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1 Introduction and main results

The closed string on a D-dimensional torus background can be formulated in terms of
an infinite set of fields that are in fact fields on the doubled torus parameterized by D
spacetime coordinates z° and D additional coordinates Z; dual to winding.! In a recent
paper [1] we began a detailed investigation of a double field theory. We focused on the
sector of closed string theory consisting of fields e;;(x,Z) = hsj(x,2) + byj(x, &) and the
dilaton d(z,Z). Here h;; and bj; are D x D matrices depending on the 2D coordinates
(2%, %;) and they represent doubled gravity and antisymmetric tensor fluctuations around
constant backgrounds F;; = G;; + B;;. A T-duality invariant, gauge invariant double field
theory was constructed to cubic order in the fields. A full construction to all orders remains
a major challenge; if achieved, the resulting theory would likely be a consistent truncation
of the complete closed string theory. Our construction relied on the formulation [2] of closed
string field theory on tori. Earlier work on double field theory includes that of Tseytlin [3]
and that of Siegel [4].

L As explained in later sections, our notation covers the case in which there are a number of non-compact
dimensions. The absence of winding in the non-compact directions requires that all fields are independent of
the corresponding &’s. For simplicity, in the introduction we focus on the case with all dimensions compact.



A key element in the construction of [1] was the constraint that all fields and gauge
parameters must be annihilated by the operator A given by

o 0

A=25005

= — 290", (1.1)

having set o/ = 1. The constraint A = 0 is needed for gauge invariance and consistency.
It is the field theory version of the constraint Lo — Lo = 0 of closed string field theory [5].
Since A is a second-order differential operator, the product of two fields in the kernel
of A need not be in the kernel of A. This means that a projection to the kernel of A
is necessary in the products that appear in the action and gauge transformations of the
double field theory [1]. These projectors and certain cocycle factors make the double field
theory non-standard and novel.

The theory simplifies considerably if the fields and gauge parameters are restricted to
be independent of Z;, as the constraint A = 0 is then automatically satisfied. No projectors
or cocycles are needed and it reduces to a conventional field theory of fields depending only
on z'. Similarly, a conventional field theory arises for fields and parameters that depend
just on &;, or just on the coordinates of any D-dimensional toroidal subspace N of the
double space that is totally null with respect to the signature (D, D) metric

ds® = 2dx'dz; . (1.2)

T-duality transforms any such totally null or maximally isotropic subspace into another.
We will refer to fields with dependence only on a null subspace as restricted fields, and in
so doing we will always require all fields and parameters to be restricted to the same space
N. Any fields constructed with products of restricted fields are automatically restricted.
Restricted fields and their products satisfy A = 0. The converse is not true: a set of fields
in the kernel of A need not be restricted because products of the fields need not be in the
kernel of A. The reduction to restricted fields — discussed in detail in section 5 — is thus
a significant truncation of the field space of double field theory.

String theory on a D-torus has an O(D, D;Z) T-duality symmetry and double field
theory inherits this T-duality symmetry. In fact, the double field theory would have a
formal O(D, D) symmetry if all dimensions were non-compact. We formulate double field
theory in a way that is largely independent of the number of dimensions that are toroidal,
and we will find it convenient to refer to expressions as being O(D, D) covariant (or in-
variant) when we in fact mean covariant (or invariant) under the subgroup of O(D, D)
preserving the boundary conditions on periodic coordinates, together with the condition
of no winding in non-compact directions. A central role will be played by the requirement
that the gauge algebra have such O(D, D) covariance.

In this paper we focus on the gauge transformations and their algebra. We find here
the complete non-linear transformations for restricted fields and the corresponding gauge
algebra. Our results are O(D, D) covariant, so that they apply for any choice of null
subspace for the restricted fields. The constraint to restricted fields was also assumed by
Siegel [4]. Using a set of fields larger than the one used here, as well as additional gauge
invariances, he proposed a gauge and duality invariant action to all orders in the fields.



Most of our work in this paper relates to restricted fields, so comparison with the results
of [4] will feature at various points. In particular, we show that our gauge algebra reduces
to that of Siegel when the gauge parameters are restricted.

To first order in the fields, the gauge transformations of e;;(x, ) and d(x, ) take the

form [1]
Y » 1 YD 1 k k 1 Nky N 1k
5Aeij = Dz‘)\j +Dj)\z‘ + 5 ()\ D+ A -D)eij =+ 5 (Dz)\ —D )\i)ekj — elka(D )\j—Dj)\ ),
1 _ 1 -
fxd=—-3(D-A+D-XN)+5(A-D+X-D)d .
(1.3)

Here \;(z, %) and \;(x, ¥) are independent real gauge parameters, and the derivatives D, D

are defined by

D; = 0; — Ey, (:9k, Dz = 0;+ Ey; (:9k (1.4)
They are independent real derivatives with respect to right- and left-moving coordinates [1].
Indices are raised and lowered with the background metric G;; and a - b = G a;bj. It
is straightforward to verify that D?> — D? = 2A. The above gauge transformations are
reducible. If we take
Ai = Dix, Ai = —Dix, (1.5)
for arbitrary x(z,Z), then the fields are left invariant. Therefore, \; — \; + D;x and
\i — \i — D;x constitutes a “symmetry for a symmetry.” This will play an important role
in our discussion.

The gauge algebra is [y, ,0x,] = Ir,, + - -, where to leading nontrivial order
i 1 Vs RV i 3 iy
o= 50 D4+Xo- D)X -5 [AQ.DAl—AQ.DAl} (12,

_. 1 R | . o (1.6)
o= 502 D+X- D) §+Z[A2-D2A1—A2-Du1} —(12).

A projection to the kernel of A is necessary (and implicit) in the products that appear
in (1.3) and in (1.6). For restricted fields and parameters, however, the projections are not
needed as the A = 0 constraint is automatically satisfied. The gauge algebra (1.6) defines
a bracket of two gauge parameters and this bracket does not satisfy the Jacobi identity [1].

The results above for the gauge transformations and algebra respect certain rules of
index contraction that arise from the string theory and result in O(D, D) or T-duality
covariance of the double field theory. While we display just one kind of index ¢, j, k, .. .,
some indices should be thought as barred and some as unbarred. On the field e;; the first
index, 7, is unbarred and the second, j, is barred. On \; and D; the index is barred. On
A; and D; the index is unbarred. Contractions can only occur between indices of the same
type, and equations must relate objects with identical index structure. The metric Gj;

used to contract indices can be viewed as having two barred or two unbarred indices.?

2These rules of contraction can be understood using O(D)r. x O(D)r indices, with unbarred indices for
O(D)r and barred ones for O(D)rg.



We can ask if the gauge transformations and gauge algebra displayed above can be
extended to all orders for restricted fields. We answer this question in the affirmative in
section 2. We show that the only non-linear correction is the addition to dye;; of a term
quadratic in e;;. The result is given in (2.20). The gauge transformations then close off-shell
for restricted fields. In fact, the full algebra remains that of (1.6) with (field independent)
structure constants. The full gauge transformations remain reducible, and parameters of
the form (1.5) still leave the fields invariant. We show that our gauge transformations are
related to the standard ones for a metric and B-field via field redefinitions. We stress that
the algebra closes without use of the equations of motion, but with repeated use of the
condition that the fields and parameters are restricted.

To clarify the meaning of the gauge transformations, in section 3 we rewrite the gauge
parameters \;, \; in terms of quantities £, &, and use O(D, D) covariant notation, defining

O = (g) M _ <§> . MMN = G é) : (1.7)

The familiar transformations arise for parameters that are independent of Z, so that the
gauge parameters &' (x) and & (z) are a vector field and a one-form over the spacetime M
with coordinates z*. These are related to the parameters for infinitesimal diffeomorphisms
of M and B-field gauge transformations respectively [1].

The gauge algebra (1.6) for general X(z, Z) can be rewritten as [y, ,0x,] = d%,, where
Y19 = —[¥1, X2]c and the C-bracket is defined by

1
[£1, 52, = S on 53 - §nMNnPQ S on Ty . (1.8)

c =

We use the convention UpVy = UpVs — Ui The first term in the right-hand side
of (1.8) is the Lie bracket [¥1,3s] = Eg@N Eé‘]/f while the second is unexpected. In this
form, the gauge algebra coincides with that derived by Siegel [4] (where the derivative
defined using the C-bracket was called a ‘new’ Lie derivative). The C-bracket is manifestly
O(D, D) covariant. With O(D, D) notation, the transformations (1.5) that do not act on
the fields have parameters that take the form

M = pMNoyy. (1.9)

Remarkably, the C-bracket that arises in the gauge algebra here is related to brack-
ets that have been prominent in the mathematics literature. In section 7 we show that
for parameters restricted to be independent of Z;, the C-bracket is precisely the Courant
bracket [6], a central construction in generalised geometry [7-9]. Indeed, Z-independent
gauge parameters £ (z) and &(x) together give a section of the formal sum (T & T*)M
of tangent and cotangent bundles and the Courant bracket is defined on such sections.
Parameters restricted to an arbitrary null N can be regarded as sections of (7@ T™*)N and
the C-bracket becomes the Courant bracket on (7°@ T%)N. The choice of N breaks the
O(D, D) covariance of the C-bracket. Since the choice of N need not be made explicit, the
C-bracket can be regarded as an O(D, D) covariantization of the Courant bracket. In sec-
tion 8 we show that it is equivalent (for restricted parameters) to the Courant-like bracket
of [9] that treats vectors and one-forms symmetrically.



Neither the C-bracket nor the Courant bracket satisfy the Jacobi identity. It is then
natural to ask how this failure of the Jacobi identity can be consistent with the realisation
of these brackets in a symmetry algebra. To answer this question we consider the associated
infinitesimal field transformations ds;. The commutator of two transformations acting on
fields gives

[5215522] = 6[21,22] . (110)

Here [¥71,Y5] is the bracket of gauge parameters, which for our case is (—1 times) the
C-bracket. The bracket has a non-vanishing Jacobiator J, defined by

J (X1, X2, 33) = [[X1,32], X3 ] + [[E2, Bs], B1 ] + [[E3, X4], X2 ] - (1.11)
The commutators of transformations automatically satisfy

[[521’622] ’523 ] + [[622’523] ’521 ] + [[523’521] ’622] =0, (1'12)

when acting on fields. The left hand side, however, can be evaluated using (1.10) to give
07(s1,5,,55) Which can only be consistent with the above condition if §;x, 5, 5,) is zero
when acting on fields. This requires that the Jacobiator J(Xi,¥s,¥3) be a parameter of
the form (1.9) for a trivial gauge transformation leaving all fields invariant. As we will
discuss, the Jacobiators for the C-bracket and the Courant bracket are precisely of this
form, so that the algebra can indeed be consistently realised on fields.

In a theory with redundant gauge symmetry, the gauge algebra is ambiguous since the
bracket of two gauge parameters can be changed by adding a parameter that generates a
trivial symmetry. If 015 is any nonvanishing gauge parameter of the form (1.9) so that d4,,
leaves all fields invariant, then (1.10) can be changed to

[521a522] = 6[21722]4—012 . (113)

We shall argue that no such 15 can be constructed from ¥; and Y9 in a way that is O(D, D)
covariant. It is an important point in this paper that the duality symmetry O(D, D) fixes
this ambiguity and the C-bracket cannot be changed while preserving O(D, D) covariance.
This ambiguity, however, plays a useful role in relating our results to those for conventional
field theory, which are not O(D, D) covariant. The Jacobiator and redundant symmetries
will be discussed further in section 6.

2 The gauge transformations

Our aim in this section is to investigate the higher order corrections to the gauge transfor-
mations and algebra reviewed in the introduction. We assume fields and gauge parameters
restricted to some isotropic subspace N. For such fields no projection to the kernel of A is
needed and the cocycles vanish, so that the calculations are those for a conventional clas-
sical field theory. We work in an O(D, D) covariant framework so that the result applies
for any choice of isotropic subspace N. We find the full non-linear transformations and
algebra for restricted fields.



Before proceeding, we briefly discuss our notation; see [1] for further details. The
simplest case is that in which all D coordinates z' are periodic, but our notation also
covers the case in which there are n non-compact dimensions. Then z! = (z*, z%) split into
coordinates z* on the n-dimensional Minkoswski space R" ™! and coordinates z% on the d-
torus T¢ where n4+d = D. The absence of winding in the z# directions requires that all fields
and gauge parameters are independent of z,, so that 0/0z,, = 0 on all fields and parameters.
The fields then depend only on x#, x%, Z,. T-duality is the group O(d,d;Z) acting on the
doubled torus with coordinates x%,Z,. For restricted fields, the totally null subspace N
has coordinates x* together with a totally null d-dimensional torus subspace of the torus
(%, Zq), e.g. (xH,2%) or (zV,Z,). Such spaces N are related by the action of O(d,d;Z).

From [1] and the discussion in the introduction, the full form of the gauge transforma-

tions should have the following properties for restricted fields:
e The gauge algebra closes.
e The transformations are O(D, D) covariant.

e All index contractions in the transformations should be of the allowed kind of barred
indices with barred indices or of unbarred indices with unbarred indices. This is

necessary for O(D, D) covariance.

e For any choice of isotropic subspace N, the transformations should be related to
the standard Einstein plus B-field transformations by redefinitions of the fields and
parameters.

We start by investigating the last two criteria. These will be sufficient to find the full
non-linear form of the gauge transformations for restricted fields and we will then check
the algebra of these transformations in an appendix. Consider the restriction to fields that
have no # dependence, so that setting D = D = 3 brings the transformations (1.3) to a
form that can be related to the standard gauge transformations. In the standard Einstein
plus B-field theory, the gauge transformations are the diffeomorphisms with infinitesimal
parameter €' and antisymmetric tensor gauge transformations with infinitesimal parameter
€;. The full metric is G;;+h;; and the antisymmetric tensor gauge field is B;;+b;; where G;;
and B;; are constant background fields. For the combined fluctuation field é;; = h;; + by,

the transformations are
(Séij = 6(0)@']' + 5(1)@']' , (21)

with
60 ¢i; = i + Ojei — (0 — 05&) (2.2)
5(1)éij = Ekakéij + (Olek) €rj + ik (ajek) .

Here and in what follows, indices 7,7 are raised and lowered using the background met-
ric GZ]
In order to connect with our formalism we rewrite € and € in terms of A and \:

1 _



In [1] it was shown that the field ¢;; is related to (e;;,d) by é;; = fij(e, d), where

fijle,d) =e;; + %eikekj + cubic corrections, (2.4)
and this maps the transformations (2.2) to (1.3), up to terms quadratic in fields. The re-
definition takes the full non-linear transformations of é;; given in (2.2) to transformations
of e;j, and the condition that there should only be allowed contractions in the transfor-
mation of e places stringent constraints on f. The redefinition é;; = f;;(e, d) gives terms
quadratic in the fields that include ones with disallowed contractions. These ‘bad terms’
can be eliminated by taking

1 1
fijle,d) =e;; + 26 kekj + 16 ke elj + quartic corrections. (2.5)

This is easily extended to arbitrary order, and one soon finds that requiring only allowed

= <1 - %e)le, (2.6)

6 (1—%e>1e, (2.7)

where we use matrix notation, so that the first few terms are as in (2.5). The function (2.6)

contractions fixes f to be

so that

first arose in the work of Michishita [10].> We now show that this gives no bad contractions
and use this to find the full non-linear gauge transformation of e;;.
It is an immediate consequence of the definition (2.6) that é and e commute:

ce=¢cé. (2.8)
It follows that ) 1
e=|l—zelée=¢é(l—<e]). (2.9)
2 2
The above leads to
o= s = Lo 2.10
¢—e=gee=ee, (2.10)

and one readily verifies that

<1+%é><1—%e>:1. (2.11)

Finally, varying (2.10) and using (2.11) we find a relation between arbitrary variations,

o (1- ) s (1- 1) 12

% This function was proposed in [10] as a simple ansatz for the relation between the conventional variable

é and the string field variable that satisfies a number of constraints but is not uniquely selected. It was
shown in [1] section 4.5, that the relation between é and the string field variable has explicit dependence
on d.



The standard gauge transformations (2.2) can be rearranged using (2.3) to give
8¢y = 9N + 9\,

, 1 < 3 1 ; 3 (1 3 _ (2.13)
Wy = L[+ X -0]ey + [5(5«» 6F) 4 A, k] s + [5(5«» &) - Aﬂ;] ,

where
N F =0\ — ok )

_ . . 2.14
NE = 0kN; — 9,0k (2.14)

Note that 6 &i; = 50 e;; where 50 e;j is the zeroth order transformation of e;; in (1.3).
Using matrix notation, the full gauge transformation can be written as

1 < 1 1 _
6¢ = 0We + 3 [()\ + ) -a}é + [55(% —i—./\/]é +é [55(% —N] : (2.15)

We now determine de using (2.12). Using (2.9) and (2.12) we find

be =60 — %e 60 — %(5(0)6)6 + ie(é(o)e)e + % {()\ +A)- 6]6
2.16)
1 1 1 - 1 (
1_ = 2500 250, _ 1-~¢]).
—i—( 26>|:25 e+./\/]e+e[25 e—N 5 ¢

Expanding out and cancelling some terms we find
1 - 1
be =30+ 3 [(A +A)- a}e +Ne—eN —ze(@@e)e, (2.17)
where we made use of the identity
1 5o v — L (50
55 e+./\/'—N:§(6 e). (2.18)
Restoring explicit indices in (2.17) we obtain
5)\61']' :825\] + GJAZ
1 < 1 1, 5~ -
+ 5 ()\k + )\k)ak €ij + 5 (({91)\1C — 8k)\l) €kj — Eik 5(({9k)\j — 8j)\k) (2‘19)
1 _
— 7 ek (N 05\l ey .
This is the full non-linear transformation for fields that are independent of Z and indeed has
no bad contractions. For general polarisations, some of the derivatives 0; should become D;

and some should become D;. There is a unique way of doing this which uses only allowed
contractions:

5)\62‘j :Dij\j + D])\Z
1 - = 1 1 -, - _
1 I
- Z €ik (Dl)\k + Dk)\l) €l -



This is our final answer for the gauge transformations. Note that the 6(!) transformations
derived in [1] and cited in the introduction are correctly generated. It is remarkable that
only one extra term quadratic in fields is needed, so that the transformations are polyno-
mial. Since the gauge algebra of the standard transformations closes, the transformations
we obtained from these by field redefinitions should also have a closed algebra. In fact they
do, as we have confirmed explicitly by direct computation (details in the appendix), and
the gauge algebra is precisely (1.6). Note that this algebra has structure constants, not
field-dependent structure functions.

The gauge transformation (1.3) of the dilaton satisfies the gauge algebra (1.6) and only
involves good contractions. For restricted fields, these transformations can be obtained
from those of the scalar dilaton ¢ and string-frame metric g;; by the field relation e 2 =
e~2%,/—g, as discussed in [1]. Then we can take (1.3) as the full transformations of d exact
to all orders in the fields (for restricted fields). This can be thought of as fixing the field-
redefinition ambiguity. It is straightforward to check that gauge transformations with gauge
parameters (1.5) leave both e;; and d invariant so that, as expected, the gauge symmetry
is still reducible. It remains to discuss the O(D, D) covariance of the transformations and
algebra. For this it is convenient to streamline the notation, as we do next.

3 O(D,D) rewriting of the gauge algebra

In this section we rewrite the gauge algebra (1.6) in a simpler form, using O(D, D) covariant
notation and the formalism introduced in [1]. As a first step, we define & and & in terms
of the gauge parameters A and \:

(—Eji)\j + El'j;\j) . (3.1)

Do |

DO | —

=
For reference, we also record the inverse relations:
ANi=—&+ By, N=&+Eu¢. (32)

In the above indices are raised and lowered with the background metric G;;. As we noted
in the introduction, the partial derivatives (9;, ") with respect to the coordinates (z, #;)
are related to the derivatives (D;, D;) by

D= 9; — By, 9", D; = 0; + Ey; 0%, (3.3)
with the inverse relations
-1 . 1 , .
o= 5(—Dl + Dz) , 0; = §(EJZDJ + EijD]) . (34)
It is then straightforward to verify that

1 . . . -~ ~.
5()\ZDZ + )\ZDZ) = 5’82 + 5162 . (3.5)



Following [1], we can combine x and Z coordinates, d and d derivatives, and ¢ and £
parameters into O(D, D) covariant expressions

XME<@) , 8M5<al) , 2M5<§f) . (3.6)
! 0; '3

Here M = 1,...,2D. The original space M has coordinates z' and the dual space M
has coordinates ;. Together these combine to form the doubled space M = M x M with
coordinates XM . The parameters £(x, &) and &(x, &) have been combined to form LM (X).
Note that with these definitions the transport derivative takes the form fi@—l—&éi =YMoy,.
In this basis the metric 7/ is given by

NMN = <?. é) . (3.7)

We use this metric to raise and lower indices. We therefore have
0; ¢
oM =1 _ Su=1|_]. (3.8)
o &

A= —nMNoy oy = —May = —20; 9, (3.9)

We also note that

and therefore fields A, B restricted to an arbitrary isotropic subspace N satisfy
Moy A=0MoyB=0, (OyA)OMB)=0. (3.10)
Finally, a short calculation then shows that for any scalar operator O
1 - - 1
- [Az-ml—AQ-oM} = 5 = 0% (3.11)
The 2D-component vectors XM, 0™ and XM all transform under O(D, D;Z) by the
action of the integer-valued 2D x 2D matrix g

ab
g= < ) . g'ng=n. (3.12)
cd

The C-bracket is covariant under this action of O(D, D;Z). If all dimensions are non-
compact so that M = R2P, then the continuous group O(D, D) is a symmetry of the
C-bracket while if some of the dimensions are compact, M = R™ x T%, the symmetry is
broken to the subgroup O(n,n) x O(d, d;Z) preserving the periodicities of the coordinates.

We now use these relations to rewrite the algebra in an O(D, D) covariant way. With
the help of (3.5) and (3.11) the gauge algebra (1.6) can be rewritten as

) ) 1 .
L= zgvaNAHingDzle — (12,

N D (3.13)
L= SNoN N _§2§VD121N - (1-2).

,10,



Using (3.1) to define parameters Y15 and 5312 in terms of Aia and Aj2, we readily find that
the above relations imply that

4 1 .
Sl =% ON T] - 3 0 SN — (1=2),

- - 1 (3.14)
S1oi = X5 Oy Sy — 3 Yo,y — (12).
These two relations are summarized by
1
Sy = EgaN Ei‘]/l 3 Eg oM 2N - (3.15)

The algebra is background independent: the background FE;; has dropped out through the
use of appropriate gauge parameters. The algebra (3.15) coincides with the one discussed
by Siegel in [4].

Equation (3.15) defines the C-bracket (1.8) via X195 = —[21, ¥2]¢. For fields AM, BM
on M, we have

A Blo = [A, B] %AP((?’BP) + %(8@4P)Bp. (3.16)

We have introduced the notation @ for the derivative 0™ = nMN9y with raised index.
Here [A, B] is the familiar Lie bracket on the doubled space M. If the Lie bracket were
the only term on the right hand side we would have the algebra of diffeomorphisms on M.
This is not the case, due to the extra terms depending on the metric n which lead to new
features that will be explored in later sections.

The gauge transformations that leave the fields invariant have parameters
M — pMNoyx . (3.17)

As discussed in the introduction, the computation of the gauge algebra on fields only
determines the algebra up to such terms, so that X1 is only determined up to the addition
of a term 77M NOnxi2. If this term is to be constructed from ¥; and ¥y and involve no
further derivatives, y12 must be of the form

X12 = Qpg B Egg] ; (3.18)
for some matrix 1pg = —Qgp. The general gauge algebra is then
1
1 = Show Bl = 50" Vneg Shon 8 + 0V Vo (QPQ2§E§> . (3.19)

In principle Qpg could depend on = and Z, but if the algebra is to have structure constants,
as opposed to field-dependent structure functions, it should be a constant matrix. Any non-
zero choice of Qpg will not be invariant under O(D, D), so O(D, D) covariance requires
setting Qpg = 0.

— 11 —



4 Dilaton, scalars, and vectors

The gauge transformation (1.3) of the dilaton can be written covariantly as
1
6d = —gaNzN +>Nond. (4.1)

A short calculation then shows that, for restricted fields, these transformations satisfy the
algebra

1
[(521 ,522]d = —5 aNE]l\; + 2]1\; N d, (4.2)

with 312 defined in (3.15), so that this is precisely the same gauge algebra found for the

transformations of e;;. For e;; we needed to add extra terms to the algebra in order to close

the algebra, but for d the transformations (4.1) close to give precisely the algebra (3.15).

We shall take the transformations of d to be (4.1) without any higher order corrections.
The transformation (4.1) can be written as

de 2 = oy (EN e_Zd) . (4.3)

which is the same as the transformation of a density exp(—2d) under a diffeomorphism of
M with infinitesimal parameter Y. These transformations, of course, satisfy the algebra of

diffeomorphisms

[521 ,622] — _5212 (44)
where

Sy = 2 ov ] (4.5)

is the Lie bracket [Yo,%;]. In fact the transformation of d is consistent with both the
diffeomorphism algebra and the C-algebra (3.15) because for restricted fields use of (3.10)
leads to

XY =oysM and 2Moy =SNMoy . (4.6)

Then the algebra of transformations on d can also be written as
1 - .
[521 ,522]d: —5 oN 2%4—2{\5 oy d. (47)

It is clear from the above discussion that one can define scalars as well as densities in
this theory. A scalar R is required to transform as

oxR=%NoyR. (4.8)

The resulting gauge algebra (4.4) is that of diffeomorphisms, and this is consistent
with (3.15) since 2N,0n R = SN,0n R for restricted fields.

With a scalar R(e,d) built using the fields e;; and d, a gauge invariant action (for
restricted fields) could be constructed as

S = / dzdi e > R(e,d). (4.9)
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Since the fields are restricted to some D-dimensional null torus N, the integral in the
action could be restricted to N. To leading order in the fields, a suitable candidate with
two derivatives is

R(e,d) = 4D*d + D'D’e;; + quadratic in fields. (4.10)

An all orders construction of this scalar would be very useful. In the work [4] of Siegel,
a scalar is constructed and presumably should agree with R(e,d), once suitable gauge
conditions are imposed to eliminate the extra gauge degrees of freedom in that formulation.

We conclude with a brief discussion of vectors. A vector field VM on M transforms
under an infinitesimal diffeomorphism on M with the Lie bracket sV = [2,V]. The
parameter M is also a vector field on M and the Jacobi identities ensure this is a repre-

sentation of the diffeomorphism algebra. It is straightforward to see that such a vector

ﬁi(.%',.f')
vM =1 , 4.11
<vl(fﬂ,i)> )

restricted to M results in a v’(z) that is a vector field on M but gives a ¥;(x) that does
not transform as a 1-form, but rather as a scalar under diffeomorphisms of M. This means
that despite the suggestive notation, our gauge parameters £ should not be thought of as
conventional vector fields on M , as their restriction gives a vector field £(z) and a 1-form
13 (), not a vector and scalar. In fact, the reducibility of the symmetry means that, for the
restriction to M, {N and §~ +da generate the same transformations. Then {N and §~ +da can be
regarded as equivalent, so that §~ is more properly thought of as a 1-form connection on M.

It is natural to attempt a generalisation of vectors using the C-bracket. A C-vector V'
on M would then transform as

5V =1%,V],. (4.12)

The algebra of these transformations would be exactly (3.15) if the Jacobi identity held for
the C-bracket. Since it does not, and the Jacobiator is of the form 9™y, the consistency of
the algebra requires that vectors are only defined up to the equivalence VM ~ VM 4 9My
so that Vi are the components of a connection one-form on M. In particular, the gauge
parameters M (X) are such C-vectors on M , as parameters XM and ©M + My define the

same transformations and so are equivalent.

5 Restricted fields

The original space M = TP has coordinates z* and the dual space M = TP has coordinates
Z;. Together they form the doubled space M = M x M = T?P. The parameters £(z, T)
and &(x, ) combine to form M (X). The metric n of signature (D, D) is ds? = 2dz'd%; .
Fields A restricted to satisfy

0
A= 1

will be referred to as geometric, as they are fields on the spacetime M.
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We now consider the restriction to a general isotropic subspace, namely, a D-
dimensional torus submanifold N C M that is null with respect to 1. Then M =N xN ,
where N is another D-dimensional null torus. We introduce periodic coordinates y* on N
and §; on N (i, = 1,...,D) so that the metric takes the form ds? = 2dy‘dy;. Follow-
ing [11, 12], we can describe the choice of N with constant projectors II and II:

As these preserve the metric and respect the periodicities of all coordinates, they define an
O(D, D;Z) transformation ®:

(:Z) ) (i) ol = <Ej> . (5.3)

The restriction of fields now takes the form

0
—A=0. A4
i 0 (5.4)

Restricted parameters £ (y) are fields on N and the projectors can be used to decompose
“M(y) into a vector field ¢*(y) on N and a one-form field (;(y) on N:

¢H =Ty 2, G = 2™ (5.5)

The restriction (5.4) to a subspace N clearly breaks the O(D, D;Z) symmetry. For
the restriction to the spacetime M, the constraint 8%,"4 =0 (see (5.1)) is preserved by the

GL(D;7Z) subgroup of O(D, D;7Z)
a0
g= (0 a) ; (5.6)

where a € GL(D;Z) and a = (a')~!. Indeed, these transformations simply rotate the
0; and 9' derivatives among themselves. The constraint (5.1) is also preserved by the

g= (é f) . (5.7)

where 0 is a constant integer-valued antisymmetric matrix. This transformation acts on

B-transformations

the derivatives as
0; — 0; + 91-]» 5j, 5l — (§i, (5.8)
making it clear that the constraint is unchanged.

The above GL(D;Z) and B-transformations form the ‘geometric’ subgroup I' of
O(D, D;Z) [11]. The restriction (5.4) to N is preserved by a group I'y conjugate to
the geometric subgroup I':

Iy ={®gd ':gecl}. (5.9)

For M = M,,xT?, the product of n-dimensional Minkowski space M,, with coordinates
z' and a d-torus with coordinates =%, we introduce a dual space M = M,, x T% with a

— 14 —



dual n-dimensional Minkowski space M,, with coordinates Z,, and a dual d-torus with
coordinates Z,. The doubled space is M=MxM = M, x Mn x T4, Absence of winding
in the non-compact directions requires that all fields and parameters are independent of
Z,. Restricted fields must then be fields on a space N = M,, x Ny C M, where Ny is a
d-dimensional null torus subspace of the double torus 72¢. Then there is a null torus Ny
so that T2¢ = N; x Ny. If the coordinates of N, are y® and those of N, are Ja, then fields
restricted to N are independent of §; = (T, ¥a)-

6 Reducibility and the Jacobiator

In this section, we discuss further the issues concerning a gauge algebra with a non-
vanishing Jacobiator and the ambiguities in the gauge algebra. Consider then a (possibly
infinite dimensional) closed algebra

(T4, Tg) = fas“Tc, (6.1)

with constant f4 5C. If the T4 are to be realised as a set of classical infinitesimal symmetry
transformations on a set of fields, with [T4, Ts] the commutator of two such transforma-
tions, then it is necessary that

[[Ta,Tg], Tc] + cyclic permutations (6.2)

vanishes when acting on fields. This will be the case if the structure constants satisfy the
Jacobi identity so that we have a Lie algebra. However, suppose that (6.2) is not zero, but
takes values in a closed sub-algebra with basis Z,,. Let a basis for the remaining generators
be tq, so that T4 = {t4, Zo}. Then the structure constants satisfy

fus"fep® =0, fas” fop® = —29a80°, (6.3)
for some constants gagc®, so that the generators satisfy
[[Ta,TB],Tc] + cyclic permutations = gapc®Z,, . (6.4)

Then the algebra can be realised as classical infinitesimal symmetry transformations on a
set of fields provided that the subalgebra of the Z’s leaves all the fields invariant, so the
symmetry is reducible. If each Z, gives zero when acting on every field, then (6.2) will
give zero acting on fields, as required.*

A general infinitesimal transformation will be a linear combination VAT, of the Ty
for some ¥4, As usual, the algebra (6.1) defines a bracket of the parameters %4

21, %0]P = fapPE{x?, (6.5)
with Jacobiator

1
(21,52, 3)" = SRS fian” fop” (6.6)

“In the Batalin-Vilkovisky master action, gapc® appears in the quartic coupling of three ghost fields to
the anti-field of a 2nd generation ghost.
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so that
J(31,%9,53)" =0, J(21,82,83)* = =248 nlgapc®. (6.7)

Our symmetry algebra is of precisely this type. The parameters are %M (z,%) so
that the corresponding generators are Ths(z, &), with the classical transformation ds; with
infinitesimal parameter M (z,%) written as [ dzdz $M(z,7)Ty(z, ). It is convenient
to write this as X474 with A a composite index representing the discrete index M and
the continuous variables z,Z and summation over A representing summation over M and
integration over z,Z. The structure constants fap® are then defined by the C-bracket
through (6.5) where [X;, ¥s] is minus the C-bracket. There is a subalgebra of generators
Z,, generating transformations that leave the fields invariant, consisting of transformations
AT, with ¥ of the form (1.9). The structure constants for the Courant bracket and the
C-bracket satisfy relations of the form (6.3) so that the Jacobi identitites are violated by
terms in the Z-algebra. As these do not act on the fields, the algebra can be consistently
realised on fields. It is tempting to try to set the Z-generators to zero in some way, but
there does not appear to be a local covariant way of doing this. Reducibility is intimately
related to the failure of the Jacobi identities.

The algebra (6.1) can be written as

[TAa TB] = fABctc + fABaZoc . (68)

The calculation of the algebra of gauge transformations [y, ds,] acting on fields only
determines the structure constants fap® but leaves the fap® completely undetermined as
Zs does not act on fields. In our case, demanding O(D, D) covariance fixes the fa4p®
completely and gives the algebra of the C-bracket. We shall see, however, that other non-
covariant choices are possible, including one which gives an algebra that does satisfy the
Jacobi identity.

7 The Courant bracket

The Courant bracket is defined on smooth sections of T'®T™, where T is the tangent bundle
of a manifold and T* the cotangent bundle. Such a section is the formal sum A 4+ « of a
vector field A and a 1-form field a.. For two such sections A + « and B + 3, the Courant
bracket is the skew-symmetric bracket given by

[A+ a, B+ ]

1. .
Cour = [A7 B] + ﬁA/B - ﬁBOé - gd(ZA/B - ZBO(). (71)
Note that for two such sections, there is also a natural inner product

(A+a,B+ ) =iaf+ipo, (7.2)

which is of signature (D, D) on a space of dimension D. This is the flat metric 7.
The Courant bracket is not a Lie bracket since it fails to satisfy the Jacobi identity.
The Jacobiator (see (1.11)) of sections P,Q, R of T @ T™ is given by [8, 9]:

J(P,Q,R) =dN(P,Q,R), (7.3)
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where N is the ‘Nijenhuis operator’ given by

& (1P, Qo B) +(1Q Rl P + (R Ple @) - (1)

While the gauge algebra for diffeomorphisms is given by the Lie bracket, that for

N(PaQaR) =

diffeomorphisms plus b-field gauge transformations has a subtlety that is suggestive of the
Courant bracket. Under an infinitesimal diffeomorphism with a vector field parameter &

and a B-field gauge transformation with a one-form parameter & we have
6g = Leg, and b= Leb+ dE, (7.5)

for a metric ¢ and a two-form field b. The symmetry is reducible: replacing & — £ + do
leaves the transformations unchanged and constitutes a “symmetry for a symmetry”. The
computation of the algebra quickly gives the first three terms of the right-hand side of (7.1).
The last term, d(...), can be added with arbitrary coefficient, as it represents an ambiguity:
the gauge transformations are unchanged when the B-field gauge parameter changes by an
exact term. This is the ambiguity discussed in the introduction and section 6. In (6.8) the
structure constants f4p® are completely undetermined as Z, does not act on the fields.
Here Z, generate transformations with € = do. Hence the gauge algebra acting on fields

gives the bracket
1
[A+a,B+ 0], =[A,B]l+ L8 — Lpa — B kd(iaf —ipa). (7.6)

with arbitrary coefficient x. Taking x = 0 gives an algebra that satisfies the Jacobi identity.
Any k # 0 gives a non-zero Jacobiator equal to an exact one-form, so that the resulting
gauge parameter does not act on any fields. Taking x = 1 gives the Courant bracket.

We can now show that the C-bracket reduces to the Courant bracket when the param-
eters are required to be independent of Z. To do this we write out the terms in (1.8)

M 1 1
(21,52),)" =2Yonzd — 2 ons) — 3 SN oMy, N + 3 YoMy y. (7.7)

To find an explicit formula in terms of &, §~ and 9,0 we use the definitions at the beginning
of section 3. Since the parameters are restricted to be independent of Z, all terms involving
0% in (7.7) vanish and &£(x) is a vector field on M and &(z) is a 1-form field. Then

(B 20)
([Z1,22]) " = <([21722]C)i> ; (7.8)
where

(21, 22)0)" = €056 — 0561 = (Le, &) = ([€1.62])" (7.9)

is the Lie bracket of two vector fields while
o 1 . - 5 .
(B0, 22e); = 619,60 — 5(€10i&s; — £;0€1)  — (1= 2)
o . 1 L
= &0;& + (0:8])&25 — 5@'(5{ §25) —(1+2) (7.10)

- ( Le &y — %d(i&é) ) —(1<2).

)
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Rewriting the above results in terms of the formal sum & + £, we find that the C-bracket
A
very similar calculation shows that for parameters restricted to N by (5.4), the C-bracket
[¥1,3s9]¢ is precisely the Courant bracket [¢1 + 51, Co+ 52]
have been decomposed into vectors ¢ and one-forms ¢ on N as in (5.5). This is of course

for parameters independent of & is precisely the Courant bracket [{; + &1,6 + 52]

Cour *

Goue 011 N where the parameters
as was to be expected, as the restriction to NN is obtained from the restriction to M by
the O(D, D;Z) transformation (5.3) which is a symmetry of the C-bracket, so that the M
restriction and the N restriction are isomorphic.

As discussed at the end of section 3, calculating the gauge algebra on the fields gives
the gauge algebra (3.19) with any choice of 2-form Qpg. If we choose

Q= (_(1’ é) , (7.11)

then we obtain

(2

[21, 22]01' = ( 55152 — %K d(’L&gQ) ) — (1 — 2), with k=1 + 4’}/. (712)

The Courant bracket has been replaced by the s-bracket (7.6). This is of course to be
expected, as the two systems are related by field redefinitions, as we showed in section 2.

These brackets also arise from current algebras. In the canonical treatment of the string
in flat space with coordinates z°, the canonical variables are loops x%(c) with conjugate
momenta p;(c). Here o is a periodic coordinate on the string. The currents

i - dx’
Jerg =Pt & (7.13)
satisfy a canonical current algebra
VererJerdl = ez + - (7.14)
where
X+X=[+&C+(] (7.15)

defines a bracket. In [13] this calculation was done for the case in which £ and ¢ depend
on z(o) and it was found that the resulting bracket could be the Courant bracket. In
fact there is an ambiguity in the calculation and the general result is in fact the s-bracket
given above. Siegel had done essentially the same calculation earlier [4] in the more general
context in which € and € depend on both z and # but are restricted to take values on some
N. In this case, he used a duality covariant formalism and found precisely the C-bracket.

8 The C-bracket

We have seen that the C-bracket of fields restricted to the null D-dimensional torus N
in M = M x M is in fact the Courant bracket on (T'"® T*)N. In this section we write
the C-bracket in terms of derivatives with respect to coordinates z* of M and coordinates
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Z; of M. We decompose each =M on M into £'(z,%) and & (z, %) as in (3.6). We find a
symmetric structure in which & and € are treated similarly. If ¥ is restricted to M, then
¢(z) and & (z) are vectors and one-forms on M.

The asymmetry in the treatment of vectors and one-forms in the Courant bracket led
the authors of [9] to introduce a Courant-like bracket treating them symmetrically. With
sections A, B of a bundle L and sections «, 3 of a dual bundle L*, where (L, L*) form a
so-called Lie bi-algebroid, the bracket takes the form:

[A+a,B+p]=[A,B|]+ LoB — ﬁgA + %J(ZAﬂ —ipQ)
(8.1)
10, ) + LaB— Lpo — Sd(iaf — ipa).

This bracket is the key element in making L& L* into a “Courant algebroid”. We show that
the C-bracket, with natural definitions associated with the space M x M, takes precisely
the form (8.1). This is true even if the fields are not restricted! However, it is only when the
fields are restricted to N that this becomes an example of the general setup of [9], giving
a Courant algebroid over N.° We conclude with a computation of the Jacobiator of the
C-bracket. We assume restricted fields, but make no explicit reference to the choice of N.
We show that the Jacobiator is a trivial gauge parameter, as required from the discussion
given in the introduction and section 6.
We begin by considering the C-bracket, which takes the form (7.7):

M M 1
((E1,30],)" = ([Z1.%2])" — §Ef\{ Mgy 52
1 1 :
=2Noys) —sloysM — 3 sV oMy, + 3 YoMy y,

where [¥, %] is the Lie bracket for the doubled space M. Each ¥ is decomposed into a
¢ and a & as in (3.6). For notational convenience we write ¥ = ¢ + ¢ formally adding
together ¢ and &. The bracket can then be evaluated as

&1+ &, &+ &), = 6, 8] + [, &) + 6, &) + &, &) - (8.3)

For [£1,&)], and [€,&)]., the second term in the algebra (8.2) vanishes because this term
necessarily couples a & to a §~ as the metric 7 is off-diagonal. Therefore, for both these
computations the C-bracket reduces to the Lie bracket on the doubled space. Let us first
consider [¢1,&2],. We have

(60, 60)" = (f61.6])" = (EEEH) _ ¢l @ &y, (f) L (84)

We thus conclude that

([€1,&]0),= 0,
([&1,&]0)" = €06, — 9,61

® (TN, T*N) form a Lie bi-algebroid over N, and their sum is a Courant algebroid (T @ T*)N over N
with bracket (8.1), which is the Courant bracket on TN & T N.

(8.5)
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With the Lie derivative A ' '

(Le,&2)' = €]0;65 — 05¢1 (8.6)
and the bracket ([£1,&])" = (L¢, &2)*, we have

[515 52]0 — ‘65152 — [515 52] . (87)

For fixed Z, this would be the usual Lie derivative and Lie bracket on M.

Let us now consider [£], 52]0. This time we get
([51,52]0)]% = ([51,52])]\4 = (EE:%C);) = &0 (%Z) — &g <%Z> . (8.8)
giving

([&fﬂc)i = 51j(§j£2i - 52j5j§1z‘,

- = g (8.9)
([51752]0) = 0.
For any «; and (3; we define the Lie derivative along « of 3 as
(LaB)i = ;0 i — (& i) B = ([, B, - (8.10)

The Lie-bracket [av, 3] has a lower index and is computed using only Z-derivatives. Then

we have o i o
€1, & = L & = [61, 6] - (8.11)

The mixed terms bring new features. Let us compute [51,52]0. This time we get
contributions from all terms in the C-bracket:

(1.61)" = (EEQ;) = €0, (531') -6 (5) “5¢ @) bt 38 @ i
(8.12)

We thus get
([61,&)0), = 056 — %(ﬁf@'@j —&;0:]) = €0,€i + (0:€]); — %@‘(5{ &55)

([€1.6],.)" = —&;07€) - %(ﬂgi& — §9;0'¢]) = —8;07¢} — (0'&oj)e] + l5"(5{ E27) -

2
(8.13)
A few natural definitions help rewrite this more clearly. Given A?, a; we define
Laa); EAja'Oéi—l- &AJ o,
(Laa)s = A10; 00 + (0 )o (8.14)
(LoA) = 0jd? A"+ (0'aj) A7 .
We also define exterior derivatives d and d. Acting on a function S they give
dS); = 8,5, (dS)'=0,
(~ ) . (~ ) (8.15)
(dS)'=09'S, (dS);=0.
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Finally, we define contractions and dual contractions,
A =iq0 = T,A. (8.16)
One can verify that on any A’ (as in the second equation in (8.14)), we have

Lo=dig+Tad. (8.17)

This is completely analogous to the formula that gives the action of standard Lie derivatives
on forms. We can now return to (8.13) and write

(61.6l0), = ( Lo dliad) )

. y (8.18)
([&1,&]0)" = <—E§~2£1 + §d(lg2§1)> :
The two expressions above are summarized by
- 1~ -1 -
(€1, &2l = — L&+ 5d(05,6) + Lo — 5 d(ig &) (8.19)

Using the above result, together with (8.7) and (8.11) we readily evaluate (8.3). The
result is

(&1 + &, &+ 52]0 =[&1, 6] + 55152 - £§2§1 - %‘i(z&gz - 55251)
1

+ [51,52] + ‘66152 - £§2£1 - 5 d(i&g? - i§2£1)-

(8.20)

We see that this is precisely the bracket in (8.1). For gauge parameters that are
independent of Z, so that 0 = 0 on all quantities, this reduces to

[51 + 51752 + gZ]c - [51752] + [’5152 - £E2£1 - %d(i&g? - iézgl)7

which is precisely the Courant bracket (7.1).
Let us now compute the Jacobiator for the C-bracket. For this purpose it is useful to
introduce a related product o for fields PM, QM on M , defined by®

PoQ=[P,Q]+ (0PM)Qu . (8.21)

It then follows (see (3.16)) that the C-bracket and the o-product differ by a total derivative:

IP.Qlo = PoQ— %a’ (PMQur) . (8.22)

(Recall our notation @ for the derivative 0M = n™¥N 9y with raised index.) The inner
product (7.2) is (P, Q) = PPQp and allows us to write

IP.Qlo = PoQ — % 9 (P.Q). (8.23)

SFor restricted fields, the C-bracket becomes the Courant bracket and the product o becomes the Dorfman
bracket.
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While the o-product is not skew symmetric, its skew-symmetrisation gives the C-bracket:
1
P,Qle=5(PoQ-QoP). (5.24)

A key property of the o-product is that it vanishes when the first factor is of the form 0™,
with S a scalar:
(9'S) o PYM =[S, PIM + (M 0K 9) Py
= (05 8)og PM — PEogoMS + (MoK S) P (8.25)
= (0% 8)oxgPM =0,

where the term in the final line vanishes by the constraint. This property, together
with (8.23), gives

([P.Ql ], = (PoQ)oR~ 39 ([P.Ql. ). (8.26)
The o-product satisfies a Leibnitz identity:
Po(QoR)=(PoQ)oR+Qo(PoR). (8.27)

This is verified using the definition (8.21) and the Jacobi identity for the Lie bracket [-,].
After some calculation one is left with a small set of terms, all of which vanish using the
constraint that (9" X)OnY = 0 for any X,Y. We now have all the requisite identities.
Following the standard steps used to compute the Jacobiator for the Courant bracket (see
Proposition 3.16 in [8]), we have

J(P,Q,R) = i <P o (QoR)+ c.p.> .

1 1
= 1([IP.Qle . B]  +50([P.Qlc . R) +cp.).
Here c.p. stands for cyclic permutation. We thus get
1
J(P.QR) =<0 ((IP.Ql. .R) +cp.). (8.29)

This is of course consistent with the Jacobiator for the Courant bracket given earlier.

9 Conclusions

In this paper we have focused on fields restricted to some null subspace N of the doubled
space M and investigated the consequences of this restriction for the theory of [1]. Since
the space N need not be specified, the field theory has O(D, D) covariance. The results
of Siegel [4] also give an O(D, D) covariant field theory defined on such an N. While the
theory of [4] involved geometric fields on M with additional gauge invariances, ours involves
just the fields that arise in closed string field theory. It will be interesting to compare the
two approaches further, and in particular the consequences of the failure of the Jacobi
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identities. The restriction to N implies that these field theories do not really include both
momentum and winding, as they are T-dual to ones without winding.

For the full gauge algebra of double field theory we are interested in the C-bracket for
arbitrary gauge parameters on M that satisfy the A = 0 constraint but are not necessarily
restricted to some null space N. The C-bracket of such fields takes the elegant and sym-
metric form (8.20), with a projector to A = 0 implicit, as in [1]. It would be interesting to
investigate the structure of the Jacobiator in this general setup. The results in this paper
and the understanding gained on the relation of the C-bracket to the Courant bracket
should play an important role in the construction of the full double field theory for fields
not restricted to any null subspace.

Our gauge algebra is given by the C-bracket on the doubled space M. This algebra is
distinct from the diffeomorphism algebra on M which would be given by the Lie bracket.
A striking feature is that, when restricted to any N, the gauge parameters ™ decompose
into a vector field and 1-form on N that are parameters for diffeomorphisms and B-field
gauge transformations. As discussed at the end of section 4, our gauge parameters M are
not conventional vector fields on M but are instead C-vectors transforming as in (4.12) and
identified under the transformations ¥ — $M + My Although we have diffeomorphism
symmetry on every N, the lift to the doubled space M gives symmetries with a C-bracket
algebra that appear to be distinct from diffeomorphisms on M and which will generalise
to unrestricted fields. It will be interesting to understand the symmetry structure arising
from the C-bracket and the generalisation to unrestricted fields further. We hope to return

to these issues in the future.
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A Commutator of gauge transformations

We use matrix notation to rewrite the e;; transformation (2.20) as dye = 5&0)64-5&1)64-5&2)6,

with

0= M(\N),
se= O N e+ NN e —eN(), (A.1)
5&2)6 = —i eM'(\ N)e.
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In here we have introduced the differential operator @ and the matrices M, N, and N
defined by

MAME%QAD+XD%
Nij(\) = DN — D),
Nii(\) = Dﬁj — Dj\

= (o) ).

o0 = (o0 o)+ 6002+ 5. .
= [0 o)+ [ )] |
o -1

The first condition requires
M(A, A) = O()\Q, S\Q)M()\l, 5\1) + N()\Q)M()\l) + M()\Q, S\Q)N(S\l) — {)\1 — )\2} . (A4)

We have checked this equation works out correctly. The second condition in (A.3), for the
algebra to hold with terms linear on the fields, requires the following conditions:

O(AA) = [O(A2, X2), O(A, A1) |,
N(A) = O()\Q, S\Q)N()\l) + N()\Q)N()\l) + i M()\Q, S\Q)Mt()\17 5\1) — {)\1 — )\2}, (A5)
N(A) = O()\Q, XQ)N(S\I) + N(S\Q)N(S\l) + th()\Q, S\Q)M()\l, 5\1) — {)\1 — )\2} .

The first equation is straightforward to establish. The second equation can be proven with
a bit of algebra. The contribution from the M M?! terms is needed to get the identity to
work, confirming that the [5(2), 5(0)] commutator is crucial to get the gauge algebra to close
at this order. The last equation in (A.5) is a consequence of the second and the following
discrete symmetry. As we let D; — D, Dj — Dj, N\ — \i, and Xj — Aj we find that
O(, \) is invariant and

Ai— A, Ay —Aj, NN — N, M(AX) — MY (A.6)

The third condition in (A.3) guarantees that the terms quadratic in fields work out. A
little calculation shows that this condition requires

Mt(A,/_\) = O()\Q,j\Q)Mt()\l,5\1)+N(5\2)Mt()\1)+Mt()\2,S\Q)N()\l) — {)\1 “— )\2} . (A?)

This actually holds on account of (A.4) and the discrete symmetry. The last equation
in (A.3) is needed for the commutator algebra not to acquire cubic terms in the fields. It
is quickly confirmed. This concludes our verification of the algebra.
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