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Perturbative Finiteness of Superstring Theory Nathan Berkovits

1. Introduction

The computation of multiloop amplitudes in superstring theory has many important applica-
tions such as verifying perturbative finiteness and testing duality conjectures. Nevertheless, this
subject has received little attention over the last fifteen years, mainly because of difficulties in com-
puting multiloop amplitudes using either the Ramond-Neveu-Schwarz (RNS) or Green-Schwarz
(GS) formalism.

In the RNS formalism, spacetime supersymmetric amplitudes are obtained after summing over
spin structures, which can be done explicitly only when the number of loops and external states is
small [1]. Since there are divergences near the boundary of moduli space before summing over
spin structures, surface terms in the amplitude expressions need to be treated with care [2][3][4]
[5]. Furthermore, the complicated nature of the Ramond vertex operator in the RNS formalism [6]
makes it difficult to compute amplitudes involving external fermions or Ramond-Ramond bosons.
For these reasons, up to now, explicit multiloop computations in the RNS formalism have been
limited to four-point two-loop amplitudes involving external Neveu-Schwarz bosons [7] [5].

In the GS formalism, spacetime supersymmetry is manifest but one needs to fix light-cone
gauge and introduce non-covariant operators at the interaction points of the Mandelstam string
diagram[8] [9] [10]. Because of complications caused by these non-covariant interaction point op-
erators [11], explicit amplitude expressions have been computed using the light-cone GS formalism
only for four-point tree and one-loop amplitudes [8].

Over the past twenty years, there have been several approaches to covariant quantization of the
superstring. However, none of these approaches were able to compute even tree-level amplitudes in
a super-Poincaré covariant manner. Four years ago, a new formalism for the superstring was pro-
posed [12] [13] with manifest ten-dimensional super-Poincaré covariance. In conformal gauge, the
worldsheet action is quadratic and physical states are defined using a BRST operator constructed
from superspace matter variables and a pure spinor ghost variable. A super-Poincaré covariant pre-
scription was given for computing N-point tree amplitudes, which was shown to coincide with the
standard RNS prescription [14] [15]. It was also proven that the BRST cohomology reproduces the
correct superstring spectrum [16] and that BRST invariance in a curved supergravity background
implies the low-energy superspace equations of motion for the background superfields [17] [18].

Because of the pure spinor constraint satisfied by the worldsheet ghosts, it was not obvious
how to define functional integration in this formalism. For this reason, the tree amplitude prescrip-
tion in [12] relied on BRST cohomology for defining the correct normalization of the worldsheet
zero modes. Furthermore, there was no natural b ghost in this formalism, which made it difficult
to define amplitudes in a worldsheet reparameterization-invariant manner. Because of these com-
plications, it was not clear how to compute loop amplitudes using this formalism and other groups
looked for ways of relaxing the pure spinor constraint without modifying the BRST cohomology
[19][20][21].

Recently, it was shown how to perform functional integration by defining a Lorentz-invariant
measure for the pure spinor ghosts, introducing appropriate “picture-changing” operators, and con-
structing a composite b ghost in a non-zero picture. With these three ingredients, it was straightfor-
ward to generalize the tree amplitude prescription of [12] to a super-Poincaré covariant prescription
for N-point g-loop amplitudes [22].
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The need for picture-changing operators in this formalism is not surprising since, like the
bosonic (B,y) ghosts in the RNS formalism [6], the pure spinor ghosts are chiral bosons with world-
sheet zero modes. As in the RNS formalism, the worldsheet derivatives of these picture-changing
operators are BRST trivial so, up to possible surface terms, the amplitudes are independent of their
locations on the worldsheet. But unlike the RNS formalism, there is no need to sum over spin
structures and there are no divergences at the boundary of moduli space. So surface terms can be
safely ignored in the loop amplitude computations.

Although the explicit computation of arbitrary loop amplitudes is complicated, there are sev-
eral features of the prescription which are simpler than in the RNS prescription. For example, there
iS no sum over spin structures, no surface terms from the boundary of moduli space, and no unphys-
ical poles from negative-energy chiral bosons. Furthermore, the partition functions for the matter
and ghost variables cancel, amplitudes involving external Ramond states are no more complicated
than those involving external Neveu-Schwarz states, and one can easily prove vanishing theorems
by counting zero modes of the fermionic superspace variables. For example, S-duality of the Type
11B superstring implies that R* terms in the low-energy effective action receive no perturbative
corections above one-loop [23]. After much effort, this was recently verified in the RNS formalism
at two-loops [7][5]. Using the formalism described here, this S-duality conjecture can be easily
verified for all loops.

Similarly, one can easily prove the non-renormalization theorem that massless N-point multi-
loop amplitudes vanish whenever N < 4. Assuming factorization, this non-renormalization theo-
rem implies the absence of divergences near the boundary of moduli space [4] [24]. Note that the
boundary of moduli space includes two types of degenerate surfaces: surfaces where the radius R
of a handle shrinks to zero, and surfaces which split into two worldsheets connected by a thin tube.
As explained in [4], the first type of degenerate surface does not lead to divergent amplitudes in a
tachyon-free theory since, after including the log(R) dependence coming from integration over the
loop momenta, the amplitude integrand diverges slower than 1/R. The second type of degenerate
surface can lead to a divergent amplitude if there is an onshell state propagating along the thin
tube between the two worldsheets. But when all external states are on one of the two worldsheets,
vanishing of the one-point function implies the absence of this divergence. And when all but one of
the external states are on one of the two worldsheets, vanishing of the two-point function implies
the absence of this divergence. Finally, when there are at least two external states on each of the
two worldsheets, the divergence can be removed by analytic continuation of the external momenta
[4]. Note that vanishing of the three-point function is not required for finiteness.

So with the two mild assumptions of factorization and absence of unphysical divergences in
the interior of moduli space!, this non-renormalization theorem implies that massless multiloop
superstring amplitudes are finite order-by-order in perturbation theory. Previous attempts to prove
this non-renormalization theorem using the RNS formalism [24] were unsuccessful because they
ignored unphysical poles of the spacetime supersymmetry currents [2] and incorrectly assumed that
the integrand of the scattering amplitude was spacetime supersymmetric. Using the GS formalism,

1in light-cone gauge, unphysical divergences in the interior of moduli space could come from singularities between
colliding interaction points [11] [25]. In conformal gauge, there are no obvious potential sources for these unphysical
divergencesin theinterior of moduli space since the amplitudes are independent (up to surface terms) of the locations of
picture-changing operators.
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there are arguments for the non-renormalization theorem [26], however, these arguments do not
rule out the possibility of unphysical divergences in the interior of moduli space from contact
term singularities between light-cone interaction point operators [11]. Mandelstam was able to
overcome this obstacle and prove finiteness [25] by combining different features of the RNS and
GS formalisms. However, the finiteness proof here is more direct than the proof of [25] since it is
derived from a single formalism.

In section 2 of this paper, the worldsheet action and BRST operator in the super-Poincaré
invariant pure spinor formalism of [12] are reviewed. In section 3, the three new ingredients needed
for multiloop amplitude computations are described: Lorentz-invariant measure factors for the pure
spinor ghosts; picture-changing operators; and a composite b ghost in non-zero picture. In section
4, a super-Poincaré covariant prescription is given for N-point g-loop amplitudes which has been
shown to agree with the RNS prescription for tree and massless four-point one-loop amplitudes.
(See [22] for a more detailed version of sections 3 and 4.) In section 5, the counting of fermionic
zero modes is used to prove certain vanishing theorems. And in section 6, some open questions
and further applications are discussed.

2. Review of Super-Poincaré Invariant Pure Spinor Formalism

2.1 Worldsheet action

The worldsheet variables in the Type 1B version of this formalism include the Green-Schwarz-
Siegel [27][28] matter variables (x™,6¢, pa;ﬁa,ﬁq) form=0to 9 and a = 1 to 16, and the pure
spinor ghost variables ()\“,WG;XG,WG) where A% and A" are constrained to satisfy the pure spinor
conditions

AT (YA =0, A% (YM)gph’ =0 (2.1)

form=01t09. (Y")gp and (y")®P are 16 x 16 symmetric matrices which are the off-diagonal
blocks of the 32 x 32 ten-dimensional I'-matrices and satisfy (y(™)qp(y")PY = 2n™&Y. For the
Type 1A version of the formalism, the chirality of the spinor indices on the right-moving variables
is reversed, and for the heterotic version, the right-moving variables are the same as in the RNS
formalism.

In conformal gauge, the worldsheet action is

1. - _ _ _ _
S— / 022~ 50X — Pad8” — 08" +WedA" + 0N | 2.2)
where A% and A° satisfy (2.1). The OPE’s for the matter variables are easily computed to be

X"(y)x"(2) = —n™logly -z, pa(y)6P(z) = (y—2)%, (2.3)

however, the pure spinor constraint on A® prevents a direct computation of its OPE’s with wg.
As discussed in [12], one can solve the pure spinor constraint and express A% in terms of eleven
unconstrained free fields which manifestly preserve a U(5) subgroup of the (Wick-rotated) Lorentz
group. Although the OPE’s of the unconstrained variables are not manifestly Lorentz-covariant,
all OPE computations involving A® can be expressed in a manifestly Lorentz-covariant manner.
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So the non-covariant unconstrained description of pure spinors is useful only for verifying certain
coefficients in the Lorentz-covariant OPE’s.
Because of the pure spinor constraint on A%, the worldsheet variables wq contain the gauge
invariance
W = A" (YmA)a; (2.4)

so 5 of the 16 components of wy can be gauged away. To preserve this gauge invariance, wq can
only appear in the gauge-invariant combinations

1
N = 5 Wa (Ymn) AP, 3 = wgA?, (2.5)

which are the Lorentz currents and ghost current. As shown in [15] and [16] using either the U(5)
or SO(8) unconstrained descriptions of pure spinors, Nmn and J satisfy the Lorentz-covariant OPE’s

N (VRS (@) = S(/=2)vmh)®, IGAT(E) = (y=2)72, 26)

N (y)N™(2) = =3(y —2)2(n"n'IM) + (y - 2) "1 (nINKN — nPiINKIm),
J(Y)I(z) = —4(y—2)"2,  I(y)N™(z) — regular,
Nen ()T (2) = (Y —2) Nmn(2), IWT(2) = —8(y—2) >+ (y—2)"2(2),

where 1
T = —EaxmaXm - paaea ‘I‘Waa)\a (27)

is the left-moving stress tensor. From the OPE’s of (2.6), one sees that the pure spinor condition
implies that the levels for the Lorentz and ghost currents are —3 and —4, and that the ghost-number
anomaly is —8. Note that the total Lorentz current M™ = —%(py"‘”e) +N™ has level k =4 -3 =
1, which coincides with the level of the RNS Lorentz current M™ = ™", The ghost-number
anomaly of —8 will be related in subsection (3.1) to the pure spinor measure factor. Finally, the
stress tensor of (2.7) has no central charge since the (410 — 32) contribution from the (x™,8%, pq)
variables is cancelled by the +22 contribution from the eleven independent (A%, wy) variables.

2.2 BRST operator and massless vertex operators

Physical open string states in this formalism are defined as super-Poincaré covariant states of
ghost-number +1 in the cohomology of the nilpotent BRST-like operator

Q= 7{ A%dq 2.8)

where 1 1

is the supersymmetric Green-Schwarz constraint. As shown by Siegel [28], d4 satisfies the OPE’s
da(Y)d3(2) = —(y—2)"YZaMm,  da(y)N"(2) = (v —2) "Vp00° (2), (2.10)

da(y)06P(2) — (y—2)"28, A™(y)N"(2) = —(y—2)~2n™,
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where MM = ox™ + %ey"ae is the supersymmetric momentum and

1 1
Qo = 7{ (Pa 5 Yap 80t + 5 VgV 126°0'06°) (2.11)

is the supersymmetric generator satisfying

{0005} =V § Oxn, [60,1"(@)] =0, {da,0p(@)} = 0.

To compute the massless spectrum of the open superstring, note that the most general vertex
operator with zero conformal weight at zero momentum and +1 ghost-number is

V = A%Aq(x,6), (2.12)

where Aq(X,0) is a spinor superfield depending only on the worldsheet zero modes of x™ and 6°.
Using the OPE that dq(y) f(x(2),0(z)) — (y —2)~1Dq f where

0

1

is the supersymmetric derivative, one can easily check that QV = 0 and &V = QA implies that
Aq(x,8) must satisfy )\“)\BDGAB = 0 with the gauge invariance dAq = Dg/\. But )\“)\BDGAB =0
implies that

DoAg + DgAg = \/;‘BAm (2.13)

for some vector superfield A, with the gauge transformations
6Aa = Da/\, 6Am = am/\. (2.14)

In components, one can use (2.13) and (2.14) to gauge Ay and Ay, to the form
i L 1
Aa(x,0) =" (Zan(Y"8)a — 5 (Eyn®)(Y"O)a + ), (215)

An(x,6) = & (am + (§Y"6) +...),

where k? = kMay, = k™(ymé€ ) = 0, and ... involves products of ky, with ap or &%, So (2.13) and
(2.14) are the equations of motion and gauge invariances of the ten-dimensional super-Maxwell
multiplet, and the cohomology at ghost-number +1 of Q correctly describes the massless spectrum
of the open superstring [29].

As in bosonic string theory, one can obtain the integrated open string vertex operator [dzU(z)
from the unintegrated vertex operator V by requiring that QU (z) = 0V (z). For the massless states
where the unintegrated vertex operator isV = A%A4(X,8), one finds that

U = 08“Aq(x,0) + N™AR(,0) + dgW (X, 0) + %Nmnfmn(x, 0) (2.16)
satisfies QU = d(A\Ay) where Ay, = %Dayr“nBAB is the vector gauge superfield, WP = 1—10yﬁ‘13(D0(Am —

0™A) is the spinor superfield strength, and Fyn = %D()((ymn)o‘BWB = OjmAn) is the vector superfield
strength.
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3. Functional Integration, Picture-Changing Operators and the b Ghost

3.1 Measure factor for pure spinor ghosts

As reviewed in section (2.1), the gauge invariance of (2.4) implies that pure spinor ghosts can
only appear through the operators A%, N, and J. Correlation functions for the non-zero modes of
these operators are easily computed using the OPE’s of (2.6). However, after integrating out the
non-zero worldsheet modes, one still has to functionally integrate over the worldsheet zero modes.
Because A® has zero conformal weight and satisfies the pure spinor constraint

AY"A =0, (3.1)

A% has 11 independent zero modes on a genus g surface. And because N, and J have +1 conformal
weight and are defined from gauge-invariant combinations of wy, they have 11g independent zero
modes on a genus g surface. Note that (3.1) implies that Ny, = %(wymn)\) and J = wA are related
by the equation [30]

D Y 2 DAY Vap = 2Y,p0N° (3.2)

where the normal-ordered product is defined by : UA(z)A%(z) := $dy(y —z)"1UA(y)A%(2). (The
coefficient of the OA® term is determined by computing the double pole of the left-hand side of
(3.2) with J.) Just as (3.1) implies that all 16 components of A® can be expressed in terms of 11
components, equation (3.2) implies that all 45 components of N™ can be expressed in terms of J
and ten components of N™.

Because of the constraints of (3.1) and (3.2), it is not immediately obvious how to function-
ally integrate over the pure spinor ghosts. However, as will be shown below, there is a natural
Lorentz-invariant measure factor for the pure spinor ghosts which can be used to define functional
integration.

A Lorentz-invariant measure factor for the A% zero modes can be obtained by noting that

(d1IA) (0202 0] = gp91 A dA92 A A dAOS (3.3)

satisfies the identity
R G (3.4)

because Ay"dA = 0. Using the properties of pure spinors, this implies that all 5,15'1, components

of (dA)[o1-ou] gre related to each other by a Lorentz-invariant measure factor [DA] of +8 ghost
number which is defined by

(dll)\)[al..ﬂu] — [DA] ,ZE[(al 011)]))\81)\82)\83 (3.5)

[01...011]
where 7g,0,p,))

y-matrix traceless (i.e. yBleT (%13 Oé“)]) = 0) in three lowered indices and antisymmetric in eleven

raised indices. It is defined by

is the unique Lorentz-invariant tensor (up to rescaling) which is symmetric and

[o1...a11]

((B1B2B3))

g% 016(ymnp)qﬂql?'Nglamygzalsyﬁsule 40Vq yqﬁlﬁz Bs) 014ynVU15y§0(16]
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One can similarly construct a Lorentz-invariant measure factor for the N™ and J zero modes
from

(1N [mans]imanz]-..[maonsol] — gNImanal o gN[Mzn2] A A dNIMsonsol A g, (3.6)

Using the constraint of (3.2) and keeping A® fixed while varying N™ and J, one finds that (3.6)
satisfies the identity
(}\yml)a(d 11N)[[mlnl][mznz]...[mlonlo]] —0. (37)

Using the properties of pure spinors, this implies that all % components of

(d1N) ([m1na][m2nz]...[M1onso]]

are related to each other by a Lorentz-invariant measure factor [DN] of —8 ghost number which is
defined by

(d 11N)[[m1n1] [mznz]...[mlonlo]] — [@N] (38)
( ()\lenlmzmafm)\) ()\ymsnsnzmem7)\) ()\ymansnsnsm9)\) ()\leonlon4n7n9)\)
+permutations )

where the permutations are antisymmetric under the exchange of m; with n;, and also antisymmet-
ric under the exchange of [m;n;] with [myn,]. Note that the index structure on the right-hand side of
(3.8) has been chosen such the expression is hon-vanishing after summing over the permutations.

After using the OPE’s of (2.6) to integrate out the non-zero modes of the pure spinor ghosts
on a genus g surface, one will obtain an expression

A= <f()\7Nla‘]laNZa‘]Za-"aNg"]g» (39)

which only depends on the 11 worldsheet zero modes of A, and on the 11g worldsheet zero modes
of N and J. Using the Lorentz-invariant measure factors defined in (3.5) and (3.8), the natural
definition for functional integration over these zero modes is

ﬂl:/[Q)A][Q)Nl][’DNg]...[Q)Ng]f()\,Nl,Jl,Nz,Jz,...,Ng,Jg). (3.10)

Note that with this definition, f(A,N1,J1,N2,J2,...,Ng,Jg) must carry ghost number —8+-8g to give
a non-vanishing functional integral, which agrees with the —8 ghost-number anomaly in the OPE
of J with T. It will now be shown how the functional integral of (3.10) can be explicitly computed
with the help of picture-changing operators.

3.2 Picture-changing operators

As is well-known from the work of Friedan-Martinec-Shenker [6] and Verlinde-Verlinde [2][3],
picture-changing operators are necessary in the RNS formalism because of the bosonic ([3,y)
ghosts. Since the picture-raising and picture-lowering operators involve the delta functions &(3)
and d(y), insertion of these operators in loop amplitudes are needed to absorb the zero modes of the
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(B,y) ghosts on a genus g surface.? Up to possible surface terms, the amplitudes are independent of
the worldsheet positions of these operators since the worldsheet derivatives of the picture-changing
operators are BRST-trivial. The surface terms come from pulling the BRST operator through the b
ghosts to give total derivatives in the worldsheet moduli. If the correlation function diverges near
the boundary of moduli space, these surface terms can give finite contributions which need to be
treated carefully. As will now be shown, functional integration over the bosonic ghosts in the pure
spinor formalism also requires picture-changing operators with similar properties to those of the
RNS formalism. However, since the correlation functions in this formalism do not diverge near the
boundary of moduli space, there are no subtleties due to surface terms.

To absorb the zero modes of A%, Ny, and J, picture-changing operators in the pure spinor
formalism will involve the delta-functions 8(CyA%), &(BmnN™") and &(J) where Cy and By, are
constant spinors and antisymmetric tensors. Although these constant spinors and tensors are needed
for the construction of picture-changing operators, it will be shown that scattering amplitudes are
independent of the choice of Cy and Bmn, S0 Lorentz invariance is preserved. As will be discussed
later, this Lorentz invariance can be made manifest by integrating over all choices of Cy and Byp.
Note that the use of constant spinors and tensors in picture-changing operators is unrelated to the
pure spinor constraint, and is necessary whenever the bosonic ghosts are not Lorentz scalars.

As in the RNS formalism, the picture-changing operators will be BRST-invariant with the
property that their worldsheet derivative is BRST-trivial. A “picture-lowering” operator Y¢ with
these properties is

Yo = Co8*8(CpAP) (3.11)

where Cq is any constant spinor. Note that QYc = (CaA%)8(CpAP) =0 and
dYc = (C06)d(CA) + (CO)(CoN)d' (CA) = Q[(CaB)(CB)J' (CA)] (3.12)

where & (x) = 2 8(x) is defined using the usual rules for derivatives of delta functions, e.g. x&'(x) =
—&(x).

Although Y¢ is not spacetime-supersymmetric, its supersymmetry variation is BRST-trivial
since

GaYc = CaS(CA) = —Cq(CA)J (CA) = Q[—Cq(CO)J (CA)]. (3.13)

Similarly, Yc is not Lorentz invariant, but its Lorentz variation is BRST-trivial since

M™Ye = %(Cy’“ne)é(C)\) + %(ce) (CY™\)& (CA) (3.14)

= Q5 (CY™8) (COS (CA)].

2|n the RN'S formalism, it is convenient to bosonize the (B, y) ghosts as = a&e~? and y = ne? since the spacetime
supersymmetry generator involves a spin fi eld constructed for the negative-energy chiral boson ¢. The delta functions
O(B) and d(y) can then be expressed in terms of @ as d(B) = e® and 5(y) = e~%. However, in the pure spinor formalism,
there is no advantage to performing such a bosonization since all operators can be expressed directly in terms of A9,
N™ and J. Furthermore, since functional integration over the @ chiral boson can give rise to unphysica poles in the
correlation functions, the fact that al operators in the pure spinor formalism can be expressed in terms of (A%, N™ J)
allows one to avoid unphysical polesin pure spinor correlation functions.
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So different choices of Cy only change Yc by a BRST-trivial quantity, and any on-shell amplitude
computations involving insertions of Y¢ will be Lorentz invariant and spacetime supersymmetric
up to possible surface terms. The fact that Lorentz invariance is preserved only up to surface terms
is unrelated to the pure spinor constraint, and is caused by the bosonic ghosts not being Lorentz
scalars.

One can also construct BRST-invariant operators involving d(B™ Npy,) and &(J) with the prop-
erty that their worldsheet derivative is BRST-trivial. These “picture-raising” operators will be
called Zg and Z; and are defined by

Zp = %an()\ym”d)é(quNpq), Z; = (A\dy)0(3), (3.15)

where Bn, is a constant antisymmetric tensor. One can check that QZg = QZ; = 0 and that 0Zg
and 0Z; are BRST-trivial. Furthermore, different choices of B, only change Zg by a BRST-trivial
quantity.

3.3 Construction of b Ghost

To compute g-loop amplitudes, the usual string theory prescription requires the insertion of
(39 — 3) b ghosts of —1 ghost-number which satisfy

{Q,b(u)} =T(u) (3.16)

where T is the stress tensor of (2.7). After integrating b(u) with a Beltrami differential pp(u)
for P =1 to 3g — 3, the BRST variation of b(u) generates a total derivative with respect to the
Teichmuller parameter Tp associated to the Beltrami differential pp. But since wy can only appear
in gauge-invariant combinations of zero ghost number, there are no operators of negative ghost
number in the pure spinor formalism, so one cannot construct such a b ghost. Nevertheless, as will
now be shown, the picture-raising operator

1
can be used to construct a suitable substitute for the b ghost in non-zero picture.
Since genus g amplitudes also require 10g insertions of Zg(z), one can combine (3g — 3)
insertions of Zg(z) with the desired insertions of the b(u) ghost and look for a non-local operator
bg(u,z) which satisfies

{Q,bg(u,2)} =T (u)Zs(2). (3.17)

Note that Zg carries +1 ghost-number, so bg carries zero ghost number. And (3.17) implies that
integrating b(u,z) with the Beltrami differential pp(u) has the same properties as integrating b(u)
with pp(u) in the presence of a picture-raising operator Zg(z).

Using

Zg(z) = Zg(u) +/uzdvaZB(v) = Zg(u) +/uzdv{Q,quaNPQ(V)a(BN(V))},

one can define ,
be(U,2) = bg(u) + T (u) / dVB N PI(v)3(BN (v)) (3.18)
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where bg(u) is a local operator satisfying
{Q,bs(u)} =T (u)Zs(u)- (3.19)

The explicit formula for bg(u) satisfying (3.19) is complicated and was computed in ([22]) up
to some undetermined coefficients. Ignoring Lorentz indices, bg has the form

bg = B(d?M + dNdB+ N2+ NTM?)5(BN) (3.20)
+B2(d* 4+ d?NIM + N2M? + N2dae) &' (BN)
+B3(d*N 4 d2N2M)d"(BN) 4+ B*(d*N?)5" (BN).

For proving vanishing theorems, it will be useful to note that all terms in bg have +2 conformal
weight and +4 “engineering” dimension where [A, 0, x,d,N] are defined to carry [0, %, 1, 2,2] engi-
neering dimension and (BN ) carries —1 conformal weight and zero engineering dimension.

4. Multiloop Amplitude Prescription

Using the picture-changing operators and bg ghost of section 3, one can define a super-
Poincaré covariant prescription for computing N-point g-loop closed superstring scattering am-
plitudes as

3g 3
ﬂ:/dz'[l...dz'[gg 3 /d Uplp Up)bBP(Up,Zp) (4.1)

|-| s,z J‘|zJ VR) I_!YC' n |21|_|/d2tTUT tr)

where | |2 signifies the left-right product, Tp are the Teichmuller parameters associated to the
Beltrami differentials pp(up), and U (tr) are the dimension (1,1) closed string vertex operators
for the N external states. The number of picture-lowering and picture-raising operators in (4.1) are
appropriate for absorbing the 11 zero modes of A% and the 11g zero modes of wg, and the locations
of these picture-changing operators can be chosen arbitrarily. The constant antisymmetric tensors
BP" in bg, and Zg, will be chosen such that Bj = Bjy10= ... = Bi+10(g—1) for I = 1to 10. In other
words, there will be ten constant antisymmetric tensors B, each of which appear in g picture-
raising operators or bg ghosts.

When g = 1, the prescription of (4.1) needs to be modified for the usual reason that genus-
one worldsheets are invariant under constant translations, so one of the vertex operators should be
unintegrated. The one-loop amplitude prescription is therefore

a= /d2T< | /dZUU(U)EBl(U,Zl) (4.2)

1 260 (20)25() [TV 2vy(t) [ [ 2
[ Ze0 (2012500 []¥,00) V() T [ en))
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where V1 (t3) is the unintegrated closed string vertex operator. And when g = 0, three of the vertex
operators are unintegrated and one uses the prescription

= rlYCI y| ‘ Vl(tl)Vz to V3 t3 /d tTUT tT (4.3)

As discussed in section 3, the Lorentz variations of EBP, Zg, and Yc, are BRST-trivial, so the
prescription is Lorentz-invariant up to possible surface terms. Also, all operators are manifestly
spacetime supersymmetric except for Y, , whose supersymmetry variation is BRST-trivial. In sec-
tion 5, it will be argued that surface terms can be ignored in this formalism because of finiteness
properties of the correlation functions. So the amplitude prescriptions of (4.1), (4.2) and (4.3) are
super-Poincaré covariant and 4 is independent of the eleven constant spinors C, and ten constant
tensors Bp which appear in the picture-changing operators. One can therefore obtain manifestly
Lorentz-covariant expressions from this amplitude prescription by functionally integrating over the
matter fields and pure spinor ghosts.

As usual, the functional integration factorizes into partition functions and correlation func-
tions for the different worldsheet variables. However, in the pure spinor formalism, the partition
functions for the different worldsheet variables cancel each other out. This is easy to verify since
the partition function for the ten bosonic x* variables gives a factor of (detdo) ~>(detdo) —> where
do and dg are the holomorphic and antiholomorphic derivatives acting on fields of zero conformal
weight, the partition function for the sixteen fermionic (6%, py) and (@“,ba) variables gives a fac-
tor of (detdo)26(detdg)2®, and the partition function for the eleven bosonic (A%, wq) and (A, Wq)
variables gives a factor of (detdg)~*(detdp)~*. So to perform the functional integral, one only
needs to compute the correlation functions for the matter variables and pure spinor ghosts.

As described in detail in [22], these correlation functions can be computed by first separating
off the zero modes from the worldsheet variables and then using the OPE’s of (2.6) and (2.10)
for performing the correlation functions for the nonzero modes of these variables. Finally, one
integrates over the worldsheet zero modes using the usual measure factors for the matter variables
(x™, 8%, py) and using the Lorentz-invariant measure factors of subsection (3.1) for the pure spinor
ghost variables.

The resulting expression for the scattering amplitude naively depends on the eleven constant
spinors C; and ten constant tensors Bp which appear in the picture-changing operators. However,
due to Lorentz invariance of the picture-changing operators, one is guaranteed that this dependence
on C, and Bp is BRST-trivial. One can therefore integrate over all possible choices of C; and Bp and
obtain a manifestly Lorentz-covariant expression for the multiloop amplitude. As shown in [22],
integration over C, and Bp is straightforward and the resulting covariant expression agrees for tree
amplitudes and for massless four-point one-loop amplitudes with the well-known RNS expression.

5. Vanishing Theorems

In this section, the amplitude prescription of section 4 will be used to prove certain vanishing
theorems for massless closed superstring scattering amplitudes. In subsection (5.1), it will be
proven that massless N-point g-loop amplitudes are vanishing whenever N < 4 and g > 0, implying
(with two mild assumptions) the perturbative finiteness of superstring theory. And in subsection
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(5.2), it will be proven that the low-energy limit of the four-point massless amplitude gets no
perturbative contributions above one-loop, in agreement with the Type 1B S-duality conjecture of
Green and Gutperle.

To prove these vanishing theorems, it will be useful to express the massless closed superstring
vertex operator as the left-right product of two open superstring vertex operators as Veiosed = Vopen X
V open Where the closed superstring graviton h™, gravitini g% and @, and Ramond-Ramond field
strength FOP are identified with left-right products of the open superstring photon a,, and photino
&% as

hmn = @man, lIJ% = amgq, Tﬂ% = E.Otgm, FGB = EGEB-
Using the unintegrated and integrated open superstring massless vertex operators of (2.12) and
(2.16), this implies that

Vetosed = AN Aqp(x,8,8) = e%*A9AG (0)A A5(B)  and (5.1)
i 1
Ugtose = €"*(08%Aq (8) + M™An(8) + dgW % (8) + S N™ T (6)) (5.2)

e e o a1 —
(98°Ag(8) + 1Ay (8) + dgW" (8) + N7 (8))
are the unintegrated and integrated massless closed superstring vertex operators.

5.1 Non-renormalization theorem

In this subsection, the amplitude prescription of section 4 will be used to prove that massless
N-point g-loop amplitudes vanish whenever N < 4 and g > 0. For N = 0, this implies vanishing of
the cosmological constant; for N = 1, it implies absence of tadpoles; for N = 2, it implies the mass
is not renormalized; and for N = 3, it implies the coupling constant is not renormalized. Using the
arguments of [4][24] which were summarized in the introduction, and assuming factorization and
the absence of unphysical divergences in the interior of moduli space, these non-renormalization
theorems imply that massless superstring scattering amplitudes are finite order-by-order in pertur-
bation theory.

Although surface terms were ignored in deriving the amplitude prescription of section 4, it is
necessary that the proof of the non-renormalization theorem remain valid even if one includes such
surface term contributions. Otherwise, there could be divergent surface term contributions which
would invalidate the proof. For this reason, one cannot assume Lorentz invariance or spacetime
supersymmetry to prove the non-renormalization theorem since the prescription of (4.1) is Lorentz
invariant and spacetime supersymmetric only after ignoring the surface terms.

Fortunately, it will be possible to prove the non-renormalization theorem using only the count-
ing of zero modes. Since this type of argument implies the pointwise vanishing of the integrand of
the scattering amplitude (as opposed to only implying that the integrated amplitude vanishes), the
proof remains valid if one includes the contribution of surface terms.

On a surface of arbitrary genus, one needs 16 zero modes of 6% and 8 for the amplitude to
be non-vanishing. Since the only operators in (4.1) containing 8% zero modes® are the eleven Y¢

3When expressed in terms of the free fi elds (X",8%, pq ), MM and dy contain 8’s without derivatives which naively
could contribute 8% zero modes. But if the supersymmetric OPE's of (2.10) are used to integrate out the non-zero
worldsheet modes, the OPE’sinvolving M™ and dy will never produce 6% zero modes.
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picture-lowering operators and the Ut vertex operators, and since each Y¢ contributes a single 8%
zero mode, the Ut vertex operators must contribute at least five 8% and five 8“ zero modes for the
amplitude to be non-vanishing. This immediately implies that zero-point amplitudes vanish.

For one-point amplitudes, conservation of momentum implies that the external state must have
momentum k™ = 0. But when k™ = 0, the maximum number of zero modes in the vertex operator
is one 6% and one 8" coming from the superfield

AGB(eaé) = hmn (yme)a(yﬂé)s

All other components in the superfields appearing in the vertex operators of (5.1) and (5.2) are
either fermionic or involve powers of k™. So all one-point amplitudes vanish.

To prove that massless two and three-point amplitudes vanish for non-zero g, one needs to
count the available zero modes of dq, as well as the zero modes of Np,,. On a genus g surface, non-
vanishing amplitudes require 16g zero modes of dy. In addition, the number of N, zero modes
must be at least as large as the number of derivatives acting on the delta functions &(BN) in the
amplitude prescription. Otherwise, integration over the N™ zero modes will trivially vanish.

To prove the N-point g-loop non-renormalization theorem for N = 2 and N = 3, it is useful
to distinguish between one-loop amplitudes and multiloop amplitudes. For massless N-point one-
loop amplitudes using the prescription of (4.2), there are (N — 1) integrated vertex operators of
(5.2), each of which can either provide a dy zero mode or an Ny, zero mode. So one has at
most (N — 1 — M) dq zero modes and M Np,, zero modes coming from the vertex operators where
M < N — 1. Each of the nine Zg, operators and one Z; operator can provide a single dy zero mode,
S0 to get a total of 16 dy zero modes, bg must provide at least

16—(N-1-M)—9—-1=7—-N+M (5.3)

dg zero modes.

It is easy to verify from (3.20) that bg can provide a maximum of four dq zero modes, how-
ever, the terms containing four dq zero modes also contain (—1) Ny, zero modes where a derivative
acting on 8(BN) counts as a negative Ny, zero mode. This fact can easily be derived from the +4
engineering dimension of bg where [A%,6% x™, dq, Nmn] are defined to carry engineering dimension
[0, %,1, %,2] and 8(BN) is defined to carry zero engineering dimension. Since (d)# carries engi-
neering dimension +6, it can only appear in bg together with a term such as & (BN) which carries
engineering dimension —2.

So for N < 3and M =0, (5.3) implies that the only way to obtain 16 dyq zero modes is if bg
provides at least four dy zero modes. But in this case, bg contains (—1) Nyn zero modes, so the
amplitudes vanish since there are not enough N, zero modes to absorb the derivatives on &(BN).
And when M > 0, the amplitude vanishes for N < 3 since one needs more than four d4 zero modes
to come from bg.

For multiloop amplitudes, the argument is similar, but one now has N integrated vertex oper-
ators instead of (N — 1). So the vertex operators can contribute a maximum of (N —M) dy zero
modes and M Ny, zero modes where M < N. And each of the 79+ 3 Zg and g Z; operators can
provide a single dq zero mode. So to get a total of 169 dy zero modes, the (3g —3) bg’s must
provide at least

16g—(N—M)—(79+3)—g=8g—-3—-N+M (5.4)
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dq zero modes. Since (3g — 3) bg’s carry engineering dimension 12g — 12, dy carries engineering
dimension % and N, carries engineering dimension +-2, the (3g— 3) bg’s can provide a maximum
of (8g—8) dq zero modes with no derivatives of 3(BN), or (8 — 8+ 4M) dy zero modes with M
derivatives of &(BN). Since

4
8—8+ M <8y—3-N+M (5.5)

whenever M < N < 3, there is no way for the (3g — 3) bg’s to provide enough dq zero modes
without providing too many derivatives of 3(BN).

So the N-point multiloop non-renormalization theorem has been proven for N < 3. Note that
when N = 4,

4
8—8+ M >85—3-N+M (5.6)

if one chooses M = 3 or M = 4. So four-point multiloop amplitudes do not need to vanish. How-
ever, as will be shown in subsection (5.2), one can prove that the low-energy limit of these multi-
loop amplitudes vanish, which implies that the R* term in the effective action gets no perturbative
corrections above one loop.

5.2 Absence of multiloop R* contributions

Although the four-point massless amplitude is expected to be non-vanishing at all loops, there
is a conjecture based on S-duality of the Type IIB effective action that R* terms in the low-energy
effective action do not get perturbative contributions above one-loop [23]. After much effort, this
conjecture was recently verified in the RNS formalism at two loops [7][5]. As will now be shown,
the multiloop prescription of section 4 can be easily used to prove the validity of this S-duality
conjecture at all loops.

It was proven using (5.6) that the four-point massless multiloop amplitude vanishes unless
at least three of the four integrated vertex operators contribute an Ny, zero mode. Since the only
operators containing 6 zero modes are the eleven picture-lowering operators and the external vertex
operators, the functional integral over 8 zero modes in the multiloop prescription for the four-point
amplitude gives an expression of the form

4
| 67°000) (607 (@) + 4N 77(6)) [] N 77™(0) 67

Since the external vertex operators must contribute at least 5 8% and 6% zero modes, one easily
sees that there is no way to produce an |F#|? term which would imply an R* term in the effective
action. In fact, by examining the component expansion of the %,,(8) and W%(0) superfields, one
finds that the term with fewest number of spacetime derivatives which contributes 5 8’s and 5 8’s
is | (9F ) (8F )F2|2, which would imply a *R* contribution to the low-energy effective action.

So it has been proven that there are no multiloop contributions to R* terms (or 9°R* terms) in
the low-energy effective action of the superstring. It should be noted that this proof has assumed
that the correlation function over x™ does not contribute inverse powers of k™ which could cancel
momentum factors coming from the © integration in (5.7). Although the x™ correlation function
does contain poles as a function of k™ when the external vertex operators collide, these poles only
contribute to non-local terms in the effective action which involve massless propagators, and are
not expected to contribute to local terms in the effective action such as the R* term.
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6. Conclusions

As discussed in these proceedings, the super-Poincaré covariant prescription for multiloop
superstring amplitudes has several advantages over the RNS prescription. There is no sum over
spin structures, surface terms from the boundary of moduli space can be ignored, and there are
no unphysical poles from a negative-energy chiral boson. Furthermore, the partition functions for
the matter and ghost variables cancel, amplitudes involving external Ramond states are no more
complicated than those involving external Neveu-Schwarz states, and one can easily prove certain
vanishing theorems by counting zero modes of the fermionic superspace variables.

Nevertheless, there are still some open questions concerning the super-Poincaré covariant pre-
scription which would be useful to answer. Since the formalism has only been defined in con-
formal gauge, it is not yet clear how to derive the BRST operator and picture-changing operators
from a worldsheet reparameterization-invariant action analogous to the Nambu-Goto action for the
bosonic string. One clue may come from the N=2 twistor-string formalism which has been shown
at the classical level to be related to the pure spinor formalism and the b ghost [31]. Another
important question is to show that the multiloop prescription is unitary, possibly by proving its
equivalence with a light-cone gauge prescription.

There are many possible applications of the multiloop prescription described here. For ex-
ample, one could try to verify duality conjectures which imply vanishing theorems for higher-
derivative R* terms [32], R*H*~* terms [33], and F2" terms [34]. Another possible application
is to generalize multiloop computations in a flat ten-dimensional background to multiloop com-
putations in a Calabi-Yau background, perhaps by using the hybrid formalism. Finally, a recent
exciting application of these methods has been developed by Anguelova, Grassi and Vanhove [35]
for computing covariant one-loop amplitudes in eleven dimensions using the pure spinor version
of the d = 11 superparticle [36].
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