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Abstract We apply the Effective Field Theory approach to General Relativity,
introduced by Goldberger and Rothstein, to study point-like and string-like sources
in the context of scalar-tensor theories of gravity. Within this framework we com-
pute the classical energy-momentum tensor renormalization to first Post-Newtonian
order or, in the case of extra scalar fields, up to first order in the (non-derivative)
trilinear interaction terms: this allows to write down the corrections to the standard
(Newtonian) gravitational potential and to the extra-scalar potential. In the case of
one-dimensional extended sources we give an alternative derivation of the renor-
malization of the string tension enabling a re-analysis of the discrepancy between
the results obtained by Dabholkar and Harvey in one paper and by Buonanno and
Damour in another, already discussed in the latter.

Keywords Strings, Effective field theory, Classical renormalization,
Energy momentum tensor

1 Introduction

We consider in this work the classical renormalization of the Energy-Momentum
Tensor (EMT) of fundamental particles and strings due to their interaction with
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long range fundamental fields, including standard gravity. The gravitational self-
energy of a massive body for instance, arising because of gravitons’ self-interactions,
can be described as an effective renormalization of the massive body EMT and it
is fully classical having its analog in Newtonian physics. Such self-interactions,
even if they involve point-like particles, are not divergent when gravity is present,
as on general grounds General Relativity imposes a lower limit on the size of
massive objects: their Schwartzchild radii.

In the case of one-dimensional extended objects like strings, no horizon analog
is present and no fundamental lower limit can be imposed on their size: classical
contributions to the EMT due to self-interactions of gravity can (and do indeed)
diverge in this case. Letting the source size shrink to zero and keeping fixed other
physical parameters like mass and charge (and eventually neglecting gravity), usu-
ally one encounters infinities, or equivalently, physical quantities depending criti-
cally on the cutoff.
Dirac [1] emphasized that the cutoff dependence of the energy of the electromag-
netic field sourced by an electron can be absorbed by an analog dependence of
the bare electron mass, to provide a finite, physically observable invariant mass.
However the usual way to calculate mass renormalization is by considering the
virtual process of emission and re-absorption of a massless field, like for mass
renormalization of the electron in standard electrodynamics, rather than a renor-
malization of the EMT, i.e. of the particle coupling to gravity, as we are going
to do here. The above mentioned virtual processes are usually considered in the
context of quantum field theory, but they show their effects also classically, when
heavy, non-dynamical, non-propagating sources are considered, as we will show.

In order to compute these quantities we make use of the the formalism intro-
duced in [2; 3], which is an effective field theory (EFT) method borrowed from
particle physics, where it originated from studying non-relativistic bound state
problems in the context of quantum electro- and cromo-dynamics [4; 5]; for this
reason, it has been coined Non Relativistic General Relativity (NRGR) (see also
[6] for the first application of field theory techniques to gravity problems). Here
we apply NRGR in the framework of scalar-tensor theories of gravity for comput-
ing next-to-leading order corrections to the EMT renormalization, which in turn
define, via the usual Einstein equations, the profile of the graviton generated by
the sources.

An example of such a renormalization has been worked out in [7] for point
particles in the GR case and by [8; 9] for string-like sources coupled to an extra
scalar, the dilaton, and an anti-symmetric tensor, the axion. See also [10; 11; 12]
for string sources interacting with axionic and gravitational fields. We find par-
ticularly worth of interest the different analysis performed in [8; 9], leading to
apparently conflicting results for the string-tension renormalization. The explana-
tion of the discrepancy is actually given already in [9], but here we re-analyze it
with the fresh insight available thanks to NRGR.

The plan of the paper is as follows. In Sect. 2 we summarize the basic ingredi-
ents of NRGR and set the notation for the case at study. In Sect. 3 we apply EFT
methods to a model where a scalar and the standard graviton field mediate long
range interactions, to compute the effective EMT of a massive body. In Sect. 4 we
present the analogous computation for a one-dimensional-extended object in four
dimensions. Finally we draw our conclusions in Sect. 5.
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2 Effective field theory

We start by describing the basis of NRGR: in doing so we closely follow the
thorough presentation given in [2], to which we refer for more details, with the
exception of the metric signature, as we adopt the “mostly plus” convention:
ηµν ≡ (−,+,+,+).

In order to be able to exploit the manifest velocity-power counting, which is
at the heart of PN expansion, we must first identify the relevant physical scales at
stake. If, for simplicity, we restrict to binary systems of equal mass objects it is
enough to introduce one mass scale m and two parameters of the relative motion,
namely the separation r and the velocity v. It turns out that, up to the very last
stages of the
inspiral, the evolution of the system can be modeled to sufficiently high accu-
racy by non-relativistic dynamics, i.e. the leading order potential between the two
bodies is the Newtonian one. The virial theorem then allows to relate the three
afore-mentioned quantities according to

v2 ∼ GNm
r

(1)

(where GN is the ordinary gravitational constant) and tells that an expansion in the
(square of the) typical three-velocity of the binary is at the same time an expansion
in the strength of the gravitational field.

The compact objects being macroscopic, they can be considered fully non-
relativistic (v� c) so that from a field theoretical point of view, and with scaling
arguments in mind, the binary constituents are non-relativistic particles endowed
with typical four-momentum of the order pµ ∼ (E ∼mv2,p∼mv) (boldface char-
acters are used to denote 3-vectors). Concerning the motion of the bodies subject
to mutual gravitational potential, it is convenient to consider only the potential
gravitons, i.e. those responsible for binding the system as they mediate instan-
taneous interactions: their characteristic four-momentum kµ will thus be of the
order

kµ ∼
(

k0 ∼ v
r
,k∼ 1

r

)
,

so that these modes are always off-shell (kµ kµ 6= 0).
When a compact object emits a single graviton, momentum is effectively not

conserved and the non-relativistic particle recoils of a fractional amount roughly
given by

|δp|
|p|

' |k|
|p|

' h̄
L

,

where L∼ mvr is the angular momentum of the system: it is clear that for macro-
scopic systems such quantity is negligibly small. To summarize, an EFT approach
describes massive compact objects in binary systems as non-dynamical, back-
ground sources of point-like type: quantitatively this corresponds to having parti-
cle world-lines
interacting with gravitons. The action we consider is then given by

S = SEH +Spp, (2)
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where the first term is the usual Einstein–Hilbert action

SEH = 2M2
Pl

∫
d4x

√
−gR(g), (3)

with the Planck mass defined (non canonically) as M−2
Pl ≡ 32πGN ' 1.2×1018 GeV,

and the second term is the point particle action

Spp =−m
∫

dτ =−m
∫ √

−gµν dxµ dxν , (4)

in which gµν is the metric field that we write as gµν ≡ ηµν + hµν . To make the
graviton kinetic term invertible, one should also include a gauge fixing term like

Sg f =−M2
Pl

∫
d4xΓµΓ

µ , (5)

with Γµ ≡ ∂ ν hµν −1/2∂µ hν
ν .

We now parametrize the metric following [13], instead of [2], as

gµν =
(
−e2ϕ −e2ϕ a j
−e2ϕ ai e−2ϕ γi j− e−2ϕ aia j

)
, (6)

where µ,ν = 0, . . . ,3 and i, j = 1,2,3. We define γ i j as the inverse matrix of γi j,
so that γ i j ≡

(
γ−1
)

i j and ai ≡ γ i ja j. It is also useful to introduce ςi j ≡ γi j−δi j (so
that ς i j = ςi j to first order) and ς ≡ ςi jδ

i j. Then, to quadratic order, the following
action for non-canonically normalized fields is obtained

SEH |quadratic +Sg f = −
M2

Pl
2

∫
dtd3x

×
[

∂µ ςi j∂
µ

ςi j−
1
2

∂µ ς∂
µ

ς +8∂µ ϕ∂
µ

ϕ−2∂µ ai∂
µ ai

]
.

(7)

The non-relativistic parametrization of the metric (6) allows to write down all
the terms that do not involve time derivatives in a simple way

SEH |static = 2M2
Pl

∫
dtd3x

√
−γ

[
R(γ)−2∂iϕ∂ jϕγ

i j +
1
4

e4ϕ Fi jFklγ
ik

γ
jl
]
,

(8)

where Fi j ≡ ∂ia j−∂ jai is the usual field strength tensor.
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The canonically normalized fields σi j,φ ,Ai can be defined as

σi j ≡ MPlςi j,

φ ≡ 2
√

2MPlϕ, (9)

Ai ≡
√

2MPlai.

The only interaction term we will need, as it will be explained, is the cubic one
σφ 2 given by

SEH |σφ2 =
1

2MPl

∫
dtd3x

[
∂iφ∂ jφ

(
δikδ jl −

1
2

δi jδkl

)
σkl

]
. (10)

The world-line coupling to the graviton thus reads

Spp = −m
∫

dτ

= −m
∫

dteφ/(2
√

2MPl)

√(
1− Ai√

2MPl
vi

)2

− e−
√

2φ/MPl γi jviv j

' −m
∫

dteφ/(2
√

2MPl)
(

1− 1
2

v2 +
φ

2
√

2MPl
− Ai√

2MPl
vi + · · ·

)
. (11)

The propagators we use are given by the following non-relativistic expressions, as
we are treating the time derivatives in the kinetic terms as perturbative contribu-
tions,

σ i j(t,k)σ kl(t ′,k′) = (2π)3
δ (t− t ′)δ (3)(k−k′)

i
k2 Pi j,kl

Ai(t,k)A j(t ′,k′) = (2π)3
δ (t− t ′)δ (3)(k−k′)

i
k2 δi j (12)

φ(t,k)φ(t ′,k′) = (2π)3
δ (t− t ′)δ (3)(k−k′)

i
k2

where

Pi j,kl ≡
1
2
(
δikδ jl +δilδ jk−2δi jδkl

)
. (13)

As far as we are only concerned in scaling we can set k ∼ 1/r, t ∼ r/v and, by
virtue of the virial theorem (1), m/MPl ∼

√
Lv. We can then immediately estimate

what are the scalings of the contributions to the scattering amplitude of two mas-
sive objects: each of the three diagrams reported in Fig. 1, for instance, contributes
to such process. By assigning a factor [ m

MPl
dtd3k] to a graviton-worldline coupling

not involving velocity, a factor [δ (t)δ (3)(k)k−2] for each propagator, and a factor
[ k2

MPl
dtδ (3)(k)

(
d3k
)3] for a three-graviton vertex, the following scaling laws can
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Fig. 1 Contributions to the scattering amplitude of two massive objects. From left to right the
diagrams represent, respectively, the leading Newtonian approximation, a classical contribution
to the 1PN order and a negligible quantum 1-loop diagram

be associated to the different contributions of Fig. 1:

(a) ∼
(

m
MPl

)2 [
dtd3k

]2 [
δ (t)δ (3)(k)k−2

]
∼ L,

(b) ∼
(

m
MPl

)3 [
dtd3k

]3 [
δ (t)δ (3)(k)k−2

]3
[

k2

MPl
dtδ (3)(k)

(
d3k
)3
]
∼ Lv2,

(c) ∼
(

m
MPl

)2 [
dtd3k

]2 [
δ (t)δ (3)(k)k−2

]4
[

k2

MPl
dtδ (3)(k)

(
d3k
)3
]2

∼ v4.

Even if we are actually dealing with a classical field theory, it is interesting to give
a look at the scalings in powers of h̄. To restore h̄’s one can apply the usual rule
that relates the number I of internal graviton lines (graviton propagators) to the
number V of vertices and the number L of graviton loops

L = I −V +1; (14)

then, taking into account that each internal line brings a power of h̄ and each inter-
action vertex a h̄−1 from the interaction Lagrangian, the total scaling for diagrams
where the only external lines are massive particles is h̄L−1. According to this rule
the third diagram of Fig. 1 involves one more power of h̄ than the first two. The
diagram with a graviton loop is then suppressed with respect to the Newtonian
contribution, apart from some powers of v, by a factor h̄/L � 1, whereas the sec-
ond diagram in Fig. 1 is a 1PN contribution which does not involve any power
of h̄. Equivalently one can notice that since the massive object is not propagating
(there is no kinetic term in the Lagrangian for such a source), the 1PN diagram is
not a loop one.

These scaling arguments remain unchanged when other particles are added,
like a scalar field, and/or another mass scale is introduced [15], as we will discuss
in Sect. 3, provided that the virial relation (1) correctly accounts for the leading
interaction.

3 Effective energy-momentum tensor in scalar-gravity theory:
the point particle case

The usual way to obtain an effective action Γ out of a fundamental action Sfund is
by integrating out the degrees of freedom we do not want to propagate to infinity
according to the formal rule

eiΓ ≡
∫

DΦeiSfund , (15)

where Φ denotes the generic field to integrate out.
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Fig. 2 Feynman diagrams describing the gravitational contributions to the effective energy-
momentum tensor of a particle at Newtonian level according to the parametrization (6) used
for the metric

Fig. 3 Feynman diagram describing the gravitational contribution to the effective energy-
momentum tensor of a particle at first post-Newtonian order according to the parametrization
used for the metric (6)

In practice this non-perturbative integration is replaced by a perturbative com-
putation, performed with the aid of Feynman diagrams like those of Fig. 1 which
shows some contributions to the effective action of two particles interacting grav-
itationally. At lowest order (Newtonian interaction) the diagram in Fig. 1a repre-
sents the term responsible for the Newtonian 1/r potential between two massive
objects. Stripping away one of the two external lines in this diagram an amplitude
for the coupling of a single particle to a graviton is obtained: this amplitude is
linear in the external graviton wave-function and defines the effective EMT of the
particle. Thus at Newtonian level the two diagrams in Fig. 2 give the following
contributions to the effective action

Γ
(0) = Γ

(0)
φ

+Γ
(0)

σ =
1

2
√

2MPl

∫
φ(x) [T00(x)+Ti j(x)δi j]d4x

=
m

2
√

2MPl

∫
φ(t,xp(t))dt, (16)

where xp is the three-vector of the position of the source particle and use has been
made of the Newtonian value of the EMT defined as usual as

Tµν(x)≡ −2√
−g

δS

δgµν(x)

∣∣∣∣
gµν =ηµν

. (17)

Note that the contribution from Γ
(0)

σ is vanishing as the σi j part of the metric field
does not couple directly to a static massive source for which Ti j(x) = 0,T00(x) =
mδ (3)(x−xp).

The second diagram in Fig. 1 is a representative contribution of the 1PN cor-
rections to the Newtonian potential between two particles. Stripping away again
one of the two external particle lines the diagram showed in Fig. 3 is obtained,
whose contribution to the effective action at next-to-leading order is

Γ
(I)

σ =
1

MPl

∫
d4xσi j(x)T i j(I)(x) =

1
MPl

∫
dt

d3q
(2π)3 σi j(t,−q)T i j(I)(t,q)eiq·xp

=
m2

8M3
Pl

∫
dt

d3q
(2π)3

d3k
(2π)3

kik j− kiq j

k2 (k−q)2

(
δ

l
i δ

m
j −

δi jδ
lm

2

)
σlm(t,−q)eiq·xp

=
m2

210M3
Pl

∫
dt

d3q
(2π)3 σi j(t,−q)

(
−δ

i jq+
qiq j

q

)
eiq·xp , (18)

where q ≡√q ·q and we have used Eq. (A4). The analogous quantity for φ van-
ishes as there is no φ 3 vertex, see Eq. (8). Incidentally, we note that the EMT
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obtained from Eq. (18) is transverse, consistently with the request that the effec-
tive EMT has to be conserved order by order (see [14] for an interesting discussion
of scalar gravity at interacting level).

Another check of the correctness of our result can be obtained by reconstruct-
ing the metric out of this effective EMT. The linearized equations of motion for
gravity give

φ(t,k) =− 1
k2

δΓφ

δφ(t,k)

∣∣∣∣
φ=0=σi j

(19)

which, using the first of Eqs. (A6), allows to compute the metric component ϕ

according to

ϕ(x)≡ φ(x)
2
√

2MPl
=− m

8M2
Pl

∫ d3k
(2π)3

eik·(x−xp)

k2 =−GNm
r

, (20)

where GN has been reinstated in the final result and r ≡ |x−xp|. Analogously, for
ςi j one has

ςi j(t,k) =− 1
k2

1
MPl

Pi j;kl
δS

δσ kl(t,k)

∣∣∣∣
φ=0=ςkl

(21)

which, again using Eq. (A6), leads to

ςi j(t,x) = Pi j;kl

∫ d3k
(2π)3

m2

210M4
Pl

(
δklk−

kkkl

k

)
1
k2 e−ik·(x−xp)

= −(GNm)2

r2

(
δi j−

xix j

r2

)
. (22)

Given the metric parametrization (6) we obtain

g00 = −1+
2GNm

r
−2

(GNm)2

r2

g0i = 0 (23)

gi j =

(
1+

2GNm
r

+
(GNm)2

r2

)
δi j +

(GNm)2

r2
xix j

r2

which is the Schwarzschild metric to 1PN order in the harmonic gauge, see [7].
Let us now consider an extra degree of freedom with respect to ordinary grav-

ity, that is a massive scalar field ψ whose action is given by

Sψ =−1
2

∫
d4x

√
−g
[
gµν

∂µ ψ∂ν ψ +m2
ψ ψ

2 +λψ
3] , (24)

where a cubic self-interaction has been allowed. The interaction with the gravi-
tational field σi j, embodied by the trilinear term ψψσ , can be derived from the
kinetic term, namely

Sψ

∣∣
ψψσ

=
1

2MPl

∫
dtd3x∂iψ∂ jψ

(
σ

i j− 1
2

δ
i j

σ

)
. (25)
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Fig. 4 Feynman diagram representing the self-interaction contribution of the massive scalar
field ψ to the energy-momentum tensor of a particle at next-to-leading order

There are no trilinear terms such as φψψ or φφψ because of the specific metric
parametrization we chose (6). The field ψ is assumed to couple to matter in a
metric type in analogy with (11):

S ′
pp =−meαψ/(2

√
2MPl)

∫
dτ,

for some dimensionless parameter α . Therefore the tree-level coupling of ψ to
matter at lowest order is very similar to the diagram on the left of Fig. 2:

Γ
(0)

ψ =
αm

2
√

2MPl

∫
ψ(t,xp(t))dt. (26)

At next-to-leading order we have two possible contributions. The first comes
from a diagram like that of Fig. 3 where the two φ ’s are replaced with two ψ’s: the
amplitude is almost the same as Eq. (18), apart from an extra factor α2. The second
contribution comes from the cubic ψ self-interaction, depicted in the diagram of
Fig. 4:

Γ
(I)

ψ =
λm2α2

64πM2
Pl

∫
dt
∫ d3q

(2π)3 eiq·xpψ(t,q)
1
q

arctan
(

q
2mψ

)
. (27)

Note that at high momentum transfer (q�mψ) the integrand goes as q−1, whereas
in the gravity case (18) we had T σ

i j (q) ∝ q: this difference leads to an effective
potential due to the ψmediation which has a logarithmic profile, rather than the
1/r2 behavior typical of 1PN terms in Einstein gravity derived in [15]; at low
momenta (q� mψ) the Yukawa suppression takes place as usual.

4 Effective energy-momentum tensor: string

In the case of a one-dimensional extended source we consider the Nambu–Goto
string with action Ss given by

Ss = µ

∫
Σ

√
−γeαΦ/(

√
2MPl)dτdσ − β µ

2
√

2MPl

∫
Σ

∂α xµ
∂β xν

ε
αβ Bµν dτdσ , (28)

where γ ≡ detγαβ , with γαβ ≡ ∂α xµ ∂β xν gµν ,xµ are coordinates in the four-dimensional
space, σ and τ are the coordinates on the world-sheet Σ spanned by the string
in its temporal evolution. Such an action describes a fundamental string inter-
acting with gravity via a string tension µ , with a scalar field Φ through a cou-
pling αµ/(

√
2MPl) and with the antisymmetric tensor Bµν through the coupling

β µ/(2
√

2MPl). In this notation a supersymmetric string corresponds to α = β =
1.

The convention for indices is the following: α,β denote the two directions
parallel to the world-sheet while µ,ν , . . . are generic four-dimensional indices,
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then Latin letters i, j, . . . denote 3-space indices and we will use a,b or c to denote
the (two) spatial dimensions orthogonal to the string.

The action S f determining the dynamics of the fields is

S f =
∫

d4x
√
−g
[

2M2
PlR−

1
2

(∂Φ)2− 1
12

e−
√

2αΦ/MPl Hµνρ Hµνρ

]
, (29)

where Hµνρ ≡ ∂µ Bνρ + ∂ρ Bµν + ∂ν Bρµ . The only new propagator we will need
with respect to the point-particle study is

Bµν(t,k)Bρσ (t ′,k′) =
1
2
(
ηµρ ηνσ −ηµσ ηνρ

)
(2π)3

δ (t− t ′)δ (3)(k−k′)
i

k2 .

(30)

Analogously to diagrams in Fig. 2, the effective action for the linear coupling to
the string source of the fields φ ,σi j,Φ and Bµν is Γ (0) = Γ

(0)
φ

+Γ
(0)

σi j +Γ
(0)

Φ
+Γ

(0)
Bµν

with

Γ
(0)

φ
=
∫

ϕ
(
T00 +Ti jδ

i j)d4x = 0,

Γ
(0)

σi j =
∫

ςi jT i jd4x =− µ

MPl

∫
Σ

σ11(x(τ,σ))dτdσ , (31)

Γ
(0)

Φ
=

α

2
√

2MPl

∫
Φ
(
T00−Ti jδ

i j)d4x =
αµ√
2MPl

∫
Σ

Φ(x(τ,σ))dτdσ ,

Γ
(0)

Bµν
=

β µ

2
√

2MPl

∫
Σ

∂α xµ
∂β xν

ε
αβ Bµν dτdσ =

β µ√
2MPl

∫
Σ

B01(x(τ,σ))dτdσ ,

where use has been made of the explicit parametrization of a static string: x0 = τ,
x1 = σ , and of the definition (17) for the string EMT T s

µν giving

T s
µν = diag(µ,−µ,0,0)δ (2)(xa). (32)

Following the same reasoning as in Sect. 3, the contributions to the renor-
malization of the effective EMT due to the dilaton and the antisymmetric tensor
interaction can be computed, see Fig. 5. We thus restrict to those trilinear inter-
action terms involving a graviton field, either a φ or a σ , as an external line (in a
completely analogous way the renormalization of the Φ and Bµν coupling could
be computed). We then have:

S3 =
1

2MPl

∫
dtd3x

{
1
2

[
∂iΦ∂ jΦ

(
δ

il
δ

jm− 1
2

δ
i j

δ
lm
)

σlm

]
+

1
2

[
∂iB01∂ jB01

(
δ

il
δ

jm +δ
i j

δ
l1

δ
m1

− 1
2

δ
i j

δ
lm +δ

il
δ

j1
δ

m1 +δ
jm

δ
i1

δ
l1
)

σlm

]}
, (33)



Classical energy-momentum tensor renormalization 11

Fig. 5 Diagrams reproducing the coupling to φ (curly line) and to σi j (long-dashed), or the
effective energy-momentum tensor, of a string at next to lowest order in interaction. The diagram
on the left vanishes (see discussion in the text)

where we have specified the antisymmetric tensor polarization indices to “01” , as
this is the only polarization involved in this interaction, and omitted rewriting the
terms coming from the pure gravity sector, i.e. σ3 and φ 2σ , because they read the
same as in (8).

The diagram on the left in Fig. 5 is actually vanishing because no φ can attach
directly to the string and no trilinear term with only one φ is present in the action
(29), as it can be seen from (8) or (33): this implies that the relation T00 =−Ti jδ

i j

holds also at next-to-leading order. We are thus left with the diagram on the right
in Fig. 5, where the particles propagating in the internal dashed lines can be either
two dilatons or two antisymmetric tensors or two gravitons of the type σi j. The
contribution to Γ

(I)
σi j from the diagram involving two dilatons is

Γ
(I)

σΦΦ
= −µ2α2

8M3
Pl

∫
dτ

d2q

(2π)2 e−iqaxa
s

(
δ

ai
δ

b j− 1
2

δ
ab

δ
i j
)

×σi j(τ,q)
∫ d2k

(2π)2
kakb− kaqb

k2 (k−q)2

= −4GN µ2α2

MPl

∫
dτ

d2q

(2π)2 e−iqaxa
s

(
Cδab−

qaqb

q2

)
×
(

δ
ai

δ
b j− 1

2
δ

ab
δ

i j
)

σi j(τ,q)

=
4GN µ2α2

MPl

∫
dτ

d2q

(2π)2 e−iqaxa
s

[(
−1

2
δ

ab +
qaqb

q2

)
σab(τ,q)

+
(

C− 1
2

)
σ11(τ,q)

]
, (34)

with C a divergent quantity, coming from the last integration in the first line, whose
value can be read from Eq. (A7)

C = lim
ε→0

−1
ε

[
1+

ε

2
(
γ−2+ log

[
q2/(4π)

]
+o(ε)

)]
; (35)

here dimensional regularization has been used, as this entry of the effective EMT
is expected to be (logarithmically) UV divergent, see e.g. [8; 9]. Note that the
divergent constant only enters the T11 component of the effective EMT.

For the Bµν interaction a similar result is obtained

Γ
(I)

σBB =
4GN µ2β 2

MPl

∫
dτ

d2q

(2π)2 e−iqaxa
s

[(
1
2

δ
ab− qaqb

q2

)
σab(τ,q)

+
(

C− 1
2

)
σ11(τ,q)

]
. (36)
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The contribution to the 1PN effective action due to purely gravitational pro-
cess, i.e. by the diagram on the right of Fig. 5 with three σ ’s, can be computed by
making use of the three graviton point function:

〈σ11(k1)σ11(k2)σi j(q)〉=−1
2

δ
(3)(k1 + k2 +q)q2

δi1δ j1, (37)

which has been obtained thanks to the Feyncalc tools [16] for Mathematica; the
result is

Γ
(I)

σσσ = − µ2

4M3
Pl

∫
dτ

d2q

(2π)2 e−iqaxa
s δ

a1
δ

b1
σab(τ,q)

∫ d2k

(2π)2
q2

k2(k−q)2

=
8GN µ2

MPl

∫
dτ

d2q

(2π)2 e−iqaxa
s Dσ11(τ,q), (38)

where D is a divergent constant, again entering the T11 component only, given by

D = lim
ε→0

1
ε

[
1+

ε

2
(
γ + ln

[
q2/(4π)

])]
. (39)

The conserved effective EMT is thus given by the sum of the three contribu-
tions just calculated and reads

Ti j
(I)(q) = 4GN µ

2

(2−α2−β 2
)

D+ α2+β 2

2 0

0
(
α2−β 2

)(
− δab

2 + qaqb
q2

)
(40)

together with T00 =−T11 and T0i = 0. The coordinate space counterpart of (40) is
reported in the Appendix.

We note that in the directions orthogonal to the string the EMT is still vanish-
ing for α2 = β 2, thus preserving the no-force condition valid for supersymmetric
strings of the same type (charge). The divergent part of the entry T11 is also van-
ishing in the supersymmetric case due to a cancellation among the different terms:
therefore, the superstring tension, given by T11, does not receive divergent contri-
bution. This confirms the result of Dabholkar and Harvey [8] obtained through the
analysis of the EMT’s on the (linearized) GR solution around a string.

In [9] Buonanno and Damour also found a non-renormalization, but via a
different cancellation. The authors of [9] analyzed a physical quantity which is
described by a diagram of the type depicted in Fig. 6, where it is understood that
each of the fields interacting with the string can propagate in the internal line.
We now take a closer look at the different contributions to this process. Letting
a σi j propagate in the wavy line of Fig. 6 yields a vanishing result given that the
amplitude for such a process has the following behavior

Fig. 6σi j ∝ T i j
σ i jσ klT kl

∝ µ
2P11;11 = 0, (41)

as it can be explicitly checked from Eq. (13). This diagram vanishes for the same
reason why two straight, static, parallel strings do not exert a force on each other:
the amplitude for one graviton exchange between two such strings is proportional
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Fig. 6 Feynman diagram representing the string tension renormalization as computed in [9]. The
internal wavy line stands for all possible fields interacting with the string: dilaton, antisymmetric
tensor and graviton of type σ

to the same vanishing quantity P11;11. The dilaton contribution to the amplitude of
Fig. 6 is

Fig. 6Φ =
α2µ2

2M2
Pl

∫ d2k
k2 , (42)

whereas to find the effect of the antisymmetric tensor it is enough to replace α2

with −β 2 in Eq. (42), as can be checked using (30) and (31). These three ampli-
tudes, condensed in the representation of Fig. 6, have a close correspondence with
what is found in [9] and show that the contributions to the superstring renormal-
ization are different when calculated by looking at the self-energy as in [9] other
than through the (effective) EMT as in [8] and in the present work; nonetheless,
the non-renormalization property of superstrings is preserved in both approaches.

The source of the discrepancy is explained in [9] where it is observed that the
difference in the two ways of computing the renormalization of the string tension
amounts to a (divergent) source-localized term, as “the interaction-energy cannot
be unambigously localized only in the field, there are also interaction-energy con-
tributions which are localized in the sources”, which are missed in one approach
but accounted for in the other.

Moreover, the contribution of the antisymmetric tensor to the string tension
renormalization turns out to be the same with the two methods because this cou-
pling to the string is metric-independent, so it does not contribute to the total EMT
given by T µν ≡ 2g−1/2δS/δgµν . Of course the physical result cannot depend on
the details of the calculation method: indeed the source-localized contribution just
renormalizes the bare tension of the string and does not give physical effects. As
observed in [9], this contrasts Dirac’s argument [1] about the connection between
the renormalization of a point charge and its divergent field self-energy.

Therefore, we support the explanation of the discrepancy given by Buonanno
and Damour [9] and provide a computation of the renormalization of the EMT
with a completely different technique than in Dabholkar and Harvey [8], confirm-
ing their result.

Following the track of the EFT methods we employed, one could also compute
the renormalization of the couplings of Φ and Bµν . For the dilaton coupling the
relevant diagrams are two, both of the type Fig. 5, with a Φ as outer wavy line
and either two Bµν ’s or a Φ and a σi j as dashed inner lines. For the antisymmetric
tensor case, the external Bµν can be attached to either a σi j and a Bµν or to a Φ

and a Bµν . All the above mentioned trilinear vertices have the same dependence
on external momentum as the gravity case.

One final remark is needed about result (40). A tensor Tab(x) is conserved if
T ,b

ab (x) = 0 which, in Fourier space, translates naively to

∂
aTab(q) ?=−iqaTab(q) NO! (43)

Clearly, with an EMT of the form (40), for α2 6= β 2 the right hand side of Eq. (43)
does not vanish. This happens because Tab(q) is not square integrable, thus it is
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not ensured that the derivative operation and the Fourier transform commute with
each other, and indeed they do not in this case, see Appendix for details.

5 Conclusions

We have studied point-like and one-dimensional-extended sources in the context
of scalar-tensor gravity and we have computed the effects of field self-interactions
to the renormalization of the effective energy-momentum tensor.

The calculations have been performed within the framework provided by the
effective field theory methods applied to gravity [2; 3], exploiting the powerful
tool of a systematic expansion in terms of Feynman diagrams.

The classical “dressing” of the sources by long range interactions has the
effect of smearing the source, consistently with coordinate covariance, and implies
energy-momentum tensor conservation. We obtained perturbative solutions valid
to first post-Newtonian order or, in the case of extra scalar fields, up to first order
in the trilinear interaction terms.

In the case of a string source we reviewed the renormalization of both its effec-
tive energy-momentum tensor and its tension, which has been subject of investi-
gation with apparently conflicting results in the past [8; 9]. We exposed the fully
satisfactory explanation of the discrepancy given by Buonanno and Damour [9]
and confirmed that the renormalization of the energy-momentum tensor and the
renormalization of the string tension differ by source-localized contributions.
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Appendix A

To second order the metric (6) can be rewritten as

gµν =

(
−1−2ϕ2 a j +2ϕa j

ai +2ϕai δi j−2ϕ(δi j + ςi j)+2ϕ2δi j + ςi j−aia j

)
, (A1)

where γi j ≡ δi j +ςi j (exact). It is also useful to have the form of the inverse metric

gµν =

(
−e−2ϕ

(
1− e4ϕ γ i jaia j

)
e2ϕ a j

e2ϕ ai e2φ γ i j

)
. (A2)

To second order one has

gµν '

(
−1+2ϕ−2ϕ2 +δi jaia j a j +2ϕa j− ς jkak

ai +2ϕai− ςikak δi j +2ϕδi j− ςi j +2ϕ (ϕδi j− ςi j)

)
. (A3)
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The relevant integrals for computing Feynman diagrams like the one repre-
sented in Fig. 3 (see for instance [17] and [7]) are

∫ d3k
(2π)3

kik j

k2(k+q)2 =
1
64

(
−δ

i jq+3
qiq j

q

)
,

(A4)∫ d3k
(2π)3

ki

k2(k+q)2 =
qi

16q
.

The integral relevant for Fig. 4 is

∫ d3k
(2π)3

1
(k2 +M2) [(k+q)2 +M2]

=
1

4πq
arctan

( q
2M

)
, (A5)

and to reconstruct the metric out of the effective EMT we used∫ d3q
(2π)3 eiq·x 1

q2 =
1

4π|x|
,

∫ d3q
(2π)3 eiq·x 1

q
=

1
2π2|x|2

, (A6)

∫ d3q
(2π)3 eiq·x qiq j

q3 =
1

2π2|x|2

(
δi j−2

xix j

|x|2

)
.

The relevant integrals for computing Feynman diagrams like the one repre-
sented in Fig. 5 are (see again [17])

∫ d2+ε k

(2π)2+ε

kik j

k2(k +q)2 =

(
q2
)ε/2

(4π)1+ ε
2

1
2

δ
i j

Γ

(
−ε

2

) 1∫
0

[x(1− x)]
ε
2 dx

+
qiq j

q2 Γ

(
1− ε

2

) 1∫
0

x2 [x(1− x)]
ε
2−1 dx

 , (A7)

∫ d2+ε k

(2π)2+ε

ki

k2(k +q)2 =
qi

(q2)1−ε/2 (4π)1+ ε
2

Γ

(
1− ε

2

) 1∫
0

x [x(1− x)]
ε
2−1 dx.

Other useful formulas to anti-Fourier transform the string effective EMT at
next-to-leading order, are

∫ d2q
2π2 log(q)eiqx = − 1

x2 (A8)∫
qε

d2q

(2π)2
1
q2 eiqx = − 1

2π
log(xqε)+

ln2− γ

2π
+

r2q2
ε

16π
+o
[
(xqε)

3
]
, (A9)



16 U. Cannella, R. Sturani

where a disk of radius qε around the origin has been cut out of the integral. More-
over

2π∫
0

eixcosθ dθ = 2πJ0(x), (A10)

where J0 is the Bessel function of zero-th order. To derive the metric out of the
string effective EMT the following integral∫

qε

d2q

(2π)2
1
q4 eiqx =

x2

2π

[
1

2q2
ε r2 +

1
8

log
(
q2

ε r2)+ γ− ln2−1
4

+o(xqε)
]

(A11)

is helpful.
The effective EMT (40) in coordinate space is

T (I)
i j (x)=−4

π
GN µ

2

(α2−β 2
)(

C′δ (2)(xa)+1/r2
)

α2+β 2

r2

(
− 1

2 δab+
xaxb
r2

) ,

(A12)

where r denotes the distance to the string in the transverse two-dimensional space.
Here C′ denotes the q-independent part of the quantity defined in text in (35).

To explicitly check conservation in the Fourier space of the string effective
EMT (40), let us write down the conservation of the EMT in q-space, keeping
only the components transverse to the string world-sheet:

∂
aTab(q) =

∫
d2x [∂ aTab(x)]eiqx =

∫
d2x
[
∂

a (Tabeiqx)− iqaTab(q)eiqx] ,
(A13)

which has an extra piece with respect to (43). Let us restrict for simplicity to the
total derivative term and let us fix the index b = 2. To make sense of the integral
we have to integrate over a region Ω obtained by cutting out of the plane the the
two regions r < rε and r > R, and we will finally (but after taking the other limits
first) let rε → 0 and R→ ∞.

By changing coordinates from y,z to ρ,θ according to y = r cosθ ,z = r sinθ

and using the Green–Gauss theorem one obtains

− π

4GN µ2 (α2 +β 2)

∫
Ω

d2x∂
a
[
Ta2(x)eiqaxa

]
=
∫

∂Ω

1
2r

cosθeiqr cosθ dθ

=
1

2R

2π∫
0

cosθeiqRcosθ dθ

− 1
2rε

2π∫
0

cosθeiqrε cosθ dθ .

(A14)
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The first integral is clearly vanishing in the limit R→ ∞. Expanding the exponen-
tial in the second integral, taking the limit rε → 0 and finally plugging this result
into (A13), one has

∂
aTab(q) ∝

iqa

2
− iqa

(
−δab

2
+

qaqb

q2

)
= 0,

ut
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