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ABSTRACT

We discuss the anomalies present in broken scale invariance trace identities
which result from assuming that products of hadronic currents have a canonical
singularity structure at short distances. The analysis is performed qualitatively
in configuration space and quantitatively in momentum space. Canonical anoma-
lies are found in trace identities involving two electromagnetic currents, or two
axial currents or their divergences. There are related canonical anomalies in
trace identities involving three or four currents. They can be represented by

the anomalous trace equation

97\ anomalous (x) = 97\ (x) + R #l fgv
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the SU(3) x SU(3) currents, and hijk the structure constants of SU(3)xSU(3). The
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electromagnetic current trace anomaly is related to the high energy cross section

e_e+ — v — hadrons, and via POT to the coupling of a scalar meson to photons.

These are connected by

-+
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where FCr is defined by <01{6 ”j o> = mgFO_. The axial current anomalies are
related to the high energy cross sections e_ﬁe(u_z'/“) — hadrons: they do not
affect previous estimates of the orwm coupling made using broken scale invari-

ance and POT.



I. INTRODUCTION

The general consequences of exact and approximate symmetries of field
theories can be expressed in terms of Ward identities relating different Green's
functions. Considerable attention has been paid to the Ward identities associated
with the SU(3) x SU(3) current algebra and, more recently, to the trace and
conformal identities associated with scale invariance. 1,2 It is however well
known that in perturbation theory Ward identities may acquire anomalies,
because of singularities which render naive manipulations invalid. Adler
succeeded in understanding the axial current anomaly in the context of pertur-
bation theory, 3 and Callan and Symanzik used perturbation theory to demonstrate
the existence of anomalies in the trace identities of scale invariance.4’5

However, it is not at all clear that perturbation theory is relevant to the
physics of the hadronic curx:ents and the hadronic stress-tensor. On the
contrary, the logarithmic corrections which are found in perturbation theory
to violate scaling in deep inelastic electron scattering seem either to be absent
from the data or to be small. 6 So we have the question: which of the results
of perturbation theory should be believed? In particular, do the anomalies
which occur in perturbation theory actually occur in the Ward identities of
hadronic physics ?

One framework for answering the latter question has been provided by
Wilson,1 who showed that the axial current anomalies can be regarded as con-
sequences of the short-distance singularity structure of current products. If
one has a model for such short-distance behavior, one can deduce what anoma-
lies exist, and how they are inter-related. The deep inelastic scattering
experiments suggest that the light-cone singularities of current commutators

resemble those of a canonically manipulated field theory with charged fermions
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and uncharged boson gluons. 7 It is natural to extend this model to other short
distance singularities of current products, including disconnected parts. What
Ward identity anomalies occur in such a canonical model?

As pointed out by Wilson, 1 the axial current anomaly does occur in such a
canonical model, so it might be called a '""canonical anomaly," to distinguish it
from other anomalies which appear in perturbation theory and reflect deviations
from canonical short-distance behavior. An interesting question is whether
there are also canonical anomalies among the Ward identities of broken scale
invarance. The Callan-Symanzik anomalies4 are associated with the fact that
in perturbation theory canonical singularities are modified by logarithmic
factors: accordingly their presence is excluded by the assumption of canonical
singularity structure. However, there are other anomalies in trace identities:
for example, there is one in the trace identity involving Green's functions with
two electromagnetic currents. 5 It will be shown that this and certain other
anomalies are to be expected on the basis of canonical singularity structure, 8,9
i.e., that they are canonical anomalies in trace identities.

In this paper we first discuss, on the basis of Wilson's simple power
counting arguments, ! what trace identities are vulnerable to anomalies,
showing in particular that the trace identity for two electromagnetic currents
may be expected to break down. We then calculate the anomalies in this trace
identity and that involving two axial currents or axial current divergences
using a model for short-distance singularities based on fundamental fermion
and boson fields ("'partons'). 10
The calculations are performed in momentum space9: Since the anomalies

are determined by the short-distance singularity structure, all models with the

same behavior in this region have the same anomalies. Further, lowest order
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perturbation theory graphs have the canonical singularity structure. Hence ’
the anomalies found on inserting lowest order graphs into the trace identities
will be the same as those which would obtain in the real world if the postulated
canonical singularity structure is correct. And it is easier to calculate some
simple Feynman graphs then perform the configuration space analysis. It is
emphasized that the use of perturbation theory is just an algorithm, and in the
theoretical context outlined above higher order calculations are meaningless.
We also study the trace identities involving more than two currents.
Canonical anomalies appear in trace identities involving three or four currents,
and are related by current algebra to the two current anomalies. A compact

representation for all the canonical trace anomalies is the equation

07\ anomalous(x) - ex(x) + R gl ?'uv
A A 327r2 proi

where ¥ =0 F' -9 Fl +h _ FFS,
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the SU(3)xSU(3) currents, and hijk the structure constants of SU(3)xSU(3). R

with the FL external fields coupled to

is related to the charges of the fundamental constituent fields
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The phenomenological consequences of these anomalies are then discussed.
The Gz —J}\—JV anomaly is shown to be proportional to the coefficient of l/q2
in the high energy total cross section eTet — v — hadrons, and the BZ -A;: —A;
anomaly is connected with the high energy cross sections e Vo M V“) — hadrons.
These applications just require the trace OZ of the hadronic energy-momentum
tensor to be "soft" as postulated in theories of broken scale invariance. If it

is further assumed (PCDC11 or POT 12) that there is a scalar meson ¢ that
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dominates matrix elements of BZ , then the anomalous trace identities can be
used to study its couplings to photons and to pions.

The coupling to photons is found to be proportional to the anomaly and hence
to the total cross section e'e” — v — hadrons:

R

By = (1.1
TV 1942F
o
where
+ -
R= lim o(e e — v — hadrons) ’ 1.2
+ - + -
S Olee —y - U)
the coupling ga,w is defined by the Lagrangian
e2 Uy
ga'y'y =-5 goworF“VF , (1.3)

where Fuv is the electromagnetic field, a=e2/41r is the fine structure constant,
and Fcr is the scale analogue of the pion decay constant F1r’ estimated to be of
order 150 MeV. The important point is that gcrw is thus predicted to be rather
small, provided that R is of order unity or smaller. In the model for short-
distance and light-cone behavior based on three triplets of fractionally charged
quarks, which is s0 far consistent’7 with experiment, R would have the value 2.
For m = 700 MeV and I'(c — mn) = 400 MeV, for example, we get I'(c —vy) =
.2 R2 keV. This small gyy coupling means that in the two-photon process,

eiei — eiei + hadrons, such a scalar isoscalar dipion resonance would make a
small contribution to the cross section, over an order of magnitude smaller than
the Born approximation cross section for yy — am. (Of course, by Watson's
theorem, the resonance would nevertheless be detectable in the s-wave phase

shift.)



Other estimateslg’

14 of gU’Y’Y have tended to be considerably larger; if these
turn out to be experimentally valid, and e+e" — v — hadrons scales as 1/q2
with a coefficient of order unity so that (1. 1) is badly violated, this would be
good evidence against the utility of the pcpclt or POT 12 hypothesis. This is
a test of PCDC or POT analogous to the use of Crewther's relation8 for
I‘(7r0 —vv) as a test of PCAC. 15 It is a more limited test, since it can only be
used to disprove PCDC or POT: If g;(rW is indeed given by (1. 1) with R ~ 0(1),
then it will probably be too small to separate from the nonresonant background
inyy — 7w

The G‘Z - axAA—aVAV trace anomaly was neglected by previous authorsll’ 12

in scale invariance calculations of a large value for I'(c —mm). We find that their

results are unaffected by the anomaly. 16



II. ANALYSIS IN CONFIGURATION SPACE

Naively we expect a simple Ward identity to relate the vertex function
A (p,-p) = f d*xdty P Ve rx) T ()T (0)> @.1)
py 7 A © vTR '
to the vacuum polarization tensor

. 4 ip-X s
HHV(p,—p) = 1fd xe <T JM(X) JV(O)>Q

When ¢V is the "improved'" stress energy tensor of Callan, Coleman, and

Jackiw, 17 its trace is
I'L - ]j‘L
" (x) =0 X 2.3
L6 =08, 0 (x) (2.3)

where D* (x) is the dilation current. Hereafter we will often write OZ =60. The

integrated dilation charge, D(XO) = f d3x Do(—}'{,x defines the scale dimension

o
d of a field ¢ by the commutation relation

[Dlxg), 9@, x9)] = -i (x-0+ &) 60 2.4)

If we use Eq. (2.3) in Eq. (2.1), integrate by parts, and neglect any possible
complications due to the presence of surface terms, then the resulting expression
may be evaluated using the equal time commutation relation (2.4). Assuming
asymptotic scale invariance, the scale dimension of both space and time compo-

nents of J is three, and we obtain the trace identity,
A, 0P = (2p-55) L@ D) (2.5)
uy p,-p p op) “uv p, -p .

We will show below that relation (2.5) actually fails in any theory possessing
asymptotic scale invariance as proposed by Wilson. 1 To understand why the
argument leading to (2.5) breaks down, we shall extend Wilson's analysis of
the axial vector anomaly to the case under consideration here. Wilson's analysis

offers qualitative insight into how Ward identity anomalies arise from a



configuration space point of view. It provides a necessary, though not sufficient,
criterion for the existence of canonical anomalies. We will see that the integra-
tion by parts may give rise to nontrivial surface terms in the derivation of Ward
identities involving three or more operators of sufficiently large scale dimension.
The anomalies are just these nontrivial surface contributions.

Consider first a Ward identity which relates a two-point function to a one-

point function, e.g.,

fd4x <T* 6 (%) ¢(0)>§z: id <(l>(0)>Sz (2.6)

Equation (2.6) is obtained by the same argument which led to (2.5). The equal
time commutator (2.4) arises when we integrate by parts and the derivative a“
acts on the step functions 6 (t) which appear in the definition of the time-ordered

product, 18 i.e.,

T*6 (x) ¢(0) = 6 (x;) 0 (x) $(0) + 0 (-%,) ¢(0) 6 (x)

Since we are concerned with possible complications due to surface terms
at the origin, where the operator product is singular, we shall follow a more
careful procedure to obtain (2.6). We write the left-hand side of (2.6) as

T ax, fd3x 8(x) ¢(0) +'/'—€ dxof Bx o ox . @7
e—0+ g o
Following Wilson, 1 we simplify the analysis by adopting a Euclidean space-time
metric, 0(4), so that the light-cone singularity collapses to the origin. Then
the integrands in (2.7) are finite and unambiguous as long as we keep €>0, and
we may study in a well-defined way their behaviof as € — 0+. Now when we use
Eq. (2.3) and integrate by parts, we find just the contribution of the surface at

+e and +~. In the absence of massless scalar particles, the surfaces at =+



cannot contribute. From the surfaces at the origin we find

lim {—D(e) 6(0) + 9(0) D(—e)} 2.8)
e —0t .

which is just the equal-time commutator (2.4), and we obtain precisely the
relation (2.6). The more careful analysis has in this case only confirmed the
usual result. Thus Wilson's analysis shows that canonical anomalies cannot
occur in Ward identities involving products of only two operators.
But let us now consider the three-point function (2.1). Before we can -
proceed with the configuration space analysis, we must make a simple kine-
matical observation. Equations (2. 1) and (2. 2) must have the gauge invariant forms,
P9 2p?) S @9)

A _p) = _
,, @,-0) = b,p, -8,

_ 2 2
0, ®.-p) = @p, - g,,P) 1) | (2.10)

The naive Ward identity (5) is then

ap? = -20” 25 1% (2.11)

op
Now concentrate on the case when the currents are on the photon mass shell,

p2=0. Then we can write
_-1f4 4 v _-ipry ek
A0) = 35 [d xd vy e P «T* 9 (x) 3,0) 7, (0> (2.12)

Notice that because of gauge invariance, the short-distance singularity has been
softened by two powers of y. This is just the configuration space analogue of the
fact well known in perturbation theory that one power of convergence is gained
for each gauge invariant vertex.

We now define the integrand in (2. 12) by again adopting the 0(4) metric and

excluding the singularities with the restrictions

1%)1 > €5 lyol >6; lxo—yol >n. (2.13)



We use Eq. (2.3) and integrate by parts, with the result

A(0) =1—f2{ [y, [y @Yyt <D en) 3,60 3, 0)
° - 3,6) Dy 3,0)
+3,6) D(9 I, ()

- 3,60 3,(0) D(-€) >g

-0 .
+ f v, [ a% P Vyry <n(a 1) 7,0)
- J,(0) D(-€) 3, (5)
+3,(0) Dygn) 3, 6)

- 3,0 3,0) Dyy-n)>g (2.14)

First consider the integrand when lyol is large, i.e., IyOI >>¢,6,n. Then
the terms combine in pairs to form equal-time commutators, as in the example
of the two-point function considered above. This is what we expect from the
naive manipulations which yield (2.5) and (2. 12).

Next consider the region for which IyOI = §, If the first two terms are to
associate unambiguously into an equal-time commutator, the products must be
evaluated in the order

Og*n) I,00) J,(0) - 3,60 D1 I, (0) (2. 15)

So the operator must be defined by taking the limit n — 0 before §—0, i.e., we
must have §>>7n . In the region of integration defined by

Yo = 6551 (2. 16)

the two terms in (2.15) become an equal-time commutator. Similarly the third
and fourth terms combine to form an equal-time commutator in the region

yogﬁ>> € . 2.17)
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So with the choice § >>7n, € all terms become equal-time commutators. Taking

the 1imits19 n—0 and € —0 and using Eq. (2.4), we find

A(0) =~f§[f5 vy [a'y PV (ory ) <3003, 00

-5 . ,
3, JIP'Y po v < i) 2,18
+L dyofd yer *¥y? (6+y 5y) <9, 9,00>g (2.18)
Integrating by parts once more, we find

A(0) = [-sz _% H(pz)] ; + A (0) @. 19)
p =0

op

where AS(O) is the surface term,

__ii [ 39 [Py uov

+ _w‘adyofdgy Bg;‘[eip-y yuyvya <J_(0) J“(y)>9:” (2. 20)

Comparing (2.19) with the naive trace identity (2.11) we see that AS(O) is
the anomalous contribution. To see whether As (0) may be nonzero, we use the
assumption of scale invariance at short distances, according to which the product
of two currents has a c-number singularity proportional to 6—6. Since the
numerator of the integrand is proportional to 66, we see it is indeed possible
that AS (0) may make a finite, nonvanishing contribution to the trace identity.

The reader who studies Wilson's configuration space analysisl of the V-V-A
anoma1y3 will find that the V-V-A anomaly arises in a different way from the
trace anomaly. The V-V-A anomaly comes from the region of configuration
space where the three currents are all "pinching'" against each other, to give a
6

6_9 singularity. We have just seen that the trace anomaly is due to the 5

singularity of the two electromagnetic currents alone.
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The configuration space analysis gives a simple necessary condition for
deciding whether other scale invariance Ward identities have canonical anoma-

lies. Consider a vertex consisting of 6, and n currents J‘L
i

no, n n J1
1 *
fI_I d y; exp {1 Z: P;Y; <T 9(0)_1—1 u.(yi) >q
i=1 i=1 i=1 "i
As in (2, 12) the quantities which may have anomalous surface term contribu-
tions are of the form

n o, r . < no
A | =fndy. oyt <T@ 3¢ .))> 2. 21)
Bpeoeby Vyeeov,, i=1 i, V. j=1 Py & Q

17
where the factors Y, correspond to momenta in the anomalies. Carrying
through the analysis as before, we exclude the regions ly?l > 61,

Iyg—y(j)l > nij from the integrations in Eq. (2.21). As hefore we may take

the limits nij — 0 and pick up equal time commutator terms. The anomalies

are then proportional to sums of quantities of forms analogous to Eq. (2.20):

n-1 4 5 oL i -1 .
Ag ocf o dy,—5{y] 0y, <T* HJ‘;(yi)JLl(O) >0
=1""5 \i=t M4 n

Hyewsbp Vyeeov,, 'Y§'Z5i i=1 8y1 17j

These quantities may have nonzero terms coming from the surfaces Iy;)l = 51
if (counting powers of the yl)

dn~-4+r-3n<0

Since r > 0, this condition reduces to n < 4. In other words, there may be
canonical anomalies in trace identities involving not more than four currents.
The two current anomalies will be discussed in Sections III and IV, three and

four current anomalies in Section V.
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III. MOMENTUM SPACE ANALYSIS OF TRACE IDENTITY
FOR TWO ELECTROMAGNETIC CURRENTS

The configuration space analysis suggests that the naive Ward identity may

fail provided there is scale invariance at short distances and the currents have

detail to determine whether an anomalous contribution is indeed present and find
its value. This is particularly simple in the class of models which assume that
the leading short distance and light cone singularities of products of hadronic
currents are given by simple canonical theories. These models are popular
because they seem to provide a correct zeroth-order picture of scaling in deep-
inelastic electron scattering. 7

Consider a model in which the fundamental constituents are a collection of
spin 1/2 fields zpi(x) corresponding to particles of charge eQi and mass m,. The

electromagnetic current is
) = 22Q,3.) (%) (3.1)
i
and the trace of the stress-tensor is

009 = 2 m; 9,6 9 - (3.2)
Our configuration space analysis has shown that the possiblé "anomalous"
contribution to the naive Ward identity, (2.5), arises from the leading singu-
larity when the space-time interval between the two electromagnetic currents
approaches zero. Then all we have to do is calculate both sides of (2.5) at the
canonical level, which means that we calculate the lowest order triangle and
vacuum polarization diagrams (Fig. 1). Any difference between the left- and
right-hand sides is then due to canonical singularities, which according to our

hypothesis are the same as those in nature.
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Let us make one thing perfectly clear: This procedure does not imply any
commitment to the view that perturbation theory is a reliable guide to the
physics of hadronic currents. We are certainly not asserting that the hadronic
Green's functions &Y and """ are equal to their canonical counterparts A’é v
and H‘é Y which are given by lowest order perturbation theory. Rather we are
asserting, on the basis of the hypothesis of canonical singularities and the con-

figuration space analysis of Section II, that the hadronic anomaly is equal to the

canonical anomaly, i.e., that

A @, p) - (2-p55) B 0, p) = 2o, ) - (2-p55) T (0, 6-3)

So our assumptions simply require that we evaluate pr and II“V in lowest
order perturbation theory, with JM and 6 given by (3. 1) and (3.2). The lowest
order diagrams are shown in Fig. 1. The triangle diagrams have a superficial
linear divergence but are in fact finite because of the two gauge invariant
vertices. A straightforward calculation gives

2
A’“’(p,—p)— g““p2>ZQ 1 (m?A,-1)

1 2 '
- L D mPg” (3.4
47 i
where the subscript ''c'" stands for "'canonical" and Ai is given by

o 2 /4 2
2 p -vp —4mi2p
log . (3.5)

Vv p4—- 4miz p2 p2 +V p4—4m12f)2

The term —-—Eng“ Y is discardedbecause itviolates gauge invariance. It cannot

U v

be compensated by adding a term proportional to Zm P—%— , since this would
p

introduce a spurious photon pole. The vacuum polar1zaﬁon diagram has a

2
Ai(p ) =

superficial quadratic divergence, which is reduced to an actual logarithmic
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divergence by gauge invariance. We have just the standard result20

1 2
" o, -p) = — ©'p" -g" ' p") -

127
5 A2 1 2
Z Q; 1og—-2--6f dz z(1-z) log 1—%2(1-2) (3.6)
i M Yo 4

where A is the cutoff energy. The quantity which appears on the right-hand
side of the Ward identity (2.5) is then found to be
2\ g I R
(2-p55) %¥ @ ») - ©'p -g""p%)

m2

1.2 i 2
Z[“EQi gy Ai"l)] (3.7)
1 p

The difference between (3.4) and (3. 7) is the anomaly., The Ward identity with

the anomalous contribution included is then

& p,-p) =lop T 1" o, ) - 5 R0 (3.8)
T

where we have defined

R = ZQ.

- 9 (3.9)

If we allow for the possibility that the currents have both spin 0 and spin 1/2

constituents, then (3.8) is still correct with

1 2
R= 3, QP+ 2 & ©.10
spin 1/2 spin 0

However we will not discuss the case of spin 0 fields in the rest of the paper,
as experimental evidence from deep inelastic scattering favors a model with
fermions predominating. The phenomenological consequences of the anomaly

(3.8) are discussed in Sections VI and VII.
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IV. TRACE IDENTITIES INVOLVING TWO AXIAL CURRENTS
We now discuss the canonical trace anomalies involving the two-point
: x AT - * AT ) gF A oM At M AT
functions <T A?\(X) AH(O)>9 , <T A)\(X) o AH(O)>9 and <T* o A}\(x) d A“(O)> )
where A;: indicate positively and negatively charged AS=0 axial currents. We

will use the following notation for Green's functions:

J...JA...AD...D Y s
A ®-+-P,) =f£1d xiexp[1 Zpi Xijl X

Hive by i=1
< m m+r n H
x{T*o(0) I J x) I A (x) i 0 "A (X
i=1 M Y i=me1 MY i=mtrel Bt >Q

x {T* n 3 x.) A (x.) I oia )
=1 M ¥ ojemel BT femerel P 00
It has been pointed out by several authors21 that in lowest order perturbation theory
there are no anomalies in current algebra Ward identities involving triple and
double products of quark bilinears, except for the AuVAVV and A“AXAV anomalies,
This is because the Green's functions are ambiguous, and polynomials can be

added to make the Ward identities be satisfied. For the same reason, there are

no canonical anomalies in these current algebra Ward identities, and in particular

+, - +. - + -
those relating A‘?\“A R A‘;: D , and AD D :
+, - + - +, -
LA JAA DA DA
-ip % (p,q)=Au ®.@+0, = (-49 4.1)
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and

+ - + - +

gt A A o= D pq+0° P ,-p)

o
+1°%-q-p,p+q) 4.2)
where we have introduced the field o(x) defined by
0s 0, A&, o] = -1, b

As noted in Section II, Wilson's arg'umemts1 indicate that Ward identities relating

two-point Green's functions and vacuum expectation values of fields are free of

anomalies:
+ - + -
A ATA D A
-1p HKH' (p’ —p) = H“ (p, —p) (4' 3)
+ - + -
. DA D
i” 1P A @ -0 = 1 P (q,- + <00 (4.4)

We shall use these Ward identities (4.1)-(4.4) to connect the canonical trace
anomalies involving the Green's functions appearing in them.

+
Consider first the trace identity relating A‘ZLA

+ -

and H;\A A . The form of
"

the anomaly as a function of momentum is constrained by Wilson's short-

distance power counting arguments. ‘Since
+ - . -6
<T*Ah(x) Au(0)>52 diverges as 6 when X~6~0 ,

only its zeroth, first and second moments with respect to space-time coor-
dinates can give anomalous surface terms when integrated over d4x as in (2. 20).
As in the V?»—Vv case discussed earlier, the second moments determine terms
in the anomaly of second-order in the field momenta: constant terms in the

anomaly are determined by the zeroth moment. Hence the anomalous trace

_.17_.




identity must take the form: ‘

+,- , +, -
K2 @ = (2o055) B @, -pHar BIg, +Cpp,  (4.5)

where A, B and C are parameters to be determined.
+ - +

Similarly, the trace identity involving AL) A (p, -p) and Hl? A (p, -p) has

only an anomaly of first order in the field momentum, which is proportional

to the integral of a first moment of <T* BKA;(X) A;(O)>Q
4+ - 4 -
DA 5} DA
A ,-p) = <2- 2 ,-p) + D 4.6
S 0,0 = (2o 55) I % (0, p) + Dp, *.6)

where D is another parameter to be determined. 22

4+ -
Analogously, the anomaly in the trace identity relating the AD D , -p)

4+ -
and HD D (o, -p) may contain constant and quadratic terms

4 - 4~
AP P o, -p) = 2-p 55) I 7 (p,-p) + Ep” + F .7

First we note that broken scale invariance implies that at short distances
(large momenta) the axial current is asymptotically conserved. Hence we
deduce that in Eq. (4.5) A+C=0. Then, multiplying (4.5) by ip}‘ and using the

Ward identities (4. 1) and (4. 3) we get

o+, - + -

D'A o\ DA .

A p) =N2-p-=—) II -p) - B 4.8
y  ®.-p)=72-p 8p> g @-p)-ip, (4.8)

Comparing Egs. (4.6) and (4.8) we see that D=-iB: note also that A+C#0 would
have been inconsistent with the linear form of the anomaly in Eq. (4.6).
Similarly using Egs. (4.2), (4.4) and (4.6) we deduce that

+ +

AP g, ) = (2-p-55) 10 P @, -p) + 1Dp? .9

Comparing Eqgs. (4.7) and (4.9) we deduce that E=iD, F=0. 23
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Thus the anomalies in Eqs. (4.5) - (4.7) contain just 2 independent param-
eters, A and B, which are to be determined from the canonical model of short-
distance behavior. By chiral and SU(3) symmetry at short distances the leading
anomaly A is related to the anomaly in the trace identity:

R

A= 5 (4. 10)
8

By explicit calculation of the asymptotic behavior of the aKA; -7 A; Green's
function we deduce

1 2 f
E=- . z, m; (4.11)

where the m, are the masses of the fundamental fermion fields contributing to
the axial current. Inserting expressions (4.10) and (4.11) into the anomalous
trace identities (4.5), (4.6), (4.7) using the relations between parameters
obtained above, we obtain the final expressions:

+ -

. + - g
A A _ L9 H;? A R , (2 AV 2
8% @ = (20 55) 1,7 0,0+ =507, 0yp,) - T Hmy
8w m
(4.12)
+ - + - ¢
DA _ 8\ DA Py 9
S - L Rl R (4.13)
+ - + - 2
D'D d D L2
A ®,-p) = (2- °%> o (@, -p) —95 Z, mg (4.14)
™

The phenomenological implications of these anomalies for high energy cross
sections and (via POT) for couplings of a scalar isoscalar meson are discussed

in Sections VI and VII.
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V. CANONICAL TRACE ANOMALIES WITH MORE THAN TWO CURRENTS
In this section we discuss canonical anomalies for Green's functions in-
volving more than two currents. The naive trace identity for a Green's function

o . .22
consisting of m currents and n-m divergences is

AJ....J:D...DGD1 <4 n- Z B’ api> 31Jull)n D(pl"‘pn) ,
5.1)
where the notation is defined in Section IV. 24 From the discussion in Section II
we know that canonical anomalies are possible for n=3 and n=4
In the three current case, power counting indicates that a canonical anomaly
may be of zeroth or first order in the current momenta. Since we must form
a tensor with three Lorentz indices, it must in fact be linear in the momenta:

J1 J]Jk JlJ]Jk

A0 (pl,pz,p3)=< Y Pa’3p, ap O, - Py Dy

+ }:1 S (5.2)
where
a a a a a
= + + C + .
auv Tw A guvgfrw B gu'rng guwgv T D €uv Tw (.3)

with Aa, Ba, Ca, D? constants and a=1,2. (The dependence of Aa, etec. oni, j
and k has been suppressed in the notation.)
We now consider the constraints imposed by chiral symmetry. Contract

(5.3) with p‘i:

u JlJ]Jk 2 s JlJ]Jk
lplAHV’T (pl’pZ’p3) = -1 aE pa ap pl I Uy T (pl’pZ’p3)
2
. a
-t Zl Hy Twpapl 6-4)



We now insert the chiral Ward identities

u JiJij DiJij |
_lpl AIJ-V'T (p]_’pZ’p3) = AV’T (pl’pzs p3) ;
D.J.3, 33
+ HVT (_pz_p39 pz’ p3) +1 h1]m AV T (p1+p2’ p3)
J.d
. jm
tihyom &5 PPy'P3) ©-5)
J.J.J D.J.d
s Hy ik - 1ik
1plnuvfr (pl,pz,p3) 1,r (pl,pz,p3)
J_d J.J

. mk . jm
tihy I, T(PgPg) + by, 10 @y -Py)

(5.6)
into (5.4). It has been shovvn‘?'1 that in lowest order perturbation theory,
Eq. (5.5) does not have an anomaly: therefore by the reasoning of Sections I
and I, Eq. (5.5) has no canonical anomaly. Equation (5.6) may also have a
canonical :3.noma1y3 quadratic in momentum, but it would not contribute to (5.4)
because of the factor <2 - f:p __8__> . We have therefore suppressed this
anomaly in writing (5.6). Substituting now into (5.4) we find

DiJij Jka Jij
T

A, ;) Ty PyPy) iy A TOPY, Py + iy, A7 (g PPy

< 22: 5 > DiJij
= \1- prx— ) I ®4>P5>P0)
asl a apa VT P’r¥2°*3

2 5 I Jij ]
¥ 2'a§1pa'3§; i Ty p (PP * 3By T (0gs Py

2

s a w, MU
! aglauv'rwpapl ¢.7
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To get relations between the anomalies in (5.7) we must now use the trace

identities
D . J.J 2 , D.J.d.
177k = (1- ._3_\ i1’k
AL, ®PpPyPy) <1 Z_) Pa'op ) yr” PpPy:Pg) +vE (5.8)
a=1 a/
Jd J Jd J
m k _ . 0 m k
Ay PytPy.Py) = (2—p3 ap3> 1, P3Py
+-B—2~u k/g p§=p3 p Y+ e g ©.9)
g2 kv ve37) "mk®yr
Jij 3 Jij
yr PgrPrPy) (2 Py dp2> yr Py Py
Roo (s 02op,p,)
+87r2 5jm 8, rPa Pg, Py ) ¥ €jmgm (5.10)

By power counting and Lorentz invariance, (5.8) may have a canonical
anomaly Y8, - where vy is a constant. As shown in the previous sections,
(5.9) and (5. 10) may also have canonical anomalies, quadratic and constant in

the momenta: the former are related to (3.8), the latter are denoted by €k ejm'

Substituting (5.8), (5.9), and (5. 10) into (5.7), we find

. 2aa wh_ip R [ (2_ 2)_ + ]
L %y 7wPaP1 T 1Nk T 2 (8 £ \P37Py) " Py Py T Py Py
a=1 8
tY+P) g, .
where
¢=1 (hijm “mk ¥ hikm Ejm)
From (5. 11) we see that

Y+¢=0
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and that

Alipl= _cl=a2-82-= -%c -h,. 2

D2=0
Analogous arguments using the Ward identities obtained by contracting on p;
allow us to conclude that
h.. ,
ijk 81r2
Thus we have the following form for the canonical anomalies in the three

current trace identity, (5.2):

R
hijk —8—7:2 [_guvplq- + 2gy7'plv ~8, Tplu+guvp2'r +gu7p2v - 2gv 'rplu] (5.12)

Also, the anomalies in trace identities for A‘BJJJ are determined by those for

AL)J. However, we pursue these anomalies no further here.
We now discuss trace identities involving four currents, which by power

counting may have canonical anomalies of zeroth order in momentum:
J.J.J J

Al]km(p ) = _% . 0 HJiJijJm(p )

e, 6. 13)

where auv o is of the form of Eq. (5.3) . Contracting with —ip‘i we have

u JiJijJm 3 5 u JiJijJm
_lpl A]JJJ'T(.O (pl’pZ’p3’p4) =-\1- aé:lpa'%—; 1p1 HI.LV W (Pl,Pz,P3sP4)
- b
i a/.w 7_wpl (5.13)

Because of the results obtained in lowest order perturbation theory21 and the
J.J.J. J

discussion of sections II and III, the chiral Ward identity for p‘i Au; 7'ka m
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does not have a canonical anomaly. There could3 be an anomaly of first
J. J.J, J
order in momenta in the chiral Ward identity for p“ ot k'm
3 1 wvrw

vanish in (5. 13) because of the factor <1— > P, -é—g— . Therefore we may
a=1 a

use chiral Ward identities free of anomalies to evaluate (5. 14). The result

, but this would

E -]
i

EREEN DI I T
VTw (pla p27p39p4) + HV TW (_pz—ps_p4: pzy P3,p4)
T I3 S
Fibgy AT POy Py P by A, T @g: P3Py
I3,
tib Ay P PypPriPy

( 3 5 RRR A
= Z;pa'%'; %va (P1,P9sPq:Py)

1-
\ a=1
333 EERS
tiby I, PPy PPy Fibye I, (Pg:P1*Pg>Py)
T3k 7n ? M
+i himn v Tw (pz,pg,pl+p4) g - au.v TwP 1 (6.14)
DI AT

may have a canonical
anomaly of zeroth order in momentum, but this is forbidden by the Lorentz
tensor structure. The left-hand side of (5.14) may be evaluated using the

canonical anomalies (5.12). The result is that

R
—8—7? [guv 1w (hiknhjnm - himnhjkn)

* 8,08 ®imnPikn ~ Bijnemn’ (5.16)

o
MY Tw
8, r8uw (hijnhkmn - hiknhjnm)]
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Thus the canonical trace anomalies for three and four currents are directly
related by current algebra, independently of chiral anomalies, to the two
current trace anomalies.

In fact it is possible to use the generating functional formalisms’ 25 to

obtain a compact representation of all the canonical trace anomalies which are

due to the leading singularities in the current products. We introduce the functional
Z = <T* <exp i f d*x (JL(X)F’;(X) + 9 (x)S(x)))>Q (5.17)

where the Jz(x) are SU(3)xSU(3) currents, 6 (x) the trace of the hadronic
energy-momentum tensor, FL(X) external vector fields, and S(x) an external
scalar field. The functional derivatives of Z with respect to the external fields,
evaluated with the external fields equal to zero, are the current Green's functions of
the theory. The connected Green's functions are generated by a functional

W: exp iW = Z. The canonical trace identities (5-1) may be generated by the
following procedure:

1) apply to W the operator

. o . ) o)
F -—\:—1‘6—8_(‘;{; - 1FI];(X) (3‘" Xa-—é-}?;> ]

2) apply n operators

- -F-—j—— @=1,...n)
1{x.
oFi )
to W

3) set the external fields S(x), FZ (x)=0

n-1
4) multiply the result by exp i Z X.'D; and integrate with respect
i=1
to x and X, i=1,...n-1, setting X = 0.
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The resulting expression is the usual trace identity for n SU(3)x SU(3)
a.
currents J ' with momenta pm . To obtain the canonical anomalies we replace
i
the hadronic trace in expression (5. 17) for Z by the anomalous trace equation

eanomalous (®) = 0 (x) +

R ~i Uy
F*' ®F (x) (5. 18)
327‘_2 152 i

where ?}iw x) = auFIi) () -2, F;:(x) +hyg FL ) Ff(x) the b,y being SU(3) X SU(3)
structure cons’cauﬂts.z4 The expression (5. 18) is analogous to the representa-
tions written down by previous authorsg’ 25 for the axial current anomalies.
Note that it has a chiral invariant form, as expected from the fact that the
higher anomalies are short distance effects and are related by current algebra

to the two current anomalies, and are not affected by axial anomalies.
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VI. PHENOMENOLOGICAL APPLICATIONS OF TRACE ANOMALIES
AT HIGH ENERGIES

In this section are discussed the phenomenological implications of the
anomalous trace identities (3.8) and (4. 12) - (4. 14) at high energies. One of
the basic assumptions of broken scale invariance is that the energy-momentum
tensor trace is "soft'. This means that it is composed of operators with scale
dimension less than 4 — generalized mass terms.1 Masses are generally supposed
to be negligible in certain kinematic regions of certain processes, notably in
high energy processes involving very virtual currents, and deep inelastic scat-
tering experiments support this supposition. Thus in the present case, it is
expected that as Ip2 o0, |

a,0,P) <L ®,-p)

This expectation is borne out to all orders in perturbation theory, where it
follows from Zimmermann's extension of Weinberg's theorem to the Minkowski

region of momentum space, 26 Thus for large | p2|
3 R 2 ,
(20" 3p) By @ P~ —5 (2, -6, P) (6.1)

Using Eqg. (6.1) we find9 that as p2 —0 ,

N 2 R 2
n,,@-p) ~ &,,0"-pp,) [mz log p +c] 6.2)

where c¢ is an unknown constant. From (6. 2) we find that Huv has ‘asymptotically

the absorptive part

+ip- 4 2 =
SEEaifo, o) dxe 000, G

(6.3) |
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This is the same asymptotic behavior of the absorptive part as has previously
been deduced from the parton model, 21 and from assuming canonical short-

distance behavior for the disconnected part of the current commutator7:

..__jB- 2_ 1t 2 ’
[Ju(x),JV(O)]X o3 (6, % - 2%,X,) €(xg) 56 + ... 6.4)
i

The absorptive part of le is related to the total cross section for

- +
e € — v — hadrons

: 2 2 .
a(e—e+—» ¢ — hadrons) = 87 2042 /elp°x<0 ] [J“(x),J”(O)] {0> d4x
3(q7)

4wa2

3p2

~

R

using Eq. (6.3). This means that as p2 .

O'(e—e+ — v — hadrons) _

-+ -+ ~ R
clee —y—pp)

Preliminary indications from Frascati and CEA for q2 >4 GeV2 are consistent
with R ~ 0(1), and are consistent with a model of three triplets of fractionally
charged quarks, which gives R=2. 9,28

The fact that using the softness of GZ and the anomaly (3.8) we recover

the results of canonical manipulations of current commutators emphasizes the

canonical nature of the anomaly.291f the anomaly were absent, one would have
I, (,-p)~ €, b -pp)e
puv Uy [T
as p2 — oo , 50 that the absorptive part would be o(pz), and o(e‘e+ — v — hadrons)
would fall faster than l/pz, in contrast with canonical expectations. 21

The close relationship between the trace anomaly and the asymptotic cross

. + - . . . .
section for e e — y —hadrons is also very clear in configuration space. The
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details of the configuration space calculation are given by Crewther, 8 but the
major qualitative features are evident in the analysis of Section II. In
Section II we saw that the anomaly is determined by the coefficient of the sixth
order singularity of < JH x)J » (O)>Q as x — 0. This leading singularity deter-
mines the leading asymptotic behavior in p2 of the Fourier transform

f dtx X () 3,00
which is in turn proportional to 0(e+e— — v — hadrons). The connection is
familiar to students of equal-time commutators: the e~6 singularity is just
the quadratically divergent c-number Schwinger term, which is well known
to determine the asymptotic behavior of cr(e+e' — 1y — hadrons).

The situation in field algebra30 models with regard to the trace anomaly
deserves comment. In a simple field algebra model, the space components of
the electromagnetic currents have dimension 1, and the simple Wilson1 argu-
ments yield no anomaly. The lowest order graphs, corresponding in momentum
space to the canonical calculation, are indicated in Fig. 2, and they trans-
parently yield no anomaly. This is consistent with canonical manipulations of
the current commutator. In a simple field algebra model this. is less singular
than x~0 and cr(e_e+ —v — hadrons) falls faster than 1/s. In fact at the canonical
level one has

i fdxeip'x <T*@ (®) I (0)>. © € po- _
L v Q uvp pupv) 2 2. 6.5)
CopT-m e
where m_ is the mass of the vector meson field. Equation (6.5) has an
absorptive part o« 6(p2—m‘27). In a field algebra with strong interactions there
will also be higher order graphs like those of Fig. 3, with internal loops. It

is clear that these graphs will yield anomalies, which will however be of the
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Callan-Symanzik type,being proportional to anlw/ g where g is a hadronic
coupling consté,nt, e.g., gint =gp u ) 'y“ ¥ . Such graphs correspond to the
breakdown of canonical manipulations.

It is clear that by an argument analogous to that of the previous section
the quadratic anomaly in Eq. (4. 12) is related to the experimentally inaccessible
cross sections for e"ﬁe-» hadrons and pz_D‘u—» hadrons at high energies. The inter-
esting anomaly (4. 14) is related to the structure functions corresponding to the
nonconserved parts of the currents. These should be relatively suppressed
by a power of pz, and furthermore appear experimentally multiplied by lepton

masses. Hence their observability is regrettably minimal.
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VIH. PHENOMENOLOGICAL APPLICATIONS OF TRACE ANOMALIES
AT LOW ENERGIES
In this section we consider low energy implications of the trace anomalies

(3.8) and (4. 12) - (4. 14), when used in conjunction with POT, starting with the

Aw(q,p)z

_ o 2 2
Aul@P) = Cayp +gy 4 D) Wy(@,0) + [@d -8, @) @7p,-¢) ©7) Wy, p)

so that
8,0~ = (@y9,-8, ,8°) [W; @, -9) - 3¢ W, (@, -0 .1
Then
A @) = (2-0 52) I,@ - i—z- (@,9,-8,8) (7.2)
where

@, -9) = (@q,-8,,q") 0@

so that
2o 2) L (@ -a) = -2 @q g o2 2LL) . -

( q aq) (@D = 207 @,9,-8,,9) o (7.3)
Since H(qz) is nonsingular at q2=0, we deduce, comparing (7.1) - (7. 3) that
Wl(O, 0) = R/67r2, Wl(q, -q), (q#0) and Wz(q, -q) being unknown and arbitrary.
In the spirit of POT itis assumed that W1 and W2 are maximally smooth
apart from poles in r2 = (q+p)2 due to a scalar meson ¢ (dilaton). In fact
the maximally smooth coupling for oyvy implies

C

W (q,p) = —5——
1 2 2
m_-(q+p)

Wo@,p) =0
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for some constant c. From Eq. (7.4) we see that ¢ = mg_R/G 1r2. ¢ is pro-

portional to the ¢y coupling: ¢ =2g oy

interaction Lagrangian (FMV is the electromagnetic field):

2 . . |
moFcr where go'y'y is defined by the !

ro| Ppo

k4 = - g oF F*

oyy

and the decay constant F is defined by

% o — il
<0 | GH(O) lo>= mGFG
Thus we estimate that

. R 1
Yy 127r2 Fa

g (7.5)
(see also Refs. 8 and 9). This can be compared with the broken scale invari-

ance estimatell’ 12

mg_

g o e (7.6)
o ZFO_

where &0 is defined by

Q — —
= g
gmm gO’iTﬂ'

The ratio of coupling constants is independent of the parameter Fa, and so

less theoretically uncertain

Soyy . _R ' 7.7
32 (7.7)
gamr 61rmo

On the other hand the quantity closer to measurement in the process yy—77
is the product

R
BoynBamn o4r

(7.8)

+r]
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The prediction (7.5) for the ogyy coupling constant deserves a certain
number of comments:

(a) Essentially the same coupling was obtained by Schwinger, 31 who
performed a lowest order perturbation theory calculation analogous to that of
Steinberger, 32 to evaluate the rate for a scalar meson to decay into two photons
via a fermion loop. Since the trace identities had not at that time been for-
mulated, the result did not strike him as anomalous.

(b) If we set R=0 then we recover the prediction g(rW:O of Kleinert,
Staunton and Weisz, 33 who explicitly ignored anomalies. Kleinert, Staunton
and Weisz also indicated ways of obtaining gaw= 0 in the absence of the anomaly,
but as they pointed out, such a result requires nonmaximal smoothness for the
AHV vertex. Equation (7.5) seems to be the legitimate prediction of broken
scale invariance and POT for go_y,y,

(c) Our prediction for the oyy coupling seems considerably smaller than
most other estimates in the literature. 13 Two a priori unknown constants
appear in (7.5). As discussed in Section II, R is expected to be of order 1, and
we have a preference (not inconsistent with experiment) for the three fractionally-
charged triplet value R=2, The decay constant FG can be estimated if we
identify ¢ with the apparent scalar isoscalar dipion resonance €(700). 34 Using

the broken scale invariance estimatell’ 12

(7.6) for Y- and estimating
I'(e — 7w =~ 400 MeV we find Fcr ~ 150 MeV. This value is not inconsistent
with the POT estimate

My

EeNN "~ T
o

where QGNN = 8o C ¥, and the sketchy experimental information on SoNN*

however, any value for F between 100 MeV and 200 MeV is certainly respectable.
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Taking F,, ~ 150 MeV we find>

T'(e - 2y) = 0.2 R2 keV (7.9)
which compares with other theoretical estimateslg’ 14:
Sarker: 6 keV
Bramon and Greco: 6 keV
Schrempp-Otto, Schrempp and Walsh: 22 keV
Lyth36: < lkeV

The first three of these estimates use finite energy sum rules or pole dominance
of dispersion relations. Neither our estimate nor the others should probably be
regarded as better than order of magnitude values: everybody treats the scalar
meson in the narrow resonance approximation, which is likely to be bad for the
€ (700) meson (I‘€ ~ 400 MeV), quite apart from the conjectural quality of the
particle's existence.

However, if R is of the size suggested by theoretical prejudice, our
estimate (7.9) does seem significantly smaller than most other513: if the € (700)
were so weakly coupled then its cross section would be more than an order of
magnitude smaller than the Born term. Recall, however, that by Watson's
theorem, even if the € (700) meson were weakly coupled to vy the yy — w7
amplitude will still have the standard =7 phase shift, so that the meson would
still be observable.

There seems to be no reason why the eyy coupling should not be small:
the implications of unitarity for the process yy — nr have been studied by
Carlson and Tungg7 and by Lyth 14 with a view to getting information on the evyy
coupling. Both papers write down Omnes-type solutions: Lyth allows

terms in the left-hand cut in addition to the pion Born term, and concludes that
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the evyy coupling is not completely constrained. His palculatidns in fact

assume elasticity, and that any scalar isoscalar resonance is narrow, however

his order of magnitude estimate of an upper bound for ge'y'y’ based on the likely

magnitude of the left-hand cut, is encouragingly close to our parish (ballpark).
We now turn to the anomalies (4.12) - (4. 14) involving axial currents.

11, 12, 38

Several previous authors have used these Ward identities, neglecting

anomalies, in conjunction with POT, to make predictions on scalar meson
couplings to pions in particular. We study whether these results are affected
by taking anomalies into account — they seem not to be changed but our argu-

12, 38

ments are not watertight. A common discussion of the o wm coupling

proceeds somewhat as follows. The 6 Z —BAA;—GV A; Green's function is given
the following low energy parameterization:

-+

- 2 2
DD A+B (p+q°)+ Cr2
A” Y p,q = (e *g )*+Cr

(m2-p%)am>-q®) mZ-r?

(7. 10)

where r=p+q is the momentum associated with 9"‘: . Using the chiral low energy

theorem (4.2) and single particle dominance we obtain

+ - +_ — :
DD DD — 00
A (pso) =-1 (p:—p) + 11 (_p:p)
F?Tmi 3F72Tmim§_ _
-5 5 (7.11)
7P m P

Using a naive trace identity and single particle dominance we obtain

+

- +
DD
A (p"'p)

(2-p Z) 1”0

I

2F2mj‘r (m?r—zpz)
= —X (7.12)
2 22
(m_-p~)
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Comparing these expressions with the parameterization (7. 10) we see that

2 2 _4
g

= -2F°m*m? C=F?m
’ T

A = 2F%m
T g

6
T

m
which yields an on mass-shell onr coupling (7.6).

As shown in Section IV, the trace identity (7.12) has an anomaly in models
with a fundamental fermion structure, however we can still find two ways of
deriving (7.6). Neither of these is particularly swasivious, which is why we
sketch them both.

(a) The parameterization (7.7) is inconsistent with the anomalous Ward
identity (4. 14): the simplest consistent parameterization for the BZ-BKA;—BV A“V
vertex is

A+ B'(p2+<12)+C'r2

(mZ-p?)m>-¢%)(mEr?)

+ D' + E' (p2+q?) +F'r2

(7.13)

where we have allowed a contact term quadratic in the field momenta. In the

single particle dominance approximation the anomalous trace identity becomes:

DD ZFimi(mi—ZpZ) Zimizpz
A ©,-p) = - (7.14)
2 _2 2
(mﬂ-p ) T .

Using (7.14) and the non-anomalous21 chiral Ward identity (7.11) we find

A = 2F2m6m2 , B' = -2}3‘2m4m2 , Cr= Fzrnzl(mz—m2
T 70 T T T T
Zlim‘i‘2 Zimiz
= t = |
D=0, E 5 F >

27 27
When we go to the mass shell, the contact terms do not contribute to the
coupling constant, and as A=A' etc., the same on mass-shell coupling (7.6)

is found as before.
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The parameterization (7.13) is not the only one that could be chosen.
However other choices seem either to have a larger number of parameters,
which are hence not all determined by the Ward identities so that no prediction
can be obtained, or else are not consistent with all the low energy theorems.

(b) Alternatively Crewther's me1:hod11 of obtaining the omrm coupling
could be used. In this derivation, only 6 and one of the axial divergences are
taken off the hadronic mass shell, and (7.6) is obtained from a resulting trace
identity. According to Wilson's analysis1 (see also Section II) anomalies can
only arise if three or more fields are taken off mass shell in deriving low
energy theorems. Hence Crewther's method is not subject to anomalies, and

his derivation of (7.6) not affected.
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VIII. DISCUSSION
We have discussed which anomalies arise in the trace identities of broken
scale invariance if canonical behavior of strong interactions is assumed. We
have also discussed the phenomenological relevance of these anomalies to high
energy processes, and via POT to the couplings of a scalar isoscalar meson o.

In particular we obtain a connection

gle e -y hadrons)

_ 1 .
g = lim 7 —
2 . Olee —y—puu)

(8.1)
between the two-photon coupling of such a meson and asymptotic e_e+ annihila-
tion cross sections.

Apart from the phenomenological testing of broken scale invariance,
canonical singularity structure and POT via Eq. (8.1), there remain several
interesting open theoretical questions. There is the question of what canonical
anomalies are present in conformal Ward identities, and whether they are
simply related to the canonical trace anomalies. 10 The answer to this question
may provide clues to the significant problem of what are the conformal analogues
of the Callan—Symanzik anomalies.4 As concerns the applications of the
anomalies, there might be other ways of measuring the axial trace anomalies
(4.12), (4.13), and (4. 14) which would shed light on the question of the quark
"mass''. Finally, in our low energy applications of the trace anomaly (3. 8)
using POT we treated the o particle in a simple pole approximation. It may
be possible to take into account finite width effects and unitarity, as has been

done by other authors studying the isoscalar =r é—wave. 14,37, 39
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APPENDIX

TRACE ANOMALY IN HIGHER ORDERS OF PERTURBATION THEORY

From the point of view adopted in this paper — asymptotic scale invariance |
realized by canonical behavior at short distances — the trace anomaly and the
V-V-A anomaly are due to similar physical phenomena and are equally likely
to be realized in nature. However, if we choose to study products of currents
from the perspective of perturbation theory, then there is an important
distinction between the two anomalies. The axial vector anomaly has the
remarkable property that it is not modified by higher order corrections, 3
i.e., the value of the anomaly computed from the simple triangle graph is
actually exact to all orders. This property is not shared by the trace anomaly.

This difference between the two anomalies is easily understood in a
qualitative way. It is possible to define a regulator which leaves chiral sym-
metry invariant, e.g., Pauli-Villars regulators chosen in chiral singlets.
Then the usual chiral Ward identities are sﬁll valid in the regulated theory.
This condition makes it possible to prove the nonrenormalizability theorem
for the axial vector Ward identity. But in the case of the trace anomaly, the
underlying scale symmetry is violently broken by the large mass which is
introduced in the regulator. The usual scale invariance Ward identities are
modified by new terms depending on the regulator mass. As we take the
regulator mass to infinity, these extra terms give rise to higher order cor-
rections to the trace anomaly.40

We now calculate the leading radiative correction to the trace anomaly in

fermion electrodynamics. The anomalous trace identity for the fourth order
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quantities has the form

2 o) = (20 32) 15 @) + Wi p, ¢ 0% A.1)

This form is dictated by the following requirements:
(1) The anomaly must be a polynomial in p because the absorptive
parts of Auu ‘aﬂnd Huv are regular and therefore satisfy the
nonanomalous trace identity. v
(2) Dylan's version of Weinberg's ’theorem26 fixes the degree of the
polynomial as quadratic.
(3) Gauge invariance.
We can easily calculate 0(4) by using Weinberg's theorem. According to
the theorem, in the deep Euclidean region A(:Z (p) diverges at most like p while
Hﬁ}) (p) diverges like pz° Therefore the leading divergence of Hl(:i) must be

cancelled by the anomaly. Where

@, . 2, (4), 2
o, ®=@p,-g,p)I7eE) (A 2)
we have
~op? L n®p? ——c® | | (A.3)
p — 00

For large momenta H(4) is given by41

2 2
4), 2 o o p
") — (= + —5 ﬂn< (A.4)
p2->oo <37T 4772> m2>
so that
%) 2w a2
c\* =_ 32" 3 (A.5)
27

The second order term obtained here is seen to agree with the result of the

calculation of Section III,
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We emphasize once again that from our point of view the presence of high
order perturbation theory corrections is irrelevant when considering the trace
anomaly in hadronic physics. This is because we invoke the hypothesis that
the leading singularities of products of hadronic currents are given by canonical
models, so that only the canonical singularities (which may be calculated from

lowest order diagrams) are relevant.
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FIGURE CAPTIONS

1. Lowest order confributions to A?\v and H?w in models with fundamental

constituent fields. These graphs are denoted A)C\V and H(;W in the text,

2. Lowest order canonical contributions to AM and II ” in a field algebra

A
model: vector meson propagators are denoted --- .
3. Next to lowest order contributions to A?\v and H?»v in a field algebra

model with interactions.
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