspace conventions are those of [81]; more details may be found in [39] or [95].
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multiplets? denoted by Y* and ia, with a,&@ =1,...,dimY . These decompose into

(0,2) chiral and anti-chiral multiplets as follows:

V=Y 20X + 000" YV =YV V2AXT 000",
Y =y 4 200 + 003y° V" =y — V205" — 608
X =\ + V20H™ + 000y X" =x" +\V20H" — 000" . (2.3)

The Y* are bosonic (0,2) chiral multiplets, while the X'* are chiral fermi multiplets,
with lowest component a left-moving fermion x®; the H® and their conjugates are
auxiliary non-propagating fields.’

Since Y is the total space of a vector bundle, it will occasionally be useful to split
the ¥y into base and fiber coordinates, which we will denote by y® = (y/, ¢'), with
I=1,...,dand i =1,...,n. The y' are then coordinates on the base manifold B,

while the ¢' parametrize the fiber directions.
2.3.2  The (2,2) hybrid action

The two-derivative (2,2) action is a sum of kinetic and potential terms, with

| _ - B
Sin = 7 f P2 DDLya, L = yDDED,Y)

Vom [, 1
ym d*z DIW(Y,X) + c.c., W = \—@D W) . (2.4)

Spot =

As is well-known, the kinetic term leads to a Y NLSM with a Kéahler metric g. The
superpotential W is a holomorphic function on Y satisfying the potential condition,

ie. dW(0)~! = B; m is a parameter with dimensions of mass. If the metric g is

4 Recall that a chiral superfield A satisfies the constraints DA = DA = 0; more general (2,2)
multiplets (twisted chiral and semi-chiral) are reviewed in, for instance, [74].

> A comment on Euclidean conventions: the charge conjugation operator C, inherited from
Minkowski signature, conjugates the complex bosons and acts as C(x) = X and C(¥) = —x for
every fermion Y.
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well-behaved, then the potential condition leads a suppression of field fluctuations

away from B < Y via the bosonic potential

[m/?

m 2 af 1/
S o ?fd z g 0 WogW | (2.5)

and at low energies (as compared to |m|) the kinetic term can be taken to be quadratic

in the fiber directions, i.e. the Kéahler potential is

K =K' 7))+ oh(y', 7)o + ..., (2.6)

where K is a Kahler potential for a metric on B, h is a Hermitian metric on X —
B, and ... denotes neglected terms in the fiber coordinates. Using the base-fiber

decomposition the metric g,5 = do0zK = K5 then takes the form

g = (K5 — ¢Fhd)dy'dg’ + DohDé + ..., (2.7)

where A = Ohh~! is the Chern connection for the metric h, F = 0A is its (1,1)

curvature, and D¢ = d¢ + ¢.A is the corresponding covariant derivative.
Positivity of the metric and the case Y ~Y

In many cases we need not worry about higher order corrections to g in order to define
a sensible theory. As in the simple case of LG models, this would be a situation where
we need not consider the distinction between Y and Y from above. Examining the
form of g, we see that a necessary condition is that ¢JF Ijha is non-positive for all
points in Y. We say a bundle X — B is non-positive if it admits a Hermitian
metric h that satisfies this non-positivity condition.

Thus, to use (2.6) to define a UV-complete theory, we are led to a geometric
question: what are the non-positive bundles over B? This is closely related to

classical questions in algebraic geometry regarding positive and/or ample bundles,

6 Suppose there is a point p € B and ¢o € 7~ !(p) such that the Hermitian form ¢o.F, Ijh$0 has
a positive eigenvalue. Then taking ¢ = t¢g, for sufficiently large ¢t the metric g will cease to be
positive.
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and using those classical results we can easily find sufficient conditions for non-
positivity. Recall that a line bundle L — B is said to be positive if its (1,1) curvature
form is positive; it is said to be negative if the dual bundle L* is positive [54, 73].
Taking X = ®;L;, a sum of negative and trivial line bundles, leads to many examples
of non-positive bundles.

We should stress two points: first, even this set of examples leads to many pre-
viously unexplored SCFTs. Second, more generally, we do not need to assume that
Y ~ Y or that g has no higher-order terms in the fibers. The low energy limit of a
UV theory with a hybrid model will be well-described by our action, and the poten-
tial condition will imply that the fiber corrections to the metric will not be important
to the low energy physics. We will analyze one such example below, where X is a

sum of a positive and a negative bundle.
(0,2) action

Since we are interested in heterotic applications as well as (0,2) deformations, it is

useful to have the manifestly (0,2) supersymmetric action obtained by integrating
over ¢’ ,9/ in (2.4). Absorbing the superpotential mass scale m into W the result is

Lign = HEKL LY — Kz Y") + g,5X0°X" W= X°W, . (2.8)

1
2
where K, = 0K /oY*, W, = dW/dY“, etc. It is a simple matter to obtain the

classical equations of motion from the (0,2) action’. The result is

DXy =V2Wa D00V 40,5, 8 0| = V20 W5, (29)

where we defined the fermi superfield X, = 9.5, Y)X g

" If A and B are (0,2) superfields, then Dﬁ(AB)|97§:O =0 VB = A = 0; any chiral (anti-
chiral) superfield, say dX (6X), can be expressed as DP (DP) for some superfield P.

29



Component action

Finally, we can integrate over the remaining (0,2) superspace coordinates # and 6 to

obtain the component action. The auxiliary field A is determined by the equations

of motion (2.9):
9ogH = 9051 X" + Wa , (2.10)
and using this as well as ¥, = gagyg we obtain
21L = g,5 @y“@z?ﬁ + ﬁBDzno‘) + XaDoX* = 1R ,5. XX — X0 DsWa

+ X DsWa + ¢ W W5 (2.11)

where the covariant derivatives are defined with the Kéhler connectionI'g, = g3 5 g%,

e.g.
Dax® = X" + &y T X", DaWs = W — T W, (2.12)
and the curvature is RO(BW‘S = Ffwﬁ' This is a complicated interacting theory, and

in general it is not clear that one set of fields is preferred to another (say using ¥,
instead of X®); however, for the purpose of determining the massless spectrum, it
turns out to be useful to introduce another field redefinition to keep track of the
non-zero left-moving bosonic excitations:

Pa = GaxlT" + Fiy%dxw ) (2.13)

in terms of which the left-moving kinetic terms take a strikingly simple form:
21 L = paly® + Xalex® + 1° [gaaDzﬁB + ﬁERang(sx” +x” DaWﬁ]
+ X7 DgWa + ¢7 W W5 . (2.14)
Unlike the other fields p does not transform as a section of the pull-back of a bundle
on Y under target space diffeomorphisms; this will have important consequences

below.
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2.3.3 Symmetries
We now examine the symmetries of the hybrid Lagrangian.
The Q supercharge

Our action respects (2,2) SUSY generated by the superspace operators Q and Q, as
well as their left-moving images. We define the action of the corresponding operators
Q and Q by

V2[6Q + £Q, Al = —£QA - £0A, (2.15)

where £ is an anti-commuting parameter and A is any superfield. In order to avoid
writing the graded commutator, we will use a condensed notation £Q - A = [£Q, A].
For our subsequent study of the right-moving Ramond ground states, we will be

particularly interested in the action of Q. Using the superfields in (2.3), we obtain

Q y* =0, Q- x*=0, Q- n"=ac¢y", Q- H

Q

e
=X

o

ﬁ :07

o

o
=

—0. (2.16)
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The action of the remaining supercharges is easily obtained from this one by conju-
gation and/or switching left- and right-moving fermions. Eliminating the auxiliary

fields by their equations of motion we obtain

a‘ya:_ﬁa7 G'YO[:WOZ7 G'EQZO' (217)
From (2.9) it follows that up to the 7 equations of motion we also have Q - p, =
x? Wso. Hence we can decompose Q as Q = Q, + Qyy, where the non-trivial action
is

Qo 7 =-1", Qo n" =0y, Qu Xa=Wa, Qu po=x"Ws . (2.18)
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These satisfy @3 = 6?,[, = {Q,, Qy/} = 0.8 Q, is the supercharge for the NLSM

with W = 0, while @W incorporates the effect of a non-trivial potential.
Chiral U(1) symmetries

The U(1);, x U(1)gr symmetries play an important role in relating the UV hybrid
model to the IR physics of the corresponding SCFT. In the classical NLSM with
W = 0 the presence of these symmetries is a consequence of the existence of an
integrable, metric-compatible complex structure on Y. In terms of component fields,
the symmetries leave the bosonic fields invariant, while rotating the fermions as

follows:

UMY = 6in=0,  d)x=—iex; UM} : 6pn=—ien,  dpx =0, (2.19)

where € is an infinitesimal real parameter. These naive symmetries are explicitly
broken by the superpotential, but they can be improved if the geometry (Y, g)
admits a holomorphic Killing vector V satisfying Ly W = W.?2 V generates a non-
chiral symmetry action
SyY = ieVeY), &Y = —ieV (V) v XY = ieV3AXP 6, AT = —ieVGA
(2.20)
and it is easy to see that o, p = 5%’ g + 0y are symmetries of the classical action.
While U(1)giag © U(1)r, x U(1)g has a non-chiral action on the fermions and
hence is non-anomalous, U(1), is a chiral symmetry that will be anomaly free iff

c1(Ty) = 0, a condition satisfied when Y is a non-compact Calabi-Yau manifold, i.e.

8 If we keep the terms in @ - p proportional to 7j equations of motion and decompose that into
a W-independent and W-dependent contributions, we find that the decomposition Q@ = Q, + Qy,
into a pair of nilpotent anti-commuting operators holds without use of equations of motion; for us
the result of (2.18) will be sufficient.

9 Holomorphic Killing vectors satisfy V% = 0 and Lyg = 0. They are a familiar topic in

supersymmetry—see, e.g., Appendix D of 7[94]. Note that on a compact Kahler manifold a Killing
vector field is holomorphic, but this can fail on a non-compact manifold. Killing vectors on Kahler
manifolds are further discussed in [14, 83].
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Y has a trivial canonical bundle Ky ~ Oy. In what follows we assume Ky is indeed
trivial (this is stronger than ¢;(Ty) = 0). When X = @®;L;, a sum of line bundles
such that ®;L; is negative, then since Ky = Kp ®; L} the anti-canonical class of B
is very ample and B is Fano.!°

In what follows we will denote the conserved charge for U(1)y, (U(1)r) by Jo (Jo)

and its eigenvalues on various operators and states by g (q).
R-symmetries for good hybrid models

We would like to identify the UV U(1);, x U(1)r symmetries described above with
their counterparts in the conjectured IR SCFT. As usual, there is a small subtlety in
doing this when V' is not unique. In practice this is easily achieved by picking a suffi-
ciently generic superpotential and more generally, one could use c-extremization [23]
to fix U(1)L, x U(1)r up to the usual caveats of accidental IR symmetries.

More importantly, in order for the UV R-symmetry of the hybrid model to be a
good guide to the IR physics, we need V' to be a vertical vector field, i.e. Ly7*(w) =0
for all forms w € Q°*(B), and in particular the U(1);, x U(1)g symmetries fix B point-
wise. We denote a model where this is the case a good hybrid. As we show in

Appendix A.2 this implies

V=206 55 + cc. (2.21)

for some real charges ¢;. The ¢; have to be compatible with the transition functions
defining X — B, and since LyyW = W, and W is polynomial in every patch, ¢; € Q.
In a LG theory, i.e B a point, standard results show that if the potential condition
is satisfied then without loss of generality 0 < ¢; < 1/2 [69, 67]. More generally,
the potential condition requires that W (y’, ¢), thought of locally as a LG potential

for the fiber fields ¢ depending on the “parameters” y’, should be non-singular in a

10 A variety is Fano iff its anti-canonical class is ample; Fano varieties are quite special: for instance
HY(B,0) =0 for i > 0, Pic(B) ~ H?(B,Z); in addition, they are classified in dimension d < 3 and
admit powerful criteria for evaluating positivity of bundles [73].
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small neighborhood of any generic point in B. Hence, the range of allowed ¢; is the

same for a hybrid theory as it is for LG models.
The orbifold action

Our main interest in the hybrid SCF'Ts is for applications to supersymmetric com-
pactification of type II or heterotic string theories. For left-right symmetric theories
this requires the existence of U(1);, x U(1)r symmetries with integral q, g charges
of all (NS,NS) sector states [15]. Our hybrid theory, if it flows as expected to a
¢ =¢=9SCFT in the IR will not satisfy this condition. Fortunately, the solution
is the same as it is for Gepner models [51] or LG orbifolds [92, 58]: we gauge the
discrete symmetry I' generated by exp[2miJy|, where Jy denotes the conserved U(1)y,
charge; since all fields have q —q € Z, the orbifold by I is sufficient to obtain integral
charges.

In the line bundle case with ¢; = n;/d; we then see that I' ~ Zx, with N the least
common multiple of (dy, ..., d,). Since I' is embedded in a continuous non-anomalous
symmetry we expect the resulting orbifold to be a well-defined quantum field theory,
and the resulting orbifold SCFT will be suitable for a string compactification.

In addition to the introduction of twisted sectors and the projection, the orbifold
has one important consequence for the physics of hybrid models: it allows us to
consider more general “orbi-bundles,” where the fiber in X — B is of the form C"/T,
and the transition functions are defined up to the orbifold action. For instance, we
will examine a theory with B = P? and X = O(—5/2)®O(—3/2), where the orbifold

I’ = Z, reflects both of the fiber coordinates.!'!

11'A GLSM embedding of this hybrid model is given in section 2.5 of [1] .
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2.3.4 The quantum theory and the hybrid limait

Having defined the classical hybrid model’s Lagrangian and discussed its symmetries,
we now discuss the quantum theory. To orient ourselves in the issues involved, let’s
recall the case of (2,2) LG models — the simplest examples of hybrids. These theories
have a Lagrangian description at some renormalization scale u as a free kinetic term
for chiral multiplets, and a superpotential interaction with dimensionful couplings
m. The theory is weakly coupled when p » m, and we can use the Lagrangian
and (approximately) free fields to describe the theory. The low energy limit p — 0
is then strongly coupled, and while W is protected by SUSY non-renormalization
theorems, the kinetic term receives a complicated but irrelevant set of corrections.
There is by now overwhelming evidence that these do flow to the expected SCFTs,
in accordance with the original proposals [75, 93], and computations of RG-invariant
quantities allow us to use the weakly coupled i » m description to describe ezactly
the SCFT’s (c,c) chiral ring and more generally the Q-cohomology. Furthermore,
the results extend to LGOs suitable for string compactification.!?

There is a small IR subtlety in using the weakly coupled LG description: the
theory at W = 0 is non-compact and has all the usual difficulties associated with
non-compact bosons. This is of course not very subtle since the theory is free;
however, more to the point, in using the weakly coupled description we still keep
track of the R-charges and weights that follow from the superpotential and do not
consider states supported away from the W = 0 locus.

A more general hybrid theory has a similar structure, except that now there are
two sorts of couplings: the superpotential couplings m/u, as well as the choice of
Kéhler class on the base B. Although the latter coupling is typically encoded in

the kinetic D-term, it can also be expressed as a deformation of the twisted chiral

12 These typically have non-trivial (a,c) rings encoded in the twisted sectors, and that ring structure
is not easy to access directly via the LG orbifold description.
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superpotential. Hence, the Kahler class and superpotential couplings do not receive
quantum corrections. Of course we do expect corrections to the D-terms, but these
should be irrelevant just as they are in the LG case. Moreover, there is good evidence,
based on GLSM constructions, that the hybrid models with a GLSM UV completion
should flow to SCFTs with expected properties (i.e. correct central charges and R~
symmetries), and we expect the same to hold for more general hybrid models. As
in the LG case, the strict W = 0 limit may be subtle, perhaps even more so, since
it may require us to specify additional details about the geometry of Y. However,
we may use the same cure for these IR subtleties as we do in the LG case: use the
R-charges and weights encoded by the superpotential and restrict attention to field
configurations and states supported on B.

Assuming a hybrid model does flow to an expected SCFT, we would like to
have techniques to evaluate RG-invariant quantities such as the Q-cohomology. It
is here that there will be important conceptual and technical differences from the
LG case due to the non-trivial base geometry B. For instance, we expect the Q-
cohomology to depend on the choice of Kahler class on B. While there will not
be a perturbative dependence, we do in general expect corrections from world-sheet
instantons wrapping non-trivial cycles in B. These corrections are suppressed when
B is large, which leads us to define the hybrid analogue of the large radius limit of a
NLSM: the hybrid limit, where the Kéhler class of B is taken to be arbitrarily deep
in its K&hler cone. In what follows, we will study the Q-cohomology of a hybrid

model in the hybrid limit.
2.4 Massless spectrum of heterotic hybrids

In this section we develop techniques to evaluate the massless spectrum for a com-

pactification of the Eg x Eg heterotic string based on a ¢ = ¢ = 9 (2,2) hybrid SCFT.!3

13 The SO(32) case can be handled in an entirely analogous fashion.
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We first review the standard prescription [51, 92, 61] to obtain a modular invariant
theory and identify world-sheet Ramond ground states with massless fermions in
spacetime. We then discuss how to enumerate these ground states by studying the

Q cohomology in the hybrid limit.
2.4.1 Spacetime generalities

In order to describe a heterotic string compactification, we complete our hybrid
c=¢=9 N = (2,2) SCFT internal theory to a critical heterotic theory by adding
ten left-moving fermions (with fermion number F)) that realize an s0(10) level 1
current algebra, a left-moving level 1 hidden eg current algebra, and the free ¢ = 4,
¢ = 6 theory of the uncompactified spacetime R%3.

A modular invariant theory is obtained by performing left- and right- GSO pro-
jections. The left-moving GSO projection onto e/ (=) = 1 is responsible for
enhancing the linearly realized u(1);, @ s0(10) gauge symmetry to the full eg. The
right-moving GSO projection has a similar action, combining J, with the fermion
number of the R'? theory. Its immediate spacetime consequence is N = 1 space-
time supersymmetry, or equivalently, a relation, via spectral flow, between states in
right-moving Neveu-Schwarz and Ramond sectors. Spacetime fermions arise in the
(NS,R) and (R,R) sectors, and supersymmetry allows us to identify the full spectrum
of supermultiplets in the spacetime theory from these states.

The spacetime theory obtained by this procedure will have a model-independent
set of massless fermions: the gauginos of the hidden eg, the gravitino, and the dilatino.
In what follows we focus on the model-dependent massless spectrum. In particular,
the hidden eg degrees of freedom are always restricted to their NS ground state and
just make a contribution to the left-moving zero-point energy.

On-shell string states have vanishing left- and right-moving energies. For massless

states there is no contribution to Ly from the R'3 free fields; massless fermions are
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thus states in the (R,R) and (NS,R) sectors with vanishing left-moving and right-
moving energies. In the (R,R) sector, massless states are associated to the ground
states in the internal theory, related by spectral flow to (NS,NS) operators comprising
the “chiral rings” [93] of the theory. Massless states in the (NS,R) sector include
states related to these by left-moving spectral flow as well as additional states. The
main result of [61] is a method for describing these states in LGO theories, which we

here extend to hybrids. This relies on the familiar fact that since

{QQ}=2L; @=Q =0 (2.22)

the kernel of Ly is isomorphic to the cohomology of Q.
The right-moving GSO projection is onto states with g € Z + %; those with

q = —1/2 (@ = 1/2) correspond to chiral (anti-chiral) multiplets, while states with

q = +3/2 are gauginos in vector multiplets. The U(1), charge g determines the ¢4
representation according to the decomposition

¢¢ 2 50(10) D u(1)

78 = 45, D 16_3/, D 1632 D 1,

27 = 161, ®10_, ® 1,

27 =16_1,®10, D 1_, . (2.23)

As in the LG orbifold case [92, 61], the GSO projection can be combined with the
hybrid orbifold of I' = Zy to an orbifold by Zy x Zy =~ Zsy. Therefore we need to
study the 2N sectors twisted by [exp(inJy)]*, k = 0,...,2N — 1.1 Spacetime CPT
exchanges the k-th and the (2N — k)-th sectors, and CPT invariance means we can
restrict our analysis to the £k = 0,1,..., N. sectors. The states arising in (R,R) (k
even) sectors give rise to eg-charged matter. This is easy to see since in this case the

ground states of the s0(10) current algebra transform in 16@®16. Massless eg-singlets

14 That is, schematically, in the k-th twisted sector fields satisfy ¢(ze?™ ze=27%)
[exp(imJo)]*¢(z,Z). We will make these periodicities more precise shortly.
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are of particular interest, and they can only arise from (NS,R) sectors, i.e. sectors

with odd k.
2.4.2  Left-moving symmetries in cohomology

The action of U(1);, commutes with @, and following [98, 90], we can find a repre-
sentative for the corresponding conserved current in Q-cohomology, denoted by Hg.
Consider the operator

Ty = XP(DaVe — 63)X, — Vg, 50Y . (2.24)

Using (2.9) and LyW = W it follows DJ;, = 0. Observing that Q and D are
conjugate operators, Q = — exp [256@] Dexp [299@], we conclude that
Jr= Tilo—g = X' (Ve = 05)Xa = Vpa (2.25)

is Q-closed and hence has a well-defined action on Hg. Similarly, we can obtain
the remaining generators of the left-moving N = 2 algebra in Hg. To find the
energy-momentum generator 7' we observe that

76 = —gaﬁazyaaz?ﬁ - XaDz?a = _azyoz [gaﬁaz?ﬁ - gfyﬁ,a‘)(vy?ﬁ:l - Xa(’}zya

(2.26)
satisfies DTy = 0, as does
1
T=T~ 50 (2.27)
The lowest component of 7 is Q-closed and given by
]- — @ anN— 1 ~ @ [e4
T = —0y"pa — = (XaloX + X“0Xa) — 20 [XXaV% = V4] - (2.28)

2 2

The remaining generators of a left-moving N = 2 algebra are obtained from the
D-closed fields
Gt =iV2[X.aY® —a(®,V)], G =iv2 [Xo‘gaB@?B] , (2.29)

yielding the left-moving supercharges G* in Hg:
G =iV2[Xa0y® — XV, G =iV2X%pa - (2.30)
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Table 2.1: Weights and charges of the fields.

~|
~

7

v lpr | X X |9 X Xi
q |00 -1]1 || ¢ |¢—1|1-gq
2| 0 | 2 1 11 ¢ |2—q¢ |14+qg|1—gqg
q| 010 0 g | —4 i —qi

2.4.3 Reduction to a curved bc — By system

The action (2.14) determines the OPEs for the left-moving degrees of freedom to be

y*(2)ps(w) ~ 05, X"(2)Xp(w) ~ 0F - (2.31)

zZ—w zZ—w

Using the normal ordering defined by these free-field OPEs we can define T', J, and
G* in the quantum theory. This is particularly simple with our choice of fields and
Killing vector V: the operators are quadratic in the fields, and it is easy to check

that they indeed generate an N = 2 algebra with central charge

c=3d+35" (1-2q) (2.32)

which we recognize as the sum of the fiber LG central charge and the contribution
from the base. The U(1)y, charge Jy and left-moving Hamiltonian L are obtained in

the standard fashion as

JO = %ﬁ(][,( ) s Lo = —ZT (233)

2T 271

and the resulting charge and weight assignments for the fiber fields are given in
table 2.1 together with the U(1)r charge g. These currents are trivially annihilated

by Q, and commute with Qy;, whose action is now realized as

Qu = V—'z. W (y)] (2) - (2.34)

271

It may seem a little bit puzzling that we have been able to reduce the entire

problem to a free first order system. What, the reader may ask, encodes the target
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space geometry, for example? The answer, familiar from [85, 99|, is that the free
field theory description only applies patch by patch in field-space. That is, we cover
Y with open sets U, and local coordinates z%, and on each Uy, = U, n U, # &

xp = xp(x,), and we define the holomorphic transition functions

oxy e
(Tha)§ = j (S1)%, = (T,.)5(Th)5, - (2.35)

The left-moving fields then patch according to

(67

Yy = x?(ya) ) sz = (Tba)ng ) Yboe = (Tb_l)gy(zﬁ )
Poa = (Tb;1)§ [pbﬁ - Sgaﬁwyéxﬂy] . (236)

where the transition functions are evaluated at y,, €.g. Tpa = Tpa(ya). Note that the
patching of p requires a normal-ordering due to singularities in the y — p and ¥ — x
OPEs. Of course there are similar transformations for the right-moving fields y and
n,7m. For instance, the ﬁT transform as sections of y*(T5).'?

These transition functions require a careful analysis when we expand about world-
sheet instanton configurations, i.e. non-trivial holomorphic maps > — Y. This,
together with non-trivial fermi zero modes in the background of an instanton will
lead to world-sheet instanton corrections to @Q,.'% These corrections vanish in the
hybrid limit where we expand about constant maps o,y = ¢y = 0, and the only
non-trivial @, action is on the anti-holomorphic zero modes Q, - y5 = —75. In fact,
since the 7' are Q-exact, as far as cohomology is concerned, we can safely ignore
the 7* as well as the anti-holomorphic bosonic fiber zero modes 62 So, the only
non-trivial @, action is on the base anti-holomorphic zero modes: Q, - 75 = —7. In
what follows we will drop the zero mode subscript on these right-moving fields with

the understanding that 7 and 7 will denote the base antiholomorphic zero modes.

15 As we are working on a flat world-sheet throughout this chapter, we do not keep track of the
world-sheet spinor properties of the fermionic degrees of freedom.

16 Since @y is associated to a chiral superpotential, we do not expect it to be corrected by world-
sheet instantons.
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2.4.4 Massless states in the hybrid limit

Our task now is to work out, in each twisted sector, the set of GSO-even states
that belong to Hg and carry left-moving energy E' = 0. We construct the relevant
states (i.e. the only ones with required energy and charges) in the Hilbert space
as polynomials in the fermions and non-zero bosonic oscillator modes tensored with
wavefunctions of the bosonic zero modes. In a generic twisted sector the bosonic
zero modes correspond to the compact base B, while in less generic sectors there can
be additional bosonic zero modes. However, since the non-compact bosonic modes
will be lifted by the superpotential, in what follows all bosonic wavefunctions will be
taken to be polynomial in the fiber fields.

The operators 7" and J;, can be used to grade the states according to their energy
E and left-moving charge q, and we can evaluate Q-cohomology on the states of
fixed £ and g. An important simplification comes from working in the right-moving
Ramond ground sector. A look at (2.18) shows that, as far as Q-cohomology is
concerned, we can neglect any states containing oscillators in &y®, as well as any
non-zero mode of n®. We choose the Ramond ground state annihilated by the zero
modes of n“, so our states will be constructed without n® or right-moving bosonic
oscillators. We will call the resulting space of states the restricted Hilbert space H.

In general this will be infinite-dimensional even at fixed £ and q.
Twisted modes and ground state quantum numbers

In this section we provide expressions for E, g and q of the states in a fixed twisted
sector. For simplicity, we work out the case X = @;L;. The result extends imme-
diately to orbi-bundles of the form X = @;L;" for z; € Q. It should be possible to
treat the case of more general X at the price of additional notation.

The first task is to describe the mode expansions of the fields and the quantum
numbers of the ground states |k). While we can restrict to right-moving (i.e. anti-
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holomorphic) zero modes, the left-moving oscillators need to be treated in detail.
In each patch of the target space the moding of the left-moving fields in the k-th

twisted sector is

yi(2) = D oyt ()= D e

rel—vq r€l—Uq
pa(2) = D payz T, Xo(2) = D) Xapz " (2.37)
r€l+vq r€l+Vq
where
k: o ~ k o 1 0 1 (0%
l/oézi mod 1, I/QZM mod 1 , ha——zhazq—. (2.38)
2 2 2 2

We choose 0 < v, < 1 and —1 < 7, < 0 and recall that the oscillator vacuum |k) is
annihilated by all the positive modes. When y, ¥ have zero modes our conventions
are that the ground state is annihilated by the xo modes.

The mode (anti)commutators follow from (2.31) and (2.37):

[y?7pﬁs] = 62(57",*8 ) {X?7Y[33} = 5557‘,*8 : (239>

Each oscillator carries the obvious q, q charges and contributes minus its mode num-
ber to the energy. By using this mode expansion to compute 1-point functions of T’
and Jy, in the oscillator vacuum |k), we determine the quantum numbers of |k). The
left- and right-moving charges are given by

ai = 3 |~ 10 + 3) = aal0 - 3]

o L

T = 3 |00+ 5+ (@0 — 1w + —>] , (2.40)

o L

and while the left-moving energy is Ej;, = 0 for k even, we have

5 1

E‘k>= —§+§

D el = va) + Pal(l + %)), (2.41)
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for k odd. Note that this includes the usual —c¢/24 shift: £ = Ly — 1.

The oscillator vacuum |k) we have constructed is not in general a state in the
Hilbert space. To specify a state we need to prescribe a dependence on the bosonic
zero modes so as to get a well-defined state, but from above we see that |k) transforms
as a section of a holomorphic line bundle Ly, over B. When X = @;L; we find (using
Ky = Oy)

®iL§§i_w) for k even,
Ligy = (Fr—vit 1) (2.42)
&iL; for k odd .
From (2.38) we see that if we set v; = 0 and 7; = —k/2 mod 1, then 7, = vy — U, is
0 =0 1/2 v, <2
To = g foreven k; 7, = /2 v > for odd k . (2.43)
1 v, #0 3/2 vy > 1

This shows that Ly, is well-defined because 7, € Z for k even and 7, € Z + % for k

odd. A well-defined ground state can be of the form
U = Uoy, )y, - TR (2.44)

where 3y’ denotes bosonic zero modes, the ﬁT are the right-moving superpartners of the
base coordinates and W¥ are (0,u) horizontal forms on Y valued in the holomorphic
sheaf L. In sectors in which there are additional zero modes (k = 0 is always an
example of this) there are more general ground states, and in (R,R) sectors a subset
of these ground states describes the massless spectrum.

This non-trivial vacuum structure is a generalization of familiar limiting cases of
the hybrid construction. When Y = B a compact Calabi-Yau manifold, the Ramond
ground state is a section of a trivial bundle (the square root of the trivial canonical

bundle); in the LGO case each twisted sector has a unique ground state |k).
The double-grading and spectral sequence

Our restricted Hilbert space H at fixed E and g admits a grading by U(1)g charge,
and @ acts as a differential, Q : Hg — Hg+1 that preserves the left-moving quantum
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numbers. A key observation, made in the LG case in [61], that makes the cohomology
problem tractable is that in fact H admits a double-grading compatible with the split
Q = @0 + Qy in (2.18). Let U be an operator that assigns charge +1 to 7, —1
to 1, and leaves the other fields invariant. Although U is not a symmetry of the
theory when W # 0, we can still grade our restricted Hilbert space according to the
eigenvalues u of U and p = g —u, and since [U, Q,] = Q, and [U, Qy;] = 0 we obtain
a double-graded complex with

Qo HP' — HPUL Qs HP — P (2.45)

acting, respectively, as anticommuting vertical and horizontal differentials. The co-

homology of @ is thus computed by a spectral sequence with first two stages

EP" = Hg (WP*),  and  E}“ = HD HE (H*"). (2.46)

In general, F,,; is obtained from E, as the cohomology of a differential d, acting as

d, : EPY — prrrutior (2.47)

We have, for example, dy = Q, and d; = Q. The differentials at higher stages are
produced by a standard zig-zag construction [30]. Since the range of U is 0 < U < d
the differentials vanish for 7 > dim B, and the sequence converges: Ef o | = E&" =
H%u(%.,.)‘

We now have almost all of the tools to describe the massless spectrum. In each
twisted sector there is a geometric structure that organizes the states in the spectral
sequence. On H the @, action is simply

0. — i~
Qo = peg (2.48)
so Q, cohomology amounts to restricting to horizontal'” Dolbeault cohomology

groups, while Qy, cohomology imposes further algebraic restrictions.

17 We mean in the sense of the fiber-base geometry of Y.
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Since the geometry is typically non-compact the @, cohomology groups are of-
ten infinite-dimensional. Fortunately we can obtain a well-defined counting problem
because @, respects the fine grading by a vector r = (ry,...,r,) € Z" that assigns
grade r to a monomial [ [, ¢;".'"® Restricting to a particular grade leads to finite-
dimensional vector spaces that, as we show in appendix A.3, are readily computable
in terms of sheaf cohomology over B. The fine grading is a refinement of the phys-
ically relevant grading by q and FE, and therefore it gives an effective method for
evaluating the first stage in the spectral sequence E{™ at fixed twisted sector, q, and
E.

The next step is to study the Qy, cohomology, i.e. the second stage Ey" =
H% (H% (H"')) . Once the first two stages of the spectral sequence are determined,
w 0

we are able to compute the cohomology of @Q; higher derivatives are then determined
by standard zig-zag arguments in terms of the two differentials Q, and Q.

The geometric structure depends on the twisted sector, and rather than presenting
a universal framework at the price of opaque notation, we will next consider the

relevant geometries in three separate situations:

1. The (R,R) sectors: k € 2Z. In this case since Ej;y = 0 we can restrict to zero

modes for all the fields, which leads to a very transparent structure.

2. The untwisted (NS,R) sector: k& = 1. This and its CPT conjugate sector
k = 2N — 1 are the only states with Ej;, = —1. In this case the geometry
is simply Y, and the spectrum involves an interplay between non-trivial base

and fiber oscillators.

3. (NS,R) sectors with odd k and Ej,, > —1. In this case the organizing geometry

is a sub-bundle of Y — B, and while the choice of sub-bundle is k-dependent,

18 This grading has a simple physical interpretation: the W = 0 theory has n U(1) symmetries
that rotate the fiber fields separately.
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the spectrum simplifies since base oscillators have h = 1 and do not contribute

to the massless states.

We consider these possibilities in turn in the next section.
2.5 Twisted sector geometry

To describe the geometric framework for the various twisted sectors we find it useful
to distinguish base and fiber fields, with the latter differentiated according to the
values of 7,. More precisely, we split the coordinates y* — (yo",gbA), such that
T < 1 and 74 = 1. The y® decompose further into base and fiber directions:
vy = (y!,¢"), where 7 < 1 (since v; = 0 for all the base fields 7; < 1 in all sectors).
We decompose the bundle X accordingly as X = X, @@L and define

Y, = tot(X; - B). (2.49)
The utility of this is that the “light” fields, labeled by ¢/, including the corresponding
fermions, are organized by ¥, while the remaining “heavy” fields, labeled by A, are
organized by the pull-backs 7} (L4). The right-moving sector is considerably simpler:
we restrict to zero modes, and as we described at the end of section 2.4.3, the only
relevant ones are the zero modes yf and their Q, superpartners ﬁj. We now describe

how this works in detail in various twisted sectors.
2.5.1 (R,R) sectors

In this case E), = 0 as a consequence of the left-moving supersymmetry, and to
describe the massless states we can restrict to zero modes for all the fields. A look
back at the modes in (2.37) and (2.38) shows that the only fields with zero modes
are the light fields. Among these the p, also have no zero modes, while the Y, zero
modes annihilate the vacuum state. Hence the most general state in the truncated
Hilbert space is a linear combination of

W) = Wy, T)e X Xy, X TR (2.50)
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The fermions %, and 7’ transform respectively as sections of Ty, and 75 (Tp),"
while |k) is a section of Ly, = 7/(®4L%). Hence to be a well-defined state the
wavefunction U2 must be a (0, u) horizontal form valued in the holomorphic bundle
& = nNTy ® L.

We can decompose the W according to their eigenvalues under the Lie derivative
with respect to the restriction of the holomorphic Killing vector V to ¥, : Ly ¥ =
qyV.%° The resulting |¥) has well-defined U(1);, x U(1)r charges:

q=qk +quv+s, q=qp tqutu. (2.51)

Q, acts by sending W* — —0Ws_ | and we can use the fine grading described in
appendix A.3 to reduce Q, cohomology to computing the finite-dimensional vector
spaces Hr (Y, E°).

The result is still infinite-dimensional, since these cohomology groups will be non-
zero for an infinite set of grades . This is a general feature of any sector with bosonic

fiber zero modes. Fortunately, the action of Qy,, which takes the form

Qy = Wuy)x™, (2.52)

restricts the spectrum further. When W is non-singular we expect a finite-dimensional
result, and indeed, this is easy to prove for LG models.?! It would be useful to give a
more general proof for hybrids. At any rate, we see from (2.34) that the Qy; action

on our state is simply

o R T ofoly-al\s—1
Qo : U — (sW,, U )t (2.53)

The spacetime interpretation of these states is either as ¢s gauginos (g = +3/2) or

the 16/, components of 27s and 27s.

19 The pull-back to the world-sheet is irrelevant since in the hybrid limit we consider constant
maps.

20 The Lie derivative has a well-defined action even when Ly is non-trivial because V' is a vertical
vector, while the transition functions for L;, only depend on B.

21 The result follows from the finite-dimensionality of the Koszul cohomology groups associated to
the ideal (Wy, -+, W) € C[¢1,...,¢,] for a non-singular superpotential [65, 79].

48



Y =15

As a simple consistency check we can see that we correctly reproduce the expected
spectrum from the unique £ = 0 (R,R) sector when Y = B a compact Calabi-Yau
3-fold. The non-vanshing Q,-cohomology classes, given with multiplicities and (q, q)

charges are

D1 3 0 3
|0>73/2,73/2 ‘\D 3/2 —3/2 “P 3/2 3/2 ‘\Ij 3/2 3/2
\IJ INEE \Ij 2\ DR (T) \112 ( *) \Ijl @hl T*) 2.54
’ > 1/2 —1/2 | >1/2 1/2 ’ 1/1/2,—-1/2 ‘ > 1/2, 1/2 : ( . )

Comparing to (2.23), we see that the first line corresponds to the gauginos, while
the second line corresponds to the 16_1/; and 1642 components of h'(T') chiral 27
and h'(T*) chiral 27 multiplets.

252 Thek =1 sector

The k = 1 sector is untwisted with respect to the LG orbifold action. It has the
richest geometric structure and a number of universal features generalizing those
observed for the LGO case [11]. Since 7, = 1/2 for all the fields, the geometry is

simply ¥ =Y, while the vacuum bundle L, = Ky is trivial. We also have

qp =0, g, =—3/2, Eypy=—-1. (2.55)

Since Ej;y, = —1 massless states may include non-zero modes of oy’ and py.

We now want to describe the operators that create zero-energy states from |1). It
turns out that hybrid theories for which some ¢; = 1/2 have additional zero-energy
states that are not found in more generic theories. We will first describe the zero

energy states present generically and then turn to the special states available due to

fields with ¢; = 1/2.
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Generic k = 1 operators

Ignoring multiplets with ¢; = 1/2, we list the operators that can carry weight h < 1:22

ObF = Yl s () Ly, 0? = V2 (y)x*, O = ‘Ifig(y)xaxﬂ
O = wi(y)ay” , O = XX+
O° = U (y)pa + UO%(y)Xax" - (2:56)

The index s in O can take values s = 0,1,2,3. In each case we only indicated
the dependence on the left-moving fields; each ¥ also depends on the y and 7 zero

modes:

d
Z (U)ot (2.57)

and plugging in this expansion, we obtain a set of operators O (z). We also used
the normal ordering that follows from (2.31) to subtract off the yp and Yx short-
distance singularities. Since our free fields are only defined on open sets covering the
target space Y, just as in the k even case the wavefunctions ¥{ have to transform
as sections of appropriate holomorphic bundles £ over Y. For instance, the fermi
bilinear term appearing in O is chosen to account for the unusual transition function
of p, in (2.36). That is, using (2.36), we find that for two patches U, and U, with
Up # & 08 = OF (ie. OF is well-defined) iff U5 transforms as a section of Ty
Similarly, the remaining wavefunctions must transform in the expected way, e.g.
Ul as a section of A*Ty and W2 as a section of T§. The wavefunctions for Wf_,
transform as (0,u) horizontal forms valued in £*, and taking @, cohomology means

the W’ taken at a fine grade r define classes in H2(Y,E®). As in the k even case we

need to consider all » that contain states with h = 1 and non-trivial Qy; classes. It

22 Working with fields, as opposed to modes, avoids complications in patching the non-trivial
bosonic oscillators on the base. These complications do not arise in sectors with Ej, > —1.

50



is useful to introduce the following notation for the relevant holomorphic bundles £*:

Byrg= ATy @ A'Ty @ Sym?(Ty ) . (2.58)

If we grade the wavefunctions by the eigenvalue of the Lie derivative with respect
to the symmetry vector V, i.e. LyW! = qU, then we obtain the following weights,

charges and @y, action for these operators: g, = q + u, and

op. Obs o 0 o o3 oS
qo q+s q—1 ¢—-2 ¢ q q
GW' SWm\IjlsalmasyaQ o 'Yas 0 0 0 \IJZ'ByWBX'Y Xaaa(\IJGﬂWﬁ)

(2.59)

Note that for s > 0 the O%* can carry negative eigenvalues under Ly, but it is not
hard to show that they are bounded by ¢ > —s/2. Using these operators we create
states in the usual fashion: |O%) = lim, o O%(z)|1). They carry energy F = hp — 1

and charges ¢ = g, — 3/2 and q = qo.
Currents

The hp = 1 Gy = 0 operators in Q cohomology are conserved left-moving currents,
and in a generic k = 1 sector the corresponding states arise in the bottom row of the

spectral sequence:
Q
05) ®108) —=10%) (2.60)

where

Ve®dHXY,Bi1o), Ve®HXY,Byoi1), PV e®.H)Y,Bioo) . (2.61)

Before taking cohomology, there are a number of states here, including, for exam-
ple, holomorphic vector fields in H°(B,Tg) that lift to Y or various enhanced R-
symmetries of the W = 0 theory. Most of these states are lifted by the superpotential
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couplings. In fact, for a suitably generic W the only current that survives is Jr,, which
corresponds to U® = 1 and W® = —V; the resulting state is Qy; closed as a result
of LyW = W. This gaugino corresponds to the linearly realized u(1);, < eg. For
less generic W additional currents may appear, and of course they are accompanied
by additional chiral g = —1/2 states |O2) in the cokernel of Qy,. In spacetime each
current corresponds to a gauge boson, and the appearance of extra currents reflects

the spacetime Higgs mechanism.
Y =8B

As in the £ = 0 case, we examine the case of trivial fiber and a CY target space.
Taking @, cohomology on the space of operators in (2.56), we find the following

massless states with ¢ < 0 (for brevity we omit their conjugates with g > 0)

O, 00 — [DFL 5, ®XaX DG s 45, D1,
o, 0% — o @ [0h3 ) 107" @ 107"
02 0% ’(91 2>®h1(/2 T) @ ’(93>@h71/22T*> 1®h (T*) @1@h1( )

04 (9 ’O4>@f_zll/T2* @‘05% 1/EQndT @‘06>0®El/€) 1%3{h1(T)+h1(T*)+h1(EndT)}

It is not hard to extend this analysis to a more general (0,2) CY NLSM with
su(n) bundle V # Tg. In particular, this offers certainly the most direct world-sheet
perspective, in the spirit of [40], on marginal gauge-neutral deformations and agrees
with spacetime [44, 3] and world-sheet [81] results on marginal deformations in the

large radius limit. This may be found in appendix A.4.
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Table 2.2: Quantum numbers for the octic model.

k| Ew | qu |y | b |vi| Ui |vi| V1
0 0 | -5]—3 0] 0|00 Z —
2 e 0 A A s v e s
3_%_1_%0%_%0_%‘11—11—2
IR RN

A hybrid example

We will now illustrate how to set up the spectrum computation in a simple but non-
trivial hybrid. We consider the “octic model”?® with B = P! and X = O(—2) @ O%.
The quantum numbers of the ground states of the twisted sectors, as well as charges
of the fiber fields are given in table 2.2.

In this example as well as those that follow Pic B = H?(B,Z), and the vacuum
bundle Ly, is determined by a class in H*(B,Z). We label the class of the dual
bundle L|*k> by ¢, € H*(B,Z). In this example ¢ is simply the degree of the line
bundle over P*.

Let us consider as an example the states at £ = 0 and g = 2 in the £ = 1 sector.

We see from (2.23) that these states belong to 1, of s0(10). Energy and charge

considerations show that the relevant operators from (2.56) are O"*, and the states

23 The name comes from the large radius phase of this much-studied example. Let X be an octic
hypersurface in the two-parameter toric resolution of the weighted projective space ]P’f[l2 2211} The

hybrid model O(—2) @ O®3 — P! arises as one of the phases of the corresponding GLSM [84].
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fit in a double complex

U
VN Xsl 1D VXl 0 (2.62)
\IIF;?Y&Y6|1> \II([)%]YCM‘]‘> \P[8]|1>
3 1 1
3 3 2 P

The wavefunctions satisfy £y %% = 0 and £, ¥ = ¥°; in practice this means that
each W4 (y,7,7) is a quasi-homogeneous polynomial of degree d in the fiber bosons
¢ if both indices are vertical, while it is of degree d — 1 is one of the indices is
horizontal. To limit clutter in the notation we suppressed the 7s; their number is
indicated by the U grading. Recall that the horizontal grading is by p = q — .
Taking Q, cohomology at the relevant q,q, E eigenvalues indicated by the sub-

scripts, we obtain

U
[Hl (Y, BZU,O)]2,—1/2,0 [Hl (Y, Bl,O,O)]z,l/Q,o 0
[HO(Yv BZO,O)]2,—3/2,0 [HO(Yv BLO’O)]Z,—l/ZO [HO(Y= BO,O,O)]2,1/270
_3 -1 2 p
(2.63)
To illustrate the counting, we concentrate on the dimension of
[H°(Y, Bioo)lo-1/20 = [H' (Y, Ty ) o120 = @D H (Y, Ty) . (2.64)

2 Ti=4

The computation is simple since Y =~ Y’ x C3, where Y’ is the total space of
O(—2) — P! In this case, as we show in appendix (A.3), the non-trivial graded

cohomology groups are
H) (Y, Oy)=C""  HY(Y' Ty)=C"* . (2.65)
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Decomposing (Ty ), according to (A.30) we find two types of contributions to H2 (Y, Ty ),

those with r; > 0, and those with r; = —1 for i = 2, 3, 4:

1 6—7q
[HY (Y, Ty )|o,—1/00 = P [HL(Y' . Ty) @ HY (Y, Oy1)®?] & clion)

r1=0
®3
(—B H)(Y',Oy) ®CO
Y/
r1=0
— O @2 = 38, (2.66)

The factors of (6 2) and (6 — rp) arise from counting monomials, respectively, of
degree 4 — ry in three variables and 5 — r; in two variables.
Computing the remaining cohomology groups in a similar fashion we obtain the

E| stage of the spectral sequence

U

_Cw ¢ 0 (2.67)

(C18

C126 Qw C868 Quw (C825

N
N |
N

Finally, we turn to the computation of the Qy, cohomology for these states and for

simplicity consider the Fermat superpotential
W = Sps1(¢')" + (6°)* + ()" + (61", (2.68)
where S € HY(P',O(8)). From (2.56) we see that for the states appearing at
p==3
Qu (WEXaXs) 1D = 205 Wi, 1) (2.69)
and the derivatives of the superpotential that appear are (a = 2, 3,4)
W, = 4(¢")* , Wi = 4Ss1(9")? | W = S (0")* . (2.70)
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The map (2.69) has vanishing kernel, while the Qy; action on the p = —% states is

Qw (\If%]ya) 1) = Ui W,, (2.71)

Setting this to zero implies \11?5] = (IJF;? W for some @‘[)‘2/]3 anti-symmetric in its indices.
Hence the cohomology in the (p,u) = (—%,O) position is trivial, and the spectral

sequence degenerates at

U
0 C? 0 (2.72)
0 0 Cc3
4 o g

Here we count 86 anti-chiral states in the 15. These correspond to the 83 polynomial
and the 3 non-polynomial deformations of complex structure of the octic hypersurface

now determined from the hybrid’s point of view.
Extra states in k =1

Multiplets with ¢; = % can potentially give rise to additional massless states. In a
LGO theory these genuinely correspond to massive multiplets that can be integrated
out without affecting the IR physics. In general this is not so in the hybrid theory:
ifagqg = % field is non-trivially fibered then its mass vanishes on the discriminant of
W in B, and the field cannot be integrated out globally over B. This leads to a rich
structure entirely absent from LGO theories.

To describe the additional operators with h = 1 we sadly need a little more
notation. Just in this section we use the indices 7/, j’, etc. to denote the multiplets

with ¢y = %; the a, 3,... continue to denote all the fields, while I, J,... denote

the fields of the base geometry. Let X 1= @y Ly and A be a holomorphic (in fact
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diagonal) connection on the bundle X 1= B. The new operators are then
O = W IH ™ (41X X 5 Xk X 0% = 0P (y
09 = . \:[191"]'/ (y1>(p2/ + XIAI}:;’Y]M)Y]’ L. (273)

The wavefunctions are (0,u) forms valued in the following bundles:

U7 AT X, U A2X. T, U0 X ®X: . (2.74)
2 ’ 2 B 2 2

These operators have weight h = 1 and charges

o 0 o (2.75)
q 2 0 0
q u—2 u—1 u-—1

The action of @, on O7 is simply to send U7 — (—0¥7),,;. Since we used the
holomorphic connection A in O? to build a well-defined operator, the @, action on

O% + 0? is a bit more involved:

Qy (05 +0)) = =@V ) 50" 7" (pr + X" A} X )X

+ [obs(@)}7 — 0w | gl gyt (276)

TOTu

where the linear map

obs : QO’U(X% ®X%) — Qo’u+1(/\2X% ®T]§) (277)

is given by contracting ¥° with the curvature F = 0.A :

9K’ 1 T, _ 1 k945’ %k T T
ObS(\If )I Jjofud@ o... dy =3 (F* ‘,\Ijilf‘ju - f[joji/\ljjl"'ju> dy 0. .. dy .
(2.78)

It is easy to see that obs(W¥?) is O-closed when W is O-closed, so that O + 09 is Q,-
closed iff 0WY = 0 and obs(¥?) corresponds to the trivial class in H*+1(B, N X1®Tp).
We will meet examples of such possible “obstruction classes” below, but for now we
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simply note that obs vanishes in a number of important cases that often arise in
particular examples. For instance, obs(¥9) is clearly zero, and obs = 0 for any
0% e H*(B, Ly ® Lj). A little less trivially, we can also show that obs vanishes for
).

The Qy, action can also be determined;?* the results are:

any U9 € H*(B, A’X

1
2

Qu O =AW, 0¥ XX+ Q- OF = 20073,
Q- 0" = W7 | (py = AR Wy + (CWaa = X AW, | - (279)
2.5.8 k>1 (NS,R) sectors

Finally, we turn to (NS,R) sectors with 1 < & < 2N — 1. These sectors have, in
general, two complications relative to the k = 1 sector: in general ¥, # Y, and |k)

may transform as a section of a nontrivial bundle over the base B.
The vacuum

Recalling the discussion above (2.49), we split the coordinates as y* — (y/, ¢", ¢*).

The quantum numbers of the vacuum are then write the vacuum energy as

T N G J (TS N (2.80)
A

where d is the dimension of the base B. Note that in the twisted sectors 1 < k <

2N — 1 we have Ej, > —1. The vacuum bundle (2.42) is given by

Lyy = ®aL% . (2.81)

24 A little care is required in using point-splitting and the free OPE in computing the action on
0°.
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Modes and transition functions

Because we have Fj, > —1 we can restrict attention to the subspace of the Hilbert
space generated by the lowest modes of the left-moving fields. That is, we trun-

cate (2.37) to

Y (2) = 2T Py 2l pal(z) = 227 (po + 27 Myl)

X(2) = 27T (2RI Ra() = 2 (R 2 ) (282)
where in our restricted Hilbert space p; = 0.

The transition functions for these oscillators follow by expanding (2.36). These

show that y* are coordinates on ¥, while x* (X,/) take values in Ty, (T%). On the

other hand, ¢* and A take values in 7 = 75 (®L4) and py and A4 in Z,j As is the

case for k = 1, p; is not a covariant operator due to the fermion bilinear term.
Conserved charges

Inserting (2.82) into our expressions for the conserved charges (2.33) we find in our

Hilbert space
Lo = ) [#a8"0k + (1= va)pap™ + (14 Da)x“x}, = PaXaX™]
Jo = [(ga = DX = XaX™) = o (v°0L + pap™)]
Jo =Y 00 (=yyh = pap™ + XX = XX™) -

States

We again list the operators that can carry weight h < 1, suppressing the right-moving

7’ dependence. These can contain at most one operator with h > % and we organize
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them according to the nature of this operator as

1,lom __ Hllma Z2 Zl — Ay Am
o == A A Xar Xy T XX X

l

2,l,m_—~2lm11 0 — o As Am
OHM = X e Xy X XEX 2 X

m —3lmB, i) — m
0371, _ H3l " 2Al XBX12 X@"XAI .. 'XA (2.83)

l

4lm _ —dlmiy B— — A Am

1
Osbm — :5lm] ’Zl zl [p]/ — .AJ]/X Xk/] Y-/ e 'XiEXAl o 'XAm .

In constructing O we have introduced a holomorphic (and diagonal) connection on
@y Ly. Here the = include the dependence on y® and pa, as well as on the right-
moving zero modes of @7. We can make this more explicit by writing, for example,

_ 1l ! !l tp+ Zn: 5 A

:umZI?AZ _ Z‘Ifilm(y)iﬂffl pye 2ac198.4 ’ (2.84)

t B

in terms of a vector of integers {5 > —1 such that no negative powers of pg appear.
O! will now create a well-defined state when acting on |k) provided the wavefunction

Wlm transforms as a section of a suitable bundle EX™ over ¥,

E™ =Ty A (AT (X)) ® (®B(7TZL';3’?+1)) . (2.85)

Note that this takes into account the transformation properties of the vacuum (2.81)
and that the odd shift in the power of pg is now seen to be sensible. Incorporating the
right-moving fermion zero modes, the wavefunction is in general a (0,u) horizontal
form valued in this bundle. These can be fine graded as in A.3 by a vector of integers
r=(ry).

Proceeding in an analogous way with the other operators we find that the wave-
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functions take values in the following bundles, organized by t and the fine grading r

Eox" (k) = [Ty, A (A7 (X)) @ (®a(m LET))]

r

Eir (k) = [(A'Ti(Xe) @ Ty, ® (@a(mi L ™)]

r

Eox" (k) = ®p [ (A" 7170 (X0)) @ (@a(miLE™) ] (2.86)

r

£ (k) = @ [ (A7 (X0) ® (@a(nf L ))]

r

Eor" (k) = [7k(Xk) @ (A7 (X)) @ (@a(mi LY )]

r

We need to consider all t,r that contain states O|k) with E = 0.
Q and cohomology

On states of the form OL|k), ..., O|k) Q, acts as —0 on horizontal (0,u) forms valued
in holomorphic bundles over ¥, and @, cohomology is the horizontal Dolbeault
cohomology. The action on states of the form O°|k) has an added term of the sort
already familiar from (2.76,2.77) for the “massive” states in the £ = 1 sector:

(2.87)
where F is the curvature of A. For ¢d-closed ¥°, the additional “obstruction” term

is 0-closed and gives a linear map

obs : QUU(E0m) — QOurl(gAIFD)m @ iy (2.88)

If obs(¥P) is exact, then we can construct a Q,-closed state just as we saw in the
k = 1 case. We have not encountered a nontrivial obstruction term in any of the
examples we considered, and in 2.5.4 we argue that this will be the case in any
well-defined model.

The action of Qyy is given by the mode expansion of
dz dz

— N dz
_ e aWa _ el Va—qa/Q—l/QWa + —Ta§ e Va—qa/2—3/2Wa
Qv =9 5niX X fﬁ omi T ot ’
(2.89)
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where we write

W, = W, (272792 + 271 p'P)) . (2.90)
We can use the homogeneity relation W, (A¢?) = A\179% 1V, (¢°) and simplify this to

_ dZ ~ _ _ta dZ oo v _
Qy = XO‘§2—M_Z”°‘WQ (Z"ﬁ(cbﬁ +z 1PTﬁ)) +x' 3@2—7”2 a1y, (z 5(P + 2 1pw)) )
(2.91)

2.5.4  Comments on CPT

The spectrum we obtain should be invariant under CPT. This means that for any
massless state with charge (g, q) in the k sector we should find a massless state with
charge (—q, —q) in the 2N — k sector. In this section we will discuss how this works
for sectors with odd k. To avoid additional notational elaborations we will make
the simplifying assumption that 7 < 0 for all fields.?> As we will now argue, CPT
invariance essentially reduces to Serre duality for Dolbeault cohomology on B, as

well as a natural dual action of Q.
A pairing on the Hilbert spaces

The two-point function in the CFT is a natural pairing between the conjugate sectors
respecting charge conservation and pairing states with the same energy, and given
the quantum orbifold symmetry we expect that the Hilbert spaces of states in the
|k) and |2V — k) sectors are dual to each other in this way.

From the expressions above it is clear that the vacua satisfy

E\2N7k> = E\k>§ ((I|2ka>,a|2N7k>) = (—Q|k>a d— q|k>) (2-92)

while the moding in the conjugate sectors is related by

Vo < 1 — 1y; Uy —1—1,. (2.93)

25 When this is not the case there are, as in the (R,R) sectors, x and ¥ zero-modes. It should be
possible to extend the CPT discussion to these situations as well.

62



This implies that the fields ¢ for which 7 = 1/2 in the k sector have 7 = 3/2 in the

conjugate 2N — k sector, and vice versa, so that we have
Y, = tot(®y Ly—B) Ly = ®aL%

Y2ka = tOt(@LAHB) L|2N—k> = ®1/LT/ . (294)

In particular Ljy, ® Liany—y, = K. For any state with weight h and charge (q,q) in
the k sector, we can find a state with the same weight and charge (—q,d —q) in the

2N — k sector by exchanging the oscillator excitations according to

Y& e pa X* <X, - (2.95)
This is enough to show that at the level of left-moving oscillators the two-point
function leads to a pairing between the state spaces defined above, which respects q

and violates g by d. If we denote H{'7'(k) = T(E"(k)), then the pairing takes the

form
HISOI () x HOEHEN — k) — C

Hea' (k) x HF'(2N — k) > C, (2.96)
Q, and Serre duality

The pairing descends to @, cohomology, and in a reasonable physical theory this

must be nondegenerate. This will be the case if

Hy (H"(t1)) = [ (g 0)] (2.97)

For the first line in (2.96), in which @, acts as —0, this is in fact equivalent to Serre
duality. For simplicity let’s see first how this works in H;}'. The fine grading on
H*(Ty,) can be obtained from the long exact sequence (LES) following from the
short exact sequence (SES) (A.29)

0 —=@i(m Li)rta; — (T )r — (i Tp)r —>0 (2.98)
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which we here encounter twisted by a vector bundle (so still exact) as

where
Ve = [@p (@a(LF)] - (2.100)
The bundles on either end of the SES are pulled back from B, and we can use (A.20)

to compute their cohomology. Thus

H (Y. @i(ni L), ® ) = H* (B, @15 (®a(L4*) @ (85(L)7))) »  (2101)

while

e (1@ (r* TB),@xZ) — B* (B, T3 ® (@5 (@4(L5) @ (®;(L1)7)))) . (2.102)

Recalling that K = ®,L,, these are Serre dual, respectively, to
H™* (B, @i (®a(LH)" @ (®;(L;)""*)))

= B (Yo @i (w4 (L) © (7)) (2109)

and

1 (B, T5® (@5 (@a(2)* @ (@5(27™))))

= H* (B, (min 1 T5), @ (®5(man k(L)) - (2.104)
Inserting this result into the dual LES we find

H*((Ty)r ® Vo) = [HO (T, e @ T2 (2.105)

with a suitable natural definition for ‘A/r

Higher powers of the tangent/cotangent bundles are fine graded by recursively
using the same SES and the dual, so recursively applying this argument we find
that Serre duality implies CPT in the sense above whenever we can use Q, = —0.
This argument will fail if nontrivial obstruction classes arise in (2.87), because no
such obstruction can arise for the dual states in H*. We conclude that in reasonable

physical theories there will be no nontrivial obstructions in the twisted sectors.
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Qv and CPT

Given that the cohomology of @, produces a spectrum consistent with CPT, we can
also show that the action of Qy is consistent with this. Consider a monomial in W,

that contributes to @y, in the k sector a term

X T ()] (2.106)
B

This means that

Z [vg.k(mg +ng) —ngl = —Tap — 1. (2.107)
B

Using (2.93) we see that this implies

> Wsan—k(ms +ng) —mg] = > [—vsr(ms + np) + 1] = Dag + 1 = —Daan—k ,
5 5
(2.108)

which means that the same monomial contributes a term

X' ] TLe™)™ (o)me] (2.109)

B
to Qy in the 2N — k sector. This acts in precisely the appropriately dual way on
the states as mapped above, showing that CPT is maintained as a symmetry after

taking Qy, cohomology.
2.6 Examples

In this section we will apply the techniques developed in the previous sections to a
number of hybrid examples. In each case we will focus on characterizing first order
deformations that preserve (0,2) superconformal invariance and the eg @ eg spacetime
gauge symmetry.

The infinitesimal deformations which preserve (2,2) symmetry parametrize the

tangent space of the (2,2) moduli space. They are not obstructed and in a large
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radius limit are identified with complex structure and complexified Kahler moduli of
the CY. There is a well-known correspondence between the (2,2) moduli and the eg-
charged matter, and we will borrow the large radius notation by denoting the number
of chiral 27’s and 27’s in the hybrid computation by h%! and h*! respectively.
More interesting are the deformations which only preserve (0,2) superconformal
invariance. The computation of the number of massless gauge singlets associated to
these deformations, which we indicate as M, is the main goal of this section. These
singlets arise in (NS,R), i.e. the odd k sectors. In the following we will compute M

in three examples that illustrate a number of technical and conceptual points.

1. For the first example we choose the simplest possible base, i.e. B = P!. This is
a good warm-up for more difficult cases and is of interest in its own right since
the model can be found as a phase of a GLSM without a large radius limit in
its Kahler moduli space. In fact, it can be shown [6] that A" = 1, and the

only other phase is a LGO.

2. In the second example we describe a model in the broader orbi-bundle set-up
with B = P3. It will be clear that most of our discussion above was restricted
to the case in which X is a sum of line bundles solely for ease of exposition.
This example also give us a chance to compute a higher order differential (it

will turn out to be zero).

3. In the last example we consider the case in which one of the line bundles

defining X is positive, and B = [ is not a projective space.

While our construction does not depend on a GLSM embedding, all of these
models do arise as phases of a GLSM. That gives us the possibility to compare the
hybrid spectrum with the spectrum known in other phases. What we discover is that

while in the hybrid limit extra singlets appear at a particular complex structure or
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Table 2.3: Quantum numbers for the X = O(—2) @ O%* — P! model.

k| Egy | @k | Qiy | Ok | Vasvi | Ve Tn
3 3
o o | =2| =310 00| 00 ol ———
1 _1 O _§ 0 l l § _l 9 p“pl X?X X’L7X1
2 8 4 8 4 11 1 1) _3 _1 31
21 0 1 [ 3| 9] 11 3 _1 9| 13 72| T 73| 103
2 2 4’2 40 2 q 11 1 1 11 1 1
3| 1| 1| 1] _of 383 1 _3 9| 13 S 152 1073
2 2 874 8’ 4
1 1 1 1
a4 0o |-t -1]o0o] Lo 1o

Kahler form, there is no evidence of world-sheet instanton corrections to masses of

¢g singlets.
2.6.1 A hybrid with no large radius

We begin with the model X = O(—2) ® O®* and B = P! with superpotential

2
W=, Fon(0') (2.110)
p=0

Some notational clarifications are in order: it is convenient to distinguish between
the trivial and non-trivial fiber indices, so let a,b = 2,...,5; moreover, let Fig
be a generic polynomial of degree 4 — d in the ¢%’s, whose coefficients belong to
HO(P',O(d)). The left- and right-moving charges for the fields and the quantum
numbers of the twisted ground states are summarized in table 2.3.

The orbifold action I' = Zg introduces 7 twisted sectors; because of CPT invari-
ance to compute the number of massless eg-singlets it is sufficient to study the k = 1

and k£ = 3 sectors.
k =1 sector

The F; stage of the spectral sequence is obtained by taking Hg, (H) as described

in section 2.4.4 and we reproduce here the result, where the subscripts denote the
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dimension of the respective cohomology groups

U
_ H'(Y,Boo1)y =

Q Q
H' (Y7 31,0,0)3 = D@ = H' (Y’ BO,170)35
H! (Y, BLLO>63

EP"
HO (Y, B070,1>20 e}
S) T~ H (Y, Boj10) 7
H° (Y, Bl71,0)17
s 3 1 p
2 2 2
(2.111)

The lowest row of the sequence provides an example of the universal structure
of currents we indicated above in (2.60), and for generic W the kernel is one-
dimensional, corresponding to the U(1);, symmetry. By choosing a particular form
of the superpotential (2.110) we can increase ker Qy;,, and the additional vectors
correspond to an enhanced symmetry at the special locus in the moduli space.

In order to compute the cohomology of the top row of (2.111) let us list all the

states contributing at E':

Hpxax | 1)s0

)
GruXex' |11
®
_ Gruxax’| e o
VpixaDs &) v G| 1ss (2.112)
¢I¢1Y1XI|1>1
)
Grz1p1| )10
&)
\Illazyq 1>1

where G'q and H[g are generic polynomials of degree d in the ¢*’s with coefficients

in H'(P', O(-2)) and H*(P', O(—4)), respectively, while U;, &; € H'(P!, O(-2)).
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First, consider the map on the left. We have the state Vp;x;|1) where Ve HY(Y, Ty®
Ty) ~ H' (P!, O(—4)). Under Qy; it maps to

QuVpixill)y =V (aiWpr + o Wx'X, + auWx'x)) 1)+ V (0 Wx™x,) 11) -
(2.113)
Since O, W, 01, W € T'(P!, O(2)), it follows that Vo, W, Vo, W e H' (P!, O(—2)). To
compute the dimension of the cokernel of this map we first note that if we restrict

the superpotential to its Fermat form, namely W = 37, (¢')* + Spyy(6')?, we have

GWVP1Y1|1> =2V (¢1S[4]p1 + 5[4])(1%1 + ¢1(9[S[4]XIY1) |1> . (2114)

Since V¢'Spyy € H' (P',O(-2)) and h'(P',O(—2)) = 1 the kernel at Fermat is 2-
dimensional.

Adding to W a term of the form Sp¢?¢*¢! + Ti¢*¢°¢', where Sp, Ty €
['(B,0(2)), we find that (2.113) reads

QuVpixall) =V (Wi + uWx'xy + W' 1)

Fermat

+ VS (02X + 6°X%) Xal1) + Vg (' + ¢°xY) Xul1) . (2.115)

and the map is injective for W generic enough. Now, for the map on the right in

(2.112) we have
Qu (Yappr + Vap1x'X1) 0°0°|1) = 0 (Va1 W) X“¢"¢"|1)
QX X19°¢°|1) = —Saprx' AW ¢ ¢°[1)
Qu Vo x[1) = Ve WX [1)
Qu®ro' XX [1) = =19t Wx'[1) (2.116)

The cokernel of this map is thus any object of the form W ,.q¢%¢°¢¢p?x!|1) for
WUapea € HY P, O(—2)), which cannot be written as &, W¢2¢®x!|1) or ¢2d,Wx!|1).
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We find a 9-dimensional space. Thus, the Fs stage of the spectral sequence is

U
0 C* C® (2.117)
EP"
(Cl (C139
I
S N

and obviously all higher differentials vanish. Hence the spectral sequence degenerates
already at this stage, F, = Es. Thus, in this sector we count 45 + 139 = 184 chiral

and 9 anti-chiral eg-singlets.
k = 3 sector

The k = 3 ground state has a non-trivial vacuum bundle Ljg, = O(2) and, as
discussed in section 2.5, we must distinguish between light and heavy fields. In
particular we have A = 1,7 =2,....5, &/ = (I,4), while the geometry is determined
by ¥, the total space of O® ™ P!, The expansion of Qy in this sector takes the
form

Qu = Yo + X A0uW it + X 00aWpiT 4 X 00y W T T (2.118)

The E; stage of the spectral sequence is given by

U
Q
H1<1§, 7T§ (Lg) ® /\2T§§)18 W Hl(}g” TX)lG (2119)
EP*
HO(Yg, /\273/3 ® T}Z)G
0 S
HO(%, Ty, )1
_3 1 p
2 2
Now, the only non-trivial map is at U = 1, where

Qu V01X, X3 = 2V 101aWX,[3) # 0 . (2.120)
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The RHS never vanishes, giving a 6-dimensional image. Hence, the spectral sequence

degenerates at the Fy term

U
C'2 clo (2.121)
B
0 C7
_3 1 Ip
2 2

Hence we count 19 chiral and 10 anti-chiral states for a total of 222 ¢4 singlets. By

similar methods we compute h?! = 61 and A = 1, yielding M = 160.
2.6.2 The orbi-bundle

Now we present an example in which X is not a sum of line bundles, but a more
general orbi-bundle. Let us take B = P and X = O(—5/2) ® O(—3/2) along with

the quasi-homogeneous superpotential

W = S5(¢")* + Sy ¢ + S3(¢*)?, (2.122)

where Sg € HY(B,O(d)). The ground state quantum numbers and charges of the
fields are given in table 2.4, and to find the singlets we need only consider the first

twisted sector.
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Table 2.4: Quantum numbers for the X = O(-5/2) ® O(—3/2) — P3? model.

k| Ew | Qw |G | be [ Vi | Ui o ol v %
0 0 _% _% 0 0 1 Z1 1 11
L e I e B O I e I e e o i
1 1 2 | 2 2 | 2
200 | 5 | -5]—4]35]|3
The first stage of the spectral sequence is
U
HS (YJ BI,O,I)G
S
H3 (Y7 32,1,0)15
EP"
0 0
0 H' (Y, Bi10), 0
H°(Y,Boo1)y —
0 @ > H° (Y, Bo,1,0)a95
H° (Y, Bi,10);
_5 _3 1 p
2 2 2
(2.123)

The bottom row is the only place where we can have cokernel, and for generic su-
perpotential we find dim ker Qy, = 1.

Thus, the E5 stage of the spectral sequence is

U
2 (2.124)
By
0 0
0 Cc | o
-5 2 3 3P



All higher differentials vanish, and the spectral sequence degenerates at the Fy term.
We then count 271 chiral and 21 antichiral states corresponding to massless ¢g sin-
glets. We also computed by similar methods the number of charged singlets, h*! = 90
and h''! = 2, corresponding to the (2,2) moduli, which we can subtract from the total

number of neutral singlets to find M = 200.

A higher differential ?

It is worth noting that the spectral sequence for computing the number of 1, < 27
states degenerates only at the Ej4 term, giving us an example of a possible higher

differential. At zero energy and q = 2 we have

U
0
EP
H2(Y7 B;,O,O)l 0

0 0 0

o) _
0 HO(Y7 B2,0,0)120 = HO(Y7 Bl,0,0)905 4= HO(Y’ B0,0,0)875
_3 _3 _1 1 p

2 2 2 2
(2.125)

Trivially dy = 0, thus F3 = FE5, but there is one more map we have to compute, in

fact

U

0 (2.126)
Eg’u :
C 0
o 0Ty
N

0 0 0 C90

|
N Ot
|
\J[oV]
|
NI
N |
3



Let us recall that an element b € H represents a cohomology class in Fj if there exist

c1, co € H such that

QOb =0 ) QWb = rol ) QWCI = QOCQ ) (2127)

and dsz on the cohomology class [b]3 is given by

d3[b]3 = [Qweals - (2.128)

5/2,3

Thus, we just chase down the state ﬁjﬁ?Vf—Kylyzyﬂb e By as prescribed in

(2.128)
0 0

of  al

Tl — — QW T T _
7/ VEX XX | == 77 Ve 0, WX X, 1)

o

—7 o — — 6 —J fe% ~
77J5§€ maan,BX'y‘D_W)WJS%E 576QW(9[5WX,Y]\1>

o
R0, W oW, | 1) ~%-0 .
(2.129)

The coefficients satisfy

VI = —(08) %, SE=—(0R)% . (2.130)

We just showed that dsz, while in principle allowed, vanishes, and the spectral se-
quence degenerates at the £, = E5 term. In this sector we count h%' = 90 and
h'!t =1 and the “missing” Kahler modulus is to be found in the k = 3 sector, as

expected.
2.6.3 A positive line bundle

For our last example we consider X = O(-3,-3)®O(1,1) and B = Fy. The novelty

here is that we allow a positive line bundle over a non-projective base.

74



A non degenerate superpotential is given by

W = (") Spang + (¢")20°Sss) + (0'0°)*Spaay + 0" (6%)* S0 (2.131)

where Sp,n) € T'(IFo, O(m, n)) and the quantum numbers for this theory are listed in
table 2.5. Studying the (R,R) sectors we find h'' = 3 and h*! = 243, and to count

the remaining ¢g singlets we need to consider the £ = 1 and k = 3 sectors.
k =1 sector

In the first twisted sector the spectral sequence at g = 0 is

® v H*(Y, Bo,1,0) 39 (2.132)

p?u .
El .

H0<Ya B17170)63 [a]
@ ~— H°(Y', Bo,1,0)
HO(Y7 BO,0,1)27
3

1
2 2

p

It is not hard to verify that both the maps QW| v and QW‘ o are surjective for
sufficiently generic W, and as we already saw in the discussion about the general
k = 1 sector, there is only one state at ¢ = —g,u = 0 in the kernel of Qy,. The

spectral sequence degenerates at the Fy term

U
c? (2.133)
B g 0
C (C736
-3 3 P

Thus we count 744 chiral and 9 anti-chiral massless eg-singlets and one vector.
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Table 2.5: Quantum numbers for the X = O(—3,-3)® O(1,1) — Fy model.

Y

k1l Ew | aw | @w | vi |
0 0 | -2] -3 0 0] 0 Z T
L)~ 0 _% 0 é _g ¢1 pil X3 ?
2l o [ 334 [-8] S
3 _% _% -1 0 % _% 4 4 4 4
410 | =1| -1[(-2,-2)| 3% |-3

k = 3 sector

In the k& = 3 sector all the fields are “light”, L3y is trivial, and the geometry is again

encoded in the full ¥ = Y. The spectral sequence starts then as

U

H2(Y,Sym* Ty )y, o
@ ~—~ HY,0), (2.134)
H2(Y, A Ty @ T3,

EP"
0 0
H(Y, Sym? Ty ), —¥— HO(Y, 0).,
-3 -3 P

It can be shown that the map GW‘U:O is injective while the map GW‘U=2 is surjective.

Therefore the second stage of the spectral sequence is

U
C32 0 (2.135)
EY": 0 0
0 C49
S

The spectral sequence degenerates at the Fy term, and we find 49 chiral and 32

anti-chiral singlets.
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Summarizing, we count 834 massless chiral eg-singlets and once we subtract the

moduli we obtain M = 588.
2.7 Discussion

We have described a class of perturbative vacua for heterotic string compactifications
and a limit in which their properties are computable. We have illustrated these
computations in models with (2,2) world-sheet supersymmetry, although the methods
clearly extend to more general (0,2) theories.

Our class of (2,2) models fits in with a number of other constructions. To describe
this we proceed in increasing dimension d of the base B and assume this is Fano.
For d = 1 this means B = P! and the ¢ = 6 LGO theory on the fiber determines a
one-parameter family of K3 compactifications. Models with no large radius limit in
the Kéahler moduli space, such as the first example in section 2.6, are obtained when
the monodromies of the family are not simultaneously geometrical in any duality
frame. It seems likely that any such model would be obtained as a limit in some
GLSM, but we have not shown this.

For d = 2 the base is a del Pezzo surface and the ¢ = 3 LGO theory on the fiber
can be interpreted as determining in Weierstrass form an elliptic fibration over B.
This can be smooth if the discriminant is nonsingular in B, in which case the model
will have a large-radius limit. It is not clear how to construct a GLSM embedding
for a hybrid with a non-toric base.

For d = 3 there are many possible choices for B, but the ¢ = 0 LGO theory
is quadratic, and hence appears to be trivial. Since the fiber fields are massive at
generic points on the base, one might think the low-energy theory would be a NLSM
with target space B, but this cannot be correct, as this would not be conformally
invariant. This naive discussion omits the orbifold action. Since at low energy there
are no excitations in the fiber direction, one can try [2] to describe the resulting
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model as a NLSM with target space a double cover of B branched over the singular
locus of W(y,®) considered as a function of ¢ only. This leads to a geometric
interpretation of the limiting point we called the hybrid limit. It is not directly
related to a symplectic quotient construction and, if the model has a large-radius
limit, it is not birational to the target space at this limit. The relationship between
the two descriptions is unclear. It would be interesting to study, among other things,
the behavior of the D-brane spectrum and moduli in a type-IIA compactification
near such a hybrid limit.

The models we have studied have been “good” hybrids, in which the R-symmetry
does not act on the base. Limiting points of GLSMs often produce hybrids for which
this does not hold. The hybrid limit for “good” hybrids is expected to lie at infi-
nite distance in the moduli space of SCF'Ts; it should be possible to determine the
approximate moduli space metric in the hybrid limit. We expect that the approx-
imation should improve as the hybrid limit is approached and the distance to the
hybrid limit deep in the Kahler cone of B will diverge. It would be interesting to
verify this in detail. In [8] “pseudo” hybrids were defined as hybrid limits lying at
finite distance; the behavior of the D-brane spectrum near these limits was found
to be quite different from that expected near a “good” hybrid. It seems natural to
conjecture that “good” hybrids and “true” (not “pseudo”) hybrid limits coincide.

Although we focused on models with (2,2) world-sheet supersymmetry, the meth-
ods extend naturally to a much larger class of models with (0,2) supersymmetry. This
larger class presents an array of interesting questions. As a first foray in this direc-
tion, the massless ¢¢ singlets in (NS,R) sectors belong to (anti-) chiral multiplets
containing massless scalars. Expectation values for these represent marginal defor-
mations of the world-sheet SCET preserving (0,2) supersymmetry. We do not at
present have effective techniques to determine which of these are exactly marginal,

and the structure of the moduli space of (0,2) SCFTs is still largely unknown.
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In general one expects [35, 40] that away from the hybrid limit the (0,2) models
we construct will be destabilized by world-sheet instantons wrapping cycles in B. In
some classes of models this expectation has been thwarted, and the anticipated cor-
rections are absent [91, 16, 17]. Even in cases in which no known argument precludes
such corrections they have been found less generally than one might expect [11, 7].
It would be very interesting to investigate this issue in the context of hybrid models,
in which the structure of the relevant instantons — associated to rational curves in
B rather than in a Calabi-Yau threefold, may provide a simpler context for their
study.

More generally, we can construct (0,2) hybrid models that are not deformations
of (2,2) models by taking the left-moving fermions to be sections of a holomorphic
bundle £ — Y and a (0,2) superpotential given by a section J € I'(€*) with J~1(0) =
B. It is to be expected that most such models will not have a limit in which they
are described by a (0,2) NLSM or one in which they reduce to a (0,2) LGO theory,
so that these will determine a large class of new perturbative vacua of the heterotic

string.
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3

Accidents in (0,2) Landau-Ginzburg models

3.1 Introduction

The construction and classification of conformal field theories (CETs) plays a key role
in modern quantum field theory. One approach is to solve the conformal bootstrap.!
Another approach that has proven useful is to study the low energy (or IR) limits of
renormalization group (RG) flows from known CFTs. This has challenges of its own,
since the IR dynamics often involves emergent degrees of freedom and interactions.

Nevertheless, as already indicated in the seminal work of [100, 63, 75, 93], it is
often possible to identify certain classes of operators and their OPEs and correlators
of an IR CFT with corresponding objects in terms of the UV degrees of freedom. This
is especially useful when the UV theory is asymptotically free, since then perturbative
computations can provide information about a non-trivial CF'T without a notion of
a weak coupling. The identification of UV and IR data is simplified when some

amount of supersymmetry is preserved along the RG flow: SUSY constraints lead to

L This is difficult in practice and can be carried out analytically only in theories with enormously
enlarged symmetries like the Wy algebras of the minimal models [22]. Recently progress has
been made with numeric techniques, for example in applications to the three-dimensional Ising
model [48, 47].
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well-known simplifications such as the relation between dimensions and R-charges of
chiral operators and non-renormalization theorems. For instance, in two dimensional
theories with (2,2) SUSY these simplifications are responsible for many well-known
phenomena such as mirror symmetry and the Calabi-Yau (CY) / Landau-Ginzburg
(LG) correspondence [56], and the identification of UV and IR data is a key tool in
exploration and exploitation of these two-dimensional gems.

Such techniques rely on the assumption that accidental symmetries that might
emerge in the IR limit do not invalidate the identification of operators in the IR with
their UV avatars. This assumption is well-tested in (2,2) theories but is also often
applied to theories with only (0,2) supersymmetry. For instance, it is key to various
gauged linear sigma model constructions of (0,2) CFTs corresponding to heterotic
string vacua [97, 41, 91, 39].

In this chapter we show that the assumption cannot be taken for granted in
(0,2) theories, and the resulting “accidents” have drastic consequences for the IR
physics and the relation between UV parameters and IR data. The examples we
consider are (0,2) Landau-Ginzburg theories, and we identify a class of accidental
symmetries of (0,2) LG RG flows by studying the space of F-term UV couplings
modulo field redefinitions. We find that these accidental symmetries significantly
modify the analysis of the IR theory. For instance, the spectrum of chiral operators
and even the IR central charge are in general modified. This invalidates certain UV
theories from giving good models for (0,2) SCFTs appropriate for a heterotic string

vacuum—we examine an example taken from [41].
A classic (2,2) example

To describe the challenges of (0,2) accidents more precisely, it is useful to review

the successes of the (2,2) theories. Consider the quintic (2,2) LG model with chiral
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superpotential

W = aoXd + ay X0 + - + g Xy — 5as XXy - Xy .

Here the X; are (2,2) chiral superfields and the «, are complex parameters. This
theory flows to a c = ¢ =9 (2,2) SCFT.? The complex parameter

Y= Oég(OéoOél e 044)71

is invariant under C* rescalings of the chiral superfields X; and labels a one-parameter
family of IR CFTs. At generic values of ¢ the IR fixed point is a well-behaved CFT,
and small changes in ¢ correspond to small marginal deformations of the CFT, where
“small” refers to the distance in the Zamolodchikov metric. At special values of 9
the CFT can become singular. For instance, ¢ = 1 is a finite distance singularity
—the analogue of a conifold point. This can be detected in the UV description: the
theory develops a family of supersymmetric vacua with X; = const., and these signal
a non-compact CF'T: a theory with a continuum spectrum of conformal dimensions.
Another point, ¥ = o0 is an infinite-distance singularity.

The quotient of the UV parameter space by field redefinitions is a complicated
object [9, 33] with singularities and non-separated points. For instance, we can take
the limit oy — 0 and a5 — 0 while keeping 1 constant so as to obtain a product of
four minimal models coupled to a free chiral superfield Xy, with ¢ = ¢ = 3(3 + %)
Fortunately, all such bad points are singular CFTs. The bad points corresponding to
various infinite distance singularities and “wrong” central charges are easily identified
in terms of the UV data: they all correspond to singular superpotentials with a
continuum of supersymmetric vacua and therefore a continuum of states in the IR
CFT. Away from such points the quotient is sensible and describes (2,2) marginal

deformations of the IR theory.

2 A Zs orbifold of the theory describes a (2,2) non-linear sigma model with target space the quintic
CY hypersurface in P* at a special value of the complexified Kihler parameter. A complex structure
parameter of the geometry is then related to the LG parameter 1.
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Similar considerations apply to more general (2,2) gauged linear sigma models,
and with the parametrization of the smooth CFTs in terms of the UV parameters
in hand, localization and topological field theory techniques can be used to compute
certain correlators and chiral spectra in the CFT in terms of the weakly coupled UV

Lagrangian.
(0,2) challenges

As we will show in section 3.3, the situation is more delicate in (0,2) theories, even
in the relatively simple class of LG models (we review these in section 3.2). The
essential difference is that we lack the simple diagnostic we had for a “bad” point in
(2,2) theories. It is not sufficient to exclude UV parameters that lead to flat directions
in the potential, and the identification of UV parameters with marginal deformations
of the CFT requires (at least) a study of loci with enhanced symmetry. Unlike in
(2,2) examples, accidental symmetries can emerge for non-singular UV potentials,
thereby complicating the description of IR physics in terms of the UV data. Unlike
in (2,2) theories a family of smooth UV potentials with each potential preserving
the same R-symmetry along the RG flow need not correspond to a family of CFTs
related by truly marginal deformations.

Fortunately, at least in (0,2) LG models it appears that we have enough control
to identify accidental symmetries and special loci in the parameter space by gen-
eralizing the (2,2) paradigm of parametrizing the IR fixed points by the space of
UV parameters modulo field redefinitions. This uncovers a rich structure of (0,2)
RG flows and of the space of marginal deformations of (0,2) fixed points and will
undoubtedly play a role in quantitatively descriptions of (0,2) moduli spaces.

Once we have identified a (0,2) LG theory with some particular IR fixed point, it
is useful to develop the correspondence between deformations of the UV Lagrangian

and (0,2) conformal perturbation theory. In section 3.4 we describe some properties
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of (0,2) conformal perturbation theory independent of any embedding of the CFT in
a critical heterotic string. This section can be read independently from the rest of
the chapter. We use these observations in section 3.5 to describe a conjecture for the
global structure of the moduli space of (0,2) SCFTs with expected central charge in

terms of the UV data for what we term plain (0,2) LG models.
3.2 A glance at (0,2) Landau-Ginzburg theories

We begin with a quick review of (0,2) LG theories following [41, 66, 79].> We work
in Euclidean signature and a (0,2) superspace with coordinates (z,%,6,6). The UV
theory consists of n bosonic chiral multiplets ®; = ¢; + ..., and N fermionic chiral
multiplets T4 = 44 + ..., as well as their conjugate anti-chiral multiplets. These are

given a free kinetic term and a (0,2) SUSY potential term as interactions:

Line = fde W+ he. | W =mg Y, T4J(®) (3.1)

where m( has mass dimension 1 and the J, are polynomial in the ®;. This is the
simplest example of a (0,2) SUSY asymptotically free theory: for energies E » mq
the theory is well-described by the set of free fields. Conversely, when E « mg the
interactions become important and lead to non-trivial IR dynamics that depend on
n, N, as well as the choice of ideal J = (Jy,...,Jy) < C[®4,...,P,]. What can we
say about the IR limit of this theory?

A basic constraint comes from the gravitational anomaly. In the UV the central
charges are easy to determine: each ® multiplet contains a complex boson and a
right-moving Weyl fermion, while each I' contains a left-moving Weyl fermion and
an auxiliary field. Hence, we have cyy = 2n+ N, ¢yy = 3n. The RG flow induced by
W will decrease the central charges, but since it is Lorentz-invariant, it will preserve

the difference ¢ — ¢ = N — n.

3 Our superspace conventions are those of [79].
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Another basic property of the theory is the set of global symmetries. The free
theory has a large global symmetry that commutes with (0,2) SUSY: namely, U(n) x
U(N) rotations of the chiral superfields. In addition we have the R-symmetry that
rotates # and leaves the lowest components of the superfields ¢; and v* invariant.
The interactions break these symmetries. For completely generic J4 the remaining
symmetry just U(1)% — an R-symmetry that assigns charge +1 to § and ¥4 and

charge 0 to ¢;.
Properties of the superpotential

A key feature of (0,2) LG theories is that the holomorphic superpotential obeys
the same non-renormalization properties as the, perhaps more familiar N=1 d=4
Wess-Zumino model’s superpotential. The kinetic term, on the other hand, is a
full superspace derivative and will receive complicated corrections along the RG
flow. However, just as in (2,2) theories, we expect these corrections to be irrelevant
provided that the fields ® and I" all acquire non-trivial scaling dimensions. In order
to relate these scaling dimensions to properties of the UV theory, we will assume
that the interactions preserve an additional global U(1) symmetry, which we will call
U(1)r, under which I'* have charges Q 4, while the ®; carry charges ¢;. This will be

the case if and only if the ideal is quasi-homogeneous, i.e.

Ja(t9®;) = 794 ], (D) (3.2)

for all ¢t € C*. We will demand that the ideal is zero-dimensional, i.e. J4(®) = 0 for
all A if and only if ® = 0. If it is not then the theory necessarily has a non-compact
set of supersymmetric vacua labeled by vevs of the bosonic fields. We will call such
superpotentials singular. We are interested in “compact” CFTs and exclude this

possibility.*

4 A CFT is compact if its spectrum is such that for every fixed real A there is a finite number of
fields with dimension less than A.
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Another important property of the superpotential is that typically some of its
parameters are not, in fact, F-terms. To see this, consider a perturbation of the form
W =>4 '46J,4 around a theory with W, = DA I'4J4. In the undeformed theory,

if we assume canonical kinetic terms, the equations of motion read

0Ja
0v; ’

DL = J4(0) Do.%; = Y14
A

(3.3)

where D is the antichiral superspace derivative D = d5+ 00s. A more general kinetic
term leads to more complicated expressions under the D derivative of the left-hand

sides of the equations.® Hence, a first order deformation of W of the form

0Ja = > ME(®)J5(®) + . %E(@) (3.4)

is equivalent up to equations of motion to a D-term deformation.

The LG assumption that the D-terms are irrelevant along the flow implies that
any two UV theories with superpotentials related by a holomorphic field redefinition
lead to the same IR fixed point. Hence, any two UV superpotentials that are related

by a holomorphic field redefinition belong to the same universality class.

(2,2) LG theories

The (0,2) theory will have an enhanced left-moving SUSY when N = n, so that
in the free limit we can combine (I'!, ®;) into (2,2) chiral multiplets X and when
J; = 0W /0®; for some potential W. In that case, we can rewrite the theory in a
manifestly (2,2) supersymmetric fashion with a chiral superpotential W (X). The
quasi-homogeneity conditions set ); = ¢; — 1, and the resulting central charge is

given by the famous

c=3)(1-2g). (3.5)

(2

5 In a NLSM such total derivatives are more subtle than in this LG setting, as they are usually
only sensible patch by patch in target space. Indeed, marginal deformations of NLSMs are such
F-terms that cannot be globally recast as D-terms [18, 81].
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IR consequences of UV symmetries

Returning to the more general (0,2) setting, if we assume that U(1)% and U(1), are

the only symmetries along the whole RG flow, then we can determine the linear

combination of charges corresponding to the IR R-symmetry U(1)I as well as those
IR

of a left-moving U(1){* . The charges of the latter are fixed up to normalization by

the quasi-homogeneity condition, and the normalization is fixed by

> Qa-Da=YQ4->d. (3.6)
A % A 7

This ensures that U(1)I? and U(1)R have no mixed anomalies and become, respec-
tively, left-moving and right-moving Kac-Moody symmetries in the IR theory. The
central charge is determined from the two-point function of the U(1)h* current. The

result is

c=3(r+n—N), T:_ZQA_Z%' (3.7)

By studying the cohomology of the supercharge @ of the theory, we can also describe
chiral operators and their charges. More details can be found in [79], but for our
purposes it will be sufficient to note the charges and corresponding dimensions of ¢;

and v4. Denoting the U(1) and U(1)® charges by, respectively, ¢ and g, we have

Gi 7‘4
q G Qa
q g 1+Qa

Since these are chiral operators, the right-moving weights are determined in the usual
fashion h = q/2, and the left-moving weights are fixed since RG flow preserves the
spin of the operators.
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This structure determines many properties of the IR theory such as the elliptic
genus [66] and the topological heterotic ring [79]. As for (2,2) theories, there is also
a simple prescription for using orbifolds of such (0,2) LG theories to build spacetime

SUSY heterotic string vacua [41, 29]. For instance, the elliptic genus is given by [66]

Z(1,2) = TrRR(_)FyJESe%m’THLe—27ri?HR

N me2mir N1y =2 [ () 1 O(e27T)] (3.8)

where y = 2™, and

_ HA(l B yiQA) (39)

W= LA |

The remaining 7-dependent terms are determined by modular properties of Z(r, z).
Enhanced symmetry and c-extremization

For special values of the superpotential the UV theory will acquire enhanced sym-
metries that commute with the (0,2) SUSY algebra. In two dimensions these cannot
be spontaneously broken, and, as in four dimensions, the abelian component U(1)"
can mix with U(1)% and U(1), symmetries. Fortunately, as in the four-dimensional
case we can still find candidate U(1)I® and U(1) symmetries by applying the ana-
logue of a-maximization [59] known as c-extremization [23]. We can summarize the
results of [23] as follows. Let [J denote the U(1)% R-symmetry current, and let 7,
a =1,..., M be the currents for U(1)”. Assuming that the correct U(1)5¢ symme-
try is a linear combination of Jy and the J,, [23] construct the trial current and trial

central charge

T =T+ 1", 10 =n—N+2Y toK*+ > t*t" Loy | (3.10)
o @ a,B
where
K*==>Q%- >4, L =) qfa) = ) Q4Q% - (3.11)
A 7 i A
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Here Q% and ¢ denote the U(1)® charges of I'* and ®;, respectively. The U(1)R is

then identified by extremizing C' with respect to t,, leading to U(1)I} charges
G = D ¢ tax Qa =), Q%tax , (3.12)

where t, = tqs is the extremum point. The central charge is then also fixed as

The symmetric form L has a real spectrum, and the sign of an eigenvalue has the
following significance in the IR theory. We decompose the UV currents according to
the sign of the eigenvalues as J, — {J ", J°, J}. If we assume that there are no
accidental symmetries in the IR, then unitarity of the SCF'T implies that in the IR
the J* currents must correspond to right-moving Kac-Moody (KM) currents and
the J~ must flow to left-moving KM currents. Finally, the J° must decouple from
the SCFT degrees of freedom. The last point has two consequences: on one hand,
we should treat a theory with ker L # 0 with some care; on the other hand, if we
can be certain that the IR limit is nevertheless a unitary CFT, we can without loss
of generality restrict to symmetries orthogonal to ker L.

In typical examples of (0,2) LG theories L is negative definite; we do not know
of a non-singular model where L has a positive eigenvalue. In fact, as far as the
extremization procedure goes, symmetries corresponding to the positive eigenspace
of L cannot be broken in the SCFT. More precisely, a UV deformation away from
an RG trajectory with a “positive” symmetry is irrelevant — in the IR the “pos-
itive” symmetry will be restored. To understand this, we consider the change in
the extremized central charge upon breaking a symmetry. Assuming ker L = 0, the

extremum central charge is

Co=n—N-K'L'K. (3.13)

W=

Now suppose we change parameters so that some of the symmetries are broken. We
can characterize the unbroken symmetries by a a vector v“, so that the unbroken
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symmetries satisfy v = 0. The modified extremization is then easily carried out

with the aid of a Lagrange multiplier s:

sC,(t,s)=n—N+2t" K +t"Lt + 2st"v . (3.14)

Extremizing with respect to t leads to

Cy(s) =10y — 250" LK — s L7t . (3.15)

1
3

Wl

This may be extremized for s if and only if v L='v # 0, in which case we obtain

. (UTL71K>2

C,=3Co+ FIT, (3.16)

W=

The first observation is that the deformation changes the IR central charge if and
only if the original symmetry, with charges determined from t, = —L 'K is broken.
Next, we see that if in addition v belongs to the positive eigenspace of L, then the
central charge of the deformed theory is strictly greater than that of the undeformed
theory — this means the deformation must be irrelevant in the IR, and we expect the
deformed theory to flow to the original undeformed fixed point. Once we eliminate
these irrelevant deformations from the parameter space, the symmetries correspond-
ing to the positive eigenvalues of L are never broken, and we can restrict to v in the
negative eigenspace of L.

We stress that in all examples we considered L is negative definite. In that
case (3.16) shows that when a deformation breaks a symmetry the central charge
changes if and only if the deformation breaks the R-symmetry, and whenever that

happens the central charge decreases.
Constraints on UV data

The structure relating UV and IR physics sketched above assumes that for a given
set of charges (¢;, @4) there exists a non-singular potential with a zero-dimensional
ideal J and of course that U(1);, and U(1)} are the only symmetries all along the

RG flow. Both of these are non-trivial assumptions.
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It is an open problem to classify all sets of charges consistent with (3.7) and
some fixed ¢ that can be realized by a non-singular J.° Demanding that x(y) is a
polynomial rules out many choices of charges, but while being a necessary condition,
it is not sufficient to show that there exists a zero-dimensional J realizing the charge
assignment.

The second assumption, which amounts to the statement that there are no acci-
dental symmetries in the IR, also leads to some necessary conditions. For instance,
just as in N=1 d = 4 SQCD [89], violation of unitarity bounds on the charges can
indicate an inconsistency in the assumption. In particular, we have the unitarity

bounds

0<gq <¢/3, 0<(14Qy) D1+ Qa) <73, (3.17)

A
These arise by demanding that ¢;, v, and [],~* are chiral primary operators
of a unitary N=2 superconformal algebra. The latter is particularly strong and
eliminates many possible candidate charges.” While these criteria are important and
will certainly play a role in any attempt to classify (0,2) LG theories, they are not

sufficient to rule out accidents.
3.3 Accidents

Having reviewed the basic structure of (0,2) LG theories, we will now study it in a

few examples that will illustrate some of the subtleties in their analysis.

6 This should be contrasted with (2,2) LG models, for which such a classification exists [68, 67]
and yields a finite set of quasi-homogeneous potentials at fixed central charge.

" In the (2,2) case this translates to the known bound Y, ¢; < n/3 [69].
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3.3.1 Accidents in (2,2) Landau-Ginzburg orbifolds

There are two familiar examples of accidental symmetries in (2,2) flows. Consider

LG orbifolds with potentials
Wy =X} + X5+ X5 —vXaXoXs, Wai=X!+X5+X;+X}—0vX1XoX3Xy ,
(3.18)
For W3 (W) we take the orbifold by Z3 < U(1)g (Z4 = U(1)r). The endpoint of the
flow in each case has accidental symmetries. In the case of W3, which is a special point
in the moduli space of a (2,2) compactification on T2, there is an accidental N=2 Kac-
Moody U(1) algebra for both left and right movers, corresponding to the isometries
of the torus. In the case of Wy the IR theory is actually a (4,4) SCFT, and there are
additional currents that enhance U(1);, x U(1)r to SU(2)r, x SU(2)r. Of course this
is the case for any Landau-Ginzburg orbifold (or more generally linear sigma model)

that corresponds to a locus in the moduli space of T2 or K3 compactification.
3.3.2 A contrived (2,2) example

Consider a (2,2) LG theory with

W=X3+v*. (3.19)

There is a unique assignment of R-charge q(X) = 1/3 and q(Y) = 1/4, and the
IR fixed point is the Eg minimal model. On the other hand, we can make a field
redefinition X = X —Y and ¥ = Y. This is certainly non-singular and leads to a

superpotential

W= X34+3X%Y +3XY2+ Y3+ V", (3.20)

If we also perform the field redefinition in the kinetic terms, we have of course
done nothing; however, if we assume the D-terms are indeed irrelevant, then taking

standard kinetic terms and either W or VIN/ interactions should lead to the same IR
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fixed point. Unlike the original theory, the W theory has no manifest R-symmetry
along the flow — the symmetry emerges accidentally in the IR.

The example is very contrived, but it illustrates the basic issue: field redefinitions
can obscure the UV fields that should be identified with IR operators of some fixed
scaling dimension. As we show in 3.3.5, if we restrict to (2,2) theories with a quasi-
homogeneous potential, this ambiguity turns out to be harmless. As the next example

shows, in (0,2) theories this is not the case.
3.3.8 A simple (0,2) example

Consider a theory with N = 3, n = 2 and superpotential
a1 Q2 (g3 (I)?
WO = (Fl FQ Fg) Qg1 (g9 (93 CD% . (321)
Q31 Q32 (33 (I):{’(I)z
For generic values of the 9 parameters « the potential preserves a unique U(1)y,
symmetry, and normalizing the charges as in (3.6) leads to r = 2, ¢ = 3, and charge
assignments
CI)l q)g F1’2’3 (322)
q
q

== ==

W

== |
o

To obtain a description of the parameter space of the IR theory we consider the «

modulo field redefinitions consistent with (0,2) SUSY and the U(1);, symmetry:

I =Y 1PMy > xd, | Dy — YDy + 2% . (3.23)
B

These transformations are invertible if and only if M € GL(3,C) and z,y € C*. The

induced action on the ® monomials is then

s oS S0 0
o2 | -S| d2 |, S= |22 23y 0], (3.24)
P3P, P3D, 22 2yz y?
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and hence the action on the parameters « is a — MaS.
A bit of algebra shows that every non-singular ideal J described by « is equivalent

by a field redefinition to one of three superpotentials:
Wy =TS8 + 1207 + T30, |
Wy = TH®Y + @3) + P30, |

Wi =108 + 1?93 . (3.25)
The UV parameter space is stratified to three points, and we consider each in turn.

1. Wi has a U(1)? global symmetry that acts independently on ®; and ®; ex-

tremization picks out the following charges.

0 d, o, It 2 I
2% 64 156 128 142 . 2
q O 167 167 ~ 167 ~ 167 ~ 167 c=3 (1 + 167)
g 1 2 6 o1 39 25
q 167 167 167 167 167

2. W, has a free I'"* multiplet. The interacting part of the theory has no extra

global symmetries and U(1){® x U(1)R* charges

o Dy rt 2

4 12 24 24 — 1
q 0 5 33 —3 “3 c=3(1+4) -
— 4 12 7 7
q 1 31 31 31 31

3. Ws has a free ' multiplet, and the interacting part of the theory is a product

of (2,2) minimal models with (2,2) superpotential W = X7 + X3 and charges

O, Dy rt r?

Q|
—_
BN T
Wl Wl

If we assume that there are no accidental symmetries for the Wy, W, and Wj theories,

we obtain a consistent picture of the RG flows starting with the UV theory in (3.21).
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There are three basins of attraction; each has a central charge ¢ > 3, a set of charges
consistent with unitarity bounds and no marginal deformations. Moreover, we can
construct interpolating RG flows W3 — W, — W), by adding relevant deformations
to the superpotentials. However, W, has no U(1)p-invariant relevant deformations
that make it flow to a putative ¢ = 3 theory described by W.

We conclude that (0,2) LG RG flows have accidental symmetries, and identifying
these is key in order to correctly pinpoint even basic properties of the IR theory. For
instance, we see in the example at hand that no point in the UV parameter space

leads to an IR theory with ¢ = 3 and r = 2.
3.3.4 Puzzles from enhanced symmetries

There are two questions that probably occur to our erudite reader. First, what’s the
big deal? One has to take account of field redefinitions when discussing the parameter
space of a theory, and it seems that all we learned here is that the parameter space
is smaller than one may have naively thought. Second, is it not perverse to discover
some accidental symmetries associated to W, 5 3 versus W, but then blithely assume
that Wi 23 do not themselves suffer from accidents?

There is a pragmatic answer to the second question: we assume there are no
accidents unless we are able to identify some paradox in the putative description of
the IR physics in terms of the UV parameters. In our example we find such a paradox:
while a generic W has a unique global symmetry in the UV, there are special points
with enhanced symmetries and a central charge that exceeds the putative ¢ = 3 of
the generic W! Once we take into account the accidental symmetries, we discover
that the enhanced symmetries are unavoidable, and there is no ¢ = 3 theory that
can be reached within the parameter space of these UV theories. It is also easy to
construct paradoxical examples that would violate unitarity bounds unless one takes

accidents into account [79].
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The answer to the first question is contained in this pragmatic perspective. The
“big deal” is that in the examples with which we are most familiar, namely the (2,2)
LG theories, one never encounters these enhanced symmetry puzzles: although there
are plenty of points with enhanced symmetries, these never mix with U(1)k, and
the central charge does not jump for any choice of non-singular (2,2) superpotential.

We discuss this in detail in the next section.
3.3.5 Enhanced symmetries of (2,2) LG theories

Consider a (2,2) LG theory with a quasi-homogeneous (2,2) superpotential W (X)
obeying W (t%X;) = tW(X). Unless W satisfies an independent quasi-homogeneity
condition, the (2,2) R-symmetries are fixed uniquely, giving charge g = ¢; to ®; and
I, where (®;,T7) are the (0,2) components of the (2,2) multiplet X;. Without loss
of generality we can restrict attention to 0 < ¢; < 1/2.%8 A special case occurs when
we can split the fields {X;} — {X,} U {X,} so that W = W!(X,) + W?(X,,). This
leads to an enhanced symmetry, but the enhancement is very large: on both the left
and right we obtain two N = 2 superconformal algebras with ¢; and ¢, that add up
to the total €. The enhanced right-moving U(1) symmetry is not part of an N=2
Kac-Moody algebra: there are two commuting N=2 superconformal algebras, and
each U(1) is the lowest component of a different N = 2 algebra. Thinking of this
theory as a (0,2) LG model and carrying out c-extremization leads to the same result
for ¢ and charges of the chiral fields.

We will now show that in non-singular (2,2) theories this is the only way that
enhanced symmetries occur. Hence, there are no (2,2) accidents.

A necessary and sufficient condition to be able to perform the split {X;} —

{X,} u{X,} and W = W!(X,) + W?(X,) is that the matrix of second derivatives

8 We assume ¢; > 0. In that case for a non-singular potential any fields with ¢; > 1/2 can be
eliminated by their equations of motion.
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Wi is block diagonal in the two sets of variables. ? Since we understand the symmetry
enhancement in that case, we assume that W; has no non-trivial block.!® We will
now show that no additional symmetry is possible when W is non-singular. The

argument uses three facts.

1. A non-singular W can satisfy at most one linearly independent quasi-homogeneous
relation. To see this, suppose the contrary. By taking linear combinations of two
relations we arrive at ) a; X;W; = 0. We can now split the fields X; according to

a; >0, a; <0,0r oy =0: {X;} = {Yo} u{Z} U {U,} and recast the relation as

ZﬁaYaWa = Z’YsZsWs ) (326)

where 5., v, > 0. Without loss of generality we may assume 3; =1 > 3, for a # 1.
Every monomial in W that contains Y; must contain at least one Z. Hence, W will
be singular unless W o Y/"Z, for some s, say s = 1. Similarly, dW|y_o will be
independent of Z; unless W o ZPY, for some a, which requires 8, = y1p = pm > 1,
where the last inequality follows since W has no quadratic terms in the fields. That

is in contradiction with 5, < 1, so the theory must be singular.

2. Suppose we have a symmetry of the (2,2) theory that commutes with the (0,2)

SUSY algebra. This means that there are charges @)} and ¢, such that

—QiW; = ZC]}XJ‘WU‘ — —QiWir = Wi + ZQijWjik: :

J J

Exchanging ¢ and k in the second equation and taking the difference, we obtain
(Qk — @)W = Wii(Q; — q) -

9 We use the shorthand W; = oW /0X;, Wy = oW /0X1.0X; , etc.

10 Take the n x n matrix Wj; and set to 1 all non-zero components. The result is a symmetric
matrix Ayg; that is the adjacency matrix for a graph G on n nodes, with each Ay; # 0 specifying a
path in the graph from node k to node i. The statement that there is no non-trivial block is simply
that G is connected.
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This means that whenever Wy; # 0 we need Q) — ¢, = Q) — ¢/."!

7

3. The (2,2) superpotential satisfies

(¢ — QW = > ¢ X;W; = U,
J
where U? is independent of X*. This follows by integrating the quasi-homogeneity
condition obeyed by W;.

Using these observations, we now complete the argument as follows. Since Wy,
does not contain a non-trivial block, we see from the second fact that for all k.1
Q) — ¢, = Q) — ¢;. Combining this with the third fact, we find that W satisfies a
quasi-homogeneity relation W (t% X;) = t9%=W (X); the first fact then implies that

either ¢, = cq; and ¢} — Q) = ¢, or W is singular.
3.3.6  Subtleties for heterotic vacua

We have seen that the identification of UV parameters with a deformation space of
an IR, CFT, while reasonably well understood for (2,2) theories, is more subtle for
(0,2) theories. The difference is that while in non-singular (2,2) theories enhanced
symmetries are always associated to a decomposition of the UV theory into non-
interacting components, this is not the case for (0,2) models. An enhanced symmetry
of a (0,2) model does generically mix with the naive U(1)g, so that the enhanced
symmetry point has a different central charge from what one might expect naively.
As illustrated by the example in section 3.3.3, the RG fixed points of a (0,2) model
need not realize any CF'T with the naive central charge.

There are situations where the consequences are more benign: there is a choice
of UV parameters that leads to a CF'T with the expected IR symmetries, but even
then the identification of UV parameters with marginal deformations of the IR theory

requires a careful study of the field redefinition orbits on the space of UV parameters.

1 This is trivially satisfied for the usual (2,2) U(1)y,, where Q; = ¢; — 1.
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The following familiar example illustrates the issue.
An SO(10) heterotic Landau-Ginzburg orbifold

Consider a (0,2) theory with the following field content and charge assignment

0 Do 3. ¢ b7 (3.27)
g 0 3 : -3
'SR

It is easy to see that this symmetry leads to r = 4 and ¢ = 9. The orbifold of this
theory by >/ is a candidate for an internal SCFT of an SO(10) heterotic vacuum.
As described in [41] that does seem to be the case: the massless spectrum is organized
into sensible SO(10) multiplets, and there is a reasonable large radius interpretation
in terms of a rank 4 holomorphic bundle on a complete intersection CY manifold in

CP3,195- The generic superpotential for this theory is

W =T, (3.28)
A

where each J4 has charge g = 4/5. We can choose the UV parameters of the theory
to produce the following non-singular potential:
6
Wi =T'07 + 7203 + ) T'® +T7 x 0 . (3.29)
i=3
This is a product of (2,2) minimal models and a free left-moving fermion. The
resulting central charge is ¢ = 3(3 + %) Thus, this choice of UV parameters does
not correspond to a point in the moduli space of the ¢ = 9 CFTs. Of course the orbit
of field redefinitions of this point yields a large basin of attraction of UV theories
that flow to the same CFT with ¢ = 3(3 + -). In this case we can identify another
point that does lead to ¢ = 9:
6
W, = T'07 + 7205 + ) T'®} + T70, D, . (3.30)
i=3
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While this superpotential still has a U(1) global symmetry, c-extremization leads to
¢ = 9 and R-charges as in the table above. Clearly there is a relevant deformation
by I'7®,®, that leads to an RG flow from the ¢ = 3(3+ ) theory to the ¢ = 9 CFT.

The general lesson is clear: field redefinitions stratify the space of UV parameters
into orbits, and in general these orbits correspond to different IR fixed points that are
not related by marginal deformations — in particular they can have different central
charges. The orbits may or may not include an IR fixed point for which the manifest
symmetry of the generic superpotential becomes the U(1)5* : in this example they

do, while in that of section 3.3.3 they do not.
3.4 Marginal deformations of a unitary (2,0) SCFT

This section contains a number of results on (2,0) SCFTs. Many if not all of these are
well-known in the context of heterotic compactifications, but the derivations given

here are more general and give a useful alternative perspective.
3.4.1 Basic results

Consider a unitary compact (2,0) SCFT with the usual superconformal algebra gen-
erators J(z), G*(z), and T(z), with modes given respectively by J,,, GF and L,.'?
We will show that marginal Lorentz-invariant and supersymmetric deformations

of this theory by a local operator take the form

AS = fdQ,z AL, AL ={G~,,,U} +he., (3.31)

where U is a chiral primary operator with U(1);-charge ¢ = 1 and weights (h, h) =

(1/2,1).13 In string theory, where one considers (0,2) SCFTs with quantized g

12 While for many purposes it is very convenient to treat the supersymmetric side of the theory as
anti-holomorphic, in the discussion that follows it leads to a great profusion of bars. Hence, in this
section the SUSY side will be taken to be holomorphic.

13 Some of the arguments given here were developed by IVM and MRP in collaboration with Ido
Adam.
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charges, this is a classic result [42]. Here we will apply the point of view developed
for N =1d =4 SCFTs [52] to arrive at the statement without any assumptions of

charge integrality.
Constraints from supersymmetry

Without loss of generality we can consider deformations 6L = O(z,%) by a quasi-
Virasoro primary operator O, since a descendant would just be a total derivative.
Lorentz invariance requires @ to have spin 0, i.e. ho = he. In order for §£ to
be supersymmetric, we need [Gfm,(’)] to be a total derivative, i.e. Gf1/2\0> =
L_1|M7). Applying GJfl/z to both sides of the equation and using the N=2 algebra,

we obtain

Gi—r1/2Gf1/2|O> - L—lGJfl/2|M$> ’

— L, [\(9> — G M) - Gj1/2|/\/l+>] ~0. (3.32)

Hence, up to a constant multiple of the identity operator, which does not lead to a

deformation of the theory, we can write |O) as

0) = G2, M)+ G2, M) (3.33)

and hence, without loss of generality, any non-trivial deformation corresponds to a

state

0) = GZ, ,lU) + Gf1/2|V> + [Gi1/2G:1/2 -1+ q_K)L—l} LO¥ (3.34)

2hc

where |U), |V) and |K) are all quasi-primary with respect to the N=2 superconformal
algebra, i.e. annihilated by the lowering modes of the global N=2 algebra, L; and
G*

1/2- The linear combination of operators in the last term is fixed by L;|O0) = 0.

The spins of the fields are

hy —hy=1/2, hy —hy =1/2, hic —he=1. (3.35)
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The remaining constraints from supersymmetry are

GT Gy pll) = L | X) GG V) = LY (3.36)

for some states |X) and |Y). We will now show that the only solution to these
equations is that & (V) is a chiral primary (anti-chiral primary ) state. It suffices to
work out the constraint on [y — the one on |V) follows by exchanging G* and G~.

Without loss of generality we decompose

X0 = alth) +|x) , (3.37)

where a is real and |y) is orthogonal to |/). The condition now becomes

(Gil/QG:lﬂ —al_)U)=La|x) . (3.38)

Applying (U|L; to both sides and using orthogonality of [/) and |x), we find a =

1+ gk Application of (x|L1 to both sides shows L_;|x) = 0, so we are left with

GT Gy plt) = (L+ ) LU (3.39)

Finally, applying G~ J2> We find
(1+ 5-)(2hy — qu) = 0 . (3.40)

The only solution of this equation consistent with unitarity is 2hy = qy, i.e. [U) is
a chiral primary state of the N=2 superconformal algebra.

Combining the preceding results and applying them to deformations by real op-
erators, we conclude that real Lorentz-invariant supersymmetric deformations take

the form

O(2,7) = [{G:l Uz} + h.c.] (G [G o, K (2, D)) (3.41)

where U is a fermionic chiral primary operator with hy = %+hu, hy = qu/2, and K is
a real bosonic quasi-primary operator with hx = 1+ hx. As in four dimensions [52],
we recognize the familiar superpotential and Kahler deformations.
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Marginal operators

If we impose in addition that the perturbation is marginal, we obtain the constraints
qu = 1 and hxe = 0. The latter implies that L_1|KC) = 0, i.e. K(Z) is an anti-
holomorphic conserved current that leads to a trivial deformation of the action. We

arrive at the result (3.31).
3.4.2 A few consequences

The preceding analysis, when combined with some basic assumptions about super-
conformal perturbation theory, leads to important constraints on (2,0) SCFTs. The
key feature is that we can use a (2,0) superspace to recast the marginal deformations

into the form

AS = fd%zfd& o'U; +hee. (3.42)

where o denote the couplings and U; are denote the chiral primary marginal fermi su-
perfields. Assuming there exists a manifestly supersymmetric regularization scheme
for conformal perturbation theory, the renormalized action at a renormalization scale
1 must take the form

ALy = JdQQ [Z“(a,@; ) J o + ZMQ_dAFA]
A

; { f 46 [ (o + b0 (s ) Us + ¢ (s )Us ] + h} S (343)

At the conformal point (o = 0) the J, and K4 are real operators of dimension
A, = 2 and Ay > 2, while the U; and U; are chiral primary operators with q = 1
and q > 1 respectively.!* The first line is parallels the N = 1 d = 4 situation;

however, the second line is new, following from the fact that the ¢;i; OPE will in

14 Compactness of the CFT ensures a gap in dimensions between J, and K 4, as well as between
Z/li and UI.
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general have singular Z dependence. Of course supersymmetry still requires that the

renormalization of the superpotential should be holomorphic in the parameters.
Marginal irrelevance

Marginal deformations preserve the R-symmetry of the original SCFT. Hence, the
unitarity bound hy = q/2 implies that a marginal deformation is at worst marginally

irrelevant and never marginally relevant.
D-terms and F-terms

Assuming that conformal perturbation theory is renormalizable, the terms involving
the K 4 and U; do not arise, and scale invariance of the theory is equivalent to
0 —i 0

Do, @) = ,uaZa =0 and Fa)= uaéof =0. (3.44)

A two-dimensional unitary compact scale-invariant theory is automatically confor-
mal [87], so every deformation satisfying these “D-term” and “F-term” constraints
is exactly marginal.

The “D-term” obstructions to marginality are exactly the same as in the d = 4
case studied in [52] — such a scale dependence requires the breaking of a global
right-moving symmetry. This is easy to understand at leading order in conformal
perturbation theory. In the presence of abelian currents J,, the OPE of U with its

conjugate takes the form

17 f(iljau%w
9i7 L 94 ( )+...

Uz 2o ) ~ e e =)

(3.45)

where J* = 4%J,, and 22(J,(Z).J5(0)) = 74 in the undeformed theory. This leads

to a logarithmic divergence in conformal perturbation theory proportional to

- |0 *q2 T (w, ) iy i,
[ u6my [T g g ) (349
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which corresponds to the leading order D-term proportional to

D, =Yl . (3.47)

In applications to heterotic compactifications such a symmetry necessarily corre-
sponds to a gauge boson in the space-time theory, and the space-time picture of the
breaking is just the Higgs mechanism: the obstruction to marginality of a coupling
a that breaks a right-moving symmetry is encoded in a space-time D-term potential.
We believe that in (0,2) LG models without an orbifold there are no F-term
obstructions. The reason is simple: the free field UV presentation of the theory
comes with the usual non-renormalization theorems for the superpotential, so the
only divergences we expect to encounter will correspond to D-term counter-terms.
The two sources of obstruction are in one to one correspondence with the two
ways in which a short chiral primary multiplet can combine into a long multiplet
of (2,0) SUSY. Suppose we consider an infinitesimal (2,0) SUSY deformation under
which a marginal chiral primary state ) acquires weights (h,h) = (3 + §,1+ £).

In this case |U) is no longer chiral primary, and by a choice of basis we can consider

two separate cases:

GT ) #0, Gu)=0, or  GELUy=0, Gp,uy+0. (3.48)

In other words, [U) remains primary but is no longer chiral, or it remains chiral but
fails to be primary. The first case corresponds to an F-term obstruction, where at
¢ = 0 we have two chiral primary superfields (U, F) with g, = 1 and g = 2 and
h = 1, while for ¢ > 0 we find a complex long multiplet with lowest component |/)

and GT, ,[U) = \/e|F)."> The second case corresponds to a D-term obstruction,

where at € = 0 we have chiral primary superfields U, its anti-chiral conjugate U,

15 In a ¢ = 9 theory with spectral flow there is a canonical F for every U in the theory. Indeed, as
observed in [12, 36, 42], the F (2,0) superfields can be used to construct vertex operators for the
space-time auxiliary fields residing in chiral multiplets of the associated four-dimensional theory.
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and a Kac-Moody current J; for € > 0 we obtain a long real multiplet with lowest
component J and descendants Gf1/2]7> = /eld) and G:1/2]7> = Jelh).

In particular, we see that there are no F-term obstructions if the undeformed
theory has no chiral primary operators with ¢ = 2 and h = 1. This is the case, for
instance, in every (2,0) SCFT with ¢ < 6. If there are also no left-moving Kac-Moody
symmetries then every (2,0) marginal deformation must remain exactly marginal. In
appendix B.1 we mention a simple example illustrating an F-term obstruction at

c=09.
Kahler geometry of the moduli space

One can use the same reasoning as in [52] to argue that the space of truly marginal
deformations of a (2,0) SCFT must be a Kéhler manifold. This is because the D-term
constraints and the quotient by global symmetries lead to a toric quotient on the
space of marginal couplings, while the F-term constraints are manifestly holomorphic
constraints, restricting the truly marginal directions to a Kéhler subvariety of the
toric variety. In heterotic compactification this can of course be argued either from
the space-time heterotic supergravity or by using additional assumptions of a (2,0)

SCFT with integral charges [86]. The argument given here is more direct and general.
Application to (2,2) theories

The case of a (2,2) SCFT and its (2,2)-preserving deformations is much simpler.
There are two types of superpotential deformations: the chiral and the twisted chiral.
The former corresponds to deformations by chiral primary (c,c) ring operators, while
the latter by the (a,c) ring operators. Supersymmetry implies that twisted chiral
parameters can never show up in the renormalized chiral superpotential and vice-
versa. Moreover, the OPE of the (c,c) and (a,c) chiral primaries with themselves is

non-singular, so that neither potential is corrected—there are no F-term obstructions
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to marginality. Hence, all marginal (c,c) and (a,c) symmetry-preserving deformations

are truly marginal. This is again a familiar story in string applications [35, 42] .
Accidents beyond field redefinitions

We can now see that the field redefinitions of (0,2) LG theories do not describe all
accidents. It is not the case that every direction transverse to field redefinition orbits
corresponds to a marginal deformation of the IR theory. This is due to the possibility
that marginal deformations of a (0,2) theory can turn out to be marginally irrelevant.
In (0,2) LG theories this is due to D-term obstructions where a U(1) symmetry is
broken by turning on operators with a definite sign of the U(1) charge. We give an

example of this phenomenon in a well-known heterotic vacuum in appendix B.2.
3.4.83 Deformations and left-moving abelian currents

As a final application of the preceding results, we consider the interplay between
deformations of a (2,0) SCFT and left-moving currents.

A (2,0) SCFT may possess a KM algebra on the SUSY side of the world-sheet
in addition to the U(1)y current Jr in the N = 2 multiplet. Such structures are
familiar from heterotic compactifications preserving 8 space-time supercharges in four
dimensions — when realized geometrically these correspond to geometries 7 : X —
K3 — principal T? fibrations over a base K3 [20, 82]. In each such case we can use
a Sugawara-like decomposition to decompose the N = 2 world-sheet superconformal
algebra (SCA) into two commuting sets of generators, one associated to the KM
algebra, and the other corresponding to the remaining degrees of freedom.

Suppose we have an abelian current algebra U(1) with current .J;. There are two
ways that the decomposition can work. If J does not belong to a multiplet of the

A. SCA, then we must have a decomposition

Ac = A/C’ @ /C/" y (349)
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where ¢ = ¢ + ¢’, and the lowest components of the N=2 multiplets of A" and A”
are obtained by appropriate linear combinations of J;, and J;. We are familiar with
such examples from above: this happens whenever the LG theory decomposes into
a product of two non-interacting theories.

If J does belong to a multiplet of A, then it must be accompanied by a second
U(1) Kac-Moody current Jo, as well as weight h = 1/2 operators 11 and 1by. Together

these arrange themselves into a well-known ¢ = 3 unitary representation of N = 2:

Jo=p: , GT =25, G =2y, Tzzgj:—%(:aﬁzbzﬁ—:'z/)(?@(:),)
3.50

where 1 and 7 have the free-field OPEs

YY) ~ (z—w)™, F(=)a(w) ~ (2 —w) 7 (3.51)
This is equivalent to the holomorphic sector of a T?% (1,0) non-linear sigma model,
and we will call it A%ee.

There is a key difference between these two generalizations. In the first case,
there are generally deformations that can break the extra left-moving symmetry —
in (2,2) LG this happens when we move away from a Gepner point to a more generic
theory. In the second case such breaking is impossible. To see this, we just need
to apply what we learned about the structure of SUSY deformations in conformal
perturbation theory. Since our algebra splits as

A=A, @ Al (3.52)

a marginal deformation has a similar decomposition
U=U + Sy, (3.53)
where U’ is a chiral primary operator with h = 1 and ¢’ = 1, while S is a (0,1)
current. The deformation of the action is then
Gy U=G"7 - U +V2S5) . (3.54)
This is neutral with respect to Jp, 7 and 3. More generally, any relevant deformation
must be of the form U = U" with ¢’ < 1.
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3.5 Toric geometry of the deformation space

In the previous sections we saw that accidental symmetries play an important role in
(0,2) Landau-Ginzburg theories, and more generally, in (0,2) SCFTs. In this section
we will describe a conjecture that allows us to account for these accidents in a certain
class of (0,2) LG theories. In that context our goal is to describe the moduli space
M of IR fixed points corresponding to a class of UV data determined by a choice of

charges ¢; and Q4 which have the expected central charge

c=3n—N+r), T=—2QA—Z%. (3.55)
A i

To do so, we need to perform two steps:

1. decompose the UV parameter space into orbits under the action of field redef-

initions;
2. determine which orbits contribute to M.

The result is expected to be a (typically singular) Ké&hler space. In general these
are rather formidable tasks. The group of field redefinitions is rather large and
the space of orbits is non-separable. A reasonable geometry can only emerge after

implementing the second task. This involves excluding two types of orbits:

e Along a discriminant locus A in parameter space, the superpotential is singular.
The discriminant will clearly be invariant under field redefinitions, and orbits

contained in A will not contribute to M.

e For some non-singular values of the parameters, the theory will have accidental
symmetries in the IR. As we have seen, in some cases these symmetries will
mix nontrivially with the R-symmetry and the central charge of the IR fixed
point will be larger than ¢. Thus, these orbits as well need to be excluded from
M.
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In general, the second step is difficult even if one restricts attention to symmetries
which act diagonally on the UV fields. Detecting the basin of attraction of some
component of the IR moduli space with central charge @ > ¢ requires a determination
of the R-symmetry along each such component to find which deformations away from

this locus are in fact irrelevant.
3.5.1 The toric conjecture

There is a simpler version of both of these problems that may be tractable. The
group of field redefinitions always contains an abelian subgroup, the complexification
of the U(1)" x U(1)Y subgroup of the global symmetry of the free kinetic terms, that
corresponds to rescaling the chiral fields of the theory. In particular, if we write the

most general superpotential in our class as

W=3T* > a2, (3.56)
A

mEAA A

where

AA = {m ez | Zz m;q; = —QA} (357)

describes the lattice points in the Newton polytope for Jy4, then the field redefinitions

d; — 1;0; 4 — (3.58)

lead to a T = (C*)N="+1 action'® on the space of UV parameters Y = CXa A4l

OpAm V> TA Hz t;nl X CAm - (359)

We will refer to these as toric field redefinitions.
We now restrict attention to these toric actions in both of the tasks listed above.
Namely, we decompose the parameter space into Tt orbits and exclude those orbits

that either lie in A or exhibit accidental symmetries contained in T¢ and lead to

16 The rank of the C* action is reduced by 1 due to the quasi-homogeneity of W.
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@ > ¢. The result, which we will call Mz, will in some cases be equivalent to M,
but in general the two will differ. We will comment on this further below.
The action of the compact torus 7" < Tt , given by restricting to |t| = |7| = 1,

determines a moment map g = (X\;A) : Y — RV with

A=D1 Y milaan|® A= laaml*. (3.60)

A mEAA mEAA

Quasi-homogeneity of VW implies that the image lies in the hyperplane
ZQMi + EQAAA =0. (3.61)
i A

The image of i is the intersection of this hyperplane with a cone, determined by the
charges, inside the positive orthant in RN*". This intersection is itself a cone f], of
dimension N + n — 1. The level sets of u determine a selection of orbits: generic
orbits will be N + n — 1 dimensional, but the action will degenerate along points
with a non-trivial stabilizer subgroup, leading to orbits of smaller dimension.'” More
precisely, the cone 5 can be subdivided into a fan 32, such that the collection of orbits
containing a point for which p(«) = p* is determined by the cone of ¥ that contains
w*. This is the secondary fan for the T" action. We now have enough structure to

state our conjecture.

Congecture

The toric moduli space My is the complement of the discriminant subvariety A in

a toric variety

Vo= p (N AT (3.62)

where

N=1-q, A,=1+Qu. (3.63)

(2

17 There are orbifold singularities when the subgroup is discrete; we will focus on continuous
stabilizer subgroups.
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This is a rather strong statement, and we will not provide a complete proof but
rather some evidence for it. Some ideas on a possible derivation are discussed in sec-
tion 3.5.4. We will motivate the conjecture by combining our results and observations
from above with some facts about toric varieties.

We should note a few important points. First, V' may turn out to be empty.
Second, while we claim that V\A describes Mr as a variety, we do not make any
statement about the relation between the Zamolodchikov metric on the space of
marginal couplings and the metric on V' obtained by the Kahler quotient. Finally,
in this chapter we will be concerned with orbits of continuous field redefinitions. In

general there will be additional discrete quotients that identify points in M.
Combinatorics of the secondary fan

Codimension-one cones in Y are associated with orbits containing a point at which a
single C* < T is unbroken. More precisely, Gy o) = C* < It acting with charges

¢;, @’y on the chiral superfields will fix points at which
lam|® (Q'y + Dmigl) =0 forall A, me Ay . (3.64)

The p-image of the Tt orbits of such points will lie in a cone oy o) generated by the
charge vectors of the a4y, fixed by Gy o). Thus, the codimension-one cones of ¥ are
determined by one-dimensional subgroups for which oy o) has dimension N +n —2

and lies in the hyperplane
DQUAL+ D g =0 (3.65)
A i

In terms of W the codimension-one cones of 3 correspond to subgroups for which
we can write a (possibly singular) family of models fixed precisely by (C*)2. Cones
of higher codimension in the fan are boundaries of these cones and arise at the

intersections of these hyperplanes.'® Points in the interior of some cone of the fan (of

8 Note that this does not imply that cones of higher codimension correspond to models with larger
unbroken symmetry: values of p at the intersection of two codimension-one cones can be in the
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any codimension) lie in the image of a collection of orbits determined by that cone.
Our conjecture is thus equivalent to the statement that the pu-image of the Tt orbits
of models with central charge ¢ intersects the cone ¢* containing p* in its interior.
A cone o € ¥ can be specified by its relation to the codimension-one cones oy gr).
For each of these, o either lies inside oy ), in which case p € o satisfy (3.65), or it
lies on one side or the other, meaning (3.65) is satisfied as a strict inequality for all
1 € o. To prove our claim we thus need to show that orbits of points in parameter
space corresponding to models with central charge ¢ are precisely those containing
in their image points satisfying the inequalities satisfied by p*. To do this we must
consider all codimension-one cones of . We classify these by the nature of the

models exhibiting the enhanced symmetry.

3.5.2  Enhanced toric symmetries

Symmetries realized by a non-singular potential

Consider first the case of one-parameter subgroups of Tt for which the generic point in
the locus they fix corresponds to a nonsingular model with a U(1)? global symmetry.

The IR R-symmetry can then be determined by c-extremization as

Gi = tq; + sq. , QA =tQa + sQ'y , (3.66)

where

t (tj) - (Z@- G} +02A Q;A;) ' (3.67)

L is the negative-definite 2 x 2 matrix defined in (3.11) and (g, ) are normalized as

in (3.6). We now distinguish two situations.

DG+ QU =0, (3.68)
7 A

image of two distinct T orbits, each of which is fixed by a different subgroup.
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then the IR symmetry is given by (¢; @), and the T¢ orbit of the model with enhanced
symmetry is a point in V. In this case, we can apply conformal perturbation theory
to deformations of this theory. The symmetry-breaking couplings ,, (those van-
ishing on the locus exhibiting enhanced symmetry) parameterize classically marginal
deformations away from the symmetric theory. The analysis of section 4 shows that
in fact some of these will be marginally irrelevant, and the moduli space is given to
first order in the symmetry-breaking couplings by the vanishing of the D-term for

the broken symmetry. We can write this explicitly here as

D= Y @+ Y mid) el

A,TLEAA

= > gNi+ D QUM (3.69)
i A

This holds at leading order in conformal perturbation theory about the symmetric
point, and our conjecture amounts here to the statement that higher order correc-
tions do not qualitatively modify the structure of the symplectic quotient that leads
to the variety V: while the metric may be modified, which orbits are kept and which
are excluded is not changed by higher order corrections. This implies that points in
V' are It orbits containing points whose image under p lies in the cone oy ). We

see from (3.68) that this condition is satisfied by p*.

2. @ >¢. If (3.68) is not satisfied, the central charge @ determined by extremization
will be larger than ¢, and the T¢ orbit of the model with enhanced symmetry is not
a point of V. Moreover, the symmetry-breaking parameters o, are not marginal

couplings in this theory. Solving (3.67) we find

T !\ k / *
ST (Z AN +ZA:QAAA> : (3.70)

Without loss of generality we can choose the sign of (¢, Q') so that s is negative. Since
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by construction all our couplings are invariant under (g; @), and by assumption L is
negative definite, the sign of the charge under the IR R-symmetry is then the opposite
of the charge under (¢’, Q). Thus, couplings a4, for which @’y + >}, m;q; > 0 will be
relevant deformations of the model with enhanced symmetry, while couplings with
the opposite charge will be irrelevant; couplings preserving the enhanced symmetry
are marginal. The T orbits of points in parameter space corresponding to irrelevant
deformations of the symmetric model will not be points in V: as discussed above
they will exhibit an accidental symmetry in the IR and a central charge @. Orbits
for which at least one relevant coupling is nonzero are characterized precisely by the

fact that they contain points for which the moment map satisfies

DIaAi + > QUM >0 . (3.71)
i A

This specifies one side of the hyperplane associated to the enhanced symmetry, and,

as we have shown, this is the side on which the point p* lies.
Symmetries without a smooth realization

If every enhanced symmetry were realized by a non-singular WV the discussion above
would suffice. In general, however, there are codimension-one cones in ¥ associated
to one-parameter subgroups of T¢ for which it is not possible to construct a non-
singular W exhibiting the symmetry. In these cases the RG trajectories exhibiting the
enhanced symmetry along the flow are singular, and we cannot use their properties
to determine the local structure of the moduli space.

A simple example of this is given by the symmetry acting as I'4 — 774 for some
A with all the other fields invariant. This fixes the locus J4 = 0 which will in general
be singular (it will always be singular when n = N). In this case, the corresponding

hyperplane is A4 = 0, and the associated codimension-one cone lies on the boundary

of 3.
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More interesting is the case of a codimension-one cone in the interior of S to
which the methods of the previous section do not apply. Our conjecture here is that
whenever the enhanced symmetry does not satisfy (3.68), non-singular models will
only exist when at least one symmetry-breaking coupling whose charge under the
broken symmetry is in accord with the sense of the inequality is non-zero. In parallel
with the second discussion in the previous subsection, T orbits associated to points
in V' will be those containing points whose image under p lies on the side of the
hyperplane which contains the point p*.

There will also be codimension-one cones in X associated to one-parameter sub-
groups for which there is no non-singular model exhibiting the symmetry, but which
satisfy (3.68). Here as well we can classify the symmetry-breaking couplings by their
charge under the broken symmetry. In this case, we conjecture that non-singular
models will have nonzero values for at least one coupling of each sign. Restricting
to models with non-zero couplings of only one sign (as well as the neutral couplings)
will produce a singular model. The space of T orbits associated to points in V'
in this case will not be toric. It can, however, be described as the complement of
the symmetric locus (a component of A) in a (singular) toric variety. This contains
orbits containing points whose image under  lies in the cone oy gy. When we ex-
clude the singular symmetric locus here, we find precisely orbits that have nonzero
symmetry-breaking couplings with both signs of the broken charge. The point p*

clearly lies in this hyperplane.
3.5.8 FExamples

A few examples may be helpful at this point. We proceed from a simple example
for which our methods produce correctly the actual moduli space to models demon-

strating their limitations.
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A plain model

Consider first the class of models with n = N = 2 and charges

I N (3.72)

>
[« [

11
a 31 5§

and¢/3=r=1+ %. The most general superpotential is

w =Tt (aH(ﬁ:{’ + Q12¢1¢§) +I? (a21¢§ + 0422¢%¢§) ; (3.73)

and the discriminant is

A = (X11(21 (04110621 — 04120622> . (374)

This is an example of what we call a plain model: the torus T¢ includes all field
redefinitions consistent with the symmetry, so our toric considerations will in fact
generate the moduli space M itself.

The torus 7' = U(1)? action on C* is characterized by the charges and moment

map components

D 11 19 Qg1 (99 (375)
A3 10002
A 0 3 5 2
Ay 11 0 0
A, 0 0 1 1
where the latter satisfy
31+ 2Xy = 9A; + 10A, . (3.76)

There are six codimension-one cones in . Only two of these are realized by non-
singular models; the remaining four comprise the boundaries of 5 given by A; >

0 and Ay > 0, as well as \y —2Ay > 0 and \; — A; > 0.
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There are two codimension-one cones in the interior of $. Consider first the
symmetry (¢;@Q’) = (1,0;—3,0), which satisfies (3.68). The non-singular models
realizing this symmetry have as = ago = 0. In fact the model reduces to a product
of two (2,2) minimal models and, as expected, the central charge is ¢. The symmetry
determined by (¢', Q') = (—1,1; —2,0), for which >, ¢/\* + >, Q’4A% < 0, fixes mod-
els with a1 = agy = 0.1 Under the broken symmetry, oy, is negatively charged and
a positively charged. We see from (3.74) that, in accordance with the conjecture,
non-singular models require a non-zero value for the negatively charged coupling.

The moduli space M is thus determined. We can fix two of the generators of T
by setting ary; = ao; = 1, and the remaining couplings parameterize the toric variety
V = C with invariant coordinate z = aqaai99. The moduli space is M = V\A where

the discriminant reduces in these coordinates to 1 — z.
A non-plain model

We can also consider the model with n = N = 2 and charges given by
o, o, It TI? (3.77)

46 115 460 _ 230
d 71 1 "1 T an

with ¢/3 = r = 1 + %. The most general superpotential invariant under this

symmetry is

W = Fl (CYHCD%O + algq)sl)cbg + &13@%) + F2(O{21CI)51) + O{QQ@%) s (378)

and the discriminant is

2 2
A= (1109 — (X12021 (X222 + *13Q097 - (379)

The torus 7' = U(1)? action on C5 is characterized by the charges and moment

19 Note that this symmetry leads a 2 x 2 L matrix that is not negative-definite; however, the
corresponding superpotential is singular.
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map components

D oy ajp agz o) ag (3'80)
A 10 5 0 5 0
A 0 2 4 0 2
At 11 1 0 0
A, O 0 0 1 1
where the latter satisfy
2A1 + 5y = 20A; + 10A, . (3.81)

The cone 3. is the intersection of this with the positive orthant. This is bounded, in
this case, by the coordinate hyperplanes. There are four codimension-one cones in
the interior of 3 here, none of which satisfy (3.68).

The symmetries acting with charges (¢’; Q') = (1,0; =5, —5) and (¢/, Q") = (1,0, —5,0)
are preserved by singular models, and non-singular models, as per the conjecture, lie
in orbits containing points for which A\ —5A; —5Ay < 0 < Ay — 5A;. The symmetry
acting with charges (¢’, Q') = (1,0; —10, 0) fixes the locus aj2 = a3 = @9 = 0 where

we find a product of (2,2) minimal models: up to a rescaling

Wy =10 + 203 | (3.82)

with central charge ¢;/3 = 1+ % > r. At this point, the operators associated to aqs
and «q3 are irrelevant but the operator associated to as; is relevant. We conclude
that models with aj1a00 # 0 and ag; = 0 flow to this IR fixed point and orbits
containing such models do not contribute to V. Orbits that do contribute have a
point for which A; > 10A;.

The symmetry acting with charges (¢/, Q") = (0,1; —4,0) fixes the locus a;; =
Q12 = Qg = 0 where we find a product of (2,2) minimal models: up to a rescaling

Wy =105 + 207 (3.83)
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4

with central charge ¢;/3 = 1 + %

> ¢1/3. At this point, the operators associated
to aq1 and g are irrelevant but the operator associated to gy is relevant. We
conclude that models with aj3as; # 0 and ags = 0 flow to this IR fixed point and
orbits containing such models do not contribute to V. The orbits that do contribute
have a point for which Ay > 4A;.

Our toric model V' of the moduli space is thus determined here by the cone

)\1 > 10A1 , )\2 > 4A1 s Al > 0. (384)

Applying (3.63) we find that, as expected, the point

pr = (30 0 1 1) (3.85)

lies in this cone. Points in the preimage of this have as; and ass both non-zero.
We can use two of our rescalings to fix as; = 99 = 1, and under the remaining
symmetry the three coefficients in J; transform homogeneously, so we have V = P2,
Of course, this is an overparametrization. This is not a plain model, and we can use
the remaining field redefinitions I'* — I'* + I'' (a® + bP3) to show that these theories
flow to a unique IR fixed point. Not unrelated to this is the fact that there is no

discriminant here: any point in P? corresponds to a non-singular model.
A model with N >n

The model discussed in section 3.3.3 shows more of the limitations of toric methods.
Here we have Y = C? and Tt = (C*)?* acts on the couplings. S is the intersection

of &1 + 3Ny = 6(A; + Ay + A3) with the positive orthant. There are a total of
18 codimension-one cones in the interior of .. Proceeding with our method we

find a five-dimensional toric variety V' determined by the moment map values p* =
6 4.1 1 1

(3,%;%,%,7). This is a puzzle, since we found previously that there are no models

in this class with ¢ = 3. The resolution is that the model
Wy =T100 + 203 + I3 | (3.86)
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which is in the inverse image under p of the point p*, is fixed by a U(1) rotation in
the I'*3 plane that is not contained in T¢. This is a symmetry which arises as an
accidental symmetry for all points in V, and is manifest for Wj. This mixes with
the IR R-symmetry leading to the central charge found above. This phenomenon
in which a Fermi field is in fact free in the IR can occur in non-plain models with

N > n. For models with N = n a model with a free Fermi field will be singular.
3.5.4  Summary and further thoughts

We have provided evidence for a strong conjecture on the structure of the space of T¢
orbits contributing to V. For models in which these are the only field redefinitions
consistent with the UV symmetry this produces the moduli space M of SCFTs with
central charge ¢. By analogy with studies of (0,2) GLSM parameter spaces [70, 80,
we call these plain models. For models with larger groups of field redefinitions, our
discussion is partial in two ways: we have overparametrized the moduli space, and
we have failed, in general, to exclude the basins of attraction of models in which a
symmetry in the complement of Tt mixes with the IR R-symmetry.

Our evidence, while suggestive, falls short of a derivation of the result. The key
difficulties in a proof are twofold. First, the consequences of enhanced symmetries
that are only realized by singular superpotentials are difficult to grasp, since we
do not have conformal perturbation theory as a guide. For these our evidence is
based on the analysis of many examples that all turned out to be consistent with
the conjecture. The second difficulty lies in extending the leading order conformal
perturbation theory result for enhanced symmetry loci with @ = ¢. It may be possible
to improve this by a more detailed study of the combinatorial structures involved.

A more satisfactory derivation can be imagined, which proceeds by constructing

a ¢ function along the RG flow and showing that this can be written in terms of «
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through the combinations forming ()\; A), along the lines of [71, 72, 49].2° In that
work, global symmetries broken by couplings were incorporated into a-maximization
in four-dimensional theories by imposing constraints on the space of symmetries over
which one maximized a trial a-function. The Lagrange multipliers implementing the
constraints could then be used to parameterize the flow. In our case the symmetry-
breaking couplings are the superpotential couplings which break the global symmetry
U(1)V*" of the (free) UV theory to U(1) and one can introduce Lagrange multipliers
to constrain the symmetries over which ¢ is extremized. Of course, imposing N +
n — 1 constraints is a formal procedure, because this is tantamount to specifying
the outcome. However, if one proceeds formally, one finds an expression for ¢ in
terms of the Lagrange multipliers and the values of these at the extremum — which
reproduces (3.7) — are precisely the values of the moment map given by (3.63). The
relation between this formal result and the values of the moment map is not clear to

us.
3.6 Outlook

The project described in this chapter began as an attempt to classify IR fixed points
of (0,2) LG theories — a generalization of the results obtained for (2,2) LG theories
in [68, 67] . This beautiful work shows that for fixed ¢ = ¢ there is a finite set of
families of superpotentials W (X3, ..., X,,), or equivalently charges g(X;) that lead to
a non-singular (2,2) SCF'T of desired central charge. Having the (0,2) generalization
would be very useful: we would have a new class of heterotic vacua and more generally
(0,2) SCFTs with many properties computable in terms of the simple UV description.
These would naturally fit into the class of (0,2) gauged linear sigma models and could

be used to produce a large class of hybrid models along the lines of [27].

20 A conversation with D. Kutasov, in which he suggested this idea, was instrumental in leading
us to the results of this section.
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What we learned is that, in contrast to the (2,2) case, it is not enough to classify
non-singular (0,2) potentials realizing a particular set of U(1)r, x U(1)g charges. For
instance, the model studied section 3.3.3 would naively realize a ¢ = 4, ¢ = 3 (0,2)
SCFT that could correspond to some rather exotic 8-dimensional heterotic vacuum.
In fact no such IR fixed point is obtained for any choice of the UV parameters. This is
a general lesson for building UV models of (0,2) SCFTs: a check of UV R-symmetry
anomalies is not enough, and while the UV theory may well flow somewhere (i.e
to an SCFT with ¢ > 0), it may wind up far (i.e. at infinite distance) from the
expectations of the model builder. We expect this to be a general lesson applicable
to the wider class of gauged linear sigma models. In exploring that latter point it
should be interesting to study in detail GLSMs with LG phases that exhibit accidents
and extrapolate their consequences to large radius geometries.

For a class of models—the plain LG theories—we were able to obtain a com-
pelling conjecture for a global description of the (0,2) moduli space M realizing the
expected central charge. While the resulting combinatorial structure is consistent
with a case-by-case analysis of field redefinitions and their orbits in examples, we
were not able to prove it in generality. Progress on both testing and proving the
conjecture could be made by developing a better understanding of the combinatorial
structure of quasi-homogeneous (0,2) superpotentials, as well as developing Lagrange
multiplier techniques and trial ¢ functions. A classification of plain LG theories seems
achievable; this would yield a large playground to explore LG RG flows and could give
hints to the more general classification problem. Finally, it should be illuminating

to relate our work to studies of RG flows with redundant couplings, e.g. [21].
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4

Worldsheet instantons and linear models

4.1 Introduction

A natural starting point for exploring the moduli space of (0,2) heterotic compactifi-
cations is the study of the geometry of holomorphic vector bundles V over Calabi-Yau
(CY) manifolds M. Under suitable conditions such bundles determine, to all orders
in o/, a supersymmetric heterotic vacuum. For a long time it has been known [35]
that worldsheet instantons wrapping rational curves in M in principle generate a
potential which destabilizes the vacuum. In rather special cases, such as models
with (2,2) supersymmetry [42] or some specially fine-tuned (0,2) models [38, 40], the
correction terms vanish for each instanton separately, but this is not true in more
generic models [24, 31, 7].

In this context, heterotic compactifications obtained as gauged linear sigma mod-
els (GLSMs) [97] have received special attention, as they are believed to be stable
under worldsheet instantons, even in the generic case in which the contributions of
individual instantons do not vanish. This claim is then a nontrivial vanishing theo-

rem about the total contribution from each instanton class. This was first proposed
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in [91] and further studied in [17] '. This work suggests that in these models the
corrections vanish even when the contributions of individual instantons do not. If
true, this would guarantee the existence of a vast playground for tackling issues of
(0,2) moduli spaces.

Essentially, these arguments rely on the fact that in heterotic vacua determined by
(0,2) theories the space-time superpotential for gauge singlets can be determined by
a correlator C computed in a (half-) twisted version of the model. Unlike the twisted
versions of (2,2) theories, this is not a topological field theory, but the simplifications
associated with the existence of a nilpotent scalar charge, such as the decoupling of
exact operators from the correlators of closed operators, carry over to this case and
show that C depends holomorphically on the relevant worldsheet couplings.

This holomorphy together with compactness arguments can be used to show that
the correlator vanishes identically. The argument of [91] used the fact that the
parameter space of the GLSM is compact (or has a natural compactification). C
was shown to be a global section of a holomorphic bundle of negative curvature. If
nonzero, this must exhibit poles, which in this theory arise from the finite-energy
configurations with very large field values which occur at special loci in the parameter
space. At these loci the model is indeed singular, but the large-field region can be
studied semiclassically to demonstrate that these configurations do not lead to any
singularities in C. The absence of poles shows that this vanishes identically. This
was pursued explicitly in a simple example, but the argument did not appear to rely
on details of this example so seemed likely to generalize.

In turn, the argument of [17] relied on the compactness of an appropriate moduli
space of instantons. More precisely, these authors used the fact that the contribu-
tion to C at any fixed instanton number can be related to a calculation in a model

in which many of the worldsheet couplings vanish. In this model, the moduli space

! In [16] an argument along rather different lines was pursued.
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of instantons is compact, and a zero-mode counting argument shows that the contri-
bution to C vanishes. Here too, detailed calculations were done in simple examples
but the argument seemed very robust and likely to hold in general.

In this chapter, we follow up on this work with a systematic study of the condi-
tions under which the vanishing theorem of [17] applies. We find that in a generic
gauged linear sigma model the argument that the moduli space of instantons is com-
pact fails, reviving the question of whether these models are in fact destabilized
by worldsheet instantons. We do not resolve this question. We are, however, able
to construct an extensive class of models for which the argument holds — a sizable
playground, if not as extensive as had been hoped.

The rest of the chapter is organized as follows. In Section 4.2 we review the
construction of (0,2) linear models relevant for our analysis. In Section 4.3 we show
that there exist models for which the vanishing of the space-time superpotential for
gauge singlets is not guaranteed and we present an example in detail. In Section
4.4 we prove a vanishing theorem for a particular subclass of (0,2) linear models. In

Section 4.5 we end with some implications of this work and future directions.
4.2 'The linear model

Our tool for investigating the issue of instanton corrections in this chapter is the
(0,2) gauged linear sigma model. For a suitably constructed bundle V on a CY space
M presented as a complete intersection Hy = 0 in a Fano toric variety V,? the IR
worldsheet dynamics is expected to be the same as that of an Abelian gauge theory
with (0,2) supersymmetry. In this section we are going to review the construction
of the (0,2) linear model [97] in order to establish notation and define the class of
models we consider. More details can be found in appendix C.1.

The linear models we consider are gauge theories with gauge group U(1)%, along

2 We recall that a variety V is Fano if and only if the anticanonical bundle Ky of V is ample.
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with m neutral chiral supermultiplets we call ¥, = (0, A, +). We couple these to a
collection of charged supermultiplets determined by the geometric data:

fields P* @ DI A4 S = (4.1)
um* —-m¢ ¢ Qf —d4% m*—d* d*—m°

where

m® = Zmz : d* = Edfg : (4.2)
A

The n chiral multiplets ® = (¢,+") and their charges are determined by a
presentation of V' as a symplectic U(1)# quotient. The model has Fayet-Iliopoulos
D-terms whose values r® correspond to the shift in the moment map for the U(1)%
action. The moduli space of classical vacua of a theory containing only these fields
will be V' when the r* lie in a cone Ky, the Kahler cone of V.

The N Fermi multiplets I', with lowest components the left-moving fermions ~7,

satisfy a chirality condition 2

DIl = 2E (%, ®) | EN(%,®) = %, B (@), (4.3)
and their charges determine the bundle £ — V' by the short exact sequence (SES)

0——@,0 2 0,0Q) —=E——=0. (4.4)

This collection of fields with these couplings comprises what we refer to as the V'
model [84]. It is not a conformal field theory, and will typically exhibit trivial IR
behavior. The space of V models is parameterized by r* complexified by 6 angles as
well as the coefficients of the maps £+

In general, there is a larger cone, which we call the geometric cone K., in which

the space of vacua has this character. More precisely, this is the cone in which the

3 Unless otherwise specified, we use Einstein’s summation convention throughout the chapter.

4 These are in general subject to identifications, so this is an overparameterization.
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V' model as defined above has supersymmetric classical vacua. It is generated by
¢i, and it is divided into phases. These correspond to subcones of K., one of which
is Ky, separated by hyperplanes associated to U(1) subgroups of the gauge group
which are unbroken at large ¢.

To construct our superconformal theory we augment the V' model by the k chiral
multiplets P* = (p®, x). For r € Ky the space of classical vacua for the theory
including these is the total space V' = tot (®,O(—m,) — V). We introduce as well
L Fermi multiplets A“, whose lowest components are the left-moving fermions 14,
satisfying a chirality condition

DA = V2B4(P,3,®) , EA(P,X,®) =X, PYE(®) . (4.5)

The model with these fields and couplings will be referred to as the V' model. Like
the V' model, it will not in general be conformal. In addition to the parameters listed
above, it is specified by the coefficients of the maps E/*.

The conformal model in which we are interested — the M model — is obtained

from the V* model by adding a superpotential interaction

J df* (A Ha(®) + T J (P, @) [5+_, + hoc. (4.6)

where

Ji(P,®) = P*Jro(P) , (4.7)
subject to the conditions

DHAEM + 3 Jio B =0 Vo,p, (4.8)
A I

required in order to preserve (0,2) supersymmetry. For r € Ky and generic Hy,
the space of classical vacua is the complete intersection M = {¢ € V|Ha(¢) = 0}.

When this is nonsingular the A fermions all acquire a mass and the light left-moving
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fermions take values in the bundle V — M defined by the restriction to M of the
complex

0——@,0 - @,0(Q1) > ®oO(ma) — 0 , (4.9)
as V = Ker J/ImE. We assume that F is everywhere injective and J everywhere
surjective on M, and that V is a nonsingular, stable holomorphic vector bundle.
These are the geometric models to which our methods apply. An intermediate step
in the vanishing argument below involves setting H = J = E = 0 in the M model —
we refer to this as the O model.

The chiral superfield S and the chiral Fermi multiplet = are the “spectator” fields
introduced in [39] to maintain the Kéhler parameters r* as RG invariant quantities.
In fact, the counterterm by which r gets renormalized at one-loop is proportional to
the sum of the gauge charges of the scalar fields in the theory. In our models this is in
general nonzero (this is related to the fact that V'* is not Calabi-Yau). Introducing
S as above cancels this. The spectators earn their name because they interact via a

superpotential

J dg*= S|y, +hec. . (4.10)

This means these are massive fields and have no effect on the IR dynamics of the
theory, so one might question the relevance of including them here. As we will
see, in some cases accounting for their presence allows the argument to proceed
where it might otherwise fail. This is, of course, a technical matter. If there are no
instanton corrections in the presence of spectators there are none in their absence.
This demonstrates an important caveat to our work, mentioned above. When the
argument of [17] fails, we cannot assert that instanton corrections do destabilize the

model, only that this particular argument that they do not is not valid.
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Symmetries

The action (C.9)-(C.14) we have described is invariant under (0,2) SUSY and the

gauge symmetry U(1)%, as well as a global U(1)z x U(1);, symmetry acting as

fields P* @ I A § = %, T, (4.11)
Uul), 1 0 -1 0 1 -1 =1 0
Ul) 1 0 o 1 1 0 1 1

While U(1)g is believed to be the R-symmetry of the SCFT to which our model is
supposed to flow, the global U(1), symmetry is equally important for our purposes:
in heterotic compactifications, it can be used to construct a left-moving spectral flow
operator and it provides a linearly realized component of the space-time group. The
action of global symmetries on charged fields is of course defined up to an arbitrary
action of the gauge symmetry generators. We have here chosen a representative
action that is manifestly unbroken in the classical vacua (when r € ICy/) comprising
M.

These symmetries are respected by the classical action, but are in general anoma-
lous in the presence of non-trivial gauge fields. The anomalies vanish when the

charges satisfy

WZZ%;
m® = > Q% ,
I
dimamb + > qigl = Y didh + Y Q5Q) . (4.12)
fe! i A T

In terms of our geometric data, the first two conditions reflect the fact that

Cl(TM) = Cl(V) =0 s (413)
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while the quadratic condition implies

Under these conditions, the M model is believed to flow at low energies to a nontrivial
superconformal field theory which is in the same moduli space as the nonlinear
sigma model determined by the pair (M,V). Nonperturbative effects (worldsheet
instantons) which can destroy conformal invariance are captured by GLSM gauge

instantons, which are the subject of our investigation here.
4.3 The argument

Let us first review the argument prescribed in [17] for the vanishing of the instanton
contributions to the superpotential W for space-time gauge singlets in a (0,2) linear
sigma model.

The goal is to probe for a background space-time superpotential W. A simple
and direct way to achieve this is to compute the correlator Cppe = (RyRpR.), where
R, is the vertex operator representative for the Kahler modulus R, of V. In fact, for
each instanton the exponential factor eo, where I is the instanton classical action,
contains all the dependence on R, [35, 37]. The correlator Cup. computes the third
derivatives of W with respect to R,, thus it determines W up to quadratic terms
in the R,. These terms are forbidden by standard o' non-renormalization theorems,
hence C,p. determines W directly.

The computation is most easily done in the half-twisted model (see appendix
C.2). In this model, the supercharge Q. becomes a nilpotent scalar symmetry gen-
erator, and correlators of Q,-closed operators can be computed in its cohomology.
On a genus-zero worldsheet, the twist can be realized by spectral flow insertions
and calculations in the twisted model produce suitable correlators of the untwisted

(physical) model.
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In order to determine the linear model representative of the space-time mode R,
we restrict our attention to the (0,2) gauge multiplets. In fact, R, appears in the
linear model through a F-I term. Moreover, gauge singlets must have ¢, = 0 and

bosonic vertex operators have gz = 1. Finally,

_ 1
Q-{—)\a,— - O 5 Q+)\a,_ - 5 (Da - ifa70]_) (415)

determine R, = A\, —.

The first step of the argument is to show that C,,. vanishes in the O model.
The idea is that the theory without superpotential has a very large symmetry,
G = U(1)®+N+h+L+2) " where each matter superfield is rotated separately, and the
vertex operators R, are invariant under this. This symmetry is generically broken
by superpotential couplings down to U(1)y. If the zero-mode path integral measure
® in nontrivial topological sectors turns out not to be invariant under G, i.e. the
symmetry is anomalous, then contributions to the invariant correlator Cy. from this
sector will vanish. In practice, we follow [17] and construct a U(1) subgroup of
G that is rendered anomalous in all topological sectors by the twisting procedure,
demonstrating that C.,. = 0 identically in the O model.

The second step uses the fact that Cy,. depends holomorphically on J, H and E.
One can then examine the contribution at arbitrary order in an expansion in these
couplings. If there is no term that can possibly absorb the fermion zero-modes in
the anomalous measure, then the correlator vanishes identically. This computation
can be performed in each topological sector of the path integral.

In the untwisted model, the limiting point J = H = E = 0 is of course highly
singular. Both ¢ and p acquire zero-modes and the space of classical vacua is non-

compact. Such a singularity can invalidate the order-by-order calculation described

5 ‘We recall that the path integral for a correlator of Q_ -invariant operators localizes on fixed loci
of Q. , given by zero-modes.
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above. The key observation of [17] is that in suitable examples these dangerous zero-
modes are absent in the half-twisted model. For example, the bosons ¢ always have
zero-modes, but in the twisted model (see appendix C.2) these fields acquire a spin
and their zero-modes are absent. In general, as we shall see below, p zero-modes are
not completely removed by the twisting.

Another approach was presented in [17], where the vanishing of Cu. at any in-
stanton number follows from an appropriate counting of fermi zero-modes in the
half-twisted model. This was applied in detail for heterotic compactifications de-
scribed by half-linear sigma models, but it also extends to linear models as well.
However, as pointed out above, the same assumption of compactness is required for
this argument to be valid. For definiteness, we present our analysis of the linear
model following the approach of [17] reviewed above, as our results will not depend

on this choice.
4.8.1 The quintic

Let us review how all of this works for the linear model describing the deformations
of the tangent bundle Ty, over the quintic hypersurface M in V = P* The gauge
charges for the (2,2) multiplets ®* = (&%, T7%) and P = (P, A) are

fields P &' &2 & o o° (4.16)
U1 -5 1 1 1 1 1

The Kahler cone Ky = IC, here is simply given by r > 0 and the relevant instantons
are defined by Ky = {n > 0}. The O model has as a target space the total space
of the anticanonical bundle on V| tot (O(—5) — P*). First of all, we check that the
moduli space of gauge instantons for this model is compact. Indeed, we verify that

there are no holomorphic sections of

p o D(K2®O(-5n)), (4.17)
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and thus p has no zero-modes. This, together with the fact that there are no zero-
modes of o shows that the space of zero-modes is compact in any topological sector.
Next, by looking at the degree of the line bundles of the half-twisted model in (C.21)

we see that the relevant fermions zero-modes are

fields 7 o 7 Y (4.18)
bundle O(n) Om—-1) OGBn) OGn-—1)
#zm. n+1 n on+1 on

The fermion contribution to the zero-mode path-integral measure is then given by

dyur = dX_didy | | dé'dy' . (4.19)

Now, the O model is invariant under a symmetry U(1)c which assigns charge +1
to the multiplets ®° and leaves everything else invariant. Under this symmetry the
measure above transforms with charge +5. Hence, the correlator C vanishes in the

O model. The holomorphic superpotential couplings are given by

Lyads g5 = —TEAe + 7' Jix + nH 1 (4.20)

where H is a quintic polynomial defining the hypersurface M, J; are generic quartic
polynomials and E’ are generic linear polynomials subject to (4.8). Clearly, each
coupling transforms under U(1)c with either charge +5 or is neutral. By the argu-
ment above the correlator C vanishes in the full theory and there are no instanton

corrections to the space-time superpotential.
4.8.2 A counter-example

Let us consider a two-parameter model with the following charge assignments

fields ®23 @45 @67 Al A2 T2 3 4567 pl p2 (4.21)
U(l), 1 1 0 -3 -2 2 1 0 -4 -1
U(l), 1 o 1 -3 -2 0 1 1 -2 -3
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In the geometric phase it describes a complete intersection M of degree (3,3) and

(2,2) hypersurfaces in the toric variety V' defined by the charges
1111100
(1110011)' (4.22)
It is useful to write the maps defining the superpotential more explicitly. For ease
of notation, let us denote z = {¢">3}, y = {¢*°}, z = {57}, as well as I'V) =
(T2}, T® = {13}, I'®) = {I'**57} and a condensed notation in which, e.g. z*

denotes a generic homogeneous polynomial of degree k in ¢?3. With this notation

the maps are given as
Jay = p' (2 + 2yz + y*27) |
Joy) = p'(xy® + y32) + p*e?

J3) = p(xy® + y4z) +p*(zz +y2?) (4.23)

while the equations defining the complete intersections are
Hy = 2% + 2%yz + ay° 22 + °2° |

Hy = 2* + xyz + y?2* . (4.24)

The complete intersection M is realized in the cone Ky = {r; > 0,73 —r9 < 0}, where
the irrelevant ideal is B = (zy)(z). Since the z’s are not both allowed to vanish and

the coefficients in the expressions above are generic, we have that

(w2 +y2®) =2 + PPyz + a2 + P2 =Py + 227 =0
—_—
4 of these

(- /

(2% + 2yz + y°2%) = 2y + P2 = (v’ + y'2) = 2° + 2Pyz + 2y + P2 =0,
—_—

~
3 of these 4 of these

(4.25)

have no solutions compatible with the ideal B. Thus p' = p? = 0 and there are no

flat directions in this phase.
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Now, note that —p* € Ky but —p' ¢ Ky. Therefore there are instantons con-
tributing for this phase for which p' develops zero-modes in the O model. We can
see this explicitly. Gauge instantons in this model have instanton numbers n, € Ky,
i.e. ng > 0 and n; + ny > 0. From appendix C.2 we see that the zero-modes of p!

are in one to one correspondence with holomorphic section of the bundle

p o T(K?®O(—4n; — 2n,)), (4.26)

and the number of such sections is non-zero when 2n; +ny < 0. The subcone defined
by (2ny + ny < 0) n Ky is non empty, and the moduli space of gauge instantons of
the O model is not compact. The twisted O model calculation in these sectors is
ill-defined and the argument from holomorphy does not exclude instanton corrections

to Cabc~
4.4 'The vanishing theorem

The example of the previous section shows that a generic (0,2) GLSM is not protected
from worldsheet instanton corrections. In this section we undertake the task of
constructing a class of models for which the vanishing theorem holds. In fact, a

necessary condition for the vanishing argument to apply is that there exists a cone

Ky < K. such that
1. the M model defined in Ky is nonsingular;

2. the O model of the half-twisted theory has a compact moduli space of gauge

instantons for any n, € KCy.

Notice that as advertised above, due to the twist the bosons ¢ acquire a spin and do
not have zero-modes. A quick inspection at the form of the E-couplings (4.3) and
(4.5) implies that setting £ = 0 does not lead to any singularities in the half-twisted

theory.
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4.4.1 O model gauge instanton moduli space

While the moduli space of gauge instantons for the V' model is compact, as we have
seen above, there can be unbounded zero-modes coming from the p® fields. This
occurs when, for a given subcone Ky < K. we have m, ¢ Ky for some «. Hence,
a necessary condition for the argument to work is that there exists a nonsingular
subcone Ky < K. such that m, € Ky Vo

The discussion so far did not take into account the spectator boson s, whose
expectation value is set to zero, and whose zero-modes could also be fatal for our
assumption of compactness. In order to establish when this is the case, we need the
following simple fact: the cone I/C\c defined by adjoining the vector m — d to C. is

convex unless d — m € IC.. In fact, I, fails to be convex if we can write

Z g + B(m—d) =0, (4.27)

with «;, 8 = 0 and not all vanishing. Because IC,. is convex by assumption, we must
have (3 strictly positive. This means §(d —m) = Y}, a;q;, i.e. (d—m) € K..

This little result suggests there are three separate cases we should consider:

1. d—me Ky. By (C.21) s has no zero-modes. In fact, by looking at the degree
ds = (m® — d*)ng, (4.28)

we have dg < 0 Vn e Ky.

2. d—mekK,but d —m ¢ Ky. In this case there exist n € Ky, such that dg > 0
and s has zero-modes. The half-twisted O model develops s-flat directions and

is therefore singular.

3. d—m ¢ K.. In this case s always has zero-modes, but by the result above,
together with the fact that a toric variety is compact if and only if the geometric
cone is strongly convex, the moduli space of instantons for the O model is

nevertheless compact.
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We can now summarize the set of conditions we are going to assume for our vanishing
theorem: there exists a nonsingular subcone Ky < K, such that the gauge charge

vectors for the fields p* and s satisfy

mq € Ky Vo, d—meKy or d—mée¢kK,. (4.29)
4.4.2 A classical symmetry

For the remaining of this section we restrict our attention to models obeying the
conditions above. To proceed with the argument we need to construct a suitable
U(1)¢ subgroup of the symmetry group of the O model. Let us choose the charges
for the matter fields under this “classical” symmetry as

fields P> @ I A S = (4.30)

Ule 0 ¢ QF 0 q¢f Q5
while the gauge fields are invariant. This symmetry will be non-anomalous (before
twisting) if

Dt + (m® —d%)g§ = > QIQ7 + (d* —m*)QE (4.31)
i I

fora=1,...,R.
The measure

First, let us look at the zero-mode contribution to the path integral measure. In
particular, we are going to focus only on the fermionic part of the measure. In fact,
the form of the maps (C.21), together with our assumption of compactness yield an
exact balance between holomorphic and anti-holomorphic bosonic zero-modes. It is

convenient to write the fermionic measure as

dup = ducdpydus (4.32)
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where the three factors correspond to the measure for the gauge, matter and spectator

fields respectively. From (C.20) it follows that the gauge measure is simply given by

dp = | [dA_a - (4.33)
For the matter fields we have
fields X X ¥ v
bundle K? @0(—dy) K? @0(dy) K®0(~d) O(d)
#zm. max(0,—d,) = —dy max(0,dy,) =0  max(0,—d; —1) max(0,d; + 1)
(4.34)
where we used the fact that m, € Iy, implies d, < 0, as well as
fields AL ! n 74
bundle K2®O(D;) K2:®O(-Dj) K®O (Dy) O (=Dy)
# z.m. max (0, Dy) max (0, —Dr) max(0,D4 —1)  max(0,—D4 + 1)
(4.35)

The matter measure then reads

duM—HdX Hmp [Ta [[ &' ] & ] d* [] an, (4.36)

’L|d220 7,|d <0 I‘D]ZO I‘D1<0 A‘DA>0 A|DA<0

and it is easy to check that it is gauge-invariant.

Finally, for the spectators
fields §t E+ - £
bundle KO (-ds) K:@O0(ds) Ki®O(—ds) Ki@O(ds)
# z.m. max(0, —dg) max(0, dg) max(0, —dg) max(0, dg)
(4.37)
Here we need to distinguish two cases, according to whether d—m € Ky or d—m ¢ I,

and we obtain

e {d§+d§_ if dg <0, (438)

dé.dé_ ifds>0.
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Of course, if dg = 0 we simply ignore this factor.
Now we can finally determine how the measure transforms under the symmetry

U(1)¢ defined above. The gauge measure is invariant, while for the matter factor we

obtain
¢ (dpnr) = Z (di + 1)gf + Z (—di —1)(—qf") + Z Di(—QF) + Z (—Dn)QY .
(4.39)
Finally, for the spectator measure in both cases of (4.38) we get
% (dps) = ds(q§ + Q%) (4.40)
Let us observe at this point that a very simple solution to (4.31) is given by
¢ =Qf =ds=1, Q=0 (4.41)

where it is easy to verify that the equality holds by (4.12). Plugging these values
into the expressions above we find that the total fermionic zero-mode measure in
the twisted model transforms with charge ¢“(dur) = n, where we recall that n is
the number of one-dimensional cones of the fan Ay for the toric variety V, and
in particular is strictly positive. Thus, the fermion zero-modes cause U(1)c to be

anomalous, and Cu,. vanishes in the O model.
The superpotential couplings

Let us turn to the analysis of the superpotential couplings in the action. The relevant

Yukawa couplings are

Lyvurls g o0 = 7 Edus + 7 Jrax® + " Ha ', (4.42)

where we have set 0, = p® = 0, as they have no zero-modes. We immediately see

that all couplings, when non-zero, have the following lower bounds on the charges
couplings VIEL)\N,JF YTt  nAHa 7 (4.43)

U(1)c >0 > 2 >1
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In particular, we note that these values are all non-negative and therefore it is not
possible to absorb the zero-modes in excess in the measure by bringing down fermion
terms from the action. The correlator C,,. thus vanishes at all orders in the super-
potential couplings, which concludes the proof that instantons do not contribute to
the space-time superpotential in our class of models.

Note that we ignored the anti-holomorphic functions J, H and E in (4.42). This
is in fact legitimate since, as observed above, half-twisted correlators of Q. -closed

operators have a holomorphic dependence on J, H and FE.
4.5 Outlook

In this chapter, we investigated the details of the elegant argument of [17] for the
absence of instanton corrections to the space-time superpotential in heterotic com-
pactifications based on (0,2) GLSMs. We have not been able to extend the argument
to the most general case.

The immediate question raised is: are some of these vacua in fact destabilized
by instantons? One clear way to resolve this would be to produce an argument
that holds in more generality. It is possible, however, that no such argument can
be found and that in fact instanton corrections do arise. One way to detect such
corrections would be an indirect approach, in which properties of the solution, such
as the dimension of the space of massless gauge-neutral scalar fields, are compared
at different limiting points in the moduli space. A more direct approach would be
to compute the instanton contributions explicitly. Perhaps the GLSM can provide
a framework within which these calculations, which have proved difficult in general,
are tractable.

On the other hand, we have now an extensive class of (0,2) models which are truly
conformally invariant. These can be used to explore the moduli space of (0,2) theories
without a (2,2) locus, extending recent work that has focused on deformations of
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(2,2) models [76, 5, 45]. In particular, one could look for special loci, e.g. good
hybrid models [27] or Landau-Ginzburg points and hope to learn something about
the structure of the resulting theories. In particular, hybrid models could be a
promising laboratory for explicit computations of worldsheet instantons, given the
simpler structure of rational curves on the lower dimensional base instead than on a
CY three-fold.

We have shown in Chapter 3 that other “bad” things can happen in (0,2) models
[26]. In particular, it is shown, in the context of Landau-Ginzburg models, that the
common assumption that accidental IR symmetries do not spoil the correspondence
between operators in the IR and the ones in the UV is not guaranteed in (0,2) models.
When this occurs, the structure of the conformal manifold is dramatically modified.
There is a priori no reason that would prevent the same phenomenon from happening
in a generic phase of a GLSM. For example, one could realize one of the “accidental”
LG theories as a phase of a GLSM and study how this pathology is realized in the
geometric phase. This could shed new light on the conditions for the data (M, V) to

lead to consistent heterotic backgrounds.
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Appendix A

Hybrid geometry

A.1 An example

Let B = P! and take Y to be the total space of X = O(—2) — P!. We cover Y by

two patches U, and U,,, with local coordinates (u, ¢,,) and (v, ¢, ), respectively :

uw=v1, by = V20, on U, U, =C* (A.1)

The projection 7 : Y — B is simply (u, ¢,) — u and (v, ¢,) — v in the two patches.

The transition function for o = o.d, 4+ 020;,, a section of Ty, is

o o) a7y B (A2

(%

Ty belongs to a family of rank 2 holomorphic bundles V. — Y with transition

function

o0 o) = (o} o, wo= (0 ) (A3)

When e = 0 the bundle splits: Vg = 7*0(2) @ 7*O(—2); more generally V. is an

irreducible rank 2 bundle over Y.
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An example of a quasi-homogeneous superpotential depending on a parameter «
is

W, = (a+ 1)} W, = (av® + 1)¢2 . (A.4)

u

Clearly W, = W, on the overlap. Computing the gradient in the two patches, we

obtain
dW, = 8u"¢tdu + 4(a + uP)¢3de, , dW, = 8av ¢tdv + 4(av® + 1) de, .
(A.5)
It is then easy to see that for a # 0 we have dW~1(0) = B. A more general

superpotential respecting the same quasi-homogeneity is

Wu = Su(u) i ; Wv = SU(U)Cbﬁ ) (AG)

where S, , is the restriction of 3 € H°(B,O(8)) to U,,. The potential condition is
satisfied for generic choices of 3.

We can see how the fibration affects the naive chiral ring R, of the LG fiber theory
over a point p € B: dim R, jumps in complex co-dimension 1 but stays finite if the
potential condition is satisfied. In our example R, = {1, ®,, ¢?} for u® +a # 0, while
at the 8 special points R = {1, ¢y, ¢, ¢>}. If a = 0 then the potential condition is

violated, and dim Ry = co.
A (0,2) deformation

Taking the left-moving bundle to be & = V., we obtain a class of (0,2) theories. The
most general (0,2) superpotential that respects the same quasi-homogeneity as dW,

J € I'(E%), takes the form

r-(isie) - (E0%) a9

where S and T are holomorphic functions constrained by J, = M'J, when u # v.
Sy, are restrictions of ¥ as above, while T, ,, are given by

+8eu ™ (Su(u) — Su(0) , T,(v)=3

u

T,(u) = — % +8e075,(0), (A.8)

v
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where 3 € H°(B,0(6)). The potential condition is satisfied for generic ¥ and 3.
Setting € = 1 and T, = 0,5,, we recover the (2,2) potential from above. On the
other hand, taking ¢ = 0, we see that T is just given by restriction of holomorphic
sections of O(6).

We can compare the number of holomorphic deformation parameters in the (2,2)
or (0,2) superpotentials. W depends on 9 holomorphic parameters specifying section
Y. The more generic (0,2) superpotential J, on the other hand, depends on 16
parameters, independent of ¢; as a check, we see that demanding that J is integrable

to W reduces the parameters to 9.
Metrics for' Y and £

It is well known that Y admits an ALE Kahler Ricci-flat metric with Kéhler poten-

tial !

1. V1+L-1 —
Koy =V1+ L+ =log———, L = 4¢¢(1 + uun)? . A9

This is obviously well-defined with respect to the patching. To leading order in the

fiber coordinates, we find that up to irrelevant constants

Koy = K+ 0(|¢Y), K =log(l + un) + (1 + un)?¢¢ . (A.10)

K leads to a complete non-Ricci-flat metric on X:

(9w 93\ _ (1 +u)?+ 201 + 2un)gd 2us(1 + ua)
o <9¢“ 9¢z) - ( 2u¢(1 + u) (1 + um)? > : (A.11)

To O(|¢|*) this agrees with the Kéhler metric obtained by symplectic reduction from
C3.

I Constructions of such metrics for line bundles over P*~!, which generalize the classic work of
Eguchi and Hanson [46], go back to [32, 50]; [55] gives an elegant generalization for line bundles
over symmetric spaces. These are also the only explicitly known ALE metrics with SU(n) n > 3
holonomy [60].
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We can also endow £ with a Hermitian metric. In our example with £ = V., a

convenient choice is

(1 +ut) ™2 + 2€e(1 + 2un) g 2etg(1 + un)

(0.7) =067, G= ( 2eu(1 + i) (14 um)? ) - (A12)

Setting € = 1, we obtain a Hermitian, in fact Kahler, metric on Ty. Setting ¢ = 0
we obtain the bundles restricted to B. As we might expect, Ty|p = V.| = O(2) ®
O(-2).

The explicit Ricci-flat metric on Y is fairly complicated, and generalizations to
other spaces are typically not available. Fortunately, we do not need the explicit
form of the metric for our analysis: by construction the superpotential restricts low
energy field configurations to B, and the details of the metric on Y away from the

base become irrelevant to the IR physics.
A.2  Vertical Killing vectors

In this appendix we examine holomorphic vertical Killing vectors on Y and prove

that with our assumptions they act homogeneously on the fiber directions.
Let V = V“ay% + c.c. be an holomorphic vector field on Y, i.e. V¢ = 0. Then

the Killing equation for a Kéhler metric g, takes the form

0y(9,3V*) + P5(g,aV") = 0. (A.13)
Using the base/fiber decomposition y® = (u!, ¢*), the hybrid metric has components
917 =Gz +Ohzd G5 =limz0 s g =0"hmr, g5 =hy . (Al4)

d
E¥S;

Since V is vertical, we have V = V-2 + c.c., and a moment’s thought shows that

V'(u, ¢) transforms as a section of 7*(X). In this case the Killing equation reduces

to
a’y(giﬁvi) + %(gﬂvi) =0, (A.15)
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and decomposing it further along base/fiber directions leads to two non-trivial con-

ditions. First, from 3,~ = 7, k we obtain

OV + WOV i =0 . (A.16)

Since h is ¢-independent and 6mV§ = 0, we conclude that

V= Ap(u)e* + B'(u), A= (A)" = —h" Abhyg (A.17)

The latter restriction on A € H°(B, X ® X*), combined with its holomorphy leads

to DyA = 0. The remaining non-trivial conditions are obtained by taking 5,7 = J, k
in the Killing equation, and they lead to D;B = 0 for B € H°(B, X).

So, we have learned that vertical automorphic Killing vectors are characterized

by covariantly constant sections A € I'(X ® X*) and B € I'(X), with the additional

restriction

(AD)* = —h"AFh, . . (A.18)

In fact, we can always shift away the global section B by a redefinition of the ¢';
moreover, for a generic choice of metric h the only solution for A is a diagonal anti-
Hermitian u-independent matrix; demanding £, W = W will fix the eigenvalues (up

to an overall i) to be the charges ¢;.
A.3 A little sheaf cohomology

In this section we present some useful results for reducing sheaf cohomology on Y
to computations on the base B in the case that X = @;L;. In order to compute Q,

cohomology we need an effective method to evaluate

HYY, 7€) ® ATy ® A'TE), (A.19)

where £ is some bundle (or more generally sheaf) on B, and r is the restriction to

fine grade r. Recall that the grading r € Z™ assigns to every monomial [ [, ¢;* grade
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r = (ry,...,m,); in particular ¢; has grade =; with (x;); = 6;;. Since Y is non-
compact the grade restriction is necessary to obtain a well-posed counting problem.

For instance, the structure sheaf Oy clearly has infinite-dimensional cohomology

group H°(Y', Oy).
Graded cohomology of a pulled-back sheaf

Suppose s =t = 0 in (A.19). As we now show,
H.(Y,7*(£)) ~ H*(B,E®L,), (A.20)
where L, — B is the line bundle L, = ®;(L})".
The proof follows from the basic geometry. First, to describe the line bundles
L; — B, we work with a cover U = {U,} for B with local coordinates u! in each
patch, so that on overlaps U,, # & sections of L; satisfy
Ay (up) = g (ta)gap(ta) (A.21)
where the g, are the transition functions defining the bundle L;. The sections o, of
a sheaf & — B satisfy
op(up) = 04(ta)Gap(Ua) , (A.22)
where the G, are the transition functions for £, and sections of 7*(£) — Y patch
as
ob(tp, Pp) = Oa(Ua, Pa)Gap(Ua) (A.23)
with ¢} = ¢' g%, (us) . Since the transition functions for 7*(€) are identical to the
transition functions for £ over B, at fixed grade (A.23) takes the form
H(%)”ﬁb(ub) = [ [(@0) a1 Gas(ua) = &(w) = Ealtta) Gan(ua) H (92 (ua)]
l Z l (A.24)
Hence the space of sections of 7*(&), over Y is isomorphic to the space of sections
of € ®L, over B. The grading is compatible with Cech cohomology (i.e. with
defining chains for higher intersections U,,..,, and taking cohomology of the Cech
differential), and (A.20) holds.
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The tangent bundle

Having reduced the graded cohomology of a pull-back sheaf to a cohomology problem
on the base, we now turn to the tangent bundle. This is of course not in general the
pull-back of a sheaf from B, as we explictly saw in appendix A.1. However, Ty fits

into a short exact sequence

0—=7%(X) —= Ty —>7*(T5) —=0 . (A.25)

This is easy to see explicitly. In an open neighborhood U, a vector field X takes the

form
0 0
Ea = ‘/a_ a A~ A.26
Ot 00 (4.26)
and on overlaps Uy,
% = ‘/;LSULZ) Vy = VaGab + ¢a£Vgab ) <A27>

where g, are the transition functions for X. Hence, we see that a section v of X
lifts to a section of Ty with V' = 0, while a section of Ty at ¢ = 0 yields a section of
Tg.

This short exact sequence can be decomposed with respect to the fine grading.
Working again in the case X = @;L;, the transition functions for sections of Ty can

be written explicitly as

S%’; Cbcllag;b ¢¢21aggb T ngaggb
0 g, 0 0
(0270;7"'7JZ}>:(0270&7"'70’29 0 0 ggb 0 : <A28)
0 0 0 cee an,

Hence, sections of Ty also admit a fine grading, which we define

_ (-0 1 2
(X)r = (00 Otz Oty -2 O, ) - (A.29)
This means the short exact sequence for Ty can be decomposed according to r as

0 _><_Bi(ﬂ-*Li)7‘+wi - (TY)’!‘ - (W*TB)T —0 . <A3O>
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Using the induced long exact sequence on cohomology, together with (A.20), we can
evaluate He (Y ,Ty). Taking appropriate products one can generalize this result to
compute all desired cohomology groups in (A.19).

We should mention one small subtlety in grading the sections of Ty: from (A.29)

we see that there can be non-trivial contributions for r; = —1. More precisely,
(Ty)r = 0 whenever any r; < —1 or r; = r; = —1, and if a single r; = —1 we have
(TY)r = (W*Li)r+mi ) <A31)

in which case Hy (Y, Ty) = H*(B,L,).
Application to X = O(—2) and B = P*

In this case the grading is one-dimensional » = (r), the grading bundle is L, =

(O(=2)*)* = O(2s), and for any r > 0 the structure sheaf cohomology is

HY(Y,Oy) = HB,0@2r)) ~C**' | HYY,Oy) =0, forg>0. (A.32)

For the tangent sheaf the short exact sequence

00— (7*O0(=2))r41 — (Ty )y — (77 O(2))r —=0 (A.33)

leads to the long exact sequence in cohomology

0 H°(B,0(2r)) HY(Y , Ty) H°(B,0(2r + 2))
J
-
HY(B,0(2r)) —= H\Y,Ty) — HY(B, O(2r + 2)) 0
(A.34)
At grade 0 we obtain
0 C H) (Y, Ty) —C? (A.35)

00— HYY,Ty) 0 0
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Hence, H)(Y ,Ty) ~ C*, and H}(Y,Ty) = 0. More generally, for any non-negative
grade

HY Y ,Ty) = H(B,0(2r)) ® H (B, O(2r + 2)) ~ C***, HNY,Ty) =0.
(A.36)

A note on horizontal representatives

In order to evaluate @, cohomology we needed to study the finely graded Dolbeault
cohomology of horizontal forms on Y valued in a holomorphic sheaf F. One might
wonder what is the relationship between these horizontal forms and more general
Dolbeault classes in H;go’u)(Y,f ). In fact, every such class has a horizontal repre-
sentative, which is why our results on finely graded cohomology describe horizontal
Dolbeault cohomolgy as well. This is rather intuitive, since the fiber space is simply
C™ (or C*/T for orbi-bundles), but for completeness we give a sketch of the proof.

The statement is trivial at v = 0, so we consider u = 1. Let 7 € kerd n

QDY Oy). In any patch U, we have
Ta = wajdﬂg + J(ﬁdg_bz ) (A.37)

We define 1, (uq, Uy, ¢a, ¢,) via the line integral

bq
mo= | Ao 1 60,2) (A.38)
0

Since 07 = 0 implies Oamij = Oaj;, the line integral does not depend on the choice
of contour from 0 to ¢; moreover, a change of variables Z = g, 7' in the integral
shows that n, = n, on any Uy, # ¢, so that n patches to a function on Y. Therefore
7' =7 —0nis a (0,1) horizontal form, and a moment’s thought shows that 07’ = 0
implies that it has a holomorphic dependence on the fiber coordinates.

One can generalize the argument to v > 1 and more general holomorphic sheaf

2 This essentially follows the standard proof [30] that HX,(R", R) = 0 for k > 0.
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F — Y. The analogous construction yields 7, a section of Q@*~Y(Y", F), such that

7! = 7 — 0n is a horizontal representative of [7] € H é(o’u)(Y, F).
A.4  Massless spectrum of a (0,2) CY NLSM

In this appendix we apply the first-order techniques developed in section 2.4.3 to
marginal deformations of (0,2) NLSMs with CY target space B and a left-moving
SU(n) bundle V. We assume chy(V) = chy(Tp) and V is a stable bundle. This
ensures that the NLSM is conformally invariant to all orders in o' perturbation
theory [96, 35]. Our techniques allow us to determine the massless spectrum to all
orders in o'. The results for the (R,R) sector and for the gauge-charged matter
are exactly the same as those obtained by a Born-Oppenheimer approach in [40].
However, the massless gauge-neutral chiral matter has to our best knowledge not
been studied directly in the NLSM. The first-order formulation of @, cohomology
turns out to be perfectly suited to this task and should be thought of as a first step
in systematically including any non-perturbative world-sheet effects.

In parallel with the analysis of the k = 1 sector in section 2.5.2, we first list
the operators that can give rise to massless singlets. We need to slightly alter our
notation in comparison to the T = ) analysis of section 2.5.2; just in this appendix
we use I,J,... for tangent/cotangent indices, while the «, 8 indices will refer to
sections of the left-moving bundle V and its dual V*. We will continute to denote
the bosonic coordinates by y, 7. Thus, x® (X, ) transforms as a section of the pullback

of V (V*). In particular, the x kinetic term is

2mL 5 X0 Dox™ = Xo (X" + &Y' Ae)?) | (A.39)

where A is a HYM connection on V with traceless curvature F = 0.A.
Using the connection, we can easily describe the full set of operators that can give

rise to gauge-netural massless states in the (NS,R) sector (we ignore the universal
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gravitino and dilatino states and drop the normal ordering):

O'z) = Wpoy',  O7"(2) = UE X" + U (pr — AfsXaX”) - (A.40)

As in our discussion of states in the & = 1 sector we suppressed the expansion of each

of these in 7; taking that into account the wavefunctions correspond to the following

bundles:
e D@, 00(TE), T el(@0%(EndV)), el (@009 (Tp)) .
(A.41)
These states are Q, closed iff U4 ¥° and W6 are d-closed and
obs(¥%) + 0¥° =0, (A.42)

where obs(¥9) is a (0,u+1) d-closed form valued in (traceless) endomorphisms of V

6\« — 6! o

Taking cohomology, [obs(¥8)] € H*™(B,End V). As explained in [3], at u = 1 this
is the Atiyah class [13]—an obstruction to extending infinitesimal complex structure
deformations of the base B to infinitesimal complex structure deformations of the

holomorphic bundle V — B. Thus, our states fit into the complex

Qo

Qo Qo

@ o1 05 04 (A.44)
0 0 0 O
@ Qo ® Qo ® Qo @
@ Oy O3 @
Taking @, cohomology we find
0 HY(T*) —2— H*(T*) 0 (A.45)
H°(End V) . H'(End V) . H?(End V) . H3(End V)
@ 0bso @ obsy @ 0obs2 @
HO(T) HY(T) H?(T) H3(T)
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For traceless End V on the CY 3-fold B

H°(B,EndV) = H*(B,End V) =0 , H*(EndV) ~ HY(B,End V), (A.46)

so that the complex reduces to

0 HY(T*) —2— H?(T*) 0 (A.47)

HY(End V) H?(End V)
0 (—B obsy @ 0
HY(T) H*(T)

The only Atiyah obstructions arise in H'(B,T) — H?*(B,End V), and hence there

are

RY(T*) + h'(T) + h'(End V) — dim ker obs, (A.48)

massless gauge-neutral singlets.

The patient reader who has made it to this last appendix may perhaps be aware
that in a (0,2) NLSM with a tree-level H-flux there are additional obstructions similar
to the H'(B,T) — H*(B,End V) map just discussed [81]. The B-field coupling will
alter the 1 equations of motion and lead to H-flux appearing in Q- p, and we expect
that including this contribution should reproduce the result of [81]. It would be

useful to check that in detail.
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Appendix B

Obstructions to marginal couplings

B.1 An F-term obstruction

In this section we give an example, taken from [11], that illustrates both D-term and
F-term obstructions to marginal couplings. The setting is a (2,2) LG orbifold (LGO)

compactification of the heterotic string with a superpotential

W=X+ X!+ X5+ X5+ XP+ 9 Xo X1 XoX3Xy + AW . (B.1)

Here 1 and € are parameters and AW is a generic polynomial with ¢ = 1. Marginal
(2,0) deformations of the LGO correspond to massless Eg-neutral space-time chiral
multiplets. We can compute the massless spectrum exactly as a function of the
complex parameters in the superpotential using the technique developed in [61].

This leads to the following results.

1. Setting ¢ = € = 0 leads to a U(1)* right-moving Kac-Moody algebra and 298
marginal (2,0) deformations. We now turn on the (2,2)-preserving ¢ and € de-
formations and investigate what happens to the remaining (2,0) deformations.
From above we know that at worst the marginal (2,0) deformations can become

marginally irrelevant.
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2. With ¢ # 0 but € = 0 the U(1)* symmetry is broken, and the number of
marginal (2,0) deformations is 298 — 4 — 6 = 288. While 4 of the 10 marginally
irrelevant deformations are associated to the broken symmetries the 6 others

are not.

3. Finally, turning on € # 0 does not break any continuous symmetries, but the

number of marginal (2,0) deformations decreases to 288 — 6 = 282.

Note however, that all the singlets lifted by F-terms correspond to twisted sectors
of the LGO. This is consistent with there being no F-term obstructions in pure LG

theories.
B.2 A D-term obstruction in a heterotic vacuum

Consider now the (2,2) quintic LG theory coupled to a free left-moving fermion with

5 5
W=D "TJ(®) = Y TU®f + ¢ ] [2;) + T x 0. (B.2)
=1 =1

= i#i

The interacting fields have their usual U(1)y, charges ¢; = 1/5 and @; = —4/5, and
for ¢ # 0 there are no extra U(1) symmetries in addition to U(1)y, x U(1)g x U(1)g,
where U(1)g is the symmetry associated to the free I'S. This flows to a conformal
field theory with r = 4 and ¢ = 9, and we can now consider deformations of the IR
theory from the general perspective of deforming by chiral primary operators. In the
(2,2) theory we have a good understanding of the map between the IR chiral primary
marginal operators and the UV data, so we can identify the marginal deformations
of the IR theory with the space of possible W modulo field redefinitions. If we keep
I'6 free, we find a 301-dimensional space of deformations.

We can also include deformations of the form I'°.Js, where Jg is some generic
degree 5 polynomial. Although these break the U(1)s symmetry, they preserve the
central charge and the U(1);, x U(1)gr quantum numbers of the fields. In particular,
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I'6 has the quantum numbers of a free field. Including these J; deformations yields
a 402-dimensional space of marginal deformations away from the (2,2) r =4¢ =9
fixed point.

Are all of these 402 marginal deformations exactly marginal? While all of the 301
deformations of the J; are truly marginal, the 101 extra deformations associated to
Jg # 0 are marginally irrelevant. This is completely clear from the conformal pertur-
bation theory discussion we gave in the text. All of these break the U(1)g symmetry,
and every symmetry-breaking coupling has the same sign of U(1)g charge. Let us

now see how the same result is recovered from a heterotic space-time perspective.
Heterotic insights

The Zs orbifold of the LG theory just described, combined with an appropriate
heterotic GSO projection leads to a well-understood heterotic vacuum: the LG point
in the moduli space of the quintic compactification with standard embedding. The
massless fields of the resulting space-time N=1 d = 4 supergravity theory consist
of the supergravity multiplet, the axio-dilaton chiral multiplet, the ez @ eg vector
multiplets, 326 gauge-neutral chiral multiplets, and a eg charged chiral spectrum
27 ® ﬁ@ml. The 301 deformations of the J; described above correspond to eg-
preserving marginal deformations in the untwisted sector of the orbifold. These
remain truly marginal for any value of the Kdhler modulus (itself in a twisted sector),
and at large radius they are the 101 complex structure deformations of the CY
quintic, as well as 200 of the 224 deformations of the tangent bundle. As reviewed
in [77], there are many arguments for why these deformations are truly marginal.
The 101 deformations associated with the Jg couplings also have a simple space-
time interpretation: they correspond to so(10)-singlet components of the 27910,

Turning on these deformations corresponds to Higgsing ¢ — $0(10). This makes it

obvious that the deformations are marginally irrelevant. Under the decomposition
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of ¢¢ 2 50(10) D u(1), we have

27 =16_1,®10, ®1_, . (B.3)

The s0(10) singlets all have charge —2 under the broken u(1l), and hence have a
D-term space-time potential. This is an example of a “D-term” obstruction to a
marginal coupling being exactly marginal.

Since the deformation only involves world-sheet fields in untwisted sector of the
orbifold, it is clear by the orbifold inheritance principle that this obstruction to
marginality lifts to the un-orbifolded quintic LG model and matches the confor-
mal perturbation theory result. In the orbifold theory it is possible to find exactly
marginal deformations that Higgs ¢ — s0(10) [34], but they involve an interplay

between marginal couplings in twisted and untwisted sectors [77].
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Appendix C

GLSMs details

C.1 Linear model conventions

C.1.1 (0,2) superspace

We work in (0,2) superspace! with coordinate x*, 6T, 9. The supercharges are given
by

7 = Ja .
Q+ = %ﬁ + ZQ+V+ s Q+ = —? - Z9+V+ y (C].)

where 0, = 0/dz* and V. is the covariant gauge derivative. We also have the

superderivatives
0 —t — 0 .
D+ = ﬁoﬁ — 9 V+ y D+ = —86? + Z@+V+ . (CQ)
The non-trivial anti-commutation relations are
{Q+,@+} = -2V, , {D+a§+} =2V, . (C-S)

C.1.2 Field content

There are two types of multiplets in the (0,2) models we consider in this work.

! More details may be found in [94].
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1. Gauge fields multiplets. We have

Voo = v — 2i0 N — 2i0 Ao +2070" D,

S, = 0p + V20 Ny —i070 0,0, (C.4)

where a = 1,...,R and p = 1,...,m. The multiplets ¥, are neutral chiral
multiplets which in (2,2) theories * combine with the (0,2) gauge multiplets
into (2,2) gauge multiplets. The twisted chiral gauge invariant field strength is
defined as

Ta - [D+, V,]

iDy Voo +07V_ v,

2 — 0" (Dy — ifaor) — 070 04 Aa_ . (C.5)

2. Matter multiplets. Here we have bosonic chiral (anti-chiral) multiplets

P = p® + 4207 —i0T0 V. op*, P =7 — 20 X +i0T0 V. p* ,

O = ¢ V2 00V, B =F V2P 40TV

S =s+207¢, —i0T0 Vs, S=5-+20"¢, +i070 vV, 5, (C.6)

wherea =1,...,kand ¢ =1,...,n. We also have fermionic matter multiplets,

which we again divide into three groups
I’ =+l —\207GT —i6070 V. ' — V20 E'(®,%) ,

A =yl — V20 FA — 0707V ot — V20 EA(P,9,Y) |

(1]

— ¢ \2YK — GV, €, (C.7)

2 In (2,2) theories we have R = m.
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as well as their complex conjugate

— 75 —V20G itV — V20 E (3,3,

I 2 F 4078 vt — V20BN (P, B.T)
VR 400 V,E .

Here the indicesare  =1..., Nand A=1,..., L.
C.1.3 The action

Let us list the various terms that appear in the action for the (0,2) linear models we
8e?

consider in this work. We have the kinetic term for the gauge fields?
1
Lok =

20T Tr Y, Y, = 53 (2000 -0 Ao + D2+ f201]
as well as the kinetic term for the X, fields

(C.9)

i 1 -
Lok =53 f 0T8NV 5, = = [047u0-0, + idy 1 0_ N+ ]

Then we have the kinetic terms for the various matter fields. These are given as

(C.10)
U e i1 = i Py i T i
Log =5 | @0TV0 =2 (vm V¢ +V_ o vm) e v

Lri =

DN | —

+ V2 (PR 6’ = N t) + 41 Dud
deffrf - 7'V + GG -EE!

3 For simplicity, we have set equal all gauge coupling constants.

= j — —I1 —7 —J —
—F' B —F' BN —E Y —E Ny, (C1)
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and similarly

i — o —Q (0% N4 «
5 (V4p*V_p® + V_P"Vp?) +iX"V_x

Lpg = fd%?‘”vpa =

N | —

— Z\/ﬁmg (ana,_pa — ﬁax\a’_xo‘) —ma D p“p™
1 — — _
Lk =3 fdeAAAA — AV, A+ FORA B A
_ARAY _ FAEA) _EA_j A_EAX A
GV st S0 NIZAYTR N/ B

Lox =5 [ E075V_S = 5 (V.5V5+ V_5V.5) 4 i, V-,

1
2
+iV2(m® — d) (E a8 — Aa—E45) + (m* — d*)D,5s |

1
2

=
1
>

|

fd29+§5 =il V. + KK . (C.12)

The Fayet-Iliopoulos terms action arises as a linear twisted superpotential for the

twisted chiral fields T,

a

0
Ly =g J A" Ty + e = =Dar® + o~ foo (C.13)

a

where 7% = ir® 4+ 0%/27 are the complexified F-I parameters. Finally, the matter

superpotential is a sum of three terms

1 r .

£r = =5 [ TI P ) g +hs = G a4 4 g+ A T
1 [ ;

Ly = V2 A A H ()5, +he. = FAHy + 0 Ha o/ + hee.
1 r

Ls = vl dO* =S|+ he. = Ks + €& + he. . (C.14)

The last term explicitly shows that all the excitations of the spectator fields are
massive and they do not affect the low energy physics. In (C.14) we implemented

the form for the superpotential (4.7).
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C.2 The half-twist

In order to probe for a background space-time superpotential W it is convenient to
half-twist the model, that is we twist by Jg = Jg/2, where Jg is the generator of the
right-moving R-symmetry. We implement this by redefining the Lorentz generator
Jr, as

Jy = Jp — Jr/2 . (C.15)

Explicitly, for the gauge fields we have

fields o0, 00 Ap A Aa A (C.16)
R
A S TR T SR
while for the matter fields we have instead
fields p* p* ¢ & x* x* o ¢ (C.17)
J, 0 0 0o o L 1 1 1
A '
and
fields n* 7t A A s 3 & & & & (C.18)
e
R S R

In the twisted model the supercharge Q. becomes a worldsheet scalar. Q_-exact
operators will decouple from the correlators of Q. -closed fields, to which we restrict
our attention. In particular, the kinetic terms for all fields are Q,-exact up to a
topological term determined by the gauge bundle on the world-sheet ¥ = P! via the

instanton numbers
1
o= —— 0.0l - C.19
n o Jf 01 (C.19)

163



The integral over field configurations breaks up into a sum over topological sectors
indexed by n,. For r € Ky, these lie in Ky, and the classical action weights the

—27rg+1i0q

contribution of each sector by [ ], ¢i« where ¢, = e . Extracting this topo-
logical contribution we can perform the computation within each topological sector
semiclassically, and the path integral reduces to an integral over the zero modes of
the fields.

The space of zero modes to which the path integral reduces in each sector can be

represented as the space of (anti-) holomorphic sections of appropriate line bundles

over 2. Explicitly, the gauge fields take values in

o, o K2 0. <o K? (C.20)
AJ’_ m <> fﬁ AJ’_ m <> K§
Ay < K Ay < @

where K = O(—2) is the canonical bundle. For the matter fields we have instead

P e K:®O0(d) oo KO (C.21)
g o O(d;) ¢ o O(d;)

Vi o EO0(-d) T O(dy)

Ve K:QO(D)) 7 o K:QO(-Dp)

" o K®O(D,) 7 e O(—Da)

v e KPe0(-d) v e K e0(d)

s o  Kz®O(ds) 5 o  K@O0(d)

& o K e0(-ds) & - K0

& o Ki®O(—dy) £ o K:®O0(ds)

where the various degrees are defined as

da = *mgna ) dz = qzlna ) DI = Q?na ) DA = *d%na ) dS = (ma o da)na .
(C.22)

Note that it turned out to be convenient to use a hermitian metric on the appropriate

bundles on P! to redefine some of the fields [64]. By examining the half-twisted action

164



it is possible to show that the couplings 7, as well as H, J and E only appear in
Q. -exact terms. One very important consequence of this for us is that in the half-
twisted theory, correlators of Q. -closed operators are holomorphic in J, H and FE,

thus for the purpose of our computations we can set J = H = E = 0.
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