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Abstract of the Dissertation

Exploring the Dark Universe with Cosmic Microwave Background and Optical Data

by

Mathew Syriac Madhavacheril

Doctor of Philosophy

in

Physics

Stony Brook University

2016

Over the past two decades, a standard cosmological model has emerged that

supports the picture of an expanding Universe dominated by dark matter and dark

energy. Understanding the nature of the dark Universe is a major open problem in

cosmology. The work described in this dissertation advances our understanding of

the dark Universe by first constraining the properties of dark matter through the

effect of annihilations on the cosmic microwave background (CMB), and then by

mapping dark matter via gravitational lensing as a way of constraining dark energy.

By making the first measurement of gravitational lensing of the CMB by dark matter

halos and the first measurement of the ratio of this signal to the lensing signal from

optical data, this dissertation develops new techniques to map dark matter and

constrain the properties of dark energy.

We first investigate the particle properties of dark matter by examining its effect

on fluctuations in the CMB, thereby setting the tightest constraints on the annihi-
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lation cross-section and mass of dark matter particles from the CMB. The rest of

the thesis focuses on gravitational lensing, the phenomenon by which photons from

a background source are deflected by the gravitational interaction with intervening

matter as the photons travel to us. We explore how dark matter can be mapped

by measuring the lensing distortions in shapes of galaxies, and develop a general

formalism for unbiased estimators particularly suitable for measurements of correla-

tion functions when the lensing distortion varies across the sky. Next, using CMB

maps from the Atacama Cosmology Telescope, we make the first measurement of

lensing of the CMB by dark matter halos. This detection opens up a new way of

measuring masses of dark matter halos, a crucial step in constraining dark energy

through its effect on the growth of structure over cosmic time. Dark energy also af-

fects the expansion history of the Universe and leaves an imprint on the relationship

between cosmic distances and redshifts. For our final chapter, we perform the first

measurement that compares the lensing signal of dark matter halos using sources at

two very different distances, the CMB (redshift ∼ 1000) and background galaxies

(redshift ∼ 1), thus obtaining a purely geometric distance ratio that can be used to

constrain dark energy.
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Chapter 1

Introduction

Increasingly precise observations over the last few decades show that ordinary mat-

ter comprises only about 5% of the energy density of the Universe. Non-baryonic

‘dark matter’ that does not interact through the electromagnetic force is required to

explain a variety of observations including galaxy rotation curves [1–3], X-ray emis-

sion from hot gas in galaxy clusters [4, 5], gravitational lensing distortions around

galaxy clusters [6], and acoustic peaks in the power spectrum of the cosmic microwave

background (CMB) [7, 8]. In addition, distance-redshift measurements using Type

Ia supernovae indicate that the expansion of the Universe is accelerating [9, 10], re-

quiring a substantial ‘dark energy’ component [11], a fact that was subsequently

corroborated through combinations of measurements of the CMB power spectra and

the abundance of galaxy clusters [12]. The CMB alone, as measured today, provides

the strongest evidence for dark matter from the ratio of the second and third acous-

tic peaks. In addition, the CMB alone provides evidence for dark energy when both
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the primary power spectrum and CMB lensing signal are combined [13]. A standard

model of cosmology that includes dark energy through a cosmological constant Λ and

cold dark matter (CDM) has emerged, and is supported by an array of concordant

cosmological data-sets that include the CMB and its secondary observables [14],

large-scale structure measurements through the distribution of galaxies [15], weak

lensing measurements of the distortions in the shapes of galaxies [16] and cosmic

distance ladder measurements utilizing Type Ia supernovae [17]. However, the con-

cordance model does not yet tell us what the particle nature of dark matter is and

leaves open many possible explanations of the acceleration of the Universe beyond a

cosmological constant, such as quintessence models [18] or modifications of General

Relativity [19]. Identifying the precise nature of dark matter and dark energy are

two of the most important open problems in cosmology today.

The Cosmic Microwave Background

Two valuable tools for learning about the dark Universe are the CMB, and op-

tical measurements of galaxies. The CMB consists of photons that for the most

part have not interacted with matter since the epoch of recombination, when the

Universe had cooled enough for protons and electrons to form neutral atoms [20].

The first measurements [21, 22] of this 2.7 Kelvin background confirmed the hot,

dense past predicted in the model of an expanding Universe. Subsequent measure-

ments of the black-body spectrum and anisotropies in the CMB temperature at a

level of 1 part in 105 by the COBE satellite [23, 24] provided a snapshot of the fluc-

tuations in the distribution of radiation when the Universe was 380,000 years old.
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The power spectrum of the CMB temperature fluctuations (which characterizes the

amplitude of the fluctuations as a function of scale) has since then been measured to

unprecedented accuracy by the WMAP [25] and Planck [26] satellites, ground-based

experiments including the Atacama Cosmology Telescope (ACT) [27] and the South

Pole Telescope (SPT) [28], and various balloon-borne experiments (e.g., [29, 30]).

These measurements strongly indicate that the early Universe went through an in-

flationary epoch that seeded nearly scale-invariant Gaussian random fluctuations in

the matter distribution. The fact that the third peak in the acoustic oscillations

of the CMB power spectrum is of comparable height to the second peak indicates

that a large fraction of the matter density consists of highly non-relativistic ‘cold’

dark matter (CDM) that does not interact with itself or other particles other than

through the gravitational force. Tight constraints have been obtained on the prop-

erties of the primordial fluctuations, the curvature of the Universe, and the fraction

of energy density in baryons and CDM through these measurements. The CMB is

polarized at the few-micro-Kelvin level because of Thomson scattering of photons

off free electrons [31]; measurements of the corresponding polarization anisotropies

and temperature-polarization correlation [25, 26, 32–34] are crucial for removing the

degeneracy of the temperature power spectrum with the reionization history of the

Universe and improving the precision on cosmological parameters [35].

Probing Dark Matter Properties with the CMB

It is possible to use the CMB temperature and polarization power spectra to

probe the physics of dark matter particles beyond the standard CDM picture. The
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dominant paradigm for the particle nature of dark matter is that it consists of weakly

interacting massive particles (WIMPs) [36]. At high temperatures and early times,

the self-annihilation rate of dark matter particles is much greater than the expansion

rate keeping their annihilations in equilibrium. If annihilations indefinitely continued

to be in equilibrium, the abundance of dark matter particles would be suppressed

exponentially. However, as the Universe expands and cools, annihilations become

much less efficient; the time between annihilations becomes comparable to the Hub-

ble time effectively causing the dark matter abundance to ‘freeze-out’. The relic

abundance that is left behind depends on the annihilation cross-section. It is a fact

that the cross-section required for the relic abundance of dark matter to match what

is observed today (around 30% of the total energy density) is roughly what would be

expected for particles with mass of order 100 GeV interacting through the weak nu-

clear force [37]. For this reason, there is great interest in detecting WIMPs as possible

dark matter candidates through collider experiments like the Large Hadron Collider

(e.g., [38]), through direct detection of scattering of WIMPs off heavy nuclei [39–42]

and indirect detection through Standard Model products of dark matter annihilation

in regions of high dark matter density such as the galactic center [43–45] or dwarf

galaxies [46, 47]. Previous studies [48–52] have shown that dark matter annihilating

at redshifts of around 1000 injects energy into the plasma and modifies recombi-

nation physics so as to have observable consequences in the CMB power spectra:

a suppression of power in temperature and polarization fluctuations at small scales

and an enhancement of power in polarization fluctuations at large scales. This allows

the CMB to be used as a powerful complementary indirect detection probe of the
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particle nature of dark matter. The CMB also has the advantage of being free of

uncertainties such as astrophysical backgrounds of high-energy particles or the local

distribution of dark matter. In Chapter II, we examine the effect that annihilating

dark matter would have on the physics of recombination and how this modifies the

power spectrum of CMB temperature and polarization. We study the improvement

in constraining power that can be obtained by measuring large-scale polarization of

the CMB and set the tightest constraints on annihilating dark matter from Planck

2013 temperature, WMAP, ACT and SPT data, and several low-redshift datasets.

CMB Secondaries for Growth of Structure Measurements

The CMB also contains several ‘secondary’ signals (on top of the primordial

anisotropy signal) that in combination with other probes can be used to understand

the nature of dark energy and differentiate it from possible modifications of General

Relativity. As the Universe expands, fluctuations in the matter distribution grow

as matter collapses under gravity (see [53]). On their journey from the surface of

last scattering to us, CMB photons occasionally interact with baryonic matter or get

deflected by the gravitational pull of dark matter along the line of sight and thus pick

up information about the evolution of matter fluctuations. Two important CMB sec-

ondary signals are the thermal Sunyaev-Zeldovich (tSZ) effect [54] and gravitational

lensing of the CMB [55].

The tSZ effect is the frequency shift of CMB photons that inverse-Compton scat-

ter off hot ionized gas located in galaxy clusters. This locally distorts the blackbody

spectrum of the CMB photons leading to a frequency-dependent signal in CMB maps
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at the location of galaxy clusters. The tSZ signal is thus useful for identifying the

locations of massive galaxy clusters in a way that is independent of redshift, making

it the best method for detecting high-redshift galaxy clusters. Since galaxy clusters

are among the largest structures in the Universe, the abundance of clusters as a

function of redshift (or cosmic time) gives us a direct handle on the growth of mat-

ter fluctuations on large scales. Non-standard dark energy models with an equation

of state different from p = −ρ will have an identifiable effect on the growth rate

measured this way.

It is also possible that the observed cosmic acceleration is due to a modification of

General Relativity, rather than a dark energy component affecting the background

expansion. If this were the case, growth of structure measurements could yield

cosmological parameters which disagree with those inferred from expansion probes

such as supernovae and baryon acoustic oscillations (BAO) [56]. Measuring the

growth of structure is therefore a critical complement to expansion rate probes of

dark energy.

CMB photons are also deflected as they pass through the curved spacetime around

matter along the line of sight. Numerous measurements of this CMB ‘gravitational

lensing’ effect have been made, first in cross-correlation [57] and subsequently in-

ternally by ACT [58], SPT [59, 60], Planck [61, 62], PolarBear [63] and BICEP [64].

The lensing maps made for these results measure the projected matter density over

a very broad range of redshifts peaking at z ∼ 2 and are sensitive to the large-

scale distribution of matter. Only very recently have CMB experiments reached the

resolution and sensitivity to yield lensing maps sensitive to the dark matter halos
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hosting galaxy groups and clusters, with first measurements presented by ACTPol

(work included in this thesis) [65], SPT [66] and Planck [67]. These high resolution

measurements provide a way of measuring the dark matter mass associated with

galaxy clusters detected via the tSZ effect. While galaxy lensing, discussed below,

can also be used for measuring masses of clusters, CMB lensing provides a comple-

mentary measurement at low and intermediate redshifts, and will be indispensable

for high-redshift clusters which simply do not have enough background galaxies for a

useful mass estimate. CMB lensing also has different systematic effects than galaxy

lensing, allowing for robust measurements when taken in combination. This would

yield a powerful growth of structure measurement. In Chapter IV, we analyze data

from the ACTPol experiment and present the first measurement of CMB lensing by

dark matter halos, opening up this new method of measuring the masses of dark

matter halos.

Galaxy Shear for Growth of Structure Measurements

The distribution and properties of galaxies also contain a wealth of information

about the dark Universe. The positions of galaxies trace the distribution of dark

matter since both baryons and CDM populate the same gravitational potentials.

However, since galaxies form preferentially at the peaks of the dark matter distri-

bution, an estimate of the total dark matter distribution made solely using galaxy

positions is inherently biased. Gravitational lensing of galaxies provides a way to

measure the true matter distribution. Light from background galaxies is deflected as

it travels through the gravitational potential of foreground matter. The typical de-
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flections are small; for example, for a typical elliptical galaxy and cosmological line of

sight, the ellipticity is ‘sheared’ by around 2%. Because of the wide dispersion in the

intrinsic ellipticities of galaxies, galaxy shear can only be measured statistically over

ensembles of galaxies. This optical ‘weak lensing’ effect was first detected [68,69] as

a tangential alignment of galaxies behind massive clusters; a method actively used

now for measuring the masses of galaxy clusters discussed earlier. Measuring ‘cosmic

shear’, the correlations induced in shapes of galaxies by large-scale structure in blind

fields, is more challenging, but has the potential for mapping out dark matter with

great precision due to the large number of galaxies available. First measurements

of cosmic shear [70–73] have been improved upon by dedicated optical imaging sur-

veys such as CFHTLens [74] and DES [75] and new results are expected from DES,

HSC [76], KiDS [77] and RCSLens [78]. Future surveys like LSST [79], Euclid [80]

and WFIRST [81] expect to image of order a billion objects across a large fraction

of the sky. At this level of statistical precision, control of systematic errors becomes

of paramount importance. Because the galaxy ellipticity is related to the quadrople

moments of an image, and the moments are a non-linear function of the intensity of a

galaxy image, noise in the image can bias the inferred shear [82]. Galaxies, of course,

are never perfectly intrinsically elliptical, so any attempt at reducing the shearing

effect into a finite set of numbers (in the simplest case, two ellipticity parameters)

will introduce a model bias [83]. Selection effects (for example, rejection of blended

objects [84]) also introduce additional bias. Mitigating these biases through analyti-

cal techniques (e.g., [85]), calibration against simulations [86], and calibration using

cross-correlations with CMB lensing maps [87–90] are all active areas of research.
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In Chapter III, we focus on the estimation of galaxy shears. We develop a general

formalism for unbiased shear estimators particularly suitable for measurements of

correlation functions when the lensing shear varies across the sky.

Lensing Cross-correlations for Expansion Rate Measurements

Combining the information in CMB lensing and galaxy surveys through cross-

correlations opens up multiple new avenues for constraining dark energy. The wide

redshift kernel of the CMB lensing signal allows one to cross-correlate with tracers

both at low and high (z > 1) redshifts making it especially suitable for mapping out

dark matter as a function of cosmic time. While measurements involving foreground

galaxy densities alone depend on an unknown galaxy bias, this dependence can be

eliminated by combining CMB lensing with galaxy lensing, where both sources of

background light are being lensed by the same dark matter distribution around dark

matter halos.

These cross-correlations can be used to measure the expansion history, instead

of mapping the dark matter distribution to measure growth. The magnitude of the

lensing signal depends on the distances to the lens and the source. By comparing

the lensing signal from the same set of dark matter halos for two different sources,

one can extract a purely geometric distance ratio that strongly constrains cosmo-

logical parameters that affect the expansion history, like the dark energy equation

of state, without being affected by systematics of modeling of the lensing matter

distribution [91–93]. If the CMB is used as one of the background light sources, the

sensitivity to dark energy parameters is maximal because of the long cosmic lever

9



arm generated between the CMB at z ∼ 1000 and galaxy shear at z ∼ 1. While

previous measurements have only used galaxy shears for such cosmographic distance

ratios, in Chapter V, we present the first measurement of the ratio of the galaxy

lensing signal to the CMB lensing signal where both have been lensed by the same

dark matter halos. This ratio cancels out the dark matter distribution itself leav-

ing only a purely geometric distance measurement that can constrain dark energy

through its effect on the expansion history.
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Chapter 2

Probing Dark Matter Properties

with the CMB 1

Non-baryonic matter is a crucial ingredient in our current understanding of the cos-

mological history of the Universe. A significant fraction of the energy density of the

Universe is contended to consist of ‘dark matter’ that interacts only very weakly (if

at all) with ordinary matter. Dark matter is needed to explain numerous observa-

tions including gravitational lensing by clusters and galaxies, galaxy rotation curves,

acoustic peaks in the power spectrum of the cosmic microwave background (CMB),

and the growth of large-scale structure. However, all of the widely accepted evidence

for dark matter is sensitive only to its gravitational effects, and the determination

of its particle nature is an important open problem. Current efforts to address this

can broadly be divided into (i) indirect detection experiments that aim to detect

1This chapter is a near-verbatim reproduction of [94], which has appeared in print in Physical
Review D, and is titled “Current dark matter annihilation constraints from CMB and low-redshift
data”.
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the products of dark matter annihilation or decay, (ii) direct detection experiments

that attempt to detect dark matter particles via their recoil off heavy nuclei, and

(iii) collider experiments where dark matter particles are hoped to be identified in

the products of high-energy collisions.

One particular indirect detection method is to observe the effect of dark matter

annihilation early in the history of the Universe (1400 > z > 100) on the CMB

temperature and polarization anisotropies [48–52, 95–100]. If dark-matter particles

self-annihilate at a sufficient rate, the expected signal would be directly sensitive to

the thermally averaged cross section 〈σv〉 of the dark matter particles in this epoch,

the mass Mχ of the annihilating particle, and the particular annihilation channel. An

advantage of this indirect detection method over more local probes is that it is free of

astrophysical uncertainties such as the local dark matter distribution and the astro-

physical background of high-energy particles. In Section 2.1, we review the physics

behind the modification of the CMB power spectra by annihilating dark matter. We

also discuss the universal energy deposition curve and systematic corrections to it as

in [97], and the leverage in multipole-space of the dark matter constraints. Updated

constraints including all available data are presented in Section 2.2. In Section 2.3,

we discuss these results in light of recent data from other indirect and direct dark

matter searches.
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2.1 Effect of Dark Matter Annihilation on the CMB

The recombination history of the Universe could potentially be modified by dark

matter particles annihilating into Standard Model particles, which in turn inject

energy into the (pre-recombination) photon-baryon plasma and (post-recombination)

gas and background radiation. Previous authors [48–52] have considered the effects

of this energy injection, which broadly consist of (i) increased ionization of the gas,

(ii) atomic excitation of the gas, and (iii) plasma/gas heating. These processes in turn

lead to an increase in the residual ionization fraction (xe) and baryon temperature

(Tb) after recombination. For rates of energy injection low enough that there is

minimal shift in the positions of the first few peaks of the CMB temperature power

spectrum, the primary effect of the energy injection is to broaden the surface of

last scattering. This leads to an attenuation of the temperature and polarization

power spectra that is most pronounced at small scales. In addition, the positions of

the temperature-polarization cross-spectrum (TE) and polarization auto-spectrum

(EE) peaks shift, and the power of polarization fluctuations at large scales (l < 500)

increases as the thickness of the last scattering surface grows. (See Figure 4 in [48]

for a depiction of this effect.)

The rate of energy deposition per volume is given by,

dE

dV dt
= ρ2

cc
2Ω2

DM(1 + z)6pann(z) (2.1)

pann(z) = f(z)
〈σv〉
Mχ

(2.2)
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where ρc is the critical density of the Universe today, ΩDM is the density of cold dark

matter today, 〈σv〉 is the thermally averaged cross section of self-annihilating dark

matter, Mχ is the dark matter mass, and f(z) is an O(1) redshift-dependent function

that describes the fraction of energy that is absorbed by the CMB plasma. In this

parametrization, f(z) captures the redshift-dependence of the energy deposition not

included in the (1 + z)3 evolution of the dark matter density. The exact functional

form of f(z) depends on the specific annihilation channel of dark matter – however,

as discussed in [52] and in Section 2.1.1, the first principal component formed from

the f(z) energy deposition curves of 41 representative dark matter models accounts

for more than 99.9% of the variance in the CMB power spectra that is not degener-

ate with other standard cosmological parameters. The injected energy modifies the

evolution of the ionization fraction, xe, according to

dxe
dz

=
1

(1 + z)H(z)
[Rs(z)− Is(z)− IX(z)] (2.3)

where Rs(z) and Is(z) are the standard recombination and ionization rates, respec-

tively, in the absence of dark matter annihilation, IX(z) is the modification to ion-

ization due to dark matter annihilation, and H(z) is the Hubble constant at redshift

z. Standard recombination, as discussed in [101], is described by

[Rs(z)− Is(z)] = C × [x2
enHαB − βB(1− xe)e−hP ν2s/kBTb ] (2.4)
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where the C-factor is given by

C =
[1 +KΛ2s1snH(1− xe)]

[1 +KΛ2s1snH(1− xe) +KβBnH(1− xe)]
(2.5)

Here, nH is the hydrogen number density, Tb is the baryon gas temperature, αB and

βB are the effective recombination and photoionization rates respectively for n ≥ 2,

ν2s is the change in frequency from the 2s level to the ground state, Λ2s1s is the decay

rate of the metastable 2s level to 1s, K = λ3
α/(8πH(z)), and λα is the wavelength

of the Lyman-α transition from n = 2 to n = 1. This C-factor is approximately the

probability that a hydrogen atom in the excited n = 2 state will decay by two-photon

emission to the n = 1 state before being photodissociated [101].

Several authors have considered adding generic terms to the recombination equa-

tions, denoted by

IX(z) = IXi(z) + IXα(z), (2.6)

that account for additional ionization from the ground state and from the n = 2

state after energy injection [49, 102, 103]. Dark matter annihilation increases the

ionization fraction through (i) direct ionization of hydrogen atoms from the ground

state (IXi(z)), and (ii) ionization from the n = 2 state after hydrogen has been excited

by Lyman-α photons produced by dark matter annihilation (IXα(z)).Following [51],

the rate of additional ionization from the ground state is given by

IXi = χi
[dE/dV dt]

nH(z)Ei
(2.7)

where Ei is the average ionization energy per baryon (13.6 eV), and χi is the fraction
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of absorbed energy that goes directly into ionization.

The term describing ionization from the n = 2 state is given by

IXα = (1− C)χα
[dE/dV dt]

nH(z)Eα
(2.8)

where χα is the fraction of absorbed energy that goes into excitation, Eα is the

difference in binding energy between the n = 1 and n = 2 levels (10.2 eV), and

(1−C) is the probability of not decaying to the n = 1 state before being photoionized

from the n = 2 state.

In addition, the baryon temperature evolution is modified by the last term in

(1 + z)
dTb
dz

=
8σTaRT

4
CMB

3mecH(z)

xe
1 + fHe + xe

(Tb − TCMB)

+ 2Tb −
2

3kBH(z)

Kh

1 + fHe + xe
(2.9)

where fHe is the Helium fraction and

Kh = χh
[dE/dV dt]

nH(z)
. (2.10)

Here, χh is the absorbed energy converted to heat. The energy fractions (χi, χα, and

χh) are discussed further in Section 2.1.1.
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2.1.1 Universal Energy Deposition Curve with Systematic

Corrections

Many earlier studies of the impact of DM annihilation on recombination (e.g. [48,

49, 51, 52, 98, 100, 104–106]) have used an approximate form for the energy fractions

χi, χα, and χh, derived from Monte Carlo studies by Shull and van Steenberg in

1985 [107], and following the approximate fit suggested in [108]:

χi = χe =
(1− xH)

3

χh =
1 + 2xH + fHe(1 + 2xHe)

3(1 + fHe)
. (2.11)

Here χi is the hydrogen ionization fraction, χe is the hydrogen excitation fraction,

and χh is the heating fraction. The Lyman-α contribution, χα, is some fraction

of χe. Some past studies have taken χα = 0 to obtain conservative constraints,

while others, including this work, set χα = χe. The helium fraction fHe is given by

fHe = Yp/(4(1 − Yp)), where Yp is the helium mass fraction. The ratio of ionized

hydrogen to total hydrogen is given by xH, and the ratio of ionized helium to total

helium is given by xHe. In this work, we do not include ionization of helium due

to dark matter annihilations since it has a negligible impact on the CMB power

spectra [97,106].

In reality, the dependence of the energy fractions on the background ionization

fraction xH is more complex than the simple linear dependence in Eq. 2.11. The

energy fractions also possess a non-trivial dependence on the energy of the electron

when it is “deposited” to the plasma (i.e. when its energy drops to the point where
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all subsequent cooling processes have timescales much faster than a Hubble time).

In previous work (e.g. [50]), “deposited” photons with energies above 13.6 eV were

treated exactly as deposited electrons, under the presumption that such photons

would quickly ionize the gas, producing a free electron. While this is true, it is

important to also account for the energy absorbed in the ionization itself. The free

electron produced by photoionization will then deposit its energy subject to the

appropriate energy fractions.

In this work we take these effects into account following the method described

in detail in [97]; our results use the same set of assumptions as that paper’s “best

estimate” constraints. Electrons, positrons, and photons injected by DM annihilation

are tracked down to a deposition scale of 3 keV, taking the expansion of the universe

into account, using an improved version of the code first described in [50]. The spectra

of photons and electrons below this energy are stored – many of the energy-loss

processes are discrete rather than continuous, and thus these spectra are not simply

spikes at the deposition scale – and then integrated over energy-dependent energy loss

fractions computed by Monte Carlo methods, following [109–112]. This part of the

code does not take redshifting into account, but at energies below 3 keV all cooling

times are much faster than a Hubble time (with the notable exception of photons

below 10.2 eV after the redshift of last scattering), so the expansion can be neglected.

Energy losses to direct ionization, excitation, and heating by electrons and photons

above the 3 keV threshold are calculated in the “high-energy” code (appropriate

to energies above 3 keV) and added to the corresponding fractions. “Continuum”

(below 10.2 eV) and Lyman-alpha photons produced by inverse Compton scattering
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(ICS) of electrons above 3 keV are likewise calculated in the high-energy code; for

electrons below 3 keV, ICS quickly becomes subdominant to atomic energy loss

processes. Ionizations on helium are taken into account following [97].

The primary difference between the results of this method and earlier approx-

imations is that the correct treatment of ICS by non-relativistic electrons predicts

greater energy transfer into continuum photons, which cannot subsequently induce

ionizations or Lyman-alpha excitations; the effect can be regarded as a high-energy

distortion to the CMB energy spectrum. Consequently, the fraction of power going

into ionization, excitation, and heating of the gas is somewhat depressed. There is

an exception at high redshifts, where accounting for the additional ionization from

photon-gas interactions (which was not done in e.g. [50], which treated low-energy

electrons and photons as identical) can outweigh the reduced ionization from electron-

gas interactions, since the latter is very small in any treatment (those electrons lose

their energy dominantly to Coulomb heating, using either the approximate fractions

or the more accurate ones).

We have computed the fraction of deposited energy going into ionization, χi,

which largely controls the constraints (the Lyman-alpha fraction, χα, has a small,

albeit not negligible, effect [97]), as a function of redshift, for each of the 41 anni-

hilation channels described in [50]. The calculations of the energy fractions in [97]

separately compute the ionization on helium; here we simply sum the total power

into ionization on hydrogen and helium to obtain the χi fraction, since as mentioned

previously, the effects of separating the helium fraction are small. For convenience,

given the widespread use of the approximate fractions of Eq. 2.11 in the literature
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and in existing code, for each annihilation channel we can define a new “effective

f(z) curve”, fsys(z), which yields the correct power-into-ionization when multiplied

by the approximate value of χi. That is,

χapprox
i (z)fsys(z) = χupdated

i (z)fold(z), (2.12)

where χapprox
i and χupdated

i are respectively the approximate (Eq. 2.11) and updated

(following [97]) energy fractions, and fold(z) agrees with the results of [50]. (Note that

in some cases this definition can lead to a very large value of fsys(z), much greater

than 1, where χapprox
i (z)� χupdated

i (z).) This curve should not generally be applied to

compute the heating and Lyman-α components, in cases where they are important;

it is designed to correctly normalize the power into ionization. However, since we

expect the effect of additional ionizations to dominate over the modification due to

excitations or heating, we use the same fsys(z) curve for the ionization, excitation,

and heating terms. We checked that using the fsys(z) curve to multiply the ionization

term and the old f(z) curve for the excitation and heating terms makes no appreciable

difference to the constraints obtained below.

Having derived new individual fsys(z) curves for a range of Standard Model final

states, we can perform a principal component analysis using these curves as basis

vectors, as described in detail in [52]. The first principal component describes the

direction in this space (of linear combinations of the fsys(z) curves), which captures

the greatest amount of the variance in the CMB power spectra – in this case, over

99.9%. Physically, the effects of the different annihilation channels on the CMB

anisotropy spectra are very similar.
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Figure 2.1: Universal energy deposition curve, e(z), using approximations for the

fraction of energy converted to heat, ionization, and excitation (dashed blue curve),

and accounting for more accurate calculations of the energy fractions from [97] (solid

red curve).

We show in Figure 2.1 the resulting first principal component as a function of

redshift, which we refer to as the “universal” e(z) curve. The overall normalization

of the curve is arbitrary since it is precisely its amplitude that we wish to constrain,

and hence a rescaling of e(z) would be reflected in a proportional rescaling of the

derived constraint on its coefficient. In order to fix the normalization, we adopt the

convention used in [52], i.e., we fix the normalization such that if pann(z) = ε e(z),
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the Fisher matrix constraint on ε is the same as that obtained for constant annihila-

tion, pann = ε (with approximate energy fractions), for some choice of experimental

parameters. The advantage of this choice is that constraints on the coefficient of

e(z) can be directly compared to previously derived constraints using constant pann.

In this work, the Fisher matrix computation and principal component analysis were

performed for a Planck-like experiment in the range ` < 6000; we have verified that

performing the analysis instead for a cosmic variance limited (CVL) experiment in

this ` range changes the shape and normalization of the e(z) curve only at the sub-

percent level. The principal components do not change appreciably when additional

cosmological parameters that could be degenerate with the annihilation parameter

are added. This is discussed in Appendix A5 of [52].

Note that this choice of normalization means that the e(z) curve does not reflect

the general reduction in amplitude of the fsys(z) curves relative to the older f(z)

curves, arising from the fact that χupdated
i (z) is generally lower than χapprox

i (z). To

the degree that the Fisher matrix approach is valid, we expect the constraint on the

coefficient of the updated e(z) curve to be identical to the corresponding bound for

the older e(z) curve presented in [52], since both should be equivalent to the con-

straint using constant pann and approximate energy fractions. However, constraints

on specific models will change.

To translate from constraints on the coefficient of the e(z) curve to constraints

on a specific model, one must extract the coefficient of the first principal component,

when the fsys(z) curve for that model is expanded in the basis of principal compo-

nents. This is referred to in [52] and [113] as taking a “dot product”, but there is
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a subtlety here in that the dot product must be taken in the space defined by the

41 fsys(z) curves, not in the space of functions of z. In the Fisher matrix approach,

this corresponds to taking the dot product between the (discretized) fsys(z) curve

for that particular model and the vector (e)TF , where e is the (discretized) universal

e(z) curve, and F is the marginalized Fisher matrix describing the effect on the CMB

of energy depositions localized in redshift (see [52] for the precise construction). The

dot product is normalized by dividing by the result where fsys(z) is replaced with

e(z), to obtain an “effective f” value feff,new:

feff,new =
e(z) · F · fsys(z)

e(z) · F · e(z)
. (2.13)

Below we present constraints on the dimensionful parameter ε, which we label

as pann in Table 2.2 for ease of comparison with the constant pann case and general

familiarity with that variable. In order to obtain a constraint on 〈σv〉/Mχ for a

specific DM model, the bound on pann should be divided by feff,new for that model

since

pann = feff,new
〈σv〉
Mχ

. (2.14)

(By definition, if fsys(z) = e(z), then feff,new = 1; the derived constraint on pann is

exactly the constraint on 〈σv〉/Mχ for such a model.) We have verified that this

prescription accurately reproduces the constraints presented for individual leptonic

annihilation channels in [97]. The fact that the fsys(z) curves are generally lower

than the original f(z) curves is reflected in lower feff,new values, and hence weaker

constraints on 〈σv〉/Mχ.
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In Table 2.3, we provide both the feff,new values computed using our new fsys(z)

curves, and the feff values computed using the old f(z) curves from [50], but using

the correct Fisher-matrix weighting described in the previous paragraph (these values

were computed in an online supplement to [52], but the dot product was not properly

weighted by the Fisher matrix, leading to few-percent deviations).

2.1.2 Leverage in `-space of Dark Matter Limits

The primary effects of dark matter annihilation on the CMB power spectra are an

attenuation of power in both temperature and polarization especially at high-l, an

enhancement of low-l polarization power, and low-l polarization peak shifts. Since

a number of cosmological parameters result in an attenuation of power at high-l

(e.g. ns), one would expect most of the constraining leverage on dark matter limits

to come from the low-l TE and EE spectra, which break parameter degeneracies.

To demonstrate the importance of low-l polarization on improving constraints, we

use Fisher forecasts to project the constraints obtainable by cumulatively adding

the contribution to the Fisher matrix from each multipole below l = 500 to the

contribution from the range 500 < l < 5000. We use experimental parameters

typical of Planck [114], a current generation polarization experiment like ACTpol,

and a cosmic variance limited experiment (see Table 2.1). Including polarization

information in the 100 < l < 500 range improves the constraint by a factor of ∼ 3

for ACTpol and ∼ 5 for Planck (see Figure 2.2).

In contrast, the constraint obtained from adding high-l (l > 2500) tempera-

ture and polarization spectra to the full Planck data (temperature and polarization,
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Figure 2.2: Fisher projected constraint obtained by including the range 500 < l <

5000 and extending it cumulatively for each multipole below l = 500. Experimental

parameters are from Planck, an ACTpol-like experiment, and a cosmic variance

limited experiment (see Table 2.1). Most of the leverage comes from 250 < l < 400.

2 < l < 2500) plateaus around l = 4000 for a future high-l experiment (see Table

2.1), with no more than a 6% improvement over full-Planck. There is only an 8%

improvement over Planck for a cosmic variance limited experiment, including all l’s

up to 5000 (see Figure 2.3).
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Figure 2.3: Fisher projected constraints including the complete Planck data from

2 < l < 2500 (temperature and polarization) and extending it cumulatively for each

multipole above l = 2500 up to l = 5000. Experimental parameters are from a future

high-l experiment, and a cosmic variance limited experiment. The dashed line shows

the Fisher projection for the full Planck temperature and polarization release (up to

l = 2500). The improvements over Planck are 6% and 8% respectively, including all

l’s up to 5000.
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Table 2.1: Experimental parameters used in forecasts

Beam FWHM 106∆T/T 106∆T/T fsky

Experiment (arcmin) (I) (Q,U)

Planck 7.1 2.2 4.2 0.65

ACTpol Ultrawide2 1.4 4.5 6.3 0.24

CMB Stage 4 3.0 0.1 0.1 0.50

Future High-l 1.4 0.1 0.1 0.85

Note: Noise values are indicated per beam.
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Figure 2.4: 95% confidence limit contours for ns versus pann and ln(1010As) versus

pann, marginalized over the other parameters, for selected combinations of datasets.

2.2 Current Constraints

To obtain 95% upper limits on pann = feff〈σv〉/Mχ, we modified the recombination

code recfast to include additional terms for the evolution of the hydrogen ioniza-
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tion fraction and matter temperature, given in Eqs. 2.7 to 2.10. We performed a

likelihood analysis on various datasets using the Markov Chain Monte Carlo code

cosmomc [115]. We sampled the space spanned by pann and the six cosmological

parameters: Ωbh
2, Ωch

2, 100θ∗, τ , ns, and ln1010As.
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Figure 2.5: From top to bottom — constraints on pann from WMAP9 alone (pink) and

from current data including WMAP9, Planck TT power spectrum and 4-point lensing

signal, ACT, SPT, BAO, HST, and SN data (blue). Also shown are Fisher forecasts

for the complete Planck temperature and polarization power spectra (green), for a

proposed CMB Stage IV experiment (50 < l < 4000 combined with l < 50 from

Planck, shown in purple), and for a cosmic variance limited experiment (up to l =

4000) (red). The dashed line shows the thermal cross section of 3× 10−26cm3s−1 for

feff = 1. The dot-dashed line shows the thermal cross section multiplied by a typical

energy deposition fraction of feff = 0.2 (see Table 2.3).
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Table 2.2: Upper limits at 95% CL for pann combining various datasets. The first column provides constraints when pann is assumed to be

constant with redshift. The second and third columns assume redshift-dependent energy deposition based on the ‘universal’ curve discussed

in Section 2.1.1. The second column uses the original “universal” e(z) curve derived in [52]; the third column uses an updated curve that

incorporates systematic corrections discussed in [97].

Data Set Const. Ann. Non-Const. Ann. Updated Non-Const. (m3s−1kg−1)

WMAP9 pann < 1.20× 10−6 pann < 1.26× 10−6 pann < 1.21× 10−6

WMAP9 + Planck pann < 0.87× 10−6 pann < 0.85× 10−6 pann < 0.80× 10−6

WMAP9 + Planck + Planck Lensing pann < 0.85× 10−6 pann < 0.86× 10−6 pann < 0.79× 10−6

WMAP9 + Planck + Planck Lensing + ACT + SPT pann < 0.75× 10−6 pann < 0.75× 10−6 pann < 0.73× 10−6

All CMB + BAO pann < 0.70× 10−6 pann < 0.66× 10−6 pann < 0.67× 10−6

All CMB + BAO + HST pann < 0.71× 10−6 pann < 0.74× 10−6 pann < 0.66× 10−6

All CMB + BAO + HST + Supernova pann < 0.70× 10−6 pann < 0.71× 10−6 pann < 0.66× 10−6
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Previous analyses using Planck data [116] utilized only a small part of the WMAP9

polarization power spectrum [117]. Incorporating a larger range of the TE power

spectrum can improve the constraint by up to a factor of ∼ 2.4, depending upon

how much of the WMAP9 polarization spectrum is included. Using Fisher forecasts,

we find that the strongest constraint is obtained by including the WMAP9 tempera-

ture auto-spectrum (TT) + TE cross spectrum from l = 2 to l = 431, and including

the Planck TT spectrum for higher multipoles (432 < l < 2500). We also include

‘high-l’ data – a combination of ACT 2008-2010 [118] and SPT 2011-2012 [119] ob-

servations, using their power spectra in the range 2500 < l < 4500, which is included

in the publicly available Planck likelihood [120]. Several low-redshift (non-CMB)

datasets are also combined. These include baryon acoustic oscillation data (BAO)

from BOSS DR9 [121], Hubble Space Telescope measurements of over 600 Cepheid

variables (HST) [122], and supernovae type Ia data from the Union 2.1 compilation

(SN) [123].

When combining CMB datasets, we do not account for the covariance between

disjoint l-ranges from different experiments as we expect this to be negligible [116].

In using the Planck likelihood code, we removed the TT power spectrum contribution

from l < 431 by setting the relevant diagonal elements of the covariance matrix to

effectively infinity (1010) and the off-diagonal elements to zero.3

The dark matter annihilation constraints thus obtained are listed in Table 2.2.

We checked for convergence of the chains using a Gelman-Rubin test statistic, en-

3We note that there is a 2.49% calibration difference between the Planck and WMAP9 power
spectra [116]. Since the origin of this offset is unclear, in this work we take each dataset as given
and do not adjust either.
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suring that the corresponding R − 1 fell below 0.01. We obtained three sets of

constraints, one with constant pann, one with pann(z) proportional to the original

universal e(z) curve (shown as the blue curve in Figure 2.1) to account for a generic

redshift dependence of the energy deposition, and one with pann(z) proportional to

an updated universal e(z) curve that includes systematic corrections as detailed in

Section 2.1.1. The constraints using the updated universal curve with systematic

corrections are also shown in Figure 2.5. In general, there is a small improvement in

the constraints using the updated e(z) curve incorporating systematic corrections.

As discussed above, this is not expected a priori from the Fisher matrix analysis

using the CMB data only; it likely reflects some combination of the breakdown of

the approximations in the Fisher matrix approach, differences between the data and

the idealized ΛCDM baseline used for the Fisher analysis, the effect of including

non-CMB datasets, and the few-percent uncertainty in the constraints due simply to

scatter between CosmoMC runs.

The greatest improvement to the WMAP9-only constraint comes from adding the

Planck TT spectrum (∼ 50%) as it particularly constrains the spectral index ns which

is strongly degenerate with the annihilation parameter pann (see Figure 2.4). The

high-l CMB and BAO datasets improve our constraints by 8% and 9%, respectively.

Adding to this the HST and Supernova data do not considerably improve these

limits.

31



100 101 102 103 104

Mχ [GeV]

10−28

10−27

10−26

10−25

10−24

10−23

10−22

f e
ff
〈σ

v〉
[c

m
3 s−

1 ]
WMAP9
Current (WMAP9+Planck+ACT+SPT+BAO+HST+SN)
Full Planck temp. and pol. forecast
CMB Stage 4 forecast
Cosmic Variance Limit

Fermi Inner Galaxy
AMS-02/PAMELA/Fermi
Direct Detection

Figure 2.6: Current constraints are compared with dark matter model fits to data

from other indirect and direct dark matter searches. The data from indirect searches

include that from AMS-02, PAMELA, and Fermi, and the data from direct searches

include that from CDMS, CoGeNT, CRESST, and DAMA. The lighter shaded direct

detection region allows for p-wave annihilations, and the dashed vertical lines for the

indirect detection regions allow for p-wave annihilations for non-thermally produced

dark matter.

2.3 Discussion

The constraint obtained from using the updated universal deposition curve and in-

cluding all available datasets is a factor of ∼ 2 stronger than that from WMAP9

data alone [116]. The strongest constraint, including all available data, of pann <
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0.66 × 10−6m3s−1kg−1 at 95% CL, excludes annihilating dark matter of masses

Mχ < 26 GeV, assuming a thermal cross section of 3 × 10−26cm3s−1 and perfect

absorption of injected energy (feff = 1). Using a more realistic absorption efficiency

of feff = 0.2, we exclude annihilating thermal dark matter of masses Mχ < 5 GeV at

the 2σ level.4

These constraints can be compared to dark matter models explaining a num-

ber of recent anomalous results from other indirect and direct dark matter searches.

Recent measurements by the AMS-02 collaboration [44] confirm a rise in the cos-

mic ray positron fraction at energies above 10 GeV, which was found earlier by the

PAMELA [43] and Fermi collaborations [45]. Such a rise is not easy to reconcile

with known astrophysical processes, although contributions from Milky Way pulsars

within ∼ 1 kpc of the Earth could provide a possible explanation [124–128]. Dark

matter annihilating within the galactic halo also remains a possible explanation of

the positron excess [129–132]. Dark matter models considered in [130] to explain the

AMS-02/PAMELA positron excess cannot have significant annihilation into Stan-

dard Model gauge bosons or quarks in order to be consistent with the antiproton-

to-proton ratio measured by PAMELA, which is found to agree with expectations

from known astrophysical sources [133]. In addition, the combination of the Fermi

electron plus positron fraction [134,135] and the AMS-02/PAMELA positron excess

suggest that a viable dark matter candidate would need to have a mass greater than

∼ 1 TeV. As found by [130], dark matter particles in the ∼ 1.5− 3 TeV range with a

cross section of 〈σv〉 ∼ (6− 23)× 10−24cm3/s, that annihilate into light intermediate

4This constraint on pann is a factor of two weaker than that found by [98], possibly due to the
priors chosen in that work.
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states that in turn decay into muons and charged pions, can fit the Fermi, PAMELA,

and AMS-02 data. Direct annihilations into leptons do not provide good fits [130].

Such high cross sections can be reconciled with the current dark matter abundance

in the Universe in three ways: (i) Dark matter can have a thermal cross section

at freeze-out, and the cross section can have a 1/v dependence, called Sommerfeld

enhancement [136, 137]. If the cross section is Sommerfeld enhanced to be ∼ 10−24

today in the Galactic halo, then it would be orders of magnitude larger at recom-

bination (since vrecom < vhalo). Such a possibility is strongly excluded by the CMB

constraints (as noted in [50]) for a wide range of masses including those that fit the

AMS-02 data. (ii) Dark matter has a thermal cross section at freeze-out, and Som-

merfeld enhancement saturates at a cross section of ∼ 10−24cm3/s. So dark matter

has this cross section just before (and during) recombination, and also in the halo

of the Milky Way. (iii) Dark matter particles are non-thermal, in which case the

cross section has always been (∼ 10−24cm3/s). The last two possibilities are shown

in Figure 2.6, and are probed but not excluded by our current constraints. Here we

use the updated feff values from Table 2.3 corresponding to the best-fit annihilation

channels found by [130].

One additional possibility is that dark matter has a p-wave annihilation cross

section, i.e a cross-section with a ∼ v2 dependence on velocity, as opposed to an

s-wave cross section with no dependence on velocity. Dark matter that has a p-wave

cross section and fits the AMS-02/PAMELA data would have to be non-thermal,

since the cross section during freezeout would be orders of magnitude larger and

would vastly over-deplete the relic density. Since vrecom � vhalo, the cross section
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around recombination can be orders of magnitude smaller in this case. We indicate

this by dashed vertical lines in Figure 2.6.

Recent direct detection experiments such as CDMS, CoGeNT, CRESST, and

DAMA, have also reported anomalous signals that could potentially be interpreted

as arising from dark matter [39–42]. For example, the CDMS collaboration recently

reported three events above background where they expected only 0.7 events, by

measuring nuclear recoils using Silicon semiconductor detectors operating at 40 mK

[40]. If the CDMS anomalous events are explained by dark matter, then they favor

a best-fit dark matter mass of 8.6 GeV and a dark matter-nucleon cross section of

1.9 × 10−41cm2 (with 68% CL ranges of 6.5-15 GeV and 2 × 10−42 − 2 × 10−40cm2)

(see Figure 4 in [40]). The dark matter candidates that potentially explain the

anomalous signals from the other direct detection experiments have best-fit regions

that do not completely overlap in the two-dimensional mass/nucleon cross section

space, but have mass ranges that are comparable [40]. If we assume a thermal s-wave

annihilation cross section during the recombination era and an feff from Table 2.3

corresponding to annihilation into bb̄, the current constraints presented above start

to probe, but do not exclude, such a dark matter candidate. However, future Planck

results and those from a proposed CMB Stage IV experiment [138, 139] will more

definitively probe the relevant regime, as shown in Figure 2.6. If dark matter has p-

wave annihilations instead, then generic thermal dark matter can have annihilation

cross sections at recombination orders of magnitude lower than the thermal cross

section. This is indicated by a lighter shaded direct detection region in Figure 2.6.

Observations of the Galactic Center and inner Galaxy by the Fermi Gamma-ray
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Telescope reveal an extended Gamma-ray excess above known backgrounds, peaking

at around 2-3 GeV. A population of unresolved millisecond pulsars has been proposed

as a possible explanation, but as found by [140], in order for pulsars to reproduce the

excess in the inner Galaxy their luminosities and abundances would need to be quite

different from any observed pulsar population. However, these measurements are well

fit by dark matter particles with mass in the ranges 7-12 GeV (if annihilating mostly

to leptons) and 25-45 GeV (if annihilating mostly to hadrons), and are consistent

with a cross section of ∼ 10−26cm3/s [141–144]. For the higher mass range, we

assume annihilations into quarks and gauge bosons and a thermal cross section. For

the lower mass range, we assume annihilations into muons and taus and a thermal

cross section. Figure 2.6 shows that we can probe but not exclude this interpretation.

The complete Planck data will better examine this possibility, as will data from the

proposed CMB Stage IV experiment.

The constraints on dark matter annihilation cross section and mass from the

CMB are complementary and competitive with other indirect detection probes, and

offer a relatively clean way to measure dark matter properties in the early Universe.

Current CMB experiments are starting to probe very interesting regions of dark mat-

ter parameter space, and future CMB polarization measurements have the potential

to significantly expand the constrained regions or detect a dark matter signal.
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Table 2.3: Effective energy deposition fractions for 41 dark matter models. The

third column is an updated version of Table I in [50], and the fourth column includes

systematic corrections discussed in Section 2.1.1.

Channel DM Mass (GeV) feff feff,new

Electrons 1 0.85 0.45

χχ→ e+e− 10 0.77 0.67

100 0.60 0.46

700 0.58 0.45

1000 0.58 0.45

Muons 1 0.30 0.21

χχ→ µ+µ− 10 0.29 0.23

100 0.23 0.18

250 0.21 0.16

1000 0.20 0.16

1500 0.20 0.16

Taus 200 0.19 0.15

χχ→ τ+τ− 1000 0.19 0.15

XDM electrons 1 0.85 0.52

χχ→ φφ 10 0.81 0.67

followed by 100 0.64 0.49

φ→ e+e− 150 0.61 0.47

1000 0.58 0.45

XDM muons 10 0.30 0.21

χχ→ φφ 100 0.24 0.19

followed by 400 0.21 0.17

φ→ µ+µ− 1000 0.20 0.16

2500 0.20 0.16

XDM taus 200 0.19 0.15

χχ→ φφ, φ→ τ+τ− 1000 0.18 0.14

XDM pions 100 0.20 0.16

χχ→ φφ 200 0.18 0.14

followed by 1000 0.16 0.13

φ→ π+π− 1500 0.16 0.13

2500 0.16 0.13

W bosons 200 0.26 0.19

χχ→ W+W− 300 0.25 0.19

1000 0.24 0.19

Z bosons 200 0.24 0.18

χχ→ ZZ 1000 0.23 0.18

Higgs bosons 200 0.30 0.22

χχ→ hh̄ 1000 0.28 0.22

b quarks 200 0.31 0.23

χχ→ bb̄ 1000 0.28 0.22

Light quarks 200 0.29 0.22

χχ→ uū, dd̄ (50% each) 1000 0.28 0.21



Chapter 3

Mapping Dark Matter with

Optical Weak Lensing1

Unbiased estimators are recipes for producing an estimate of a quantity which, aver-

aged over many realizations of the data from the same underlying model, will average

towards the true value of the quantity we seek to measure (assuming the averaging

is unweighted, or symmetrically weighted).

A typical example of where unbiased estimators might be useful is the estimation

of cosmic shear. One can write the complete likelihood for the observed galaxy image

given the parameters of the galaxy model. Such a model might include parameters

describing the intrinsic ellipticity of the galaxy, its size, etc. and also the quantities

that one wants to measure, such as shear. In general, the resulting likelihood will be

very non-Gaussian, i.e. it cannot be usefully described by the position of maximum

1This chapter is a near-verbatim reproduction of [145], which has appeared in print in Journal of
Cosmology and Astroparticle Physics, and is titled “Building unbiased estimators from non-Gaussian
likelihoods with application to shear estimation”.
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likelihood and the second derivative matrix around that point in parameter space. In

order to carry out an analysis in an unbiased manner, one would need to propagate

the full likelihood shape in the subsequent analysis of the data. This is prohibitive

in the limit of millions of galaxies whose shear one hopes to measure in forthcoming

surveys. One could attempt to maximize the likelihood for each individual galaxy,

but this typically leads to wrong answers – since galaxies are round on average, a

given galaxy might be best explained as a result of massive shearing of an intrinsically

round galaxy. But we know that a model with a shear of say 0.3 does not make much

sense for a typical field galaxy. In [85] (BA14 hereafter), the authors have argued

for the expansion of the marginalized likelihood around zero shear, i.e. compressing

the likelihood to the value of the first and second derivatives of the log-likelihood

expanded around zero shear. The fact that the likelihood for each individual galaxy

is highly non-Gaussian does not matter. Since the shear is small, when many log-

likelihoods are added (i.e. likelihoods combined), the resulting likelihood has to

collapse to a Gaussian by the central limit theorem. For such a collapsed likelihood,

one can use a Newton-Raphson step (using the first and second derivatives of the

combined likelihood) to calculate an estimate of the underlying shear. In BA14, the

authors show that this method works on a toy example (also employed later in this

paper), and [146] demonstrates that it also performs as expected in more realistic

settings (e.g. working with real pixelated galaxy images, but still using simulations).

However, one caveat to the method discussed above is that, in its simplest incar-

nation presented in BA14, it only works when the shears of all galaxies are assumed

to be the same - something that is clearly not true in reality. The method requires
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the likelihood to be combined for a sufficiently large number of galaxies so that cen-

tral limit theorem ensures we can get a sufficiently Gaussian shear estimate for the

ensemble. Therefore, in order to calculate a correlation function or a power spec-

trum, one can either perform shear averaging in cells where the shear can be roughly

assumed constant, or, alternatively, attempt to appropriately weight the estimates

using cells in Fourier space to recover individual Fourier modes of the shear field (see

Section 2.2 in [85]).

In this paper, we develop a related scheme. In contrast to the BA14 method,

where one does not recover an estimate of the shear of a single galaxy, the method

in this paper does return an unbiased estimate of the shear for each galaxy. For each

individual galaxy, we make no guarantee as to the probabilistic distribution for the

error ε = g̃ − g (where g̃ is the shear estimate and g is the true shear), except that

〈ε〉 = 0, where the average is over all possible realizations of the data. Again, while

the error properties for a single galaxy are unknown, they must converge to a normal

distribution when many galaxies are considered by the central limit theorem. An

important advantage in returning the shear of each galaxy, is that we are now not

limited to the case of constant shear and can calculate any correlation function using

these estimates, since it is trivial to show, for example, that 〈g̃1g̃2〉 = g1g2, where

indices 1 and 2 correspond to two galaxies, g̃ corresponds to the estimated shear,

and g corresponds to the true shear.

In section 3.1, we develop the formalism used in this work, which is completely

general and independent of any particular inference problem. It will turn out that

in general, an estimator can be constructed that is unbiased to a certain order in the
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difference between the true and assumed fiducial values for the theory parameters.

In Section 3.2, we re-derive the optimal quadratic estimator in our formalism, and

in Section 3.3, we apply our formalism to the toy problem of BA14.

3.1 Formalism

Consider a general likelihood function L(D;θ), which is a function of a vector of N

theory parameters θ and a vector of M observable data values D.2 We will denote

the log likelihood as L = logL. The likelihood is normalized as

∫
LdMD =

∫
eLdMD = 1. (3.1)

The above is true for any set of theory parameters θ. We will write the average of

any quantity over the likelihood at theory parameter θ as

〈X(D;θ′)〉θ =

∫
X(D;θ′)eL(D;θ)dMD (3.2)

Note that the function X can in general be a function of both data and the theory

parameters, but the resultant average 〈X(D;θ′)〉θ is a function of θ and θ′, but

not D. Let us denote the derivative with respect to the theory parameters with

a comma, i.e. L,i = ∂L
∂θi

. The first derivative L,i is a vector of size N , the second

derivative L,ij is a symmetric matrix of size N ×N , etc.

Taking n derivatives of Equation (3.1) with respect to theory parameters, we find

2We follow standard notation where vectors and matrices which are not explicitly indexed are
denoted with bold-face italic font and bold-face roman fonts respectivelly.
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that

〈nU(θ)〉θ = 0 (3.3)

where we have introduced the shorthand notation

1Ui =
L,i
L

= L,i (3.4)

2Uij =
L,ij
L

= L,ij + L,iL,j (3.5)

3Uijk =
L,ijk
L

= L,ijk + L,ijL,k + cyc + L,iL,jL,k (3.6)

nU =
1

L

∂nL

∂θn
=

∂

∂θ
n−1U + n−1U1U (3.7)

Note that Equation 3.3 only holds when both the θ inside the brackets and outside

the brackets are the same. In general, however, in Equation 3.2, the θ′ appearing in

X need not be at the same position in theory space as the θ appearing in L(D;θ).

The first of the above equations, namely 〈L,i〉 = 0 has a very clear physical

interpretation. It is telling us, that if one chooses a theoretical model specified by

θ(T ), generates a set of observed data points D given that model, calculates the first

derivative of the log-likelihood at the true model value L,i(D;θ(T )), and then averages

this quantity over all possible realizations of the data, then the result will be zero.

In fact, this must intuitively be so: if one has access to many realizations of the data

from the same theory available, multiplying likelihoods (or equivalently adding log-

likelihoods) will result in a Gaussian likelihood that will become increasingly tightly

centered on the true value. In the limit of the infinite number of data realizations,

it becomes a delta function at the true value.

Of course, this is not very helpful, since if we knew the true value, we would not
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need to measure it. So, let us assume that the true value is at some nearby position

θ(T ) = θ+∆θ. If we expand the likelihood around θ (note that we are not expanding

around the true model, but around a chosen fiducial model), we find

eL(θ(T )) = eL(θ)

(
1 +

∞∑
n=1

1

n!
nU(θ)∆θn

)
. (3.8)

Note that the n-th term in the Taylor expansion is a product of nU , which has n

indices, with ∆θn = ∆θi∆θj . . .∆θl, which also has n indices.

Substituting the right side of Equation 3.8 into Equation 3.2 gives

〈mU(θ)〉θ(T ) =
∞∑
n=1

1

n!
mnW∆θn, (3.9)

where

mnW = 〈mUnU〉θ (3.10)

Note that the mnW object has m + n indices and is only a function of θ, not D.

We see that quantities nU are special. They average to zero, if we are sitting on a

true model (
〈
nU(θ(T ))

〉
θ(T )

= 0 as in Equation 3.3 since ∆θ = 0 when θ = θT ).

However, as the true model slips away, those averages analytically respond to the

difference between the true and the fiducial model (as described by Equation 3.9).

The motivation for all this may be opaque at this point. The important thing

to recognize is that both mU(D;θ) and mnW(θ) are things that we can compute,

given data and a choice of fiducial parameters θ, so estimators of θT , or equivalently

∆θ = θT − θ, can be constructed out of them.
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3.1.1 First-order estimator

Before proceeding, we note that

11Wij = 〈L,iL,j〉 = −〈L,ij〉 = Fij (3.11)

is the Fisher matrix (where we have used Equation 3.3 for n = 2).

Our first-order estimator comes from inspecting Equation 3.9 for the case when

∆θ is sufficiently small that the series can be truncated at the first order. We can

write down the ansatz

E1 = (11W)−1 1U = F−1
ij L,j. (3.12)

Plugging this solution back into Equation 3.9 and remembering that mnW is not a

function of D gives

〈E1〉θ(T ) = (11W)−1
〈

1U
〉
θ(T ) (3.13)

= ∆θ1 +
1

2

(
F−1

)
12W∆θ2 + . . . (3.14)

This estimator is thus unbiased to quadratic order in ∆θ. Note that since θ is known

(i.e. it is the assumed fiducial model), we can simply add it to E1 to convert an

estimator of ∆θ to an estimator of θ(T ). The variance of the estimator is given by

Var(E1) = F−1 + F−1F−1∆θ
〈

1U1U1U
〉

+ . . . , (3.15)

where the contraction of indices goes as [F−1F−1∆θ 〈1U1U1U〉]ij = F−1
ik F

−1
jl ∆θm 〈1U1

kU
1
l Um〉.
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Thus, given the Cramer-Rao bound, we have shown that this estimator is unbiased

to quadratic order in ∆θ and optimal to first order in ∆θ.

3.1.2 Higher-order estimators

To construct higher-order estimators, we need to use higher order Us. A quantity of

the form

Eo =
o∑

m=1

(mA)(mU), (3.16)

where mA is a m+ 1 index object (indices of the parameter derivatives, i.e., see Eq.

3.4, etc.), will have the mean given by

〈Eo〉θ(T ) =
∞∑
n=1

1

n!

(
o∑

m=1

(mA)(mnW)

)
∆θn (3.17)

For a given order o, the weights A can be arranged so that the pre-factor to

∆θ is unity and the prefactor to δθ2 and higher are zero up to order o. For a

concrete example see Section 3.3 and Appendix 3.B. One should note that higher

order estimators, in general, have higher variance with respect to the first-order

estimator, however, they are less biased.

Finally, we note that while this construction uniquely specifies one possible es-

timator unbiased to a given order, it is clearly not unique, since one could imagine

constructing estimators that are non-linear in U quantities and which might, in gen-

eral, perform better or worse than this one. We leave investigation of these questions

to future work.
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3.1.3 A note on iterations

Since the first-order estimator is accurate to ∆θ, one might be tempted to simply

iterate: start with a first-order estimator, move by ∆θ, do another iteration there,

etc. Note, that such a process will in general take you to the maximum likelihood

point, since the first-order estimator resembles a Newton-Raphson step.

It is known that maximum likelihood is not, in general, an unbiased estimator

(although it often happens to be, e.g. for mean and variance of a Gaussian likelihood).

We provide a concrete example in Appendix 3.A. So, why does an iterative process

not produce an unbiased estimate? The subtlety lies in the fact that the above

derivation assumes that the fiducial θ was chosen without knowing about the data.

Any iterative process necessarily breaks this assumption. Thus, to estimate the

mean of an estimator after several iterations, one would need to average not only

over possible realizations of the data, but also over all possible “paths” in the theory

space that a certain iterative process might take. So, in general, one should use

a higher-order estimator to improve on the accuracy of the first-order estimator,

instead of iterating. Of course, we expect that the bias due to iteration will be small

when the signal-to-noise is high, so that this will not matter in practice in those

cases.

3.2 Optimal quadratic estimator

For completeness, we begin by applying the above formalism to a common inference

problem. To construct an optimal quadratic estimator [147–149], we start with the
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data vector Di, with zero mean (〈D〉 = 0), whose covariance can be modeled as

C =
〈
DDT

〉
= N + θiSi. (3.18)

Here θi are some parameters describing the two-point function of the data, i.e. power

spectrum or correlation function bins, Si is the response of the covariance to a change

in the value of θi, and N is assumed to be a known “noise” matrix.

Ignoring constant terms, the log-likelihood can be written as

L = −1

2
log det C− 1

2
DTC−1D. (3.19)

In our notation, we have

1Ui = −1

2
Tr
(
C−1Si

)
+

1

2
Tr
(
DTC−1SiC

−1D
)
. (3.20)

A brief calculation gives

〈
1Ui
〉
θ(T ) =

1

2
Tr
(
C−1SiC

−1Sj
)

∆θj (3.21)

where we have used C(θT ) =
〈
DDT

〉
θ(T ) = N + θTi Si = C(θ) + ∆θiSi, and hence

〈
Tr
(
DTC(θ)−1SiC(θ)−1D

)〉
θ(T ) = (3.22)

Tr
(
C(θ)−1SiC(θ)−1(C(θ) + ∆θjSj)

)
. (3.23)
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It follows that

11W = Fij =
1

2
Tr
(
C−1SiC

−1Sj
)

(3.24)

n1W = 0 for n > 1. (3.25)

Plugging these into Equation (3.12), we recover the standard optimal quadratic es-

timator

E1 =
1

2

[
F−1

]
ij

[
DTC−1SjC

−1D − bj
]
, (3.26)

where bi = Tr (C−1Si). We have therefore recovered the standard optimal quadratic

estimator and at the same time shown that it is unbiased at all orders. The fact that

n1W = 0 for n > 1 implies that this estimator is unbiased at all orders. Additionally,

it can be shown that this estimator is unbiased regardless of the assumption of

a Gaussian likelihood by calculating the expectation value of the above equation.

However, this is not directly connected to the framework here. (Again, we note that

the expectation value proving that the standard quadratic estimator is unbiased

assumes that the covariance matrix that appears in it does not depend on the data,

but this assumption is invalidated by iteration.)

These beautiful properties are, of course, crucially dependent on the theory co-

variance matrix being linear in theory parameters in Equation (3.18). Fortunately,

this is the case in the standard for measurement of the power spectrum and its linear

cousins such as correlation function. If this is not the case, one can always Taylor

expand around fiducial model and the derivation is then the same with N replaced

with N + Cfid., but the estimator is then only valid within the accuracy of this
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approximation.

While this result is not new, it is important to put this into context. Tradition-

ally, quadratic estimators are often cast as a Newton-Raphson step towards higher

likelihood (see e.g. [150]), but here one must remember that, if the goal is simply

function maximization, the true second derivative may not give the best performance.

Numerical work has shown that performing a Newton-Raphson step with the true

second derivative instead of the Fisher matrix can be an order of magnitude slower

in convergence to the maximum (e.g., when starting power spectrum parameters are

far below the true value). This is because the true second derivative and the Fisher

matrix are increasingly different as we move away from the true position in parameter

space. Since the Fisher matrix estimate is unbiased, one might expect that anything

that deviates from the Fisher estimate must be suboptimal with slower convergence

(strictly speaking, being unbiased does not guarantee faster convergence if the scat-

ter around the mean is larger but in practice we do not expect this to happen). We

note however, that even though an estimate is unbiased when starting with a model

that is a very poor match to the true model, the uncertainties based on a Fisher

matrix will nevertheless be grossly misestimated.

3.3 Shear estimation

To apply the formalism above to the problem of shear estimation, we take as a

starting point work in [85]. We describe the likelihood for shear, L(g), through its
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Figure 3.1: The i-th derivative of the likelihood with respect to g1 for the posterior

distribution at zero shear, where i=0,1,2,3 for the toy model described in the text.

The x and y axis are the measured ellipticities for e1 and e2 respectively, and the

color bar saturates positively at red and negatively at blue.

derivatives at zero shear as:

P = L(D|g = 0) (3.27)

Q = ∇gL(D|g)|g=0 (3.28)

R = ∇g∇gL(D|g)|g=0 (3.29)

S = ∇g∇g∇gL(D|g)|g=0 (3.30)

BA14 expand to second order, but we generalize to third. Note that theory parame-

ters here are the two components of shear, and we will use g and θ interchangeably
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input g2 held at zero. For the E1 and E3 estimators, the error was calculated from

the variance in estimates, while for the EAB estimator, it was assumed to be given
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below. Derivatives of log likelihood (at zero shear) are thus given by

L,i =
Qi

P
(3.31)

L,ij =
Rij

P
− QiQj

P 2
(3.32)

L,ijk =
Sijk
P
−
(
RijQk

P 2
+ cyc

)
+ 2

QiQjQk

P 3
, (3.33)

and the U quantities are given simply by

1Ui =
Qi

P
(3.34)

2Uij =
Rij

P
(3.35)

3Uijk =
Sijk
P

. (3.36)

BA14 advocate calculating the above quantities for each galaxy. If all galaxies

have the same shear, the total probability can be calculated by summing derivatives

of the log likelihood. For a sufficient number of galaxies, the likelihood collapses to

a Gaussian and the shear can be estimated as

EBA = −
(∑

L,ij
)−1 (∑

L,j
)

(3.37)

For a sufficiently large number of galaxies Ng, the sum of second derivatives will
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approach

Ng∑
1

L,i → Ng 〈L,i〉θ(T ) (3.38)

Ng∑
1

L,ij → Ng 〈L,ij〉θ(T ) (3.39)

Summing the first and second derivatives of the log likelihood is akin to averaging

over the true distribution. Therefore, in the limit of an infinite number of galaxies,

the estimator will give

〈EBA〉θ(T ) = −
(
〈L,ij(θ)〉θ(T )

)−1 〈L,j〉θ(T ) (3.40)

Note that this is subtly different from our estimator, which uses the Fisher matrix,

Fij = −〈L,ij(θ)〉θ, which is the mean of the second derivative of the log likelihood

assuming zero shear :

〈E1〉θ(T ) = −
(
〈L,ij(θ)〉θ

)−1 〈L,j〉θ(T ) (3.41)

3.3.1 Toy model

To test the above ideas, we use the same toy model that was used in BA14. We

draw a source ellipticity from an isotropic unlensed distribution with probability

distribution given by

P (|ei|) ∝ (1− |ei|2)2 exp

(
−|e

i|2
2σ2

p

)
(3.42)
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for the magnitude of the ellipticity and a random orientation. The effect of shear is

most easily expressed if we cast the intrinsic ellipticity and shear as complex vectors

ei = ei1 + iei2 and g = g1 + ig2. Then the sheared ellipticity vector is given by

es =
ei − g

1− g∗ei . (3.43)

Finally, we add random Gaussian noise to obtain the observed ellipticity eo:

eo = es + ε, (3.44)

where each component of ε is drawn from a truncated Gaussian with variance σn

ensuring that |eo| < 1 (in practice random realizations of noise are added to es until

|eo| < 1 is satisfied). In this work we limit ourselves to the example of σp = 0.3 and

σn = 0.05.

3.3.2 Third-order estimator

It is clear that at least in the case of this particular problem, symmetry ensures

that the second order correction to the estimator vanishes if one expands around

zero shear. There are several ways to see this. First, given that shear is a spin-2

quantity, the lowest order scalar one can make is |g|2 and therefore, one expects the

lowest-order correction to an estimate of g to scale as g|g2|, which is third order in

g. Second, if one only estimates g1, it is natural to expect that the correction to g1

must be the same and of opposite sign to the correction to −g1 – estimation of shear

must be symmetric with respect to mirroring over the origin. Therefore, it cannot
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receive a g2
1 correction, and the lowest order correction to the estimator must scale

as g3
1. Note that in Equation 3.14, this means that 12W = 0.

Therefore, we construct a third-order estimator from quantities 1U and 3U.

Again, because of the symmetry of the problem, we construct it assuming the prob-

lem is one dimensional, i.e., we are attempting to recover the g1 component. In that

case all W quantities are scalar.

Starting with the system of equations:

〈
1U
〉

= 11W∆θ +
13W

6
∆θ3 + . . . , (3.45)〈

3U
〉

= 31W∆θ +
33W

6
∆θ3 + . . . , (3.46)

it is not difficult to show that, ignoring higher order terms,

33W 〈1U〉 −31 W 〈3U〉
11W33W −13 W31W

= ∆θ (3.47)

Hence, we can write an ansatz:

E3 =
33W1U−31 W3U

11W33W −13 W31W
(3.48)

Since W quantities do not depend on data, 〈E3〉 = ∆θ and hence this is our third

order estimator. For more realistic cases, the rotational symmetry might be broken

due to systematic and instrumental effects and for completeness we show how to

build a complete 3rd order estimator in Appendix 3.B.
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3.3.3 Results for toy model

For this toy example, we can calculate the likelihood and its derivatives simply by

brute force Monte Carlo - we can draw a large enough number of samples from

the parent distribution such that the gridded values of sampled e become a good

approximation for the probability distribution. The derivatives are then calculated

by finite difference methods from gridded likelihoods. Note that this short-cut is

unlikely to work in a more realistic setting due to the higher dimensionality of the

problem.

In Figure 3.1, we plot the i-th derivative of the likelihood with respect to g1, that

is quantities P , Q1, R11, S111, showing how the posterior distribution of ellipticities

responds to shear at each order.

In Figure 3.2, we show results for the three estimators discussed in this text.

As expected, the EBA and E1 estimators show a quadratic increase in bias as a

function of shear, which is mostly removed by the E3 estimator. In this particular

case, our E1 estimator seems to be performing somewhat better than the original

EBA estimator, although it is not clear whether this will translate to similar gains in

more realistic scenarios. However, the E3 estimator is designed to be more accurate

and performs with a 0.1% relative precision all the way to shears of 0.2, at which

point we are well out of the validity of the small shear approximation, and flexion

effects [151] become important, which are not captured in this toy model.

In Figure 3.3, we show the error (square root of variance) for the three estimators

discussed here, normalized to the Fisher matrix prediction at zero shear. As we can

see, both EBA and E1 converge to the Fisher matrix prediction at zero shear, but
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E3 is marginally noisier. The effect is small, sub 1%, but clearly detectable. For

higher shear, the E1 and E3 estimators begin to become slightly less noisy than the

zero-shear Fisher prediction. Note that this does not violate the Cramer-Rao bound,

since the bound only holds if the true shear is zero.

Finally, we demonstrate explicitly that our estimator can measure correlations.

To that end, we draw pairs of galaxies with shear ga and gb, which we randomly

choose to follow 〈
gag

T
a

〉
=
〈
gbg

T
b

〉
=

 0.052 0

0 0.052

 (3.49)

and 〈
gag

T
b

〉
=

 0.00125 0.00075

0.00075 0.00125

 . (3.50)

These pairs of galaxies are modeled using Equations 3.42, 3.43, and 3.44 with σp =

0.3, σn = 0.05 to obtain observed values and then with the E3 estimator to obtain an

estimate. These estimates where then used to obtain the correlations:
〈
g̃ag̃

T
b

〉
11

=

0.00125319± 2.8× 10−6 and
〈
g̃ag̃

T
b

〉
12

= 0.007552± 2.8× 10−6, consistent with the

input values and sub-percent level accurate. Of course, this exercise had to work, so

it is really just a sanity check.

3.4 Conclusions

In this paper, we have derived a general framework for generating unbiased esti-

mators. The framework is general and can be used wherever we are measuring a

quantity which is perturbatively close to the assumed model. We have shown that
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the inverse of Fisher matrix multiplied by the first derivative vector is a general

formula for a first order unbiased estimator. In special cases such as an optimal

quadratic estimator, the estimator is unbiased at all orders. We have applied our

framework to the problem of estimating weak lensing shear and constructed a first

and third-order estimator.

In the realm of the toy problem of BA14, our third-order estimator is unbiased

for all relevant shear magnitudes with a negligible increase in the estimator variance

compared to the Fisher prediction at zero shear. In typical weak-lensing analyses,

shears are small enough that the first-order estimator may be sufficient. However,

there are two cases where third order correction might matter. First, when measuring

the cosmic shear power spectrum, an error term proportional to g3 will “renormalize”

to give a correction to the measured shear power spectrum proportional to
〈
|g|2
〉
Pgg,

where Pgg is the true shear power spectrum. This is of the same order of magnitude as

the overall LSST error [152]. Second, in regions of high-shear, such as those around

clusters of galaxies, the third-order estimator will be useful, simply because shear

are large-enough that the third order correction matters. The formalism presented

here can trivially be extended to the flexion measurement, and it should correctly

account for the correlation between shear and flexion. We refrain from making more

quantitative statements since it is not clear how realistic the toy model is.

More importantly, we have constructed an estimator which performs as well as

the BA14 estimator, but also returns shear estimates for individual galaxies, which

makes it usable in direct measurements of the n-point function of the shear field.

We also note that to some extent the main problem with shear measurements is
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not the underlying framework, which is the focus of this paper, but the bias arising

from inadequate modeling of the properties of unlensed galaxies, and it might turn

out that these problems are best solved using very phenomenological approaches as

those discussed in e.g. [153,154].

Putting this estimator into practice might be more complicated. In particular, in

its current incarnation, it gives the same weight to all galaxies, while we know that

this will not hold in reality. The correct way to solve this problem is to separate

galaxies into sub-classes in a way that does not correlate (or negligibly correlates)

with the underlying shear. A separate estimator can be constructed for each class,

and the Fisher matrix is the appropriate weight. We leave testing of this framework

in more realistic settings for the future work.
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Appendix

3.A Example of bias of ML estimator

Here we give a concrete example of a likelihood for which the maximum likelihood

estimator is biased. In general, this happens with asymmetric likelihoods. Consider:

L = xλ2e−λx, (3.51)

where x > 0 is the “data” and λ > 0 is the theory parameter. Given exactly one

measurement x, the maximum likelihood estimator (i.e. the estimator where one

would end up upon iterations of Newton-Raphson steps) is

EML =
2

x
, (3.52)

whose expectation value is 2λ, i.e, wrong by a factor of two. Expanding around

λ = l, our first order estimator is given by

E1 =
l(4− lx)

2
(3.53)
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which is unbiased up to quadratic order in λ− l. Interestingly,

E =
1

x
(3.54)

is unbiased at all orders and is neither ML nor our perturbative estimator.

3.B General 3rd order estimator

For completeness we demonstrate how to build a full third order estimator. This

procedure can be trivially generalized to any order. We write the Equation (3.9) to

up to third order in an “unrolled” matrix form

〈U〉 = Wg, (3.55)

where we have, assuming that there are two theory parameters that we want to
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recover (g1 and g2),

U =



〈1U1〉

〈1U2〉

〈2U11〉

〈2U12〉

〈2U22〉

〈3U111〉

〈3U112〉

〈3U122〉

〈3U222〉



(3.56)

and

W =



11W1|1
11W1|2

12W1|11
12W1|12

12W1|22
13W1|111

13W1|112
13W1|122

13W1|222

11W2|1
11W2|2

12W2|11
12W2|12

12W2|22
13W2|111

13W2|112
13W2|122

13W2|222

21W11|1
21W11|2

22W11|11
22W11|12

22W11|22
23W11|111

23W11|112
23W11|122

23W11|222

21W12|1
21W12|2

22W12|11
22W12|12

22W12|22
23W12|111

23W12|112
23W12|122

23W12|222

21W22|1
21W22|2

22W22|11
22W22|12

22W22|22
23W22|111

23W22|112
23W22|122

23W22|222

31W111|1
31W111|2

32W111|11
32W111|12

32W111|22
33W111|111

33W111|112
33W111|122

33W111|222

31W112|1
31W112|2

32W112|11
32W112|12

32W112|22
33W112|111

33W112|112
33W112|122

33W112|222

31W122|1
31W122|2

32W122|11
32W122|12

32W122|22
33W122|111

33W122|112
33W122|122

33W122|222

31W222|1
31W222|2

32W222|11
32W222|12

32W222|22
33W222|111

33W222|112
33W222|122

33W222|222


(3.57)
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and

g =



g1

g2

g1g1

2× g1g2

g2g2

g1g1g1

3× g1g1g2

3× g1g2g2

g2g2g2



. (3.58)

In the expression for W, we have used a pipe symbol to separate indices correspond-

ing to the left and right sides of the equation. Solving this matrix equation for the

vector g. We have

g = W−1 〈U〉 (3.59)

We can now write an ansatz for the estimator:

E = W−1U (3.60)

Since W does not depend on data, it trivially follows that

〈E〉 = W−1 〈U〉 = g (3.61)

Hence, the first two components of E, namely E1 and E2 are unbiased estimators for

the first two components of g, that is g1 and g2. In other words, the linear algebra
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has given us the particular linear combination of U quantities which average to g1

and g2 without any contribution from terms quadratic and cubic in g.
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Chapter 4

Mapping Dark Matter with CMB

Lensing1

Measuring the gravitational lensing of the cosmic microwave background (CMB)

by intervening structure is a potentially powerful way to map out the mass dis-

tribution in the Universe. Advantages of CMB lensing over lensing measured at

other wavelengths include that the CMB is a source that fills the whole sky, is at

a known redshift, and has well understood statistical properties. To date, the lens-

ing of the CMB caused by the large-scale projected dark matter distribution has

been observed by a number of CMB experiments with ever increasing statistical

significance [155–159]. This lensing signal has been detected in both CMB tempera-

ture and polarization maps and in cross-correlation with other tracers of large-scale

structure [155,156,159–172]. These CMB lensing measurements have become precise

1This chapter is a near-verbatim reproduction of [65], which has appeared in print in Physical
Review Letters, and is titled “Evidence of Lensing of the Cosmic Microwave Background by Dark
Matter Halos”.
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enough that they now provide interesting constraints on a number of cosmological

parameters such as curvature and the amplitude of matter fluctuations [173]. These

constraints can be expected to significantly improve with the advent of near-term

and next-generation CMB datasets [174–176].

Previous studies have focused on the lensing of the CMB by large-scale structure

corresponding to scales between tens and several hundred comoving Mpc. As the

data improve it is possible to shift focus to smaller scales, particularly those which

have undergone appreciable nonlinear growth. On small enough scales, the CMB is

lensed by individual dark matter halos. We refer to this small-scale signal as “CMB

halo lensing,” and note that this lensing can be due to individual galaxy clusters,

galaxy groups, and massive galaxies. Before now, CMB experiments did not have

the sensitivity or resolution to detect this signal which was hypothesized to exist over

a decade ago [177–189].

In this work, we present evidence of the CMB halo lensing signal using the first

season of data from ACTPol. This detection is made by stacking ACTPol recon-

structed convergence maps at the positions of CMASS galaxies that have been opti-

cally selected from the Sloan Digital Sky Survey-III Baryon Oscillation Spectroscopic

Survey Tenth Data Release (SDSS-III/BOSS DR10) ( [190–192]). This signal is de-

tected at a significance of 3.2σ when we combine the nighttime data from three

ACTPol first-season survey regions. We see an excess of 1.3σ or greater in each in-

diviudual survey region, although all fields are needed to give a statistical detection.
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4.1 CMB Data

ACT is located in Parque Astronómico Atacama in northern Chile at an altitude of

5190 m. The 6-meter primary mirror has a resolution of 1.4 arcminutes at a wave-

length of 2 millimeters. Its first polarization-sensitive camera, ACTPol, is described

in detail in [193] and [194]. ACTPol observed from Sept. 11 to Dec. 14, 2013 at

146 GHz. Four “deep field” patches were surveyed near the celestial equator at right

ascensions of 150◦, 175◦, 355◦, and 35◦, which we call D1 (73 deg2), D2 (70 deg2), D5

(70 deg2), and D6 (63 deg2). The scan strategy allows for each patch to be observed

in a range of different parallactic angles while scanning horizontally, which aids in

separating instrumental effects from celestial polarization. White noise map sensi-

tivity levels for the patches are 16.2, 17, 13.2, and 11.2 µK-arcmin respectively in

temperature, with polarization noise levels higher by roughly
√

2. All patches were

observed during nighttime hours for some fraction of the time. The nighttime data

fraction is 50%, 25%, 76%, and 94% for D1, D2, D5, and D6 respectively. We use

only nighttime data from D1, D5, and D6 in this analysis. Further details about the

observations and mapmaking can be found in [194].

We template-subtract point sources from these maps by filtering the D1, D5, and

D6 patches with a filter matched to the ACTPol beam profile. Point sources with

a signal at least five times larger than the background uncertainty in the filtered

maps are identified, and their fluxes are measured. A template of beam-convolved

point sources is then constructed for each patch and subsequently subtracted from

the corresponding patch. As a result, point sources with fluxes above 8 mJy are

removed from D1, and sources with fluxes above 5 mJy are removed from D5 and
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D6.

Overall calibration of the ACTPol patches is achieved by comparing to the Planck

143 GHz temperature map [195] and following the method described in [196]. The

patches are then multiplied by a factor of 1.012 to correspond to the WMAP cali-

bration as in [194].

4.2 Optical Data

SDSS I and II obtained imaging data of 11,000 deg2 using the 2.5-meter SDSS Tele-

scope [197, 198]. This survey has five photometric bands. SDSS-III BOSS extended

this imaging survey by 3,000 deg2 [190]. Based on the resulting photometric catalog

of galaxies, CMASS (“constant mass”) galaxies were selected extending the luminous

red galaxy (LRG) selection of [199] to bluer and fainter galaxies. These galaxies form

a roughly volume-limited sample with z > 0.4 and satisfy the criterion that their

number density be high enough to probe large-scale structure at redshifts of about

0.5 [200]. The BOSS spectroscopic survey targeted these galaxies obtaining spec-

troscopic redshifts, and these galaxies have been used in a number of cosmological

analyses [200,201].

Using the tenth SDSS public data release (DR10), we selected CMASS galaxies

from the BOSS catalog.2 This selection resulted in 6144, 5211, and 5420 CMASS

galaxies that lie within D1, D5, and D6 respectively. These galaxies span a redshift

2https://data.sdss3.org/datamodel/files/SPECTRO_REDUX/specObj.html. We used
the keywords BOSS TARGET1 && 2, SPECPRIMARY == 1, ZWARNING NOQSO == 0, and (CHUNK !=

"boss1") && (CHUNK != "boss2"). The keywords are described here: https://www.sdss3.org/
dr10/algorithms/boss_galaxy_ts.php
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range of about z = 0.4 to z = 0.7, with a mean redshift of z = 0.54. The galaxies were

cross referenced with galaxies in the SDSS-III photometric catalog,3 using a shared

galaxy identification number, to obtain more accurate celestial position information.

A subset of CMASS galaxies have optical weak-lensing mass estimates of their

average halo masses using the publicly-available CFHTLenS galaxy catalog [202,203].

This subset has an additional redshift cut of z ∈ [0.47, 0.59] and a stellar mass cut

of 1011.1 h−2
70 M� < M? < 1012.0 h−2

70 M� relative to the full CMASS sample.4 The

average halo mass estimate for this CMASS galaxy subsample is M200ρ̄0 = (2.3 ±

0.1) × 1013 h−1M� [202], where M200ρ̄0 is defined as the mass within R200, a radius

within which the average density is 200 times the mean density of matter today. If

we had adopted the additional redshift and stellar mass cuts of this subsample of

CMASS galaxies, then the number of galaxies falling in the ACTPol patches would

have been reduced by roughly a factor of two; so we instead stack on the full CMASS

galaxy sample within our survey regions for this work.

Since we cut out a 70′ × 70′ ‘stamp’ centered on each CMASS galaxy from the

ACTPol temperature maps, we exclude all galaxies whose stamp does not fall entirely

within the corresponding ACTPol patch. We find from simulations that this stamp

size is roughly the minimum required to obtain unbiased lensing reconstructions using

the pipeline described here. We also note that performing reconstructions on small

stamps allows us to obtain the necessary precision for the mean field subtraction

described in the next section. To avoid noisy parts of the ACTPol patches, we also

3http://data.sdss3.org/datamodel/files/BOSS_PHOTOOBJ/RERUN/RUN/CAMCOL/photoObj.

html
4The full CMASS sample has a stellar mass range of roughly 1010.6 h−2

70 M� < M? <
1012.2 h−2

70 M�.
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remove galaxies for which the mean value of its corresponding inverse variance weight

stamp is lower than 0.7, 0.3, and 0.3 times the mean of the weight map of the full

patch for D1, D5, and D6 respectively. These factors were chosen so that all of the

stamps in our stacks had an average detector hit count above the same minimum

value. These cuts leave 4400, 3665, and 4032 galaxies to stack on in D1, D5, and D6

respectively.

4.3 Pipeline

The analysis pipeline used in this work is as follows. We set the mean of each

galaxy-centered 70′ × 70′ stamp to zero to prevent leakage of power on scales larger

than the stamp size due to windowing effects. Each stamp is then multiplied by an

apodization window, a function that smoothly varies the edges of the image to zero

in order to facilitate Fourier transforms. The window consists of the corresponding

inverse variance weight stamp that has been smoothed and tapered with a cosine

window of width 14 arcminutes. Each of the stamps is then beam-deconvolved and

filtered with the quadratic filter given in [186].

The filter is constructed by noting that lensing of the CMB temperature field

shifts the unlensed temperature field, T̃ (n̂), to the lensed temperature field, T (n̂),

so that

T (n̂) = T̃ (n̂ +∇φ) (4.1)

where φ is the deflection potential and ∇φ is the deflection angle. The lensing
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convergence, κ, is given by

∇2φ = −2κ. (4.2)

On the arcminute scales of individual dark matter halos, the unlensed CMB can be

approximated as a gradient, and lensing induced by the halo alters the CMB field

along this gradient direction. Thus, we search for this signal by looking for deflections

correlated with the background CMB gradient. In order to do this, we reconstruct

the lensing convergence field, κ, by constructing two filtered versions of the data: one

that is filtered to isolate the background gradient and one that is filtered to isolate

small-scale CMB fluctuations. Then we take the divergence of the product of these

two maps as described in [186] and summarized below.

The first filtered map is constructed by taking the weighted gradient of the lensed

CMB map

GTT
l = i lW TT

l Tl, (4.3)

where the weight filter is

W TT
l = C̃TT

l (CTT
l +NTT

l )−1 (4.4)

for l ≤ lG, and W TT
l = 0 for l > lG, where TT refers to the temperature auto-

spectrum. Note that C̃l and Cl are the unlensed and lensed CMB power spectra

respectively from a fiducial theoretical model based on Planck best-fit parameters,

and Nl is the noise power. Here lG is a cutoff scale and is set to lG = 2000. We

choose this cutoff since, as shown in [186], the unlensed CMB gradient does not have

contributions above l = 2000, and we want to remove smaller-scale fluctuations. This
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cutoff in the gradient filter is the main difference between the filter used in this work

and the filter used for large-scale structure lensing [204]. When the convergence, κ, is

large (of order 1), as it is for clusters, only the filter with the gradient cutoff returns

an unbiased estimate of the convergence [186]. For smaller convergence values, as

measured for galaxy groups in this work, both filters return similar results.

The second filtered map is an inverse-variance weighted map given by

LTl = W T
l Tl, (4.5)

where

W T
l = (CTT

l +NTT
l )−1. (4.6)

Taking the divergence of the product of these filtered maps, as prescribed in [186],

gives,

κTTl
ATTl

= −
∫

d2n̂ e−in̂·l
{
∇ · [GTT (n̂)LT (n̂)]

}
. (4.7)

Here the real-space lensing convergence field constructed from temperature data is

κTT (n̂) =

∫
d2l

(2π)2
eil·n̂ κTTl . (4.8)

The normalization factor is given by

1

ATTl
=

2

l2

∫
d2l1

(2π)2
[l · l1]W TT

l1
W T
l2
fTT (l1, l2), (4.9)
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with

fTT (l1, l2) = [l · l1]C̃TT
l1

+ [l · l2]C̃TT
l2

(4.10)

and l = l1 + l2.

The mean of each reconstructed convergence stamp is set to zero to remove fluc-

tuations on scales larger than the size of the stamp. Each reconstructed convergence

stamp is then low-pass filtered by setting modes with l > 5782 to zero. This corre-

sponds to ignoring modes smaller than the 1.4’ beam scale.

The reconstructed lensing convergence stamps from a given ACTPol patch are

then stacked (i.e., averaged). A ‘mean field’ stamp needs to be subtracted from this

stack since the apodization window does not leave the mean of the reconstructed

stack identically zero in the absence of any signal [205, 206]. We construct a mean

field stamp from the average reconstruction of 15 realizations of random positions

in the corresponding ACTPol patch. Each random-position-realization has the same

number of stamps as are in the galaxy stack. Thus, by construction, the mean-field-

subtracted galaxy stacks show any excess signal above that from random locations.

In order to construct the covariance matrix for each patch, we construct 50 in-

dependent realizations of simulated ACTPol data for each patch. These simulations

have noise and beam properties matched to the data and include only lensing by

large-scale structure. We repeat the procedure performed on the data on each of the

50 independent simulations. The covariance matrix for each patch is then obtained

by calculating the covariance of radial profiles across these 50 mean-field-subtracted,

mean stamps. In this way, the covariance matrices capture the correlations between

radial bins. This procedure also takes into account any additional covariance com-

74



ing from overlapping stamps. In addition, it also folds in the uncertainty in the

subtracted mean field.5

The pipeline described above is implemented for each ACTPol patch separately

as well as for all the patches combined. The latter is done by stacking the three

mean-field-subtracted galaxy stacks for each ACTPol data patch. The combined-

patch covariance matrix is obtained by combining the 50 mean simulated convergence

stamps for each patch, and calculating the variance across all 150 mean stamps.

This pipeline is tested on a suite of simulations where 70′× 70′ CMB stamps are

lensed with Navarro-Frenk-White (NFW) cluster profiles [207] with varying levels of

instrument noise, beam resolution, and pixelization. The pipeline returns unbiased

reconstructions (to ≈ 0.1σ) and S/N estimates in agreement with previous analyses

[186]. In particular, the expected detection significance stacking a sample of roughly

12,000 galaxies in lensed CMB stamps with ACTPol beam and noise properties is

4.2σ. For this estimate, the masses, concentrations, and redshifts of the lensing

galaxies are assumed to be the mean values of the CMASS subsample with optical

weak lensing follow up described above [202].

4.4 Results

We show the result of the combined-patch stack of reconstructed convergence

stamps centered on CMASS galaxies in Figure 4.1. The left panel shows the mea-

5Note that we use simulations to characterize the covariance matrix since stacking on random
positions in the data does not capture the variance due to overlapping stamps and meanfield sub-
traction. A typical mean-field amplitude is 0.03, and the uncertainty is ≈ 20% of the errorbars
shown in Figure 4.1.
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Figure 4.1: Left: The azimuthally averaged signal from stacked reconstructed con-

vergence stamps centered on CMASS galaxy positions for all three ACTPol deep

fields combined. The green dashed curve shows the best-fit NFW profile. Right: The

reconstructed convergence stack in the two-dimensional plane, where the horizontal

and vertical scales are in arcminutes. We also show 1σ (dashed) and 3σ (solid) con-

tours; the signal is the dark red spot in the middle. The peak is offset by about

1′ from the center; offsets of > 1′ are seen roughly 20% of the time in simulations

of centered input halos given ACTPol noise levels. The detection significance above

null is 3.8σ within 10 arcminutes, and the best-fit curve from [202] is preferred over

null with a significance of 3.2σ within 10 arcminutes.

sured azimuthally averaged lensing convergence profile, and the right panel shows the

reconstructed lensing stack in the two-dimensional plane. We note that the signal

peak in the two-dimensional plot is offset by about 1′. This is also seen in simula-

tions of centered input halos given ACTPol noise levels, where offsets of > 1′ are seen

roughly 20% of the time. We also note that this offset is well within the virial radius
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Figure 4.2: Shown are reconstructed convergence profiles centered on CMASS galaxy

positions for each ACTPol deep field separately. The significance with respect to null

within 4 arcminutes is 2.0σ, 3.6σ, and 1.3σ for ACTPol Deep 1, 5, and 6 respectively.

The green dashed curve is the best-fit NFW profile from all the Deep fields combined,

and the black dashed curve is the best-fit NFW profile from a subset of the CMASS

galaxies measured via optical weak lensing [202].

of CMASS halos. The profile has been binned, with inverse-variance weighting, in

annuli that are four-pixels (2 arcminutes) wide so that correlations between neigh-

boring bins in general do not exceed 50%. The exceptions are that for the stacks
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on galaxy positions, the 3rd and 4th bins are correlated by 65% and the 4th and

5th bins are correlated by 70%. This is due to overlapping stamps, as the galaxy

locations are more correlated than random positions.

The significance of this detection above the null hypothesis, including measured

points within 10 arcminutes of the profile center, is 3.8σ. This is calculated using

the combined-patch covariance matrix, C, where

( S
N

)2

= χ2
null =

∑
θ1,θ2≤10′

κ(θ1)C−1κ(θ2). (4.11)

Restricting this to 4 arcminutes from the profile center, where most of the S/N is

from, gives a detection significance above null of 3.6σ.

We fit the data points within 10 arcminutes from the center with an NFW profile,

which is the projected and redshift-averaged mass density as in, e.g., [208]. We vary

the mass and concentration and obtain a best-fit profile with a mass of M200ρ̄0 =

(2.0 ± 0.7) × 1013 h−1M� and a concentration of c200ρ̄ = (5.4 ± 0.8). This result

is obtained by imposing a prior on the c-M relation from [209] assuming Gaussian

errors on the normalization of this relation of 20% as found in [202]. We note that

the best-fit mass and mass error are unchanged with and without the prior; however,

since there is significant degeneracy in the concentration, given our noise levels, the

prior influences the best-fit c200ρ̄0 and corresponding error. This best-fit curve gives

a reduced chi-square of χ2/ν = 1.5 for ν = 3 degrees of freedom, and is consistent

with the best-fit curve from [202]. The data also favors the best-fit curve from [202]

over the null line (κ = 0) at a significance of 3.2σ within 10 arcminutes, where we

calculate this significance using
√
χ2

null − χ2
best−fit. Restricting to within 4 arcminutes,
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the model is favored over null with a significance of 2.9σ.

The profile of the reconstructed lensing stack for each ACTPol patch is shown in

Figure 4.2. An excess above null is seen in all three patches with a significance of

2.0σ, 3.6σ, and 1.3σ within 4 arcminutes for D1, D5, and D6 respectively. The black-

dashed curve in Figure 4.2 is an NFW profile with the best-fit mass and concentration

found from optical weak lensing of a subset of the CMASS galaxy sample [202]. This

best-fit mass and concentration for the subset is M200ρ̄0 = 2.3 × 1013 h−1M� and

c200ρ̄0 = 5.0, where the concentration is from the best-fit concentration-mass relation

found in [202], calculated at the mean redshift of the subset (z = 0.55).6

4.5 Systematic Checks

Two different null tests are performed to verify the robustness of the signal. The first

is to stack on random positions in the data. As mentioned above, all of the stacked

images have a subtracted mean field stamp that is determined from averaging 15

realizations of randomly selected stamps from the data. Therefore, by construction

the measured signal is the excess above that from random locations. However, we

show a single random-position realization which contains the same number of stamps

as are in the galaxy stack. We subtract the mean field stamp from this single real-

ization and plot the resulting profile in the top panel of Figure 4.1 (brown circles).

The data points are consistent with the null hypothesis with a probability-to-exceed

(PTE) of 0.92.

6In [202], a best-fit of c200ρ̄0 = 5.0 is found for CMASS galaxies when their model allows for
off-centering of CMASS galaxies in dark matter halos. Without this degree of freedom, a best-fit
of c200ρ̄0 = 3.2 is found.
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The second null test is a curl test where we repeat the analysis of stacking recon-

structions centered on CMASS galaxies and subtract a mean field stamp as before.

However, this time the divergence in Eq 4.7 is replaced with a curl, and the first

instance of the dot product l · l1 in Eq 4.9 (not in fTT ) is replaced with a cross prod-

uct [158,210,211], where both the curl and cross product are projected perpendicular

to the image plane. The reconstruction is then expected to contain only noise since

lensing is not expected to generate a curl signal in temperature maps. The curl re-

construction data points scatter about zero, with a PTE of 0.08, as shown in Figure

4.1 (red stars).

As can be seen in Figure 4.2, the mean signal is highest in D5. A histogram

analysis of the stamps in both D5 and in the quadrant of D5 with the highest mean

signal shows no apparent outliers. We note that excluding this quadrant from our

analysis still results in a S/N > 3σ within 10 arcminutes.

We also consider several possible contaminants that could bias a detection of

CMB halo lensing. Ionized gas in clusters hosting the stacked galaxies could produce

a decrement in the CMB temperature at 146 GHz due to the thermal Sunyaev-

Zeldovich (tSZ) effect [212, 213]. In order to determine the effect of such a contam-

inant on the lensing reconstruction, we added a Gaussian decrement with a peak

value of −35µK and 1σ width of 1 arcminute7 to CMB temperature maps lensed

by NFW profiles as discussed above. We adopted this as a conservative level of

tSZ for CMASS halos (see for example [214]). This contamination resulted in the

reconstruction being biased low by about 0.3σ within 3 arcminutes at ACTPol noise

7The virial radius of a 1013M� halo at z = 0.6 is roughly 1.5′.
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levels, with negligible bias beyond 3 arcminutes. An identical check was performed

for 35µK increments (corresponding to point source emission) with a similar sup-

pression of the signal. In addition, no appreciable tSZ decrement or point source

increment is found when stacking the stamps taken directly from CMB temperature

maps and centered on the CMASS galaxies, after these stamps have been filtered to

isolate modes between 1000 < l < 8000. These checks indicate that the detected

positive signals in Figures 4.1 and 4.2 do not arise from tSZ or point source emis-

sion. The kinetic SZ effect due to the bulk motion of the cluster will produce a

similar symmetric increment or decrement. Furthermore, asymmetric contaminants,

like those due to the kinetic SZ effect from internal gas motions, do not coherently

align with the CMB gradient and only add noise by construction of the estimator.

The stacked lensing convergence measured in Figures 4.1 and 4.2 could also have

contributions that are not due to CMB lensing by the halo that each galaxy resides

in (the 1-halo term), but instead are due to correlated halos in the vicinity of the

galaxies (the 2-halo term, [215, 216]). Since most of our detected signal is within

a 2 arcminute region, where the 1-halo term dominates over the 2-halo term (see

for example Figure 7 in [202]), one would not expect the 2-halo term to contribute

significantly to the detection significance in this work.

4.6 Discussion

We have presented the stacked reconstructed lensing convergence of CMASS galaxies

within the first season ACTPol deep fields and shown evidence of CMB lensing
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from these halos at a significance of 3.8σ above null. The lensing convergence is

directly related to the projected density profile of these halos and hence our results

demonstrate that it is possible to constrain the mass profile of massive objects using

CMB lensing alone.

We find a best-fit mass and concentration from the stacked convergence stamps of

M200ρ̄0 = (2.0± 0.7)× 1013 h−1M� and c200ρ̄ = (5.4± 0.8) fitting to an NFW profile.

These mass and concentration values are in broad agreement with the optical weak

lensing estimates in [202] based on a subset of the CMASS galaxy sample. Our data

also favors the best-fit profile from [202] over a null line at a significance of 3.2σ

within 10 arcminutes.

With this work we demonstrate that CMB observations are now achieving the

sensitivity and resolution to provide mass estimates of dark matter halos belonging

to galaxy groups and clusters. With the advent of next-generation CMB surveys,

we expect this technique to be further exploited, thus opening a new window on the

dark Universe.
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Figure 4.1: Top panel: Shown are the curl null test performed on the stack of recon-

structed convergence stamps centered on CMASS galaxy positions, and a random-

position null test where reconstructed convergence stamps are centered on random

positions in the data. Bottom panels: Shown are the curl and random-position null

tests, respectively, in the two-dimensional plane. We also show 1-sigma contours;

the lack of a red spot in the middle confirms the null test.



Chapter 5

Expansion Probes of Dark Energy1

Cross-correlating optical weak lensing and cosmic microwave background (CMB)

lensing is emerging as a powerful tool for measuring cosmological parameters and

quantifying systematic uncertainties. In particular, cross-correlations between opti-

cal and CMB lensing are sensitive to structure growth, and thus dark energy proper-

ties and modifications to General Relativity on large scales [218–221]. These cross-

correlations can also isolate systematic effects such as, for example, multiplicative

and photo-z biases in optical weak lensing measurements [89, 90]. Recently cross-

correlations using CMB lensing data from ACT, SPT, and Planck and optical lensing

data from the CFHTLenS and DES surveys have been presented with detections of

modest significance [65,89,222–227]. However, the precision of these measurements is

expected to increase rapidly with newer data from, e.g., ACTPol, SPTpol, CMB-S4,

HSC, DES, KiDS, and LSST.

1This chapter is a near-verbatim reproduction of [217], which has been submitted to Physical
Review Letters (“Measurement of a Cosmographic Distance Ratio with Galaxy and CMB Lensing”,
Miyatake, Madhavacheril, Sehgal, Slosar, Spergel, Sherwin, van Engelen)
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In this chapter, we present the first measurement of a particularly useful cross-

correlation between optical and CMB lensing: the cosmographic distance ratio. This

measurement is obtained by measuring the gravitational lensing shear around a par-

ticular set of dark matter halos, first using background galaxies as the lensed source

plane and then using the CMB as the lensed source plane. Taking the ratio of these

shear measurements results in a purely geometric distance measurement that is in-

sensitive to the details of the mass distribution around the lensing halos, their galaxy

bias, or potential miscentering [91,228–231]. The ratio is given by

r =
γot
γct
∼ dA(zc)dA(zL, zg)

dA(zg)dA(zL, zc)
(5.1)

where γot and γct are the optical and CMB tangential shear, dA is the angular diameter

distance, and zc, zg, and zL are the redshifts to the CMB, the background galaxy

source plane, and the lensing structure respectively [92, 93]. This ratio has been

measured previously when both source planes have been background galaxies with

z < 2.5 [232–236]. However, the advantage of using the CMB as the second source

plane is that it provides the longest lever arm for distance ratios, which can result in

an order of magnitude higher sensitivity to dark energy parameters [92, 93]. In this

chapter, we present the first measurement of such a ratio using data from Planck,

CFHTLenS, and the BOSS CMASS galaxy sample. The CFHTLenS measurement

is made for 8,899 CMASS galaxies spanning an area of 105 square degrees, and the

Planck measurement is made for 654,279 CMASS galaxies spanning an area of 8,502

square degrees.
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5.1 Data & Method

5.1.1 The Lenses: BOSS CMASS Galaxies

For the foreground lens sample, we use the CMASS selection of galaxies from the

DR11 release of the BOSS spectroscopic survey. These mostly red galaxies constitute

an approximately volume-limited selection of luminous galaxies from SDSS-III that

span a redshift range of 0.4 < z < 0.7. They are very often (90%) at the center of

their host halos [237] with masses of around M200 = 2×1013M�, measured both from

optical [238] and CMB lensing [65]. As such, they are excellent tracers of massive

halos that lens background sources. The entire sample covers roughly 20% of the

sky.

In both the optical and CMB analyses, each CMASS lens galaxy is weighted as

follows,

wl = (wnoz + wcp − 1)wseewstar (5.2)

so as to account for redshift failures (wnoz), fiber collisions (wcp), effects of seeing

(wsee) and stars (wstar) [239]. To reduce systematics associated with the width in

redshift of the sample, we divide the sample into three redshift slices (see Table 5.1)

and perform the analysis separately in each redshift slice, combining the results only

when calculating the final distance ratio at an effective redshift (see Results Section).

For completeness, we also perform the analysis on the full sample in one wide redshift

bin (see Figure 5.3), but do not obtain cosmological constraints from this.
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Table 5.1: Number of CMASS Galaxies Used

Redshift Galaxy Density Optical CMB

Range (per arcmin2) Analysis Analysis

0.43 < z < 0.51 0.007 2,895 211,441

0.51 < z < 0.57 0.007 2,896 213,497

0.57 < z < 0.7 0.008 3,108 229,341

0.43 < z < 0.7 0.021 8,899 654,279

5.1.2 Source Plane 1: CFHTLenS Galaxies

We use the public CFHTLenS catalog [240,241] for calculating the optical tangential

shear. The total area of the CFHTLenS survey is 154 deg2 in four distinct fields.

The overlapping area with the SDSS DR11 data is 105 deg2 which contains 8,899

CMASS galaxies.

The catalog has galaxy shapes, which were measured by a Bayesian model-fitting

method called lensfit [242], and photometric-redshifts (photo-zs) which were esti-

mated with the BPZ code [243, 244] by using point-spread-function (PSF) matched

photometry [245]. The effective number density of CFHTLenS source galaxies is

14 arcmin−2.

The tangential shear in the i-th radial bin is measured by stacking galaxy shapes

of lens-source pairs;

〈γot (Ri)〉 =

∑
Ri
wlse

ls
t∑

Ri
wls

, (5.3)

where et is the tangential component of galaxy shapes, wls is a weight which is the
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product of the CMASS galaxy weight wl given by Eq. (5.2) and the inverse-variance

weight for galaxy shapes ws provided by the CFHTLenS catalog that is estimated

from the intrinsic galaxy shape and measurement error due to photon noise. Here

the source galaxies are selected so that the best-fit photo-z is greater than the lens

redshift.
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Figure 5.1: Null test of optical lensing signal. The R ∼ 40 h−1Mpc bins are consis-

tently smaller than zero for all the redshift slices, and thus we do not use them. The

p-value based on the χ2 per degree of freedom of the 12 R <∼ 30 h−1Mpc bins over

the redshift slices is 0.82, which is within a 95%CL region. Thus we use these 12

data points for the distance ratio analysis.
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The covariance matrix of the tangential shear is estimated by measuring the

tangential shear around 150 realistic mock catalogs of the CMASS sample generated

from N-body simulations [246,247]. Using these CMASS mocks, we naturally include

sample variance, which can be important given the small area of the CFHTLenS

suvey. We use 150 realizations of mocks to reduce the uncertainty of the covariance.

At the scales used for this distance ratio analysis, the uncertainty due to lens shot

noise and sample variance dominates the statistical uncertainty; it is about 1.5 times

larger than the statistical uncertainty due to intrinsic galaxy shapes and becomes as

large as a factor of four in the largest radial bin. The noise due to sample variance

also induces correlations between neighboring bins, which are typically ∼ 0.5 for

the R >∼ 10 h−1Mpc bins. Note that we could have canceled this sample variance

exactly, by using exactly the same subset of galaxies to measure lensing of the CMB.

However, given the large noise in the Planck convergence map, our overall statistical

uncertainty would have increased.

If the PSF correction is imperfect, it can contaminate the tangential shear. To

estimate this effect, we calculate the tangential shear around random points. We use

50 realizations of random points to reduce statistical uncertainties [248]. The random

signal is non-zero for R >∼ 20h−1Mpc. We then make a PSF correction by subtracting

this random signal from the lensing signal. If the correction works, the 45-degree-

rotated shear should be consistent with zero. Figure 5.1 shows the 45-degree-rotated

shear after the correction for each radial bin in each redshift slice. We use signal

at R <∼ 30 h−1Mpc for the distance ratio analysis. The R ∼ 40 h−1Mpc radial bins

are consistently smaller than zero for all the redshift slices, and thus we do not use

89



them. The p-value based on the χ2 per degree of freedom of the 12 R <∼ 30 h−1Mpc

radial bins over the redshift slices is 0.82, which is within a 95%CL region. Thus

we use these 12 data points for the distance ratio analysis shown in Figure 5.1. We

show the final optical tangential shear for the full redshift range in Fig. 5.3.

5.1.3 Source Plane 2: Planck CMB Map

To extract a corresponding shear profile of CMASS halos using the CMB as the

background light source, we prepare a HEALPIX map [249] of the CMASS galaxy

overdensity (with nside = 1024) for each redshift slice and cross-correlate it with the

Planck reconstructed lensing convergence κ map [250]. Thus we obtain an estimate of

C
κδg
l in Fourier-space, which we then convert to a real-space shear estimate, 〈γct (R)〉,

as discussed below.

To create the galaxy overdensity map of CMASS galaxies, for each HEALPIX pixel

x, we assign a number given by

δg(x) =

∑
i∈xwi

1
N

∑
iwi
− 1 (5.4)

where
∑

i∈xwi sums over the weights of each CMASS galaxy i that falls in that pixel

x, and where 1
N

∑
iwi sums over the weights of all CMASS galaxies in all unmasked

pixels and then divides by the total number of unmasked pixels N . Here the weight

wi = wlws(z), where wl is the BOSS systematic weight given in Eq. (5.2) and ws(z)

is an effective CFHTLens weight. We include the CFHTLens weights here, which

have been interpolated as a function of lens redshift, because in the optical analysis

they change the median redshift of the lens galaxies within a redshift slice.
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When comparing with the CMB signal, it is important that the median redshift

of the lens sample is the same since galaxy properties could evolve as a function of

redshift. Although the effect of such an evolution is mitigated by our use of thin

redshift slices, we still weight the lens galaxies in the CMB analysis consistently with

the optical analysis.

The mask used in this analysis is a combination of a mask derived from the

completeness of the BOSS galaxies, where we exclude regions where the completeness

is below 70%, and the convergence mask provided with the Planck 2015 lensing

data release. For the CMASS mask, we have checked that decreasing the minimum

completeness to 10% has a negligible impact on the results since most of the survey

area is close to 100% complete. For the Planck convergence mask, we note that it

masks out galaxy clusters identified through the thermal Sunyaev-Zeldovich effect.

We obtain a Cl estimate of the cross-correlation by summing over spherical har-

monic transform coefficients of the galaxy overdensity and CMB kappa maps, with

the appropriate correction for fractional sky coverage (fsky = 0.206 for 8,501 deg2),

Ĉ
κδg
l =

1

(2l + 1)fκδsky

l∑
m=−l

δlmκlm. (5.5)

We then convert the cross-correlation estimate in Fourier-space to the real-space

tangential shear of the CMB associated with CMASS galaxies, 〈γct (R)〉, via a Hankel

transform (e.g Eq.2 in [254]),

〈γct (R)〉 =
1

2π

∫
`d`J2(`R/χ)C

κδg
` . (5.6)
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Figure 5.2: Theory expectation of CMB tangential shear using an input C
κδg
l curve

from 2 < L < 8000 generated with a linear matter power spectrum from CAMB

Sources [251–253] with a linear galaxy bias of 2. We also show the effect of restricting

the C
κδg
l to the range 40 < L < 2000, which is the L range of the Planck κ-map.

We do not use radial bins that have a mismatch between black crosses and red x’s

(shaded regions) as that would make the optical and CMB analyses inconsistent.

The green points show the shear from the data, and where those points deviate from

the theory at small scales is where there is sensitivity to the one-halo term from the

CMASS galaxy halos themselves.
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Note that this is exact only in the flat-sky limit, however we do not probe radial

scales large enough that we should be sensitive to the effects of a curved sky. Using

Simpson’s rule on the discrete set of C
κδg
l ’s, this integral is calculated at 5000 radial

points and averaged in radial bins R corresponding to the optical analysis. Note that

the errors are uncorrelated between l bins to a very good approximation in Fourier

space, and are highly correlated between radial bins in real space. The latter is

appropriately accounted for as described below.

To generate an expected theory curve we compute the shear transform in Eq. (5.6)

using an input C
κδg
l curve generated with a linear matter power spectrum from CAMB

Sources [251–253] with a linear galaxy bias of 2. This is shown in Figure 5.2 both

as the unbinned blue curve and as the black crosses binned identically to the data.

We also show here the result of restricting the C
κδg
l to the range 40 < L < 2000,

which is the L range of the Planck κ-map used in this analysis. (Modes with L < 40

can be affected by the treatment of the mask, and Planck does not report modes

with L > 2048). Including 2000 < L < 8000 corresponds better to the resolution

of the CFHTLenS survey, and in Figure 5.2 we show a significant difference at R ∼

5 h−1Mpc between L < 2000 and L < 8000. Thus we do not include this bin

in our distance ratio analysis. For a similar reason, we exclude the radial bin at

R ∼ 40 h−1Mpc. The green points in Figure 5.2 show the real-space shear from the

data, and where those points deviate from the theory curve at small scales indicates

where the measurement is sensitive to the one-halo term from the CMASS galaxy

halos themselves (which is not included in the theory curve).

We use 600 realizations of the CMASS mocks to make the covariance matrix and
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repeat the procedure above, cross-correlating a galaxy overdensity map generated

from each mock with the Planck data κ-map, and then transforming that into a

shear estimate. We note that there is no correlated structure between the Planck data

map and the CMASS mocks, so that the resulting covariance matrix does not include

sample variance from this correlated structure. However, this effect is expected to

be negligible since the noise in the CMB κ-map is expected to dominate. We check

this by calculating Fisher-matrix theory errors with and without this C
κδg
l term (see,

e.g., Eq. 15 in [225]), and find agreement to within 1% between the two.

5.2 Results

Shear profiles, γt(R), are related to the underlying projected mass density, Σ(R) =∫
dχρ(R,χ), through the relation

γt(R) =
∆Σ(R)

Σcr

=
Σ̄(< R)− Σ(R)

Σcr

(5.7)

where Σ̄(< R) is the average mass density within a circle of radius R, and Σcr is the

critical surface mass density. We note that ∆Σ(R) depends only on the total matter

distribution of the lens, and Σcr is a purely geometric quantity since it depends only

on the distances to the lens and background sources. Since the criteria used to select

the lensing galaxies is the same in the regions where the optical and CMB analyses

are performed, we assume that the underlying ∆Σ(R) is identical in both cases. This
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Figure 5.3: CMB and optical shear around CMASS halos in the redshift range 0.43 <

z < 0.7. The dashed blue curve shows a theory fit to the optical data, which includes

both the 1-halo and 2-halo terms. This red curve is given by scaling up the blue curve

to the CMB source redshift.

allows us to write the expected distance ratio as

r({cp}) =
γot
γct

=
ΣCMB

cr ({cp})
Σopt

cr ({cp})
(5.8)

where the dependence on the cosmological parameters, {cp}, enters through the

distance-redshift relations. Here the numerator is the critical surface density for
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CMB lensing, which is calculated as
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Figure 5.1: Measured distance ratio for each radial bin and redshift slice of CMASS

galaxies. Here the error bars are derived by Monte Carloing the covariance matrices

for optical and CMB measurements, taking the ratio for each realization, and showing

the 68% CL region around the mean ratio. The dashed line and error band show

r = 0.390+0.070
−0.062, the best-fit value coadding all the radial bins and simultaneously

fitting to the three redshift slices.

ΣCMB
cr =

[∑
lswlPstacked(zs|zl)Σ−1

cr (zl, zCMB; {cp})∑
lswlPstacked(zs|zl)

]−1

(5.9)
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where zCMB = 1100 is the redshift to the surface of last scattering, and the sum

is over CMASS lenses. The critical surface density Σ−1
cr is related to the angular

diameter distances as,

Σ−1
cr =

4πG

c2

dA(zl, zs)dA(zl)(1 + zl)
2

dA(zs)
. (5.10)

Here dA(zs), dA(zl), and dA(zl, zs) are the angular diameter distances to the source,

lens, and between the source and lens respectively. The (1 + zl)
2 factor comes from

our use of comoving transverse separation R in ∆Σ(R). To use the same weight

as the optical measurement, we use the photo-z PDF stacked over optical source

galaxies behind a given lens redshift;

Pstacked(z|zl) =

∑
swsPs(z|zl)∑

sws
. (5.11)

The denominator in Eq. (5.8) is given by the equivalent expression for optical lensing.

Σopt
cr =

[∑
lswlPstacked(zs|zl)Σ−1

cr (zl, zs; {cp})∑
lswlPstacked(zs|zl)

]−1

. (5.12)

Note that the dilution effect due to foreground galaxies selected as source galaxies is

effectively corrected for here.

Comparison with Different Cosmological Models : In Fig. 5.3 and 5.1, we show

the measured tangential shear for the wide redshift slice and distance ratio for each

radial bin and redshift slice of CMASS galaxies, respectively. Fig. 5.2 shows the

coadded distance ratio for each redshift slice. We also include the distance ratio

simultaneously fitted to the three redshift slices. In doing this, we assume the ratio
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linearly depends on redshift, i.e., r(z) = r0 + r′(z − zp), where zp is the “pivot”

redshift determined so that the errors on r0 and r′ are uncorrelated. This yields

r = 0.390+0.070
−0.062 at a pivot redshift of zp = 0.53, a 17% measurement of distance

ratio. In Fig. 5.2, we also show the ratio predicted for different cosmological models

as a function of lens redshift using Eq. (5.8), assuming all the lenses are at a single

redshift. Measurements of r′ are very poor due to the limited redshift span and were

included in this solely to determine the pivot redshift.

In Fig. 5.2, we also show the ratio predicted for different cosmological models as

a function of lens redshift using Eq. (5.8), assuming all the lenses are at a single red-

shift. The solid/dashed curves show the ratio for the best-fit ΛCDM/wCDM models

from the Planck TT + lowP spectra [255]. The ratio between ΛCDM and wCDM

models changes within a smaller range compared to our statistical uncertainty, which

means it is difficult to place tight constraints in spite of the 17% accuracy of our mea-

surement.

Since we have thin redshift slices that have a finite width, as opposed to being

delta functions in redshift, we explore how the finite width of our slices affects our

measurement. We test this by recalculating the predicted ratio in each redshift

slice with a delta-function distribution at the median redshift, and find that the

predictions differ from those calculated with finite redshift distirbutions by 13% to

27% of the statistical uncertainty of our measurement, depending on the redshift

slice. This can be regarded as the maximum systematic uncertainty due to our finite-

width redshift slices, and indicates the impact is small compared to the statistical

uncertainty of our measurement.
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Figure 5.2: Comparison of the measured distance ratio with that predicted from

different cosmological models. The thin cross points show the measured distance

ratio fitted separately for each redshift slice. The thick dot point shows the distance

ratio fitted to all the redshift slices simultaneously assuming linear dependence of

the ratio on redshift (see text for details). The black solid and dashed curves show

the ratio for the best-fit ΛCDM and wCDM models respectively from the Planck TT

+ lowP spectra [255]. The thin solid curves show deviations from the best-fit Planck

ΛCDM model as indicated.

As potential systematic uncertainties of the optical shear analysis, we explore

the effect of possible multiplicative shear bias m and photo-z bias bz on the optical
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measurement. To constrain these biases, we minimize the following quantity,

χ2(m, bz) =
∑
α

∑
ij

diCov−1
ij dj, (5.13)

where di = γo(Ri;m)− r({cp}, bz)γc(Ri) for the ith radial bin, and the covariance is

given by

Covij = Cov(γo(Ri), γ
o(Rj))

−2rCov(γo(Ri), γ
c(Rj))

+r2Cov(γc(Ri), γ
c(Rj)). (5.14)

We ignore the second term in Eq. (5.14) because the overlapping region for the two

measurements is less than 2% of the region used in our CMB analysis. The index α in

Eq. (5.13) runs over the three redshift bins of the CMASS sample shown in Table 5.1.

Correlations between z-bins due to sample variance are not included because the

contribution from clustering of CMASS galaxies was found to be subdominant to

the contributions from CMB lensing reconstruction noise, Poisson noise of CMASS

counts, and shape noise of CFHTLens galaxies.

Since these biases affect the overall amplitude of the lensing signal, they are

totally degenerate. Thus we investigate these biases separately. First, we parametrize

multiplicative bias as γoobs = (1+m)γotrue, and fit the distance ratio with cosmological

parameters fixed to the Planck best-fit ΛCDM cosmology. The obtained constraint

is m = 0.00+0.18
−0.16. Second, we parameterize the photo-z bias as a shift of photo-z

PDF, i.e., P (z) → P (z + bz). To avoid calculating the optical lensing signal with a
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new source galaxy selection every time bz is updated, we calculate the lensing signal

without any source galaxy selection, which means all the dilution correction is put

into Σopt
cr . With the fixed cosmology, we obtain bz = 0.00+0.13

−0.12. These results indicate

(under the assumption of standard ΛCDM cosmology) that there is no significant

evidence of systematic uncertainties in our optical shear measurement.

The central values of these biases are close to zero because the theoretical expec-

tation of the ratio is quite close to our measurement (within 1%) when using our

finite-width redshift slices, as opposed to the expected value from a delta-function

lens redshift as shown by the solid curve in Fig 5.2.

We also note that our analysis includes CMB lensing angular scales in the range

400 < L < 2000, which region was excluded from the Planck lensing autospectrum

analysis [250]. The reason for this exclusion was due to a failure of the curl null

test around L ∼ 700. While there may be a systematic affecting the autospectrum

analysis, in general, one would expect many systematics to not be present in a

cross-correlation analysis. However, as the cause of the autospectrum systematic is

unknown, we flag this as a caveat to the above analysis.

5.3 Discussion

In this work we have for the first time computed the distance ratio using optical

and CMB weak lensing, yielding a 17% measurement. We have used BOSS CMASS

galaxies for the lensing galaxies, and CFHTLenS galaxy shapes and the Planck con-

vergence map for optical and CMB background sources, respectively. The distance
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ratio extracts a purely geometrical factor by canceling out the matter distribution

around halos, and thus we are free from systematic uncertainties arising from model-

ing galaxy bias and miscentering. Our distance ratio is consistent with the predicted

ratio from the Planck best-fit ΛCDM cosmology.

Separation of the lenses into thin redshift slices, which is enabled by the spec-

troscopic information in the CMASS sample, (a) allows us to make independent

measurements of the distance ratio at three different redshifts, providing consistency

checks, (b) makes the measurement less sensitive to variations in the mass distribu-

tion as a function of redshift, and (c) naturally avoids loss of signal-to-noise due to

weighting of CMASS galaxies by CFHTLenS weights when applying these weights

in the CMB analysis, although the latter effect is almost negligible.

In our CMB shear anlaysis, the dominant contribution to the noise is from the

noise in the Planck reconstructed lens map. In our optical shear analysis, sample vari-

ance and shot noise of the CMASS subsample dominates the statistical uncertainty.

This is because the CFHTLenS survey consists of four small fields far apart from

each other. This fact demonstrates the importance of correct covariance estimation

for a survey with patchy configuration of fields.

Optical surveys such as HSC, DES, KiDS, LSST, WFIRST and Euclid are ex-

pected to provide orders of magnitude larger samples of background sources as well

as large foreground samples with accurate photometric redshifts from red sequence

calibration. In addition, datasets from surveys like DESI and PFS will provide large

foreground samples with spectroscopic redshifts. Combining this with wide and

deep high-resolution maps of CMB lensing from AdvancedACT, SPT3G, the Simons
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Observatory, and eventually CMB Stage-4, the coming decade will allow for measure-

ments of the distance ratio to within 1% making it a competitive and complementary

probe of curvature and cosmic acceleration.
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Chapter 6

Summary and Conclusions

Understanding the nature of dark matter and dark energy is a major goal in the study

of cosmology. One aspect of this is using astronomical techniques to constrain the

different possible particle physics models of dark matter. By utilizing measurements

of the CMB, in Chapter 2 we set tight constraints on the mass and cross-section of

dark matter particles through the effect of their annihilations on the physics of the

early Universe. The way that matter clusters as the Universe expands is affected by

the precise nature of dark energy, so it is crucial to map the distribution of matter

(including the dominant dark matter) as a function of cosmic time. Gravitational

lensing of light sources behind the matter distribution is the most promising way of

mapping dark matter. In Chapter 3, we improve upon methods of estimating the

lensing signal from shapes of galaxies by developing a prescription that avoids bias

due to noise in galaxy images. Because the CMB is behind every possible matter

distribution that can act as a lens, and because the distance to the CMB is very well
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measured, lensing of the CMB is a more promising way of measuring the masses of

dark matter halos at high redshifts than lensing of galaxies. We present the first

measurement of lensing of the CMB by dark matter halos in Chapter 4. This thesis

concludes in Chapter 5 by tying optical and microwave measurements together. We

demonstrate for the first time a way of constraining dark energy through its effect

on the expansion history using ratios of CMB and galaxy lensing signals. Together,

this work demonstrates the incredible potential that measurements in the microwave

and optical have for constraining theories of dark matter and dark energy.

Several large cosmological surveys will deploy in the coming decade, allowing

for vast improvements in the measurements made in this thesis. The Large Synoptic

Survey Telescope (LSST) [79] and the proposed Cosmic Microwave Background Stage

IV (CMB-S4) experiments, both deploying after 2020, will be game-changers whose

immense statistical power will set stringent requirements on control of systematics.

In the nearer term, Advanced ACTPol [256] has already seen first light, and will map

half the CMB sky at the same or better sensitivity as ACTPol.

We saw in Chapter 2 that the potential for improving the constraint on dark

matter annihilation comes primarily from improved large scale polarization power

spectra, rather than from small scales. The constraint we set has been improved by

more than a factor of three in the Planck 2015 release [257], primarily thanks to the

addition of newly released large-scale polarization power spectra. Since polarization

power spectra are not yet cosmic variance limited at large scales, there is some room

for improvement, and we forecast that a Stage IV CMB experiment comes very close

to exhausting the cosmic variance limit. If the reported anomalous signals from direct
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and indirect experiments are due to thermal WIMPs, then CMB-S4 can confirm or

rule out these signals.

In Chapter 3, we demonstrated with a toy model how a generalized higher-order

estimator can be used to avoid biases in measurements of the shear when the shear

is not constant across the sky. We have left a demonstration of the feasibility of this

method on realistic galaxy images to future work. Recently, the GREAT3 public

challenge for shear estimation [258] received several submissions that pass the LSST

requirement for control on systematics in the case of constant shear, but for the

case of varying shear, the submissions did not meet the target. This highlights the

importance of further work on robust estimation of varying shear.

The first detection of halo lensing of the CMB presented in Chapter 3 was sub-

sequently followed by measurements from the South Pole Telescope (SPT) [66] and

Planck experiments [67]. The 3.1σ SPT measurement utilized a maximum likelihood

technique to estimate the mass scale of 512 tSZ-selected galaxy clusters. Shortly

after, the Planck experiment measured halo lensing of the CMB, and used it as one

of the way of calibrating the masses of galaxy clusters in a full cosmological analysis

of their sample of tSZ selected clusters. Using a matched filter on CMB lensing maps

reconstructed (from tSZ-cleaned maps) using a quadratic estimator technique similar

to our analysis, they obtained a ∼ 5σ detection of the mass scale of 439 galaxy clus-

ters. The mass scale that they obtain is in slight tension with that required for their

estimation of the amplitude of matter fluctuations to be consistent with the expec-

tation from the Planck primordial CMB power spectrum, and also in slight tension

with optical weak lensing measurements used in their analysis. Very soon, experi-

106



ments like Advanced ACT, SPT-3G [259], the Simons Observatory 1 and eventually

CMB-S4 will have several thousand tSZ-selected galaxy clusters that can be used in

a cosmological analysis, and these will be accompanied by high resolution deep maps

that can be used to estimate the lensing signal to very high precision (see Figure 6.1

for projected mass sensitivities for a futuristic CMB survey). It is therefore of great

importance that detailed studies of the systematics affecting these measurements is

undertaken. For example, the effects of residual tSZ in component separated maps

and mis-centering when stacking are of immediate concern. The kinetic Sunyaev-

Zeldovich (kSZ) effect due to the motion of galaxy clusters cannot be removed by

component separation due to its weak spectral dependence and could hence pose

an unavoidable limiting systematic. The effect of tSZ and kSZ could however be

mitigated to a significant degree by using polarization maps instead of temperature

maps, since the S/N in the ‘EB’ lensing estimator becomes almost comparable to

that in the ‘TT’ estimator at the low noise levels of upcoming CMB experiments.

As noted in Chapter 4, several planned CMB, optical and spectroscopic surveys

plan to have large overlapping regions. For example, Advanced ACT and CMB-S4

will map microwave temperature and polarization over roughly 40% of the sky, which

will overlap significantly with photometric imaging of galaxies from LSST and also

with spectroscopic redshifts of galaxies from DESI [260]. A measurement like the

cosmographic distance ratio will benefit hugely from this since AdvACT/StageIV

can provide high-fidelity measurements of the CMB as a source that is lensed, LSST

will provide dense catalogs of background galaxies as a second set of sources that

1https://twitter.com/SimonsObs/status/730824405312376832
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Figure 6.1: The mass sensitivity for galaxy clusters achievable by a future CMB

survey like CMB-S4 as a function of noise in the CMB maps for various beam sizes.

are lensed, and DESI can provide the foreground massive galaxies that host the

lensing halos. This can lead to a 1% distance ratio measurement that will provide

a powerful check on the cosmological concordance model (see Fig 6.2 for projected

improvements).

The next two decades will bring a deluge of data from across the electromag-

netic spectrum2. In preparation for this, there is a marked shift towards a focus

2Recent detections of gravitational waves by LIGO [261] add a whole other window for investi-
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Figure 6.2: The improvement in 68% constraints on the dark energy density and

equation of state when adding a 1% distance ratio measurement to the Planck pri-

mary CMB measurements. (From [93])

on exquisite control of systematics and cross-correlations between different probes.

The increased precision on cosmological parameters and the availability of multiple

probes for cross-checks will bring us closer to uncovering the nature of dark matter

and dark energy.

gating the Universe.
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zano, S. Razzaque, A. Reimer, O. Reimer, T. Reposeur, S. Ritz, R. W. Ro-

mani, M. Roth, H. F.-W. Sadrozinski, C. Sbarra, T. L. Schalk, C. Sgrò, E. J.
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N. Sehgal, C. Sgrò, E. J. Siskind, F. Spada, G. Spandre, P. Spinelli, L. Stri-

gari, H. Tajima, H. Takahashi, J. B. Thayer, L. Tibaldo, D. F. Torres, E. Troja,

G. Vianello, M. Werner, B. L. Winer, K. S. Wood, M. Wood, G. Zaharijas,

S. Zimmer, and Fermi-LAT Collaboration, “Searching for Dark Matter Anni-

hilation from Milky Way Dwarf Spheroidal Galaxies with Six Years of Fermi

Large Area Telescope Data,” Physical Review Letters, vol. 115, p. 231301, Dec.

2015.

[48] N. Padmanabhan and D. P. Finkbeiner, “Detecting dark matter annihilation

122



with CMB polarization: Signatures and experimental prospects,” Phys. Rev.

D , vol. 72, p. 023508, July 2005.

[49] S. Galli, F. Iocco, G. Bertone, and A. Melchiorri, “CMB constraints on dark

matter models with large annihilation cross section,” Phys. Rev. D , vol. 80,

p. 023505, July 2009.

[50] T. R. Slatyer, N. Padmanabhan, and D. P. Finkbeiner, “Cmb constraints on

wimp annihilation: Energy absorption during the recombination epoch,” Phys.

Rev. D, vol. 80, p. 043526, Aug 2009.

[51] S. Galli, F. Iocco, G. Bertone, and A. Melchiorri, “Updated CMB constraints

on dark matter annihilation cross sections,” Phys. Rev. D , vol. 84, p. 027302,

July 2011.

[52] D. P. Finkbeiner, S. Galli, T. Lin, and T. R. Slatyer, “Searching for dark matter

in the cmb: A compact parametrization of energy injection from new physics,”

Phys. Rev. D, vol. 85, p. 043522, Feb 2012.

[53] D. Huterer, D. Kirkby, R. Bean, A. Connolly, K. Dawson, S. Dodelson,

A. Evrard, B. Jain, M. Jarvis, E. Linder, R. Mandelbaum, M. May, A. Rac-

canelli, B. Reid, E. Rozo, F. Schmidt, N. Sehgal, A. Slosar, A. van Engelen,

H.-Y. Wu, and G. Zhao, “Growth of cosmic structure: Probing dark energy

beyond expansion,” Astroparticle Physics, vol. 63, pp. 23–41, Mar. 2015.

123



[54] R. A. Sunyaev and I. B. Zeldovich, “Microwave background radiation as a probe

of the contemporary structure and history of the universe,” Annual Review of

Astronomy and Astrophysics, vol. 18, pp. 537–560, 1980.

[55] A. Lewis and A. Challinor, “Weak gravitational lensing of the CMB,” Physics

Reports, vol. 429, pp. 1–65, June 2006.

[56] C. Shapiro, S. Dodelson, B. Hoyle, L. Samushia, and B. Flaugher, “Will mul-

tiple probes of dark energy find modified gravity?,” Phys. Rev. D , vol. 82,

p. 043520, Aug. 2010.
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Mboula, G. Nurbaeva, Y. Okura, S. Paulin-Henriksson, J. Rhodes, M. D.

Schneider, H. Shan, E. S. Sheldon, M. Simet, J.-L. Starck, F. Sureau, M. Tewes,

K. Zarb Adami, J. Zhang, and J. Zuntz, “GREAT3 results - I. Systematic er-

rors in shear estimation and the impact of real galaxy morphology,” Mon. Not.

Roy. Astron. Soc. , vol. 450, pp. 2963–3007, July 2015.

[259] B. A. Benson, P. A. R. Ade, Z. Ahmed, S. W. Allen, K. Arnold, J. E. Auster-

mann, A. N. Bender, L. E. Bleem, J. E. Carlstrom, C. L. Chang, H. M. Cho,

J. F. Cliche, T. M. Crawford, A. Cukierman, T. de Haan, M. A. Dobbs,

D. Dutcher, W. Everett, A. Gilbert, N. W. Halverson, D. Hanson, N. L.

Harrington, K. Hattori, J. W. Henning, G. C. Hilton, G. P. Holder, W. L.

Holzapfel, K. D. Irwin, R. Keisler, L. Knox, D. Kubik, C. L. Kuo, A. T. Lee,

E. M. Leitch, D. Li, M. McDonald, S. S. Meyer, J. Montgomery, M. Myers,

T. Natoli, H. Nguyen, V. Novosad, S. Padin, Z. Pan, J. Pearson, C. Reichardt,

J. E. Ruhl, B. R. Saliwanchik, G. Simard, G. Smecher, J. T. Sayre, E. Shirokoff,

A. A. Stark, K. Story, A. Suzuki, K. L. Thompson, C. Tucker, K. Vanderlinde,

J. D. Vieira, A. Vikhlinin, G. Wang, V. Yefremenko, and K. W. Yoon, “SPT-

3G: a next-generation cosmic microwave background polarization experiment

on the South Pole telescope,” in Millimeter, Submillimeter, and Far-Infrared

Detectors and Instrumentation for Astronomy VII, vol. 9153 of SPIE Proceed-

ings, p. 91531P, July 2014.

[260] M. Levi, C. Bebek, T. Beers, R. Blum, R. Cahn, D. Eisenstein, B. Flaugher,

K. Honscheid, R. Kron, O. Lahav, P. McDonald, N. Roe, D. Schlegel, and

174



representing the DESI collaboration, “The DESI Experiment, a whitepaper

for Snowmass 2013,” ArXiv e-prints, Aug. 2013.

[261] B. P. Abbott, R. Abbott, T. D. Abbott, M. R. Abernathy, F. Acernese, K. Ack-

ley, C. Adams, T. Adams, P. Addesso, R. X. Adhikari, and et al., “Observation

of Gravitational Waves from a Binary Black Hole Merger,” Physical Review

Letters, vol. 116, p. 061102, Feb. 2016.

175


	Introduction
	Probing Dark Matter Properties with the CMB
	Effect of Dark Matter Annihilation on the CMB
	Universal Energy Deposition Curve with Systematic Corrections
	Leverage in  -space of Dark Matter Limits

	Current Constraints
	Discussion

	Mapping Dark Matter with Optical Weak Lensing
	Formalism
	First-order estimator
	Higher-order estimators
	A note on iterations

	Optimal quadratic estimator
	Shear estimation
	Toy model
	Third-order estimator
	Results for toy model

	Conclusions

	Appendices
	Example of bias of ML estimator
	General 3rd order estimator

	Mapping Dark Matter with CMB Lensing
	CMB Data
	Optical Data
	Pipeline
	Results
	Systematic Checks
	Discussion

	Expansion Probes of Dark Energy
	Data & Method
	The Lenses: BOSS CMASS Galaxies
	Source Plane 1: CFHTLenS Galaxies
	Source Plane 2: Planck CMB Map

	Results
	Discussion

	Summary and Conclusions

