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Link Polynomial, Crossing Multiplier and Surgery Formula* 

TETSUO DEGUCHI 

Institute of Physics, College of Arts and Sciences, 

University of Tokyo, Komaba, Meguro-ku, Tokyo 153, Japan 

and 

YASUHIKO YAMADA 

Theory Division, National Laboratory for 

High Energy Physics, Tsukuba, Ibaraki 305, Japan 

ABSTRACT 

Relations between link polynomials constructed from exactly solvable lattice 

models and topological field theory are reviewed. It is found that the surgery 

formula for a three-sphere S 3 with Wilson lines corresponds to the Markov trace 

constructed from the exactly solvable models. This indicates that knot theory 

intimately relates various important subjects such as exactly solvable models, 

conformal field theories and topological quantum field theories. 

-A· Based on Lectures given at the workshop "Beyond Riemann Surfaces" in Research Institute 
for Theoretical Physics, Hiroshima University, February 1989. 
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1. Introduction 

A general theory has been established [1-6] to construct link polynomials, 

topological invariants for knots and links, from exactly solvable models in sta­

tistical mechanics. The theory, which is applicable to both vertex models and 

IRF models, consists of two steps. First, one makes a representation of the braid 

group from the Boltzmann weights of a solvable model. Second, one constructs 

the Markov trace on the representation. The Markov trace is essentially a trace 

of the braid group representation multiplied by the crossing multiplier of the 

model. 

Recently, E. Witten has shown remarkable relations among three dimensional 

topological quantum field theory, two dimensional conformal field theory and link 

polynomials [7]. This topological field theory is the Chern-Simons gauge theory 

with non abelian gauge group G, whose abelian version is related to the fermi­

bose transmutation and self-linking number [8]. 

Let us recall the formulation of the topological quantum field theory [7]. In a 

closed oriented 3-manifold M, we take a link L which consists of r oriented and 

non-intersecting knots C;, i = 1, 2, · · ·, r. We assign a representation R of group 

G to each C;, and consider the following path integral over all gauge orbits 

Z(M;L) = Z(M;C;,R;) = J DAexp(ikS[A]) iiwR;(C;). (1.1) 
i=l 

Here, S[A] is the Chern-Simons action, 

(1.2) 

is the Wilson line which represents the holonomy around C and k E Z is ( topo­

logically quantized) coupling. 

By the method of geometric quantization, Witten has shown that the physical 

Hilbert space of this theory is isomorphic to the space of conformal blocks of 
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associated Wess-Zumino-Witten model [9] at level k, and hence the Hilbert space 
is of finite dimensions. 

We can give another argument for this important result. Note that the Gauss 
law constraint of the cannonical quantization is essentially equivalent to the 
(anomalous) Ward identity for the currents. We can show that the current Ward 
identity and integrability condition characterize the space of conformal blocks, 
and this space is shown to be of finite dimensions [10]. 

From the knowledge of eigenvalues of braid matrices, Witten has derived 
the skein relation for the expectation value of Wilson lines. For G = SU(N) 
and Wilson lines in fundamental representation, he has explicitly given the skein 
relation defining the Jones polynomial [11-13]. For other gauge groups G = 
SO(N) and Sp(2n), this method can be extended straightforwardly, and yields 
the Kauffman polynomial [14]. 

Using "surgery" technique, Witten has presented the following formula: 

Z(S3;L) = LZ(S2 
X S\Rj,B)S~, (1.3) 

J 

where Z(S2 
X S\ Rj, B) is the partition function on 5 2 X 5 1 of both the braid 

B and a parallel Wilson line in the RJ representation. The quantity Sf is the 
elements of the modular transformation matrix. 

The main aim of this report is to compare Witten's results, m particular, 
the surgery formula (1.3) with the knot theory based on the exactly solvable 
models [15]. In §2, we shall briefly explain the knot theory based on exactly 
solvable models in statistical mechanics. In §3, the significances of the crossing 
symmetry will be exhibited. In §4, the relation between the surgery formula and 
the Markov trace constructed from solvable models is explained. In §5, graph­
state IRF models are introduced to show the ubiquity of the crossing multiplier. 
The last section is devoted to discussions. 
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2. Exactly Solvable Models and Link Polynomials 

We introduce braids to describe knots and links [16]. It is known that any 

oriented link can be expressed by a closed braid [17]. The equivalent braids 

expressing the same link are mutually transformed by successive applications of 

Markov moves, I and II (Fig.1) [18]. Markov trace is a linear functional on the 

representation of the braid group En which has the following properties (the 

Markov properties): 

where 

I. </>(AE) = <f;(EA), 

II. ¢(Abn) = r<f;(A), 

<j;(Ab;;-1
) = f¢(A), 

r = ¢(b;), 

A,E E En, 

From the Markov trace we obtain a link polynomial. 

(2.1) 

The Boltzmann weight w( a, b, c, d; u) of IRF model is defined for the config­

uration of "spins" around a face (Fig.2), where u is the spectral parameter. The 

Yang-Baxter relation reads as (Fig.3) [19] 

L w(a, b, g,f;u)w(f,g, d, e; u + v)w(g, b, c, d; v) 

g 

= Lw(g,c,d,e;u)w(a,b,d,g;u+v)w(f,a,g,e;v), (2.2) 

g 

In addition to the Yang-Baxter relation, the Boltzmann weights of most of exactly 

solvable IRF models satisfy the following basic relations [19,6]. 

1) standard initial condition 

w( a, b, c, d; u = 0) = 8( a, c), (2.3) 

where 8( a, b) is the Kronecker delta. 
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2) inversion relation 

L w( e, c, d, a; u)w(b, c, e, a; -u) = li(b, d). (2.4) 

' 
3) crossing symmetry (Fig.4) 

(
.,P(a).,P(c)) 1/2 w(a,b,c,d;u) = w(b,c,d,a;A -u) .,P(b).,P(d) , (2.5) 

where { .,P( a)} are the crossing multipliers and A is the crossing parameter. 

4) second inversion relation 

"<;""' .,P(e).,P(b) L.. w(c, e, a, b; A- u)w(a, e, c, d; A+ u) .,P(a).,P(c) = li(b, d). (2.6) 
' 

The crossing multipliers of the model are introduced in the crossing symmetry 
and the second inversion relation. They are important in a general theory to 
construct link polynomials from the exactly solvable models. As will be shown 
in §3, the basic relations correspond to local moves, known as the Reidemeister 
moves, on the link diagrams. 

Let us explain the constraint of the model. Nearest neighboring spins of 
IRF model satisfy the constraint. When spin b is allowed (or admissible) to be 
nearest neighbor of spin a, then we write it as b ~ a. Of course, the Boltzmann 
weight is equal to 0 if the configuration is not admissible. A sequence of spins 
1! = (Ro,£1,· · · ,i!n) is also called admissible if£;~ R;-J(i = 1, · · · ,n). 

Let us introduce the Yang-Baxter operators and construct representations of 
the braid group. The Yang-Baxter operator X;( u) for IRF models are defined by 
[2] (Fig.5) 

[X;(uJ];~%,'J"" = (rr o::) w(J!;,i!;+~,p;,i!;_l;u) (.ir o:;), (2.7) 
;=0 J=t+l 

Here and hereafter multi-indicies (po,Ph · · · ,Pn) are assumed to be admissible. 
The Yang-Baxter operator X;(u) is a constituent of the transfer matrix T(u) 
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in a 2-dimensional lattice system. In terms of the Yang-Baxter operator the 

Yang-Baxter relation is written as [19,6] 

Xi(u)Xi+I(u + v)Xi(v) = Xi+I(v)Xi(u + v)Xi+!(u), 

Xi(u)Xj(v) = Xj(v)Xi(u), li- jl;::: 2. (2.8) 

We call this algebra the Yang-Baxter algebra. We see that the defining relations 

of the Yang-Baxter algebra (2.8) are analogous to the braid relations. From the 

Yang-Baxter operators {Xi( u)} we can construct the representation of the braid 

group { Gi} by the following formula [1 J 

G±1 = lim Xi(±u). 
I U-+00 

(2.9) 

The well-definedness of the limit requires that the model is critical, that is, the 

Boltzmann weight is parametrized by trigonometric (or hyperbolic) function. 

Let us construct Markov trace ¢>(-) on the braid group representation. Using 

the crossing multipliers of the model, we introduce a "constrained trace" Tr(A) 

[2]: 

then the Markov trace ¢( ·) is written as 

A _ Tr(A) 
¢( ) - Tr(J(n))' 

(Co :fixed), (2.10a) 

A, J(n) E Bn, (2.10b) 

where J(n) is the identity. The symbol E represents the summataion over admissi­

ble multi-indices with Co being fixed. We also have a formula of the Markov trace 

for vertex models [1,6], which is related to (2.10) by the Wu-Kadanoff-Wegner 

transformation [6,20]. 



We can show that the trace </>(-) defined in (2.10) satisfies the Markov prop­

erties (2.1) by proving the extended Markov property: 

,P(b) L w(a, b, a, c; u) ,P(a) = H(u; .A) 
b-a 

(independent of a, c), 

where the function H ( u; >.) is called the characteristic function [ 6]. 

3. Crossing Symmetry, Temperley-Lieb 

Algebra and Graphical formulation 

(2.11) 

Let us discuss the meanings and consequences of the crossing symmetry: 

It has a remarkable significance to algebraic and graphical approaches in knot 

theory [6]. We use the notation of the factorized S-matrices. It is noted that the 

factorized S-matrices and solvable vertex models are equivalent. The discussion 

also holds for solvable IRF models [6]. 

We denote the amplitude of the scattering process (a, (3) --> (f.l-, v) by S$;( u) 

(Fig.6). The Yang-Baxter relation for the factorized S-matrices reads as (Fig.7) 

L s~;(u)s~;(u + v)S~~(v) = L se;(v)S~~(u + v)S~~(u). (3.1) 
ap, ap, 

The relation (3.1), often referred to as the factorization equation, was introduced 

as the consistency condition for the Bethe ansatz wavefunction [21]. The fac­

torized S-matrices represent the elastic scattering of particles in that only the 

exchanges of momenta and the phase shifts occur. 

For the factorized S-matrices, the Yang-Baxter operator X;( u) is defined by 

[1,6] (Fig.S) 

In terms of the Yang-Baxter operator the Yang-Baxter relation (3.1) 1s agam 

expressed as (2.8). 
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Generally, the factorized S-matrices satisfy the following crossing symmetry 

and the standard initial condition. 

1) crossing symmetry (Fig.9) 

S"'v(u) = S~~(>.- u) (r(a)r(l-'))1/2 (3.3) 
13~ v"' r(/3)r( v) ' 

where we have introduced the notation a = -O< for "charge conjugation" and 

r( 0<) are the crossing multipliers with a relation r( -O<) = 1/r( 0< ). 

2) standard initial condition (Fig.lO) 

(3.4) 

The above relations have the following physical meanings. We can interepret u 

as the rapidity difference of the scattering particles. Also it can be considered as 

the scattering angle (Fig.6). The standard initial condition indicates that there 

is no scattering between two particles with zero relative velocity. The crossing 

symmetry describes the invariance of the system under 90 degree rotation in 

a 2-dimensional space. Note that from the standard initial condition and the 

crossing symmetry, the inversion relation and the second inversion relation for 

the factorized S-matrices (solvable vertex models) are derived. 

It is important in the critical (vertex and IRF) models with the crossing 

symmetry that the Yang-Baxter operator becomes the Temperley-Lieb operator 

at the point u = .\ [6]. Setting 

E; =X;( .X), (3.5) 

we find that the operators { E;} satisfy the following relations 
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li- jl ::>: 2, (3.6) 

where the quantity q112 is related to the crossing multipliers 7/;( i) (or { r( a)}) by 

" 
= 2.: ,P(b) 

b-a,P(a)' 

for S matrix (vertex model), 

for IRF model. 

(3.7a) 

(3.7b) 

The relations (3.6) are the defining relations of the Temperley-Lieb algebra [21]. 

Furthermore, the relation (3.5) is of importance in an algebraic formulation 

of the knot theory [6]. We only point out two key observations. First, the 

operators {E;, G;} form an braid-monoid algebra. Second, using the Temperley­

Lieb operator E;, we can show that the extended Markov property is equivalent 

to the relation (projection relation) [6] 

X;(u)E; = (J(u)E;. (3.8) 

where (J(u) is a function which is related to the characteristic function H(u; .\) 
by (J(u) = H(.\- u;.\). 

Let us consider the graphical meanings of the relation (3.6) [6]. From the 

crossing symmetry and the standard initial condition we have (Fig.ll) 

"" _ r(a)r(~ h _ & P 
( 

)) 
1/2 

S13M(.\)- r((J)r(v) S""(O)- r(a)613 · r(~)S". (3.9) 

We can regard the elements r( a )6$ and r(~ )Db as the weights for the pair­

annihilation and the pair-creation diagrams, respectively (Fig.l2). Then, the 

Yang-Baxter operator at u = .\ is depicted as the monoid diagram, by which the 

Temperley-Lieb algebra is explained. This way of thinking is consistent with a 

fact that the energy at the point .\ is related to the pair-creation energy. For 

IRF models, the weights (,P(a)f,p(b)) 112 and (,P(c)f,p(b))112 correspond to the 

pair-annihilation and pair-creation diagrams, respectively (Fig.l3) [6]. 
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Let us introduce link diagram L, which is 2-dimensional projection of a link 

L (Fig.14). The writhe w(L) is the sum of signs for all crossings {C;} in the link 

diagram (Fig.15): 

w(L) = 2::: ,( C;), (3.10) 

We can formulate link polynomial directly on link diagrams. First we calcu­

late statistical sum Tr(L) on the diagram L by the rules given in Fig.12 (Fig.13). 

The link polynomial for the link L is calculated as 

(L) = -w(L) Tr(L) 
a c " , 

Tr(Ko) 
(3.11) 

where ko is the link diagram for the trivial knot (a loop) and the constant c is 

defined by 

c = lim {3( u). 
u-oo 

(3.12) 

or by a relation 

G;E; = cE;. (3.13) 

We can confirm a(L) is invariant under the Reidemeister moves of link diagrams 

(Fig.16), and hence a(L) is a topological invariant of the link L. Thus we have 

shown that a model with the crossing symmetry gives a graphical construction 

of the link polynomial. 

To conclude this section, we again emphasize that the crossing symmetry has 

algebraic and graphical significances. Algebraically, it leads to the Temperley­

Lieb algebra and the braid-monoid algebra. Graphically, the pair-creation and 

pair-annihilation diagrams are introduced through the crossing symmetry. 
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4. Modular Transformation, Fusion Rule and Crossing Multiplier 

In this section we study the relation between the surgery formula and the 
Markov trace. In the surgery formula (1.3), modular transformation matrix Sf 
plays an essential role. For WZW model, conformal blocks on the torus are given 
by the characters of the Kac-Moody algebra. The modular transformation matrix 
of the characters is given by [9,23] 

Sjo 2rrip 
-
5 

= TrV;(exp-k-), 
00 + g 

( 4.1) 

where p is the half sum of all positive roots, g is the dual Coxeter number, and 
k is the level of the integrable representation whose ground state is irreducible 
representation Vj of group G. 

The quantity defined by (4.1) appears in several places in mathematics and 
physics. In the context of exactly solvable models, it is the crossing multiplier of 
critical8VSOS model [24,19], and its generalizations, A, B, C and D IRF models 
[25]. Explicitly we find that the crossing multiplier and the matrix elements S;i 
are related by 

,P(j) Soj 

,P(O) = Soo ( 4.2) 

For the vertex models [26,1,28,29], the same correspondence also holds. It is 
known that the partition function Z( S 2 X S1 ; Rj, B) on S 2 X S 1 corresponds to 
the trace of the braid matrix 

(Co= O,Cn = j). (4.3) 

This braid matrix B is the monodromy matrix on the conformal blocks on S 2 

For the case of SU(2), the monodromy matrix has been explicitly obtained [29] by 
solving the Knizhnik-Zamolodchikov equation [30], and the monodromy matrix 
is equivalent to the braid matrix appearing from SVSOS model or IRF model 
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associated to SU(2) [2,25]. Recently it has been shown [31] that the above 

equivalence between monodromy matrices in WZW models and the Boltzmann 

weights in IRF models (or the R-matrices in quantum groups) also holds for 

other gauge groups of type A, B, C and D. These facts indicate that the surgery 

formula (1.3) is expressed as [15] 

Z(S3 ;L) = I;z(s2 x S1 ;Rj,B)st 
j 

(eo= o), ( 4.4) 

where the symbol B denotes the constrained trace. Thus, the surgery formula of 

a link Lin S 3 has the same form with the Markov trace given by the constrained 

trace (2.10) for the IRF models [15]. 

The skein relations of the link polynomials constructed from SVSOS and 

A,B,C,D, IRF models can be explained by the conformal weights of the WZW 

models [15]. This fact also agrees with the correspondence between the surgery 

formula and the Markov trace for the IRF model [15]. 

The relation ( 4.2) can be also explained as folows. Recall the fusion algebra 

of the rational conformal field theory [32,33]: 

</>i<I>J = L N;}q,k, ( 4.5) 
k 

where generators { </>;} correspond to primary fields, and N;j counts the multi­

plicity of <f>k appearing in OPE of</>; and </>j· Let us consider one dimensional 

representations {A~n) E C} of the fusion algebra 

( 4.6) 

By the Verlinde's formula [32], the .X~n),s are given by modular transformation 
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matrix S;j as follows 

),(n) = S;n 
' Son· ( 4.7) 

The value >.1°) = So;/Soo can be seen as the relative dimension [33] of the repre­
sentation space of the chiral algebra. On the other hand, the crossing multipliers 
{ 1/;(j)} of the solvable IRF models are determined by the eigenvalue problem [6] 

2:: '</;(£) = ql/2,pcjJ, 
e~j 

( 4.8) 

where the summation is over all states admissible to j. The admissibility con­
dition can be described by the coefficients N;J for corresponding conformal field 
theory. This fact explains the relation ( 4.2) between the matrix elements of the 
modular transformation and the crossing multipliers. 

For the case of restricted 8VSOS model, the condition ( 4.8) is 

L NM(R) = qlf2,p(j), ( 4.9) 
e 

with 

N e _ ,e .e 
!j - Vj+l + Vj-1· (4.10) 

Here N 15 is nothing but the fusion coefficient for SU(2) WZW model. 
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5. Graph State IRF Models 

The theory to construct link polynomials from exactly solvable models takes 

advantage of the crossing multipliers of the models. To show a wide applicability 

of the theory, we shall present examples of solvable models other than A, B, 

C and D models. In fact, there exist various models with non-trivial crossing 

multipliers from which link polynomials can be constructed. 

Let us introduce graph-state IRF models [6](Fig.17). The constraint on the 

model can be expressed by a graph [34,2,35]. Each point of the graph corresponds 

to a possible spin value of the model. The point for a spin b is connected to the 

point for a spin a, if and only if b is admisssible to a: b ~ a. For any graph in 

any dimensions we consider the following relation [2] 

L 1/J(b) = q112.p(a), (5.1) 

b-a 

where the summation is over all spin values admissible to a. This relation has 

already appeared in (3.7) and ( 4.8). From the solutions of the eigenvalue problem 

(5.1) we have the Temperley-Lieb operators by 

It is easy to see that the operator U; satisfies the defining relations of the 

Temperley-Lieb algebra. Choosing the crossing parameter A by 

2cos.>- = q112, (5.3) 

and from the Temperley-Lieb operator U, , we can construct Yang-Baxter oper­

ator X;( u) by [2] 

sin(.>-- u) sinu 
X;(u)= . A (I+ . (' )U;) 

Slll Slll /\- U 
(5.4) 

Let us give an example. For a graph of the two-dimensional square lattice 



depicted in Fig.l7(f), the crossing multiplier is given by 

,P(a') =sin( a'· ri + wo), (5.5) 

where. the lattice points on the two-dimensional square lattice are expressed in 
terms of 

(5.6) 

and ri = (n1, n2). For this model the quantity q112 is given by 

q112 = 2cosn1 + 2cosn2. (5.7) 

Thus we have shown that we can construct a solvable model for any graph. 
These models are generalizations of the SVSOS models. When a graph has a finite 
size, the graph-state IRF model is a restricted solid-on-solid (RSOS) model. 

Since the extended Markov property (2.11) holds for graph-state model, we 
can construct the Markov trace on the braid group representation. Therefore we 
have link polynomial corresponding to arbitrary graph. In other words, from the 

crossing symmetry, solvable models and then link polynomials are constructed in 
a systeinatic manner. 

6. Discussions 

1) For link polynomial given by the topological quantum field theory, we have 
found that its expression by the surgery formula corresponds to the general con­
struction oflink polynomial based on the exactly solvable models [15]. The cross­
ing multiplier is the keypoint of the latter construction. Crossing multiplier and 
modular transformation matrix is closely related by the fusion algebra. There­
fore, it seems that the construction of link polynomial by the surgery formula is 

as general as the knot theory based on the exactly solvable models. 
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2) An advantage of the knot theory based on the exactly solvable models is that 

the crossing multiplier and the crossing symmetry are naturally introduced. In 

§5, we have shown that from the crossing symmetry with non-trivial crossing 

multipliers solvable models and link polynomials are systematically derived. 

3) We can construct composite solvable models. The key of the construction is 

that the projectors can be made from the Yang-Baxter operators [36,6]. The 

method is called composition method or fusion method. The projectors are con­

sidered as generalized Young operators ["6]. We can construct "3-point vertex" 

using the projectors (Fig.l8). For graph-state models, the projectors consist of 

the crossing multipliers. Further, it has been shown that the projectors satisfy 

the pass-through condition [6] (Fig.l9) and also they are compatible with the 

Markov properties [6]. Therefore by using the projectors we have topological 

invariant for linking graphs. 

4.) The row-to-row transfer matrix T( u) of two-dimensional lattice system is con­

structed from the Yang-Baxter operator as 

where 

T(u) = U(u)V(u), 

U(u) = X1(u)X3(u) · · ·Xzn-l(u), 

V(u) = Xz(u)X4(u)···Xzn(u), 

The partition function of the system is written as 

ZN(u) = Tr((U(u)V(u)t), N = 2n x 2n, 

and then the free energy f per site is given by 

f(u) = lim ]_logZN(u). 
N-ooN 

(6.1) 

(6.2) 

(6.3) 

(6.4) 

(6.5) 

We note that if we start from the Yang-Baxter operator for the graph-state model, 

-16-



then the partition function is written as a summation of the crossing multiplers 

of the model. 
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I : 

II: 

1 •.. n 

B 

1 · • • n 

I 
A 

1 • • . n 
... I 

A 
... 

Fig.l Markov moves I and II. 

1 ... n 

I . . . I 

B 
I . . . I 

A 
I . . . I 

1 · · • n n+1 

I · · · I 
A · ... x 

1 . . • n n+l 
. . . I 

A ... x 

Fig.2 Boltzmann weight of IRF model. 
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e 

f 

Fig.3 Yang-Ba.·der relation for IRF model.. 

c 

b 

a 

= [?j;(a)?J;(c)jl/2 a 
1/J(d)?j;(b) 

d 

)1-u 

b 

Fig.4 Crossing of IRF model.. 

c 

u ·--0 1 i -1 i+1 n 

i 

Fig.5 Yang-Baxter operator for IRF model.. 
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l/ 

u 

0: {3 

Fig.6 Scattering amplitude S$;(u). 

l/ l/ 

{3 

p p 
r 

CT 

Fig.7 Yang-Baxter relation for S-matrix (vertex model). 

¥ ... 
1 i-1 i i+1 i+2 n 

Fig.S Yang-Baxter operator for S-matrix (vertex model). 
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a: 

Fig.9 Crossing symmetry of S-matrix. 

l/ l/ 

0 

a: (3 a: (3 

Fig.lO Standard initial condition. 
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a (3 .a /3 a 

= 

a a 

Fig.ll Scattering with u = ,.\ corresponds to annihilation- creation diagram 

(monoid diagram). 

(ai 

(cJ (d) 

Fig.12 Weights for elements of link diagrams. 

(a) pair-annihilation diagram r(a)5$ . 

(b) pair-creation diagram r(l' )a;. 

(c) braid diagram with w = -1, Gff~(+) = Sff:(co). 

(d) braid diagram with w = 1, Gff~(-) = Sff:( -co). 
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b 

b 

(al (b) 

(cl (d) 

Fig.l3 Weights for elements of link diagrams. 

(a) pair-annihilation diagram (1/;(a)/'if;(b))l/2. 

(b) pair-creation diagram (1/;(c)/'if;(b))l/2. 

(c) braid diagram with w = -1, G(a, b, c, d; +) = w( a, b, c, d; oo). 

(d) braid diagram with w = 1, G( a, b, c, d;-) = w( a, b, c, d; -oo ). 

L 

Fig.l4 Link diagram i. 
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X X 
Fig.l5 Sign e(C) of crossings C. 

I f 
/ 

II ( 

~ 

Ill 

Fig.l6 Reidemeister moves I, II and III. 
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<•> (e) ~ 0--0-----o--o---o 

(b) 
(f) t t l t 

~-- --~ ' ' ' ... . .. 
cr--<r-0----~ 

.... ... 
(c) 

+-· .. 
0---o----< ..... . .... 

(d) ' ' ' + I ; 

c::··-~ -----< 
r--~ 

Fig.17 Graph-state models. (a) restricted SVSOS model (A type), (b) unre­

stricted 8VSOS model, (c) D type model, (d) special S2-generation (D(ll) model, 

(e) periodic 8VSOS model (A(l) type), (f) a two-dimensional square lattice. 

Fig.18 3-point vertex. Circle denotes the projector. 
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Fig.l9 Pass-through condition. 
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1. *Slf§ (knot) 
2. 3i?6c~m-f* (o:J~{i)C: 1- ;fo :/-) ±C: VC Thurston 

3. 4"'j(;~f!l<i* 

1-1. Jf:~- *Slf§ k c li 5 1 c diffeo t.;: R 3 (S3
) o:J~0:0>tJ:$0%~i* 

k ~51 '--' R 3 (orS3 ) 

C: L cJE~2: -h6 0 (C. C. "C~ 0;0> C L f:O)I;l. wild knot >:!:-~ < f:lb"Ctfo 6o ) 

Definition. 2 -:>0) knot k
1

, k2 ;O>[a]iill (k1 ~ k2) -ctfo 6 c IL [i'i] <! Hb (j;'ii:jl") raJt§;O> 

l'HfL, 

3f: R 3 --+ R 3 s.t. f(k
1

) = k2 

·c <56 c. c c -t 6o ([i'i] Mtlf t-~~t,w c <! k1 c k2 1iraJl!'ici!fl!lt6o) 

c~ 
o~ 
~not c0 
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mirror 
image 



J-:! 1\ not OJ€1' 1.:1 ':: 1.: 2 n
1Tn11il!Tt~ \ '~ c 1:;3? l=lil:GTl:lE~tJ' 0, R" - k

1 
c R'3 

- k/J''i<iJlH 

-ctJ'' ~ c 1::if;ttlf J: '' . 

kt ~ k2 ===> R3- kt ""R3- kz ===> ?rt(R3- kt) ::::e ?rt(R3- k2) 

iit , -o;~.-f~"ftJ>'llFi11Ai 2 --o GTl knot lif5Hil!-cto: c • . (De 1111 OJ/rn:t!!IJ' ,, 1r. ( S'' - q = II 
' 

( i ::0: 2) IJ<;f; 2: tJ. .r, . ) -M!l'1=.1:!i:lf>:llfHtJl):-t .r, Clll:t~@l T lito:\ 'n>, knot llfCilij\~liFJi!i'li=~Dili 

·;" {o)J"$;6>iJ5 {, (Wirtinger £<:if;) . 

xi+l 

.t l ':f:i~i*''., ,Jc 

::::e< X, y; "'YJ: = yJ;y >::::e SL(2, Z) 

identification 

x~ G ~) 

i:t~ nnknot Cllij\~ G =<X >::::e z 
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Theorem. (Gordan-Luecke 1988-9) [,·
1 

,J:: [\'JiJ' priuw ·cJ; {> 1:: g< 

t;!;tf§Mi!!i:;EJo!l!. (Papa, Homma) 

Kis unknot {=;> 7r(R3 - I\) ::e Z 

c 1cl:i Dehn 's lemma (C. D. Papakyriakopoulos, :$:Fa~nlil! 1957) (})corollary 1:: L -c 
i~GtL{>o 

a. The Brownnian motion on 5 3 - K is recurrent {=;> K is unknot 

b. LS Catei':ory of S3 - K = 1 {=;> K is unknot 

1-3. Alexander and Conway polynomial Jones polynomials ;?>Ji:~2:n-5J:)Jl'il;i: 

Alexander polynomials ( = Conway polynomials) IJ<±iii!TJ;.., t: 0 

G = 7r1(S3
- k) >tknot!l1', G(J)~'fM>tG' = [G,G]I::'t7.>1::g<, G/G' ::e Z (OJ 

~{t). G'(J)')(':~'fM>tG" = [G',G']I::'tni!G'/G"i:i"Pii'J G'!l)"J~itl~t~..,-ct'{;o c 
u)/::gi Alexander polynomial!;!: G'/G"(J)Z[Z] = Z[t.t- 1] t!l)1JO!l1'1::VC(J)t1\'i~fJ,;,JE 

A 0 1 '· 6/J', fa) L b u)'t Jones Polynomial u)r;\\1t\J8'Jil:~ i::fcill!fU~ knot o:>~HIJ'6JfJ' GHJ {'it! (1'-J 

1~/i~ L t: 1:: g< Conway polynomial /::Pf..\~0 
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2. 3-manifold 

2-1. )£~ 

Definition. (irreducible) 

M 3 is irreducible -¢==;. If 5 2 C M 3 then :JD3 c M 3 s.t. fJD 3 =52 

Definition. (incompressible) 

r'(c M 3 ) is incompressible C~l'ff~) -¢==;. 7r
1 
(F2 ) '---- 71'

1 
(i\I3 ) (injection) 

Prime decomposition theorem. (Kneser-MiJnor) 

f:f:i1j:(I)I¥J 3 iXii:;~tlH:;f;: M !t irreducible if;;-<>\ l(j: 5 1 x 5 2 1::: diffeo ts. M
1

, ... , Mn ~ 1::: -o 

c 

M ~ M
1 
# ... #Mn diffeo 

ctll*-<>o L:IJ,,C:(I){±:;IJ!t unique. t:t!.L M
1
#M

2 
!tei;:(I)J:'Ji<:JE~<!;n-<>. 

Ml#M2 

S2 X I 

2-2. Irreducible 3-manifold Irreducible 3-manifold clic'AJJ.,(I);b,~illlJ«ot:6">1<:, 2 

(i;:j[;(l)ij\i";~.\!1\ 'fC.''f:: 'io 2 Ci;::lC"C!i M 2 !<::metric ~An-<> 1::: conformal flat (~i&\@]Jl'l:IJ'A 

6) I<: IJ 6 ;6> G, M 2:1J; orientable tJ, Gil~ 1 Ci;::lC~t!H!< 1::: ;t,.ts.'ii 6o Riemann G1l'&"{g(JiJ'l1i<: 

J: ~), W.it*lits.~ 1 ei;:7C~f!l1i:;f;:<tei;:G1l 3 -:o (l)ij\i";!<=llN G n 6 o 

1. Riemann sphere =52 = C U { oo} = C P 1 

2. Complex plane =C = E 2 

) Upper half plane =H = {x + iy E CIY > 0} 

Riemann ~f!l1i:;f;:c L c""-6 /:::, IIE$!i'f:ni'niL o, $to 

x(5 2 /f) > o 
1 
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x(H/f) < o 
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Thurston .:y;m. 

irreducible t~ M 3 1: incompressible 5 1 
X S 1 i~iB.., -c)J-~4-t 6 c' ~"' 0/l.X::)l'li 15 '){j) ge-

\: > 0 ' orb 

s' x E1 

53 

X b = 0 or Xorb < O 

E3 H2 X £1 

Nil= { G 
X 

:) E GL(3, R)} 1 SL(2, R) 

0 

Sol= Solvable 3-dim Lie group 

H3 = {(x,y,z) E R3;z > 0} 

Euler~ 

e = 0 

e#O 

-::-:: TX
0
r 61:t base orbifold Ci) Euler~. "£ t~ e lot (Seifert) bundle c L -c0 Euler ~Ti!s 

,;,. H 2 li 20(7Cl:-'¥-'JZiiD. Nilli\>b~6 Heisenberg llfT, T 3 Tfi.\> T 2 1:0 5 1 lf[1:2; 

t:. SL(2, R)ii 3 O::TC Lie llf S£(2, R) Ci) universal covering. J:0)6 -c;;Ci)'J 7 ;<:IJ: Seifert 

manifold cll¥1fn6 (51 '\t- leaf l~i:>-c;;Uti:IJ>,\6) i:>01UJ:-,c\>6. 

So IIi t E R Ci) R 2 3 (x, y) .-._O){i'ffl'.t- (x, y)1 = (e 1x, ,-ty) T)i;/Jt: Lie lit 

1 --. R 2 --.Sol --. R --. 1 . 

-c, -:n'\t- R 3 c identify Li'::c ~llf:UI:t (x, y, t)(x', y', t') = (x+e- 1x', Y +e'y'. t+t'). 

t_ t: invariant metric l;i e21 dx 2 + e- 21 dy2 + dt 2 -c·l§.;t 0 n6o S o/i;t 5 1 J:Ci) T 2lf[0<5,;, 

'J 7 ;<:'\t-2;<1:;. 

H3 i:tJ:.>¥-'JZiiDI~~tm (dx 2 + dy 2 + dz 2)/z2 '.t-.A.nt:~r.~-c, ~~llfl;t PSL(2, C) ci!s 

6 ( P S L(2, C) 0i!llltl1$0ll1''1t- Klein ll1' cli¥J{.) 2 0(7\;0)tJ\~ c l'il~l:, 3 O::TC~~i*Tii 

H 3 7J> generic t,i. t, 01UJ: -o -c \' 6. L:IJ> L 2 (;(:iCc liit\ ,, ---ruil~ H 3 0 moduli li discrete 

IUJ:.., c\' 6~, ;f§~lJUlt,;:~'l§'.t-~1'- 2 O::iC0tJ\~+ -J ci!s.., t:J: -J I~, compact M :iJ>J:$ 

'JZiiD H 30 Klein llfi<:J:6illi~r.~l:l'i];f§IUJ:6 c c:IJl'i56. 
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"Theorem". (Thurston monster theorem) 

(I) M li irreducible, 

(II) l1r1 (MJI = oo, 

(III) 8M = U(S1 x S 1 ) (incompressible tori), 

(IVJ 1r1(NI) ::J z Ell z ts.;8H3(J)cntJ>(J)S 1 x S 1 -c!Bi.X~tt-<>llll51M1:~19:­
(VJ M ?f T 2 xI, Klein bottle _t(J) I w(lll.L, I= (0, 1]). 

(VI) VI tJ;Haken (=incompressible smooth surface ""'2>1:..') 

==? 3f: 50(4.1) (J)iljfEil)(llfl:JH'f (J.;Jein !lf) s.t. 

M e-< H 3 /I'. vol( H 3 /f) < oo 

(Thurston 'J<fl!:lO J: 1I Monster theorem IC~ L ·c liM~JI. [ 2][3] ;O;;t-<>.) 

1) {:["'(J)r¥1 3 (XJI;~;!i/H;$:1i 2 -:J(}) genus (})~ U' solid torus lc5l'~il-cg; iSo (Heeggaard 
splitting). 

u 
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3. 4-manifold 

1) 3 OSi;l: Cll~~ '· 

a. !lli~m;to:§:+~l:fii~~i!s o ( Poincare'f'\1!: 3 O.:li:l"il!lli!UI/O:CiliJ S3 tclt) 

b. 1r)M) l;tlf;~ (I:Ie:Cil~~if;llf'i-~1<:~-:>nO,:~f*l;t:;O•:fHE(n::?: 4)) (Markov) 

2) £;0-:Jl;I:Cil~l '· h-cobordism theorem 'i-1101rlihr6o 

h-cobordism theorem. (Smale) 

(vV, ill+, M_) manifold with boundary &W = M+ U M_ (M+ n M_ = ¢). 

1) i±: M±(C &W) ~ W (inclusion) 1;1:-t-.C 1- t::'-la]iil! 

2) 1r1(W)=O 

3) dimW > 6 

M+ M-

s-cobordism theorem. (Barden, Mazur 1963, Stallings 1965) 

(W. M+, M_) manifold with boundary &W = M+ U M_ (M+ n M_ = ¢). 

I) i±: M±(C &W) ~ W (inclusion) I:J:;t.C 1- t::'-la]iil! 

2) Wh(1r
1
(W)) 3 r(i±) = 0 (.€il*'li;t-c t-1::.'-ltJiil!) 

3) dimW?:6 

==>W~M±xl 

l!l l Wh(1r
1 
(W)) l;t7r

1 
(W) Cll Whitehead !!f. r(i±) I:J: i±Cil Whitehead torsion. 

s-cobordism th i<:I:J: n = 4 ;!:tci:J: 5l."IJZjlljb>i!s6 (tt\;f:-Siebenmann) o 
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Poincare 'f:t!(. 
' M" ""S"(*cc c ~·-IBliili') ='=:> M" ~ D" U D"(diffeo) 

l!ii~ Jl" liS" 1:: lwmeo. 

/) > 6: ()hI h-cobordism ~f4' -o cM~I=:lif8JlC'" {): 

•t '!' c ~·-£Rilli M"l" ,::, 2 C:Jo:JiliJ);R{;j<~~\ ''" (:, 0~ 'VV 1::-9 {) 1:: h-col>ordism !.ElElit>.:, 

W = M" - (D" U D") 

"'sn- 1 X I (8Dn = s"-1) 

Mn 

•\/""' lJ" U (s·n-t xI) U Dn 

"'Dn U Dn 

Dn® ®Dn 

n = .S: OK 1 (Kervairc-Milnor, Wall) 

n = 4: M 4 ""S4 (homeo) l;tOK (Freedman 1982). LiJ,LdiffeoiJ,E?t,l;t:;r;a}l. 

n = 1: {:HJl ( I_E[ L 3 iX:ii:TI;t hom eo 1:: diffeo lil'i){@) 

1) exoti.- clifferentictb!e structure 

R" _l0 smooth structure 0~. 

n # 4: unique ( smoooth manifold fJ' R" 1:: hom eo ts c:, R" 1:: difl(·o) 

n = ·L R4 1~ lwmeo ts~I:PJ~{I!I0~'IJJ.:S smooth manifold ;6<?;,{), 

Th. {Freedman 1982) 

s-cobordism th. iJ> topological t.;:;e:ii;I'C'Ii 4/X:ii:C' {, "ff)(; V) 3LCJ ". 

Th. (Dona.lclson 1983) 

li"i!*SPJml:?t 4/X:ii:~tilii* M o:JX)ZJf35'1: Q( M) iJ>iE (i'!.) :<Efili'td: '?If, xY<.Jf35'\:lil'/f~~f~l:C' 

Xi%JitPJJi~ i.e. 

Q(M) ~ (1) EB ... EB (1) 
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Th. (Donaldson) 

/i.-3 t!llrni<DxX'.Jb'.\ H2(M; Z) x H2(M; Z) ~ Z li 

1 a (knot 11J!1ijij) 

[I] iiJf1'JB}j~ ltln:Y§I1!!iiji;J (1989Sf/~7''J :,.-iJ'-:if!:Ji'(KK J:.'?tf:\ltffJE) 

2 :a ( 3 IX:il;§;liHt<) 

[2] Scott, "The geometry of 3-manifold," Bull. Land. Math. 15(1983), 401-487. 

[3] tM\JE5 llJ("f' 34(1982) 301. 

J • ( 4/X:il;§;f*j;$:) 

[4] D. S. Freed and K. K. Uhlenbeck, '']nstanton and Four-Manifolds," Sprillger 

Verlag (1984). 

[5] i!i~l:!t ~ 39(1987) 16. 
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(2+1)-Dirnensional Quantum Gravity 
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ABSTRACT 

The (2+ 1 )-dimensional pure Einstein gravity is stuclied in the canonical ADM formalism, assuming that the space-time topology is 2:: 2
( a closed and compact 2-surface)xR1 The dynamical variables are reduced to the moduli parameters of the 2-surface. Upon quantization, the system becomes a quantum mechanics of moduli parameters in a curved space endowed with the Weii-Petersson metric. In the case of torus in particular, the superspace, on which the wave function of universe is defined, turns out to be the fundamental region in the moduli space. The solution of the Wheeler-DeWitt equation is explicitly given as the Maass form which is perfectly regular in the superspace. 
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1. Introduction and Outline 

Quantum gravity 11 is still in its infancy. There remain many conceptual and 

technical difficulties to overcome2 1 In this talk, I would like to concentrate un 

the clarification of the structure of superspace,ll- 21 the functional space of the 

spatial metric modulo diffeomorphism, on which the wave function of the universe 

is defined. 

Let the spatial metric be hij(x) and let us remind the audience of the Hamilto­

nian (Wheeler-DeWitt) and the momentum constraints to the wave function ,P[h;): 

(1.1) 

Hk (h. (x),8/8h .(xJ) >f[h .. } = 0. 
t) ZJ t) 

(1.2)* 

with i, j, k being spatial indices. As is well known, the momentum constraint (1.2) 

implies that the wave function is invariant under the infinitesimal spatial coordinate 

transformation, since Hk is its generator. So it is natural to further demand that 

~>[h .. ] is also invariant under the global diffeomorphism. Then the wave function ,, 
of the universe is a functional defined in the superspace. 

In the present work, we shall study the (2+ 1 )-dimensional pure Einstein gravity 

as a testing ground for the real (3+1)-dimensionalgravity with matter degrees of 

freedom. We assume that the topology of the space-time is I;2 x R1 ,where I;2 

is a closed compact 2-surface and R1 is time. In this simple model, we can make 

explicit the structure of the superspace, now the space of the 2-metric modulo 

diffeomorphism. This is nothing but the moduli space of the 2-surface in the theory 

of Riemann surfaces, 51 if it is devided by the conformal group. In the case of torus 

for the 2-surface, we can explicitly solve the Wheeler-DeWitt equation. 

In a sense, the (2+ 1 )-dimensional pure Einstein gravity is an ideal toy model 

to see the global structure of space-time. The (2+1)-dimensional Einstein gravity 

~ For precise forms of the constraints, see e.g., Ref. [ 2 ]. 
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contains no gravitational waves which are only local deformation modes in space­

time and therefore irrelevant to the more interesting global motion of the spatial 

manifold.* In that model, only a finite number of degrees of freedom remain 

corresponding to the Teichmiiller deformations of the spatial surface. Roughly 

speaking, the Teichmiiller deformation describes the change of shape of the spatial 

manifold modulo local conformal expansion. In the case of torus for the 2-surface, 

for instance, the Teichmiiller deformations induce a change from a fat torus to a 

slim torus and also a twist. 

In our previous work, 6) we solved the classical (2+ 1)-dimensional Einstein equa­

tion employing York's time slice/) the trace of the extrinsic curvalure = const. over 

the 2-m<tnifold. It was shown there that the motion of the moduli parameters follow 

the geodesic curve defined by the Weil-Petersson metric in the moduli space 8 l In 

the present work, we shall investigate the action in phase space rather than the 

equation of motion, which we studied in the previous work. This turns out to be 

more illuminating so that we can see the canonical structure and the Hamiltonian 

and therefore easily go over to quantum mechanics of the moduli parameters. We 

shall show that, in the case of torus for the 2-surface, the action reduces to 

where p(a) (a= 1, 2) are the moduli parameters of the torus and v = J d2xVh is 

the total volume of the 2-space. As they stand in the action (1.4), p(a) and r are 

conjugate momenta to p(a) and r, respectively, while r originally has a geometrical 

meaning of the trace of the extrinsic curvature. g(a)(~) is the inverse of the Wei!-

* Actually, the (2+1)-dimensional Einstein space is locally flat. 9 ) This can be most easily 
seen by looking at the identity to th Riemann tensor: 

which holds only for the three dimensional space-time. The space-time is locally fiat, because 
the Riemann tensor vanishes due to the vacuum Einstein equation. Therefore our 2-surface 
sweeps a part of the full Minkowski space. The motion of the 2-surface is not at all trivial, 
however) if its topology is nontrivial i.e. its genus is non zero. 
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Petersson metric: 

(1.5) 

which coincides with the Poincare metric in the Lobachevsky geometry. The La­

grange multiplier N is essentially a homogeneous component of the lapse function 

in the ADM formalism. 10l The action (1.4) is analogous to the one for a relativistic 

puiut particle iu a curved space-time with the metric: 

( 

-2 -v 

0 
( 1.6) 

Therefore we see that the trajectory of the moduli parameters is a geodesic, a 
. . I . th ( <•> <2>) I . h . t th <•> . semJ-ctrc e m e upper p , p -pane w1t Jts cen er on e p -aXIs. 

The constraint equation, which is obtained from the variation of the action 

( !.~) with respect to N, 

( 1. 7) 

is replaced by the differential equation via P(a)-+ -i8/8p(<>), r-+ -i8/8v, as 

[ 
8

2 
(2) 2 { ( 8 ) 2 ( 8 ) 2 }] (!) (2) 

8s2-(p) 8f/> + 8/}l .,P(s,p ,p )=0 ( 1.8) 

with s =log v. 

Th f . f h . •1·( <•> <2>) . "f I . . e wave unction o t e torus umverse , s, p , p Js mam est y mvanant 

under the infinitesimal diffeomorphism. As is well known, however, there remains 

the global diffeomorphism corresponding to the SL(2, Z) modular transformation: 5l 

1 ap + b 
p-+ p = -- (1.9) 

cp+d 

a, b, c, dE Z, ad- be= 1 

. (I) , (2) 
With p = p + 1p . 
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. (I) (2) . 
Therefore the true superspace, {h .. }/Diffeo = {p , p }/SL(2, Z), IS the fun­

'J 

damental region F in the complex p-plane as depicted in Fig. 1. 

._., 
p 

-i -i/2 0 i/2 i 

Fig. i 

The fundamental region in the Teichmiiller space of torus 

(') 
p 

For 1/J to be well-defined in the superspace, it has to be invariant under the 

SL(2, Z) transformation; 

( 
ap +b) 

1/J(s,p)=,P s,cp+d (1.10) 

d . . h (') ( ) an 1t nmst va.n1s at p ___,.. oo cusp : 

(2) 

1/J(s,p -+oo)=O (1.11) 

:-;o that it i::-; ~qua.rely integrable. Such functions called cusp forrr1s a.re now vvell 

understood iu mathematics11 l Therefore we understMtd the functional space of 

the wave function of the torus universe. 
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The organization of this paper is as follows. We recapitulate the ADM canonical 

formalism of gravity in the case of the (2+1)-dimensional pure Einstein gravity in 

§2. In §3, we shall demonstrate the reduction of the dynamical variables to moduli 

parameters in the case of general Riemann surfaces for the 2-surface. In §4, we will 

discuss the quantum mechanics of the moduli of the torus in greater detail. §5 is 

devoted to summary and discussions. 

2. ADM formalism 

In this section we recapitulate the ADM canonical formalism10 ) of the (2+1)­

dimensional Einstein gravity. The (2+1) decomposition of the metric reads 

(2.1) 

where N, Ni and hij are the lapse, shift functions and the spatial metric. The 

spatial suffix i runs from 1 to 2. We obtain the decomposition of the Einstein­

Hilbert action • as 

(2.2) 

+ surface term , 

where K .. = 2
1N(h 

0
- N.

1
.- N.

1
.) is the extrinsic curvature and f{ = I< .. hij 

t) ~J, t} JZ lJ 

(") (2) 

is its trace. R and R denote the three and two dimensional scalar curvatures, 

respectively. Hereafter we will take the unit 1611'0 = 1. The stroke indicates the 

covariant derivative defined by the spatial metric h... The canonical conjugate 
•J 

* We follow the convensions in the textbook by Wald. 12) 
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momentum rr'1 to h .. is given by ,, 

It is straightforward to obtain the action in the phase space, 

-J 3 [ ij" il s- d X 7r hij- N H- NiH , 

(2.3) 

(2.4) 

(2.5) 

(2.6) 

with 1r = 1rii = -,JhKii. Note that the form of the super Hamiltonian (2.5) is 

slightly different from the four dimensional gravity. ( rr2 instead of ~1r 2 ). In what 

follows, it is more convenient to use the traceless part of the extrinsic curvature 

i(ij = }(ij - ~hij J(';;, and its trace 7 = - K', instead of the canonical momenta 

1rij. The action becomes 

r. { - -.. 7' (2)} 
- vnN K .. K'1 --- R 

'J 2 

(2.7) 

with h .. = h .. / Vh. Here we have employed the time slice 7 = cons\ over the spatial 
'l) ZJ 

surface following York. Variations with respect to the Lagrange multiplies N and 

N. would give the Hamiltonian and the momentum constraints 
' 

- -.. 7' (2) 
K. !{'1 - - - R = 0 

•J 2 
(2.8) 
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(2.9) 

These equations are nothing but the Gauss and Coddazzi equations which 

are required for the embedding of the 2-surfce I:2 into the (2+1)-dimensional 

Minkowsky space-time. 

3. Reduction to moduli parameters 

We restrict our phase space so that the transversality holds for the traceless 

part of the extrinsic curvature; 

It is well known that there exist 6g - 6 independent traceless transverse tensors 

(holomorphic quadratic differentials) on the closed Riemann surface genus g 2: 2, 

while the number becomes zero for the sphere and 2 for the torus (g = 1).8) 

Hereafter we assume g 2: 1, since we can see that the sphere case is impossible due 

to the Hamiltonian constraint (2.8). Therefore we can expand i;;i in terms of the 

basis { <f>(a);;} of the quadratic differentials 

K;j = "'P <f>(a);i /2v 
L.- (a) 

a 

(3.1) 

with v = J d2xVh. The denominater 2v is introduced just for convenience. The 

tensor h .. is arranged so that it is invariant under the Weyl transformation h .. ---+ 
~ ~, 

flh ... The deformation of h.. is therefore so-called Teichmiiller deformations modulo t) t) 

diffeomorphism, 

(3.2) 

The equation (3.2) defines the Teichmiiller parameters pi·•<! and the corresponding, 

Beltrami differentials ll(a/· The term "+ diffeo" indicates the redundancy in the 

form 'l.~. + 'l.( - h .. 'l m~m which does not contribute to the action because of 
t) )t ZJ 
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the transversality and the tracelessness of j(ij_ With {I'( a/} defined by Eq. (3.2), 

we can arrange the linear combinations of the holomorphic quadratic differentials 

{ .p(a)''} in a standard way, 

(3.3) 

z. e. 

{ ¢(<>)} is dual to {l'(il)} with respect to the Petersson inner product. 

We can introduce a natural metric g(a)(il) called the Weil-Petersson metric in 

the Teichmiiller parameter space8) as 

(34) 

which is a function of p's and v, in general. Some of the properties of the Weil­

Petersson metric have been known to mathematicians. For example, the metric 

(,3.4) is Kiihlerian and the sectional curvature composed from it is negative definite 

and the Weil-Petersson metric is incomplete in the moduli space, namely the moduli 

space is geodesically incomplete. 

Frutn now o11 we will concentrate on the torus case. In this particular case, we 

can choose the gauge such that N(t, x) = N(t) i.e. the lapse function is constant 

on 2.:: 2. For a general Riemann surface with an arbitrary number of genus this gauge 

is not possible and certain amount of modification is necessary to our argument. 

However, we believe that essential idea will go through and the conclusion may 

hold. Furthermore, we have to impose the constraint (2.8) to the initial value, 

which reduces to a constraint equation to the conformal factor. 

Substitute the expansions (3.1) and (3.2) for j(ij and oh .. jot into the action 
IJ 

(2.7) in the phase space. Due to the special gauge N = N(t). the integration over 

the spatial coordinates can be explicitly carried out. We obtain, with the help of 

Eqs. (3.:l) and (3.4), 

s = J dt ["' p op(a);at + TOvjot- N'("' p p g(a)(il)- v2T2)] (3 5) L..., (a) L..., (a) (il) ' · 
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where 

(2-volume), 

N' = N/2v, 
(3.6) 

It is clear from the expression for the action that (P(a)' r) are conjugate mo­

menta to (p(a), v). N' plays the role of the Lagrange multiplier, which produces 

upon variation the constraint equation, 

(3.7) 

.-\:-- Eq:--. (3 .. )) <:wd (.1.7) revca1 1 the dyua.uUc~ of t.ltl' Ri\'!Hi.liUl ::)Urface ~? i~ rcry ::-iwj­

lar to the one for a massless point particle in a curved space-time. The "background 

metric" g(a)(~) is now given by the Weil-Petersson meric (3.4). The total 2-volume 

v of I:2 plays the role of time. As we alluded to in the introduction, the classical tra­

jectory of the moduli parameters p(a) is a geodesic curve given by the "space-time" 

metric 

(3.8) 

Let us write everything expilicitly. In the torus case,there are two Teichmiiller 

parameters p(a) (a= 1, 2) with the Poincare metric: 

ds2 = _1_ (d/1)' + dp(2)') 
(p(2))2 

(3.9) 

I d . l"f h . . (>) (2) . h h" h 
n or er to srmp r y t e notatron we wnte p = x, p = y wrt w rc we may 

nut cunfu::;e the rea.l coordinates on 2::: 2 . Then the constraint (3.7) becomes 

Y2(p2 + p2) _ v2p2 = 0 
X y tl l 

(3.10) 

where we write Pv = r to make it explicit as a conjugate momentum to the volume 

v. 
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The geodesic of the Lobachevski geometry is a semi-circle in the upper :r - y 

plane with its center on the x-axis, as is well known. 

,,, 
p 

0 

Fig.2 

(') 

p 

The classical trajectory of the torus universe is the geodesic curve in the moduli 

space, which is a semi-circle in the figure. 

4. Quantum theory of the torus universe 

We follow Dirac's prescription for the constraint equations in quantization. The 

momenta are replaced by differential operators; 

. f) p -t _, __ 

(a) fJp(a) 

(4.1) 

f) 
r -t -! fJv . 

The constraint (3.10) is interpreted as a wave equation to the state vector; 

[ 
{)

2 
2 2 2 ] ( ) fJs2 - y (fJx + fJy) 7/J :r, y, s = 0 ( 4.2) 
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with s =log v and (x, y) defined above eq. (3.10). The wave equation (4.2) is the 

Wheeler-DeWitt equation in the (2+1)-dimensional quantum gravity in the case of 

torus universe. The wave function of the universe 1/J is a function of the Teichmiiller 

parameters x and y and the 2-volume v of E2. The latter plays the role of time. As 

briefly discussed in the introduction, there remain a global diffeomorphism SL(2, Z) 

z --+- z' 
az + b 
cz + d 

ad- be= 1, 

( 4.3) 

a, b, c, dE Z 

with z =o x + iy. The operator ordering of the laplacian in ( 4.2) is fixed so that it is 

SL(2, Z) invariant. The wave function 1/J(x, y, s) has also to be SL(2, Z) invariant 

in order to be well defined in the superspace 

{h .. } /Diff x Conf = {h .. } /Diff x Conf/ S L(2, Z) 
t) t) 

= {Teichmiiller}/SL(2, Z). ( 4.4) 

As is well known in the theory of automorphic functions, the quotient space {upper 

half plane}/SL(2, Z) is the fundamental region. Therefore, for the torus universe, 

the superspace is nothing but the fundamental region F. The region y -+ oo 

( ~-clL"IJ .. ) c:orre~pond~ to the limit of the fattest torus and also of the thinest otw. 

Actually they are identified by an element of SL(Z, Z), the inside-out operation of 

the torus. 

Separating variables, we can easily find a solution of Eq. (4.3) as 

with v = v E 2 - ~ . (4.5) 

Here I<. is the so-called modified I<. Bessel function which approaches zero expo­

nentially when its argument goes to infinity. The number n has to be an integer 
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due to the periodicity x---+ x + 1 E SL(2, Z). Of course {4.6) itself is not invariant 
under the full SL(2, Z). We have to superpose (4.6) so that it satisfies the SL(2, Z) 
1nvana.nce; 

Uv( s, x, y) = L Pv(n)JYKiJ21Cin!y)ehinxe-iEs' 
n,<O 

( 4.6) 

The coefficients Pv(n) have not been analytically given and the discrete eigenvalues 
v are known only numerically. (The smallest one is 13,7797513 · · ·). However, 
their properties are fairly well studied by mathematicians in number theory. The 
automorphic function (4.7) is called the Maass form11 l Note that we have ex­
cluded n = 0 mode in the sum ( 4. 7), because we wanted the boundary condition 
uv(s, x, y) --+ 0 as y ---+ oo. That is, we demand the singular universe has no 
chance to appear. The idea behind this boundary condition is similar to Hartle 
and Hawking's13l In a sense the singularity of the space-time is circumvented in 
quantum cosmology of the torus universe. Our wave function of the univese is per­
fectly regular everywhere in the superspace. Athough it is not unique, its variety 
is only discrete rather than continuous. 

It is amusing to point out that the system of the differential equaiton ( 4.3) 
defined in the fundamental region is one of the examples of quantum chaos14l This 
resembles the mixmaster model15) or the Bianchi type IX model of homogeneous 
and anisotropic universe. 

5. Surnmary and discussions 

Assuming that the topology of space-time is B2 (closed compact) xR1, we have 
studied the {2+1)-dimensional pure Einstein gravity on the basis of the canonical 
ADM formalism. In the torus case,at least, the dynamical variables reduce to the 
moduli parameters and the system becomes analogous to the one for the massless 
point particle in a curved space-time endowed with the Weil-Petersson metric. The 
logarithm of the 2-volume and the Teichmiiller parameters play roles of the time and 
spatial coorchnat.es, respectively. Going over to quantum gravity is straightforward 
and we find that the Wheeler-DeWitt equation becomes analogous to the Klein­
Gordon equation. The operator ordering problem is at least partially solved by 
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imposing the remaing discrete symmetry to the Laplacian. In the case of a torus 

universe, the operator ordering is essentially unique. The solution to the Wheeler­

DeWitt equation is explicitly given as the Maass form which is modular invariant 

and perfectly regular in the fundamental region of the Teichmiiller space i.e. in the 

superspace. Therefore we have found an example of the wave function of universe 

in which the singularity is avoided. 

We have heavily used the special time slicing, r = canst .. It is an open question 

whether we can choose more general time slicing. 

Recently, Witten18) found that the Einstein action can be written as a Chern­

Simons form and claimed that the wave function can be obtained by the conformal 

bloc. At the moment, we do not know the precise relationship between our method 

and his approach. 
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~ <1) ,J: ., t,: ~ c iJ', lvf c f- C1ltBillt'l"Fs9 X _!:C1l 7 7 7 '-" 1 ;_, ( \"' c --AA:i~ '-" ~ v- -r· 1 ;_, 

H-i'Fffl~) C1l 7..-< 1 c 7 .b. C1l~ti\~:15~ L li LM:!!Jli:\IC1l 1 -::>C'i.ls <> ( i:, -o c;l.'f L < li [7][9] ~ 

~!1:\\i'>ntcc'). 

d2 
(--., + q)u. =AU. q(.r + 1) = q(.r) 

dx· 

u(x + 1) = au(x) aEC\(0) 

IC{'FffiT·~M!if5~®! MA: 8.\---> SA ('f:/ 1-''o '-c\''i) ~ (M1u)(x) = u(x + 1) I=J: 

'J JElli!Thl:f M A Ql[j'j]~ « :7 c Jv;Q>:]<O'l <> u ~'3-;t <> ( det M_1 = 1 lei±~). 

X___, M 

p:I'-GL(c') 
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(L:.x + q)u =Au 

u(o-x) = p(o-)u(A) o-Ef,xEX 

1::lJ.t:·;" u a. ;\I 1::0 p l~iil\l!T~:iJZr!l.-"'7 1-W<Ii: EP 01;JJitficlciJ··lJUql, E, OJI;IJttlit~~l 

~~~f'Fffl-t~ 7 7'7 '/7 :--~t.p <: lt.:c ~ 

(L:.p + q)u =Au 

(6.x + q)u =Au u(o-x) = p(o-)u(x) 

s = R, M = S 1
, r = z 

p(n)=an nEZ 

l'l:i:Floquet(7)!1!l[iiil:i:c(7)f@3t---All:it<'>nM:'6-5:1J>. dimM;::: 2 (7)(:~1:1:5,~ = {u E 

C 00 (X, V); (t.x +q)u =.Xu} 1:1:1!ll~Ji!/7.:7Gct.:-o'l'C/ Fo '- M,~ l;iffl~t.;:<'!ot.;:\'. UJ' 

l r iJ'7- «;t-ll'f(7) <: ~ 1~ l;l:/7.:0$0ft-lt!illld>'i1lo.; n~. 

r 
JEl1!l 1. X----> M ~7---<;vl!lilic l, H X' H M ~"E-n•en 6.x + q, L:.M + q 0§C'. 

;itfl!:l!.t%i c -t ~. 
(1) (Agmon) A::; \(Hx) t.;:<?li~;j!{:ll! 

p: r ____, R \ (o) 

h'f¥tEl'l (6.p + q)u =Au. l;i:§BJll't.;:\'W/H;'j-::>. 

(2) (Sunada) A E o-(H xl tJ:01il (7.:7[;.:z..::.; ') -;j!{:lj! 

p: r ____, U(l) 

t><f¥t£l-r (6.p + q)u =Au I;I:§BJll't.;:\'WiH/f-::>. 
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~2. (1) >.o(HM) = >.o(Hx) 

(.') (Riuch GTJtt~) >. E <T(Hx) C'i.loiSt:i1)0*'f'Ht (i'>.x + q)u = >.u i.J'0~JlCt~~·f4'TJ 

ti~ili:M'-::> .: 1:: C' iJ) iS. 

ri(H xl = U <T(fi p) 
pEt 

'2:: ~~iS. .: .: C' r li r C'l 1 IJ:7G::c .co 7 'n~:mi:iis:C' iJo VJ , H P li f::r. P + q C'l § c~19:l!t\Jit C' iJo 

iS. Hill C'JftFf1*0i!i\1";1Cii, [5]-tll, 

u u 

p c-+ I' 

U ri(Hp) = U {>. E R; 3u E S~,, M~,u = ev=T~u} 
pEt OSJi<21r 

= U {>.: det(M,
1

- ey=T~') = 0} 

= U {A:!::r.(>.)=2cos~t} 
O:StL<27r 

i:i~iS. CCC' f::r.(A) = TrM>- l;i discriminant C'itiS. L2(R) lc{1'Fil"tiS Hill C'l(1'1'!l"l'P-C'l 

:Z"'7 f 7L,i.J'Chlc"'\Ll'Ci::lic'i'J)i!Bilc~OGict:Ci::Ti.loiS [1]. 

:fEl~' 21;!:fi!i])\Jjfli / ~ v-7' ~ Y:li-ftFf);li, -ttivi? X= Rn, M = Rn I L, r = L =a 

I a ttice C'lt;\1";1c J: 00 G nt:'!l'~T iJo iS. <!> G ICC C'li!i\1";, ~l'liii'iic:Mft: ti \' C 1:: i:, ,\iE8Jl o'5 n-c 
~'6. Lh>L-~!l:07-~M&:liTii Hx h'~l'liii'iH~-:>CI:io®iS [3]. 

i:>~ 1::--~!l:C'Jl&:li X _I_, Ad ic:>Sft..J:-J 

JE!lll3. (Sunada) >.0(H M) ~ ·\(H xl· "1\~li f h; amenable C'JI: ~CDd'J.ICAAlL· f 

h' amenable C'l 1:: ~ ICI;i ri(Hm) C (J'(H X) iJ>AA.ll."t iS. 
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ft>> amenable <===> r i>>~fll:'¥!?] m E Ljf(f)* ~i"!-?.:: c. 

(1) m(1) = 1 

(2) f ~ 0 = m(f) :::>: 0 

(3) m(a"f) = m(f) 

(af)(B) = f(ri- 10) 

il!'ll3 0j[BjjCI)f:6'>, f 0).2:=. J '! ~:!JI. p c §jBjjt~~fJI. 1 c 0Fa~0~§.i,ji1Ct§~"t 6:!il: o(p, 1) 

~~A LJ: 'i: 

15(p, 1) = inf sup llp{!I)v- vii 
vEV aEA 

llvll=l 

C:.:: l: A 1;1. f 0!:[M:iC0ft"~lt~~l:il;6. JE!!Il31;!./j:0-WkB"l!El!lllcffii~"t6. 

JEl!ll4. (Sunada (3][6]). ~ll p lciUGtJl'iEJE!il: C1,C2t>>rf:tr:L-c 

~ll!if/1:0ffliiHW/J.X:'J }L-?. 

fflill!i 1) H 1 = HIW 

2) p = Pr iJ>j[~il~:ffl.l:il;6ci!! (V = L 2(f), (pr(ri)f)(tt) = f(ttri)), 

unitary equivalent 

3) 15(p" 1) = 0 <===> r i;J. amenable 
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):jJ!JH <7).tiEAJ]i~ij J- 0(HM) Cl)'f!ji!IO!!~IJ!ij. \(HM) iH!l-MitJ[j'j]fj{il[cilo'J, -(-CI)IQ]#IJ<i 

~c L -ri£(7) C,CI)f>'cn-<>: 

(6M+q)f=\(HM)f f>O 

C: CC'otr;'f L < I"J:~«tJ:\ 'i>', 7--"' -7 c 7 L- IT( H X) C7)11\Mi:C7)lilf'i\::oco;J:iilili X ------+ M ocxj 

"9{) (-e;v,,·---J'llM) ib.110~h'iliJcTI:-:: ([4][5](7](8]). C:'J L-c, C,cC7)')-</[lijlct:t;C,C' 

?eli, Jl}U-e 1v "·- -7""(7) -li- 71l!l~ oct: E 'J -:: < Cl)c ilo-<>. c: C7)lilf'i\::,g,C7) 7- 7 oi 1 'J - 7 /[lij~ 

~;t -rJ ·c<Jo-<>h'- c:ni: l-e!L"'---7·~~-t -rJ •~:lo~t>,ot-<>c, 1~-t-<>J c: coi::*:'ll:'tJ:C: us 
Cl)("il){\ 

l. M. S. P. E<tstham, The spectral theory of periodic differential equations, 

Scottish Academic Press 1973 

2. A. K<ttsuda and T. Sunada, Homology and closed geodesics in a cowpact 

Riemann surface, Amer. J. Math. 109 (1987), 145-156 

3. T. Kobayashi, K. Ono and T. Sunada, Periodic Schriidinger operators on a 

manifold, Forum Math. 1 ( 1989), 69-79 

4. T. Sunacla, Trace formula for Hill's operator, Duke Math. J. 47(1980), 529-

5. T. Sunada, TI-ace formula, Wiener integrals and asymptotics, Proc. "Spectra 

of Riemannian manifolds," (1983). 103-113 
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G. T. Sunacla, Unitary representations of fundamental groups and the spectnun 

of twisted Laplacians, Topology 28 (1989). 125-132 

1. T. Sunacla, Fundamental groups and Laplacians, Proc. " Geometry and 

Analysis on Manifolds," Springer Lect Note 1339 ( 1988), 240-277 

8. T. Sunacla, The spectrum of a periodic Schrodinger operator on a manifold, 

preprint 1989 Aug. Nagoya 
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SU(N+l, 1) KAC-MOODY LIE ftV') 

EINSTEIN-MAXWELL 1Jf.ll:J:\V')jW~fm"-V':>f1:ffl 

Cart an Weyl a:ri!;~it-J£<'!!\l~liii;J:li!:'f'1:J'"f:CI)tfj'!l\li<::J: -o -c Harish-Chandra Cl) unitary$: 

'!llts f"CI)*fit:tsif@mi""'"-t:o .!iFF:tr¥: v--<JvCI)£<~iiil"I;J:, !& ? llfi;J:'f'm•/XxCI) Lie llfl", $:'!1!"2' 

ra~Lt--~;;:1!!l~]W:jCCI) C: Jv--<Jv 1- "2ra~l"i5 -o t:o §i±!fftb51!!l,JJ!:;i(CI)~CI)li!:r~Jiii<::x11G-9 iS unitary 

£<lJWll: IU Cl) J:? ts. b Cl)l" i5 6? ;6>? ~CI).!Il:'J"~Jiii:rr < t:!IJCI) 7.. 7 ; 7' 1: L c6~81t!!;CI)£:1J~i\iii: 

xi-9 <; Kac-Moody llfCI)£<'!!\l~""~otiSo 

Einstein-Maxwell theory 

C: C: l"l;!;f;JI!!~CI)l'l!~iii 1: L -c Einstein- Maxwellf'll~i\iiH~-) o 

ds 2 = (dt difi dz dp) 

f!JL 

R. - ~g R = 81rT.. 
ZJ 2 ZJ ZJ 

\l.F'J = 0 
J 

hoo(z,p) hot(z,p) 

hlD(z,p) hll(z,p) 

0 

F..=aA-aA, 
~J z J J t 

-61-

dt 

difi 

d.: 

dp 

(1) 

(2) 

(3) 

(4) 



c(&JELc:lo(o F = F..dxil\dxi cLcmi::$1Jf~Jl:'>:ffl\'c'l!i'ltlf- dF = 0 (Bianchi 
>J 

identity). S.t: MaxwellJ.Jtll:il:li, 15>!: d 0) dual c·9Wf, bF = 0 cl!fiH>o 

Einstein J.JtllAI;i 

(R .. -~g R-81rT..)= (R1 
0) =0 

•J 2 •; •; 0 R 
2 

(5) 

t: t:. L R,' R,li 2 X 2 xt!ir~i7'lo V£-, -c MaxwellJ.)fllJJ:c il?btt-c 5 @O)*ffiik~ (Au. A l' hiJO' 

h01 = h10 ,h11 ) 0)81.Jf.!EJJ:i'f&WI< .:.cl<:t~-<.o 

J.)#l;i 

1' J.Jtll:Jl:'>:3':mi::$10)Jf~-z'~bi". 

2. EM J.JfllJJ:c f5JillW anti-self-dualJ.JtllA'>: t c ¥.J 7.>. 

J. Anti-self~dualJ.)f.!E:il:HiRJf;{tL, Wi'>::;:J<¥.>7.>. 

4. Kac-Moody jlf(J){'Fffll<: J: I?, 3':c(J)Wi'>:i'/4Jil\'t 7.>. 

1. Jjf.!E:i'\'>:3':mi::$10)Ji;-z'£<t:>i" 

0.T z _, x, p _, yc L, x- y-'JZiliJO)J:$iliJO)JJ?..R.iiTi*"'~~-<>o R1 i<:x1i"-<>1.JtllAii, 

0 = 2y- 1e21 h<R
1 
dxdy 

= d(y- 1h< * dh + 2(y- 1 h< * dA) 1A + 2A * d'A<y- 1h) 

t: t:. L 

(6) 

£ t: Hodge YF!ll;t;• l;i•dx = dy, •dy = -dx. J:O)J.Jf.!E:Jl:-z', :tlilli<: li}'iJ>~;bnt~ \'.:. c 1: 

i±:ett J:o £ t::tlillllClJH;i MaxwellJ.)tllA't- 0) t, 0)-z' il? 7.> .:. c iJi;biJ> 7.>: 

8F=0 1==? d(y- 1h<•dA)=O, (7) 
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{8) 

:tiillli (h, A) C7.l/iB1toJ:rH·nG0(1li¥f'~C'~b~1Tn '-"o 5 @Ql~~lc:xH.., 8 ;!)fa\: 

ils MJ>G, c.nGC7.l~;I)-!D\:Ii oJ~i'l''ii::li!ilt.:~ t..:lfnl;(t.,; Gt..:' 'o m Einstein-Maxwell 

(!J~!J' ( h, A) '1\::, R
2
i<:.tli" <, ;l);f¥Jl: ( 8) i<:ft;\ -9 c R

2 
C7.l~{tf'li o]fli:S)- ( R

2 
C7.l:;IJ,fD\:lf:li~IJ'iJ>f'F 

{r L, ~~~ (h . ..l) i=t'l L ''jf}i~}) ·c;Js <, C. UJ'hiJ• <," ; it (h .. ·1) J: 'J A£t <>o "';- ( ~) o).;;:,fij ""irM, 

tc!J E-\ljj.f!ib{C7.lM"" S EM-c~b"to 

.,_ Anti-self-dual of'£Jl:C7.lif;C'iJ' < 
Hauser-Ernst :Qf'£JJ:: 

tld8 = -id8 

i = y-lhE*,i2 = -1 

B=(ry,a) 
{ 

'r/ : 2 x 2 matrix-valued cw at {0, 0) 

a : 2 x N matrix-valued cw at (0, 0) 

N li Maxwell ij\Ql~C', gauge symmetry li SU ( N + 1, 1) 1-1& -5o 

I 1( *) . ' 1 = 2 17 + 'I - ,,,., + cw , 

h
00

(0, 0) > 0, det h = -y2 

SEM:::::SHE. 
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3. Lax nilS C$l=<#lf3:QJ$J'\O)MUf?lt2 

HE 1.7~ (9) O)MU[Jft~:il5;l7.>o \'ll' Y(A) ~ (N + 2) x (N + 2) rrJ!Jii~lttl:: L -r 

dY(A) = Y(A)!I(A) (10) 
00 

Y(A)(x, y) = I>~(x, vW" 
n=D 

~:;lj;t 7.> 1::, HE 1.7~ (9) !;t.:. O)l.l~,li';O) oJ~X.I'fl~ t" -o c\' oo (10) 0) d ~ 1:: 7.>.:. 1:: 1~ 

J: :J ••HMiiRI'f d\l + \l /\ \l = 0 iJ>i<IGil., Lorentz gf!I0):2'r.,-rO)+HiRI'fl:: L -r, \l(.\) = 
±i • il(A) t"7.>WiiJ>I::n7.>o !I(A) l;t P 1(C) J:O)I:lj;_, simple poles i:A = x ± iyl:t-o 

meromorphic function 1:!J1;~ 2' n, -M;tl: (anti- )self-d ua.l solution O)f,'~if5U;§C'~It .So 

rl(A) = ~{ dif! + i * dif! dif!- i * dif!} 
2 A- (x + iy) + .\- (x- iy) 

( 0 II ) 

UL~ (10) l:t'CA:Tnlfifi = Y1 ~i<loo 

4. 1\ac-Moody group 

. (' M ('"'t ;v -- 7 M r = ap ,) 

extension G ;6> Kac-Moody 'J -llfC'i!>oo Minkowski W/A.O)GO)f'F)lji~J: 'J, :'£-rO)W/iJ> 

!lli/VZ2'i17.> 0 g(A) E G (>. E S 1) &rf(N + 2) X (N + 2) matrix 

A 

I 
5(>.) = 

g(A)5(A)Y(A) = 6(A)f'(>.).\"+(A) 

.: .:. -r, 5(A)- 1g(>.)5(A) E G :SJ:rf 

Y (A) : holomorphic onr + 

X+(A) : holomorphic onr _ 

i!t "-r r; O)f'f I'll 1: .J:: '! ( 1 o) 0)~~ 1::1: r + -r if~rJtsffll7J".': r _ -riE~'' tsffll711: 7}ijif ~ tJ.t:" ~ .:, 1: 
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S 1 3.\ = ri0 , g"2 SL(N + 2, C) rD Lielll!c'ttHi G rD LieJll!g®[.\,.\-1] H~~' \'i 

X, E g ® [.\, _x-l] 

P+ := {L Xk.\k} =positive root vectors 

k>O 

':: ·t 'll:(, C! I P + 1:1: flag manifold c ts 'J, Borel- Weil CD/.El~h' -~ l~a.c- Moody 'I -li1' (; 0) 

P,)t,\t,J£<JJ!i;J: G I P + J:rD holomorphic sections CD~Fa~C'!ljj)(;C' !\ 7., 0 

f +&lff_ ~CD G rDfFF!j"2~«i.S t:O'>I~Jl\ 2 fli! Siegel space "2!1;11filii't i.So 

9 = {g E SL(N +2,C)Igdg = J} 

0 

-i 0 

J= 1 

I 

jfi 2 fi Siegel space i;J: 

·\-1 - {(- 7 - ) E cN+lii·rrr- -~(I- I'+ + 1- 12) > 0} '+- -o·-~·---•"N "o 2 -~ · · "N 

::::: { (wo,- .. ''WN) E cN+ll(lwo I' + --- + lwN I') < I} 

eN+!= M U MUM + 0 - -
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P(C)N+l=X UX UX + 0 -

X+ S!( M+ 

X
0 

S!( M
0 

U P(C)N-1 

X_ S!( M_ U eN 

C'iJO I'), M+ f. M _iJ>viJ><oo 

~ '"' SL(N + 2, C) 0Elct\!lraJ!:I'i 

~(g) = J g•-l J, g E S L( N + 2, C) 

G0 = {g E Gf~(g(>.)) = g(>.)} 

l:t SU ( N + 1, 1) l~rall:!'!C' ( J = g* J g) M +I~ transitive l~f'l'ffl<) <oo 

8Y = Z 

~(9z)- 1gZ = ~(z)- 1 ~(9 )- 1gZ 

= ~(z)- 1 z 
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1\(x,y) = 

(
a(.\) 

g(>.) = c(>.) 
b(>.)) EG 
d(.\) 

u(x, o) = (a(x)u(x, o) + b(x))(c(x)u(x, o) + d(xW 1
. 

ii(,;, 0) I:J: M _ 0:$'j.i<:tl:\c, affine symmetric spaceM _ U {something} 'l:cl!l; < (Riemann 

symmetric space C'I:J: global J'iiil!\'lil>c tJ,{, ). 

Central extension 

S t:M _1:0 line bundle [. - 8 EM (7) section t~'!h A\, (h, .·\) E S E'M '!:: '10 ;U C::f 1\<tc­

~I oud y ~¥C n> f:- OJ"i:Fs91= j'J'jjj·j· 6 .: c IJ'Ir}/J' fJ , .: W;t 1\ l' }JtiE:c~l~ li·9 6 rj,tf~CJJ;Aj[( -!: %; iL 
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:7-.ili' tLCi.:/l~, ~§!; ~ • , Samir K. PAUL •• , a# ~~~ 

(rt.§!;:k!¥= l!flj~~lVI~Ji) 

IFFitE M:ltl!fl[~IUo\ 'c, U/lllfi00)::0$cilil~'f'CF!l\' ~if~J:\:c li, .il!;:$:~n" l fp M§ 

li1i~JtJi9'trJ>CJ!!, l-r g; "too U/lll!]lliO)/j'('t<?li, ~i!Vv-7lt'iL!$1iiii'<: IJ -7 :--[!ijJ:O)~tl!:c IJ -7 

:--[!ijJ:I~:li:~Mnto~O)iiO)fi01~J:.., -r~t~-t~..: ci1<<?g; ~a 'f 1!- :--~liH't§~~~Mt 

~0)*;';!1!, 7'- ?m?, \ 'V~~ prime form '<:Fill 'c>lf!l~<?g; ~..: c;O<t>;Q,.., c\ '~ [1],(2] a 

-::0, ilil~'f'<: ffl\' ~ ::Oit (3], ( 4], (5] li, 2 Ci.:li;O);tl;)f~:;r~tJ:~O)J!!!j~l~ :!o\ 'c~)Jlll foO)<? 

<I?~;()>, ltl!fl[~lc:)('J lc;;\;:~'ffi17H<:rt;F!l ~ n -r g; t:a ~O)iJii~'fli, \ 'V~~ Virasoro algebra 

O)t<m<: t".., -r :~o VJ, IJ -7 :--rnJ;()iJ;;J<<~; t:l::t "-:; "O)~g,~,::t, ~~JtJ;tJ;if~~•~c:J:.., -rsm 

~~iJ>:ii:J:\:itE n ~ 0)<? <I?~ a 

i\1ij\ \ genUS 0) I) -7 :-'[!jj(:;(, {II;\\ genUS 0) 1) -7 :-'[!jj'<: -~~ 'ii-V-\t-z:' !EJj)(; l "(\' ( ..: c;()i 

-cg; ~0 u, l, ..:0) -~,,ii-t>-ttit"[6J l::t~O)c..: ~1!1~<?, *i'i!!!,l::t~l<ittJt<:mu"..,-r~c 

jz)SEh~o Alvarez-Gaume, Gomez, Moore loJ:Lf Vafa[7] li, ~0)~-f'IC: Bogoliubov 

~W<Htii-t..: c I~ J:.., -r, r.JJ\' genus 0) 1! -7 :--[!ijJ:O);tf;jf~f!!!t~O)~{t;O>IJ]jj~Til? ~..: c '<:if; 

l, U/lll!ii:J10)::0$Ti!l GM:*i'ill!i1<, iBi G 0)/j'('t<?Qtb>I<::Jl}'t ~ n~..: c Ht~ l -r 7;--tl:t:a '!;; 

~, URJ~jjl:)jO):;t)$c Bogoliubov ~0)::0$cO)Fs~l<:li, ~\f;tJ:)('IW';~(1+lil.~..: ci1>-cg; ~a 

c ..:;;, c, ;ltjf~~O)f!!!tilil~ :!o\ '-r li, r§~~li\:O)§f~ li, \ 'V ~ ~ ilii~'fO)i/IR§[Ijj!!ii!Jllr.IIO):;t) 

$i<:.ll!;'f\ 'cJi:i'T ~ n~o -::0, (Z:j;JC(l';JtJ:~O)il'f[~li, lEd;!l!l'fiti<:.ll!;'f\ 'c:li:J:\:{tE n, -t..: 

IC::;:E;Jli,\Mtt: 2 f*O) T-!iiHl\'c, r§~~li\:;()iU~Eh~o -t..:c, ;tt)f~~O)J!!![~'<:{Z:j;JC(l';JtJ 

iEd;!lfiHitl~;§!;'f < ~O)f!!![~c l-r~it-cg; tJ\' t,O)cil?~? i1'c \'?..: ciJ<~;t Gn~o lEd;!l 

m.:riti~J: ~~O)mTI~I~:B\ 'c 1::t, ~r.~~lil:i1'fi:l± l, itt.., -r, ~r.~~urO)!EJlX:iJii~.:r <: l-r" 

< Jv 1- =-7 ;.-;()iRJlQtic::;:E;Jli\Ehc\'~o 

* ml±' *'lii:k!¥=f!!!'f:llil 
** ~ ... Institute of Physics,Sachivalaya Marg,Bhubaneswar 7510005,India 
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~ 15, ~jf;l!l!~iil<= ;Jo \ 'c li, ~ra~<Dti:O>BJllii-c li tJ:i».., te <DC' il5 -5o fol?Ji811<= li, ~,¢.', 1:1lll 

Ufi!<D-'¥lf<D j;: ~ "'I<= J: .., -c~ra~<D)IIliJ¥;1:i;\::16 -5 C:. 1:: :0>-c ~-5o 1) -7 :..-[!!j:Q>fijjli'j<Dl:@\@;-1<:: It, * 
fol81tJ:B!JI~~1:"'2-C:.I<=~l.'~-5l.'ils>S?o L:O>L, ~\'genus H!J-::>~-7/[!!jJ:i<::, ffl81tJ: 

B'!}ra~1:f!i l?il,u c:. 1:: :O>PJjj~:O> 1:: -3 :0>~0 G n -c \ 'tJ: :0>.., teo 

1987 J:j:, Krichever 1:: Novikov[8] 1:: I<=J:.., -cfJI]§£2:nte KN formalism I<= :lot 'eli, 

if2:<D genus 1:f!i-::> 'J -7 ::--[!!jJ:I<=, global tJ:~ra~1:BJlliii<=JE~l.'~ -5 C:.I:::O>:if;"'n, 'J -7 :..­

[lij:Q> c:. <DII'!jra,il!'liJ11<=J:.., -c ~2:811<= parametrize "'n-5 C:.l:: :O<"i:>iJ>.., teo L te:O<".., -c, ~ -7 :..-

[lijJ:ie" ~ Jv 1<=-7 ::--1:5E~-t-5 C:./:::0>-c~, IE!:\t.!ltrit:O>PJjj~lc:fJ-5o C:.<Dt;'illk if2:<D genus 

1:f!i-::> 'J -7 ::--[lijJ:<DJ:@I<D.!Itr~ii1:JE:iVft-t 6 C:.l:: :0>-c ~-5o c:. n G <D$=l~HJ.TI<=11!UitL, fbft 

2, Krichever-N ovikov Algebra 

Compact tJI}-7/[!!j M(genus g) J:lc: 2 R, P+ 1:: P_ 1:--iii<D{\'Ii!'f l<=l::-5o c:.n 

G 2 gl.'<Dfo)pJi@it;l1:, "'2-n-'C'"n z+, z_ (z+(P+) = 0, z_(P_) = 0) l::i"-5o C:.<D 'J -7 

:..-[lijJ:i<=li, l'fl!l!ll'!f'*ilil( f. <D{i!ll<=-"':7 c 1v ±@\e., 7-«;J.-~0 w, -'¥~0x-, 2-Jf;:r\ st. q!z 
~ t z t t 

~JE~T 6 c:. 1:: f!>-c ~ 6 o c:. c:.-c, index i li genus <Df,I\*TI<=i!t.., cl'lliJ13ZJt-'¥!ltliJ1<Dii1!~ 1:: 1J, 

f,, ei'. eyi:I:"'C-ic'C'nl'fl!l!:'l'ifJillil(, -":7 c Jv±@\, ... ey<Dll!;Jll;~!lli!iJZL -ct '6a R, P± 051-clf~IJ 

i:i .\-1.1\5} (.\-)f;i\) i<::x1-t6ll!;}l);~ JP'·l = fP.l(z)(dz)>. (f(o) =f.. f( 2l = \1 , etc.). 
z t z z' t z 

1:: >(,~( C:./::IC:T6o 

f;(z±) = atz!i-gf2 [1 + O(z±)], 

wi(z±) = ;3fzfl+g/ 2
-

1 [1 + O(z±)] , 

(2.la) 

(2.lb) 

l::tJ:6o C:.C:.l.', ai, ;3i liJElil(l.'il56o i = -g/2, ... ,g/2-1, l<=xtLciL Weierstrass 

gap theorem I<=J: IJ pole <D~:O<"rJ>Lil!'v'J, 

f,(z_) = a;z::i-g/ 2 - 1 [1 + O(z_)], 

wi(z_) = ;3£ z~+u/ 2 [1 + O(z_)] , 
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(2.lc) 

(2.ld) 



!
912

(z) = 1, 

w
912

(z) = w(z) , 

(2.1e) 

( 2.1!) 

ciJ!.J;.::cli:T7.lo .::.::"C', w(z) it. M l:I.:)E;jl;!;ntc!il\3 fi7--"JYiJjl(:$}-c'il;7.lo -":7 e;y 

±g,, 2-Jf;J:~;, "1'-~0.J P ± O.Ji!l:i'?fi.:loiH ~llli'' it., -{- n-{-'n, 

e,(z±) = 'i'fz;£i-go+l[l + O(z±)] , 

O(z ) = 8±z'Fi+go-l[l + O(z )] 
i± ;± ±' 

"C'l§:;tGn7.>o .::.::"C', g0 = 3gj2, 'i';> 8,,<; l;i./:E~"C'il;7.lo 

-"" :7 e ;y±g, e. l;i.(;:O.J KN commutation relations: 
• 

go 

[e,, e) = L C[je•+i-' , 
~=-go 

(2.2a) 

(2. 2b) 

(2.3) 

{2.4) 

1:-llllEi"-<>o Cfi lt.!lia"'/:E~"C'il:>7.>o J!fl-1?, -":7 e Jy±g, {e;} it. KN f"W[Hl4AAi"7.>o .::O.JJ:\;O.J 

centra! extension lt.3'/:m~{!'l;, 

Cf1·e.+. + x(e., e.), 
t J -s 1 J 

(2.5) 

s=-go 

li:J:.·oC:-I::j.;tGn7.>o .::.::"C', x(e,,e;)'s I;! cocycles 1:-AAL li+jl > 3g. -r· 0 (;:to:7.>.::b'J; 

);JJG1'c''-"o 

')-7Y[li]:Oie-7;>;0.Jl:g,,§;, -":7 eMJ,I en i;l.~{;<l>:fi'.Jii:, Weierstrass 0"-~~1;-fle..,-r'!i' 

l:t ""0 
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<Tn- 112(z- z )<T(z + 2nz ) <Tn+lf2(2z ) e (z) = o o o 
n <Tn+l/2(z + z

0
) <T((2n + 1)z0 ) 

e (z) = <T
2
(z) <T(2z0 ) 

-1/2 <T(z + z
0
)<T(z- z

0
) <T2(z

0
) 

i:J: 1---7 :o\J:CI)~ 3 f!I!7--'""JL'~C'"'7.>o ±z0 i:J:, 1--7 :o\J:CI) 2 ,¢l_ P± i<=xtrc;-t7.>o L:CI) 

J:?icL--c.!§:;tGn7.> l--7:o\J:CI)«:7 1-Jvf:!IJen i:J::xm[l,(l~f,, 

c3/2 = n- m mn ' 

3/2 

[em, enJ = L cfnnem+n-1 
1=-3/2 

c;,(~ = 3(m- n)((2zo) + (n- m + 1)(((2m + l)zo) 

+ (n- m- 1)(((2n + 1)z0 ) + (m- n)((2(m + n- 1)z0 ), 

-1/2-- ,\(m),\(n) -
cmn - ,\(m + n + l/2)<T(2z}3(m n)((2zo) 

+ (m- n + 1)(((2m- 1)z0 ) + (m- n- 1)(((2n- 1)z0 ) 

- (m- n)((2(m + n + 1)z0 )], 

c-3/2 = (m- n)A(m),\(n) 
mn ,\(m + n + 3/2)<T3(2z

0
)' 

,\(m) = <T((2m- 1)z0 ) 

<T((2m + 1)z0 ) 

((z) = <Tl(z) 
<T( z) 

-71-



1)-"</ili] M J:l~li~I~(XO)J:-Jt.;:!!£'!1t~i:>-:om 3 fil!7--"'Jv1J!j;)J-w iJifi':tf-t-<>o ept;, 

'" li M \ {P+, P_} J:-ciEJll]c\ #, P+ -z:'O)'i!Ill!(iJ> +1, P_ -c -1, -'E- L -c imaginary 

periods ~J;¥-ocl'-<>o w O),:O)*gl]ti!!t'!1t~fl]!!JLc, M J:l~ (~:ff)B~%~~ 

p 

r(P) = ~ j(w + w), (P0 -1- P±). (2.6) 

Po 

C, = {P EM; r(P) = r E R} . (2.7) 

(~ Lc, M J:l~i-t9<1j~itlJ!'Ji( C, ~m< <:ciJ>-c;H>o C7 O)M J:I~HIH!IJI'<I:t, i-t9Lt:fJI:O) 

k!!IJ-cas-<>c:>s.:t-<><:ciJ>-ci'<-<>o '!!1~, ,::0) c, ~fle.:tlt, M J:l~oWTLI'@:tl'J:Im~ 

p 

w(P) = r(P) + iu(P) = J w , 

Po 

p 

u(P) = ;i j(w-w). 
Po 

__!__,ff.(r,u)w.(r,u)du = 6 .. , 
27rt t J t) 

__!__,fx.(r,u)x .(r,u)du= 8 ... 
27rl t -) t) 

C, 
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(2.8) 

(2.9) 

(2.10) 

(2.11) 

(2.12) 



!i!:r~Mi:1J"f:1~:fJit {S "D - functions" l~x1lt- L ·c "K - functions" ~ M J:I~/XCDJ: 

-5 I~JEillt L J: -5o 

'CL-r 

K(w, w') = f{(+l(w, w') + f{H(w, w1
) , 

00 

g(+l(w,w') = L e/w)ll
1
(w') ,r > r 1

, 

l=-go+2 

-go+l 

KH(w,w') = L e/w)ll/w') ,r < r 1
• 

l=::-oo 

(2.13) 

(2.14a) 

(2.14b) 

(2.15a) 

(2.15b) 

(2.16) 

K R( w, w') = -e( r- r')K( w, w') , (2.17) 

KA(w,w1
) = e(r' -r)K(w,w')' (2.18) 

K F( w, w') = e( T- r')K(+)( w, w') - e( T1 - r)KH( w, w') ' (2.19) 

forT> T
1 

forr'<r 
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(2.20) 



3. b-e system O)~O)J:I~ 

;: ~ section !<:::I<H'''C b- c system 1<::)(:)-t ¢ij!~:I::P,~~- ~~ genus g ~ ~ -<' 

:--ffii M J::t':lEAftlJ:.?o A'Jmicl'ill:J:.?I<::, M J:l;: 2 F.J.P+ c P_ ~~~ULflil<::c'?, 

~~f.J'?-c:'~folpfiJ1IH,I!lz+ &0' z_ i/> z+(P+) = 0, z_(P_) = 0 ctJ:¢J:.?I<::il!..l~o ~t:l;li, 

!if< AJF3B'li<::.:L-:7 'J ., rlfi: 

ds 2 = p(z, z)dzdz. (3.1) 

;:~~-<:--ffiiJ:I<:: J,f:'?~ form: b = b(z)(dz)>- &O'c = c(z)(dz) 1->. ~::lt;l-15. ;::_ 

;: -c:', b(z) c c(z) li:lo:!'i:\ 'i<=;ild9:tJ:ij!-c:'<IS.., -c, ~n~n::~ :--7 * -< ;~ 7. 1::' :-- A &0' 1 - A 

~f/f.., ·n' -15 o ;: ~;y;~ action li 

S[b, c] = ~ J d2z-/9(z)b(z)'V'c(z), 

M 

t(z) = -Ab(z)'V'c(z) + (1- .X)('V,b(z))c(z). 

b(z) = I')kJY)(z), 
k 

c(z) = L crf?->.)(z), 
l 

{bk, c)= '6k+l,o, 

{bk,b1} = {ck,c1} = 0. 
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(3.2) 

(3.3) 

(3.4a) 

(3.4b) 

(3.5a) 

(3.5b) 



(3.6) 
n 

CD.t? IC!ID'71]2:h6o <:fiJi:l;i:'l!flc, ::1 ;/7 * -< JvA t::';/ A= 2 CD~~TtJ::hS bosonic string 

theory CD ghost system ICXilGT 6~~~15;t.t ?a A = 2 CD~, 

b(z) = I>kS1-k(z)' 
k 

c(z) = Lc1e/z), 
I 

(3.7a) 

(3.7b) 

l:::;!;'l:t6b>, c_c_-c {e/z)} 1;1: "''i' rJv~lcx1T6 KN basis <:06o A r vA-::~:;t-;v~·-7 

;/'/ Jv t(z) li 

k,l k,l 

go 

Kn = L L C/mb_k-n+sck' 
k s=-go 

(3.8) 

(3.9) 

1:: c_ 6 -c, A r vA-::~: ;~- Jv~·- 7 Y '! Jv t( z) 1;1:, 7 x Jv < ~[5]±CDi!!:!l§ii!§1Lfl'fflb' G'±:f 

61l'ffi'JtJ:j(iJ!fi,ICJo -o ·c_ ~QJ~IIOjiCDo/t)lt7 ;/ '! ;J,ICI;i:tJ: -o c\ 'tJ:\ 'o ~' t( z) 1;1: holomorphic 

tJ:J;tW! z _, w CD T-c 

dz 
t(w) = t(z)(-) 2 + ~<S(z; w), 

dw 
(3.10) 

IH ~ '7 Jv'/~01::1J.'fl:fh61lc0-oc, 1< l;l:!i)G6~c06o t(z) li Jlil:jl[;tJ::e;IIO!i-c 2-form IC 

IHhc\'tJ:\'C:i::;b>;/?;b>i,So (3.6) b>G:/?b>6Jo?lc Kn l;i~ z-> w CDT<: Kn IC)lt:h 
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g, 

[Km, Kn] = L C~nKm+n-• + "'Xmn ' 
3=-go 

(3.11) 

~Thlli.@T'.>o -::hl;t, (3.9) c -\':Jt:ffi~~~@-,-c;if;-t-:c:IJ>-c;!!'.>o m c n 1:1:, ~~<1;'.> 

\'l:i:$~~M~c'.>o it:, t<= ~3 

Xmn = Z~i f e_m(w) a; e_n(w)da-

c. 

IJ: K N :I -<t 1 1 Jv -c' <I;., -c, I m + n I > 3g 0) c ill 0 I;: t,i: '.> o 

;;:1.:, ::1- ;z, 1- 1.:xtH~~ I ¢0) H~i'F 

f b(z)v(z) J¢0 ) = 0, 

c. 

f c(z)q(z) J¢0) = 0, 

c. 

(3.12) 

(3.!3a) 

(3.13b) 

I<:J:., -cJ:E~ L J:? o ,: -: -c', v(z) &rf q( z) 1:1:, 1:-Wi:':h .~ P + 1::171<: pole ~!<!""?-"' 1 1- Jv 

J:J.l\C: 2-form Hl<n"To HP-ts, 

v(z) = {ej(z);j ~ -g0 + 1}, 

q(z) = {rlj(z);j 2': -g0 + 2}, 

bj J¢0) = 0 for j 2': g0 - 1 , 

cj J¢0) = 0 for j 2': -g0 + 2. 

(3.14a) 

(3.14b) 

(3.15a) 

(3.15b) 

(¢0 J i<:~i"'->$1/fl;t, l~. P_ 1::171.: pole ~!<i-?-"'1 1- Jvi:J.l\c 2-form ~fflt'ci!/-'.>.: cil>-ciJ! 

'.>o *if]ll;i:i:):O)J:? 1<:.16 >?:h'.>o 

(3.15c) 
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(3.15d) 

w = r(P) + iO'(P) (2.8) 

~il\!AL.l::'So r(P) :loJ:tF <7(P) i:t-t-c<~ (2.6) c (2.9) i~-'3-:ZGtt-n''->o Co:J@H:lFH!l 

\ 'c b- c system o:JJ;!O\o:J!il'Hiii\~~t LJ: -5o '{7 ;<- 5 r(P) i:t ') -< :.-iiiJJ:-c" Mi%'l'' 0) 

i9:§~l!Uci"o 'C'o:J*;!il!!,, M J:o:JJ;!0\0)" ~rs~/JIJ'jJffj!j" ~BJllii'i~JE~i"<>c:U>-c§, 'J-<:.-iiiJ 

J:i~lolt 7.> ~"2'111';:1[ I~-::>\ 'co:J~{oj;fi';JtJ 1 ;<- /il>i!J. Gt17.>o 

)tf', M J:l~ Lagrangian i'f.'IX £ ~ 

£ = _i_b(w)(f)f) +if){) )c(w). 
271' T 0' 

(3.16) 

(3.17) 

(3.18) 

ct..:<,o cc.-c, c= fJc(<7,r)/fJr.Hamiltonian H i:J: 1i ~level curve Cr -cfji5J'f''->C: 

ci~J: i?i!J.GtL<>o 

H = f Hd"' = 2
1
7!' f dO'b(O', r) :"' c(O', r). (3.19) 

Cr Cr 

(3.20) 
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&-</>(w) = (fjfj + ifjfj )</>(w) = 0 
w T U 

(3.21) 

CC."C </>(w) 1;1: b(w) it:li c(w) :;:.£i::b"to l(;<ViDJJJ:Ii 

'f fJ P = -
1 

dub(u, r)-fj c(u, r) . 
271' T 

(3.22) 

c. 

c.? Lcl~Gnt: Hamiltonian H 1: HI! P l;i:(,:j.'ll'!\!IUJ:-ocl'-<>o (3.19) &.'Cf (3.22) 

<Vlj:l<Vf&:~ll!llil(l;t ,<!'!,P± -c<V pole H%\'ciEJ11J-c;J;;-,-c H &.rf P 1;1: r l.:~{'i'LtJ:\'C.I: 

iJl:biJ•-<>o C.<V$~1J: Bonora, Russo, Lugo[9],[10] 1:' Konishi, Saito, Takahashi[ll] it 

r.:J:. -oc1~Gnt:t!i~l:$i!/J-<>o i&:G<Vl:li\i';l.:l;t, * 3!lfi7-""'"ifu:l' w r.:~il'n-<> 2g @<V~ 

g:;,.;@ L c H 1;1: T li:~gf-<> C. I: iUJ: -<>o -15, =f.ltJ;> <Vl:li\i';li:l;l:, f&:~ll!l~l;t W H'/ili:l;l:~ 

if H <Vfi1!1;1:, CT iJl W <V 2g @<V~,<!'!,:;:.;@f:)f;!;'-<>l!ljli:@<'{tlJJ:\'o 

K F(w, w1
) = (¢>0 1 T(c(w)b(w 1

)) l</> 0 ) 

=B(r- r 1
) (¢>0 1 c(w)b(w') l</>0 ) 

- B(r'- r) (</>0 1 b(w')c(w) l</>0 ) 

00 

KF(w, w') =B(r- r1
) L ek(w)Ok(w') 

-go+l 

- B(r1
- r) L ek(w)O(w'). 

k=-oo 
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(3.23) 

(2.19) 

(3.24) 



{c(w), b(w')} = K(w, w1
) (3.25) 

00 

K(w, w') = 21r L ek(w)!1k(w'). (3.26) 
k=-oo 

:A c v 7.-:r:;;, Jv'i'·--r :/'I 1v t( w) li, ~iJ~bl<:i!!S«t:J:? 1:~-r :/'I Wc'litJ 1 'n', M 1: 

-c holomorphic -cil5 _, -c /X(I)11!illl.tJ~5t1JAA 

(3.27) 

(3.28) 

'i~JE-9<So C:C:c, R l;l:[!fi(l)~f:!l!;i<:J:-oc~i-58l!$c·il5.;so T(w) l:t(w) (l)j!\'li~t!l:l<: 

{Rf.Fi" .;s local counterterm t p( w) -c.Ej.;t Gn 

T(w) = t(w) +tp(w), 

tP = ~~:{(8wlogpw) 2 -2o;logpw}. 

[t( w ), b( w')] = - 28wK( w, w')b( w') + K(w, w')ow' b( w') , 

[t(w), c(w')] = 8wK(w, w1)c(w1
) + K(w, w1)8 ,c(w'), 

w 

(3.29) 

(3.30) 

(3.3la) 

(3.3lb) 

[t(w), b(w')]r=r' = 21r{ -28w8(!T- IT
1
) + 8(!T- 1T

1)8w,}b(w') , (3.32a) 
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[t(w), c(w')]r=r' = 21r{8.,8(<r- <r1) + 8(<r- <r1)8.,,}c(w1
). (3.32b) 

[t(w), t(w')] =- K8~K(w, w1
)- 28.,K(w, w1)t(w1

) 

+K(w,w1)8.,,t(w1
), 

[t( w), t( w')]r=r' =- 211"K8~8(<r- <r1
) 

- 411"8w8( cr- cr')t( w1
) 

+ 21r8(cr- <r1)8.,,t( w') . 

(3.33) 

(3.34) 

4. b-e system ~:M-t {> Ward-Takahashi m~Jt 

;: 0) section "C'I<i:, ilrlliiit "C'I<:1~Ght:;I5Jl<,'>:fie-o --r -it0 Ward-Takahashi!§:~ (WT) 

'>:~\ 'c;:, J:. -? o ~ ;t Mt®U<I: o: ;t- lv-¥-7 "'I 1v t ( w) '>: @;t;;f§ll!Jil€l~0J!Ili'ift@: 

(T(t(w),P1 (w1 ) · · · ,PN(wN))) -'(:> (T(t(x)t(w),P1 (w1 ) · · · ,PN(wN))) '!i\'"C'i5-"'o ;: ;: "C', 

(T(· · ·)) = (¢0 1 T(- · ·) i¢0 ) 1<1: ~ra'llillffiJl T(·· ·) O)~~l*'>:~L,,Pk(wk) l;t b(wk), 

c( wk) \ 'ThiJ>'>:~To 

t( w) '>:Ol--::>~U Ward-Takahashi !§:'1\~1;1:~0) J:. -5 l<:l§:;t GhJ.>o 

8w \T(t(w),P1(w1) · · · ,PN(wN))) 

= \ T(8,;,t( w),P 1 ( w1) · · · ,P N( w N))) 

N 

+ 2::: \ T( ,Pl ( w) ... ,Pk-1 ( wk-l)[t( w), ,Pk( wk)],p k+l ( wk+l) ... ,P N( w N))) 8( T- rk) 

k=l 

N 

=211" l::{hk8.,8 2(w- wk) + 82(w- wk)8w,} \T(,P 1(w1) · · · ,PN(wN))) , (4.1) 

k=l 
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h = { -2 for b( wk) , 

k 1 for c(wk) , 

L.(,l);jj:tl:\I~M~-o-c i]ijjfrj(,l) (3.27) :loJ:V: (3.31) >a:-111'-of~o L_(,l)jg~J'\(,I)fll,i:$3-J!;Ii 

go-2 

= L r!j(w)\T(Kj<f;l(wl)· ·1>N(wN))J 
i=-go+2 

N 

+ L{hkawJ{F(wk- w) + KF(wk- w)aw.} 

( 4.2) 

( 4.3) 

1'tl~~j&IC:x1i" 7.> Teichmiiller deformation li 3g - 3 @(,I) Teichmiiller parameters 

y. 1:: partition function Z >a:-ffl\ 'c 
J 

go-2 

L 6yj \T(I{j</;l(wl)···</;N(wN))J = ~6(\T(¢1(w1)···1>N(wN))JZ). 
j=-go+2 

( 4.4) 

(r(Kj¢1(wl)· ··</;N(wN))J- (Kj) (r(<f;l(wl)···<f;N(wN))J 

=a: \T(<j;l(wl). <f;N(wN))~ ' (4.5) 
J 

\KjJ = 0:logZ. 
J 

( 4.6) 

(4.6) >a:- (4.4) l~i-I':J...i"nlt 
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N 

+ L{hk8W,KF(wk- w) + KF(wk- w)8w.} 

k=l 
(4.7) 

'>:i!j.-5o ;;<. 1- v:;<.-.:r.;t.Jv'f'-7";;"/Jv'>: 2 -:>~U Ward-Takahashi !§:~!;i.j5Jt;:1.J$C'Jl<:O'J-5 

.:: c ;6>C' !§ (i;:CD J: ? i<='!fij" -5o 

8x ( T(t(x)t( w)4>1 ( w1) · · · 4>N( wN))) 

= ( T(8xt(x )t( w)4>1 ( wJ · · · 4> N( w N)) J 

+ ( T([t(x ), t( w)]4>1 ( w1) · · · 4>N ( wN))) 15( rx- rw) 

N 

+ L(T(t(w)4>1 (wl) ... 4>k-1 (wk-l)[t(x), 4>k(wk)] 

k=l 

X 4>k+l(wk+1)···4>N(wN)))/!(rx-rw). (4.8) 

.::c:o~;;: (3.27), (3.32), (3.34) <?H~A:ttl.!;( 

8x ( T( t(x )t( w )4>1 ( w1) · · · 4>N( wN))) 

([{ 
1fl< 3 

= -68x8(<Tx- O"w) -41f8xb(<Tx- O"w)t(w) 

+ 27rb(<T x- <Tw)8wt( w)}4>1 ( w1) · · · 4> N( w N)])/5( rx- rw) 

N 

+ L { hk8w, /5(0" k- 0" x) + b(<T k - <Tx)8w.} 

k=l 

(T(t(x)t(w)4> 1(w1 ) · · · 4>N(wN))) 

OG-2 

= L i\(x) (T(I1}(w)4>1(w1 ) · · · 4>N(wN))) 
j;:;:-gn+2 
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- r.;8;KF(x- w) \T(</> 1(w1)···</>N(wN))) 

- {28xKF(x - w) - K F(x- w )8w} ( T(t( w )1> 1 ( w1) · · ·1> N( wN))) 

N 

+I: {hk8w,K F(wk- x) + KF(wk- x)8w,} 

(4.10) 

( T(t(x )t( w )1>1 ( w1 ) · · ·1>N( wN))) 

,= (t(x)) (r(t(w)1>1(w1) · 1>N(wN))) 

go-2 

+ I: 0j(x) 8~ (T(t(w)</>1(w1) </>N(wN))) 
j=-go+2 J 

-~<8;KF(x-w)(T(</> 1 (w1 )· </>N(wN))) 

- {28xKF(x- w)- K F(x- w)8w} ( T(t(w)</>1 (w1) · · ·1>N( wN))) 

N 

+ 2:.::{hk8W,KF(wk- x) + KF(wk- x)8w,} 

(4.11) 

01: KN jf)J'I;(f"W) c-t-tv>o·:fiJFIJLt: 1J-<YllU M _l(7)J&\(7)]1'f~illi1<:-:>\'c~illtLt:o tJ;l 

(7)]1'f~illi1i, :i"-7. 1- '-":Ar.b.1<:i!N··d:tJ>, ,::(7)fl!J1<:t,J91J*.1i:Ah 7- l&\1<:;ttL-ct,illC91>c·f5J 

L Ji:Aft>i>iiJjj~-c i.l'i-<> o {§. L, 7- fJ 7- J&\1<:-::> \ 'c 1-l:, Weierstrass gap (7)Fc~lll!>l:i1.!1!:~ < :'/Sill!: 

~ -1J!.i2:•\!:!fJ>il5-, c§;:J>fj!l\ft!UJ: -1Jo 

ij[jlf!fJ:Ii\'~'i:b-:>--,ljt(l):J y,<IJ 1-tJ: ') -? YllUJ:1<:, IJ'o-"·Jv1<:1i'!iFa~T 'i:!!J;\~-<>,:: ciJ> 

-c' <! 6 C \' -5 ,:: C 1-l:~ ( « <! C: C -c' iJii-<> o C: (l)*EfJik jfil§]l'f{ttJ> M J: "l'iiJ1J~1<:f,h f:o C: (7),:: 

c 1i, 'J ·-< :.--l!UJ:1<:J&\(7)jl'f~illi>l:li\'~~-<> 1<:-::> 1 'cUB'l1<:m\!:!-cil5 6o Jiil':l:'ffttJ>-c·<! -1J,:: 

c 1<: J: 'J, [5]1i'!j~IJ3i:~i>!!{.-H §!IWB'J 1<:~t~-c <!, WT (7)!¥l:i:l t,;iffi'ij\(7);l!<JF;Il!!~illi1<:ft<-<> J: 'J Mli<l':> 

c:§::Jl\1<:tJ 6o 
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1\N JFJ!:;I:t, '! -7 /[ljjJ:"t'l!!:~tJ:ill:!O~lii:L -n,;.,.:: c:b>t>iJ>-ofco 1\N ~l&QJ.\!'!1~1:1;iiJ 

t.;:iitfj'EI~ J; '?, ~ -7 /[ljjJ:Ql!ft')Jlllli:-? \ 'c.\!'!IC:i5/1\ '~M>i~ Gn;., i:> 0) c~;l Gn;.,o *J!:l&Qlffil 

§i~J; '?, KN Jf;:IJ:;c ~ QJIGi!ll~-? \ 'cm~t.;:*SJII:Ql-fflltcl:t U>izC---:;.,.:: c t.>>"t' ~ t.;::f.>,.., t::o tr. 

*ml:t, £1.~0))(i!i*~J!G:htc\'o 

[1] T. Eguchi and H. Ooguri, Phys. Lett. B187 (1987) 127. 

[2] E. Verlinde and H. Verlinde, Nucl. Phys. B288 (1987) 357. 

[3] T. Eguchi and H. Ooguri, Nucl. Phys. B282 (1987) 308. 

[4] P. Ginsparg," Applied Conformal Field Theory", Harvard University preprintl 

HUTP-88/ A054, 

[5] D. Friedan, E. Martinec and S. Shenker, Nucl. Phys. B271 (1986) 93. 

D. Friedan, in Recent Advances in Field Theory and Statistic Mechanics, 

eel. J. B. Zuber and R. Stora, Proc. of 1982 Les Houches Summer School 

(Elsevier). 

[6] A. Cohen, G. Moore, P. Nelson and J. Polchinski, Nucl. Phys. B281 (1987) 

127, 

G. Moore, Phys. Lett. B176 (1986) 369. 

[7] L. Alvarez-Gaume, C. Gomez, G. Moore and C. Vafa, Nucl. Phys. B303 

(1988) 455. 

[8] I. M. Krichever and S. P. Novikov, Funk. Anal. PriJ. 21 No.2 (1987) 46 ; 

21 No.4 (1988) 47. 

[9] L. Bonora, A. Lugo, M. Matone and J. Russo, SISSA preprint "A global op­

erator formalism on higher genus Riemann surface; b- c systems", 

A. Lugo and J. Russo, "Hamiltonian formulation and scattering amplitudes 

in string theory at genus g", Trieste preprint, 

J. Russo, " Hamiltonian, supercharge and scattering amplitudes in super­

string theory at genus g " , Trieste preprint. 

-84-



[10] L. Bonora, M. Bregola, P. Cotta-Ramusino and M. Martellini, Phys. Lett. 

B205 (1988) s:3, 

T. Saito and K. Wu, Phys. Lett. B220 (1989) 93, 

G. Konishi, T. Saito and W. Takahashi, preprint," KN algebras derived from 

Virasoro Algebra with Vertex Operators ". 

[11] L. Bonora, M. Rinaldi, J. Russo and K. Wu, Phys. Lett. B208 (1988) 440. 

L. Mezincescu, R.I. Nepomechie and C. K. Zachos," (Super)conformal Al­

gebra on the (Super)torus ", preprint, UMTG-144, 

R.I. Nepomechie," Conformal Algebra on the Torus and its Supersymmetric 

Generalizations", preprint, UMTG-145, 

L. Bonora, M. Martellini, M. Rinaldi and J. Russo, Phys. Lett. B206 

(1988) 444, 

G. Konishi, T. Saito and W. Takahashi, preprint, " KN Superalgebras with 

Vertex Operators ". 

L. Bonora, M. Matone and M. Rinaldi, Phys. Lett. B216 (1989) 313, 

R. Kubo, S. Ojima and S.K. Paul, Mod. Phys. Lett. A4 (1989) 1423. 

-85-


