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1. Introduction

Quantum electrodynamics is accurate to a few parts in a million. Its remarkable success is
due to the smallneas of the coupling constant and to the posgibility of renormalizing the perturbation-
theory divergences. The usual theory of weak interactions, on the other hand, is not renormal-
izable. Therefore, in spite of the smallness of the coupling constant ( szp = 10-5) higher-order
calculations are meaningless. The quadratic divergences present a problem not only because the
theory is not finite, but because it is not clear how the higher-order corrections can be smaller
than the lowest order. For instance, if a process goes like G in lowest order, the next order will
go like GZAZ. where A is a cutoff, and it will not be smaller unless GI\Z is appreciably smaller
than unity. For some processes, this kind of interpretation requires rather small values of A, an
admission that the theory fajls at uncomfortably small energies.

One may hope that a unified theory of weak and electromagnetic interactions based on a gauge
group will be renormalizable because of the cancellations due to the Yang-Mills relations among
the couplings. Furthermore, because of the propertiesof thenonabelian gauge group, itcould explain
the universality of both interactions. Since the intermediate boson must be taken to be massive
and the theory of Yang-Mills fields with mass is not renormalizable, a special procedure had to
be found--the Higgs mechaniem; as described below, a renormalizable theory seems possible.
Universality, on the other hand, has been only partially achieved. In the presently known models

1
either the electromagnetic or the weak univergality has to be put in by hand.

I1. Spontaneously Broken Gauge Groups
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Treating it at first classically (tree diagrams) we distinguish the two situations p.z > 0 and p2 <0

(in both cases h > 0). In the second case the potential

Vi) = u1sl® +nlel?

1/2
has a minimum for 'tb, =h= (-—pz /h) / and the complex field ¢ has a nonvanishing vacuum expec-

tation value. Choosing it to be real, <¢> = X, we see that the solution no longer has the symmetry
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of the equations. Rather, the group transforms the particular solution chosen into an infinity of
equivalent solutions, none of which exhibits the gauge symmetry. The symmetry is spontaneously
broken. In the absence of gauge fields the spontaneous breaking of a symmetry implies the exist-
ence of massless bosons (Goldstone bosona), as many as the number of generators of the original
group which are no longer conserved. In the presence of gauge fields some or &all of these mass-
less bosons diappear from the phyaical spectrum and provide instead the additional degrees of
freedom necessary to give a mass to a corresponding number of gauge fields. In the Higgs model
this can be geen by introducing the fields X and ® through

ieMm
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Under the gauge traneformation, the field ® transforms as
© -6 +g\A,

while the field x and the vector field

are invariant. The Lagrangian can be expressed completely in terms of these gauge-invariant
fields
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We see that the phase © has disappeared and at the same time the vector field has acquired a mass
m = gh. The gauge group is no longer visible, although the particular relations among the coupling
constants are a reminder of the original gauge invariance.

The pervading idea of the work described here is that if a theory is renormalizable in the
symmetric case (p.z < 0), it will also be renormalizable in the case of spontaneous symmetry
breaking. Since the original Higgs Lagrangian is renormalizable in the symmetric case, we

expect the new form to correspond to a renormalizable theory. In the new form the vector meson

propagator
k k 4
Lv i m k +m

will give rise to highly divergent Feynman diagrams. Cancellations will hopefully take place which
will render the theory renormalizable. This kind of quantization which uses the conventional
vector meson propagator and no unphysical fields gives rise to a manifestly unitary S-matrix and
is therefore called the U-formalism. In this formulation renormalizability ia the hard thing to
show.

An alternative quantization scheme leaves the unphysical degrees of freedom and makes
explicit use of the gauge group. Here renormalizability is obvious by simple power counting and

therefore one speaks about the R-formalism. Unitarity, however, has to be proved. This can be

-286-



done either by showing that the unphysical singularities cancel as a consequence of the Ward
identities of the group, or by showing that the R-formalism is equivalent to the unitary U-formalism.

Let us write
1
¢ = TZ— (A +4, +id,).

The real fields ¢ 1 and 4:2 have vanishing vacuum expectation value and transform into each other

under the gauge group. One can fix the gauge by taking as Lagrangian

i m 2
L-5¢(0A +— )
FEBA +T4)
where L is the Higgs Lagrangian expressed in terms of ¢1 and ¢Z. Other gauge conditiona are
possible but the above is especially convenient because it cancels the bilinear Auapé term in L
generated by the shift in the scalar field. Now the vector meson has a propagator with good high-

momentum behavior
k k (1-¢)
AA ~] 5§ +-H¥_
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while the would-be Goldstone boson ¢z has the propagator

b0, 23
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CObgerve that the vector meson propagator differs from its unitary counterpart given earlier by

k kv

n? (K +m? g}
This scalar ghost must cancel in all amplitudes against the Goldstone ghost to give a unitary S-
matrix. Notice that for £ - 0, the vector propagator tends to the unitary form while the Goldstone
ghost acquiree infinite mass and drops out of the theory. Therefore, there exiats a one-parameter
set of renormalizable gauges, starting from £ = ® (Landau gauge), which tends in the limitof §~ 0
to the unitary gauge. The on-maas-shell S-matrix elements must be independent of the particular
gauge chosen, These considerations provide the basis for a proof of equivalence between the R-
and the U-formalism.

Let us already mention here that in the nonabelian case the proof is complicated by the
occurrence, in the correct Feynman rules, of the Feynman-Faddeyev-Popov ghosts. 3 It turns out
that the interaction between these ghosts and the residual physical scalar (the analogue of ¢1 above)
is proportional to 1/¢. Therefore, the ghost loops with external physical scalar lines give a con-
tribution which diverges in the limitas £~ 0. In this case one must combine the ghost loops with
all other diagrams contributing to the same amplitude. The S-matrix element itself is well behaved
as £ — 0. Finally, let us remark that for a satisfactory proof one must first regularize and sub-
tract the divergences. These points will be discussed later.

The Higgs model has been shown by B. W. Lee4 to be renormalizable to all orders. The

generalization of the Higgs mechanism to the nonabelian case is due to Kibble. 5
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III, The Wéinberg—Salam Model6

If one tries to construct a minimal gauge theory containing the known currents and only the
presently known leptons, one is led almost unavoidably to the group SU(2) x U(1). Consider, for
instance, the electromagnetic current Eype of the electron and the charged weak current

E’yu(1+y5)/2 Ve with its hermihan conjugate. In terms of the left-handed doublet

L_iWS Ve
S T2
e
the charged current is
1+
& 's =L L
y'_L 3 Ve y“ L.

Together with its hermihan conjugate, it closes to an SU(3) structure with
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Since this neutral current differs from the electromagnetic current, one must introduce at least

one more neutral current. Using the right-handed singlet
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one notices that
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and that the current % L pr + ﬁva commutes with the above SU(2) group. The Yang-Mills

interaction is written in the form
ELy TL-X -g(TCy L+Ry R)B
P p T8 v, v,OB .
where B'1 is the vector field of the U(1) group. The charged intermediate boson field ig identified
as
W o= (A, HA )
kN2 pi p2"’
while the photon field is fixed by the fact that it couples to the electromagnetic current. It is
given by
2 2 1
A =(g'A ., +gB +g')*
(g'A 3+ gB)/tg" «g'")

while the orthogonal combination

L
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describes a neutral intermediate boson. One finds easily that the electron charge satisfies

1

+

g'z

mN! L
1
le =

from which it follows that g > e, g' > e. The muon is treated in a perfectly analogous way.

In this model neutral currents are very important, In particular, vpe scattering and vp
scattering are consequences of the thecory. To make the model realistic one must find a way
to generalize it to hadrons so as to explain why AS = 1 neutral currents are suppressed experi-

4~’0-5

mentally by a factor of 10~ in the amplitude with respect to charged-current processes.
The same applies to AS = 2 transitions. This can be done by using an idea due to Glashow,
Tiopoulos, and Maiam'7 who make use of cancellations between intermediate states with ordinary
hadrons and states with new "charmed" hadrons {or quarks).

The vector mesons W’l and Z“ must be given masses by means of the Higgs mechanism.

Onc takes a scalar doublet

and writes its Lagrangian

2
- Y- QT
I(a“ 1Z‘r Kll i3 BFMI .

When ¢, due to its self-interaction, acquires a vacuum expectation value

0
<¢> = )
\INZ
1
the vectors acquire masses my = FRV:8 mZ = %xlgz + g'z)2 . Identifying the Fermi vonstant
from
2
L. g 1
vz Z 2
8 my, rAN
one finds m7> mw> 37.2 GeV. The photon is, of course, maasless. Observe that
2 2, 2
7. g *g

This is an example of a zeroth-order relation among observable parameters which may be

corrected but should remain finite when loops are included (see later).

IV. Anomsalies
We have mentioned that the proof of unitarity in the R-formalism makes use of the Ward
identities to prove that the unphysical ghost singularities do not appear in the S-matrix. In
theories like the Weinberg-Salam model in which the gauge group involves chiral transformations,

the Ward identities may develop anomalies, 8 and it is easy to see that the presence of anormalies
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spoils the proof of unitarity. Fortunately it is possible to arrange things so that the anomalies due
to the various fundamental spinor fields cancel. This has been shown for one-loop anomalies by
Bouchiat, Iliopoulos and Meyer, 9 by Gross and Jackiw, 10 and by Wess and the author. 1 The
more difficult question of cancellation in higher orders has been considered by Bardeen, 1z who
reached the conclusion that the anomalies will not cause difficulties in higher order if they cancel
in the one-loop case.

The one-~loop anomaly is relatively easy to treat. Its general form in the nonabelian case

1
has been given by Bardeen. 3 The relevant property here is that it ig proportional to the symbol

da.bc - Tr {)‘a’ \h} Rc

of the gauge group. In the case of the Weinberg~Salam model the interaction can be written in

general (for leptons as for quarks) in the form
)

Ty 8% . X +&E c B)L-Rv¢g'QB R,

Vu‘z Pl Cy p) vng lLH

where Q i8 the (diagonal) charge matrix, CO = C3 -2Q and L and R are the left-handed and right-
handed parts of the spinor fields which we imagine arranged in a single column ¥ containing all
leptons and quarks. The matrices C’, Cz, and 03 of the SU(2) algebra will therefore have, in
general, a highly reduced form. Separating the vector and the axial vector part in the above inter-

action, one can write it as
Ty V v+ T AV,
Yu Y Y5 %y

where

A =
"

mpa

[N +E4LCB

Now we use the fact that the anomaly can always be eliminated from the vector Ward identities by
a suitable definition of the one-loop amplitudes {which always allow redefinition by contact terms).

The axial vector anornaly will cancel if the corresponding d c gymbol vanishes., This givea rise

here to the condition Tr C32 Q = 0. In all models based on ;?1(2) X U(1) which have been proposed,
the eigenvalues of the matrix C3 are such that this equation simplifies to Tr Q = 0. So, if the sum
of the charges of all elementary spinor fields vanishes, the one-loop anomaly cancels, This con-
dition can be satisfied by arranging the quark charges in a suitable way. However, it is not
possible, e.g., to cancel the electron against the muon since they have the same charge.

A further restriction to be considered in model building is that the purely hadronic part of
the anomaly should give the right 0. 2y decay amplitude in both magnitude and sign. This re~
3 is the hadronic isospin matrix and only the hadronic part of
the charge matrix is taken in the trace.

2
quires that 2 Tr T3 Q =1, where T

Georgi and Glaﬁhow“l have considered the general question of anomaly-free gauge group.
The anomaly of a gauge group is proportional to the dab
one agsigns the fundamental gpinor fields. Now, pseudoreal representations (equivalent to their

" gymbol of the representation to which
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conjugates) have vanishing dabc' Groups which have only pseudoreal representations cannot have
anomalies. This leads to a classification of gauge groups which are safe for model building. On
the other hand "vector-like” models in which the interaction can be transformed into a purely
vector interaction by redefining the spinor fields have no anomaly since the one-loop amplitudes
can always be defined so as to satisfy anomaly-free vector Ward identities.

Abgence or cancellation of the anomalies is necessary to obtain a finite unitary S-matrix.
On the other hand, the anomalies would begin to cauge problems only in a relatively high order
(sixth order), and one may ask onesgelf if the constraint on model building is not being taken too
seriously since the easential phyasical requirement is perhaps not renormalizability but rather the
smallness of the second order with respect to the first, The constraint given by the . 2y
amplitude may also possibly be relaxed if different explanations of the pwceas15 turn out to be

correct.

V. Regularization
An important step in the proof of finiteness and unitarity is that of regularizing the theory in

a gauge-Invariant way. Moat known regularization methods violate the Yang-Mills gauge invariance.
Two regularization methods which preserve gauge invariance will be described here.
The first ig the use of higher-order covariant derivatives due to Slavm.‘»v’6 and Lee and Zinn-
Justin. 17 As an example, in the Yang-Mills theory one can take the Lagrangian
-1E 2 -—"—Z(D F ) [D Fv)-% (Dzl? V)~ (sz-'v) .
[ PVCRICA AT 4N o u [
The first term is the usual Yang-Mills Lagrangian. The second and third term contain derivatives

up to sixth order and give rise to a regularized propagator

k k
AA ~|5 -2 _‘z._.___4._._7.+
lai\d By K 2 2
trag Pl 3
A

+ gauge-dependent terms.

At the same time, the need to use covariant derivatives in the second and third term of the
Lagrangian introduces additional interactions of maximum dimension eight. The occurrence of
additional interactions limita the order of derivatives since interactions of too high dimension off-
set the advantage due to the higher derivatives. With the above choice one finds that only one -loop
diagrams with two, three, and four external lines are primitively divergent (like Az, A, and log A
reapectively). Although not all divergences are regularized, the divergence of the theory is
sufficiently reduced and the divergences identified and isolated so as to become amenable to treat-
ment. Lee and Zinn-Justin use this regularization in combination with the use of regulator fields
for scalars and spinors.

The second regularization method is the n-dimensional regularization of 't Hooft and
Veltman, 18 which had been used earlier in a different context by Bollini and Giambiagi” and
others. A Feynman integral can be transformed by the standard parameter method. For a one-

loop diagram, for instance, one obtains an integral like
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where n is the dimension of space-time. The divergence of such an integral for n = 4 appears in
the right-hand side as a pole in the gamma function at n = 4. For instance, if the original integral
was logarithmically divergent, one would find a pole at n = 4; if it was quadratically divergent, one
would find poles atn = 2 and n = 4. With n away from the poles, the integral is regularized

and one can evaluate the Feynman graph by using formulas such as gwg’w =n, kpkv - —:; kzgpv

etc. The important point is that 't Hooft and Veltman were able to prove that this regularization
method respects the Ward identities coming from gauge invariance. It also provides a way of
defining a subtraction procedure by subtracting the poles at n = 4 with appropriate residues so that
the amplitude becomes finite for n = 4.

The n-dimensional regularization method can be used in connection with either the U- or the
R-formalism. It seems to be the best available at this time. In the case of theories with gpinors
and chiral gauge groups, it cannot be applied to the spinor loops because of the special properties
of the matrix Yg in four dimensions. It must then be supplemented by another regularization

method, such as the Pauli-Villars regularization, for the spinor loops.

VI. Renormalization

Different aspects of the renormalization program for a theory with a spontancously broken
gauge group have been studied among others by 't Hooft, 20 't Hooft and Veltman, 2 B. W. Lee and
Zinn-Justin, 22 Ross and J. C. Taylor. 23 From the work of these authors emerges the possibility
of a proof of renormalizability and unitarity to all orders in the R-formalism. No attempt has
been made to give a proof in the U-formalism although a number of concrete calculations have
been performed in the U-formalism, in the one-loop approximation, with finite resgults after
renormalization. 2

The proof in the R-formalism is too involved to be reported here. The main idea, which is
simple, is to make use of an invariant regularization procedure, subtract the infinities, and then
prove the unitarity of the renormalized on-mass-shell amplitudes either by using the Ward
identities in the particular renormalizable gauge being used or by proving gauge independence and
the equivalence to the U-formalism. Because of the length of its expression, we renounce
writing here a Lagrangian with all necessary counterterms. Let us only observe that, contrary
to the familiar situation in electrodynamics, the simplest choice for the finite parameters entering
in the Lagrangian (coupling constants) does not correspond to a simple and direct physical meaning
in terms of observable processes. Furthermore, the simplest choice of renormalized fields does
not correspond to normalized fields, so that additional multiplicative renormalizations will be
needed in the S-matrix elements. Finally, let us observe that the field and coupling constant

renormalization are not inversely proportional
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unr. 2 ren.

and the additional renormalization constant Z' is infinite in general. This means that the renor-
malized field transforms under the gauge group by a tranaformation with an infinite coefficient

and the Ward identities for the renormalized quantities are correspondingly complicated.

VII. Mass Relations

In a renormalizable model, such as the Weinberg-Salam model, all renormalized masses
are finite since there must exist a sufficient number of counterterms to obtain this result. How-
ever, the masses and mass differences are arbitrary. Are there situations in which finite cal-
culable mass relations arise ? We‘mbergz5 and Georgi and Glalshow26 have discussed this possi-
bility. Suppose that in a particular model a relation among masses is satisfied to zeroth order
(tree graphs and tadpoles}. Suppose further that the mass relation is valid to zeroth-order for all
renormalizable Lagrangians which are invariant under the given gauge group and which are con-
atructed with a given set of fields. In general, the original gauge group will be spontaneously
broken down to a subgroup, but let us consider the case in which the mass relation is not a con-
sequence of the invariance under the subgroup. Then the inclusion of loops will be expected to
modify the mass relation. Nevertheless, if the theory is renormalizable, the corrections must be
automatically finite since one has already taken into account all counterterms allowed by the
original gauge group. Zeroth-order massa relations of the kind described here can arise because
of the special representation content of the scalar multiplet giving rise to the Higgs phenomenon
(which may imply for instance that certain spinor fields do not couple to a scalar which hag a non-
vanishing vacuumn expectation value and therefore have no zeroth-order mass) or becauge of the
particular dynamics of the scalar multiplet (which may imply that a particular scalar does not
acquire a nonvanishing vacuum expectation value although this is not a consequence of group
theoretic arguments).

The ideas outlined here open the possibility of understanding, within the framework of
spontaneously broken gauge theories, mass relations such as the Gell-Mann-Okubo relation. They
generate the hope that one might find models in which, e.g., the neutron-proton mass difference
or the electron-mass are calculable. For instance, if in a model the electron-mass vanishes to
zeroth-order, it could come out proportional to am“ in the one-loop approximation. Unfortunately,
go far these are only possibilities in principle since no realistic models have been found.

Finally, let us point out that the above considerations apply equally well to relations involving
not only masses but also other abservable parameters such as coupling constants.

VIII. Conclusion

The renormalization program appears to work. However, it seems fair to say that none of
the mddels suggested for a unified theory of weak and electromagnetic interactions is physically
satisfactory. The experience gathered poses very strong constraints on model building. If a
model exists which satisfies them all, it has a good chance of being the right theory. We must

continue to lock for it.
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