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Link Polynomial, Crossing Multiplier and Surgery Formula”

TETSUO DEGUCHI

Institute of Physics, College of Aris and Sciences,
University of Tokyo, Komaba, Megquro-ku, Tokyo 153, Japan

YASUHIKO YAMADA

Theory Diviston, National Laboratory for
High Energy Physics, Tsukuba, Ibarak:s 305, Japan

ABSTRACT

Relations between link polynomials constructed from exactly solvable lattice
models and topological field theory are reviewed. It is found that the surgery
formula for a three-sphere §% with Wilson lines corresponds to the Markov trace
constructed from the exactly solvable models. This indicates that knot theory
intimately relates various important subjects such as exactly solvable models,

conformal field theories and topological quantum field theories.

# Based on Lectures given at the workshop "Beyond Riemann Surfaces” in Research Institute
for Theoretical Physics, Hiroshima University, February 1989.
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1. Imtroduction

A general theory has been established [1-6] to comstruct link polynomials,
topological invariants for knots and links, from exactly solvable models in sta-
tistical mechanics. The theory, which is applicable to both vertex models and
IRF models, consists of two steps. First, one makes a representation of the braid
group from the Boltzmann weights of a solvable model. Second, one constructs
the Markov trace on the representation. The Markov trace is essentially a trace
of the braid group representation multiplied by the crossing multiplier of the

model. .

Recently, E. Witten has shown remarkable relations among three dimensional
topological quantum field theory, two dimensional conformal field theory and link
polynomials 7). This topological field theory is the Chern-Simons gauge theory
with non abelian gauge group G, whose abelian version is related to the fermi-

bose transmutation and self-linking number [8].

Let us recall the formulation of the topological quantum field theory [7]. In a
closed oriented 3-manifold M, we take a link L which consists of r oriented and
non-intersecting knots Cj,¢ = 1,2,---,r. We assign a representation R of group

G to each Cj, and consider the following path integral over all gauge orbits

Z(M;L)=2Z(M;Cy,Ri) = ]DAexp(ikS[A]) ]_L[WRi(Ci). (1.1)

=1

Here, S[A] is the Chern-Simons action,
Wgr(C) = TrR[Pexpf Aqdz'] (1.2)
(o

is the Wilson line which represents the holonomy around C and k € Z is (topo-
logically quantized} coupling.

By the method of geometric quantization, Witten has shown that the physical
Hilbert space of this theory is isomorphic to the space of conformal blocks of
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associated Wess-Zumino-Witten model [9] at level k, and hence the Hilbert space

is of finite dimensions.

We can give another argument for this important result. Note that the Gauss
law constraint of the cannonical quantization is essentially equivalent to the
(anomalous) Ward identity for the currents. We can show that the current Ward
identity and integrability condition characterize the space of conformal blocks,

and this space is shown to be of finite dimensions [10].

From the knowledge of eigenvalues of braid matrices, Witten has derived
the skein relation for the expectation value of Wilson lines. For G = § U(N)
and Wilson lines in fundamental representation, he has explicitly given the skein
relation defining the Jones polynomial [11-13]. For other gauge groups G =
SO(N) and Sp(2n), this method can be extended straightforwardly, and yields
the Kauffman polynomial [14].

Using "surgery” technique, Witten has presented the following formula:

Z(S% L) = Z(8* x SY;R;, B)S!, (1.3)

7

where Z(S* x §'; R;, B) is the partition function on $2 x S of both the braid
B and a parallel Wilson line in the R; representation. The quantity Sf is the

elements of the modular transformation matrix.

The main aim of this report is to compare Witten’s results, in particular,
the surgery formula (1.3) with the knot theory based on the exactly solvable
models [15]. In §2, we shall briefly explain the knot theory based on exactly
solvable models in statistical mechanics. In §3, the significances of the crossing
symmetry will be exhibited. In §4, the relation between the surgery formula and
the Markov trace constructed from solvable models is explained. In §5, graph-
state IREF models are introduced to show the ubiquity of the crossing multiplier.

The last section is devoted to discussions.



9. Exactly Solvable Models and Link Polynomials

We introduce braids to describe knots and links [16]. It is known that any
oriented link can be expressed by a closed braid [17]. The equivalent braids
expressing the same link are mutually transformed by successive applications of
Markov moves, I and II (Fig.1) [18]. Markov trace is a linear functional on the
representation of the braid group B, which has the following properties (the
Markov properties):

I.  ¢(AB)=¢(BA), A,BEBn,
I ¢(Ab,) = T(A),
H(ABTY) = T4(A), A€ B, Abl'eB.,

where

7 = ¢(bi), F=gb7h), i=1,---,n+1l (2.1)

From the Markov trace we obtain a link polynomial.

The Boltzmann weight w(a, b, ¢, d;u) of IRF model is defined for the config-
uration of "spins” around a face (Fig.2), where u is the spectral parameter. The

Yang-Baxter relation reads as (Fig.3) [19]

S w(a,by g, Fruhelf, g, d,eu + vhw(g, b e d;v)
g

= 3 w(g,¢,d, s uhw(a, b, d,gsu + v)e(f, a9, 60); (2.2)
g

In addition to the Yang-Baxter relation, the Boltzmann weights of most of exactly

solvable IRF models satisfy the following basic relations [19,6].

1) standard initial condition
w(a,b,¢,d;u = 0) = §(a,c), (2.3)

where §(a,b) is the Kronecker delta.
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2) inversion relation

Zw(e,c, d,a;u)w(b, ¢, e, a; —u) = §(b, d). (2.4)

€

3) crossing symmetry (Fig.4)

a)y(e)\ 2
w(a,b,c,d;u) = w(b e, d,a; X — u) (i—&%—%) , (2.5)

where {1(a)} are the crossing multipliers and ) is the crossing parameter.

4) second inversion relation

Z w(c, e, a, b A — u)w(a, e, ¢,d; A+ u)%% = 6(b, d). (2.6)

€

The crossing multipliers of the model are introduced in the crossing syminetry
and the second inversion relation. They are important in a general theory to
construct link polynomials from the exactly solvable models. As will be shown
in §3, the basic relations correspond to local moves, known as the Reidemeister

moves, on the link diagrams.

Let us explain the constraint of the model. Nearest neighboring spins of
IRF model satisfy the constraint. When spin b is allowed {or admissible) to be
nearest neighbor of spin a, then we write it as b ~ a. Of course, the Boltzmann
weight is equal to 0 if the configuration is not admissible. A sequence of spins
£ = (£g,£y,---,£y) is also called admissible if £; ~ Ci_i(i=1,--- n).

Let us introduce the Yang-Baxter operators and construct representations of

the braid group. The Yang-Baxter operator X;(u) for IRF models are defined by
2] (Fig.5)

11 n
Pap1--pn P; P
(XiC)i gty = | T1 8 ) wltssbisrpis bimis) § TT 687 |, (2.7)
3=0 J=i1+1
Here and hereafter multi-indicies (pg, p, - - - ,Pn) are assumed to be admissible.

The Yang-Baxter operator X;(u) is a constituent of the transfer matrix T(u)
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in a 2-dimensional lattice system. In terms of the Yang-Baxter operator the

Yang-Baxter relation is written as {19,6]

Xi(u) Xir1(u + 0)Xi(v) = Xip1(v) Xi(u + 0) Xz (u),
Xi(w)X;(v) = X;(v)Xi(uw), li—jl22 (2.8)

We call this algebra the Yang-Baxter algebra. We see that the defining relations
of the Yang-Baxter algebra (2.8) are analogous to the braid relations. From the
Yang-Baxter operators {X;(u)} we can construct the representation of the braid

group {Gi} by the following formula [1]
+1 __ 1 .
G = ulg&)X,(:i:u). (2.9)

The well-definedness of the limit requires that the model is critical, that is, the

Boltzmann weight is parametrized by trigonometric (or hyperbolic) function.

Let us construct Markov trace ¢(-) on the braid group representation. Using

the crossing multipliers of the model, we introduce a "constrained trace” Tr(A4)

12]:

—~

Tr(4) = Alotatn Pln) 4o : fixed), 2.10
r{A) t;.Zgn Lody ot (o) (£o : fixed) ( a)

then the Markov trace ¢(-) is written as

B(A) = Tr(A)

= — ., A IM™eR,, 2.10b
Tr( (7)) € ( )

where I(*} is the identity. The symbol ¥ represents the summataion over admissi-
ble multi-indices with £; being fixed. We also have a formula of the Markov trace
for vertex models [1,6], which is related to (2.10) by the Wu-Kadanoff-Wegner

transformation [6,20].
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We can show that the trace ¢(.) defined in (2.10) satisfles the Markov prop-
erties (2.1) by proving the extended Markov property:

Zw(a b,a,c; u)z(( ) = H(u;\) (independent of a, ¢), (2.11)

beva

where the function H(u; A) is called the characteristic function [6].

3. Crossing Symmetry, Temperley-Lieb
Algebra and Graphical formulation

Let us discuss the meanings and consequences of the crossing symmetry:
It has a remarkable significance to algebraic and graphical approaches in knot
theory [6]. We use the notation of the factorized S-matrices. It is noted that the
factorized S-matrices and solvable vertex models are equivalent. The discussion

also holds for solvable IRF models [6].

We denote the amplitude of the scattering process («, 8) — (u,v) by S§y(u)
(Fig.6). The Yang-Baxter relation for the factorized S-matrices reads as (Fig.7)

> S (u)SEN u+ v)SEE(v) = Y SEN(0)SEE(w + v)SZ2(w). (3.1)
afy afiy
The relation (3.1), often referred to as the factorization equation, was introduced
as the consistency condition for the Bethe ansatz wavefunction [21]. The fac-
torized S-matrices represent the elastic scatiering of particles in that only the

exchanges of momenta and the phase shifts occur.

For the factorized S-matrices, the Yang-Baxter operator X;(u) is defined by
[16] (Fig$)

i) = na s | I1 e ). @2
J=1+2

In terms of the Yang-Baxter operator the Yang-Baxter relation (3.1) is again

expressed as (2.8).



Generally, the factorized S-matrices satisfy the following crossing symmetry

and the standard initial condition.

1) crossing symmetry (Fig.9)

Sm/(u) — S'?E()\ —_ u) M e (3 3)
ulu) = Sra Br)) '
where we have introduced the notation & = —a for "charge conjugation” and

r(a) are the crossing multipliers with a relation r{—a) = 1/r(a).

2} standard initial condition (Fig.10)
Sgu(u =10) = 8585. (3.4)

The above relations have the following physical meanings. We can interepret
as the rapidity difference of the scattering particles. Also it can be considered as
the scattering angle (Fig.6). The standard initial condition indicates that there
is no scattering between two particles with zero relative velocity. The crossing
symmetry describes the invariance of the system under 90 degree rotation in
a 2-dimensional space. Note that from the standard initial condition and the
crossing symmetry, the inversion relation and the second inversion relation for

the factorized S-matrices (solvable vertex models) are derived.

It is important in the critical (vertex and IRF) models with the crossing
symmetry that the Yang-Baxter operator becomes the Temperley-Lieb operator

at the point u = A [6]. Setting
E; = Xi(X), {3.5)
we find that the operators {E;} satisfy the following relations

E;Ein E; = Ei,

-



Ezz = ql/ina
E;EJ' = EjE,j, |z — jf > 2, (3.6)

where the quantity ¢/ is related to the crossing multipliers (1) (or {r(a)}) by

g"* = Zrz(a), for S matrix (vertex model), (3.7a)
$(b)

= —t for IRF model. (3.7

Liw @ ) )

The relations (3.6) are the defining relations of the Temperley-Lieb algebra [21].

Furthermore, the relation (3.5) is of importance in an algebraic formulation
of the knot theory [6]. We only point out two key observations. First, the
operators {Ej;, G;} form an braid-monoid algebra. Second, using the Temperley-
Lieb operator E;, we can show that the extended Markov property is equivalent

to the relation (projection relation) [6]
Xi(WE; = B(u)E;. (3.8)

where S(u) is a function which is related to the characteristic function H{u; A)
by A(u) = H(A — 1),
Let us consider the graphical meanings of the relation (3.6) [6]. From the

crossing symmetry and the standard initial condition we have (Fig.11)

avony = (TN gaugy
55100 = (S ™ s0(0) = ria)s§ (st (39)

We can regard the elements r(a)ﬁg and r(u)éy as the weights for the pair-
annihilation and the pair-creation diagrams, respectively (Fig.12). Then, the
Yang-Baxter operator at u = X is depicted as the monoid diagram, by which the
Temperley-Lieb algebra is explained. This way of thinking is consistent with a
fact that the energy at the point A is related to the pair-creation energy. For
IRF models, the weights (¥(a)/4(5))'/? and (¢(c)/9(b))/? correspond to the

pair-annihilation and pair-creation diagrams, respectively (Fig.13) [6].
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Let us introduce link diagram L, which is 2-dimensional projection of a link
L (Fig.14). The writhe w(L) is the sum of signs for all crossings {C;} in the link
diagram (Fig.15):

w(l) = «(Cy), (3.10)

We can formulate link polynomial directly on link diagrams. First we calcu-
late statistical sum Tr(L) on the diagram I by the rules given in Fig.12 (Fig.13).
The link polynomial for the link L is calculated as

o — —w({l) TT(E‘)
(L)=c¢ Trko) (3.11)

where Ky is the link diagram for the trivial knot (a loop) and the constant ¢ is

defined by

c= ulLrEo B(u). (3.12)

or by a relation

G E; = cE;. (3.13)

We can confirm a(L) is invariant under the Reidemeister moves of link diagrams
(Fig.16), and hence (L) is a topological invariant of the link L. Thus we have
shown that a model with the crossing symmetry gives a graphical construction

of the link polynomial.

To conclude this section, we again emphasize that the crossing symmetry has
algebraic and graphical significances. Algebraically, it leads to the Temperley-
Lieb algebra and the braid-monoid algebra. Graphically, the pair-creation and

pair-annihilation diagrams are introduced through the crossing symmetry.
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4. Modular Transformation, Fusion Rule and Crossing Multiplier

In this section we study the relation between the surgery formula and the
Markov trace. In the surgery formula (1.3), modular transformation matrix S f
plays an essential role. For WZW model, conformal blocks on the torus are given
by the characters of the Kac-Moody algebra. The modular transformation matrix
of the characters is given by [9,23]

S0 2mip

- = Try,(exp—— 4.1

Soo v (exp + g)’ (+1)
where p 1s the half sum of all positive roots, g is the dual Coxeter number, and
k is the level of the integrable representation whose ground state is irreducible

representation V; of group G.

The quantity defined by (4.1) appears in several places in mathematics and
physics. In the context of exactly solvable models, it is the crossing multiplier of
critical 8VSOS model [24,19], and its generalizations, A, B, C and D IRF models
[25]. Explicitly we find that the crossing multiplier and the matrix elements Sij
are related by

bG) _ S (4.2)
»(0)  Soo
For the vertex models [26,1,28,29], the same correspondence also holds. It is
known that the partition function Z($? x S Rj,B) on 5% x §' corresponds to

the trace of the braid matrix

2(S*x ShR;B)= 30 Bloit (l=0,Ly=j).  (43)
f1lg il

This braid matrix B is the monodromy matrix on the conformal blocks on S2.
For the case of SU(2), the monodromy matrix has been explicitly obtained (29] by
solving the Knizhnik-Zamolodchikov equation [30], and the monodromy matrix

Is equivalent to the braid matrix appearing from 8VSOS model or IRF model
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associated to SU(2} [2,25]. Recently it has been shown [31] that the above
equivalence between monodromy matrices in WZW models and the Boltzmann
weights in IRF models (or the R—matrices in quantum groups) also holds for
other gauge groups of type A, B, C and D. These facts indicate that the surgery

formula (1.3) is expressed as [15]

2(5%1) =Y Z(5* x §; R;, B)S}
J

_—

= 3 patatlh) g ) (4.4)

P
t1tgbn ¥{to)

where the symbol £ denotes the constrained trace. Thus, the surgery formula of
a link L in S has the same form with the Markov trace given by the constrained
trace (2.10) for the IRF models [15].

The skein relations of the link polynomials constructed from 8VSOS and
A,B,C.D, IRF models can be explained by the conformal weights of the WZW
models [15]. This fact also agrees with the correspondence between the surgery

formula and the Markov trace for the IRF model {15].

The relation (4.2) can be also explained as folows. Recall the fusion algebra
of the rational conformal field theory [32,33]:

gid; =y Niféu, (4.5)
k

where generators {¢;} correspond to primary fields, and Nl-f counts the muiti-
plicity of ¢ appearing in OPE of ¢; and ¢;. Let us consider one dimensional

representations {)\En) € C} of the fusion algebra

AP = ST v (4.6)
k

By the Verlinde’s formula {32], the )\Sn)’s are given by modular transformation
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matrix 5;; as follows
Sin

M=

(4.7)

The value /\EO) = S0i/ S0 can be seen as the relative dimension [33] of the repre-
sentation space of the chiral algebra. On the other hand, the crossing multipliers
{#(4)} of the solvable IRF models are determined by the eigenvalue problem [6]

> w0 = ¢4, (4.8)

o

where the summation is over all states admissible to J- The admissibility con-
dition can be described by the coefficients N‘-JI‘ for corresponding conformal field
theory. This fact explains the relation (4.2) between the matrix elements of the

modular transformation and the crossing multipliers.

For the case of restricted 8VSOS model, the condition (4.8) is
D Nibb(e) = ¢%p(3), (4.9)
£

with

le = £+1 + 6?_1. (4.10)

Here ng 1s nothing but the fusion coefficient for SU(2) WZW model.
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5. Graph State IRF Models

The theory to construct link polynomials from exactly solvable models takes
advantage of the crossing multipliers of the models. To show a wide applicability
of the theory, we shall present examples of solvable models other than A, B,
C and D models. In fact, there exist various models with non-trivial crossing

multipliers from which link polynomials can be constructed.

Let us introduce graph-state IRF models [6](Fig.17). The constraint on the
model can be expressed by a graph [34,2,35]. Each point of the graph corresponds
to a possible spin value of the model. The point for a spin & is connected to the
point for a spin a, if and only if b is admisssible to a: b ~ a. For any graph in

any dimensions we consider the following relation [2]
S 9(b) = 24(a), (5.1)
br~a

where the summation is over all spin values admissible to a. This relation has
already appeared in (3.7) and (4.8). From the solutions of the eigenvalue problem
{5.1) we have the Temperley-Lieb operators by

POPl 5 i+l ¢ i 1z - Pi
[Vttt = (Hffp) gtins (A w)(i(i;) (H 55;). (5.2)

§=0 jmitl

It is easy to see that the operator U; satisfies the defining relations of the

Temperley-Lieb algebra. Choosing the crossing parameter A by
2cosA = ¢V/%, (5.3)
and from the Temperley-Lieb operator U; , we can construct Yang-Baxter oper-

ator X;(u) by (2]

sin(A - u)( sinu

+ Snlh — u)Ui) (5.4)

Let us give an example. For a graph of the two-dimensional square lattice

...414_.



depicted in Fig.17(f), the crossing multiplier is given by
Y(a') =sin(a@ - 7 + wp), (5.5)

where the lattice points on the two-dimensional square lattice are expressed in

terms of

@ = (G‘IJGZ)a ay,az € Z, (56)

and 7 = (ny,n,). For this model the quantity q'/? is given by

qlf? = 2cosny + 2cosng. (5.7)

Thus we have shown that we can construct a solvable model for any graph.
These models are generalizations of the §VSOS models. When a graph has a finite
size, the graph-state IRF model is a restricted solid-on-solid (RS 0S) model.

Since the extended Markov property (2.11) holds for graph-state model, we
can construct the Markov trace on the braid group representation. Therefore we
have link polynomial corresponding to arbitrary graph. In other words, from the
crossing symimetry, solvable models and then link polynomials are constructed in

a systematic manner.

6. Discussions

1) For link polynomial given by the topological quantum field theory, we have
found that its expression by the surgery formula corresponds to the general con-
struction of link polynomial based on the exactly solvable models [15]. The cross-
ing multiplier is the keypoint of the latter construction. Crossing multiplier and
modular transformation matrix is closely related by the fusion algebra. There-
fore, it seems that the construction of link polynomial by the surgery formula is

as general as the knot theory based on the exactly solvable models.
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9) An advantage of the knot theory based on the exactly solvable models is that
the crossing multiplier and the crossing symmetry are naturally introduced. In
§5, we have shown that from the crossing symmetry with non-trivial crossing

multipliers solvable models and link polynomials are systematically derived.

3) We can construct composite solvable models. The key of the construction is
that the projectors can be made from the Yang-Baxter operators [36,6]. The
method is called composition method or fusion method. The projectors are con-
sidered as generalized Young operators [6). We can construct ”3-point vertex”
using the projectors (Fig.18). For graph-state models, the projectors consist of
the crossing multipliers. Further, it has been shown that the projectors satisfy
the pass-through condition [6] (Fig.19) and also they are compatible with the
Markov properties [6]. Therefore by using the projectors we have topological

invariant for linking graphs.

4) The row-to-row transfer matrix T(u) of two-dimensional lattice system is con-

structed from the Yang-Baxter operator as

T(u) = U(u)V{u), (6.1)

where
U(u) = Xy(u)Xs(w) - - Xon—1{u), (6.2)
Viu)= Xo(u)Xa(u) -+ Xon(u), (6.3)

The partition function of the system is written as
Zy(w) = Tr{(U(u)V(u)"), N =2n x 2n, (6.4)
and then the free energy f per site is given by
flu) = lim —~logZy(x) (6.5)
 N=wo N g ' ’

We note that if we start from the Yang-Baxter operator for the graph-state model,
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then the partition function is written as a summation of the crossing multiplers

of the model.
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Fig.2 Boltzmann weight of IRF model.
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Fig.3 Yang-Baxter relation for IRF model.
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Fig.4 Crossing of IRF model.

Fig.5 Yang-Baxter operator for IRF model.
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Fig.6 Scattering amplitude Sg(u) .
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Fig.7 Yang-Baxter relation for S-matrix (vertex model).

Fig.8 Yang-Baxter operator for S-matrix (vertex model).
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Fig.9 Crossing symmetry of S-matrix.

Fig.10 Standard initial condition.
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Fig.1l Scattering with u = A corresponds to annihilation- creation diagram

(moncid diagram).

-
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(c) ()
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Fig.12 Weights for elements of link diagrams.

(a) pair-annihilation diagram r(a)é§ .

(b) pair-creation diagram r{u)d}.

(¢) braid diagram with w = -1, GHn(+) = Spy(ca).

(d) braid diagram with w =1, G34(—) = Sgu(—o0).
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(¢} ()
Fig.13 Weights for elements of link diagrams.
(a) pair-aanihilation diagram (¢(a) JH(B)2.
(b) pair-creation diagram () DB
(c) braid diagram with w = -1, G(a,b,¢, d; +) = w(a, b, ¢, d; ).

(d) braid diagram with w =1, Gla,b,c,d; =) = w(a,b,¢,d; —o0).

o
e

Fig.14 Link diagram L.
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(a) (e}

(b

) O—O——0—---

N

Fig.17 Graph-state models. (a)} restricted 8VSOS model (A type), (b) unre-
stricted 8VSOS model, (c) D type model, (d) special Sz-generation (D)) model,
(e) periodic 8VSOS model (AWM type), (f) a two-dimensional square lattice.

Fig.18 3-point vertex. Circle denotes the projector.
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Fig.19 Pass-through condition.
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122 Knot o k &k AEHETRO EEE S 2 EOERP S5, RY — k & R — kAl
TR &R L.

ky~vk, =R —k ~R — b, = x (R®— k) =7 (R®— k)
- THARESESNE 2 20 koot WEEETEL . (Dehin ol S7.(87 — k) = 0
(1 > ) Rahd ) MCEABLHET 2 0RER TRV, knot BOEA L a0h
45 HEsdH B (Wirtinger #75) .

Ik wmEgtirz582 5,

2. BAAAERG B,

X2
x]

3. HEpTeE knot oiEfHHTHL, A% POENTED 5. Ao IR OBEDS
Zihina,

4, FofaELE o kot wowTEL &

G=<uz,2 T, =2

. L T TN
BT T By = By B R,E T B, By T, )

173 2 2%l
T EHERT B &

=<y ey = yay >~ SL(2,Z)

identification

1 1 1 0
xIr — y‘t“‘—“%
01 -1 1

ik n. o knot it 2B SL(2,2) LEHTHL D& bbb B
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R OFEEAEFRE RS L

Tlhieovem. (Cordon-Luecke 1988-9) A & K, 78 prime chb & &

T (R*—K)~n (R~ K,)=> K ~K, or Ki~K,

1 2

L KT K| 0. (knot k %3 prime &12, k #$ 2 >® knot ofgd LTHRbERIVLI &)
HRRIBEOBEELRFERLR~TEL &,

FEUHRIEER. (Papa, Homma)

Kis unknot <= 7(R*-R)~1Z
2t Dehn’s lemma (C. D. Papakyriakopoulos, AR 1957) o corollary & LT
Hohid,

A
a. The Brownnian motion on 5% — K is recurrent <= X is unknot

b. LS Category of $* — K =1 <= K is unknot

1-3. Alexander and Conway polynomial Jones polynomials 58 &+ 2 LIgiid

Alexander polynomials (= Conway polynomials) A3 Td » 2o

G=r7(5"—k) £knot B, G OLBFHE G = (G, Gl ed5L %, G/G' =7 (A
k). G'ozcgrrs G =[G, 0] t+hif G/G ey G'oaibic - Tvs, &
o & & Alexander polynomial 1t G'/G"% Z[Z] = Z{t.t7)] Lomsts LTtoshroE
HENBH, BIL bD% Jones Polynomial ofafsyEs Llabkic knot OB SHIE0
1EF L& Conway polynomial &0E2:,
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2. 3-manifold
2-1. iEH

Definition. (irreducible)
M? is jrreducible <= K S? C M3 then 3D% cC M3 st AD? = g2

Definition. (incompressible)

P M3) is incompressible (EFf) Ti'l(F")) - 7;"1(1%/1”3) (injection) |

Prime decomposition theorem. (Kneser-Milnor)
EROM 3 Uockiik M i irreducible 503 ST x SP & diffec i3 M, ...\ M, % &
-
M = M#. . HM, diffec
Do Ld SO unique. 2L M #M, 3oL > cEHsns.

MI#M?2 =

(\\\

$2 x 1

2-2. [rreducible 3-manifold Irreducible 3-manifold &1z A & OAETH~Z 0. 2
FIUDBEEFNEE 5, 20T Tt M7z metric AN 5 & conformal flat (SHEEEESHA
2) iiadmr 5, MPis orientable it &4 1 SOTEMIEL £ 758 3, Riemann 05
$ 0 BUBRSTSHER | IRTERREIIIR D 3 > OE&IE S h 5,

1. Riemann sphere 5% = C U {oo} = CP!

2. Complex plane =C = E?

()

Upper halt plane =# = {z + iy € C|y > 0}

Riemann Z#ikd L T4 2 &, BREZNFAT. 0. £,

X(S*/T) >0 x(5*/T)=0 x(H/T) <0
Hz 1 0 -1

—33-



iR IRTERES CHEERICHBENS :

Thurston F48.
irreducible 7 M3% incompressible S' x SYMzith » THMEYT B & B e OESHE 8 0D ge-

otnetry % &2 b Ol kiEd A

Xopp > 0 Xopp =0 X,y < U Buler #
5% x B! E® HYx E! e=0
1 z y
I Nii={|0 1 z|eGL3,R)}  SLZR) e 0
0 0 1

Sol = Solvable 3-dim Lie group
H® ={(z,y,2) € R* 2 > 0}

ZITX,, base orbifold @ Euler %, 7 ¢ it (Seifert) bundle & Lo Euler #cdh
7. H? 2 205t R PE. Vil i20bw s Heisenberg e, T° v 77 ko ST %R
£ ,S'LFZTR)ii 3 et Lie # SL(2, R) @ universal covering. £D 6 »d % 3 213 Seifert
manifold &ML 3 (S1% leal £ b SREBHEEMBAZ) DI~ T3,

Sol3teRo RS (z,y) ~OfEE%: (=, y)t = (etz, e~ ty) TEHr Lie gt

]1—R?—So —R—1.

<, ot R & identify L& SEHEEG (2,9, 1) (2, ¥ 1) = (z+e~fa, VHely' 1+1),
% #- invariant metric if e'de? + e~ dy? + di*THA SN, Soliz S L0 T HEDOH %
75280,

H33 bkt ® (de’ + dy? + d2%) /2% 2 AnEfT, SREr PSL(2,C)ts
%. (PSL(2,C) oaiiinsngis Klein B EIEs.) 2 RTOBE LERIC, 3IRTERIETR
H32s generic My -T WA, Ll 2iTs k@0, —Agic Ao moduli it discrete
i > TWAE, HMEMEEETY. 2IRTOBEE > TH»1ek i, compact M sk
i HPo Klein e X 2EFRICEREICE 5 L35 5.
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?"Theorem”. (Thurston monster theorem)

(I) M it irreducible,
(1) = (M)| =

(IV

)

(II1) M = U(S1 X 51) (incompressible tori),
) M) Z@LiodH oEnho S' x SUehRLE h A EE & .
S

M ¥ T* x I, Klein bottle £ T HUEL, I =[0,1]).
(VI) M 25 Haken (=incompressible smooth surface =5

== I : SO(4, 1) o#sinses (Klein ) s.t.
M=HT, wl(H*T) < oo
(Thurston F#% & f Monster theorem (B8 L ¢ i2aRs 2][3] s 2.)
filRE

1) fFEDB 3 skt 2 o genus OFL W solid torus wwidggcs s, (Heeggaard
splitting).

@ w U Y« wy

2) B 3 RisHskir S° Ao ramed link o surgery TiEoh i,
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3. 4-manifold

1) 3IKILE DiFL.

a. BN TREREMS 2 (Poincaré 748 3 iur vt B it S3440)
b. = (M) HIE (EEOERETE S BABNS D n T (n > 4)) (Markov)

2) sk o, h-cobordism theorem 284 2,

h-cobordisiu theorem. (Smale)
(W, M, M_} manifold with boundary 8W = M, UM_ (M NM_=g)
1) iy M (COW)— W (inclusion) i€ b £—Fli&
2) (W) =0
3)  dimW >6
= WM, xI

h-cobordism WEE% BLMEETIRUVESICHEE L7 b OWROTRTE 5.
s-cobordism theorem. (Barden, Mazur 1963, Stallings 1965)
(W, M_, M_) manifold with boundary OW = M UM_ (M _nM_=g¢)
1} iy M (COW) — W (inclusion) i3 %% b ©—[ElfH
2) Wh(r (W) 37(i,) =0 (#+e b e—faid)
3 dimW > 6
= WM xI
{EL Whir (W) iar (W) o Whitehead 8. 7(i, ) 1t i @ Whitehead torsion.

s-cobordisin th iz n = 4 $713 5 TREINS 2 (¥A&-Siebenmann) ,
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Poincaré F4f.
M™ ~ SP(rE b E—[fE) = M & D" U D*(diffeo)
e MMt 5™ & homeo.

n >6 OK!  h-cobordism 24 - TEHICHERTE 5.
FE R =BT M A5 2 oo EER - b0E W 45 & h-cobordis EHA

W= M"-(D"UD"
:_r‘ygn—l X.I (6Dn — Sn-—t)

Mn
ﬁiv‘f

"@ @
AR DTS x ) U D" Dn

~ pry pr

n =5 OK! (Kervaire Milnor, Wall)
n =4: M* = 5% (homeo) i OK (Freedman 1982). L L diffeo &% & id<AA.
no=73: 8 (AL 3Kt homeo & diffec 24 .

3) exotic differentiable structure

R" o smooth structure o
n #£ 4: anique { smoooth manifold 7 R" & homeo 735 R™ & diffeo)

n =4: RYz homeo 73EABEOES % smooth manifold #5462,

4 %t exotic differentalble structure o 2 > OTEHOIRIETH B.

Th. (Freedman 1982)
s-cobordism th. #5 topological IZEMKTIZARITTT S DI

Th. (Donaldson 1983)
HUBEE TS 4 IRTTEBRE M 02 Q(M) 2R (&) S8 513, SRR EBMERM BT
L RIHE 0. e
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b5 1 >R ORI HS s FEUEELHIITE G
Th. (Donaldson)

K3 gt Hy (M Z) x Hy(M;Z) — 22

0 1
E; @ E; @U@V, fELU=(1 0)

EE (B RAEE) THhEY, Ly @ By DUSU ZRET S smooth manifold (3540 L
I

( Donaldoson o+%zBIL TI2ERE [5] 25 5. )

d

1 & (knot i)
(1] mpeiskss  [ESOEER) (1989 F s 2 7y >/ — 85 KK X0 HRFE)

2 & (3 RTHHk)
[2} Scott, " The geometry of 3-manifold,” Bull. Lond. Math. 15(1983), 401-487.
3] NBEE & 34(1982) 301

3 & (4 RCERRE)

[4] D. S. Freed and K. K. Uhlenbeck, "Instanton and Four-Manifolds,” Springer

Verlag (1984).
[5] HE®EE Hex 39(1987) 16.
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(2+1)-Dimensional Quantum Gravity
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ABSTRACT

The (2+41)-dimensional pure Einstein gravity is studied in the canonical ADM
formalism, assuming that the space-time topology is 22(a closed and compact 2-
surface)x B!, The dynamical variables are reduced to the moduli parameters of the
2-surface. Upon quantization, the system becomes a quantum mechanics of moduli

parameters in a curved space endowed with the Weil- Petersson metric. [n the case
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1. Introduction and Outline

Quantum gravityl) is still in its infancy. There remain many conceptual and
technical difficulties to overcome.?’ In this talk, I would like to concentrate on
the clarification of the structure of superspace,’)*?) the functional space of the
spatial metric modulo diffeomorphism, on which the wave function of the universe

1s defined.

Let the spatial metric be h,‘j("") and let us remind the audience of the Hamilto-

nian (Wheeler-DeWitt) and the momentum constraints to the wave function w[hij}:
H (h,’j (=), 5/5'&,']'(3)) 1b[h,‘j] = 0, (1.1)

g (b, (2), 5/6h,(2)) $lh,] = 0. (1.2)*

with 7, j, k being spatial indices. As is well known, the momentum constraint (1.2)
implies that the wave function is invariant under the infinitesimal spatial coordinate
transformation, since H* is its generator. So it is natural to further demand that
d"[h’z‘j] is also invariant under the global diffeomorphism. Then the wave function

of the universe is a functional defined in the superspace.

In the present work, we shall study the (2+1)-dimensional pure Einstein gravity
as a testing ground for the real (3+1)-dimensionalgravity with matter degrees of
freedom. We assume that the topology of the space-time is ©? x R' ,where &
is a closed compact 2-surface and R' is time. In this simple model, we can make
explicit the structure of the superspace, now the space of the 2-metric modulo
diffeomorphism. This is nothing but the moduli space of the 2-surface in the theory
of Riemann surfaces,’) if it is devided by the conformal group. In the case of torus

for the 2-surface, we can explicitly solve the Wheeler-DeWitt equation.

In a sense, the (2-+1)-dimensional pure Einstein gravity is an ideal toy model

to see the global structure of space-time. The (2+1)-dimenstonal Einstein gravity

* For precise forms of the constraints, see e.g., Ref. [2].
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contains no gravitational waves which are only local deformation modes in space-
time and therefore irrelevant to the more interesting global motion of the spatial
manifold.” In that model, only a finite number of degrees of freedom remain
corresponding to the Teichmiiller deformations of the spatial surface. Roughly
speaking, the Teichmiiller deformation describes the change of shape of the spatial
manifold modulo local conformal expansion. In the case of torus for the 2-surface,
for instance, the Teichmiiller deformations induce a change from a fat torus to a

slim torus and also a twist.

In our previous work,®) we solved the classical (2+1)-dimensional Einstein equa-

tion employing York’s time slice,”) the trace of the extrinsic curvalure = const. over

the 2-manifold. It was shown there that the motion of the moduli parameters follow

8) In

the geodesic curve defined by the Weil-Petersson metric in the moduli space.
the present work, we shall investigate the action in phase space rather than the
equation of motion, which we studied in the previous work. This turns out to be
more iluminating so that we can see the canonical structure and the Hamiltonian
and therefore easily go over to quantum mechanics of the moduli parameters. We

shall show that, in the case of torus for the 2-surface, the action reduces to

- 5(e) D — (2)(8) — iyl

S /dt [P(a)p + 70— Ny P(Q)P(ﬁ) ty )] , (1.3)
where p{®) (a = 1,2) are the moduli parameters of the torus and v = [d*zv/h is
the total volume of the 2-space. As they stand in the action (1.4), p{*) and 7 are
conjugate momenta to p{®) and 7, respectively, while = originally has a geometrical

meaning of the trace of the extrinsic curvature. g{®)¥) is the inverse of the Weil-

* Actually, the (2+41)-dimensional Einstein space is locally flat.®> This can be most easily
seen by looking at the identity to th Riemann tenscr:

R
Buvpr = GupBus + gy Bup — gpoBup — 9o Ry + E(gwgvp = Guplvs )

which holds only for the three dimensional space-time. The space-time is locally flat, becanse
the Riemann tensor vanishes due to the vacuum Einstein eqnation. Therefore our 2-surface
sweeps a part of the full Minkowski space. The motion of the 2-surface is not at all trivial,
however, if its topology is nontriviali.e. its genus is non zeto.
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Petersson metric:

(1)

1 ;
%2=GW§U@)”+Mff)5qﬂmwwwﬂm, (15)

which coincides with the Poincaré metric in the Lobachevsky geometry. The La-
grange multiplier &V is essentially a homogeneous component of the lapse function
in the ADM formalism.}®) The action {1.4) is analogous to the one for a relativistic

point particle in a curved space-time with the metric:

—y~? 0
(g,uu) = ( 0 ) . (1.6)
I(a)(8)

Therefore we see that the trajectory of the moduli parameters is a geodesic, a

semi-circle in the upper (;Sl) ,,rgn)-plane with 1ts center on the ,:gl)-axis.
The constraint equation, which is obtained from the variation of the action

(1.4) with respect to N,

()8} 22,2
g P(a)P(ﬁ) v =0 (1.7}

is replaced by the differential equation via P(a — —=i0/8p(%), r — —id/Ov, as

)

E- () e e 0 s

with s = logv.

The wave function of the torus universe (s, ;51), p(n) is manifestly invariant
under the infinitesimal diffeornorphism. As is well known, however, there remains

the global diffeomorphism corresponding to the SL(2, Z) modular transformation:®)

ap+ b
cp+d

p—p = (1.9)

a,be,d €7, ad —bc=1

with p = ;51)

2)

+ip
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(13

Therefore the true superspace, {hij}/Diﬂ"eo = {p, ;52)}/515(2, Z), is the fun-

damental region F in the complex p-plane as depicted in Fig. 1.

-1 12 o 12 Ao

Fig.1

The fundamental region in the Teichmiiller space of torus

For % to be well-defined in the superspace, it has to be invariant under the

SL{2,Z) transformation;

b
V(s p) =1 (s, jﬁid) (1.10)

and it mwust vanish at ;52) — oo (cusp) :
@
Y(s,p —o0)=0 (1.11)

<o that it is squarely integrable. Such functions called cusp forms are now well
understood in mathematics.!) Therefore we understand the functional space of

the wave function of the torus universe.
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The organization of this paper is as follows. We recapitulate the ADM canonical
formalism of gravity in the case of the (241)-dimensional pure Einstein gravity in
§2. In §3, we shall demonstrate the reduction of the dynamical variables to moduli
parameters in the case of general Riemann surfaces for the 2-surface. In §4, we will
discuss the quantum mechanics of the moduli of the torus in greater detail. §5 is

devoted to summary and discussions.

2. ADM formalism

In this section we recapitulate the ADM canonical formalism'®’ of the (2+1)-

dimensional Einstein gravity. The (2+1) decomposition of the metric reads
ds? = ~(Ndt)* + (dz' + N'dt)(dz’ + N dt)h, (2.1)
where N, N* and hz.j are the lapse, shift functions and the spatial metric. The

spatial suffix i runs from 1 to 2. We obtain the decomposition of the Einstein-

Hilbert action® as

5= [ae 5

B 167rGf VY
S /d3 PNAT RN | (2.2)
T 167G v i ’

+ surface term,

P | _
where Iiz.j = _2N(hij,o NzIJ
o (3) () . .
is its trace. R and R denote the three and two dimensional scalar curvatures,

- J.]z.) is the extrinsic curvature and K = Kijh‘j

respectively. Hereafter we will take the unit 167G = 1. The stroke indicates the

covariant derivative defined by the spatial metric hz‘j‘ The canonical conjugate

* We follow the convensions in the textbook by Wald.!?
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momentum 77 to hij is given by
77 = VR(EY —RIK). S (2.3)
It is straightforward to obtain the action in the phase space,
S = /d% [77hy — NH - Ng.H*'] , (2.4)

H= (aiin — %)~ VRR (2.5)
(i, | .

7

H = —ZWiklk (2.6)
with = = 7%, = ~VAK® . Note that the form of the super Hamiltonian (2.5) is
slightly different from the four dimensional gravity. (=* instead of %ﬂ'?). In what
follows, it is more convenient to use the traceless part of the extrinsic curvature
K9 = K4 - %h“j K™ and its trace 7 = — K", instead of the canonical momenta,
7% . The action becomes

Vh

3 '“»ijazijh
S:/dx[_ﬁ —a—t + T Y

~ .. g2 (2)
— 4 .
\/f_aN{BijI& 5 R}
+ 2\/ENI.K’“M} (2.7)

with E.ﬂ.j = hij/\/ﬁ. Here we have employed the time slice 7 = const over the spatial
surface following York. Variations with respect to the Lagrange multiplies N and

N, would give the Hamiltonian and the momentum constraints

i g g 2.8
R,Ei-T - R=0, (2.8)
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K* =0. (2.9)

These equations are nothing but the Gauss and Coddazzi equations which
are required for the embedding of the 2-surfce ©? into the (2+1)-dimensional

Minkowsky space-time.

3. Reduction to moduli parameters

We restrict our phase space so that the transversality holds for the traceless

part of the extrinsic curvature;

il
K |c"0‘

It is well known that there exist 6g — 6 independent traceless transverse tensors
(holomorphic quadratic differentials) on the closed Riemann surface genus g > 2,
while the number becomes zero for the sphere and 2 for the torus (g = 1).3)
Hereafter we assume g > 1, since we can see that the sphere case is impossible due
to the Hamiltonian constraint (2.8). Therefore we can expand K% in terms of the

basis {#(®)#} of the quadratic differentials

K=" P(a)qiw(a)l‘f/% (3.1)

with v = [ d?zvh. The denominater 2v is introduced just for convenience. The

tensor 711.1. ts arranged so that it is invariant under the Weyi transformation hz.j —

th‘j' The deformation of Eij is therefore so-called Teichmiiller deformations modulo

diffeomorphism,
oh,,(z) (@) _
i P ¢ .

The equation (3.2) defines the Teichmiiller parameters p!* and the corresponding
Beltrami differentials #'(a)z't' The term “+ diffeo” indicates the redundancy in the
form Vt..fj + vj£i - hz.jvmgm which does not contribute to the action because of
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the transversality and the tracelessness of K%, With {,u(a)z_t} defined by Eq. (3.2),
we can arrange the linear combinations of the holomorphic quadratic differentials

{¢(a)if} in a standard way,

<”(a)’ ‘b(ﬁ)> = /dzm\/ﬁ”(aﬁ%g?)h”/% =& (33)

i.e.
{49} is dual to {p(ﬁ)} with respect to the Petersson inner product.

We can introduce a natural metric ¢g{®)€) called the Weil-Petersson metric in

the Teichmiiller parameter space® as
g8 = fdzxﬁ¢§f)¢iﬁ)hikhjl/2v. (3.4)

which is a function of p’s and v, in general. Some of the properties of the Weil-
Petersson metric have been known to mathematicians. For example, the metric
(3.4) is Kéhlerian and the sectional curvature composed from it is negative definite
and the Weil-Petersson metric is incomplete in the moduli space, namely the moduli

space 1s geodesically incomplete.

Frou now on we will concentrate on the torus case. In this particular case, we
can choose the gauge such that N(¢,z) = N(¢) i.e. the lapse function is constant
on £*. For a general Riemann surface with an arbitrary number of genus this gauge
is not possible and certain amount of modification is necessary to our argument.
However, we believe that essential idea will go through and the conclusion may
hold. Furthermore, we have to impose the constraint (2.8) to the initial value,

which 1educes to a constraint equation to the conformal factor.

Substitute the expansions (3.1) and (3.2) for K and 8?12.3./31‘ into the action
(2.7) in the phase space. Due to the special gange N = N{t). the integration over
the spatial coordinates can be explicitly carried out. We obtain, with the help of

Eqgs. (3.3) and (3.4),

S = /dt [Z P(a)ap(“)/at + Tdv /0t — N'(Z P(Q)P(ﬁ)g(“)(ﬁ) — Uz‘."z)} , (3.5)
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where

v= V/d%\/ﬁ (2-volume),

N' = N/2v, (3.6)

It is clear from the expression for the action that (P(a),r) are conjugate mo-
menta to (p("‘),v). N' plays the tole of the Lagrange multiplier, which produces

upon variation the constraint equation,
2 (a)(8) P oyl 7
g P(a) ) veT 0. (3.7)

Ax e (3.5) and {3.7) reveal, the dynawics of the Riciann swrlace S7 is very sii-
lar to the one for a massless point particle in a curved space-time. The “background
metric” g{®)(#) is now given by the Weil-Petersson meric (3.4). The total 2-volume
v of 2 plays the role of time. As we alluded to in the introduction, the classical tra-

jectory of the moduli parameters ) is a geodesic curve given by the “space-time”

—y~? 0
. (3.8)
Iiays)

Let us write everything expilicitly. In the torus case,there are two Teichmiiller

metric

parameters p{®) (o = 1,2) with the Poincaré metric:

1 2 2
2 _ (1) ()
ds® = PO (dp +dp ) ‘ (3.9)
. In order to simplify the notation we write p(al) =z, ;gﬂ = y with which we may

not confuse the real coordinates on ©°. Then the constraint (3.7) becomes
212 2 2 p2
y' (Pi+ Pj)—v"P; =0, (3.10)

where we write P, = 7 to make it explicit as a conjugate momentum to the volume

v.
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The geodesic of the Lobachevski geometry is a semi-circle in the upper = —y

plane with its center on the x-axis, as is well known.

()

Fig.2

The classical trajectory of the torus universe is the geodesic curve in the moduli

space, which is a semi-circle in the figure.

4. Quantum theory of the torus universe

We follow Dirac’s prescription for the constraint equations in quantization. The

momenta are replaced by differential operators;

.0
P(a) — —zm
(4.1)
.
T —zé—v—.

The constraint (3.10) is interpreted as a wave equation to the state vector;

32
5.7 y2 (0% + 35) Pz, y, s) =0 (4.2)
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with s = logv and (z,y) defined above eq. (3.10). The wave equation (4.2) is the
W heeler-DeWitt equation in the (2+1)-dimensional quantum gravity in the case of
torus universe. The wave function of the universe ¢ is a function of the Teichmiller
parameters x and y and the 2-volume v of £2. The latter plays the role of time. As

briefly discussed in the introduction, there remain a global diffeomorphism SL(2, Z)

, az+b
2=z =
cz+d

(4.3)

ad —be=1, a, b, c,deZ

with z = z +iy. The operator ordering of the laplacian in (4.2} is fixed so that it is
SL(2,Z) invariant. The wave function ¥(z,y, s) has also to be SL(2, Z) invariant

in order to be well defined in the superspace

{hz.j}/Diff x Conf = {hij}/Diff x Conf/SL(2,2Z)
= {Teichmiiller}/SL(2,Z). (4.4

As is well known in the theory of automorphic functions, the quotient space {upper
half plane}/SL(2,Z) is the fundamental region. Therefore, for the torus universe,
the superspace is nothing but the fundamental region F. The region y — oo
(“cusp”) corresponds to the limit of the fattest torus and also of the thinest one.
Actually they are identified by an element of SL(2,Z), the inside-out operation of

the torus.

Separating variables, we can easily find a solution of Eq. (4.3) as

ulPNs,z,y) = VIK, (2ninlyle minzo=tBs - (n = integer)

with v =4/E? - :1- (4.5)

Here K is the so-called modified K Bessel function which approaches zero expo-

nentially when its argument goes to infinity. The number n has to be an integer
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due to the periodicity z — 2 + 1 € SL(2,Z). Of course (4.6) itself is not invariant
under the full SL{2, Z). We have to superpose (4.6) so that it satisfies the SL(2,2Z)
invariance;

U(s,2,5) = 3 p,(m)AK,, (2nlnly)etrineeEs, (+6)

n#£0

The coefficients p, (n) have not been analytically given and the discrete eigenvalues
v are known only numerically. {The smallest one is 13,7797513 --+). However,
their properties are fairly well studied by mathematicians in number theory. The
autormmorphic function (4.7) is called the Maass form.!!) Note that we have ex
cluded n = 0 mode in the sum (4.7), because we wanted the boundary condition
u,(s,2,y) —= 0 as y — oo. That is, we demand the singular universe has no
chance to appear. The idea behind this boundary condition is similar to Hartle
and Hawking’s.'"® In a sense the singularity of the space-time is circumvented in
quantum cosmology of the torus universe. Our wave function of the univese is per-
tectly regular everywhere in the superspace. Athough it is not unique, its variety

is only discrete rather than continuous.

[t 1s amusing to point out that the system of the differential equaiton (4.3)
defined in the fundamental region is one of the examples of quantum chaos.!*) This
resembles the mixmaster model'®) or the Bianchi type IX model of homogeneous

and anisotropic universe.

5. Summary and discussions

Assuming that the topology of space-time is £? (closed compact) x R*, we have
studied the (2+1)-dimensional pure Einstein gravity on the basis of the canonical
ADM formalism. In the torus case,at least, the dynamical variables reduce to the
moduli parameters and the system becomes analogous to the one for the massless
point particle in a curved space-time endowed with the Weil-Petersson metric. The
logarithm of the 2-volume and the Teichmiiller parameters play roles of the time and
spatial coordinates, respectively. Going over to quantum gravity is straightforward
and we find that the Wheeler-DeWitt equation becomes analogous to the Klein-

Gordon equation. The operator ordering problem is at least partially solved by
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imposing the remaing discrete symmetry to the Laplacian. In the case of a torus
universe, the operator ordering is essentially unique. The solution to the Wheeler-
DeWitt equation is explicitly given as the Maass form which is modular invariant
and perfectly regular in the fundamental region of the Teichmiiller space #.e. in the
superspace. Therefore we have found an example of the wave function of universe
in which the singularity is avoided.

We have heavily used the special time slicing, 7 = const.. It is an open question

whether we can choose more general time slicing.

Recently, Witten'®) found that the Einstein action can be written as a Chern-
Simons form and claimed that the wave function can be obtained by the conformal
bloc. At the moment, we do not know the precise relationship between our method

and his approach.
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HEEHEARI FTA

BHE fil— (ZERAFIEER)

4 — YRR REE B U — v »FEOMTHETELL, o vy MR- v BRE M Lo F
DLEFHE M 2EL L&
A (M) > A (31)
oK THRLNE. LT A (M) B3 T5 vy A, OFEOE-EEE, A (M) iz AL
DAY b5 AOTRTH S, EEE, M 2EEVIC —1 ofiEL b2 —<YHEHETS L, M iz
LR

HY = {(2,y) € R*;y > 0}
ds® =y~ (d2? + dy?)
LE--HEA, A2 b A a(AM) i {5, 00) L7335 /\O(M) = 1/4 T HIOAENE
A (M) 2 1/4

ISHA . =, = T D~ 5 B

Z(s) = ﬁ H(] ~ = (s+R)(g)y

k=0 ¢
(g 1s7afity 4 7 V2EEEL)

227 5E, Z(s) i1 0 < Rs < 1 eBnT

1 1
s=ZE 7NN k=012,

EVHTEOREE LoD D, Z(s) KLTY—= T (<= 0 < RNs < 1 LB 2BHENT
~CRs = 3 Lk B) MU BRHORENE £ 3 EXN (M) > 1/4 £18-T05.
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CREIBIEN, M LroRBEE N Lo T v (bob—fHIval—F gy

#H—{EFE) DR+ 5 AOBREER LA USEBO 1 5TH 2 (b &L i [T][9] %
B IRV

COTERD D 1 OHRIGIESZ T, JOHOIOFENES CEERTIHIIN EERES.
Floguel ooMigic £ug, Bill obER

d2

(—— 4 ¢)u=Au. glo+1)=q(r
da*

i
&

wle + 1) = au(a) o € C\ (0}

TALoT TV TR T 5. EH 2Ty VR

i

, ] %
S, = {u€ CXRY (5 +qlu = Au)
‘ da”

ST sER M 0 S, — S (7 Fri—s05) & (M, u)(2)

=ulz+1) 2k
DERSIUE M, OB~ bABRDE u 525 (det M, = 112ikE).

Floguet oxfgid,  siE5E
R — S'=R/Z

LEOWREEEE L oFBCET A ETIOMT A ENTEL. IRERL Y, DR
Wi

X — M

&, ToWEEEE | OoFRE
p: T — GL(V)

&AL N Lo OO g © T-FEkse (M FoBMEBRICERE2) % 1 2ln. &
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52
(Ay +qlu=Au

i x5, ot uir X ko V clEIs8H TS S,
u(oz} = ple)u(r) ocelreX

Adted w it M bo p {iRiT AFE~y b B, o EE--Sis i, L, UM
HAEET 2975 v 7y EL) LLIEE

(B, +qu=2ru  w€CT(E)

OEERDHH & &,
(Ay +gq)u=Au u(oz) = plo)ul(z)

OREERDE L IEFLCETHD. Hic

$=R, M=S' T=1Z
pln) = ™ n€Z

oiggs Hill o FEsicifii L Tvns.

71 Floquet 0FEzRId & ORF—MLas 2255 h. dmM 22 0l &ild S, ={ue
C®(X, V), (A, +qu= Au} REERERTTEBE>TES Fo i M, BRZR&E. L
L I 557 — B0 & & ICIIROMIMEERSE 503,
wml. X M av—~amEL, Hy, H, #2h&0 A, +q, Ay +q 0BD
sk & 5.

(1) (Agmon) A< A (H,) ROERES
p:T — R\ (0)
HEELT (A, + gu = Au GEFTIOEERD.
(2) (Sunada) A € o(Hy) aoid1KEa=5 Y ~&HR
p: I — U(1)
BEELT (A, + g)u = Au 12 BT VR .
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IOFBIELTROCLEBERS.
(2) (Bloch oiE) A € o(H,) Thoro0ZffE (A + ¢u = Au BEITEOER
A FH O ETHS.

B 2o (2) BERILT

o(Hy)=\Jod,)

pel

[t

Mz sl RT o1kma=s 1 8Bk CHY, H, it A, + ¢ 0EZMHETS
2. Hill ofefZoBil, F—E

I o [0, 27)
U U () =V
po= Iz

ERHLT

Uetr)= |J DHeRTues, Mu=e/"]

pcl 0<u<2n
= |J {(r:de(d, — e/ =0}
0<p<in
= U {A: A(A) = 2cos p}
0<p<r

215, LT A(A) = TrM, it discriminant T#H 5. LHR) wef+ 5 Hill ofpEZRo
25 kA LLE SkERMCHS e ETh B ],

FE2 RE e L —F 4 YA —ERR, $HpE X =R, M =R"/L T =1L =a
lattice DIESIZECHIONAEETHE. 2o OEE, BEEZEABCIEGHHENT
WA L Lo T -~ BT 0, SEEEER-> L6655 (3]

b fROWE X —— M BEALLS.

FE3. (Sunada) A (H,,) < Af(Hy) %5 [ 25 amenable o0& gpdipiar. T
% amenable o & #1242 o(Hy) Co(H,) e .

57 =



SOEHONTR—MOBMEHERARLEEL T, FLOBETHS.

&t amenability OFEREEZ TH IS

['7s amenable < T 2trgEspgm € LR(I) 8o &,

T mi
(1) m(1)=1
(2) f20=m(f)20
(3) m{af) =mlf)
(ef)(8) = f(e7'0)
3

7 — ~LEEOEREEIE amenable T b, ETIE HHEE amenable ki,
TS OF O, [ 0x=5 KB p LHENFE 1 L OBOEEHCEYST 58 6(p, 1)
ZEALLD:

§(p,1) = inf sup|lp(a)v — o
||1:;|E|‘:/1 e

o AT oA ToERBE TS . T3 IRo—BRNERIEET 5.
%324, (Sunada [3)(6)). #H p kL SUVEEK C,, C, 08 EELT

C16(p,1)° < AG(H,) = Ag(H,) < Cyb(p, 1)

HERTORE p WU THD L. FHC

M(H,) = A (H,y) &= §(p,1) =0

0

ERIR ORI 0.

wE 1) H =10,
2) p = p, BEAERTHE L& (V = LYT), (o) f)(1) = fluad),

(H,., L}B,)) = (Hy, LX)

unitary equivalent

3) 8(p,, 1) = 0 <= T i3 amenable
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EIA DI A (H ) OBRBIERS. \(H,,) RELESHETSY, ©olEH
BELTED bOREND:

(Ay +0)f = N(Hy)f  F>0

L&
L Lyl gl
Nl = e T TP
s3#0
g Pl
ot Y PP

COIEPLERLPROND.

TOTHFEL QNI 212 b5 4 o(H ) OlSoWRicE X — M o
T2 (ass— 8oy Fodnicro ([4)5)[7)8]). <3LT, oy —<rEicibbE
i, Blte - s O — s RIC A Do DTH B, COWFEOF -l T —v YEE
WA T THEN INETEAN—FEHIT| RBEPLILE, THRASL| JERIARERBIER
DTHD.
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SU(N+1, 1) KAC-MOODY LIE D
EINSTEIN-MAXWELL H B DB ZERN\DIEH

A W (RBAREEE)

Cartan Weyl o GiifFHR BT I¥ONEIC £ > T Harish-Chandra o unitary %
BRIE E O RRRE S . BFIELV~VORBERTH. RIBUIERKLD Lie BT, #R7T
i~ BERRTTD b <UL R ERIT S - foo HEMHRRDIZOBFiRicIIEs % unitary
FHMEELEDL S bDTHAH I DYV BOBFRICIT LD A7 5 7 & U THHMAVE DR
9% Kac-Moody BORBEREE L 50

Einstein-Maxwell theory

T DRSS & L ¢ Einstein-Maxwel] BEREIE S,

1 al
R, — agin = 8T, (1)
ijif =0 (2)
E R
hoolz,p) ko (2, p) dt
: hio(z,p) Ry (z,p) dé
ds® = (dt do dz d 10 1 3
’ (dt d dz dp) —e2{z0) 0 dz @)
O __827(2”0) d'n
mL
hoo(0,0) > 0, by, = hy, deth(z,p) = ~p (4)
R L OB E RS B, (2,0) = (0,0) 2E5&F 2o
Maxwell Bo&EEd: LT

F.=0A —3A.,
f 1] )
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(Ag, Ay 4, =0,4,=0)
ERELCEC F = Fude' Ade? sLTpaBRemecgii, dF = 0 (Bianchi

identity). #7: Maxwell 518544, 6% d @ dual &¢4if, 0F =0 &#17 5,

Einstein 5123

1 R10 _
(By = 59, =8aT) = | R, = (5)

rotit R, Roid 2 2BRTH L (- T Maxwell HigX& b2 TS EOREBIMH(A4,. 4, Py

hoy = higrhyy) P8 HIERRER S &850

FEHL
1. AER 2RO TERDT.
2. EM AR L EliE7: anti-self-dual FIEXE s &0 5.
3. Anti-selt-dual HfgRERRALL, BERDS.
4. Kac-Moody BoffBickn, 2TOREERTS.

1. JigEA RO TROT
UFz—z, p—y&l., ¢ — yPEOLFHOFTEEEEAL S, R 2 2R,

0= 2y_1ez"’heR1dxdy
= d(y~ hewdh +2(y " hex dA) A + 24 = & Aey T R)

fatil

% 7= Hodge fEA#+izxdz = dy, xdy = —dz. LoAERT, GlicysREbAGVI LR
FEE Lo FAEIMIIHR Maxwell iR 2050 TH LI Edbh s

§F =0 < dly  he=dA) =0, (7)
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Ry LT ERT, yickiy 2 g2 2,

oy

dzr

dy

By ®

dz?  Oy?
il (b, A) OB & UE NS OREBIMTRD STV B, 5 HORKBIRIH L. 8 HFE
H B 5. SIS OWS AR IRSEIER 2 X N7 5780, FEE Einstein-Maxwell
DfE (h, A) % Ryt 25 (8) A & R, ORIIEIRS (R, 0 fRSRiisE
(UL B (B A) S LAY ChB T Ehbh e 12 (A A) EOEE o 4 (1) OENEN
o EM R oME S, THbT,

2. Anti-self-dual FEER Ot
Hauser-Ernst FiEK

df = —id# (9)

ZEAS {HL
b=y thex, £ = -1
n : 2% 2 matrix-valued C* at (0,0)
g = {7?1 o) . .
a : 2x N matrix-valued C* at (0, 0}

Nt Maxwell Ba¥c, gange symmetry iz SU(N + 1, 1) 245,
Bt L gt

1

b= sy +07) — e+ ao”

— L2
hﬂo(ov 0) > 0,deth=—y
;S:Tr?l%‘dﬁtl: BM }t]‘*f?“it& HE E*iﬁ@ﬁ{g%f%%‘n

S

il
195

EM HE'
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3. Lax #/R GHRFAEROBIAL)
HE 5123 (9) OSFALEER 3, W Y(A) 2 (N +2) x (N + 2) {5Es% s LT

dY(A)—Y(A) (A) (10)
(z,9) = Zl (2, 9)A7"
1
Yo(m,y)E
1

2FEABE, HEFERX (9) B o EAROTRSRMAICE-TWE, (10 0d%La s
A RS RE A+ QA Q = 0551850, Lorentz 0B TOHA&EE LT, QA =
= A} BB ENE, QA) 2 PYC) Lozge simple pales A = » + iz e
meromorphic function (wifFE & #, —A%iz (anti-)self-dual solution DEFHES TR 5,
1, dd+ixdd d® —ix»dd

§A—(x+iy)+/\—(a:-—{y)} (011)

Q) =

ng (10) AT hiE® = ¥, %185,

4. Nac-Moody group
W78 G = Map(S! — SL(N + 2,C)) OREM~O/EHEE~2, G ® central
extension & s Kac-Moody Y —EiT#% 5, Minkowski B~DGOIEEIR & . £ T O
HEEN 3, g(A) € G (A € SY) RU(N +2) x (N + 2) matrix

A

§(A) =

s e, (10) omgi
gNEAY (A) = 8(0)Y (A).X (M)

ST S(A) g NN e G BT
Y'()) : holomorphic onl" +
X, (A) : holomorphic onl' _

U~ O offfic ko (10) 0T | TERZHS LT _CEAMRS MRS N, &5
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Slax=e"? g2 SLIN+2,CloLieRst+iil Golie®ga M A" 2825, uE
X, €g®[AATY

P = {Z Xk)\k} = positive root vectors
k>0

Ediud, G/P+£:t flag manifold &7 p . Borel-Weil @EEh < Kac-Moody W —FF o
BB G/ P, ko holomorphic sections OEMTHLTS 2o

I %UT_~& G OPEREFE~ 5705 2 78 Siegel space ZEEHY 5o

G={g€SLIN+2C)lgxJg=1J}

0 <

-3 0

J= 1
I
E4hud G = SU(N + 1, 1) tH %,
% 2 /& Slegel space it
; Lo, \
W, = {(:O,zl,...,:N) € C"\HH-sz - ;2—(|21i' + ...+ |:N|)) > 0}

= {(w,... . wy) € CV(lwyl” + .+ Jwy ) < 1)

TEBRS NHEMT. ETERLL G transitive IfEFL T,

a b
M+9z+——>(az+b)(cz+d)"1€M+, (c d) &G

1
M ={z¢€ CN+1|Isz - §(|zl|2 +...+ 12N|2) < 0}

L L, CV T % 3 S naRa e ic BT B ¢
N+1
CN*l =M UM UM_

CorE N> 0kow M, #M_, COlHEROE iU CECE b, FEEP(C)"
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2EL ChEEEERCSUN + 1,1) ofeBic X D 3 > O8RS 5.
N+l _
P(C) =X, UX,UX_

DL
X, =M,
~ N1
X, = M,UP(C)
X &M uch

THD. M, # M_isbirg,

LE SLIN +2.C) oEEsREE
o(g)=Jg*"'J, g€ SL(N +2,C)
2FHL. o(g)A) = alg(A)) EBFELOTER, >
G, = {9 € Glo(g(A)) = g(A}}

2 SUIN + 1, 1) B (J = g*Jg) M+ Iz transitive Ic#F 4 .

oY =2

bl A
(e(2)"12)_ =0
(¢(Z)"'dZ)_ =0

ML () _RAQE~ERMEERT S, C0&& (012) 3 G -TF, since

c(92)"'9Z = o(Z) 'alg) g2
=a(Z)'Z

#£6Y(012) & HE 231 041 ioiliind 50
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i
ug(z,y) - up(Ey)

Yi(,y) =

LECL

2

P, ) = 3y, DI + o+ L@ ) <0

+ribhbi € M THLEMS, B

- (21 51) e
ofEEic ko u(e, 0) € Yik
iz, 0) = (a(z)u(z, 0) + b(2)){c(2)u(z,0) + d(z)) .
(2, 0) i M _ofictic, affine symmetric spaceM U {something} %8 < (Riemann

symmetric space Ti4 global JERER LD ).

Central extension
.S*HM 1o line bundle £ — SEM o section ¢ YA (B ) € SE‘M A #i T Kac-
j\\-'[m_)dy 2O N gepyad i I et =2 e S i, JiUd NP HRAucits ATREOBLLE £4

”,‘)*‘L "50

67—



V—2 E LOBDEEE KN UK

S4R FIRER, BB " . Samir K. PAUL™ | &3 &g
(LEAY IERYIESHRT)

1. FF &

BF s ni-ifmc kvt BRRooFELEEFER VAL G, BRTLh b
YRR R L Ta i, SR oOFETR, FEN— THEUREE V — <2 »EHLOHBRE Y —<
YHELICTERENIFOBOHBIC L > TEHET 5 LN TE B, 7)) — AREECHBINEEE b5
BOER, F— P, Whbw3 prime form 2HVWTERTE 22 Enbh-TW3 [1),[2],

—7%. WETFEECAHE[3][4],[5] 1. 2 R oRFErL ISRV TRELLOT
55, HIEERICH L TKEEHIICASINT &7, BOEETFR. LWbWw5 Virasoro algebra
DFREB ->TED, ) —2  ESERE i b— 7 ROEEE. BEEHFEAER I & - TR
RYERILENZDOTH B,

L genus @Y —= YR, BV genus OV —w YEETRVEHRYT SRLTH &R
T& 5, LHL. SO HWEHEE[6] 3380 L I ARET, #RIATHMLIRBL IR
wENn 5, Alvarez-Gaume, Gomez, Moore £t Vafa[7] i3, HBoEEFC Bogoliubov
LT I Eick»T, S genus O Y —< vE EOHIEROET LTS S Z L%R
L. BRI OFETHONAERY, HoOFETHEMCHEING JEEHELTARR, £
B, BRSSO AIEE Bogoliubov gk it BREITHTRGERS I LMTE B,

L AT, AFBOERICEOTE., MEEROEIR. WY A EEFOITIEREN O
BTV TETEND, —H. GHYBOR R, EERAHucESOTELan, £ &
wERs N 2 ko T-REHVC, EEEMsHES NS, £ 2T, SFBOERERMYS
FEBRFLICES (BOERE LTERMETER VLD THA S DLV HI I EBNEL LN S, EHE
B & 2 BOBTRICEVTIE. BIEHMIEEL., - T, BEEOAREETEL T
k=T yIFRICERS RTINS,

+ BE. ABRREEER
*» HI7E, Institute of Physics,Sachivalaya Marg,Bhubaneswar 7510005,Ind1a
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—F . HEEERC B TR, BEOKESAITET IR - D TH . FFHICE, —EE
DHOEBOKE Sk - THEDIEFERD S Z EBTES, | —v vESHEOREE. K
B2 ST TESTHS I, L L. B genus Ao U —= Vil ko, KRR
ISR AL C EATHERE I PR S T WP T,

1987 4=, Krichever & Novikov(8] &izk - ThIFEahsc KN formalism ic&Tid,
T2 D genus EFo Y —= L Lic. global MBS IHEEICERTE 5 JLPRSEN, ) -7
s < ORI & - T —-EHic parametrize b JEMbh o7, LT, V—=>
b 30 b 2T v ATERT S O ENTE, FERBTSTHICE 2, CORR. {ERD genus
Bfho ) —= VELOBOBTHREERLT B L EBTE S, INOOBFELI L. Bk
OEEDRAELA Lz,

2. Krichever-Novikov Algebra

Compact 73U —= »fi M(genus g) kic 2 & P, & P_ & —ROUE tld, I
b 2 HTORFEEE, ThEh 2, 2_ (2,(P)=0,2_(P)=0) &¥ 8o cOY—
LA ki, EEERGH f, Oficsy v e, TV W, FleX,, TR, Fa
EERL L ENTES, & OT, index ¢ it genus OEZICH » CEESULEEHOEE L D,
Fo e BRENENEEIEN, <7 b S, SOREEHRL TS, A Py DU
77 AAY (AT it AEEE fg.(’\) = fi(’\)(z)(dz))‘ (f® =, B =, ete).
EHEC D LT B,

HEERIE [, RO 7— A5 W, © Py OEETORENE.

flzy) = a9+ 0(z )], (2.1a)
wz,) = BEAFITIT 14 0(2y)] (2.16)

)

CTaBe ST s ﬂi RERTHB. 1 = —¢/2,...,9/2 — 1, L Tid, Weierstrass
gap theorem iz & pole OEIEHDILEDLD,

flz_)=a7 7P 1402 )] (2.1¢)
w(z_) = B 2L+ O(_)] (2.1d)
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ERBDTH B T ITREFT,

fa®)=1, (2.1e)
w5 =wl2), (2.11)

LBHEIEITT D, LT w(z) 3 M FieEREnLE I BT - AMRTH D, T P
B, 2-F, WS P, OECEEBERVIR. THhEN,

e(2y) = 7EaE T I+ 00, (2.20)

Q(z,) = EE2T 7L+ Oz, )] (2.2b)
ZLT

X,-(zi) = f:'sz-llz[l + O(zi)] ) (2.3)

TEALND, ST gy = 39/25 7, 66, RERTS S0

~g FVIE e, 2w KN commutation relations:

go
[ei,ej] = Z ijeé+j*s , (2.4)

3=—%

EBES 5o Cf WHERRTS 5o BB, ~7 b (e} 0 KN RSS20 JOXD
central extension I3ZEHREE{R.

g0
(e, ej] = z Clieipis ™ x(eze;) (2.5)

s=—4%0
k- THAONE, I T x(ei,ej)’s 12 cocycles ZREL |1 + 7| > 3g. T 0w bl &
HoitTWa,

Y —7oEh -5 ROEE, X7 bV ey LBk, Welerstrass o-BIlE# - TH
it 5.

€n = e,,(z)@/c‘)z, (n ‘_Ié “1/2)

C o T n EEIEE & 0. e,(2) RIROD & D BRI L > TFA SN 2o

=70~



Yz — z )o(z + 2nz,) o™ t2(2z)

o™t (z 4 2,) a((2n + 1)z,)
i, 61/2(2) =17
e ) o)
-1/2 O’(Z + ZO)O'(Z - Zo) 0'2(20)

@h—F2LOW 3 BT~ ~ARETE S, +2, . P—52 LD 2 A P, Kifibt 2, Co
EICLTHALNS b—5 2 ED~7 b A e, $ASREIE.

3/2
i
[emiﬁn}u Z Cmnem+n_1

I==3/2

EWET Do AL, m # £1/2n # £1/2m +n # —2. @y O,

C'fn/,fzn—m,
CHE = 3(m — n)¢(22,) + (n— m + 1)¢((2m + 1)z,)

+{n—m = 1((2n + 1)z,) + (m —n)C(2(m +n — 1)z,),
Alm)A(n)

~Lr = m—n z
Cm}z ’ - )\(m G4 1/2)0(220) [3( )C(Z 0)
+(m —n+ D((2m - Dz,) + (m — n = 1)¢((2n — 1)z,)
= (m = n)((2(m +n + 1)z,)],
=312 (m —n)A(m)A(n)

man Alm +n+3/2)0%(22,)’

LB, TLT,

Alm) = o((2m + 1)z,)
LT,
_oi(z)
C(Z) - O'(Z)



D—= @ M Ritid-ARcRo L S EHEESOF 3 BT -~ iiSw BEET 5. BB
wizg M\{P,, P_} ECiEfle. & P, To@ls +1, F_ < -1, LT imaginary
periods 45 -T2, w O ORFIMEERA LT, M Lic (B#) s5fi%

P

(P =3 [lwra) (R £ P (2.6)

P

CX-TERTHEBHRD HiZ. P— P 0L&, 7> Foo &0k, £IT.
C,={PeM;r(P)=7€R}. (2.7)

ELT M BBt O 2R oL TE R, C, oM Lo s8Eir, HUrito
HETHALEZDIENTES, Hit, 0 O, 2EAE. M Lo LOEEIEE

P
w(P) =7(P)+ic(P)= /w , (2.8)
F

itk -~ TEAT L EMTED, JIT.
P

o(P) = = f(w—d:). (2.9)

T2
Py

i3k C, FORETEH B, Ll 2 — w b, LT3 reparametrization T#H 5,

s A L2 OREE . RO & D RHBHRERET 5o

1 .
%ﬁfi(ﬂ a’)wj('r, ogldo = bij ; (2.10)
Cr
1
Ej{ei(r’ a)ﬂj(‘r, o)do = b (2.11)
Cr
1
57 x,;(7 or)x_j('r, o)do =§,. . (2.12)
Cr



BrEH kA "D -~ functions” o LT, K — functions” & M bickok

HCERL L Do

K(w,w') = K (w, w') + K (w, ')

K (w,w') = Z e, (w)Q(w) ,r> 1",
I=—go+2
—go+1

K w, w') = Z e (w)(w') 7 <7

lom—-c0

w & w' W level line C, kick 3z & &t

K (w, w’)Cr = %[0 fo" +iwé(c — o")} ,
K (w, w’)cr = %[ -t iré(a — )] .
LT
K(w, w')CT = 276(a — ') .
ETE, KR, KA, KF oW Ti,
Kp(w,w')=—0(r — VK (w, '),
. s

! — ) K(w, vy,
S

K- CEREN D, HL,

1 forr>71"
Q(T—TI)Z{ or T

0 forr <7~ .

—73-

VK w0 — (7" — 7) K (w, ') |

(2.13)

(2.14a)

(2.14b)

(2.15a)

(2.156)

(2.16)

(2.20)



3. b-c system DB DB H

= O section eV, b — ¢ system Tt ZBOBFIHR%E, —ARD genus g O Y -7
vE M ETERELEL Y. LALLM kit 28 P, & P_ 2—otrBicL v,
rOB TORMER 2 kU z2_ & z+(P+) =0, z_(P_)=0 &5k 5 &S 3B,
A -2 Uy FR

ds? = p(z,7)dzdz . (3.1)

iT&-TEL{.

LD —= YL Hteod form: b= b(2)(d2)* kvic = o(z)(dz) " 2ELE,
2T b(2) & o(z) RBEVRIRIIIBTHE ST FNFRI L T4 —TAREY ARUL-A
2TV B, CDFED action i

S[b, e} =

f 2 ar/g(b(2) Vel z) | (3.2)

M

B3| e

TEiohd, SIT Vi=p"z,2)0, 2 bLr-zFAF—F v 1{2) i,
1(z) = =Ab(2)VPe(2) + (1 — AV, b(z))e(z) - (3.3)
L1352, 8B b(z) & c(z) i3, KN bases itk »TRO & 3BT 2 L &HTE 5,
b(z) = Y b, fM(z), (3.4a)
olz) = ic, ) (3.4b)
{
CIT, b, RO ¢, RESHEMIE

{bkﬁ cl} = ‘5k+l,0 ’ (35(1)
{b,, b6} ={c,c}=0. (3.56)

EEET D, k & 13, genus OEF G- THAHLRM. &5 VIEEA & SFEBREEL 5,
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Z bV R-Z R AFE-F b 1(z) & KN basis Q,(2) ick-T
t(z) =Y K,Q(2) . (3.6)
n

OLSicERE N, SR, 2y T7+—<AZEY A= 2 DIESY78EE bosonic string
theory @ ghost system (ciflivd 2IBEEEZL L 9o A = 2 OBR,

bz)=> b0 ,(2), (3.7a)
k
e(z) = celz), (3.76)

i

LEFan, 0T {ez)} iz o rdBicidd 5 KN basis TH 50 R FLA-2AAF—F
v t(z) i3

Hz)=—2% b e e~ bcdQ . (3.8)
k. ki

EH B, (3.8) & (3.8) 25

G0
Ko=) Ciub o .\ .C (3.9)

k s=—go

LMD EWbnG, T, WG (2.11) 21

LIAT, R FLR-ZRLFE—F N H(z) i, 7 = v UEE L ORIREREE R D S
ZBFHIRI k- T, HOBROLEF ¥ v Vi3IS - TOE L, EHE, 1(2) id holomorphic
BRIz —wDOFT

d
t{w) = t(2)(——)? + £S(z;w) (3.10)
dw
DEHAREBRINZOTH B, T

43z /dw?) 3 (d*z/dw?)

o) —
Sz w) = (dz/dw) 2[ (dz/dw)

]2

T VY SIEINABTE - T, £ BERATHTH B t(2) 3 BEREKT 2-form
BTN Edibd 3, (3.6) hobdbsidic K, 3&H z - w OFC K, kb
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A, L Luss., K's & K,’s QEH & SIROEL 7 4 7 O3SR%

go
[Km: Kn] = Z Cf:'anm+n_, + X mn s (3'11)

$=—go

EEET S, chud. (3.9) & Yo rEEREF-TRTENTES, m & n i, BHH2
WIREBMEE L 3, $h. 8=

1

T 2mi
C»

Xmn e_ (w) &3 e_.(w)dor (3.12)

i2 KN a4 420 ThoT. m+n[>3g0&s 013,

Wiz, T—2 MR AEE |6,) BEME

Fotanl)]5) =0, (3.130)
Cy
jgc(Z)q(Z) |¢,) =90, (3.138)
Ce

E-TERLL I T v(z) RU q(z) B, #hFH & P 8512 pole 2Fo~s b
& 2form £FKbd, BB,

v(z) = {e2)ii £ —g, + 1}, (3.14a)
Q(Z) = {QJ(Z),] 2 —9'0 + 2} ’ (3145)

ThHhL LV, THIIROREEEETES 3,

bj Iq’:o) =0 for j29,—1, (3.154a)
¢; [6,) =0 for j=>—g,+2. (3.150)

(¢O| Rt B, B P fAiFic pole 2o~y b atgE 2-form EHWTEL I ENTE
by BERIRROE S IC@H oL,

(¢'o| bj =0 for j<g,—2, (3.15¢)
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<¢0| c; = 0 for j<—g,+1. (3.15d}

XC, T ULVWERER
w = 7(P) + io(P) (2.8)
2HALL 5 T(P) 8L o(P) éTic (26) & (2.9) REASNTV S, Z DEEERE R
W b — ¢ system OIBOBFHREELLE Do /87 4 —57(P) Y —<¥E LT W @

BEERT, FORER. M Eolfo” YR LUFICERT S EPTE, V-2 VH
it 2EETEEEE [Co W T DRI 4 A — VRS,

go¢. M L Lagrangian B £ %

i g .0
L= ﬂb(w)(ﬁ + zéz)c(w) . (3.16)

ek o TEAT S, ofw) KHRLEHRE

= Lhw) (3.17)

(3.18)

E15 B o oTy ¢ = Oc(o, 7)/87 . Hamiltonian H & H % level curve €. TRamT5C
FickhiBohad,

H= jt{?'{do = 21—71_ j{da’b(a, T)B%C(O', ). (3.19)
C

WO T HER T L OMATITHE - CERFZIRRBR
{e(w), b(w')}, __, = wmélo — '), (3.20)

byt B, ©oT o RO o AL level curve C; Lz s & 5o Heisenberg A

-77-



EoFAMEEH T2 L0ELTIROLSIC D,

B,9(w) = (3= +i7-)3(w) = 0 (3.21)

2T P(w) i3 b(w) £ o(w) 2HFRbd. ROESRIL

i d
P= %jgda'b(a', T)a-;-c(a', 7). (3.22)
e,

ZHLTEsht: Hamiltonian H & HEE® P REERICIT-TW3, (3.19) Bor (3.22)
OHOETEAMEEIL B P, T pole 2RWTEAITH-T H R P i3 7 KFELBW L&
B b, TOFEL Bonora, Russo, Lugo[9],[10] % Konishi, Saito, Takahashi[11] ;&
RE-THRONABREEN S, BHooEaIER, BIBT M w KEENE 29 BOF
REBLT H @7 WRFETHI LI 2, —F, Be0B&ud. HROBER v 2Bcas
¥ H ofid, C. 2w 02 BEOTALED 3 & BBEL LTV,

Wiz, b—c BiI4 BT ol — 5 — KF(w, w'} %
K p(w, w') = (.| T{c(w)b(w)) |¢,)
=9(T - T,) <¢0| C(w)b(wr) |¢0>
—0(r' — 1) (¢0| b(w'e(w) |¢O> ) (3.23)

ELTERT B, (3.8) AFHIRRALT

K (w,w)=0(r=7) > e () (w)

k=—go+2

—go+1
—8(r = 1) 3 e (w)Qw) . (2.19)

k=—co

35, JhidEmariER
éj ) - f 2 4

- 4= = 27 -~ . 3.24
(8T+280)I&F(w,w) 2r6{(w — w') (3.24)
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Eiicd, £, (3.7) ERBEFRIC ARG &

{e(w), b(w')} = K(w, w') (3.25)
=5, fHL
| K(w,w') = 2= Z e, (w), (w') . (3.26)
k=—o0

(3.25) B LTHIR T — 7 & huE. HORBHINCSRER (3.20) 285,

R b L R-TRAFE—F Y Hw) F, GRSk S s HEF vy T ML
7 holomorphic ©& - T, OB A HES

V¥ (w) =0, (3.27)
EHET bo —HLCHSNTOAL ST, #EF vy v Tw) s hiEs
VYT (w) = —ng}z , (3.28)

T Bo C T, R REOHBICL > TREBHE TS B, T(w) & t(w) ORI
{&kEF4 % local counterterm ¢ (w) THA SN

T(w) = t(w) +1,(w), (3.29)
t,= ’c{(aw log F‘w)2 - 283) log pw} . (3'30)

&/ B

t{w) %ECTIEEIRR (3.25) RHEAILKO L I ICHE T B2 L4bh 3,

[t{w), b(w')] = =20, K (w, w')b(w') + K (w,w")d_,b(w') , (3.31a}
[t(w), e(w")] = 0, K(w, w')e(w') + K{w, w')d _,c(w'), (3.318)
LS LS IE 3 IETES

[t(w), b{w)]___, = 27{=20,8(c — ')+ (o — 0')6w,}b(w') . (3.32a)
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[t(w), e(w')]_., = 27{8,,6(c — e} + 6(o - a')@w,}c(w') . (3.325)

T=

Lo {HL. ChbicfliEd AEAPHRT ~TE WS t(w) & t(w') OEOIZHRBRR

[t{w), t(w')] = — ©d3 K (w,w') — 20, K (w, w')t(20')
+ K(w,w")d,t(w), (3.33)

THEL SN, G~ CRBFRIZSREIRIL

[t(w), t(w)]__. =~ 260260 — o)
— 4m0,6(c — o")t(w)
+ 27é{e — a’)ﬁw,t(w') . (3.34)

2B,

4. b-c system {239 5 Ward-Takahashi %3\

- o section Tik. FifiE TIciB oMM > T—HD Ward-Takahashi 8258 (WT)
LENTHE Do ZABHUBRIAAF—F vV 1 Hw) ZELERIBIEOBIHE
(D)6, () by} (TS, (0,) -+ D)) FTHBe T
(T(-+)) = (] TC ) [8,) & BMUEFRR T(-- ) ORAIFRERL S, (w,) & b(w,) «
clw,) WFNDLERT.

t(w) 2H— BT Ward-Takahashi fﬁ%iﬁti&@;t JrBAoNS.
0, (T(t(w)s (w,)- brlwy)))
= (T(0,w)8, () dyly)

N
+ Z <T(¢1(w1) e ¢k_1(wk_1)[t(w)= ¢fc(wk)]¢’k+l(wk+1) T ¢N(wN))> 6(1- - Tk)
k=1

N
c2n S (b, 8,8 (w — w,) + 6w = 0B, } (T4 (w,) bulwy ), (41
k=1
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IR
<
P{

1 for e(w,} |

b = {—2 for b(w,) (12)

C OEH Bt -y BIEIO (3.27) BT (3.31) oo, otaFXoRSR

{ )
go—2

= S 0, (T 6, ) By )

j=—go+2

N
+ 3 {0y, Kp(w, —w) + K p(w, ~w0)3,,}
k=1

x (T8, (0)) - d ) - (43)

&b,

HEREREs =4 5 Teichmiiller deformation i 3g — 3 {EH® Teichmiller parameters
Y & partition function Z 2T

yo—2

S by, (TU8,(my) ()} = Z8(T0, () b5l ) 2)
J=-go+2
(4.4)

LA D LS T WD, CHUEER, ROXHESET LEBTE L,

(708,00, 9y () = (K, (T (1) -+ 6, ()
= 2 (T, tw) - dyluy))) s (45)

4
[
I

, d
<I&j> =—logZ . (4.6)
(4.6) % (4.4) wRATUL

(T(t(0)8,(w)) - d ()
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o2
= (1) (T(, () Syl )+ 2 9 ( (8,(w,) - 6 (wy))
J=“§n+2 J
N
+ 50k, 8,, K plw, — w) + K p(w, — 0)00,}

k=1

x (T(8,(w) -+ by (1)) (47)

%85, A bLA-LRAF—F vy % 2 >80 Ward-Takahashi B5XE LHETRD B

S EMTERDLIITET Bo

9 <T(t (2)t(w)e, wl)---qu w )))
= {T(0,t(a)t(w)8, (w) -+~ by ()
(T([( ) 4w}y (w0,) 8y (wy))) (e = 72)

+Z(T (t(w) by (w_ (), dy(w))]
X ¢’k+1(wk+1) ’ '¢N wN ))6(71' - fw) g (48)

cozic (3.27), (3.32), (3.34) ZEARATNE

6, (T(t()t(w)6,(w) -+~ (a0, )
=<[{—3§—azs(ax—aw)—4«ax6( — 7 )t(w)

+27r5( )0t (W)}, (w)) -+ b p w8z = 7u)
+Z{h By, 8o, — ) 80, — 02)0u,}
(:m( w)d, (10,) 6y (wy))) - (4.9)

L, COBABHEKROLIEEX 5D,

(T(t()(w)8,(w) -+ by ()
go—12
T 0, (2) (T(K,Hw)8, () 0 wy))

j=—g0+2
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— k02K (= 0) (T(9,(w,)- - By (wy)))
{20, Kz — ) — Ko — w)0,}{T(t(w)d, () -+ dy(w0y)

N
+ 5 R 8y, K pwy, — o) + K p(w, — 2)dy,}
k=1
B (4.5) ARATIERO XS BREABF N D,

(T(e)tw)s, (w,) - Sy )
= {t(@)) (T(t(w), () 6y (wy)))

90_2 8

DVICE X GUICARE NI

j=—go+2 J
- rc@iiKF(w —w) <T(¢~1(w1) e ¢N(°~UN)J>
{20, K pla — ) = K plz — 0)0,} {T(Uw)8, (w,) - by ()

N
+ Z{hkamKF(wk —z)+ Kp(w, — z)d,, }
k=1

x {T(t(w)8,(w,) - by () - (4.11)

5. #ai 2

Pk KN #22 (1050) & 2haRA LY —< v M LoBoBTRico Wi L7, B
DB, T— R F YR F AR B, SOz eMARIRA F- RIS LTH LR
UERALAAIRE CH Bo BL. 2 H - BicouwTid, Welerstrass gap ORBEZEER(ER
4 BNEDE - TEDEHICIE S,

WHIEEE b O—RROT Vs MY —2 vEL B, Fe— VKT 2EAT S I L8
TELEVI I ERBLNECLTHA, COR. FERBTLE M ETARRCE»7,e DL
L. U —v U E LR BTSEEET R oW TEANICEE TS b, FEET(LITESE
Lok b, EEEEESHAG L BBMcHE TE, WT 0B EFORLHERICHS LD D
TEEICL D,
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