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1. Introduction

Since the original works of Deser, Jackiw and 't Hooft [1,2],
three dimensional gravity has attracted attention. Despite having
no propagating degrees of freedom, the BTZ black-hole solution
[3,4] and the quantization of the theory by Witten [5] are its highly
non-trivial trademarks. These features seem to be rooted in the
fact that the Einstein-Hilbert (EH) Lagrangian with cosmological
constant can be written (up to a boundary term) as a Chern-
Simons (CS) three-form. Therefore, three-dimensional gravity cor-
responds to an off-shell quasi-invariant gauge theory (for AdS, dS
or Poincaré depending on the cosmological constant). The locally
supersymmetric extension of Einstein gravity in three dimensions
was carried out by Deser and Kay in Ref. [6]. Regarding the CS for-
mulation, three-dimensional supergravity arises very naturally in
the case of negative [7] and vanishing [8,9] cosmological constant.
However, there is still the possibility of having other families of
supergravity theories containing gauge groups larger than the su-
persymmetric AdS or Poincaré groups [10-12]. This is particularly
interesting because symmetries enhancements usually invokes new
generators in the Lie algebra. Subsequently, this requires the in-
clusion of extra gauge fields in the gauge potential, giving rise to
non-minimal couplings of “matter” fields with geometry in such a
way that gauge invariance is preserved.

The purpose of this work is to analyze the construction
of three-dimensional CS supergravity theories whose symmetry
groups are obtained by an S-expansion of the A/ =1 supersym-

* Corresponding author.
E-mail addresses: ofierro@ucsc.cl (O. Fierro), fizaurie@udec.cl (F. Izaurieta),
pasalgad@udec.cl (P. Salgado), ovaldivi@unap.cl (O. Valdivia).

https://doi.org/10.1016/j.physletb.2018.10.066

metric AdS algebra o0sp(1]2) ® sp(2). The S-expansion method
[13,14] is a powerful tool in order for obtaining new Lie algebras
starting from a given one. Moreover, it provides the associated in-
variant tensors of the expanded algebra in a simple way. Since the
invariant tensor is an essential ingredient in the construction of
gauge theories and in particular of CS (super)gravities, it is a wel-
comed feature.

The application of S-expansion methods in the context of su-
pergravity was first introduced in [15] and subsequently in [16] as
an attempt to describe the low energy regime of M-Theory. More
recently, a wide range of theories of S-expanded (super)gravities
have been studied in different contexts, and with different moti-
vations (see for instance [17-20] and references therein). Also, in
Ref. [21], three-dimensional gravity is constructed using the semi-
simple extension of the Poincaré algebra [22,23] as a gauge sym-
metry. The Lie algebra behind this symmetry can be obtained as a
S-expansion of AdS algebra so(d — 1, 2).

This article is organized as follows: In section 2, the super-
symmetric extension of the three-dimensional AdS-Lorentz al-
gebra is written. In section 3, we review the general proper-
ties of the S-expansion method. Also, it is explicitly shown that
three-dimensional AdS-Lorentz superalgebra corresponds to a S-
expansion of the AdS superalgebra. The components of the invari-
ant tensor are worked out. In section 4 we extend the notion of
S-expansion to Casimir operators and the invariant operators asso-
ciated to the expanded superalgebra are constructed. Section 5 is
devoted to the analysis of three-dimensional AdS-Lorentz CS super-
gravity. Field equations and symmetry transformations are worked
out. In section 6 we compute stationary solutions and its Killing
spinors equation are found. Finally, section 7 concludes this paper
with some remarks and future developments.
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2. AdS-Lorentz superalgebra

In Ref. [23] the semi-simple extension of the Poincaré algebra
iso(d — 1, 1), generated by Lorentz rotations {J,} and translations
{Pq}, has been carried out by the inclusion of a second-rank ten-
sor generator {Z,,}. Interestingly, this Lie algebra enhancement
is isomorphic to the direct sum of the AdS and Lorentz algebra
so(d—1,2) ®so(d—1,1) in any dimension. More recently, it has
been shown in Refs. [21,24] that the so called AdS-Lorentz alge-
bra can be obtained as a S-expansion of the AdS algebra and its
Inonii-Wigner contraction leads to the Maxwell algebra. The super-
symmetric extension in four-dimensions has been also considered
in Refs. [25,26]. Remarkably, both algebras, pure bosonic and su-
persymmetric, are semi-simple in contrast to the (super) Poincaré
algebras.

In this work we are interested in the A= 1 AdS-Lorentz su-
peralgebra in three-dimensions, which is defined by the following
commutation relations:

[Ja: Jpl =€ancJC,
[Ja, Pp]l = €anc PC,
[Ja: Zp] = €abcZ€,
[Pa, Qo] =—3 (TaQ)y
[Ja: Qul=—3 TaQ)q -

[Za, Zp] = €apc Z€,
[Pa, Pp] = €apcZ€,
[Za, Pp] = €abc P°,
[Za, Qul=—3 TaQ)a -

{Qa Qp) = (TuC)p (P + 29 ,
21)

where J, denote the generators of the Lorentz subalgebra so(2, 1),
P, the translations, Z, are a new set of non-abelian genera-

tors, and Q the supercharges. Lorentz indices a, b,...=0,1, 2 are
raised and lowered with the Minkowski metric 1qp, €gpc is the
three-dimensional Levi-Civita symbol. Greek indices «, ... =0, 1

are raised and lowered by the charge conjugation matrix C, and I'*
denote the 2 x 2 gamma matrices representation (see Appendix A
for spinor conventions).

In the following section, we show that the (super)AdS-Lorentz
algebra (2.1) can be derived as an application of the S-expansion
procedure.

3. Abelian semigroup expansion

The Lie algebra expansion procedure was introduced for the
first time in Ref. [27], and subsequently studied in Refs. [28,29].
In this expansion method, we must consider the Maurer-Cartan
forms on the group manifold. Some of the group parameters are
rescaled by a factor A, and the Maurer-Cartan forms are expanded
as a power series in A. The series is finally truncated in such a way
that the closure of the expanded algebra is assured.

In Refs. [13,14,30] a natural outgrowth of the power series ex-
pansion method was proposed. The idea is to start with a Lie
algebra g and to combine it with the binary product structure of
an abelian semigroup S in order to define a new Lie algebra. This
new algebra is known in general as a S-expanded algebra. In fact,
from [13, Theorem 3.1], it is possible to prove that the direct prod-
uct S x g retains Lie algebra structure (see also [27,28,31]). The
most relevant cases are provided when subalgebras of S x g can be
systematically extracted. For instance, any Lie algebra can be writ-
ten as a direct sum of subspaces g =P, Vp, where I is a set
of indices. The subspace structure of the algebra can be analyzed
defining a mapping i : I x I — 2! such that the Lie algebra g can be
written as [V, Vq] C @re,-(m) V:. Now, whenever the semigroup S

admits a decomposition S = Upe, Sp, satisfying the resonant con-
dition Sp-Sq C (i, Sro then it follows that &g = P ,¢; Sp x V)

is a subalgebra of S x g [13, Theorem 4.2]. The procedure is prac-
tical because the subspace structure is arbitrary, but we use it in
order to codify our physicist’s intuition on the meaning of the sym-
metry (e.g. a subspace corresponds to Lorentz transformations, an-
other to AdS boosts, etc.). Thus, using the S-expansion it is possible
to find bigger symmetries in a simple way, and to do this preserv-
ing some valuable structure from a physical point of view. Without
it, constructing bigger symmetries requires long and careful work
regarding the closure of Jacobi’s identity (or the self-consistency of
d? = 0 when working with Maurer—Cartan forms).

The S-expansion procedure has already been used in differ-
ent contexts with different motivations. For instance, the so called
Bn-algebras [17] (also known as generalized Poincaré algebras),
were constructed from the AdS-algebra and a particular semi-
group' denoted by S(EN) = {Aa}NLo. Moreover, in Ref. [24] the so-
called AdS-Lorentz algebra so(d —1,1) ®so(d —1,2) [22,23,25] is
obtained by means of the S-expansion procedure with a semi-
group” denoted by 55&) = {Aa}gzo. This later algebra is related
to the so called Maxwell algebra [32,33] via a contraction process
[34].

Another interesting application is in the context of non-
relativistic algebras. Recently, in Ref. [35] it was shown that it
is possible to obtain the non-relativistic versions of both general-
ized Poincaré algebras and generalized AdS-Lorentz algebras. These
were called generalized Galilean type I and type II, denoted by GB,
and GL; respectively. It seems likely that new non-relativistic CS
gravity theories may be constructed following a similar procedure
as the one presented in Ref. [36]. Its symmetries would correspond
to deformations of the symmetries of the Newton-Cartan formu-
lation of Newtonian gravity. This problem will be addressed in the
near future.

3.1. S-expansion and the AdS superalgebra
In this section we construct the three-dimensional AdS-Lorentz

superalgebra as a S-expansion of the AdS superalgebra g =
osp (2| 1) ® sp (2), given by the commutation relations

[ﬁm Qa] = _% (raé,)a >
[]a, Qa] = _% (Faé)a >

{Qa. Qp} = TaClap (J0+ P7) .
(31)

[]a, ]b:l = Gabcjc,

[13(1! fjb] =€abcjcy

Let us start by choosing the following subspace decomposition
g=Vo® V10V, (3.2)

where Vg = Span {]a } V1 = Span { Qa} and V5 = Span {Pa } This
decomposition obeys the following structure

[Vo, Vo] C Vo, [Vo, V1] C Vyq, [Vo, V2] C V2,
[Vi,Vi]C Vo ® V2, [Vi, Vo] C Vy, [Vo, Vo] C Vy.
(3.3)

At this point it is convenient to apply the S-expansion resonance
theorem using (3.3) and a specific semigroup 5(/%/)1. A similar treat-

1 This semigroup is endowed with the multiplication rule Aa-Ap = hatp When
a+ B <N+1;and Ay-Ag = Ans1 Otherwise.

2 This semigroup is endowed with the multiplication rule Aa-Ap = hatp When
a+ B <N;and ry-rg = Agsp_2((N+1)/2) Otherwise.
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ment was carried out in Ref. [21] for the bosonic sector. Let

55%/)1 = {A0, A1, A2} be an abelian semigroup with multiplication law
| ragp, fa+p<2
ha-hp = { ratp—2 ifa+p>2 (3.4)
or equivalently
(3.5)
A particular partition for the semigroup 5(/%/)1 is given by

S =SoUS1US,,

= {Ao. A2} U{A} U {2}, (36)
where the subsets {S;}i—o,1,2 obey
So0:So C So, So9-S1C §q, So:-Sp, C Sy, (3.7)
$1-51C SoN Sy, $1-S2C S1, $2:52 C So. '

Comparing (3.7) with (3.3), one finds that the resonant condi-
tion [13, Theorem 4.2] is satisfied. Therefore, a subalgebra

Gr=Wod W10 W, (3.8)
can be extracted with

Wo = So x Vo =Span {)\Oja»)Qja] , (3.9)
Wi =S; x Vi =Span ’)q Qa} , (3.10)
Wy = Sy x V, = Span {Azﬁa], (3.11)

which corresponds in this case to the minimal AdS-Lorentz Lie su-
peralgebra. In fact, computing commutation relations

[)»oja,?»ojb] = o []a jb] = Jo€apc J° .
kzpa,lzpb] A2 [Pa, Pb] = Aa€apc P°,
hoJa izl | =2
)\O_Icu)\lQa]
A2Jasrady] =2 [

J
)LZPa’)leot]z |:~aa Qa]z_% (Faé)a ’
J

[
[
[
[
[xzja,mqa]
[1]
[
[1]
{

2 Qa,MQﬂ} 2 Qe Qp} =22 TaClap (Ja + P .
(3.12)
and renaming generators according to
]aEkOjas ZaE)\Zja,
- - (3.13)
Pg=A2Pq, Qo =11Qq,

Subspaces
Qu QDA
N—
a Pa
P ¢ |
| Ja J . ;
X M A
Fig. 1. AdS-Lorentz superalgebra as resonant subalgebra of Sm X g.

it is straightforward to check that &g = Wo & W1 & W, corre-
sponds to (2.1). This way, the AdS-Lorentz superalgebra is a reso-
nant subalgebra of 55%/)1 x g. In order to get a better intuition about
the S-expansion and resonant subalgebra procedure, it is helpful to
use a diagram as shown in Fig. 1. Subspaces of g are represented
in vertical axis while 553/)1 elements are placed in horizontal axis.
Colored regions corresponds to the resonant subalgebra & with re-
spect to 5(/%/)( X g.

3.2. Invariant tensors

The problem of finding all the invariant tensors associated to a
given Lie algebra is, to the best of our knowledge, not completely
understood. From the physical point of view, this limitation has di-
rect impact on the construction of topological theories of gravity
such as CS. However, as we will see below, there are complemen-
tary S-expansion theorems which allow us to find the invariant
tensors and consequently the Casimir operators. These are easily
constructed in terms of the invariants of the original algebra and
the semigroup structure.

For the current case, recall the invariants of the AdS superalge-
bra g=o0sp(2|1) ®sp(2),

(j ]> AMNab <jaf)b>=ﬁ77ab,

(ﬁaéa>:0’ <jaéa>20» <Qaéﬁ>:2(‘j_ﬂ)caﬁ,
(3.14)

where i and ¥ are arbitrary real constants. Following [13, The-
orem 7.1 and 7.2] it is direct to show that the invariant tensor
associated to the AdS-Lorentz superalgebra has the following com-
ponents

(Jalb) = 1Nap , (PaPp) = poNab »

(JaZp) = oNab » (QuQp) =20 — 1o) Cagp .

{(JaPp) = VoNab , (JaQa)=0 (3.15)
(ZaZp) = pofap,  (ZaQa) =0

(ZaPp) = voTap » (PgQq) =0

where

M1=aift,  Ho=0ofl, Vo=0ob, (3.16)

are redefinitions for arbitrary real constants.® In what follows, we
make use of (3.15) for the construction of the S-expanded Casimir
operators. We have to notice that one of the three constants in
(3.15) can always be reabsorbed in a global multiplicative constant.
Therefore, we can expect only two independent Casimir operators.

3 ap and «; appear through [13, Theorem 7.1].
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4. Casimir operators and the AdS-Lorentz superalgebra

In order to find the Casimir operators for the AdS-Lorentz su-
peralgebra, one needs to specify the Casimir operators of the orig-
inal g =o0sp (2|1) ® sp (2) superalgebra. Since g is semi-simple, it
has a nondegenerate Killing metric

kAB =STr (TATB) = (TATB) (4.1)

which can be read from (3.14). Here, {T4} with A=1,..., dimg,
denote the generators of g. In this way, assuming nonvanishing

and fi # ¥ real constants, the inverse components* of kA are the
following:
[’L b ab v ab

kab:fna ) k" = ————min™,

(2 —02) (a2 —12)
kﬁb ~2/’L — nﬂb’ kﬂOl :0, (42)

(2 = v2)
kda =0, kaﬁ :—%CO"B

2(a—")

We look for Casimir operators of degree two C = CABT4Tg, where
CAB are given by the components of the symmetric invariant ten-
sor (T4Tg). Using (3.14) and the generators of g, direct calculation
shows

C=kT,Tp, (4.3)
1 ~ [ 707 panp 1~a~
=m[ﬂ<]1a+P1)a+zQ Qa)
4 (<PJa- 1P+ 5070 )| (44)

From eq. (4.4), one clearly sees that the AdS superalgebra has two
independent Casimir operators

C1=.]a]a+13al3a+

Co=—P%Jq— JPq

+

Q*Qq - (4.5)
4.1. AdS-Lorentz Casimir operators

Following Ref. [21], the Casimir operator for a S-expanded Lie
algebra is defined by

Cs—exp =M*PCABT(p o) T(B.p) , (4.6)

where T(a,4) = AoTa denote the expanded generators and mh
is the inverse of the matrix myg = &) Ky5”. Here o, denote ar-
bitrary constants and Kyg” codifies the semigroup product law
trough the definition

1, when AgAg = Ay,
Kap? = ar Ty (4.7)
0, otherwise.

4 Doted latin indices are running along the AdS-Boosts {f’a}.

In the case of S(j/)[, the Kqg” are given by

1 00 010
Keg=[0 0 0], Kyp=[10 1],

0 0O 010

(4.8)

0 0 1
K=[0 10

1 01
Therefore, the metric myg for Sf/)l corresponds to

0p o1 0O
maﬂ :O{VKa/gy =] 0 0O O ) (4_9)
oy o1 O
and its inverse m*# reads
m*f = !
detmgg
oo 0 (@)
X 0 oz (g —oz) —ap(g—a2) |,
— (¥ —af) —a1(@—ax) ooz —oF
(4.10)

where the constants «g, o1 and o must satisfy
detmyp = (ctg — 002) (a% - oe]2> £0. (411)

Using (4.5), (4.10) in (4.6) and defining

OtEOtzOto—Ol%,
B =arag— o,

we get two independent S-expanded Casimir operators for the
AdS-Lorentz superalgebra,

1-
&%w1=iqq—42+zu%a—ﬂpo,

Cs_exp2 = J> + 22+ P2 —2(J*Zq — J*Pa + Z°Py) . (4.12)

5. Chern-Simons supergravity

We are interested in a supergravity theory which is invariant
under an expanded AdS symmetry, such that it contains the EH
term, the exotic gravitational CS term, plus cosmological constant
as a certain limit. A type of symmetry fulfilling these conditions is
precisely the minimal AdS-Lorentz superalgebra.

The fundamental field we consider is the one-form gauge po-
tential A = A‘;de“ ® T4, taking values in the Lie algebra (2.1)

l a a a 1 N
Here e%(x) is the vielbein, ¢ is a constant length parameter, w®(x)
the spin connection and ¥“(x) is a spin 3/2 gravitino. Moreover,
the one-form o%(x) will be referred to as the Lorentz gauge field
since, as it will be shown later, it transforms as a vector under
local Lorentz transformations.

In principle, it suffices to use the connection eq. (5.1) in the
canonical CS action functional [37]

5@+ [A]:%f<A/\<dA+§A/\A>> (5.2)

M3
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to have the AdS-Lorentz supergravity theory. However, in order to
gain some physical intuition on the Lagrangian terms, it is conve-
nient to use the subspace separation method (SSM). The applica-
bility of the method relies on considering the CS (2n + 1)-form as
a particular case of a transgression form [38]. Following Ref. [30],
we write the triangle equation

@n+1) _ ~@n+1) (2n+1) (2n)
QAz(—AO - QAz A1 + QA1<—A0 + dQAz(—A] ~Ap’ (53)
which decompose the transgression form as a sum of two trans-

gressions depending on an intermediate connection, where each
transgression is defined by

@n+1) -
QCM Y _ (4 1) / dt{(A— A) A FY) (5.4)
with F; = dA; + A¢ A A and A; = (A — A)t + A. The last term in

eq. (5.3) is given by

1t
QfBA n(n+l)/dt/ds<(A—_
0 0

A (/_\ — A) A F?{1>

(5.5)

where Fg = dAs+As ¢ AAs and Ay = (A— A)s+ (A - Z\) t+A

(see Ref. [39, Chapter 2 and 3] for further details).
The SSM embodies the following steps:

1. Split the superalgebra into p + 1 subspaces g=Vo @ ...® Vp.

2. Write the connection as a sum of pieces valued on every sub-
space A =ap + ... + ap, A=dg+ ..+ a, with a;,a; € g for
i=0,1,...,p.

3. Evaluate the triangle equation (5.3) with the connections writ-
ten in terms of pieces valued in every subspace

Ao=A, Ar=ao+..+ap_1, Ary=A. (5.6)
4, Repeat step 3 for the transgression Qfl”:];o and so on.

For the present case, n =1 and the AdS-Lorentz algebra splits
into subspaces g=Vo® V1 &V, ® V3 with

Vo=Span{J,}, Vi=Span{Z,},

(5.7)
Va=Span{Pq}, V3=5pan{Qq}.
Using the intermediate connections
Ap=0, (5.8)
Ail=w, (5.9)
Ay=0 + o, (5.10)
A3=e+0+w, (5.11)
Ag=¢ +et+o+w, (5.12)
with
w=0"],, 0=0"Z, e=1e“Pa, &:iw“Qa, (5.13)

‘ N

and applying (5.3) recursively, we find®

5 In what follows we omit the wedge symbol “A” in order to have shorter ex-
pressions.

1 - _
Q(:‘LA} —( o-Mo)[( e‘+o )(Wralﬁ)—Z\/fDlﬁ],

(5.14)
o
Q,(433)<—A2 = 62 I:EUT +€abcea b C:I
Vo [ a b, _c 1 b.c a a
+ | €ace” | 070"+ g 5e0e +2e4 (R*+ Do) | ,
) (5.15)
® [ a a 1 a-b_c
Q- =H0|0a (2R +D0’) + seaco’o’o } : (5.16)
[ 1
Qf1)<—/\o = w1 | @*dw + geabca)”a)ba)c] , (5.17)
ety o =0 (518)
Q) npeo = ; 7 ¢ @i+ 00) . (5.19)
2
Q/(Qz)<—A1<—A0 = 10w, (5.20)
where
T% =de® + eabca)bef, Do? = do? + Eabca)b(fc, ( |
- 5.21
R =do® + €4 wPof, Dy =dy — 10 (¥T4) .

Since Qf’z(_AO = LZE“Z') (A), the CS Lagrangian can be read by col-
lecting (5.14)-(5.20)

1
Jo IC? [eabce“ (oboc + @ebec> + 2eq (R + Do)
1 . i}
+ (Ze“ + a“) (VTay) — 2@14

1 1
+ k1o |04 (2R +Do?) + €qpc0” (—ebec + gabac>

1,1 ] 2
Zel =5 (e"+o )(wrax//)vww]

+ K

1
o dwg + §eabcwawba)c]

+d [%ea (wq + 0q) + uoaaa)a] ) (5.22)
The resulting supergravity Lagrangian is composed by three dif-
ferent sectors, each one controlled by the value of the coupling
constants (coming from the S-expanded invariant tensors (3.16)),
multiplied by the level of the theory « which is related to New-
ton’s constant G. The EH term appears in the first line of eq. (5.22),
and therefore vy can be normalized to one. In the critical point
Vo = o of the space of parameters, the theory decouples from
fermions. This is a natural consequence of the form of the invari-
ant tensor (3.15). The Mielke-Baekler model [40] is recovered at
this critical point in the o — 0 limit.

5.1. Field equations

Extremization of the action functional S[A] = [ M; £és gives rise
to the equations of motion. Alternatively, in the case of nonde-
generacy, i.e.,, when all the coupling constants are nonvanishing
and vg # o, the field equations are more easily obtained through
F=dA+ AAA=0. Using eq. (5.1) and (2.1), direct calculations
shows
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TO _ % (&Falﬁ) + eabcgbec =0, (5.23)

RY=0, (5.24)

Do ¢ 1 T 1a b _c 1bc =0 525)
U—ﬂ(l/f 1//)+§ebc<aa +£—2ee)— , (5.

D¢——<1e +o )(I&ra)=o. (5.26)

Interestingly, the geometries characterized by the e.o.m are Lorentz
flat. In addition, the presence of the Lorentz gauge fields o are
source for the super-torsion T¢ = T9 — % (&F‘H//), as it can be seen
from eq. (5.23). In the limit 0% — 0, solutions are described by
constant torsion Ty, = eabcebe‘, flat Lorentz curvature R% =0, and
covariantly constant spinors Vi = Dy — 5.e? (¥ Tq) = 0. This is
in contrast with the standard three-dimensional supergravity with
AdS symmetry, in which solutions are Riemannian (torsionless)
and constant Lorentz curvature.

5.2. Symmetry transformations

Under infinitesimal local gauge transformations, the one-form
potential A= A, dx" transforms according to

§A=Vo=do+[A 0], (5.27)
where
1, 1
=—-p"P Al az —x“ 5.28
Qe K/O a+A Jat+ Y Zat+ \/ZX Qu ( )

is a zero-form gauge parameter. Using (2.1), (5.1) and (5.28) it is
direct to show that

se® =Dp? — € (Ab—i—y) — €90+ (YIx), (529
sw® =DA%, (5.30)
1
(Saasz“—i-eabcab (Ac—i—yc)—i-gz “bce pf 4= (1//F” ).
(5.31)
sy =Dx ! 1e“+0” (xTa)
=X o\ 7 Xla
l l a a a n
+o (P Ay (¥Ta) (5.32)

where Dv? =dv? + eabca)bvc for any zero-form parameter v¢ with
one Lorentz index, and Dy =dy — %a)a (xTq) for any zero-form
spinor x“. From eq. (5.31) is clear that the gauge field o® trans-
forms as a vector under local Lorentz rotations. Moreover, gauge
transformations (5.29)-(5.32) leave the CS Lagrangian (5.22) invari-

ant up to a closed form.
6. Solutions and Killing spinors

In supergravity, supersymmetric solutions are prescriptions for
the bosonic fields of the theory such that they solve the equa-
tions of motion arising from its action. In principle, a solution
need not be supersymmetric itself. A supersymmetric solution is
defined as one which preserves a certain amount of the original
supersymmetry. These are important when studying perturbative
instabilities [41]. The standard calculation consists in embedding
the bosonic theory into a supersymmetric one in such a way that
the action remains stationary around a classical solution. In that
case supersymmetry is, in general, enough to prove that this so-
lution defines a local energy minimum and therefore is perturba-
tively stable.

We now focus on finding solutions to the Killing-Spinor equa-
tion for the AdS-Lorentz superalgebra in three-dimensions. In order
to do so, we find a BTZ-type solution in the case of zero gravitino.
Moreover, we show that solutions around this classical configu-
ration reduces to those found in [42]. First we take ¢ =0 in
(5.23)-(5.26) and solve for the ansatz

d 2
ds? = —N2dt® + % +12 (Nydt +dg)° (6.1)

with (x%,x',x%) = (t,r,¢), N =N(r) and Ny = Ny (r). We choose
the following ansatz for the vielbein e?(x) and the spin connection
»%(x)

e¥ = Ndt, P =Vdt+Ydr+gVde,

w! = Ddt + Wdr + gD dé¢, (6.2)

w? = Gdt + Hdr + BGdé,

el = Ndr
e? =1 (Nydt +dg) ,
where we have defined

V=yD2+G2—p,

GG'+DD’ DH
W = GC+DD"  DH (6.3)
_ D'+HV

Here D(r), G(r) and H(r) are arbitrary functions of the radial co-
ordinate and B, B are arbitrary constants [43]. Using the field
equations (5.23)-(5.26), in the case of zero gravitino ¥ = 0, we
have

0= _vdt—Ydr+(N—BV)do,

o' =—Ddt — (W +5¢) dr — pDdg, (6.4)

o2 — (eLz —G)dt—Hdr+(rN¢ — BG)dg,
where
rZ JZ
N2 =-M+ 54,3 (6.5)
J
Ny = —57 (6.6)

being M and ] are arbitrary real constants.
The Killing-spinor equation can be read from (5.32) when
¥ = 0. This means

1 1
dx =35 (w“ + ¢ +a“) (XTa) =0. (6.7)
Inserting (6.2)-(6.6) into (6.7) we find
1 7o
0 - = NT —+ Ny | T =0 6.8
ex” 2£X |: 0+T<e+ ¢> 2-;3 , (6.8)
l 1 1¢
BrX + = X N¢ — =TI =0, (6.9)
e/ g
o« .5 1 1%
48

where ¢ = 41, denotes the two nonequivalent gamma matrix rep-
resentation in three-dimensions. These equations are well known
from [42]. Following a similar analysis as presented in Ref. [44],
solutions to (6.8)-(6.10) are given by
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X =Eexp <ﬁ+ [(-M + %) Fie+ F,g] Fo> (zFH + %F,,,;)

(6.11)
with
z=(N+%+rN¢)%, oE=1(L+9).

£ = constant spinor .

(6.12)
Pie=3(1%ely),

These expressions are only valid locally. In order to find glob-
ally defined killing spinor solutions, one needs to study their pe-
riodicity [42]. In fact, under ¢ — ¢ + 27, there is a phase S =
[(—M + %) Fye+ I‘,g] I'o which gets multiplied by 2. Period-

icity occurs if S2 =0, in which case there is no dependency on
the angular coordinate ¢, for different values of M and J. To con-
clude this section, we briefly discuss how exact supersymmetries
for the zero-mass black hole M =0 = J are obtained. The extremal
M >0, M =1]|/¢, case can be treated similarly. In the zero-mass
limit, the argument in the exponential of (6.11) is proportional to

a nilpotent term (I'g + €I'2). This implies exp (%(Fo + 8F2)) =
I+ %(Fo + &I'y). Moreover, the linear dependency of x in ©F

drops out of the solution due to £ is in the kernel of (I'g + £I').
In fact, & is an eigenvector of I'1 and has the form & = (3:) Finally,

. 1 )
since z= ()2, we obtain

_ (2 %_
X—<7> §.

Therefore, there are two killing spinors, one for each value of ¢. For
the extremal black hole, periodicity is only reached when & =1.
This means that there is only one exact supersymmetry with z =

(6.13)

1
2r M¢e 2

[ r
hole solution (6.11) are non periodic or anti-periodic, hence there
is no exact supersymmetries in that case.

and & = (}) The killing spinors for the generic black

7. Discussion and future developments

In this work we have studied some aspects of the AdS-Lorentz
superalgebra and the three-dimensional CS supergravity invari-
ant under such symmetry. Since the AdS-Lorentz superalgebra
corresponds to the S-expansion of the N =1 AdS superalgebra
osp (2|1) ® sp (2), it allowed us to show some features of the pro-
cedure in a simple but non-trivial case.

Regarding the construction of the gauge supergravity theory,
the essential ingredient is the invariant tensor. The S-expansion
method provides the invariant tensors beyond the standard (su-
per)trace using Ref. [13, Theorems 7.1 and 7.2] and the Casimir
operators following a treatment discussed in Ref. [21]. Using these
invariants and the subspace separation method from Refs. [45,30],
the CS three-form Lagrangian is written in terms of the Lorentz
curvature and torsion. A new one-form gauge field has to be in-
troduced as a consequence of having the Z, generator. This new
Lorentz field o captures some of the features of the vielbein,
namely, it transforms as a vector under representations of the
Lorentz group and also interplay with the gravitino via super-
symmetry transformations. From the dynamical point of view, the
Lorentz gauge field o' is a source for the super-torsion T¢ which
makes it propagate in vacuum. Finally, an analytical stationary
solution when the gravitino field is turned-off is discussed, and
parallel Killing spinors around this background are computed. So-
lutions are shown to reduce the ones found in Ref. [42], which
means that the supersymmetry properties of the BTZ-type black

hole presented in [43], are the same as the asymptotically AdS
black holes of Einstein theory in three-dimensions.

We close with some brief discussion about possible applications
of the AdS-Lorentz supergravity theory in three-dimensions. In the
context of gauge/gravity dualities, in Ref. [46] it has been shown
that imposing suitable boundary conditions, the three-dimensional
AdS supergravity lead to an asymptotic symmetry algebra given
by two copies of the super-Virasoro algebra with central charge.
This is a purely asymptotic phenomenon since the emergence of
the conformal group at infinity is not the isometry group of any
background geometry in three-dimensions. In the same context,
the flat limit of AdS supergravity is discussed in [47], where a
consistent set of asymptotic conditions are found. The asymptotic
symmetry algebra in this case is given by the super-bmss alge-
bra with a central extension. Interestingly, in Ref. [48] it has been
shown that the bmss algebra can be obtained from the Virasoro
by a S-expansion process. The analysis has been extended in such
a way that new families of asymptotic symmetry algebras are con-
structed, all of them starting from the Virasoro one. As suspected,
one of these new families corresponds to the asymptotic algebra of
the CS theory for the Maxwell group [49], whose boundary dynam-
ics is described by an enlargement and deformation of the bmss
algebra with three independent central charges. Since the relation
between Maxwell and AdS-Lorentz algebra is well understood, it
is reasonable to expect that the asymptotic symmetries for AdS-
Lorentz CS theory can be obtained, following similar arguments as
in [49]. This is work in progress and will be presented somewhere
else. Finally, it would be interesting to extend previous discussion
for studying the boundary dynamics of CS supergravity theories
constructed using the supersymmetric extension of the Maxwell
and AdS-Lorentz algebras.
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Appendix A. Majorana spinors

The minimal irreducible spinor in three dimensions is a two
real component Majorana spinor. Every Majorana spinor satisfies a
reality condition which can be established by demanding that the
Majorana conjugate equals the Dirac conjugate

Voi=y ' C=—iy'Iy. (A1)

Spinors carry indices ¥, and gamma-matrices act on them in such
a way that Tqy := (T'a) 5" Yo In order to raise and lower indices,
we introduce matrices (C%#), (Cup) related to the charge conjuga-
tion matrix, and we use the convention of raising and lowering in-
dices according to the NorthWest-SouthEast convention (). This
means that the position of the indices should appear in that rela-
tive position as

Y*=Cyg  and  Yu=vPCup, (A2)
which implies that
c*Feyp=6% and  CpaCPY =0] . (A3)
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We choose the identifications in such a way that the Majorana con-
jugate v is written as y¥®. Comparing eq. (A.1) with eq. (A.2), one
then finds (C*#) =CT and (Cop) =C7 1.
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