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Based on entropy relations, we derive the thermodynamic bound for entropy and the area of horizons for
a Schwarzschild-dS black hole, including the event horizon, Cauchy horizon, and negative horizon (i.e.,
the horizon with negative value), which are all geometrically bound and comprised by the cosmological
radius. We consider the first derivative of the entropy relations to obtain the first law of thermodynamics
for all horizons. We also obtain the Smarr relation for the horizons using the scaling discussion. For the
thermodynamics of all horizons, the cosmological constant is treated as a thermodynamic variable. In
particular, the thermodynamics of the negative horizon are defined well in the r < 0 side of space-time.
This formula appears to be valid for three-horizon black holes. We also generalize the discussion to
thermodynamics for the event horizon and Cauchy horizon of Gauss-Bonnet charged flat black holes
because the Gauss-Bonnet coupling constant is also considered to be thermodynamic variable. These
results provide further insights into the crucial role played by the entropy relations of multi-horizons in
black hole thermodynamics as well as improving our understanding of entropy at the microscopic level.
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1. Introduction

In order to understand the entropy of black holes at the mi-
croscopic level, the entropy product of multi-horizon black holes
has been investigated widely in many previous studies [1-24].
The entropy product is always independent of the mass of black
holes, which is universal for many charged and rotating black holes
[1-13], black rings, and black strings [14]. In fact, the entropy
product, when combined with Cauchy horizon thermodynamics,
can be used to determine whether the corresponding Bekenstein-
Hawking entropy can be written as a Cardy formula, thereby pro-
viding some evidence for a CFT description of the corresponding
microstates [14,15]. Therefore, it is important to study the thermo-
dynamics of the Cauchy horizon.

However, the mass-independence of the entropy product fails
for some multi-horizon black holes [15-19]. Hence, the entropy
sum [12,13,16,20,23] and other thermodynamic relations [16,17,
20-22,24] are introduced, which are also mass-independent in
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some cases and they appear to be universal. In particular, this
applies to the relation TSy = T_S_, which is closely associated
with the mass-independence of the entropy product. This can also
be understood well in physical terms by the holographic descrip-
tion, i.e., the thermodynamic method of black hole/CFT (BH/CFT)
correspondence [7,25-30]. The thermodynamic relations T, S, =
T_S_ may used as criteria to determine whether there is a two-
dimensional CFT dual for black holes in the Einstein gravity the-
ory and other diffeomorphism-invariant gravity theories [7,25-30].
In addition, it has been shown that the thermodynamic relation
T.S; =T_S_ is equivalent to the central charge being the same
(i.e. cg =cr) for some two-horizon black holes. However, the in-
terpretations of other thermodynamic relations are not clear. Thus,
the present study focuses on entropy relations and their applica-
tions to black hole thermodynamics.

Based on entropy relations, we derive the thermodynamic
bound for entropy and the area of horizons for a Schwarzschild-dS
black hole, including the event horizon, Cauchy horizon, and nega-
tive horizon, which are all geometrically bound and they comprise
the cosmological radius. We consider the first derivative of entropy
relations to obtain the first law of thermodynamics for all horizons.
We also obtain the Smarr relation for horizons using the scaling
discussion. For the thermodynamics of all horizons, the cosmolog-
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ical constant is treated as a thermodynamic variable [31-38]). In
particular, the thermodynamics of a negative horizon is also well
defined on the negative side (r < 0). Indeed, there is a singularity
for the black hole solution, e.g., located in r =0, so we always se-
lect the r > 0 side and the existence of black hole horizons avoids
the bare singularity. This defines the thermodynamics of positive
horizons well. Actually, the thermodynamics of the event horizon
[4,7,9,10,15,18,21,24-28,30], Cauchy horizon [4,7,9,10,14,15,18,21,
22,24-28,30], and cosmological horizon [39-42] have been studied
widely. For the negative horizon, we can choose the r < 0 side and
the existence of negative horizons also avoids the bare singular-
ity. However, it was shown that the mass-independence of entropy
relations may always hold only when the effects of negative hori-
zons are considered [12,13,16,17,20,23,24]. Thus, it is also useful
to study the thermodynamics of negative horizons, although the
quantum mechanical degrees of freedom remain unclear for the
entropy of the negative horizon count (note that they are also un-
clear for the Cauchy horizon). This formula appears to be valid for
three-horizon black holes. We also generalize this discussion to the
thermodynamics of the event horizon and the Cauchy horizon of
Gauss-Bonnet charged flat black holes because the Gauss-Bonnet
coupling constant is also considered to be a thermodynamic vari-
able [35-38,43,44]. These results provide further insights into the
crucial roles played by the entropy relations of multi-horizons in
black hole thermodynamics and they help us to understand en-
tropy at the microscopic level.

The remainder of this paper is organized as follows. In Sec-
tion 2, we investigate the entropy relations and their application
to a Schwarzschild-dS black hole. In Section 3, we present the en-
tropy relations and their application to a Gauss-Bonnet charged
flat black hole. Section 4 gives our conclusions and some discus-
sion.

2. Entropy relations and the application to a Schwarzschild-dS
black hole

In this section, we first consider the entropy relations and their
application to a four-dimensional Schwarzschild-dS black hole,
which is the simplest example of a multi-horizon (A)dS black hole
with the line element

d 2
ds? = —f(r)ydt® + % +r?(d6? + sin® dg?), (2.1)
with the horizon function
2M  Ar?
fy=1- — - —, (2.2)
r 3

where M represents the mass of the black hole and A = zlz is the

cosmological constant. From the roots of the horizon function f (r),
we can obtain three black hole horizons [17]

A . (3M
rg = 2¢sin| — arcsin{ — |} |,
3 Y4
rc = 2£sin ! arcsin 3M + 27
<= 3 ¢ 3 )

(1 . (3M 2
ry =2¢sin| —arcsinf — | — — ),
3 £ 3

where 1, rc, and ry denote the event horizon, cosmological hori-
zon, and negative horizon, respectively. Note that ry is negative
and it is referred to as the “virtual” horizon [17]. In addition,
because we focus on a black hole with multi-horizons, we only
consider the case with

3M
_Sla

(2.3)

which can be viewed as the existence condition for multi-horizon
black holes. The entropy of each horizon is

A.
si= 2 a2
4

The temperatures of the event horizon and negative horizon are

flay _ 02—t
4 47 021

(i=E,C,N). (2.4)

(i=E,N), (2.5)
and the Hawking temperature of the cosmological horizon is al-
ways selected as the positive one [7]

2 2
re —¢

] 2.6
47T£2TC ’ ( )

TC = _TE|rE<—>rC =
where f’(r) denotes the derivative function of f(r) with respect
tor.

First, we revisit the thermodynamic relations. For example, the
mass-dependence entropy product is [17]

3673 M?
SEScSN = —7 = 363 M2 e, (2.7)
the mass-independence “part” entropy product is [16]

92 2,4
SESC+SESN+SCsN=7=97T VAN (2.8)
the entropy sum is [12,16]

6 2
SE+Sc+SN=7=67T€; (2.9)

and the mass-independent entropy relation of two positive hori-
zons is [16,17]

SE+Sc+\/SESC=37T€2.

Based on these entropy relations, we can obtain the thermody-
namic bound for a Schwarzschild-dS black hole. Because 0 < rg <
rc < |rn| < 2¢, we obtain 0 < Sg < S¢ < Sy < 4m¢2. Thus, from
thermodynamic relation (2.10), we obtain

(2.10)

0<3Sg < (Se+ Sc+V/SeSc) =37 <3Sc,
and

0<Sc<3me?,

which together give
0<Sp<mt®<Sc<3me’

In addition, thermodynamic relation (2.10) also leads to 0 < (S¢ +
SE) < 3m¢?; hence, from the entropy sum (2.9), we find that

Sy > 3me?.

Overall, we obtain the entropy bound of the event horizon, the
cosmological horizon, and the negative horizon

Spel0,me?],  Sce[me*3we?],
Sy € [3m %, 4 é?). (211)

Furthermore, the area entropy leads to the area bound
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which are all geometrical bounds of black hole horizons as param-
eter ¢ is actually the cosmological radius.

Furthermore, we can obtain the first law of thermodynamics
from these thermodynamic relations. In fact, the thermodynamics
of (A)dS black holes are still open questions. An interesting idea
is to treat the cosmological constant as a thermodynamic variable
(e.g., see [31-38]). Hence, if we consider the first derivatives of
thermodynamic relations (2.7), (2.8), (2.9), we can find

(212)

ScSNASE + SgScdSy + SySgdSc
M M?
= 7273 (—dM - —dA),
A2 A3

(ScdSg + SgdSc) + (ScdSn + SndSc) + (SgdSn + SndSg)

1872
— __”dA,
A3
67
dSg +dSc +dSy = —FdA,
which lead to
7273M
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7273M
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7273M
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If we consider the Hawking temperature (2.5), (2.6), we obtain the
first law of thermodynamics for the event horizon, cosmological
horizon, and negative horizon of a Schwarzschild-dS black hole

dM = +TgdSg + VgdA, (213)
dM = —T¢dSc + VedA, (2.14)
dM = —TndSy + VndA, (2.15)

where the thermodynamic potential conjugate to A is defined as

M r
Vi= MY _ T
oA)s 6

(127°M? =370 S; + AS?)
= (i=E,C,N).
1272M A

Furthermore, the Smarr relations for the horizons can be found
by scaling arguments. The mass can be viewed as a homoge-
neous function of the thermodynamic variables S; and A, i.e
M = M(S;j, A). From the horizon function (2.2), we can find that
the mass M scales with [length]' and A scales with [length] 2.
The area entropy (2.4) shows that S; scales with [length]?. Then,
after rescaling the thermodynamic variables, we can obtain A'M =
M(225;, 22 A). By taking the first derivative with respect to A and
then setting A = 1, we obtain the Smarr relations for the event
horizon and negative horizon

(2.16)

M =2(TgSg + Ve A),
M =2(TySNy + VNA).

(217)
(2.18)

Note that we select the positive temperature (2.6), rather than the
origin negative (opposite) one, and thus the Smarr relation for the
cosmological horizon of a Schwarzschild-dS black hole is

M =2(=T¢Sc + Ve A). (2.19)

Finally, we obtain the first law of thermodynamics (2.13)-(2.15),
and the Smarr relations (2.17)-(2.19) for the event horizon, cosmo-
logical horizon, and negative horizon of a Schwarzschild-dS black
hole.

For a Schwarzschild-dS black hole with 3% > 1, we can only
find one real root of f(r), which is the event horizon, whereas
the other two are complex. This case is outside the scope of our
discussion because we only consider the thermodynamic laws of
horizons, while the thermodynamics of complex horizons are not
defined well. However, the four-dimensional uncharged black hole
in f(R) gravity [18] has the same line element (2.1) with a differ-
ent metric function f(r)=1— 27” — f—grz, where R = R is the con-
stant curvature of the static, spherically symmetric solution. Hence,
by following the same procedure, we can obtain similar thermody-
namic relations, including the thermodynamic bounds of entropy
and area, the first law of thermodynamics, and Smarr relations,

where the cosmological constant is Ay = @ and the cosmologi-
cal radius is £; = —%=. Indeed, we can follow a similar procedure

to obtain these results for other black holes with three horizons,
e.g., four-dimensional charged static black holes in Einstein-Weyl
theory [3] and five-dimensional charged (A)dS black holes in the
Gauss-Bonnet gravity [18].

3. Entropy relations and their application to a Gauss-Bonnet
black hole

In this section, we use an example of a Gauss-Bonnet black
hole to further study the thermodynamic relations and their ap-
plication. However, we only consider the positive horizons in
this case, which have attracted more attention [4,7,9,10,14,15,18,
21,22,24-28,30] than the negative ones. We consider the five-
dimensional charged asymptotically flat solutions. We take the ac-
tion as

d>xy/—g(Lo + L1+ Lap)

T 1676
+/d5X\/__g['matter,
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where

Lo=—-2A=0, Li;=R, FHv,

Lmatter = EFW
Lcg = 0t(Ryuvip R**P — 4R, R*Y + R?).

We select the vanishing cosmological constant and rescale the
Gauss-Bonnet coupling constant & in the following discussion by
a=(d-3)d-4da =2a.

The static and charged black hole solution has the form [45-49]
d_r2

2_ 2
ds® = -V (r)dt® + v

+ r2d932,

F =

o 3dt Adr,
r

where d[232 is the maximally symmetric space in three dimensions
and the metric function is

_ r (2n q?
V(r)_1+ﬁ[l—\/l+4a<r—4—r—6>]. (3.1)

The event horizon rg and Cauchy horizon r¢ are located in the
roots of the metric function V (r)

1 o1 .
= @u-a@) + 5\ @u-a)? -4, (32)
1 1 .
FCu—®) — 5y @u- @)% —4q2. (3.3)

Note that we only consider the positive horizons in the follow-
ing. We introduce some useful relations: rgr¢ =q, rg + 1r¢c =
V2 — o +2q, r% + r% =2u — &. The temperatures, electric po-
tentials, areas, and entropies for horizons are given by

2
'c

gt _ ri —r2 34
E — ~ 2 ’ C - ~ 2 ’ ( . )
2mrE(26 4 1) 2mreRa +rg)
1/3 1/3
T T
vea(2)”2 aeaf(T)”2 o)
4 g 4 e
Ap =213, Ac =271, (3.6)
72r} 66 m2rd 6
Sp = 1+, se="c(142%), (37)
2 r% 2 r(z_.

where the ADM mass M and the electric charge Q of the solution
are given by

_371’/L (7 2/3
M_T, Q_<Z> q. (3.8)

We can find the entropy product [18] and entropy sum
126 30&°2
SESC=47T2<1+ q2M+ CIZ >Q3,

2
3 = ~

and the area product [18] and area sum

ApAc =641%Q3,

Ap+Ac=2m%2u — @ +2qu —a —q). (3.10)
The existence of black hole horizons leads to
o
mw=q+ 7 (3.11)

By focusing on the area bound of the horizons, we obtain

Ap>VApACc=97QVQ,  Ac <ApAc=971Q./Q.

The area sum gives

722 —a+2q2u —a —q)

=MSAESAE+AC

=222 —a +2qQ2u —a —q),
A A = -
Ac =< ArtAc :nZ\/Z/L—oH-Zq(ZM—a —q).

2
If we consider the above bound together with the existence of
black hole horizons, we obtain the area bound of the event horizon
and Cauchy horizon

Ape[m? 2% xV2pu — & +2q2u — & —q),
Ace[0,97 Q/Q].

We can also obtain the entropy bound, but this is complicated and
it is omitted here.

In addition, if we consider the first derivative of the entropy
product and sum (3.9), and we perform a small calculation sim-
ilar to that in the previous section, we can find the first law of
thermodynamics for the event horizon and Cauchy horizon of a
Gauss-Bonnet charged flat black hole

(3.12)

dM = +TgdSg + ®rdQ + Ofpda,
dM = —TcdS¢c + @cdQ + Ocdé.

(3.13)
(3.14)

Note that we treat the Gauss-Bonnet coupling constant as a ther-
modynamic variable (e.g., see [35-38,43,44]). Accordingly, the ther-
modynamic potential conjugate to & is defined as

M 3

OF = (—) =2 (1 — 8narTe), (3.15)
oo 5.0 8
oM 3 ]

Oc = (—) =2 A 4 8mwarcTe). (316)
i sc.Q 8

Furthermore, the Smarr relation for horizons can be found by scal-
ing arguments. The mass can be viewed as a homogeneous func-
tion of the thermodynamic variables S; and &, i.e. M = M(S;, @).
From the horizon function (3.1), we can find that mass M scales
with [length]?, the electric charge Q scales with [length]?, and
@ scales with [length]®. The area entropy (3.7) shows that §;
scales with [length]®. Then, after rescaling the thermodynamic
variables, we can obtain A2M = M(13S;, A2Q, A2&). By taking the
first derivative with respect to A and then setting A = 1, we obtain
the Smarr relation for the event horizon

3 -
M=+§TESE~I—‘PEQ+@EOZ. (317)
Note that we select the positive temperature (3.4), rather than the
origin negative (opposite) one; thus, the Smarr relation for the
Cauchy horizon is

3 -
M:—ZTC.Sc-i-@cQ-i-@CO{. (3.18)
Finally, we obtain the first law of thermodynamics (3.13), (3.14),
and Smarr relations (3.17), (3.18) for the event horizon and the
Cauchy horizon of a Gauss-Bonnet charged flat black hole, which
are consistent with those described in [18].
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4. Conclusions

In this study, based on entropy relations, we obtained the
thermodynamic bound of entropy and area for horizons of a
Schwarzschild-dS black hole, including the event horizon, Cauchy
horizon, and negative horizon, which are all geometrically bound
and they comprise the cosmological radius. We considered the
first derivatives of the entropy relations and we obtained the
first law of thermodynamics for all of the horizons. We also ob-
tained the Smarr relations for the horizons using the scaling
discussion. For the thermodynamics of all horizons, the cosmo-
logical constant was treated as a thermodynamic variable. In
particular, the thermodynamics of negative horizons were also
defined well on the negative side (r < 0). This formula appears
to be valid for three-horizon black holes, e.g., four-dimensional
uncharged black holes in f(R) gravity [18], four-dimensional
charged static black holes in Einstein-Weyl theory [3], and five-
dimensional charged (A)dS black holes in the Gauss-Bonnet grav-
ity [18]. We also generalized the discussion to thermodynam-
ics for the event horizon and Cauchy horizon of Gauss-Bonnet
charged flat black holes because the Gauss-Bonnet coupling con-
stant can also be treated as a thermodynamic variable. These
results provide further insights into the crucial roles played by
the entropy relations of multi-horizons in black hole thermody-
namics and they help us to understand entropy at the microscopic
level.

In future research, we believe that the validity of this formula
holds for general Lovelock gravity and thus more coupling con-
stants can be entered in the laws of black hole thermodynamics. In
addition, because the thermodynamics of the negative horizon are
introduced, we may also expect to construct a holographic descrip-
tion of the thermodynamics for black holes with three horizons,
while the holographic descriptions of thermodynamics for black
holes with two horizons can be built well by the thermodynamic
method of BH/CFT correspondence [7,25-30].
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