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Abstract
Sommerfeld Enhancement in Bound State Dark Matter

by J. H. Streuer

Despite the strong astrophysical and cosmological evidence for the existence of Dark
Matter (DM), its nature is still unresolved. Many models have been constructed in
which the current DM density is reproduced as a thermal relic of the evolution of
the early universe. The present DM abundance depends sensitively on the annihila-
tion rate. If DM interacts via a light mediator, this annihilation rate can be strongly
enhanced through the so-called Sommerfeld Enhancement. In scenarios where the
Sommerfeld enhancement is relevant, the formation of DM bound-states should also
be taken into account for precise predictions, but is often neglected. These effects can
have a big impact on the possible parameter space of many DM models.
This thesis reviews the calculation of the DM relic density, including the effects of
Sommerfeld enhancement and bound state formation. We present both numerical
and approximate analytical solutions to the set of Boltzmann equations that govern
the evolution of DM density, and fit the model parameters such that the observed
value for the relic density is matched.
Furthermore, we extend the calculation to the case where DM interacts through a
Yukawa potential. Such scenarios are of great interest as they appear naturally in
models where DM is charged under the electroweak interactions, such as in super-
symmetric extensions of the Standard Model.
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Chapter 1

Introduction

1.1 Rotation Curves

The discrepancy between the observed rotation curve of galaxies and the prediction
from theory is one of the most famous open problems in physics. The problem itself
lies at the boundary of what we know about Newtonian dynamics, which is a limit
of Einsteins theory of general relativity.
The first proposal for a dark matter component was by Fritz Zwicky in 1933[1, 2],
who used the virial theorem to explain the unexpected velocities of galaxies in the
Coma cluster by considering cold non-luminous matter. Similar observations were
also made in the Virgo Cluster and the Local group.

Kepler’s Third Law of Planetary Motion tells us that the velocity of a rotating ob-
ject is

vrot =

√
GMencl

r
, (1.1)

where Mencl is the mass enclosed within the sphere of radius r centered around the
center of mass. Outside of the galactic disk the enclosed mass should remain com-
pletely constant if it consisted of only the visible baryonic mass, and the velocity as
a function of distance should decrease as the inverse of the square root.
Contrary to this hypothesis, many measurements of the rotation curves of galax-
ies are not fitted by this relation[3]. Instead, the rotational velocity becomes con-
stant at larger distances, seemingly indicating that the enclosed mass does not be-
come constant at large radii (e.g. beyond the baryonic matter), but rather scales as
Mencl(r) ∝ r. Consequently the mass density at radius r then is

ρ(r) = lim
δr→0

Mencl(r + δr)−Mencl(r)
4
3π((r + δr)3 − r3)

=
M ′encl(r)

4πr2
, (1.2)∫

d3rρ(r) = 4π

∫ r

0
ρ(r′)r′

2
dr′ = Mencl(r) , (1.3)

where M ′encl is the derivative of the enclosed mass with respect to r, which is a con-
stant when Mencl(r) ∝ r.
This is a good indicator that the Standard Model might be incomplete, and lacks
certain particles which do not interact electromagnetically. These particles make up
what is called Dark Matter and would be present in every galaxy, or any other large
scale structure, dressing it with a so-called dark matter halo, centered at the nucleus
of the galaxy, but expanding far beyond the edge of the baryonic disk.
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1.2 Detection and Relic Density

The most common dark matter theories consider a (class of) particle(s) which can
interact with each other and possibly annihilate into standard model particles. Ex-
periments to detect dark matter can thus be approached in three different ways (see
figure 1.1). Scattering experiments, such as Xenon1T, LUX, and PandaX attempt to
detect a momentum exchange between standard model particles (Xenon nuclei) and
the invisible dark matter. Experiments such as Fermi-LAT and AMS-02 try to detect
dark matter indirectly by scanning for rare events of high energy radiation without
any other known origin. These high energy gamma rays might originate from a dark
matter annihilation. The production of dark matter would happen in collider exper-
iments, such as LHC. Whenever dark matter is produced in a collider we expect to
see an energy defect, as the dark mater will have left the collider without interacting.
The missing energy and momentum can then be used to determine what mass the
dark matter would have had.

χ χ

SM SM

(A) Direct detection

χ SM

χ SM

(B) Indirect detection

SM χ

SM χ

(C) Production

FIGURE 1.1: Different procedures for dark matter detection[4]
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Chapter 2

The Early Universe

The most widely accepted cosmological model, sometimes referred to as the stan-
dard model of cosmology, is the ΛCMD parametrization. It includes a dark energy
parameter in the form of a cosmological constant Λ, and a Cold Dark Matter com-
ponent. Cold dark matter, also known as thermal relic dark matter, is highly de-
pendent on the thermal history of the universe. In the Big Bang scenario, the dark
matter particles are created symmetrically, i.e. with the same amount of particles as
anti-particles. As the universe cools down it is theorized that there are leftover dark
matter particles spread across the universe, unable to find a partner to annihilate
with.

2.1 Conservation of Entropy

At early times, the universe was homogeneous and isotropic, so the metric is the
Friedman-Lemaître-Robertson-Walker (FLRW) metric. Matter in such a universe re-
sembles an ideal fluid, and can be modeled as such. Even today, this is still a valid
approximation for calculations on a cosmological scale. The energy-momentum ten-
sor of a perfect fluid is

Tµν = (ρ+ p)UµUν + pgµν , (2.1)

where Uµ is the velocity of the fluid, and gµν is the FLRW metric.

ds2 = −dt2 + a2(t)dΣ2

⇒ gµν = diag(−1,
1

a2(t)
,

1

a2(t)
,

1

a2(t)
)

The scale factor a(t) dictates how the spatial dimensions dilate relative to the tempo-
ral dimensions. One of the things it is responsible for is the red-shift of light created
a long time ago. In the rest frame of the fluid Uµ = (1,0). We thus have

Tµν = diag(ρ,
p

a2(t)
,

p

a2(t)
,

p

a2(t)
) . (2.2)

Conservation of energy-momentum tensor (∇µTµ0 = 0) then gives the continuity
equation,

ρ̇+ 3H(ρ+ p) = 0 , (2.3)

where H = ȧ(t)
a(t) is the Hubble Parameter, which gives a first order rate of expansion.

To determine the change of entropy S over time we consider the second law of ther-
modynamics. The second law of thermodynamics gives the dependence of entropy
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on the change in heat of a system. Since our universe has only cooled down since
the Big Bang, temperature T is a monotonically decreasing function of time t, and
can thus be used a governing evolution parameter instead. When the second law is
applied to a comoving volume element in thermal equilibrium, it dictates that

dS =
1

T
(d(ρV ) + pdV ) . (2.4)

We can also write this as

dS =
1

T
(d(V (ρ+ p))− V dp) . (2.5)

Per infinitesimal amount of time this is

dS

dt
=

1

T

(
d(V (ρ+ p))

dt
− V dp

dt

)
(2.6)

=
V

T

dρ

dt
+
ρ+ p

T

dV

dt
(2.7)

=
V

T
(ρ̇+ 3H(ρ+ p)) = 0 , (2.8)

proving that entropy is conserved for a perfect fluid. We have used that any volume
V depends cubically on a(t), so that

dV

dt
∼ d

dt
a3(t)

∼ 3ȧ(t)a2(t)

= 3HV .

2.1.1 Entropy density

Starting from equation 2.5 we can also now write

dS

dT
=

1

T

d(V (ρ+ p))

dT
− V

T

dp

dT
(2.9)

=
d(V ρ+p

T )

dT
− V (ρ+ p)

d 1
T

dT
− V

T

ρ+ p

T
(2.10)

=
d(V ρ+p

T )

dT
, (2.11)

proving that S = V ρ+p
T up to a constant. We can define the entropy density s = S/V ,

such that
s =

ρ+ p

T
, (2.12)

and
ṡ = −3Hs . (2.13)

The entropy density will prove to be a useful quantity later on, when we attempt to
determine the evolution of certain other quantities. The integrability condition

∂2S

∂T∂V
=

∂2S

∂V ∂T
(2.14)
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gives

d

dV

(
dS

dT

∣∣∣∣
V

)∣∣∣∣
T

=
d

dT

(
dS

dV

∣∣∣∣
T

)∣∣∣∣
V

(2.15)

d

dV

(
V

T

dρ

dT

)∣∣∣∣
T

=
d

dT

(
V

T

dρ

dV
+
ρ+ p

T

)∣∣∣∣
V

(2.16)

1

T

dρ

dT
=

1

T

d(ρ+ p)

dT
− 1

T 2

(
V

dρ

dV
+ (ρ+ p)

)
(2.17)

dp

dT
=
ρ+ p

T
+
V

T

dρ

dV
. (2.18)

For a homogeneous universe the last term vanishes, since the density is equal in
every volume element at fixed times (and thus temperatures). This gives us a way
to calculate the entropy density if we know the pressure distribution of the species
of particles in question.

2.2 Equilibirum Distributions

To determine the amount of dark matter in our universe we need to know the equi-
librium number density. The number density na of a relativistic particle of species a
with energy Ea(|p|) =

√
p2 +m2

a is given by

na = ga

∫
d3p

(2π)3
fa(|p|) , (2.19)

where the distribution function, which can either be Bose-Einstein or Fermi-Dirac
depending on the statistical nature of a, is

fa(|p|) =
1

e
Ea(|p|)−µa

Ta ∓ 1
, (2.20)

in thermal equilibrium. The internal degrees of freedom, such as spin, charge, and
color are denoted by ga. The chemical potential µa is mostly ignored in the calcula-
tions we present.
In the classical limit the Bose-Einstein and the Fermi Dirac distribution look like the
Maxwell-Boltzmann distribution.

fa(|p|) = e−
Ea(|p|)−µa

Ta (2.21)

The classical limit is where the quantum nature of the particles vanishes. For high
temperatures we automatically have a low occupation number. This is because the
amount of accessible high energy states becomes large. Thus the denominator of
equation 2.20 must be large, and therefore the ±1 may be neglected, and we obtain
Maxwell-Boltzmann statistics. The physics of higher energy states becoming avail-
able with increasing temperature actually lies in µ(T ), which is defined through the
partition function.
In cases where the chemical potential is a constant, commonly zero, the opposite
takes effect. One can now take the limit of T → 0 directly in 2.20, and find Maxwell-
Boltzmann statistics.

We have similar definitions for the energy density and pressure of particle a. They
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are defined through their expressions in terms of momentum and energy, which are
then averaged over all possible momenta, weighted with the distribution function.

ρa = ga

∫
d3p

(2π)3
fa(|p|)Ea(|p|) (2.22)

pa = ga

∫
d3p

(2π)3
fa(|p|)

p2

3Ea(|p|)
(2.23)

2.2.1 Ultra-relativistic limit (m� Ta, |p|)

In the ultra-relativistic limit we have E ≈ |p|, or, equivalentlym ≈ 0, so the integrals
become

na =
ga

2π2

∫ ∞
0

d|p||p|2fa(|p|) , (2.24)

ρa =
ga

2π2

∫ ∞
0

d|p||p|3fa(|p|) , (2.25)

pa =
1

3
ρa . (2.26)

To solve these integrals, we first derive the result of some more general integrals.
For a Maxwell-Boltzmann distribution we simply get the definition of the gamma
function. ∫ ∞

0
dxxne−x = Γ(n+ 1) (2.27)

The integral over the Bose-Einstein and Fermi-Dirac distributions can be reduced to
an integral over the Maxwell-Boltzmann distribution by making use of the Riemann
zeta function1. ∫ ∞

0
dx

xn

ex − 1
=

∫ ∞
0

dxxne−x
∞∑
k=0

e−kx (2.28)

=
∞∑
k=0

∫ ∞
0

dxxne−x(k+1) (2.29)

Changing variables, i.e. x = y
k+1 , gives∫ ∞

0
dx

xn

ex − 1
=

∞∑
k=0

1

(k + 1)n+1

∫ ∞
0

dyyne−y (2.30)

=

∞∑
k=1

1

(k)n+1

∫ ∞
0

dyyne−y (2.31)

= ζ(n+ 1)Γ(n+ 1) . (2.32)

1Note that the Riemann zeta function ζ(s) is undefined for s = 1. The integral over the Bose-
Einstein distribution for n = 0 can be calculated to be ln(2), but the Fermi-Dirac integral is undefined.
These two integrals thus only work for n ∈ N1.
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For the Fermi-Dirac integral we get∫ ∞
0

dx
xn

ex + 1
=
∞∑
k=0

(−1)k

(k + 1)n+1
Γ(n+ 1) (2.33)

= −
∞∑
k=1

(−1)k

(k)n+1
Γ(n+ 1) . (2.34)

Now note that
∞∑
k=1

(−1)k

kn
+
∞∑
k=1

1

kn
= 2

∑
k=2,4,6,...

1

kn
(2.35)

= 2

∞∑
k=1

1

(2k)n
(2.36)

= 21−n
∞∑
k=1

1

kn
, (2.37)

so

−
∞∑
k=1

(−1)k

(k)n
= ζ(n)− 21−nζ(n) , (2.38)

and thus ∫ ∞
0

dx
xn

ex + 1
= (1− 2−n)ζ(n+ 1)Γ(n+ 1) . (2.39)

Applying these results to our integrals for number density, density, and pressure, we
get that

na =
ga
π2
ζ(3)T 3

a ×


1 BE
3/4 FD
1/ζ(3) MB

, (2.40)

(2.41)

ρa =
gaπ

2

30
T 4
a ×


1 BE
7/8 FD
1/ζ(4) MB

, (2.42)

(2.43)

pa =
gaπ

2

90
T 4
a ×


1 BE
7/8 FD
1/ζ(4) MB

. (2.44)

For convenience we will from here on absorb the three statistical scenarios in g, de-
noted as g(n)

a , g(ρ)
a , and g

(p)
a (notice that g(ρ)

a and g
(p)
a are equal). We can also define

g
(ρ)
∗ , which is the effective total of degrees of freedom of our universe. It can be
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defined through the density of the universe as

ρ∗ =
g∗π

2

30
T 4
∗ =

∑
i

ρi =
∑
i

giπ
2

30
T 4
i ,

⇒ δg∗ =
30

π2

1

T 4
∗
ρi .

For high temperatures Ti we can solve the integrals of ρi easily and use our notation
as introduced before to absorb the fermionic and bosonic statistics to get

g∗(Ti � mi) =
∑
i

g
(ρ)
i

T 4
i

T 4
∗

. (2.45)

If all the different species are the same temperature, we can simply sum all the de-
grees of freedom directly, with the fermions having a factor of 7

8 compared to bosons.
For our standard model we then get g∗ = 106.752. It can be used to compute the total
density, pressure, and entropy density of the universe at the time of the Big Bang,
when the universe is in equilibrium.

2.2.2 Non-relativistic limit (T � m)

In the non-relativistic limit the statistics of particle a look like the Maxwell-Boltzmann
distribution. We can rewrite the number density integral into a simple Gaussian in-
tegral as

nnr =
ga

2π2

∫ ∞
0

d|p||p|2e−
√
|p|2+m2/Ta (2.46)

=
ga

2π2

∫ ∞
0

d|p||p|2e−(1+
|p|2

2m2 ) m
Ta (2.47)

= − ga
2π2

e−
m
Ta ∂A

[∫ ∞
0

d|p|e−A|p|2
]∣∣∣∣
A= 1

2mTa

(2.48)

= − ga
2π2

e−
m
Ta ∂A

[√
π

A

]∣∣∣∣
A= 1

2mTa

(2.49)

= ga

(
mTa
2π

) 3
2

e−
m
Ta (2.50)

ρnr = mnnr , (2.51)
pnr = Tnnr . (2.52)

The energy density ρa in this limit has changed to a mass density. As corollary, we
can note that in this limit pnr � ρnr, and that the last equation is the ideal gas law.

2.3 The Hubble Parameter

When we consider dark matter and the evolution of its density in an expanding uni-
verse, the annihilation rate is balanced by the Hubble parameter at later times. The

2This does not include the dark matter degrees of freedom gχ and gϕ
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dark matter will have trouble annihilating simply because the two particles neces-
sary for this process lie too far apart. This leads to a "relic density" of dark mat-
ter, which in the thermal dark matter scenario is the dark matter we observe today.
To perform explicit calculations later, we now need to determine exactly what the
Hubble parameter H(T ) looks like. We start with a radiation dominated universe
(p = 1

3ρ) and solve the Friedmann equations for Ḣ .

Ḣ = −4πG(ρ+ p) (2.53)

= −16π

3

1

m2
Pl

ρ (2.54)

When we substitute the relativistic solution for the total density of the universe ρ∗
(equation 2.42), we find

dH

dt
= −g(ρ)

∗
16π3

90

T 4

m2
Pl

. (2.55)

We can now change variables from t to T , by making use of what we know about
the entropy density s. We get

dH

dT

dT

ds

ds

dt
= −g(ρ)

∗
16π3

90

T 4

m2
Pl

(2.56)

dH

dT
= −g(ρ)

∗
16π3

90

T 4

m2
Pl

·
(

ds

dT

)
·
(

ds

dt

)−1

(2.57)

dH

dT
= g

(ρ)
∗

16π3

90

T 4

m2
Pl

·
(

d2p

dT 2

)
1

3Hs
(2.58)

dH

dT
= g

(ρ)
∗

16π3

90

1

m2
Pl

T 3 1

H
. (2.59)

When we assume a power lawH(T ) = aTn, we find that dH
dT = naTn−1 = na2T 2n−1H−1.

We obtain the equation above for n = 2, and the value for a follows.

H(T ) =

√
8π3

90

1

mPl

√
g

(ρ)
∗ T 2 (2.60)

≈ 1.66
1

mPl

√
g

(ρ)
∗ T 2 (2.61)

For the evolution of the dark mater density it is very useful to use x = m/T as a
governing parameter. The Hubble parameter is then often written as

H(x) = H(m)x−2 , where H(m) ≈ 1.66

√
g

(ρ)
∗

m2

mPl
. (2.62)
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Chapter 3

The Boltzmann Equation

One of the simplest models to consider is a toy model with a U(1)DM gauge group,
similar to the familiar quantum electrodynamics. The dark matter that makes up the
thermal relic consists of a Dirac particle and an anti-particle, or alternatively a single
Majorana particle which is its own anti-particle. The gauge boson which mediates
between these particles, is what is known as a dark photon.
The dark matter can annihilate into dark photons, reducing the number density, and
thus the observed density parameter. The dark photons are relativistic when their
mass is low, so they do not contribute significantly to the density parameter, similar
to the QED photon. It is then finally assumed that these dark photons decay into
(relatively) light SM particles and anti-particles.
In such a toy model, we would have an equilibrium between annihilation and cre-
ation during and shortly after the big bang. When the universe settles, the channels
are thrown off-ballance, and the dark matter particles start decaying into SM parti-
cles. At even later times, however, when the universe is cold and dilated, some dark
matter will remain as a thermal relic, due to not being able to find an annihilation
partner faster than the expansion of the universe.

3.1 S-Channel Annihilation

3.1.1 Boltzmann Equation

The Boltzmann equation in what statistically describes the evolution of a thermody-
namic system that is not in equilibrium. Rather than considering every single parti-
cle and their positions and momenta, The particles are assumed to lie at an arbitrary
point in parameter space, described by their distribution function. The evolution of
this distribution is decided by the transport, external forces, and the specific micro-
scopic processes the particles are affected by. The Boltzmann equation for species χ
is typically split into two parts,

L̂[fχ] = Ĉ[fχ] , (3.1)

where L̂ is the Liouville operator and Ĉ is the collision operator. The Liouville op-
erator describes the change in energy density both over time and through diffuion,
whereas the collision operator is used for non-trivial behavior, such as decay, which
changes the total amount of particles. Without interactions, the change in energy
density would be caused only by diffusion. In its covariant or GR form the Liouville
operator is

L̂[f ] = E
∂f

∂t
−H|p|2 ∂f

∂E
, (3.2)
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where we have no diffusion, i.e. derivatives with respect to any spatial dimensions,
due to the universe being homogeneous. From this we get

g

∫
d3p

(2π)3

L̂[f ]

E
= ṅ−Hg

∫
d3p

(2π)3

|p|2

E

∂f

∂E
(3.3)

= ṅ− Hg

2π2

∫
d|p| |p|

4

E

∂p

∂E

∂f

∂p
(3.4)

= ṅ− Hg

2π2

∫
d|p||p|3∂f

∂p
(3.5)

= ṅ+ 3Hn (3.6)

= g

∫
d3p

(2π)3

Ĉ[f ]

E
. (3.7)

Collision Operator

The collision operator gives the rate at which the energy density changes due to in-
teraction processes. When we know everything about the initial state particles, the
rate of change would simply be EΓ = Eσvn, where σ is the classical cross-section.
The quantity σv in this case would simply give the volume that a particle covers per
unit of time. When multiplied with n, the average amount of particles per volume,
this then gives the average amount of particle encounters per unit of time. If our
particles annihilate when they touch, Γ is then the annihilation rate of our species.
In Boltzmann’s picture, however, we don’t know anything but the distribution func-
tion of our species, and therefore we must average over all of phase space. Moreover,
since we are accounting for quantum mechanical processes, we express the transi-
tion rate in terms of Feynman invariant amplitudes. We then end up with

gχ

∫
d3pχ
(2π)3

Ĉ[fχ]

Eχ
=−

∫
dΠχdΠadΠb · · · dΠidΠj · · · (3.8)

× (2π)4δ4(pχ + pa + pb · · · − pi − pj · · · ) (3.9)

×
[
|M|2χ+a+b···→i+j···fχfafb · · · (1± fi)(1± fj) · · · (3.10)

− |M|2i+j···→χ+a+b···fifj · · · (1± fχ)(1± fa)(1± fb) · · ·
]

,

(3.11)

where we have for simplicity denoted only two interaction channels, namely that
of χ + a + b · · · → i + j · · · and its inverse process. The differentials dΠ = g

(2π)3
d3p
2E

denote an integral over Lorentz invariant phase-space (LIPS). The factors of (1 ± f)
correspond to Bose-Enhancement and Pauli blocking, which can be neglected in our
case, since for the major part of the evolution of our universe, it is very cold, and for
Ti → 0 we have fi � 1. The Bose enhancement and Pauli blocking are only relevant
right after the Big Bang, when temperatures are still high. But because of the princi-
ple of detailed balance we know that all processes cancel each other in equilibrium,
and thus we can pretend the collision term is effectively zero anyway. Since it is
not until after the dark matter is no longer in thermal equilibrium with the rest of
the universe, we can assume that all species under the integral whose statistics do
not concern us are in thermal equilibrium. When the universe is cold, their statis-
tics become Maxwell-Boltzmann. The Feynman invariant amplitudes |M|2 include
all statistical factors and are spin averaged. Furthermore, they obey CP invariance.
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Therefore we have

ṅχ + 3Hnχ = −
∫

dLIPS(2π)4δ4(pχ + pa + pb · · · − pi − pj · · · ) (3.12)

× |M|2χ+a+b···→i+j··· [fχfafb · · · − fifj · · · ] . (3.13)

We can further improve on this equation by noticing that the product of all equilib-
rium distributions fEQ

i fEQ
j · · · using energy conservation is exactly equal to fEQ

χ fEQa fEQb · · ·
when temperatures are low. For a system where only χχ̄→ XX̄ and its inverse pro-
cess takes place, we get

ṅχ + 3Hnχ = −
∫

dLIPS(2π)4δ4(pχ + pχ̄ − pX − pX̄) (3.14)

× |M|2χχ̄→XX̄
[
fχfχ̄ − fEQ

χ fEQ
χ̄

]
. (3.15)

We can now write fχ =
nχ

nEQ
χ
fEQ
χ , to absorb all non-equilibrium behavior of χ into nχ,

which is no longer energy dependent. We can then pull those factors of n out of the
integral to arrive at

ṅχ + 3Hnχ = −
[
nχnχ̄ − nEQ

χ nEQ
χ̄

] 1

nEQ
χ nEQ

χ̄

∫
dLIPS(2π)4δ4(pχ + pχ̄ − pX − pX̄)

(3.16)

× |M|2χχ̄→XX̄f
EQ
χ fEQ

χ̄ (3.17)

= −
[
nχnχ̄ − nEQ

χ nEQ
χ̄

] 〈
σχχ̄→XX̄ |v|

〉
. (3.18)

We should now consider what differs between the scenario in which the darkmat-
ter is its own anti-particle (i.e. when we are speaking of real scalars or Majorana
fermions) and the one in which it is not (i.e. complex scalars or Dirac fermions). If
there is a particle as well as an anti-particle component to dark matter, we can leave
our Boltzmann equation as is. We should later on add a factor of 2 when calculating
the relic density Ωχχ̄, as the antiparticles also count as dark matter.
When we only have one type of dark matter particle, we should add a factor of 2
to our Boltzmann equation to account for the simultaneous annihilation/creation
of two dark matter particles. However, due to combinatorics we get an additional
symmetry factor of 1

2 from our Feynman diagrams. Usually this factor would be
absorbed in the coupling constant in the Lagrangian as λφn → λ′

n!φ
n to make the

combinatorics in higher order diagrams easier. With this prescription we find that
Feynman amplitudes have a factor of 1

2 for each interaction vertex.

We now consider symmetric dark matter (nχ = nχ̄). For convenience we can nor-
malize n with the entropy density s = S/a3 to get a comoving volume independent
quantity Y = n/s. We then have

sẎχ =
d

dt
(sYχ)− Yχṡ (3.19)

= ṅχ − Yχ(−3Hs) (3.20)
= ṅχ + 3Hnχ (3.21)

= −〈σ|v|〉[n2
χ − (nEQ

χ )2] , (3.22)



14 Chapter 3. The Boltzmann Equation

and thus
Ẏχ = −s〈σ|v|〉[Y 2

χ − (Y EQ
χ )2] . (3.23)

It is useful and customary to now write our Boltzmann equation in terms of x =
mχ/T . We use

dx

dt
=

dx

dT

dT

ds

ds

dt

=
mχ

T 2

(
3s

t

)
(−3Hs)

= Hx ,

to finally get

dYχ
dx

= −s〈σ|v|〉
xH

[Y 2
χ − (Y EQ

χ )2] (3.24)(
= −Y

EQ
χ

x

Γχ
H

( Yχ

Y EQ
χ

)2

− 1

 (3.25)

= −〈σ|v|〉
xH

dp

dT
[Y 2
χ − (Y EQ

χ )2] (3.26)

= − λ

x2
[Y 2
χ − (Y EQ

χ )2] , (3.27)

where

λ =

√
π

45

g
(p)
∗√
g

(ρ)
∗

mχmPl〈σ|v|〉 , (3.28)

Y EQ
χ =

nEQ
χ

s
=

90

(2π)7/2

gχ

g
(p)
∗
x3/2e−x , (3.29)

and for s-channel decay 〈σ|v|〉 ∼ σ0 = π α2

m2 .

Equation 3.25 shows nicely how the amount of dark matter is governed by the
balance between the annihilation rate and the expansion of the universe. At a certain
time xf the dark mater density will be too low for the dark matter to find a partner
to annihilate with due to the expansion of the universe. This is called the freeze-out
time. For some period 1 ≤ x ≤ xf , Yχ tracks Y EQ

χ as it comes out of the equilibrium
at x = 1, but around x = xf this stops. At times larger than xf the density won’t
change much anymore because the universe simply expands faster than the dark
matter particles can find each other.
After freeze-out Yχ remains approximately constant, meaning that nχ changes the
same way s does, which is purely due to the expansion of the universe. The dark
matter particles can still communicate with the dark photons of the thermal bath,
and are thus in thermal equilibrium. Until the dark mater particles no longer trans-
fer momentum among themselves or travel long distances, they could still find a
partner and annihilate. The point at which the dark matter decouples kinetically
from the thermal bath is obtained by solving H(Tkd) ∼ nχ(Tkd)σ0

Tkd
mχ

[5], i.e. when
the momentum transfer rate is less than the expansion of the universe. This then
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gives that the kinetic decoupling is of the order

xkd ∼ 107α

√
TeV
mχ

, (3.30)

and at this point we are confident that Yχ and Nχ = nχV are constant, even if a cer-
tain annihilation process becomes more likely to occur at low temperatures.

The Boltzmann equation we have arrived at is a particular version of the Riccati
eqaution. The equation has no exact solution and must be solved numerically, or
approximated.

3.1.2 Approximate solution

For an approximate as well as a numerical solution the substitution ∆χ(x) = Yχ(x)−
Y EQ
χ (x) makes sense1. We end up with

d∆χ

dx
= −dY EQ

χ

dx
− λ

x2

[
∆2
χ + 2∆χY

EQ
χ

]
, (3.31)

which we can now solve numerically or treat analytically in different limits. For
1 ≤ x ≤ xf we know that ∆χ and d∆χ

dx are negligible, because Yχ is tracking Y EQ
χ .

We get

∆χ(x) =
x2

2λ
for 1 ≤ x ≤ xf . (3.32)

For xf � x we know that Y EQ
χ is negligible and get

d∆χ

dx
= − λ

x2
∆2
χ , (3.33)∫ x

xf

1

∆2
χ

d∆χ = −
∫ x

xf

λ

x2
dx , (3.34)

∆χ(x) =
1

λ
xf
− λ

x + 1
∆χ(xf )

for xf ≤ x , (3.35)

∆χ =
x→∞

x2
f

λ(xf + 2)
. (3.36)

The freeze-out time xf is the time at which Yχ starts to diverge significantly from
Y EQ
χ . We can formally define it through ∆χ(xf ) = cY EQ

χ (xf ), where c is a constant
of order 1, later chosen such that equation 3.36 fits the result from a numerical so-
lution to the Boltzmann equation. At x = xf the Boltzmann equation turns into an
expression for the freeze-out time.

x2
f

Y EQ
χ

= λc(c+ 2) . (3.37)

1This substitution is not at all necessary for an analytic approximation and can be worked around,
but for most numerical calculations using a computer it is a must. It is adopted here as a conven-
tion/tradition because of how often it has been used in literature.
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This then gives

√
xfexf =

1

4π3

√
45

2
mχmPlσ0

gχ√
g

(ρ)
∗

c(c+ 2) . (3.38)

As it turns out, c(c+ 2) ≈ 1 is a good fit[6], and this gives a freeze-out time of

xf +
1

2
lnxf = ln


√

45
2

4π2

gχ√
g

(ρ)
∗

mPl

m
α2

 (3.39)

xf ≈ ln

0.12
gχ√
g

(ρ)
∗

mPl

m
α2

− 1

2
ln ln

0.12
gχ√
g

(ρ)
∗

mPl

m
α2

 . (3.40)

The value of c needs to be determined only once, since equation 3.38 can be re-
derived for more general cases, but will always have the same c dependency. For
values of α and mχ that reproduce the experimentally observed dark matter relic
density, typically xf ≈ 25.

3.1.3 On the fit parameter c(c+ 2)

Consider a Boltzmann equation with multiple annihilation channels λi(x)
x2 Y 2

χ and cre-
ation channelsFj(x), such that all these decays and formation processes balance each
other in equilibrium. The Boltzmann equation can then be written as

dYχ
dx

= −
∑

i λi(x)

x2
Y 2
χ +

∑
j

Fj(x) , (3.41)

and for early times d∆χ

dx = 0 or dYχ
dx =

dY EQ
χ

dx , so

dY EQ
χ

dx
= −

∑
i λi(x)

x2
Y 2
χ +

∑
j

Fj(x) . (3.42)

Now, as the universe comes out of equilibrium, we still have our creation channels
compensating our annihilation channels, so∑

i λi(x)

x2
(Y EQ
χ )2 =

∑
j

Fj(x) for 1 < x < xf , (3.43)

which is known as the principle of detailed balance. This gives us

dY EQ
χ

dx
= −

∑
i λi(x)

x2
(Y 2
χ − (Y EQ

χ )2) (3.44)

We can now solve at x = xf using the same freeze-out criterion as before, i.e. ∆χ =

cY EQ
χ or Yχ = (c+ 1)Y EQ

χ , to get

dY EQ
χ

dx
(xf ) = −

∑
i λi(xf )

x2
f

((c+ 1)2 − 1)(Y EQ
χ (xf ))2 , (3.45)
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and thus we get the general result

x2
f

Y EQ
χ (xf )

=
∑
i

λi(xf )c(c+ 2) . (3.46)

This dependency on c(c + 2) is the same for any Boltzmann equation with pairwise
annihilation, balanced in equilibrium. One can now find the value of c(c + 2) by
numerically computing the solution to the simplest form of the Boltzmann equation,
and choosing c such that equation 3.36 yields the same result. This value for c(c+ 2)
then holds for any other Boltzmann equation of the form of equation 3.41, and turns
out to be approximately 1.

3.1.4 An effective annihilation cross-section

The idea of an effective cross-section was introduced by B. von Harling and K. Pe-
traki in the specific case of the formation of dark matter bound states, a process
which is likely to continue after freeze-out[7]. The approach can be derived by con-
tinuing trying to solve the general Boltzmann equation 3.41. The late time limit gives
us

dYχ
dx

= −
∑
i

λi(x)
Y 2
χ

x2
, (3.47)

where the sum now only runs over annihilation channels which are no longer bal-
anced by their respective creation channels which held the density in equilibrium in
the early universe. When integrating from xf and onward this then gives us

Yχ(∞) =
1

1
YEQ(xf ) +

∑
i

∫∞
xi

λi(x)
x2 dx

, (3.48)

Where xf is the freeze-out time of the Dark-Matter coupled to the rest of the uni-
verse, and the xi are the times at which the individual channels lose their balance. If
the time at which a channel is no longer being compensated by creation channels is
some time before freeze-out, the other processes will continue to make sure that Yχ
tracks Y EQ

χ . Therefore, for those channels that have xi < xf we use xi = xf in the
integral bounds.
For production/destruction channels that are still relevant for times after freeze-out
of the Dark-Matter with the rest of the universe, such as bound-states, the integral
thus starts at the specific times at which each channel becomes a one-way decay
channel. A different notation for this integral would thus be∫ ∞

xf

λeff(x)

x2
dx , (3.49)

where the effective annihilation cross-section is

λeff(x) = λ0(x) +
∑
i

λi(x)θ(x− xi) , (3.50)

where λ0 is the sum of all channels that turn into one-way channels before or at xf .
This effective method allows us to then write

dYχ
dx

= −λeff(x)

x2
(Y 2
χ − (Y EQ

χ )2) , (3.51)
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where we would otherwise expect a set of coupled equations, such as with the for-
mation of bound states. This effective Boltzmann equation will have Yχ track Y EQ

χ

at times before xf , and give an approximation to Yχ(∞). The only catch is that the
intermediate values between xf and∞ could be very inaccurate, and that xf is still
defined through

∑
i λi(xf ), and not λeff(xf ). Nevertheless, when we are interested

in the relic density only, it is a justified way of computing it.

3.2 Solution to the Boltzmann Equation

3.2.1 The Toy Model

As mentioned before, to model dark matter we consider a U(1)DM gauge group,
similar to QED. The minimal model that we can consider is a model with Dirac or
Majorana dark matter particles, denoted as χ and χ̄, that can annihilate and scatter
by means of a mediating boson called the Dark Photon, denoted as ϕ. Furthermore,
if we want to consider this dark photon t be a massive particle we would also need
a Dark Higgs field, or some other way of giving it its mass. The Lagrangian we can
write is thus

L = χ̄(i /D −mχ)χ− 1

4
FµνF

µν , (3.52)

where Dµ = ∂µ + iλAµ and α ≡ λ2

4π is the dark mater fine structure constant.

3.2.2 Calculation of the Density Parameter

We are naturally interested in dark matter models that can reproduce the dark mat-
ter abundance observed today. The Planck results from 2015 report a Cold Dark
Matter component of Ωch

2 = 0.1198, where h is H0 · 10−2. They also report a Hubble
constant of H0 = 67.8 km s−1 Mpc−1, giving Ωc = 0.261 [8].
The density parameter is calculated as the actual density divided by the critical den-
sity, i.e. the density for which the universe is flat, such that when the total density
parameter of the universe is exactly 1, the universe is flat. This effectively lets us
express the different components of our universe as a fractions of the total energy
content, since our universe is known to be very nearly flat. The critical density can
be derived from the Friedmann equations, and is

ρc =
3H2

8πG
=

3

8π
H2m2

Pl ≈ 4.9 · 10−6 GeV/cm3 , (3.53)

making the density parameter produced by our model

Ωχ = 2mχYχ
s0

ρc
, (3.54)

where s0 ≈ 2795/cm3 is the entropy density of our universe and the factor of 2 ac-
counts for the fact that we have a particle and an anti-particle, which both contribute
to any observed amount of dark matter.
When numerically solving the Boltzmann equation we use z = α2

4 x as a variable and
solve from x0 = 1 to far beyond the point of kinetic decoupling x∞ ∼ 100xkd. We
have as an initial value to the solution Yχ(z0) = Y EQ

χ (x0).
The numerical solution to a Boltzmann equation with mχ = 1 TeV and α = 0.03269
is shown in figure 3.1a. These values for the model parameters yield a present day
density parameter of Ωχ = 0.26.
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(A) Numerical solution to the Boltzmann
equation.
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(B) Approximate solution.

FIGURE 3.1: Plots showing (3.1a) the numerical solution, and (3.1b) the approximate solution
to the Boltzmann equation 3.26, with mχ = 1 TeV and α = 0.03269 such that Ωχ = 0.26,
accurate up to 1%. The approximate solution is a plot of equation 3.32 and 3.35. Shown in

both plots is also the equilibrium distribution Y EQ
χ .

We also show the analytic approach in figure 3.1b. The freeze-out time is fitted
to give the right density at∞, but even at times shortly before and after freeze-out,
the approximation describes the density fairly well.

3.2.3 Newton’s Method

A useful numerical tool for finding the values of our model parameters such that a
relic density of Ωχ = 0.26 is reproduced, is Newton’s Method. Newton’s method is a
root finding algorithm used by many computational environments such asMathematica.
The algorithm starts with an initial guess for the root x0, at which the tangent of the
function f(x) is determined. The root of the tangent of the function is then used
as the next guess. The process is then repeated for the new guess until a certain
precision goal is achieved.

xn+1 = xn −
f(xn)

f ′(xn)
(3.55)

The algorithm can be extended to find the intersection of the function with a certain
constant value F by simply finding the root of the function (f(x) − F ). Knowing
that the constant F does not change the derivative, the algorithm is now

xn+1 = xn −
f(xn − F )

f ′(xn)
. (3.56)

As a termination criterion we can now use a certain percentage of F , which was pre-
viously impossible, as any percentage of 0 is 0.

When we apply this to our Boltzmann equation to find which value of α reproduces
Ωχ within 1% of 0.26 for a given value of mχ, we obtain a straight line, as shown in
figure 3.2.
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FIGURE 3.2: The relation that α and mχ need to satisfy to produce Ωχ = 0.26 up to 1%.
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Chapter 4

Sommerfeld Enhancement of the
Coulomb Potential

4.1 The Sommerfeld Enhancement

So far we have only considered a simple interaction effectively at a 4-point vertex. If
the mediator in our field theory has a small mass, long range interactions might be
possible, and we must consider higher order ladder diagrams.

χ SM

χ SM

(A) Effective 4-point decay
channel

χ SM

χ SM

(B) Ladder diagram

FIGURE 4.1: Different order annihilation diagrams. The ladder diagrams become more sig-
nificant at low relative velocities and can’t be treated in a perturbative fashion.[4]

For a light mediator and non-relativistic scattering particles, typically the Feyn-
man invariant amplitude of a ladder diagram picks up a factor of α/vrel per "rung".
Thus, for low relative velocities, these ladder diagrams are no longer perturbative
and will contribute significantly to the annihilation amplitude. To calculate the anni-
hilation cross section properly, the diagrams must be considered up to infinite order
in α/vrel.
This effect, which enhances annihilation cross sections, is named the Sommerfeld
Effect, after Arnold Sommerfeld, who discovered it while studying the scattering of
slow moving electrons and positrons[9]. Since the most popular dark matter candi-
dates considered are heavy, slow-moving particles, it was realized in 2003 that the
effect is also relevant for calculations on dark matter annihilations[10].
When the particles are non-relativistic, it is possible to compute the Sommerfeld en-
hancement factor using normal quantum mechanics. The scattering amplitude is
enhanced due to the probability of finding a particle at the interaction vertex being
different when there is a potential. We thus have

σannvrel = Sann(vrel)σ0 or Sann =
|ψ(0)|2

|ψ0(0)|2
, (4.1)
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where ψ0 is the wave function in absence of a potential, and σ0 ≡ (σannvrel)0 = π α2

m2

is the first order approximation to the annihilation cross-section. We can obtain ψ
by solving the time-independent Schrödinger equation for a system of two particles
with momentum operators ∇1 and ∇2 with a potential that depends only on the
relative distance. The Schrödinger equation is then[

− ∇2
1

2m1
− ∇2

2

2m2

]
ψ = (Elab − V (|r1 − r2|))ψ . (4.2)

This can be rewritten into relative coordinates and momenta using ∇tot = ∇1 + ∇2

and ∇rel/µ = ∇1/m1 −∇2/m2 as[
−
∇2

rel

2µ
− ∇2

tot

2M

]
ψ = (Elab − V (|r1 − r2|))ψ

−
∇2

rel

2µ
ψ = (ECM − V (|r1 − r2|))ψ ,

where M = m1 + m2, and µ = m1m2/M . In the center-of-momentum frame this
now describes a system of one composite particle with velocity k/µ relative to the
center of momentum.
Because the potential is spherically symmetric, we can now expand ψ in terms of a
radial wavefunction Rkl and Legendre polynomials as

ψk =
∑
l

AlRkl(r)Pl(cos θ) , (4.3)

where the kinetic energy of the system is Ek = k2

2µ = k2

mχ
for two identical particles.

The azimuthal derivative then vanishes and the Schrödinger equation becomes

1

r2

d

dr
r2 d

dr
ψk +

1

r2 sin θ

d

dθ
sin θ

d

dθ
ψk = (mχV (r)− k2)ψk (4.4)

The polar angle eigenvalue of a Legendre function is easily obtained through its
definition as

d

dx
(1− x2)

d

dx
Pl(x) ≡ −l(l + 1)Pl(x)

⇒ 1

sin θ

d

dθ
sin θ

d

dθ
Pl(cos θ) = −l(l + 1)Pl(cos θ) ,

and we thus arrive at

1

r2

d

dr
r2 d

dr
Rkl =

[
mχV (r) +

l(l + 1)

r2
− k2

]
Rkl . (4.5)

In absence of a potential the solutions are given by the spherical Bessel functions of
order l, i.e. Rkl(r) ∝ jl(kr). Near the origin jl(x) ∼ xl, so only the l = 0 term is
relevant in this limit. If we assume the l = 0 term is still the most relevant term near
the origin when we have a potential, we can calculate the Sommerfeld enhancement
with only the l = 0 partial wave considered.
Furthermore, to simplify things even more, we define ukl(r) ≡ rRkl(r), and uk0 = uk
to finally get

d2

dr2
uk =

[
mχV (r)− k2

]
uk . (4.6)
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For a potential that disappears at r → ∞, we get as a boundary condition a plane
wave solution of the form

uk(∞) = sin(kr + δV ) , (4.7)

where δV is a phase caused by our potential. Combined with uk(0) = 0 by our
definition, this completely defines the boundary value problem.

4.1.1 Coulomb Potential

The general case we want to consider is the Yukawa potential,

V (r) = −α
r

e−mφr , (4.8)

of which the Coulomb Potential is the special case with a massless force carrier, i.e.
mφ = 0. In this case the Sommerfeld enhancement for the l = 0 partial wave can be
computed completely analytically.
Closely following the derivation given by Steen Hannestad et al[11], the solution to
the Schrödinger equation is now given by

d2uk
dx2

=

[
−1

x
e
−x

mφ
αmχ − ε2

]
= −uk

x
− ε2uk for mφ = 0 ,

where x = αmχr and ε = k
αmχ

. We can now solve these analytically in the limiting
cases in which we know the boundary condition. For x→ 0 the term with ε becomes
irrelevant and the general solution is given by

d2uk
dx2

=
uk
x
⇒ uk(x) = C1

√
xJ1(2

√
x) + C2

√
xY1(2

√
x) , (4.9)

where Jn(x) and Yn(x) are the Bessel functions of the first and second kind respec-
tively. We can expand the Bessel function into their series representations and now
once more take the small x limit of our expression to get

lim
x→0

uk(x) = C1x+
C2

2
. (4.10)

Our boundary condition for small x then tells us that C2 must be zero. When we
look at asymptotic behavior at large x we obtain the familiar plane wave solutions.
We now take

uk(x) = xv(x)eiεx , (4.11)

as an Ansatz, where v(x) serves to interpolate between the boundary solutions. This
interpolating function is then specified through the differential equation obtained by
substituting the Ansatz in the Schrödinger equation. Making the change of variable
z = −2iεx yields

x
d2v

dx2
+ (2 + 2iεx)

dv

dx
+ (2iε+ 1)v = 0 , (4.12)

z
d2v

dz2
+ (2− z)dv

dz
− (1− i

2ε
)v = 0 . (4.13)
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4.1.2 The Confluent Hypergeometric Function 1F1(a; b; z)

Kummer’s Equation

The solution to equation 4.13 can be found by solving the more general confluent
hypergeometric differential equation, also known as Kummer’s equation:

z
d2w

dz2 + (b− z)dw

dz
− aw = 0 . (4.14)

It is a second order linear differential equation, which tells us the general solution is
a combination of two linearly independent solutions. We start by inferring that the
solution has a power series representation of the form

w(z) =
∞∑
n=0

anz
n

bnn!
, (4.15)

where the coefficients an and bn are not yet determined. Substituting this expression
for w(z) into equation 4.14 yields

∞∑
n=2

anz
n−1

bn(n− 1)!
(n− 1) +

∞∑
n=1

anz
n−1

bn(n− 1)!
b−

∞∑
n=1

anz
n

bnn!
(n)−

∞∑
n=0

anz
n

bnn!
(a) = 0

∞∑
n=2

anz
n−1

bn(n− 1)!
(b+ n− 1) +

(
anz

n−1

bn(n− 1)!
b

)∣∣∣∣
n=1

−
∞∑
n=1

anz
n

bnn!
(a+ n)−

(
anz

n

bnn!
a

)∣∣∣∣
n=0

= 0

∞∑
n=1

zn

n!

[
an+1

bn+1
(b+ n)− an

bn
(a+ n)

]
+
a1

b1
b− a0

b0
a = 0 .

The last expression only holds true if the coefficients of our power series satisfy the
recursive relations{

a0 = 1,

an+1 = an(a+ n)
and

{
b0 = 1,

bn+1 = bn(b+ n)
. (4.16)

Thus we have our first solution, known as Kummer’s solution, and commonly de-
noted as M(a; b; z), Φ(a; b; z), or 1F1(a; b; z), and it is defined everywhere except for
negative integer values for b.

Frobenius’ method

The general approach to finding solutions using power laws, is using Frobenius’
method. We assume a more general power law for w(z) than the one used before,
which includes the possibility of the lowest power being a real number r ≥ 0.

w(z) =

∞∑
n=0

Anz
n+r (4.17)
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When substituted into equation 4.14 we get

∞∑
n=0

[
n+ r

z
(r + b+ n− 1)− (a+ n+ r)

]
Anz

n+r = 0

r(r − 1 + b)A0z
r−1 + ((r + 1)(r + b)A1 − (r + a)A0)zr +O(zr+1) = 0 .

Since this must hold for any value of z, we get that in the limit of z → 0 all O(zr+1)
terms vanish, and are left with

lim
z→0

[
r(r − 1 + b)A0z

r−1 + ((r + 1)(r + b)A1 − (r + a)A0)zr
]

= I(r) = 0 , (4.18)

which is known as the Indical equation, or the Indical polynomial. In this limit the
first term is singular. However, there are two values of r for which this term cancels.
For r = 0 we obtain the result we derived before, and find the value for A0. The
other value for the lowest possible power is r = 1− b.
When we now substitute w(z) = z1−bv(z) into equation 4.14, we find an equation
for v that can be solved using v(z) = M(a+ 1− b; 2− b; z), giving w(z) = z1−bM(a+
1− b; 2− b; z).
The two solutions we now have for w can be used in linearly independent functions
which solve Kummer’s equation in most of parameter space. However, because of
the nature of coefficients an and bn, the solutions break down or can even become
equal. At points in parameter space where either or both of these solutions break
down, different solution methods exist to still provide the two solutions that make
up a general solution to the problem. These methods depend very specifically on
the parameters in question, but they are, however, always based around Kummer’s
original solution, M(a; b; z).

Asymptotic limit of M(a;b;z)

We now have M(1 − i
2ε ; 2;−2iεx) as a candidate for one of the solutions for v(x) in

equation 4.13. Assuming it doesn’t break down for the given parameters {a, b}, we
thus have a general solution of the form

v(x) = C1M(1− i

2ε
; 2;−2iεx) + C2f(a; b; z) , (4.19)

where f(z) is the other solution.

The asymptotic form of M(a; b; |z|eiϕ) for |z| → ∞, with ϕ = −π
2 is [12]

lim
|z|→∞

M(a; b; z) =
Γ(b)

Γ(a)
ezza−b +

Γ(b)

Γ(b− a)
e−iπaz−a . (4.20)

In our case we have b−a = a∗, and thus we can write Γ(a) = |Γ(a)|eiη and Γ(b−a) =
|Γ(a)|e−iη. We get for a = 1− i

2ε and b = 2 that

lim
x→∞

M(1− i

2ε
; 2;−2iεx) =

e−
π
4ε e−iεx+iη

Γ(1− i
2ε)εx

sin(εx+ η +
1

2ε
ln(2εx)) . (4.21)

This means that if we choose C1 to be

C1 =
εΓ(1− i

2ε)

e−
π
4ε eiη

, (4.22)
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our boundary value problem is satisfied completely by our Ansatz with justM(a; b; z)
as a solution. We can therefore set C2 = 0 without having to worry about what the
second solution even is.

We can now calculate the probability of finding the reduced mass particle at the
origin to be

|ψ(0)|2 =
|Γ(1 + i

2ε)|
2

e−
π
2ε

|k|2 . (4.23)

This also gives us |ψ0(0)| = |k|2, since the potential vanishes when α is set to zero,
or equivalently, ε→∞.
Furthermore, Euler’s reflection formula tells us that

Γ(1− z)Γ(z) =
π

sin(πz)
, (4.24)

which we can rewrite using the definition of the Gamma function, Γ(1 + z) = zΓ(z),
to get

Γ(1− z)Γ(1 + z) =
πz

sin(πz)
(4.25)

⇒ |Γ(1 + iγ)|2 =
πγ

sinh(πγ)
. (4.26)

We then finally arrive at

Sann =
|ψ(0)|2

|ψ0(0)|2
=

π
ε

1− e−
π
ε

=
2πζ

1− e−2πζ
,

where we have defined ζ ≡ α
v = αµk = 1

2ε out of convention.

4.1.3 Thermally Averaged Cross-section

We would now like to write the cross-section as a function of time, or the temper-
ature of the universe, rather than the velocities of individual particles, which may
have arbitrary values from a certain distribution at any given instant. This process
is known as thermal averaging, and it is done by summing the cross-section over all
velocities, weighing each velocity by its probability[5].

〈σann|vrel|〉 ≡
∫

(σann|vrel|)f(v1)f(v2)d3v1d3v2 (4.27)

Here, σann and vrel = v1 − v2 are functions of just the relative velocity, so we can
rewrite the integral into an integral over vrel and vtot, with a Jacobian of 1

8 . When we
take a Maxwell-Boltzmann velocity distribution, i.e.

f(v) =
( x

2π

)
e−

x
2
|v|2 , (4.28)

where x = m
T , the integral over vtot is then just a Gaussian integral, and we are left

with
x

3
2

2
√
π

∫
(σann|vrel|)|vrel|2e−

x
4
|vrel|2 |vrel|2d|vrel| . (4.29)
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Because we have defined σann ≡ Sannσ0, and σ0 = α2

m2 , we get

〈σann|vrel|〉 = σ0S̄ann , (4.30)

where

S̄ann(x) =
x

3
2

2
√
π

∫ ∞
0

Sann(α/vrel|)|vrel|2e−
x
4
|vrel|2d|vrel|

S̄ann(z) =
2√
π

∫ ∞
0

Sann(
√
z/u)
√
ue−udu ,

is the thermally averaged cross-section expressed in terms of z = α2

4 x.

4.1.4 Relic Density with a Coulomb potential

If we consider dark matter particles which can interact and annihilate through a
massless mediator, after taking the Sommerfeld effect into account we obtain

dYχ
dz

= −λ1S̄ann(z)

z2
(Y 2
χ − (Y EQ

χ )2) , (4.31)

where

λ1 =

√
π

45
mPlmχ

α2

4
σ0

g
(p)
∗√
g

(ρ)
∗

. (4.32)

To reproduce the present day density parameter of Ωχ = 0.26, we again use New-
ton’s method to find a value for α for each value of mχ. The results, together with
the results from the previous chapter are shown in figure 4.2a.
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FIGURE 4.2: (4.2a) The numerical results of solving the Sommerfeld Enhanced Boltzmann
equation. The enhanced annihilation cross-section for increasing mχ consequently requires
α to be smaller in order for the solution to yield Ωχ = 0.26. The previously obtained nu-
merical results for the 4-point annihilation case are also shown. (4.2b) Relative difference

between the σ0 and the Sommerfeld enhanced case.

We have also shown the relative difference ∆S̄ between the new results and those
from previous chapter. It is calculated as the absolute difference between the two
results divided by the results for the non-enhanced case.

∆S̄ =
|ασ0 − αS̄ |

ασ0

(4.33)
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For larger values of mχ the Sommerfeld enhancement can reach values of over 50%,
proving that it is very significant, and that it must be accounted for in any relic
density calculation.

4.2 Dark Matter Bound State Formation

The possibility of the dark matter forming bound states becomes more important
at low relative velocities. Two dark matter particles can, under emission of a dark
photon, form a bound state. The bound state can similarly ionize back into dark
matter by absorbing a dark photon, or it can decay into dark photons. The bound
states can be treated analogous to positronium bound states, i.e. states made of
an electron-positron pair1. The binding energy of a bound state can be calculated
to be En = µα2

2n2 . We differentiate between para-darkonium, a spin 0 singlet, and
ortho-darkonium, a spin 1 triplet. It can be shown, due to the anti-symmetry in
the wave-functions, that the singlet can only decay into an even number of photons
(≥ 2 due to momentum conservation), while the triplet decays into an odd number
of photons (≥ 2).

4.2.1 The Sommerfeld Enhancement for Bound States

[13] Just like with the Sommerfeld enhancement for annihilation we can write

σ
(n)
BSFvrel = σ0S

(n)
BSF(ζ) . (4.34)

The sommerfeld Enhancement for the n-th level is

S
(n)
BSF(ζ) = (1/n)S

(1)
BSF(ζ/n) , (4.35)

where

S
(1)
BSF(ζ) = Sann(ζ)

29

3

ζ4

(1 + ζ2)2
e−4ζarccotζ . (4.36)

The total cross section is the sum over all energy levels,

Stot
BSF(ζ) =

∞∑
n=1

S
(n)
BSF(ζ) (4.37)

For large ζ, or low relative velocities, the expression for S(1)
BSF simplifies, and the total

enhancement factor then becomes

lim
ζ�1

Stot
BSF(ζ) =

π2

6
S

(1)
BSF(ζ) . (4.38)

From this it becomes evident that even when the relative velocity is very low, the
ground state still contributes the most to the enhancement.
The thermal averaged Sommerfeld enhancement is weighed by an extra factor of (1+
f(En + µ|vrel|2/2)), due to the dark photon Bose-enhancing the formation process.
This enhancement is particularly significant because it helps establish a bound state

1Dark Matter bound states are therefore sometimes suggestively called Darkonium to complete the
analogy.
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concentration as the universe leaves equilibrium.

S̄BSF(zχ, zϕ) =
2√
π

∫ ∞
0

SBSF

(√
zχ/u

) √
uezϕ

ezϕ−u − 1
du (4.39)

Generally, the dark matter has the same temperature as the rest of the universe,
which is relayed through the dark photon background. We can therefore take zχ
and zϕ to be equal2.

4.2.2 Ionization and Decay of Bound States

The decay rates for para-positronium and ortho-positronium respectively are[14]

Γ↑↓ = µα5 and Γ↑↑ = µα5λα , (4.40)

where λα = 4α(π9 −
1
π ). The ionization cross-section can be derived using the Milne

relation and the cross-section for the formation process:

σion(ω)

σBSF(|vrel|)
=

2ω2

µ2|vrel|2
. (4.41)

Γion(z) =
3

2π2

∫ ∞
∆

fϕ(ω)σionω
2dω = µα5fion(z) ,

fion(z) ≡ 27

3

∫ ∞
0

η

(1 + η2)2

e−4ηarccotη

1− e−2πη

1

ez(1+1/η2) − 1
dη .

4.2.3 Coupled Boltzmann equations

Rather than writing down a single Boltzmann equation describing the density of
dark matter, balanced by an equilibrium distribution, we can also write a set of cou-
pled equations to keep track of our exact bound state density. We get[7]

dYχ
dz

= −λ1S̄ann(z)

z2
(Y 2
χ − Y EQ

χ (
4

α2
z)2)− λ1S̄BSF(z)

z2
+ λ2zfion(z)(Y↑↓ + Y↑↑) ,

dY↑↓
dz

=
λ1S̄BSF(z)

4z2
Y 2
χ − λ2z(1 + fion(z))Y↑↓ ,

dY↑↑
dz

=
3λ1S̄BSF(z)

4z2
Y 2
χ − λ2z(λα + fion(z))Y↑↑ ,

where

λ2 = 4

√
45

π3g
(ρ)
∗

mPl

mχ
α . (4.42)

As initial conditions we use

Yχ(z0) = Y EQ
χ (x0) ,

Y↑↓(z0) =
1

gχ
Y EQ
χ (2x0 − z0) and Y↑↑(z0) = 3Y↑↓(z0) .

2Note that zϕ = mχ/Tϕ, still normalized by mχ, and not mφ.
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For the bound state we have E/T = (2mχ − mχα
4 )/T = 2x − z. For non-relativistic

particles (E = m) this shows how the mass of bound states is effectively the mass of
their constituents minus the binding energy.
The results are shown in figure 4.3. The formation of bound states lowers the neces-
sary α even further, compared to just the Sommerfeld enhancement.
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FIGURE 4.3: The numerical results for solving the coupled Boltzmann equations with bound-
state formation considered. The previously obtained results are also shown.

The relative difference with the Smmerfeld enhanced case, i.e.

∆BSF =
|αS̄ann

− αS̄BSF
|

αS̄ann

, (4.43)

reaches values over 10%, making the formation of bound states a significant enough
process to account for when considering non-relativistic dark matter.

4.3 Effective Approach

As previously discussed, when we are interested in only the relic density, we can
take the late time limit of our Boltzmann equation and find that we only need to
solve one equation rather than three. The density after freeze-out only depends on
which annihilation channels are effectively only one-way processes. We have

Yχ(∞) =
1

1

Y EQ
χ (xf )

+
∫ zkd

zf

λeff(z)
z2 dz

, (4.44)

where xf is determined by solving

xf −
1

2
ln(xf )− ln(S̄ann(zf ) + S̄BSF(zf )) = ln

3
√

5
2

4π2

gχ√
g

(ρ)
∗

mPl
α2

mχ

 , (4.45)

and zf = α2

4 xf . For bound-states we have

λeff(z) = λ1 ×


S̄ann zf < z < f−1

ion(1) ≈ 0.28

S̄ann + S̄BSF
4 0.28 < z < f−1

ion(λα)

S̄ann + S̄BSF f−1
ion(λα) < z

, (4.46)

where the bounds of the different intervals are determined by the values of z for
which the decay rate of the para-(ortho-)darkonium Γ↑↓(Γ↑↑) dominates over the
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ionization rate Γion. The balance between fion and the decay coefficients thus gov-
ern whether bound state formation channels effectively act as one-way channels or
not. If the probability of ionization becomes significantly less that the probability of
decay, we can treat the dark matter particles that form bound states as if they have
annihilated already.

The results of computations using this effective method match the numerical results
very well. Figure 4.4 shows the results of the effective method relative to numeri-
cal results, for all three scenarios discussed so far. Note how the σ0 and Sommer-
feld enhanced cases are actually just the analytical approximation to the Boltzmann
equation. Only the bound state case makes actual use of effective annihilation cross-
sections. Nevertheless the accuracy of all three cases appears to be mostly of the
same order. Thus the effective method is a good generalization of the analytical ap-
proximation used for a single Boltzmann equation. Moreover the accuracy of the
effective method does not reach values higher than 2.5%, making it a useful tool to
study the effects where difficult computations are involved, especially when these
processes affect the values of α by more than 10%.
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FIGURE 4.4: Results for using the effective method relative to numerical results. Shown are
the three cases studied before, with the σ0 case being the blue graph, S̄ann being the purple
one, and S̄BSF being the red. The results using the effective method don’t deviate more then

2.5% from numerical results.
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Chapter 5

Sommerfeld Enhancement with a
Massive Mediator

It is not unthinkable that dark matter could be mediated by a massive force-carrier.
In fact, neutrinos constitute a form of dark matter, although their contribution is
small, and they interact with leptons using the weak force gauge bosons, which
are all massive. Weakly Interacting Massive Particles (WIMPs) are also a renowned
candidate for dark matter. Supersymmetry (SUSY) predicts particles that interact
through the electroweak force with a typical cross section and mass that very closely
gives the right dark matter abundance. Neutralinos, the heavier superpartners of
neutrinos, are a good candidate for dark matter predicted by SUSY.
When considering a toy model it would be relatively unfruitful to not generalize to
a massive mediator.

5.1 The Yukawa Potential

When we add mass to the propagator of our mediator particle, we obtain the Yukawa
potential, as defined earlier in chapter 4.

V (r) = − λ2

(2π)3

∫
e−ik·r

4π

k2 +m2
d3k = −λ

2

r
e−mϕr (5.1)

There are many ways to treat the Yukawa potential, aside from solving the Schrödinger
equation numerically. The Yukawa potential can, for example, be approximated by
the Hulthén potential,

VY (r) ≈ VH(r) =
π2

6

αmϕ

e
π2

6
mϕr − 1

. (5.2)

For l = 0 this approximation is very good, but for l 6= 0 a better approximation
includes a centrifugal term[15].

Ṽl(r) =
l(l + 1)

mχ

(
π2mϕ

6

)2
e−

π2

6
mϕr

(1− e−
π2

6
mϕr)2

(5.3)
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It is then possible to analytically calculate the approximate Sommerfeld enhance-
ment for the Yukawa potential[16]. For the l = 0 case, the result is

SY (ζ, ξ) ≈ SH(ζ, ξ) =

∣∣∣∣∣∣
Γ(1 + i ξ2ζ (1−

√
1− 4ζ2

ξ ))Γ(1 + i ξ2ζ (1 +
√

1− 4ζ2

ξ )

Γ(1 + i ξζ )

∣∣∣∣∣∣
2

.

(5.4)
Using Eulers reflection formula, equation 4.26, we can simplify this into

Sl=0(ζ, ξ) =
2πζ sinh(π ξζ )

cosh(π ξζ )− cosh(π ξζ

√
1− 2ζ2

ξ )
, (5.5)

where ζ = α
v and ξ =

αmχ
2mϕ

. The approximation using the Hulthén potential and
the results of solving the Schrödinger equation with the exact Yukawa potential are
shown in figure 5.1.
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FIGURE 5.1: Plot of the numerical results of solving the Schrödiner equation with the
Yukawa potential and the approximation obtained for the Hulthén potential. Also shown
is the Coulomb limit (ξ → ∞), which is approached by both the numerical result and the

approximation.

After performing the thermal averaging integral of the Sommerfeld enhance-
ment for both the numerically solved Schrödinger equation with the exact Yukawa
potential and the Sommerfeld enhancement for the Huelthen potential, we find that
the percentual difference between the two is around 10−3 for most values of z. The
difference does not rise above 10−3 for z > zf , which is the domain we integrate
over when using the effective method to calculate the relic density. The values of α,
mχ, and mϕ that lead to a density parameter of Ωχ = 0.26 are shown in figure 5.2.
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FIGURE 5.2: Logarithmic contour plot of α calculated for various values of mχ and mϕ us-
ing the effective method. Slightly visible are two streaks of resonances where α is suddenly
lower than for the surrounding points in parameter space. The values for α were calcu-
lated for 21 values of mχ ranging from 103 GeV to 104 GeV. The values of mϕ range from
10
√

10 GeV to 102.45 GeV in 20 steps. The white spots are where Mathematica returned non-
sensical values.

As with the mϕ = 0 case, we see that α increases with mχ. Moreover, we also
have resonances at certain values of mχ and mϕ, such that the thermally averaged
annihilation cross-section is much higher, and we therefore need a slightly lower
value for α. It might be noteworthy that because of these resonances, for a fixed
value of mχ and α there are multiple values that mϕ can take that result in the same
Ω.
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FIGURE 5.3: Results for the Yukawa potential relative to the Coulomb (mϕ = 0) case. The
resonances are made more clear.

Figure 5.3 shows the further enhancement a massive mediator can provide, rel-
ative to the massless case. The resonances are very clear this way, and they lie on
lines where roughly mϕ ∼ m2

χ. At these resonances α can be further reduced by as
much as ∼ 15%.
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Chapter 6

Conclusion

A theoretical model of symmetric cold dark matter can, using the Boltzmann equa-
tion, predict a present day relic density parameter Ωχ which is highly dependent
on the thermally averaged cross-section 〈σ|vrel|〉 of the involved processes. For spe-
cific values of mχ and α the real world value of Ωc = 0.26 can be matched. When
the mediating dark photon mass mϕ is small or zero, the effect known as the Som-
merfeld enhancement can significantly enhance the cross-section. For high values
of mχ (> 10 TeV) the corresponding value for α can be a factor of 2 less than the
non-enhanced case would predict.
In scenarios where the Sommerfeld enhancement is relevant, the formation of bound
states could also have a significant impact on the values that the parameters of the
model can take. For large mχ (> 10 TeV) the value of α can be reduced by another
20%.
In the case where our dark photon is a massive mediator, for certain values of mχ

and mϕ the enhancement factor can have resonance peaks. At these peaks the value
for α can come to lie another 15% lower compared to the massless case, making the
Sommerfeld enhancement relevant at lower values of mχ too.
In future calculations on thermal relic dark matter models all these effects should be
taking into account. The formation of bound states should also be investigated in
the case of a Yukawa interaction to see if this also affects the values of the allowed
model parameters significantly.
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