Available online at www.sciencedirect.com

ScienceDirect NUCLEAR[Z]
PHYSICS

CrossMark

ELSEVIER Nuclear Physics B 905 (2016) 188-216
www.elsevier.com/locate/nuclphysb

On the soft limit of closed string amplitudes with
massive states

M. Bianchi, A.L. Guerrieri *

Dipartimento di Fisica, Universita di Roma “Tor Vergata” and Sezione INFN di Roma Il “Tor Vergata”,
Via della Ricerca Scientifica, 00133 Rome, Italy

Received 24 December 2015; received in revised form 30 January 2016; accepted 3 February 2016
Available online 8 February 2016
Editor: Stephan Stieberger

Abstract

We extend our analysis of the soft behavior of string amplitudes with massive insertions to closed strings
at tree level (sphere). Relying on our previous results for open strings on the disk and on KLT formulae
we check universality of the soft behavior for gravitons to sub-leading order for superstring amplitudes and
show how this gets modified for bosonic strings. At sub-sub-leading order we argue in favor of universality
for superstrings on the basis of OPE of the vertex operators and gauge invariance for the soft graviton. The
results are illustrated by explicit examples of 4-point amplitudes with one massive insertion in any dimen-
sion, including D = 4, where use of the helicity spinor formalism drastically simplifies the expressions. As
a by-product of our analysis we confirm that the ‘single valued projection’ holds for massive amplitudes,
too. We briefly comment on the soft behavior of the anti-symmetric tensor and on loop corrections.
© 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction and motivations

The connection between ‘gravitational memory’, ‘soft behavior’ of graviton scattering ampli-
tudes and ‘BvBMS symmetry’ [1-6] seems to play a crucial in a recently proposed solution to
the Information Paradox for Black Holes [7]. While waiting for a refined version of the argu-
ment, it is natural to ask the fate of the universal ‘soft’ behavior of graviton scattering amplitudes
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in a quantum theory of gravity such as closed string theory. The problem has been addressed
for tree-level amplitudes with only mass-less gravitons in [8,9], relying on KLT formulae and
OPE of the vertex operators, and in [10], relying on gauge invariance. Bosonic amplitudes with
tachyons have been investigated to sub-leading order in [11,12].

In gravity theories, when one of the external graviton momenta goes soft i.e. k — 0 with
k = 8k with k some fixed momentum, not only the leading §~! and sub-leading behaviors §° [13,
14], but also the next-to-subleading or sub-sub-leading behavior ! is universal [15]. Calling
h4" the soft graviton polarization and k' its soft momentum, one has

Mu(1,2,...,8,...,n)~

Z k['hs'ki +ki'hs'-]i'ks+ks'-]i'hs'-[i'ks
ks ki ks ki 2k ki

]Mn—l(l,Z,...f...,n)+O(82) 1)
i#s

where k; and J; denote the ‘hard’ momenta and angular momentum operators. These results
are valid at tree-level and are derived with the understanding that interactions be governed by
minimal coupling.

In theories with closed strings, the conclusions, though quite independent of the number
of (non-compact) space-time dimensions, depend on the nature of the higher derivative cou-
plings [8]. R terms do not change the universal soft behavior of minimal coupling, while ¢ R>
do modify even the leading term when ¢ is a massless scalar such as the dilaton. This happens
in particular in the bosonic string and heterotic string at tree level' and in the Type II compacti-
fications preserving less than maximal super-symmetry.

The aim of the present investigation, that may be considered a follow up of [16], is to show
that inclusion of massive external states does not spoil the universal ‘soft’ behavior (1) for Type
II theories with maximal susy at tree level. In [16] open string amplitudes with massive external
states as well as tachyons have been computed and shown to expose the expected behavior even
when non-minimal interactions are considered. Neither F3 terms nor the coupling o7 F2, where
T is the tachyon, change the universal soft behavior, based on minimal coupling. On the other
hand ¢ F? terms do modify even the leading term when ¢ is a massless scalar. For color-ordered
string amplitudes one gets the same universal behavior as in YM theories [17-29]

Ap(1,2,...,8,...,n)~

{|:as'ks+l _ as'ks—l:| 4 I:fv:-]s—H _ SsiJs
ks'ks—i-l ks'ks—l ks'kx+l ks'ks—l

:HAn—1(1,2,...§...,n)+O(6) )

where a; and k; denote the soft gluon polarization and momentum, so that f{"’ = ki'a’ — ki'a’
is its linearized field strength, while k;+1 and Js+1 denote the ‘hard’ momenta and angular mo-
mentum operators of the adjacent insertions. Relying on [16] and on KLT formulae, we presently
analyze closed string amplitudes with massive external states. In the bosonic string case we will
also consider tachyons as external states.

Amplitudes with massive external states have been considered earlier on [30-33], see also [34]
for the case of ‘light’ string states and [35-41] as well as the review [42] for more phenomeno-
logical applications. The plan of the paper is as follows.

1 M. B. would like to thank I. Antoniadis for stressing the tree level origin of this term in the heterotic string, which only

gets generated at one-loop in 4-dim Type II theories with 16 supercharges, such as after compactification on K3 x T2,
R3 term is forbidden due to supersymmetry.
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In Section 2, we briefly review KLT formulae relating closed string to open string ampli-
tudes and the ‘single valued projection’ suggested in [43,44]. Then we discuss how to relate
the soft limit of closed string amplitudes with an arbitrary number of massive insertions to the
soft limit of open string amplitudes with the same number of massive insertions in Section 3.
In Section 4 and 5 we illustrate our point with explicit examples of 4-point amplitudes with one
massive higher spin insertion (or tachyons in the bosonic case). We check the (non-)universal-
ity of the soft behavior for bosonic string gravitons in Section 6 and discuss how to generalize
the analysis to the case of anti-symmetric tensors. For the superstrings in D = 4 we rely on
the spinor helicity formalism to simplify our expressions. Our conclusions are presented in Sec-
tion 7.

2. From Veneziano to Shapiro-Virasoro according to KLT

Closed-string amplitudes, henceforth denoted by M, to distinguish them from open-string
amplitudes, denoted by .4, can be efficiently computed relying on KLT formulae [45]. At the
cost of being pedantic, in order to fix our notation and illustrate the KLT procedure, we start by
briefly reviewing some 4-point string amplitudes involving tachyons or massless states.

In going from open to closed strings the mass shell condition becomes «..(p /2)?=(N—1)
that effectively amounts to the replacement o, — a./ 4.7 As aresult a closed string vertex oper-
ator can be expressed as the product of two open-string vertex operators, each carrying half of
the total momentum. In formulae

Va(M=H®H, p)=V,,(H, p/2)Va(H, p/2), 3)

where p? = m%{ = 4m%1, and H = H ® H in general comprises several irreducible representa-
tions of the Lorentz group.

2.1. Four tachyons: M(Ti{, T2, T3, T4)

The simplest closed-string amplitude is the Shapiro—Virasoro amplitude M4 (71, T2, T3, T4)
describing the scattering of four tachyons in the closed bosonic string. The tachyon vertex oper-
ator is

Vr(z,7) — iPX(@.2) :ei%’XL(z)eilz—’XR(Z)’ 4)

with o, p? = +4 = —a/.M7-. Up to an overall constant factor, one finds [46.47]
My T Tou Ty = [ zleletrrit = zjerr:

_ra+ S p3pd T+ S pap3)T (=1 — 5 p3(p2 + pa)
T(—=% p3pa)T (=% pap3)T R+ 5 p3(p2 + pa)

) (&)
where use has been made of the integral

/
op
al,M% =4(N — 1) =2(NL, + Ng —2) due to level matching N; = Ng = N = Spfax/2.

2 While the open string spectrum is given by «, M12V = N — 1 with N = Sp4y, the closed string spectrum is given by
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Z(a,n; b,m) :/dzz 121911 = zPZ2" (1 = )™

F(l4+n+9CA+m+ 81— )

(6)
L(—HT (=B Q@ +n+m+ 4b)
Rewriting the amplitude as a function of the Mandelstam variables s, ¢, u yields
F(—1—%9)(—1 - %)r(—1— %u)
My(T1. 2. 3. Ta) = ! 5 ! (7)

TR+ %)T Q2+ %NT Q2+ %u)

multiplying and dividing by I'(—1 — «..¢/4), and using the relation I'(z)["(1 — z) = 7/sinmz
produces the KLT relation [45]

Muy(Ti, T2, T3, Ta) = sin (n%r) AT, T, T3, T AR (T, T3, T2, Ty), )

where A4(Ty, T, T3, Ty) denotes the Veneziano amplitude

1 A %
A4(T1,Tz,Tg,T4)=/dxx—“$S—2(1 e F(_l _ %s)lj< : (Zt), )
J r(— —%(s+t))

where we have used «, — «./4. Henceforth we will set o, = 2 for convenience.

2.2. Four massless superstring states: M4 (&1, &2, E3, Eq)

In Type II superstrings the tachyon is projected out. The lowest lying states in the NS—NS
sector are massless. The massless vertex operator

Ve = Euui0XY + kWL W) (X + kWpWhyel $X1 ()i 5XRG) (10)

with k2 =0, k*Eyy = Eyvk” = 0. Setting &, = &y = hy, With n*Vh,,, = 0, describes gravi-
tons, &y = Evp = Guv = Ny — kulzv — kvlzu describes dilatons, while &£, = =&, = by
describes anti-symmetric tensors (Kalb—Ramond fields). For later purposes, it is crucial to ob-
serve that gravitons and dilatons are even under L-R exchange, 2 = 1, while Kalb—-Ramond
fields are odd, 2 = —1. This implies that amplitudes with an odd number of Kalb—Ramond
fields and an arbitrary number of gravitons and dilatons vanish.

The amplitude for 4 massless NS-NS states is well known. The expression is extremely
lengthy and can be expressed more compactly in terms of the g tensor introduced by Brink,
Green and Schwarz [48]. We refrain from doing so. Using KLT in the #-channel, one finds

. t
Muy(1, &, &3, E) =sin <n5> AL (A, Ay, Az, A AR(ALL Az, Az, Ag). (11)

Now writing [37]

f_jr(l — (1 —1)

AL(AL, Ay, As, Ay) =
7 (A1, Az, A3, Ay) o U

’

with

1
Fi= [(f1f2f3f4) - 5(f1f2)(f3f4) + cyclic 234}
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totally symmetric, and rewriting fg ® ]-";‘e ~R*4 ... one can systematically derive the Type II
4-graviton amplitudes and the related ones for ¢’s and (an even number of) b’s.

For instance, in D =4, F* is only non-vanishing for MHV (Maximally Helicity Violat-
ing) configurations i.e. (—, —, +, +) or permutations thereof. As a result, F4 = (12)%[34)>.
Similarly, R* = (12)*[34]* for the MHV configurations, i.e. (—2, —2, +2, +2). Mixed am-
plitudes, with gravitons, dilatons and axions arise from combinations with .7-'3 * .F4, for in-
stance, (=2,0,+2,0) = (—, —, +, ) ® (=, +, +. —) = (12)2(14)%[34]*[23]? and (0,0, 0,0) =
(= — 4+, PR+, +, —, —) = (12)2(34)2[34]%[12]?, while (£2, 2, +2,0) =0, (+2, £2, 0, 0)
=0, (£2,0,0,0) =0, irrespective of whether the 7 = 0 particle is a dilaton or an axion.

For bosonic strings the situation is richer. For open strings the tri-linear coupling is non-
minimal. In addition to the standard Yang—Mills term, it contains an F>-term, suppressed by «’.
As mentioned in the introduction and discussed in [16], this does neither spoil universality of
the soft behavior at leading order nor at subleading order, even in the case of massive insertions.
For closed bosonic strings, in addition to minimal tri-linear terms (graviton, dilatons and Kalb—
Ramond fields), there is a ¢ R* term (suppressed by «’) and an R3-term (suppressed by (’)?). As
shown in [8], the latter does not spoil the universality of the soft behavior while the former spoils
it even at leading order. Barring the distinction between gravitons and dilatons, i.e. describing
them in a unified fashion with £, = +&,, = hyy + ¢y, One can regain a sort of universality
of the soft behavior as advocated in [11,12]. Yet b, behaves in a very different way due to its
being odd under €2, as we will see in Section 5.

2.3. Higher-point amplitudes

Closed-string amplitudes with massive insertions look extremely cumbersome and not very
illuminating in D = 10, even at tree level (sphere). In D = 4, using the spinor helicity basis,
formulae look more tractable. A possible strategy for systematic computations is to first use KLT
relations in order to express closed-string amplitudes in terms of open-string amplitudes, and
then compute open-string amplitudes for massive states by multiple factorizations of amplitudes
with only massless insertions on massive poles in two-particle channels as in [16].

KLT relations incorporate the intrinsic non-planarity of closed-string amplitudes and rely on
the monodromy properties of (color-ordered) open string amplitudes [45]. The basic idea is to
parameterize the closed-string insertion points as z; = x; + iy; and notice that the integrand is
an analytic function of the y; viewed as complex variables with branch points at i (x; — x;).
One can then deform the integration contour from Imy; = 0 to Rey; = 0 so much so that z; and
Z; = x; — iy; become two independent real variables &; and n; that one can integrate over with
Jacobian 9(x;, y;)/0(&,n;) =@/ 2)N . The correct monodromy around the branch points of the
integrand (Koba-Nielsen factor, in units «. = 2)

[ i — 2p)fhitmi @ — 2Rkt — @ (or, o) [ [ & — 8%t gy — p)likirt
i>j i>j
with n;; and n;; integer, is accounted for by the phase factor
O (0%, 0y) = [ [ explimhik;01—(& — &) (ni —n )]}
i>j

that only depends on the orderings oz and o but not on the variables &’s and n’s themselves.
The integrations decouples and can be performed explicitly. In particular, using SL(2) to fix 3
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&’s, there remain (n — 3)! orderings of the &’s. For each of them, the independent choices of
the contours in 7 that give a non-vanishing result give in fact all the same result. All in all there
are (n — 3)![5(n — 3)!1? terms for n odd or (n — 3)![1(n — HN[3(n — 2)!] for n even [45]. In
particular, for n = 3, 4 there is only one term’
M;(123) = AL (123).A% (123)
and
M4 (1234) = sin(wki ko) A (112134) AR (2134).
For n =5 one has two terms
Ms(12345) = sin(rk k) sin(kskq) AL (1[23]45).A% (21435)
+ sin(wkik3) sin(wkoka) AL (1[32145).A%8 (31425), (12)
while for n = 6 one has twelve terms
Me(123456) = sin(rrk ko) sin(rrkaks) AL (1[234156)
{sin(nkgks)Ag (215346) + sin(wk3 (kg + ks)). AR 2 15&6)} + Perm[234]
= sin(wk1 ko) sin(wkaks). AL (1[234]56)
{sin(nk1k3),4§ (231546) + sin(rwks (k1 + ko)) AE @154_16)] + Perm[234].
(13)
In general, one has [49]

M,(1,2,...,n)=AL1,[12,...,n=2l,n —1,n)

Z Gty eesip2) =) FGls ooy Jinja-DARWiY, 1,n =1, {5}, n)

(it}

+Perm[2,...,n — 2], (14)
where {i} € Perm[2, ..., |n/2]], {j} € Perm[|n/2] +1,...,n — 2], with |n/2] = (n — 1) /2 for
n odd, and |n/2| =n/2 — 1 for n even, while the relevant momentum kernels read [49]

m—1 m
f(il,...im)zsin(nslim) l_[ sin| Stip + Z §ikil R
k=1 [=k+1

m k—1
FGre - jm) =sin(sjiu—1) | ] sin (n <s,-k,,_1 + Zf,-,jk» : (15)

k=2 =1

where §; i =sij =kik;,if i > j, and zero otherwise. Let us observe once again that KLT formulae
are valid for all kinds of closed strings, Type II, Heterotic and Bosonic, at tree level and for any
kind of insertions: tachyonic, mass-less or massive.

Similar formulae relating string amplitudes with only massless insertions to SYM ampli-
tudes [50,51], see also [52], have been derived for open superstrings, whose validity we have
given further support in [16]. MSST formulae read

3 Neglecting overall constants.
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Ast (1, p[2,...,n—2],n—1,n) = Z FulplolAyy(1,0[2,...,n—2],n —1,n)

0eS,_3
(16)
where the (n — 3)! x (n — 3)! dimensional matrices of generalized Euler integrals read
n—3 \/_/ n—4 2“ kik;j 20/ kmkk
Falplo]=(=D)" W) Hdzzl_[ ]‘[Z (17)

D(p)l =2 i<j k=2m=1

with integration domain D(p) ={0=2z1 < p(22) < ... < p(Zn-2) < zZn-1=1 <z, = o0}.

Following the strategy outlined above, one can now combine the virtues of KLT and of MSST.
For instance, at 5-points a closed (super)string amplitude with n massless and m = 5 — n massive
states, according to KLT, reads

My 5-n(12345) = sin(ws12/2) sin(s3a/2) AL s_ (1123145 AR5,
+ sin(rs13/2) sin(ws24/2) AL < (1[32]45) AR

n,5—n n,5—n

(21435)
(31425) (18)

In turn, the open string amplitude Aﬁ/SR .

(12345) can be computed factorlzmg ‘AIO . o(1...5)

on 5 — n massive poles in two-particle channels. The massless amplitude Alo n.0(1...5) can be

expressed in terms of ASYM (1 .5) thanks to MSST formula. The generalization, relating M,, ,,

SYM

with arbitrary n and m to An m R and the latter to An 2m o and finally to A;°5

but more and more cumbersome as the number of partlcles increases.

is straightforward,

2.4. From open to closed via ‘single-valued projection’

Although we will not fully exploit it in the following, an alternative and elegant expression
of closed superstring amplitudes with massless insertions only in terms of SYM amplitudes at
tree level has been found in [43,44] that exposes the cancellation of various MZV (Multiple Zeta
Values) including rational multiples of ¢, in the &’ expansion.

The ‘single-valued projection’ formula reads”

My= > AM1,2,.3,,...(0—2)p.n.n—1)

,0,0’,‘[ES,,_3
X S0[2p:3ps - (1 =2)12. 30+ ... (0 — 2),]
gn[o|‘c]A,):M(l,27,3f,...(n—2),,n—l,n) (19)

where Solplo]= Skrrlplo]l g3
Solp2,....,n—=2)|0(2,...,n—2)]

n—2 i—1
= l_[ —klkp(i) — 290 (p(i), p(j))kp(i)kp(j) (20)
i=2 Jj=2

with 6, (o (i), p(j)) = 1 if the ordering of (p(i), p(j)) is equal to the ordering of (o (i), o (j))
and zero otherwise. Sp[p|o] is the ‘super-gravity’ limit of the KLT momentum kernel such that

4 Notice the exchange of n and n — 1 in ;\,}l/M(l,Zp,%,...(n —=2)p,n,n—1).
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sin(noz’k,-kj/Z) — mx’k,-kj/Z and the (n — 3)!x (n — 3)! matrix G, [p|o] is given by the ‘single-
valued projection’

1
Guloltl=1+¢3M3 + ¢5Ms + §§32M3M3 +207M7 + ... =sv{F,[o]|r])
=sv [ 1482 Pa+83 M3+83 PatEsMs+083 PM3+(;5 Pe
1
+ 5§32M3M3+2§7M7+§2§5P2M5+§2253P4M3+-~~} (21

of the (n — 3)!x (n — 3)! matrix F,[p|o] that appear in MSST formula. Not only all P,, matrices
drop but also higher depth MZV’s do as a result of properties of the M1 matrices.

3. Soft limit from open to closed

When considering the soft behavior of string amplitudes one may expect corrections from
standard field theory results due to the non-minimal higher-derivative terms in the coupling
among mass-less states as well as with massive states. For open strings we have checked that
this higher-derivative couplings coded in the OPE of the vertex operators do not spoil universal-
ity of the soft behavior at leading and sub-leading order. For completeness, let us now recall the
argument [8,9,16]. The OPE of a massless vector boson vertex operator (in the g = 0 super-ghost
picture) and a massive higher spin vertex operator (in the ¢ = —1 super-ghost picture) reads

Va(as, k) Vy (Hg+1, ps+1) = Vi (H'lag, Hyx1, ks, ps+1l ks + pse1) + ... (22)

2kspszl:l

where M’ denotes any state at the same mass level as the state M. For totally symmetric tensors
of the first Regge trajectory at level N = £ — 1 one has

A3(A1, Hyo, Hyp) = aypos HY "M H3 g + ar w By U Ha e
+ p3r HY 2 Ay Hy iy, + O pP). (23)

The leading term encodes minimal coupling. The sub-leading term is fixed by gauge invariance
so that, barring some subtleties, to be dealt with momentarily, one gets

Apsim(L,..os...,n+m+1)

-Ps ks-H; d : 3 as-H; 3
~+ s Ps+1 s iy a5 + s Ps+1 » ) s g1 .-
2ks- ps+1 2ks ps+1 BHS';] 2ks ps+1 Ops+1 2ks ps+1 8H3?'Jr]
k- a .
s Dot Apm(1 5 nem A1)+ (24)

as-
2kg- ps+1 Ops+1
for an amplitude with n massless and m massive states.

Before generalizing the above argument to the closed string case, let us deal with a couple of
subtleties: the higher derivative terms in the tri-linear coupling A—-H—H and the possible non-
diagonal couplings A—H—H’ that would spoil universality. First, higher derivative corrections to
minimal coupling can only affect the sub-leading term that is fixed by gauge invariance wrt the
soft gluon [10]. Second, for open superstrings already at the first massive level one finds two
kinds of particles in the Neveu—Schwarz sector: Cy,, and Hy,. In addition to the ‘diagonal’
couplings V-C—C and V-H-H (and SUSY related) one should consider the mixed coupling
V-H-C =~ a'Mp3;-H,-Cs:[a; p12] that exposes the singular soft factor 1/kp since M¢c = My
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but gets suppressed by an extra power of the soft momentum in the numerator. Lacking the lead-
ing 57! term that fixes also the sub-leading 8° term, thanks to gauge invariance, this kind of
higher derivative non-diagonal couplings can at most affect the sub-sub-leading 8! (and higher)
terms which are not expected to be universal.

Relying on KLT, similar arguments were advocated to warrant universality of closed super-
string amplitudes to leading, sub-leading and sub-sub-leading order [8,9]. Indeed, the relevant
OPE’s of closed string vertex operators are simply the L4+R combinations of the ones shown
above for open strings. This implies that the leading behavior is completely fixed by the trilinear
coupling. If this is minimal as for the superstrings one gets a universal behavior if it is not, as
for the bosonic and heterotic strings one expects non-universality or some sort of generalization
thereof [11]. The additional ingredients are two. First, KLT formulae produce amplitudes with
non-planar duality, with the soft graviton that can attach to each of the ‘hard’ (massless or mas-
sive) legs. Second, not only the sub-leading but also the sub-sub-leading term is fixed by gauge
invariance of the soft graviton [10]. We would like to stress that this is true also for amplitudes
with massive insertions as we will now sketch and check with explicit examples later on. Given
universality of the soft behavior of all open string amplitudes for granted [16] one schematically
has

Moy =Y [ [sinGrkk) AL, (AR ()
1 1

~ 3 []sinGrkk) (S + 8L + )AL CHSE + 8§ + AR
I 1

=SV +8P+8P 4.0 [ [sinGrkk) AL (.)AR(..). (25)
1 1

One can easily check that Sé?gv = SEO)SI(QO) using momentum conservation, similarly Sg,)w =
S(I)S(O) S(O)S(l) Finally the sub-sub-leading Sggw = 8(1)8(1) 8(0)8(2) S(Z)S(O) to be
checked on a case by case basis since SE /R is not universal, but conspires with the permutation

to give something universal. We will limit ourselves to check cancellation of 72 = 6¢> and similar
terms that are forbidden by the single-valued projection [43,44]. At the cost of being pedantic
we would like to reiterate that once the leading term is fixed and universal then sub-leading and
sub-sub-leading terms follow thanks to gauge invariance of the soft graviton.

3.1. 4-point amplitudes with massive states

Let us consider first 4-point amplitudes. We already know that
My(1234) = sin(rw p1ks) AL (1234) AR (1324), (26)

allowing for a time-like pj, while we assume k4 to be light-like and ‘soft’ with ‘polarization’
€ =a; ® ag. From KLT we also know that

A(1234) =87 A3(123)  and  Ag(1324) = S A3(123), (27)
where
) [
S' —S,j(()) S,J(l) ( ,(2) §2kvp/ vplS,(0)> (28)

with universal
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aik; aik

fidj  fidi

Sitl= d  sit= - 29
O Tk, ki i Tk kiki 29
while
i1 fiWiki  fiWik
sizt = itk STk 30
7 Tk kik (30)

is not universal. In D = 4 there is only one gauge invariant non-vanishing derivative of f,
i.e. uglg(ugiy) or ugly (U ﬁﬁ};) and W should reflect this structure (pretty much as J paral-
lels f itself). The obvious guess is a mixed-symmetry tensor (‘hook’ Yang tableau) W .y =
px0%/3pHtapY + .. .. Moreover, it is worth to notice that the factor ¢, = 72/6 in Eq. (28) comes
from the expansion of the beta function appearing in the open string disk amplitudes with four
external legs.

Combining the two amplitudes in Eq. (27), and using M3(123) = A3L(123).A§(123) (up to
an overall factor) as well as sin(wp1kq) = wprks — 713(p1k4)3/6 + ..., we get

Ma(1234) % [wpiks — 7 (pike)* /61 8] 71 877 M5(123). (31)
Expanding at leading order yields
& & k & &
Ma(1234) ~ {Pl 4p1 | p3&apapiks  p3&apr pi 4P2}M3(123), 32)
D1k Daky p3ky D3k Daky
and relying on momentum conservation, and on the standard trick
k 1 1
D1K4 __ _ ’ 33)
p2ka p3ka p2ks  p3ks
we get
& & &
Ma(1234) ~ {Pl ap1 p2&apr | P 4P3}M3(123)‘ (34)
Pk paks p3ky

Only the symmetric (not necessarily trace-less) part contributes, thus exposing the violation of
the principle of equivalence in presence of a massless dilaton.
At sub-leading order one has

M4 (1234)

~ pika p3af _ pl“i f4R12R _ f4R11R
p3ks  piks paks piks

]L L JL L R R
T S VI | GV (35)
p3ky D1k p2ka  pika

Expanding and combining the terms appearing in Eq. (35), one gets for the pole in p1ks

prag f{IF I f agfpr = pEF U £ 01, (36)
depending on the ‘symmetry’ of £4. Moreover, for the pole in p2k4 one gets

—(p1+ paay [ = UF+ I £ af pr= pa&f (13 £ 1), (37)

where in the last step we used the angular momentum conservation (J lL + JZL + J3L)A3 (123) =0.
For the pole in p3k4 one gets the same result mutatis mutandis.
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At sub-sub-leading order one has many terms

My(1234)
o ATt pal Tukw bwd ] (Wi wid|[oke ok
p3ka  pika D2ka  pika p3ka piks p2ka  pika
L oL L L R 7R R 7R
L B T | T S
D3ky Diky D2ky piky
B n_2p1k4 psay  piay || afp2  aip
6 p3ks  pika || p2ka  pika
L L R R
p3a pia a, p2 a, p1
—oo(kaps +kapy) | — — —2 || L= -2 M3(123), (38)
p3ks  piky p2ka  pika

where ui/ R k4k4af/ R and WL/R = af/ R 52 /0k40ky properly (anti-)symmetrized but not uni-
versal (for open strings).
After lengthy manipulations one reproduces

kaJ1E4J ks + kaJ2E4 k4 + kaJ3E4 J3ky
Piks p2ky p3ks

where k4J1E4J1ks = J1R4J1 involves the linearized Riemann tensor, and thus it is manifestly

gauge-invariant. The 72 factor form the expansion of the KLT kernel at 4-point cancels exactly

the {» appearing in the expansion of the open string amplitudes, thus implementing the single-
valued projection discussed in Sec. 2.4.

Ma(1234) ~ { }M3(123), (39)

3.2. 5-point amplitudes with massive states

Starting from the KLT expression for the 5-point closed string amplitude
M5(12345) = sin(rrk; p2) sin(7TP3P4)A§(1 [23]45)A§e (21435)
+ sin(ky p3) sin( pa pa) A% (1[32145) AK (31425), (40)

where we assume that k% = 0 (massless graviton) goes soft, k; = 8121, with §—0. In this limit,
we know that

AL(12345) ~ ST AL (2345),  AR(21435) ~ S]2AR(2435),

AL(13245) ~ $3 70 Ak (3245), and AR (31425) ~ S} AR (3425). 1)
Observing that

sin(7 p3 pa) AL (2345) AR (2435) = M4(2345) = sin(pa ps) AL (3245) AR (3425),  (42)

one gets
T 2-504-2 | o 3-5 043
M;5(12345) ~ [sin(wky p2) Sy S~ +sin(mwky p3)S) S 1 M4(2345). (43)
At leading order, Eq. (43) yields
2-5 o4—2 3—5 od—3 pi€1pi grav
k1p281(0)81(0) +k1p331(0)81(0) = W :SI(O)' (44)

i1



M. Bianchi, A.L. Guerrieri / Nuclear Physics B 905 (2016) 188-216 199

At sub-leading order

2-5 @42 2-5 04—2 3—5 o4—3 3-5 o4—3
kip2 [51(0)31(1) +31(1)51(0)] + ki p3 [31(0)51(1) +51(1)31(0)]

kljiglpi grav
=Y SRS (45)
i#l
At sub-sub-leading order
2—5 042 2-5 @42 2—5 o4—2
ki p2 [31(0)51(2) +51(2)31(0) +81(1)31(1)]
3—5c4-3 3—5 c4-3 3-5c4-3
+kips [81(0) Sie) TS0 S0 +31(1)51(1)]
ki1JiE1Jiky JiR1J;
-y Rk g AR s (o)
i

ki pi ki pi

i#1
where the ¢, factors coming from the KLT kernel cancel exactly those produced by the expansion
at the sub-sub-leading of the 5-point disk integral, as encoded by the single-valued projection.

3.3. 6-and higher-point amplitudes with massive states

Lastly, let us briefly focus on 6-point amplitudes. In this case one has twelve terms
M(123456) =sin(iwk p2) sin( pa ps).Ar (1[234]156)
{sin(wky p3)Ag(231546) + sin(rp3 (ki + p2))Ag(321546) }
+ Perm[234]. (47)
At leading order, we get

Me(123456) ~ ki pr S7° A1 (23 456)
[sin(x paps) sin(rrp3 p2) S o5 Ar (32 546)
+ sin(p3 ps) sin( pa p2) AL (24356) S} 7 AR (42 536)]
+ [2—3] + [2—4], (43)
that yields

Me(123456) ~ {7 k1 p2 STOST 2 + [2-53] + [2—41] M5(23456),

exposing the expected universal terms at leading order, where non-planarity is restored by
summing over permutations in KLT or ‘single-valued map’ formulae. Sub-leading and sub-sub-
leading are more laborious but are fixed by gauge invariance, as repeatedly discussed above.

4. Closed superstring amplitudes with massive insertions

In this section we compute some amplitudes with insertions of massive string states. Later on
we will examine their soft behavior.

Let us now consider closed superstrings and focus on the NS—NS sector. At the first massive
level one finds a plethora of particles (all in all 214 =128 x 128 = (44 + 84) x (44 + 84) d.o.f.)
arising from the combinations [H, @ Cpuplr ® [Hyv @ Curv o 1R-
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4.1. Three massless states one massive: My (€1, Er, E3, Ka + L4+ Us)

Relying on KLT formulae one has
M(E1, 8,8, Ks+ Lo+ Us)

&/
=sin (JTZI) Ap (A1, Az, A3, Hy + C4) AR(A1, Az, A, Hy + Cy), (49)

with K+ L+U=H®H+C®C+ H®C + C® H. The highest spin state is the Konishi
top state with s =4 [53-56]. In D = 10 the explicit formula is extremely long and not very
illuminating. We refrain for writing it down except for £L = C ® C, whereby it reads

Tl - I —5HT -4
ORI

M1, E,8,Ky) =

us aszk; ark; ark;
T |:C4[a1a2a3] + Z C4[ala2ki]E + Z Cylazaiki] ok + Z C4[a2a3ki]m

i#3 i#2 il

2
aras asai ayaz

C kok3]— + C kski]— + C kiko]—| . 50

+ Cylarkz 3]ka3 + C4lazks 1]k3k1 + Cyqlazk; 2]k1k2:| (50)

We shall also study the soft behavior of the amplitude M (&1, &2, €3, K4). It is worth to notice
that 4 = H ® H is a reducible tensor. The following decomposition holds

4R44=45009100495044 336D 1, GD
2,000 2,00=406 2, 1)®(0,2)® 2,0 0, 1) (0,0). (52)

In particular, this product contains the 10-dimensional analogue of a spin 4 state

7y 7y 273
Sppapspa = V2 o Hyuspy + Hyspy Hyuypy) — 1/(9 X 4) Z Z Hjy, H/,l.j(s//vkﬂl'
ik=12j,1=3,4

(53)

In D =4 the situation drastically simplifies. Focusing on the combinations of the SO(6) sin-
glets Hy,, = H!!, + Ho(nuy + o' pypy) (With Hij = —Hod;j/2) and Cyp = Cov/at/ p* 10 that
couple to two gluons, one has 49 d.o.f. that assemble in five scalars, one vector, five spin-2
(5 states each), one spin 3 (7 states) and one spin 4 (9 states). Since the H,’jv couples to glu-
ons with opposite helicity while Hy/Cp couple to gluons with the same helicity, the open-string
building blocks are

A7, 25,35 HT) . AQF, 27,37, Hy/Co) . A(17,27,3%, Ho/Co)

and the ones related to them by Lorentz transformations (acting on H"), conjugation or permu-
tations of the gluons.
For instance, the amplitude of 3 gravitons with the top component K T+ = uif)g‘ (recall pg =
kg + ks = uquq4 + v50s) reads
Ma(172,2%2 342 K ) =sin (—mkaks) x AL (172137 H?) @ Ar(173% 27 H?)
[ (k3pa) T (1 + koks) T (1 + kiks) [131(14)*[45]* [121(14)*[45]*
T2 —kapa) T (—kaks) T (1 —kiks) (12)23)m3, (13)(32ym3,

= Gym (54)
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The amplitudes for the lower spin components of K follow performing SO(3) little group
transformations on the above one. Similarly one can replace two gravitons with dilatons or ax-
ions

M4 (19203F2 K4y = sin(—mkok3) AL (1723 THT ) @ Ag(17312 " HTT)
T (k3pa) T (1 +kok3) T (1 +kiks) [13](14)*[45]% [12](24)*[45]°
' 2—k3pa) T (—kak3) T (1 —kik3) (12)(23)m3, (13)(32)m3};

=Gpyrm (55)

Once again, amplitudes for the other helicity states of /C obtain after SO(3) little group
transformations. Note, for instance, that IC;;TFO = HTTHY0 + g0+ while IC;;*;F =
Ht+H0 — g0 fF++ The former is even under 2, the latter is odd.

One can also consider the 4 real (2 complex) s = 2 massive states corresponding to
H%/C'® H?> + H?> @ H°/C" whose amplitudes with massless states obtain from combina-
tions of A(17,2%,3%, Ht+) with A(1T,2%,3%, Hy/Cp) or A(17,27,3%, Hy/Cyp). For in-
stance

M@ 21232942y =sin (—rkoks) AL 1723V HTH A (173727 HO/C0)

T (k3pa) T (1 + kok3) T (1 + kyks) [13](14)*[45]% [12]1m3,

=G .
M@= kapa) T (—kaka) T (1 — kiks) (12)(23ym], (13)(32)

(56)

Finally amplitudes for the four scalars HO/ C'® I—~IO/C~'O obtain combining A, 2T, 3T,
Hy/Cp) or A(17,27,3%, Hy/Co) with each other and with permutations thereof.

5. Bosonic string amplitudes with ‘massive’ insertions
5.1. Three-tachyons one-massless: My(T1, T2, E3, Ta)

Consider now also the insertion of generic massless closed string states with k2 =0

Ve(z,2) = Enid X1 (2)idX p(R)e TX1D 3 XD, (57)
where &, is transverse with respect to both indices k*&,, = 0 = k"E,,. Decomposing
Euwv = huy + ¢y + by, into irreducible representafions of_the L0r§1_1tz group, h_ wv = hyy, with
n*Vh,,= 0 describes the graviton, ¢, =,y — kuky, — kyk,, with kk =0 and kk = 1 describes
the dilaton and b, = —b,,, the Kalb—Ramond field. Consider the amplitude:

Ma(T1, T2, €3, Ta)

_ o _ d’z3 . mo i _ . _ _
=<cce”"x(11,Z1) cce”X (23, 7) /—laXflaXe”“X(za,za) ccePX (z4,74)
T

d’z D, | »|2P3 P4 2pap3
= 7P353P3|Z|* |1 —z|7F2F. (58)

_PL P2 Panzeps P2
731 232 234 Z 1—z

, (59)
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the amplitude reads as
/ d*z 2[2PsPa | — o2 (P453P4 p2&3p2  P2&3pa P43 )
T |z|2 1—z> z(1—-2) z(1-2%)
= pa&3psZ(2p3ps —2,0;2p2ps, 0) + p2&3p2 T(2p3ps, 0; 2p2p3 — 2, 0)
— (p2&3pa+ pa&s3p2) I(2p3pa — 2, 1;2pap3, —1)
. 1
k3p1 k3pa k3pa
(1 +k3p) T (1 + kzp2)T'(1 + k3 p1)
'l = k3pa) (1 — k3p2)['(1 — k3 p1)
1
~ kapi kapa k3ps
U1+ k3pa) (1 + kzp2)T'(1 + k3 p1)
I(1—k3pa)T(A —k3p)T (1 —k3p1)
One concludes that only the symmetric part of Eg = %(53 + Eé) contributes due to symmetry
under world-sheet parity €2, under which 4 and ¢ are even while b is odd.
The I" functions in the above expression can be rearranged as
B(1.2.3,4)B(4.2.3, 1)sin (k3 p2) . (61)

where

(—paE3patks p2)* — p2&3pa(ks pa) + pa(E3 + E3) pa kapa kapa)

(71& patkz p2)* + p1& palks pa)* + pa&s paths p1)?)

(60)

B(1.2.5.4) = (1 +k3p2)T(1 + k3 pa) ©2)
T (1l —k3p1) '

Moreover

—pa&apakap2)® — p2&spa(kapa)® + p2(Es + EY pa kapa kapo
= —(paaz k3 pz — praz kaps)(p1as kapz — p2az kzpir) (63)

so much so that

Ma(Ti. Ts. €. T) = sin (n ;) AL(T1. Ty, A3, T) AR (T0. Ty, A3, Th). (64)
as expected.
5.2. Two-tachyons two-massless: M4 (&1, &2, T3, Ta)

Using KLT in the s-channel (1-2 or 3—4 exchange) one finds
s
M(EL & T Ta) =sin (75) Af (A1 A2, Ty, TDAF (A1, A2, T3, T) (65)

so that the two-massless two-tachyon amplitude reads
I'(l+kip3)IA + k1 p) ' (=1 + k1k2)

M1, E,T3,T) = (66)
U(=k1 p3)I' (k1 p)T (2 — k1k2)
14+ k1 psa 1+kip3
<alaz — (a1p3 a2p3 + a1 ps azpa) + a1p3 arpa——L2 4 ay py azpy——2
kip3 kip4
I . - - . . I+kips . . 1+4+kips
<a1a2 —(a1p3 axps +aips axps) + a1 p3 aypa———— +aips azp3——— ). (67)
kip3 kip4
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Replacing a!'a} = &£

v t
; one gets

M(515 529 735 71) ZI(Sa tv M)E{M)gé)gKﬂ.pKVO'
where

C(14+k1p3)T(1 4+ ki pa)T(—1+ kiko)

I(S,t,u)z F(_k1p3)r(_k1p4)r(2_klkZ)

(68)
and

14+ kipa 14+ ki p3
K’“’:n‘”—(p“pv—f-p“pv)—f-pﬂpvi Mmooy - FES
373 4 P4 34 k1p3 4 P3 k1p4

that shows that only M(h/¢p1, h/¢2, T3, Ts) and M(by, by, Tz, T4) are non-vanishing, as ex-
pected on the basis of world-sheet parity symmetry 2.

5.3. Two-tachyons one-massless one-massive: My (T1, T2, E3, K4)
Using KLT in the s-channel (1-2 exchange) one finds

M(T1, T2, &3, K4) =sin (ﬁ%) Ap(T1, Tr, A3, Hy) @ Ar(T>, T1, A3z, Ha) (69)

or more explicitly

U1+ p1k3)['(=1 + k3 pg)U' (1 + p2k3)
[(=p1k3)T' (2 — k3 pa)T' (= pak3)
1+k

|: —2a3Hp) — 2a3Hk3ﬂ

2—k3ps

M(T1,T2,83,Kq) =

1—k% 1+k
+azps (Psz273p4 JrksHksiw1 + 2P2Hk3>
k3 pi 2 —k3py
k3ps p2Hp> 1+ piks 1 —k3pa
- 613172(—(1 —k3ps) —ksHks————— —2poHk3————
D2k3 piks p2k3 p2k3
- ~ 14k
®[—25¢3le BTN ) s
2 —kapy
- ~ 1 —k3ps ~ 1+k3ps ~
+a3p4<P1HP17p +k3Hk37p +2p1Hk3
k3 p2 2 —k3ps
~ k3 ps Plgpl ~ 14 prks ~ 1 —kapa
—a3p1(7(1 —k3ps) —ksHk3———— —2p  Hks———— | |, (70
piks paks p1k3 p1ks

where & = a3 ® a3 and K4 = H ® H. Without much effort one can check that €4 =a®a+ta®a
with definite parity under 2 couple to X1+ = H ® H + H ® H with the same parity.

6. Soft limit of closed string amplitudes with massive insertions

In this section, we study the soft limit of 4-point amplitudes with massive insertions. We start
with the superstring and focus on the D = 4 case where the spinor helicity formalism largely
simplifies the results. We then pass to consider the bosonic strings and study tachyon insertions,
too. Finally we investigate the soft behavior for amplitudes with two Kalb—Ramond fields.
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6.1. Soft limit of superstring amplitudes in the spinor helicity formalism

Restring the momenta and polarizations to D = 4 allows us to derive compact expressions for
the universal soft operator in the spinor helicity formalism. For simplicity we focus on 4-point
amplitudes with three massless and one massive external legs. In particular, we will consider the
soft limit of the amplitudes in Egs. (54), (55), and (55), computed using KLT. When the graviton
with helicity & = +2 and momentum k3 goes to zero, we find

/—[13 [23] 12)
13 32 2k3p4 (71)
| 1 [<1q3>[31]~ D g2 0 (4g3)[43] + (53)[53]
=G - YA A —
VONGa Ly e T sy Cam Ty
([34]143 9 +[35]u3ai)i| (72)
us
2 |81 (8Nt 23] (. 8\
5= GN[2<31> (“3%) 23 ("385)
+ ([34]u 0 +[35]u 0 )2 (73)
4k3 p4 3 ity Yous) |

Applying the operators S', i =0, 1, 2 to the amplitudes

4 4
Ms(172,272 ) = /Gy LT (74)
m
14)2(24)2[15]%[25)%
M3(¢1,¢2JCI4)=\/GN< - >m[6 2] (75)

14)2(24)2[12]?
Ms(p1, 272 1Y = \/GN%’ (76)

we reproduce the soft expansions found respectively in Appendix A.1.1, A.1.2, and A.1.3
[13][231(12)% (14)*[25]*

0 242 prtdy _
SIM3(17 21K = Ny B2 2kaps b -
1 —2 42 prtdy [13]1[23][351[25]3 (12) (14)*
AR O T a2k s 7%)
2 2
SMs(17222K ) = 66y LRIBIBI12] (13) (14 .

(32)m52k3 pa

Had we chosen the leg with momentum kj to be soft in Eq. (54), we would have gotten a triv-
ial result, since the interaction vertex vanishes M3(&;2, 5;' 2 ICI4) = 0. While our results are
symmetric in the exchange of 2 <> 3, when the external leg with momentum k» is a graviton.

6.2. Soft limit of bosonic string amplitudes
6.2.1. Mu(T1,72,&3,74)

The simplest case to be considered is the amplitude with three tachyons and the one graviton

Ma(T1, T2, E3,7Ts)
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Ma(Th, T2, &3, Ta)
_ T +ksp)TQ + k3 p2)T'(1+k3 p1) (P153P1 P2E3p2 N P453P4>
Il —k3p)I'(1 —k3p)T'(1 —k3p1) \ k3pi k3 p> k3 pa
The dynamical factor in the above expression has a very special soft behavior

I'(1+k3pa) (1 + k3 p2)T'(1 + k3 p1)

I'(1 = k3pa) (1 —k3p2)['(1 — k3 p1)

Y ks (1) + 3 i3 p)’ T (D) + 3 i s kapiksp T2(D) + O(8%)

- YizkapiT'(D) + 3 Yiakap)? T (D) + 3 i s kapiksp T2 (1) + O(82)

=14+0%).
(81)

Eq. (81) does not spoil the soft behavior of the amplitude up to the sub-sub-leading order. This
happens every time the dynamical factor depends on the soft momentum as in Eq. (81) and in all
cases we are going to study we will always extract this factor. At this stage, the expansion of the
amplitude yields

(80)

& & &
Ma(Ti T & Toy = PIEPL 2832 | Pa&aps | 3y 82)
k3 p1 k3 p2 k3 ps4

Which agrees with the expected soft behavior since the three amplitude M3(71, T2, T1) is just a
number, so the action of the angular momentum operator gives zero.

6.2.2. My(&1,8,7T3,T4)
When & = hy/¢; and & = hy /¢, the soft theorem would suggest the following expansion
for the amplitude in Eq. (67)

p3éips  pa&ips  ka&ika\ p— | p—
SM3(&, T3, Ta) = P=g P-. a3
MS( 2 75 721) < k1p3 + k1p4 Ik > ) > (83)

kiJrEiky  kiJ3Eips  kiJaEipa\ p— o p-
+ 7827

31M3(52,7'3,7Z)=<

kiky k1p3 k1p4
_k&ip-ki&op- —kip-ké&i1&p-
N 2kiko
p3&1&ap—_kips — p3&ipski&ap-
_l’_
2ky p3
Eipaki1&Erp— — pa&r1érp_k
| Pasipaki&ap- — pai&ap-kips, 84)
2k1 p4
kih& bk kiJ3E 1kt kiJaErdski\ p— . p—
S*M3(&. T3, Ta) = 5=
362, 7. T0) ( 2kika 2k pa 2k1 pa )
_kip_ p-&&ki — p_Eip- ki&k —Ei& (ki po)?
o 4k ko
n 2p3E1&ky ki p3 — k1Eaky p3&aps — (kip3)* E1E2
4k p3
2p4&1 &kt ky ps — k1 Eaky pa&aps — (k1 pa)? E1E
" pa&1Exky k1 ps — k1Exky pa&aps — (k1pa) & (85)

4k pa
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Since Kalb—Ramond b-fields are odd under world-sheet parity we would expect zero because
M3(ba, T3, T4) = 0. Following the steps reported in Appendix A.2 we find that at the sub-sub-
leading order the soft behavior of the amplitude is not reproduced by the soft operator S2. In
particular, there are additional terms that we expect coming from the M3(hy, ho, ¢y) vertex,
Eq. (A.38).

For two Kalb—-Ramond fields & 2 = b1 2 the amplitude at leading order O(§ _1) is zero. The
expansion starts at order 09

kibyp_kobip—  kip_kobibap—

1
(V]

bsbs ) == —bb — 86
M, (b1, b2, T1, T2) 5 P=bibap— + ks + T (86)

1 1 1
MP b1, b2, Ti, To) = —5kip—kabibap— + skibap—kabi p- — Skabiboki

kip— p—bibyki
2ki1ko
_ (k p)*e(biby)
dkiky
It is worth to notice that there are only poles in &1k, as expected since M3(b, T, 7T) =0 due

to world-sheet parity. One can try to interpret the soft result as a factorization on the massless
pole viz.

1 1
+ EklkZ p-bibap_ + Zk1k2tr(blbz)

87)

. 1
Jdim Ma(br b2, T3 Ta) = 3 S Ma (b b e—hy = ko) 5= Ma (e + k). T3 Ta)
= e(k)

(88)

where e(k) collectively denotes the physical polarizations of the graviton and dilaton ey, =
huy + @uv. Alternatively, since 2k1ky = —2(ky + k2) p3 = —2(k1 + k2) p4, one can envisage a
‘double soft limit’, see e.g. [57-59],

lim M, 2(b1,b2, H3, ..., Hyy2)
ki,ko—0

1
= ——D(b1,br; k1 — k 2(H3, ..., Hy 89
Z(k1+k2)pi (b1, ba; k1 — ko) M, (H3 +2) (89)

;
where our present computations suggest
D(by, by ki — ko) = (ko — k1)b1 P; (k1 — k2)b2 P;
1
+ Z[(kl — k)2 P; — (ki — ko) Pi (k1 — k2)1{b1, b2} Pi. (90)

Clearly this issue deserves further investigation.’

6.2.3. My(T1, T2, E3,Ks)

For simplicity we consider only the case in which KCa[u, v, p, o] is the completely symmetric
irreducible state. In this case due to Q-parity £3 = h3/¢3 only. Applying the soft operators to the
three level amplitude

5 We thank Paolo Di Vecchia and Raffaele Marotta for interesting and fruitful discussions on this and related issues.
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p- P- P- DP-
M TvTvlC =’C [—7_9_5—] 91
3(T1, T2, Ka) = Ky R R On
we expect the following behavior

& & & _ p— p— p-
SOM3(T,T2,IC4)=<I)1 py | pEspr | pa 3P4)K4[1) P— p- P ]; ©92)
k3 p1 k3 p2 k3 pa

p1&3iks  pa&3haks  pa&s3daks p- p— p- p-
Sl y ’IC = ,C —_— =, =
Ma(T1 T2, ) < o T kap kaps |55 55
& & & _ p_
22(191 3p1 P2E3pr p- 3104>,C [p_’p_’p_’lg]
k3p1 k3p> k3 pq4 27272
& _
+2( <p1€3)“+(p283>“+(”“ W - >lc4 ﬂ%%%]
(93)
3 EH _
S2M5(Ti, Ta, Ka) = 5(<p1£3>“+<p253)“ k3p- (p—t3) )m s, 22 22
k3 p4 22
3 (k3p-)? p- D
|k k Al = =
4(3P1+ 3p2 + kapa K4[53, 7 2]
3 & & _&p_ _
_(m vy pa&apr  p-E3p ),C [k&k&p P ] 04)
4\ k3pi k3 p> k3pa 272
where
T = Pl —— 4 4K s oy | e (95)
dpuv = Piu apZ] 4lpsas By 8’C4[U,a,ﬂ,y].

Following the steps outlined in Appendix A.3, we reproduce the leading and sub-leading be-
havior as predicted by the soft theorem, but not the sub-sub-leading order. As for the amplitude
My (&1, &, T3, Ta) we are led to think that the mixing with the other degenerate string states
spoil the soft theorem statement at this order.

7. Conclusions and outlook

We have extended our analysis of the soft behavior of string amplitudes with massive inser-
tions to closed strings. Relying on our previous results for open strings and on KLT formulae we
have checked universality of the soft behavior to sub-leading order for superstring amplitudes.
At sub-sub-leading order we have argued in favor of universality on the basis of OPE of massless
and massive vertex operators and gauge invariance with respect to the soft gravitons. We have
also checked our statements against explicit 4-point amplitudes with one massive insertion in any
dimension, including D = 4, where use of the helicity spinor formalism drastically simplifies all
expressions. As a by-product of our analysis we have checked the cancellation of 72 arising
from sin(a.k;k ;) factors in KLT formula with those arising from open superstring amplitudes
in the soft limit, at sub-sub-leading order. This is expected for the ‘single valued projection’ ad-
vocated in [43,44] to hold for massive amplitudes, too. This is comforting, being closed string
theory of quantum gravity. Yet, our results are only valid at tree level and the proper extension to
one- and higher-loops is still under debate in that IR divergences seem to produce non-universal
log 8 terms [60] even in N =4 SYM at one-loop, let alone supergravity or superstring theories.
It would be very interesting to investigate this subject along the lines of [37,61] and establish
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whether logd terms exponentiate, as usual for IR divergences, and in case which would be the
relevant ‘anomalous’ dimension that governs this hopefully universal behavior. The approach
proposed in [62,63] based on the second Nother theorem seems promising in this respect, though
so far shown to be valid only at tree level.
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Appendix A. Expansion of the amplitudes
A.1. Soft limit of the amplitudes with the Konishi operator
In this section we give more details about the soft limit of the amplitudes in Egs. (54), (55)

and (56). As a preliminary step we consider the soft limit of the common dynamical factor when
the momentum k3 becomes soft in any case.

Plap)T(+kok) T thiky) _ koks oo
[ (2 —k3ps) T (—kok3) T (1 — k1k3) — k3 pakiko
(23)[32] 3
= 08\ . A'l
22k T b

Combining this expression with the expansions of the different kinetic terms we will get the final
result.

A.l1.1. The amplitude M4(5f2, 52+2, 5;2, /Cf‘)
The expansion of the kinematical term in Eq. (54) yields

[13](14)% [12][457*

N 12)@3ym8, (13)(32)
[13][12](14)* 4 4< (13)[35] 2(13)2[35]2) 3
12)*1251* (1 + 48 68 O(8%).
N(12)(13)(23)(32);7131< PIRTH ns T O 2pse ) OO
(A.2)
Combining the Eq. (A.1) with Eq. (A.2) we obtain up to order § terms
i [13][23](12)* (14)*[25]*
06™: GN(13)(32)2k3p4 m® (A.3)
o . [13][231[35][2513 (12) (14)*
oE%: 4Gy (32) 2k pam® (A4)
2 2 4
O®) : 6GN[13][23][35] [2513(13)(14) . A5

(32)2k3 pam®
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A.1.2. The amplitude Ma(p1, ¢, €52, K
The kinematical term in Eq. (55) yields

[13][12](14)*(24) [4514
Gy
(12)(23)(13)(32)m
[121[13]<14>2< 24)2
Y {12)23)(13)(32)m
(13)[35] | (23)[35]) | . ( (13)%[35)7 <23>2[35]2>>
<1+28<<12>[25] * <12>[151> e (<1z>2[2512 Tese)) A0
Here we give the result of the expansion to be compared with the predictions dictated by the soft
theorem.

<12>“[25]2[15]2

(12)2[13][23] (14)2(24)2[2513[15]?

oshH: G A7
G N 13)(32)2k3 pa mS, (A7)
2 2 2 2
0 26 (12)[13][23] (14)°(24)°[25]°[15] <<13>[35] n (23>[25]> (A8)
(13)(32)2k3 p4 m$, [25] [15]
[13][23]  (14)2(24)2[25]%[15]> ((13)2[35]2 (232)[25]2>
O@) : Gy
(13)(32)2k3 ps mS, [25)% [151?
(A.9)

A.1.3. The amplitude My (1, €2+2, 5;2, ’HIz)
To expand the amplitude in Eq. (56) we need to expand only A,

[13][12](14)4[45)>
N 12)(13)(23) (32)
. [13][12)(14)%[25]%(12) (13)[35] | ,(13)%[35])
=N T )23 (32) (”25( 25 <12>2[2512)’ (A10)
getting
i [13][23](12)? (14)2[25]*[12]
oEY: GN<13><32>2k3p4 — (A.11)
O [13][23](12) (14)2[25][35][12]?
0B%: 26y (3272 7e — (A.12)
' [13][23] (13)(14)2[3517[12]%
O@B): Gy T — . (A.13)

A.2. The amplitude M4(E1, &, T3, Ta)

It is convenient to factor out the structure in Eq. (81), which has a trivial soft behavior, from
the dynamical term in Eq. (68)

k1p3kipa

A=tk k2)2<1 +06%)

I(s,t,u)=—

1
= —kika k1 p3kipa <W +2+3k1k2> + 0. (A.14)
1K2
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The expansion of the kinematical structure £;KELK" can be organized as follows

& ICSéIC’Z =& /CflgélCil + 251/C05£/Ct71 + & IC0€§IC6, (A.15)
where
K_l=P3®p4+P4®P3 (A.16)
kip3 k1 pa
3 & ®
Ko=1-p3® p3— ps® ps+ oLk py+ 2D s (A.17)
kip3 kip4

The expansion of the amplitude up to O(5) yields

k1p3 ki ps4

M(&r, &, T3,7Ta) = 6( ki

EIIC_18§ICLI>

kipsk
+ 80 <—2%51K05§/€t_1 — 2k p3k1ps 51/C_1551C11>

kipsk
+ 8(—%51 Ko&3Kh — 4 k1 p3 ki pa E1K0EKL

—3k1k2k1p3k1p4511615510_1> +0@8). (A.18)

To make explicitly the expansion it is convenient to introduce the variables py = p3 + p4 and
p— = p3 — pa. As far as & is concerned, all the bilinear expressions involving & are well
organized

p-Ep_=0();  pi&po=—k&Ep-=0@0);  pi&apr =kiEki = O06?).
(A.19)

Starting with the tensorial structure £;K_1E5K" | respectively for £ » = h/¢ both symmetric
(graviton and dilaton) and for £1 2 = b both anti-symmetric (Kalb—Ramond fields) we get up to
o)

& & &
EKIEK (572 = (P3 173, pa&ips, P3€ips ) _&p.

(kip3)?  (kipa)? kip3kipa
p3&ip3 P451P4>p Erp
(kip3)? " (kipe)? ) T

EIK1EKL, (67 =5 <_

p3&1p3s  pa€ipa P3E1p4
EIK_1EK (8% = < )p Epy. (A.20)
SR kips)? " (kipa)?  kipskipa ) T
b1p4
biC_ bkt = 232PA A21
1K_1b,K- kpakipa’ 2P ( )

The expansion of the structure 21 CoE4K" | is up to O(1)
261 K0ELK (57

1 k k
< P3gl<€2 + p 52]7 (p351p_+p351p31—p4_p3glp4l_p3)>

~ kips kip3 k1p4

2 | ki k1p3
+ —<P45152p— +-p-&p- ( pa&1p— — P451P3—p + P451P4—))
k1p4 2 4 kip3 kipa
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26 K0&5KL,(8%) = Y (1’7351521%+ +5p+éap- <p351p4 = p3&1ps —kiij))

2 1 ki p3
+m<l)45152 + zp+&ap- <—P451P3+P451P4i)>-

2 kipa
(A.22)
bibyp_ b1brp_
2bllCob21C’ = p3b1bap—  pab1bap
kip3 kip4
3b1by 4b1b 3b1p4 4b1 3
P p+ P p++<p p4+ _ pabip )p+b2p_ (A.23)
kip3 kipa kip4 kip3

Finally we consider the expansion of the structure 81K05£IC6

1 k k
E1KOELKL (%) = £16 — —p_{E1. Elp- — L2 pagi&ap + 22 pisiEap_
2 kip3 k1p4

1 1 1 kip3 kip3
+zp-&Ep | zp3&1p3 + s pa&ipa — p3&ipa+ p3€1p3—— + pa&ipa——
2 2 2 k1p4 kip4

k ky 1 k 1 k
— p3&1pa—— 1P — p3&1pa—— LER. P351P3< 1p4) + = P451P4< 1p3> ) (A.24)
k1 pa kips 2 kip3 2 kipa

1 kipa ki p3
DKoy = ~bibs 3 (b1, ba)p—+ {1 psbibap — { pabibap—. (A29)

Now we have all the ingredients to compute the full expansion of the amplitude. Consider first
the symmetric case in which £/, = h/¢. At leading order we have
_ kipskipg
kiko
1

k1p4 k1p3 P351P4>
=—— | p3&ip3————— + ps&ipa -2 ~&p-
4 (p P kiky ki p3 pasip kiko ky pa kiky )P~

1K1K

& & ko&Erk - _
:<p3 1p3 | pa&ips | k& 2>p_ Ny (A.26)
ki p3 ki p4 kiko 2 2
which has the expected structure from the soft theorem.
The subleading order comes from three different contributions:
Il X 251K05§’CZ_1
kips4 p— 1 kip4 kip3
=2—~- \ —p3&1&—+-p-&Ep_| p3&1p- Eip3—— — p3&1pa——
A ) T gP-&2p-\ P3éip-t 3 1p3k1p3 p3 1p4k1p4
ki p3 p— 1 ki pa kip3
—2——= ps&i&—+ -p_Ep_| — pa&1p- — pa&1p3—— Eipa——) ).
k1ka paciéa= +4P 2p PaC1p— — p4 1P3k1p3+174 11!74k]p4
(A.27)
1 kips kip3
I x E K EK =—= (ps&ps—p —2p3&1pa+ pa& p4—p p-&p—. (A28)
2 kip3 ki pa

The subleading contribution coming from

1 ki1pa kip3
T x EIK_1EK === | =& p3——— E1pp————— Ep_. A.29
1 x E1IK_1EK 2( p3 1p3k1k2k1p3+p4 1p4k1k2k1p4>p+ 2P ( )
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The sum of these three gives the answer expected from the soft graviton theorem

1 p+&2p— 1
£ ESp_ + = £ — ps& — £ Ep_
%1 ps p3&1p3 p+éap +2(P3 1P3 — pa&1pa) kiks 2k1p4p4 1p4 p+&2p
P3
—p3&1&p— E1€rp—
p3cieap kk +P412P kk
& 1 & 1
=D ep s = P, ey —p4515217—
2k p3 2 2k1 p4
kip_ ka&1p—
- k& 1&ap. — ————piEp_. A.30
ik, 26 2P ks p+é&a2p ( )

It is straightforward to compare the last expression with the expected behavior
kih&iky p— . p— kzglp—k

kip
= - ko&1Ep— A.31
ki 222 T 1&2p 2kk212p ( )
kiJ3E1p3 p— kips  p3&ip3
MBAPS P e P= _ ei&op B e (A.32)
kips 2 2kips 2kips
kiJs&i1ps p— . p- kips | pa€ipa
——————&—=—ps&1&Ep_ ki&p_. (A.33)
kipg 2 72 P P 2kips  2kips P
The sub-sub-leading contribution comes from the sum of the following terms
kipsk
My = == PP KO£ (5°) — 4k ps i pa EK0ERKL 1 671)
1k2
k
—3kikakip3kipa E1K_1EKT (572) — %&K &K (5
1
kip3kips
~2kyp3ki pa E1K_1EKL (5 1)_%51@5;;@_1(30). (A34)
In Eq. (A.34) we can recognize the structures predicted by the soft theorem
1 k1 J3E1 T3k 1 1 1
ST _ C psEiEakt — ——kiEaki p3Eaps — ki3 €16 (A35)
2 k1p3 2 k pP3 4
1 k1 J4&1 4k 1 1 1
e Lh il g ps&1&ky — k1&Ek1 pa&ops — k1 paE1& (A.36)
2 kipa 2 P4 4
1 ky Ja&1 Jak _E1&k _&ip-ki&ki  E1&(kip-)?
_14141:k1p717121_17 1p- ki&ki  E1&akip-) (A37)
2 k1p4 2k1k2 4k1k2 4k1k2

and additional terms

~!

k kiko
a_( D= kr&1Ep— +Tp E1&p—

2
B klr‘fzp— kz&l’—)
— )

klp— ki&ap- k&ip-
2kiko

(A.38)

For two Kalb-Ramond fields &} , = —&{ , the amplitude at order O(8~") is zero. The expan-
sion starts at order O(8°) with

3b1 p4 _ 1
PP pibibap- = 2 p-{br. ba}p-. (A.39)

1p
Mo = _
0 kikn p+02p 2kika
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Note that p by = —k1 b is of order O(5), while pb; = —kpb is of order O(8Y). At order O(8)
the amplitude looks like

kipak
M = p3bi pa pabap— — biby APAZLP3

1
— —pibibap_kip—
*iks 5 P+bibap—kip
1 kip—
—pr{bl, bayp—_kiks + ZP+{b1, batpy +

—_— p,b b P+
2kiky 172
A.3. The amplitude M4(; ) ;2, 53, IC4)

(A.40)

The expansion is organized as follows. The dynamical term can be expanded as

L1+ pika)D'(=1 + k3p)T'(1 + pok3) _ kspikspa
L(=p1k3)I' (2 — k3 pa) ' (—p2k3)

(1 + 2k3 pa + 3(k3 pa)*) + O(83).
k3 p4

(A.41)
The expansion of the open string amplitude .A; can be expanded up to the O(8°) as
- I fazpy a3pi
L d \ksp2  kapi

a a
A(Lo) :50 [(_ 3P2k3 .+ 3P

1
p —k3P4> —2a3Hpi +2a3p4 p2Hps — 2a3p2
k3 p2 k3pi

p2Hks }
kapa |
(A.42)
The expansion of the kinematical term of the amplitude M (71, T, &3, K4) can be easily yield
multiplying the expansions of the open string amplitudes.
-2) _ 4(=D (=D
KT =A7" @ AR

The expansion for A is obtained by exchanging the labels 1 <> 2.

KV =A@ AR + AP @ A"
KO=AP @AY

(A.43)
For simplicity we consider only the case in which c K4 is the completely symmetric irreducible
state. To complete the expansion we need to disentangle the sub-leading contributions to each
K® term.

& & & — p— p— p-—
KD (572 = <_P1 3P1 P2&3p; p1&3p2 )lC4 [p_p_p_p_] (Add)
k3 p1 k3 p2 k3 p1ks p2 2727272
K26 H =0
K2 (69) = ( p&pr pi&ps

P253P2) P— p-
— + Ka|—,—., k3, k3]|.
2ksp1)? kapikspy | 2(ksp)? “[ 272" 3]
1) e &pr . pE3p2 pP- p- D-
KD 1):2(—”‘ + | S
(ksp1)?  (kzp2)? [

b 9 ’k]
222"
& & &
+2(]91 317; _, P& ;&
(k3p1) kap1 k3p2

pP- P- P- D-
kapafCa [ 2=, 2= B2
(k3pz)2) b 4[
(p1EH p— p— p- (p2E3)*
* ap 4[“’ 22 2] 243 pa 4[“’ ]

(A.45)
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& & & - -
,C(l)((so):z(Pl 31, P2y pifap2 )1!7_1L1k3117_Hk3 (A46)
(k3p1)®  (k3p2) kiprkspa) 2 2

&p2 p— D-
KO %) = 2Ky [ p,v, 2, 2] = PIBP2 g [P P2
O 4|:M 2 2] kap1 kipa 4[ 22 3 S:I

& & & &
+2<P1 3P;k3p4 ,P1E3p4 P2 3p§k3p4_2P2 3P4>
(k3p1) k3 p1 (k3 p2) k3 p2

p— p- p-
x Ka [2 22 ’k3]
P1&3pi P1&3p2 ,»  D2&3p2
ky pa)? +2- 21532 ks p
+( G2 P 2k 6P Gyt 7 ))

+
i |
2

p— p— p-

’C“[z 2727
1 p— DP- p— p- (& (p&E)*
i€ L Sl Sl

+gpagspaka [2 22 2]+ o kam

p— p-
x K4 [/L, ERE) k3]
(P1&* (p2E3)H P— p- P
— k3ps IC s s s . A.47
+( 2k3 p1 * 2k3 p> ba 4[M 272 2] ( )

Collecting the contributions to each term in the soft expansion, we reproduce the leading and
sub-leading behavior as predicted by the soft theorem, but we find that the sub-sub-leading order
is not.

k3p1 k3 pa

MED = K2 (5—2)
k3 pa
& & & _ p_ p_ p_
:(m 3Py pagspa | pa 3p4>lc4[p_’p_’p_7p_] (A48)
k3p1 k3 p2 k3 pa 222 2
k3p1 k kap1 k
MO = BPLEP2 je-2) 51y SPVBP2 je-) (571 4 ok py kg po K2 (572)
k3p4 k3 ps
& & _& _
:2(171 3p1 p2&3p2 P 31194),C [p s k3]
k3 p1 k3 p> k3 pq4 2727
( 5)
2( =& + (&) + Lk p- ) K [u,p—,”—,”—]. (A.49)
k3 p4 27272

For the sake of completeness we report the expression obtained at the sub-sub-leading order.

k3P1k3P2/C4[53, =, 2] k3p1kspa pa&spa Kal 5, 5, 55, 5]
k3 p4 4k3 p4
<P153p1 pi&p1 L n&pr  pa&ip pz&pz)
8k3 p1 8k3 pa 4k3 py 8k3 p2 8k3 pa

pP- D-
Ka[—, —, k3, k
X 4[2 5 ks 3]

(_k3p2p1€3p1 k3 p2 p1€3pa k3p1p253pz_k3p1p253p4)
4k3 p1 2k3 p4 4k3 p2 2k3 p4

pP- DP- P-
,C _’ _5 _7k
x Kal R 3]

MO —
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kapa (p1& kapr (p2&3)H p— p-
IC PR k
+( k3 p4 * k3 pa 4l 272 3!
1 _ p_ p_
+5 (k2 (1) = ka1 (P2E3)") Kl Bm. B2 B (A.50)
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