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The relativistic string can be considered as a generalization of a

free particle. It 1s well known, that the equations of motion of a

free particle arise from a variational principle, taking the length

of its path in space-time as the action. Enlarging the dimension of the
zero dimensional particle to a one-dimensional curve which sweeps out

a two-dimensional worldsheet in space-time, one gets the equations of
the relativistic string, if one takes the area of the worldsheet as its
action. There are different justifications for treating the relati-
vistic string as a physical object: the dual models can be interpreted
as strings; we will not pursue this point of view, however, but refer

4,6
only to Ref.2’3’ ? and the references therein.

Instead, we will consider the relativistic string as a theoretical

1)

problem of its own and regain the results of Ref. (Stress will be laid

on the geometrical point of view as well as on a detailed treatment of

5)

the c¢lassical Hamiltonian formalism

The worldsheet of the string is characterized by coordinate
functions
X#(S/t)
where the parameters (&,t) vary in a domain D, which will be specified
later. The parametrization of the string is to be regular,that is the

natural tangent vectors

: Ax” Y- AxT
XF:@“Z: ;X T4y

have to be linearly independent. Furthermore, we will restrict ourselves
to timelike surfaces, i.e. surfaces which cut the lightcone at each

point.

Taking the area of the two-dimensional worldsheet as the action

we have as Lagrangian
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7 (aé)

4 (-/?- VERVLE (1.1)
L=~ (ix") - % x
m

where the factor - % has been put in for convenience. In neglecting
a dimensional constant in & , we have adopted & = ¢ = 1 and a funda-
mental length. Varying Xu(U,T) in the action

JI_ doedc (1.2)
D

we get the Euler-Lagrange equations
( - N .
N[ xT(xx" —x!(x'¥) LA e - x 7 (%)

- ) : =
DT\ Vi - x=x'* N\ - x2x '™

0

(1.3)

To obtain these equations, we had to integrate by parts. The boundary
terms, which arise in this process cannot be neglected as usual, because
we deal with a finitely extended string. They have to vanish separately
and give rise to the boundary equations
0<|m x7 (kx') = x+ (') +m xMGx') = x7(x%) o
- ] — 4 —1 '
’l[(f(x')"—— x*Tx!*

(xx"Y* — x*x'%
at boundary of D

Here (mo,ml) denotes the outward unit normal vector of the boundary of

the parameterdomain D. We realize that adding total derivatives to the

Lagrangian would have altered the boundary equations and left invariant
the equations (1.3), so total derivatives represent interactions of the
boundary of the string.

Multiplying (1.4)°with kp, xﬂ , We get

(1:4) VY Gy = xaxe

= 0

at boundary

that is, as (mo, ml) £ 0

(xxY —x"x* =0 (1.5)

Writing this in the form

(*)We use the convention guV: diag (=1,+1,+1,...0,u,v = 0,1,...
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Xm_('r (xx') Xlr)LzO

Xt - ————;j;f— (1.6)
we see, that the boundary condition implies, that the transverse
velocity of the boundary is the 1light velocity. In Euclidean space there
is no solution to the boundary condition, a fact which is well known
from everyday experience with socap bubbles. Returning now to equation
(1.4), we realize, that the denominator vanishes, so we have to check,
what additional conditions are implied by (1.4). Making use of (1.5)

B oyxrH

and the linear independence of X we get

T, (kx'y | = O (1.7)

at boundary

as a necessary condition at the boundary. This condition has to be
checked for consistency with the equations of motion (1.3), for (1.5)
defines, where the boundary is,(1.3) where it will move to, so the
direction of the boundary is fixed. One can prove, that (1.5) and
(1.7) are sufficient for (1.4).

Let us now turn to the equationsof motion (1.3). They do not
determine uniquely the functions xu(c,T) once the initial values
xu(c,rzo), ku(d,r=0) are specified. In fact, they allow an arbitrary
reparametrization

o, Tle,T) X"(5,T) = x"(s,7)

So to get unique solutions of the initial value problem we have to
impose additional gauge conditions. We will carefully choose such a

parametrization, that the equations of motion can be solved.

Suppose, we are given a solution of (1.3), choose

T = c-nfx*(e“,t) (1.8)

as new parameter T with an arbitrary constant vector ns which is
subject to
2
W £ 0

In the second step, we impose

4 /
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This can be done by solving the ordinary system of differential

equations
o(t(ﬂ ﬂ/U'(r]) .
T B A R

The solutions are paths (g(A), T(A)). Now set & (v,1) constant on these
paths and let T = T, In this new parametrization, you can check, that

(1.9) is fulfilled. Notice, that this condition fixes the form of the
domain D. (1.7) yields

M, = 0 y M, = 1 (1.11)
so the boundary is given by two curves
¢, = const = {:@hin
boundary cﬁax

and we can choose dmin = 0. The condition (1.9) could be met without
spoiling (1.8), so we have

Mx==C mxy = 0O

Multiplying the equations of motion (1.3) with B, we get on account
of (1.8) and (1.9)

@( =l ) =0

%= x*

with the general solution
.2 YN (kS
wr 4+ (o) x'"=0 (1.12)

The first boundary condition (1.5) implies, that in a regular parame-

trization we must have

A(0) = Alcuan) = O (1.13)

We can however perform the singular reparametrization
G

~ 4 0{ |
6) = <} .14
a ) OJF\(@W (1.14)

This is an integrable, finite reparametrization, if AE(G) has simple

zeros at O and o and normalizes the function X(3) in (1.12) to

ax?’
unity, that is instead of (1.12) we have
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2 2
X + X = (1.15)
and because of the singular parametrization

X{PI =0 (1.16)
at boundary

instead of (1.13). 0dd numbers of partial derivatives with respect to
o have to vanish at the boundary. In a last step, we divide T and o
by 6?ax’ thus normalizing the domain D to D = { (¢,7): 0<e& < 7}

One can check, that each step was a invertible reparametrization of
the timelike worldsheet of the string, so we didn't lose any solution

of the equations of motion. (1.3) is now simply the wave equation in two

dimensions

o 1
x —x =0 (1.17)

The gauge conditions (1.9) and (1.15) can be written

. 2
(x+x"Y =0 ' (1.18)
mx =C-T (1.18a)

The most general solution to (1.17) is given by
x’“(Glf)-:g/k(‘C*‘T)ﬂ“{u/A(f—o‘) (1.19)

with arbitrary functions gP(t) and h*(t). Applying the boundary con-
ditions (1.16) at & = 0, we get

%"\(t) = 45(¢) (1.19a)

and at & = 1 we have as result

%/A(f-f'l’h') - S«Iu(t) —~+ Tfo[o/“ (1.20)

with an arbitrary constant ug

. Making use of the periodicity of g",
which resulted from the finiteness of the string, we expand g' in
discrete modes

‘oo 4 int “int
1) =2 featt ~ 5 L@t —ar o) Ly

P ¥
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with real constants gV, ag and complex arl“. Notice, that gHM(t) has a

simple geometric interpretation. The boundary curve xM(¢ = 0,t1) is just
x’“(G:O,'C) =2 3"(7:)
and the world sheet is the mean value of positions of its boundary
1 M M -
)(/‘[G‘,'C>:'—(x (0,T+0) +«x (0,2-9) (1.22)
2
Inserting the expansion (1.21) of gM(t), we get
o0 .
Cong X% chT —(WT
~ ) ko _-Z \__< /-~ M
g,T) = KT —¢ a’ e —a, e 1.2
X ( / 7 0 iR G A " ( 3)
The constants ug, a}fl are subject to the gauge conditions (1.18), or

equivalently the condition, that the boundary curve is lightlike; this

equivalence (in this gauge) is seen from 7

0=(xtx"Yeen =(.23'(1:+cﬂ -f—lg'(z:—vs) + 1@/@{»6) —3’&—59) =

3 .
= 4 (g'c ts)) = x*(0,z+0) (1.24)
S0, using the expansion (1.21) and the more convenient coefficients
~ Mo ~ N
oaf = Ym @l , X = () (1.25)
we get +00 ~ e \ 2
.2 _ _
X (O/C> - (Me-w 0<"‘v ¢ )
+ 00 . +00
—~nT I (1.26)
- 2 (2 )
Az ~00 =R
The gauge conditions thus imply
g ~
0 ,_.L% -7 X S (1.27)
Az =00
w>o 2 » 1 tS / '
Jid X -
- Z Jm(wmem) Qs A, . _f"ﬁo(o ‘}‘\m t7 (-m)m qn-»,a)m
=1 s w=1
For n=0 we have
00
1t 4
o/lo(o e +Z:nan6>“» (1.28)
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and n < O follows from
¥

L - L (1.29)

- A [had

Exploiting the Poincare invariance of the Lagrangian (1.1) we get the

conserved momentum and angular momentum of the string

P - J(%ﬂ{@ + %f”)

M’W——-j(/“%( do + x’“

(1.30)
<—>v

where the integral is taken along some arbitrary curve, which intersects
the domain D. P" and MY are conserved because of the equations of
motion (1.3) and the boundary conditions (1.4). Choosing as path

T = const for convenience and inserting the expansion (1.23), we get
Pr =
00 (1.31)
v N v . XMoo v *v
M/‘_:(lj/‘“o(o_?o(é\)—-cg (QMQ”—Q,M_QI:,
A=A
H XU

Identifying o with the momentum of the string and a with its execi-
tations, we see that (1.28) is a spectrum condition, fixing the mass

of the string in terms of its excitations.

To quantize the string, we have to go through a Hamiltonian
formalism, and then substitute Poisson brackets by commutator, inter-
preting the dynamical variables as operators acting on the Hilbert

space of states. Computing

nx .
* = = X_r ~JZ (2.1)

Qxt

we see, that 2%1 vanishes identically, furthermore we have the identities
!

prx=0 Pt (XF)I: 0 (2.2)

where

9
Fr= aer (2.3)

So we see, that the phase space (pu, x") is constrained and the usual

Hamiltonian formalism cannot be applied. So we will gc through a ge-

5)

neralized Hamiltonian formalism , and apply it to the string.
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Let us be given a Lagrangian Jﬂ(QA,QAu) A = 1...N of fields

A . . . . .
Q" (which for convenience are to be functions of space time coordinates

x” and not of some paraﬁeters (eryT) as we will have to deal with) and
its derivatives Qﬁ1= %%u . The canonically conjugated momenta are
3
b N2
AT T (2.4)
nak,

The first step to Hamiltonian dynamics is to inverte this definition
A A A A)
R, = Q,o by O A Xt0  (a.5)
li

and substitute the time derivatives of the fields by these functions
of the momenta, the fields and their space derivatives. What is the
condition, for the inversion (2.5) to be possible?

By the implicit function theorem, the matrix

e PA L
Maiz= 3% = o aal (2.6)
,BQ/O " ,0 /0

has to be of maximal rank. If it is not, the Euler-Lagrange equations
do not (in general) determine uniquely the initial value problem.

This can be seen by writing them as
B
MAB Q/oo + %A =0 (2.7)

where fA is a function of time derivatives of the fields up to first
order at most. Now if MAB is not of maximal rank, that is, if there

exist vectors ni with
AM,L =0
= 2.8
n MA& (2.8)

then one cannot solve (2.7) for the second time derivatives. So given
a set of initial values

QA (x°=0,x%) = S (x%)

) o (2.9)
@/A’o(x=0) x“) = ’\3-/4()( )

the second time derivatives QAO are determined only up to arbitrary
L]

o
combinations of nﬁ, if (2.7) admits a solution at all, more precisely

the initial values are constrained by first order equations
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’ni ‘i{’é =0 (2.10)

It can be, that differentiating (2.10) gives new second order equations,
independent from (2.7), thus removing some arbitrariness of the initial

value problem.

On the other hand, if we have a gauge symmetry, then the so-
lutions are determined only up to some arbitrary functions and the
initial value problem is necessarily underdetermined, then we will
not be able, to solve (2.4) for the time derivatives of the fields,
because (2.6) is not of maximal rank. As a consequence, the phase space

will be constrained by identities

«+0
A A
Q, @ ) =0 A=4.. N ‘
7’,,-( , ,ulPA) A (2.11)

the number M of independent constraints being the deviation of the

rank of (2.6) from its maximal value
Q
rank __fﬁ_ ) + ﬁﬂ A/ (2.12)

! GL

For convenience, we choose a functional parametrization of the con-
straints

b (A) = [d% Ao o (Y Q1 1) =0 2.13)

with arbitrary functions Ar(x).

Variations of Q R Q ,0 give rise to variations of Q s By which preserve

the constraints, they are thus subject to
Se0)
0= Jofx( ¢ /oA(x) + qu?) JGZA(X)) (2.14)
5[0 (x) J Qo
The variational derivative of a functional
rrat] = [ Feat, atl)
is given by
G~ ’D(_"
SF__[2F o 2% >(><>
sartcxs @) Cf‘ o CU«N

(a is summed over space indices only)

(2.15)

Though we cannot substitute QAO by a function of (QA, pA), we can
L]
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express H as a function of (QA, pA), because variations of QAO leave
b

H invariant.

S/_ 9
§H = S(Q‘f?od\(’/’t +PA;Q; SQA ,305,4 SQA) X (2.16)

The second and the fourth term cancel because of (2.4).

Varying QA and p, we get from the variational principle

R AT

As the variations 8P, and 6QA are only subject to (2.14), we get the
following Hamiltonian equations

A SH (M

Q = — <+

° Spa $pa
JH &bm

“Pa0T sor T Tar

Defining Poisson brackets

{A’quz[d&;é;m % - AeB (2.19)

for some A (2.18)

(2.18) can be cast into the form
={G— , H*ff)@)} (2.20)

for an arbitrary functional G [QA, pA] .

These equations of motion determine uniquely the development of the
system, once the initial values have been specified. The constraints
(2.13) therefore cannot be imposed as additional conditions but can

be imposed at the initial time only. It has then to be checked,whether
the evolution of the system, governed by H+d&()\) preserves the con-
straints. So for (2.13) to be valid, we must have

qéul):{qs(”p, H+¢m)}:0 (2.21)

for any n and some fixed A . It is sufficient that (2.21) vanishes on
account of (2.13), that is

{q)("()/ H+¢(A)} = C!D(k:("l/’q()> (2.21a)
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It can be, that there is no A, which fulfils (2.21) and that the
Poisson brackets yleld independent secondary constraints y(IC)

on the dynamical variables. Then these secondary constraints have to
be imposed on the initial values of the system and its time deriva=-

tives have to vanish.

Y () =y o, Heém] =0 (2.0

New constraints can arise, and we have to repeat the process. Let us
suppose, that after a finite number of such steps, the equations
(2.21), (2.22) are fulfilled, then we can look upon them as equations
for the yet undetermined function A. The equations form a linear
inhomogeneous system of equations for A, the most general solution of

which is
/\ = A+ Crr;\p{- (2.23)

where A is a particular solution, Ar are solutions of the homogeneous
equation (without H) and ¢’ are totally arbitrary functions, exhibiting

the gauge symmetry of the system.

Let us apply this formalism to the string,where the coordinates
xu take the role of fields and the parameters (&,r) correspond to
the space-time coordinates. As d€ vanishes, the motion is generated

by the constraint functions ?.+ alone
1\2
?t—;(’n’}otx):O (2.24)

As Hamiltonian, we can choose
+ I\Z - [ENoR
+ A=)y = A X j + ;E x
(A7) = A d ) e 2 (- ) 2.25)
The equations of motion are (corresponding to 2.18)
P (At Ty et oy
xM= (AT+ A7) ph + (AT - AT =

(2.26)

ryéf;%[(;\m‘)%‘f +(3"=27) po"]

and as we integrated by parts and have finite boundaries, we get the

boundary conditions
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™M, }Or'= W, [(AU)_) X—;ﬁ-f-(ﬁ"—ﬁ“) F#] (2.27)

The phase space is constrained by
m

2
ME(A) =2 (e TA (pr 2 )T =0 (2.29)
0
The constraints obey the algebra

IMU@, MR = SIMI (LR -4 %) | ¢ jonm )

that is, they form a closed algebra, no secondary constraints arise.
Defining

T (p+4 Vo T3>0
Loy = - (2.30)
i (r-f) e w0
and

+T

sz fa(s QC%G,((O‘) - MY&L”) — M_(e"'“@) (2.31)
=

we get a discrete complete set of constraints. Their algebra is parti-

cularly simple

{L%/ quj = L (mm-1n) me«, (2.32)

Making use of the constraints (2.2), one can cast the boundary con-
dition into the form
—~+ —
A + ﬂ = O
+ - at boundary (2.33)
Twm, = (AT=AQ ‘)Lw1

Nevertheless, we will choose

;\*})':_} (2.34)

which corresponds to the singular parametrization, we dealt with above.
We then have



&
~ (2.35)
X/k:TlF ) 'ﬂ'}o'r'::X’k//
or
LX) {1
X —Xx =0 (2.36)
The constraints give
L [ L
O—,(ﬁptx'y =(x+x") (2.37)

that is we get back the equations (1.16,1.17,1.18). They are invariant
however under conformal transformations of the two-dimensional para-
meter space. This 1is, as one knows from the theory of functions e.g.,

a gauge group restricted by the "Cauchy Riemann differential equations"
(with a different minus sign on account of the different metric). To

be specific, we can allow for new parameters
n r~
& (s,°) E(o,T)

subject to

D& 0T D> T DE
— = ;= 5~ < 5% — | =0 (2.38)
Do T 7 T s  , AT
at boundary
or
.. / ! (2.39)
T "E/':—O ’ C/ :O
&=0,T
So we can choose
nw x’ = cT (2.40)
-~

As nuxu fulfils (2.39), n, is a constant vector with nzi 0 as above and

the constant ¢ turns out to be

C:’\’L/.,O(ék (2.41)
the momentum in the direction of n. So we have reproduced all the
equations of the Lagrangian treatment of the string, we have as the
most general solution (1.23) and the constraints (1.27) and (2.31),
defined in a different way, turn out to coincide, justifying the

notation.
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L U
Using the expansion (1.23) and F“ = %? , we can solve for the modes.
r M
g = ) P de
o
1 T ~
ﬁ__s IS Y d
= x!' —-—mTT v (2.42)
9" = =) P
0
™

M

. s
* —ilnT .
o(/k=J0,L MMG(‘O—‘*L'%X/A de
=
QO
From the definition of Poisson brackets

dA 4B
{A B’g iﬁgx"@\ 5\)0 (o) - AL o

we get

{?I" d:’§=?lw

{ aﬁf: /‘1:~} = E'zfn)J;Juu

(2.44)

The other Poisson brackets of the modes vanish. The algebra of the
constraints has been given already (2.32).

Quantization can proceed now along well known lines. Regard the
dynamical variables xu, P, as operators acting on the Hilbert space of
states and let the commutators be given by i times the Poisson bracket
of the classical theory. The algebra of the modes becomes the algebra

of annihilation-creation operators

v
[jcbﬁl J a;;T ] = A;-1~ @JM m, v > 0

/
v : ~r
[qF, o ]= 03
It is also convenient to give the algebra of the a-operators (1.25)

J—_°(/~:_ ; d:\.l = ‘yuwu)o ﬁ’/w

(3.1)

I

(3.1a)

[‘jlu/ °(:Ll= “'XM,O 3’/“)

Given the ground state, we can construct a basis for the Fock space
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i heel .

1), RS = T = (a [) T oy -2
/4

where the ground state has the properties

x! lo>=0 (3.3)

The state (3.2) has momentum ku’ its excitation is given by the multi-
index A= (..X ....). The ordering of the creation-annihilation oper-

Myl
. - v
ators in those operators, containing amu and a,

in higher than first
order, is either fixed by hermiticity (1.31) or is irrelevant (1.27)

or gives rise to a yet undetermined c-number term. So we will define
LO as the normal ordered operator corresponding to (1.28). Because of
the non-arbitrariness in the ordering of L , the algebra of the L
operators is changed by an important d1mens1on dependent c¢- number. The
number can be computed most easily be taking the groundstate expecta-

tion value of the L commutator. We have

Co[[L,, L. 1105 ol LaL]O0> =

(ol{wf W(nw) al, 4, M}{ét\zw ] 0) =2 ()

F=0 w1
So the constraints - or gauge operators obey the algebra (cf. 2.32)

[/—M,LM] ()L + w’ “‘)C&,_w (3.4)

Aa+ 0

Because of these commutation relations, we cannot simply have Ln =0
as constraint condition, but can only impose

<“{’H— + N\CF> 0 (3.5)

thus singling out a subspace of the Hilbert space. (Here we allowed for
the c-number term, arising from the arbitrariness of the ordering of

the classical Lo.) Making use of L, = L; we get the sufficient condition
for (3.5) to be valid as

(LM+"F«,0°(> |CP> =0 (3.6)

* Notice, that we didn't specify the dimension of space time up to now,

so we can allow the index u to vary from O to (D-1).
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The set of all solutions to (3.6) will be denoted as the physical space,
the states |y> as the physical states. Oﬁe now has to show, that no
negative norm states appear as solutions to (3.6), so that the gauge
condition eliminates the negative norm states, generated by égo. Be-
fore we construct the physical states, some elementary remarks. We
cannot expect to construct all solutions to (3.6) at once but want

to make use of an inductive process rather. We notice, that we can
diagonalize the level operator

©0 fp
M=4

in the space of solutions to (3.6). This follows from the commutation

relations
[R,L.)=-mL. (3.8)

The eigenvalues of R, the level number M, are positive integers, the

eigenspace at level number M will be denoted by RM. The construction

of solutions to (3.6) will make use of complete induction with respect
to the level number,

To get rid of the continuum of momenta of the states, we would
like to consider states only with one fixed momentum. The condition
(3.6) for n = 0 however fixes the mass of the physical states

(L +o<>250> (“P*R*0<>‘SD> o (3.9)
so we cannot have one fixed momentum for physical states at different

levels. (3.9 will be referred to as the mass-shell condition). So we
will suppose the states, we are dealing with, as having the momentum

(M)M = (;o’h)o + M & (3.10)
where (p")y is the momentum at level M, and k is restricted by

fo , 470, (pF) k=1, (P = -2« can
We then have

()= -2eM) , & (pt), =-T o
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that is, (3.9) is fulfilled.

Before proceeding, we will introduce some notations:

The operators Kn will be of importance, they are defined by

K. f‘)/“ A / K_%: KZ e

and obey the commutation relations

[Km; Km] =0 ) [LM/ Km]:-m L(Awu / [R/ lez—m‘{flﬂ)

The transverse states |t> are the solutions of

leﬁ> =L 1tS=0 MmO (3.14)

The space spanned by the transverse states at level M, lt, Myv> *)will
be denoted by TM. The following operator product, applied to transverse
states will be important

er KM i, b

where {X,u} denotes the multisindex Agees Ay Myee. uo and

m
R RS 6
M=) vd, + S s (3.16)
V=4 $=4

Using the commutation relations (3.13) and (3.8), one easily verifies,
that the level number of {A,u }M,It,M,v> is M'+M,

n

The importance of the states |t, M, v>, which form a subspace of the
physical space becomes transparent by the following lemma:

If |t, M,v> is a basis for the transverse space TM at level M, then
the states

{A,/k%N_M{f,M,V> (3.17)

give a basis for the states at level number N, and as N varies, for
the whole Hilbert space.

Using this lemma, we can write an arbitrary physical state as a linear’

combination of

*)(v denotes a degeneration parameter, M the level number)
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o= KE L ey e L 1>

and making use repeatedly of the commutation relations (3.4) and
(3.13) we will show, that if the dimension D is 26 and o = -1 then
|¢> is a linear combination of the form

Iy>= [ﬁ>+[__n/s> (3.18)

where L_n|s> is physical and null,null meaning, that its scalar pro-
duct with any physical state, including itself, vanishes. Then, the
physical space is positive semidefinite. The choice of a specific
vector ku turns out to be irrelevant, because, as |t> is a physical
vector, it can be written as a sum of a transverse vector, constructed
with a different kb , and a null vector. The condition

KM > =0 NS 0 (3.19)

which corresponds to (2.30, 2.41) thus does not spoil Lorentz-covariance,
but fixes only the null vector part of the physical states. It cannot

be imposed however if D <26, to fix a null vector part of the physical
states.

Let us prove now the lemma. We show first, that the states

{A’/JXNM €, M > N-rfa >0 (3.20)

are linearly independent for fixed M and v. Let us be given a linear
combination Z,;« c[Apm] IYA,/‘*YJN_M (¢, M, py>=(L>

then for |f> to vanish, the terms with different excitations have to
Tu
1

vanish separately. Consider the a oscillators

{2 ’u}N-M contributes terms of the form (cf.1.27, 3.12)
A A I3
(k! P atad 2 (alal) L (e (el )

+u
1
tors; these terms have to cancel. But obviously, they can do so only

Consider the terms in |f> , which maximize the number of a, -oscilla-
if all these terms have the same Al, AZ,...An,ul. But then, for
cancellation of the remaining excitations resulting from KB: to be
possible, we also have Hoeow Wy equal in all terms, so there is only
one term, which has to vanish itself. So we conclude that for |f>

to vanish, the coefficients c[},u) have to vanish and the linear
independence of (3.20) is shown.
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We now prove that the states |f> do not contain transverse states. For
this purpose, we first define an order of the multiindices. We say
(2) <MY AT A = My Ay T A g Ay <A} » the same definition
applying to (ui). Now assume |f> is transverse. Take those terms with
smallest (ui) and choose from these the one with largest (Ai). Suppose
(Ai) # O and especially Aysees Aj~1 = O,Aj # 0.

Apply Kj to |f> . Using the commutation relation (3.13), one sees, that
(ui) is increased and X decreased. Because of Kolt,M,v> = =~ |t,M,v>
(ef. 3.11a, 3.12), the only terms where (ui) is not increased have the
structure Lég-?... [t> , they cannot cancel with other terms, arising
in the commutation process, which have greater (ui), so for the
smallest(ui) terms, the greatest (Ai) is 0. Applying our consideration
to the next larger (ui) and noting, that Kj annihilates the terms
with smaller (ui) (no L-j are present there), we get by induction,
that all Xj have to be zero. Now apply Ln to the vector, where Aj = 0.
Commuting Ln through K_i operators either increases (ui) or gives rise
to terms with Kj,j >0, which are annihilated, or terms with Ko’ which
have a smaller (ui). Take the term with smallest non-zero (ui), let j
be the minimal value, for which “j # O and apply Lj. The smallest term
which originated in commuting Lj to the right is uj—l,.., it cannot be
cancelled by other terms. So there is no smallest non-zero term

{0, ui}lt> in the vector |f> . It follows then, that the states (3.20)
do not contain transverse states.

We now show, that the states (3.20) and the transverse states form a

basis. Let GN denote the space spanned by the states (3.20). TN is

orthogonal to it by definition (3.14) and because of Kn = Kn s L_n—Ln

We prove by induction, that TN is equal to the orthogonal complement

of GN (with respect to RN), and as we know, that GN and TN = (GN)L

are disjoint, GN and TN span the whole RN. It is easy to show the
necessary conditions for N = 1, Let us be given, that up to N-1, TMG GM

form a basis for R'. Let |v> be from (GN)'L , then it fulfils

<l L—«“//‘“}N—/w% L€,y =0

<’\f/l L {A//“}M—M—L { t, M, v> = O (3.21)

< LW I 1€, M,v7=0
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By induction hypothesis { A,uly__,[t,M,v> and {A,U}N_M_glt,M v>
form a basis (N-M-1 and N-M-2 may be zero) for RN—l, RN-2

As all scalar products of the vectors L1|¢> > Ly [w>, K1|¢> with a
basis vanish, the states are zero themselves. From the commutation

relations (3.4),(3.13) it then follows, that

L tw> =K ty>»=0
and |¢> is a transverse state. Moreover, we can easily show now, that
N is positive definite: it is positive semidefinite because Knlt> = 0
excludes timelike excitations, it is positive definite, because it
is disjoint with its orthogonal complement GN. Having established now
the lemma i1t is easy to proceed to the main goal of determining the
physical space. Any vector can be written as a linear combination of
vectors |t,M,u> , KE% - Kﬁ% [ t,M,v> ,NL_lla >, t_zlb> because of
the generating algebra of the Ln (3.4). L_2 is defined by

~

Lz = L:}. *'{L4 L_l ';Z_l (3.22)

We only have to check

a4

L4 [v> = Llly>:0 (3.23)

for |y> to be physical. Making use of the commutation relations (3.13)
and especially

e, )=20 [e, DL=60 (1)
CZL; L_/t‘l: él"l LH
(L, T 7=13(L,v ) <18l L+l )(Lor1)

we see that if D = 26 and the groundstate mass squared m2 = 20 is
me = =2 (@ =-1), then the states L_,|a> + 1_2[b> are mapped on states
L_1la'> + ﬁ_z [b'> by L, and ﬁ2. So for |¢¥> to be physical, the
states K'3 .... K'M [t>7and L_jla> + 2,
on applying L1 and t2 to |¢>. Applying the same considerations as in
the proof of the lemma, we get, that for LnKHa... KB& |t> to be zero

all powers of K-j have to vanish. So we get the result, which we

(3.24)

b> have to vanish separately

indicated earlier: If the dimension of space time is 26 and o= -1 ,
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all solutions of

L%(NJ>=(LO+0(>W>=0 ) M>0, with
<Hly>+0

are of the form

(> =[S+ [$> (3.25)

where |t> is a transverse state and |s> is a linear combination of sta-
tes of the form L_n|x> s, Wwhich is orthogonal to any physical state,
including itself.

That 26 is an upper 1limit to the dimension of the string model

(6> =L, + 202000+ 2} l0S e

which is physical for any dimension D, but has norm

<Hloy = F(26-2) (3.27)

If D is smaller than 26, the transverse states do not span the physical

space up to null vectors, as this example shows.
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