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Quasianalytical solutions of Duffin-Kemmer-Petiau equation under scalar and vector Deng-Fan
potentials are reported via a novel ansatz.

1. Introduction

A yet open challenge in the annals of wave mechanics is the equivalence or nonequivalence
of Duffin-Kemmer-Petiau (DKP) and Klein-Gordon (KG) equations. While the latter solely
describes relativistic spin-zero bosons, the former can investigate spin-one particles as well.
This equation was introduced 1930s in search for a linear relativistic wave equation similar
to Dirac equation for relativistic bosons [1-4]. In its present format, the DKP equation is
normally represented in two five and ten-dimensional versions that respectively work for
spin-zero and spin-one bosons. At the present, to our best knowledge, the equivalence of KG
and spin-zero DKP equations is doubted [5-14]. This is also true for the other counterpart of
DKP equation, that is the Proca equation which is a relativistic framework to study spin-one
bosons. There are papers that investigate related problems via these equations and report
motivating data [15-20]. Here, our focus is on the spin-zero version of the equation, which
has many applications [21-25].

In solving wave equations of mechanics, various analytical techniques including
supersymmetry quantum mechanics (SUSYQM), Nikiforov-Uvarov (NU), quantization
rule, Lie algebras, WKB approximation, point canonical transformation (PCT), and series
expansion have been applied [26-40]. Nevertheless, we face situations in which these
methodologies do not work very well. A very successful approach in such cases is proposing
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a physical ansatz solution that is on the one hand consistent with the requirements of
quantum mechanics and on the other hand satisfies the equation. This is in many cases
a definitely cumbersome, and in some cases an impossible task. Here we follow this rich
quasianalytical technique to solve the DKP equation under the Deng-Fan potential [41]. There
are, however, a few papers which discuss this attractive potential. This is partially due to
the complex structure of this interaction. As far as we know, the published works include
references [42—46] that consider the potential under either relativistic or nonrelativistic
equations. The structure of the present paper is as follows. In Section 2, we briefly introduce
the DKP equation and a Pekeris-type approximation. In the next part, we introduce some
transformations as well as an attractive ansatz by which the problem is solved in a
quasianalytical manner.

2. The DKP Equation

The DKP Hamiltonian for scalar U and vector U, interactions is
(Bpc+me® + Uy + U ¢(7) = FEg(7), 2.1)

where

g (7) = (?{“p Per>, (2.2)
1Plower

and the upper and lower components, respectively, are

e ()
upper ¢ ’

A (2.3)
Plower = AZ
Az

The engaged matrices are

0 _ 00 i_ 0 pf
P = <6T o>’ p= (—Pé 0>, (2.4a)

with 0, 0 and 0, respectively, being 2 x 2, 2 x 3, 3 x 3 zero matrices

o (01 L /100 , (010 . (00 -1 o
“\10) P \oo0) P \ooo) P \ooo)
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The equation, in (3+0)-dimensions, is written as [1-4]

(mc2 + LIS)(i) =(E-UYp+ ficV.A,

-

Vo = <mc2 + LIS)A, (2.5)

(mc2 + U5>(p =(E-U2)¢,

where A = (A1, Az, A3). In (2.4a) and (2.4b), ¢ is a simultaneous eigenfunction of J? and J3,

that is,
upper qufu er upper
72 Pupper | _ P =]<]+1)<‘Ppp >,
Plower (L +S ) Plower Plower

(2.6)
]3 ‘Ifupper _ L3‘P‘upper -M q;upper ,
Plower (L3 + S3)‘If‘lower Plower
and the general solution is considered as
fry ()Y m(Q)
gm(r) = gy (NYm(Q) | (2.7)
iShan (DY)

where spherical harmonics Y (€2) are of order |, Y]Af] () are the normalized vector spherical
harmonics, and f,j, g»j, and h,jr represent the radial wavefunctions. The above equations
yield the following coupled differential equations [30-38]:

(Eny = US)Fay(r) = (mc*+ Uy ) Gy (r),

dr r
dF,, 1
dH,,, 1 dH 1,
- af< tlr](r) + ]: Hl,n,f(r)> " é( clir](r) - %H‘“’" r) )

= %((m& + U5>Fn,](7’) - <EnJ - u2>G”J(r)>’
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which give [39-41]

d2F,, ; (r) &1 dar,[ U &
dr? [“a?_ ar |\ @

Jg+0 [ G u, [J+1 &7
+Fn,}(r)|:— " <1+—>+m< p _a_i; (2.9)

2
ay

—al? <(m +U)? = (Eny - ug)z)] =0,

where ay = \/(J+1)/(2] +1), fuj(r) = F(r)/1,8nj(r) = G(r)/1,hyjjs1 = Ha/7 and g;
VJ/ (2] +1). When U = 0, we recover the well-known formula [30-32]

d  J(J+1) 0\ _ 2
<W S (Eny=US) =m? ) Fyy(r) = 0. (2.10)
We consider the Deng-Fan vector and scalar potentials [42—46]
V V;
U, = Vo+ —— + 2 >
ear — 1 (eur _ 1)
(2.11)
ug = a e
o= Ut ot e -1
By a change of variable of the form
Fpj(r) = Vm+Usuy,j(r), (2.12)
(2.9) is written as
£ ug 1 3 u Jy+1) _ cup 1
dr2 - 2 m+Us 4 (m+U,)* r2 Am+Uy) r
(2.13)
L [(m + U (Eny - uo)z] t,j(r) = 0
A(X% s n,J v n,J ’
where
g 5
A=1+—, C=J+1-=]J. (2.14)
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From (2.11), (2.13) can be written as

d2 1 ar 2ar ar 2ar
S _azvle—z + 20{2V16—3 - 2a2V26—3 + 6a2V2e—4
dr? 2 (e®r —1) (e — 1) (e — 1) (ear — 1)

1
(1/m) + Vo + (Vi/ (e = 1)) + (Va/ (e = 1)) )

X

S

|
Ll e~

1 <_ aviesr ZaVze‘">2_ J(J +1)
(

(m+ Vo + (i/ (e = 1)) + (Va/ (e - 1)2))2 e —1)% (e -1)° r?

N C <_ aVie™ B 2a Ve >1
A(m+Vo+(V1/(e””—1))+(VZ/(e“T—1)2>> (eor —1)*  (eor-1)° ) r

2 b
__Aoﬁ [<m +Vo+ oar —1 o — 1)2> - <En,] B v & - 1)2> :“un,](r) =0.

(2.15)
Here, we use the following approximations for the centrifugal term [47]:
1 a?
S S 2.16a
r2 (ear — 1)2 ( )
1. ¢« (2.16b)
r e-1

Equation (2.16a) is a quite logical alternative for & < 0.1 (see Figure 1), and (2.16a) and
(2.16b) brings (2.15) into the form

d2 2V ar 2ar ar 2ar
(i PV 43V,
dr 2 (e -1 (e =1) (e =1) (e ~1)

1
m+Vo+ (Vi/ (e = 1) + (Va/ (e = 1)?)
3 o e2ar . e2ar ) ear
—aVi—— _3a*Vi—M— - 3a* V| Vp—m—
+< T et ey T ey
1
<m +Vo+ (Vi/ (e - 1)) + <V2/(€“r - 1)2>>2

X

X
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1 2 Ca 1 e e
- 1)a? = - -2
JJ+1a (e‘"—l) * A (e"‘r—1>< aVy (ear_l)z aVz (eur_1)3>

1
m+ Vo + (Vi /(e —1)) + (V2/(ear - 1)2)

2 2
1 Vl V2 uy Uy B
__A[x%{<m+Vo+ ear — 1 + (ear _ 1)2> - <En,]_u0_ oo _ 1 - (ear ~ 1)2> }]un,](r)—o.

(2.17)

X

By introducing z = e and making the transformation u, ;(z) = ¢, ;(z)/(v/z), we
obtain

d2+11+ B Vi 1+ Vi 1 W 1 N 3V, 1
dz? 42? 2m+Vo)z (m+Vo)z-1 (m+Vp)z(z-1) (m+ Vo) (z-1)?

(mem)

Na 3ve 3% A ( 1 )2
dm+Vo): (m+Vp)2(z-1 (m+Vp)*z—1/)\(z+z1)(z+22)

)R | N ovi 1 v,
2(z-17 (z+z)(z+2) | Am+Vo)z(z-1)  A@m+Vo) z(z - 1)’
- 2 N2 l_ 1 2 o )
Aa2a§<(m+V°) (Eny uo)>z2 —AO@D‘%(V1 uj +2Vo(m + Vo) + 2uz (Ey u0)>
» 1
22(z-1)?
L @Vh Vo) + 20 () s ~ e (VY 2
Aa%c% 1 0 1(Eny —Uo 2(z-1) Azxzai 2V1 1 222(2_1)3
1 1
- Vi) ——— z) =0,
Aa%%( 2 2) ZZ(Z—1)4]¢n,]( )
(2.18)

which after decomposition of fractions gives

d—2 £+£+ ° + il + P + N + g + h
dz2 z 22 z-1 (z-1)* (z-1° (-1 z+z:1 (z+2z)°

(2.19)

IS

K
+
z+zy  (z-1)%
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(exp(ar) - 1) ® (explar) -1
fora =0.5 fora=0.1

72

Figure 1: 1/r?and its approximation for different value of a.

with

Ll vi-2m+vy) <V1—2(m+V0)>2_4m+V0—V1+V2
172 m+ Vo m+ Vo m+ Vg ’
Ll Vi-2m+ Vo) <V1—2(m+V0)>2_4m+V0—V1+V2
) m+ Vj m+Vy m+ Vp ’

~ Vi L] ( . v ) 2Vi(m + Vo) | 2u1 (Ey,j — uo)
22122(111 + Vo) z1zo \m+Vj A(m + Vo) Aa?az Aa%az

A:

-2J(J+1) -

3
2 _ .2 _ 9 _
A (V1 12+ 2Vh(m + Vi) + 2u (Ep u0)> + yv V1 Vs — 2u1112)

- Aa?az ) Azizpy(m+ V)’

2Vi(m + Vo) 2uy (Epy — o)

w= 2 2 2 2
Aa]a Aoc](x

Lzaz((m+vo)2— (Eny - u0)*) + ~J(+1)

1_
4 Aoc]



Advances in High Energy Physics

1

S (V2 =18 +2Va(m + Vo) + 215 (Ey, — o) )
]
1 1

v yrr - (2ViVa — 2uyup) - W(Vg ~12),

v 1 v, %
M+ Vo) i+ D(m+]) (@ +D(z+1) <_m+V0 T A(m+ V0)>

~ 3Va(z1 + 25 +2) . 6Vi(z1 + 22 +2)
(z1 + Dz + 1D2(m+ Vo) (z1+ 1D)3(z0 + 1)%(m + Vp)?

~ 3V Vs _2Vi(m+Vy)  2ui(En; —tho)
(m+ V) (z1 +1)%(z2 +1)2 Adja? Aaja?

2 3
#2)(J +1) + —5— (V2 = 2 + 2Va(m + Vo) + 2ua(Epj = 0) ) = —5— (2ViVa = 2u11)
a] Aaja?

4 2CV. 2 2 3
4 <22—u§>+ 2(z120 + 221 + 225 + 3)

A2 A(m + Vo) (z1 + 1)%(z2 + 1)
3V 3V2
q= : - — s—JJ+1)
(m+Vo)(z1+1)(z2+ 1) (m+Vp)*(z1 +1)*(z2+1)
1 2 2
e ——— (VR =+ 2Va(m + Vo) + 2ua (Eyy s - o) )
2 3 2CV,
—— 2V, -2 -—— (V2 -u3) -
* daa PV TR " G (% ~18) ~ Ao W DT
_ Vi N Vi
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_ Vi N Vi
X 2z5(z1 —z2)(m+ Vo) (22 +1)(z2 — z1)(m + Vj)

N 1 < V) N cVv; )
2o(zp —z1)(zo+ 1) \m+Vy A(m+Vp)

3V, 6V?2 6VZ(-z1 +2z5 + 1)

(m+ Vo) (z2 +1)*(z2 — z1) " Am+Vo)2(z1 - 22)°  (m+Vo)2(z2a-21) (22 +1)°

3VLV; (—21 +3zr + 2) _ 2CV2
(m+Vo)*(z2-21) (22 +1)*  Az(m+Vo)(z2 - z1)(z2 +1)*
_ 3V¢ B 3V3 . 31V _
4m+ Vo) (z2—z1)>  (m+Vo)(z1-z2) (2 +1)>  (m+ V) (z1 - 22)°(z2 + 1)
(2.20)
Let us now consider an ansatz of the form
Pn(2) = fu(2) exp(g;(2)), (2.21)
with
1, n=0,
fn(z) = n .
[1(z-a}), n>0, (2.22)
i=1
g7(z) =yIn(z) + pIn(z-1) + z? 7+ ¢In(z + z1) + 6In(z + z3).
Substitution of the latter in (2.20) yields
" _ 2Y§ 2Y6 1 2 1
¢, (2) = K—Zﬁ}’ aR L A 2—2)2 +(y —Y>§
+ | 2By +2yn + 2pe + 265 + 218 + 216 !
1+z1 1+z (1+zl)2 (1+zz)2 z-1
2né 2n6 , 1

1 1
+<ﬁ2—ﬁ—2m—1+21 —1+Zz>(2_1)z+(2n—2ﬂrz)(z_1)3+71

(z-1)*
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2 2 2
. <_ 2y8 248 26 > 1

Z1 1+2z (1+Zl)2 Zp—2z1 ) z+2z1

+(§2_§> 1 . <_26_y_ 26 216 286 > 1

(z +21)* z2 1+z0 (1+z)? z22-21)z+2

(z+ zz)2

+(82- 5);]4)0,]@).

(2.23)

For the sake of simplicity, here we consider only the nodless solutions. Substitution of
the proposed ansatz solution and equating the corresponding powers on both sides give

2y¢  2y6

—ZﬂY—ZYTl'f'Z—l'FZ—Z:—)L,
Y -y=-w,
2By +2yn + 2Pe + 2P0 + 218 + 215 =-
Y 2 " Te s Utz (1+2)
2né 216
2 o _ _ _
ﬂ ﬂ 2Y7’l 1+21 1+22 T
2n-2pn=-p, (2.24)
" =-N
2y5  2p§ 2n¢ 286
T Trm (ea) mem ¥
1 tzZ1 (1+z)” 22—z
&—¢=-h,
26y 2P 2nd 286 -y

22 l+z0 (14z)* z2-z1

6% -6 =—x.

For the fixed values of Vi, u;, @, and m, in particular, the system of ten equations (2.24)
determines the sets of variables Eqj, Vo, Vo, ug, uo, v, B, ¢, 1, and 6. Therefore, the
spectrum and eigenfunctions of the system are easily obtained for a particular system. For
the higher states, the mathematical process is more cumbersome and complicated but can be
followed by the same token we did here, that is, by choosing f1(z) = (z—a;) for the first node,
f2(z) = (z—a2)(z—a3) for the second node, and so forth.
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3. Conclusion

Motivation behind our study was the high number of spin-zero relativistic systems that
we frequently face as well as the attractive structure of the Deng-Fan potential. The
corresponding ordinary differential equation was too complicated to be solved by common
analytical techniques. We, therefore, performed some novel transformations and applied an
acceptable approximation to the centrifugal term. We next proposed an interesting physical
ansatz solution by which we were able to find a quasi-analytical solution. Our results are
particularly useful in particle and nuclear physics and can be directly used after prerequisite
fits performed.
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