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In the present notes we will describe an attempt to gain some
insight into the nature of the axiomatic positivity constraint in local
quantum field theory. It has recently become clear that it is advan-
tageous to look at quantum field theory in terms of its Euclidean Green
functions, also called Schwinger functions. As Osterwalder and Schrader
[21, and also Glaser [ 31, have pointed out, spectrum condition and
positivity of the Wightman functions (= vacuum expectation values of
products of local fields) are equivalent, modulo other axioms, to a new
type of positivity condition which must be satisfied by the Euclidean
Green functions. We call this the OS-positivity. After some explanation
of the preceding remarks in Sec. 1 we will restrict our attention to
exactly conformal invariant gquantum field theories. Such theories will

hopefully describe the short distance behavior of more realistic theories,

as was explained elsewhere [1]. In any case, they are interesting as a
laboratory, because they can be analyzed to a remarkable extent by
nonperturbative technique. The present note will further exemplify this,
for it turns out that in conformal invariant theories the OS-positivity
condition can be analyzed by group theoretical methods and that surpri-
singly simple sufficient conditions can be found for its validity. We
think that there 1s a good chance that these conditions are also
necessary; it will be explained in Sec. 5 why that is so.

The work reported here is still in progress at the time of this
writing and is published here for the first time. It is the purpose of

* The present notes present the content of part of the lectures which
the author presented at the Bonn summer school 1974. The rest of the
material covered there can be found in Reference 1.
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these notes to get the readers interested in this new development at

an early stage, and we will concentrate here on the main ideas. We

are confident however that the analysis can be made rigorous and complete
by working out all the technical details (such as growth properties of
Q'x- functions in X , equivalence relations at integer points, etc.).

1. Euclidean Green Functions

Let us consider a local quantum field theory which satisfies the
usual postulates [u] (Wightman axioms): locality, spectrum condition,
positivity, Poincaré invariance, uniqueness of the vacuum and tempered-

ness (i.e. some distribution theoretic properties).

For simplicity consider a theory of one hermitian scalar funda-
mental field ¢ (x). Thus we are given a Hilbert space 3l of physical states,
a vacuum {2 in ¥ and a field @ (x) which becomes an operator in ¥
after smearing with test functions.

Poincaré invariance means that there exists a representation of

the Poincafe group by unitary operators U(a,A) such that

Uta, A) o o, AY'= PlAaxta); U, A0 = Do

with {a,/\ﬁ standing for a Lorentz transformation by A followed by a
translation by a.

Locality says that the commutator [ (x),f}’(y)] = 0 if
2
(x-y)°< 0.

Positivity is the statement that all nonzero state vectors
have positive norm, so that (% ,% ) > O in general. This is true if dC
is a Hilbert space.

Spectrum condition requires that the spectrum of the Hamiltonian

(= generator of time translations) is positive semidefinite. It follows
that

...‘. X
/a/’xe r Uy = o unless pe U,

with \_f+ the closed forward lightcone and U(x) = U(x,1).

In addition there are distribution theoretic requirements as we
said, we shall not go intoc them (see [14] ).

Consider now state vectors obtained by applying the field to
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the vacuum
’\P(x,...x,,.)- Pexay. .. Plxn) QO (1.1)

they should belong to I arter smearing with test functions. The
Wightman functions are defined by

Wk, .. Xm) = (.Q_Idn(x,)...4(xm)ﬂ)=(9_.“f’u4... Xm)) (1.22)

Because of hermiticity of the field ¢(x), one has the more general
relation

(WO X)) Wt X)) = Wy (Ko X B X ) (1.2p)

Moreover, by translation invariance.
Nt X ) = UK o) UCR-Xa) G o) - UCkm- K1) G (o) L1

™
Consider now the Fourier transform 4’(p;q1.. ) of this, considered

*dpoq

as a function of x X, -X X Clearly, because of the spectrum

15 Xp TXqseer¥y T¥pog-
condition as stated above,

A(/(P)%-qud ) =0 unless pe -17,_ ) g€ V,. (t=A... m-a) (1.3)

The inverse Fourier transform gives back

Yix,. .. XM)=(Zﬁ)—%/c/pelq,.--c/%_, ¢fp-.q,-~qm) exp< b pag + Zqe Criei K
(1.4)

We will now pause for a moment to recall the notion of vector
valued holomorphic function. Let 4 a normed space so that for every
nonzero element a¢ ¥ its norm kal >0 is defined and positive. For a
Hilbert space J , Jall = (a,a)ﬁﬁ. A mapping f of a domain D¢ @
into ¥ is called a vector valued holomorphic function on D if for
every z., f(z) can be expanded in a power series around gz witg a non-

o .
0 anz with

oMb

zero radius @ of absolute convergence. That is f(z) =
a, €3¢, Z lUal z” < o= whenever lz-2, 1< @,

Such functions share all the properties of complex holomorphic
functions. In the standard text book in analysis, ref. [10] the theory
of holomorphic functions is developed right away for functions with
values in an arbitrary normed space; the notion generalizes readily
to functions of several variables.
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Consider now the generalization of expression (1.4) to complex

arguments Zgs vig

Yz, 2. ) - Zn fdpdq, -dg,, ‘f(P Qu-Fu-e ) XPLY PR+ Tq (2, -2

"~
Because of the support property (1.3) of 4

Ay (zl...zn) is defined and holomorphic for arguments zj=xj+iyj

with Y, € T/+ and Y, ‘jj € 7+ for all J"' [... m-1

J&d

(1.5)

Points of special interest are the socalled Euclidean points, viz
x,° = 0 and y; =0 (imaginary time and real space coordinates).

Define the "Euclidean state vectors""{’

EA -
L[’-(XA... x“)=4}/(24...2m) for Z=C!’X:,&k); ?=(5-1qu

] % ®
defined and real analytic for Xw > Xm-1 7 .-+ X4 >O (1.6)

We are now ready to define the Euclidean Green functions G(i\l...—;cn),viz

GM(?A"'X‘M)=(-DHq’e(-)?,«----;m}) (1.7)

in analogy with (1.2a). As defined here and throughout this paper, Gn
is always the full disconnected Green function, this must be kept in
mind. To start with, it is defined for arguments as specified in (1.6).
However, the restriction X“

1
its arguments only through their differences. Indeed the same is true

> 0 is unnecessary because Gn depends on

for the Wightman function W by translation invariance, and G is the
analytic continuation of the Wightman function W because‘{’ is the
analytic continuation of ¥ (xqeex )

Let us now introduce the Euclidean time reversal operator (‘7, which

4
reverses X ,

Gy xt) = (x,-x") (1.8)

e is really a complex conjugation of the complex variable z, because

Z=(<x% x) implies Z= (-ixt x) =(6xt 6g ).
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Consider now the scalar product of two Euclidean state vectors.
We find from Eq. (1.2b) by antianalytic continuation in the first m
arguments and analytic continuation in the last n arguments that

((f(,.(., ) 4 R = L (@F, oKX (1.9)
for arguments

Oxicox,t <. . <Oxi<o<xi< . .. <%l

Suppose now that there is given a finite sequence (f) of test functions
£y € C , fl(xl)‘ .f (x1 xN) with support in the domain of definition
of“f’E ie. 0 < Xi< <x“ or else f, (x .?k) = 0. Then

vy = 1 jd*ﬁ? NN AT ST A (1.10)

is an element of the Hilbert space H of physical states and thus
must have nonnegative norm (%E(fﬁ,‘VE(f)) 2 0. By (1.9) this norm is
expressible in terms of the Euclidean Green functions. Thus

kzé Gk‘e_(ef:x‘{'z)}O @

where —
* - = = - S - —
(Qﬂ(x%d(x}...X« XA"'YL) - ‘FK(@XJ..-QX‘)%[(XAvHXC)
and Gn(h) = jdunx h(§1"'§n> Gn(ﬁl...in), integration being over

Euclidean space. Inequality (E.2) is the OS-positivity condition, it
is required to hold for finite sequences of test functions fk(xi"'xk)
that vanish unless 0 < x14< ...<:x£

In the special case that only fZQE 0, inequality (E.2) reads
explicitly

Jatxidxy B(6%, 0R) Gy (B R R Ra) fy o, Re) 20 (1.11)

So far our discussion has followed ref. 2.

Glaser has pointed out [3] that locality and the edge of the
wedge theorem can be used to further extend the domain of definition

and analyticity of the state vectors ﬂV(z ..zn) and, therefore,

‘//(x X, )i
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Let 77 a permutation of 1...n and consider the vector

/y;,(zq'“zm) =Y//zﬁ'4...2ﬁ'fn) = analyt. cont. of rxp,).. Plxna) L (1.12)

This is holomorphic for ‘jﬁ’( eV, Y i -LSW 1_e\/,,
Locality tells us that on Minkowski space

. 2
%(,‘_._xm]eﬁ%&m xw) for allT if all (x:-4)°< o (1.13)

Thus, the boundary values of the holomorphic functions A{J(Zl"'zn) agree
on a real neighborhood (they are known to be vector-valued distri-
butions). The edge of the wedge theorem asserts that then the functions
Yo are in fact analytic continuations of one and the same holomorphic
function ¥ (zl...zn), this function is thus defined on the union of the
original domains of definition of the original % and is symmetric

in its arguments there by (1.13). Specializing to Euclidean arguments

this contains the union over wm of the sets of arguments with

0 < xﬁ1< e < %ep ° i.e. n~tuples of Euclidean arguments with non-
coinciding positive times xl.ll >0, xg # x? (i # j). It can be shown (5]

that the restriction to noncoinciding times can be weakened to non-
coinciding arguments. Summing up:

state vectors 'SOE(’)?l...in) in H are defined and (real)
= '?n such that
X, # ?(‘J. for i # j and all x; > O. They are symmetric in

i
their arguments, viz. ’)”E(iﬁl...i‘ﬁn) =y E

analytic for Euclidean arguments X
(Xi’ . .Xn) for
all permutations 1r .

Using this and the fact that the Green functions depend only on
differences of their arguments, we see that the Euclidean Green functions
Gn(T(\l...'fn) are defined by Eq. (1.7) for arbitrary noncoinciding argu-

- - E
ments Xy X By symmetry of A —,

Gm(?m ?T”) = G, (Koo Xm) for all permutations qr @

Finally it is known that the Euclidean Green functions so defined are

invariant under the Euclidean Poincaré-group, viz

GCam% Q... Mm%, 48 ) = G (Xi- oK) @

for arbitrary 4-rotations me SO(H).

Osterwalder and Schrader have shown [2] that postulates (E.1),
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(E.2) and (E.3) as stated above together with a standard cluster pro-
perty and a rather involved distribution theoretic axiom are sufficient
conditions to guarantee that the Fuclidean Green functions Gn (n=0,1...)
determine a local quantum field theory satisfying the Wightman axioms.

Lastly it may be worthwhile pointing out that positivity (E.2)
will actually hold for more general finite sequences of Schwartz test
functions than stated there; it suffices that they vanish with all
their derivatives when ﬁi =X, for some i # j, or some X; < 0. This

follows immediately from assertion (1.14).

2. Conformal Invariance

From now on we shall restriet our attention to quantum field
theories whose Euclidean Green functions are exactly conformal invariant.
The Euclidean conformal group is ¢ & SQ€(5,1), it is compounded from

[1]

b-rotations ¥->m ¥, m € SO(4)
translations §—>tc§ = X+ 3
dilations X-> @%, € > 0
special conﬁgrmal transformations ;-$>thR_1
where RX = 55
X

We will assume that our theory is parity invariant, it follows
then that the Euclidean Green functions are invariant under Euclidean
time reversal ©® . It is known that OR is an element of the identity
component of the conformal group f% s thus parity invariance plus
conformal invariance implies R-invariance.
Conversely R-invariance alone implies full conformal invariance in a
Poincaré invariant theory, because special conformal transformations,

b-rotations and trandlations generate the whole group 1? .

Let d the dimension of the fundamental field in the theory (the
dimension is a new quantum number) then the requirement of R-invariance

for the Euclidean Green functions is

G CRr Fm) =k x2Y Y Gr CRR, . R

One knows from Wilson's work [6] that the dimension 4 can in general be
noninteger and is dynamically determined. Positivity of the 2-point
function requires however that d»1 resp. d z-%D—l in a world with D
space time dimensions. In order not to have to distinguish between
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several cases we will assume that in fact %D—l:; d= %D. It is inte-
resting to consider theories in an arbitrary even number D of space
time dimensions, the considerations of Sec. 1 generalize immediately

to this case.

3. Conformal Partial Wave Expansion

Given a conformal invariant Euclidean n-point Green function,
graphically represented by a bubble with n legs, we can select two
if its arguments and decompose it into terms corresponding to the
exchange of definite conformal quantum numbers flowing between the
selected pair of legs and the remaining ones. This is called the

(Euclidean) conformal partial wave expansion [1].

Its virtues are first of all these: The connected Green functions
in a Lagrangian quantum field theory are known to satisfy dynamical
equations which amount to a coupled set of infinitely many nonlinear
integral equations. All these integral equations are 'solved" simulta-
neously by the conformal partial wave expansion, i.e. they are converted
from integral equations to algebraic constraints. These algebraic con-
straints amount to demanding presence of certain simple poles in the
partial waves qua analytic functions of the continuous conformal quantum

number ("dimension") ) s, with factorizing residues.

A1l this has been derived and discussed in detall in earlier
lectures by the author which are already published [1] . We will there-
fore only review here very briefly the formulae which we will need later

on.

The conformal quantum numbers (Casimir invariants of S0(5,1)
resp. SO(D+1,1) D = # of space time dimensions) are X =[f, 4], with¢
an SO(4)~spin (resp. SO(D)-spin) and & a complex number, the "dimension".
We will only be interested here in completely symmetric traceless tensor
representations of SO(4), they can be characterized by their rank €.
Thus £ will be a nonnegative integer from now on.

There are several series of unitary representations of SO(D+1,1).
If the space time dimension D is even, they are [7]
identity representation (1-dimensional)

principal series: ¢ arbitrary, & = % D+ 16, ~or< 6 <o

supplementary series: includes in particular € =0, 0<&8 <D real

exceptional series: associated with certain "integer points”

(integer & )
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The exceptional series does never appear in the decomposition of the
Fuclidean Green functions for D > 2, and for D=2 it is equivalent to
principal series representations [9] .

More generally, there exist (Banach-space) representations of
the Euclidean conformal group ﬁ for arbitraryX =[{,81, & complex.
They contain the unitary ones as special cases (resp. irreducible parts
thereof for the exceptional series) and are constructed as induced
representations as follows [1,8] .

The representation space Ex (or a dense subspace thereof) con-
sists of functions ¢ (x) on Euclidean space {? Yy, ® = (ml...qe)
being tensor indices, viz (Ki = 1...4 resp. D. The little group H of
X = O consists of Euclidean 4-rotations m e M, dilations ae A and
special conformal transformations n & N, viz H = MAN. The transformation
law of functions ¢P¢ éx under Aég is

(TcAl ) ()= Q)l;(h}‘f/., (AR} (sum over /*) (3.1)
Herein the little group element h ¢ H depends on X and A and is given by

h=ty Atx , %= A'F,

t, the translation taking O to X. The inducing representation DX is

given by
X -8 4
Ddlg(/ma'n)= [al :Do((; (m)
if a is a dilation by |af . De is the completely symmetricé -th rank

tensor representation of M~ SO(4), note that all Dfp(nw are therefore
real. This representation can be extended to a representation of the
group O(4) which is obtained by adjoining to M the reflection by @ ,

so that also DY(®) is defined. Representations X =L£¢,d] and -X =[{,D-&]
are equivalent except at integer points. In addition there are further
"partial equivalences" at integer points which are very important but
cannot be discussed here (see refs. 9 and 16).

Since we will be interested in discussing positivity, we will
need to consider the full disconnected Green functions as we did through-

out Sec. 1. In terms of the connected Green functions

_/
Fes9) = +>< +>< (3.2)
/,—‘\ ete.
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We will for simplicity consider a theory of one hermitian scalar
field ¢ y €.8. a,¢3-theory. [The considerations can be extended to
¢u—theory with only small changes by introducing also the field ¢>2(x)
right from the start, i.e. a theory of two hermitian scalar fields
having different dimensions.] The 2-point function is specified up to
normalization by the dimension d of the field ¢ 3 we will fix its nor-
malization by [1]

- -iD - 2-d
—— = GLRK) -QWY T (d) (B XY T/ r(4D-d)

We will now write down the conformal partial wave expansion for the
full disconnected 4-point Green function

X EA
(desc) - jd)([,uca&)] X + ld.
%, Ky (3.3)

= 3] dx L4+ g@I[dx Mg, 2RV T (B 7 1%) 4 1d.

Id. stands for a contribution belonging toX = identity representation:
it is given explicitly by the very first term on the right hand side
(r.h.s) of Eq. (3.2), viz. Id. = G2(x1x2) G2(x3xu).

The integration Zi dX runs over a certain subset of the unitary
representations of‘é? , we will come back to this below. All the dyna-
mical information on the disconnected Greenfunction is in the partial
wave amplitudes 1+g(X). It is written in this way to agree with the
notation of ref.[iL A1l the rest are kinematical factors determined

by group theory.

Explicitly, the Clebsch Gordan kernels

X
X, X /,,x e
X = &, ... 0 (X, X, [ X)
X defd-4 Lrd-e)
2\ z 2,72
= /V(Z)(% X/L) 2(£X4§% 23) ()?D(‘”.X“(—ZVCIKFS)

(3.4
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. N (X)
with  X¢j = Xo- Xj, x.,<=-21—'x‘€ - Kl g 4w (X5 /X0 )

3 Xa3
and for D = 2h

-h [1-hedeid el Fed-Ld+ie)Hdd+he )2 7,
N(Y) = Q%) /f s : )cd-zd+3 )|
[Ch-d-18+4€) M (L defdeil) (k-5 ¢£L)

Because of the equivalence of representations X and —X , the partial
waves can, and will be required to satisfy a symmetry relation

q(Y) =g(X) (3.5)
Our choice of overall factors is such that [11] the Clebsch Gordan
kernels for representations X and -X are related by
Y - s _'~Y -y X s
f/l (R, %0 %) = Jdx' Iy (x,lex}é\alux‘(x) (3.6)

with intertwining kernel

X o 1y=S -
"Z_\dlg(X,X()'='“(X)C%-X) llc‘sdl (x)-‘{Vl(Cfs'é

/*'(?)"'3&/54

with
ﬁa’s(?)=~5ug + 2 agxp /R

h L (h-d- (3.7)
m(Y) ~QT) W [1del ) (Lh-J-1)
/—'(h—cf//"'(lé-cfd—’/)

Since (3.5) is true for all X , hence also for - X, it follows that
ZSX is the inverse of [ﬁ' in the convolution sense. The graphical
notation used e. g. in (3.3) takes all this into account if we picture
F‘X as a bubble with a short wiggly line. Inserting expression
(3.6) for "X into the rhs. of the second equality (3.3), a more
symmetrical expression results, which involves however two x-integrations.

We will not now write expansions for the higher n-point functions,
connected or otherwise, they were given in ref. 1. The expansion for the
connected 4~point Green function is obtained from (3.3) by substituting
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g(X) for 1+g(X) and omitting the contribution from the identity re-

presentation.

The dynamical integral equation [12] for Green functions
mentioned before imply [1] for g(Y) that it should have a simple pole
in & for £ =0atd =d, shortly: a pole at X = [.O,d] . Its re-
sidue must be positive and fixes the square of the coupling constant.
As a result, the integration over representations in (3.3) can be de-

formed to path integrals which run as follows:

s
I ax- 2o 7 fcods,

LD
C(X)=7é—f [(1D+¢) 4 0Q25) nd)nX) -
N

D-d

AR\
N/
d

—— CO
Ty C( .€=2."r...

e e —— . e —— e -

Fig. 1 paths of8 -integration

The Plancherel measure c(X) 1s a polynomial. Note that the pole
of g(X) at X=X 0 ={0,d7 is accompanied by a brother at - X o
by symmetry (3.5).

One finds in addition that g(X) should alsoc have a pole at
X = [2,D] s, this is required by the existence of a stress energy tensor.

Throughout this paper we will restrict our attention to theories
in which the partial waves g(X) are meromorphic function of d for al1f
with only simple poles. There is a good physical reason, for this assump-
tion is necessary to have validity of operator product expansions with
only a discrete number of (composite) fields appearing in them. This
has also been discussed ref. 1. Further light on this analyticity
assumption will be shed by our later considerations of positivity,
where we will need the hypothesis that g(X) are holomorphic in a cut
d -plane.
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L, A Semigroup and Its Contractive Representations

We will now introduce a maximal noncommutative semigroup S
contained in the Euclidean conformal group ’9 . It is defined to consist
of those conformal transformations A in “9 which leave invariant the
halfspace with positive Euclidean time x  resp. xD

ﬁf
Ne Sc ﬁ f o< xY< implies 0 < (Nx) < (4.1)

and similarly for D space time dimensions. Henceforth such generali-
zation will be left to the reader. In the 6-dimensional language, S
consists of pseudo-orthogonal transformations of positive lightlike
f-vectors § which leave invariant the halfspace § 4 > 0.

Evidently S contains a subgroup U <« SOe (4.1) which consists
of those pseudo-rotations which leave invariant Vf l&_ It also contains
the 1~parameter semigroup of pseudorotations gt( 7 > 0) in the 4-6
direction. This 1s seen as follows: Introduce hyperbolic coordinates,

vig
K ¢ 6
Eere (wn3s), E-v ke, -rcoshs (4.2)

Evidently Eu > 0 if and only if G 7 0. Thus the halfspace Eu > 0 is
left invariant by the pseudorotations by with € > 0 which translate
the hyperpolic coordinate G to G +T . The generator H of this 1-para-
meter semigroup will be of special interest, it is defined by

- HT
br = € (4.3)
The interior S° of S is also a semigroup and so is sT= sfuu.
It follows from the work of Toller and collaborators [13] that
As . P
Ae S i A=u.bzu, with U;€ U (=42), T 0 (4.4)

We observe that if /A is in § resp. S’\' then so is 7\"3 e 7\_4@

Consider now any of the (possibly nonunitary) induced representations
of the Euclidean conformal group 9 which were described in the last
section, with representation space fx consisting of functions @, (x)
We restrict this representation to a representation of the semigroup

s g,

i £X x .
One notes then that there exists a subspace + of & which
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consists of those functions which vanish in a halfspace

f)i Lo x) =0 i xl<o (4.5)

It is evidently invariant under the action of the semigroup S.

It was discovered by Toller et al. that there also exists an
invariant complement (or almost ~). That is another invariant subspace
£ X such that the direct sum if ® EX = £k is dense
in the (Banach) space E,X

This decomposition corresponds to a split of functions
@) € 60)( as follows
*

P (R]= G (R)+ [dx' alg (RR) @5 (%) (4.6)
with o pfcri=0 i xf<o
Note that the intertwining operator AX is involved, thus the possi-
bility of the split must be related to the equivalence of representa-
tions X and - X of *Q, . We will only sketch an argument for the
possibility of the split: Suppose that (P~ is already known, then
obviously it is trivial to find also (,Pf. Now ¢ is determined entirely
by the values of ¥y (x) for xu < 0O and can be determined by solving
the integral equation obtained from (4.6) by setting xLl £ 0 so that
the first term on the rhs. is absent. This integral equation can be
solved by partial wave expansion over the group U = 30(4.1). This
follows from the fact that U acts transitively on the halfplane XL‘> 0.
Restrictions on the functions ¢ that can be split come from the re-
quirement that the U-partial waves of ¢ are well behaved at infinity
qua functions of the continuous Casimir-invariant, this restricts the
behaviour of ¢ for xu< 0 (in particular ¥ must be real analytic
there).

We will next introduce a bilinear form on the representation
space é;x of S~by

(o #ly = (28] [dd X' G %) DEs(0) A (OXR) p(x)  (4T)

We ask ourselves for which X the bilinear form (4.7) defines a positive
semi-definite scalar product. For suitable choice of phase in D (©)
the answer is given by the following
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Lemma: If X = L[4,8] with either ¢ = 0, d> -;‘—D-l or €7 o0,
&> D-2+gthen (p, @)y > 0, and [T(MIl = 1 for all
A€ 8V in the operator norm induced by the scalar

product (’)X .

Moreover, one checks by a straightforward computation that for real &

(¢, T(AY) =(TAYP 4) for AeS, A=OA'O (4.8)
It follows from this that the subspace of zero-norm vectors of éi;x
is invariant under S°

Thus, for X such as are specified in the lemma, we may complete
the representation space Zi} to a Hilbert space 'Qtlx after di-
viding out the invariant subspace of zero norm vectors, and we are
supplied by a contractive representation of SA'acting in this Hilbert
space ZCZX , and satisfying a pseudo-hermiticity condition (4.8) which
implies in particular that U is represented unitarily and b¢ is re-
presented by selfadjoint contraction operators so that H 2 0, selfad-
joint. The last assertion holds because ®H O =-H and Bu® = u for ueU.
The operator H is called the conformal Hamiltonian for reasons explained
elsewhere [5] .

We will not prove the lemma but make it understandable by
mentioning the following theorem which was stated and proven by Liischer
and the author in Appendix C of ref. [57] .

Theorem: Let T a continuous representation of S™ by contraction
operators in a Hilbert space, satisfying the condition (4.8),
viz T(A) = T(K)* . Then T can be analytically continued to
a unitary representation of the universal («-sheeted) covering
group 43* of the Minkowskian conformal group SO(M,Z)/Z2
resp. SO(D,2)/ZZ.

Continuity is satisfied if | T(A)-1]l —> O when A— 1 through values in
Sﬁi It can be shown to be satisfied for the representations considered
so far. Taking lemma and theorem together we see that we end up with a
class of unitary representations of éﬁ—. They ought to be equivalent
to the known analytic representations of 49* studied by Rihl Eﬂﬂ .
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5. Positivity of the 4-Point Function

Let us start by rewriting the conformal partial wave expansion
(3.3) of the 4-point function. We consider the Clebsch Gordan kernel
ﬁ;—(§3§ﬁ | X) as a function of ¥ and split in the manner of
Eq. (4.6), viz.

A - ' at -X v IR Evi)
[ (B Xy [X)= a’;(xl Ko (X)) +[dlX A;(lltf(x)éz/amx*\x) (5.1a)
t
for XJ X& ¥ o  with @“X(..l3‘<)=o it xt<o .

The notation takes into account the symmetry property (3.6) of /“X
under X-> -X . Because of & -invariance of AK and MK it follows
that also

/'—'I - - X -~ - —_ ' X r 'X - - Q_-l
x (kX |X)= di(ex,extlex)qtjdx L\“(X',x)Qé (07,67, 16X)  (5.1p)
T . t _ L £X

for X, X > O with Qeo( = Doq&(@) Qp
The split (5.1a) may be performed in the manner sketched in Sec. 4.
The QX unfortunately turn out not to be good functions of X , even
though their U-partial waves are well defined, /;X(ﬁéfﬂ | X) peing a

4

smooth function of X for x < 0, xzu, Xy >> 0. In the present note we

*
will for simplicity ignore this complication, and proceed heuristically.

We will use a graphical notation

-
-

X4 Xy
_X N . _X R R
R (X,%,1%)= = (y, (O 0K [OF)

oy ?“X (5.2)
Ad a7 resp- f Wit <o

*‘A related problem is that the Hilbert spaces'g(f of Sec.4 do not
anymore consist of equivalence classes of functions after completion
in the norm, because Cauchy sequences need not converge in any
function space topology. Both problems can be overcome by working
with U-partial waves throughout.
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Let us now consider the full disconnected Euclidean Green
function Gu(ﬁiiz?éiu) for xlu, X, < 0; xju, x, > O. After inserting
the split (5.1a) for one of the " -kernels in the expansion (3.3),
one has two terms. They can however be grouped together again by a
change of X -integration variable, using the symmetry property

g(X) = g(-X). Next cne can use the identity

X3 Xy X3 X,
W §> X <§
i:,( ;(‘1 x:( XL
o ¥

for x, x < 0, )f;f, X‘,:"> o
(5.3)
This follows from the split (5.1b) and the support properties of Q_K .

As a result we get the new expansion

X, 3
N
il - c2 Qdrcaegud

b
|
£

]
O
~
all
=1

X . €
DGR 2 B XL+ gQT Jdxd ' . (6%, 05,1%) Du g (6)
Ny (7 GROF R IR

Given a function f2(§l;§2) satisfying support properties stated after
(E.2) of Sec. 1, let us define

4
) - S G
P (R) = § MOIWCXIS ‘/dx, dx, 1,05 %) Qu (X K\ R)
Py (X) = same with T, in place of f,.

-X
Of course these functions depend on X ( P € é;_ if Glx were a
good function).
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We may now inspect the expression (1.11) which ought to be
positive. Comparing with the definition (4.7) of the bilinear form
(,)X and recalling that G4 is symmetric in its arguments we find

G, (o xf )= 2T dX MUOL1¢3@ TG Pl ¢ ld (5.8
where M (X) = MO MY (4D-8) (5. 4p)

and Id. stands for a contribution from the identity representation
which 1s automatically positive by itself. The normalization factors
N(.) where given in Eq. (3.4) and f.

We will now try to deform the path of the X -integration in
such a way that the assertion of the lemma becomes applicable.

Let us assume that the partial waves g(X) satisfy growth con-
ditions for |8 — < such that the path of the S-integration can be
closed to the right in Fig. 1. We also assume temporarily that there
are no poles of the integrand in (5.4a) inside this closed path which
come from the factors M (X)(¥ . ¢)y . Lastly, we observe that

fvoagwen ot
is therefore 1 M(X) MY CFK by its definition; it follows
that 5’5’ =P for real O . Suppose that g(X) has a pole at
X = X s L4 a’cja] , (i.e. a pole in & at & a for/{=€a). We define®

and A" are real for real d , and so

res, [4+41&)7 =~ca) HXa) gc’g C1+9(6, . 8al ]  (5.5)
X =0q

[

Note that the definition depends on the dimension d of the fundamental
field through M(X).

By Cauchy's theorem we have then

i
Gy (ofxt) =2 T ves, t4+300T (g, 0) + 1d (5.6)

poles

In the second paper of ref. 1 a factor M(X) is missing in the state-
ment of positivity constraints.
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PR oéd Pat‘

-~ #--- nev peth

Fig. 2 Deformation of paths of é-—integrations.

with summation running over the pole of g(X) at X, = L 0,41 plus all
poles with 8> % D except the pole at —‘Xo. We see that the expression
is manifestly positive if all the residues of the aforementioned poles
are positive and these poles are positioned at real <52"> D—2+fa if
{a'> 0, for then the hypotheses of the lemma in Sec. 4 are met.

We have so far disregarded possible singularities of the factors
MO ( Q'((f )X . Preliminary computations indicate that one must
anticipate poles of two types: i) the poles of N(Y)N(-X) at

S = 2d+d+2n, n = 0, 1,... ii) poles at certain integer points

( & integer). In order that such poles do not ruin positivity, partial
waves g(X) must satisfy additional kinematical constraints. Todorov
and collaborators have recently shown [9) that in addition to (3.5)
g(X) must in any case satisfy further equalities relating its values

at partially equivalent integer points, viz
q()= qu') of X =L¢ Delem-11, X'=[€tm, D4€-11 ,m=2,4,.

It is hoped that these constraints will lead to cancellation of the
contributions from integer point poles. Concerning poles 1) 1t seems
attractive, though not really necessary, to demand that they are
cancelled by zeroes of 1 + g(X), so that expression (5.6) is wvalid
without extra terms.
Summing up, positivity of the Ud-point function will hold, if the
partial waves g(X) fulfill conditions of the following type as a
function of X=[4d]; 4=0,¢...

1. g(X) is a meromorphic function of & for each ¢ , with poles
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only at real & satisfying |9 - %- D(>1% p-2+2|ir £ > o.
The residues of the pole at ¥, = [0,d] and of all poles
with d > % D apart from - Xo must be positive.

2.g(X) satisfies growth conditions as \é(—>a’(Re<5>'% D) so
that the path of integration in (5.4a) can be closed to the
right.

3. g(X) must satisfy certain kinematical constraints related
to the existence of kinematical poles of M(X)(.,.)X s
cp. text.

One can also look at the result in another way. The above conditions
are imposed in order that the sum in (5.6) converges and consists of
a sum of positive terms. That is

Gq(@{:’(fz)= )g— rcx((?t‘{)))(q £ (q" with Fo > © and

XQ= Eea, ga] , CSQ > ‘T_ D-4 for €= 0 and CSQ.7-D‘1+{ otherwise.

We assume here and in the following that 1+g(X) = 0 at the poles of
NOONCY).

Because of the Cauchy-Schwartz inequality, an expansion of
this type must then also be convergent if we smear with arbitrary
test function ©{;7x 9, instead of@(l*xf,_ , and thus in the
distribution theoretic sense

GG F)e 2 Rherld = 2 fxa + M (5.7)

a

The second equality follows from (5.3). We have thus arrived at an
expansion of the type suggested in ref. [151 and Eq. (9.3) of ref.[i]
except that it has not been shown that the QX used here are the same
(in some sense) as those used in ref.[1].

The results of Osterwalder and Schrader imply that the expansion
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(5.7) remains valid, i.e. convergent when we analytically continue in
the external arguments il...§u to Minkowski space through values

x14< x2u<,0<’x3{< xuu (x4 = imaginary part of time) and we will in
this way obtain an expansion of the Wightman function w(x1x2x3xu)

We expect, in view of the theorem cited in Sec. 4, that if amounts to
a partial wave expansion on the simply connected covering 9* of the
Minkowskian conformal group SOe(M,Z)/Zz.

¥a
— — _Y PR —
Wy Caxaxax )= 2 0a [d¥ ((Z,2,1%) @ (£,5417)
R (5:9)

§-= (Z.‘.-f:f) ’CXi.';xio"f; ), &<E&=<o <&;<&4¢ infinitesimal

Note that there is still an integration over half of Euclidean space

involved as the formula stands now.

If the above interpretation is correct, one may even be able to
show that the conditions for positivity of the U-point function
mentioned above are not only sufficient but also necessary ones. Ab-
sence of cuts in g(X) needs a separate argument though, cp. Sec. 3,
and also the precise form of the kinematical constraints is open to

further study.

6. Generalization to Arbitrary n-point Functions

So far we have only investigated a special consequence of the
positivity condition which involves the U4-point function alone. We
now want to come to the general case.

Since we are presently interested in sufficient conditions for
positivity, we will proceed by Ansatz.

Considering an m+n - point Green function, we try a decompo-
sition into terms which correspond to exchange of definite conformal

quantum numbers as follows
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u— -~ ,r puy
=; dec/x'éax (R1%,.. xm)gr(X)Ax (X% ‘)C; I3 LR
(6.1)

We have introduced here a new notation: the X -integration is now
supposed to include also a contribution from the identity representation
(We leave it to the reader to work out the necessary convections for
such X ), and a fat wiggly propagator

X AAAA X = ’qrd) Af/,(x‘x')

X,r
r are some sort of internal quantum numbers. The G_‘X’r are conformal
invariant, their transformation law as functions of the first argument
is specified by - X and given by Eq. (3.1), similarly for the other
arguments (£ =0, =d there).

Our Ansatz consists in demanding that an expansion of the form
(6.1) is valid with an integrand that factorizes. That is, for
arbitrary number of arguments xi...xn', the factor G:f \ 1 )
is always the same, and similarly for the second factor.

In case no summation over internal gquantum numbers 1s necessary,

we put
A A
SR TER
2 2
so that

gxy=A+gu)

For m=2, partial wave expansions of the form (6.1) were already con-

sidered in ref. 1, and we know from the discussion given there that
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the partial waves for arbitrary n = 2,3,... should share the poles of
g(X). For these poles are in correspondence with the local fields
(including composite ones) in the theory, and their positions indicate
tensor character and dimension of such fields.

For this reason we have pulled out a factor 1l+g(X) resp §}<X> in

Eq. (6.1), it is supposed to contain all the "dynamical" poles of the

integrand, while the factors G—X"r will be assumed to be holomorphic
(apart from the possibility of certain kinematical singularities. They

need a separate discussion much as in the case of the L-point function).

Let there be given a finite sequence of test functions fo,
fl(fi)""fN<§1"'§v) with support properties as stated after (E.2)

in Sec. 2. We define

r . - —_ -‘X‘V N —_
4[‘0( (x)= );de""dx“ {K(KA~~~)(\«) C’o& CRI K- R ) (6.3)
and
o, —_
%& (X) = same with £ in place of £,

Of course they depend on X . With this notation,

* A~ ) "o, X — o
L G 6fixte) = T Jf el §.00) drdx ‘ﬁ,{(@x/Ad/s(x.X 3 5D

. . . -X . . . .
assuming © -invariance of G ’P, l.e. parity invariance of the theory.

We will now split the functions Y, %/ in the manner described
in Eq. (4.6), viz.

ro_ tH . X , -,
“Fo(<><)=‘P“cxufdxaup(x.x)@/g Cx') (6.5)

and similarly for q/'. Because of equivalence of representations X
and =X of the Euclidean conformal group, partial waves X7 will
(or can be required to) share a symmetry property analog to (3.6). As
a consequence the same is true for ¥, %J and so<P+’r at X is the same
as e =X

Inserting the split (6.5) into (6.4) and simplifying the result
with the help of symmetry and support properties as in Sec. 5, we end
up with
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VY,Q G (Oflxfe) = T2 jdxﬁr a) M) (P, @)y (6.6)

r r nt
where (fVE ' " ang P = <70' !

This equation is identical in appearance to Egq. (5.4a) of Sec. 5.

The further analysis then proceeds as in the case of the 4-point
function. This results in some extra conditions in addition to those
already satisfied by Ansatz or assumption stated above. They are of
the same types as were stated in Sec. 5, i.e. the poles of E}(X) should
be in permissible parts of the real & ~axis and have positive residues
if o> % D, X #-Yo . In addition there are growth conditions and
kinematical constraints. However, in contrast to the f'y, the partial

X,r

waves G are not in general completely determined by kinematics.

Thus, the growth conditions will be conditions not only on gr(X) but

-X,r

they also involve the partial waves G Also the kinematical

constraints relating G X

at partially equivalent integer points will
look more complicated; we will not give the explicit expressions here
they are however implicit in ref. 9. A detailed study of the growth
conditions has not yet been carried out at the time of this writing.
Also the connection between the expansion (5.7) resp. (5.8) and operator

product expansion [17] deserves further study.
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