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ABSTRACT

The nature of the impulse approximation in local field theory is
clarified by dividing the interaction Hamiltonian into two parts V and
W, where V contains only those interactions causing large energy trans-
fers. Partons are introduced as eigenstates of.%% + Vv, Where:%% is the
free Hamiltonian. Their time development is governed\by the soft opera-
tor W, thus making it possible to use the impulse approximation in deep
inelastic processes. Application is made to deep inelastic electron
scattering and the Drell-Yan process. Making some reasonable assumptions
on the parton matrix elements, the variation of parton density functions
with Q2 is expressed in terms of a set of integrodifferential equationmns,
which reduce to the known results when restricted to the longitudinal
distributions. Explicit solutions of the scaling violatioﬁ equations

are obtained in some simple cases.
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I. INTRODUCTION

The parton.modell has been a very useful guide in analyzing deep
inelastic experiments involving a large momentum transfer Q. In this
model the structure functions of the deep inelastic lepton scattering
processes are identified with the longitudinal momentum distributions of
partons inside the hadronic targets. The partons are assumed to be free
at large Q, giving Bjorken scaling in rough agreement with experiment.
In local field theories, however, the partons cannot be free and there
is no reason to expect Bjorken scaling to occur. This dilemma was
solved by the discovery of asymptotic freedom in non-Abelian gauge
theories,2 in which the scaling is violated only logarithmically. Fur-
thermore, explicit calculations3 based on quantum chromodynamics (QCD)
give results which agree well with recent experimental data.

However, the reconciliation of the simple parton model with field
theory does not seem to be completely satisfactory. First, the usual
analysis4 of scaling violations involves sophisticated mathematical tech-
niques such as the operator product expansion and the renormalization
group equations, whose physical meaning is not as transparent as the
intuitive parton model. Second, the method has been successful only
for the calculation of the longitudinal momentum distributions of par-
tons, but not successful for the transverse momentum distributions.
Finally, the usual treatment can not be generalized in a straightforward
manner to other deep inelastic processes such as the Drell-Yan process.5
This is because the Drell-Yan process is not light-cone dominated6 SO
the operator product expansion does not apply.7 In contrast, all deep
inelastic processes are more or less on the same footing in the frame~

work of the parton model.



The purpose of this paper is to provide a more satisfactory field
theoretic foundation of the parton model in the context of QCD.8 The
starttng point of the present approach is to recall that the concept of
the parton is useful and natural only in connection with the impulse
approximation.9 Now the validity of the impulse approximation depends
essentially on our choice of the basis states which are thought to inter-
act with the external hard currents. Thus the impulse approximation may
be applicable for scattering of a fast electron off a nucleus, but it
will not in general work if one chooses the nucleons themselves as the
basis states. In atomic physics the choices of the basis states is
obvious because the length scales change discontinuously. In field
theories, however, the change in the length scales is continuous and the
identification of the basis states is not so straightforward. To iden-
tify the correct basis states in field theory, it is necessary to formu-
late quantum mechanically the classical notion that a system remains
essentially the same during a short time interval At. In quantum
mechanics, the time evolution of a system is described by the U-matrix.
Therefore, it is natural to define the basis states to be such states
in which U(t+At,t) can be approximated by 1 for a small time interval
At. 1In this paper, this will be achieved by defining the basis states
(i.e., the partons) to be dressed quanta whose internal energy transfers
are restricted to be larger than some given value which depends on Q.
With this definition of the parton states, it is then possible to give
a physical derivation of the parton model expressions of cross sections
for deep inelastic lepton scattering and the Drell-Yan process. The
scaling violations arise in the present approach simply because the

parton states change as Q varies.



The physical basis of the scaling violation was originally treated

on an intuitive level by Kogut and Susskind.lo’ll

They argued that the
partofis probed in a deep inelastic process with momentum transfer Q are
the dressed quanta whose internal transverse momenta are larger than Q.
However, in their approach it is difficult to formulate the transverse

momentum cut-off in a precise way. The cut-off in the energy transfer

employed here is precise and its relation to the impulse approximation

is straightforward.

The paper is organized as follows:

In Sect. II a precise definition of the parton states is given by
dividing the interaction Hamiltonian into two parts, one containing the
large energy transfers while the other contains the rest of the inter-
actions. The matrix element between the parton states so defined is
assumed to be governed by an effective coupling constant. This is quite
reasonable in view of the usual renormalization group analysis in the
Green's function theory. Sect. IIT discusses some properties of the
parton states which play an important role later on. In particular, it
is shown that hadrons have finite wave functions if expressed in terms
of the parton states defined in Sect. II. 1In Sect. IV, the physics of
the impulse approximation is clarified in terms of the present definition
of the parton states. Although the impulse approximation fails in general
for a local field theory, the approximation is justified in the so-called
A-picture. 1In Sect.: V, the concepts developed so far are applied to
deep inelastic electron scattering and to the Drell-Yan process. For
the former process, one obtains the usual parton model result, the only
modification being the replacement of the naive parton distribution func-

tions by the Q2 dependent distribution functions. For the latter process,



one obtains a formula identical to the one recently conjectured by Kogutll
and Hinchliffe and Llleweylin Smith.12 However, some more assumptions
are neevessary in arriving at this result. Sect. VI is devoted to the
subject of scaling violation effects. An integro-differential equation
is derived which describes the change of a general distribution function
of partons as Q2 varies. 1If restricted to the longitudinal distribution,
the equation is identical to the one derived using the method of the
operator product expansions and the renormalization group equations.

This formalism is applied in Sect. VII to discuss the parton transverse
momentum distributions. Explicit solutions are obtained for the parton's
transverse momentum squared averaged over the longitudinal fraction x.
Sect. VIII contains some concluding remarks. Finally in the Appendix,
the explicit form of the QCD Hamiltonian used throughout this paper is

derived.



II. DEFINITION OF THE PARTON STATES

In order to discuss wave functions of hadrons in terms of partons,

it is necessary to employ time ordered perturbation theory. The rules
of time ordered perturbation theory are simplest in the infinite momentum

frame (IMF) because vacuum effects are absent there. Therefore I will
be working with time ordered perturbation theory quantized in the IMF13

throughout this paper. Thus the momentum p and the coordinate variable

x have the following IMF decompositions:

" = ©%p,5p® = (0,8
(2.1)
Xu = (XO’Xl’X3) = (T,XJ_,}) ’
where
1 1
== (E+7P) , = (E-P
n 5 ( z) & 7 ( z)
(2.2)
T = ;L-(t + 2) and gy = ;L-(t - z)
VZ V2

Here E, PZ and p, are the components in the ordinary reference frame.

For the particle on the mass shell, one has

& = (p,> +M?)/2n (2.3)

where M is the mass. One also has
p-x =&t +ny - P, "X, (2.4)

In the IMF, one identifies T as the time variable. Then its conjugate
variable is &, which is identified as the energy variable. Finally, the
vector p = (n,pl) will be used to specify the momentum of a state.

The discussions in this section are applicable to any theory, but

T will work with QCD defined from the following Lagrangian density:



L=Tpy- i 63 ¢, (2.5)
where
D = 3 - ig T A®
U u
a a a abc b, ¢
= -_— + .
Guv auAv avAu gf Au Av (2.6)

In the above, ¥ and Aua's are the field variables for the quarks and the

abc
's are the structure constants of the

gluons, respectively, and £
gauge group and ™1's are the group generators in the fermion representa-
tion. Notice that the quark masses are set to zero in the above
Lagrangian. Although the following discussion can be generalized to
incorporate the mass of quarks, it will be neglected for simplicity.

To obtain the Hamiltonian it is necessary to impose a gauge condition.

In the IMF, it is convenient to choose the infinite momentum (IM)

gauge13 defined as follows:

A°(x) =0 (2.7)
In this gauge, no ghosts appear and the independent variables arelthe
transverse components Ala of the gluon fields and the two component
Pauli spinor X of the quarks. The derivation of the Hamiltonian #is
well known14 and the resﬁlt is given in the Appendix. For the present
purpose, it is sufficient to write the Hamiltonian #in terms of the free
part e%% and the interacting partcﬁ% as follows:

H o= K+ A : ' (2.8)

J%} in the above is a sum over virtual processes such as those shown
in Fig. (1). Each of these processes conserves the total momentum
p = (n,pl) but causes the total energy to change from é; to é%. It

should then be possible to divideg%ﬁ into two parts so that the first



part V contains only those interactions involving large energy transfers
while the second part W contains only small energy transfers. If ome
defines the parton states as the eigenstates of the operatorgﬁg + Vv,
their time development will be governed by the soft interaction W only.

In lowest order, it is trivial to carry out the desired decomposi-
tion ofg%g. In higher order, however, the operators V and W cannot be
expressed in a closed form because of the occurrence of divergences.
One would like to have the wave functions of a hadron in terms of the
dressed partons free of ultraviolet divergences. To meet these
requirements, the operator V (or W) and the corresponding parton states
will be defined in the following steps: First let there be operators
VA and WA so that

H_ =V, + W (2.9)

where A is an arbitrary parameter. Next introduce the parton Hamiltonian

9{ as follows:

H o =H +V (2.10)

Let |n,A ) be the eigenstates Ofeﬁﬁ with energy En.ls The operator W,

will now be specified in terms of its matrix elements (n,AlWA[m,A> as
follows:

<n’AlwA|msA> = (HQAle%I'm,A>f0r [En - Eml _<_ —Z—Tn—(;

A2
2n0

| >

0 for \En - (2.11)

m

g in the above is the n of the parent hadron whose partons are under
study.
The definition of the operators WA and VA introduced above is not

a simple one because they are defined in terms of the states ln,A)



which in turn are defined in terms of WA' Therefore VA and WA can only
be determined perturbatively. Nevertheless, it is clear from the above
-defimttion that WA is the operator which contains only small energy
transfers. Since VA =éﬂ; - WA’ it follows that VA contains only large
energy transfers. Since every particle appearing in the intermediate
states is on the mass shell in time ordered perturbation theory, it
follows from the mass shell condition Eq. (2.3) that large energy
transfers correspond roughly to large transverse momenta if the longi-
tudinal variable n is not too small. It is in this sense that the
present definition of the parton states is qualitatively the same as
the one introduced by Kogut and SusskindlO in their intuitive analysis
of the scaling violation effects.

Explicit construction of the operator VA or WA’ and the parton
states ]n,A), will not be attempted in this paper. Wilspnl6 has carried
out such constructions for some simpler models using a momentum cut-off
rather than the cut-off in energy transfers. He found that the coupling
between states at momentum scale u is governed by an effective coupling
constant g(uz). In this paper, I will simply assume that a similar
analysis can be carried out for QCD with a cut-off in the energy transfer.
More precisely, I assume that, for A'2 >> A2 >> pA'2 - p2 |

(n,A'I(WA, - WA)lm,A)

A2

= (| m) (g > g(h?)) , 57— < [

2n “&,l < A'2/2n0 ?

=0 , otherwise. (2.12)
In the above, ]n)’s are the bare states, i.e., the eigenstates of the
free Hamiltonian(%g, and (g > g(A?)) implies that the bare coupling

constant g should be replaced by the effective coupling constant g(Az).
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The restriction of the energy transfer appearing in Eq. (2.12) follows

from Eq. (2.11). In the present case, g(Az) is given by

2y = 52 1 2 2752
g(A9) go//(l+- g2 b 85 n(A /AO» , (2.13)
where
_ 11 _2
b===Cg-3T, . (2.14)

in Eq. (2.13) is the coupling constant at A = A = g(Aé). Through-

0’ 8o

out this paper, b will be taken to be positive so that the theory is

o

asymptotically free.

A crude argument can be given which renders the statement made in
Eq. (2.12) plausible. Consider a parton state In,A). As M\ approaches
infinity, |n,A) should approach the bare state |n). This is because the
operator WA must approach the entire interaction:%% so that V =
-%? - WA approaches zero in some sense. Consider Eq. (2.}2) in the limit
A » », keeping A' >> A. Then it is reasonable that the matrix element
will be governed by the bare coupling constant g in this limit. The

behavior specified by Eq. (2.12) is reasonable since the effective

coupling g(Az) approaches the bare coupling constant g as A > .
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ITIT. PROPERTIES OF PARTON STATES

There are several important remarks concerning the nature of the
parto;\states defined in the previous section. First, a parton state
ln,A) depends on the property of the parent hadron through the appearance
of the quantity o in Eq. (2.12). Therefore, to completely specify a
parton state, one should label the state in terms of the quantity A as
well as Ngs i.e., ln,A,nO). This dependence on Ny means that the states
are not invariant under longitudinal boosts13 which transform a momentum
(n,pl) into (An,pl). This is also clear from the fact that the quantity
E, " Em_transforms into (En - Em)/k under a longitudinal boost. More
precisely, there exists no unitary operator which connects a state
l(n,pl),A,nO) to the state |(An,pl),A,n0)l This property is desirable
because one should expect that the nature of parton states change under
longitudinal boosts. The Lorentz invariance is not lost, however,
because there exists a unitary operator which connects the state
| (n,p) 5 8,mg)to | (Anyp),A,2ng).  In the following, the level ng will
be sﬁppressed when no confusion will occur.

It is possible to define parton states which are invariant under
longitudinal boosts. This can be achieved if one replaces the inequality
in Eq. (2.11) by IEn - EHJ < 72/2n, where n is the total longitudinal
momentum entering the vertex. Then both sides of this inequality trans-
form the same way under longitudinal boosts. Recently, Lam and Yan18
have investigated the transverse momentum distribution of partons by
generalizing the scaling violation equations to incorporate the trans-
verse momentum distributions. Their analysis essentially amounts to

introducing an energy cut-off which is invariant under longitudinal

boosts as discussed above. However, it will be shown later in this
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paper that the impulse approximation cannot be established if one uses
parton states which are invariant under longitudinal boosts. In contrast,
.the parton states introduced in this paper are quite well suited for the
impulse approximation in deep inelastic processes.

On the other hand, the parton states defined above are invariant
under Galilean boosts13 which transform a momentum (n,pl) into
(n,pl + nvl). This is because the quantity En - Em is invariant under
such transformations. Therefore, there exists a unitary operator which
connects a state I(n,Pl),A,nO Y to |(n,Pl + nvl),A,n0>. This invariance
of the parton states under Galilean boosts will play an important role
in deriving the Drell-Yan formula in Sect. V.

The definition in the previous section implies that the wave func-
tion of a hadronic state |h) expressed in terms of the states |m,A)'s
is well defined and free of ultraviolet divergences. This follows from
the formula

(m,a[W, [h)

lh): q ]n,A)+ 2' lm,A) T & (3.1a)
m h m

{ m,AIWA{n,A)

= /Z; In, 00+ :Z:' |m,A)

& - &
m n m
U m A (AW, 2,0 AW A | (3.1b)
: LWy A
+ 2 e B U EL_&,

m 2

Here ln,A) is any state whose quantum numbers and energy are the same

as those of the parent hadron, and the prime in the summation symbols
implies that states which have the same energy as the parent hadron

are to be excluded from the sum. The constant Z, is the renormalization

h

constant which can be computed by comparing the normalization of both
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sides of Eq. (3.1). Now the usual ultraviolet divergences arise from
the intermediate state sums in Eq. (3.1b). However, the sums cannot
give wise to divergences in the present case because the matrix elements
appearing in Eq. (3.1b) vanish outside the finite regions of phase space
specified by Eq. (2.12). Notice that as A approaches infinity, the
region of the relevant phase space extends to the whole space and the
terms in Eq. (3.1b) will in general blow up. This is precisely the
usual ultraviolet divergence appearing in field theories. 1In the
present approach, things are arranged so that all the divergences are
contained in the definition of the states |n,A>, so that the rest of
the dynamics evolve in a finite way. It is perhaps worthwhile to empha-
size the importance of the finiteness of the wave functions in connection
with the parton interpretation of deep inelastic processes. If the
hadronic wave functions in terms of partons contained divergences,
then it would be meaningless to talk about the probability of finding
the partons, etc. 1In fact, the elaborate definition of the parton
state In,A) introduced in the previous section is tailored to satisfy
the requirement that the hadronic wave functions should be finite.
(Notice that the above argument also implies that the expansion (3.1b)
is free of divergences in the n-integration because n cannot be zero.)
Finally, it should be remarked that only those states with energy
é; < A2/2n0 appear in the expansion of Eq. (3.1). This follows from
Eq. (2.12), and will be relevant in the derivation of the scaling

violation equations later in this paper.
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IV. IMPULSE APPROXIMATION

EP this section the states |n,A) introduced in Sect. II will be
used to clarify the impulse approximation in deep inelastic processes.
For this purpose, one must first define the meaning of the impulse
approximation. Qualitatively, the impulse approximation is applicable
if nothing much happens during a short time interval. Quantum mechani-
cally, the evolution of a physical system in time is described by the
U-matrix. This suggests that the impulse approximation should be iden-
tified with the approximation U(t',Tt) ~ 1 when t' - T is small. Through-
out this paper, the impulse approximation will be understood in this
sense. In this regard, recall that approximating U(t',7) by 1 was one
of the most crucial steps in the original derivation of the parton model
9

from cut-off field theory by Drell et al.l

Now the U-matrix will be constructed in the representation intro-

duced in Sect. II. To do this, consider a Heisenberg operator OH which
develops in time as follows:
OH(T) - ele%’f OS e"lc/f"'f , (4.1)

where 0S = OH(O) is the corresponding operator in the Schrédinger
picture. Introduce the operator OA which may be called the operator in
the A-picture as follows:

L%%‘TO e—i&f~r

OA(T) = e s A . ) (4.2)

Heregﬁi is the parton Hamiltonian defined by Eq. (2.10). The Heisenberg

picture and the A-picture are connected by the formula
-1
OH(T) = UA (t,0) OA(T) UA(T,O) . (4.3)

Here UA is the time evolution matrix in the A-picture, and given by
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U (T s T ) = ei'y(}\.Tle—i'%(Tl_Tz) e“i%.’[‘z
AY 21
T, (4.4)
- =T EXp _i/ W]\(T)d-[‘
1
Here T is the t-ordering symbol and
i oT _" .T
W (1) = 1, W e i T “s)

Consider now the matrix element of UA between the states In,A). It has

the expansion

(n,A| UA(T,O)|m,A) =

T i(E-&) 11
Smm - i dt, e - {n, AW, |m,A)
0 1 A

Tl i(EQ‘En) T

T «
+ (—1)22/ dr; el(En‘E‘%)’Tl/ dtpe (4.6)
2J0 0 )

(n,A]WAIQ,AMSL,AIWAIm,A)
+ higher orders.
Suppose now T << 2n0/A2. Then since the matrix element of WA is limited

by Eq. (2.11), it follows that I(En - Em)'T] << 1. Therefore one has

(n,A[U, (7,0) |m,A> ~ Sam” irv(n,A|WA]m,A)

4.7
+ (—ir)z;(n,A[WA[SL,AHSL,A[WAIm,A) +...
In view of Eq. (2.12), one has
2n0
(AW [m A ) s o g (A2 T, (4.8)

where T' is some finite quantity independent of A as A - . From Egs.

(4.7) and (4.8), it is then clear that U(t,0) can be approximated by 1
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if T << ZnO/A2 and if g(A?) does not blow up like A2 as A + », The lat-
ter condition is certainly satisfied in QCD where g(/A?) vanishes logarith-
.micaldy. Therefore, if the kinematics of the system are such that only
small © is relevant, one can always make the impulse approximation by
suitably choosing the quantity A.

Notice that the above arguments do not go through if one introduces
parton states which are invariant under longitudinal boosts as described
in the second paragraph of the previous section. In this case, the

energy differences appearing in Eq. (4.6) are restricted as follows:
- 2
le, - gl < #%/2n . (4.9)

The variable n appearing in the above can be made as small as possible
so that the quantity I(En - EQ)'T| can always be made larger than one,

however small T may be.



- 17 -

V. APPLICATION TO DEEP INELASTIC PROCESSES
In this section, the ideas developed so far will be applied to
deep ;;elastic electron scattering and the Drell-Yan process,5 and
obtain the parton model expressions with scaling violation effects

incorporated.

A. Deep Inelastic Electron Scattering

The kinematics of this process are shown in Fig. (2). The cross

section can be computed from the following well known tensor:

Wuv(q,Pi) oc/Zix eiq.X (hlJu(X)J\)(O) |h Y, (5.1)

where [h ) is the physical hadronic state with momentum Pi, and Ju is
the electromagnetic current in the Heisenberg picture. Choose the

coordinate frame so that

q = (O,Qi,V/no)

(5.2)
Pi = (ﬂO’O,T\O) ’

wherern0 = Mh//f, v o= q-Pi and q2 = -Q 2 = -Q2. 1In this frame, one

has
qQ'x = vT/nO - Ql-xl . (5.3)

In the Bjorken limit v + « and Q2 » « with Q2/2v

X held fixed, the
t-integration in Eq. (5.1) is only appreciable in the range

] < ng/v 5_2n0/Q2 . , (5.4)

The second inequality in the above follows because x < 1. In view of
the discussions in the previous section, the inequality (5.4) suggests
that one identify A with Q. Let us then undress the Heisenberg operator

Ju into the Q-picture as follows:
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u -1 U
J =0 7,0) J x) U. (1,0 5.5
(x) Q (1,0) q (x) Q( ) (5.5)
Awherg“Jg is the current in Q-picture, whose time development is given by
u i HNT -1t
(x5 = e 70 JS(O,XL,;)e Q (5.6)
From Eq. (5.4) and the discussions in Sect. IV, the matrix U_(t,0)

Q

appearing in Eq. (5.5) can be approximated by 1, the correction terms
being of order m2/Q2 where m is some finite, dimensionful parameter.

Eq. (5.1) can then be approximated as follows:

w“voc/;x ctarx (h]Jg(x) Ig©@[n) + om?/?) . (5.7)

At this point, the reader must have noticed that the present
derivation parallels closely the derivation of Drell et 31.19 The only
difference is that they have used the interaction picture in a cut-off
field theory, while the present derivation uses the Q—pigture in a full
theory. The ideas of undressing the Heisenberg current and of approxi-
mating the U matrix by 1 originated in their papers. The rest of the

steps are then clear: one sandwiches the identity

3 |n,QXn,Q] =1 (5.8)

n

u
Q

uses the constraint of momentum conservation. The resulting expression

between the hadronic state Ih) and the operator J_ in Eq. (5.7), and

is especially simple if omne considers the quantity Ww°° because the
charge density 1%(x) 1is simply given by Eq. (A.1l4a). 1In this way, one
finds that vwz(x,Qz) = F(x,Q?) is the probability of finding a Q-parton
of longitudinal fraction x: In equations, this means

F(x,Q2)=Z [(h] (gx, ) ,m,Q0(2 . (5.9)
n,Pl
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This function changes as Q changes because the state ]n,Q) changes, giv~
ing rise to the scaling violations. The effects of scaling violation
will Be studied in detail in Sect. VI. Notice that the function F
depends only on the ratio n/nb = x because of invariance under longi-
tudinal boosts. Of course, the parton states change as remarked in
Sect. III, but the existence of the unitary operator which connects the
state |(n,Pl),A,n0) to I(An,Pl),A,XnO) is sufficient for the boost
invariance of F.

B. Drell-Yan Process

Now consider the process hadron a + hadron b » py + u+ + anything
as shown in Fig. (3.a). 1In the parton model,s’9 this process goes via
the annihilation of parton-antiparton pair into massive photons, as
shown in Fig. (3.b). Perturbative calculation320 show that brems-
strahlung gives a correction of order (g(Q2))" to the annihilation
term. In this paper, only the annihilation diagrams as shown in Fig.
(3.b) will be considered. The main purpose here is to investigate the
modification of the naive parton model result coming from the scaling
violation effect.

Fig. (3.a) also specifies the coordinate system adopted in the
present derivation. Notice that the longitudinal direction, the
z-direction, is chosen to be perpendicular to the collision axis. This
is necessary if one would like to treat the two incoming hadrons on the
same footing. If one chooses the collision axis to be the z-direction,
then it is necessary to consider two IMF's, one associated with the

hadron moving along the +z direction, the other associated with the

hadron moving along the -z direction. The coordinate system shown in
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Fig. (3.a) was proposed by Drell and Yan9 in their original derivation
of the cross section in the cut-off field theory.

The production cross section is proportional to the quantity

W= /:1x e'iq'x<P,P‘|Ju(x)J“(x)|P,P'> , (5.10)

where [P,P') is the physical state of two incoming hadrons. In the
present coordinate system, the vectors P,P' and q have the following

IMF components:

P = (no,/i ng»051y) (5.11a)

P' = (no,—/i Ny»0s1) (5.11b)
and

4= (9,5 +q B/ (5.11c)
where

=32, s=@+pH2 . " (5.12)

From (5.11lc) one obtains

q-x = 1(Q% + qlz)/ZHq +ng'y - 40X, (5.13)
Now it will be argued that the partons measured in the process

described by Fig. (3) are the Q-partons, i.e., the states ln,Q)'s
defined in Sect. II. It does not seem to be easy to demonstrate this
in a straightforward way. Therefore, I will first assume that it is
indeed the case, and then show that the impulse approximation as de-
scribed in Sect. IV works for the process. To do this, it is necessary
to limit the kinematics as follows:

S >> Q2 + o (5.14)

Most present experiments are in the region specified by (5.14). With

these assumptions, let us estimate the magnitude of the vectors P and
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PZ’ whose components are
~

Py = (ny,P;) and Py, = (n,,P,)) . (5.15)

~

-

Since Pl(P7) is the parton momentum appearing in the hadron a (b),

~ AT

and the n-variables are conserved and positive, one can write

Ny T g% s 0<% %<1 . (5.16)

To estimate the magnitude of the transverse components, it is convenient
. 13 . /3

to perform a Galilean boost™ with the boost parameter v, = (-v2,0).

In the boosted frame, the hadron a has only a longitudinal momentum

component, and the magnitude of the transverse momentum of the Q-partons

in the hadron a can be at most of order Q. This follows from the dis-

cussion given in the last paragraph of Sect. III. By transforming back

to the laboratory frame, one finds that

1
Pll = Pll + /E.no Xy E§ , (5.17)

where ey is a unit vector along the x-direction. 1In Eq. (5.17), the

~

first term is of order Q while the second is of order /§, so the
second term dominates this expression for finite Xy in the region given

by Eq. (5.14). Similarly, one obtains

P2l = Pél - /E.no Xy € . (5.18)

Again, the first term in the R.H.S. of Eq. (5.18) is negligible compared
to the second. From Egs. (5.17) and (5.18), one obtains

ng =gl x) » (5.19)

= P! + P! +/2—n0 (x

9 7 511 7 fal - %) e, - (5.20)

~

1

and

2 5 2(w w32
a7 ZnO(xl x2) . (5.21)
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The coefficient of t in Eq. (5.13) can now be computed. It is

2 2 2 2 -

)2
2 (5.22)

- an ZnO(Xl + xz)

From this equation, one sees that the t-integral in Eq. (5.10) is

limited to the following region:

n.(x, + x,) 2n
T < 5 01 2 < ;) . (5.23)
2 _ 2
Q° + 2n0(xl X,) Q

The second inequality follows because the product X)'%, is small if

Q2/S is small, so that Xl + X, can be at most 1. Notice that the range
of 1 given by (5.23) is identical to that appearing in (5.4). Therefore
if one undresses the Heisenberg operator Ju appearing in (5.10) into
the Q-picture, then the impulse approximation will be valid in exactly
the same manner as 'in the previous subsection.

There is one complication to be dealt with in obtaiﬁing the cross
section. 1In the case of vWZ, it was only necessary to consider the
charge density J° which is simple. In the present case, one is dealing

with the product

W 5:0.3 _ 1.
JuJ 2373 J . (5.24)

From Eq. (A.1l4), one sees that the currents J3 and J) involve the
covariant derivative Dj = 3] + igA|. In the present derivation, the
terms involving the gluon fields A)'s will be dropped without a detailed
justification. They could contribute correction terms of order gZ(QZ).
With these remarks, it is now straightforward to compute the cross

section. One obtains
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do 4?2 ~ -~
[P = . 2 2 1 2
S 3 S zif:ei Fia (BP0 Fg (R1LP,0%)

- (5.25)

1

2 3 _ _ 2 2
62'5(Q 312) wq6 (g - P PZ) dx,dx, 4P . d%P

1 11 12

Here wq and q are the energy and momentum components of g, respectively,

(3)

in the ordinary reference frame, Sl2 = (Pl + P2)2. § appearing in the

above is the §-function in the ordinary reference frame, i.e.,

3
5( )

(q - P1 - P2) = G(qz - Plz - PZZ)s(qx - P1x - P2x)

(5.26)

) -P,. -P .
<qy ly 2y)

Finally f;aQE,Pl,QZ) is the probability of finding a Q-parton of quantum

number i inside the hadron a whose momentum is P, i.e.,

7 2y = i 2
Fia(®:P15Q) —Zn: [<a,2[(ny,By DTon, ]2 _ (5.27)

By a simple Galilean boost, this quantity can be related to the proba-
bility Fia(x,plz,Qz) of finding a Q-parton of momentum (an,Pl) in
the hadron of momentum (nO,O) as follows:
Fio @P00 = Fy GguBy%00 (5.28)
where Pi' is related to P by Eq. (5.17). Similarly one has
%%b(gj,Pz,QZ) = Fia(xz,Pizz,Qz) . (5.29)
Notice that the functions Fia depend only on the longitudinal fraction
x as discussed in the last paragraph of the previous subsection. Also,
the function depends on PL only through 3L2 by rotational invariance.
Now consider the S8-functions appearing in the integrand of (5.25).
From (5.17) and (5.18), taking into account the fact that the Pil's

are small, one has
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5(Q% - S19) - % 8§(Q2/s - X, %,) (5.30)

and

2
2 Ax
6(qX - PlX - sz) ~ - §( 75 - % + x2) . (5.31)

Next, consider the z-component. One has

1 Pix2 + Piy2
Piz =-;% (ni - ———_iﬂi;__—u ) . (5.32)

From (5.32), (5.17) and (5.18), it follows:

_p!? . D!
Plz ~ Plx and PZZ sz . (5.33)

Therefore

- - - r _ pt
6(qz Plz P2z) G(qz + Plx P2x) . (5.34)

Putting these results back into Eq. (5.25), one obtains

dg 4ra?
=73 Z/‘;:ZL Fia(xsPp,%50%)
i

W
1 gqa0°

2 A2y L 2/a - -
Fib(XZ’PZJ. »Q%) h §(Q=/s xlxz) G(QZ + Py sz) (5.35)

8¢ P P. ) “g s {29 + ) ax. dx. d°p.. a°p..
- - - —= i - X X X
qy 1y 2y /s (,r-s 1 2 1 72 1L 2L

The above formula is somewhat peculiar in that the z-direction and the
x-direction appear mixed in the &-function. This can be cured by the
following observation: First notice that PlX and P2X appear as inte-
gration variables, so one may call them -Plz and P2z’ respectively.
Under this substitution, the quantity Fia(xl,Pli?,Qz) becomes
Fia(Xl’Plyz + Plzz,Qz), which can be interpreted as the probability of

finding a Q-partorn of longitudinal fraction Xy and the transverse momentum

(Ply’Plz) inside the hadron a moving along the x-direction. The same
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can be repeated for Fib(XZ’Plz’Qz)' Finally, one obtains

- do 4ra? E
=73 /‘;i Fia(xpoPy 5509
i

w
q dqu2

(2)

3 2 2y L 2/a - _p  _
Fib(XZ’P2l »Q4) 9z §(Q4/s xlxz) $ (ql Pll P (5.36)

2l)

a st 2

2w 2qX 2 5
« —d (= - +
X X, dxl dx2 d Plld P
. 11
Exactly the same formula as Eq. (5.36) was conjectured by Kogut

and also by Hinchliffe and Lllewellyn—Smith.12 Kogut and Shigemutsu21

have given a numerical analysis of this formula.



- 26 -

VI. SCALING VIOLATIONS
In this section, the variation of the quantities Fai appearing

in the cross sections of the deep inelastic electron scattering and the

Drell-Yan processes will be discussed. They are defined by
F i (B,0%) = Z :|<aiqz,i>,n,o>12 : (6.1)
n

where

P = (nOX’PL) . (6.2)

As is clear from Eq. (6.1), FaiQR,QZ) is the probability of finding a
Q-parton of momentum z,and quantum number i inside the hadron with
momentum (nO,O) and the quantum number a. Given FaiQR,QZ), let us

compute Faigz,Q'z) where

Q'2 >> Q% >»> Q'? - Q% = 4Q* . (6.3)
For this purpose, it is necessary to compute the quantity l(alzﬁn,Q'>[2
for arbitrary n. By sandwiching the complete set of states Im,Q),

one obtains
F(2,Q') = Y| (alm,QXm,q|p,n,Q")|2 . (6.4)
m

air ~
n

Therefore the problem reduces to computing the matrix element

(mQIP,n,Q'). To do this, consider the following expansion:

: (2,Q|2w|P,n,Q"
v _ [EE ,
|P,n,Q") -‘fzp Z |P,n,Q) + 29; |2,Q) YA (6.5)

where

Q' WQ and Aéa = éi - é} - é;

The sum over £ in (6.5) excludes the states which have the same energy

Ay

with the state Lg,n,Q'>. Z-'s in the above are the wave function
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renormalization constants which can be computed from the normalization

condition
- (m9Q!n,Q> = (m3Q' ln9Q') . (6.6)
From Eq. (6.5), one obtains
' 1y =qf7078 (mQ|AW|P,n,Q")
<msQl£’n’Q ) szn [ 6m,p+n + A&m (6-7)

The matrix element (m,Q|AWL2,n,Q') can be computed from Eq. (2.12). To
order g(Q2), only the l-particle processes as shown in Fig. (4) need to
be considered. As discussed in Eq. (2.12), the matrix element is non-
vanishing only in the region

Q2/2n0<|Aé%l(Q'2/2n0 . (6.8)

From Eq. (6.8) and from the discussions in the last paragraph of Sect.
ITT, it follows that the diagram shown in Fig. (4.b) does not contribute,
since the state |m,Q) does not have enough energy. For a given configu-
ration n, the configurations m that contribute to Fig. (4.a) and the

one contributing to Fig. (4.c) are distinct. For Fig. (4.a), one has

(m,Q|AW|P,n,Q") = (P',Q|aW|P,q,Q") +0(g2(Q?)) . (6.9)
And for Fig. (4.c), one has

(m,Q|aW|P,n,Q") = (m'",Q|aW|n) + 0(g(Q?)) . (6.10)
Now substitute the results (6.7), (6.9) and (6.10) into Eq. (6.4).

Considering the incoherence, one obtains

F2,0') = 32070 [(alP,n,0)]2
n

+ Y l<alp',n,Q)]2
n

2
(P',Q|AW|p,q,Q"
x (6.11)

2
+ 3 alp.n,o]2- | (20l88In .0 >l +0(g* (@)
n,n’

’
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Now up to order g2(Q2?), one has

1 -4 _ A 4 a2
zA 1=1 zn+0(g Q)
n

2
(n,Q]AZJ(I;'sQ') +0(g* Q%) . (6.12)

>

nl

By means of Eq. (6.12), it is easy to show that the last and the first

term in Eq. (6.11) combine to yield the final result:

F(P,Q'?) = zg F (2,02)
(6.13)

2
+ Z |(alP',n,Q)]2 (P',Q|8W|P,q,Q")
1 A&
n,Bhsq

Eq. (6.13) is the desired relation describing the scaling violation
effects. Restoring the quantum number indices and writing

F(,Q%) = F_,(x,P %,Q%) , ‘ (6.14)

Eq. (6.13) can be written in the following form:

2 A2 2y — B 2 2
F o, (P 2,024+80%) = 2, F_.(x,P,2,0%)
1 (6.15)
4y fa2p 1+ 42 . 12 42
+L y./-d Pt %R £, (B,EV)CF LGP %00

where fij(g,g') is the probability of a Q-parton of momenta E' =
(noy,PL') going into a Q'-parton of momenta P = (nox,?L) via the action
of the AW vertex, as shown in Fig. (5). Notice that, by longitudinal
and Galilean boost invariance, the function fij(g’z') depends only on
the combinations x/y and fz‘where

P_l =P - x/yP' . (6.16)

It is convenient to rewrite Eq. (6.15) in terms of the following

quantities:
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z‘;=1—“—(29—ﬂ%l %;Ei : (6.17)
where

6% = Q'2 - Q* , (6.18)
and

£..(P,P") =9‘ig?—=l—g f.&ly) . (6.19)

ij ~’~ 21 PL ij
Here

2¢(n2
0 (Q2) = %—)‘ . (6.20)

The factorization implied by Eq. (6.19) holds in lowest order. Eq.

(6.15) now becomes

2 n2 2y _ 2 2
Fi(X’PJ_ »Q +4Q%) Fi(X’P_L »Q%)

_a(Q® | _ 5 ng? 2 a2
2 Zi EZ_ Fi(x’P_j_ ,Q%) (6.21)
1 2
dy 2, 4°P1' T x 2 A2
+ a2p =L ¢ & r.(,P 2,
fx yf LSy By Rer )
1

Here and in the following, the hadronic quantum number a will be sup-
pressed. Let us mow work out the restriction of phase space implied by
Eq. (2.12). For this purpose it is only necessary to compute the energy
difference A& between the initial and the final states of the diagram

shown in Fig. (5). It is

= _—l..__ 2‘2—
AE e IR e S : (6.22)

From this and Eq. (2.12), one finds

—;—}(y— x)Q%2 < P

% i-;,s (v - x)(Q% + 805 (6.23)

where ?I'is defined by Eq. (6.16). The inequality (6.23) must be

imposed in the second term in the R.H.S. of Eq. (6.21). The restriction
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of the phase space integral on the wave function renormalization constant
Zﬁ is already taken into account by Eq. (6.17).

It remains to compute the quantities Ei and Egj's. In the lowest
order, they can be computed from the knowledge of the bare vertices
shown in Fig. (l.a) and Fig. (1.b), the corresponding matrix elements
being specified by Egs. (A.12) and (A.13) in the Appendix. The calcula-
tion is straightforward and already reported elsewhere,22 and need not
be repéated here. To write down the result, let us first discuss the
indexing of the quantum numbers. In QCD, there appear color and flavor
indices. Since the color group is an exact symmetry, the probabilities
oﬁ finding a given parton and the probability of finding another parton
which differs from the first one only in its color index must be iden-
tical. This implies that one need only consider the transition proba-
bilities f which are averaged over the initial colors and summed over
the final colors. It is not hard to see that these quantities then
become independent of the flavor indices. The distribution functions
F, however, still depend on the flavor indices. Let Fqi and Fg be the

color summed probability distributions of finding a quark of flavor i

and a gluon, respectively. Eq. (6.21) can then be rewritten as follows:

2 N2 2y 2 n2
Fqi(X’P_L ,Qo+AQ ) Fqi(X’PJ_ »Q%)

_a(@® | _ & 82 2 A2
L eor T a o (6.24a)
d - f —) F . aP ’
+/ __dezpl = [qq & F (7,7]2,0)
x 7 1

1 ~ X
4+ — f 2y F ,PVZ’ 2
N fag (y) g(y 1 Q )]



- 31 -

and
2 21702y _ 2 A2
Fg(X’P_L »Qe+AQ ) Fg(x’PJ. »Q )
B 2 2 1 20, 42
_a@ | 5 g 2 o2 / dy fa?p %)
2 Zg —Q—Z_ Fg(X,Pl ,Q ) + ¥ —
X ﬂPl
X 2N X
£ & F .(y,P12,00) + T F (v,p!2,Q? :
eq & Z P15 + £ Q) FoG,P1%,Q%) | b, (6.24D)
i=1
where
E =c2/l-% - Q+x] ,
qq r
£ =fF @- ,
gq(X) qq( x)
N L (6.25)
fqg(x) = 2Tr<(1 - X)) +x ) ,
Egg = cg[2/(1 - x) + 2/x - 4 + 2x(1 - x)]
and
Zq = Cr(ZIoo - 3/2) and Zg = ZIng -b . (6.26)

N appearing in Eq. (6.25) is the number of the quark fields. The flavor
index i runs from 1 to 2N to include anti-flavors. The quantity I
appearing in Eq. (6.26) is an infinite constant defined by
1
I = / dx/ (1 - x) . (6.27)
0

~

However, the infinities in Z's are cancelled by the integral terms in

Eq. (6.24), which diverge because the functions f are singular at
x = 1. Egs. (6.24) - (6.26), together with the inequality (6.23),
constitute the main results of this section. Equations of the same
general structure were first proposed by Kogut and Susskind,lO and

Kogut.ll
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If one integrates both sides of Eq. (6.24) w.r.t. the transverse
variable Pl’ then one obtains a simpler set of equations which we will
call the longitudinal equations. The longitudinal equations were first
written down by Parisi.23 He obtained them by taking the inverse Mellin
transform of results obtained from the operator product expansion and
the renormalizatioﬁ group equations. A derivation of the longitudinal
equations in a spirit closer to the present paper was given by Altarelli
and Parisi,24 and also independently by Kim and Schilcher.22

For actual calculation, it is convenient to express Eq. (6.24) in

a slightly different form. Define

ZN
F = F . . 6.28
" 2 (6.2)
i=1

F.=F ., -F ., . 6.29
S qi qj ( )

Eq. (6.24) can then be reduced to the following set of equatioms:

2 024702Y — 2 42y - 009 ) = 4Q? 2 02
F(S(X’PJ_ »Qo+AQ ) F@(X:P_L »Q ) = _2_2_ Zq EZ_ F(S(X’P_L »Q )
1 (6.30a)
q dzPldzPL' N
+ _X/_____ £ (x/y) FG(Y9P_'L2’Q2) >
x 7 7P . 2 qq
1
2 2
fq(x9Pi »Q AQ ) Fq(X,P_L 9Q ) 2T Zq _62_ q(x, 1 »Q )
(6.30b)

/l . /dzpldzPl' & F & 2 02
—== | f (D F P.'2,02) +f (D F (y,P, '2,0%)
Ly = qq(y) q(y, i Q) qg(y) g(y 15Q
1
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and
2 Q2+1Q2) - 2 g2y = 2(Q%)
Fg(X,P »,Q+AQY) Fg(X’P_L ,Q9) 21
S5 A (xp 2,00 +
g Q© g 7 1l”’
/léz/dzPidzPi' ~ x ~ x
—=—=1f & F (,2,'2,02) + £ F_(y,° '2,0°)| ;.
. — 0q ) FqOaB %00 oG T8 Q) (6.30¢)

X WPJ_
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VII. SOLUTION OF SCALING VIOLATION EQUATIONS
AND PARTON TRANSVERSE MOMENTUM DISTRIBUTIONS

‘A, General Introduction

Let us first consider the general form of the equation given by
Eq. (6.21). 1In order to impose the phase space cut given by the
inequality (6.23), it is convenient to consider the transverse moments

Fin) defined as follows:

(n) - n
Fo(x,Q%) “_IEPLZ) F(x,P ?,Q%) d%P (7.1)

1l
Multiplying both sides of Eq. (6.21) by (Plz)n and integrating over
PL keeping the inequality (6.23) in mind, one obtains the following

differential equation:

o7 ™ (x,02)

2 .
Q 292 u(an) -2y Fin) (x,Q%) +
. L (7.2)
2r n! dy x,2n-r XY XY (n-r) 2
g.; e e / Y BT -5 E S Y 6,00
X

~

The quantities Zi's diverge as shown in Eq. (6.26). However, it is
easy to see from the explicit forms of the f's given in Eq. (6.25)
that these divergences cancel the divergences arising from the r = 0
term in the integrals appearing in the above equation. Therefore the
function F(n)(x,Qz)'s must be finite if they were finite for some given
value of Q2. One expects also that the large n behavior of the
F(n)(x,Qz) dictate the large P_L2 behavior of Fi(x,Plz,QZ). This point
should be investigated further. For any given n, Eq. (7.2) can be
solved numerically. This is presently under investigation.

Eq. (7.2) can be simplified further in terms of the following

Mellin-transformed quantity:
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1
MO(LfL‘) (Q2) =/; dx x¥7L Fi“) (x,02) . (7.3)
. One=eobtains
(n) ) :
2 __oi a(Q%) n) .2
Q597 = Ton Z; M @)
+ 55 2r n! ( ) M(n-r) (7.4)
£ Q r!(n - r)! M, AT ij Tatr ? '
where
1
- dy oa+2p~r . T %
ma(n’r)ij _/; v y 1 -1v) fij(y) . (7.5)

Eq. (7.4) is considerably simpler than Eq. (7.2). Still it is suf-
ficiently complicated so that an analytical solution does not seem
feasible at the present time.

B. Average Transverse Momentum Squared of Partons

To give an explicit example of the solution of equations derived

in the previous subsection, let us now compute the partons average

momentum squared (P2), = T, (Q%). In terms of the M's defined in Eq.
171 i
(7.3), it is
2y = w1) (a2

It is also necessary to know the partons average longitudinal momentum

(x)i = Ni(Qz), which is
2y _ »(0) n2 ’
N, @) = M, 5T (7.7)

The N's and T's satisfy the following coupled set of equations:

2
3%872‘9%1’31% ’ (7.8)
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3Tg  _ a(@® .| 5
31nQZ = 27 P Py Ts QT Gy Nyt s (7.9)
- N
5 a\_ _ a(e?) q
31nQZ \N_ | on - PA Ly ’ (7.10)
g g
and
T T N
3 q |- 2@ .1 . g 2nl a
EEn Tg\)— 5 b B r +Q%C| . (7.11)

In the above b is given by Eq. (2.14), and a,, b, and c, are the (1,1)

I’ 71 1

elements of the matrices A, B and C, respectively. These matrices are

given as follows:

a2\ 1 [ 43ce -2/31r
a, a P \43ce 23T )’ (7.12)
3 3
fP1P2\ 1 f25/12 cr  -7/15 Tr \
B = ) ' (7.13)
b, b -7/12 ¢cx  7/5 cg + 2/3 Tr/
3 %
and
c [
c=8-a=|1 2 (7.14)
C3 C4

It is straightforward to solve Egs. (7.8) - (7.11). One writes

a® = a(QS), Ni(QS) = Ng and T (Q3) = T; . (7.15)

Also, it is convenient to define the function
o ol
v(@®) = a(@®)/a” = 1/\1l + 5- 1n(Q%/Q®)) . (7.16)
The solutions of (7.8) and (7.9) are

Ns(Q%) = N5 [v(Q?)1%1 (7.17)
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and
1,3 = [y(@»1°1{1,°
, (7.18)
- C ao Q
+ ;W b'NGO/ an?[y(2)17C1
2
2
Eq. (7.10) has the following solutions:
N, = K - v [k -1+ NZ] and (7.19)
N = 1-K+ YOI K - 1 + Nz] ) (7.20)

Here A is the non-vanishing eigenvalue of the matrix A and is given by

>
il

311;[2& + Tr + /(2Cr - Tr)? + 8Cr-Tr ] , (7.21)

and

K

Tr/(Tr + 2Cr) . (7.20)
Eqs. (7.17), (7.18) and (7.19) describe the Qz—variaéion of the
average longitudinal momentum of the partons, and are well known from
the usual method employing the operator product expansion and the
renormalization group equations. Their explicit form is necessary to
solve Eq. (7.11). To solve the latter equation, let us introduce the

following eigen modes of the matrix B:
T, =, T @) +T, @) (7.21)

where

I - b Z
£, = 7o, [(bl b,) * /(bl b4)2 + 4b2b3} . (7.22)

The corresponding eigenvalues are

j\+=%[(bl+b4) + /(bl—b4)2+4b2b3]. (7.23)
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The solutions are

- T@) = [(y@)IM¥{1,° +
QZ (7.24)
o’ f 2[ N oy 1A
o , du“y(19) (u, - v, [y ¢,
%
where :
ui=b[£icz+c4+K'[gi(Cl_CZ) +c3—c4)]} (7.25)
and
v, =b[£,(C; - C)) +C3—C4]‘[K—1+NZ] . (7.26)
From Ti’ one recovers
T,@%) = [1,(Q") - T_(@)1/(5, - £_) (7.27)
and
2y -
T,(Q%) = [e,T_(Q*) - E_T+(Q2)]/(g+ -E) . - (7.28)

Eqs. (7.18), (7.27) and (7.28) describe the Q%-variation of the
parton's average transverse momentum squared. To analyze these results
numerically, consider QCD with color SU(3) g flavor SU(4) in which
case

C_ =3, ¢, = 4/3  and T =2 . (7.29)

Also, it will be assumed that the parton distributions inside the
nucleon can be divided into a valence contribution, an SU(3) symmetric
sea of quarks and anti-quarks and a charmed sea. For an iso-spin zero
target, one has
1

Fo=g B, +F, o=

o
Frf
+
o]
=

1]
e
2= |

fl
=

(7.30)

By= Fo, Fo=F, By

it
e |
»
=3
I
i
!
1]
tj
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The notations in the above are self-explanatory: p, n, A and p' denote
the proton, the neutron, the strange and the charmed quarks, respectively
" while the barred ones denote the antiquarks. From Eq. (7.30), it is

clear that the quantities T_=T_ - T, and T =T -T =T -T,
v P A c~-s c s A P

belong to T Thus their Qz—development can be determined if the

5

e e o}

initial values T_, TO
v c

—s’ Ns and Nz—s are known. Also the Qz—development
of Tq and Tg are determined if the initial wvalues TZ, T; and Nz =1 -

N: are known. Furthermore, it follows from (7.30) that

2N
T = E T. =T + 2T + 6T (7.31)
q i v c s
I+L
and
2N
N = E N. =N + 2N + 6N . (7.32)
q i v c s
i=1

Therefore, if one knows the Qz—development of Tv’ Tc—s énd Tq, then one
can determine the behavior of TC and TS separately.

Before going into a detailed numerical analysis, let us first
discuss some general properties of the function Ti(Qz). Schematically
it can be written as follows:

o o
T,(Q%) = ¢ (T) A;(@%) +D () B,(Q*) . (7.33)

The first (second) term in the above corresponds to the first (second)

term of Eq. (7.18) or (7.24). At Q2 near Qé, one has the behavior

4,0 o [y(@)1% (7.34a)
and

B, (0% < (@* - o®) (7.34b)
where a; is a positive constant. As Q2 becomes large, one has

A,(Q%) ~ 1/(1og@®*t (7.35a)
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and

B,(0%) - Q¥/(logg®)"t (7.35b)

-

Awhere bi is another positive constant. From Eqs. (7.33) ~ (7.35), one
sees that the function Ti(QZ) behaves roughly as follows: At Q2 near
QS, it is mainly governed by Ai(Qz} which decreases as Q2 increases.
At large Q2, on the other hand, it is mainly governed by the function
B(Q?) whose behavior is given by (7.35b). Furthermore, the coefficient
of B(Q?) involves only the initial values Ng as shown in Eq. (7.33).
Therefore, the behavior of the partons’ transverse momentum at large
Q2 is determined if the initial values of the parton's average longi-
tudinal momentum are known.

Consider now Eq. (7.24) in the ultra high Q? region. Integrating

by parts, one obtains

Q2
_}{. a2y 1% = 2 ¥2@? - o2 v* (@)

Q
2
° [y(u®1?
_ d].lz ___.__Z__du (7.36)

= o%* (%) + 0[0%v?(2?)/108(0%/Q}) 1 -
If log(QZ/Qé) >> 1, one may retain only the first term in Eq. (7.36).

In the same limit, the term involving v_ in the integral in (7.24) may

also be neglected, and one gets

2,0 40
T, Q%) L%Ui'QZ . (7.37)

From (7.37), (7.27) and (7.28), one obtains

r(@) = T (Q)/T (@) a7 =z, = 23T,/ (56 Cg+ 15T,) . (7.38)
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However, the approach to r should be very slow, the correction terms
being logarithmic.
“For numerical evaluation, it is necessary to specify the initial

values a°, N°'s and T 's at Q2 = Qé = 1 Gev?. I use

a® = 0.5 (7.39)
O_ O: 0= O:
N° = 0.46, N_ 0, N_ 0.01, N_° = 0.48, (7.40)
T%=0.75Gev?, T ° =0, T ° = 0.25 Gev® and
v [od S
o (7.41)
Tg = 0.25 Gev?2.

In the above, (7.39) and (7.40) are the standard results that follow
from the analysi325 of deep inelastic lepton scattering data. They are
thus presumably reliable. In writing (7.41), it was assumed that the
average transverse momentum per quark in the nucleon is 0.5 Gev at
Q% = 1 Gev®. Since there are three valence quarks, one obtains
TVO = 3'(0.5)2 = 0.75 Gev?. Tco is set to zero since no charm should
be present at low Q2. The choice Tgo = 0.25 Gev? was made by naively
assuming that the quarks and the gluons have the same transverse momenta.
The Toi's given by (7.41) are at most speculative, and it is conceivable
that the present estimate could be wrong by a factor of 2. According
to the discussion in the previous paragraph, however, the behavior of
the function Ti(Qz) at large Q? is insemsitive to the precise value
of the To.‘s.26
i

Table I presents the result of the calculation in the Q2 range
from 1 GevZ to 120 Gevz, which covers most of the present experiments.
The gluonic contribution rises rapidly, while the quark contribution
changes very slowly in the Q2 range investigated. The general trend

of the Ti(QZ)'s agree with the qualitative analysis carried out above.
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At Q% = 120 Gev?, r(Qz) ~ 2/5 which should approach r = 0.232 according
to Eq. (7.38). At Q2 = 10° and 107 Gev?, r(Q?) = 0.276 and 0.265,
Arespgétively. Such a slow approach to r_ is to be expected.

In interpreting the result shown in Table I, it should be kept in
mind that TV(QZ) is the average transverse momentum squared summed over
the three valence quarks. Thus the average transverse momentum squared
of a valence quark is ~0.56 Gev? at Q% = 120 Gev2. By the same token,
the rapid rise of the gluonic transverse momentum squared may simply
mean that the average number of gluons increases rapidly. The average
transverse momentum of quarks obtained in this section seems reasonable
in view of the recent experiments. However, more assumptions are neces-

sary in order to compare the result of Table I with experiment. This

is beyond the scope of the present paper.
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VIII. CONCLUDING REMARKS

In this paper, it was shown how to reconcile the apparently contra-
dictory concepts of field theoretic local interactions and the impulse
approximation. It was observed that the impulse approximation requires
the time development matrix U to be close to unity during a short time
interval. To accomplish this, the interacting part of the Hamiltonian
was separated into two parts, one containing only those terms involving
large energy transfer, the other containing the remaining small energy
transfer pieces. The parton states were introduced to be eigenstates
of the large energy transfer Hamiltonian. The evolution df such a state
is then governed by the soft operators with small energy transfer, thus
enabling one to make the impulse approximation. It was then possible
to give a physically transparent derivation of the usual formula for
the cross section of the deep inelastic electron scattering. With some
additional assumptions, it was also possible to confirm the conjecture
that the cross section for the Drell-Yan process can be obtained from
the naive parton model result by replacing the naive parton density
functions with the Q?-dependent density functions. The variation of
the density functions with Q2 was determined in terms of coupled integro-
differential equations. The equations reduce to the usual ones when
restricted to the longitudinal distributions only. As for the transverse
distributions, explicit solutions were obtained for the simple case of
the average transverse momentum squared.

There are still many questions to be cleared up. First, it must

be rigorously proved that the separation of5¢1 into WA and VA as defined
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in Sect. IT works so that Eq. (2.12) follows, although they are highly
reasonable in view of our intuition gained from the renormalization
theof§ of the Green's functions. The problem here is essentially to
find a consistent renormalization procedure within the framework of
the Hamiltonian approach. Solving this problem and thus reformulating
the usual renormaiization group theory in terms of the Hamiltonian
language should be very useful, since the Hamiltonian approach has a
strong intuitive appeal.

Second, the discussion of the Drell-Yan process in Sect. V is
still incomplete, because the covariant derivatives occurring in the
electromagnetic currents were replaced by the usual derivative without
any justification. These are indications that the results in Sect. V
are correct from the explicit calculations in lowest order perturbation
theory20 and from the calculation27 in one time one space dimensions.
However, the problem should be investigated further.

Finally, the scaling violation equations were only solved for the
simplest case. Extending the solutions to a more general case is
presently under study. At any rate, the problem here is a technical

one and not one of physics.
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Added Note
Since this work was submitted for typing (Oct. 77), the theory of the

-

impulse approximation presented in this paper is developed further as

follows:

Eg. (2.12) is not completely satisfactory on dimensional ground.

Instead, it should be replaced by

(n,A'“WA,— WM[m,A)

2
o o

- A A2
L md (g > gBD), 5— < |16 - & | <>

o , otherwise , (N.1)

where A% is a quantity of order A2, To determine KZ, note that A2 enters
into Wy only in the combination A2/2no. Therefore the most general structure

that 12 can have is

- 72
12 =—mng . (N.2)
n nm
o}
Here n is the o—component of the total momentum of state n. § is a

n,m

dimensionless guantity depending on momenta and guantum number of the stateé
n and m. It must be invariant under longitudinal boosts as well as Galilean
boosts. For the discussions in this paper, it is only necessary to consider
the three point coupling shown in Fig. (5), in which case it is easy to see

that En o °&n only depend on the ratio x/y (in the notation of Fig. (5)),
I

1

~ ~

being independent of P or Pf. Assuming that En m is independent of the
I

guantum number of the states n and m, one has

En _— E(x/vy) (M. 3)

1
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The scaling violation equation (6.21) can be straight forwardly generalized

to incorporate (N.2) and (N.3). One obtains

2002y 2 72
Fi(x,%_,A +AA%) Fi(x,%_,A )

~ 2
=L {- 2 ) M0 F (x,p2,02)
2T i A2 i 1
L 4 N 4 p
+f a2y £&)) £,.5 &@p —L 7 (y,p2,02) . (N.4)
y Vg ij'y 1 -0 3 1
X mP
1
Here 1
Ei(x) = d/‘ 3i(z) o (A2x £(z))dz ’ {M.5)
0
with
2C
- 2 _ 3 - -9 _
yq(z) = Cr(l—z 2) and é’q(z) 1 b . (N.B)

The Qf—integral in (N.4) is limited, of course, by the inequality (6.23).

In the limit AAZ + O, Eq. (N.4) can be written in the following differential

form:
BF.(X,%?,AZ)
2mA2 = = - 7, (x) F.(x,Pz,AZ)
372 i i 1
1 ” 2m
& a2y ey &° L / 8 .. & 2 72 N.7
+,/y a{A4y E(y)) (Y) o a fij(y) Fi(y,PA, ) ' ( )
X 0 ’
where

2
2 o & 2 4+ 72X (y-x) - 8 A/E— - ] . N.8)
Py (Y) Eﬂ_ + A y(y x) 2 cos Iﬁ?l y(y x) (
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In Section V, it is shown that if one choose A2 < Q2 /x for deep
inelastic electron scattering and pZ2 5 (Q2 + s(xl—xz) /4)/(xl+x2) for the

Drell-Yan process, then UA(T,o) can effectively be approximated by 1. On

o

the other hand, JA approaches the free current as A -+ =. Therefore A2

should be chosen as large as possible. These considerations determine the

relevant A2 for deep inelastic electron scattering (A% s ) and the Drell-Yan

2

D.Y.) as follows:

process (A

2 2
2 Qc+s(x,~x,)"/4
£2 . =L ana 02 = 12 ) (N.9)

E.S. D.Y. +
X X %,

Therefore deep inelastic electron scattering measures the quantity
G, (x,B%,0%) F (x,B%,0%x) (N.10)

while the Drell-Yan process measures

Q2+(x -X )25/4
F. (x,P2, 2 . (N.11)

i 1 xl+x2

Egs. (N.8) and (N.9) then determine completely deep inelastic cross sections.
In a recent paper (K. J. Kim, Impulse Approximation in QCD, Parton's
pT—Distribution and Application to Deep Inelastic Process, MZ-TH 78/1),
phenomenological consequences of these equations were studied. Agreement
with recent data on R = GL/OT in deep inelastic electron scattering and

the average transverse momentum of the Drell-Yan pairs is found to be very

good.



APPENDIX
In this Appendix, the explicit form of the Hamiltonian .# correspond-
ing to the Lagrangian density (2.5) will be derived. Since the procedure

is well known,13’14

it is not necessary to go into the details of the
derivation. For the present purpose, it is convenient to represent

the Dirac matrices i

The IMF components corresponding to the above representation are

\ . . .
YO =2 9 0 , ¥v3 = V2 0 ~ ) and YJ = ?J . (A.2)
i O/ 0 0

In the IM gauge specified by Eq. (2.7), the independent degrees of free-
dom are the transverse components Ai's of the gluon fields and the two
component Pauli spinor X. The latter is related to the 4—component
quark field ¢ as follows:

X\
v (x) =< s (A.3)
£/ :

where
£ = 11 23 X . (A.4)
/2 3° ' A
Here 1/3° is the inverse of the differential operator 3° = 9, = 3/34
and B is the covariant derivative given by
D=3 + igh® T . (A.5)

In this appendix, the superscript + is used to denote two dimensional

transverse vectors. The fundamental equal T commutation relations are

5(y-5" (@ x - %"

S1s

}X(X),X(X') Bt

(A.6)



and

[Ai(x),YOA?(x)]E.T = %-Gab §ij S(x-%") s -3y .

These commutation relations can be realized by introducing the Fourier

decomposition
f gt f dn {W(s) eTPX fip,e) + W(-s)elP X at(p s)} (A.7)
(2m)3 Yonv/2 ~’ ~’
d2P d . . +
Ay(x) = / T eie P Fak) + P eFo) ATl a.8)
(2'”) n ~ 1 -~

The Hamiltonian can be obtained by the standard procedure, and is

given as follows:

wp = I S G R T S e S B
0%6 dzdxl; > AaV Aa + 7 x v 0 X (A.9)
and
2 > >
= g2of 1 o_ (L1 ;o
Q%I /dzdxl . J (30) Ja g(eo Ja> v Aa
+—x [-ig T SRy j;-g'g ~ ig 5V L T ’K 5
/7 a a 50 40 a’a
(A.10)
N N GV S Gl
& Ta Aa o 50 Tb Ab olx
1,71 ,1 .3 g_ 1,3 41,3
+ gfabc 9 Aa Ab Ac + 4 fabc fade Ab Ac Ad Ae >
where JZ is the color-charge density given by
-+ - -
= V2% T, X+ fre Ab-a°AC . (A.11)

from (A.11), (A.7) and (A.8). For the purpose of the present paper,
it is only necessary to consider the matrix elements shown in Fig. (l.a)
and (1.b) and those which can be obtained from them by the substitution

rule. The matrix element corresponding to Fig. (1l.a) is

> > > >y
.,  0.0° op'o,
q 49°P p'o,

. - (A.12)

M, = gT, - o o s

1

fa)
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and the one corresponding Fig. (1.b) is

Ny = My
- My =dgf .. n Pii|m Py - py)y 83k
(A.13)

+ cyclic permutations}

Finally the electromagnetic current Ju(x) = E&uw will be expressed

in terms of the independent field variables x and Aljs. From (A.2),
(A.3) and (A.4), it follows:
o] +
J = ‘/EX X . (A.14a)
+ 1 1 - > + 1 > >
¥ =v2¢%¢ =-2[=75DBy} (= 5-Dx (A.14b)
V2 \5° 5°

and

i)

4 +
J =¢ Ol x + X oi.€ . (A.14c)
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TABLE 1
Qz-—dependence of Ti(Qz) =< pi > (all units in GeVz)

QZ <pi>v <pi>C <pi>S <pi>g

1.1 0. 738 0 0. 245 0. 272

L4 0,712 0. 002 0.235 0. 329

2.6 0.667 0. 005 0.214 0. 504

4.6 0.653 0. 010 0. 202 0. 735

7.4 0.662 0. 017 0. 197 1. 023
15. 4 0. 727 0. 032 0. 200 1. 763
26.6 0. 832 0. 052 0.213 2. 715
41. 0 0. 968 0. 076 0.235 3. 867
70.0 1. 230 0. 122 0.279 6. 065

120. 0 1.657 0. 196 0. 357 . 9. 640
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FIGURE CAPTIONS

Examples of virtual processes contained in ;. a, b and c are the
group indices and i, j and k are the polarization indices of gluons.
Deep Inelastic Electron Scattering.

Drell-Yan Process.

Lowest order diagrams contributing to the matrix eleﬁent (m,QIAW’ E,n,Q').
A indicates the action of AW vertex.

A diagram contributing to fij . The dotted line can either be a gluon

or a quark.
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