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Abstract

The half-infinite XXZ spin chain with a triangular boundary is considered in the massive regime. Two
integral representations of correlation functions are proposed using bosonization. Sufficient conditions such
that the expressions for triangular boundary conditions coincide with those for diagonal boundary condi-
tions are identified. As an application, summation formulae of the boundary expectation values 〈σa

1 〉 with
a = z,± are obtained. Exploiting the spin-reversal property, relations between n-fold integrals of elliptic
theta functions are extracted.
© 2014 The Authors. Published by Elsevier B.V.

1. Introduction

Beyond the Ising model, a large class of solvable lattice models have been discovered. In the
context of quantum integrable systems on the lattice, spin chains are among the most studied
examples with applications which range from condensed matter to high energy physics. Given
a Hamiltonian, finding analytical expressions for the exact spectrum, identifying the structure
of the space of the eigenvectors and deriving explicit expressions for correlation functions are
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essential steps in the non-perturbative characterization of the system’s behavior which can be
compared with experimental data.

Among the simplest examples considered in the literature, the XXZ spin chain with differ-
ent boundary conditions has received particular attention. Over the years, different approaches
have been proposed in order to understand the Hamiltonian’s spectral problem and derive the
correlation functions. For models with periodic boundary conditions, the spectral problem can
be handled by methods such as the Bethe ansatz (BA) [1], or the corner transfer matrix method
(CTM) in the thermodynamic limit [2]. The computation of the correlation functions, however,
is a much more difficult problem in general. Apart from the simplest example – namely the
XXZ spin chain with periodic boundary condition – for which correlation functions have been
proposed by the quantum inverse scattering method (QISM) [4,5] arising from the BA, the gen-
eralization of this result to models with higher symmetries requires a better understanding of
mathematical structures, for instance, of determinant formulae of scalar products that involve
the Bethe vectors [7] (see some recent progress in [8]). However, in the thermodynamic limit,
this problem can be alternatively tackled using the q-vertex operator approach (VOA) [3] arising
from the CTM. The space of states is identified with the irreducible highest weight representa-
tion of Uq(ŝl2) or higher rank quantum algebras. Correlation functions can be obtained using
bosonizations of the q-vertex operators for Uq(ŝl2) or higher rank quantum algebras [3,9–13].
Either within the QISM or the VOA, correlation functions are obtained in the form of integrals
of meromorphic functions in the thermodynamic limit.

The situation for integrable spin chains with open boundaries is more difficult. On one hand,
for the finite XXZ open chain with diagonal boundaries [14], related non-diagonal boundaries
[15,16] or q a root of unity [17], the BA makes it possible to derive the spectrum and the eigen-
vectors1 [16]. In each case, the corresponding models are studied using Sklyanin’s general formu-
lation of the BA applied to open boundary models [14]. On the other hand, in the thermodynamic
limit, the VOA has been applied to the half-infinite XXZ spin chain with a diagonal boundary [6].
Although the hidden symmetry of this model was still unknown at that time,2 the diagonalization
of the Hamiltonian could still be achieved. Based on these results, the computation of correla-
tion functions has been achieved for diagonal boundary conditions either using the BA [20] or
using the VOA in the thermodynamic limit [6]. Note that generalizations to models with higher
symmetries have been studied for Uq(ŝlN), etc. [21–23]. In the thermodynamic limit, when the
comparison is feasible the expressions obtained by both approaches essentially coincide.

In spite of these important developments, the computation of correlation functions of the XXZ
open spin chain for more general boundary conditions has remained, up to now, essentially prob-
lematic. On one hand, even in a simpler case such as the XXZ spin chain with triangular boundary
conditions for which the construction of the Bethe vector is feasible [24,25], it remains an open
problem in the QISM. On the other hand, in the thermodynamic limit the application of the VOA
requires the prior knowledge of the vacuum eigenvectors of the Hamiltonian. Since 1994 [6],
even for the simpler case of triangular boundary conditions the solution to this problem has been
unknown. However, a breakthrough was recently made in [27], which has opened the possibil-
ity of computing correlation functions in the thermodynamic limit of the XXZ open spin chain.
Namely, based on the so-called Onsager’s approach the structure of the eigenvectors of the finite
XXZ spin chain for any type of boundary conditions was interpreted within the representation

1 Note that recently, a modified BA approach has been considered which looks promising [18,19].
2 Recently, the hidden symmetry of the spin chain with a diagonal and non-diagonal boundary has been identified: it is

associated with the augmented q-Onsager algebra and q-Onsager algebra, respectively [27].
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theory of the q-Onsager algebra [26,27]. In the thermodynamic limit, the q-Onsager algebra is
realized by quadratics of the q-vertex operators associated with Uq(ŝl2) [27] (see also [28] for
an alternative derivation). As a consequence, vacuum eigenvectors of the Hamiltonian for a tri-
angular boundary were constructed using the intertwining properties of the q-vertex operators
with monomials of the q-Onsager basic generators [27]. The latter being expressed in terms of
Uq(ŝl2) generators, the VOA can be applied in a straightforward manner.

The purpose of this paper is to present the first examples of correlation functions of the half-
infinite XXZ open spin chain with a non-diagonal boundary, using the framework of the VOA.
The results here presented extend the earlier studies [6,27]. Among the applications, closed
formulae for the boundary expectation values of the spin operators are given and remarkable
identities between n-fold integrals of elliptic theta functions are exhibited. Here we focus our
attention on the simplest non-diagonal example, namely the half-infinite XXZ spin chain with
upper or lower triangular boundary condition. We are interested in the Hamiltonian:

H
(±)
B = −1

2

∞∑
k=1

(
σx

k+1σ
x
k + σ

y

k+1σ
y
k + Δσz

k+1σ
z
k

)− 1 − q2

4q

1 + r

1 − r
σ z

1 − s

1 − r
σ±

1 , (1.1)

where we have used the standard Pauli matrices

σx =
(

0 1
1 0

)
, σ y =

(
0 −i

i 0

)
, σ z =

(
1 0
0 −1

)
,

σ+ =
(

0 1
0 0

)
, σ− =

(
0 0
1 0

)
. (1.2)

Here we consider the model in the limit of the half-infinite spin chain, in the massive regime
where

Δ = q + q−1

2
, −1 < q < 0, −1 � r � 1, s ∈ R. (1.3)

Since under conjugation of H
(±)
B by the spin-reversal operator ν̂ = ∏∞

j=1 σx
j the sign of the

boundary term is reversed, we can restrict our discussion to the boundary term − 1−q2

4q
1+r
1−r

� 0,
or −1 � r � 1. Importantly, the two fundamental vacuum eigenvectors |±; i〉B (i = 0,1) for the
triangular boundary models H

(±)
B were constructed in a recent paper [27]. For instance, for the

lower triangular boundary model H
(−)
B , the two fundamental vacuum eigenvectors3 are given by

q-exponentials of Uq(ŝl2) Chevalley generators acting on the vacuum eigenvectors |i〉B (i = 0,1)

of the model with a diagonal boundary (s = 0) [6]:

|−;0〉B = expq

(
− s

q
e0q

−h0

)
|0〉B, |−;1〉B = expq−1

(
− s

r
f1

)
|1〉B. (1.4)

Here we have used the q-exponential function

expq(x) =
∞∑

n=0

q
n(n−1)

2

[n]q ! xn. (1.5)

3 By definition [27], |±; i〉B (i = 0,1) are eigenvectors of the Hamiltonian (1.1), not to be confused with the objects
called the pseudo-vacuum vectors that arise in the algebraic BA approach.
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In this paper we give the dual vacuum eigenvectors B 〈i;±| (i = 0,1) using the intertwining
properties of the q-vertex operators of Uq(ŝl2). For instance, for the lower triangular boundary

model H
(−)
B , the two fundamental dual vacuum eigenvectors are given by

B〈0;−| = B〈0| expq−1

(
s

q
e0q

−h0

)
, B〈1;−| = B〈1| expq

(
s

r
f1

)
. (1.6)

Using these, we compute the integral representations of the correlation functions using the
bosonizations. As a special case, the summation formulae of the boundary expectation values
of the spin operators are derived:

B〈0;−|σz
1 |−;0〉B

B〈0;−|−;0〉B = −1 − 2(1 − r)2
∞∑

n=1

(−q2)n

(1 − rq2n)2
, (1.7)

B〈0;−|σ+
1 |−;0〉B

B〈0;−|−;0〉B = s

(
2 + (1 − r)

∞∑
n=1

(−q2)n 2q2n − r(1 + q4n)

(1 − rq2n)2

)
, (1.8)

B〈0;−|σ−
1 |−;0〉B

B〈0;−|−;0〉B = 0. (1.9)

This is one of the main result of this paper. Also, sufficient conditions such that the correlation
functions for a triangular boundary coincide with those for a diagonal boundary are derived. As
a special case, we have the following equation for the diagonal matrix σz:

B〈i;±|σz
M · · ·σ z

2 σz
1 |±; i〉B

B〈i;±|±; i〉B = B〈i|σz
M · · ·σz

2 σz
1 |i〉B

B〈i|i〉B . (1.10)

Finally, let us also mention that provided a suitable change of the boundary parameters, the
Hamiltonian of the two triangular boundary models H

(±)
B exchange each other under the action

of the spin-reversal operator ν̂. As a consequence, correlation functions of the lower triangular
model H

(−)
B are related to those of the upper triangular model H

(+)
B . Using this property, for

instance we have the following identity of multiple integrals:

(q4;q4)4∞
(q2;q2)8∞

1 − z2

Θq4(z2)

(
2 + 1 − z/r

z

∞∑
n=1

(−q2)n (z − z−1) − (1 + q4n)/r + (z + z−1)q2n

(1 − q2nz/r)(1 − q2n/rz)

)

=
(

q2
∫ ∫ ∫

C0

−
∫ ∫ ∫

C1

)

×
3∏

a=1

dwa

2π
√−1

q2(1 − 1/rz)(1 − q/rw3)
∏2

a=1(1 − q2/zwa)

w2
2w

3
3(1 − q2w1/w2)(1 − q4/w1w2)

∏2
a=1(1 − q2/rwa)

× Θq2(w1w2)Θq2(w2/w1)Θq2(zw3/q)Θq2(qw3/z)
∏3

a=1 Θq4(w2
a/q

2)∏2
a=1 Θq2(waw3/q2)Θq2(wa/qw3)Θq2(waz)Θq2(wa/z)

, (1.11)

where we have used the elliptic theta function

Θp(z) = (p;p)∞(z;p)∞(p/z;p)∞, (z;p)∞ =
∞∏(

1 − pnz
)
. (1.12)
n=0
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Here the integration contours Cl = C
(+,1)
l (l = 0,1) are simple closed curves given below (4.58),

(4.60).
The plan of this paper is as follows. In Section 2, the half-infinite XXZ spin chain with a

triangular boundary is formulated using the q-vertex operator approach. In Section 3, we review
the realizations of the vacuum eigenvectors and their duals [6,27]. In Section 4, two integral rep-
resentations of the correlation functions are calculated using bosonizations. As a straightforward
application, summation formulae of the boundary expectation values 〈σ±

1 〉 are obtained. Also, we
derive identities between multiple integrals of elliptic theta functions from spin-reversal property.
For each type of integral representation, a sufficient condition such that the expression for a tri-
angular boundary condition coincides with those for a diagonal boundary condition is identified.
Concluding remarks are given in Section 5. In Appendix A we recall some basic facts about the
quantum group Uq(ŝl2) and fix the notations used in the main text. In Appendix B we recall the
bosonizations of Uq(ŝl2) and the q-vertex operators. In Appendix C we summarize convenient
formulae for the calculations of the vacuum expectation values.

2. The half-infinite XXZ spin chain with a triangular boundary

In this section we give a mathematical formulation of the half-infinite XXZ spin chain with a
triangular boundary, based on the q-vertex operator approach [6].

2.1. Physical picture

In this section we sketch a physical picture of our problem. In Sklyanin’s framework [14],
the transfer matrix T̂

(±,i)
B (ζ ; r, s) that is a generating function of the Hamiltonian H

(±)
B (1.1) is

introduced. Basically, it is built from two objects: the R-matrix and the K-matrix. For the model
(1.1), one introduces the R-matrix R(ζ ) defined as:

R(ζ ) = 1

κ(ζ )

⎛⎜⎜⎜⎝
1

(1−ζ 2)q

1−q2ζ 2
(1−q2)ζ

1−q2ζ 2

(1−q2)ζ

1−q2ζ 2
(1−ζ 2)q

1−q2ζ 2

1

⎞⎟⎟⎟⎠ , (2.1)

where we have set

κ(ζ ) = ζ
(q4ζ 2;q4)∞(q2/ζ 2;q4)∞
(q4/ζ 2;q4)∞(q2ζ 2;q4)∞

, (z;p)∞ =
∞∏

n=0

(
1 − pnz

)
. (2.2)

Let {v+, v−} denote the natural basis of V = C2. When viewed as an operator on V ⊗V , the ma-
trix elements of R(ζ ) ∈ End(V ⊗ V ) are given by R(ζ )vε1 ⊗ vε2 = ∑

ε′
1,ε

′
2=± vε′

1
⊗ vε′

2
R(ζ )

ε1ε2
ε′

1ε
′
2
,

where the ordering of the index is given by v+ ⊗v+, v+ ⊗v−, v− ⊗v+, v− ⊗v−. As usual, when
copies Vj of V are involved, Rij (ζ ) acts as R(ζ ) on the i-th and j -th components and as identity
elsewhere. The R-matrix R(ζ ) satisfies the Yang–Baxter equation.

R12(ζ1/ζ2)R13(ζ1/ζ3)R23(ζ2/ζ3) = R23(ζ2/ζ3)R13(ζ1/ζ3)R12(ζ1/ζ2). (2.3)

The normalization factor (2.2) is determined by the following unitarity and crossing symmetry
conditions:

R12(ζ )R21
(
ζ−1) = 1, R(ζ )

ε′
2ε1

′ = R
(−q−1ζ−1)−ε′

1ε
′
2 . (2.4)
ε2ε1 −ε1ε2
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Also, we introduce the triangular K-matrix K(±)(ζ ) = K(±)(ζ ; r, s) [29,30] by

K(+)(ζ ; r, s) = ϕ(ζ 2; r)
ϕ(ζ−2; r)

( 1−rζ 2

ζ 2−r

sζ(ζ 2−ζ−2)

ζ 2−r

0 1

)
, (2.5)

K(−)(ζ ; r, s) = ϕ(ζ 2; r)
ϕ(ζ−2; r)

( 1−rζ 2

ζ 2−r
0

sζ(ζ 2−ζ−2)

ζ 2−r
1

)
, (2.6)

where we have set

ϕ(z; r) = (q4rz;q4)∞(q6z2;q8)∞
(q2rz;q4)∞(q8z2;q8)∞

. (2.7)

When viewed as an operator on V , the matrix elements of K(±)(ζ ) ∈ End(V ) are given by
K(±)(ζ )vε = ∑

ε′=± vε′K(±)(ζ )ε
ε′ , where the ordering of the index is given by v+, v−. As usual,

when copies Vj of V are involved, K
(±)
j (ζ ) acts as K(±)(ζ ) on the j -th component and as

identity elsewhere. The K-matrix K(±)(ζ ) satisfies the boundary Yang–Baxter equation (also
called the reflection equation):

K
(±)
2 (ζ2)R21(ζ1ζ2)K

(±)
1 (ζ1)R12(ζ1/ζ2) = R21(ζ1/ζ2)K

(±)
1 (ζ1)R12(ζ1ζ2)K

(±)
2 (ζ2). (2.8)

The normalization factor (2.7) is determined by the following boundary unitarity and boundary
crossing symmetry [30]:

K(±)(ζ )K(±)
(
ζ−1) = 1,

K(±)
(−q−1ζ−1)ε2

ε1
=

∑
ε′

1,ε
′
2=±

R
(−qζ 2)−ε1ε2

ε′
1−ε′

2
K(±)(ζ )

ε′
1

ε′
2
. (2.9)

The K(±)(ζ ; r, s) defined in (2.5) and (2.6) give general scalar triangular solutions of (2.8) and
(2.9).

In Sklyanin’s framework, defined on a finite lattice the transfer matrix is built from a fi-
nite number of R-matrix [14]. In order to formulate the model (1.1), an infinite combination of
R-matrices [6] is considered in T̂

(±,i)
B (ζ ; r, s). Generally speaking infinite combinations of the

R-matrix are not free from the difficulty of divergence, however we know two useful concepts
to study infinite combinations of the R-matrix. One is the corner transfer matrix (CTM) intro-
duced by Baxter [2]. The other is the q-vertex operator introduced by Baxter [35] and Jimbo,
Miwa, and Nakayashiki [37]. The CTM for Uq(ŝl2) [38] gives a supporting argument for the
mathematical formulation presented in the next section, that is free from the difficulty of diver-
gences. Following the strategy summarized in [6,37], let us recall the mathematical formulation
of the q-vertex operators and the transfer matrix. Consider the infinite dimensional vector space
· · · ⊗ V3 ⊗ V2 ⊗ V1 on which the Hamiltonian (1.1) acts. Let us introduce the subspace H(i)

(i = 0,1) of the half-infinite spin chain by

H(i) = Span
{· · · ⊗ vp(N) ⊗ · · · ⊗ vp(2) ⊗ vp(1)

∣∣ p(N) = (−1)N+i (N 
 1)
}
, (2.10)

where p : N → {±}. We introduce the q-vertex operator Φ̂
(1−i,i)
ε (ζ ) and the dual q-vertex op-

erator Φ̂
∗(1−i,i)
ε (ζ ) for ε = ± which act on the space H(i) (i = 0,1). Their matrix elements are

given by products of the R-matrix as follows:
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(
Φ̂(1−i,i)

ε (ζ )
)···p(N)′···p(2)′p(1)′
···p(N)···p(2) p(1)

= lim
N→∞

∑
μ(1),μ(2),...,μ(N)=±

N∏
j=1

R(ζ )
μ(j) p(j)′
μ(j−1) p(j), (2.11)

(
Φ̂∗(1−i,i)

ε (ζ )
)···p(N)′···p(2)′p(1)′
···p(N)···p(2) p(1)

= lim
N→∞

∑
μ(1),μ(2),...,μ(N)=±

N∏
j=1

R(ζ )
p(j)′ μ(j−1)

p(j) μ(j) , (2.12)

where μ(0) = ε and μ(N) = (−1)N+1−i . We expect that the q-vertex operators Φ̂
(1−i,i)
ε (ζ ) and

Φ̂
∗(1−i,i)
ε (ζ ) give rise to well-defined operators. From heuristic arguments by using the R-matrix,

the q-vertex operators Φ̂
(1−i,i)
ε (ζ ) and Φ̂

∗(1−i,i)
ε (ζ ) satisfy the following relations:

Φ̂(i,1−i)
ε2

(ζ2)Φ̂
(1−i,i)
ε1

(ζ1) =
∑

ε′
1,ε

′
2=±

R(ζ1/ζ2)
ε′

1ε
′
2

ε1ε2Φ̂
(i,1−i)

ε′
1

(ζ1)Φ̂
(1−i,i)

ε′
2

(ζ2), (2.13)

Φ̂∗(1−i,i)
ε (ζ ) = Φ̂

(1−i,i)
−ε

(−q−1ζ
)
. (2.14)

From the property R(ζ )
ε3,ε4
ε1,ε2 = R(ζ )

−ε3,−ε4−ε1,−ε2
, we have

ν̂Φ̂(i,1−i)
ε (ζ )ν̂ = Φ̂

(1−i,i)
−ε (ζ ), (2.15)

where we have used ν̂ = ∏∞
j=1 σx

j . Following the strategy [6] we introduce the transfer matrix

T̂
(±,i)
B (ζ ; r, s) using the q-vertex operators.

T̂
(±,i)
B (ζ ; r, s) =

∑
ε1,ε2=±

Φ̂∗(i,1−i)
ε1

(
ζ−1)K(±)(ζ ; r, s)ε2

ε1
Φ̂(1−i,i)

ε2
(ζ ). (2.16)

From heuristic arguments by using the boundary Yang–Baxter equation (2.8) and relations of the
q-vertex operators (2.13) and (2.14), we have the commutativity of the transfer matrix:[

T̂
(±,i)
B (ζ1; r, s), T̂ (±,i)

B (ζ2; r, s)
] = 0 for any ζ1, ζ2. (2.17)

The Hamiltonian H
(±)
B (1.1) is obtained as

d

dζ
T̂

(±,i)
B (ζ ; r, s)

∣∣∣
ζ=1

= 4q

1 − q2
H

(±)
B + const. (2.18)

In order to diagonalize the transfer matrix T̂
(±,i)
B (ζ ; r, s), one follows the strategy that we call

the q-vertex operator approach [6]. As a guide for the structure of the eigenvectors of the Hamil-
tonian (1.1), the observation that the q-Onsager algebra – a coideal subalgebra of Uq(ŝl2) – is
the hidden symmetry of the Hamiltonian (1.1) plays a central role.

It is important to stress that the formulation (2.16) independently arises within the so-called
Onsager’s approach of the XXZ open spin chain [27]. Indeed, the transfer matrix of the model
(1.1) can be formulated as the thermodynamic limit N → ∞ of the transfer matrix of the finite
model, which, in this framework, is expressed in terms of generators of the q-Onsager algebra
[26]. In this limit, the transfer matrix associated with (1.1) is a linear combination of q-Onsager
currents. Either based on the central extension of the boundary Yang–Baxter equation [28] or
using the closed relationship between the q-Onsager algebra and a certain coideal subalgebra
of Uq(ŝl2) [26], q-Onsager currents are realized as quadratic combinations of Uq(ŝl2) q-vertex
operators, providing an alternative derivation of the transfer matrix (2.16).
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2.2. Vertex operator approach

In this section we give the mathematical formulation of our problem, the q-vertex operator ap-
proach to the half-infinite XXZ spin chain with a triangular boundary. Let Vζ = V ⊗C[ζ, ζ−1] =
V

(+)
ζ ⊕ V

(−)
ζ where V

(±)
ζ = span{v± ⊗ ζ 2n, v∓ ⊗ ζ 2n−1 (n ∈ Z)}. Let Vζ the evaluation repre-

sentation of Uq(ŝl2) by setting

e0 · vε ⊗ ζm = (f1vε) ⊗ ζm+1, e1 · vε ⊗ ζm = (e1vε) ⊗ ζm+1,

f0 · vε ⊗ ζm = (e1vε) ⊗ ζm−1, f1 · vε ⊗ ζm = (f1vε) ⊗ ζm−1,

qh0 = q−h1, qh1 · vε ⊗ ζm = (
qh1vε

)⊗ ζm, ρ = ζ
d

dζ
± 1

2
on V

(±)
ζ , (2.19)

where the action of e1, f1, q
h1 on V are given by e1v+ = 0, e1v− = v+, f1v+ = v−, f1v− = 0,

and qh1v± = q±1v±. Let V (Λi) the irreducible highest weight Uq(ŝl2) representation with the
fundamental weights Λi (i = 0,1). In other words, there exists a vector |i〉 ∈ V (Λi) (i = 0,1)

such that

ej |i〉 = 0, qhj |i〉 = q(hj ,Λi)|i〉, f
(hj ,Λi)+1
j |i〉 = 0,

V (Λi) = Uq(ŝl2)|i〉, (2.20)

for j = 0,1. Let V ∗(Λi) the restricted dual representation of V (Λi). We introduce the type-I
vertex operators Φ

(1−i,i)
ε (ζ ) as the intertwiner of Uq(ŝl2):

Φ(1−i,i)(ζ ) : V (Λi) → V (Λ1−i ) ⊗ Vζ , Φ(1−i,i)(ζ ) · x = Δ(x) · Φ(1−i,i)(ζ ), (2.21)

Φ∗(1−i,i)(ζ ) : V (Λi) ⊗ Vζ → V (Λ1−i ), Φ∗(1−i,i)(ζ ) · Δ(x) = x · Φ∗(1−i,i)(ζ ),

(2.22)

for x ∈ Uq(ŝl2). We set the elements of the type-I vertex operators

Φ(1−i,i)(ζ ) =
∑

ε

Φ(1−i,i)
ε (ζ ) ⊗ vε, Φ∗(1−i,i)

ε (ζ )|v〉 = Φ∗(1−i,i)(ζ )
(|v〉 ⊗ vε

)
. (2.23)

The type-I vertex operators Φ
(1−i,i)
ε (ζ ) and Φ

∗(1−i,i)
ε (ζ ) satisfy the following commutation rela-

tion, the duality, and the invertibility properties:

Φ(i,1−i)
ε2

(ζ2)Φ
(1−i,i)
ε1

(ζ1) =
∑

ε′
1,ε

′
2=±

R(ζ1/ζ2)
ε′

1ε
′
2

ε1ε2Φ
(i,1−i)

ε′
1

(ζ1)Φ
(1−i,i)

ε′
2

(ζ2), (2.24)

Φ∗(1−i,i)
ε (ζ ) = Φ

(1−i,i)
−ε

(−q−1ζ
)
, (2.25)

g
∑
ε=±

Φ∗(i,1−i)
ε (ζ )Φ(1−i,i)

ε (ζ ) = id, gΦ(i,1−i)
ε1

(ζ )Φ∗(1−i,i)
ε2

(ζ ) = δε1ε2 id, (2.26)

where we have set

g = (q2;q4)∞
(q4;q4)∞

. (2.27)

Following the strategy of [6], as the generating function of the Hamiltonian H
(±)
B (1.1) we intro-

duce the “renormalized” transfer matrix T
(±,i)

(ζ ; r, s) using the q-vertex operators:
B



386 P. Baseilhac, T. Kojima / Nuclear Physics B 880 (2014) 378–413
T
(±,i)
B (ζ ; r, s) = g

∑
ε1,ε2=±

Φ∗(i,1−i)
ε1

(
ζ−1)K(±)(ζ ; r, s)ε2

ε1
Φ(1−i,i)

ε2
(ζ ). (2.28)

From the boundary Yang–Baxter equation and the properties of the q-vertex operators (2.8),
(2.9), (2.24), (2.25), (2.26), we have the following properties of the “renormalized” transfer ma-
trix: [

T
(±,i)
B (ζ1; r, s), T (±,i)

B (ζ2; r, s)
] = 0 for any ζ1, ζ2, (2.29)

T
(±,i)
B (1; r, s) = id, T

(±,i)
B (ζ ; r, s)T (±,i)

B

(
ζ−1; r, s) = id. (2.30)

T
(±,i)
B

(−q−1ζ−1; r, s) = T
(±,i)
B (ζ ; r, s). (2.31)

Following the strategy in [3,6,37] and the CTM argument for Uq(ŝl2) [38], as well as the al-
ternative support within Onsager’s framework [27], we study our problem upon the following
identification:

T
(±,i)
B (ζ ; r, s) = T̂

(±,i)
B (ζ ; r, s), Φ(1−i,i)

ε (ζ ) = Φ̂(1−i,i)
ε (ζ ),

Φ∗(1−i,i)
ε (ζ ) = Φ̂∗(1−i,i)

ε (ζ ). (2.32)

The point of using the q-vertex operators Φ
(1−i,i)
ε (ζ ), Φ

∗(1−i,i)
ε (ζ ) associated with Uq(ŝl2) is

that they are well-defined objects, free from the difficulty of divergence. In addition, they are the
unique solution of the intertwining relations defining the q-vertex operators of the q-Onsager
algebra (see [27] for details), which characterizes the hidden non-Abelian symmetry of (1.1).

Finally, let us describe the spin-reversal property. Let ν : V (Λ0) → V (Λ1) be the vector-space
isomorphism corresponding to the Dynkin diagram symmetry [3]. Then we have

ν−1ej ν = e1−j , ν−1fjν = f1−j , ν−1qhj ν = qh1−j . (2.33)

Moreover we have

νΦ(0,1)
ε (ζ )ν = Φ

(1,0)
−ε (ζ ), (2.34)

which gives the same relation as (2.15). The q-vertex operator Φ
(1−i,i)
ε (ζ ) has a bosonization

summarized in Appendix B. Note that we have two bosonizations of the q-vertex operator based
on (2.34). Noting the relation

σxK(±)(ζ ; r, s)σ x = Λ(ζ ; r)K(∓)(ζ ;1/r,−s/r), (2.35)

where we have used

Λ(ζ ; r) = 1

ζ 2

Θq4(rζ 2)Θq4(q2rζ−2)

Θq4(rζ−2)Θq4(q2rζ 2)
, (2.36)

we find that

ν−1T
(±,1)
B (ζ ; r, s)ν = Λ(ζ ; r)T (∓,0)

B (ζ ;1/r,−s/r). (2.37)

In the next section we describe the vacuum eigenvectors |±; i〉B and their duals B 〈i;±| (i = 0,1)

such that

B〈i;±|T (±,i)
B (ζ ; r, s) = B〈i;±|Λ(i)(ζ ; r), (2.38)

T
(±,i)

(ζ ; r, s)|±; i〉B = Λ(i)(ζ ; r)|±; i〉B. (2.39)
B
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Here we have set

Λ(i)(ζ ; r) =
{

1 (i = 0),

Λ(ζ ; r) (i = 1).
(2.40)

Once the vacuum eigenvectors are found, it is possible to create the excited states by an
application of the type-II vertex operators. Recall that type-II vertex operators Ψ

∗(1−i,i)
ε (ξ) are

the intertwiners of Uq(ŝl2):

Ψ ∗(1−i,i)(ξ) : Vξ ⊗ V (Λi) → V (Λ1−i ),

Ψ ∗(1−i,i)(ξ) · Δ(x) = x · Ψ ∗(1−i,i)(ξ), (2.41)

for x ∈ Uq(ŝl2). Define the elements of the vertex operator

Ψ ∗(1−i,i)
μ (ξ)|v〉 = Ψ ∗(1−i,i)(ξ)

(
vμ ⊗ |v〉). (2.42)

The type-I vertex operators Φ
(1−i,i)
ε (ζ ) and the type-II vertex operators Ψ

(i,1−i)
μ (ξ) satisfy the

following commutation relation:

Φ(i,1−i)
ε (ζ )Ψ ∗(1−i,i)

μ (ξ) = τ(ζ/ξ)Ψ ∗(i,1−i)
μ (ξ)Φ(1−i,i)

ε (ζ ), (2.43)

where we have set

τ(ζ ) = ζ−1 Θq4(qζ 2)

Θq4(qζ−2)
. (2.44)

This commutation relation implies that

Ψ ∗(i+N,i+N−1)
μ1

(ξ1) · · ·Ψ ∗(i+2,i+1)
μN−1

(ξN−1)Ψ
∗(i+1,i)
μN

(ξN)|±; i〉B (2.45)

is an eigenvector of T
(±,i)
B (ζ ; r, s) with eigenvalue

Λ(i)(ζ ; r)
N∏

j=1

τ(ζ/ξj )τ (ζ ξj ). (2.46)

Here the number i+N in the suffix (i+N, i+N −1) of the q-vertex operator Ψ
∗(i+N,i+N−1)
μ1 (ξ1)

should be understood modulo 2. Note that type-II vertex operators are intertwiners of the
q-Onsager algebra, which justify their use in solving (1.1) [27].

3. Vacuum eigenvectors and their duals

In the VOA, the computation of correlation functions essentially relies on the prior knowledge
of realizations of the vacuum eigenvectors and their duals in terms of q-bosons. For the model
(1.1) with diagonal boundary conditions s = 0, they have been proposed in [6]. For the model
(1.1) with s �= 0, vacuum eigenvectors have been proposed using the representation theory of
the spectrum generating algebra (q-Onsager algebra). These objects playing a central role in the
analysis of further sections, below we recall the basic notations and main results of [6,27]. For
completeness, dual vacuum eigenvectors of the model (1.1) are described in details.
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3.1. Diagonal boundary

Upon the specialization s = 0 the Hamiltonian H
(±)
B degenerate to the one of the XXZ spin-

chain with a diagonal boundary:

H
(±)
B

∣∣
s=0 = −1

2

∞∑
k=1

(
σx

k+1σ
x
k + σ

y

k+1σ
y
k + Δσz

k+1σ
z
k

)− 1 − q2

4q

1 + r

1 − r
σ z

1 . (3.1)

Let us recall the structure of the vacuum eigenvectors |i〉B and their duals B 〈i| for the XXZ
spin-chain with a diagonal boundary, obtained in [6]. The spectral problem for the Hamiltonian
is identical with the one for the “renormalized” transfer matrix T

(±,i)
B (ζ ; r,0), namely:

T
(±,i)
B (ζ ; r,0)|i〉B = Λ(i)(ζ ; r)|i〉B, (3.2)

B〈i|T (±,i)
B (ζ ; r,0) = Λ(i)(ζ ; r)B〈i|. (3.3)

Realizations of the vacuum eigenvectors and their duals follow from the bosonization of the
q-vertex operators. Indeed, recall that for i = 0,1 the bosonization of the irreducible highest
weight representation V (Λi) and the restricted dual representation V ∗(Λi) with the fundamental
weights Λi is [3] (see also Appendix B):

V (Λi) = C[a−1, a−2, a−3, . . .] ⊗
(⊕

n∈Z

CeΛi+nα

)
, (3.4)

V ∗(Λi) = C[a1, a2, a3, . . .] ⊗
(⊕

n∈Z

Ce−Λi−nα

)
. (3.5)

Note that the highest weight vector |i〉 and the lowest weight vector 〈i| are given by [3]:

〈i| = 1 ⊗ e−Λi , |i〉 = 1 ⊗ eΛi . (3.6)

In [6], solving directly (3.3) using the bosonization of the transfer matrix that comes from the
one of the q-vertex operators (B.9) and (B.10), realizations of the vacuum eigenvectors and their
duals were obtained. The results of [6] are summarized as follows:

|i〉B = exp(Fi)|i〉, Fi = 1

2

∞∑
n=1

nαn

[2n]q [n]q a2−n +
∞∑

n=1

β(i)
n a−n, (3.7)

B〈i| = 〈i| exp(Gi), Gi = 1

2

∞∑
n=1

nγn

[2n]q [n]q a2
n +

∞∑
n=1

δ(i)
n an. (3.8)

Here we have set

αn = −q6n, γn = −q−2n, (3.9)

and

β(i)
n = −θn

q5n/2(1 − qn)

[2n]q +
⎧⎨⎩− q7n/2rn

[2n]q (i = 0),

+ q3n/2r−n

[2n]q (i = 1),
(3.10)

δ(i)
n = θn

q−3n/2(1 − qn)

[2n]q +
⎧⎨⎩− q−5n/2rn

[2n]q (i = 0),

+ q−n/2r−n

(i = 1),
(3.11)
[2n]q
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where

θn =
{

1 for n even,

0 for n odd.
(3.12)

Note that the spin-reversal property of the “renormalized” transfer matrix T
(±,i)
B (ζ ; r, s) (2.37)

suggests that the two vacuum eigenvectors |i〉B (i = 0,1) and their duals B 〈i| (i = 0,1) should
be related by

ν
(
B〈0|)∣∣

r→1/r
= B〈1|, ν

(|0〉B
)∣∣

r→1/r
= |1〉B. (3.13)

However, since the spin-reversal symmetry is obscured in the bosonization, we do not know how
to verify this directly from the bosonization formulae.

3.2. Triangular boundary

In this section we recall the structure of the vacuum eigenvectors and their duals for the half-
infinite XXZ spin chain with a triangular boundary (1.1). For s ∈ R we are interested in the
vacuum eigenvectors |±; i〉B which satisfy

T
(±,i)
B (ζ ; r, s)|±, i〉B = Λ(i)(ζ ; r)|±; i〉B. (3.14)

Clearly, the Hamiltonian (1.1) can be considered as an integrable perturbation of the diagonal
boundary case s = 0. In addition, the spectrum generating algebra associated with (1.1) is the
q-Onsager algebra [27]. As a consequence, any eigenvector of the transfer matrix T

(±,i)
B (ζ ; r, s)

associated with the Hamiltonian (1.1) can be potentially written in terms of monomials of the
q-Onsager generators acting on |i〉B . In the model (1.1), recall that realizations of the q-Onsager
fundamental generators are known in terms of Uq(ŝl2) Drinfeld’s basic generators [26]. For the
vacuum eigenvectors |±; i〉B , it is thus natural to look for a combinations of monomials in terms
of basic Drinfeld generators acting on |i〉B . The results of [27] are summarized as follows:

|+;0〉B = expq−1(sf0)|0〉B, (3.15)

|+;1〉B = expq

(
s

rq
e1q

−h1

)
|1〉B, (3.16)

|−;0〉B = expq

(
− s

q
e0q

−h0

)
|0〉B, (3.17)

|−;1〉B = expq−1

(
− s

r
f1

)
|1〉B, (3.18)

where |i〉B are the vacuum eigenvectors (3.7) of the diagonal boundary s = 0 [6]. Here we have
used the q-exponential function expq(x) given in (1.5). In order to show the relation (3.14), the
following intertwining property of the q-vertex operators are needed:

Φ
(1−i,i)
− (ζ )Bn

+,0 = q−nBn
+,0Φ

(1−i,i)
− (ζ ), (3.19)

Φ
(1−i,i)
+ (ζ )Bn

+,0 = qnBn
+,0Φ

(1−i,i)
+ (ζ ) + s ζ−1[n]qBn−1

+,0 Φ
(1−i,i)
− (ζ ), (3.20)

Φ
(1−i,i)
− (ζ )Bn

+,1 = qnBn
+,1Φ

(1−i,i)
− (ζ ), (3.21)

Φ
(1−i,i)
+ (ζ )Bn

+,1 = q−nBn
+,1Φ

(1−i,i)
+ (ζ ) + s

ζ [n]qBn−1
+,1 Φ

(1−i,i)
− (ζ ), (3.22)
r
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Φ
(1−i,i)
− (ζ )Bn

−,0 = q−nBn
−,0Φ

(1−i,i)
− (ζ ) + s ζ [n]qBn−1

−,0 Φ
(1−i,i)
+ (ζ ), (3.23)

Φ
(1−i,i)
+ (ζ )Bn

−,0 = qnBn
−,0Φ

(1−i,i)
+ (ζ ), (3.24)

Φ
(1−i,i)
− (ζ )Bn

−,1 = qnBn
−,1Φ

(1−i,i)
− (ζ ) + s

r
ζ−1[n]qBn−1

−,1 Φ
(1−i,i)
+ (ζ ), (3.25)

Φ
(1−i,i)
+ (ζ )Bn

−,1 = q−nBn
−,1Φ

(1−i,i)
+ (ζ ). (3.26)

Here we have set

B+,0 = sf0, B+,1 = s

rq
e1q

−h1, B−,0 = s

q
e0q

−h0, B−,1 = s

r
f1. (3.27)

Once we assume the relation (3.13), the spin-reversal property of the vacuum eigenvectors fol-
lows directly from the q-exponential formula. Indeed,

ν
(|±;0〉B

)∣∣
r→1/r,s→−s/r

= |∓;1〉B, (3.28)

which is consequence of the following reversal property

ν−1B±,1ν
∣∣
r→1/r,s→−s/r

= −B∓,0. (3.29)

For s ∈ R, we are now interested in the dual vacuum eigenvectors given by

B〈i;±|T (±,i)
B (ζ ; r, s) = Λ(i)(ζ ; r)B〈i;±|. (3.30)

Above arguments also hold for the construction of the dual vacuum eigenvectors, from which we
obtain the following realizations:

B〈0;+| = B〈0| expq(−sf0), (3.31)

B〈1;+| = B〈1| expq−1

(
− s

rq
e1q

−h1

)
, (3.32)

B〈0;−| = B〈0| expq−1

(
s

q
e0q

−h0

)
, (3.33)

B〈1;−| = B〈1| expq

(
s

r
f1

)
. (3.34)

Here B 〈i| are the dual vacuum eigenvectors (3.8) of the diagonal boundary s = 0 [6]. In order
to show the relation (3.30), we need the following intertwining property of the dual q-vertex
operators:

Φ
∗(1−i,i)
+ (ζ )Bn

+,0 = q−nBn
+,0Φ

∗(1−i,i)
+ (ζ ), (3.35)

Φ
∗(1−i,i)
− (ζ )Bn

+,0 = qnBn
+,0Φ

∗(1−i,i)
− (ζ ) − qsζ−1[n]qBn−1

+,0 Φ
∗(1−i,i)
+ (ζ ), (3.36)

Φ
∗(1−i,i)
+ (ζ )Bn

+,1 = qnBn
+,1Φ

∗(1−i,i)
+ (ζ ), (3.37)

Φ
∗(1−i,i)
− (ζ )Bn

+,1 = q−nBn
+,1Φ

∗(1−i,i)
− (ζ ) − s

rq
ζ [n]qBn−1

+,1 Φ
∗(1−i,i)
+ (ζ ), (3.38)

Φ
∗(1−i,i)
+ (ζ )Bn

−,0 = q−nBn
−,0Φ

∗(1−i,i)
+ (ζ ) − s

q
ζ [n]qBn−1

−,0 Φ
∗(1−i,i)
− (ζ ), (3.39)

Φ
∗(1−i,i)
− (ζ )Bn

−,0 = qnBn
−,0Φ

∗(1−i,i)
− (ζ ), (3.40)

Φ
∗(1−i,i)
+ (ζ )Bn

−,1 = qnBn
−,1Φ

∗(1−i,i)
+ (ζ ) − qs

r
ζ−1[n]qBn−1

−,1 Φ
∗(1−i,i)
− (ζ ), (3.41)

Φ
∗(1−i,i)
− (ζ )Bn = q−nBn Φ

∗(1−i,i)
− (ζ ). (3.42)
−,1 −,1
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Once we assume the relation (3.13), the spin-reversal property of the dual vacuum eigenvectors
for a triangular boundary condition follows directly from the q-exponential formula:

ν
(
B〈0;±|)∣∣

r→1/r,s→−s/r
= B〈1;∓|. (3.43)

Finally, from the relation for the q-exponential function expq(x) expq−1(−x) = 1 we deduce

B〈i;±|±; i〉B = B〈i|i〉B. (3.44)

Hence we have

B〈i;±|±; i〉B =
⎧⎨⎩

(q4r2;q8)∞
(q6;q8)∞(q2r2;q8)∞

(i = 0),

(q4/r2;q8)∞
(q6;q8)∞(q2/r2;q8)∞

(i = 1).
(3.45)

Here we have used the formulae of the norms of B 〈i|i〉B given in [6].

4. Correlation functions

In this section, two integral representations for correlation functions of q-vertex operators
are proposed. In particular, it is shown that the expressions obtained for a subset of correlation
functions for the triangular boundary case coincide with the ones associated with a diagonal
boundary. Based on the exact relation between local spin operators and q-vertex operators [3,6],
summation formulae for the boundary expectation value of the spin operator in the models (1.1)
are derived. In the last subsection, using the spin-reversal property we deduce linear relations
between certain multiple integrals involving elliptic theta functions. The simplest examples are
presented.

4.1. Definitions

In this section, we focus our attention on the vacuum expectation values of products of the
q-vertex operators given by

P (±,i)
ε1,ε2,...,εM

(ζ1, ζ2, . . . , ζM ; r, s)

= B〈i;±|Φ(i,1−i)
ε1 (ζ1)Φ

(1−i,i)
ε2 (ζ2) · · ·Φ(1−i,i)

εM
(ζM)|±; i〉B

B〈i;±|±; i〉B , (4.1)

with M an even integer. Our purpose is to derive them as integrals of meromorphic functions
involving infinite products (4.27) and (4.40), which will be detailed in the next two subsections.
In particular, as we will show in the next section, upon the condition

∑M
j=1 εj = 0, the vacuum

expectation value of triangular boundary coincides with the one of diagonal boundary. Namely,

B〈i;±|Φ(i,1−i)
ε1 (ζ1) · · ·Φ(1−i,i)

εM
(ζM)|±; i〉B

B〈i;±|±; i〉B = B〈i|Φ(i,1−i)
ε1 (ζ1) · · ·Φ(1−i,i)

εM
(ζM)|i〉B

B〈i|i〉B . (4.2)

Note that from the spin-reversal properties (2.34), (3.28), (3.43), we have

P (±,i)
ε1,...,εM

(ζ1, . . . , ζM ; r, s) = P
(∓,1−i)
−ε1,...,−εM

(ζ1, . . . , ζM ;1/r,−s/r), (4.3)

which will be used in the last subsection. We have two bosonizations of the q-vertex operator,
which are based on the relation: νΦ

(0,1)
ε (ζ )ν = Φ

(1,0)
−ε (ζ ). Hence we have two formulae of the

correlation functions in (4.3).
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Upon specialization of the spectral parameters (see [3,6]), the vacuum expectation values (4.1)
give multi-point correlation functions of local spin operators of the half-infinite XXZ spin chain
with a triangular boundary (1.1). Let L be a linear operator on the n-fold tensor products of the
two-dimensional space Vn ⊗· · ·⊗V2 ⊗V1. The corresponding local operator L acting on V (Λi)

can be defined in terms of the type-I vertex operators in exactly the same way as in the bulk
theory [3]. Explicitly, if L is the matrix at the n-th site

Eεε′ ⊗ id ⊗ · · · ⊗ id︸ ︷︷ ︸
n−1

, (4.4)

the corresponding local operator Eεε′ is given by

Eεε′ = Eεε′(1,1, . . . ,1), (4.5)

where we have set

Eεε′(ζ1, ζ2, . . . , ζn)

= gn
∑

ε1,...,εn−1=±
Φ∗(i,i+1)

ε1
(ζ1) · · ·Φ∗(i+n−2,i+n−1)

εn−1
(ζn−1)Φ

∗(i+n−1,i+n)
ε (ζn)

× Φ
(i+n,i+n−1)

ε′ (ζn)Φ
(i+n−2,i+n−1)
εn−1

(ζn−1) · · ·Φ(i+1,i)
ε1

(ζ1). (4.6)

From the inversion property of the q-vertex operators (2.26), we have

B〈i;±|Eεnε′
n
(ζ1, . . . , ζn)Eεn−1ε

′
n−1

(ζ1, . . . , ζn−1) · · ·Eε1ε
′
1
(ζ1)|±; i〉B

B〈i;±|±; i〉B
= gnP

(±,i)

−ε1,−ε2,...,−εn,ε′
n,...,ε′

2,ε
′
1

(−q−1ζ1,−q−1ζ2, . . . ,−q−1ζn, ζn, . . . , ζ2, ζ1
)
. (4.7)

As a consequence, correlation functions of local operators are given by:

B〈i;±|Eεnε′
n
Eεn−1ε

′
n−1

· · ·Eε1ε
′
1
|±; i〉B

B〈i;±|±; i〉B
= gnP

(±,i)

−ε1,...,−εn,ε′
n,...,ε′

1

(−q−1, . . . ,−q−1,1, . . . ,1
)
. (4.8)

In what follows we calculate the vacuum expectation values explicitly using bosonizations.

4.2. First integral representation

Consider the M-point functions with M an even integer:

P (+,i)
ε1···εM

(ζ1, . . . , ζM ; r, s) = P
(−,1−i)
−ε1···−εM

(ζ1, . . . , ζM ;1/r,−s/r). (4.9)

Here we calculate the vacuum expectation value using bosonizations associated with the upper-
triangular boundary model H

(+)
B . In what follows, it is convenient to set zj = ζ 2

j and

A = {1 � a � M | εa = +}. (4.10)

The normal ordering of products of the type-I vertex operators are given by
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Φ(i,1−i)
ε1

(ζ1) · · ·Φ(1−i,i)
εM

(ζM)

= (−q3) 1
4 M(M−1)−∑

a∈A a(1 − q2)|A| M∏
j=1

ζ

1+εj
2 +M−j

j

∏
1�j<k�M

(q2zk/zj ;q4)∞
(q4zk/zj ;q4)∞

×
∏
a∈A

∮
C

dwa

2π
√−1

wa

∏
a,b∈A
a<b

(wa − wb)(wa − q2wb)∏
a∈A{∏1�j�a(zj − q−2wa)

∏
a�j�M(wa − q4zj )}

× :Φ(i,1−i)
− (ζ1) · · ·Φ(1−i,i)

− (ζM)
∏
a∈A

X−(wa):. (4.11)

Here the integration contour C encircles wa = 0 (a ∈ A) in such a way that q4zj (a � j � M)

is inside and q2zj (1 � j � a) is outside. From the bosonizations of the Drinfeld’s realization in
Appendix B, we have

f0 = qh1x+
−1 = q∂

∮
dv

2π
√−1v

X+(v),

e1q
−h1 = x+

0 q−h1 =
∮

dv

2π
√−1

X+(v)q−∂ . (4.12)

From the normal orderings in Appendix B we have

(f0)
l = ql(l+1)

l∏
b=1

∮
dvb

2π
√−1vb

∏
1�a<b�l

(va − vb)
(
va − q−2vb

): l∏
b=1

X+(vb):ql∂ , (4.13)

(
e1q

−h1
)l = q−l(l−1)

l∏
b=1

∮
dvb

2π
√−1

∏
1�a<b�l

(va − vb)
(
va − q−2vb

): l∏
b=1

X+(vb):q−l∂ .

(4.14)

Hence we have the following normal orderings

expq(−sf0) · Φ(0,1)
ε1

(ζ1)Φ
(1,0)
ε2

(ζ2) · · ·Φ(1,0)
εM

(ζM) · expq−1(sf0)

= (−q3) 1
4 M(M−1)−∑

a∈A a(1 − q2)|A| M∏
j=1

ζ

1+εj
2 +M−j

j

∏
1�j<k�M

(q2zk/zj ;q4)∞
(q4zk/zj ;q4)∞

×
∞∑

n=0

sn

{ ∑
l,m�0
l+m=n

(−1)l

[l]q ![m]q !q
3
2 l2+ l

2 + 1
2 m2+ 3

2 m+l(2m+M−2|A|)
}

×
n∏

b=1

∮
dvb

2π
√−1vb

∏
a∈A

∮
dwa

2π
√−1

wa

×
∏n

b=1
∏M

j=1(vb − q3zj )∏
a∈A{∏j�a(zj − q−2wa)

∏
a�j (wa − q4zj )}

×
∏

1�a<b�n(va − vb)(va − q−2vb)
∏

a,b∈A
a<b

(wa − wb)(wa − q2wb)∏n
b=1

∏
a∈A(vb − qwa)(vb − q−1wa)

× :Φ(0,1)
− (ζ1)Φ

(1,0)
− (ζ2) · · ·Φ(1,0)

− (ζM)
∏

X−(wa)

n∏
X+(vb):qn∂, (4.15)
a∈A b=1



394 P. Baseilhac, T. Kojima / Nuclear Physics B 880 (2014) 378–413
and

expq−1

(
− s

rq
e1q

−h1

)
· Φ(1,0)

ε1
(ζ1)Φ

(0,1)
ε2

(ζ2) · · ·Φ(0,1)
εM

(ζM) · expq

(
s

rq
e1q

−h1

)
= (−q3) 1

4 M(M−1)−∑
a∈A a(1 − q2)|A| M∏

j=1

ζ

1+εj
2 +M−j

j

∏
1�j<k�M

(q2zk/zj ;q4)∞
(q4zk/zj ;q4)∞

×
∞∑

n=0

(s/rq)n
{ ∑

l,m�0
l+m=n

(−1)l

[l]q ![m]q !q
− 3

2 l(l−1)− 1
2 m(m−1)−l(2m+M−2|A|)

}

×
n∏

b=1

∮
dvb

2π
√−1

∏
a∈A

∮
dwa

2π
√−1

wa

∏n
b=1

∏M
j=1(vb − q3zj )∏

a∈A{∏j�a(zj − q−2wa)
∏

a�j (wa − q4zj )}

×
∏

1�a<b�n(va − vb)(va − q−2vb)
∏

a,b∈A
a<b

(wa − wb)(wa − q2wb)∏n
b=1

∏
a∈A(vb − qwa)(vb − q−1wa)

× :Φ(1,0)
− (ζ1)Φ

(0,1)
− (ζ2) · · ·Φ(0,1)

− (ζM)
∏
a∈A

X−(wa)

n∏
b=1

X+(vb):q−n∂ . (4.16)

The zero-mode eα part of the operator :Φ(i,1−i)
− (ζ1)Φ

(1−i,i)
− (ζ2) · · ·Φ(1−i,i)

− (ζM)
∏

a∈AX−(wa)×∏n
b=1 X+(vb):q(1−2i)n∂ is given by e(n−|A|+ M

2 )α . Then, the condition for which the vacuum
expectation value is non-vanishing reads:

B〈i|:Φ(i,1−i)
− (ζ1) · · ·Φ(1−i,i)

− (ζM)
∏
a∈A

X−(wa)

n∏
b=1

X+(vb):q(1−2i)n∂ |i〉B �= 0,

⇐⇒ B〈i|e(n−|A|+ M
2 )α|i〉B �= 0 ⇐⇒ |A| − M

2
= n � 0. (4.17)

Hence, provided the condition |A| � M
2 is satisfied, non-zero vacuum expectation values of

type-I vertex operators are given by:

B〈i;+|Φ(i,1−i)
ε1

(ζ1)Φ
(1−i,i)
ε2

(ζ2) · · ·Φ(1−i,i)
εM

(ζM)|+; i〉B
= (qs)|A|− M

2
(−q2r

)( M
2 −|A|)i(−q3) 1

4 M2+ 1
2 Mi−∑

a∈A a(
1 − q2)|A|

×
{ ∑

l,m�0
l+m=|A|− M

2

(−1)l

[l]q ![m]q !q
− 1

2 l(l+1)+ 1
2 m(m+1)

}

×
M∏

j=1

ζ

1+εj
2 +M−j+i

j

∏
1�j<k�M

(q2zk/zj ;q4)∞
(q4zk/zj ;q4)∞

×
|A|− M

2∏
b=1

∮
dvb

2π
√−1

v2i−1
b

∏
a∈A

∮
dwa

2π
√−1

w1−i
a

×
∏|A|− M

2
b=1

∏M
j=1(vb − q3zj )∏ {∏ (z − q−2w )

∏
(w − q4z )}
a∈A j�a j a a�j a j
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×
∏

1�a<b�|A|− M
2
(va − vb)(va − q−2vb)

∏
a,b∈A
a<b

(wa − wb)(wa − q2wb)∏|A|− M
2

b=1

∏
a∈A(vb − qwa)(vb − q−1wa)

× B〈i|e
∑M

j=1 P(zj )+∑
a∈A R−(wa)+∑|A|− M

2
b=1 R+(vb)

× e
∑M

j=1 Q(zj )+∑
a∈A S−(wa)+∑|A|− M

2
b=1 S+(vb)|i〉B. (4.18)

Next we calculate the following vacuum expectation value more explicitly.

B〈i|e
∑M

j=1 P(zj )+∑
a∈A R−(wa)+∑|A|− M

2
b=1 R+(vb)e

∑M
j=1 Q(zj )+∑

a∈A S−(wa)+∑|A|− M
2

b=1 S+(vb)|i〉B
= 〈i|eG(i)

e
∑∞

n=1 a−nXne−∑∞
n=1 anYneF (i) |i〉. (4.19)

Here we have used

Xn = q7n/2

[2n]q
M∑

j=1

zn
j − qn/2

[n]q
∑
a∈A

wn
a + q−n/2

[n]q
|A|− M

2∑
b=1

vn
b , (4.20)

Yn = q−5n/2

[2n]q
M∑

j=1

z−n
j − qn/2

[n]q
∑
a∈A

w−n
a + q−n/2

[n]q
|A|− M

2∑
b=1

v−n
b . (4.21)

Using the relation B 〈+; i|i;+〉B = B 〈i|i〉B , we have the following formula in [6]:

〈i|eG(i)
e
∑∞

n=1 a−nXne−∑∞
n=1 anYneF (i) |i〉

B〈+; i|i;+〉B
= exp

( ∞∑
n=1

[2n]q [n]q
n

1

1 − αnγn

{
1

2
γnX

2
n − αnγnXnYn + 1

2
αnY

2
n

+ (
δ(i)
n + γnβ

(i)
n

)
Xn − (

β(i)
n + αnδ

(i)
n

)
Yn

})
. (4.22)

Here αn = −q6n, γn = −q−2n, β
(i)
n , δ

(i)
n are given in (3.9), (3.10), (3.11), respectively. Note that

the following infinite product relation

exp

(
−

∞∑
n=1

1

n

zn

(1 − pn
1 )(1 − pn

2 ) · · · (1 − pn)

)
= (z;p1,p2, . . . , pN)∞ (4.23)

has been used, where we denote

(z;p1,p2, . . . , pN)∞ =
∞∏

n1,n2,...,nN=0

(
1 − p

n1
1 p

n2
2 · · ·pnN

N z
)
. (4.24)

Below, we introduce the double-infinite products

{z}∞ = (
z;q4, q4)

∞, [z]∞ = (
z;q8, q8)

∞. (4.25)

We have following infinite product formula of the vacuum expectation value. Note that the for-
mulae summarized in Appendix C are convenient for these calculations.
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〈i|eG(i)
e
∑∞

n=1 a−nXne−∑∞
n=1 anYneF (i) |i〉

B〈+; i|i;+〉B

=
( {q6}∞

{q8}∞
)M{(

q4;q2)
∞
}|A|{(

q2;q2)
∞
}|A|− M

2

×
∏

1�j<k�M

{q6zj zk}∞{q2/zj zk}∞{q6zj /zk}∞{q6zk/zj }∞
{q8zj zk}∞{q4/zj zk}∞{q8zj /zk}∞{q8zk/zj }∞

×
M∏

j=1

[q10z2
j ]∞[q14z2

j ]∞[q10/z2
j ]∞[q6/z2

j ]∞
[q12z2

j ]∞[q16z2
j ]∞[q12/z2

j ]∞[q8/z2
j ]∞

×
∏M

j=1
∏|A|− M

2
b=1 (qzj vb;q4)∞(q7zj /vb;q4)∞(qvb/zj ;q4)∞(q3/zj vb;q4)∞∏M

j=1
∏

a∈A(q2zjwa;q4)∞(q8zj /wa;q4)∞(q2wa/zj ;q4)∞(q4/zjwa;q4)∞

×
∏

a∈A(w2
a/q

2;q4)∞(q6/w2
a;q4)∞

∏|A|− M
2

b=1 (v2
b/q

2;q4)∞(q6/v2
b;q4)∞∏|A|− M

2
b=1

∏
a∈A(vbwa/q3;q2)∞(q3vb/wa;q2)∞(q3wa/vb;q2)∞(q5/vbwa;q2)∞

×
∏
a,b∈A
a<b

(
wawb/q

2;q2)
∞
(
q4wa/wb;q2)

∞
(
q4wb/wa;q2)

∞
(
q6/wawb;q2)

∞

×
∏

1�a<b�|A|− M
2

(
vavb/q

4;q2)
∞
(
q2va/vb;q2)

∞
(
q2vb/va;q2)

∞
(
q4/vavb;q2)

∞

×

⎧⎪⎪⎪⎨⎪⎪⎪⎩
∏M

j=1
(q2rzj ;q4)∞
(q4rzj ;q4)∞

∏|A|− M
2

b=1 (1−rvb/q
3)∏

a∈A(1−q−2rwa)
(i = 0),

∏M
j=1

(1/rzj ;q4)∞
(q2/rzj ;q4)∞

∏|A|− M
2

b=1 (1−q/rvb)∏
a∈A(1−q2/rwa)

(i = 1).

(4.26)

Summarizing the above calculations, we finally obtain the following first integral representation
of the M-point functions with M even:

P (+,i)
ε1,...,εM

(ζ1, . . . , ζM ; r, s) = P
(−,1−i)
−ε1,...,−εM

(ζ1, . . . , ζM ;1/r,−s/r)

= (qs)|A|− M
2
(−q3) 1

4 M2−∑
a∈A a

( {q6}∞
{q8}∞

)M(
q2;q2)2|A|− M

2∞

×
∏

1�j<k�M

{q6zj zk}∞{q2/zj zk}∞{q6zj /zk}∞{q2zk/zj }∞
{q8zj zk}∞{q4/zj zk}∞{q8zj /zk}∞{q4zk/zj }∞

×
M∏

j=1

[q10z2
j ]∞[q14z2

j ]∞[q10/z2
j ]∞[q6/z2

j ]∞
[q12z2

j ]∞[q16z2
j ]∞[q12/z2

j ]∞[q8/z2
j ]∞

×
M∏

j=1

ζ

1+εj
2 +M−j

j

∑
l,m�0l+m=|A|− M

(−1)lq− 1
2 l(l+1)+ 1

2 m(m+1)

[l]q ![m]q !

2
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×
∮

· · ·
∮

C
(+,i)
l

∏
a∈A

dwa

2π
√−1

w1−i
a

|A|− M
2∏

b=1

dvb

2π
√−1

v2i−1
b

×
∏|A|− M

2
b=1

∏M
j=1(vb − q3zj )∏

a∈A{∏1�j�a(zj − q−2wa)
∏

a�j�M(wa − q4zj )}

×
∏M

j=1
∏|A|− M

2
b=1 (qzj vb;q4)∞(q7zj /vb;q4)∞(qvb/zj ;q4)∞(q3/zj vb;q4)∞∏M

j=1
∏

a∈A(q2zjwa;q4)∞(q8zj /wa;q4)∞(q2wa/zj ;q4)∞(q4/zjwa;q4)∞

×
∏

a∈A(w2
a/q

2;q4)∞(q6/w2
a;q4)∞

∏|A|− M
2

b=1 (v2
b/q

2;q4)∞(q6/v2
b;q4)∞∏|A|− M

2
b=1

∏
a∈A v2

b(vbwa/q3;q2)∞(q3vb/wa;q2)∞(wa/qvb;q2)∞(q5/vbwa;q2)∞
×

∏
a,b∈A
a<b

w2
a

(
wawb/q

2;q2)
∞
(
q4wa/wb;q2)

∞
(
wb/wa;q2)

∞
(
q6/wawb;q2)

∞

×
∏

1�a<b�|A|− M
2

v2
a

(
vavb/q

4;q2)
∞
(
q2va/vb;q2)

∞
(
q−2vb/va;q2)

∞
(
q4/vavb;q2)

∞

×

⎧⎪⎪⎪⎨⎪⎪⎪⎩
∏M

j=1
(q2rzj ;q4)∞
(q4rzj ;q4)∞

∏|A|− M
2

b=1 (1−rvb/q
3)∏

a∈A(1−q−2rwa)
(i = 0),

(−q2r)
M
2 −|A|(−q3)

M
2
∏M

j=1 ζj
(1/rzj ;q4)∞
(q2/rzj ;q4)∞

∏|A|− M
2

b=1 (1−q/rvb)∏
a∈A(1−q2/rwa)

(i = 1).

(4.27)

Here we have used {z}∞ and [z]∞ defined in (4.25). Recall that the set A is given in (4.10). Here
the integration contour C

(+,0)
l is a simple closed curve that satisfies the following conditions for

s = 0,1,2, . . . . We set L = |A| − M
2 . The wa (a ∈ A) encircles q8+4szj (1 � j < a), q4+4szj

(a � j � M), q4+4s/zj (1 � j � M), q3+2svb (1 � b � l), q−1+2svb (l < b � L), q5+2s/vb

(1 � b � L), but not q2−4szj (1 � j � a), q−2−4szj (a < j � M), q−2−4s/zj (1 � j � M),
q1−2svb (1 � b � l), q−3−2svb (l < b � L), q3−2s/vb (1 � b � L), q2/r . The vb (1 � b �
l) encircles q−1+2swa , q5+2s/wa (a ∈ A) but not q−3−2swa , q3−2s/wa (a ∈ A). The vb (l <

b � L) encircles q3+2swa , q5+2s/wa (a ∈ A) but not q1−2swa , q3−2s/wa (a ∈ A). Similarly,
the integration contour C

(+,1)
l is a simple closed curve such that wa (a ∈ A) encircles q2/r in

addition the same points as C
(+,0)
l does.

4.3. Second integral representation

In this section we consider M-point functions with M an even integer:

P (−,i)
ε1,...,εM

(ζ1, . . . , ζM ; r, s) = P
(+,1−i)
−ε1,...,−εM

(ζ1, . . . , ζM ;1/r,−s/r). (4.28)

Our aim is to calculate the vacuum expectation values using bosonizations associated with
the lower-triangular boundary model H

(−)
B . Recall that A = {1 � a � M|εa = +}. From the

bosonizations of the Drinfeld realization in Appendix B, we have

e0q
−h0 = q−1x−

1 = q−1
∮

dv√ vX−(v), f1 = x−
0 =

∮
dv√ X−(v). (4.29)
2π −1 2π −1
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From the normal orderings in Appendix B, we have

(
e0q

−h0
)l = q−l

l∏
b=1

∮
dvb

2π
√−1

vb

∏
1�a<b�l

(va − vb)
(
va − q2vb

): l∏
b=1

X−(vb):, (4.30)

(f1)
l =

l∏
b=1

∮
dvb

2π
√−1

∏
1�a<b�l

(va − vb)
(
va − q2vb

): l∏
b=1

X−(vb):. (4.31)

We have the following normal orderings

expq−1

(
s

q
e0q

−h0

)
Φ(0,1)

ε1
(ζ1)Φ

(1,0)
ε2

(ζ2) · · ·Φ(1,0)
εM

(ζM) expq

(
− s

q
e0q

−h0

)

= (−q3) 1
4 M(M−1)−∑

a∈A a(1 − q2)|A| M∏
j=1

ζ

1+εj
2 +M−j

j

∏
1�j<k�M

(q2zk/zj ;q4)∞
(q4zk/zj ;q4)∞

×
∞∑

n=0

(
s/q2)n ∑

l,m�0
l+m=n

(−1)mq− 1
2 l(l−1)+ 1

2 m(m−1)(−q3)−Mm

[l]q ![m]q !

×
n∏

b=1

∮
dvb

2π
√−1

vb

∏
a∈A

∮
dwa

2π
√−1

wa

×
∏

a,b∈Aa<b
(wa − wb)(wa − q2wb)∏

a∈A{∏j�a(zj − q−2wa)
∏

a�j (wa − q4zj )}

×
∏

1�a<b�n(va − vb)(va − q2vb)∏M
j=1{

∏l
b=1(vb − q4zj )

∏n
b=l+1(zj − q−2vb)}

×
l∏

b=1

∏
a∈A

(vb − wa)
(
vb − q2wa

) ∏
a∈A

n∏
b=l+1

(wa − vb)
(
wa − q2vb

)
× :Φ(0,1)

− (ζ1)Φ
(1,0)
− (ζ2) · · ·Φ(1,0)

− (ζM)
∏
a∈A

X−(wa)

n∏
b=1

X−(vb):, (4.32)

and

expq

(
s

r
f1

)
Φ(1,0)

ε1
(ζ1)Φ

(0,1)
ε2

(ζ2) · · ·Φ(0,1)
εM

(ζM) expq−1

(
− s

r
f1

)

= (−q3) 1
4 M(M−1)−∑

a∈A a(1 − q2)|A| M∏
j=1

ζ

1+εj
2 +M−j

j

∏
1�j<k�M

(q2zk/zj ;q4)∞
(q4zk/zj ;q4)∞

×
∞∑

n=0

(s/r)n
∑

l,m�0
l+m=n

(−1)mq
1
2 l(l−1)− 1

2 m(m−1)(−q3)−Mm

[l]q ![m]q !

×
n∏∮

dvb

2π
√−1

∏ ∮
dwa

2π
√−1

wa
b=1 a∈A
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×
∏

a,b∈A
a<b

(wa − wb)(wa − q2wb)∏
a∈A{∏j�a(zj − q−2wa)

∏
a�j (wa − q4zj )}

×
∏

1�a<b�n(va − vb)(va − q2vb)∏M
j=1{

∏l
b=1(vb − q4zj )

∏n
b=l+1(zj − q−2vb)}

×
l∏

a=1

∏
b∈A

(va − wb)
(
va − q2wb

) ∏
a∈A

n∏
b=l+1

(wa − vb)
(
wa − q2vb

)
× :Φ(0,1)

− (ζ1)Φ
(1,0)
− (ζ2) · · ·Φ(1,0)

− (ζM)
∏
a∈A

X−(wa)

n∏
b=1

X−(vb):. (4.33)

The zero-mode eα part of the operator :Φ(i,1−i)
− (ζ1) · · ·Φ(1−i,i)

− (ζM)
∏

a∈A X−(wa) ×∏n
b=1 X−(vb): is given by eα( M

2 −|A|−n). Hence, the condition for which the vacuum expecta-
tion value is non-vanishing reads

B〈i|:Φ(i,1−i)
− (ζ1) · · ·Φ(1−i,i)

− (ζM)
∏
a∈A

X−(wa)

n∏
b=1

X−(vb):|i〉B �= 0,

⇐⇒ B〈i|e( M
2 −|A|−n)α|i〉B �= 0 ⇐⇒ M

2
− |A| = n � 0. (4.34)

For M
2 � |A|, it implies that non-zero vacuum expectation value takes the form

B〈−; i|Φ(i,1−i)
ε1

(ζ1)Φ
(1−i,i)
ε2

(ζ2) · · ·Φ(i,1−i)
εM

(ζM)|i;−〉B
= (−q3) 1

4 M2+ i
2 M−∑

a∈A a(1 − q2)|A|(
s/q2) 1

2 M−|A|(
q2/r

)( M
2 −|A|)i

×
M∏

j=1

ζ

1+εj
2 +M−j+i

j

∏
1�j<k�M

(q2zk/zj ;q4)∞
(q4zk/zj ;q4)∞

×
∑

l,m�0
l+m= M

2 −|A|

(−1)m(M+1)q{− 1
2 l(l−1)+ 1

2 m(m−1)}(1−2i)−3Mm

[l]q ![m]q !

×
M
2 −|A|∏
b=1

∮
dvb

2π
√−1

v1−2i
b

∏
a∈A

∮
dwa

2π
√−1

w1−i
a

×
∏

a,b∈A
a<b

(wa − wb)(wa − q2wb)∏
a∈A{∏1�j�a(zj − q−2wa)

∏
a�j�M(wa − q4zj )}

×
∏

1�a<b� M
2 −|A|(va − vb)(va − q2vb)∏M

j=1{
∏l

b=1(vb − q4zj )
∏M

2 −|A|
b=l+1 (zj − q−2vb)}

×
l∏ ∏

(vb − wa)
(
vb − q2wa

) ∏ M
2 −|A|∏

(wa − vb)
(
wa − q2vb

)

b=1 a∈A a∈A b=l+1
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× B〈i|e
∑M

j=1 P(zj )+∑
a∈A R−(wa)+∑M

2 −|A|
b=1 R−(vb)

× e
∑M

j=1 Q(zj )+∑
a∈A S−(wa)+∑M

2 −|A|
b=1 S−(vb)|i〉B. (4.35)

Next, we calculate the vacuum expectation value more explicitly.

B〈i|e
∑M

j=1 P(zj )+∑
a∈A R−(wa)+∑M

2 −|A|
a=1 R−(va)

e
∑M

j=1 Q(zj )+∑
a∈A S−(wa)+∑M

2 −|A|
a=1 S−(va)|i〉B

= 〈i|eG(i)

e
∑∞

n=1 a−nXne−∑∞
n=1 anYneF (i) |i〉. (4.36)

Here we have defined

Xn = q7n/2

[2n]q
M∑

j=1

zn
j − qn/2

[n]q
∑
a∈A

wn
a − qn/2

[n]q

M
2 −|A|∑
b=1

vn
b , (4.37)

Yn = q−5n/2

[2n]q
M∑

j=1

z−n
j − qn/2

[n]q
∑
a∈A

w−n
a − qn/2

[n]q

M
2 −|A|∑
b=1

v−n
b . (4.38)

By straightforward calculations, the following infinite product formula of the vacuum expectation
value is obtained:

〈i|eG(i)
e
∑∞

n=1 a−nXne−∑∞
n=1 anYneF (i) |i〉

B〈+; i|i;+〉B =
( {q6}∞

{q8}∞
)M{(

q4;q2)
∞
}M

2

×
∏

1�j<k�M

{q6zj zk}∞{q2/zj zk}∞{q6zj /zk}∞{q6zk/zj }∞
{q8zj zk}∞{q4/zj zk}∞{q8zj /zk}∞{q8zk/zj }∞

×
M∏

j=1

[q10z2
j ]∞[q14z2

j ]∞[q10/z2
j ]∞[q6/z2

j ]∞
[q12z2

j ]∞[q16z2
j ]∞[q12/z2

j ]∞[q8/z2
j ]∞

×
∏

a∈A(w2
a/q

2;q4)∞(q6/w2
a;q4)∞∏M

j=1
∏

a∈A(q2zjwa;q4)∞(q8zj /wa;q4)∞(q2wa/zj ;q4)∞(q4/zjwa;q4)∞

×
∏M

2 −|A|
b=1 (v2

b/q
2;q4)∞(q6/v2

b;q4)∞∏M
j=1

∏M
2 −|A|

b=1 (q2zj vb;q4)∞(q8zj /vb;q4)∞(q2vb/zj ;q4)∞(q4/zj vb;q4)∞

×
M
2 −|A|∏
b=1

∏
a∈A

(
vbwa/q

2;q2)
∞
(
q4vb/wa;q2)

∞
(
q4wa/vb;q2)

∞
(
q6/vbwa;q2)

∞

×
∏
a,b∈A
a<b

(
wawb/q

2;q2)
∞
(
q4wa/wb;q2)

∞
(
q4wb/wa;q2)

∞
(
q6/wawb;q2)

∞

×
∏

1�a<b�L

(
vavb/q

2;q2)
∞
(
q4va/vb;q2)

∞
(
q4vb/va;q2)

∞
(
q6/vavb;q2)

∞

×

⎧⎪⎪⎪⎨⎪⎪⎪⎩
∏M

j=1
(q2rzj ;q4)∞
(q4rzj ;q4)∞

1∏
a∈A(1−rwa/q2)

∏M
2 −|A|

b=1 (1−rvb/q
2)

(i = 0),

∏M
j=1

(1/rzj ;q4)∞
(q2/rzj ;q4)∞

1∏
2

∏M
2 −|A|

2
(i = 1).

(4.39)
a∈A(1−q /rwa) b=1 (1−q /rvb)
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Summarizing the above calculations, we finally obtain the second integral representation of the
M-point functions with M even.

P (−,i)
ε1,...,εM

(ζ1, . . . , ζm; r, s) = P
(+,1−i)
−ε1,...,−εM

(ζ1, . . . , ζM ;1/r,−s/r)

= (−q3) 1
4 M2−∑

a∈A a(
s/q2)M

2 −|A|(1 − q2)|A|
( {q6}∞

{q8}∞
)M{(

q4;q2)
∞
}M

2

×
∏

1�j<k�M

{q6zj zk}∞{q2/zj zk}∞{q6zj /zk}∞{q2zk/zj }∞
{q8zj zk}∞{q4/zj zk}∞{q8zj /zk}∞{q4zk/zj }∞

×
M∏

j=1

[q10z2
j ]∞[q14z2

j ]∞[q10/z2
j ]∞[q6/z2

j ]∞
[q12z2

j ]∞[q16z2
j ]∞[q12/z2

j ]∞[q8/z2
j ]∞

×
M∏

j=1

ζ

1+εj
2 +M−j

j

∑
l,m�0

l+m= M
2 −|A|

(−1)m(M+1)q{− 1
2 l(l−1)+ 1

2 m(m−1)}(1−2i)−3Mm

[l]q ![m]q !

×
∮

· · ·
∮

C
(−,i)
l

M
2 −|A|∏
b=1

dvb

2π
√−1

v1−2i
b

∏
a∈A

dwa

2π
√−1

w1−i
a

×
∏

a∈A(w2
a/q2;q4)∞(q6/w2

a;q4)∞
∏M

2 −|A|
b=1 (v2

b/q2;q4)∞(q6/v2
b ;q4)∞∏

a∈A{∏1�j�a(zj − q−2wa)
∏

a�j�M(wa − q4zj )}∏M
j=1{

∏l
b=1(vb − q4zj )

∏M
2 −|A|

b=l+1 (zj − q−2vb)}

×
∏

a,b∈A
a<b

w2
a(wawb/q

2;q2)∞(q4wa/wb;q2)∞(wb/wa;q2)∞(q6/wawb;q2)∞∏M
j=1

∏
a∈A(q2zjwa;q4)∞(q8zj /wa;q4)∞(q2wa/zj ;q4)∞(q4/zjwa;q4)∞

×
∏

1�a<b� M
2 −|A| v

2
a(vavb/q

2;q2)∞(q4va/vb;q2)∞(vb/va;q2)∞(q6/vavb;q2)∞∏M
j=1

∏M
2 −|A|

b=1 (q2zj vb;q4)∞(q8zj /vb;q4)∞(q2vb/zj ;q4)∞(q4/zj vb;q4)∞

×
l∏

b=1

∏
a∈A

v2
b

(
vbwa/q

2;q2)
∞
(
q4vb/wa;q2)

∞
(
wa/vb;q2)

∞
(
q6/vbwa;q2)

∞

×
M
2 −|A|∏
b=l+1

∏
a∈A

w2
a

(
vbwa/q

2;q2)
∞
(
vb/wa;q2)

∞
(
q4wa/vb;q2)

∞
(
q6/vbwa;q2)

∞

×

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∏M
j=1

(q2rzj ;q4)∞
(q4rzj ;q4)∞

1∏
a∈A(1−rwa/q2)

∏M
2 −|A|

b=1 (1−rvb/q
2)

(i = 0),

(−q3)
M
2 (q2/r)

M
2 −|A|

×∏M
j=1 ζj

(1/rzj ;q4)∞
(q2/rzj ;q4)∞

1∏
a∈A(1−q2/rwa)

∏M
2 −|A|

b=1 (1−q2/rvb)

(i = 1).

(4.40)

Here we have used {z}∞ and [z]∞ defined in (4.25). Recall that the set A is given in (4.10).
Here the integration contour C

(−,0)
l is a simple closed curve that satisfies the following condi-

tions for s = 0,1,2, . . . . The wa (a ∈ A) encircles q8+4szj (1 � j < a), q4+4szj (a � j � M),
q4+4s/zj (1 � j � M), but not q2−4szj (1 � j � a), q−2−4szj (a < j � M), q−2−4s/zj
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(1 � j � M), q2/r . The vb (1 � b � l) encircles q4+4szj , q4+4s/zj (1 � j � M), but not
q−2−4szj , q−2−4s/zj (1 � j � M), q2/r . The vb (l < b � M

2 −|A|) encircles q8+4szj , q4+4s/zj

(1 � j � M) but not q2−4szj , q−2−4s/zj (1 � j � M), q2/r . The integration contour C
(−,1)
l is

a simple closed curve such that wa (a ∈ A) encircles q2/r and vb (1 � b � M
2 − |A|) encircles

q2/r in addition the same points as C
(+,0)
l does.

4.4. Diagonal degeneration

The purpose of this subsection is to identify a sufficient condition such that the expressions
for a triangular boundary condition coincide with those associated with a diagonal boundary
condition. Let us go back to the formula (4.18). We note that

∑M
j=1 εj = 0 ⇔ n = |A| − M

2 = 0.

Upon the specialization n = |A| − M
2 = 0, we have

B〈i;±|Φ(i,1−i)
ε1

(ζ1) · · ·Φ(1−i,i)
εM

(ζM)|±; i〉B
= B〈i|Φ(i,1−i)

ε1
(ζ1) · · ·Φ(1−i,i)

εM
(ζM)|i〉B. (4.41)

The same argument holds for (4.35). We conclude that upon the parity preserving condition

ε1 + ε2 + · · · + εM = 0, (4.42)

we have the same integral representation as the one for the diagonal boundary conditions [6].
Here we note that we have revised misprints in (4.8) of [6].

B〈i;±|Φ(i,1−i)
ε1 (ζ1) · · ·Φ(1−i,i)

εM
(ζM)|±; i〉B

B〈i;±|±; i〉B

= (−q3) 1
4 M2−∑

a∈A a
( {q6}∞

{q8}∞
)M(

q2;q2)M
2∞

M∏
j=1

ζ

1+εj
2 −j+M

j

×
∏

1�j<k�M

{q6zj zk}∞{q2/zj zk}∞{q6zj /zk}∞{q2zk/zj }∞
{q8zj zk}∞{q4/zj zk}∞{q8zj /zk}∞{q4zk/zj }∞

×
M∏

j=1

[q10z2
j ]∞[q14z2

j ]∞[q10/z2
j ]∞[q6/z2

j ]∞
[q12z2

j ]∞[q16z2
j ]∞[q12/z2

j ]∞[q8/z2
j ]∞

× ∏
a∈A

∮
C

(i)
0

dwa

2π
√−1

∏
a,b∈A
a<b

w2
a(q−2wawb;q2)∞(q4wa/wb;q2)∞(wb/wa;q2)∞(q6/wawb;q2)∞∏

a∈A

∏M
j=1(q2zj wa;q4)∞(q8zj /wa;q4)∞(q2wa/zj ;q4)∞(q4/zj wa;q4)∞

×
∏

a∈A(q−2w2
a;q4)∞(q6/w2

a;q4)∞∏
a∈A{∏1�j�a(zj − wa/q2)

∏
a�j�M(wa − q4zj )}

×

⎧⎪⎨⎪⎩
∏M

j=1
(q2rzj ;q4)∞
(q4rzj ;q4)∞

∏
a∈A

wa

(1−rwa/q2)
(for i = 0),

(−q3)
M
2
∏M

j=1 ζj
(1/rzj ;q4)∞
(q2/rzj ;q4)∞

∏
a∈A

1
(1−q2/rwa)

(for i = 1).

(4.43)

Here we have used {z}∞ and [z]∞ defined in (4.25). The integration contour C
(0)
0 is a simple

closed curve that satisfies the following conditions for s = 0,1,2, . . . . The wa (a ∈ A) encircles
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q8+4szj (1 � j < a), q4+4szj (a � j � M), q4+4s/zj (1 � j � M), but not q2−4szj (1 � j �
a), q−2−4szj (a < j � M), q−2−4s/zj (1 � j � M), q2/r . The integration contour C

(1)
0 is a

simple closed curve such that wa (a ∈ A) encircles q2/r in addition the same points as C
(0)
0

does.
To conclude, let us mention that according to the zero-mode operators (4.17) and (4.34), we

have

P (±,i)
ε1,...,εM

(ζ1, . . . , ζM ; r, s) = 0 for ±
(

M

2
− |A|

)
> 0. (4.44)

4.5. Boundary expectation values of spin operators

In this section we study simple examples. First, let us consider the boundary expectation value
given by

B〈i;−|σ+
1 |−; i〉B

B〈i;−|−; i〉B = gP
(−,i)
−,−

(−q−1ζ, ζ ; r, s)∣∣
ζ=1, (4.45)

where, according to (4.40), we have:

P
(−,i)
−,−

(−q−1ζ, ζ ; r, s)
= (−s)ζ

Θq4(ζ 4)

(1 − ζ 4)

(
q2;q2)3

∞
∮

C(−,i)

dv

2π
√−1

v
(
1 + v/q2ζ 2)(1 − q2/vζ 2)

× Θq4(q2v2)

Θq2(vζ 2)Θq2(v/ζ 2)

⎧⎨⎩
(1−rζ 2)

(1−rv/q2)q2 (i = 0),

(1−rζ 2)

(1−rv/q2)rv
(i = 1).

(4.46)

Here the integration contour C(−,0) encircles q2kζ 2, q2k+2/ζ 2 (k = 1,2, . . .). The integration
contour C(−,1) encircles q2kζ 2, q2k+2/ζ 2 (k = 1,2, . . .), and q2/r . Here we have used following
simplification

(q4;q4)∞
1 − z2

Θq4

(
z2) =

( {q6}∞
{q8}∞

)2 {q6z1z2}∞{q2/z1z2}∞{q6z1/z2}∞{q2z2/z1}∞
{q8z1z2}∞{q4/z1z2}∞{q8z1/z2}∞{q4z2/z1}∞

×
2∏

j=1

[q10z2
j ]∞[q14z2

j ]∞[q10/z2
j ]∞[q6/z2

j ]∞
[q12z2

j ]∞[q16z2
j ]∞[q12/z2

j ]∞[q8/z2
j ]∞

∣∣∣∣
z1=q−2z,z2=z

. (4.47)

Using properties of the theta function:
Θ

q4 (q2v2)

Θ
q2 (vζ 2)Θ

q2 (v/ζ 2)
= (−q−2)k

Θ
q4 (q−4kq2v2)

Θ
q2 (q−2kvζ 2)Θ

q2 (q−2kv/ζ 2)
and

Θp(1/z) = − 1
z
Θp(z), we calculate the residues. We have

gP
(−,0)
−,−

(−q−1ζ, ζ
)

= sζ

(
2 + 1 − rz

z

∞∑
k=1

(−q2)k (z − z−1) − r(1 + q4k) + (z + z−1)q2k

(1 − q2krz)(1 − q2kr/z)

)
, (4.48)

and
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gP
(−,1)
−,−

(−q−1ζ, ζ
)

= sζ

r

(
2

z
+ 1 − rz

z

∞∑
k=1

(−1)k
(z − z−1)rq2k + q2k + q−2k − (z + z−1)r

(1 − rq2kz)(1 − rq2k/z)

)

+ sζq2

r2

(q2;q2)4∞
(q4;q4)2∞

(1 + 1/rz)(1 − r/z)(1 − rz)

1 − z2

Θq4(z2)Θq4(q6/r2)

Θq2(q2z/r)Θq2(q2/zr)
. (4.49)

Upon the specialization ζ = 1, the boundary expectation value of the spin operator σ+
1 in the

model H
(−)
B is obtained:

B〈0;−|σ+
1 |−;0〉B

B〈0;−|−;0〉B = s

(
2 + (1 − r)

∞∑
k=1

(−q2)k 2q2k − r(1 + q4k)

(1 − rq2k)2

)
, (4.50)

B〈1;−|σ+
1 |−;1〉B

B〈1;−|−;1〉B = s

r

(
2 + (1 − r)

∞∑
k=1

(−1)k
q2k + q−2k − 2r

(1 − rq2k)2

)

+ sq2

r2
(1 + 1/r)

(
q4;q4)2

∞
(
q2;q2)2

∞
(q6/r2;q4)∞(r2/q2;q4)∞
(q2/r;q2)2∞(q2r;q2)2∞

.

(4.51)

Then, using the spin-reversal property (4.3) the boundary expectation value of the spin operator
σ−

1 in the model H
(+)
B immediately follows:

B〈1;+|σ−
1 |+;1〉B

B〈1;+|+;1〉B = − s

r

(
2 + (1 − 1/r)

∞∑
k=1

(−q2)k 2q2k − (1 + q4k)/r

(1 − q2k/r)2

)
, (4.52)

B〈0;+|σ−
1 |+;0〉B

B〈0;+|+;0〉B = −s

(
2 + (1 − 1/r)

∞∑
k=1

(−1)k
q2k + q−2k − 2/r

(1 − q2k/r)2

)

− sq2r(1 + r)
(
q4;q4)2

∞
(
q2;q2)2

∞
(q6r2;q4)∞(1/q2r2;q4)∞
(q2/r;q2)2∞(q2r;q2)2∞

.

(4.53)

Let us now turn to the boundary expectation values of σz
1 in H

(±)
B . According to (4.42), it reduces

to the known result for a diagonal boundary [6]. Namely,

B〈0;±|σz
1 |±;0〉B

B〈0;±|±;0〉B = −1 − 2(1 − r)2
∞∑

k=1

(−q2)k

(1 − rq2k)2
, (4.54)

B〈1;±|σz
1 |±;1〉B

B〈1;±|±;1〉B = −1 − 2(1 − r)2
∞∑

k=1

(−q2)k

(1 − rq2k)2

+ 2
(
q4;q4)2

∞
(
q2;q2)2

∞
(q2r2;q4)∞(q2/r2;q4)∞
(q2r;q2)2∞(q2/r;q2)2∞

. (4.55)

Finally, note that the remaining expectation values are vanishing:

B〈i;±|σ±
1 |±; i〉B = 0 for i = 0,1. (4.56)
B〈i;±|±; i〉B
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Simplifications occur upon the specializations r = ±1,0,∞: such cases correspond to free (Neu-
mann) boundary condition r = −1 (h = 0), fixed (Dirichlet) boundary condition r = 1 (h = ∞)

whereas for r = 0,∞ the Hamiltonian enjoys formal Uq(sl2) invariance.

4.6. Relations between multiple integrals

Linear relations between n-fold integrals are known in the mathematical literature [39–41].
In the context of conformal field theory, some examples also arise in the calculation of correla-
tion functions which contain screening operators. According to the spin-reversal property (4.3),
infinitely many relations of this kind can be exhibited based on previous results. Note that our
relations cannot be reduced to the relations between n-fold integrals of elliptic gamma functions
summarized in [40,41]. Also, note that we understand the RHS of the spin-reversal property (4.3)
as an analytic continuation of the parameter r . Here, we focus on the simplest examples: a rela-
tion between a triple integral and a single integral that has been computed explicitly in previous
subsection is exhibited in two different cases. First, from

P
(+,0)
+,+

(−q−1ζ, ζ ; r, s) = P
(−,1)
−,−

(−q−1ζ, ζ ;1/r,−s/r
)

(4.57)

we have the following identity of multiple integrals of the elliptic theta function:

rzq2 (q2;q2)4∞
(q4;q4)2∞

(1 + r/z)(1 − 1/rz)(1 − z/r)

1 − z2

Θq4(z2)Θq4(q6r2)

Θq2(q2rz)Θq2(q2r/z)

+ 2 + (1 − z/r)

∞∑
k=1

(−1)k
(z − z−1)q2k/r + q2k + q−2k − (z + z−1)/r

(1 − q2kz/r)(1 − q2k/rz)

= q2 (q2;q2)8∞
(q4;q4)4∞

Θq4(z2)

1 − z2

(
−q2

∫ ∫ ∫
C

(+,0)
0

+
∫ ∫ ∫
C

(+,0)
1

) 3∏
a=1

dwa

2π
√−1

w1

w2w
5
3

× (1 − rz)(1 − rw3/q
3)

∏2
a=1(1 − q2/zwa)∏2

a=1(1 − rwa/q2)(1 − q2w1/w2)(1 − q4/w1w2)

× Θq2(w1w2)Θq2(w2/w1)Θq2(zw3/q)Θq2(qw3/z)
∏3

a=1 Θq4(w2
a/q

2)∏2
a=1 Θq2(waz)Θq2(wa/z)Θq2(w3wa/q)Θq2(wa/qw3)

. (4.58)

Here we have set w3 = v. The integration contour C
(+,0)
0 is a simple closed curve such that the w1

encircles q2+2sz, q4+2s/z, q−1+2sw3, q5+2s/w3, the w2 encircles q4+2sz, q4+2s/z, q−1+2sw3,
q5+2s/w3, and the w3 encircles q3+2swa , q5+2s/wa (a = 1,2), for s = 0,1,2, . . . . The integra-
tion contour C

(+,1)
1 is a simple closed curve such that the w1 encircles q2+2sz, q4+2s/z, q3+2sw3,

q5+2s/w3, the w2 encircles q4+2sz, q4+2s/z, q3+2sw3, q5+2s/w3, and w3 encircles q−1+2swa ,
q5+2s/wa (a = 1,2), for s = 0,1,2, . . . .

Secondly, from

P
(+,1)
+,+

(−q−1ζ, ζ ; r, s) = P
(−,0)
−,−

(−q−1ζ, ζ ;1/r,−s/r
)

(4.59)

we have the following identity:
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2 + 1 − z/r

z

∞∑
k=1

(−q2)k (z − z−1) − (1 + q4k)/r + (z + z−1)q2k

(1 − q2kz/r)(1 − q2k/rz)

= q2 (q2;q2)8∞
(q4;q4)4∞

Θq4(z2)

1 − z2

(
q2

∫ ∫ ∫
C

(+,1)
0

−
∫ ∫ ∫
C

(+,1)
1

) 3∏
a=1

dwa

2π
√−1

× (1 − 1/rz)(1 − q/rw3)
∏2

a=1(1 − q2/zwa)

w2
2w

3
3(1 − q2w1/w2)(1 − q4/w1w2)

∏
a=1,2(1 − q2/rwa)

× Θq2(w1w2)Θq2(w2/w1)Θq2(zw3/q)Θq2(qw3/z)
∏3

a=1 Θq4(w2
a/q

2)∏2
a=1 Θq2(waw3/q2)Θq2(wa/qw3)Θq2(waz)Θq2(wa/z)

. (4.60)

The integration contour C
(+,1)
l is a simple closed curve such that wa (a = 1,2) encircles q2/r in

addition the same points as the integration contour C
(+,0)
l does. The integration contour C

(+,0)
l is

given below (4.58). Obviously, using the spin-reversal property of the correlation functions, we
can write down infinitely many identities between multiple integrals of elliptic theta functions.

5. Conclusion

In the present paper, based on the q-vertex operator approach developed in [3,6], two integral
representations for the correlation functions of the half-infinite XXZ spin chain with a triangu-
lar boundary have been derived in the massive regime. In the special case of diagonal boundary
condition, known results are recovered. Due to the presence of a non-diagonal boundary field
coupled to the system, the number of particle excitations is no longer conserved in this model.
Here, expectation values of the spin operators σ±

1 which characterize this phenomena have been
explicitly proposed. Note that accordingly to [34], the analysis presented here may be extended
to the massless regime in a similar way. For the diagonal case, integral representations of the cor-
relation functions are already known [31,20]. As mentioned in the Introduction, for a triangular
boundary the construction of the transfer matrix’ eigenvectors within the BA approach has been
recently achieved [25]. Based on it, an alternative derivation of the correlation functions here
presented would be highly desirable.

Although our results provide the first examples of correlation functions computed in the case
of non-diagonal boundary conditions, one of the most interesting open problem is to extend
the present analysis to the case of general integrable non-diagonal boundary condition. Indeed,
for a finite size and generic boundary conditions, due to the absence of reference states the al-
gebraic Bethe ansatz cannot be applied. In this case, alternative approaches are necessary. At
least, in the thermodynamic limit the above mentioned arguments about the structure of the
eigenvectors in relation with the q-Onsager algebra representation theory hold. In this case, the
explicit construction of monomials in terms of the q-Onsager generators can be also considered,
opening the way for the computation of correlation functions within the q-vertex operator ap-
proach. Also, we would like to draw the reader’s attention to other interesting open problems.
It would be interesting to extend the analysis to models with higher symmetry – for instance
Uq(ŝl(M|N)) – or the ABF model governed by the elliptic quantum group Bq,λ(ŝl2) [35,36].
Besides, having a better understanding of the space of states through the representation theory
is highly desirable. Indeed, extracting interesting physical data – except in some special cases
– from integral representations of correlation functions is a rather complicated problem. In this
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direction, the remarkable connection between the q-Onsager algebra and the theory of special
functions [42] may be promising, as well as the link between solutions of the reflection quantum
Knizhnik–Zamolodchikov equations [43] and Koornwinder polynomials [44,45] (see also [46]).

Finally, we would like to point out that promising routes have been explored recently. Within
Sklyanin’s framework, let us mention for instance the functional approach of Galleas [32], the
extension of Sklyanin’s separation of variable approach [33] or the modified algebraic Bethe
ansatz approach proposed in [19] which may provide an alternative derivation of above results.
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Appendix A. Quantum group Uq(̂sl2)

In this appendix we recall the definition of Uq(ŝl2) [47,48] and fix the notation that are used
in the main text. Let −1 < q < 0. Consider a free Abelian group on the letters Λ0,Λ1, δ. We call
P = ZΛ0 ⊕ ZΛ1 ⊕ Zδ the weight lattice, Λi the fundamental weights and δ the null root. Define
the simple roots αi (i = 0,1) and the element ρ by α0 +α1 = δ, Λ1 = Λ0 + α1

2 , ρ = Λ0 +Λ1. Let
(h0, h1, d) be an ordered basis of P ∗ = Hom(P,Z) dual to (Λ0,Λ1, δ). We define a symmetric
bilinear form ( , ) : P × P → 1

2 Z by

(Λ0,Λ0) = 0, (Λ0, α1) = 0, (Λ0, δ) = 1, (α1, α1) = 2,

(α1, δ) = 0, (δ, δ) = 0. (A.1)

Regarding P ∗ ⊂ P via this bilinear form we have the identification

h0 = α0, h1 = α1, d = Λ0. (A.2)

The quantum group Uq(ŝl2) is a q-analogue of the universal enveloping algebra U(ŝl2) generated
by Chevalley generators ej , fj (j = 0,1) and qh (h ∈ P ∗) and through the defining relations:

q0 = 1, qhqh′ = qh+h′
, (A.3)

qhejq
−h = q(h,αj )ej , qhfjq

−h = q−(h,αj )fj , (A.4)

[ei, fj ] = δi,j

qhi − q−hi

q − q−1
, (A.5)

e3
i ej − [3]qe2

i ej ei + [3]qeiej e
2
i − ej e

3
i = 0 (i �= j), (A.6)

f 3
i fj − [3]qf 2

i fj fi + [3]qfifjf
2
i − fjf

3
i = 0 (i �= j). (A.7)

Here we denote:

[n]q = qn − q−n

q − q−1
. (A.8)

The quantum group Uq(ŝl2) has the coproduct Δ structure:
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Δ
(
qh

) = qh ⊗ qh, Δ(ej ) = ej ⊗ 1 + qhj ⊗ ej ,

Δ(fj ) = fj ⊗ q−hj + 1 ⊗ fj . (A.9)

The coproduct Δ satisfies an algebra automorphism Δ(XY) = Δ(X)Δ(Y ).
The quantum group Uq(ŝl2) has another realization called the Drinfeld’s second realization.

The generators of the Drinfeld’s realizations are

am (m ∈ Z �=0), x±
m (m ∈ Z), γ

1
2 , K, qd . (A.10)

In order to write down the defining relations, it is convenient to introduce the generating function

X±(z) =
∑
m∈Z

x±
mz−m−1, (A.11)

ψ+(z) = K exp

((
q − q−1) ∞∑

n=1

anz
−n

)
, (A.12)

ψ−(z) = K−1 exp

(
−(

q − q−1) ∞∑
n=1

a−nz
n

)
. (A.13)

Defining relations are given by[
γ

1
2 ,Uq(ŝl2)

] = 0, (A.14)

[am,an] = δm+n,0
[2m]q

m

γ m − γ −m

q − q−1
, (A.15)

KamK−1 = am, KX±(z)K−1 = q±2X±(z), (A.16)[
am,X±(z)

] = ±[2m]q
m

γ ∓|m|/2zmX±(z), (A.17)(
z − q±2w

)
X±(z)X±(w) = (

q±2z − w
)
X±(w)X±(z), (A.18)[

X+(z),X−(w)
] = 1

(q − q−1)zw

(
ψ+(

γ
1
2 w

)
δ(z/γw) − ψ−(

γ − 1
2 w

)
δ(γ z/w)

)
. (A.19)

Here δ(z) = ∑
n∈Z zn is a formal power series. Other defining relations are given by

qdγ
1
2 q−d = γ

1
2 , qdKq−d = K, qdx±

mq−d = qmx±
m,

qdamq−d = qmam. (A.20)

The Chevalley generators are related to the Drinfeld generators as follows:

K = qh1, x+
0 = e1, x−

0 = f1, γK−1 = qh0,

x−
1 = e0q

h1, x+
−1 = q−h1f0. (A.21)

The Drinfeld realization is convenient to study bosonizations.

Appendix B. Bosonization

In this appendix we review the bosonizations of the quantum group Uq(ŝl2) and the q-vertex

operators for level k = 1 [3,9]. The center γ
1
2 of Uq(ŝl2) satisfies (γ

1
2 )2 = qh0+h1 = qk on the
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level k representation. Hence γ = q on the level k = 1 representation. For the level k = 1 case,
the defining relation of am (m ∈ Z �=0) (A.15) becomes

[am,an] = δm+n,0
[2m]q [m]q

m
(m,n �= 0). (B.1)

We introduce the zero-mode operator ∂,α by [∂,α] = 2 and the normal ordering symbol : :

:aman: =
{

aman (m < 0),

anam (m > 0),
:α∂: = :∂α: = α∂. (B.2)

The bosonization of the irreducible highest representation V (Λi) with fundamental weights Λi

are given by (3.4). On this space the actions of am, eα , ∂ are given by

am

(
f ⊗ eβ

) =
{

amf ⊗ eβ (m < 0),

[am,f ] ⊗ eβ (m > 0),
(B.3)

eα
(
f ⊗ eβ

) = f ⊗ eα+β, ∂
(
f ⊗ eβ

) = (α,β)f ⊗ eβ, (B.4)

where f ∈ C[a−1, a−2, . . .], and we have set [∂,Λ0] = 0 and Λ1 = Λ0 + α
2 .

The action of other Drinfeld generators is given by

K = q∂, γ = q, (B.5)

X±(z) = exp
(
R±(z)

)
exp

(
S±(z)

)
e±αz±∂ , (B.6)

qd
(
1 ⊗ eΛi+nα

) = q−(β,β)/2+i/4(1 ⊗ eΛi+nα
)
, (B.7)

where

R±(z) = ±
∞∑

n=1

a−n

[n]q q∓n/2zn, S±(z) = ∓
∞∑

n=1

an

[n]q q∓n/2z−n. (B.8)

We have the following bosonizations of the q-vertex operators.

Φ
(1−i,i)
− (ζ ) = exp

(
P
(
ζ 2)) exp

(
Q
(
ζ 2))eα/2(−q3ζ 2)(∂+i)/2

ζ−i , (B.9)

Φ
(1−i,i)
+ (ζ ) =

∮
C̃1

dw

2π
√−1

(1 − q2)wζ

q(w − q2ζ 2)(w − q4ζ 2)
:Φ(1−i,i)

− (ζ )X−(w):, (B.10)

Ψ
∗(1−i,i)
− (ξ) = exp

(−P
(
q−1ξ2)) exp

(−Q
(
qξ2))e−α/2(−q3ξ2)(−∂+i)/2

ξ1−i , (B.11)

Ψ
∗(1−i,i)
+ (ξ) =

∮
C̃2

dw

2π
√−1

q2(1 − q2)ξ

(w − q2ξ2)(w − q4ξ2)
:Ψ ∗(1−i,i)

− (ξ)X+(w):, (B.12)

where

P(z) =
∞∑

n=1

a−n

[2n]q q7n/2zn, Q(z) = −
∞∑

n=1

an

[2n]q q−5n/2z−n. (B.13)

Here the integration contour C̃1 is a simple closed curve such that the w encircles q4ζ 2 inside
but not q2ζ 2. The integration contour C̃2 is a simple closed curve such that the w encircles q2ζ 2

inside but not q4ζ 2.
In what follows we summarize normal orderings.
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Φ
(i,1−i)
− (ζ1)Φ

(1−i,i)
− (ζ2) = (−q3ζ 2

1

) 1
2
(q2ζ 2

2 /ζ 2
1 ;q4)∞

(q4ζ 2
2 /ζ 2

1 ;q4)∞
:Φ(i,1−i)

− (ζ1)Φ
(1−i,i)
− (ζ2):, (B.14)

Ψ
∗(i,1−i)
− (ξ1)Ψ

∗(1−i,i)
− (ξ2) = (−q3ξ2

1

) 1
2

(ξ2
2 /ξ2

1 ;q4)∞
(q2ξ2

2 /ξ2
1 ;q4)∞

:Ψ ∗(1−i,i)
− (ξ1)Ψ

∗(1−i,i)
− (ξ2):,

(B.15)

Φ
(i,1−i)
− (ζ )Ψ

∗(1−i,i)
− (ξ) = (−q3ζ 2)− 1

2
(q3ξ2/ζ 2;q4)∞
(qξ2/ζ 2;q4)∞

:Φ(i,1−i)
− (ζ )Ψ

∗(1−i,i)
− (ξ):, (B.16)

Ψ
∗(i,1−i)
− (ξ)Φ

(1−i,i)
− (ζ ) = (−q3ξ2)− 1

2
(q3ζ 2/ξ2;q4)∞
(qζ 2/ξ2;q4)∞

:Ψ ∗(i,1−i)
− (ξ)Φ

(1−i,i)
− (ζ ):, (B.17)

X+(w1)X
+(w2) = w2

1(1 − w2/w1)
(
1 − w2/q

2w1
):X+(w1)X

+(w2):, (B.18)

X−(w1)X
−(w2) = w2

1(1 − w2/w1)
(
1 − q2w2/w1

):X−(w1)X
−(w2):, (B.19)

X+(w1)X
−(w2) = 1

w2
1(1 − qw2/w1)(1 − w2/qw1)

:X+(w1)X
−(w2):, (B.20)

X−(w1)X
+(w2) = 1

w2
1(1 − qw2/w1)(1 − w2/qw1)

:X−(w1)X
+(w2):, (B.21)

Φ
(i,1−i)
− (ζ )X+(w) = (−q3ζ 2)(1 − w/q3ζ 2):Φ(i,1−i)

− (ζ )X+(w):, (B.22)

X+(w)Φ
(i,1−i)
− (ζ ) = w

(
1 − q3ζ 2/w

):X+(w)Φ
(i,1−i)
− (ζ ):, (B.23)

Φ
(i,1−i)
− (ζ )X−(w) = −1

q3ζ 2(1 − w/q2ζ 2)
:Φ(i,1−i)

− (ζ )X−(w):, (B.24)

X−(w)Φ
(i,1−i)
− (ζ ) = 1

w(1 − q4ζ 2/w)
:X−(w)Φ

(i,1−i)
− (ζ ):, (B.25)

Ψ
∗(i,1−i)
− (ξ)X+(w) = −1

q3ξ2(1 − w/q4ξ2)
:Ψ ∗(i,1−i)

− (ξ)X+(w):, (B.26)

X+(w)Ψ
∗(i,1−i)
− (ξ) = 1

w(1 − q2ξ2/w)
:X+(w)Ψ

∗(i,1−i)
− (ξ):, (B.27)

Ψ
∗(i,1−i)
− (ξ)X−(w) = (−q3ξ2)(1 − w/q3ξ2):Ψ ∗(i,1−i)

− (ξ)X−(w):, (B.28)

X−(w)Ψ
∗(i,1−i)
− (ξ) = w

(
1 − q3ξ2/w

):X−(w)Ψ
∗(i,1−i)
− (ξ):. (B.29)

Appendix C. Convenient formulae

In this appendix we summarize convenient formulae for calculations of vacuum expectation
values.

exp

( ∞∑
n=1

1

(q − q−1)

q(c+2)n

n[2n]q yn

)
= (

qc+4y;q4)
∞, (C.1)

exp

( ∞∑
n=1

1

(q − q−1)

[n]qq(c+2)n

n[2n]2
q

yn

)
= (qc+5y;q4, q4)∞

(qc+7y;q4, q4)∞
, (C.2)

exp

( ∞∑ 1

(q − q−1)

q(c+2)n

n[n]q yn

)
= (

qc+3y;q4)
∞, (C.3)
n=1
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exp

(∑
n>0

[n]q
n[2n]q

qcn

1 − αnγn

yn

)
= (qc+3y;q4, q4)∞

(qc+1y;q4, q4)∞
, (C.4)

exp

(∑
n>0

[2n]q
n[n]q

qcn

1 − αnγn

yn

)
= 1

(qc−1y;q2)∞
, (C.5)

exp

( ∞∑
n=1

[n]q
n(1 − αnγn)

δ(i)
n qcn/2yn

)
=

(
(qc+3y2;q8, q8)∞(qc+1y2;q8, q8)∞
(qc−1y2;q8, q8)∞(qc+5y2;q8, q8)∞

)1/2

×
(

(q(c−3)/2+2i r1−2iy;q4, q4)∞
(q(c+1)/2+2i r1−2iy;q4, q4)∞

)1−2i

, (C.6)

exp

( ∞∑
n=1

[2n]q
n(1 − αnγn)

δ(i)
n qcn/2yn

)
=

(
(qc−1y2;q8)∞
(qc−3y2;q8)∞

)1/2(
q(c−5)/2+2i r1−2iy;q4)1−2i

∞ ,

(C.7)

exp

( ∞∑
n=1

[n]q
n(1 − αnγn)

β(i)
n qcn/2yn

)
=

(
(qc+7y2;q8, q8)∞(qc+13y2;q8, q8)∞
(qc+9y2;q8, q8)∞(qc+11y2;q8, q8)∞

)1/2

×
(

(q(c+9)/2−2i r1−2iy;q4, q4)∞
(q(c+13)/2−2i r1−2iy;q4, q4)∞

)1−2i

, (C.8)

exp

( ∞∑
n=1

[2n]q
n(1 − αnγn)

β(i)
n qcn/2yn

)
=

(
(qc+5y2;q8)∞
(qc+7y2;q8)∞

)1/2(
q(c+7)/2−2i r1−2iy;q4)1−2i

∞ .

(C.9)
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