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Abstract: For a relativistic quantum field theory of WIGHTMAN type necessary and suf-
ficient conditions are formulated for the existence of a WILSON-ZIMMERMANN-expansion
(short distance expansion). One can deduce for those fields, which fulfil our sufficient

conditions from the short-distance expansion a lightcone expansion.

1. Introduction

A field theory in which the principle of contect interaction shall be valid needs
for the definition of the interaction terms products of field quantities teken at the

same position.

If one intends to apply this principle also in & relativistic quantum fieldtheary
one has to define products of field operators at the same position. The difficulties
which arise in this procedure are very well known. They have their origin in the dis-

tributive cheracter of the field operators.

In the case of the free field A (x)wlth X = (x s Xy Xg, x3) however it is well
known how one can get A (x) s, 0 =2,3, ... in the form of WICK products of the
field. In the last years a heuristic ansatz for the products of field-operators at
the same position in the case for interacting fields has been proposed especially by
WILSON and ZIMMERMANN [1, 2, 3, 4) end by BRANDT [5]. For instance for a real scalar
field WILSON and ZIMMERMANN assume the expansion

AGes i) Abes) Al =L, 5 Gt 1) By () + R (520 0e112)

The B (%) are field operators relatively local to A(%), the JJ- (xﬂ”.l%" func-

tions which become in generel singular for X.i -2 ) J=1,2, ¢«o., n, 80 that
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Lime Siua (Y171 Xn) =0
Yopkn=0 S, (Xaor-1Xn)
With respect to the operator Rm(%}x4,*-*,xn) it is assumed that
lim Rm (x'g' Z;ﬁg“')znz - O .
Y- X0 S (X4 1 Xn) n
Thereby the operators BJ(x) are candidates for A (‘X«) ZIMMERMANN f2] and BRANDT
[5) have proved the validity of such an expansion for certain examples in perturbvation

theory, WILSON and ZIMMERMANN [3) gave conditions under which the expsnsion is valid
and they discussed several consequences of it; furthermore LOWENSTEIN [6] has proved

the expansion rigorously for the THIRRING model.

The aim of the main part of this talk is to study the question of the existence
of a short distance expansion (synonym for WILSON-ZIMMERMANN expansion) for the class
of relativistic quantum field theories fulfilling WIGHTMAN's conditions. To keep the
formalism as simple as possible we restrict our attention to the cases of a real sca-

lar field A(x) and the products of only two operators.

We intend to use the charscterigsation of the field theory by WIGHTMAN distribu—

(2, Ale) Al) Alx,) - Alx) )
=?,¢}’;(7L4 ...)x“xﬂ_,)..-,xJ = Wh G”...)gj) ) ",§n-4>

with §J..xjﬂ J

If a short distance expansion exists, then the structures of the singularities for the

tions

j=1,2,...n-1.

n-point functione should show & certain uniform behaviour, independent of n and inde-
pendent of j for gj —~>» 0, This is the content of section 2. In section 3 sufficient
conditions are given for an uniform structure of the singularities. Section 4 connects
a set of WIGHTMAN distributions showing an uniform singular behaviour with the WILSON-
ZIMMERMANN expansion. Relations between & short distance expansion and a lightcone

expansion are the content of section 5.

2. Necessary Conditions for the Existence of the Short-Distance Expansion

According to the remarks in the introduction one can show that the assumption
of the existence of the WILSON-ZIMMERMANN expansion implies that singularities appear-

ing for g). -»0in
Wn ( %‘l:“'lgj)”')g”")

have their counterparts in singularities appearing in Wq (g,,gz,gg) for §3 - 0
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For the proof of this statement one has to assume that the expansion is an ex-
pansion for operators. If it is an expansion which yields for Ej—’oonly a sum of bi-
linear forms, then the singularities appearing for ij-}Oin \«/n must be found
again for}‘ ,}?OBimultaneously in w" G,,,gz’@. The proofs can be found in [TJ .

3. Conditions for an uniform structure of the singularities

The problem is to show, that the singularities which arise if in

Wn (if;"':%}:"' g"')

‘g § —» () are essentially not dependent on n and on j. More precisely: It is
intended in the following to give such conditions, that in the limit above no other

singularities can appear, than those which arise in

wq(§4l§11§3)

for §3—;O. Regarding the cluster properties of the n~point-functions, one recogpises
easily that for n even, n> L, at least the same singluarities as in the case Wq and
§3—>0 must appear. What sufficient conditions, however, can be given so that no

other and probably more serious singularities appear if n is growing?

Before formulating them it may be of advantage to give at first an ides of the

procedure:

Clearly the singulerity structure of WIGHTMAN distributions is characterized by

the behaviour of the analytic WIGHTMAN functions near the boundsry. In the forward
-

tubes 'tn these holomorphic functions can be interpreted as scalar-products of holo-

morphic states: For instance [see BJ

M; (31)31)33) = (¢2(EME¢>)) 552 sz,zs))

with %= 2,-2; , , §.€ z?

w  §(2)= AR A@Q = [ PP A0 A dpdy -

ith +
T pea et | zeTT

Now one makes the assumption, that M can be written as

W, Goba3) =, G Gubiin ) won 3 € €

k=g
vhere the U'“ carry the singularities at33= 0, and theaqkare not only holomorphic
+ . . )
for {34 52 ,g,} € T, but also in {g,:g,_}et:’ Sac z*\l/uf(o)\llth ur (0) as a
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real neighbourhood of O.

Under certain conditions it is possible to regard also the G"I X
(]
as scalar-products of states which are holomorphic even at 33 = 0.

K=1,2, ...,1

W,, 64 ,%z) Tty Sn_) then can be regarded as a sum of | terms, where each
again can be interpreted as a scalar-product of states. The states on the right in
these scalar-products can be identified with those, which appear in &y &’ k=1, 2,
+ve,l, to the right. So a corresponding expansion of W into { terms

W, Gorebned = 2, G ooy 3e) G

with SJG a: and uk as before is possible.

a P holomorphic for {3—,)... ,},,-4} € Iht1 and also holomorphic for

ﬁ ’-";}n 2_} & L*_z and }h .4 € v u 0). One can generalise this
procedure by sllowing that the (z‘,' & respective the n,k are not holomorphic, however,
meromorphic with the condition tha.t a pole at }, =0 respectlvely S,,_4= 0 is excluded.
This procedure shows that the structure of singularities sppearing in wn for },_;90
must appear also in W, for 3’—-) 0.

After that one can try to use the invariance of the WIGHTMAN function
'L(?;' (2,’"', ?_-,,,) under permutation of its arguments to get a similar structure of
the singularities for the case that not the last variable j»—_fo however an arbitrary
va.ria.blejj-io; j=1,2, ... n~1,

Now I wish to give conditions under which the described procedure works. At

first the most simple case is treated:

(A) Let us assume that WH (34,39_,39&; such, that a function T'(S)#Oexists vith
the following properties:

a) 7 is holomorphic in Z+

o r(3)= %)

¢) 7 is invariant under the (homogeneous) Lorentz group

a) ‘A/ (}4,}1,39 T(};)has a (locally unique ) analytic continuation to the points
{"S‘ '3:3 €T 3 3&u_ f(O)where U. (0) is a real neighbourhood of O independent of

By bafana” W (4,300 (@)% 0

e) ‘I“(g) '3 D (u,(o))- (D (Ur(O)) test~functions with support in ur(o)).
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Theorem 1.: Assuming the conditions (A) W (-’})?Gj)has en {locelly unique) analy-
tic continuation to the points ,}., ez’ n-z2 ) 3')

For the proof of the theorem see 7 .

Examples for this simple case characterized by the conditions (A) are:

The free scalar field with mass O: DA&x) = 0

Wickproducts of this field

Exponentials of the free field with arbitrary mass in 2-dimensions.

For the more general case, where expansion of the 4-point-functions contains s fi-~
nite number of terms it is suitable to split the sssumptions into three groups. (A')
replaces (A):

(A') It is assumed that an expansion of W‘I

W, (80,32,3s) = C‘tm (30,5239 . (33)

exists w1th the followmg propertles.

a..) U, (S) ) k=1, 2)--')l are holomorphic in T7%, they are Lorentzinvariant
e (3) = u (-3)
Gq P (34,3“35) are holomorphic in 'E*e.nd can be continued as ho-

1omorph1c funetions to the points {3,,3;5 € tl );5 O (in & locally unigue man-
ner).

a, ) { w, ; L, PR 1142} are linearily independent over the field of the me-
romorphlc functions at} =

The second group of conditions (B') shall guarantee, that an expansion

6, (2,245) = £ 6,4 (8,248 14, (1)

. . + +
exists where the ?2 k &re vectorstates holomorphic for {a ; 3} €T ['C V“,(G)]
7
Since (B') is more or less of technical nature, it will not be given here explicit-

ly {see {9}}.

From (A') and (B') one derives

(n=1)
Theorem 2.: There exists an expansion l’/n <}4, jn-—) Z (}4; )}h-d)l“k(}n-f)
D)
(” (}4," )‘jy, Dholomorphlc in {}4 *'*;Sn z} €T, 2_ , ”_46['1'. v u’ (O)]

with
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To get the corresponding expansmn for an arbitrary argument }J

W (31) JSJ'")S”’) L’ G'[J) (S‘h“‘) AN Sn 'Duk(gd)

with G holomorphlc in 3) e[t uLC(Ojone can formulate the following sufficient
'

conditions:

(C') It exists an expansion

Wn Gﬂ""}j)”')sﬂ‘):él (“ (3'1, I}J }n 4) (}J
) W, (3= w (o), k=123

(j)
c2‘) H”/JK holomorphic for }j € ['l:*u u.,-(o)J ) -}-’ € T:-Z,

with

Remark: All known examples of WIGHTMAN distributions fulfill the conditions (A')
(B') and (C'). For the details see [9] .

4, Short Distance Expansion

()

Given a theory as described before one is able to use the holomorphy of{&

at Sj = 0 to formulate a short distance expansion for A (x JA(%x., ) with x. xj— 0

3+ J

and express the singularities by uk(; ).

Technically there are different versions of the short distance expansion pos-
sible ([7], [9)). I will give here the simplest one:

The WILSON~ZIMMERMANN expansion
Alwsy) Alxy) = Esj(x) B;(x) + R, (x,1)

exists as an expansion in bilinear forms over JX J , whereJ is the linear hull
of the vectors

{0, {8, @LB.( 200 {Gu @ 800, ) 5 T s

dense in H.

5. Lightcone Expansion

From the Lorentz1nvarla.nce of the {u (}J)}and their independence it follows the

Lorentzinvariance of the {G ",k (S“---,}“u 3,,_4)} ( )slng this property one is
able to enlarge the assumed holomorphy domain of the ;r,k . The interesting

part of this enlergement is, that the real neighbourhood ‘U.' (O)Or the origin goes
over into a real neighbourhood of the lightcone. Using the holomorphy of
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{J)
‘;",k (Sqf'ﬁ}jf‘yjh-) for'ziin this neighbourhood one is able to formulate an ex-
pansion of A(x+z)A(x-—z} with AR the lightcone (the {u,( (b)} are again responsible
for the singularities) (see [9], [10], [11]).
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