
Physics Letters B 742 (2015) 225–230
Contents lists available at ScienceDirect

Physics Letters B

www.elsevier.com/locate/physletb

Entropy relations and the application of black holes
with the cosmological constant and Gauss–Bonnet term

Wei Xu a,∗, Jia Wang b, Xin-he Meng b,c

a School of Physics, Huazhong University of Science and Technology, Wuhan 430074, China
b School of Physics, Nankai University, Tianjin 300071, China
c State Key Laboratory of ITP, ITP-CAS, Beijing 100190, China

a r t i c l e i n f o a b s t r a c t

Article history:
Received 22 October 2014
Accepted 14 January 2015
Available online 19 January 2015
Editor: M. Cvetič
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Based on entropy relations, we derive the thermodynamic bound for entropy and the area of horizons for 
a Schwarzschild–dS black hole, including the event horizon, Cauchy horizon, and negative horizon (i.e., 
the horizon with negative value), which are all geometrically bound and comprised by the cosmological 
radius. We consider the first derivative of the entropy relations to obtain the first law of thermodynamics 
for all horizons. We also obtain the Smarr relation for the horizons using the scaling discussion. For the 
thermodynamics of all horizons, the cosmological constant is treated as a thermodynamic variable. In 
particular, the thermodynamics of the negative horizon are defined well in the r < 0 side of space–time. 
This formula appears to be valid for three-horizon black holes. We also generalize the discussion to 
thermodynamics for the event horizon and Cauchy horizon of Gauss–Bonnet charged flat black holes 
because the Gauss–Bonnet coupling constant is also considered to be thermodynamic variable. These 
results provide further insights into the crucial role played by the entropy relations of multi-horizons in 
black hole thermodynamics as well as improving our understanding of entropy at the microscopic level.

© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction

In order to understand the entropy of black holes at the mi-
croscopic level, the entropy product of multi-horizon black holes 
has been investigated widely in many previous studies [1–24]. 
The entropy product is always independent of the mass of black 
holes, which is universal for many charged and rotating black holes 
[1–13], black rings, and black strings [14]. In fact, the entropy 
product, when combined with Cauchy horizon thermodynamics, 
can be used to determine whether the corresponding Bekenstein–
Hawking entropy can be written as a Cardy formula, thereby pro-
viding some evidence for a CFT description of the corresponding 
microstates [14,15]. Therefore, it is important to study the thermo-
dynamics of the Cauchy horizon.

However, the mass-independence of the entropy product fails 
for some multi-horizon black holes [15–19]. Hence, the entropy 
sum [12,13,16,20,23] and other thermodynamic relations [16,17,
20–22,24] are introduced, which are also mass-independent in 
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some cases and they appear to be universal. In particular, this 
applies to the relation T+ S+ = T− S− , which is closely associated 
with the mass-independence of the entropy product. This can also 
be understood well in physical terms by the holographic descrip-
tion, i.e., the thermodynamic method of black hole/CFT (BH/CFT) 
correspondence [7,25–30]. The thermodynamic relations T+ S+ =
T− S− may used as criteria to determine whether there is a two-
dimensional CFT dual for black holes in the Einstein gravity the-
ory and other diffeomorphism-invariant gravity theories [7,25–30]. 
In addition, it has been shown that the thermodynamic relation 
T+ S+ = T− S− is equivalent to the central charge being the same 
(i.e. cR = cL ) for some two-horizon black holes. However, the in-
terpretations of other thermodynamic relations are not clear. Thus, 
the present study focuses on entropy relations and their applica-
tions to black hole thermodynamics.

Based on entropy relations, we derive the thermodynamic 
bound for entropy and the area of horizons for a Schwarzschild–dS 
black hole, including the event horizon, Cauchy horizon, and nega-
tive horizon, which are all geometrically bound and they comprise 
the cosmological radius. We consider the first derivative of entropy 
relations to obtain the first law of thermodynamics for all horizons. 
We also obtain the Smarr relation for horizons using the scaling 
discussion. For the thermodynamics of all horizons, the cosmolog-
 under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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ical constant is treated as a thermodynamic variable [31–38]). In 
particular, the thermodynamics of a negative horizon is also well 
defined on the negative side (r < 0). Indeed, there is a singularity 
for the black hole solution, e.g., located in r = 0, so we always se-
lect the r > 0 side and the existence of black hole horizons avoids 
the bare singularity. This defines the thermodynamics of positive 
horizons well. Actually, the thermodynamics of the event horizon 
[4,7,9,10,15,18,21,24–28,30], Cauchy horizon [4,7,9,10,14,15,18,21,
22,24–28,30], and cosmological horizon [39–42] have been studied 
widely. For the negative horizon, we can choose the r < 0 side and 
the existence of negative horizons also avoids the bare singular-
ity. However, it was shown that the mass-independence of entropy 
relations may always hold only when the effects of negative hori-
zons are considered [12,13,16,17,20,23,24]. Thus, it is also useful 
to study the thermodynamics of negative horizons, although the 
quantum mechanical degrees of freedom remain unclear for the 
entropy of the negative horizon count (note that they are also un-
clear for the Cauchy horizon). This formula appears to be valid for 
three-horizon black holes. We also generalize this discussion to the 
thermodynamics of the event horizon and the Cauchy horizon of 
Gauss–Bonnet charged flat black holes because the Gauss–Bonnet 
coupling constant is also considered to be a thermodynamic vari-
able [35–38,43,44]. These results provide further insights into the 
crucial roles played by the entropy relations of multi-horizons in 
black hole thermodynamics and they help us to understand en-
tropy at the microscopic level.

The remainder of this paper is organized as follows. In Sec-
tion 2, we investigate the entropy relations and their application 
to a Schwarzschild–dS black hole. In Section 3, we present the en-
tropy relations and their application to a Gauss–Bonnet charged 
flat black hole. Section 4 gives our conclusions and some discus-
sion.

2. Entropy relations and the application to a Schwarzschild–dS 
black hole

In this section, we first consider the entropy relations and their 
application to a four-dimensional Schwarzschild–dS black hole, 
which is the simplest example of a multi-horizon (A)dS black hole 
with the line element

ds2 = − f (r)dt2 + dr2

f (r)
+ r2(dθ2 + sin2 dϕ2), (2.1)

with the horizon function

f (r) = 1 − 2M

r
− Λr2

3
, (2.2)

where M represents the mass of the black hole and Λ = 1
�2 is the 

cosmological constant. From the roots of the horizon function f (r), 
we can obtain three black hole horizons [17]
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where rE , rC , and rN denote the event horizon, cosmological hori-
zon, and negative horizon, respectively. Note that rN is negative 
and it is referred to as the “virtual” horizon [17]. In addition, 
because we focus on a black hole with multi-horizons, we only 
consider the case with
3M

�
≤ 1, (2.3)

which can be viewed as the existence condition for multi-horizon 
black holes. The entropy of each horizon is

Si = Ai

4
= πr2

i (i = E, C, N). (2.4)

The temperatures of the event horizon and negative horizon are

Ti = f ′(ri)

4π
= �2 − r2

i

4π�2ri
(i = E, N), (2.5)

and the Hawking temperature of the cosmological horizon is al-
ways selected as the positive one [7]

TC = −T E |rE ↔rC = r2
C − �2

4π�2rC
, (2.6)

where f ′(r) denotes the derivative function of f (r) with respect 
to r.

First, we revisit the thermodynamic relations. For example, the 
mass-dependence entropy product is [17]

S E SC SN = 36π3M2

Λ2
= 36π3M2�4; (2.7)

the mass-independence “part” entropy product is [16]

S E SC + S E SN + SC SN = 9π2

Λ2
= 9π2�4; (2.8)

the entropy sum is [12,16]

S E + SC + SN = 6π

Λ
= 6π�2; (2.9)

and the mass-independent entropy relation of two positive hori-
zons is [16,17]

S E + SC + √
S E SC = 3π�2. (2.10)

Based on these entropy relations, we can obtain the thermody-
namic bound for a Schwarzschild–dS black hole. Because 0 ≤ rE ≤
rC ≤ |rN | ≤ 2�, we obtain 0 ≤ S E ≤ SC ≤ SN ≤ 4π�2. Thus, from 
thermodynamic relation (2.10), we obtain

0 ≤ 3S E ≤ (
S E + SC + √

S E SC
) = 3π�2 ≤ 3SC ,

and

0 ≤ SC ≤ 3π�2,

which together give

0 ≤ S E ≤ π�2 ≤ SC ≤ 3π�2.

In addition, thermodynamic relation (2.10) also leads to 0 ≤ (SC +
S E ) ≤ 3π�2; hence, from the entropy sum (2.9), we find that

SN ≥ 3π�2.

Overall, we obtain the entropy bound of the event horizon, the 
cosmological horizon, and the negative horizon

S E ∈ [
0,π�2], SC ∈ [

π�2,3π�2],
SN ∈ [

3π�2,4π�2]. (2.11)

Furthermore, the area entropy leads to the area bound
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which are all geometrical bounds of black hole horizons as param-
eter � is actually the cosmological radius.

Furthermore, we can obtain the first law of thermodynamics 
from these thermodynamic relations. In fact, the thermodynamics 
of (A)dS black holes are still open questions. An interesting idea 
is to treat the cosmological constant as a thermodynamic variable 
(e.g., see [31–38]). Hence, if we consider the first derivatives of 
thermodynamic relations (2.7), (2.8), (2.9), we can find

SC SN dS E + S E SC dSN + SN S E dSC

= 72π3
(

M

Λ2
dM − M2

Λ3
dΛ

)
,

(SC dS E + S E dSC ) + (SC dSN + SN dSC ) + (S E dSN + SN dS E)

= −18π2

Λ3
dΛ,

dS E + dSC + dSN = −6π

Λ2
dΛ,

which lead to

dS E = − 72π3M

(S E − SN)(SC − S E)Λ2
dM

+ 6π(12π2M2 − 3π S E + ΛS2
E)

(S E − SN)(SC − S E)Λ3
dΛ,

dSC = 72π3M

(SC − SN)(SC − S E)Λ2
dM

− 6π(12π2M2 − 3π SC + ΛS2
C )

(SC − SN)(SC − S E)Λ3
dΛ,

dSN = 72π3M

(S E − SN)(SC − SN)Λ2
dM

− 6π(12π2M2 − 3π SN + ΛS2
N)

(S E − SN)(SC − SN)Λ3
dΛ,

or equivalently

dM = Λ2(S E − SN)(S E − SC )

72π3M
dS E

+ (12π2M2 − 3π S E + ΛS2
E)

12π2MΛ
dΛ,

dM = −Λ2(SC − SN)(S E − SC )

72π3M
dSC

+ (12π2M2 − 3π SC + ΛS2
C )

12π2MΛ
dΛ,

dM = Λ2(SC − SN)(S E − SN)

72π3M
dSN

+ (12π2M2 − 3π SN + ΛS2
N)

12π2MΛ
dΛ.

If we consider the Hawking temperature (2.5), (2.6), we obtain the 
first law of thermodynamics for the event horizon, cosmological 
horizon, and negative horizon of a Schwarzschild–dS black hole

dM = +T E dS E + V E dΛ, (2.13)

dM = −TC dSC + V C dΛ, (2.14)

dM = −T N dSN + V N dΛ, (2.15)
where the thermodynamic potential conjugate to Λ is defined as

V i =
(

∂M

∂Λ

)
Si

= − r3
i

6

= (12π2M2 − 3π Si + ΛS2
i )

12π2MΛ
(i = E, C, N). (2.16)

Furthermore, the Smarr relations for the horizons can be found 
by scaling arguments. The mass can be viewed as a homoge-
neous function of the thermodynamic variables Si and Λ, i.e., 
M = M(Si, Λ). From the horizon function (2.2), we can find that 
the mass M scales with [length]1 and Λ scales with [length]−2. 
The area entropy (2.4) shows that Si scales with [length]2. Then, 
after rescaling the thermodynamic variables, we can obtain λ1 M =
M(λ2 Si, λ2Λ). By taking the first derivative with respect to λ and 
then setting λ = 1, we obtain the Smarr relations for the event 
horizon and negative horizon

M = 2(T E S E + V EΛ), (2.17)

M = 2(T N SN + V NΛ). (2.18)

Note that we select the positive temperature (2.6), rather than the 
origin negative (opposite) one, and thus the Smarr relation for the 
cosmological horizon of a Schwarzschild–dS black hole is

M = 2(−TC SC + V C Λ). (2.19)

Finally, we obtain the first law of thermodynamics (2.13)–(2.15), 
and the Smarr relations (2.17)–(2.19) for the event horizon, cosmo-
logical horizon, and negative horizon of a Schwarzschild–dS black 
hole.

For a Schwarzschild–dS black hole with 3M
�

> 1, we can only 
find one real root of f (r), which is the event horizon, whereas 
the other two are complex. This case is outside the scope of our 
discussion because we only consider the thermodynamic laws of 
horizons, while the thermodynamics of complex horizons are not 
defined well. However, the four-dimensional uncharged black hole 
in f (R) gravity [18] has the same line element (2.1) with a differ-
ent metric function f (r) = 1 − 2μ

r − R0
12 r2, where R = R0 is the con-

stant curvature of the static, spherically symmetric solution. Hence, 
by following the same procedure, we can obtain similar thermody-
namic relations, including the thermodynamic bounds of entropy 
and area, the first law of thermodynamics, and Smarr relations, 
where the cosmological constant is Λ f = R0

4 and the cosmologi-
cal radius is � f = 2√

R0
. Indeed, we can follow a similar procedure 

to obtain these results for other black holes with three horizons, 
e.g., four-dimensional charged static black holes in Einstein–Weyl 
theory [3] and five-dimensional charged (A)dS black holes in the 
Gauss–Bonnet gravity [18].

3. Entropy relations and their application to a Gauss–Bonnet 
black hole

In this section, we use an example of a Gauss–Bonnet black 
hole to further study the thermodynamic relations and their ap-
plication. However, we only consider the positive horizons in 
this case, which have attracted more attention [4,7,9,10,14,15,18,
21,22,24–28,30] than the negative ones. We consider the five-
dimensional charged asymptotically flat solutions. We take the ac-
tion as

S = 1

16π G

∫
d5x

√−g(L0 +L1 +LGB)

+
∫

d5x
√−gLmatter,
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where

L0 = −2Λ = 0, L1 = R, Lmatter = 1

2
Fμν F μν,

LGB = α
(

Rμνλρ Rμνλρ − 4Rμν Rμν + R2).
We select the vanishing cosmological constant and rescale the 
Gauss–Bonnet coupling constant α̃ in the following discussion by

α̃ = (d − 3)(d − 4)α = 2α.

The static and charged black hole solution has the form [45–49]

ds2 = −V (r)dt2 + dr2

V (r)
+ r2dΩ2

3 ,

F = q

4π r3
dt ∧ dr,

where dΩ2
3 is the maximally symmetric space in three dimensions 

and the metric function is

V (r) = 1 + r2

2α̃

[
1 −

√
1 + 4α̃

(
2μ

r4
− q2

r6

)]
. (3.1)

The event horizon rE and Cauchy horizon rC are located in the 
roots of the metric function V (r)

r2
E = 1

2
(2μ − α̃) + 1

2

√
(2μ − α̃)2 − 4q2, (3.2)

r2
C = 1

2
(2μ − α̃) − 1

2

√
(2μ − α̃)2 − 4q2. (3.3)

Note that we only consider the positive horizons in the follow-
ing. We introduce some useful relations: rErC = q, rE + rC =√

2μ − α̃ + 2q, r2
E + r2

C = 2μ − α̃. The temperatures, electric po-
tentials, areas, and entropies for horizons are given by

T E = r2
E − r2

C

2πrE(2α̃ + r2
E)

, TC = r2
E − r2

C

2πrC (2α̃ + r2
C )

, (3.4)

ΦE = 2

(
π

4

)1/3 Q

r2
E

, ΦC = 2

(
π

4

)1/3 Q

r2
C

, (3.5)

AE = 2π2r3
E , AC = 2π2r3

C , (3.6)

S E = π2r3
E

2

(
1 + 6α̃

r2
E

)
, SC = π2r3

C

2

(
1 + 6α̃

r2
C

)
, (3.7)

where the ADM mass M and the electric charge Q of the solution 
are given by

M = 3πμ

4
, Q =

(
π

4

)2/3

q. (3.8)

We can find the entropy product [18] and entropy sum

S E SC = 4π2
(

1 + 12α̃μ

q2
+ 30α̃2

q2

)
Q 3,

S E + SC = π2

2

√
2μ − α̃ + 2q(2μ + 5α̃ − q), (3.9)

and the area product [18] and area sum

AE AC = 64π2 Q 3,

AE + AC = 2π2
√

2μ − α̃ + 2q(2μ − α̃ − q). (3.10)

The existence of black hole horizons leads to

μ ≥ q + α̃
. (3.11)
2

By focusing on the area bound of the horizons, we obtain

AE ≥ √
AE AC = 9π Q

√
Q , AC ≤ √

AE AC = 9π Q
√

Q .

The area sum gives

π2
√

2μ − α̃ + 2q(2μ − α̃ − q)

= AE + AC

2
≤ AE ≤ AE + AC

= 2π2
√

2μ − α̃ + 2q(2μ − α̃ − q),

AC ≤ AE + AC

2
= π2

√
2μ − α̃ + 2q(2μ − α̃ − q).

If we consider the above bound together with the existence of 
black hole horizons, we obtain the area bound of the event horizon 
and Cauchy horizon

AE ∈ [
π2,2π2] × √

2μ − α̃ + 2q(2μ − α̃ − q),

AC ∈ [
0,9π Q

√
Q

]
. (3.12)

We can also obtain the entropy bound, but this is complicated and 
it is omitted here.

In addition, if we consider the first derivative of the entropy 
product and sum (3.9), and we perform a small calculation sim-
ilar to that in the previous section, we can find the first law of 
thermodynamics for the event horizon and Cauchy horizon of a 
Gauss–Bonnet charged flat black hole

dM = +T E dS E + ΦE dQ + ΘE dα̃, (3.13)

dM = −TC dSC + ΦC dQ + ΘC dα̃. (3.14)

Note that we treat the Gauss–Bonnet coupling constant as a ther-
modynamic variable (e.g., see [35–38,43,44]). Accordingly, the ther-
modynamic potential conjugate to α̃ is defined as

ΘE =
(

∂M

∂α̃

)
S E ,Q

= 3π

8
(1 − 8πα̃rE T E), (3.15)

ΘC =
(

∂M

∂α̃

)
SC ,Q

= 3π

8
(1 + 8πα̃rC TC ). (3.16)

Furthermore, the Smarr relation for horizons can be found by scal-
ing arguments. The mass can be viewed as a homogeneous func-
tion of the thermodynamic variables Si and α̃, i.e. M = M(Si, α̃). 
From the horizon function (3.1), we can find that mass M scales 
with [length]2, the electric charge Q scales with [length]2, and 
α̃ scales with [length]2. The area entropy (3.7) shows that Si
scales with [length]3. Then, after rescaling the thermodynamic 
variables, we can obtain λ2 M = M(λ3 Si, λ2 Q , λ2α̃). By taking the 
first derivative with respect to λ and then setting λ = 1, we obtain 
the Smarr relation for the event horizon

M = +3

2
T E S E + ΦE Q + ΘE α̃. (3.17)

Note that we select the positive temperature (3.4), rather than the 
origin negative (opposite) one; thus, the Smarr relation for the 
Cauchy horizon is

M = −3

2
TC SC + ΦC Q + ΘC α̃. (3.18)

Finally, we obtain the first law of thermodynamics (3.13), (3.14),
and Smarr relations (3.17), (3.18) for the event horizon and the 
Cauchy horizon of a Gauss–Bonnet charged flat black hole, which 
are consistent with those described in [18].
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4. Conclusions

In this study, based on entropy relations, we obtained the 
thermodynamic bound of entropy and area for horizons of a 
Schwarzschild–dS black hole, including the event horizon, Cauchy 
horizon, and negative horizon, which are all geometrically bound 
and they comprise the cosmological radius. We considered the 
first derivatives of the entropy relations and we obtained the 
first law of thermodynamics for all of the horizons. We also ob-
tained the Smarr relations for the horizons using the scaling 
discussion. For the thermodynamics of all horizons, the cosmo-
logical constant was treated as a thermodynamic variable. In 
particular, the thermodynamics of negative horizons were also 
defined well on the negative side (r < 0). This formula appears 
to be valid for three-horizon black holes, e.g., four-dimensional 
uncharged black holes in f (R) gravity [18], four-dimensional 
charged static black holes in Einstein–Weyl theory [3], and five-
dimensional charged (A)dS black holes in the Gauss–Bonnet grav-
ity [18]. We also generalized the discussion to thermodynam-
ics for the event horizon and Cauchy horizon of Gauss–Bonnet 
charged flat black holes because the Gauss–Bonnet coupling con-
stant can also be treated as a thermodynamic variable. These 
results provide further insights into the crucial roles played by 
the entropy relations of multi-horizons in black hole thermody-
namics and they help us to understand entropy at the microscopic 
level.

In future research, we believe that the validity of this formula 
holds for general Lovelock gravity and thus more coupling con-
stants can be entered in the laws of black hole thermodynamics. In 
addition, because the thermodynamics of the negative horizon are 
introduced, we may also expect to construct a holographic descrip-
tion of the thermodynamics for black holes with three horizons, 
while the holographic descriptions of thermodynamics for black 
holes with two horizons can be built well by the thermodynamic 
method of BH/CFT correspondence [7,25–30].
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