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Abstract

A semi-analyticalapproachis usedto estimateturbulence-induced vibration. The re-
sultsarecomparedwith themeasuredvibrationsfor threedifferentcases,a16-inchpipeat
the NLCTA, a 10-inchpipe at theSLD andthe copperacceleratingstructureof the Next
LinearCollider.

1 Intr oduction

Vibrationsof thecomponentsof theNext LinearColliderneedto beminimizedto ensureits best
performance.Acousticor mechanicalresonancescanbeeliminatedor their effectsminimized
by design,however, turbulence-inducedvibrationcannotbeavoidedentirely. Eventhoughthe
inner surfaceof the coolantpipescanbe extremelysmooth,beyond a certainvelocity called
transitionvelocity, theflow will changefrom laminarto turbulent. TheReynolds(Re)number
correspondingto the transitionpoint is anywherebetween2000and3000. For example,for
roundpipewith diameter

�
andflow velocity � theReynoldsnumberis ������� �	��
 where



is kinematicviscosityof theliquid. For example,for waterat ��
�� C wehave


���� 
���� m� /s(note
thatat ����� C thewaterviscosityis alreadytwice lower) andif thepipediameteris

� � �
cm,

thentheflow becometurbulentalreadyabove ����
���� m/s.
Fluctuatingpressurein in the turbulent flow is the driving causeof vibrations. The time

history of fluctuatingpressurein a turbulent flow shows us that it is a randomforce. Thus
turbulence-inducedvibrationis alsoa randomprocessthatcanonly bedealtwith probabilistic
methods.Insteadof calculatingdetailedtime historyof responses,theroot meansquare(rms)
valuesareestimated.It is not easilyfeasibleto determinethe turbulenceforcing function by
numericaltechniques. The vibrational analysisis basedon a combinationof observed and
analyticaltechniques.Theforcing functionis measuredin experimentalmodeltestsandusing
this asinput the rms responsesareestimatedbasedon probabilisticmethods.Finite Element
Modelingtechniquescanbeusedto estimatetheresponses.

In recentdecades,turbulentflow inducedvibrationsreceivedconsiderableattention,primar-
ily becauseof the needto optimizedesignof power plantsandreactors.Variousmodelsand
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semi-empiricaltechniqueshave beendeveloped. In this note,following the analysismethods
describedanddevelopedby Au-Yang(2001)andotherauthors,we will go throughcalculation
of theturbulenceinducedvibrationsstep-by-step.Thegeneralrandomprocessformalismis de-
scribedfirst. This is becauseturbulenceis a randomprocess.Sincemeasuringthetime history
of turbulenceis tedious,we moveover to thefrequency domainemploying spectralanalysisof
randomsignals.Theacceptanceintegral is definedandtheassumptionsmadeto simplify this
problemarestated.Wethenshow how thesemethodscanbeappliedfor analysisof experimen-
tal resultsrelevantfor theNext LinearCollider(NLC). Theexamplesstudiedincludemeasuring
vibrationsin theNLCTA 16 inch pipe,a 10-inchpipeat theSLD andthecoolantpipesaround
thecopperNLC acceleratingstructure.

2 Randomprocess

A randomprocessdescribesanexperimentwith outcomesbeingfunctionsof a singlecontinu-
ousvariable.(E.g. time)

Let thefluctuatingpressurebea randomvariablep(t). The responsefunction is a random
variabley(t) : y  = y(t  "! i = 1,2,3,.. .n.

Themeanvalueof # is $ #&%'� (*),+-/.103234 �5 .6  87:9 #� 
TheVariance;<�= is givenby

; �= � (,)*+->.?032@4 �5 .6 9 A #� CB $ #&%'! �
Expanding

; �= � (*),+-/.103234 �5 A .6 9 A # � !ED $ #&% � BF��G $ #&%�G .6 9 A #H I!J!
Since �KG $ #L%MGON . 9 A #H "!O�P��G $ #L%3� wegetfor thevariance:; �= � $ # � %�B $ #&% �
Where $ #��@% is themeansquareand $ #&%3� is thesquareof themeanvalue.Thevariance

is importantin randomvibration analysisbecausein turbulenceinducedvibration, variation
aboutthe meanvalue is of interestonly. It is reasonableto assumethat meanvalue is zero$ #&%'�M
 . Hencevarianceis equalto themeansquarevalue.$ # � %F�M; �= � (,)*+->.?032@4 �5 .6 9 A #� QB $ #L%F! �

If the meanand the meansquarevaluesare independentof the time at which we select
thedatapoints,thentherandomprocessis stationary. If eachsetof datapointsis statistically
equivalentto any othersetof datapoints irrespective of what andwhich time pointswe use,
thentheprocessis ergodic. If themeanandvariancevary slowly with time thentheprocessis
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quasi-stationaryor quasi-ergodic. In all thecalculationsthat follow, theprocessis assumedto
bequasi-stationary.

Whenthetimestepsareinfinitesimal, # becomesacontinuousfunctionof thetimevariableR
. Themeanandvarianceof therandomvariable# arethengivenby$ #�%'� 2 S� 2 #UT A #V!XW�#; �= � 2 S� 2 A #H QB $ #&%'! � T A #U!YWK#

Where T A #V! is commonlyknown astheprobabilitydensityfunction. Clearly T A #U!FZ�
 for
any # astheprobabilityof aneventoccurringis alwayspositive. We alsonotethat

S 2� 2 f(y) dy
= 1, asthesumof all probabilitiesshouldbeequalto one.

Oneof thesolutionsfor T A #U! satisfyingtheaboveconstraintsis

T A #V![� � � -,- = �]\ =_^ 4a`cbY- �cdCe `f 4a4g ��hi; �=
This function is calledtheGaussiandistribution function. It is interestingto notethat thesum
of statisticallyindependentrandomvariablesfollows theGaussiandistribution. This is essen-
tially the CentralLimit Theorem.Thusthe rms responsesthat we are looking at is given by
(consideringthefactthatthemeanvalueof vibrationis zero); �= � 2 S� 2 # � T A #U!YWK#
wheref(y) is definedabove.

Both the randompressuredistributionsaswell asthe distribution of the randomresponse
functionof thestructurefollowsthenormaldistribution. Thusthemeansquarepressureandthe
vibrationamplitudesaregivenby $kj � %'� 2 S� 2 j � T A j !XW j$ # � %'� 2 S� 2 # � T A #U!YWK#
with T A #U! and T A j ! beingtheGaussiandistribution.

2.1 The useof Fourier transform and the Parseval theorem

Theturbulence-inducedvibrationcannotbeinterpretedin thetimedomainandhenceonemoves
overto thefrequency domain.Thisis donethroughtheFouriertransform.If # A R ! is theresponse
functiontheFouriertransformisl AIm !n� 2 S� 2 # A R !X� �Hocp�q W R r�s l Atm !O� (*),+-vuU0@234 uS� u # A R !Y� �Howp�q W R

Conversely # A R !O� ���h 2 S� 2 l AIm !X� ocp�q W m
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To estimatey � (t) weusetheParseval Theorem$ # � A R !x%'� (,)*+-/uU03234 ���y 2 S� 2 l AIm ! l d AIm !zW m � A ��h{!
which is easyto prove taking into accountthat the integral over W m will turn into a delta-
function.

Suppose| = AIm ! is definedasfollows| = AIm !O� (*)*+-/uU03234 �} h<y l Atm ! l d AIm !
Thenthemeansquareof y canbewrittenas$ # � %F� 2 S� 2 | = AIm !XW m
Thequantity | = Atm ! is thetwosidedpowerspectraldensity(PSD)of # expressedin radians/s.
It is moreconvenientto expressthepower spectraldensityin termsof the frequency T~�m � A ��h{! anddefineit only for positivevaluesof T . Thereforewecandefine:� = Atm !O�P��| = AIm ! for

m Z�

Thus $ # � %'� 2 S � � = A T�!YWcT
whereG= (f) = 4h S= Atm ! for positivevaluesof T .

3 Acceptanceintegral definedand its use

A singledegreeof freedomspringmasssystemis easyto solve. Howeverstructuralcomponents
like pipesareof finite spatialextent. An easyway to think aboutthis is to considerthe pipe
asan infinite numberof springmasssystemsput together. However to solve this, we needto
reducethis infinite degreeof freedomsystemsto afinite discreteseriesof spring-masssystems.
Thiscanbedonethroughwhatis known asmodaldecomposition.Thatis, any vibrationcanbe
decomposedinto combinationof normalmodesandthesecanbesummedup.

Weneedto calculatetheresponseof pipescarryingturbulentflow of liquids. Theresponses
canbethoughtof asmodeshapefunctionsmultipliedby constantscalledamplitudefunctions.

A valid andreasonableapproximationto thisproblemsothattheproblemcanbesimplified
further is made.Thesurfacedensityof thestructureis assumedto beuniform, in which case,
themodeshapesareorthogonalto eachother.S �<�{� AI� ! � . A"� !XW �L� ��
 if ���� 5� �

if ��� 5
Theusefulnessof this assumptionis seenlater.

For asimplespringmasssystemexcitedby a force,thefourier transformyieldsthefollow-
ing resultY(

m ! = H(
m ! *F(

m ! , whereH
AIm ! is thefamiliar transferfunctiondefinedbelow� Atm !n� �� � AIm �� B m � !iD��H�C� m � m��
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where
m �

is thenaturalfrequency of thespringmasssystem.

Multiplying bothsidesof theequationby thecomplex conjugates:| = AIm !O��� � Atm !�� � |<� AIm !
In other words the power spectraldensityof the responseis equalto the power spectral

densityof theforcing functionmultipliedby themodulussquaredof thetransferfunction.This
is a simple equationthat getscomplicatedif the forcing function is a randomfunction. As
mentionedearlierwe attemptto calculatethemeansquarevalueof theresponseinsteadof the
time history of response.Moreover in our casewe have a finite spatialextent excited by a
spatiallydistributedrandompressure.We usethe acceptanceintegral methodformulatedby
Powell (1958).

Comparethefollowing equationto thespringmasssystemdescribedabove�	� A W ��� � A R ! � W R !iD�� m ���	���E� A W � � A R ! � W R !iD���� � � A R !����{� A R !
where � is themodeof vibrationand �	��� S � � � AI� !U� A"� ! � � AI� !YW � is thegeneralizedmass,�¡�¢� S � � � A"� ! j AI�¤£ R !YW � is thegeneralizedforce, � � A R ! is theamplitudefunction(of vibrations),�E� is thedampingfactor, ���¥���	� m �� and

m � is thenaturalfrequency of themode �¤q§¦ .
Fouriertransformingtheaboveequationweget¨ � Atm !O� � � AIm !X�¡� Atm !

where
¨ � Atm ! is theFourierTransformof � � A R ! , � is themodaltransferfunctionand �{� AIm ! =S 2� 2 �{� A"�¤£ R !X�H�Hocp�q"W R is theFouriercomponentof thegeneralizedpressure.

Multiplying bothsidesof theequationby thecomplex conjugatesweget:| = AIm !O� A � � AIm !J! � |U© Atm !
Substitutingfrom theabove equationsandfrom Parseval theoremwe getthefollowing ex-

pression:| = A"�¤£Ym !O��ª«�Kª­¬ � � AIm ! � d¬ Atm ! �} h<y S� W �]® S� W �]® ® � � AI�]® ! uS� u uS� u j A"�]® ! j AI�]® ® !X� �Hocp - q8¯ ¯,��q8¯ 4 W R ® W R ® ® � ¬ A"�]® ® !
in the (*),+~y�° ± . Herethe“H” termsarethetransferfunctionsandthe � termsarethemode
shapefunctions.

If therandompressuredueto turbulenceis completelyuncorrelatedbetweenany two points
thenthestructurewill not vibrate. Theonly way a randompressurecanexcite a structureis if
thereis nonzerocorrelationin theforcing functionat differentpoints.Thecross-correlationin
theforcing functionat differentpointson thestructureis givenby�«© AI� ® £J� ® ® £J² !�� (,)*+-vuU0@234 ���y uS� u j AI� ® £ R ® ! j A"� ® ® £ R ® D ² !XW R ®

Thefourier transformof thecorrelationfunctionis|U© A"�]®I£Y�]® ®t£Ym !O� ���h 2 S� 2 �­© A"�]®t£Y�]® ®I£J² !V� �Hocp�³ W ²
When

� ® ® � � ®
we have theautocorrelationfunction. TheFouriertransformof theautocor-

relationis just thePSD.

5



With all thesedefinitions,we rewrite theequationfor | = A"�¤£Xm ! as| = AI�¤£Ym !O� ¨ |U© Atm !]ª«� � � AI� ! � � AIm ! � d� AIm ! � � A"� ! ´��1� AIm !Dk� ¨ |U© Atm !]ª«��µ7U¬ � � A"� ! � � AIm ! � d¬ AIm ! � ¬ AI� !:´K�?¬ AIm !
where � £�¶ arecountedonceand

¨
beingthesurfaceof thestructure(or the lengthin caseof

one-dimensionalstructure).
Here ´K�?¬ AIm ! is theacceptanceintegral. When �·� ¶

, then ´K�1� is calledthejoint acceptance,
andwhen �¸�� ¶

then ´K�?¬ is known asthe cross-acceptance.The acceptanceintegral canbe
writtenas

´��?¬ Atm !O� �¨º¹ � ¹ � � � AI� ® ! |U© AI� ® £J� ® ® £Ym !|U© AI� ® £Ym ! � ¬ A"� ® ® !VW � ® W � ® ®
The acceptanceintegral can be understoodas the measureof the probability that underthe
excitationof theforcing function |U© A"� ® £J� ® ® £Ym ! , a structureoriginally vibratingin the �{q§¦ mode
will changeto the

¶ q§¦ mode.Thejoint acceptancéK�1� canbedefinedastheprobabilitythatthe
structureoriginally vibratingin the �{q§¦ modewill remainin the �{q§¦ modeundertheexcitationof
theforce.As weseelater, lessertheprobability, lower themagnitudeof vibrations.Essentially,
it canbesaidthat theacceptanceintegral hassomethingto do with thematchingof thespatial
distributionof theforcing functionandthemodeshapesof thestructure.

In the above given equationthe |U© A"� ® £J� ® ® £Xm ! and |U© AI� ® £Ym ! are the cross-spectraldensity
betweentwo points

� ®
and

� ® ®
(which arevectors,in general),andthepower spectraldensityat� ®

respectively. The quantity
¨

in generalcanrepresentthe surfaceof a 2-D structureor the
lengthof aone-dimensionalstructure.Weconsidera1-D structurein ourcase.Theintegration
is over theentirestructureexposedto theflow excitation. Sofor a 1-D structuré is a double
integral.

3.1 Coherencefunction and meansquare response

Thecoherencefunctionis denotedas » A"� ® £Y� ® ® £Ym ! . It canbewritten as

» A"�]®I£Y�]® ®t£Ym !O� |U© A"� ® £Y� ® ® £Ym !|U© A"� ® £Ym !
Basedon appropriateboundaryconditions »�° �

as
� ®

approaches
� ® ®

and »�° ± as
� ®

movesaway from
� ® ®

, it is assumedthatthecoherencefunctioncanbewrittenas» AI� ® £J� ® ® £ T<!O�M� � - �½¼ ¾ ¯ ¿ ��¾ ¯ ¯¿ ¼ b�À ¿ 4 � � - �  >ÁÂ� - ¾ ¯ ¿ ��¾ ¯ ¯¿ 4abcÃ�ÄQ4
The above function assumesthat the flow is in the

� 9 direction. The first factorgoverns
the coherencerangeof the forcing function. The larger the Å , the larger the coherencerange
of the forcing function. If Å approaches± , the forcing function is completelycoherentwith
thelengthof thestructure.Thus Å is calledthecorrelationlengthof theforcing function. The
secondfactordenotesthephasedifferenceof the forceat points

� ®
and

� ® ®
. Thequantity Æ¡Ç is

commonlycalledthe convective velocity. It is a measureof how fastthe turbulenteddiesare
carrieddown thestream.

With the coherencefunction expressedby the above-mentionedformulae,the acceptance
integral canbe calculatedby bruteforce numericaldoubleintegration. For certaincasesthis
integralwastabulated.In thefollowing, wewill usethetabulatedform asgivenby Bull (1967)
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for rectangularpanels.Thedataaretabulatedin form of plotsof theacceptanceintegral versus
thecombinationof frequency, lengthof thepanelandconvective velocity

A T�È � Æ¡Çc! andon the
boundarylayerthicknessnormalizedto thelength É d � È .

The meansquareresponseis obtainedby integratingthe responsepower spectraldensity
over theentirefrequency range.Thuswehave

� = AI�¤£ T<!O� ¨ � © A T<!]ª«� � � A"� ! � � A T�! � d� A T<! � � A"� !½´K�1� A T�!Dk� ¨ � © A T�!]ª«��µ7U¬ � � AI� ! � � A T<! � d¬ A T<! � ¬ A"� !:´K�?¬ A T�!
where � � A T�!O� �A ��h¤! � �	� A_A T �� BÊT � !iD��H���E�KT���T<!

At this point, we could evaluatethe joint andthe cross-acceptancesby numericaldouble
integrationat differentfrequency intervalsandproceedto calculatethemeansquareresponse.
This will accountfor thecross-termandtheoff-resonancecontributionsto theresponse.How-
everthisapproachis tedious.To makeestimationsof theturbulenceinducedvibration,weshall
make thefollowing simplifying assumptions

3.1.1 AssumptionsMade

– Thecross-acceptancesaresmall comparedto the joint acceptancesor the transferfunc-
tions

�
from onemodeto otherdifferentmodesaresmallcomparedwith that from one

modeto thesamemode.This is trueif dampingis smallandthenormalmodesarewell
separated.

– The forcing function is homogeneousand isotropic. That is not only power spectral
densityis independentof

�
, but also the coherencefunction is dependentonly on the

separationdistanceor rathertheaxial separationdistancebetweenany two givenpoints.

– The acceptanceintegral is a slowly varying function of frequency nearthe naturalfre-
quencies.The meansquareresponseis given by integratingthe responsePSDover

m
from BF± to DË± . If themodaldampingis small andthe normalmodesarewell sepa-
ratedmostof thecontributionwill comefromresonancepeakscenteredaroundthenatural
peaks.

Usingtheaboveassumptionsandsolvingfurther$ # � %'�Pª«� ¨ |U© Atm �K! � �� A"� !:´��1� AIm ��! 2 S� 2 � � � AIm ��!1� � W m
Usingcontourintegrationandcalculusof residueswecangetthemeansquareresponseas:$ # � %'�Pª«��h ¨ |U© AIm ��! � �� A"� !:´K�1� Atm ��! � A � mÍÌ� � �� �_��!
Thiscanbewrittenas: $ # � %'� ª«� ¨ � © A T���! � �� AI� !:´K�1� A T���!Î } h Ì T Ì� � �� �_�
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4 Empirical data used

In orderto estimatequantitatively theturbulence-inducedvibrations,certainempiricaldataneed
to be used. The acceptanceintegral dependson the boundarylayer thickness,which in turn
dependsontheReynoldsnumber. TheReynoldsnumberandboundarylayerthicknessrelations
arebasedon empiricaldata,which aredescribedbelow. Dependingon whetherthe flow has
a cavitating sourceor not, the appropriateempiricalequationsfor turbulencepower spectral
densityneedto beemployedaswell.

4.1 The displacementboundary layer thickness( Ï:Ð ) :

An estimateof theboundarylayerthicknessfor theturbulentflow overaflat plateis

É d � 
U�/ÑKÒ �
Re9 bCÓ

where ��� is the Reynoldsnumberbasedon the distance
�

from the leadingedgeof the flat
plate �����PÔ�� � �HÕ (Schlichting1979),where Ô is thedensityof thefluid and

Õ
is thedynamic

viscosityof thefluid (
Õ ��Ô 
 where



is kinematicviscosity).

In smallpipesandnarrow flow channels,theboundarylayerfills up theentirecross-section
of theflow channel: É d � �×Ö«� �Ø��� Ö
where

�×Ö
is thehydraulicdiameter. � Ö is thehydraulicradius.

In largepipesor flow channels,theboundarylayerwill eventuallyreacha final valuegiven
by (empirical): É d � �×Ö«� � A 5 D � !
Thevalueof 5 dependson theReynoldsnumberasdescribedbelow in thetable.

Using Navier-StokesMomentumequationsandboundaryconditionsat radius ÙÚ�Û
 , an
expressionfor theshearstress(varyingwith theradius)canbederived.Wealsoassumethatthe
flow is fully developed.Usingthis assumption,theshearstressis² � ²_Ü ��Ù � � � A � BÚ# � � !

where � is the radiusof thepipe, # is thedistancemeasuredaway from thepipewall and²EÜ �ÝB � � �'GzW j � W � .

It can be shown that, just like laminar flow, the pressureat a fixed cross- sectionis a
constant.It hasalsobeendemonstratedthat it is very difficult to calculatethevelocity profile
of a turbulentflow. Hencewemakeuseof experimentaldataandempiricalresults.

4.2 The power-law relations

An examinationof measuredvelocityprofileshasshown thatthedistributionof velocityin fully
developedturbulentflow canberepresentedby anequationof theform :ÞÞ �¡ß ¾ � A # � � ! 9 bQ.
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whereÞ �[ß ¾ is thevelocityalongtheaxisof thepipeandhencethemeanvelocity Æ canbe
derivedby h � � Æ�����h ßS � Þ ÙHW�Ù�����h ßS � Æ �¡ß ¾ AYA � BàÙ�! � � ! 9 bQ. Ù�WKÙ

Considerthedefinitionof friction factor
²_Ü ��TáG �1� �nÔ3Æ � (where T is the friction factor,

not thefrequency).
Thefriction velocity is definedby : Þ ³ � AI²EÜ � Ô�! 9 b �
Fromdimensionalconsiderations ÞÞ ³ �Pâ A # Þ ³ ÔÕ !
Comparingwith thepower law ÞÞ ³ �Pã � A # Þ ³ Ô �HÕ ! 9 bQ.
Thefollowing tableshows thevariationof ��� , 5 and ã �

Re n K1$ � 
 Ó 7 8.74
5*10

Ó
8 9.71

1.3*10� 9 10.6
3.2*10� 10 11.5

Fromtheaboveequationsit canbeshown that:
friction factorf = ã } G A ����! ��� bY-/.1ä 9 4 whereK4 = 2/K3
K3=(K2

.
/2)� bY-/.1ä 9 4 ; andK2 = K1*2n � / ((n+1)*(2n+1))

Hencef = 0.079*(Re)� 9 bQå whenRe $ � 
 Ó
4.3 The convectivevelocity

Basedon experimentaldataobtainedfrom turbulent flows, the following empiricalequation
wasderived by ChenandWambsganss(1970). This helpsmeasureconvective velocity asa
functionof frequency. Æ[Ç � �æ��
U� Î DÊ
U� } � ���Jç � - pièwé bwêÂ4
where É�d is theboundarylayerthicknessfor boundarylayerflow andV thevelocityof flow.

Bull (1967)suggestedaslightly differentequation:Æ¡Ç � ����
U�>��ë@D�
U�/Ñ�� � � ç ìwí - p<èwé bwê:4
which is usedfor our vibration calculations,to ensurecontinuity, becausewe alsouseBull’ s
empiricalformulasto calculatetheacceptanceintegrals. However bothequationsaremoreor
lessthe samein most practicalcases,when the convective velocity is about0.6 of the flow
velocity.
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4.4 Turbulencerandom pressurepower spectraldensity

Themostimportantfluid mechanicalparameterthatcharacterizestheturbulentforcingfunction
is the power spectraldensity. Figure.1reproducedfrom Chen(1985),shows the normalized
PSD as a function of non-dimensionalcircular frequency

Atm É d � �¢! . This set of datais for
boundarylayertypeflow overflat platesor in straightflow channels.

While calculatingthe vibrationsmeasuredin the Excel spreadsheet(describedfurther be-
low), a curvefit wasdoneto generatethefollowing empiricalequationÈ�î1ï A #U!n�ÝBF��� � Î Ò��OÈ�î�ï A"� !{B } �>ð�� }�}
where # is

A â�©c© AIm ! / Ô � V Ì É d ! and
�

is
Atm É d � �¥! . Here É d is the displacementboundarylayer

thicknessasdefinedpreviously. For small pipesandnarrow flow channelsthe displacement
boundarylayerthicknessis thehydraulicradiusitself. This curve fit hasa coefficient of good-
nessof fit

A ���_! equalto 0.87. This provesthat a linear fit is a goodone. The coefficient of
goodnessof fit explains how much the varianceof the independentvariabledependson the
dependentvariablei.e. thevarianceof È�î�ï A #V! asexplainedby thevarianceof È�î1ï A"� ! .

As pointedout by Chen(1985), the data in Figure.1is unreliablein the low-frequency
region marked effective range. Chensuggestedthe following empirical formulation for the
low-frequency PSD:A � © A T�! � Ô � � Ì �×Ö !���
�����Ò��×� � j A BF� � | � ç � Ó ! £ ),ñ�|Ê%ò�A � © A T�! � Ô � � Ì �×Ö !��P������Ò��ó� � j A B�� � | Ì ! £ ),ñ�| $ �
where |ô����h{T �×ÖÍ� � .

For industryflows, thereis a differentsetof observations. Industrialpiping systemsvery
oftencontainelbowsand90-degreeturnsandmayhavevalvesinstalledin them.Cavitationmay
occurdownstreamof theseelbows andvalves. The turbulent PSDis generallymuchhigher
for suchcasesasshown by Au-Yang(1995) in Figure.2andby Au-YangandJordan(1980)
in Figure.3. In the 1995test, light cavitation wasobserved while in the 1980test therewas
no noticeablecavitation. Basedon thesetwo setsof datathe following two differentsetsof
empiricalformulationsfor industrialflowsweresuggested:

¨ !öõ÷ø ÷ù
ú�û - � 4ü ` êþýcÿ�� �P
U� � ���H� - � Ì�� 4 
 $�� $ � �>
ú�û - � 4ü ` ê ý ÿ � �P
U�/
K��ÒH� - � 9 ç �w� � 4 � $�� $ ���>


where � �PT�� Ö­� � . And

� ! � © A T<!Ô � � Ì � Ö����	� 5�� ��
 � ��� A B×� � � � � Ö ! � å £ �
	
or thevaluesascalculatedfrom A, whicheveris larger, where � � � is theabsolutevalueof thedis-
tancefrom thecavitating sourcesuchasanelbow or a valve. Thecase“A” describesindustrial
flow withoutcavitation andthecase“B” – industrialflow with cavitation.

In theExcelsoftware(describedfurtherbelow) theequations“A” areusedfor theindustrial
flow withoutcavitation andthecurvefit is usedfor non-industrialflow.
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4.5 Other parameters

Otherparametersneededfor calculationsinclude the modeshapefunction and the damping
factor.

Let’s assumethat the pipe is simply supportedwith the given numberof supports. For
example,in thecasewhensupportsareat � � ����È � � , thefirst modeshapefunctionis

� 9 � g � � È��Y)�
 A h � � ÈÍ!
themaximumdisplacementbeing

g � � È .
Thedampingfactor �_� is assumedto be0.01for all thecasesconsideredbelow. This could

be a conservative estimate. As the dampingfactor is increased,the amplitudeof vibrations
comesdown. Specifically, the amplitudeof vibrationsis inverselyproportionalto the square
rootof thedampingfactor.

4.6 Joint acceptances

As mentionedabove, the longitudinal joint acceptancescanbe calculatedby numericaldou-
ble integrationor the tabulatedchartscanbe used. Bull (1967) suggestedcertainempirical
equationsfor thestreamwiseandcross- streamwisecoherencefunctions,andby integrating
themwith modeshapefunctionsof simplysupportedplatethejoint acceptancesfor severalfirst
modesweretabulatedandplotted(Au - Yang2001andrefs. therein).

A curve fit (Figure.4) to the tabulated ´U9w9 was done here. Up to very large valuesof} T�È«9 � Æ¡Ç (namelyfor
} T�È«9 � Æ¡Ç % ��
 ) a valueof 0.008was usedfor ´U9w9 . This is certainly

just an approximation,sincefor very large valuesof
A } T�È«9 � Æ¡ÇX! , the ´U9w9 could be smaller.

However assuminga valueof 0.008is a conservative estimateandincreasesthemagnitudeof
the vibrationscalculated.For smallervaluesof

A } T�È«9 � Æ¡ÇX! , the following curve fit wasused:´U9w9O� � � � 
�ëFG A } T�È«9 � Æ[ÇX!�� 9 ç � Ó 9 Ó .
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Figure1: TurbulentPowerspectraldensityfor non-industrialflow (Chen1985,Au-Yang2001)

Figure2: Comparisonof empiricalPSDwith measureddatafor confinedflow (Au-Yangand
Jordan1980,Au-Yang2001)
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Figure3: Comparisonof empiricalPSDwith experimentaldatafor turbulentflow with cavita-
tion (Au-Yang1985,Au-Yang2001)

13



Figure 4: Semi-empiricaldata(symbolson the plot) for the acceptanceintegral ´ ��� versus
4fL1/Uc (Bull 1967,Au-Yang2001),andthefit to this data(curve).
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5 Experimentally studiedexamples

5.1 Experiment 1: 10-inch pipe at the SLD pit

This experimentwas performedin the SLD (SLAC Large Detector)pit on a 10” pipe (see
Figure.6).Theparametersof theexperimentarethefollowing:

Lengthof tube(L) = 5.5m
OuterDiameter= 0.226m
Densityof water( Ô Ü ! = 1000kg/m

Ì
Thickness(t) = 0.42cm
Lineardensity(of tube+ thatof water)mq : 60.5kg/m
Stainlesssteeldensity= 8000kg/m

Ì
Young’smodulus(E) = 240*10í Pa
Hydraulicdiameter(D

Ö !���h Di � / h Di = 0.22m
Velocityof flow (V) = 1 m/s
Reynoldsnumber(Re)

� ��� � 
 Ó
Momentof inertiaof thepipe( I = Á� å A � å��� q���� B � å . . ��� ! )

��� �/ð�� � 
 � Ó m
å

Fundamentalmodalfrequency = ( h /(2 L �_!J! *(E I/ mq !
� ç Ó = 13.8Hz

Fromtheequation $ # � A"� ��� � ��!«% � ¨ � �Q� � © A T�9J! � �9 AI� !:´U9w9 A TK9J!Î } h Ì T Ì9 � �� �_�
we find that # � ��� ��
U�>� Õ � at the centerat V= 1m/s. At V= 2m/s we get 1.3

Õ � for non-
industrialflow. Notethat thepoint wherethemeasurementsweretakenwascloserto thesup-
port,thatcouldreducethemeasuredvalue.Also notethatexactvelocityof flow wasnotknown
andwasestimated.

Themeasurementsgaveabout1
Õ � , reasonablyclosetopredicted,consideredthenumberof

simplificationsandassumptionsmade.Theresonantfrequency (stepin theintegratedspectrum)
seemto beabout1.5timeshigherthanpredicted.
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Figure5: Example1. Integratedspectrumof measuredvibrationsof apipein SLD pit.

Figure6: 10 InchPipeat theSLD pit
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5.2 Experiment 2: NLCTA 16 Inch Pipe

ThisexperimentwasperformedundertheNLCTA on a16-inchpipe,seeFigure.8
Lengthof tube:5.28m (distancebetweensupports,in practice)
Velocityof Flow: 1 m/s
Diameter= 0.406m
Density= 1000kg/m

Ì
Thickness= 0.5cm
Lineardensity(of tube+ thatof water)mq : 173kg/m
Stainlesssteeldensity= 8000kg/m

Ì
Young’smodulus= 240*10í Pa
Hydraulicdiameter= h � � � � h � �{�P
�� }
Momentof inertiaof thepipe( I = Á� å A � å��� q���� B � å . . ��� ! )

��� �>��� � 
 � å m
å

Fundamentalmodalfrequency = ( h /(2 L �_!J! *(E I/ mq !
� ç Ó = 24Hz

Theestimation $ # � A"� ��� � ��!«% � ¨ � �Q� � © A T�9J! � �9 AI� !:´U9w9 A TK9J!Î } h Ì T Ì9 � �� �_�
givesonly y � ��� = 0.024

Õ � at V= 1m/s.At V= 2m/sweget0.14
Õ � for non-industrialflow.

Themeasuredvibration,asseenbelow in Figure.7,is closeto 3
Õ � , muchhigherthanthe

estimation.For industrialflow we get estimationof vibration magnitudeis about0.09
Õ � at

1 m/sand8.5
Õ � at 2 m/swhich is somewhatmorecloseto themeasuredvalue.

Amongtheuncertaintiesin thiscaseweretheassumptionthatthetubewasrigidly supported
at theends,while in practicethesesupportsweresoft.
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Figure7: Example2

Figure8: NLCTA 16-InchPipe
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5.3 Experiment 3a: Vibration measurementsfor the coolantpipescarry-
ing water around the copperstructur e.

Lengthof tube= 1.778m
OuterDiameter= 0.025m
Density= 1000kg/m

Ì
Thickness= 0.0085m
Lineardensityof tubemq : 2.493kg/m
Copperstructuredensity= 8230kg/m

Ì
Young’smodulus= 120*10í Pa
Hydraulicdiameter= h Di � / h Di = 0.0165m
Numberof supports= 5 (=n)
Fundamentalmodalfrequency = (nh /(2L � !J! *(EI/ mq !

� ç Ó = 217.26Hz

We assumethatthefifth modeis excitedandhencewe geta veryhigh valuefor frequency.
If this resonantfrequency is not right (most likely it shouldbe smaller than what hasbeen
calculated),we areunderestimatingthe vibrations. However we needJÓwÓ andnot J9w9 . In the
following case,wematchthefrequency with whatis observedandthevibrationscalculatedare
muchlarger.

However the above parametersarefor onecooling pipeonly. We have four coolantpipes
aroundthestructure.Sothetotalvibrationfrom all four pipesis twice thevibrationcontributed
from an individual pipe. The following graph,Figure.11,is the plot of the vibrationsversus
velocity (Obtainedfrom thespreadsheetsoftware,Figure.12)

The screenshot,Figure.12above is of the Excel spreadsheetthat calculatesthe vibrations
for waterflow in the coolantpipes. The vibrationsarecalculatedasa function of velocities.
The otherparametersthat aid in calculatingvibrationsarealsocalculated.The displacement
is proportionalto velocity raisedto 2.5836.Thevibrationsshouldbemultiplied by a factorof
two to getthenetdisplacement(asdiscussedpreviously). Moreoverthecoefficientof goodness
(R� ! is 1 indicatingaperfectfit.
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Figure9: NLC acceleratingstructure

Figure10: Closerview of theNLC acceleratingstructure
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Figure11: Plotof thevelocitiesversustheamplitudeof vibrations

Figure12: Excelscreenshotof thevibrationcalculations.
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5.4 Experiment 3b: Vibration measurementsfor the coolantpipescarry-
ing water around the copper structur e,with fr equencymatchedwith
the resonancefr equency

Lengthof tube= 1.778m
OuterDiameter= 0.025m
Density= 1000kg/m

Ì
Thickness= 0.0085m
Lineardensityof tubemq : 2.493kg/m
Copperstructuredensity= 8230kg/m

Ì
Young’smodulus= 175*109 � GPa
Hydraulicdiameter= h Di � / h Di = 0.0165m
Numberof supports= 2
Fundamentalmodalfrequency = ( h /2L � ! *(EI/ mq !

� ç Ó = 51.85Hz

As we canseeabove the Young’s modulusis very high, the numberof supportschanged
to 2, so that the resonantfrequency is matchedwith what is observed. In this case,we have
thefollowing spreadsheetFigure.14with thecalculatedvibrationsFigure.13.Themethodology
is essentiallythe sameas3a, the only changebeingmatchingresonantfrequencieswith the
observedfrequency.

Figure13: Theplot velocity versusvibrations(higherthan3(a))
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Figure14: ExcelSpreadsheetof calculatedvibrations3(b)
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6 UsingThe Excel-Visual BasicSoftware

User-friendly Excel-Visual Basic software was written. The inputs include the parameters
shown in the window. The outputsinclude the naturalfrequency of the pipe, critical veloc-
ity (the velocity at which the pipe buckles)and the vibrationsfor differentvelocitiesoutput
on the screen.An excel macrowaswritten to run the software from Excel, Figure.15. The
softwareunderlyingtheGUI (GraphicUserInterface)waswritten in VisualBasic. The three
experimentsperformedwere discussedpreviously. The software takes in default valuesfor
theseexperiments.Otherwisethe experimentspecificvaluescanalsobe usedasinputs. The
softwaregeneratesagraphof velocity versusvibrationaswell.

Figure15: EXCEL-VISUAL BASIC SOFTWARE (GUI snapshot)
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7 Conclusion

Vibrationsinducedby coolingflow have beenconsideredin applicationto NLC. It wasshown
thatsemi-analyticalmethodsallow estimatingtheamplitudesof turbulenceinducedvibrations.
Predictedvaluesagreewith measurementswithin anorderof magnitudeor better. Dif ference
maybecausedby factorsthatarenottakeninto account.For example,for cavitatingregimeit is
essentialto know thedistanceto thecavitatingsource.Turbulencein thesupplyingpipesshould
alsobe taken into accountsinceit can increasepressurefluctuationsin the consideredpipe.
Therefore,thoughtheoreticalpredictionscanbeusedfor roughestimationsandinvestigations
of dependencieson parameters,measurementsareessential.
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