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The relativistic string can be considered as a generalization of a 

free particle. It is well known, that the equations of motion of a 

free particle arise from a variational principle, taking the length 

of its path in space-time as the action. Enlarging the dimension of the 

zero dimensional particle to a one-dimensional curve which sweeps out 

a two-dimenslonal worldsheet in space-time, one gets the equations of 

the relativistic string, if one takes the area of the worldsheet as its 

action. There are different justifications for treating the relati- 

vistic string as a physical object: the dual models can be interpreted 

as strings; we will not pursue this point of view, however, but refer 

only to Ref. 2'3'4'6) and the references therein. 

Instead, we will consider the relativistic string as a theoretical 

problem of its own and regain the results of Ref.l!stress will be laid 

on the geometrical point of view as well as on a detailed treatment of 

the classical Hamiltonian formalism 5) 

The worldsheet of the string is characterized by coordinate 

functions ~#~ 0-/ ~ 

where the parameters (~,~) vary in a domain D, which will be specified 

later. The parametrization of the string is to be regular, that is the 

natural tangent vectors 

have to be linearly independent. Furthermore, we will restrict ourselves 

to timelike surfaces, i.e. surfaces which cut the lightcone at each 

point. 

Taking the area of the two-dimensional worldsheet as the action 

we have as Lagrangian 
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where the factor - ~ has been put in for convenience. In neglecting 

a dimensional constant in ~, we have adopted ~ = c = 1 and a funda- 

mental length. Varying xP(~,T) in the action 

we get the Euler-Lagrange equations 

(1.2) 

(1.3) 

To obtain these equations, we had to integrate by parts. The boundary 

terms, which arise in this process cannot be neglected as usual, because 

we deal with a finitely extended string. They have to vanish separately 

and give rise to the boundary equations 

at boundary of D 

Here (mo,ml) denotes the outward unit normal vector of the boundary of 

the parameterdomain D. We realize that adding total derivatives to the 

Lagrangian would have altered the boundary equations and left invariant 

the equations (1.3), so total derivatives represent interactions of the 

boundary of the string. 

x' we get Multiplying 1.4)'with ~ , P , 

~ at boundary 

that is, as (m o, m 1) / O 

f#x'~ ~- k=~ r= = O (1.5) 

Writing this in the form 

(~)We use the convention g~v= diag (-l,+l,+l,...),p,v = 0,1,... 
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~I~ I ~# ~f)~t~Kr/~ )~ _ ~ ( 1 . 6 )  

we see, that the boundary condition implies, that the transverse 

velocity of the boundary is the light velocity. In Euclidean space there 

is no solution to the boundary condition, a fact which is well known 

from everyday experience with soap bubbles. Returning now to equation 

(1.4), we realize, that the denominator vanishes, so we have to check, 

what additional conditions are implied by (1.4). Making use of (1.5) 

and the linear independence of x~, x '~ we get 

X/~ '1~1 I ~ o  
at  boundary 

as a necessary condition at the boundary. This condition has to be 

checked for consistency with the equations of motion (1.3), for (1.5) 

defines, where the boundary is,(1.3) where it will move to, so the 

direction of the boundary is fixed. One can prove, that (1.5) and 

(1.7) are sufficient for (1.4). 

Let us now turn to the equations of motion (1.3). They do not 

determine uniquely the functions x~(~,m) once the initial values 

xP(~,T=O), x~(@,T=O) are specified. In fact, they allow an arbitrary 

reparametrization 

So to get unique solutions of the initial value problem we have to 

impose additional gauge conditions. We will carefully choose such a 

parametrization, that the equations of motion can be solved. 

Suppose, we are given a solution of (1.3), choose 

~ C_. • ~v/f. )¢ /~ ' (Q~ ~) ( 1 . 8 )  

as new parameter • with an arbitrary constant vector n , which is 

subject to 

~ 0  
In the second step, we impose 

! 
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This can be done by solving the ordinary system of differential 

equations 

dA (1.1o) 

The solutions are paths (~(k), T(1)). Now set ~ (~,T) constant on these 

paths and let ~ : T. In this new parametrization, you can check, that 

(1.9) is fulfilled. Notice, that this condition fixes the form of the 

domain D. (1.7) yields 

so the boundary is given by two curves 

: i ~min 
~boundary const = C~ma x 

and we can choose ~ • : O. The condition 
mln 

spoiling (1.8), so we have 

1.9) could be met without 

Multiplying the equations of motion (1.3) with n 

of (1.8) and (1.9) 

with the general solution 

>c + ~2-(0- )  k" ~-- O 

, we get on account 

(1.12) 

The first boundary condition (1.5) implies, that in a regular parame- 

trization we must have 

(1.13) 

We can however perform the singular reparametrization 

= 4j (1.14) 

This is an integrable, finite reparametrization, if 12(~) has simple 

zeros at 0 and ~max' and normalizes the function ~(~) in (I.12) to 

unity, that is instead of (i.12) we have 
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X" -~ x = 0 (1.~.5) 

and because of the singular parametrization 

Xl~" I = 0  
at boundary 

(1.16) 

instead of (1.13). Odd numbers of partial derivatives with respect to 

have to vanish at the boundary. In a last step, we divide T and 
by dmax -~, thus normalizing the domain D to D : { (~,T): 0 < W < ~} 

One can check, that each step was a invertible reparametrization of 

the timelike worldsheet of the string, so we didn't lose any solution 

of the equations of motion. (1.3) is now simply the wave equation in two 

dimensions 

-- ~/I = 0 (1.17) 

The gauge conditions (1.9) and (1.15) can be written 

-h. .X" ~ C ."U 

(1.18) 

(1.18a) 

The most general solution to (1.17) is given by 

(1.19) 

with arbitrary functions g~(t) and h~(t). Applying the boundary con- 

ditions (1.16) at ~ : O, we get 

(1.19a) 

and at ~ = w we have as result 

with an a r b i t r a r y  c o n s t a n t  a !a . M a k i n g  u s e  o f  t h e  p e r i o d i c i t y  o f  gla,  
o 

w h i c h  r e s u l t e d  f r o m  t h e  f i n i t e n e s s  o f  t h e  s t r i n g ,  we e x p a n d  gP i n  

discrete modes 



336 

with real constants qM ~J and complex aM 'n- Notice, that gM(t) has a 

s i m p l e  g e o m e t r i c  i n t e r p r e t a t i o n .  The b o u n d a r y  c u r v e  xM(~ " = O,1:) i s  j u s t  

~" ( ¢= O, ~:) : 2 ~r ¢=) 

and the world sheet is the mean value of positions of its boundary 

Inserting the expansion (1.21) of gM(t), we get 

"=4 W t ~ '~  --~£e (1.23) 

The constants m~, a~ n are subject to the gauge conditions (1.18), or 

equivalently the condition, that the boundary curve is lightlike; this 

equivalence (in this gauge) is seen from 

So, using the expansion (1.21) and the more convenient coefficients 

/ 7 -  < = -~ ; _ - ~  (1.25) 

we get 

" "  ) 
= X e cg 

The gauge conditions thus imply 

0 =/ - 2 ~ - - ~ -  

(1.26) 

(1.27) 

%'~-4 

For n=O we have 

0-2 
g~o 

/'-~- = 4 

(1.28) 
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and n < 0 follows from 

L_~ ~ Z~ (1.29) 

Exploiting the Poincare invariance of the Lagrangian (1.1) we get the 

conserved momentum and angular momentum of the string 

.~fyA- 9#. JG + ~A- 9 ~ ~ /  /m, #-,v 
(1.30) 

where the integral is taken along some arbitrary curve, which intersects 

the domain D. P~ and M ~v are conserved because of the equations of 

motion (1.3) and the boundary conditions (1.4). Choosing as path 

T = const for convenience and inserting the expansion (1.23), we get 

o~ (1.31) 

~M with the momentum of the string and a~Uwith its exci- Identifying 
O n 

tations, we see that (1.28) is a spectrum condition, fixing the mass 

of the string in terms of its excitations. 

To quantize the string, we have to go through a Hamiltonian 

formalism, and then substitute Poisson brackets by commutator, inter- 

preting the dynamical variables as operators acting on the Hilbert 

space of states. Computing 

GX ~r 
- J~ (2.1)  

we see, that ~ vanishes identically, furthermore we have the identities 

f/,.. ~. --- 0 f + \ T  / 0 ( 2 . 2 )  

where 

(2.3) 

So we see, that the phase space (p~, x ~) is constrained and the usual 

H a m i l t o n i a n  f o r m a l i s m  c a n n o t  b e  a p p l i e d .  So we w i l l  gc  t h r o u g h  a g e -  

n e r a l i z e d  Hamiltonian formalism 5) and apply it to the string. 
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Let us be given a Lagrangian ~(QA QA ) A : I...N of fields 

QA (which for convenience are to be functions of space time coordinates 

x ~ and not of some parameters (~,T) as we will have to deal with) and 

its derivatives QA ~QA ,~ = ~-~ . The canonically conjugated momenta are 

q~ 
PA - 0 ~ (2.4)  

o / 

The first step to Hamiltonian dynamics is to inverte this definition 

r ° r /o~ ( 2 . 5 )  

and substitute the time derivatives of the fields by these functions 

of the momenta, the fields and their space derivatives. What is the 

condition, for the inversion (2.5) to be possible? 

By the implicit function theorem, the matrix 

0 PA Q ~  
I~'IA B -- * a"  0 0 0 1 ° 9 0 " [ °  (2 .6 )  

/ 

has to be of maximal rank. If it is not, the Euler-Lagrange equations 

do not (in general) determine uniquely the initial value problem. 

This can be seen by writing them as 

/00 ~ (2.7) 

where fA is a function of time derivatives of the fields up to first 

order at most. Now if MAB is not of maximal rank, that is, if there 

exist vectors n A with 
r 

A t'd : 0 (2.8) 
",- AS 

then one cannot solve (2.7) for the second time derivatives. So given 

a set of initial values 

10 ) 

the second time derivatives QA ,oo are determined only up to arbitrary 

combinations of n A r' if (2.7) admits a solution at all, more precisely 

the initial values are constrained by first order equations 
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~,,_ = 0 (2.10) 

It can be~ that differentiating (2.10) gives new second order equations, 

independent from (2.7), thus removing some arbitrariness of the initial 

value problem. 

On the other hand, if we have a gauge symmetry, then the so- 

lutions are determined only up to some arbitrary functions and the 

initial value problem is necessarily underdetermined, then we will 

not be able, to solve (2.4) for the time derivatives of the fields, 

because (2.6) is not of maximal rank. As a consequence, the phase space 

will be constrained by identities 

>(< <. ) J PA ( = ) - - 0  A = 4 . . .  r4 ( 2 . ~ )  
, 'r- =- 4 , . .  N1  

the number M of independent constraints being the deviation of the 

rank of (2.6) from its maximal value 

rank ~ "F ~ = ~ (2.12) 

For convenience~ we choose a functional parametrization of the con- 

straints 

(2.13) 

with arbitrary functions Ir(x). 

Variations of QA QA give rise to variations of QA ~0 ' PA which preserve 

the constraints, they are thus subject to 

The variational derivative of a functional 

= cC ) 

is given by 

(a is summed over space indices only) 

Though we cannot substitute QA by a function of (QA pA ), we can 
~O 
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express H as a function of (QA PA ) because variations of QA leave 
J sO 

H invariant. 

= te ~ -O---dJo ,o/ (2.16) 

The second and the fourth term cancel because of (2.4). 

Varying QA and PA we get from the variational principle 

(2.17) 

As the variations ~PA and 8Q A are only subject to (2.14), we get the 

following Hamiltonian equations 

,o g'Pa oeP4 

~H ~'4~m~ 

Defining Poisson brackets 

for some A (2.18) 

2 ~  . _ ,4 P ~  3 ( 2 . ~ 9 )  

[pc (~) 

(2.18) can be cast into the form 

} G = ~ 0 ,  H ~- 40) ~.~o) 

~or a~ a r ~ t r a .  ~ u ~ o n a ~  op, ~A. 
These equations of motion determine uniquely the development of the 

system, once the initial values have been specified. The constraints 

(2.13) therefore cannot be imposed as additional conditions but can 

be imposed at the initial time only. It has then to be checked,whether 

the evolution of the system, governed by H+¢(1) preserves the con- 

straints. So for (2.13) to be valid, we must have 

for any q and some fixed I It is sufficient that 

account of (2.13), that is 

(2.21) vanishes on 

(2.21a) 
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It can be, that there is no ~, which fulfils (2.21) and that the 

Poisson brackets yield independent secondary constraints ×(~ ) 

on the dynamical variables. Then these secondary constraints have to 

be imposed on the initial values of the system and its time deriva- 

tives have to vanish. 

New constraints can arise, and we have to repeat the process. Let us 

suppose, that after a finite number of such steps, the equations 

(2.21), (2.22) are fulfilled, then we can look upon them as equations 

for the yet undetermined function ~. The equations form a linear 

inhomogeneous system of equations for ~, the most general solution of 

which is 

where ~ is a particular solution, I r are solutions of the homogeneous 

equation (without H) and c r are totally arbitrary functions, exhibiting 

the gauge symmetry of the system. 

Let us apply this formalism to the string~where the coordinates 

x take the role of fields and the parameters (~,T) correspond to 

the space-time coordinates. As ~ vanishes, the motion is generated 

by the constraint functions ~+ alone 

= o I 2 2 4 )  

As Hamiltonian, we can choose 

×1 2-+ ~ ) 
(2 .25)  

The equations of motion are (corresponding to 2.18) 

@•C ×It" /* 
(2.26) 

and as we integrated by parts and have finite boundaries, we get the 

boundary conditions 
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( 2 . 2 7 )  

The phase space is constrained by 
IT 

D 

The constraints obey the algebra 

( 2 . 2 8 )  

) L ~=+,- (2.29) 

that is, they form a closed algebra, no secondary constraints arise. 

Defining 

(2.30) 
[ x I ~ . _  

and 
+7 

we get a discrete complete set of constraints. Their algebra is parti- 

cularly simple 

M a k i n g  use o f  t h e  c o n s t r a i n t s  ( 2 . 2 ) ,  one can  c a s t  t h e  b o u n d a r y  c o n -  

dition into the form 

~'~+ 4-- ~- O )at 

Nevertheless, we will choose 

boundary (2.33) 

+~ ~--7~ (2.34) 
2 

which corresponds to the singular parametrlzation, we dealt with above. 

We then have 
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o r  

1i- 

O 
(2.35) 

If 
~ v = C) (2 .36 )  

The constraints give 

(2.37) 

that is we get back the equations (1.16,1.17,1.18). They are invariant 

however under conformal transformations of the two-dimensional para- 

meter space. This is, as one knows from the theory of functions e.g., 

a gauge group restricted by the "Cauchy Riemann differential equations" 

(with a different minus sign on account of the different metric). To 

be specific, we can allow for new parameters 

subject to 

9E 9~ 9Y 

o r  

So we can choose 

a boundary 

~ =  0/1T 

(2.38) 

(2.39) 

15 2 ~  = c "~L- (2 .40 )  
P 

As n x ~ fulfils (2.39), n is a constant vector with n2< 0 as above and 
P -- 

the constant c turns out to be 

the momentum in the direction of n. So we have reproduced all the 

equations of the Lagrangian treatment of the string, we have as the 

most general solution (1.23) and the constraints (1.27) and (2.31), 

defined in a different way, turn out to coincide, justifying the 

notation. 
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Using the expansion (1.23) and ~u x~ :T 
11- 

, we can solve for the modes. 

o 

Ir 

I 
O 

0 

From t h e  d e f i n i t i o n  o f  P o i s s o n  b r a c k e t s  

T Yg 

we get 

(2.44) 

The other Poisson brackets of the modes vanish. The algebra of the 

constraints has been given already (2.32). 

Quantization can proceed now along well known lines. Regard the 

dynamical variables x ~, p~ as operators acting on the Hilbert space of 

states and let the commutators be given by i times the Poisson bracket 

of the classical theory. The algebra of the modes becomes the algebra 

of annihilation-creation operators 

(3.1) 

It is also convenient to give the algebra of the s-operators (1.25) 

Given the ground state, we can construct a basis for the Fock space 
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where the ground s ta te  has the p r o p e r t i e s  

C~/~/~ [ 0 > (3.2) 

# 
(X,~,~ / O ~  = O (3.3) 

The state (3.2) has momentum k , its excitation is given by the multi- 

index I= (..I .... ). The ordering of the creation-annihilation oper- 

ators in those operators, containing a m and a n in higher than first 

order~ is either fixed by hermiticity (1.31) or is irrelevant (1.27) 

or gives rise to a yet undetermined c-number term. So we will define 

L ° as the normal ordered operator corresponding to (1.28). Because of 

the non-arbitrariness in the ordering of L o, the algebra of the L n 

operators is changed by an important dimension* dependent c-number. The 

number can be computed most easily be taking the groundstate expecta- 

tion value of the L n commutator. We have 

<ol 

So the c o n s t r a i n t s  - or gauge opera to rs  obey the a lgebra  ( c f .  2.32)  

Because of these commutation relations, we cannot simply have L 
n 

as constraint condition, but can only impose 

= 0 

thus s i n g l i n g  out a subspaee of  the H i l b e r t  space. (Here we a l lowed f o r  
the c-number term, a r i s i n g  from the a r b i t r a r i n e s s  o f  the o r d e r i n g  o f  

the classical Lo.) Making use of L_n : L + we get the sufficient condition 
n 

for (3.5) to be valid as 

Notice, that we didn't specify the dimension of space time up to now, 

so we can allow the index ~ to vary from 0 to (D-l). 
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The set of all solutions to (3.6) will be denoted as the physical space, 

the states ]~ > as the physical states. One now has to show, that no 

negative norm states appear as solutions to (3.6), so that the gauge 

eliminates the negative norm states, generated by a~ °. Be- condition 

fore we construct the physical states, some elementary remarks. We 

cannot expect to construct all solutions to (3.6) at once but want 

to make use of an inductive process rather. We notice, that we can 

diagonalize the level operator 

in the space of solutions to (3.6). This follows from the commutation 

relations 

The eigenvalues of R, the level number M, are positive integers, the 

eigenspace at level number M will be denoted by R M. The construction 

of solutions to (3.6) will make use of complete induction with respect 

to the level number. 

To get rid of the continuum of momenta of the states, we would 

like to consider states only with one fixed momentum. The condition 

(3.6) for n = 0 however fixes the mass of the physical states 

so we cannot have one fixed momentum for physical states at different 

levels. (3.9 will be referred to as the mass-shell condition). So we 

will suppose the states, we are dealing with, as having the momentum 

where (P~)M is the momentum at level M, and k is restricted by 

-1, > O j  = = 

We then have 

(3.~ia) 
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that is, (3.9) is fulfilled. 

Before proceeding, we will introduce some notations: 

The operators K will be of importance, they are defined by 
n 

and obey the commutation relations 

The t r a n s v e r s e  s t a t e s  I t> a r e  t h e  s o l u t i o n s  o f  

The space spanned by the transverse states at level M, It, M,v> ~)will 

be denoted by T M. The following operator product, applied to transverse 

states will be important 

< . . . . . .  

where {k,~} denotes the multi-index 11... kn ~i''" ~m and 

U s i n g  t h e  c o m m u t a t i o n  r e l a t i o n s  ( 3 . 1 3 )  and ( 3 . 8 ) ,  one e a s i l y  v e r i f i e s ,  

t h a t  t h e  l e v e l  number  o f  {k ,~  }M, I t , M , v >  i s  M'+M. 

The i m p o r t a n c e  o f  t h e  s t a t e s  I t ,  M, v> ,  w h i c h  f o r m  a s u b s p a c e  o f  t h e  

p h y s i c a l  s p a c e  becomes  t r a n s p a r e n t  by t h e  f o l l o w i n g  lemma: 

I f  I t ,  M,v> i s  a b a s i s  f o r  t h e  t r a n s v e r s e  s p a c e  T E a t  l e v e l  M, t h e n  

the states 

{ ,kt , , ,>  (3.17) 
g i v e  a b a s i s  f o r  t h e  s t a t e s  a t  l e v e l  number  N, and as N v a r i e s ,  f o r  

t h e  w h o l e  H i l b e r t  s p a c e .  

Using this lemma, we can write an arbitrary physical state as a linear 

combination of 

*](v denotes a degeneration parameter, M the level number) 
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t', . . ~  I-L'> + i , , is> 
l i ,>-~ d . 

and making use repeatedly of the commutation relations (3.4) and 

(3.13) we will show, that if the dimension D is 26 and ~ : -I then 

I~> is a linear combination of the form 

I?> = f~> + L ,  Is> (3.18) 

where L_nls> is physical and null,null meaning, that its scalar pro- 

duct with any physical state, including itself, vanishes. Then, the 

physical space is positive semidefinite. The choice of a specific 

vector ku turns out to be irrelevant, because, as It> is a physical 

vector, it can be written as a sum of a transverse vector, constructed 

with a different k' , and a null vector. The condition 

which corresponds to (2.30, 2.41) thus does not spoil Lorentz-covariance, 

but fixes only the null vector part of the physical states. It cannot 

be imposed however if D <26, to fix a null vector part of the physical 

states. 

Let us prove now the lemma. We show first, that the states 

[' I~ t,4, ,,"> ,v-/% > o (3.20) 

are linearly independent for fixed M and v. Let us be given a linear 

A/~ ! J 

then for If> to vanish, the terms with different excitations have to 

vanish separately. Consider the a~ ~ oscillators : 

{l '~}N-M contributes terms of the form (cf. 1.27, 3.12) 

(4 L? 
Consider the terms in If> , which maximize the number of a~-oscilla - 

tors; these terms have to cancel. But obviously, they can do so only 

if all these terms have the same 11, k2,...kn,W1. But then, for 

cancellation of the remaining excitations resulting from K us to be 
-s 

possible, we also have U2''' ~n equal in all terms, so there is only 

one term, which has to vanish itself. So we conclude that for If> 

to vanish, the coefficients c~l,~9 have to vanish and the linear 

independence of (3.20) is shown. 
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We now prove that the states If> do not contain transverse states. For 

this purpose, we first define an order of the multi-indices. We say 

= : ' ~m < h' the same definition (I i) <(h' i) if h I h~...lm_ 1 hm_l, m ' 
applying to (Bi). Now assume If> is transverse. Take those terms with 

smallest (~i) and choose from these the one with largest (hi). Suppose 

(h i) # 0 and especially hl,.., hi_ 1 = O~lj # O. 

Apply Kj to If> . Using the commutation relation (3.13), one sees, that 

(Zi) is increased and h decreased. Because of Kolt,M,v> : - It,M,v> 

(cf. 3.11a, 3.12), the only terms where (Ui) is not increased have the 

structure L~i-}... It> , they cannot cancel with other terms, arising 

in the commutation process, which have greater (~i), so for the 

smallest(Di) terms, the greatest (li) is O. Applying our consideration 

to the next larger (Ui) and noting, that Kj annihilates the terms 

with smaller (Ui) (no L j are present there), we get by induction, 

that all kj have to be zero. Now apply L n to the vector, where hj : O. 

Commuting L n through K_i operators either increases (~i) or gives rise 

to terms with Kj3j >0, which are annihilated, or terms with Ko, which 

have a smaller (Zi). Take the term with smallest non-zero (Ui), let j 

be the minimal value, for which Uj # 0 and apply Lj. The smallest term 

which originated in commuting Lj to the right is ~j-1,.., it cannot be 

cancelled by other terms. So there is no smallest non-zero term 

{0, ~i}It> in the vector If> It follows then, that the states (3.20) 

do not contain transverse states. 

We now show, that the states (3.20) and the transverse states form a 

basis. Let G N denote the space spanned by the states (3.20). T N is 

• : K t L n:L~. orthogonal to it by definition (3 14) and because of K n n ' - 

We prove by induction, that T N is equal to the orthogonal complement 

of G N (with respect to RN), and as we know, that G N and T N : (GN) A 

are disjoint, G N and T N span the whole R N. It is easy to show the 

necessary conditions for N : 1. Let us be given, that up to N-I, TM~ G M 

form a basis for R M. Let I~> be from (GN) £ , then it fulfils 

K [;I,/,. ] ,_  _2_ ,W, = 0 (3.21)  
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By induction hypothesis { I,~}N_M_llt,M,v> and {I,~}NIMI21t,M v> 

form a basis (N-M-1 and N-M-2 may be zero) for R N-I, R N-2. 

As all scalar products of the vectors LI[9> , L 2 I~>, KI[@> with a 

basis vanish, the states are zero themselves. From the commutation 

relations (3.4),(3.13) it then follows, that 

and I~ > is a transverse state. Moreover, we can easily show now, that 

T N is positive definite: it is positive semidefinite because K It> = 0 
n 

excludes timelike excitations, it is positive definite, because it 

is disjoint with its orthogonal complement G N. Having established now 

the lemma it is easy to proceed to the main goal of determining the 

physical space. Any vector can be written as a linear combination of 

vec to rs  I t ,M,~> , K~_ . . .  K~% It ,M,~> , L _ l l a  >, t_2lb> because o f  

the generating algebra of the L n (3.4). L_2 is defined by 

L = ,-L = (3.22) z 2 A ~ -i 

We only have to check 

Lz I?>-O (3.23) 

for I~> to be physical. Making use of the commutation relations (3.13) 

and especially 

(3 .28)  

we see that if D = 26 and the groundstate mass squared m 2 = 2a is 

2 m Ib> are mapped on states m = -2 (~ =-1), then the states L IIa> + L_2 

[b'> by L 1 and ~2" So for I~> to be physical, the L_11a'> + L_2 
states K~ i .... K_~m m It> and L_lla> + ~_2 I b> have to vanish separately 

on applying L 1 and ~2 to I¢>. Applying the same considerations as in 

the proof of the lemma, we get, that for LnK~I... KUm-m It> to be zero 

all powers of K j have to vanish. So we get the result, which we 

indicated earlier: If the dimension of space time is 26 and a= -1 , 
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all solutions of 

L,, I~'~ = ('Lo+<) (I~> = 0 

<~/?5 + o 
are of the form 

i,,+--, = ( ~ >  + ( ~ >  

2 ¢t~O~ with 

(3.25) 

where It> is a transverse state and Is> is a linear combination of sta- 

tes of the form L_nIX> , which is orthogonal to any physical state, 

including itself. 

That 26 is an upper limit to the dimension of the string model 

is seen from the state 

I¢"> ='l?L_z ÷ ~ (3-z~)(~_z* ~ )} [oL/ (3.26) 

which is physical for any dimension D, but has norm 

~2 ~ - ~ )  (3.2~) 

If D is smaller than 26, the transverse states do not span the physical 

space up to null vectors, as this example shows. 
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