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Résumé en francais

Une percée importante dans I’étude de la correspondance AdS,/CFT, a été faite par Aharony, Bergman,
Jafferis et Maldacena [I] qui a trouvé une famille des théories de jauge superconformes a 3 dimensions
marquées par k € Z et qui ont été conjecturées étre les théories de volume d’universe d’une pile de N
branes M2 sondant C* /Zy,. Une théorie de cette famille est donc duale a la théorie M dans AdSy x S7 Yym
ou, pour k grand, & la théorie des cordes de type ITA dans AdS; x CP3. Cette théorie est communément
appelé la théorie ABJM. Plus tard elle a été généralisée & d’autres exemples de ce qu’on appelle les
théories Chern—Simons—matter (CSM), qui ont été conjecturé pour décrire N branes M2 sondant une
variété de Calabi-Yau Yg. Pour N grandes la géométrie a cause de back-reaction devient AdS,y x X7 de
sorte que Yg est un cone sur X7 qui est alors une variété tri-Sasaki-Einstein. Ainsi, on peut déclarer la
correspondance

théorie CSM «— M-théorie dans AdS, x X5 (1)

Les données nécessaires pour définir une théorie CSM sont un groupe de jauge G et sa représentation
R pour les champs de matiére. Il faut également fixer les niveaux de CS, c.-a-d. un entier pour chaque
composant simple de G. Kapustin, Willett et Yaakov dans [2] & I’aide du procédé de localisation ont
réduit l'intégrale de chemin pour une théorie Chern—Simons—matter a une intégrale de matrice de la

forme suivante: d 9 sinh @
7 o /daehmr“ detaq 2sinh 5 )
detr 2 cosh §

ou l'intégration est effectuée sur la sous-algébre de Cartan de ’algébre de Lie g du groupe de jauge G,
et Tr est un certain produit invariant interne de g qui dépend du choix des niveaux de CS, et

detR f H f (3)

ou le produit est effectuée sur les poids de la représentation R (dans le cas de la représentation adjointe
(R = Ad) nous excluons les poids nuls). Le but principal de cette thése est une analyse détaillée des
modeles de matrices de type (3)) et Papplication des résultats obtenus a la vérification explicite non triviale
de la correspondance AdS,/CFTs5. Le premier chapitre de la thése donne une revue des connaissances
de base qui sont utilisé dans la partie principale de la thése.

Dans le deuxiéme chapitre nous effectuons une analyse détaillée des modéles de matrice CSM dans
la limite de 't Hooft. Dans le cas du modéle de matrice ABJM cette limite est définie comme suit:

N
N — oo, A= n est fixé. (4)
Alors les observables ont des séries asymptotiques en gs = 27i/k qui sont appelées les développements

de genre, ou topologiques. Par exemple, pour I’énergie libre on a

=logZ =) g2 Fy(X (5)
g=>0

Il y a une approche universelle pour étudier ces développements dans les modéles de matrice basée sur la
notion d’une courbe spectrale. Dans cette approche la solution d'un modéle de matrice est entiérement
déterminée par une courbe complexe C, appelée courbe spectrale, une 1-forme méromorphe w sur cette
courbe et un choix d’une base dans H;(C,Z). D’abord nous établissons la relation entre le modéle
de matrice ABJM et le modéle de matrice pour la théorie de Chern—Simons sur 'espace lenticulaire
L(2,1) = RP3:

ZaBiMm (N1, N2, gs) = Zr2,1) (N1, —Na, gs) (6)

ou l'on considére la généralisation [3] de la théorie originale de ABJM au cas avec le groupe de jauge
U(Ny) x U(Nz). En utilisant cette relation et la solution connue du modéle de matrice de l’espace
lenticulaire nous construisons explicitement la solution du modéle de matrice ABJM en termes de la
courbe spectrale. En utilisant en outre le fait que la théorie de CS sur L(2, 1) est un grand-N double des
cordes topologiques sur P! x P! local, nous concluons que 'espace des modules de la théorie ABJM est
un sous-espace réel certain de ’espace des modules des structures de Kihler complexifiées de P! x P!,
Dans le cas de la théorie ABJM nous avons trouvé les expressions explicites exactes pour ’énergie
libre et les boucle de Wilson BPS pour quelques premiers genres. Le développement de couplage faible
(A — 0) peut étre vérifiée pour étre en accord avec les calculs dans la théorie des perturbations de la



théorie quantique des champs. Et nous vérifions que I’expansion de couplage fort (A — 00) est en accord
avec la prédiction du coté de la théorie des cordes par la correspondance AdS/CFT. En particulier, nous
trouvons qu’au premier ordre
3

Fo ~ “Tﬁx“’/?, A — . (7)
qui fournit une dérivation de la mystérieuse loi de N3/2 pour I’énergie libre prédite a partir de la théorie
des cordes [4]. En outre, nous montrons que le coefficient coincide avec celui qui peut étre obtenu a
partir du calcul de la supergravité. Nous trouvons aussi que les limites de couplage fort des boucles de
Wilson 1/2 et 1/6 BPS sont en accord avec le comportement prédit par la correspondance AdS/CFT.
Nous avons également étudié en détail les corrections sous-dominantes et trouvé qu’elles sont aussi en
accord avec le coté de la théorie des cordes de la dualité. En particulier, les corrections non-perturbatives
peuvent étre interprétées comme les contributions des instantons de feuille d’univers.

Dans les sections 2.8 - 2.11, nous développons une méthode géométrique permettant le calcul direct
de la limite de couplage fort sans obtenir d’abord les expressions exactes. La caractéristique principale
de cette méthode est que 'ordre dominant des observables du modéle de matrice au couplage fort peut
étre calculé en termes de la version tropicale de la courbe spectrale. En utilisant cette méthode, nous

vérifions la relation générale
276
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prédite par la correspondance dans le cas de la théorie ABJM avec des saveurs.

Dans la section 2.12, nous utilisons les équations d’anomalie holomorphe pour trouver les expressions
explicites de Fy(\) pour grand genre g dans le cas de la théorie ABJM pure. Dans la section 2.13, nous
analysons le comportement de F(\) & grande genre et on trouve

Fy(A) ~T(29—1)(A(N)™%, g>1 (9)

d’ott on déduit la forme des instantons de grand N, les contributions non-perturbatives a ’énergie libre
qui ne peuvent pas étre vues directement dans la série asymptotique (9)):

~e us . (10)

Nous montrons que A(A), laction de l'instanton, est déterminée par une période de w sur la courbe
spectrale. Dans la derniére section, nous montrons que, dans la limite de couplage fort ’action coincide
avec 'action de D2-brane enveloppant RP? dans CP? dans le double de type IIA fournissant une autre
vérification non triviale de la correspondance AdS/CFT. Le deuxiéme chapitre est basé sur les papiers
originaux [5} [@} [7, [§].

Dans le troisiéme chapitre, nous développons une approche complétement différente pour étudier les
modéles de matrice CSM. Nous constatons que la fonction de partition du modéle de matrice d’une
théorie NV > 3 peut étre interprétée comme la fonction de partition d’un gaz parfait de Fermi avec une
certaine hamiltonien & une particule & une dimension. En utilisant cette approche, nous étudions la
fonction de partition dans la limite

N — oo, les niveaux de CS sont fixés. (11)

Cette limite peut étre dénommeée la limite de théorie M, tandis que (4]) peut étre considéré comme la limite
de type ITA. Du point de vue de gaz de Fermi, la limite est la limite thermodynamique ordinaire qui
est déterminé par le comportement asymptotique des valeurs propres de I'hamiltonien. Cela permet une
dérivation élémentaire de la loi N3/2 dans le cadre standard de la mécanique statistique. Il s’avére
que a l'aide de I’analyse semi-classique du spectre il est possible de trouver une expression fermée de la
partie perturbative compléte de la fonction de partition:

Z(N) x Ai [0-1/3(1\] - B)} (140 N), N-owx (12)

ou les constantes C' et B varient avec la théorie CSM et dépendent des niveaux de CS. Nous étudions
également la structure des contributions non perturbatives en N dans la description de gaz de Fermi et
les interprétons comme les instantons de membrane sur le c6té de la théorie des cordes. Le troisiéme
chapitre est basé sur le papier original [9].
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Chapter 0

Introduction and summary

0.1 DMotivation

Understanding the nonperturbative dynamics of gauge theories is one of the most challenging problems
of theoretical physics. As usual in physics, there are essentially two ways: either one can try to study
a real-life theory by some approximate methods (e.g. considering QCD on a lattice), or one can study
a different theory (e.g. supersymmetric gauge theory) which has better properties, more controllable
from mathematical point of view, and can be solved exactly to some extent but its non-trivial part of
the dynamics is believed to be the same as in the real-life theory. Such simplified theories can also be
considered as toy models where one can develop some new techniques which could be useful later for
solving real-life theories.

A lot of progress has been made over the last 20 years in studying supersymmetric gauge theories.
Ones of the most important breakthroughs were the solution of N’ = 2 theories by Seiberg and Witten
[10] (and the subsequent direct calculation by Nekrasov [11]) and the discovery of the AdS/CFT corre-
spondence by Maldacena [12]. The AdS/CFT correspondence is a conjecture that states that observables
in d-dimensional supersymmetric gauge theories are related to certain observables in string theory with
background geometry involving AdS441 space so that the space—time of the gauge theory is associated to
the boundary of AdS4.1. From the string theory point of view the U(N) gauge theory can be understood
as a world-volume theory of N coincident d-dimensional branes. When N is large the geometry of the
ambient string theory target space backreacts and deforms into AdSg41. The direct verification of the
AdS/CFT correspondence is hard since the string theory side is well understood only in the supergravity
limit which corresponds to the strong coupling limit of gauge theory where one cannot use the standard
perturbation theory. For example the AdS/CFT correspondence implies that the strong coupling limit
of a Wilson loop observable in gauge theory is related to a string whose world-sheet boundary lies in the
boundary of AdS441 and coincides with the loop. In particular this implies automatically the famous
area-law behavior for the Wilson loop which is equivalent to the statement that there is a linear confining
potential between probe quarks.

An important result concerning Wilson loop in supersymmetric gauge theories was made by Pestun
[13] who showed that the vacuum expectation value of a certain Wilson loops in N/ = 4 and N = 2
4-dimensional super Yang-Mills (SYM) theories can be reduced to a matrix integral, and thus can be
calculated exactly, and the strong coupling limit is in agreement with the AdS/CFT prediction.

The AdS/CFT correspondence was mostly studied in its original formulation which states that N =4
SYM theory is dual to type IIB string theory in AdSs x S°. For a long time it was a problem to construct
a proper 3-dimensional gauge theory that would have enough amount of supersymmetry and participate
in AdS,/CFT; duality. A breakthrough was made by Aharony, Bergman, Jafferis and Maldacena [I]
who found a family of theories labeled by k € Z and which were conjectured to be the world-volume
theories for a stack of N M2 branes probing C*/Z;, and thus dual to M-theory in AdS, x S7/Z;, or, for
large k, to type IIA string theory in AdS; x CP3. A theory of this family is commonly referred to as
ABJM theory. For the case N = 2 it is equivalent to the previously constructed BLG theory [14, [15]. It
was later generalized to other examples of so-called Chern—Simons—matter (CSM) theories (described in
detail in the next chapter) which were conjectured to describe N M2-branes probing a Calabi-Yau 4-fold
Ys. For large N the geometry backreacts into AdS, x X7 so that Yg is a cone over X7 which is then a
tri-Sasaki-Einstein manifold. Thus one can state the correspondence

CSM theory «— M-theory in AdSy x X7 (0.1.1)

9



10 CHAPTER 0. INTRODUCTION AND SUMMARY

Apart from a manifold X7 one also needs to fix a 3-form torsion flux, an element of H3(X7,Z), to define
completely the background of M-theory. The data needed to define a CSM theory is a gauge group G
and its representation R for matter fields. One also needs to fix the CS levels, an integer for each simple
component of G.

An important progress was made by Kapustin, Willett and Yaakov in [2]. Similarly to localization
for 4 dimension theories considered by Pestun [13], one can perform localization in the path integral
for Chern—Simons—matter and reduce it to a matrix integral. For a general supersymmetric N' > 3
Chern—Simons—theory the matrix integral reads as follows in condensed notations:

i detAd 2sinh 2
A dgeasTra® 2427 2 0.1.2
x / ae detg 2 cosh § ( )

where the integration is performed over the Cartan subalgebra of the Lie algebra g of the gauge group
G, Tr defines some invariant inner product on g which depends on the choice of CS levels, and

detp f(a) = [ ] £(p(a)) (0-13)

where the product runs over the weights of the representation R (in the case of the adjoint representation
(R = Ad) we exclude zero weights). Note that localization to a matrix model can be performed for a
general N' = 2 CSM theory, however such theory does not always have an M-theory dual of type
AdS4 X X7.

The main purpose of this thesis is detailed analysis of matrix models of type and application
of the obtained results to explicit non-trivial verification of the AdS,;/CFT3 correspondence.

0.2 Organization of the thesis and summary of the results

In the first chapter we give a review of background knowledge that is used in the main part of the thesis.
Namely, we consider Chern—Simons—matter theories, their string theory duals and localization. This
chapter follows the lectures [16ﬂ

In the second chapter we perform detailed analysis of CSM matrix models in the so-called 't Hooft
limit. In the case of ABJM matrix model it is defined as follows:

N
N — oo, A= m is fixed. (0.2.1)
Then the observables have asymptotic series in g; = 2mi/k which are called genus, or topological,
expansions. For example, for the free energy one has
F=logZ=> g2 *F,(\). (0.2.2)
920

There is a universal approach to study such expansions in matrix models based on the notion of a spectral
curve. In this approach solution to a matrix model is determined completely by a complex curve C, called
a spectral curve, a meromorphic 1-form w on this curve (which for a special choice of variables reads as
w = ydz while the curve is determined by P(y,z) = 0) and also a choice of a basis in Hy(C,Z). First we
establish the relation between the ABJM matrix model and the matrix model for ordinary Chern—Simons
theory on the lens space L(2,1) = RP3:

Zaim(N1, N2, gs) = Zr,2,1) (N1, — N2, gs) (0.2.3)

where we consider the generalization [3] of the original ABJM theory to the case with the gauge group
U(Ny) x U(Nz). Using this relation and the known solution of the lens space matrix model we build
explicitly the solution of the ABJM matrix model in terms of the spectral curve. Using further the
fact that Chern—Simons theory on L(2,1) is large-N dual to the topological strings on local P! x P! we
conclude that the real 2-dimensional moduli space of the ABJM theory is a certain real subspace of the
complex 2-dimensional moduli space of complexified Kihler structures on P! x P!. In particular, the
weak coupling limit of ABJM theory corresponds to the orbifold point of local P* x P! while the strong
coupling limit corresponds to the large radius limit.

1The author of this thesis is grateful to his supervisor, Professor Marifio, for allowing to use the notes of his lectures for
the introductory chapter.



0.2. ORGANIZATION OF THE THESIS AND SUMMARY OF THE RESULTS 11

In the case of ABJM theory we found exact explicit expressions for the free energy and Wilson loop
for the first few genera. They can be considered as exact interpolation functions of A between the weak
(A — 0) and strong (A — o) expansions. The weak expansion can be checked to be in agreement with
the perturbation theory calculations in the quantum field theory. And we verify that the strong coupling
expansion is in agreement with the prediction by the AdS/CFT correspondence from the string theory
side. In particular we find that in the leading order

~ 471’3\/5)\3/2,

) 3

A — 0. (0.2.4)
which provides a derivation of the mysterious N*/? scaling of the free energy predicted from the string
theory [4]. Furthermore we show that the coefficient coincides with the one that can be obtained from
the supergravity calculation. For 1/2 and 1/6 BPS Wilson loops we find

Wg) ~e™P N5 . (0.2.5)

)

which is in agreement with the area law behavior predicted by AdS/CFT. We also study in detail
the subleading corrections and find that they are also in agreement with the string theory side of the
duality. In particular, non-perturbative corrections can be interpreted as contributions from world-sheet
instantons.

In sections 2.8-2.11 we consider a generalization of the ABJM theory with additional matter multiplets
in the (anti)fundamental representation [I7]. Although it is again possible to find the spectral curve
of the corresponding matrix model exactly, its explicit expression is no longer algebraic and contains
special functions. Therefore finding the exact explicit expressions for the free energy and the Wilson
loops becomes extremely hard. To avoid this problem we develop a geometrical method allowing direct
calculation of the strong coupling limit without obtaining first the exact expressions. The key feature of
this method is that the strong coupling limit is related to the tropical, or ultradiscretization, limit of the
spectral curve. In this limit the original complex curve in C* x C* can be described by a piece-wise linear
graph in R2. The leading order of matrix model observables at the strong coupling can be calculated in
terms of this graph. Using this method we verify the general relation

276
Fr—y|—"  N3/2 N 0.2.6
\/ 27vol(X7) - (02.6)

implied by the correspondence (0.1.1) in the case of flavored ABJM theory. For the theory with Ny
flavors the dual space is the so-called Eschenburg space that can be constructed as the hyper-Ké&hler
quotient of H® 2 C!'2 by the action of U(1) with the weights (N, Ny, k). Its volume was computed in
[18]:

k+ Nf/2 7
1(X7) = ———— vol(S"). 0.2.7
vol(X7) = {3 vol(ST) (027)
We also calculate the strong coupling limit of the 1/2 and 1/6 BPS Wilson loops:
2rN1/2
Wg) ~e _—_ 0.2.8
Wo) xp< me) (023)

and argue that it agrees with the prediction from the string theory side.

In section 2.12 we use holomorphic anomaly equations to find explicit expressions of F,(\) for large
genus ¢ in the case of pure ABJM theory. In section 2.13 we analyze the large genus behavior of Fj;(X)
and we find

F,(\) ~T(2g—1)(AN)™%,  g>1. (0.2.9)

from which we deduce the form of large IV instantons, non-perturbative contributions to the free energy
that cannot be seen directly in the asymptotic series (0.2.2]):

~e T, (0.2.10)

A = l/w (0.2.11)
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where the choice of the contour 7 varies with the region of the moduli space. In the last section we show
that in the strong coupling limit

—1A(N) =~ 272V2), A — o0 (0.2.12)

the instanton action coincides with the action of D2-brane wrapping RP? inside CPP? in the type IIA dual
thus providing another nontrivial check of the AdS/CFT correspondence. Conceptually, this approach
to study nonperturbative effects is similar to what had been pursued in the case of noncritical strings
[19, 20, 21} 22]. The second chapter is based on the original papers [5[6L7,[8].

In the third chapter we develop a completely different approach to study CSM matrix models. We
find that the partition function of the matrix model of a N' > 3 theory can be interpreted as the partition
function of an ideal Fermi gas with a certain 1-particle Hamiltonian in one dimension. This defines the
correspondence

CSM theory «— 1-dim Hamiltonian H (0.2.13)

Using this approach we study the partition function in the limit
N — o0, CS levels fixed. (0.2.14)

In this limit one can verify AdS/CFT directly in the M-theory picture and not in the type ITA picture
as one should do for the limit as the latter assumes the expansion w.r.t. the small string coupling
gs. The limit can be referred to as the M-theory limit while can be considered as the type
ITA limit. From the Fermi gas point of view the limit is the ordinary thermodynamical limit
which is determined by the asymptotics of the eigenvalues of the Hamiltonian. This allows an elementary
derivation of the N3/? scaling in the standard framework of statistical mechanics. It turns out
that using the semi-classical analysis of the spectrum it is possible to find a closed expression of the full
perturbative part of the partition function:

Z(N)  Ai {C‘”‘"’(N - B)} (1406 N),  N-ooo (0.2.15)

where the constants C' and B vary with CSM theory and depend on CS levels. This generalizes the
result of [23] obtained for the case of ABJM theory. We also study the structure of contributions non-
perturbative in N in the Fermi gas picture and interpret them as membrane instantons on the string
theory side. The third chapter is based on the original paper [9].

0.3 Current state of the field and open problems

In this section we point out advantages and disadvantages of three known approaches (two of which are
considered in detail in this thesis) to study CSM matrix models and indicate some open problems.

1) In the first approach one considers the 't Hooft limit and uses the standard tools of matrix models.
This is the approach described and used in the second chapter of this thesis. The main advantage of this
approach is that, once the spectral curve is found, it is in principle possible to find the free energy and
the Wilson loops exactly in terms of integrals over cycles on the spectral curve. This approach works
very well in the case of ABJM theory but it is difficult to find explicit expression for the spectral curve
for other CSM theories. However, when one is interested in the strong coupling limit, as we show in
the second chapter on the example of the flavored ABJM theory, it is sufficient to find only the tropical
version of the spectral curve.

It would be interesting to have a general scheme of studying CSM theories in terms of tropical
geometry. There also arises an interesting mathematical problem of constructing a “tropical” version of
topological recursion of Eynard and Orantin [24].

Since our description of matrix model instantons in section 2.13 is made in the language of special
geometry, it should determine the large order behavior of the genus g amplitudes in general topological
string models, not necessarily encoded in matrix integrals. It would be interesting to study simple models
with a spectral curve description, like topological string theory on local P2, in order to test the method
and learn about possible non-perturbative structures in topological strings. The general picture we have
developed might shed further light in related contexts, like the models studied in [25].

It is puzzling that the connection between ABJM theory and topological strings discussed in the
second chapter seems to be accidental and lack a generalization for other CSM theories.

2) The second approach is the Fermi gas approach described in the third chapter of the thesis. In
this approach one considers CSM theory in the M-theory limit and it allows the systematic study of 1/N
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corrections. However in the case of N = 2 CSM theories the corresponding Fermi gas is no longer free
and it becomes very hard to go beyond the leading order of the strong coupling limit. It is also unclear
whether it is possible to generalize this approach to the theories defined by D, E quivers considered in
[26] and quivers with the gauge groups of different ranks in the nodes.

It would be interesting to understand the Fermi gas picture at a deeper level and find out if it has some
direct interpretation in the string theory picture. Since D-branes behave as fermions (see for example
[27]), and the gauge theories we have considered have D-brane realizations, one might be able to derive
this picture directly from the D-branes underlying the gauge theory.

The exact perturbative partition function found with the Fermi gas approach should provide
a lot of information about M-theory dual. It is an interesting problem to check that the subleading 1/N
terms are in agreement with M-theory.

Fermi gas formalism seems appropriate to study the strong-coupling regime of matrix models and
topological strings. For example, as shown in the second chapter, the ABJM matrix model corresponds
to a submanifold of the moduli space of topological strings on local P! x P!. However, by looking at
for example , it is clear that the grand canonical potential of ABJM theory seems to be directly
related to the topological string free energy in the large radius frame. Therefore, our calculation of J ()
for the ABJM theory can be interpreted as a concrete strong coupling expansion of this topological string
free energy, including non-perturbative effects. The worldsheet instantons of the topological string at
large radius would appear then as quantum-mechanical instantons of the Fermi gas. Notice also that
the grand canonical partition function, which is the focus of this paper, involves the sum over fluxes first
considered in the context of topological strings in [27], and studied from the matrix model point of view
in [28] 29] [30]. Our formalism gives a concrete approach to calculate this object at strong coupling, but
one should clarify the relation between the picture proposed here and the non-perturbative approach of
[28] 29] involving theta functions on the spectral curve. It would be very interesting to develop further
all these relationships to topological string theory.

Although the equivalence between the matrix models and the Fermi gas partition function is an exact
statement at finite N and k, in this paper we have worked in the thermodynamic limit (large N) and
in the semiclassical limit (expansion in powers of k around k = 0). Fortunately, as we have seen, the
expansion in 1/N satisfies some sort of “non-renormalization” property and we can determine it at finite
k by a next-to-leading computation in the WKB expansion. An obvious challenge is to solve the Fermi
gas problem at finite k, say £ = 1, to make full contact with the M-theory expansion. This would
amount to a resummation of the non-perturbative effects computed in this paper order by order in k.
One possible route to achieve this is to find the exact eigenvalue spectrum of the quantum Hamiltonian,
or equivalently, of the density matrix p. In the case of ABJM theory, this means solving the integral

equation (3.2.19)), which can be written as

/dx’p(x,x’)¢n(x’) = An&n(x), (0.3.1)

where the kernel can be written in the form
e~ 3U(@)—3U(2)

_ — 0.3.2
47k cosh (“glf ) ( )

p(x,a’)

This type of kernel appears in other contexts, like the O(2) matrix model [3I] (albeit with a different
U(z)), and it is connected to both the Hirota hierarchy [31 [32] and to the Thermodynamic Bethe
Ansatz [33, B4]. At least for £k = 1,2 (where supersymmetry is enhanced), we anticipate a nice solution
to the eigenvalue problem in terms of an integrable system. In particular, the relation to differentiable
hierarchies of the Hirota type suggests that the propery [0.2.15] might be proved by performing a suitable
double-scaling limit in the hierarchy.

It would be also very interesting to develop further the relationship between worldsheet instantons and
quantum mechanical instantons of the Fermi gas sketched in section It is clear that the solution of
the ABJM theory found in the second chapter, in the 't Hooft expansion, is extremely powerful in order
to capture these corrections, but it would be important for the development of the Fermi gas approach
to have a better understanding of this issue.

Finally, there might be a connection between the Fermi gas of this paper and two other pictures
for string/M-theory based on fermions: the droplet picture proposed in [35, B6] to analyze 1/2 BPS
operators in N' =4 SYM theory, and the Fermi liquid picture of non-critical M-theory proposed in [37].

3) There is also another approach which is not used in this thesis and was first developed in [3§]
and was later successfully applied for a very large class of N' > 2 CSM theories [26], [38], 39, [40], [4T], 42].
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This approach considers CSM matrix model directly in the M-theory limit. The leading term of the free
energy is determined in terms of variational principle w.r.t. the limiting distribution of eigenvalues:

F(N) = =N*2min Flp, yo] (0.3.3)

The disadvantage of this approach is that it is very hard to study 1/N corrections and go beyond the
leading term in the strong coupling limit.
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Chapter 1

Chern—Simons—matter theories and
their gravity duals

The purpose of this chapter is to provide some background knowledge about Chern—Simons—matter
theories underlying the calculations performed in the rest of the thesis. This chapter is heavily based
on the lectures [16]. The organization of the chapter is as follows. Section 1.1 introduces Euclidean
supersymmetric Chern—Simons—matter theories on the three-sphere and their classical properties. In
section 1.2 we analyze perturbative Chern—Simons theory in some detail and in some generality. In
section 1.3 we calculate the free energy of Chern-Simons-matter theories on S at one-loop. Next, in
section 1.4, we look at the free energy at strong coupling by using the AdS dual, and we explain the
basics of holographic renormalization of the gravitational action. In section 1.5 we review the localization
computation of [2] (incorporating some simplifications in [43]), which leads to a matrix model formulation
of the free energy of ABJM theory.

1.1 Supersymmetric Chern—Simons—matter theories

In this section we will introduce the basic building blocks of supersymmetric Chern—Simons—matter
theories. We will work in Euclidean space, and we will put the theories on the three-sphere, since we
are eventually interested in computing the free energy of the gauge theory in this curved space. In this
section we will closely follow the presentation of [43].

1.1.1 Conventions

Our conventions for Euclidean spinors follow essentially [44]. In Euclidean space, the fermions ¢ and
1) are independent and they transform in the same representation of the Lorentz group. Their index
structure is

(TR VA (1.1.1)
We will take 7, to be the Pauli matrices, which are hermitian, and
1 . o
Yuv = E[Vua%/] = 1€uvp7"- (1'1'2)

We introduce the usual symplectic product through the antisymmetric matrix

Cop = <_OC g) (1.1.3)

In [44] we have C' = —1 and the matrix is denoted by €,g. The product is

EX = ECup)’. (1.1.4)
Notice that
N = e7Chy (v1), A (1.1.5)
It is easy to check that
EXN=AE eyt = —\yHe, (1.1.6)

15
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and in particular

(vHE) A = —&y* . (1.1.7)
We also have the following Fierz identities
é(e) +e(ey) + (€) =0 (1.1.8)
and
€ (€) + 2 (€e) ¢ + (Eyuyp) 7M'e = 0. (1.1.9)

1.1.2 Vector multiplet and supersymmetric Chern—Simons theory

We first start with theories based on vector multiplets. The three dimensional Euclidean N = 2 vector
superfield V has the following content

vV A, o, A\, A, D, (1.1.10)

where A, is a gauge field, o is an auxiliary scalar field, A, \ are two-component complex Dirac spinors,
and D is an auxiliary scalar. This is just the dimensional reduction of the N/ = 1 vector multiplet in 4
dimensions, and o is the reduction of the fourth component of A,,. All fields are valued in the Lie algebra
g of the gauge group G. For G = U(N) our convention is that g are Hermitian matrices. It follows that
the gauge covariant derivative is given by

Ou +1i[A,, ] (1.1.11)
while the gauge field strength is
Fu = 0,A, — 0, A, +i[A,, A)). (1.1.12)

The transformations of the fields are generated by two independent complex spinors €, €. They are
given by,

i _
0A, = 5(6’7;%\ — MYu€),
1 _
0o = —(EX — Xe),
2
1 2i
0N = =57 €k — De+in'eDyo + glov“D,LE, (1.1.13)

S

1 2i
757’“’€FW + De —iv'eD, o — glafy”DHE,

5D = —%Ey“DW\ - %D#Xwe + %[a, o] + %[Xe,a} . %(Dua")\ + 21D,

and we split naturally
0 = 0c + Ce. (1.1.14)

Here we follow the conventions of [43], but we change the sign of the gauge connection: A4, — —A,.
The derivative D,, is covariant with respect to both the gauge field and the spin connection. On all the
fields, except D, the commutator [dc, d¢] becomes a sum of translation, gauge transformation, Lorentz
rotation, dilation and R-rotation:

[0c, 0e) A, =iv" 0, A, + 10,07 Ay — D, A,
[0¢, 6cJo =" 0,0 +i[A, o] + po,

i 3
ey O A =10H O + =0, Y™ A +1[A, A + = pX + @,
[ A =iv#d, + 10wy +if ]+2p + (1.1.15)

[6c, e X =ivh O\ + i@wwx Fi[A N + gpx — ),

1
[0c, 0e) D =iv"'0,,D +i[A, D] + 2pD + ga(éfy“'y”DuDye —ey"y"D,D,é€),
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where
vt =eyte,
oM =Dyl 4 U)‘wﬁ\“',
A =vMiA, + oée, (1.1.16)

p =5(ey"Dye + Dyey'e),
o =1 (D,ey'e — ey"Dye).

Here, wi” is the spin connection. As a check, let us calculate the commutator acting on o. We have,

1_ 1-
[5675€]U =4 (2€>\> — 0z <—2)\6>

1 . i_,
— (—Q’YWGFNV — De + 1’y”6DM0) + 567} (Due) o

N | =

(1.1.17)

. .
+ <_2'7HV€F;W + De — iv“e%@) €= %7“ (Dyé) e

N

=iey"eD, o + po,
where we have used (|1.1.7]).

In order for the supersymmetry algebra to close, the last term in the right hand side of [0, ¢] D must
vanish. This is the case if the Killing spinors satisfy

v#4* D, D, € = he, 4" Dy Dy€E = he (1.1.18)

for some scalar function h. A sufficient condition for this is to have

i _ i
DHE = 5,7”67 DILLE = 57/16 (1.119)
and
h=_ (1.1.20)
= 12 A

where 7 is the radius of the three-sphere. This condition is satisfied by one of the Killing spinors on the
three-sphere (the one which is constant in the left-invariant frame). Notice that, with this choice, p in

(1.1.16]) vanishes.
The (Euclidean) SUSY Chern—Simons (CS) action, in flat space, is given by

2i -
Sscs = —/d3xT‘r (A/\dA+ §1A3 — A\ + 2Do)
o (1.1.21)
_ / 43z Tr (aw (AH&,AP + ;ANA,,AP) — M+ 21:)0) .

Here Tr denotes the trace in the fundamental representation. The part of the action involving the gauge
connection A is the standard, bosonic CS action in three dimensions. This action was first considered
from the point of view of QFT in [45], where the total action for a non-abelian gauge field was the sum
of the standard Yang-Mills action and the CS action. In [46], the CS action was considered by itself and
shown to lead to a topological gauge theory.

We can check that the supersymmetric CS action is invariant under the supersymmetry generated
by . (the proof for J¢ is similar).The supersymmetric variation of the integrand of is

(20A,0,A, +2i6A, A, A,) P — XS\ + 2(6D)o + 2Déo
= —iMy, €0, Ape™? + My €Ay AP

(1, , 2
—A (—27“ F, —D+ WHDHa) €— gx\’y“DHea (1.1.22)
—1i(DuA) Y oe +i[Ae, o]0 — %X’y”DHea — XeD.

The terms involving D cancel on the nose. Let us consider the terms involving the gauge field. After

using (1.1.2)) we find
1- — _
5/\7‘“’FW6 = i\y,ee"P0, A, — Ny eetPALA, (1.1.23)
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which cancel the first two terms in ((1.1.22]). Let us now look at the remaining terms. The covariant

derivative of X is )
DA = 3,2+ -y h +il4,, . (1.1.24)

If we integrate by parts the term involving the derivative of A we find in total

. -y 1 TN \
iMFe0u0 + M Ope + o (VM) que + [Ay, Ayeo (1.1.25)

= iMHed o + M Dyeo + (A, NyPeo,

where we used that
(7“5\) Y€ = —AyHy, e (1.1.26)

The derivative of o cancels against the corresponding term in the covariant derivative of o. Putting all
together, we find

M (Dye) o —iXy* (Dye) o + [Ay, Ayt eo + Myt e[A,, o] + i[Ae, olo. (1.1.27)

The last three terms cancel due to the cyclic property of the trace. This proves the invariance of the
supersymmetric CS theory.
In the path integral, the supersymmetric CS action enters in the form

ik
exp (;Sscs) (1.1.28)

where k plays the role of the inverse coupling constant and it is referred to as the level of the CS theory.
In a consistent quantum theory, k¥ must be an integer [45]. This is due to the fact that the Chern-Simons
action for the connection A is not invariant under large gauge transformations, but changes by an integer
times 872. The quantization of k guarantees that remains invariant.

Of course, there is another Lagrangian for vector multiplets, namely the Yang-Mills Lagrangian,

1 1 1 o2 s i 1.
—Tr |=F,,F* + ~D,0 D" 7(D 7) I3 DA+ LXo A = — 2| 1.1.2
Ly =Tr |\ G Fu " + 5 Dyo Do+ 5 (D+ 7)) 450" Dud + 5 Al Al = (1.1.29)

In the flat space limit » — oo, this becomes the standard (Euclidean) super Yang-Mills theory in three
dimensions. The Lagrangian (|1.1.29) is not only invariant under the SUSY transformations (1.1.13)), but
it can be written as a superderivative,

1-
ée Lyn = (5556T‘r(§)\)\ - 2D0). (1.1.30)
This will be important later on.

1.1.3 Supersymmetric matter multiplets

We will now add supersymmetric matter, i.e. a chiral multiplet ® in a representation R of the gauge
group. Its components are

(b: ¢? ng w’ 157 F7 F' (1'1'31)
The supersymmetry transformations are
0¢ =€y,
5927) :ﬂ/_%

2Ai
59 =i"eD,¢ + icod + leD#eqs T ek,
. o 2Ai- _
0 =iv'eD, ¢ + igoe + 71¢7”DHE + Fe, (1.1.32)
i

OF =e(iv' Dy —iop — irg) + 3 (2A —1)Dyex"v),

§F =e(iy" D, — iho + i) + %(QA — 1)D, ey,
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where A is the possible anomalous dimension of ¢. For theories with A/ > 3 supersymmetry, the field
has the canonical dimension
A — 5 (1.1.33)
but in general this is not the case.
The commutators of these transformations are given by

[6e,6)6 = 040, +iA¢ + Apd — Aad,
[0e,6]6 = i0"0,6 —i0A + Apd+ Aad,

[0e, 0l = WH0u + 10" Y + 1A + (A + 2) + (1 —=A)ay,
_ 1 _
[0c, 0] = w91 + 10,7 — WA + (A+ 2) +(A—-1)ay,
[0, 0F = iv"0,F +iAF + (A +1)pF + (2 — A)aF,
[6c,0d|F = i, F —iFA+ (A +1)pF + (A —2)aF (1.1.34)

The lowest components of the superfields are assigned the dimension A and R-charge FA. The super-
symmetry algebra closes off-shell when the Killing spinors €, € satisfy (1.1.18]) and h is given by ((1.1.20]).
As a check, we compute

[0c, 6] = bc (€0))

2iA 21A 1.1.35
=¢ (ify“eDlm +ieco + 177“ (Dye) ¢> =iw"D, ¢+ icee + 17 (ev"De) , ( )

which is the wished-for result.
Let us now consider supersymmetric Lagrangians for the matter hypermultiplet. If the fields have
their canonical dimensions, the Lagrangian

L = D, ¢D"¢ — iy D,y + 4%5@ + i) + ihAp — ipMp + 19D + ¢po*p + FF (1.1.36)

is invariant under supersymmetry if the Killing spinors ¢, € satisfy , with h given in ((1.1.20)). The
quadratic part of the Lagrangian for ¢ gives indeed the standard conformal coupling for a scalar field.
We recall that the action for a massless scalar field in a curved space of n dimensions contains a coupling
to the curvature R given by

S= /d”x\/ﬁ (9" 0,00, ¢ + ERG) (1.1.37)
where £ is a constant. The wave equation is then
(9""DyuDy, +£R) ¢ = 0. (1.1.38)

This equation is conformally invariant when

1n—-2
=- . 1.1.
=17 (1.1.39)
If the spacetime is an n-sphere of radius r, the curvature is
n(n—1)
R= — (1.1.40)
and the conformal coupling of the scalar leads to an effective mass term of the form
nn—2) ,
—_ 1.1.41
R (L.1.41)
which in n = 3 dimensions gives the quadratic term for ¢ in ([1.1.36)).
If the fields have non-canonical dimensions, the Lagrangian
- - i(2A —1) - A2—-A) - - _
Lot =DpdDM6 + do + . ) 306+ AL _ ) 36 +i6D6 + FF
" " (1.1.42)
— "D — iy
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Figure 1.1: The quiver for ABJ(M) theory. The two nodes represent the U (N7 2) Chern—Simons theories
(with opposite levels) and the arrows between the nodes represent the four matter multiplets in the
bifundamental representation.

is supersymmetric, provided the parameters ¢, € satisfy the Killing spinor conditions (1.1.19)). The La-
grangian ([1.1.42) is not only invariant under the supersymmetries d. ¢, but it can be written as a total
superderivative,

r

€€ Lonat = 020, (1/71/) — 2ipog + 2A4-1) Jx;s) . (1.1.43)

1.1.4 ABJM theory

The theory proposed in [IL [3] to describe N M2 branes is a particular example of a supersymmetric
Chern—Simons theory. It consist of two copies of Chern—Simons theory with gauge groups U(Ny), U(N2),
and opposite levels k, —k. In addition, we have four matter supermultiplets ®;, ¢ = 1,--- ,4, in the
bifundamental representation of the gauge group U(Ny) x U(Nsy). This theory can be represented as
a quiver, with two nodes representing the Chern—Simons theories, and four edges between the nodes
representing the matter supermultiplets, see Fig. [[.I} In addition, there is a superpotential involving the
matter fields, which after integrating out the auxiliary fields in the Chern—-Simons—matter system, reads
(on R?)

4
W= %Tr (@1@;@3@1 - @1@1%@) , (1.1.44)

where we have used the standard superspace notation for N’ = 1 supermultiplets [44].

1.2 A brief review of Chern—Simons theory

Since one crucial ingredient in the theories we are considering is Chern—Simons theory, we review here
some results concerning the perturbative structure of this theory on general three-manifolds. These
results were first obtained in the seminal paper by Witten [46] and then extended and refined in various
directions in [47, 48, 49, 50l 51} 52]. Chern—Simons perturbation theory on general three-manifolds is
a important subject in itself, hence we will try to give a general presentation which might be useful in
other contexts. This will require a rather formal development, and the reader interested in the result for
the one-loop contribution might want to skip some of the derivations in the next two subsections.

1.2.1 Perturbative approach
In this section, we will denote the bosonic Chern—Simons action by

1 2i
S=—1 MTr(A/\dAJrgA/\A/\A) (1.2.1)

where we use the conventions appropriate for Hermitian connections, and we included the factor 1/4x
in the action for notational convenience. The group of gauge transformations G acts on the gauge

connections as follows,
A— AV =UAU —iUdUT',  Ue€g. (1.2.2)
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Figure 1.2: The standard elliptic decomposition of Q°(M, g) and Q' (M, g).

We will assume that the theory is defined on a compact three-manifold M. The partition function is

defined as 1

i) /[DA]eikS (1.2.3)

Z(M) = vol(
where we recall that k € Z.

There are many different approaches to the calculation of , but the obvious strategy is to use
perturbation theory. Notice that, since the theory is defined on a compact manifold, there are no IR
divergences and we just have to deal with UV divergences, as in standard QFT. Once these are treated
appropriately, the partition function is a well-defined observable. In perturbation theory we
evaluate by expanding around saddle—points. These are flat connections, which are in one-to-one
correspondence with group homomorphisms

m(M) — G (1.2.4)

modulo conjugation. For example, if M = S3/Z, is the lens space L(p, 1), one has m1(L(p,1)) = Z,, and
flat connections are labelled by homomorphisms Z, — G. Let us assume that these are a discrete set
of points (this happens, for example, if M is a rational homology sphere, since in that case w1 (M) is a
finite group). We will label the flat connections with an index ¢, and a flat connection will be denoted
by A(©). Each flat connection leads to a covariant derivative

dye =d+i[A© ], (1.2.5)

and flatness implies that
A%y =1F 40 =0. (1.2.6)

Therefore, the covariant derivative leads to a complex

d (e d, (e d, (e
0— Q°(M,g) % Ql(M, g) 2% 02(M,g) 2% QF(M, g). (1.2.7)

The first two terms in this complex have a natural interpretation in the context of gauge theories:
Q%(M, g) is the Lie algebra of the group of gauge transformations, and we can write a gauge transfor-

mation as ,
U=¢e?  ¢cQ(M,g). (1.2.8)

The elements of Q°(M, g) generate infinitesimal gauge transformations,
A =—dao. (1.2.9)

The second term, Q' (M, g), can be identified with the tangent space to the space of gauge connections.
The first map in the complex is interpreted as (minus) an infinitesimal gauge transformation in
the background of A().

We recall that the space of g-valued forms on M has a natural inner product given by

(a,b) = /MTr(a/\*b), (1.2.10)

where * is the Hodge operator. With respect to this product we can define an adjoint operator on
g-valued p-forms in the same way that is done for the usual de Rham operator,

dTA(C) = (—1)PUP T e d o % (1.2.11)
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We then have the orthogonal decompositions (see Fig.

QO(M7 g) =Kerd 4 ®Im dL@, (12.12)
Q'(M, g) :KerdL(c) @ Imdye. o

These decompositions are easily proved. For the first one, for example, we just note that

a€Kerdyw = (dawa,¢) = (a,d,0) =0, Vo (1.2.13)
therefore
(Kerd )" =TImdf,. (1.2.14)
One also has the analogue of the Laplace—Beltrami operator acting on p-forms
AP =dlodae + dyedh . (1.2.15)
In the following we will assume that
H'(M,g) =0. (1.2.16)

This means that the connection A(©) is isolated. However, we will consider the possibility that A(¢) has
a non-trivial isotropy group H.. We recall that the isotropy group of a connection A(¢) is the subgroup
of gauge transformations which leave A(©) invariant,

He = {6 € Glo(A)) = A}, (1.2.17)
The Lie algebra of this group is given by zero-forms annihilated by the covariant derivative (1.2.5)),
Lie(H.) = H°(M,g) = Kerd 4, (1.2.18)

which is in general non-trivial. A connection is irreducible if its isotropy group is equal to the center of
the group. In particular, if A is irreducible one has

H°(M,g) = 0. (1.2.19)

It can be shown that the isotropy group M. consists of constant gauge transformations that leave A(©)
invariant,

pA@ gy~ = A, (1.2.20)

They are in one-to-one correspondence with a subgroup of G which we will denote by H,.
In the semiclassical approximation, Z(M) is written as a sum of terms associated to saddle-points:

Z(M)=>_Z(M), (1.2.21)

where c labels the different flat connections A() on M. Each of the Z(°)(M) will be a perturbative series
in 1/k of the form

7O (M) = Z{9,,,,(M) exp{z Séc)k‘e} (1.2.22)
=1

where S ,§C) is the (¢4 1)-loop contribution around the flat connection A(®). In order to derive this expan-
sion, we split the connection into a “background", which is the flat connection A, plus a “Auctuation"
B:

A=A 4B, (1.2.23)
Expanding around this, we find
S(A) = S(A“) +5(B), (1.2.24)
where ) ”
S(B)=—— [ Tx(BAdywB+=B%. (1.2.25)
47 M 3

The first term in (1.2.24) is the classical Chern-Simons invariant of the connection A(®. Since Chern—
Simons theory is a gauge theory, in order to proceed we have to fix the gauge. We will follow the detailed
analysis of [5I]. Our gauge choice will be the standard, covariant gauge,

gaw (B)=dl,B=0 (1.2.26)
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where g4 is the gauge fixing function. We recall that in the standard Fadeev—Popov (FP) gauge fixing
one first defines

AL, (B) = /DU 5 (ga (BY)), (1.2.27)

and then inserts into the path integral
1= [/DU& (9ac (BU))] Aae (B). (1.2.28)

The key new ingredient here is the presence of a non-trivial isotropy group H. for the flat connection A(¢).
When there is a non-trivial isotropy group, the gauge-fixing condition does not fix the gauge completely,
since

gaw (B®) = ¢ga(B)¢~, ¢ € H,, (1.2.29)

i.e. the basic assumption that g(A) = 0 only cuts the gauge orbit once is not true, and there is a residual
symmetry given by the isotropy group. Another way to see this is that the standard FP determinant
vanishes due to zero modes. In fact, the standard calculation of (which is valid if the isotropy
group of A(®) is trivial) gives

-1

U _1
A7l (B)‘det‘sgf“?f)‘ — |detal,,,,

Ale)

da

(1.2.30)

But when H,. # 0, the operator d 4« has zero modes due to the nonvanishing of (1.2.18), and the FP
procedure is ill-defined. The correct way to proceed in the calculation of (1.2.27)) is to split the integration
over the gauge group into two pieces. The first piece is the integration over the isotropy group. Due to
(L.2:29), the integrand does not depend on it, and we obtain a factor of Vol(H.). The second piece gives
an integration over the remaining part of the gauge transformations, which has as its Lie algebra

(Kerd ). (1.2.31)

The integration over this piece leads to the standard FP determinant (1.2.30) but with the zero modes

removed. We then find,
-1

AL, (B) = Vol(H,)|det d', ., d (1.2.32)

(Kerd ,(c))*

This phenomenon was first observed by Rozansky in [48], and developed in this language in [5I]. As
usual, the determinant appearing here can be written as a path integral over ghost fields, with action

Sehosts(C, C, B) = (C,d!, ,,daC), (1.2.33)

where C, C are Grassmannian fields taking values in

(Kerd ). (1.2.34)

The action for the ghosts can be divided into a kinetic term plus an interaction term between the ghost
fields and the fluctuation B:

Sehosts(C, C, B) = (C, A%, C) +i(C,d, ., [B, C)). (1.2.35)

The modified FP gauge—fixing leads then to the path integral

ikS(A) .
Z(C)(M) = 67/ 'DBelkS(B)AA(C) (B)é (dTA(C)B)
) S (1.2.36)
eikS(A) / o B 2.
e DB§ (dT . B) / DCDOelkS(B)nghosts(C,C,B).
VOl(Hc) Q1(M,g) Al (KerdA(c))J‘

Finally, we analyze the delta constraint on B. Due to the decomposition of Q!(M, g) in (1.2.12)), we can
write

B=d ¢+ B/7 (1237)
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where

¢ € (Kerdyw)™, B €Kerd,,. (1.2.38)

The presence of the operator d () in the change of variables (|1.2.37) leads to a non-trivial Jacobian.
Indeed, we have
IBII? = (¢, Al ) + | B'|1%, (1.2.39)

and the measure in the functional integral becomes
1
DB = (det’' AY(.)) > D¢ DB/, (1.2.40)

where the ’ indicates, as usual, that we are removing zero modes. Notice that the operator in ([1.2.40) is
positive—definite, so the square root of its determinant is well-defined. We also have that

0 (dfq(wB) =0 (A%(c) ¢) = (detl A?4<c))71 (o), (1.2.41)

which is a straightforward generalization of the standard formula

0(ax) = —d(x). (1.2.42)

lal

We conclude that the delta function, together with the Jacobian in (1.2.40)), lead to the the following
factor in the path integral:

(det/ A%)) "2 . (1.2.43)

In addition, the delta function sets ¢ = 0. It only remains the integration over B’, which we relabel
B’ — B. The final result for the gauge-fixed path integral is then

7@ (M S det’ A0 )2

¢ - t .

( ) VOI(HC) ( ¢ Al )) /KerdT
A

This is starting point to perform gauge-fixed perturbation theory in Chern—-Simons theory.

DB / DCDC F5(B)=Sanosts(C.0.B) (1 9 44)
(E) (Ker dA(C) )J‘

1.2.2 The one—loop contribution

We now consider the one-loop contribution of a saddle-point to the path integral. This has been studied
in many papers [47, 48, 49, [50]. We will follow the detailed presentation in [52].

Before proceeding, we should specify what is the regularization method that we will use to define the
functional determinants appearing in our calculation. A natural and useful regularization for quantum
field theories in curved space is zeta-function regularization [53]. We recall that the zeta function of a
self-adjoint operator T with eigenvalues \,, > 0 is defined as

r(s) =Y A" (1.2.45)

Under appropriate conditions, this defines a meromorphic function on the complex s-plane which is
regular at s = 0. Since

—(p(0) = log A, (1.2.46)

we can define the determinant of T as
det(T) = =70, (1.2.47)

This is the regularization we will adopt in the following. It has the added advantage that, when used in
Chern—Simons theory, it leads to natural topological invariants like the Ray—Singer torsion, as we will
see.

The main ingredients in the one-loop contribution to the path integral (1.2.44)) are the determinants
of the operators appearing in the kinetic terms for B, C' and C. Putting together the determinant
(1.2.43)) and the determinant coming from the ghost fields, we obtain

(det’ AY,)""* (1.2.48)
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since the ghosts are restricted to (1.2.34) and their determinant is also primed. The operator appearing
in the kinetic term for B is iQ/2, where

k
Q=—5-*daw (1.2.49)

is a self-adjoint operator acting on Q!(M, g) which has to be restricted to

Ker d;

due to the gauge fixing. Notice that, if (1.2.16]) holds, one has

0 = (Imdge)* (1.2.50)

Hl(M, g)=0=Kerdye =Imdyw, (1.2.51)

and due to the restriction to (|1.2.50), @ has no zero modes. However, the operator @ is not positive
definite, and one has to be careful in order to define its determinant. We will now do this following the
discussion in [46, [67]. A natural definition takes as its starting point the trivial Gaussian integral

> Az? [2 i
/_OO dx exp (15) = ﬁexp (jsign A) . (1.2.52)

If we want to have a natural generalization of this, the integration over B should be

det (Q)
2T

In order to compute the determinant in absolute value, we can consider the square of the operator
— % d 4, which is given by

—1/2

exp <erign(Q)> (1.2.53)

sy * dpo =l dae, (1.2.54)

and it is positive definite when restricted to ([1.2.50). It is the Laplacian on one-forms, restricted to
(1.2.50)). We then define
2 2
k
= det’ [(47#) dg(c)dA(c)‘| (1255)

where we have subtracted the zero-modes (i.e., we consider the restriction to (1.2.50)). In order to take
into account the sign in (|1.2.53)), we need the 7 invariant of the operator — * d 4(). We recall that the 7

invariant is defined as L )
nr(s) = - . (1.2.56)
2y =)

J J J

det Q
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where )\;-t are the strictly positive (negative, respectively) eigenvalues of T. The regularized difference of
eigenvalues is then 17 (0). In our case, this gives

n(A9) = n_.a ., (0). (1.2.57)

Finally, we have to take into account that for each eigenvalue of the operator (|1.2.54]) we have a factor of

<4f;2> i (1.2.58)

appearing in the final answer. The regularized number of eigenvalues of the operator is simply

((A9) = ¢, 0), (1.2.59)

.
a@da@

restricted again to ([1.2.50)). Putting all together we obtain,

c AN\ T3 —¢(A)/2 : -1
i 2 k im
<det 2?1_) = <47‘[’2) exp(4’l7(A(c))) (det/ dTA(C)dA(C)) ! . (1260)

Here we assumed that &k > 0. For a negative level —k < 0 the answer is still given by ((1.2.60f), but the
phase involving the eta invariant has the opposite sign. We can now combine this result with (|1.2.48]).
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The quotient of the determinants of the Laplacians gives the square root of the so-called Ray—Singer
torsion of the flat connection A(®) [54],

det' AY,)?
(det’ A% ())? = \/7h(M, A©). (1.2.61)

1
(det’ 'y daco )’

This was first observed by Schwarz in the Abelian theory [55]. When the connection A(®) is isolated
and irreducible, this quotient is a topological invariant of M, but in general it is not. However, for a
reducible and isolated flat connection, the dependence on the metric is just given by an overall factor,
equal to the volume of the manifold M:

Th(M, A©)) = (vol(M))H™He) 7 (M1, ALY, (1.2.62)

where 7r(M, A©)) is now metric-indepedendent. For an explanation of this fact, see for example Ap-
pendix B in [56]. However, this volume, metric-dependent factor cancels in the final answer for the
one-loop path integral [52]. The isotropy group H. is the space of constant zero forms, taking values in
a subgroup H. C G of the gauge group. Each generator of its Lie algebra has a norm given by its norm

as an element of g, times
1/2
(/ *1) = (vol(M))'/?. (1.2.63)
M

Therefore, _
vol(He) = (vol(M))M™(He)/2 yo1(H,), (1.2.64)

and

VTR(M A /7R(M, A©)
vol(H.) ~ vol(H.,)
which does not depend on the metric of M. Finally, in order to write down the answer, we take into
account that, for isolated flat connections, ((A(®)) can be evaluated as [58]

(1.2.65)

C(A)) = dim H°(M, g). (1.2.66)

Putting everything together, we find for the one-loop contribution to the path integral

(c) 1 k ~3dim I (Mog) ikS(A)4imn(Ale))
Z° M)= — [ — i DHEA) | rp(M, A©). 1.2.67
lfloop( ) VOI(HC) (47T2> € 4 TR( ’ ) ( )

As noticed above, this expression is valid for £ > 0. For a negative level —k < 0, the phase involving the
gravitational n invariant has the opposite sign. It was pointed out in [46] that this phase can be written
in a more suggestive form by using the Atiyah-Patodi-Singer theorem, which says that

n(A“) =n(0) + 4?‘US(A(C)). (1.2.68)

Here y is the dual Coxeter number of G (for U(N), y = N), and n(0) is the eta invariant of the trivial
connection. Let us denote by
dg = dim(G), (1.2.69)

the dimension of the gauge group. The operator involved in the calculation of 7(0) is just dg copies of
the “gravitational" operator — * d, which is only coupled to the metric. We can then write

77(0) =dg Ngrav, (1.2.70)

where 7gray is the “gravitational" eta invariant of —+d . We then find,

| f ,%dimH‘)(M,g), (©)y im
< ) Sl (FHV)S(AN+ Fdamgean [0 (M, Al€)). .

M)=—| —
_l°°p( ) vol(H,) \ 42
This formula exhibits a one-loop renormalization of k

k—k+y (1.2.72)
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which is simply a shift by the dual Coxeter number [46]. However, different regularizations of the theory
seem to lead to different shifts [59).

When A = 0 is the trivial flat connection, one has that H, = G, where G is the gauge group,
and the cohomology twisted by A(®) reduces to the ordinary cohomology. The Ray-Singer torsion is the
torsion 7(M) of the ordinary de Rham differential, to the power dg. We then obtain, for the trivial
connection,

—dg/2
7 (M) = ! i o/ Zdangray ( (M))dc/2 (1.2.73)
1—loop = VOI(G) A2 € TR . 2.

As explained in detail in [46], the phase in and involving the 7 invariant is metric-
dependent. In constructing a topological field theory out of Chern—Simons gauge theory, as in [46], one
wants to preserve topological invariance, and an appropriate counterterm has to be added to the action.
The counterterm involves the gravitational Chern—Simons action S(w), where w is the spin connection.
However, this action is ambiguous, and it depends on a trivialization of the tangent bundle to M. Such a
choice of trivialization is called a framing of the three-manifold. The difference between two trivializations
can be encoded in an integer s, and when one changes the trivialization the gravitational Chern—Simons

action changes as
S(w) — S(w) + 2ms, (1.2.74)

similarly to the gauge Chern—Simons action. According to the Atiyah—Patodi—Singer theorem, the com-

bination
1 . 1 S(w)
1 T 19 o
is a topological invariant. It depends on the choice of framing of M, but not on its metric. Therefore, if

we modify (|1.2.73) by including in the phase an appropriate multiple of the gravitational Chern—Simons

action,
im . Tlgrav 1 S(w)
exp (4dgr]gmv> — exp [m'dg (T + 2 2. )| (1.2.76)

(1.2.75)

the resulting one-loop partition function is a topological invariant of the framed three-manifold M. If we
change the framing of M by s units, the above factor induces a change in the partition function which
at one-loop is of the form
d
Z(M) — exp (27ris : 21’) Z(M). (1.2.77)
One of the most beautiful results of [46] is that Chern—Simons theory is exactly solvable on any
three-manifold M, and its partition function can be computed exactly as a function of k, for any gauge
group G, by using current algebra in two dimensions. In particular, one can compute the exact change
of the partition function under a change of framing, and one finds

. &
Z(M) — exp (27rls : ﬂ) Z(M), (1.2.78)
where rd
G
- . 1.2.79
¢ E+y ( )

A detailed explanation of the exact solution of CS theory would take us too far, and we refer the reader
to the original paper [46] or to the presentation in [60] for more details. We will however list later on
the relevant results when M = S3.

1.3 The free energy at weak coupling

The partition function of a CFT on S? should encode information about the number of degrees of
freedom of the theory, in the sense that at weak coupling it should scale as the number N of elementary
constituents. This follows simply from the factorization property of the partition function in the absence
of interactions:

Z(S*N) ~ (2(s*, 1)
For example, a gauge theory with gauge group U(N) has at weak coupling N? degrees of freedom, and
we should expect the free energy on the three-sphere to scale in this regime as

(1.3.1)

F(S?) ~ O(N?). (1.3.2)
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Of course, at strong coupling this is not necessarily the case.

In this section we will compute the partition function on S? of supersymmetric Chern-Simons-matter
theories in the weak coupling approximation, i.e. at one loop. First, we will do the computation in Chern—
Simons theory, and then we will consider the much simpler case of supersymmetric matter multiplets.

1.3.1 Chern—Simons theory on S?

In the previous section we presented the general procedure to calculate the one-loop contribution of
Chern—-Simons theory on any three-manifold, around an isolated flat connection. This procedure can be
made very concrete when the manifold is S. In this case there is only one flat connection, the trivial one
Al©) = 0, and we can use 1' Therefore, we just have to compute the Ray—Singer torsion 7(S*) for
the standard de Rham differential, i.e. the quotient of determinants appearing in with A =0
(a similar calculation was made in Appendix A of [56]).

We endow S with its standard metric (the one induced by its standard embedding in R* with
Euclidean metric), and we choose the radius » = 1 (it is easy to verify explicitly that the final result
is independent of ). The determinant of the scalar Laplacian on the sphere can be computed very
explicitly, since its eigenvalues are known to be (see the Appendix)

An = n(n 4+ 2), n=0,1,--- (1.3.3)
where n is related to j in (A.45) by n = 2j. The degeneracy of this eigenvalue is
dp = (n+1)% (1.3.4)

Removing the zero eigenvalue just means that we remove n = 0 from the spectrum. To calculate the
determinant we must calculate the zeta function,

> dy, s n+ 1)2 s m
é'AU(S) = Z E = Z (TL((TL—:-;))S = Z m (135)

This zeta function can not be written in closed form, but its derivative at s = 0 is easy to calculate. The
calculation can be done in many ways, and general results for the determinant of Laplacians on S can
be found in for example [61], [62]. We will follow a simple procedure inspired by [63]. We split

m? 1 s
2 =17 m2e D s R(m, s), (1.3.6)
where ,
1
R(m,s) = —- - (1.3.7)

(m? — 1)5 o261 T p2s

which decreases as m~2°~2 for large m, and therefore leads to a convergent series for all s > —1/2 which
is moreover uniformly convergent. Therefore, it is possible to exchange sums with derivatives. The
derivative of R(m,s) at s = 0 can be calculated as

dR(m, s)
ds

1
=—1—m?log <1 - m?) : (1.3.8)

s=0

The sum of this series can be explicitly calculated by using the Hurwitz zeta function, and one finds

s {1 +m?log (1 - n;)} = g — log(m). (1.3.9)
m=2
We then obtain .
Cao(s) =C(25 —2) = 1+5(C(25) = 1)+ Y _ R(m,s), (1.3.10)
m=2

where ((s) is Riemann’s zeta function, and

— Cho(0) = log(m) — 2¢'(—2). (1.3.11)
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The final result can be expressed in terms of ((3), since

3)
"(-2) = —$. 1.3.12
(-2 =-53 (13.12)
We conclude that the determinant of the scalar Laplacian on S? is given by
3
log det’ A® = log(n) + M (1.3.13)

272

We now compute the determinant in the denominator of (|1.2.61). We must consider the space of
one-forms on S?, and restrict to the ones that are not in the image of d. These forms are precisely the
vector spherical harmonics, whose properties are reviewed in the Appendix A. The eigenvalues of the

operator dd are given in (A.52)), and they read
A = (n+1)% n=1,2---, (1.3.14)

with degeneracies
d, = 2n(n + 2). (1.3.15)

The zeta function associated to this Laplacian (restricted to the vector spherical harmonics) is

Car(s) = ; W - 2; m;; L oc(as —2) — 2¢(2s), (1.3.16)
and
log det’ A' = —4¢'(—2) — 2log(2r) = —2log(2n7) + % (1.3.17)
Here we have used that 1
¢'(0) = —ilog(%r). (1.3.18)
We conclude that
log TR (S?) = log det’ A©) — %log det’ AW = log(27?). (1.3.19)

This is in agreement with the calculation of the analytic torsion for general spheres in for example [64].

In view of (1.2.62)), and since

vol(S?) = 2n?, (1.3.20)
we find
r(S?) = 1. (1.3.21)
One can also calculate the invariant ((1.2.59|) directly, since this is dg times
Car(0) = —2¢(0) =1, (1.3.22)

and it agrees with (1.2.66)). Since the eigenvalues of *d on the vector spherical harmonics come in pairs
with the same absolute value but opposite signs (see (A.51))), 7grav = 0. We conclude that, for k& > 0,

el
1 E\ *
Zy- ) = — . 1.3.2
1-100p(S") vol(G) (47T2> (1.3.23)
In particular, for G = U(NN) we have
1 EN\ 7
Z1_ N —————— [ 1.3.24
1-1e0n(S) = ST ) (47r2) (1.324)

The volume of U(N) is given by
(QW)%N(N+1)

vol(U(N)) = ma

(1.3.25)

where G2(z) is the Barnes function, defined by

Go(z+1) = T(2)Ga(2), Ga(1) = 1. (1.3.26)
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Notice that
Go(N+1)=(N—-1)[(N —=2)!...21L (1.3.27)

As we mentioned before, the partition function of Chern-Simons theory on S? can be computed
exactly for any gauge group. In the case of U(N), the answer is, for k > 0 [46]

1 N-1 7_‘_.7. N—j
3\ .
i=

Here an explicit choice of framing has been made, but one can compute the partition function for any
choice of framing by simply using ([1.2.78]). The expansion for large £ should reproduce the perturbative
result, and in particular the leading term should agree with the result (1.3.24)). Indeed, we have for k
large

N—1 .\ N—j
2 1 _
2(8%) ~ kN2 ] (;”) = (2m) VWV =N 260 (N 4 1), (1.3.29)
j=1
which is exactly (1.3.24)).

1.3.2 Matter fields

The supersymmetric multiplet contains a conformally coupled complex scalar and a fermion, both in a
representation R of the gauge group. The partition function at one loop is just given by the quotient of
functional determinants

det (—ip)\ "
Zmatter — 1.3.
1—loop ( det Ac ( 3 30)
where dg is the dimension of the representation, and
0o 3
A.=A"+ 1 (1.3.31)

is the conformal Laplacian (we have set again r = 1). We now compute these determinants.
The eigenvalues of the conformal Laplacian are simply

3
n(n+2)—|—1, n=0,1,---, (1.3.32)

with the same multiplicity as the standard Laplacian, namely (n + 1)2. We then have

gy DT o~ om? 1.3.33
Ca.(s) ;(n(n+2)+%)s > 5 ( )

As in the case of the standard Laplacian, we split

m2 1 S
(m2 _ %)S - m2(s—1) + 4m?2s +Rc(m75)v (1334)
where ,
m 1 s
Re(m, s) = s - . 1.3.35
(m, s) (2 =1y w2 ( )

The derivative of R.(m,s) at s =0 is

dR:(m, s)
ds

1, 1
- _ - _ 1 1— — ). 1.3.
. i 0g< 4m2> (1.3.36)

The sum of this series can be explicitly calculated as

i | 1 1 1 7¢(3
- [4 +m?log <1 - mﬂ =5 e+ g2 (1.3.37)
m=1
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We then find

oo

Ca,(5) = C(25 = 2) + 7¢(2) + D Re(m, s), (1.3.38)

m=1

and we conclude that the determinant of the conformal Laplacian on S? is given by

1 3¢(3
log det A, = —(x (0) = 1108(2) - 8C7(TQ)

(1.3.39)

This is in agreement with the result quoted in the Erratum to [65ﬂ
Let us now consider the determinant (in absolute value) for the spinor field. We have, using (A.66)),

(pi(s) =2 M (1.3.40)

After a small manipulation we can write it as

_ 1 1
G019 =229 3 iy~ 2 Gy

m>1

(1.3.41)
=2(2°72 - 1)((s —2) - % (2° = 1)((s),

where we have used that

1 1 1 s
mzzom T 4w &k (1=27)¢(s)- (1.3.42)

The regularized number of negative eigenvalues of this operator is given by (| |(0)/2 and it vanishes, so
the determinant of the Dirac operator equals its absolute value. We deduce

3

1
~5a6(3) — Jlog 2. (1.3.43)

log det (—iD) = —([p(0) =
Combining the conformal scalar determinant with the spinor determinant we obtain,

1
log det (—iD) —log det A, = ~3 log 2. (1.3.44)

This can be seen directly at the level of eigenvalues. The quotient of determinants is

00 1 m(m+1) 1 m(m—1) 00 1\™
m=1 (m2 - %) m=1 (m - 5)

and its regularization leads directly to the result above (see Appendix C). We conclude that

matter _ 2—dR/2. (1346)

1—loop —

1.3.3 ABJM theory at weak coupling

We can now calculate the free energy on S* of ABJM theory. We will restrict ourselves to the “ABJM
slice" where the two gauge groups have the same rank, i.e. the theory originally considered in [I]. We
have two copies of CS theory with gauge group U(N) and opposite levels k, —k, together with four chiral
multiplets in the bifundamental representation of U(N) x U(N). Keeping the first term (one-loop) in
perturbation theory we find, at one-loop,

Fapm(S?) =~ —N?log <4i2> — 2log (vol(U(N))) — 2N?log(2) (1.3.47)

where the first two terms come from the CS theories, and the last term comes from the supersymmetric
matter. Here we assume k& > 0. Notice that the theory with opposite level —k gives the same contribution

1Beware: the arXiv version of this paper gives a wrong result for this determinant.
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as the theory with level k. In order to obtain the planar limit of this quantity, we have to expand the
volume of U(N) at large N. Using the asymptotic expansion of the Barnes function

N? 3 1
log Go(N +1) = -5 logN——logN—iN2+ —N log 27 + ¢'(—1)

N2729, 1.3.4

+ Zzg ) (1.3.48)

9=

where By, are the Bernoulli numbers, we finally obtain the weakly coupled, planar result

Fap(S?) =~ N2 {10g(27r/\) - g - 210g(2)} : (1.3.49)

1.4 Strong coupling and AdS duals

Some SCFTs in three dimensions have AdS duals given by M-theory/string theory on backgrounds of
the form
X = AdS4 X X677, (].4].)

where X 7 is a six-dimensional or seven-dimensional compactification manifold, depending on whether
we consider a superstring or an M-theory dual, respectively. One of the consequences of the AdS/CFT
duality is that the partition function of the Euclidean gauge theory on S? should be equal to the partition
function of the Euclidean version of M-theory /string theory on the dual AdS background [66], i.e.

Zerr(S?) = Z(X). (1.4.2)

In the large N limit, we can compute the r.h.s. in classical (i.e. genus zero) string theory, and at
strong coupling it is sufficient to consider the supergravity approximation. This means that the partition
function of the strongly coupled gauge theory on S? in the planar limit should be given by

Zcpp(S?) m e 1(AdSe) (1.4.3)

where [ is the classical gravity action evaluated on the AdS; metric. This gives a prediction for the
strongly coupled behavior of the gauge theory. However, the gravitational action on AdSy is typically
divergent, and it has to be regularized in order to obtain finite results. We will now review the method
of holographic renormalization and its application to the calculation of the free energy of ABJM theory
on S3.

1.4.1 Holographic renormalization

The gravitational action in an Euclidean space with boundary has two contributions. The first contri-
bution is the bulk term, given by the Einstein—Hilbert action

— _ 1 n+1 .
Ty = 1671'GN /M d x \/é (R 2A) (144)

where Gy is Newton’s constant in n+ 1 dimensions and G is the (n+ 1)-dimensional metric. The second
contribution is the surface term [67]

Twet = — Kh/‘l/zdnx, (145)

87TGN oM

where OM is the boundary of spacetime, v is the metric induced by G on the boundary, and K is the
extrinsic curvature of the boundary. K satisfies the useful relation (see for example [68])

K = LA (L4:6)

where n is the normal unit vector to OM, and L,, is the Lie derivative along this vector. Both actions,
when computed on an AdS background, diverge due to the non-compactness of the space. For example,
after using Einstein’s equations, the bulk action of an AdS space of radius L can be written as

n
Iyak = ——— [ d™*! 1.4.
bulk 87TGNL2/ VG (1.4.7)
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which is proportional to the volume of space-time, and it is divergent.

In order to use the AdS/CFT correspondence, we have to regularize the gravitational action in an
appropriate way. The procedure which has emerged in studies of the AdS/CFT correspondence is to
introduce a set of universal counterterms, depending only on the induced metric on the boundary, which
lead to finite values of the gravitational action, energy-momentum tensor, etc. This procedure gives
values for the gravitational quantities in agreement with the corresponding quantities computed in the
CFT side, and we will adopt it here. It is sometimes called “holographic renormalization" and it has
been developed in for example [69, [70, [71, [72]. We now present the basics of holographic renormalization
in AdS. Useful reviews, focused on AdSs, can be found in for example [73] [74].

An asymptotically AdS metric in n + 1 dimensions with radius L and cosmological constant

Ao ,”(ZL; ) (1.4.8)
can be written near its boundary at u =0 as
ds? = L* {du + 12 9ij(u?, x)dz’ d:z:]} ) (1.4.9)
The metric gij(ug, x) can be expanded in a power series in u near u = 0,
9ii (1%, 2) = 91 (@) + 129 (@) + u* [¢9) (@) + log(u)h® ()] + - - (1.4.10)

©)
1]

here can be solved recursively in terms of gg) by plugging (1.4.10) in Einstein’s equations. One finds,

for example [72E|
@___ 1 (p__1 po 1.4.11
9ij n_2< i 5 =1 W ) (1.4.11)

where R;; and R are the Ricci tensor and curvature of g(o) The resulting metric is then used to compute
the gravitational action with a cut-off at u = ¢ which regulates the divergences,

where the first term, g..’, is the metric of the CFT on the boundary. The coefficients gg") appearing

1 n(n —1) 1
I.=— A"t VG (R — K|y|[Y2d"z. 1.4.12
167G /Me zVG ( T ) 817G Jou, I d (1.4.12)

Here, M, is the manifold with u > € and a boundary OM, at u = €. To calculate the boundary term, we
consider the normal vector to the hypersurfaces of constant wu,

nt=——. (1.4.13)

The minus sign is due to the fact that the boundary is at © = 0, so that the normal vector points towards
the origin. The induced metric is

L2 L
vijdatde’ = —Qgij(u2,x)dxldx3, (1.4.14)
u

with element of volume
L n
VA= (u) NGE (1.4.15)

The intrinsic curvature of the hypersurface at constant u is then

VAK = La/T =70, [(i)n \/g} _ e (1 - :l“a“> N7 (1.4.16)

We then find,

(1.4.17)

uU=€

nln— 1 nlL™™ 1 " 1
87TG / / ”*1\/§ 8TG e /d . (1_ nu8u> V9

2The sign in the curvature is opposite to the conventions in [72], which give a positive curvature to AdS.
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The singularity structure of this regulated action is [69} [72]

Ln—l
I = 167G d"z\/ g (e "agy + € " Pap) + - — 2log(e)agm)) + O(%). (1.4.18)

The logarithmic divergence appears only when n is even. In order to regularize power-type divergences
in n =3 and n = 4, it suffices to calculate the first two coefficients, a(g) and a(z). Let us now calculate
these coefficients (the next two are computed in [72]). We first expand,

det g = det g(© (1 4 W?Tr (gm)—lg(z)) to ) : (1.4.19)
so that
Va7 = JF(H Tr( D) ).
X (1.4.20)
(1 - nu8u> Vo2, z) = /g© <1 +— 2Tr (g(o) (2)) +- ) .
The regulated Einstein—Hilbert action gives
nLn—1 1 1
ar ()} P R | ( (0)-1 (2)> el 1.4.21
87G N TV [ne” + 2(n —2)en—2 g g * ( )
while the regulated Gibbons-Hawking term gives
nL™ 1 —2
qn T ( (0)-1 <2>> . 1.4.22
SWG/JCF[ + e (60710 ) + (1422
In total, we find
o -1 T \/ﬁ 2(1—mn) B n? —5n+ 4Tr (g(o)_1g(2)) . (1.4.23)
€ 1671—GN en (n _ 2)€n72 ) A
and we deduce,
a) = 2(1 —n),
—N(n-1 1.4.24
R UES (RS P LS W (424

The counterterm action is obtained by using a gravitational analogue of the minimal subtraction scheme,
and it is given by minus the divergent part of I,

Lt -1) (n—4)(n-1)
n (0) Tr (@142
Lor = 167G N /d TV [ €en + (n—2)en—2 g (g g ) *

(1.4.25)
+2 log(e)a(n)} .

As pointed out in [70], we should re-write this in terms of the induced metric in the boundary (1.4.14)),
evaluated at u = €. From (|1.4.20) we deduce

ENT € _
90 = (Z) (1 - ST (g<0> 19(2)) + 0(64)> NGt (1.4.26)
On the other hand, from (1.4.11) we obtain
1 1 y 1
Tr (@142 = _ ) pij _ R q0ii ) — _ R
r(g g ) n—2 \Ji 2(n—1) Y I 2(n — 1)

12 (1.4.27)

-——_— " R

where in the first line the Ricci tensor and curvature are computed for gl(?), while in the second line the

curvature is computed for the induced metric . Plugging these results into the counterterm action we
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find
1 . L?
X [2(71 -1) - 2(7;7__42)112]{[7] +2log(e)agm[y] + - ] (1.4.28)

- 87%'1\/ /dnxﬁ (2 log(€)a(m) 7] + n; Ly 2(nL— 2)3[7] +- ) ,

which is the result written down in [71l [72] (for Euclidean signature). This is the counterterm action
which is relevant for AdS in four and five dimensions, and the dots denote higher order counterterms (in
the Riemann tensor of the induced metric) which are needed for higher dimensional spaces [70, [71], [72].
The total, regularized gravitational action is then

I= Ibulk + Isurf + Ict (1429)

and it yields a finite result by construction. The removal of these IR divergences in the gravitational
theory is dual to the removal of UV divergences in the CFT theory. It can be verified in examples that
the gravity answers obtained by holographic renormalization match the answers obtained in CFT on a
curved background after using zeta-function regularization [70]. In the next subsection we work out a
beautiful example of this matching closely related to the techniques developed here, namely the Casimir
energy for A = 4 super Yang—Mills on R x S?, which was first derived in [70].

1.4.2 Free energy in AdS,

We are interested in studying CFTs on S™. Therefore, in the AdS dual we need the Euclidean version of
the AdS metric with that boundary, which can be written as [71]

2 dr? 2 102

so that the boundary is at 7 — oco. This metric can be also written as [66), [7]
ds? = L?* (dp? + sinh®(p)dQ2) . (1.4.31)

Let us compute the regularized gravitational action (1.4.29)), with a cutoff at the boundary M located
at constant r. The element of volume of the metric G given in ([1.4.30)) is

n

VG=—" /g, 1.4.32
T Vs ( )
where gg» is the metric on an n-sphere of unit radius. The bulk action is just (1.4.7)), i.e.
nvol(S™)
I 1.4.33
i = o) [0 T (1.4.33)

To calculate the surface action, we notice that the unit normal vector to M is

=1+ ng (1.4.34)
T

while the induced metric is
y = r29§n (1.4.35)
which has the element of volume
VY =1"/gsn (1.4.36)
and scalar curvature

Rpy = fer _n(n=1) (1.4.37)

We then obtain

Loy =nr"""/1+7r2/L2/gsn, (1.4.38)
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and the surface term is L
n—

Lot = ==/ T+ 17/ Pvol(S"). (1.4.39)
TGN

Finally, the first two counterterms are given by

vol(S") [n—1 Lr"=2n(n — 1)} _ vol(S") r™(n — 1) n Lz} (1.4.40)

n — 1 -
sray | L T T 22 e ) {+2(n2)r2

Putting everything together we obtain,

vol(S R
= —nr” r2 4+ L2
- 87GNL [ / \/1 +u2 (1.4.41)

b= ) <”2<—2>Lﬂ

We should now take the limit of this expression when r — co. For n = 3 we find

I= g;l(gisz (2L +0(r™1)), (1.4.42)

therefore we obtain a finite action given by

wL?

1= .
2G N

(1.4.43)

This will give us the strong coupling prediction for the free energy on S® of supersymmetric Chern—
Simons—matter theories with an AdS dual.

1.4.3 ABJM theory and its AdS dual

In order to compute the free energy of ABJM theory at strong coupling we have to be more precise
about the gauge/gravity dictionary. We will now write down this dictionary for supersymmetric Chern—
Simons—matter theories, which was first established for ABJM theory in [I]. We will not attempt here
to review the derivation of the duality. A pedagogical introduction can be found in [75].

The AdS duals to the theories we will consider are given by M-theory on

AdSy x X7, (1.4.44)
where X7 is a seven-dimensional manifold. In the case of ABJM theory,
X, =S"/7,. (1.4.45)

The eleven-dimensional metric and four-form flux are given by the Freund-Rubin background (see [76]
for a review)

1
ds%l = L§(7 (4dsids4 + dS§(7) y
(1.4.46)

3
F= §L§(7WAdS4a

where waqs, is the volume form with unit radius. The radius Lx, is determined by the flux quantization
condition

(270,)5Q = [ %11 F = 6L%_vol(X7). (1.4.47)
X7

In this equation, £, is the eleven-dimensional Planck length. The charge @) is given, at large radius, by
the number of M2 branes N, but it receives corrections [77, [78]. In ABJM theory we have

1 1
Q=N-g (k - k) . (1.4.48)

This extra term comes from the coupling
/Cg A Ig (1.4.49)
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in M-theory, which contributes to the charge of M2 branes. Here, Ig is proportional to the Euler density
in eight dimensions, and it satisfies
X
Ig=—= (1.4.50)
/ Mg 24

where My is a compact eight-manifold. In ABJM theory, the relevant eight-manifold is C*/Zy, with

regularized Euler characteristic

x (CYZy) =k — % (1.4.51)

This leads to the shift in (|1.4.48)).

One final ingredient that we will need is Newton’s constant in four dimensions. It can be obtained
from the Einstein—Hilbert action in eleven dimensions, which leads to its four-dimensional counterpart
by standard Kaluza—Klein reduction,

1L7

1
d"z /g1 R 1(X /d N /d ViR 1.4.52
167TG11/ Vgt =y 167TG1VO( 7) | & Voals = g G VT )

where G711, Gy denote the eleven-dimensional and the four-dimensional Newton’s constant, respectively,
and the volume of X7 is calculated for unit radius. In the resulting Einstein—Hilbert action in four
dimensions, the metric and scalar curvature refer to an AdS, space of radius Lx,, and not Lx,/2 as in
(1.4.46). This is the source for the extra factor of 1/4 in the second term. Recalling that

1
167Gy = 5~ (2nt,)?, (1.4.53)
™

we obtain

1 2V6m2Q3%/% 1

— = 1.4.54
Gy 9y/vol(X7) L%, ( )
It follows that the regularized gravitational action (|1.4.43|) is given by
wL%
T= 20 =¥ | 1.4.55
2G N =@ 27vol(X7) ( )
In particular, for ABJM theory we have
2
I= %k’lmcf”. (1.4.56)

In the supergravity and planar approximation we can just set Q = N, and we find indeed that the planar
free energy is given by

276 1

- g S
(5% ~ 27vol(X7) N1/2

7 (1.4.57)

In the next chapter we will reproduce this strong coupling result from the gauge theory side.

1.5 Localization

Localization is an ubiquitous technique in supersymmetric QFT which makes possible to reduce an
infinite-dimensional path integral to a finite dimensional integral. It features prominently in Witten’s
topological quantum field theories of the cohomological type, where one can argue that the semiclassical
approximation is exact, see [79, [83] for reviews and a list of references.

The basic idea of localization is the following. Let § be a Grassmann-odd symmetry of a theory with
action S(¢), where ¢ denotes the set of fields in the theory. We assume that the measure of the path
integral is invariant under § as well (i.e. § is not anomalous), and that

82 =Lp (1.5.1)

where Lp is a Grassmann-even symmetry. In a Lorentz-invariant, gauge invariant theory, £Lp could be
a combination of a Lorentz and a gauge transformation. Consider now the perturbed partition function

= /Dgz,efsfﬁ“/, (1.5.2)
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where V is a Grassmann-odd operator which is invariant under Lp. It is easy to see that Z(t) is
independent of ¢, since

% =— /D¢ SV e 571V = —/D¢5 (Ve 571V) =o. (1.5.3)

Here we have used the fact that 6°V = L5V = 0. In the final step we have used the fact that 6 is a
symmetry of the path integral, in order to interpret the integrand as a total derivative. In some cases,
the integral of the total derivative does not vanish due to boundary terms (a closely related example
appears in section 11.3 of [80]), but if the integral decays sufficiently fast in field space one expects the
perturbed partition function Z(¢) to be independent of t. This means that it can be computed at t = 0
(where one recovers the original partition function) but also for other values of ¢, like ¢ — oo. In this
regime, simplifications typically occur. For example, if §V has a positive definite bosonic part (§V)p,
the limit ¢ — oo localizes the integral to a submanifold of field space where

(6V)p = 0. (1.5.4)

It turns out that, in many interesting examples, this submanifold is finite-dimensional. This leads to a
“collpase" of the path integral to a finite-dimensional integral. It is easy to see that this method also
makes it possible to calculate the correlation functions of J-invariant operators.

In order to see how the method of localization works, let us briefly review a beautiful and simple
example, namely the field theoretical version of the Poincaré—Hopf theorem.

1.5.1 A simple example of localization

The Poincaré—Hopf theorem has been worked out from the point of view of supersymmetric localization
in many references, like for example [79, 8], [83]. Let X be a Riemannian manifold of even dimension
n, with metric g,,, vierbein e}, and let V), be a vector field on X. We will consider the following
“supercoordinates" on the tangent bundle T'X

(@, 9") (¥ By) s (1.5.5)

where the first doublet represents supercoordinates on the base X, and the second doublet represents
supercoordinates on the fiber. * and v, are Grasmann variables. The above supercoordinates are
related by the Grasmannian symmetry

dzt = WL, 51% = B;u

1.5.6
oYt =0, 0B, =0, ( )
which squares to zero, §2 = 0. With these fields we construct the “action"
1- _
S(t) =69, V= S (B* +2itV* + T7,0,4"g"") , (1.5.7)
and we define the partition function of the theory as
1 _
Zx(t) = 7/ dzdey dip dBe 5@, (1.5.8)
(2m)™ Jx
Using that
ag/ta
=_TH g7 —T9 g™+ 1.5.9
B g 7.9, (1.5.9)
one finds that, in the resulting theory, B,, is a Gaussian field with mean value
B = —itVH* — ghTT9 y1p”. (1.5.10)
If we integrate it out, we obtain an overall factor
) n/2
(2m) (1.5.11)

N
and the action becomes

2 1 o _
5g,WV“V" — ZR”W%%WW — itV VY, 0t (1.5.12)
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We can define orthonormal coordinates on the fiber by using the inverse vierbein,

Xa = By, (1.5.13)
so that the partition function reads
1 2 uysv 1 pab LoV 4 vea "
Zx(t) = W /X dz dep dy e T 9w VIV AT R i Xaxe W 9V +itV L VY el xa ", (1.5.14)

It is clear that this partition function should be independent of %, since the action can be written as
S(t)=8(0)+tV, V=i, V" (1.5.15)

We can then evaluate it in different regimes: ¢t — 0 or ¢ — oco. The calculation when ¢t = 0 is very easy,
since we just have

1 lRab KoV 1
ZX(O): Wdeddee4 pXaXp P! = W/)(def(R), (1516)

where we have integrated over the Grassmann variables x, to obtain the Pfaffian of the matrix R*. The

resulting top form in the integrand,
1
X)=—"—7=Pf(R 1.5.17
(X) = GryaPi(R) (1.5.17)
is nothing but the Chern—Weil representative of the Euler class, therefore the evaluation at t = 0 produces
the Euler characteristic of X,

Zx(0) = x(X). (1.5.18)

Let us now calculate the partition function in the limit ¢ — co. We will now assume that V* has
isolated, simple zeroes py where V#(py) = 0. These are the saddle—points of the “path integral," so
we can write Zx(t) as a sum over saddle-points pg, and for each saddle-point we have to perform a
perturbative expansion. Let £* be coordinates around the point p;. We have the expansion,

VA@) = 3 S0, 0,V ) - (1519

n>1
After rescaling the variables as
E-tl, ot Py, ot Py (1.5.20)

the theory becomes Gaussian in the limit ¢ — oo, since higher order terms in the fluctuating fields &, ¥, x
contain at least a power t~1/2. Interactions are suppressed, and the partition function is one-loop exact:

1 b)Y o B s (R)v a "
lim Zx(t) = Zw/)(dgd¢dxeéguquk> HPV P iR 2ot (1.5.21)

t—00 (27
Pk

where we denoted,

Hm =9, v*| (1.5.22)

i’
Each term in this sum can now be computed as a product of a bosonic Gaussian integral, times a
Grassmann integral, and we obtain

lim Zx(t) =Y 1 det(et)det H® =3 dets H'® (1.5.23)
1m = B —— & = —_—_ . 9.
oo Jgldet HE[Tn ~ |det H®|

Pk

The equality between ([1.5.18]) and (|1.5.23)) is the famous Poincaré-Hopf theorem.

Conceptually, the localization analysis in [2] that we will review now is not very different from this
example, although technically it is more complicated. The key common ingredient in the analysis of the
t — oo limit is that the localization locus becomes very simple, and all Feynman diagrams involving at
least two loops are suppressed by a factor t~/2, so that the one-loop approximation is exact.
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1.5.2 Localization in Chern—Simons—matter theories: gauge sector

We are now ready to use the ideas of localization in supersymmetric Chern—Simons—matter theories
on S?, following [2]. The Grassmann-odd symmetry is simply Q, defined by §. = €Q, where € is the
conformal Killing spinor satisfying ‘ This symmetry satisfies Q% = 0, and then it is a suitable
symmetry for localization. To localize in the gauge sector, we add to the CS-matter theory the term

— tSym, (1.5.24)

which thanks to (1.1.30) and (1.1.15)) is of the form QV, and its bosonic part is positive definite. By
the localization argument, the partition function of the theory (as well as the correlators of Q-invariant
operators) does not depend on ¢, and we can take ¢t — oo. This forces the fields to take the values that
make the bosonic part of to vanish. Since this is a sum of positive definite terms, they have to
vanish separately. We then have the localizing locus,

F, =0, D=0 D+ % =0. (1.5.25)

The first equation says that the gauge connection A, must be flat, but since we are on S* the only flat
connection is A, = 0. Plugging this into the second equation, we obtain

0,0 =0 = 0 = oy, (1.5.26)

a constant. Finally, the third equation says that

p=_2% (1.5.27)
r
The localizing locus is indeed finite-dimensional: it is just the submanifold where ¢ and D are constant
Hermitian matrices, and 4, = 0.
Let us now calculate the path integral over the vector multiplet in the limit ¢ — co. We have
to perform a gauge fixing, and we will choose the standard covariant gauge as in the case of
Chern—Simons theory. The path integral to be calculated is

1 1 — ik ral
(det’ A%)~2 / DA / DCDC et Fscs ~tIvm(A)+Sanosts (C.C,A) (1.5.28)
Vol(G) Kerdt (Kerd)t

where C,C are ghosts fields. As in the example of the Poincaré-Hopf theorem, we expand the fields
around the localizing locus, and we set

o =09+ o,
p="241p (1.5.29)
=T T 5.

1 1 1

—A, —\, —C,

VE VTV

where the factors of ¢t are chosen to remove the overall factor of ¢ in the Yang—Mills action. In the

Yang—Mills Lagrangian, only the terms which are quadratic in the fluctuations survive in this limit,
namely,

A N C—

1

5 / Vg diz Tr( — A*AA, — [A, 00)* + 0,0'0"0" + (D' + 0')?
X (1.5.30)

FOYITA M0, N - SR a,,cauc) ,

where we set r = 1. We are then left with a Gaussian theory, but with non-trivial quadratic operators
for the fluctuations. In the same way, when we expand around the fixed-point limit , we
obtain
ik
4
so only the first term survives in the ¢ — oo limit.
Let us now calculate the path integral when t — oo. Like in the example of the Poincaré-Hopf
theorem, we just have to compute the one-loop determinants. In this calculation we will only take

Sscs = ﬁ'l’r(crg)vol(S?’) + Ot 1/?), (1.5.31)
T



1.5. LOCALIZATION 41

into account the factors which depend explicitly on oy. The remaining, numerical factors (which might
depend on N, but not on the coupling constant k) can be incorporated afterwards by comparing to the
weak coupling results. The integral over the fluctuation D’ can be done immediately. It just eliminates
the term (D’ + 0’)2. The integral over ¢’ and over the ghost field C, C gives

(det’ A%)z (1.5.32)

which cancels the overall factor in ([1.5.28)).

Before proceeding, we just note that due to gauge invariance we can diagonalize o( so that it takes
values in the Cartan subalgebra. This introduces the usual Vandermonde factor in the integral over oy,
namely

I1 (e(00))?, (1.5.33)

a>0
where a denote the roots of the Lie algebra g, and o > 0 are the positive roots. Using the Cartan
decomposition of g, we can write A, as

Ay = ASXo + hy, (1.5.34)

In this equation, X, are representatives of the root spaces of G, normalized as
Tr(XoX3) = dat8: (1.5.35)

where 0,45 is one if a + 3 = 0, and zero otherwise. In (1.5.34), h, is the component of A, along
the Cartan subalgebra. Notice that this part of A, will only contribute a og-independent factor to the
one-loop determinant, so we will ignore it. We have

00, Au] = > al00) AL X (1.5.36)

and a similar equation for A. Plugging this into the action, we can now write it in terms of ordinary (as
opposed to matrix valued) vectors and spinors

/\fd% Z ( ALY (=A 4 a(og)?) Ag + A7 (w*‘v +ia(og) — ) A“) (1.5.37)

We now have to calculate the determinants of the above operators. The integration over the fluctuations
of the gauge field is restricted, as in the Chern—Simons case, to the vector spherical harmonics. Using
the results (|1.3.14)), (1.3.15)), we find that the bosonic part of the determinant is:

det(bosons) H H n+1)% + a(og) )2n(n+2) . (1.5.38)

a n=1

For the gaugino, we can use (A.66) to write the fermion determinant as:

n(n+1)
det(fermions) H H ( (n+1ia(og))(—n — 1+ ia(ao))> , (1.5.39)

a n=1

and the quotient gives

Zoon[00]

T (0t ia(00) " (=0 — 1+ ia(0)" Y
- 1;[ 11 ((n +1)2 + a(0g)?)n(n+2)
(1.5.40)

(n +ia(0g))n=D0+D) (n 4 1 — ja(og))r(n+2)’

I eteo)  Din 1 iafo)" )

up to a ogg-independent sign. We see there is partial cancellation between the numerator and the denom-
inator, and this becomes:

+1 2 +1
Zlgjgiz[ffo]:HH ”“‘)‘ ik HH (n* + ofo ;

2
ocnl a>0n1n+a

=11 H(”2 +a(00)®)?,

(1.5.41)
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where we used the fact that the roots split into positive roots o > 0 and negative roots —a, a > 0. We

finally obtain
oo o0 2 2
auge (0o
o = (1) ILTT (1) 152
n=1

a>0n=1

We can regularize this infinite product with the zeta function. This will lead to a finite, numerical result
for the infinite product

11" (1.5.43)
n=1

On the other hand, we can use the well-known formula

sinh(rz) 1y (1 N ZZ) (1.5.44)

72
n=1

to write

Z50 (o) o< [ | (Slrlh(m(ao)))g , (1.5.45)

1-loop s 7TOé(O'0)

where the proportionality factor is independent of oy. We conclude that the localization of the vector
multiplets leads to a total contribution to the partition function

sinh |« oS ? — 50z Tr(u?) 5.
/dugo(z h( (2))) e (1.5.46)

where we defined the convenient coupling,

2mi
= — 1.5.47
9s = ( )
and we wrote
oo = L, (1.5.48)
2

where p takes values in the Cartan subalgebra.

1.5.3 Localization in Chern—Simons—matter theories: matter sector

Let us now consider the matter sector. We will follow the computation in [43], which simplifies a little
bit the original computation in [2]. As shown in ([1.1.43), the matter Lagrangian is in itself a total
superderivative, so we can introduce a coupling ¢ in the form

— tSmatter- (1.5.49)

By the by now familiar localization argument, the partition function is independent of ¢, as long as ¢ > 0,
and we can compute it for ¢ = 1 (which is the original case) or for ¢ — co. We can also restrict this
Lagrangian to the localization locus of the gauge sector. The matter kinetic terms are then

AA-1 5 A2-A)
T T

[’¢ :gwjau(;;ay(b + 927)0'8(;5 + ;
g
Ly =~ "0 + oo - =2,

0,

The real part of the bosonic Lagrangian is positive definite, and it is minimized (and equal to zero) when
¢ =0. (1.5.50)

Like before, in the ¢ — oo limit, only quadratic terms in the matter fields contribute to the localization
computation. In particular, there is no contribution from the superpotential terms involving the matter

multiplets, like (1.1.44]). After using (A.43)) and (A.61]), we find that the operators governing the quadratic
fluctuations around this fixed point are given by the operators

1
O¢, = ﬁ{4L2_ (A—i?"o'o)(A—z—iTUQ)},

1
Oy = ;{4L-S+iroo—|—2—A}. (1.5.51)
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Their eigenvalues are, for the bosons,
Ao(n) =77%(n+2+iroe — A)(n — iroy + A), n=0,1,2---, (1.5.52)
with multiplicity (n + 1)2, and for the fermions
Ap(n) =r"H(n+1+irag — A), r7Y(—n+ircy— A), n=12---, (1.5.53)

with multiplicity n(n 4+ 1). We finally obtain, after setting r = 1,

|detAy| H (m+1+irey — A)y™™ ) (m —irgy 4 A)™(m+1)

o 1.5.54
detA¢ (m +1+ iTO’O _ A)mz (m _1— i?“O'() + A)mz ) ( )
and we conclude A
+1-— +1rog\™
Zmatter — (m ) . 15
1-loop [JO] Tl_[ m—1+A— i’I"O'() ( 5 55)

As a check, notice that, when A = 1/2 and oy = 0, we recover the quotient of determinants (1.3.45) of
the free theory. The quantity (1.5.55|) can be easily computed by using (-function regularization [43] 82].
Denote

z=1-A+irog (1.5.56)
and
U(z) = log Z{oaet [oo]. (1.5.57)

We can regularize this quantity as

0 > m m
Ol 2 (@57 mor) 1:5.5%)
On the other hand,
> ((mTz)s - (mTZ)S> =Cu(s—1,2) = 2Cu(s,z) = Cu(s — 1,—2) — 2Cu(s,—z),  (1.5.59)
where
> 1
Cu(s, z) = mzzzo (m+2)y (1.5.60)

is the Hurwitz zeta function. Using standard properties of this function (see for example [63]), one finally
finds the regularized result

_ 27z i 2 l s (2mizy | E
U(z) = —zlog (1 — ™) + 5 (wz + 71_ng(e )) 5 (1.5.61)
As a check of this, notice that
1 1
— ] =—=1log2 1.5.62
4 (2> 5 log (1.5.62)

in agreement with (|1.3.44]).

There is an important property of £(z), namely when A = 1/2 (canonical dimension) one has

(U(z) +£(z%)) = f% log (2 cosh(mray)) . (1.5.63)

DN | =

To prove this, we write

1
im0, (1.5.64)

and we compute

(0(2) + £(=")) = —% log (2 cosh(r0)) + %ﬂ@? + % + ﬁ (Lis(—e ™) + Lin(—e*™)).  (1.5.65)

N | =



44 CHAPTER 1. CHERN-SIMONS-MATTER THEORIES AND THEIR GRAVITY DUALS

After using the following property of the dilogarithm,

Lia(~2) + Lia (~o~") = == — _ (log())?, (1.5.66)

we obtain ((1.5.63]).

When the matter is in a self-conjugate representation of the gauge group, the set of eigenvalues of
09 is invariant under change of sign, therefore we can calculate the contribution of such a multiplet by
using (1.5.63]). We conclude that for such a matter multiplet,

matter A(:u) i
Zeop (1] = 1;[ 2 cosh — , (1.5.67)
where we set r = 1 and we used the variable p in the Cartan defined in (1.5.48]). The product is over
the weights A of the representation of the matter multiplet. For general representations and anomalous
dimensions, one has to use the more complicated result above for ¢(z).

1.5.4 The Chern—Simons matrix model

As a first application of the results of localization, let us consider pure supersymmetric Chern—Simons
theory, defined by the action . If we don’t add matter to the theory, the fields D, o and X\, \ are
auxiliary and they can be integrated out. In other words, supersymmetric Chern-Simons theory on S?
should be equivalent to pure (bosonic) Chern—Simons theory. There is however an important difference:
in super-Chern—Simons theories with at least N/ = 2 supersymmetry, there is no renormalization of the
coupling k& due to the extended supersymmetry [84]. The localization argument developed above says
that the partition function of Chern-Simons theory on S? with gauge group G should be proportional
to the matrix model :

3 . - 2 — L2
Zcs(S?) /d,u 1:[0 (251nh ?> e 2 (1.5.68)
«

where we regard p as a weight and we use the standard Cartan—Killing inner product in the space of
weights. For example, in the case of G = U(N), if we write p and the positive roots in terms of an
orthonormal basis e; of the weight lattice,

n= Zﬂiei; g =e —ej, <], (1.5.69)

we find

Zos(S?) / dus (2 sinh 22— “J> e Zm T 1.5.70

H pui ]1 5 (1.5.70)

The proportionality constant appearing in should be independent of the coupling constant k,

and it is only a function of N. The matrix model is a “deformation" of the standard Gaussian

matrix model. It has a Gaussian weight, but instead of displaying the standard Vandermonde interaction

between eigenvalues it has a “trigonometric" deformation involving the sinh. This interaction

reduces to the standard one for small « - p, which corresponds in the U(NN) case to a small separation
between eigenvalues.

The matrix model 7 with a sinh kernel, was first introduced in [85]. It was later rederived using
geometric localization techniques in [86], and abelianization techniques in [87]. As we have seen following
[2], it can be derived in an elegant and simple way by using supersymmetric localization. Actually, the
matrix integral appearing in the r.h.s. of can be calculated in a very simple way by using Weyl’s
denominator formula, as pointed out in for example [88]. This formula reads,

Z e(w)ev(P)v H QSlnh— (1.5.71)
weWw a>0

In this formula, W is the Weyl group of G, e¢(w) is the signature of w, and p is the Weyl vector, given
by the sum of the fundamental weights. Using this formula, the matrix integral reduces to a sum of
Gaussian integrals which can be calculated immediately, and one finds

(det(C))"/? (2mgs)™ W9 37 e(w)esr o), (1.5.72)
weW
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where C' is the inverse matrix of the inner product in the space of weights (for simply connected G, this
is the Cartan matrix), and r is the rank of G. Using again Weyl’s denominator formula we find,

S e(w)es o = A+ T 2sin (mk' p) (1.5.73)
a>0

wew

where |A | is the number of positive roots of G. The matrix integral then gives,

(det(C))/? (2m)" W] %e%dcy I] 2sin (%) (1.5.74)
a>0
where we have used Freudenthal-de Vries formula
p? —de (1.5.75)

12

The result (1.5.74)) is indeed proportional to the partition function of Chern-Simons theory on S?, and we
can use the result to fix the normalization, N-dependent factor in the matrix integral. Let us particularize
for G = U(N). Then, the matrix integral is

N\ 1N—j
(ZW)NNIea‘N(N2 Vg~ N/QH {2s1n (ij)} , (1.5.76)

which is indeed proportional to (1.3.28) (after changing k — k — N), up to an overall factor

5 (2m)V N1 e BNV 1), (1.5.77)

The phase appearing here depends on k, and it has the right dependence on k, N to be understood as a
change of framing of S? in the result (1.3.28). We can now use the above result to fix the normalization
in the matrix model describing supersymmetric Chern—Simons theory, and we find

d i . 1 2 L N 2
Zos (S%) = N| /H Hi ( nh”g“ﬂ> e~ %o Dt b (1.5.78)
1<J

We will refer to this model as the Chern—Simons matrix model. Later on we will study its large N limit.
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Chapter 2

't Hooft limit and genus expansion

In this chapter we investigate in detail the matrix model of ABJM theory using the standard and powerful
tools of matrix models such as spectral curve and genus expansion. The organization of the chapter is as
follows. First section 2.1 we give a review the standard matrix model techniques for conventional matrix
models. In section 2.2 we relate ABJM matrix model to the lens space matrix model and construct the
planar solution. In section 2.3 we consider the moduli space of the ABJM theory and its relation to
topological strings in local P! x P'. Then in the sections 2.4-2.6 we analyze the behavior near three
different special points of the moduli space. In particular in section 2.5 find the asympotics of the free
energy and Wilson loops in the strong coupling limit which agrees with the predicitons from the string
theory side. In section 2.7 we find non-planar corrections to the v.e.v.’s of Wilson loops and also consider
generalization to giant Wilson loops. In sections 2.8-2.11 we study the ABJM theory with flavors and we
develop a geometrical method to analyze the strong coupling behavoir without finding exact interpolation
functions. In section 2.12 we find higher genus free energies of ABJM theory. In section 2.13, from the
analysis of their lagre order behaviour, we are able to find instanton-type corrections which are otherwise
invisible in the 't Hooft expansion. In section 2.14 we argue that they are related to membrane instantons
on the string theory side.

2.1 Matrix models at large N

In this section we will review some standard techniques of conventional matrix models, and in the next
sections we will use them to analyze the matrix models appearing in supersymmetric Chern—Simons—
matter theories. A more detailed treatment of matrix models in the large N expansion, as well as a
complete list of references, can be found in [24] [89, [90].

2.1.1 Saddle-point equations and one-cut solution

Let us consider the matrix model partition function

N

1 1 1N
Z=———— dX; AZ(N)e 5 2= V), 2.1.1
N @2m)N / 1;[1 (Ae (2.1.1)

V(X), called the potential of the matrix model, will be taken to be a polynomial
1 g

V(A) = -A? =B \p 2.1.2
M=+ 3 (212)

where the g, are coupling constants of the model. In (2.1.1)),
A’ =[O = x)? (2.1.3)
i<j

is the Vandermonde determinant ([1.5.33)) for the group U(N). The integral (2.1.1) is typically obtained
as a reduction to eigenvalues of integrals over the space of N x N Hermitian matrices, see [89, [90] for
more details. We want to study Z in the so-called 't Hooft limit, in which

gs— 0, N — o0, (2.1.4)

47
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but the ‘t Hooft parameter of the matrix model

t=g,N (2.1.5)
is fixed. In particular, we want to study the leading asymptotic behavior of the free energy

F=logZ (2.1.6)

in this limit. Let us write the partition function (2.1.1)) as follows:

N
1 d); -2
— L a9s " Sett ()
7= /1:[1 o (2.1.7)
where the effective action is given by
o 212
Seff(/\) = —N E V(/\z) + ﬁ E log |)\Z — /\]| (218)
i=1 i<j

We can now regard g2 as a sort of A, in such a way that, as g, — 0 with ¢ fixed, the integral will
be dominated by a saddle-point configuration that extremizes the effective action. Notice that, since a
sum over N eigenvalues is roughly of order N, in the 't Hooft limit the effective action is of order O(1),
and the free energy scales as

F(gs,t) = g5 Fo(t). (2.1.9)

Fy(t) is called the genus zero, or planar, free energy of the matrix model, and it is obtained by evaluating
the effective action at the saddle point. This dominant contribution is just the first term in an asymptotic
expansion around gs; = 0,

oo
F=> Fyt)g2>. (2.1.10)
g=0

In order to obtain the saddle-point equation, we just vary Seg(A) w.r.t. the eigenvalue \;. We obtain

the equation

1 1 1
—V'(\) = — — Y\ i=1,---,N. 2.1.11
2V ) N;Ai—xj ! (2.1.11)

This equation can be given a simple interpretation: we can regard the eigenvalues as coordinates of a
system of N classical particles moving on the real line. (2.1.11) says that these particles are subject to
an effective potential

Ver(\s) = V() — %Zlogp\i—)\ﬂ (2.1.12)
J#i
which involves a logarithmic Coulomb repulsion between eigenvalues. For small ’t Hooft parameter, the
potential term dominates over the Coulomb repulsion, and the particles tend to be at a critical point x.,
of the potential: V' (x,) = 0. As t grows, the logarithmic Coulomb interaction will force the eigenvalues
to repel each other and to spread out away from the critical point.
To encode this information about the equlibrium distribution of the particles, it is convenient to
define an eigenvalue distribution (for finite N) as

pO) = 3 160 = A, (2.1.13)

where the \; solve in the saddle-point approximation. In the large N limit, it is reasonable to
expect that this distribution becomes a continuous distribution pg(A). As we will see in a moment, this
distribution has a compact support. The simplest case occurs when pg(A) vanishes outside a connected
interval C = [a,b]. This is the so-called one-cut solution. Based on the considerations above, we expect
C to be centered around a critical point z, of the potential. In particular, as t — 0, the interval C should
collapse to the point x,.

We can now write the saddle-point equation in terms of continuum quantities, by using the rule

1 N
NS0 - [ F0ar (2.1.14)
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Notice that the distribution of eigenvalues py(A) satisfies the normalization condition

/Cpo(/\)d)\ Y (2.1.15)
The equation then becomes

1 _p [ AN
2tV(>\)_P/C A (2.1.16)

where P denotes the principal value of the integral. The above equation is an integral equation that
allows one in principle to compute po(A), given the potential V' (\), as a function of the 't Hooft parameter
t and the coupling constants. Once pg(A) is known, one can easily compute Fy(t), since the effective
action in the continuum limit is a functional of pg:

Seft (p0) = —t/dApO()\)V()\)+t2/ dAdN po(N)po(N) log |A — N|. (2.1.17)
C CxC

The planar free energy is given by
Fo(t) = Serr(po)- (2.1.18)

We can obtain (2.1.11) directly in the continuum formulation by computing the extremum of the
functional

S(po,T) = St (o) + r(t [ armon - t) (2.1.19)

with respect to pg. Here, I" is a Lagrange multiplier that imposes the normalization condition of the
density of eigenvalues (times t). This leads to

V(A = 2t/d)\’ po(N)log X — N[ +T, (2.1.20)

which can be also obtained by integrating ([2.1.16) with respect to A. It is convenient to introduce the
effective potential on an eigenvalue as

Var(\) = V(\) — Zt/pro()\’) log |\ — V. (2.1.21)

This is of course the continuum counterpart of (2.1.12). In terms of this quantity, the saddle—point
equation ([2.1.20)) says that the effective potential is constant on the interval C:

Vag(\) =T, AeC. (2.1.22)

The Lagrange multiplier I' appears in this way as an integration constant that only depends on ¢ and
the coupling constants. As in any other Lagrange minimization problem, the multiplier is obtained by
taking minus the derivative of the target function w.r.t. the constraint, which in this case is t. We then

find the very useful equation
O Fy(t) = —T = —Veg(b). (2.1.23)

where b is the endpoint of the cut C.

The density of eigenvalues is obtained as a solution to the saddle-point equation . This
equation is a singular integral equation which has been studied in detail in other contexts of physics (see,
for example, [91]). The way to solve it is to introduce an auxiliary function called the resolvent. The
resolvent is defined, at finite NV, as

i=1

1 /&1
wip) = <Z - A¢> : (2.1.24)

and we will denote its large N limit by wg(p), which is also called the genus zero resolvent. This can be
written in terms of the eigenvalue density as

wo(p) = /d/\zof);)\. (2.1.25)
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The genus zero resolvent (2.1.25) has three important properties. First of all, due to the normalization
property of the eigenvalue distribution (2.1.15)), it has the asymptotic behavior

1
wo(p) ~ e p — 0. (2.1.26)

Second, as a function of p it is an analytic function on the whole complex plane except on the interval
C, where it has a discontinuity as one crosses the interval C. This discontinuity can be computed by
standard contour deformations. We have

wo(p+ie):/dAﬂ :/R__ 2 _p /d)\po()\) +/C 2o (2.1.27)

R PF+ie—A p—A p—A p—A

where C. is a contour around A = p in the lower half plane, and oriented counterclockwise. The last
integral can be evaluated as a residue, and we finally obtain,

wo(p + i€) = P/dAgo()‘))\ — 7ipo(p). (2.1.28)
Similarly
wo(p — i€) = /R+i€ d)\;OO\i =P /d)\go()\))\ + ipo(p). (2.1.29)
One then finds the key equation
po(A) = 72%71 (wo(A +i€) — wo(X — i€)). (2.1.30)

From these equations we deduce that, if the resolvent at genus zero is known, the planar eigenvalue
distribution follows from (2.1.30)), and one can compute the planar free energy. On the other hand, by
using again (2.1.27)) and (2.1.29)) we can compute

wo(p + i€) + wo(p — ic) = 2P /d)\go()\;\ (2.1.31)
and we then find .
wo(p +i€) + wo(p — i€) = ;V’(p), pecC, (2.1.32)

which determines the resolvent in terms of the potential. In this way we have reduced the original
problem of computing Fy(t) to the Riemann-Hilbert problem of computing wo(A). In order to solve
(2.1.32), we write it as a sum of an analytic or regular part w,(p), and a singular part w(p),

wo(p) = wr(p) + ws(p), (2.1.33)
where )
wr(p) = 5, V' (p)- (2.1.34)

It follows that the singular part satisfies
ws(p +1i€) + ws(p — ie) = 0, peC. (2.1.35)

This is automatically satisfied if w,(p) has a square-root branch cut across C, and we find

wp) = 5 M)V = )= D) (2:.36)

where a, b are the endpoints of C, and M (p) is a polynomial, which is fully determined by the asymptotic
condition ([2.1.26)). There is in fact a closed expression for the planar resolvent in terms of a contour

integral [92] which reads
1 [ dzV'(2) ((p—a)p—b)\"?
wolp) = 2t7€27rip—z ((z—a)(z—b)) ’ (2.1.37)
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Figure 2.1: The contour C encircling the support of the density of eigenvalues, which can be regarded as
a contour in the spectral curve y(p).

where C denotes now a contour encircling the interval. The r.h.s. of (2.1.37) behaves like c+d/p+O(1/p?).
Requiring the asymptotic behavior (2.1.26| imposes ¢ = 0 and d = 1, and this leads to

%% e

c2mi/(z-a)(z=b)

e,
¢ 2mi /(2 —a)(z —b)

These equations are enough to determine the endpoints of the cuts, a and b, as functions of the 't Hooft
coupling ¢ and the coupling constants of the model. Equivalently, after deforming the contour in (2.1.37))
to infinity, we pick a pole at z = p, which gives the regular piece, and we find the equation

(2.1.38)

wo(p) = V')~ o M)V~ o= D) (2139
where
M (p) =]{ 4z Viz) ! (2.1.40)
w0 2Tz =P \/(z—a)(z—b) o

A useful way to encode the solution to the matrix model is to define the spectral curve of the matrix
model by
y(p) =V'(p) — 2two(p) = M(p)V/(p — a)(p — b). (2.1.41)

Notice that, up to a constant,
A
/ dpy(p) = Verr(A). (2.1.42)

If we regard wo(p)dp as a differential on the spectral curve, the 't Hooft parameter can be written as a
contour integral

t= 7{ L otuo(p (2.1.43)
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This contour on the spectral curve (regarded as a complex curve) is represented in Fig.

Example 2.1.1. The Gaussian matriz model. Let us now apply these results to the simplest case, the
Gaussian model with V(z) = 22/2. We first look for the position of the endpoints from (2.1.38). After
deforming the contour to infinity and changing z — 1/z, the first equation in (2.1.38) becomes

dz 1 !
0 2mi 2% /(1 —az)(1—bz)

where the contour is now around z = 0. Therefore a + b = 0, in accord with the symmetry of the
potential. Taking this into account, the second equation becomes:

dz 1 1
N S— 2.1.45
ﬁ?ﬂ'izg V1 —a2z2 ( )

=0, (2.1.44)

and gives
a=2V1. (2.1.46)
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We see that the interval C = [—a,a] = [-2v/%,2+/%] opens as the 't Hooft parameter grows up, and as
t — 0 it collapses to the minimum of the potential at the origin, as expected. We immediately find from

@.1.39)
1
= 2—t<p — /- 4t), (2.1.47)

and from the discontinuity equation we derive the density of eigenvalues

() = —— /I — 22, (2.1.48)

27t

wo(p)

The graph of this function is a semicircle of radius 2v/¢, and the above eigenvalue distribution is the
famous Wigner-Dyson semicircle law. Notice also that the equation (2.1.41)) is in this case

y? =p? — 4t (2.1.49)

This is the equation for a curve of genus zero, which resolves the singularity y? = p?. We then see that
the opening of the cut as we turn on the 't Hooft parameter can be interpreted as a deformation of a
geometric singularity.

2.1.2 Multi—cut solutions

So far we have considered the so-called one-cut solution to the one-matrix model. This is not, however,
the most general solution, and we will now consider the so-called multi-cut solution, in the saddle-point
approximation. Recall from our previous discussion that the cut appearing in the one-matrix model was
centered around a critical point of the potential. If the potential has many critical points, one can have
a saddle—point solution with various cuts, centered around different critical points. The most general
solution has then n cuts (where n is lower or equal than the number of critical points), and the support
of the eigenvalue distribution is a disjoint union of n intervals

C = UCl (2.1.50)

The total number of eigenvalues N splits into n integers IV,
N=Ny+- -+ N,, (2.1.51)

where N; is the number of eigenvalues in the interval C;. We introduce the filling fractions
N; .
€ =— = / dA po(N), it=1,---,n. (2.1.52)
N e,

Notice that
n
Y ea=1 (2.1.53)
i=1
A closely related set of variables are the partial 't Hooft parameters
ti :tEi =gsN¢7 1= 1,"' , N (2.1.54)

Notice that there are only ¢ = n — 1 independent filling fractions, but the partial 't Hooft parameters
are all independent.

The multi-cut solution is just a more general solution of the saddle-point equations that we derived
above. It can be found by extremizing the functional with the condition that the partial 't Hooft
parameters are fized,

S(,OO7 EI) = Seff(po) + Z Fi <t/ dA po()\) - ti>, (2155)
i=1 Ci
where I'; are Lagrange multipliers. If we take the variation w.r.t. the density po(A) we find the equation

V(A = Qt/ dNpo(N)log A= XN[+T;,  AeC (2.1.56)
C
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~.. s

Figure 2.2: A two-cut spectral curve, showing two contours C; o around the cuts where N; o eigenvalues
sit. The “dual" cycle Dy goes from Cs to C;.

which can be rewritten as

Vie(\) =Ty, A€ (2.1.57)

The planar resolvent still solves (2.1.32)), and the way to implement the multi—cut solution is to require
wo(p) to have 2n branch points. Therefore we have

1 1

wo(p) = 5:V'(p) — = M(p)

2.1.
2t 2t (2.1.58)

which can be solved in a compact way by

1/2
1 dz V'(z) 2 p—
=—¢ — — . 2.1.
wo(p) 2t jﬁ 2rip—z <1c1i[1 Z— Tk (2.1.59)

In order to satisfy the asymptotics ([2.1.26]) the following conditions must hold:

1 [ dz 2V'(z)

Opn = —_—
2t Jo 2mi Hiil(z —xp)?

. 0=0,1,---,n. (2.1.60)

In contrast to the one-cut case, these are only n + 1 conditions for the 2n variables x; representing the
endpoints of the cut. The remaining n — 1 conditions are obtained by fixing the values of the filling
fractions through (or, equivalently, by fixing the partial ’t Hooft parameters). The multipliers
in are obtained, as before, by taking derivatives w.r.t. the constraints, and we find the equation

OF,  OF
oty Otip

=T — T, (2.1.61)

which generalizes (2.1.23)) to the multi—cut situation.
We can write the multi-cut solution in a very elegant way by using contour integrals. First, the
partial 't Hooft parameters are given by

1
ti=— ¢ 2 dp. 2.1.62
m wo(p)dp (2.1.62)

i

We now introduce dual cycles D; cycles, ¢ = 1,--- ,n — 1, going from the C; 1 cycle to the C; cycle
counterclockwise, see Fig. In terms of these, we can write (2.1.61)) as

oF, OF 1

— = —— 2 . 2.1.
= 72 2en(p) (2.1.63)

k3

2.2 The ABJM matrix model and Wilson loops

In this section we consider the relation of the ABJM matrix model to the lens space matrix model and
discuss in detail the planar solution.
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2.2.1 Relation to the lens space matrix model

Using the localization procedure reviewed in the previous chapter let us now consider the matrix model
calculating the partition function on S* of ABJM theory, or rather its generalization [3] to the gauge
group U(N;7) x U(N3). The contribution of the vector multiplets gives in the integrand

N 2 — 2 N. 2
H ( sinh 22— 5 'uj) e Tor Li i H (2 sinh 2 5 Vb) eTir 2o Ya, (2.2.1)

1<i<j<N; 1<a<b< N

where the opposite signs in the Gaussian exponents are due to the opposite signs in the levels. Since there
are four hypermultiplets in the bifundamental representation, we have an extra factor due to (|1.5.67)),

ﬁ ﬁ (2 cosh 22— "> - (2.2.2)

i=1a=1

The normalization of the matrix model can be fixed by using the normalization for the Chern—Simons
matrix model ([1.5.78]), and by comparing to the perturbative one-loop result. In this way we find,

Zon®) = [T T T (2o (252))
ABJIM = N1'N2 A in 2
(2 sS4V
2 2
X H <2sinh (VZ 5 Vj)) H (2(:osh (Mz 5 Va)) ez (eI, vd)
1<a<b<N, ;

i,a

(2.2.3)

This model is closely related to a matrix model that computes the partition function of Chern—Simons
theory on lens spaces L(p, 1), in particular to the model with p = 2. These models were introduced in
[85], and the case p = 2 was extensively studied in [88]. The matrix integral for p = 2 is given by,

3 (Vi) d d 2
i Va — Wy
Zcs(L(2,1)) = N1;N2 /H H 1<‘£[<N (2smh( 5 )>
SI<)S V1
2 2
< 11 (zsmh (szj)) I (2cosh (ul 2 u)) o7 (Soni 2, ).
1<a<b<No i

i,a

(2.2.4)

We will refer to this matrix model as the lens space matrix model. We will now use our knowledge of
the solution of the lens space matrix model to solve the ABJM model. It is clear that the matrix models
and are very similar, but there are some obvious differences: in the interaction
between the i and the v eigenvalues is in the denominator, and the Gaussian action for the vs has the
opposite sign. These ingredients are precisely the ones needed to make a supergroup extension
of . We will now quickly review some results on supermatrix models, following [93] 94, 05]. A

Hermitian supermatrix has the form
A U
P = (\IJT C’) (2.2.5)

where A (C') are Ny x Ny (N2 x No) Hermitian, Grassmann even matrices, and V¥ is a complex, Grassmann
odd matrix. The supermatrix model is defined by the partition function

Zs(N1|Ny) = /D(I’ e 7 SV(®) (2.2.6)

where we consider a polynomial potential V' (®), and Str is the supertrace
Stré=TrA—-TrC. (2.2.7)

There are two types of supermatrix models with supergroup symmetry U(Np|N3): the ordinary super-
matrix model, and the physical supermatrix model [94]. The ordinary supermatrix model is obtained
by requiring A, C to be real Hermitian matrices, while the physical model is obtained by requiring that,
after diagonalizing ® by a superunitary transformation, the resulting eigenvalues are real. Here we will
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be interested in the physical supermatrix model. Its partition function reads, in terms of eigenvalues
[94, 95]

2 2
0 (v — v, 1
]\]1‘]\72 /H sz H dv z<] H (:U‘J) ( J) e*E(Ei Vi(pi)=>2; V(Vj))- (228)

2
i, \H _V])

When the two groups of eigenvalues p;, v; are expanded around two different critical points, the partition
function (2.2.8]) is well-defined as an asymptotic expansion in gs. It is easy to show that ([2.2.8)) is related
to the partition function of the corresponding bosonic, two-cut matrix model

W(N1, Na) / HdquvaH — 1) i = v T (i — vy)? €3 (B V@FE, VD) (2.2.9)

i<j %,J

after changing No — —Ns:
Zs(N1|N2) = Zyp(N1, —Na). (2.2.10)

Such a flip of sign is trivially performed if one knows the exact solution of the model in the 1/N expansion.
The relation can be proved diagramatically by introducing Faddeev—Popov ghosts as in [95], [96].

We now see that the relationship between the ABJM matrix model and the lens space matrix model
is identical to the one we have between supergroup matrix models and multi-cut bosonic matrix models,
with the only difference that the interaction between the eigenvalues has been promoted to the sinh
interaction typical of Chern—Simons matrix models. Indeed, the lens space matrix model is a two-cut
matrix model where the u, v eigenvalues are expanded around two different saddle points, z = 0 and
z = i. The ABJM matrix model is just its supergroup version. We then conclude that

Zagam(N1, N2, gs) = Zp(2,1) (N1, — N2, gs). (2.2.11)

The appearance of a hidden supergroup structure in the matrix model of [2] is not surprising, since
N = 4 Chern-Simons—matter theories are classified by supergroups [97]. In fact, the ABJM theory can
be constructed as an A = 4 theory with supergroup U(N7|Nz) and containing both hypermultiplets and
twisted hypermultiplets [98]. This hidden supergroup structure in the ABJM theory is explicitly used in
the construction of half-BPS Wilson loops in [99).

2.2.2 The planar solution of the lens space matrix model

Let us now discuss the large N solution of the lens space matrix model, following [88| 100, T0T]. At
large IV, the two sets of eigenvalues, p;, vj, condense around two cuts. The cut of the u; eigenvalues is
centered around z = 0, while that of the v; eigenvalues is centered around z = 7wi. We will write the cuts

as
Ci=(-4,4), Cy=(ri—B,7i+ B), (2.2.12)

in terms of the endpoints A, B. It is also useful to use the exponentiated variable

Z =¢€*, (2.2.13)
In the Z plane the cuts (2.2.12) get mapped to
(1/a,a), (=1/b, —b), a=e", b=eb, (2.2.14)

which are centered around Z =1, Z = —1, respectively, see Fig. @ We will use the same notation C; 2
for the cuts in the Z plane. The large IV solution is encoded in the total resolvent of the matrix model,

w(z). It is defined as [100]
i 4E z—v;
: 1) — 2.2.1
)>+gs<;tan ( 5 )> ( 5)

w(z) = gs <Tr (§+g>> = g <§coth ('Z—Z

1223
U= <eo O,,j) . (2.2.16)

where
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—
mi— B mi+ B

Figure 2.3: The cuts for the CS lens space matrix model in the z plane and in the Z = e* plane.

We will denote by wp(z) the planar limit of the resolvent, which was found in explicit form in [I00]. It

reads,
—t/2

wo(2) =2log( [\/(Z+b)(z+1/b) JZ—a)Z - 1/a)}>, (2.2.17)

where
t=1t, +to (2.2.18)

is the total ’t Hooft parameter. It is useful to introduce the variables

1 1 1 1 1 1
Cz(a+abb>, ﬂ4<a+a+b+b). (2.2.19)

0 is related to the total 't Hooft parameter through
B=ce. (2.2.20)

All the relevant planar quantities can be expressed in terms of period integrals of the one-form wy(z)dz.
The 't Hooft parameters are given by

ti= o= Ciwo(z)dz, i=1,2. (2.2.21)

The planar free energy F| satisfies the equation

R A f;}wo(z)dz, (2.2.22)

where the D cycle encloses, in the Z plane, the interval between —1/b and 1/a (see Fig. E|
The derivatives of these periods can be calculated in closed form by adapting a trick from [102]. One
finds,

- 7{ 4z YA e, (2.2.23)
4 J \J(Z2—CczZ+ 12 —4p222  7(1+ab)
and similarly
oty vab 2ab 2

1Likewise one can calculate the second “B-cycle” period, and it will arise when solving the Picard-Fuchs equations at
strong coupling in Section
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where

+b\° 1—a? b(a? — 1)
2, (o _ It 2.2.2
k (1 +ab) ’ T "2 a(l + ab) ( 5)

Likewise for the period integral in (2.2.22)) we find
0T Vab

=2 K(K),
¢ 14+ ab (k') 2226)
0T _ Vab , 2&(1—1)2) o . 2.
o5 " "Trab (K“‘” T F aia s 5y Wmlk) — T [k)) )
where , . ' )
roatb o _atb o, Math)
T1va T bA+ab) 2T dtab (2.2.27)

We can now use the dictionary between the lens space matrix model and the ABJM matrix model
given by (2.2.11) to get the planar solution of the latter model. In particular, the natural 't Hooft
parameters in the ABJM theory

Aj==2 (2.2.28)
are obtained from the planar solution of the lens space matrix model by the replacement
t1 = 27Ti/\1, t2 = —27Ti/\2. (2229)

Since in the ABJM theory the couplings A; 2 are real, the matrix model couplings ¢;  are pure imaginary.
Thanks to (2.2.20]) we know that (3 is of the form

B = e2miha—2a) (2.2.30)

i.e., it must be a phase.
For later convenience we introduce yet another parameterization of the couplings in terms of B and

K
1 .
B=M-Jt3, K= e ™MBC. (2.2.31)

B is identified as the B-field in the dual type ITA background [78]. Notice that it has a shift by —1/2
as compared to the original prescription in [3]. Clearly, all calculations in the matrix model are periodic
under B — B+ 1, up to possible monodromies (see below). As we shall see later, the parameter
k is real for physical values of A; o.

2.2.3 Wilson loops
A family of Wilson loops in this theory has been constructed in [103] 104} [T05], with the structure

2 _
W}%/G =g, Trgr P exp/ <1Au:'c" + I:|x'M§CIC'J) ds (2.2.32)

where A,, is the gauge connection in the U(N); gauge group, z*(s) is the parametrization of the loop,
and M/ is a matrix determined by supersymmetry. It can be chosen so that, if the geometry of the loop
is a line or a circle, four real supercharges are preserved. Therefore, we will call the 1/6 BPS
Wilson loop. A similar construction exists for a loop based on the other gauge group,

—~ ~ 2 =
W}%/G =g, Trr P exp/ <1Au:'c" + I:|x'M§CIC'J) ds (2.2.33)

where A, is the U(N2)_j gauge connection. The planar limit of the vev of (2.2.32) was computed in
[103, 104, 105], for Ny = Ny = N, in the fundamental representation R = o, and in the weak coupling
regime A < 1, where

A= (2.2.34)

is the 't Hooft parameter. The result is

(Wg) = 2mi) (1 + 5%2% +0 ()\3)> : (2.2.35)
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On the other hand, in the strong coupling regime A > 1, the Wilson loop vev can be calculated by using
the large N string dual, i.e. type IIA theory on AdS, x P3 [103} 104, [105]. This gives the prediction

(Wg) ~e™V2A, (2.2.36)

As in the case of the 1/2 BPS Wilson loop in N' = 4 Yang-Mills theory, the exact answer for the planar
limit of this vev should interpolate between the weak coupling behavior (2.2.35)) and the strong coupling

prediction of the large N string dual, (2.2.36)).
One of the main results of [2] is that the VEV of the 1/6 BPS Wilson loop in ABJM theory, labelled

by a representation R or U(N7), can be obtained by calculating the VEV of the matrix e/ in the matrix

model (2.2.3), i.e.,
(W) = gs (Trr (")) Apant wint - (2.2.37)

A 1/2 BPS loop W%/ % was constructed in [99] , where R is a representation of the supergroup
U(N1|Nz). in [99] it was also shown that it localizes to the matrix model correlator in the ABJM matrix
model

(Wa?Y = go (Strr U) s pant aint » (2.2.38)

with the same U as in . Though at first sight the minus sign on the lower block of U, may look
surprising, it can be attributed to the fact that the v; eigenvalues are shifted by i from the real line.
Due to the relation between the ABJM matrix model and the lens space matrix model, these correlators
can be computed in the lens space matrix model as follows:

<W}1%/6> = ¢s <TI'R (eui)>L(271)

(Wr'?) = 9o (Trr U) 15,1

Mo (2.2.39)

]\72*>7]\727

where the super-representation R is regarded as a representation of U(Nj + Nj).
To evaluate the Wilson loop one uses the resolvent, or equivalently, the eigenvalue densities

1 dZ
pPN(2)dZ = ——— = (w(Z +ie) — w(Z —ie)), Z €,
Arity Z
. 1 4z (2.2.40)
p\(2)dZ = 4ﬂ_it27(w(Z+1e) —w(Z —ie)), Z € Cs.
which are each normalized in the planar approximation to unity
/ o adz =1. (2.2.41)
Ci

For the 1/6 BPS Wilson loop in the fundamental representation one needs to integrate e* = Z over the
first cut

<Wé/6> = tl/ pM(z)zaz = § 92 u(z). (2.2.42)
Cy Cy 47T1

The correlator relevant for the 1/2 BPS Wilson loop (again in the fundamental representation) is

much easier, since
(we?) = /
c

and it can be obtained by expanding w(Z) around Z — oo.

The comparison to the case of the 1/2 BPS Wilson loop in A/ = 4 SYM in 4d is straight-forward. In
that case the matrix model is Gaussian and the eigenvalue density in the planar approximation follows
Wigner’s semi-circle law. Doing the integral with the insertion of e* gives a modified Bessel function
[106]

dz

W(z)zdZ - / et
P N2)Z2dZ — ts Y

Ca

pD(2)zdZ = f (Z) (2.2.43)

1

VX
2 2
po(z) = oV A=z = <W41c{2/\/ — 4)planar = /ﬁpo(z) e“dz = ﬁfl(\f)\)- (2.2.44)

For the ABJM matrix model all the expressions are more complicated.
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The densities p(*) (1) and p® () can be explicitly calculated from (2.2.40) and (2.2.17). We find,

1 aX —1—Xx2|dx
MW(X)dX = — tan—! - - < | ==
P (X)X = o tan [\/ 50X +1+ X2 :
(2.2.45)
1 Y +1+v2]|dy
(V)Y = —— tan~ ! el N el
p(Y)d v Vs v s vl B v

In terms of the variable x = log X we have

pWM(z) = — tan™?

o — 2coshz
_— 2.2.4
V 6+2coshx]’ ( 6)

and a similar expression for p® (y). Notice that, if t, = 0, one has § = 2, a = 4e* — 2, and p(M ()
becomes the density of eigenvalues for the matrix model of Chern—Simons theory on S* [90]

et — cosh? (%)

1
M(z)= =tan™ ' | —o =2 2.2.47
(@) mt an cosh (%) ( )
The integral (2.2.42)) is then given by
1 [ aX —1— X2
w2y = —/ tan ™! —— | dX. 2.2.48
(We™) T J1/a o BX +1+ X2 ( )

This integral is not easy to calculate in closed form, but its derivatives w.r.t. ¢ and 3 can be written in
closed form, like the integrals ([2.2.23) and ([2.2.24)

vy — _L L k) —(ath H(nalk
(W5') 7T\/@(Hab)( (0= (e + D lk) (2.2.49)
D (W% — 2 Vab Ek).

Ta+b

For the 1/2 BPS Wilson loop of [99] the situation is much simpler and in the planar approximation one
needs only the large Z behavior of wy (2.2.17)

L ¢ GH22 -2 ((¢P4667-3) 4
wo=1t+ 7T 577 + 573 +0(Z77%). (2.2.50)
One finds
<Wé/2>planar = 57 (2251)

which can then be expanded in different regimes. We will elaborate on the weak and strong coupling
expansions of the above expression in the next sections and will also turn to the non-planar corrections
in Section 277

As a simple generalization, by the replacement Z — Z' on the right hand side of , the
higher order terms in the expansion ([2.2.50) give the expectation values of multiply wrapped 1/2 BPS
Wilson loops where U — U' in or even winding the sign in the lower block of the matrix
U is absent. This is consistent with the gauge theory calculation [99], where this sign arose
from the requirement of supersymmetry invariance in the presence of the fermionic couplings which are
antiperiodic, as should be the case for a singly-wound contractible cycle (see also the discussion in [I07]).

The normalization of the Wilson loop as given by and is not the same as in the 4d
N = 4 case (2.2.44). For the 1/6 BPS loop, the leading term at weak coupling is ¢; = 27iN; /k. This
means that the trace in the fundamental is normalized by a factor of gs;. For the 1/2 BPS loop the
leading term is ¢y +=t2 = gs(N1 F Na), where the sign depends on the winding number. We will comment
more about this normalization in Section 2.5.3
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2.3 Moduli space, Picard—Fuchs equations and periods

In this section we present the tools for solving the lens space matrix model using special geometry. We
present three special points in the moduli space of the theory and write explicit expressions for the four
periods of wy at the vicinity of these points.

In [88] it was shown that the lens space Chern—Simons matrix model is the large N dual of topolog-
ical string theory on a certain class of local Calabi—Yau geometries, providing in this way a nontrivial
generalization of the Gopakumar—Vafa duality [108]. In particular, the L(2,1) lens space matrix model
is equivalent to topological string theory on local Fg = P! x PL. The 1/N expansions of the free energy
and of the 1/2 BPS Wilson loop VEV are the genus expansions of closed and open topological string
amplitudes. The planar content of the theory is encoded in the periods of the mirror geometry described
by the family of elliptic curves 3 in C* x C*, which can be written as

Z2 Z1 1
Y+ — /= (22—~ —=Z+1)=0 2.3.1
+ 3 - < =2+ ) ; (2.3.1)
Here, z1,z9 parametrize the moduli space of complex structures, which is the mirror to the enlarged
Kéhler moduli space of local Fy. This moduli space has a very rich structure first uncovered in [88] and
further studied in, for example, [102] [T09] by using the standard techniques of mirror symmetry.

Notice that the mirror geometry (2.3.1) is closely related to the resolvent wy(Z). Indeed, one finds
that

log Y = wo(Z) (2.3.2)

and )

2o
= —, frnd e 2.3.3
(== 8=y2 (233)
This can also be expressed as ([2.2.31))
o—2miB o27iB

zZ1 = /QQ 5 Z9 = /Q2 (234)

Let us now discuss in some detail the moduli space of , since it will play a fundamental role in
the following. It has complex dimension two, corresponding to the two complexified K&hler parameters
of local Fy. The coordinates z1, 23 (or ¢, 3) are global coordinates in this moduli space. Another way of
parametrizing it is to use the periods of the meromorphic one-form

dz
w = log Y7 (2.3.5)

As it is well-known, these periods are annihilated by a pair of differential operators called Picard—Fuchs
operators. In terms of z1, zo, the operators are

L1 = z9(1 — 420)&3 — 4236} — 8212261&2 — 62161 + (1 — 622) 8o,

S on (2.3.6)
LQ = Zl(l - 421)51 - 42252 - 821225162 - 62252 + (1 - 621)51,
where 5
&= 5 (2.3.7)

These operators lead to a system of differential equations known as Picard—Fuchs (PF) equations. An
important property of the moduli space is the existence of special points, generalizing the regular singular
points of ODEs on C. The PF system can be solved around these points, and the solutions give a basis
for the periods of the meromorphic one-form. We can use two of the solutions to parametrize the moduli
space near a singular point, and the resulting local coordinates, given by periods, are usually called flat
coordinates.

2.3.1 Orbifold point, or weak coupling

There are three types of special points in the moduli space. The first one is the orbifold point discovered
in [88], which is the relevant one in order to make contact with the matrix model. To study this point
one has to use the global variables
z 1
o =1-=, Ty =

- 7\/5 (1 - i) . (2.3.8)
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The orbifold point is then defined as 1 = x5 = 0, and in terms of these variables the Picard—Fuchs
system is given by the two operators

1 1
L= 1(8 — 811 + 23)120,, — 1 (4= (2—1)%3) 92, — 21(2 — 3x1 + 27) 2204, 0s,
— (1 —21)2308, + (1 — z1)%270? (2.3.9)

1)

Lo =(2—21)2205, — (1 — (1 — 21)23)02, — 270, — 2(1 — 21)21220,, 0, + (1 — 21)2702,.
A basis of periods near the orbifold point was found in [88]. It reads,

o1 = —log(1 — 1),

m,..n

oy = g Cm T Ty,
m,n

Foy = 02logxy + Z A 2] 2y

m,n

(2.3.10)

where the coefficients ¢, , and dy, ,, vanish for non-positive n or m as well as for all even n. They satisfy

the following recursion relations with the seed values ¢1 1 =1, dy; = 0 and dy 3 = —1/6:
(n+2—2m)?
Cmn = Cm—1,n;
’ 4(m —n)(m —1) ’
(n—22m-n+2)(m-n+1)
Cm.n — Cm,n—2,
’ n(n —1)(2m —n)? ’
P (n+2—=2m)3dy—1, +4(n* —n—2m+ 2)cypp
e 4(m —1)(m —n)(n+2 —2m) ’
dmn:(n—2)2(m—n+1)(m—n+2)dmniz_’_ 1 1 4 o
’ n(n —1)(2m — n)? ’ m—-n+2 m-n+1 n-—2m ’

(2.3.11)
The 't Hooft parameters of the matrix model are period integrals of the meromorphic one-form, therefore
they must be linear combinations of the periods above, and one finds [88]|

1 1
t; = Z(O'l +02), lo = 1(01 — 02). (2.3.12)

An expansion around the orbifold point leads to a regime in which ¢1,t> are very small. In view of
(2.2.29) this corresponds, in the ABJM model, to the weakly coupled theory

A1, Ag K 1. (2.3.13)

The remaining period in (2.3.10) might be used to compute the genus zero free energy of the matrix
model. Using the normalization appropriate for the ABJM matrix model, we find
oFy mit 1 i

2.3.2 Large radius, or strong coupling

The second point that we will be interested in is the so-called large radius point corresponding to z; =
zo = 0. This is the point where the Calabi—Yau manifold is in its geometric phase, and the expansion
of the genus zero free energy near that point leads to the counting of holomorphic curves with Gromov-
Witten invariants. The solutions to the Picard—Fuchs equations near this point can be obtained
in a systematic way by considering the so-called fundamental period

T(2k + 20+ 2p1 + 2p2)T(1 + p1)2 T(1 + po)? bl

wo(21, 225 p1, p2) = Z T(2p1 +2p2)T(L+ k + p1)2T(L+ 1+ p1)2 21

k>0

(2.3.15)

As reviewed in for example [I10], a basis of solutions to the PF equations can be obtained by acting on
the fundamental period with the following differential operators

1

1 2
DY =0, D = Skidy Oy (2.3.16)



62 CHAPTER 2. T HOOFT LIMIT AND GENUS EXPANSION

Here ki, are the classical triple intersection numbers of the Calabi-Yau. This leads to the periods

Ti(z1,22) = *DEI)WO(ZMZQ;PMPQ) ;
p1=p2=0 (2.3.17)

Fi(21,22) = D§2)w0(21, 22; p1, P2) :
p1=p2=0
These periods should be linearly related to those defined in the matrix model in equations (2.2.21)) and
(2.2.22)). We present now some explicit expressions for them that we will use in Sections
to solve for these relations (see equations and (2.5.38)).

In general, one normalizes these periods and divides them by the fundamental period evaluated at
p1 = p2 = 0. But in local mirror symmetry we have [I11]

wo (21, 22; p1,P2) =1. (2.3.18)
p1=p2=0

The T; are single-logarithm solutions, and they are identified in standard mirror symmetry with the
complexified Kéhler parameters, while the F; are double-logarithm solutions and they are identified with
the derivatives of the large radius genus zero free energy w.r.t. the T;. In our case, we find the explicit
expressions

~T) =log z; + w(l)(zl, 29),

2.3.19
—T5 = log zo + w(l)(zl, 29), ( )
where
T'(2k + 21)
(1)( —
w'(z1,29) =2 =221 + 229 + 321 + 122120 + 322 (2.3.20)
T
s 0,0

In order to obtain the F; we have to compute the double derivatives w.r.t. the parameters p1, ps. We
find

8/2)1730(217 22; p1, P2) 0 log? z1 + 2log 21 w(l)(zl,zz) + W§ )(217 22), (2.3.21)
P1=p2=
where
WP (o1, 2) =8 Y LOEF2) ok 4+ 20) — (1 + k) 2 2L (2.3.22)
1 , ) 3.
4= T+ k)2(1+1)?
(k.1)#(0,0)
Similarly,
852 wo(21, 22; p1, p2) - log? 2z + 2log zp w M (21, 2) + wéz)(zl, 29) (2.3.23)
P1=p2=
where
(2 I'(2k + 21) ki _ (2
2k +20) — (1 +1 = . 2.3.24
Wo 21722 k;] F(]. I k)gl—\(l ¥ l)2 (w( + ) ¢( + )) 21 %2 Wi (227Z1) ( )
(k.D)F(0,0)
Finally,
0p, 0py o (21, 22; P17P2)‘ 0T log 21 log 25 + (log 21 + log 2z0) w™ (21, 20)
pr=pe= (2.3.25)

1
b2 (P2 + o 1, 2)

The double log periods are obtained as linear combinations of the above, by using the explicit expressions
for the classical intersection numbers that can be found in for example [109]

1 1 1 1
K1 =, K112 =~ K122 =~ Kazz = 7. (2.3.26)
We find:
1
Fi(z1,22) = ) ( — 2Dy, p,w0 — D31w0)
_ 1 _ 2 1 (1) 2)
=3 (1og z1 — 2log 21 log 22 — log” z3) + 1 log zo w'" (21, 29) + 8w2 (21, 22),
8 (2.3.27)
Fg(Zl, 22) = g (D 2Dp1p2w0 — Dilwo)
1 1 1
=3 (- log? 2, — 2log z1 log z5 + log? z2) + 1 log z1 w M (21, 22) + gwf)(zl, 29).
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They satisfy the symmetry property
Fl(Zl,ZQ) = FQ(ZQ,Zl). (2328)

The reason why we are interested in the large radius point is because it describes the structure of the
ABJM theory at strong coupling. In the region where 2z is small, z2 is large and the periods ¢ » grow.
In general, the expansions of the periods around the special points have a finite radius of convergence,
but they can be analytically continued to the other “patches". Since their analytic continuation satisfies
the PF equation, we know for example that the analytic continuation of the orbifold periods to the large
radius patch must be linear combinations of the periods at large radius. This provides an easy way to
perform the analytic continuation which will be carried out in detail in the Section 2.5 where we will
verify that indeed the region near the large radius point corresponds to

A1, Ao > 1. (2.3.29)

2.3.3 Conifold locus
Finally, the third set of special points is the conifold locus. This is defined by A = 0, where

A=1-8(z + 29) + 16(21 — 22)%. (2.3.30)
In terms of the variables (, 3, this locus corresponds to the four lines
(=-20+2, (=28=+2. (2.3.31)

The conifold locus is the place where cycles in the geometry collapse to zero size. The first two lines
correspond to a = +1, i.e., the collapse of the C; cycle, while the second set of lines corresponds to
b = F1, i.e., to the collapse of the Cs cycle. In principle we can solve the PF system near any point in
the conifold locus, but in practice it is useful to focus on the point

1
which has been studied in [I09]. We will call it the symmetric conifold point. Appropriate global
coordinates around this point areE|

1
ylzl—z—l, y2 =1

_ , 2.3.33
z9 1621 ( )

In terms of these coordinates, the PF system reads
L1 =0y, —2(1 —y2)d;, — 8(1 —91)0y, +8(1 —y1)°0;,,

Lo = —(7—8y2)0y, +2(3 = Tyz + 493)02, — 8(1 — y1)9y, (2.3.34)
—16(1 — y1)(1 — 2)0y, 0y, +8(1 — y1)?, -

Notice that, strictly speaking, the orbifold point does not belong to the conifold locus, once the moduli
space is compactified and resolved [88]. A generic point in the conifold locus has then t; = 0 or t3 = 0,
but not both, and expanding around the conifold locus means, in the ABJM theory, an expansion in the
region

A< Ay ~ 1, (2.3.35)

or in the region with Ay exchanged with A;. This regime of the ABJM theory has been considered in
[112].

It was observed in [I13] that the moduli space of the local Fy surface can be mapped to a well-known
moduli space, namely the Seiberg—Witten (SW) wu-plane [I0]. This plane is parametrized by a single
complex variable u. The relation between the moduli is

CQ

(B+57) 55 (2.3.36)

u =

N | =

2These are slightly different from the ones used in [109].
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B=0
Ay A

Z1,%2 — OO .

orbifold /\1

Figure 2.4: The moduli space of the ABJM theory, describing the possible values of the 't Hooft couplings
A1,2, can be parametrized by a real submanifold of the moduli space of local Fy, here depicted as a sphere.
The orbifold point maps to the origin, while the conifold locus (which is represented by a dashed line)
maps to the two axes.

The three singular points that we have discussed (large radius, orbifold, and symmetric conifold) map
to the points u = oo, +1, —1. These are the semiclassical, monopole and dyon points of SW theory. As
we will see, they can be identified with interesting points in ABJM theory.

An important set of quantities in the study of moduli spaces of CY threefolds are the three-point
couplings or Yukawa couplings, C.,...,. These are the components of a completely symmetric degree
three covariant tensor on the moduli space. When expressed in terms of flat coordinates they give the
third derivatives of the genus zero free energy. In terms of the coordinates z1, 22, the Yukawa couplings
are given by [88, [109]

(1 - 42’2)2 — 162’1(1 + 21)

C =

111 4Z%A ’

16Z% — (1 — 42’2)2
Ci12 = 2 ;
42729 A
, , (2.3.37)

oo 1623 — (1 —4z)

122 — 4ZlZ%A )
C - (1—42’1)2 —16Z2(1+22)

22 4z3A '

2.3.4 The moduli space of the ABJM theory

The matrix model of ABJM is closely related to the lens space matrix model, and therefore so are also
the moduli spaces of the theories. Some of the explicit relations needed for this identification will be
presented only in the following sections, but we would still like to present here the main points on the
moduli space.

We can think about the moduli space of the planar ABJM theory as the space of admissible values
of the 't Hooft parameters A1, Ao. We will assume for simplicity that £ > 0. The theory with negative
values of k can be obtained from this one by a parity transformation. In the gauge theory A; o must be
rational and non-negative (for k£ > 0). Moreover, according to [3], any value of \; o is admissible as long
as

A — Ao| < 1. (2.3.38)

This moduli space can be parametrized by the B field and «, which from the explicit expressions derived
below (2.4.1)) and (2.5.22) has to be real and positive. It can be identified as a real submanifold of the
moduli space of local Fy. Moreover, we can identify the singular points of this moduli space with natural
limits of ABJM theory (see Fig. :
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conifold point weakly coupled strongly coupled
ABJM theory ABJM theory

Figure 2.5: The moduli space of the ABJM theory for B = 1/2 can be mapped to the line [1,00) in the
u plane of Seiberg—Witten theory, which is here shown in red. The monopole point corresponds to the
weakly coupled ABJM theory, while the semiclassical limit corresponds to the strongly coupled theory.

1. The weak coupling regime \; o — 0 corresponds to the orbifold point of the local Fy geometry
k=0, B=1/2. In terms of type ITA theory, this is also an orbifold geometry with a small radius
but a nonzero value for the B field.

2. The strong coupling regime A 2 — oo (where also k£ — 00) corresponds to the large radius limit of
the local Fy geometry.

3. Out of the four lines in the conifold locus A = 0, only two lead to x € R. They are
the curves in the (k, B) plane with k = +4coswB, which correspond respectively to a = 1 and
b = 1, therefore to Ay = 0 or Ay = 0. Hence, the boundary of the ABJM moduli space given by
min(Aq, A2) = 0 corresponds to

_ [ —4cos7wB, B>1/2
K(B) = { 4dcosTB, B<1/2 (2.3.39)
In particular, the symmetric conifold point z; = zo = 1/16 corresponds to B = n € Z, k = +4.
Along the curve ([2.3.39)), one of the two gauge groups of the ABJM theory is absent, so the theory
reduces to topological CS theory. We examine this regime in Section [2.6]

Given a fixed value of the B field, we can describe the real one-dimensional moduli space of the ABJM
theory as a real submanifold of the u-plane of Seiberg—Witten theory, by using (2.3.36)) in the form

2
u = —cos(2rB) + % (2.3.40)

Singular points in moduli space become then the well-known singularities of SW theory. For example,
when B = 1/2, the moduli space, described by & € [0, 00), becomes the region u € [1,00). The orbifold
point (weakly coupled ABJM theory) maps to the monopole point, while the large radius point (strongly
coupled ABJM theory) corresponds to the semi-classical region (see Fig. [2.5). Notice that the conifold
point would map to the dyon point of Seiberg—Witten theory, but this does not belong to the moduli
space of ABJM theory with B = 1/2. We can however realize it by making an analytic continuation of
the 't Hooft coupling to complex values. The dyon point corresponds then to the point x> = —16, which
leads by to an imaginary value
2iK
A= — (2.3.41)

where K is Catalan’s number.

As usual, string dualities lead to a full complexification of the moduli space of 't Hooft parameters.
In the case of ABJM theory, the complexified moduli space for the variables A; o is simply the moduli
space of the parameters 3, ¢, which is a Zy X Zy covering of the moduli space parametrized by z; 2.
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2.4 Weak coupling

In principle, to study the matrix model at weak coupling one does not need the sophisticated tools
presented in the previous section. One can do perturbative calculations directly in the integral expressions
or for the matrix model. A calculation of the 1/6 BPS Wilson loop to three loop order
was indeed done in this way in the original paper [2].

Still, the explicit expressions for the periods oy 2 (2.3.10) and their relation to ¢; (2.3.12) gives a
much more efficient way to obtain perturbative, planar expansions. Inverting these relations we find the

weak coupling expression for k

k= —2i(t; —t) — é (t] + 3t5ty — 3115 — 13) o)
- 9% (] + Btito — 106383 + 105¢5 — 5t1ts — t3) + O(t7). B

This agrees with the weak coupling expansion of the inverse of the exact mirror map .

Using the dictionary relating the 't Hooft couplings (2.2.29)) we immediately get the result for the
1/2 BPS Wilson loop in the planar approximation ([2.2.51))

2

(WE/2) = emP 2 =em=3) ami(h + o) {1 - (e + 1)
4 (2.4.2)

+ 17770 (M= 6030 — 40202 — 60 A3 4+ ML) + O(\%) .

In this expression we factored out the term 27i(A; + A2), which depends on the overall normalization
of the Wilson loop, as mentioned after . There is also the extra phase factor, which appears
also at strong coupling and can be attributed to framing. Note that so far this expansion has not been
reproduced directly in the gauge theory, as even the two-loop graphs are quite subtle.
For the 1/6 BPS Wilson loop, using the explicit expression and expanding at low orders one
finds
2 4
<WE11/6> = ™M 2riN (1 _T I

A1 — 6)2) LSV
6 SR DY)

A1 (AT = 10ATA2 — 20A3) + (’)(A5)) :

(2.4.3)
Again the exponent is a framing factor and the factor of 27i)\; is due to the normalization chosen in
(2.2.42)). This expression agrees with the 2-loop calculations in [I03] 104 T05]. Note that the 3-loop
analysis in [105], done for A\; = Ay, misses the next term, due to a projection which essentially removes
all terms at odd orders in perturbation theory.

Next we turn to the free energy. Here we notice that the period in gives only the derivative
of the free energy. Indeed, within the formalism of special geometry developed above, the planar free
energy of the matrix model is only determined up to quadratic terms in the 't Hooft couplings. These
have to be fixed by direct calculation in the matrix model

N? 2m N- N2 2w N. 3

F="Llog ) 4 —2 log kAt Z(N? + N3) —log(4) Ny Ny + - -- (2.4.4)
2 k 2 k 4

The last term comes from the normalization of the cosh term in (2.2.3), while the remaining terms are

just the free energies for two Gaussian matrix models with couplings +27i/k. Notice that the above free

energy has an imaginary piece given by

i

o (N1 = Mo)((N1 = Na)? = 1), (2.4.5)

Using the identification of the periods at weak coupling (2.3.14) we write down the next term in the
perturbative expansion

2
s (N = 6NN, + 18NZNZ — 6NUNG + N) (2.46)

It would be interesting to try to reproduce these expressions directly from studying perturbative ABJM
theory on S3.
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2.5 Strong coupling expansion and the AdS dual

We turn now to the strong coupling limit of the matrix model, where we have to find the analytic con-
tinuation of the 't Hooft parameters to the strong coupling region, as functions of the global parameters
of moduli space. We will see how the shift of the charges discussed in [77, [78] emerges naturally from
our computation. We will also evaluate the free energy in this regime and compare with the classical
action of the vacuum AdS dual, deriving in this way the N3/2 behavior of the degrees of freedom.

2.5.1 ABJM slice

In the original ABJM theory with N; = Ny = N (the case Ny # Ny was considered in [3]) we should

look at the slice N
tl = —tz = 27Ti)\, A= Z (2.5.1)

in the moduli space of the dual topological string. From the point of view of the periods o1, o3 in (2.3.10))
this means that we should set
o1 =0, (2.5.2)

therefore 1 = 0. In order to have a nontrivial o2, we must consider the double-scaling limit
r1 — 0, r1x2 = ¢ fixed. (2.5.3)

The one-dimensional subspace (2.5.1)) corresponds, in terms of the variables ¢, &, to £ = 2. As in [30], we
can find simplified expressions for the periods in this subspace. It is easy to see from the structure of oo

that, in the limit (2.5.3]), one has
o0
02 = Z amCZmH, Um = C2m+1,2m+1; (2~5-4)
m=0

and from the recursion relation (2.3.11)) we find

27 (1 3)°

A = - (2.5.5)
m(2m + DI (m + 1)
We then obtain 1 ) c
g2
— =—-K (= 2.5.
-2 ( 4> , (2.5.6)

which is in fact a particular case of (2.2.23)), as it can be easily seen by using the transformation properties
of the elliptic integral K (k). The period ¢; itself can be written as a generalized hypergeometric function:

¢ 111 3¢
tl(C) - Z 3F2 (27272717 57 16) . (257)

In the physical ABJM theory, t; is purely imaginary. This means that ( is purely imaginary as well, so
we set

¢=ik (2.5.8)
and we finally obtain
K 111 3 &2
AMK)= — 3Fy [ =, 2, =1, 2 — = . 2.5.
(K/) 8773 2<272727 ;2a 16) ( 59)

As a check, we can perform a weak coupling expansion. The weakly coupled region corresponds to
k<1, A, (2.5.10)
and in this region the variables are related as

LR SN N 1737007 3792775\
8T 3 60 1260 181440

which is obtained from the inversion of (2.5.9). This is in agreement with (2.4.1]).

+0 (A", (2.5.11)
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Of course, the main advantage of having analytic expressions is that one can perform a weak-strong
coupling interpolation easily. The strong coupling region is

k>1, A1 (2.5.12)

and (2.5.9)) leads to the asymptotic expansion

AmpJf$”+i+O<;>. (2.5.13)

2.5.2 Analytic continuation and shifted charges

In order to perform the analytic continuation of the 't Hooft parameters, we use the explicit representation

of the periods in terms of integrals given in (2.2.21)) as well as their derivatives (2.2.23))-(2.2.24)). Let us

start by discussing ¢;. We study its behavior at large ¢ but fixed 8, which is the large radius region. We
find

ot i 2 _ ot i .
a—g = 7%( log <—Cﬂ> +o(¢h), a—ﬂl = —ﬁ (log(—¢?) 4 i) + o(1), (2.5.14)
and this gives the leading behavior
t1:-—g;(kg(—c%-+wglog?-+~~ (2.5.15)

In the physical theory ¢; should be imaginary and (8 a phase. By examining , this implies that
is real. From we then see that z; = Z; and henceforth we label it z; = 2.

We know also that ¢; must be a linear combination of the periods at large radius. Using that z; = 1/¢?
and 2o = (3/¢)?, and comparing (2.5.15) to the behavior of the periods (2.3.19) and (2.3.27)), we find

i 1 i
t1 = ?(F1 + ) — §T2 e
”i ) - (2.5.16)
- LR+ R) T+ 2
to 27r( 1+ 2)+2 1+ 5

The constants £7i/6 cannot be fixed by using the above information, but they can be fixed by specializing
to the ABJM slice z; = 29, as we will see in a moment.
A simple calculation leads to the following explicit expression

1 1 1 log’k logk
M. B)==(B2-= — = O N P
1(k, B) 5 ( 4) + 7 + 92 5.7 W (2,2) +

This expansion is valid in the region x — 4o00. Notice that it is manifestly real when x is real and
positive.

As a check of the above expression, we can particularize to the ABJM slice \y = Ay = A, (B =1/2),
which corresponds in the gauge theory, to having identical gauge groups in the two nodes of the quiver,
i.e., N1 = Ns. The mirror map for this case was obtained in the previous section and its strong coupling
expansion in agreement with . This also fixes the constants in .

The observables of the model are naturally functions of ¢, 8 (alternatively x, B), and we have to
re-express them in terms of \; 5. Equation shows that the natural variable at strong coupling is
not A1, but rather

X:M—1<W—l)—1::%M+Ag—Qy—Mf—. (2.5.18)

In particular, it is only when expressed in terms of this variable that x is a periodic function of 5\, B.

Remarkably, the above shift is precisely the one found in [78]. In the type IIA realization of the ABJ
theory U(Mas)y x U(Ms + My)_, where My corresponds to the number of D2 branes and My to the
number of D4 branes, the Maxwell charge of the D2 branes is not Ms, but rather

_ Elpe LY _ L (1
Qz——Nﬁ——z (B 4) 24<k k), (2.5.19)
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where M )
B=-——14_. 2.5.20
e 13 ( )

After dividing by k and taking the large k limit, we recover (2.5.18)) with
i@ (2.5.21)
k-
The relation between A and % can be inverted at strong coupling and it is of the form

k(\,B) =e™V2A [ 1+ Z ( ) o 2mV/2A (2.5.22)

™™V 2

where
20—1

Z A9 (2.5.23)

The coefficients c( )(6) are Laurent polynomials in 3, 37!, of degree ¢, and symmetric under the exchange
B« 71 In other words, they can be written as polynomials in cos(2rmB), so they are periodic in B,
with period 1. We find, for example,

e@,B)=—(B+67) (1-3),

322 3 , (2.5.24)
caz,B) =3+ = (wﬁ—8+3ﬁ ?) — 8(5+ﬂ*)-§(ﬁ+ﬁ”).

The fact that c¢(z, 3) are polynomials in z of degree 2¢ — 1, rather than power series, comes out from
an explicit calculation of the first few cases, and we have not established it.

From the explicit expression we can implement the symmetries of the model as a function of
x and B (or equivalently, z; and z9). For example, the transformation

N1*>2N1+]€7N2, NQHNl (2525)
simply corresponds to periodicity in the B field
B—B+1 (2.5.26)

while £ remains unchanged. From the point of view of the z; » variables, this is simply a monodromy
transformation z; 2 — eT2™z; 5. Notice that not all the values of x lead to admissible values of A o,
since min(Ay, A2) > 0. This means that the boundary of moduli space is the conifold locus (2.3.39).

2.5.3 Wilson loops at strong coupling and semi—classical strings

On the ABJM slice the planar 1/6-BPS Wilson loop is determined by the single equation

d 1/6 i 1
— (W, =—————(aK(k) — (a+b)II(n2]k)) . 2.5.27
W =1 iy K — (@ D) sl (2:5.27)
Then it is easy to check that
AW/ 1 i 1 e 1 1 i 1
—=——1 . — A | — + - — 2.5.2
P 2Wogm+4+0(l‘€2) = (W) 5 Ogl€+<2ﬂ_—|—4>l€+0<ﬁ) (2.5.28)
It follows that
V2
(Wase) ~ —=5=€7 A1 (2.5.29)

The leading exponential is in perfect agreement with the AdS prediction , and the exact answer
interpolates between the weak and the strong coupling behaviors.

As an application of the explicit expression for x , we can use to immediately obtain
the VEV of the 1/2 BPS Wilson loop at strong coupling

O

1 . N
(Wm0 = 5 k(A B). (2.5.30)
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Note that this is a real function of 5\, B, up to the overall phase involving the B field. This is the same
phase that appears also in the weak-coupling result and arises also in field theory calculations as
a framing-dependant term [46] 147, [I48]. The matrix model always gives the answer for framing=1.

At strong coupling we have,

1 .
(W) gm0 ~ -3 emiBemV2A (2.5.31)

[m]

which displays the same leading exponential behavior predicted by the large N dual.

The computations at strong coupling can be easily extended to the case N; # N, but they depend
on the direction in which we take the limit in the space of 't Hooft parameters. For £ fixed and ¢ large
(therefore A\; ~ Ay), we find the same exponential behavior

(Wg) ~ ™V~ gmVAitAz, (2.5.32)

~e

We would like to comment about the normalization of the operators. As mentioned after ,
the normalization chosen there is such that the trace of the identity in the fundamental of U(N;)
gives t; = 2miN;/k and for the fundamental of U(N;|N2) (with a minus sign as in ([2.2.16)), it gives
t; —to = 2wi(Ny + N2)/k. In CS theory these normalizations are quite common, but they may be not
the most natural ones in the ABJM theory.

An alternative normalization is to divide by this term, such that at weak coupling the expansion of
the Wilson loop will be (W) ~ 14 ---. This is the normalization chosen in [5], and hence the slight
differences in the preceding equations from that reference. Note, though, that with such a normalization,
one would have to divide the doubly-wound 1/2 BPS Wilson loop in the fundamental representation by
the super-trace of the identity, which is 27i(N; — N2)/k and is singular for N; = Ns.

There should be a natural choice of normalization that would reproduce the correct normalization
fo the one-loop partition function of the classical string in AdS; x CP2. To this day, though, a fully
satisfactory calculation for the analog string in AdSs x S° giving the factor of A~3/% derived from the
the Gaussian matrix model does not exist. One argument, based on world-sheet arguments was given
in [202], but it is not clear why this argument would be modified for ABJM theory. Direct calculations
of the determinant [149] 200] were not conclusive. A possible trick to derive it was proposed in [152]
by considering a 1/4 BPS generalization of the circular Wilson loop, where three zero modes of the
the Wilson loop of [I53] are explicitly broken and the integral over them gives this factor. It would be
interesting to construct such generalization to the Wilson loop of [99] and see if a similar argument can
be derived from that.

Regardless of the overall normalization, one can compare those of the 1/2 BPS loop and the 1/4 BPS
loop. Ignoring numerical constants and the framing factor, the ratio is

W%,
% ~ VA, (2.5.33)

<W[1 >9:0
which is proportional to the volume of a CP! inside CP3. Indeed, it was argued in [103} [105] that the
string description of the 1/6 BPS Wilson loop should be in terms of a string smeared over such a cycle.

2.5.4 The planar free energy and a derivation of the N*? behaviour

In this section we study the free energy at strong coupling. We derive the N3/2 behavior characteristic
of M2 branes [4], and we match the exact coefficient with a gravity calculation in type IIA superstring
on AdS, x CP3.

The free energy of the matrix model has a large N expansion of the form

F=logZ=> g2 Fy(\,\o). (2.5.34)
g=0

This is the way the genus expansion is typically expressed in topological string theory. To compare with
the gauge theory and the AdS dual one may choose to rewrite this series as an expansion in powers of
1/N by absorbing factors of A into Fy.

As mentioned in Section [2.4] the formalism of special geometry determines the planar free energy
only up to quadratic terms in the 't Hooft couplings, and these have to be fixed from the explicit weak
coupling calculation in the matrix model .
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Let us now consider the derivative of the genus zero free energy (2.2.22), and study its analytic
continuation to strong coupling as we have done for ¢; at the top of Section Expanding ([2.2.26))

for large x we find

0T i 0z
=10 —27 =0 _1’ 2.5.35
5= roe.  Fi=oeh (25.5)
SO
T = —rwilog¢ + O(¢%) = —rilogk + 7B + O(x°, BY), K — 00, (2.5.36)
From this leading large x behavior we have that in the ABJM slice
% ~ 2132, (2.5.37)

which can be integrated to give the leading term in and the match with the supergravity calcu-
lation presented below.

But to get the full series of corrections we should proceed more carefully. We know that the result
of the continuation should be a linear combination of periods, and comparing to we see that we
can express the period as

mit . 6F0 8F0 . i

T+—=—-2—-—2

5 = ot a1, =77 (T1 + 15 + 27T1) . (2538)

The constant term can be fixed by looking at the solution on the ABJM slice Ny = N, which can be
obtained as follows. Since on the slice we effectively have a one-parameter model, there is only one
Yukawa coupling, which we can integrate to obtain Fy. From (2.3.37) we easily obtain

o 128#° 1
a=-x  K(KZ+16) g (izn)?’

1
D3 Fy(\) = ZCW (2.5.39)

where the factor of 4 is introduced to match the normalization of the matrix model, and we used that

dA 1 ik
1= @K (4) . (2.5.40)

Integrating once, we find

K (&
O3 Fo(A) = 47° (13 )
K(F)
where a; is an integration constant and we have used the Legendre relation

+ a1, (2.5.41)

E'K+EK —KK =~ 2.5.42
2

A further integration leads to the following expression in terms of a Meijer function

2

111
aAFO(/\)ZGig(a’ . “)+a1/\+a2. (2.5.43)

Comparison with the matrix model free energy at weak coupling (2.4.4)) fixes a; = 4731, ay = 0, so we

can write
2 24 111 3 2,
® )+7r L ( Llads ) (2.5.44)

If we integrate this expression with the following choice of integration constant,

K oas /L 11
0>\F0()\):G3:3((2)’ (2)7 2

A
Fy(\) = /0 dX Oy Fo(\) (2.5.45)

we obtain the correct weak coupling expansion.
We can now analytically continue the r.h.s. of (2.5.44) to kK = oo, and we obtain

472 33 16
— 2 . .
8)\F0(/\) = 27'[' log/f‘i‘ /{2 4F3 (17172,2,2,272,—52) (2546)
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This agrees with (2.5.38) on the ABJM slice. To see this, one notices that

2k+2l71 » —)I0(n+3)
222 Z 2n n—i—(f) 2),

n=1k+l=n n=1 (2.5.47)

3 3
=4z 4Fs (1, 1, > 5;2,2,2; 162’)

is precisely the generalized hypergeometric function appearing in (2.5.46|).
We are now ready to discuss the calculation of the planar free energy at strong coupling. We have,

O3 Fo(M, A2) = 2n° log k — 2wV (z, 2). (2.5.48)

After plugging the value of £ in terms of A given by the series expansion (2.5.22f), and integrating w.r.t.
5\, we obtain

3
Fo(A,B) = 47T3‘fx3/2 (23>+Ze—2“@f¢< \},ﬁ) 221(3—1> 7 (2.5.49)
£>1 ™

where fy(z) is a polynomial in = of the form

20—-3

Z 9 0> 2. (2.5.50)

The coefficients f,gz)(ﬁ) are Laurent polynomials in § of degree ¢, and symmetric under the exchange
B < B3~1. We have, for the very first cases,

Fie, ) =5 (8457,

) . ) (2.5.51)
Fa2,8) = ¢ (B> +164672) + 1 B+p71)".

In going from (2.5.48) to (2.5.49) an integration constant ((3)/2 appears. Its presence can be checked
by comparing (2.5.49) with a numerical calculation of the integral at intermediate couplingﬂ
This constant is nothing but the well-known constant map contribution to the prepotential, first found
in [I51].

The free energy in the planar approximation is given by rescaling by the string coupling
F = g;72Fy + O(g?). This expression displays many interesting features. First, note that on the ABJM
slice N1 = N, the leading term

f

V223302 (2.5.52)

displays the “anomalous" scaling N3/2 in the number of degrees of freedom for a theory of M2 branes,
as was first derived from a supergravity calculation in [4]. The above calculation is a first principles
derivation of this behaviour at strong coupling in the gauge theory. Usually, this behaviour is associated
to the thermal free energy on R3, while gives rather the free energy of the ABJM theory on
S? at strong coupling. However, as we have seen in Section a supergravity calculation of this free
energy also leads to the N3/2 behavior with exactly the same coefficient. We will show this now, and in
particular we will match the numerical coefficient in .

In Fig. We show the exact result for the planar limit of 0\ Fy(\) in the case N7 = Na, as a function
of A = N/k, and we compare it to the behavior of the supergravity prediction

OnFo(\) =~ 21%/2(\ — 1/24), A — o0. (2.5.53)

We see that the strong coupling behavior gets triggered for values of the coupling A ~ 0.2. For A — 0,
the behavior of the prepotential is dominated by the Gaussian, weakly coupled result (2.4.4)

ONFy(\) = —87%)\ <log <7T2>\> - 1> ) A —0. (2.5.54)

3This integration constant was incorrectly set to zero in the first version of the orginal paper [6]. It was determined
numerically in [150].
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Figure 2.6: Comparison of the exact result for 9)Fy(\) given in (2.5.44)), plotted as a solid blue line,
and the weakly coupled and strongly coupled results. In the figure on the left, the red dashed line is the
supergravity result (2.5.53), while in the figure on the right, the black dashed line is the Gaussian result

2.5.54).

A second aspect to notice is that the supergravity result (2.5.49) has corrections which are exponen-
tially suppressed. The exponential is of the form

e tACEY) (2.5.55)

where

A(CPY) = 27V/23 (2.5.56)

is the area of the CP! two-cycle in CP3. Also, notice that each of these exponential corrections multiplies
(at each order in A~/2) the polynomial f,ge) (3) in 8, 371, Therefore, we have contributions schematically
of the form

Z cn+)nie—nJr(A(C]P’l)-i-ZwiB)—n,(A((C]P’l)—27riB) (2.5.57)

ny+n_=¢

This is precisely what one should expect for a gas of n, instantons and n_ anti-instantons in a ¢ model
on CP3, where the (anti)instantons wrap the CP! cycle. Notice that this kind of corrections are made
possible by the non-trivial topology of two cycles in CP3, i.e., by the fact that by (CP3) = 1, and as such
they are absent in AdSs x S°. Some aspects of these string instantons have been studied in [206]. It
would be interesting to test in detail the possible connection between these string instantons and the
exponentially suppressed corrections to the planar free energy.

These instanton corrections are also present in the Wilson loop result , again with an infinite
series of corrections. This can be compared with the case of N' =4 SYM in 4d, where the asymptotic
large coupling expansion of the Gaussian matrix model has a single instanton correction which
can be explicitly identified with a second saddle point solution in AdSs x S° [152] [154].

Finally, we note that when N; # N, the planar free energy includes an imaginary term
proportional to (B —1/2)3, which is derived by the weak coupling calculation . In CS theory such
a term is related to framing [46]. It would be very interesting to derive this phase in type ITA string
theory.

2.6 Conifold expansion

The expansion around the conifold locus corresponds to a region in the moduli space of the ABJM model
where one of the gauge groups has finite coupling, while the other one is weakly coupled. In the lens
space matrix model this corresponds to one 't Hooft parameter being small, and the other of order 1.
In this section we will study this regime from three different points of view: the exact planar solution in
terms of periods and Picard-Fuchs equations, the matrix model, and the gauge theory.

2.6.1 Expansion from the exact planar solution

We can use the exact planar solution to calculate various physical quantities near the conifold locus. For
concreteness, we will expand around t; = 0 but with ¢; arbitrary. The first ingredient we need is an
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expansion of the global coordinates of moduli space. It turns out that the most convenient method is
based on the expressions for the periods (2.2.21f). The locus where 5 = 0 is the line

(=28-2, (2.6.1)
where the cut (—b, —1/b) collapses to the point Z = —1. The derivative of t w.r.t. ¢ can then be
computed in terms of residues at this point by expanding the expression in ([2.2.23)):

atz , B2 g 26 + 2)k
_ Oty _ 471'1?{ e (2.6.2)
k>0

where Hy(Z, 3) are regular at Z = —1. This gives a series for t5 in powers of ( — 208 + 2,

-3 9 — 26 + 932

3 4
128 33/2 W(C*25+2) +0((¢-26+2)%) (2.6.3)

—ty = (C(—28+2)- (C—26+2)

1
4B
which can be easily inverted to

3+103 + 332
48/

As a nice application of this expansion, we can compute the VEV of the 1/2 BPS Wilson loop around

the conifold point, which is given in (2.2.51f). Using the dictionary (2.2.30)), (2.2.31]), we find

e_”iB<WE11/2>g:0 = 2sin(mA;) + 2mAa (2 — cos(mA1)) + 723 sin(7))

§:25—2—4\/Bt2+%(1—ﬂ)t§+ 5+ O(t3). (2.6.4)

1, ) ) (2.6.5)
+ 3™ A5 (1= 5cos(mAr) 4 3cos®(mA1)) + O(A3).

As Ay — 0, we recover the result for a Wilson loop VEV in U(N;) CS theory. In the conifold expansion
we are then regarding the ABJM theory as a perturbation of U(N;) CS theory at strong coupling.

The above result can be also obtained by solving the Picard—Fuchs equation around a point in the
conifold locus. Let us choose for example the symmetric conifold point , with B =1 and k = 4.
This corresponds to the point in the conifold locus with

A = Xy = 0. (2.6.6)

1
2 )
The appropriate global coordinates near this point are (2.3.33). We find that A\s is a period solving the
PF system (2.3.34) and with leading behavior

Yo =~ (2 +31/2) + O, (2.6.7)

One finds the expansion

4373
1536

Ay =

N

7T3 Y
(B =17 = (B 1)+ (G = 5B 1P+ Toag(B - D) (e 1)

(2.6.8)

™ 773
+ ( e 1o (B 1) — (B~ 1)4> (h— 42 + O((B - 1)°) + O((x — 4)%),

which is inverted to

e (o () e o) F ) e
+O(N3) +O((M — 1/2)°).

This is indeed the expansion around A; = 1/2 of (twice) the series in the r.h.s. of (2.6.5)).
Once we know the expansion of the global coordinates, we can consider other quantities in the model,
like the genus g free energies. The conifold expansion of Fy(t1,ts) has the form

Fy(A, X)) = Fg(Ao) + Y F{™ (M)A, (2.6.10)
n>0
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where FJ();) is the free energy of the U(N,) Gaussian matrix model, and each coefficient Fg(n) (A1) can
be obtained as an exact function of A\;. Of course,

FOM) = F(\) (2.6.11)

is the genus g free energy of the CS theory on S3. When g = 0, the expansion can be computed
from the exact planar solution in various ways. One can for example use the Yukawa couplings
expanded around the conifold locus in order to compute the third derivatives of F{y, or use the modularity
properties of the solution discussed in [I09, I13]. In any case, for the first few functions one finds the
following results:

F{V () = 271 (7223 4 2Lig (— ™M) — 2Lig (— e ™M),

FP (A1) = =273\, + 872 log (cos (?)) ; (2.6.12)

2734 3
Fé3)()\1) = 7; ! n %(3cos(7r)\1) — 5) tan <7T2)\1> .

2.6.2 Conifold expansion from the matrix model

It is easy to implement the conifold expansion directly in the lens space matrix model. To do that, we
notice that it can be written as two interacting Chern-Simons matrix models on S3. We recall that the
CS matrix model on S?, first considered in [85], is defined by the partition function

N 2
1 dpi . Wi — g Sl 2
Zgs(N, gs) = N'/Ul o 11 (2smh (2 e T : (2.6.13)

i<j

This is a one-cut matrix model [90]. It can be obtained from the lens space matrix model when one of
the two cuts collapses to zero size. In the Z plane the endpoints of the cut are given by a and a~!, where

a=2'—1-2e2V/et —1. (2.6.14)

Let us consider the following operator in this model:

W) =23 log (2 cosh (“;l’J)) . (2.6.15)

%]
The lens space partition function (2.2.4)) can be calculated in two steps. In the first step, we compute

Zy(v;) = <eW(”j)> (2.6.16)
Ny

where the subindex N; indicates that this is an unnormalized VEV in the S* CS matrix model with

gauge group U(N7). In a second step, we calculate

Zren) = (21N, (2.6.17)

in the CS matrix model with gauge group U(N3). To obtain the conifold expansion, we calculate Z;(v;)
and we expand it in g, and around v; = 0. Each term in this expansion can be computed exactly as
a function of the K&hler parameter ¢, since the CS matrix model can be solved exactly in the 1/N
expansion. The resulting double series in g, and v; is then regarded as an operator in the CS matrix
model with group U(Nz), which we expand around the Gaussian point as in [85] B8], i.e., we expand the
sinh measure around v; = 0. The partition function Zp (5 1) is then computed as a VEV in the Gaussian
matrix model. This procedure gives a method to compute the expansion directly in the matrix

model.
To illustrate this procedure, let us calculate F(t1,t2) at first order in 5. In this computation we will

denote
U, = diag(e"), Us = diag(e"). (2.6.18)

The expansion around v; = 0 of the operator W(v;) reads

N Ny

W(v;) = 2N, ilog [2 cosh (%)} - Z vj Ztanh (%) + (9(1/]2). (2.6.19)
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The average of the second term in the U(N2) matrix model vanishes (since it is odd in v;), while higher
order terms are at least of order 3. The first term can be written as

2ilog {2 cosh (%)} =2Tr log(1+ Uy) Z“l (2.6.20)
i=1

Therefore, in the planar limit and neglecting terms which contribute at order t3, we have

2t
log Z1(v;) = 9—2 (Tr log(1 + Un)) v, (2.6.21)

S

since the second term in (2.6.20) is odd in u; and its VEV vanishes. We then find,

Folty, ta) = FS(t1) + 2tag, (Tr log(1 + U1)) + O(£2). (2.6.22)

The VEV in (2.6.22)), which is now normalized, can be computed in terms of the resolvent of the CS matrix
model, and similar computations appear in [30, [I55] in the context of large N instanton corrections. In

fact, it follows from ([2.7.28)) and ([2.7.30) that the VEV in (2.6.22)) is given by —g(—1), where g(Y) is
computed in (D.2)). The final result for the linear correction in ¢ is

2 2
ty

% +5 L4 Lig(e™®) — 2Liy(e1/2) + 2Liy(—e~"/?). (2.6.23)

Using dilogarithm identities, this agrees with ;\—;Fo(l)(/\l) in (2.6.12). It is interesting to point out that,

in the context of CS theory on the lens space L(2,1), this function is essentially the action of the large

N instanton corresponding to the flat connection

U(N) — U(N,) x U(N3), Ny < Ny, (2.6.24)

as shown in [30]. In the matrix model, this action is obtained by tunneling N» eigenvalues from the first
cut to the second cut.

We can also calculate the conifold expansion for the VEV of 1/6 and 1/2 BPS Wilson loops directly
in the matrix model. We want to compute

(W% = g(TrUy) Loy (2.6.25)

We will again perform this computation in the planar approximation and at linear order in #5. At this
order we can compute instead the normalized average of the operator

<T1" Uy (i) >N
<eW(Vj)>N1

L= (TrUy) + (Tr Uy W()) + - - (2.6.26)

in a Gaussian matrix model for the ;. In the last line, all VEVs are normalized VEVs in the S* CS
matrix model. By completing the square of the Gaussian weight we derive

<Tr Uy <Z u>> = <Tar Uy ed X 1H1> = (TrU,) . (2.6.27)
j=
We then find, at this order,
(We/%) gm0 = 9s(Tx 1) + t2 (2(Tr U Trlog(1 + 1)) — g, (Tr T) ) + O(13). (2.6.28)
The connected correlator
(Tr Uy Trlog(1 + Up))© = — i (_gl)é (Tr U, Tr Uf)©) (2.6.29)
=1

can be computed by considering the (partially) integrated two-point function (see for example [170])

1 n m c
/ dp Wo(p, q Z g (Tr U Tr U™ () (2.6.30)
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and extracting the coefficient of ¢=2. We have,

__ vy Jp=ap—al) 1
/deo(p,Q) =3 —0) (1 \/(q—a)(q—a1)> +3 (DR (2.6.31)

which includes the appropriate integration constant. We find, after changing p — —p,

— i (_126 (Tr U, Tr UL = i (a—l—a‘l +2p—2 (p—i—a)(p-i-a*l)) . (2.6.32)

(=1 Ep

When p =1 this gives

00 1 ¢
-3 ( f) (Tr U, Tr UL = et — ef1/2, (2.6.33)
(=1
Notice that this is an infinite sum of correlators in the CS matrix model. Since
t1 1
(TrU;) = © P (2.6.34)

we finally obtain,

2
WO _g=ett — 141, (e“/Q - 1) +O(t3)

O

t t (2.6.35)
— ol1/2 (2 sinh 51 + to (—2 + 2 cosh 21> + OU%)) :

Since this is a Wilson loop only in the first group, the framing prefactor depends only on the first 't Hooft
coupling.
The 1/2 BPS Wilson loop is obtained by subtracting

t
(TrUs) pa1) = No + O(t3) = 2 + O(t3). (2.6.36)

We find,
t t
ef(t1+t2)/2<Wé/2>g:0 = 2sinh (;) + to <2 + cosh <21>) + O(t3). (2.6.37)

This is the result (2.6.5)) obtained from the conifold expansion after using the dictionary (2.2.29).

2.7 More exact results on Wilson loops

In this section we present more exact results on Wilson loops.

2.7.1 1/N corrections

The higher genus corrections to the VEV of 1/2 and 1/6 BPS Wilson loops can be computed in terms of
the higher genus corrections to the resolvent of the matrix model. The resolvent has a genus expansion
of the form

w(z) =Y gwy(2). (2.7.1)
g=0

In the same way, the density of eigenvalues has a large N expansion of the form
(oo}
p(2) =D 00 (2), ) = pD (=) + oD (). (2.7.2)
g=0

The p_f,i)(z) (with 4 = 1,2) have their support on the intervals C;, and they can be obtained by the

discontinuity of wg, at the cuts as in (2.2.40]).
The genus expansion of the expectation value of the 1/6 BPS and 1/2 BPS Wilson loops follows the

expressions in (2.2.42)) and (2.2.43)) with the appropriate term in the expansion of p(*(Z) and w(Z).
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The first step is therefore to compute wgy(p). This calculation can be done with the recursive techniques
developed in the matrix model literature starting with [I70] and culminating with [I75]. We will perform
an explicit computation for g = 1. Calculations for ¢ > 2 are in principle doable, but they become
complicated.

A convenient formula for wy(p) for an algebraic resolvent was found in [I73]. To write this formula,
we write the discontinuity of the resolvent (also called spectral curve in the matrix model literature) as

y(p) = M(p)\/o(p), o) =(@—21)(p—22)(p—23)(p— 74). (2.7.3)

M (p) is sometimes called the moment function. Then, one has

4
wi(p) = + +C’i>, 2.74
@) \/0(1));((?—%)2 p— (2.74)
where
1
e 16 M(l‘b)’
1 M'(z;) 1 1
B=_— Qovs —
T 76 M2 () T R M () ( @i ; - xj>’ (2.7.5)
1 1 a; — Q 1 MI(ZL'Z) (67 1
=0 - = i 20 — :
¢ 48 M(xi)ij—xi 16 MQ(-’EZ')Q +8]\4(1‘z> “ in_xj
J#i VED
and the a; are given by )
- 1 (33‘4 — J)g) E(k‘)
a1 = 1-— )
(w1 —a2) | (24— 1) K(k)]
1 (x5 —a1) E(k)]
Qg = 1- )
(2 —a1) | (23 —22) K(k)] (2.7.6)
On — 1 1— ({,C4—{L‘2) E(/ﬂ)
T (as—ma) || (ws—m) K(k)]”
oy = 1 1— (1’371’1) E(k)_
(a—ax3) [ (za—a1) K(k)|’
where the modulus of the elliptic functions is
w2 = T 2)@s m ) (2.7.7)

(x1 — x3) (72 — 24)

These expressions differ from the ones in [I73] in a permutation of the roots, as explained in [I58]. The
overall factor of 4 in is due to the fact that our resolvent has a different normalization than the
one in [I73].

Although the resolvent of the lens space matrix model is not algebraic, its discontinuity can
be written in the form with

o(p) = f(p)* —46%p*,  flp)=p*—(p+1 (2.7.8)

and
2 ~1Vo(p)
M(p) = tanh ™! : (2.7.9)
py/o(p) f(p)

This form of the spectral curve is typical of the mirrors of toric geometries [I72], 201]. The branch points
are

O L S (2.7.10)

T = 5 Ty = b, $3—a, T4 = Q. YN

Using these expressions, it is possible to compute the integral

1
(W mh = = b wi(2)2dz (2.7.11)
Tl C1
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in closed form, in terms of elliptic functions F, K and the elliptic integral of the third kind II(n, k), with

a? —
n= MI; . (2.7.12)

One finds the rather complicated expression

1
12m/ab372(1 + ab)(a? — 1)2(b% — DK
— b+ a?(4+4a® — a*)b — da(1 — 3a% + a*)b? — a®(1 + )b (2 + b?) + a(1 — 8a® + a4)b4} K?

<W1/6>g:1 =

O

~3(b— 2a + a2b) (1 + ab)*E? + [a(l +at)

+ (b*(1 4 6a* + a*) + 4a(1 + a®)(b*> — 1) + b(3 — 14a® + 3a")) (1 + ab)’E K]

(ab—1)(a® — b?)
127 (ab)?/2(1 + ab)ki K2

[— 6E? +4(2 — K)EK — (2 — 2k + k%) Kﬂn.

(2.7.13)
To check this formula, we expand it around the weakly coupled point Ay = Ao = 0. After using the
inverse mirror map given by (2.4.1)) we find

mi i
(W gt == A+ 12>\2 /\1>\2+ A3 o Tl - TN

571'

o (2.7.14)
- %)\‘1‘ fx% + —)\2)\2 —/\1)\3 + O(N).

We can test this expansion with a perturbative calculation in the ABJM matrix model. At order O(g?)
we have found,

efgle/Q 1/6 1 1 ]. 1
I (W =1 - (24N12 —NiNy + 24) 24 <16N12N2 - 16N2> g:

3 10 20 10 5 1 7
S NF - N3Ny — — NN} — —_N24+ —_N,N. NZ4— g+
+<5760 LT To20 1 T 1920 Y2 T Rre0 192 2 T3 Tgrgp ) 9 T
(2.7.15)

It is straightforward to see that this agrees with (2.7.14)).
The 1/N correction to the 1/2 BPS Wilson loop is much easier to obtain, since it can be computed
as a residue at infinity. We have that

4
wi(Z) = % Y Ci+0(z27%), (2.7.16)
=1

where the C; are given in (2.7.5). We find, at weak coupling,

mi 2 57T i
(W) gm1 = = 500 +20) + 50 - 0) + T2 LUCEPV I S MAe(h = )

5od (2.7.17)

— %(A“ A2) + S MM (AT = A9) + O(N).
At strong coupling we find (we consider for simplicity the ABJM slice)
1/2 1 3+42log’k —4logk
= — 1 2.71
<WE1 >Q—1 241 IOg K + O( ) ( 7 8)

The leading exponent is exactly as at genus zero (2.5.30)), representing the same minimal surface with
an extra degenerate handle attached. Its effect is to modify the one-loop determinant, which (with our
normalization and ignoring instantons) can be written as

1 1 1
Wy == - — Lae2) A . 2.7.19
W De=1 = —1{ 33 orv/ax | 167x )¢ - ( )



80 CHAPTER 2. T HOOFT LIMIT AND GENUS EXPANSION

2.7.2 Giant Wilson loops

It has been argued in [145, [146, [159, 203] that a D-brane probe in AdSs x S° represents an insertion of
a Wilson loop in the dual 4d N' = 4 SYM with a large symmetric or antisymmetric representation (in
the case of D3 branes and D5 branes, respectively). These “giant Wilson loops" are characterized by a
representation with n boxes, and one considers the limit

n, N — oo, % fixed. (2.7.20)

In terms of the Gaussian matrix model of the Wilson loops in that theory, the giant Wilson loop in the
symmetric representation is represented by an additional eigenvalue outside the cut and the antisym-
metric representation by a “hole” in the original cut.

Let us review now the known D-brane solutions which could be relevant for ABJM theory. The
usual 1/2 BPS Wilson loop in the fundamental representation is described by a string with world-
volume AdS, C AdS,. In M-theory it is an M2-brane wrapping also the orbifold cycle on S7/Z;. When
considering k/2 coincident M2-branes (or k, when it is odd) the M2-brane solution develops an extra
branch, where the circle becomes a linear combination of the orbifold direction and a contractible circle
in AdS, [160]. In type ITA these configurations are D2-branes with world-volume AdS; x S! C AdSy,
where the radius of the S! is a free modulus. From the M-theory point of view these are continuous
deformations of the system of k/2 coincident M2-branes describing a Wilson loop in a k/2 dimensional
representation. In the field theory they are the vortex loop operators of [114], which have a description
as semi-classical field configurations and carry the same charge as k/2 Wilson loops.

These solutions have further moduli associated to rotations away from the orbifold cycle inside S7/Z,.
Such M2-brane configurations preserve 8 supercharges (1/3 BPS) [103] [114].

There is also a known family of D6-brane solutions which were argued in [I03] to represent the 1/6
BPS Wilson loops in anti-symmetric representations. The action for this D-branes is (for Ny = Ny)

SDG = —ﬂ\/ﬁ W 5 (2.7.21)
which matches that of n strings for small n and has the n — N — n symmetry of the antisymmetric
representation. In the matrix model these D6-branes should correspond to creating a “hole” in one of
the two cuts, splitting it in two.

We turn now to the lens space matrix model and try to find the appropriate description for these
objects, and in particular the 1/2 BPS vortex loop operators. As pointed out in [I61], the calculation
of Wilson loops in the matrix model in this limit can be done in a saddle-point approximation. We will
now reformulate the arguments of [I61] and adapt them to the lens space matrix model.

We will focus on the case of 1/2 BPS Wilson loops, where we want to calculate

W1 = (TrpnU),  n==+1, (2.7.22)

where U is the same matrix as in (2.2.16) and RE! = S,,, A,, are respectively the totally symmetric and
the totally antisymmetric representations of U (N7 + Na) with n boxes. It will turn out that the relevant
limit in this theory is slightly different from ([2.7.20) and is given by fixing

n_ngsn
=Ny = (2.7.23)
Positive v will correspond to symmetric representations and negative v to antisymmetric ones. In the 't
Hooft limit, for fixed N/k, the two scalings are clearly equivalent.

The calculation of is very similar to the calculation of partition functions of n bosons or
fermions in the canonical ensemble, where n is fixed and large. But at large n, in the thermodynamic
limit, this calculation can be done as well in the grand canonical ensemble. We then introduce the
fugacity z and consider the grand-canonical partition function, using the expression for the determinant
as the generating function of the characters

T 44
En(z) = Z 2Z"W = <det (1—nz U)_"> = <exp (Z T EU nllze> > . (2.7.24)

n>0 >1

The average value of n in this ensemble is given by (we remove the average notation here, as is standard
in the grand canonical formalism)

9. _
n=zo- log E,,. (2.7.25)
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This is inverted to determine the fugacity as a function of the number of particles
Ze = 24(0), (2.7.26)

and then the original VEV can be calculated, in a saddle point approximation, as

—neo U oy
W~ 2, "2, (2:) = ( exp fnlogz*JrZ 7 . (2.7.27)

>1

For convenience, let us henceforth absorb Y = nz. It can be seen that, at leading order in large NNV,
the grand-canonical partition function (2.7.24) is given by disconnected planar graphs. Therefore

- <TI' Ue>0 ¢
=,(V) ~exp [ Lg(Y)), V) =gy 0y (2.7.28)
P (gs g ) g g o1 y4

where the subscript 0 refers to the planar part. We now observe that the function g(Y") is related to the

planar resolvent in the lens space matrix model (2.2.15) and (2.2.17) by

0

Y GTQ(Y) =

 (wor ) —1)

(2.7.29)
= —log <; [\/(Y—i— b)(Y +1/b) + \/(Y —a)(Y — 1/a)]) )

Note that compared to wg in (2.2.17)), the sign between the two square roots is reversed. Integrating this
equation we get

g(Y) =~ /OY d;' log (1 [\/(Y’ +0)(Y +1/b) + /(Y —a)(Y - 1/a)D . (2.7.30)

2
The initial point of integration is chosen to be Y = 0, since around that point the integrand approaches
a constant (/2+ O(Y). This guaranties that for small Y the result of the integration will be proportional

to the 1/2 BPS Wilson loop (2.2.51)).
The saddle point equation (2.7.25)) determining the mean value of n is then given by

1 9
i Vi
omi - oy

(Y). (2.7.31)

i.e., (2.7.29)

e — % [\/(Y* +b)(Ya +1/0) + /(Y —a) (Ve — 1 /a)} , Yi=nz. (2.7.32)

This can be solved explicitly in terms of 3, ( or alternatively in terms of B and «. The solution reads

: —mi(2v+B) : :
- 11%6 1 \/1 B 16 sin(27v) sin(2w (v + B)) . (2.7.33)
4sin(27(v + B)) K2

The choice of sign is such that Y, = 0 when v = 0. We will write
W~ exp (A,/9s) (2.7.34)

where A,, which is identified with the action of a brane probe in the large N string/M-theory dual, is
given by
A, = —27minvlog(nY.) + ng(Y). (2.7.35)

In the original variables, in terms of wq, the integral is from infinity to a finite position
Y, !, and represents the effect of adding a single eigenvalue to the system. This fits with the standard
dictionary [36] identifying a brane with a single eigenvalue.

This integral gives an expression for the action of the giant Wilson loop, in the limit which
is exact as a function of the ’t Hooft couplings. The derivatives of this integral with respect to 4 and
¢ can be evaluated in closed form, as in , in terms of incomplete elliptic integrals. The resulting
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expression can then be studied at the different limits of the ABJM theory as done for other observables
in earlier sections.

If we go to the conifold limit, setting Ao = 0, we get an expression for the giant Wilson loop in
Chern—Simons theory on S?. In that case there exists an exact expression for the Wilson loop for all n.
As we show in Appendix[D] the above derivation in this limit indeed reproduces the CS answer.

We will now discuss the expansion of the result for the giant Wilson loop for large «, since this is the
strong coupling limit in which one makes contact with the AdS geometry [203]. In terms of B and k,

the integral (2.7.30) reads

Y. l
»dY 1 -
g(Y,) = — v log (2 [\/(1 +Y7)2 — emBY’(k — 4isin(rB))
0 (2.7.36)
+ \/(1 —Y")?2 —emBY'(k + 4i sin(wB))])
where Y, is given in (2.7.33).
Expanding Y, at leading order at large x we get
. _mi(204B) SIN(27V) Loy l—et g -2
Y, = 2ie — +0(k™ %) = — ¢ +O(k™%) (2.7.37)

This suggests rescaling Y in the integral (2.7.36|) by , which allows for a systematic expansion in powers
of k~1. At leading order the integral becomes

Y, /
«dy
g(Y*):*/O Y/

(log V1= emiBry’ + 0(;51)) . (2.7.38)

This yields

g(Y.) = 5Liz (e™PKY.) + O(k™?) = %Li2(1 —e M) + O(k7?) (2.7.39)
Another way to get this estimate is to notice that the highest powers of ¢ in the series expansion in y of
g(y) are captured by

9(y) = %Liz(éy) 4 (2.7.40)
Using the dilogarithem identity we conclude that the action , written in terms of the original

variable n, is

1 —~ 3 2 . . <
Ay = naV 2\ + %(23 —14n)+ ZTZ (2 — Lis (e—4m/k)> FOG2 eV (9741)

Notice that this formula does not display the exchange symmetry n < N —n for the antisymmetric case
n = —1. This is because this symmetry is not present for the antisymmetric super-representation, as
pointed out in [208].

The leading order in A in is as expected, i.e., n times the action of the fundamental string
(and n times an extra framing factor). The non-trivial dependence on v only appears at subleading order
in A, and therefore will not be visible in the supergravity approximation. As mentioned above, there are
no known 1/2 BPS brane solutions carrying less than k/2 units of electric charge other than fundamental
strings. So we expect that the above action describes the interaction of these coincident strings.

For n a multiple of k£/2 (or of k, if it is odd), we see from (2.7.33) that Y, = 0 and the integral
is over a full cycle. The argument of the dilogarithm i is unity, canceling the 72/6
term. Since Y* passed through one of the cuts C; or Cs, it is now on a different sheet, and exactly at
the branch point of the logarithm in wy(Y ). This happens exactly for the value of n where the strings
describing the Wilson loop can be replaced by D2-branes, which are the string theory incarnation of
the vortex loop operators [I14]. This suggests that the vortex loop operators are related to eigenvalues
along the logarithmic branch-cut. It is possible to use our formalism to calculate the perturbative and
instanton corrections to the these configurations and it would be interesting to understand further their
significance in the matrix model.
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2.8 Flavored theory and its gravity dual

It is possible to flavor the ABJM theory by adding matter hypermultiplets in the fundamental repre-
sentation [I7, 129, 130]. More precisely, one adds N}Z) multiplets (Q;, Q;), with ¢ = 1,2. The fields

Q;, i = 1,2 are in the representations (Ny,1) and (1, Ns), respectively, while Q; are in the conjugate
representations (N1, 1) and (1, N3), respectively. This matter content breaks the ' = 6 supersymmetry
of the ABJM theory down to N' = 3. Notice that the ABJM theory can be obtained, formally, as the
limit 4

N =0 (2.8.1)
of the flavored theory. We will denote by

Ny =N + NP (2.8.2)

the total number of flavours.
According to the general localization procedure described in the eprevious chapter the inclusion of
extra matter hypermultiplets just leads to the insertion of determinant-type operators in the matrix

integral (2.2.3)):

Zn—s(N1, N2, NP N g,)

d,uz dl/j Hi<j (281nh< ])) (28111}1(14 y]))Q
vaN2 /H : L., (200511(,% ))2 (2.8.3)

(1) N2

N1 L —N; Vs —Nf(vz)
X 1:[1 (2 cosh 5) H (2 cosh 5) e

795 (2 w2, ij)

As was previously discussed the large N dual of the ABJM Chern—Simons—matter theory is given by
type ITA string theory on AdS, x CP3, which lifts to M-theory on AdS, x S7/Zj. It was conjectured in
[17, 129, 130] that, when N3 = Ny = N, the N' = 3 theory with flavor has a type ITA large N dual where
Ny D6 branes wrap the RP? cycle inside CP3. This is the four-dimensional counterpart of the original
construction of [164], which adds flavor to AdSs by wrapping D7 branes around an S* inside S°. The
flavored N = 3 theory also describes N M2 branes probing an eight-dimensional hyperK#hler cone My
with Sp(2) holonomy. The base of this cone is a tri-Sasakian space X7. The space Mg is a particular
member of a family of hyperKéhler cones Mg(t) labeled by three natural numbers t = (t1, t2,t3). These
cones can be constructed as hyperKahler quotients

H®///U(D), (2.8.4)

where the U(1) action is characterized by the three charges t. The bases X7(t) of these cones give an
infinite family of tri-Sasakian manifolds known as Eschenburg spaces, see [18] for a detailed study and
references to the relevant literature. The dual to the A/ = 3 Chern—Simons—matter theory with a total
number of Ny fundamentals has charges

t = (Nyg, Ng, k). (2.8.5)

In the following, the eight-dimensional cone corresponding to this charge will be simply denoted by Ms.
At large N the above theory of N M2 branes is described by M-theory on the manifold

AdS4 X X7, (286)

where X7 is the tri-Sasakian seven manifold corresponding to (2.8.5). This background is a particular
example of backgrounds considered in Section m The volume of X7 (with unit radius) is given by
18]

VO 7
vol(X7) = 7 ;Su)), (2.8.7)
where
£(p) = AERE Ny (2.8.8)

14+ p/2 k
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Then from ((1.4.57)) it follows that the free energy of the flavoured theory has the following strong coupling
behaviour.

— Fy—3(S%) = %ﬂN?’/Qk”% (1) (2.8.9)

Another quantity that we are interested in is the VEV of supersymmetric Wilson loops. As usual in the
AdS/CFT correspondence, this can be calculated by evaluating the regularized area of a fundamental
string in the type IIA reduction of the above M-theory background. The resulting geometry, which
includes the full backreaction of the D6 branes, is a warped compactification and we have not performed
such a calculation. However, it was pointed out in [I7] that

1 R3 2rN1/2
Ry~ = T (2.8.10)
4Ny+k  \/Ny+2k
and we then expect
2rN1/2
Wg) ~e _—_ 2.8.11

for both the 1/2 and 1/6 BPS Wilson loops. This VEV incorporates the screening effect on Wilson
loops due to unquenched flavor. Indeed, we see from that, as the number of flavors grows, the
exponent decreases. This might be interpreted as a conformal avatar of the screening effect. Also notice
that, when Ny — 0, one recovers in the right value for the ABJM limit. Notice that, in the
computation leading to , a possible contribution to the vev of strings ending on the D6 branes
has not been taken into account. We will see however in this paper that a gauge theory computation at
strong coupling leads to a result in agreement with , thus indicating that such contributions are
absent or subleading.

2.9 Strong coupling limit and tropical geometry

In order to make contact with the AdS dual, one has to calculate the gauge theory/matrix model
quantities at strong coupling. For ABJM theory considered in the previous sections this was done
essentially by computing exact interpolating functions at all couplings and then going to the strong
coupling regime. However, the calculation of interpolating functions might become hard, specially in more
complicated generalizations of ABJM theory like the theories with matter considered in [I7, 129} [130].
In particular, one would like to have a computational framework to do calculations directly at strong
coupling, without going through the determination of exact interpolating functions. We will now propose
such a framework, and we will illustrate it by considering the ABJM theory.

As was explained earlier the strong coupling limit of the ABJM theory corresponds to the large radius
limit of this Calabi—Yau moduli space. This is the limit where

z1, z2 — 0. (2.9.1)
In terms of the periods T; defined in (2.3.19)) this limit can be defined as
Re (T;) — oo, 1=1,2, (2.9.2)

and we can write, up to exponentially suppressed corrections,

e zame T2, (2.9.3)

The 't Hooft parameters of the ABJM model are large in this limit, and they behave like [5], [6]

T .
2 i=1,2. (2.9.4)
We now ask the following question: what is the behavior of the planar resolvent, or equivalently the
spectral curve , in this limit? Notice that the coefficients of , regarded as an equation for an
algebraic curve, become exponentially large or small (or they remain constant). This kind of behavior
has been very much studied recently in the mathematical literature and it is known as the tropical limit
of the algebraic curve (or the ultradiscretization of the algebraic curve), see for example [I65] [166]. This
limit is only non-trivial if we scale z,y in the same way, where

Ai ~

2z =log Z, y=logY, (2.9.5)
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A

y=(T1T13)/2

log|Y]

Figure 2.7: The strong coupling limit of the curve (2.3.1)) can be represented as a set of segments where the
relation between z and y is linear. This limit is nothing but the “ultradiscretization" or “tropicalization"
of the spectral curve.

i.e. we have to consider the limit in which
Re(z), Re(y) — oo (2.9.6)

as well. For generic values of z,y in this regime there is only one dominating term in , and the
equation cannot be satisfied. To have a nontrivial equation we need at least two dominating terms
which cancel each other. This gives us a set of linear equations on Re(z) and Re(y). Therefore, the
“ultradiscrete" limit of the curve can be represented as a collection of segments in the real plane. On
each of these segments there is a linear relation between z and y. It is an easy exercise to show that, for
our particular example , the resulting diagram can be represented as in Fig. This diagram
is called a tropical curve.
This two-dimensional plane can be understood as the base of the fibration

C*xC* - R?

(2.9.7)
(Z,Y) — (log |Z|,log |Y]).
The fiber is S' x S! and it is parametrized by the imaginary parts of (z,%). A linear relation of the form
mz =ny +c¢, m,n € Z gives a line in R? with a fiber S C S! x S! with winding number (n,m). Thus
the lines in the picture correspond, in the original curve, to thin tubes connected at the vertices. This
type of picture is familiar from local mirror symmetry: as emphasized in [I67], the mirror curve of a
toric manifold, like , can be regarded as the thickening of the toric diagram in which lines become
cylinders or tubes. In the strong coupling or large radius limit, the tubes become thinner and we get
back the toric skeleton, which is now interpreted as a tropical curve.

In order to do calculations at strong coupling we have to understand what happens to the period
integrals in the regime . It can be shown rigorously (see for example [I66]) that, in the limit
, the periods of differentials on the original curve can be computed directly on the tropical curve,
and they reduce to simple contour integrals along the two-dimensional diagram in Fig. We then
have to determine what is the tropical limit of the contours. To do this, we first note that in the limit
the endpoints of the cuts behave like

Amlog( =T /2~ Ty/2,
ar~ —br(~el,
11,
a

Q

(2.9.8)

~N—-~e

b

4In writing the linear equations for the segments, we have neglected constant imaginary parts, which are small in the
tropical limit.
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“1/b

| | >

T /2~-A T/2~A  log|Z|

Figure 2.8: The tropical limit of the cuts of the Z-plane, represented here as a cylinder.

Az

Figure 2.9: The contour C around [1/a, a] becomes a parallelogram around the tropical curve.

Let us now represent the C* domain of the variable Z as an infinite cylinder, as in Fig. This picture
also shows the contour C = C; around the cut [1/a,a] in the tropical limit. Since our curve is
a double covering of this cylinder, we can build it out of two copies of C* glued along the cuts shown
in Fig. 2.8 To see this in detail, let us look at the diagram shown in Fig. 2.7 and let us thicken it in
order to reconstruct the original curve . If we remove the two horizontal segments, the thickening
gives two infinite tubes which can be parametrized by z. Each of these tubes can be identified in turn
with a copy of C*. In order to recover the full curve, we have to add the thickened horizontal segments.
They give two horizontal tubes connecting the two copies of C* at z ~ —A and z ~ A. Notice that these
locations are the positions of the small cuts drawn in Fig. 2.8 Since the solid and dashed pieces of C
depicted in Fig. lie on different copies of C*, we conclude that the contour C around the cut [1/a, a]
becomes, in the tropical limit, the two-dimensional contour around the parallelogram shown in Fig. 2.9

Let us now consider the contour D in Fig.[2.3] which encircles the cut [—1/b,1/a]. This cut corresponds
to the horizontal tube at z &~ — A, therefore the contour becomes a non-trivial cycle around the tube. In
the tropical limit it can be schematically drawn as in Fig. 2.10]

We can now use this formalism to compute some interesting physical quantities at strong coupling.
For simplicity we will restrict ourselves to the ABJM slice Ny = N5. The resolvent is

wo(z) =y(z)dz. (2.9.9)

We first determine the relation between the 't Hooft parameter and the modulus A as follows:

. 1 A2
2=t = — P y(2)de = ——, (2.9.10)
4ri Jo us!
which leads to
A~ mvV2A (2.9.11)

in agreement with the result (2.9.4)) from [5 6]. The 1/6 BPS Wilson loop is given by a integral around
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/
w/

Figure 2.10: The contour D around [—1/b,1/a] becomes a non-trivial cycle around the shrinking tube.

the contour C:

4mi

<Wé/6>0 = fg 92 ). (2.9.12)

In the tropical limit, this becomes an elementary integral around the parallelogram shown in Fig.

We then find,
A A :
e\ 1 CANeE A P A 4
<W[1 >0 ~ T </_A (z—A)e*dz /_A (z+A)e dz) 5 (2.9.13)

Using (2.9.11)) we find

O

<W1/6>0 ~ %\/me’fm (2.9.14)

which is the result obtained in section from the exact interpolating function, up to an overall phase
(this is due to the fact that we neglected constant subleading imaginary pieces in the equations for the
segments of the tropical curve).

Another quantity that we can compute is the free energy at strong coupling. From we find,

OF,
=0 = —7r17{ ydz = ﬂi% zdy ~ —7wiA monp y, (2.9.15)
where monp denotes the monodromy along the cycle D. Since a ~ b — oo and Z ~ 1/a ~ 1/b, we have
yzQIOg{\/Zfl/af\/Z+1/b}+const., (2.9.16)
and
monp y = 2mi. (2.9.17)
We conclude that OF
87/\0 ~ 2m? A = 213V/2\ (2.9.18)

which is the result obtained in section Of course, the interest of this tropical formalism is the
generalization to more complicated situations. This we will do in the next section, where we will consider
the ABJM theory with fundamental matter introduced in section 2.

2.10 Quenched flavor in Chern—Simons—matter theories

2.10.1 The quenched approximation in the matrix model

In studying theories with fundamental matter multiplets in the context of the AdS/CFT correspondence,
there have been essentially two approaches. In the first one, called the quenched or the probe approxima-
tion, one assumes that the number of flavors is much smaller than the number of colors. Since the flavor
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multiplets are usually obtained by adding branes to the original theory, the quenched approximation
is equivalent to treating these branes as probes, and one assumes that they do not backreact on the
background (see [I68] for a review and a list of references for this approach). One can go beyond the
quenched approximation and consider unquenched flavor, where the full backreaction of the branes is
taken into account, see [169] for a recent review with references. It turns out that these two approaches
have counterparts in the study of the matrix model including flavor multiplets. We will first set
up the matrix model analogue of the quenched approximation, and we will consider the full unquenched
theory in the next section.

In the matrix model , the inclusion of fundamental flavors leads to the insertion of two
determinant-like operators

N1 L _N}” Na U —N;Q)
1_[1 (2 cosh é) I_Il (2 cosh Ej)
i= j=

(2.10.1)
N1 /J: N2 V.
= exp —N](cl) Z log (2 cosh ?1) — N}Q) Z log (2 cosh é)
i=1 j=1

We can treat these insertions as operators which perturb the partition function without changing the
spectral curve or resolvent of the ABJM theory. To see how this works in practice, we write the partition
function (2.8.3) as a normalized vev in the ABJM theory,

Zn=3(N1, N2, N,(cl), N}2)7gs) = (e7")aBmZasim(N1, Na, g) (2.10.2)
where
W= NMW+ NEW, (2.10.3)
and
N1 ) No U
Wi = ;bg [2 cosh %} , Wy = ;log [2 cosh 51} . (2.10.4)
We can then calculate the free energy of the A/ = 3 theory as a cumulant expansion,
, M @ o (DR k@
F/\/ZS(vaNQ»Nf 7Nf ugs)_FABJM(N17N27gs)+Z k" <W >ABJM (2105)
k=1 ’

where (c) denotes as usual the connected vev. Since W* is a polynomial of degree k in the number of
(

flavours NV fi), the above cumulant expansion is an expansion around N ](ci) = 0. Equivalently, we can
introduce the Veneziano parameters [163]

t) = g NJ. (2.10.6)
The perturbative series (2.10.5)) is an expansion in the Veneziano parameters around tgf) = 0, which is
valid for

) <1, (2.10.7)
or equivalently '
N < min(Ny, Na), (2.10.8)

which corresponds indeed to a quenched approximation. Each term in this series is given by an integrated
correlator in the ABJM theory, which is computed with the master field described by the resolvent
(2.2.17). Since the spectral curve is not changed, this is equivalent to neglecting the backreaction of

the D-branes on the original geometry. Diagramatically, the genus g correction to (Wk>gf])3 oM gives the
contribution of & “quark" loops to the genus g free energy, where all gluon diagrams of genus g have been
resummed.

A similar perturbative scheme can be constructed for the calculation of operators O in the matrix
model (like for example Wilson loops):

(oW (2.10.9)
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The operator vevs appearing in (2.10.5)) and (2.10.9)) can be computed by using the connected correlation
functions of the ABJM model. These are defined by

(c)
1 1
W(Zi,---,2,) = (T .- T 2.10.1
( 1 ) h) < er—U rZh—U> ( 0 0)

where U is given in ([2.2.16f). These correlators have a genus expansion

(oo}

W(Zi, Z) = g2 MWy (Z,- -+, Zn) (2.10.11)
g=0

which can be computed systematically with the techniques started in [I70] and culminated in [24] 17T]
(for the Chern—Simons matrix models analyzed in this paper, one has to consider the slightly modified
version of these techniques considered in [I72] [201]). Let us consider for example the operators

Ou(X)=Tr fo(X), Op(Y)=Trg(Y), a=1,---,hy, b=1,-- ho, (2.10.12)

where

X = diag ("), Y = diag (e"?). (2.10.13)
In this notation, the operators (2.10.4)) are written as

Wi(X) = Trlog (X% + X’%) . W(Y) = Trlog (Y% + Y*%) . (2.10.14)

We have then the following result for the connected correlators of these operators,

(01(X) O, (X)O1(Y) -+ O, (Y )) =
dX dX dY; dY;
f : ]{ a J% " WXy, X, Ya, e, Vi) (2.10.15)
cy o 2mi Jeo 2mi co 2mi
f ( fhl (Xhl)gl(yl) “Ghs (Yhz)'

This leads to a systematic 1/N expansion by using (2.10.11]). The planar limit of the one-point functions
is given by the equivalent expressions

a

1/b
OXho=t [ pfwie  ©Wa=t2 [ p()alv)an (2.10.16)

1/a

2.10.2 Quenched expansion at weak coupling

We will now present some concrete examples of the quenched approximation, calculated at weak coupling.
The results can be tested with perturbative calculations in the matrix model. For simplicity, we will

1

set IV }2) = 0, and we will focus on the free energy. The first order correction in N ](c to the planar free

energy is given by

dz 1ot
- Wi)o=—  omi log (Zz +Z 2) Wo(Z2), (2.10.17)
where .

The second order planar correction is

Xmy{ ng
¢, 2mi 271'1

1 c 1 1 _1
SV =5 Xl + X, )log (X; + X, ) Wo(X1, X2) (2.10.19)

and Wy(X7, X2) is the two-cut, two-point planar correlator of the matrix model. It is related to the
Bergmann kernel of the spectral curve B(X1, X2) by [I71]

1
Wo (X1, X2) = B(X1,X2) = ——— (2.10.20)
(X1 — Xp)?
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and it was first calculated by Akemann [I73] in the useful form:

Wo (X1, X2) = 4(X7 — X2)2 | (X1 4+ ) (X1 +1/b)(X2 — a)(Xa — 1/a)

+¢MﬁwﬁﬁUW&W&W» (2.10.21)

1 (¢@ﬁ®MﬁUW&+W&+M)

(X1 —a)(X1—1/a)(Xs +b)(X2 +b)
(a+1/b)(b+1/a) E(k) 1
4/o(X1)o(Xy) K(k)  2(X1 — X9)?
where o (Z) is given in (2.7.8).

An efficient way to calculate the above integrals at weak coupling is to perform the change of variables

1 —1
x=2 2“ y+a+2a , (2.10.22)

and expand the integrand in series in ¢; around ¢; = 0. The coeflicients of the resulting series are relatively
simple integrals, which can be computed by deforming the contour in terms of residues at infinity. The
result one obtains is

2 1 1 1
Wi)o = = 4+ —t7 (t1 + 6t2) + — 1515 + ——=t5t5 (] — 12t1ta +13) + -+,

8 96 64 3072 (2.10.23)
1 y ot 1 o
5<va>§;) = oot aptite — gt (1 + 2400 —4883) + -

This can be explicitly checked against a direct calculation of the matrix integral. Indeed, we find in
matrix model perturbation theory

N? N3 N2N, 5N N2N2 N2
FN:SZFABJM_NJ(cl) {gsl-l-gg( . 12 1) 3( ! 2+1>+...}

8 96 16 192 s 64 192
N2 NZN, N
N2 2 3 1-v2 AV 2.10.24
+ N 9y — 9 e T s ( )
4 Ni NN, NENZ 1INE  3NIN,
9s \ 6144 ~ 256 128 248 512

whose planar part agrees with (2.10.23)).

2.10.3 Quenched expansion at strong coupling

Since the correlation functions (2.10.10|) are given by contour integrals of meromorphic differentials, we
can compute them with the tropical techniques that we introduced in the last section. We will focus on

the free energy on S3, and we will assume for simplicity that N ;2) = 0 so that N }1) = Ny. We can write

- W) = —47T1igs fwo(z)f(z)dz (2.10.25)
c
where
f(z) =log (2 cosh %) . (2.10.26)

In the tropical limit in which z is large the function f simplifies as

f(z) ~ e (2.10.27)
Then, the contour integral (2.10.25)) becomes
A A
- 7{ wo(2)f(2)dz =~ / % (z4+ A)dz — / |Z—‘ (z—A)dz = A% = (27r2/\)3/2 (2.10.28)
c
—_A _
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and the first correction of order O(Ny) to the free energy is
_ %NfN\/ﬁ. (2.10.29)

The next order O(N?) is much harder to compute with this technique, but it still can be done. Since
this correction involves the two-point correlation function, which is essentially equal to the Bergmann
kernel of the curve, what we have to do is to find the tropical limit of this kernel. To do this, we first
discuss the tropical limit of holomorphic forms.

In tropical geometry a tropical holomorphic 1-form is a locally constant real 1-form with a “conser-
vation” condition in the vertices, and which is zero on the external legs (for basic notions of tropical
geometry see e.g. [165]). The dimension of the space of holomorphic 1-forms is obviously equal to the
number of independent cycles of the graph, which coincides with the genus of the complex curve. In our
case this space is a one-dimensional space with a basis h such that

h = +dz (2.10.30)
on the left and right sides of the parallelogram in Fig. [2.7] respectively, and
h = +dy (2.10.31)

on the upper and lower sides. We also have h = 0 on the external legs.

One can realize a tropical holomorphic 1-form as a limit of a complex holomorphic 1-form: as we
have seen, for each edge of the tropical curve we have an integer direction vector (n,m). Then one can
associate the integral of a complex holomorphic 1-form around the corresponding tube with the value of
the tropical one form on this vector. In this way, the “conservation” condition in the vertices is a trivial
consequence of holomorphicity. Since the external legs of the graph correspond to marked points on the
complex curve, the absence of poles of the complex holomorphic 1-form at these points corresponds to
the condition that the tropical holomorphic 1-form is zero on the external legs. In our particular case
one can show explicitly that, in the tropical limit,

~ o Ap. (2.10.32)

The general notions of tropical Jacobian, Abel-Jacobi map and theta function were introduced in [I74].
In our case the tropical Jacobian of our tropical curve Ciyop is just

Jirop = R/LZ = St (2.10.33)

where

L= 7{ h=8A (2.10.34)
c
is the perimete of the parallelogram. The tropical version of the Abel-Jacobi map is

Utrop - C’trop - Jtro
P P

P (2.10.35)
P — Utrop (p) = h mod LZ

Po

which equals the length of a path between the points p and pg. It can be obtained as a tropical limit of
the ordinary Abel-Jacobi map: _
i

U(p) ~ %Utrop(p)- (21036)

The tropical theta function (with an odd characteristic) is

1
Orop(v) = max {—2Ln2 +n(v— L/Q)} . (2.10.37)
One can easily show that
/ -z
etrop(v) - |:L:| (21038)

5As usual in tropical geometry, the length of the edge is a “geometric”’ length with an extra weight (n2 + m2)_1/2.
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where [-] denotes the floor function. Thus

0//

trop

(v) = 6(v modLZ). (2.10.39)

This tropical theta function can be obtained as a limit of the ordinary theta function with an odd
characteristic

O(z) = Y _ et/ (2.10.40)
ne”Z
In the tropical limit we have
iL
P (2.10.41)
2T

so one exponential will dominate the others in the sum. Thus one can deduce that
1 @(“) Bevop (V) (2.10.42)
o — ) & Oirop (V). .10.
85 \opi) = Veror
Any Bergmann kernel can be written as
B = Bsing + Bhol ; (21043)
where Bging is given by (see e.g. [I75])

Biing (p1,p2) = didalog ©(u(p1) — u(p2)) (2.10.44)

and By, is a holomorphic part. In our case it should be chosen such that

]{B =0. (2.10.45)
C
In the tropical limit
Buoi(p1, p2) = const - h(p1)h(p2) , (2.10.46)

while

Bsing(plap2) ~ d1d20tr0p(utrop(p2) - utrop(pl)) = _6(utr0p(p2) - utrop(pl))h(pl)h(pQ)

(2.10.47)
= _hdiag(p17p2) 5

where hgiag is supported on the diagonal and has the property

§ Pasaslor.22) 1 0r.2) = 1)1 9. (2.10.48)
cxe c
Imposing the condition (2.10.45)) we get
h(p1)h

B(p1,p2) = Birop(P1,2) = —hdiag(P1,p2) + Mp1)hipz). (2.10.49)

L
We can now compute the second order correction at order O(N?), (12.10.19)), by using tropical tech-

niques. It is given by
2
Ny 1
2! (271)?

Z1 zZ9
?{ B(p1,p2) log (2 cosh 5) log (2 cosh 5) , (2.10.50)
cxC

since the double pole subtracted in (2.10.20) does not contribute to the double contour integral. In the
tropical limit this integral reads

1 [ (642)" 1643

5
A5
3.23

(2.10.51)
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Using (2.9.11) we obtain that the correction of order (’)(NJ%) is

2
5me/§A3/2.

2.10.52
96 ( )

On the other hand, the AdS prediction for the free energy is given by (2.8.9). The quenched approxima-
tion is obtained by expanding this quantity for small N¢. Since

oo

(1 + 2k)(2k — 3)!!

_ : k __
= Z 4k o (=147 -5+ (2.10.53)
k=1
we find
2 512
w3 (S?) = —%fN?’/le/Q - ngN\/D\ + Z(N?)\S/Q +O(N?). (2.10.54)

We then see that the tropical computations (2.10.29)), (2.10.52)) reproduce correctly the first two terms
in this expansion.

One can try to compute the next corrections by calculating the tropical limit of the connected
correlators for h > 3, but as we will see in the next section it is possible to solve the planar

theory at all values of NV JEZ) (i.e. in the Veneziano limit) and calculate the tropical limit directly.

2.11 Unquenched flavor in Chern—Simons—matter theories

We now solve the matrix model |D in the planar limit, but for all values of N J(f), by using the
techniques of 100} [162].

2.11.1 Exact resolvent in the Veneziano limit

The starting point in the calculation of the resolvent are the saddle-point equations

N(l) _
Hi i — ,Ug ,Uz Va
+ 2 tanh( ) E coth —————= E tanh ————

9s
(2.11.1)
v, N ;2) v; N Vg — vy Vg — b
-—— + tanh (—) = Z coth — Z tanh
9s 2 2 b#a i=1
We will solve instead the problem
(1) t N; 11 t2 [ —
7 (2 CL
m+2tanh(2):N1§ coth =—7 Ztah
© v - (2.11.2)
yo vi\ _ to Vo —Vp 1 Vg
Vg — 5 tanh (5) _E ; coth 7 + E ; tanh

(1,2)

analytically in the parameters ¢, 2 and ¢ PR and then we will perform the analytic continuation

t2 — 7t2. (2113)

The procedure to solve this type of equations is as in [88] 100, 162]. We first introduce exponentiated
variables
Z; = ekt W, = e”e. (2.11.4)

In terms of these variables the saddle—point equations read

Ny
Zi—1 N, —1 2%, 2
log Z; + L =t t
8Lty 1T TN, T +N Z Z ZZ+W

(2.11.5)

Wo —1 Na-1 2 W, 2t
log W, — L~ =t; +1t :
o8 2 W,+1 TR, ZW Wy ;WJFZ
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The resolvent wy(Z) is defined as in (2.2.15)), and it will have two cuts corresponding to the set of
eigenvalues. Let [a, b], [c,d] C R be the cuts corresponding to —W, and Z;, respectively. In terms of the
planar resolvent we have,

Z - 1
10gZ+ Tﬂ 5(&)0(2"‘10)"‘&10(2—10)),
s + (2.11.6)
W1 1
W) — L Z i — i
log(—W) T W13 (wo(W +10) + wo(W —1i0)) .
As in [162] we now define the functions,
d
Z) = \/O'(Z)/ dXx Zf(_X))(,
¢ (2.11.7)
— \/ﬁ/bd){ 9(X)
AN S
where (1)
1 z—1
fla) = ——— <1ogx + L ) ,
|o(2))] 2 z+1 (2.11.8)

1 t§r2)x+1>
) = ————— | log(—2) — =— .
g(z) |a(x))|< g(—1) — =5 ]

It is then easy to show that the planar resolvent, defined again by the VEV (2.2.15)), is given by

wo(Z) = %(F(Z) +G(2)). (2.11.9)

One can check that, as in the ABJM matrix model,
ab=1, cd=1 (2.11.10)

This follows from the symmetry of the saddle point equations under Z — Z~!, W — W1, together
with the conditions on the endpoints imposed by the asymptotic behavior of wy(z) at infinity,

wo(z) ~t, z — 00. (2.11.11)

From now on we will denote the two independent endpoints as a, b, as in the ABJM model, so that the
cuts are [1/a,a] and [—b, —1/b]. The two equations

dz WO(Z) dz wo(Z)
t=¢ — th=¢ — 2.11.12
! }'{C imi 7 2 ?{C imi 7 ( )

determine them a, b as a function of t1,ts. Here, C; encircle [1/a, a] and [—b, —1/b], respectively.
We can now calculate the planar resolvent explicitly. It is given by two pieces. The first one is,

/a dX  logX “Ub X log(—X) (2.1113)
/e Z =X \lo(X)] Jo Z2=-X]o(X)]
which is simply the resolvent of the lens space matrix model (2.2.17). The second piece is
(1) () . 7%
dX X -1 1 t dX X +1 1
f + (2.11.14)

2 1o Z =X X+1/|o b Z—XX—11/|0(X)\'

These integrals can be expressed in terms of elliptic functions. In order to do so we use the results

/a dx B 2V ab )1 ((a+0)I(n*(Z),k) + (Z — a)K (k) ,

1/a (Z = X)\/[o(X)]  1+ab(Z—a)(Z+Db)
/—1/b dx ~ 2Vab 1
b (Z2-X)/[o(X)] 1+ab(Z—a)(Z+D)

(2.11.15)

(—(a+D)(n"(2),k) + (Z + b)K(k)) ,
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where
212 —1) a2—12Z+b ¥-1Z-a
R Gl Gl S ~(Z) = — . 2.11.16
Gz @ "= Tz "YU Trazm0 ( )
Defining the auxiliary function
J(a,b,Z,s) =
2Wab 1 Z—s Z—s (2.11.17)
Ve - b)) T(n*(2),k) + =—K(k) | — (Z — —
1+abZ+s<((a+ 7wz o ARt 7 (>> (Z= 5)>’
we finally obtain
Z
wo(Z) = wiB™(Z) + % (t(fl)J(a, b, Z,1) + 3 J(~b,~a, Z, —1)) : (2.11.18)
™

where w$BI™M(Z7) is the resolvent in the theory without matter, and it is given in (2.2.17). The asymptotic

behavior (2.11.11)) determines

t =log ()
b (2.11.19)
T (9 (04 D) @b T ) 415 (- DR + (0 O, ).
where we have used the notation
_1-a _ 1= 2.11.20)
T ITT T iray (2.11.

The relation 1 11 19)) reduces to l 2 20) when both t(l) and tgpz) go to zero.

2.11.2 Weak coupling limit in the unquenched theory

In order to test the above expressions, we can compute the expansion of the resolvent at weak ’t Hooft
coupling (i.e. around ¢; = 0) but for arbitrary tgf). To do this, the first step is to express the endpoints of
the cuts in terms of the 't Hooft parameters. The period integrals for ¢; can be expanded around a = 1,

b =1, and these series expansions can be inverted. At the first few orders in #; we find

1 1 1) 330 1 1
a=1+—=2Vt + M+ ————rn [ T— —= | =)+ ———5 =Vtte
) T(1) NCE ( T(1)> 9 N\3/2 2
7 o(r) "\ T2 (o)
1 1 1
3— B tity -,
(T(l))2 ( T}l)) 1 (T}U)Q 142
(2.11.21)
1 1 1\ 3 1 1
bzl—&—ﬁ%/t»—i— (2)2t2+3/2<7—(2)> 5t§/2+73/2§\/t§1t1
Tf 6 (T;2)> Tf (Tf(2))
1 <3 ! ) 2+ L -
2 ) 2T T2 2
(2) T (2)
2(77) ! ()
In these equations,
(1) ty) @) t)”
T =1+ L T =1- 21, 2.11.22

When tgf) = 0 we recover the mirror map at the orbifold point of [88]. As a test of these results, we can
calculate the coefficient of 1/Z in the resolvent. After the analytic continuation (2.11.3)), this coefficient
computes the planar VEV of the supertrace of U in the matrix model (2.8.3)), as in (2.2.38]):

293 <StrD > = C
o

2mf(1 + ab)

1

27r\/>(1 + ab)

((1+ab)*E(k) + (b — a + @b+ 3ab®) K (k) — ab(a + b)T(na, k)) (2.11.23)

(1 + ab)>E(k) + (a — b+ ab* + 3a®b) K (k) — 4ab(a + b)[I(ny, k)) ,
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where (2.11.3]) must be implemented at the end of the calculation. At weak coupling we find,

1 2 1 2
2.11.24
1 ) 1 3 3ty t1t3 1 ) 1 3 ( )
+ﬁ S ) m)? @)? @2\ 3@ 2%
()N () () () A

The r.h.s. has the expected symmetries of the matrix model. Indeed, it is odd under
to —ts,  tW et (2.11.25)

Notice that each term in the expansion is a rational function of the Veneziano parameters.
From the diagrammatic point of view, each of these terms corresponds to a fixed planar “gluon" diagram
(with a boundary associated to the insertion of U) in which we have summed over all the “quark” loops,
i.e. the “gluons" are quenched and the “quarks" are dynamical. One can actually check the first few
terms written down in againts an explicit perturbative calculation in the matrix model.

Based on [99], one should expect that the VEV computes (twice) the VEV of the 1/2 BPS
Wilson loop operator. However, in order to assert this one should first check that the construction of [99]
of this operator extends to the flavored theory that we are considering here. In any case, the formulae
, remain valid in the flavored theory, since the 1/6 BPS Wilson loop operator can be
constructed for all Chern—Simons—matter theories considered in [2]. We will now evaluate these formulae
in the unquenched theory at strong coupling, by using tropical techniques.

2.11.3 Strong coupling limit in the unquenched theory
For simplicity we will set N](c2) =0, Ny = N}l). We will write as
wol2) = y(2) dz, y(=) = 4p(2) + 1y (2). (2.11.26)
In this equation, y is defined in ,
Yp(2) = wyBM(2) (2.11.27)

is the equation of the spectral curve (2.2.17)) in the ABJM model, and

1 [dX 1 X -1 +\/o(2)
:5?{%2_)”“1 = (2.11.28)

In the tropical limit ¢ ~ e4 is large, and we will set

Ym(2)
C

B =el (2.11.29)

where K is a parameter to be determined. In the ABJM model with N; = Ny one has K = 0. We will
shortly determine the value of K in the theory with unquenched flavor, in the tropical limit. We will
assume that A > 0, |K| < A, which will be justified a posteriori.

The integral (2.11.28) can be evaluated “tropically.” To do this we use the tropical limit (2.10.32) of
the holomorphic one-form, as well as the limits

A 1 frx<z
~® = 2.11.
Z—x ~%@2) {—e—@—z), if 2> 2 (2.11.30)
and ( )
—e @2 if s < —A
eAVo(Z) ¢ "
> ~4E(z) =441, f—A<z<A (2.11.31)

—er= A, ifz> A
Here the + sign corresponds to the two determinations of the square root. One finally obtains

1

ym(z) = £ 3 =2(2) jé h,®(x, z) sign z, (2.11.32)

c
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A Yp A Ym
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Figure 2.11: The two-dimensional graphs representing the tropical limits of y,(z) (left) and ym (2) (right).

where h, is defined in (2.10.32) but with z replaced by z. In this result, signz/2 can be interpreted
as the derivative of |x|/2, which is the tropical limit of the potential deformation, see (2.10.27), and in
principle we can generalized it to other deformations. The tropical limit of y,,(2) can be rewritten as

1 A—-K+ (A-— if —A A
zif/hmsignx:i A, i —A<z< 4 (2.11.33)
2 A-K, otherwise,

where C, is a line connecting two different points on the curve with the same value of z. Equivalently
one can obtain by taking the tropical limit in the explicit expression . The tropical
limit of the two-valued functions y,(z), ym (%) can be represented by the two-dimensional graphs shown
in Fig. Of course, the diagram for y,(z) is nothing but the tropical curve represented in Fig.

We now want to find the relation between A and K. To do this, we will impose for simplicity that
N; = Ny = N in the A/ = 3 Chern—Simons—matter theory. This means that the total 't Hooft parameter
t =t + to vanishes. It follows from that this sum can be evaluated by deforming the sum of
the contours C; and Cs to infinity and the origin, so we obtain

resz—oo wo(Z) —resz—gwo(Z) = 0, (2.11.34)

which leads to u
=—A 2.11.35
T ( )

Notice that in the limit 4 = 0 we correctly reproduce K = 0. With this relation at hand we can already
add the two graphs to obtain the tropical curve representing the new resolvent wg(z), which is shown
in Fig. The calculation of the different periods reduces, like before, to trivial line integrals on the
plane. We first have to relate A to the 't Hooft parameter. We have, for the period (2.11.12)),

2mid = ¢, = —7( LA (2.11.36)

i

and we find

V2
1+ p/2

which is the deformation of the relationship (2.9.11)) in the ABJM theory. For the planar free energy we
have, as in the period integral (2.9.15) for the ABJM theory,

(2.11.37)

0Fy

W = —ﬂiAmonDy, (21138)
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A(l+p) y

Figure 2.12: The tropical curve representing the tropical limit of the resolvent (2.11.18)) of the N' = 3
theory.

The monodromy of y,(z) can be computed as (2.9.16). Indeed, the main contribution to the integral for
Ym 18 given by the vicinity of 1/a, and we have

dX /(Z—-1/a)(Z +1/b)

Ym ~
o X -7 /(X —-1/a)(X +1/b) (2.11.39)

zlog{\/Zf 1a—Z+ 1/b} —log{\/Z— 1/a + \/Z+1/b}.

Then the monodromy around the cut [—-1/b,1/a] is

monpym, & 27i. (2.11.40)
We conclude that
o0F, 9
"~ 2 A(1 + p), (2.11.41)

or equivalently,
I1+u

e (2.11.42)
14+ p/2

1 ,
Fo(\) = §7r3 2)\3

This is in perfect agreement with the AdS prediction (2.8.9). Notice in particular that we have been able
to reconstruct the full nontrivial function £(u) involved in the volume of the tri-Sasakian target space
(12.8.7)).

Finally, we can calculate the vev of the 1/6 BPS Wilson loop, which is given again by (2.9.12) but
now with the new resolvent. We obtain,

(W) ~ = (/1 (2 = A p(A - |z|>>dz/1ez (z+ A+ (A~ |z|>>dz>

i [ o2x 2
~ — —— X Y S —— .
o \[ T+ pu277F 1+ /2

With some more work one can show that the would-be 1/2 BPS Wilson loop has the same leading,
exponential dependence. This is in perfect agreement with the AdS prediction (2.8.11]), and the exponent
should be equal to the regularized area of a fundamental string in the corresponding type ITA background.

(2.11.43)
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2.12 The all genus free energy

In this section we present and extend the results for the all genus free energy of ABJM theory and we
give an M-theory /string theory interpretation for them.

2.12.1 Genus expansion in the matrix model

In this section we provide an efficient, recursive method to compute the 1/N corrections to the free energy
in the case Ny = Ny = N. This is based on the modular properties of the solution and the technique of
direct integration of the holomorphic anomaly equations. The method determines a priori the full 1/N
expansion. In practice it is quite efficient and it makes possible to calculate the F; corrections for high
genera. This is then used to estimate non-perturbative effects in the large N expansion.

As noted in [I13], we can use the relation between the local Fy theory and Seiberg—Witten theory to
write all the quantities in the model in terms of modular forms. This representation becomes particularly
useful when we restrict ourselves to a one-parameter model, as it was shown in a different context in
[I80]. When N7 = Na, =1 and the modulus u becomes simply

2
u = 1+§. (2.12.1)

In Seiberg—Witten theory, u is related to the modular parameter 7 of the Seiberg—Witten curve by

u—ﬁi_ﬁg(r)—l—?ﬂ 12 4 9560 + - - 2.12.2
= 7 = q + q -+ ( A2, )
3
where ¢ = €?™7. This formula can be inverted to
K' (&
T =i (i: ) , (2.12.3)
K (%)

therefore we see that the modular parameter 7 is related to the specific heat of the theory through
(2.5.41)). Let us now introduce the quantity

¢ 2

IR

This is proportional to the third derivative of the genus zero free energy, therefore to the Yukawa coupling
Chn- More precisely, we have

(2.12.4)

D3Fy(N) = —8mi €. (2.12.5)

Therefore, the planar content of the theory can be elegantly encoded in terms of modular forms on the
Seiberg—Witten curve.

One powerful application of the modular properties of the ABJM theory is the determination of
the higher genus corrections to the free energy, Fy()). These can be obtained in principle from the
matrix model , or equivalently from the formalism of [24] (appropriately modified as in [172], 201]).
However, as emphasized in for example [129] 156, [I80], this formalism is not very convenient to do
calculations at higher genus. One should rather use the fact that the F, are quasi-modular forms that
can be promoted to non-holomorphic modular forms. The resulting non-holomorphic objects satisfy the
holomorphic anomaly equations of [144], as shown in [129] [I57], and these can be in turn solved with
the technique of direct integration developed in [109] 129, [143] 180] for local CY manifolds and matrix
models.

The basic strategy of direct integration is the following. First, we assume an ansatz for Fj of the
form

Fy(r) = €272 fy(7) (2.12.6)
where
39g—3
for) =Y Eb(n) (1), g>2, (2.12.7)
k=0

is an almost modular form of weight 6g — 6, with respect to a monodromy group I' C SL(2,Z). Fy(7)
can be promoted to a non-holomorphic modular form Fy(7,7) by changing

3

Ba(1) — Eo(1,7) :Ez(T)*ﬁT(T)-

(2.12.8)
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The resulting Fy(r,7) satisfies the holomorphic anomaly equations of [144], which govern their anti-

holomorphic dependence. Since this dependence is contained in Ez (7, 7), these equations govern the Fy

content of Fj;. This means that the coefficients c,ig ) (1), which are modular forms of weight 6g — 6 — 2k,

can be obtained recursively for k > 0 if one knows the lower Fy. In order to write down the recursive
equation, it is useful to introduce a covariant derivative d¢ taking a form of weight %k into a form of
weight k + 2:

k 0:&
de =0, + = 2.12.9
¢ 37 ( )
Then, the holomorphic anomaly equations lead to
df. 1 10,¢ y
—9 = A% f 4 = 2 def,— § defrdefor > 9. 2.12.10
dE, 3 { gfg 1+3 5 £fg 1+T:1 £f ﬁfg ) g = ( )

If Fy are known, with ¢’ < g, the above equation determines all the coefficients c,(cg ) (1) in fy, with the

exception of cég ) (7), which plays the role of an integration constant. This coefficient is a holomorphic
form of weight 69 — 6 and it is called the holomorphic ambiguity.

In order to fix the holomorphic ambiguity we need two pieces of information. The first one concerns its
functional dependence. Since c(()g ) (1) is a modular form w.r.t. some monodromy subgroup, it belongs to a
finitely generated ring. This means that it is determined by a finite number of coefficients, which typically
grows with g. The second piece of information comes from boundary conditions at singular points in
moduli space. A very powerful boundary condition for matrix models and local Calabi—Yau manifolds
is the so-called gap condition, discovered in [I42] and further used in [I09, 180] to fix the holomorphic
ambiguity. According to the gap condition, near certain points p; in moduli space, parametrized by a
flat coordinate t;, the genus g free energy behaves as

FO = 294 01). (2.12.11)

g 29—2
ti

The superscript (i) means that the genus g free energy has to be transformed to the duality frame which
is appropriate for the i-th singularity, as it is well-known in special geometry. The “gap" refers to the
absence of singular terms ¢t~* with 0 < k < 2¢g — 2 in the local expansion near t; = 0. The vanishing of
these terms provides boundary conditions for cég )(7), and in some cases it fixes them completely.

In our case, the relevant ring is that of I'y modular forms which is generated by the theta functions

b=295(1), c=93(1), d=135(7). (2.12.12)

Since ¢ = b+ d, only two of them are independent, and we will choose b and d. Using standard formulae
in the theory of modular forms, one finds

825 = b_4E2, (2.12.13)
as well as
deb = b’ Jg bd, de(bd) = %7 de By = % (—E3 + 2bB> — Ey). (2.12.14)
The modular expression for the genus one free energy is known [I13] and reads
F, = —logn(r), (2.12.15)
therefore we have B,
def1 = 31 (2.12.16)
These are all the ingredients needed for the recursion. The holomorphic ambiguity can be written as
3g—3
c?(r) =" alWpigre=3-i (2.12.17)
Jj=0

and it involves 3g — 2 unknowns. Let us see how we can fix these by looking at the behavior near the
three singular points of moduli space.
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At the orbifold point, the Fj; are the genus g amplitudes of the super-matrix model with
N1 = N,. Their leading behavior near A = 0 is governed by two copies of the Gaussian matrix model,
therefore they behave as
_ By

9(29 - 2)
This gives g conditions, since the ansatz for the holomorphic ambiguity only involves even
powers of A.

The symmetric conifold point z; = zo = 1/16 is related to the orbifold point through an S-duality
transformation. The appropriate global coordinates near this point are given in . In the ABJM
slice one has

F©(N)

{ (2miN) 2% 4+ O(\?). (2.12.18)

CQ
— —y=1- > 2.12.1
y1 =10, Y2 =Y 16 ( 9)
The following period is a good local, flat coordinate near the symmetric conifold point:
= a
t = n n+l 2.12.2
Z (n + 1) 24n Yy ’ ( 0)
n=0
where
L 2k (4K (2n — 2K\ (4n — 4k
n = 7o . 2.12.21
“ (2")Z(k>(2k><n—k>(2n—2k> ( )
n k=0
It was noticed in [I09] that the genus g amplitude at the conifold point behaves like
B, t\>
FOt) = —=2 (= o(1). 2.12.22
00 =5m 5 (5) oW (21222)

This fixes 2g — 2 conditions. Together with the g conditions coming from the orbifold point, this com-
pletely fixes the 3g — 2 unknowns in the holomorphic ambiguity.

The result can be verified by looking at the radius point, which is related to the orbifold point by an
ST'S transformation. The genus ¢ free energy at this point is the generating function of Gromov—Witten
invariants of the local Fy geometry in the slice 77 = T = T. More precisely, one has

(=1)9|BagBag—2|

FyE™W(Q) = (—4)! +) NgQty,  Q=eT 2.12.23
e e Cv v D SR (21229
where
Nig= Y Najdsg (2.12.24)
di+do=d

is a sum of Gromov—Witten invariants at genus g, Ny, 4,4, of local Fy (the degrees di, ds correspond to
the two Kéahler classes of this geometry). The constant term in is the well-known constant map
contribution to the higher genus free energy [144] for a manifold with “effective" Euler characteristic
x = 4. It can be checked that the higher genus free energies obtained from the integration of the
holomorphic anomaly equation with the above boundary conditions reproduce the well-known large

radius free energies (2.12.23)).

Let us see how this works in some detail when g = 2. The integration of the holomorphic anomaly
equation gives,

1 1 5
fi=y o (-3 B+ 908 - 2618 + (), (212.25)

where c((f) (1) is of the form (2.12.17). The expansion around the orbifold and conifold points read,
respectively,

(2)
(o) 1 11 (2) 2 (2) 11 3a0 (2) 1
FON = (= 4172 4z - )= —
2 () 432(27ri/\)2( g 1728 >+ (3 @0 T 5184 p TN T
+O0(\), (2.12.26)

54129608 | —1-864(1208 + 15057)

1296¢2 10368t

FO(t) = +0(1),
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Imposing the conditions (2.12.18]), (2.12.22]) and (2.12.23) we fix

2 1 @_ 1 @ _ |1 ) 1

_ _ - 2.12.97
@0 T 959207 M 34560 2 T 34560 Y3 T 3240 ( )
We finally obtain
1 5 . 1663 + 15db? — 15d2b + 2d3
FO—__— (-2 E3 4 3bE2 - 2E,E 2.12.28
27 432bd2 < g 2 T O0R b |+ 12960bd? ’ ( )

which gives at large radius the expansion Since 7 depends on A through (2.12.3) and (2.5.9)), this gives
the exact expression for the genus two free energy on S? in the ABJM model, for any value of the 't Hooft
coupling.

Notice that the modular ring appearing here and parametrizing the holomorphic ambiguity is different
from the one appearing in Seiberg—Witten theory [129] [I43] or in the cubic matrix model [I80]. This is
due to the fact that, although the curves are the same, the meromorphic forms defining the theory are
different.

Using this method, we have computed the free energies up to high genus. The genus g free energies

F,(\) = 2(0)()\) obtained in this way are exact interpolating functions of the 't Hooft parameter, and
they can be studied in various regimes. In the strong coupling regime A — oo it is more convenient to
use the shifted variable
1 log2 K
24 22
One finds the following structure. For Fy and F} one has, at strong coupling,

3 <
Fy= MT\@X*"‘/Q +0 (6_2’”/;) :

A=A + 02,  kE>1 (2.12.29)

) ) 51 ) (2.12.30)
og K
F = 610g/<;—210g{ - } +0 <H2>,
while for g > 2 one has
1 1
F, = — 2.12.31
= () ~0 (). 123
where ’
folw) = ) g2o-3td (2.12.32)
j=0
is a polynomial. One finds, for the very first genera,
1523 — 622 + o
fa2(x) = .
4052% — 1352° + 182* — 23
f3($) = )
5184
(2.12.33)
falz) = 994529 — 324028 + 45027 — 322° + 2°
e 82944 ’
fo(z) = 274590212 — 8950521 + 1296021° — 10502 + 4828 — 27
T 995328 ’
and the leading, strong coupling behavior is given by
F,(\) ~A379,  A—oo, g>0. (2.12.34)

2.12.2 Expansion in the type ITA and M-theory duals

It is possible to translate the all-genus expansion of the matrix model into expansions in the type ITA
and the M-theory duals. In the type IIA dual, the genus expansion of the matrix model becomes the
genus expansion of superstring theory. In M-theory, the genus expansion becomes an expansion in the
Planck length (or, equivalently, in Newton’s constant). In order to translate the matrix model results in a
string/M-theory result we need a precise dictionary relating gauge theory quantities to gravity quantities.
In particular, one has to take into account the anomalous shifts relating the rank of the gauge group N
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to the Maxwell charge @, which in turn determines the compactification radius L [77, [78]. The relation
is

1 1
Q=N-— 71 <k — k) . (2.12.35)
The charge ) determines the compactification radius in M-theory according to
I\¢
<Z) = 3212Qk. (2.12.36)
P

This means that the shifted variable \ introduced in (12.12.29) is given, in M-theory variables, by

5 1 (L\° a? (0,\°

When considering the type ITA expansion, we have to trade k for the string coupling constant gs, and
the Planck length by the string lenght /5. In the end we find

I\ 2
=922,
Gst (65 )
G L (LY, 4 (6N
3272 \ Ly 3 L ’
The exponentially small corrections (2.12.31)) should correspond, in the type ITA superstring, to world-
sheet instantons wrapping the CP! inside CP3, and in M-theory to membrane instantons [120] wrapping
the S € S7. In the following we will drop these nonperturbative corrections, although they can be of

course computed to any given order in the exponentiated worldsheet instanton/membrane action.
Let us first write down the type ITA superstring expansion. Using the dictionary (2.12.38]) we find

F= ngit; <f>8 + 63—4 <€L>2 ~log l27r < ) + ng <<> ) g2o72 (2.12.39)

4(9-1)

= Y gt g>2, (2.12.40)
k=3g—4

(2.12.38)

where

is a polynomial. One finds, for the very first genera,

ra(z) = — ﬁn%‘* (51202 — 5762> 4 27) ,

r3(z) :312 429 (1638402° — 15360z* + 5762 — 9) ,

ra(z) = — 5;6 6216 (11586764802° — 1061683202° + 41472002 — 8204422 + 720),  (212:41)
r5(x) :312 82°% (379165081602 — 34760294402° + 1415577602°

— 32256002 + 414722% — 243).

Notice that [I8T] predicts, for general Sasakl—Elnsteln manifolds in M-theory, a correction for F} scaling
as A\1/2, like the second term in . It would be interesting to see if the precise numerical coefficient
also agrees with theirs.

We can now work out the M-theory expansion. If we use again the dictionary , we see that
the M-theory free energy on AdSy x S7/Z;, has the structure

1 L\’ 3 [L\’ 1 AN 6\
F=————1— — (= —log |27k - 2.12.42
384nk (£p> 5ax <£p> o6 [ T < > K ; ( > o (21242)
where p,, (k) is a polynomial in k of degree at most [(n + 3)/3]. At each order n only a finite number of
terms in the original genus expansion contribute, and the maximal genus contributing is

g= [n . 3} : (2.12.43)

2
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The polynomials p, (k) are given, for the first few orders, by

972
k) = —
pl( ) 64 )
p2(k) = 372, (2.12.44)
80m 9t
k)= ———Fk - —
p3(k) 3 39

Since each coefficient in the series is a polynomial in k, one can compute from the genus
expansion in the matrix model the free energy of M-theory in the large radius expansion, at a given
order in (¢,/L)3, and for any value of k.

It turns out that the expansion has a remarkable hidden structure. As we see, the natural

parameter in the power series is
N3
( f) (2.12.45)

as expected in a generic M-theory expansion. However, if we introduce the following “renormalized"
parameter

0, L
by _ b/ , (2.12.46)
i3 51176
{1 — 1272 (4,/L) }
it turns out that the expansion can be resummed in the following way,
S ANE! i\l A
F=—rn—| = —1 3| 2 dpp1m? k™ | L 2.12.4
TRYPyE (@)) + G log 8 (L) +nz::1 L 7 , ( 7)
where the coeflicients d,, are just rational numbers:
80 18104320
do = 3 ds = 5120, dy = ——9 ds = 1184890880, (2.12.48)

This resummation is based on a highly non-trivial property of the polynomials (2.12.33) which is not at
all manifest from their matrix model origin, and is begging for an interpretation in the context of M-
theory /string theory. A similar simplification can be obtained in the type IIA expansion by introducing
a “renormalized" parameter ¢, /L, which depends also on ggt.

What is the interpretation of the M-theory expansion and its resummation ? In
other M-theory expansions (like the two-graviton potential in M(atrix) theory), the terms which go like
(¢,/L)? are interpreted like classical supergravity interactions, since they correspond to integral powers
of the eleven-dimensional Newton’s coupling constant. The other terms, with powers which are not
multiples of 9, are usually interpreted as “quantum gravity" corrections (see for example the discussion
in [182], IV.A.5). The resummation suggest that in this case these quantum gravity corrections
can be rewritten in terms of a classical expansion, but involving the “renormalized" coupling .

2.13 Instantons and the genus expansion

2.13.1 Instantons in matrix models

In this subsection we review some results on instantons in matrix models, following the work of [I78,
179, 180], which contains much more details and references.

The study of instantons in matrix models has been pursued in many works, starting with the pi-
oneering papers of David [I83]. An important insight, first developed in relation to matrix models of
two-dimensional gravity, is that instantons are obtained by eigenvalue tunneling. In order to make the
discussion simpler, let us consider the cubic matrix model, where the effective potential has two critical
points. In the one-cut phase of this model, all eigenvalues are located in the neighborhood of one critical
point. The /-instanton configuration in this phase is simply obtained by removing ¢ eigenvalues from this
cut and tunneling them to the other critical point, as shown in Fig. 2.13] The instanton action for the
one-cut phase admits a beautiful geometric interpretation in terms of the spectral curve y(z) describing
the planar limit of the matrix model, and it is given by the integral

Ap = /wo y(x)dx, (2.13.1)
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WAL

Figure 2.13: An /-instanton can be obtained by tunneling ¢ eigenvalues from one critical point to another
one.

Figure 2.14: The left hand side shows the spectral curve in the one-cut phase of the cubic matrix model.
The instanton action relevant in the double-scaling limit is obtained by calculating the B-period of the
one-form y(z)dz, which goes from the filled cut 4; to the pinched point. The two-cut phase, in which
the pinched point becomes a filled interval, is shown on the right hand side. The instanton action is still
given by the B-period integral.

where a is the endpoint of the filled cut, and zg is the location of the critical point which corresponds
to an empty cut (xg is actually a singular point where the spectral curve has a nodal singularity).
More geometrically, we can write this as a period integral of the natural meromorphic form y(z)dz,
corresponding to a B cycle which goes from the filled cut to the pinched point [184] [I85]:

Apg = lf y(x)dx. (2.13.2)
2JB

In Fig. (left) we show the pinched curve, where the A; cycle corresponds to the filled cut, and the
B cycle goes from A; to the pinched cycle. This picture extends to one-cut matrix models with generic
polynomial potentials: instantons are given by eigenvalue tunneling, and their actions are B-type period,
going from the filled cut to other critical points.

Based on the connection between instantons and the large order behavior of perturbation theory
[186], we should expect these instantons to control the behavior of the genus g amplitudes F, of one-cut
matrix models at large g. Indeed, one can verify in examples [I78] that

Fy(t) ~ (29)1(A®) ™%, g>1, (2.13.3)

where A(t) is a period of y(x)dz. Notice that (2.13.3)) is just the leading behavior of the full asymptotics
at large g, which involves a series of corrections in 1/g (see for example [I78|] for more details). The
relevant period A(t) appearing in the leading asymptotics (2.13.3]) depends on the value of ¢. For small
t, the behavior of the free energy is dominated by its Gaussian part,

By,
2g(2g — 2)t29’
and the action A(t) in (2.13.3)) is in fact the Aj-period going around the filled cut, which is just propor-
tional to the 't Hooft parameter:

Fy(t) ~ t—0, (2.13.4)

A, () = 2rit = % f{, y(z)dz. (2.13.5)

Notice that this period vanishes at the origin ¢ = 0. In other regions of the ¢-plane, the large genus
behavior will be controlled by B-periods Ag(t) of the form (2.13.1)). In general, the action controlling
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the large order behavior at a given point ¢ is the smallest period (in absolute value). Notice that the
B-type periods Ap(t) vanish at critical values of the 't Hooft parameter and the other couplings, so in
both cases the instanton action is given by a vanishing cycle in moduli space. An equivalent way of
formulating the role of instantons is that their actions give the location of the singularities for the Borel
transform of the asymptotic series .

This result can be generalized to the two-cut phase of the cubic matrix model, where the pinched
point is now resolved into a second cut As. The instanton action is still given by the B-cycle integral, now
going from the first cycle A; to the second cycle As, and it controls the large order behavior of Fy(¢1,t2)
in the appropriate regions of moduli space [I80]. The above analysis of instanton configurations seems
to apply to matrix models with generic polynomial potentials. However, there are important matrix
models, like the Chern—Simons matrix model [85], which display a more subtle structure. It was found
in [I87], for example, that due to the multivaluedness of the effective potential, the instanton actions in
the Chern—Simons matrix model are given by

271 (t + 2win) n € Z. (2.13.6)

For n = 0 one recovers the action governing the Gaussian behavior. The instantons with n = +1 can
be detected through the large order behavior of the genus g free energies, once the Gaussian part is
subtracted.

It is then natural to ask if there is a common structure describing the instantons of general matrix
models. All the models we have in mind are characterized by the fact that their planar limit is described
by special geometry on a local Calabi—Yau manifold, and it is then desirable to describe their instantons
in that language as well. This is precisely what we will do now.

2.13.2 Instantons and special geometry

We will suppose that we are given a local Calabi—Yau manifold, whose geometry is encoded in a spectral
curve y(z). This curve can be an algebraic curve in C x C, like the curves arising in polynomial matrix
models, or a curve in C* x C*, like the ones arising in Chern—Simons matrix models and in the mirrors of
toric Calabi—Yau threefolds. We will denote by M the moduli space associated to the geometry described

by y(x). In order to write down the genus g amplitudes Fy, one has to choose first a symplectic frame. In

order to make this choice manifest we will write Fg(f )7 where f specifies the choice of frame. The different

Fg(f ) are related by symplectic transformations and they transform as quasi-modular forms [113].

Usually, M has special points corresponding to physical singularities, and near each of these points
there are preferred frames. A famous example is Seiberg—Witten theory [10], where M is the moduli space
of the Seiberg—Witten elliptic curve and there are three special points corresponding to the semiclassical
regime, the monopole point and the dyon point. The corresponding frames are usually called electric,
magnetic and dyonic, respectively. In the most relevant example for this paper, the ABJM matrix model,
the moduli space M has three critical points usually called large radius, orbifold and conifold points, so
there will be three preferred frames.

Our main proposal, based on the results reviewed above, is that instanton actions are always given
by complex linear combinations of the periods of special geometry. More precisely, we propose

S

AW b S (it +b oFy" .
ti;ai,bi,¢) = it; P —— , 2.13.
(tisa c) 2 a + o, +c ( )

where s = dim(M) and a;, b;, ¢ are complex numbers. The first term is the sum gives the contribution
of the A-cyles, while the second term gives the contribution of the B-cycles. Notice that this is also the
structure of central charges in special geometry. In particular, we propose that the large genus behavior

of the Fg(f ) at generic points of the moduli space is governed by an instanton action of this form. A

particular role is played by the instanton actions which govern the large order behavior of the Féf )

the singular points of moduli space. We will denote these actions by

near

A}()f) (t:) (2.13.8)

where p labels the singular points in M. According to our proposal, these actions are given by ,
for a specific choice of the constants a;, b;, ¢ which depends on the point p.

Of course, the main problem is to determine the values of the constants a;, b;, ¢ which describe the
possible instantons in the problem at hand. Unfortunately we don’t have a general principle to do this.
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Figure 2.15: The moduli space of the ABJM theory has three special points.

However, when the singular point p is in the interior of M (i.e. for singular points of the conifold or
orbifold type), we expect the Agf ) to be given by wanishing periods. One way to motivate this is to

notice that, near the singular points, the Fg(f )(ti) diverge for all g. The instanton action controlling their
large order behavior should then vanish at those points. The identification of vanishing periods makes
it possible to fix the constants a;, b; and ¢ in many situations and leads to a determination of the large
genus behavior near orbifold and conifold points. At generic points there will be a competition between
the different instanton actions, and the dominant contribution to the large order behavior will be given
by the instanton action which is smaller in absolute value (or, equivalently, by the instanton action which
is closest to the origin in the Borel plane).

Of course, the proposal above recovers and generalizes the known description of instantons in matrix
models, where the instanton actions are given by A or B periods, as we have already discussed. In
the remaining of this section we will analyze in detail the ABJM matrix model following these general
principles, and we will present ample evidence that in this model the relevant instanton actions describing
the large genus behavior are indeed of the form .

2.13.3 Instantons in the ABJM model

The moduli space M of the ABJM matrix model was studied in detail in section 2.3 and it is shown
schematically in Fig. It can be parametrized by A (which is a period), or equivalently by the global
modulus k. Notice that, although in the original ABJM theory A is a rational number, in the planar
solution it is naturally promoted to a complex variable, and M will be regarded here as a complex one-
dimensional space. There are three singular points in this moduli space: the orbifold, large radius and
conifold points. The first two points correspond respectively to the weak coupling limit and the strong
coupling limits of the ABJM theory. The conifold point, which occurs for Kk = —4i, or equivalently, at

(2.13.9)

where K is Catalan’s constant, has no obvious interpretation in the gauge theory (although we will
comment on this later on).

The frame in which the genus g free energies F, give the 1/N expansion of the matrix model is the
orbifold or weak coupling frame, as first discovered in [88]. We will study this frame first, and we will
determine the relevant instanton actions near the singular points. In this frame, which we will denote
by w, the appropriate period coordinate is A, and the orbifold singularity occurs at A = 0. Near this
singularity the relevant instanton action is simply

AW (k) = —4n? \(K). (2.13.10)
Since the 't Hooft coupling in the matrix model is ¢ = 27i\, this action is the standard one
controlling the Gaussian point. It vanishes of course at A = 0. On the other hand, it is easy to find the
vanishing period at the conifold point, and this leads to the instanton action

2

- ”) s (2.13.11)

. (w) . 1 1
F 1 1
A(w)(,.i)fiai0 +47T2)\_7r2mgg§< (2)’ 2 T

1
2
¢ T OA 47 , 0, —3
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Figure 2.16: The topology of the contours C,, C., Cs for a vicinity of the orbifold point in the moduli
space.

Finally, we have to consider the large radius, or strong coupling, point. The relevant action turns out to
be

_ioR"

)

2.13.12
ik 03 % 3 4 K2 7mF11113 K2 5 ( )
=— - — |- — T el
4 33 0 16 2 22\ \272°2" 72" 16

For this action, the coefficients appearing in (2.13.7) cannot be determined by requiring it to be a
vanishing period, but it has a simple structure, since it is just given by

AL (r)

AL (k) = AD (k) + ALY (k). (2.13.13)

One can verify numerically that it is the right action in the sense that it controls the large order behavior
of Féw) in the region where it dominates the asymptotics, as we will show in the next subsection.
It is tempting to conjecture that all instanton actions appearing in the theory are just integer linear
combinations of A&w)(n) and AE“”(@. This is in fact what we would expect if these instantons could be
identified with Euclidean D-branes of the string dual, as we will argue later.

The actions (2.13.10)), (2.13.11) and (2.13.12)) can be written as period integrals on the spectral curve
of the ABJM matrix model. In terms of the variables

Y=e¢Y, X=¢" (2.13.14)

the spectral curve is given by the equation [5] [6] 8], [100]

X2
Y+77X2+i/<;X—1:O. (2.13.15)

The Riemann surface of (2.13.15) can be represented by two X-planes glued along the cuts [1/a,a] and
[—b, —1/b]. The position of the endpoints can be determined from

1 1 1 1
a+—+b+ - =4, a+——b— - =2k. (2.13.16)

a b a b
Let us note that a, b — 1 at the orbifold (weak coupling) point, and that y has a logarithmic singularity
at the origin (and at infinity) on one of the two X-sheets. The actions describing the large g behavior

can be represented as
1
A, = 5][ y(z)dz (2.13.17)
c

p

where the contours C, are depicted in Fig.

As a last remark, notice that these actions appear in pairs A},w), —AS”), and this is reflected in the
fact that the genus expansion that they govern involves only even powers of the string coupling constant.

Equivalently, there are singularities in the Borel plane of the g; coupling constant at the points :l:Ag”U).
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Figure 2.17: In this figure we depict the absolute value of the three instanton actions in the orbifold
or weakly coupled frame. On the left side, the horizontal axis represents the positive real axis of the
 variable. The curve in green, which vanishes at the origin, is |A$")(/<c)|, while the blue and red lines
represent |A£w)(/{)| and |Agw)(m)\, respectively. Notice that, when & is large (i.e. the strong coupling
region), the smallest action in absolute value is AS”) (k). On the right side, the horizontal axis represents
the imaginary axis of the s variable. The conifold action Aﬁ“’)(ﬁ) vanishes at k. = —4i, and therefore
dominates the large order behavior near that point.

This is also the case in simpler cases related to noncritical string theory, like the Painlevé I equation (see
for example [188]).

As explained above, at each point in moduli space we expect the large order behavior to be dominated
by the smallest action in absolute value. In Fig. we show the absolute value of the instanton actions
in the weakly coupled frame, and along two different directions in the complex moduli space parametrized
by k: the real axis (left) and the imaginary axis (right). For real x > 1 (which corresponds to the strong

coupling regime A >> 1), the smallest instanton action is Aé“’% while near the origin the smallest action

is A&U”). For ) imaginary and near the conifold point A, the smallest instanton action is clearly AS“U).
For generic points in the moduli space there is a competition between the different actions. For example,
for imaginary «, there is a point x, where

‘Af}ﬁ(ﬁ*)‘ _ ‘ASU“’)(/@*) .

(2.13.18)

This is the point where the two lines cross in the graphic on the right side of Fig. For |k| > |k«| we
should expect the large order behavior to be controlled by the conifold action A" while for || < |k«
it should be controlled by the weak coupling action Al(uw). We will present explicit checks of these
expectations in a moment.

So far we have made the analysis in the weakly coupled frame, but we can do the analysis in the
other preferred frames. It turns out that the relevant instanton actions near the singular points are just
given by the analytic continuations of the instanton actions in other frames. This is not surprising, since
for example vanishing periods near a singular point are uniquely defined, independently of the frame.
This in particular means that the large genus behavior of the Féf )
by the same instanton action.

in different frames will be governed

Let us consider for example the conifold frame. An appropriate flat coordinate in this frame is given
by [6], T09]

o0

1 a
(o) — — =  on+l
A = o E o 1)24ny" , (2.13.19)

n=0

K2 1 = 2K\ (4K (2n — 2k (4n — 4k
14 _ . 2.13.2
y=lttgg (2:)1;<k)<2k>(nk)<2n2k) (2.13.20)

This coordinate vanishes at the conifold point y = 0. The conifold free energies near this point behave
as [109]

where

B 2—2g
F9<0>~W29_2)(2m<0>) . g>2, (2.13.21)
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and we would expect the appropriate instanton action in this frame to be
AL (k) = —4m A9 (2.13.22)

Indeed, one can verify that this is just the analytic continuation of (2.13.11) to x = —4i. Similar
considerations apply to the other instanton actions in the conifold and strong coupling frame.

2.13.4 Large order behavior

We now provide some numerical evidence that the actions we have found control indeed the large order
behavior of the genus expansion. We will only consider the behavior in the weak coupling frame, but
similar considerations and tests can be made for the other frames. For simplicity of notation, in this
subsection we will remove the superscript (w) in our expressions. Our numerical analysis is done for the
original sequence Fy; coming from the matrix model. It can be easily shown that the redefinition of the
Fys which occurs when we use the type IIA parameters, as explained in , does not change the
leading asymptotics , and it only affects the subleading 1/g corrections.
Generically, the instanton actions we have found are complex, and we will write them as

A,(0) = [4,(A)] e (2.13.23)

If the genus g amplitudes are real (as it happens for example for A and k real), complex instantons
governing the large order behavior must appear in complex conjugate pairs (this was pointed out already
in [I77], in ordinary quantum mechanics). This means that, for real A, the large order behavior of Fj(\)
must be given by

—29 |, A — —2g
Fy(\) ~ (29 = 1) {Co(0) (4,(0) > + T (£,(0) ™} 21320
~ (29— 1) [A4,(N)] 7 cos (206,(N) +6,(N)), 9> 1.

In this equation, C},()) is the next correction to the asymptotics, which in some simple matrix models
can be obtained by a one-loop calculation in the background of an instanton [178] [I83], and

5,(N) = arg (C,(\) . (2.13.25)

The choice of instanton action here depends on the value of A, as explained above. If both (Ap(/\))2 and
the F,(\) are real, the large genus behavior is given simply by

F,(\) ~T(20 — 1) (4,(A\) 7%,  g>1. (2.13.26)

This is what happens for example for A imaginary and negative, near the conifold point ..

10} °. 4of
1 ) 30F
50 . 20F
r . . ;
[ 10F
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r ~10F
-5} —20F
-30fF .

Figure 2.18: In these figures, the dots represent the sequence for values of X in the strong
coupling region: A &~ 1.2838 (left) and A &~ 4.6687 (right). The action is then A,()\), given in (2.13.12).
The continuous line represents the oscillatory behavior in the r.h.s. of , where the angle is the
one associated to the strong coupling action 64(\).

When the instanton action is complex, the asymptotics is much harder to study numerically, since the
standard techniques of acceleration of convergence (like Richardson extrapolation) do not apply to the
oscillatory behavior (2.13.24]), and in addition the phase d,()) is not known. In these cases the sequence

mly

RP _1\9+1
Y =1,

g:

(2.13.27)
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should behave as
Ry ~ cos (2g0,(\) + gm +6,(N)), (2.13.28)

i.e. it should lead to an oscillatory behavior in g, with (unknown) constant amplitude but with a known
frequency given by 6,()\). The factor (—1)9! in (2.13.27) has been introduced for convenience, in view
of the forthcoming discussion on Borel summability, and it leads to the shift by g7 in (2.13.28)).
When the action is real, we can actually extract the value of the instanton action from the sequence
4¢°F,(\
Q= —1 G . (2.13.29)
For1(A) (Ap(N))
which as g — oo should asymptote 1. Standard acceleration methods like Richardson extrapolation can
be used to test this behavior to high precision, as in [I78§].
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Figure 2.19: In these figures, the dots represent the fifth Richardson transform of the sequence
for values of A along the negative imaginary axis A & —0.13861 (left) and A ~ —0.06201 (right), and for
the conifold and the weak coupling action, respectively. They converge quite rapidly to unity, verifying in
this way that the proposed instanton actions control the large order behavior of the genus g free energies.

We now present two tests of the large order behavior of the genus g free energies Fy, as predicted by
the instanton analysis of the previous subsection.

For ) real and large, we expect the large order behavior to be controlled by the action . This
action is complex, and should lead to an oscillatory behavior in F;. We can then compare the sequence
Ry, for g =2,---,28, as computed numerically in , to the expected behavior . This is
done in Fig. for two values of A in the strong coupling region. The agreement is rather good. In
order to plot the continuous line in these figures, we have taken ds(\) = —2605()), which leads to a good
matching.

When A (or k) is on the negative imaginary axis, the relevant instanton actions are the conifold and
the weak coupling actions, as shown in the figure on the right in Fig. 2:17] These are real and pure
imaginary, respectively. Therefore, we can use the sequence and its Richardson transforms to
test the expected large order behavior. In this region there is a competition between the conifold and
weak coupling instanton actions, and we should pass from a regime dominated by the weak coupling
action near A = 0, to a regime dominated by the conifold action near A = A.. This is precisely what
the numerical analysis shows. As an example, we show in Fig. 2.19 the fifth Richardson transform of
the sequence for two different values of \ and two different instanton actions: on the left, we
consider A =~ —0.13861 and the conifold action, while on the right we consider A &~ —0.0620i and the
weak coupling action. As we see, the expected asymptotic value (unity) is reached quite accurately.

2.13.5 Borel summability

In the physical ABJM theory, A is real and gs is purely imaginary. The expansion (0.2.2)) should be
written in terms of the real coupling constant 27 /k, i.e. as

F\ k) =) (%:) ) (=1)97LF, (). (2.13.30)
g=0

We get an extra (—1)97! sign at each genus, and this is what motivated the introduction of this sign in
(2.13.27). Equivalently, this leads to an extra —i factor in the instanton actions computed above. We
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Figure 2.20: Singularities in the first quadrant of the Borel plane, for A ~ 1.

can now ask whether this factorially divergent series is Borel summable or not. At strong coupling, the
behavior of the genus g free energy (—1)9~1F,()) is oscillatory for generic A. This is because the strong
coupling action (2.13.12)), which controls the asymptotics in this regime, is complex:

Im (—ids(\) = 72 (2.13.31)
In fact, for large A we have,
—id, () = 2V 7% 4 0 (7). A1 (2.13.32)

This suggests that the 1/N expansion is Borel summable for generic values of A in the strong coupling
region, as it happens in simple quantum-mechanical examples [I77]. More precisely, Borel summability
requires that there are no instantons with positive real action, i.e. that there are no singularities along
the positive real axis in the Borel plane of the coupling constant 27 /k. For A > 1/4 none of the actions
Ap(X) lies on the positive real axis. This is illustrated in Fig. which shows the singularities in
the first quadrant of the Borel plane for A ~ 1. They are associated to the instanton actions —iAs(}),
—iA,()\), and to the conjugate action (—iA.()\))*. Notice that there are other singularities in the other
quadrants, related to the ones shown in Fig. by flipping the sign and by conjugation.
Since
Im (—id.(r)) = 72 (1 — 4\(K)) , (2.13.33)

the conifold action is real for A = 1/4, and we have in principle an obstruction to Borel summability.
It might happen that there are other instantons in the theory which we have not identified and lead to
singularities in the real axis, even at strong coupling. However, if all the instantons are integer linear
combinations of (2.13.10) and (2.13.11)), as we conjectured before, there will be only a countable set of
values of A for which this happens.

Notice that, at large A, the imaginary part of the dominant instanton action is subleading, and the
action is approximately real. This peculiar behavior, in which Borel summability is lost in some limit
of the parameter space of the model, has been found before in much more conventional models. Indeed,
as shown in [I89], the classical O(IN) one-dimensional spin chain has a Borel summable 1/N expansion,
where each term in the expansion is itself a function of the temperature. However, in the low temperature
limit the imaginary part of the instanton action is subleading. Correspondingly, when each term in the
1/N series is truncated to its low-temperature limit, the resulting expansion is not Borel summable
anymore. Nevertheless, it should be kept in mind that in general the asymptotics does not commute
with taking limits in parameter space. In the case of ABJM, for example, the asymptotics of the strongly
coupled F,; (where we neglect worldsheet instanton corrections) is not governed by the strong coupling
limit of the instanton action .

We conclude that for generic, real values of A in the strong coupling region, the genus expansion is
very likely Borel summable. This means that all the information about the partition function of the
dual superstring theory can be retrieved from the perturbative genus expansion, by Borel resummation.
This is in contrast with the genus expansion of unitary models coupled to gravity, which is not Borel
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summable [I90]. Of course, the lack of Borel summability is not a problem if we have an unambiguous
non-perturbative definition, as it is the case here. It just means that we have to add explicit non-
perturbative effects in the theory in a careful way, as illustrated for example in [I91]. But it is interesting
that type ITA superstring on this AdS, background leads to a Borel resummable string expansion, since
this means that it represents a stable background with respect to quantum-mechanical tunnelling effects
in the string coupling constant.
Let us now consider the analytic continuation of the ABJM theory to an imaginary value of the
Chern—Simons level,
k =iy, v €R, (2.13.34)

so that X is also imaginary. In this case gs is real, and the action controlling large order behavior near
A = A is the conifold action, which is also real. The free energies Fy, have all the same sign now and the
expansion in 1/v is not Borel summable.

2.13.6 Double scaling limit near the conifold point

One interesting aspect of the ABJM free energy is the existence of the critical point (2.13.9) for an
imaginary value of the coupling, which corresponds in the Calabi—Yau language to a conifold point. The
genus g free energies F,(\) are singular at this point, and their behavior near A = A, is given by

2% (A — Ao)\ oY
F,~C, 22 >9 2.13.35
~o(Bnag) ez (21339
where
Ba,

Cyp=—"F—. 2.13.36
? 29(29-2) ( )
This is of course the critical behavior associated to the ¢ = 1 string at the self-dual radius (see for

example [I17]). The scaling variable is
A=A

~N—_— 2.13.
log(A — A¢) (2.13.37)

I
This ¢ = 1 behavior is expected from the Calabi-Yau point of view [I92], but it is more surprising from
the point of view of ABJM theory and its string dual.

The scenario one finds for ABJM theory near A. (i.e. a non-trivial critical point at imaginary ’t
Hooft coupling, a non-trivial double-scaling limit, and the lack of Borel summability which signals an
instability) has been advocated in [I93] in order to analytically continue AdS theories to de Sitter space.
It would be interesting to understand this better.

2.14 Instanton at strong coupling

Based on the AdS/CFT correspondence, we would expect that the instanton configurations that we have
found in the matrix model/gauge theory context should correspond to instanton configurations in the
string theory dual. A natural source for such instanton effects are Euclidean D-branes wrapped around
submanifolds in the target AdS, x CP3. In this section, we want to interpret the strong coupling instanton
A (which is the dominant configuration in the strongly coupled region) as a D-brane configuration, and
we will find a D2-brane whose action coincides with the action A, at large A. Notice that, after including
the coupling constant, the action becomes, at strong coupling,

mik

i.AS(A) ~ kmv2X + -

2.14.1
2mi ( )

In terms of the string coupling constant this can be also written as Ag/gst, where

1/L\* (2

The leading part of this action has the appropriate form for a extended object in three dimensions, and
it is natural to identify it with an Euclidean D2 brane. In fact, it can be written as

Tpavol (RP?) (2.14.3)
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and seems to correspond to an Euclidean D2 brane wrapping a RP? inside CP3. We will now make this
more precise by an explicit calculation. Note from that the imaginary part of the instanton
action, which makes the 1/N expansion Borel summable, is in fact an o correction. This means that
Borel summability is in this case a stringy effect, and it is invisible in the supergravity limit.

2.14.1 D2-brane instantons

We work in the coordinate system for CP? given in Appendix [F| The metric has the form (F.7). We
consider a D2-brane wrapping the submanifold of fixed a with ¥ = 99 = ¢ and 91 = —ps = ¢. The
metric is that of a warped RP? (note that the period of y is 27)

L3
ds? = o {dﬂz + sin? 9 dp? + sin” a (dy + cos 9 d<p)2} ) (2.14.4)

and in addition in the world-volume we include a field strength Fy, = E'sin®.
The classical action including the Dirac-Born-Infeld (DBI) and Chern—Simons (CS) terms is
SD2 = TD2 /e_é det(g + 27TO/F) + TD2 /Wia/P[Cl] A\ P’7 (2145)
where P[C}] is the pullback to the world-volume of the one-form (F.9)), which in our subspace is
k
C, = 3 [cos a(dx + cos ¥ dp) — dy — d@} . (2.14.6)

The extra dy and de terms, which are exact, make the expression regular at a = 9 = 0. Similar terms
with opposite signs will be regular at «, v = 7.
Plugging our ansatz in we find

Tpo L3
Spy = D; /dX dd dy sin ¢ {sin ar/1+ B2E? +iBFE(cosa — 1)} , (2.14.7)

with 3 = 87k/L3 = /2/X (setting o/ = 1). Note that we are using conventions where the D2-brane
tension is Tpy = 1/472.
The equation of motion for a gives the relation

BE = —icosa. (2.14.8)

Then the electric flux density is the conserved momentum dual to the electric field

p= ig—g = f[sind. (2.14.9)

The classical action should be expressed in terms of p, rather than F, and the Legendre transform gives
assice Tpo L? L3
Sglassical % / dydd dpipE + Spy = - = ThV2), (2.14.10)

In precise agreement with the leading, real part of the action of the matrix model instanton .
This is the same as the action of k/2 string instantons.

Above we wrote the DBI action suppressing fluctuations in the three orthogonal directions in CP3.
It is easy to include them and one finds that this D2-brane is a classical solution which is unstable to
fluctuations in these three directions.

2.14.2 Supersymmetry

The D-brane we have found should be a BPS state since RP? is a generalized Lagrangian submanifold
in CP? (this has been established in a related context in [I42]). We will now confirm this by direct
calculation, see [194] [195] [196] for similar considerations.

Our choice of frame and the corresponding expression for the Killing spinors are given in Appendix[Gl
For our ansatz (with all the other fields set to zero) they are

€= e%(“%/rvw)e%(ﬁvsfvsﬁvvﬁma)e*%(‘eru)*%‘(vsrvee)m = Mey, (2.14.11)
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€o is a constant 32-component spinor and the Dirac matrices satisfy yo1234567805 = 1.
The angles &; are the phases from (F.4])

X+ @

2 )

g =X"9% (2.14.12)

& = >

The supersymmetries preserved by a D2-brane are determined by solving the following equation on
the D2-brane solution
le=ce, (2.14.13)

where T for our D2-brane solution is given by (see e.g. [195])

i
F f—
LpBr

(P + 27 Fy, TV, ) (2.14.14)

Here
OxMt Otz Hphs

pasats 55T g7 B3
are the pullback of the curved space-time Dirac matrices in the world-volume directions (with and without

the directions of the field strength Fy,). Plugging in our choice of coordinates and the details of the
solution we find

ré =7 r=r

. (2.14.15)

r® = é sin a sin 9 y758 e (756 —780) ,
21’ Fy TV = —é cos asin acsin 9 vy , (2.14.16)
Lppr = ésin2 asind.
And we therefore find that reads
(i Y758 €2 (1567789) | cog 'Y7h> € =sinae. (2.14.17)
Simple manipulations allow to write this equation as
—iysgy 2 (Grmtrse—s0) ¢ — ¢ (2.14.18)

Next we need to commute this operator through M in (2.14.11)). As it turns out, only the o dependent
term in M does not commute through and we find the equation

_ iM_1758h 2 2y trs6—89) ¢ — _175% o5 (Yrat+r7a+vs6 —89) €0 = €0 - (2'14'19)

It is easy to see that the operator appearing in this equation squares to unity, and half its eigenvalues
are +1 and half —1. Since it does not commute with the S; operators in , the D2-brane is 1/2 BPS.

Note in particular that for o = 0 we find the equation ivsgyeg = €9, which is the projector equation
for a fundamental string wrapping the 91, ¢1 sphere. In this limit the D2-brane instanton indeed de-
generates to k/2 regular string instantons. While the supercharges at different values of « are not the
same, it is possible to choose the orientation of the D2-branes in CP? such that their supersymmetry is
compatible with the supercharge used for localization and with world-sheet instantons (of certain orien-
tation). Therefore, these D2-branes have the right structure to be responsible for the non-perturbative
effects we have found in the matrix model.
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Chapter 3

Fermi gas approach

In this chapter we develop an alternative method to study Chern—Simons—matter models based on a
relation to a certain Fermi gas system. This chapter is organized as follows. In section 3.1 we discuss
how the perturbative parts of all genus free energies of ABJM theory can be resummed into a closed
simple expression. In section 3.2 we show that the matrix integral of a general class of N' > 3 CSM
theories (necklace quivers with fundamental matter) can be written as the partition function of an ideal
Fermi gas with a non-trivial one-particle Hamiltonian. In sections 3.3 and 3.4 we present the tools to
analyze the Fermi gas, and we illustrate them in ABJM theory. More precisely, in section 3.3 we study
the Fermi gas in the thermodynamic limit, by passing to the grand canonical ensemble. This makes it
possible to derive the leading N3/? behavior of the free energy of ABJM theory, by using elementary
tools in Statistical Mechanics. In section 3.4 we study the quantum corrections to the grand canonical
potential. In section 3.5 we extend our techniques to more general CSM theories, including necklace
quivers and theories with fundamental matter. We show that, when the free energy on the three-sphere
is real, the 1/N expansion at fixed k gets resummed by an Airy function, thus proving the property
for this family of examples. We also consider the “massive" theory of [I76], where a different N°/3
scaling has been found for the free energy, and we rederive it with our techniques.

3.1 The ABJM matrix model in the ’t Hooft expansion

3.1.1 1/N expansion and non-perturbative effects

As we have seen in section [2.12.1] when expanded at strong coupling, the genus g free energies have the
structure

Fy(A\) = Fy(\) + FjP (). (3.1.1)
The first term represents the perturbative contribution in o', while the second term is non-perturbative
3 /
in o,

F*(3) ~ O <e2’f@> (3.1.2)

and it was interpreted as the contribution of worldsheet instantons in the type IIA dual.
Besides the non-perturbative effects in o’ there are also non-perturbative effects in the string coupling
constant of the form

exp (—kjﬂ'\/ﬁ) (3.1.3)

at large A. These instanton effects were deduced in the previous chapter by analysis of large-order
behavior of perturbation theory These were interpreted as D2-branes wrapped around generalized La-
grangian cycles of the target geometry. We will refer to these non-perturbative effects as membrane
instanton effects, since they can be interpreted as M2 instantons in M-theory [120] but they are invisible
in ordinary string perturbation theory.

It was shown in [23] that the genus expansion of the perturbative free energies can be resummed. In
order to do that, one has to use the variable

1 1
ren — —_—— = —, .1.4
Aren = A 24 3k2 (3.1.4)
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If we define the perturbative partition function as

P _
ZaBim = €XP

> F;(X)ggg—ﬂ (3.1.5)

g9=0

274 1/3
(”2 ) Aren | » (3.1.6)

where Ai is the Airy function. This can be also written in terms of IV as

then

P .
Znpgm X Ai

N . k 1
Zypom < Al {C Y3 (N o1 %ﬂ ; (3.1.7)
where 5
= —. 1.
C =y (3.1.8)

The expansion resummed in makes perfect sense for finite k. Therefore, even if was
obtained from a calculation in the 't Hooft expansion, it should be part of the M-theory answer. Indeed,
one of our goals in this paper is to verify this by computing Zagym directly in the M-theory expansion.

The Airy function appearing in gives an exact resummation of the long-distance expansion in
M-theory. The shift was interpreted in ([2.12.46]) as a renormalization of the expansion parameter
¢,/ L. Then the argument of the Airy function (3.1.7)) is given by

6
(256 k 72) /° (;) : (3.1.9)

The 1/N expansion of the ABJM matrix model was derived in the previous chapter by using the
holomorphic anomaly equations [I44] of topological string theory. The result was obtained in
[23] by looking at the recursive structure of these equations. There is however a much simpler method
to obtain which exploits the wavefunction behavior of the topological string partition function.
Our derivation of in this paper does not depend at all on ideas from topological string theory,
but since it is formally very similar, we will now present this simpler argument. Readers who are not
familiar with topological string theory can skip the rest of this section and proceed to the next one.

As shown in [121], it follows from the holomorphic anomaly equations that the topological string par-
tition function is a wavefunction on moduli space. In particular, its transformation from one symplectic
frame to the other is given by a Fourier transform. This property was spelled out in detail and exploited
in [II3]. The main result is summarized as follows. Let

r= (3 g) € SL(2,7) (3.1.10)

be a symplectic transformation relating two different frames (we assume for simplicity that there is a
single modulus in the problem). This means that the periods (9, Fp, a) transform as

8,r FY\ . (0,F,
(28 (%50, ot

Then, the full topological string partition function

Z(a) = exp

i Fg(a)g§g21 (3.1.12)
g=0

transforms as
27l = / dae5@a")/9? 7(q), (3.1.13)

where ) )
S(a,a") = —557_1a2 +~ " taal — ia’y_l (ar)2 . (3.1.14)
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In the context of ABJM theory, as explained in detail in [5] [6], the relevant quantities correspond to
topological string computations in the so-called orbifold frame, where the natural periods are A (the
Hooft coupling of the gauge theory) and the derivative 9y Fy. On the other hand, the most familiar frame
in topological string theory is the large radius or Gromov-Witten frame, where the natural periods are
T (the Kéhler modulus) and the derivative 5‘TFOGW. The genus g free energies in the large radius frame
are given by the standard formulae,

T3
Gw _ + 2 : — kT
FO = 6 + NQ,kC s

k>0
T
FOW — 5+ > Nige T, (3.1.15)
k>0
F9G>VY = Z NgykeikT,

k>0

where Ny are Gromov-Witten invariants in the local P! x P! geometry (there is no constant term
contribution at higher genus). The fact that the total free energy is at most cubic in T, up to exponentially
small corrections, is a well known fact in topological string theory.

In the previous chapter, the periods in the orbifold frame were written in terms of periods in the
large radius frame in order to perform analytic continuations to strong coupling. By general principles,
this relation must be a symplectic transformation like . In fact, it is easy to see that the results
of the previous chaper relating the periods can be written as the following symplectic transformation:

( aifo > - ( _01 ; > < 8T%GW ) (3.1.16)

where )
-4 ~ i
A=), T=27 2 =o2nm (3.1.17)
c 2c
and ~
Fo = F() — T 1)\7
- B 2T (3.1.18)
FAW = (—4)97! <FgGW — 5g70—3 ) .

Then, according to (3.1.13)), (3.1.14]), the total partition functions are related by the following formula:
exp [F(A) — °iN/g7] /dfexp [—f2/g§ +TX/g? + FSV(T)|. (3.1.19)

Notice that, up to nonperturbative terms in 7', this is the integral of the exponential of a cubic polynomial,
therefore we will indeed get an Airy function. Let us introduce the new variable p through

4
T = ?“ — 7. (3.1.20)
Then, one finds the expression
2u3 k 1 ap
F(X d — uN+ — — O (e
exp ()0</ ueXp{gkﬂz PN + ot gt (e k)} G120

where we used the following integral representation of the Airy function,

3
Ai(z) = %/Cdt exp (t3 - zt) , (3.1.22)

and C is a contour in the complex plane from e~ "/300 to e™/300. In (3.1.21)), C is given in (3.1.8)) and

k 1
B=—+—. 1.2
24 + 3k (3.1.23)



120 CHAPTER 3. FERMI GAS APPROACH

The result of is of course the expression obtained in . Notice that the first term in the
shift B comes from F&W in , while the second term is due to the first, perturbative term in FGW.
The exponentially small corrections in N in , which are due to the worldsheet instantons at large
radius of the topological string, become, after Fourler transform, the worldsheet instantons of the
type IIA superstring.

This derivation is nice, but it seems difficult to generalize it in its current form to other Chern—
Simons—matter theories, and prove in this way the property for other cases. In this paper we
will find a completely different approach to the derivation of the Airy function which turns out to formally
equivalent to the one based on topological string theory. However, this approach can be extended to
many N > 3 CSM theories and makes it possible to verify the conjecture [0.2.15] for many of them.

3.2 Chern—Simons—matter theories as Fermi gases

3.2.1 ABJM theory as a Fermi gas

Our Fermi gas approach is based on the following observation. The interaction term between the eigen-
values in (2.2.3)) can be written in a different way by using the Cauchy identity:

[ [2oinn () fpsmn ()] 0
[1;,2cosh (%) 2cosh<”’ V’) (3.2.1)

= 3 )] 1

Hi—Vs (i) ’
cESN i 2 cosh (%)

In this equation, Sy is the permutation group of N elements, and €(o) is the signature of the permutation
o. This identity has been used in other matrix models in [3T), 118, 119 in order to study them in the
grand canonical ensemble, as we will do here. In the context of ABJM theory, it was used in [204] in
order to prove the equivalence of and the matrix integral for N' = 8 super Yang-Mills theory in
three dimensions, when k& = 1. The manipulations in [204] can be easily generalized to arbitrary k, and
one obtains the following expression for the ABJM matrix model,

N
1
DI = o 322

oSN (27k) [, 2cosh (%) 2 cosh (#)

We will derive this expression below with a different technique, which can be used for more general
Chern—Simons—matter theories. The main property of (3.2.2)) is that it makes contact with the standard
formalism to study partition functions of ideal Fermi gases. Indeed, let us introduce the function

L 1 1 1
2k (2cosh%)/ (2c h“)l/QQCOSh(I1 wZ)

p(x1,22) = (3.2.3)

If we interpret it as a one-particle density matrix in the position representation

p(x1,x2) = (x1|p|z2), (3.2.4)
the matrix integral (2.2.3) can be written as the partition function of an ideal Fermi gas with N particles
1 €e\o
N)= N ZS (—1)< )/dNa:Hp(xi,wg(i)). (3.2.5)
ogESN i

It is well-known that the sum over permutations appearing in the canonical free energy of an ideal
quantum gas can be written as a sum over conjugacy classes of the permutation group (see for example
[122]). A conjugacy class is specified by a set of integers {m,} satisfying

> tmg=N. (3.2.6)
4

Let us define
Zp = /dxl ~oodxe p(a1, 22)p(x2, x3) - - - p(To—1,20) (X0, 21). (3.2.7)
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Then, the partition function is given by,

7= Y]

{me} £

(3.2.8)

where the ' means that we only sum over the integers satisfying the constraint ||
Due to the constrained sum, the canonical partition function is not easy to handle for large N. As
usual, the remedy is to consider the grand partition function

(1]

=1+ Y Z(N)", (3.2.9)
N=1
where
z=¢e" (3.2.10)
plays the role of the fugacity and p is the chemical potential. The grand-canonical potential is
J(u) =logE. (3.2.11)

Notice that this potential (like the free energy) has the opposite sign to the usual conventions in Statistical
Mechanics. A standard argument (presented for example in [122]) tells us that the sum over conjugacy

classes in (3.2.8)) can be written as
¢
-z
J(p) =— E Zg%. (3.2.12)

0>1

The canonical partition function is recovered from the grand-canonical potential as

dz =

At large N, this integral can be computed by applying the saddle-point method to

1
Z(N) =5~ /du exp [J () — pN]. (3.2.14)
The saddle point occurs at
oJ
N=_2"=-> Z-2) 3.2.15
o ZZZI o(—2)", ( )

and defines a function u.(N). The free energy is given, at leading order as N — oo, by
F(N) = J(us) — psN. (3.2.16)

However, it is possible to compute the 1/N corrections to this relation by simply computing the correc-

tions to the full integral in (3.2.14)). This is what we will eventually do. Notice the similarity between
the traditional inverse transform (3.2.14]) and the Fourier transform (3.1.21) in topological string theory.

We have then shown that the original ABJM matrix integral can be computed as the canonical
partition function of a system of N non-interacting fermions, where the one-particle density matrix is
given by . We just have to solve the corresponding one-body problem in order to compute the
relevant thermodynamic quantities of the system. Equivalently, one should compute the quantity Z,
introduced in . This quantity can be regarded as the partition function of a classical lattice gas
with ¢ particles in a periodic lattice with nearest-neighbour interactions, as shown in Fig. [3.1} The
density matrix p plays the role of the classical transfer matrix of the system (see for example chapter 12
of [123]). It defines a symmetric kernel

(z]pl¢) = / de’ p(z,2')d(), (3.2.17)

so that
Zy = Trpt. (3.2.18)
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\_]

p=e

Figure 3.1: A one-dimensional periodic lattice with ¢ sites. The transfer matrix p can be regarded as the
quantum propagator for a single particle in Euclidean, discretized time with Hamiltonian H.

It is easy to see that this kernel is a non-negative Hilbert—Schmidt operator, therefore it has a discrete,
positive spectrum

ﬁ|¢n> :)\n|¢n>a n=0,1,---, (3.2.19)

where |¢,,) are orthonormal eigenfunctions and we assume that

ANZAM>A> (3.2.20)
We can then write the density matrix as
=D Aulén)(dnl. (3.2.21)
n>0
In terms of these eigenvalues we have,
Zy=> M, (3.2.22)
n>0

When ¢ is large, this sum is dominated by the largest eigenvalue \g,
Zi= N, 0> 1. (3.2.23)

It also follows from this representation that the grand-canonical partition function is given by a Fredholm
determinant,

E=det(1+2p) =[] 1+2\). (3.2.24)

n>0
Instead of using the formulation of the lattice problem in terms of the density matrix operator, we
can introduce a quantum Hamiltonian in the standard way,

p=eH, (3.2.25)

This leads to the well-known equivalence between the partition function of a classical lattice gas (3.2.18|)
and the propagator of a quantum particle in ¢ units of discretized time (see for example [123] [124]). We
can then write

Zy=Tre . (3.2.26)

To find the Hamiltonian corresponding to the ABJM matrix model, we first write the density matrix

EZ3 s

p=e 3V @e=TE)g=3U) (3.2.27)
In this equation, ¢, p are canonically conjugate operators,
[4 5] = ih, (3.2.28)

and
h = 2mk. (3.2.29)
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This is a key aspect of this formalism: % is the inverse coupling constant of the gauge theory /string theory,
therefore semiclassical or WKB expansions in the Fermi gas correspond to strong coupling expansions
in gauge theory/string theory. The potential U(q) in (3.2.27) is given by

U(q) = log (2 cosh g) , (3.2.30)
and the kinetic term T'(p) is given by the same function,
T(p) =log (2 cosh g) . (3.2.31)

The peculiar kinetic term (3.2.31)) can be regarded as a non-trivial dispersion relation interpolating
between the quadratic behavior of a non-relativistic particle at small p,

p2

T(p) ~log2)+7°¢,  p—0, (3.2.32)

and the linear behavior of an ultra-relativistic particle at large p,

'4
T(p) ~ |—2|, |p| — 0. (3.2.33)

Notice that, as it is standard for Hamiltonians defined by transfer matrices at finite lattice spacing
[123, 124], the quantum operator H defined by (3.2.25) and (3.2.27) differs from

T(p) +U(q) (3.2.34)

in A corrections. There is a very elegant method to obtain these corrections based on the phase-space or
Wigner approach to quantization. This method will be also extremely useful in setting the semiclassical
or WKB expansion of our thermodynamic problem. We first recall that the Wigner transform of an
operator A is given by (see [125] for a detailed exposition of phase-space quantization)

/
Aw(q,p) =/dq’ <q—q2

The Wigner transform of a product is given by the x-product of their Wigner transforms,

>

/
’q + q2> oipd' /1, (3.2.35)

(AB)W — Aw * By (3.2.36)

where the star operator is given as usual by

= exp [2(aqap— apaq)], (3.2.37)
and is invariant under linear canonical transformations. Another useful property is that
" dpd
Tr A= /ﬂ Aw(q,p). (3.2.38)
21h

In order to calculate the A corrections to the Hamiltonian, we consider the Wigner transform of the
density matrix (3.2.27)). By using (3.2.36) we find,

pw = e 3U@ 4 o T() 4 o~ 3U(@) (3.2.39)

Let us note that the partition function depends only on the eigenvalues A, of p (or, equivalently, on the
traces Z; = Tr p*). Therefore there is the following freedom in the choice of

p— Vvt (3.2.40)

which translates into
pw(q,p) — Vav(a,p) * pw(a,p) * (V" )w(q, p) (3.2.41)

after the Wigner transform. Equation (3.2.39)) defines the Wigner transform of our Hamiltonian through

pw = e, 7w, (3.2.42)
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Figure 3.2: A quiver with r nodes forming a necklace.

where the x-exponential is defined by
1
exp*(A):1+A+§A*A+--- . (3.2.43)

The quantum Hamiltonian Hyw can be computed by using the Baker—Campbell-Hausdorff formula, as
applied to the x-product. One finds,

1 1
Hyw(q,p)=T+U+ D] [T, [T, U]*]* + 21 [U, [T, U]*]* . (3.2.44)

2

W)U ) + 5 (@) T ) + O,

=Tp)+U@) - 5

where we have used the fact that, at leading order in A, the Moyal bracket is the Poisson bracket
[A,B], = Ax B— Bx A=ih{A, B} + O(h?). (3.2.45)

Further corrections to ([3.2.44) can be computed to any desired order, see (B.1]) for the result at order

O(h%).

3.2.2 More general Chern—Simons—matter theories

The identification of the matrix model of ABJM theory as the partition function of a Fermi gas can be
also made for more general AV > 3 Chern—Simons—matter theories. We will set up the formalism for the
necklace quivers with r nodes considered in [126, 127], and with fundamental matter in each node (see
Fig.[3.2). These theories are given by a

U(N)gy X U(N)gy x -+ U(N)y

7

(3.2.46)

Chern—Simons quiver. Each node will be labelled with the letter a = 1,--- 7. There are bifundamental
chiral superfields A,q11, Baa—1 connecting adjacent nodes, and in addition we will suppose that there
are Ny, matter superfields (Qq,Q.) in each node, in the fundamental representation. We will write

ko = nak, (3.2.47)

and we will assume that

> na=0. (3.2.48)
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According to the general localization computation in [2], the matrix model computing the S? partition
function of a necklace quiver is given by

2
| I . r 1 Aa,i—Na,j
Z(N) = — / g, exp [Bek)2 ] i Mlic; [2smh (fﬂ |
(N!)r a,i 27 <2005h %)Nfa a=1 Hi,j2COSh (W)

(3.2.49)

This matrix model is very similar to the A,_1 models considered in for example [31, 128], and one can
use a very similar strategy in order to rewrite them as Fermi gases. First of all, we define a kernel
corresponding to a pair of connected nodes (a, b) by,

n (132
1 exp{l = } —Nj,
Koyl z) = — Lt ] [2 cosh i] " (3.2.50)

27k 2 cosh (”;;”’) 2k

where we set © = A\/k. The grand canonical partition function corresponding to the above matrix model
is defined as in (3.2.9). Then, if we use the Cauchy identity (3.2.1)), a simple generalization of the above
arguments makes it possible to write it again as a Fredholm determinant (3.2.24]), where now [3I]

p=KnKi- K1, (3.2.51)

is the product of the kernels around the quiver. Therefore, we can apply exactly the same
techniques that we used before in ABJM theory. In a sense, we are “integrating out" r — 1 nodes of the
quiver in order to define an effective theory in the r-th node, but with a complicated Hamiltonian which
takes into account the other nodes.

This idea can be made very concrete by looking at the Wigner transform of the operator p in .
We first compute the Wigner transform of the kernel ,

ingq2
1 e 2n
K (g,p) = * (3.2.52)
2COSh% [QCOShi]Nf"
where the A in the x product is given again by (3.2.29)). Let us note that
ing? ing? ing? ing? ad [M]
e 2 % f(p)xe” 2 :f(e% *p*e‘?ﬁ) :f(e “len p) = f(p —nq), (3.2.53)
where we used that
[¢°,p], = 2ihq. (3.2.54)
We obtain then, for the Wigner transform of the density operator (3.2.51))
(q,p) = 1 . 1 . 1
PWALP) = 5 cosh [ [2cosh ] Nii 7 2 cosh 2=
! * L * L *
- 3.2.55
[2cosh 5] Nf2 © 9 cogh B=(mitnale 12+ 2)g [2 cosh 5] Nis ( )
* L * 1
2 cosh P—("1+‘é+’w—1)q [2 cosh %] N,
where we used (3.2.48)). For necklace theories without fundamental matter this is simply
(q,p) ! * ! ! * ! (3.2.56)
= * ceek . 2.
PWALP) = 5 osh £ 2cosh 21 9cogh 7”7(”1;"2)(1 2 cosh —pi(nﬁ'éﬂl"’l)q

In particular, for the ABJM necklace (—k, k) with fundamental matter Ny, = Ny, = Ny first considered
in [I7, 129] 130], we have

1 1 1 1
* * * .
2cosh§  [2cosh ] N7 2 cosh B4 [2cosh 5] Nt

pw(q,p) = (3.2.57)
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If we perform a canonical transformation
p——q¢ q—ptg (3.2.58)

and we conjugate by [2 cosh %} /2 46 obtain a symmetric kernel, we get the equivalent representation,

1 1 1 1 1
* (3.2.59)

* * *
[2cosh 4]"/? " [2cosh 4]~ 2cosh b [900sh 224]™  [2cosh 4]/

pw(q,p) =

which, for Ny = 0, agrees with the result (3.2.39)). In this way, we have reduced the general necklace
quiver theory to an ideal Fermi gas whose one-particle quantum Hamiltonian is defined by the above

density matrices through (3.2.42)).

Notice that, in general, the density operators p are not Hermitian, and correspondingly Hwy is gen-
erally not real. This reflects the fact that the free energy on the three-sphere of these CSM theories is
in general complex.

3.3 Thermodynamic limit

It is well-known that the thermodynamic limit of an ideal quantum gas can be evaluated by treating the
one-particle problem in the semiclassical or WKB approximation. Moreover, the 1/N corrections to the
thermodynamic limit can be obtained by studying the quantum corrections to the semiclassical limit. In
this section we will present general results about the thermodynamic limit and we will illustrate them in
ABJM theory. More general theories will be considered in section

3.3.1 The thermodynamic limit of ideal Fermi gases

In the following we will need several standard results in the analysis of ideal quantum gases. The
distribution operator at zero temperature is given by,

W(E)=6(E - H) (3.3.1)

where 6(z) is the Heaviside step function. The trace of this operator gives the function n(E), counting
the number of eigenstates whose energy is less than E:

n(E) =Tra(E) =Y 0(E — Ey). (3.3.2)

Notice that
E,, = —log A, (3.3.3)

where )\, are the eigenvalues (3.2.19)) of the density matrix. The density of eigenstates is defined by

p(E) = dZ(EE) =3 6(E — Ey). (3.3.4)

The one-particle canonical partition function is then given by the standard formula,
oo
Zy = / dE p(E)e™*®, (3.3.5)
0
while the grand-canonical potential of the N particle system is given by

J(p) = /OOO dE p(E) log (1 +ze 7). (3.3.6)

Let us now consider the thermodynamic limit of the system, when N — oo. In this regime, the
behavior of the system is semiclassical and the spectrum of the one-particle Hamiltonian is encoded in
the functions n(E), p(E). The thermodynamic limit is governed by the behavior of these functions as
E > 1. We notice that, if

n(E) = CE”’, E>1, (3.3.7)
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then the grand-canonical potential is given by
J(p) ~ sC/log (14 2e ) E7'dE = —CT'(s + 1) Ligy1(—e*), (3.3.8)
0

where Li, is the usual polylogarithm function. The number of particles is related to the chemical potential
by

N(p) = CT'(s + 1) Lis(—e*), (3.3.9)
and large N corresponds to large p. In this regime, we have
J (1) ~ ¢ ptt N(u) =~ Cpu®. (3.3.10)
s+1 ’

The second equation defines u as function of N, and we deduce from (3.2.16|) that the canonical free
energy is given, as N — oo, by

5 o-UsyoH
s+1
These formulae should be familiar from the elementary theory of ideal quantum gases. For example, the
textbook ideal Fermi gas in three dimensions has s = 3/2.
To determine the value of s for a given system we notice that, in the semiclassical limit, the trace is

replaced by an integral over phase space

F(N) ~ — (3.3.11)

dqdp
T — 3.3.12
e 2mh ( )
which gives the standard semiclassical formula
dpdg Vol(E)
Ey~ | —0(F—H = 3.1

n(e)~ [ TLoE - Hiap) = 5 5. (3313)

i.e. the number of eigenstates is just given by the volume of phase space. The surface
H(q,p)=F (3.3.14)

is just the Fermi surface of the system. For a one-dimensional ideal gas whose one-particle Hamiltonian
is of the form

H ~ Alp|* + Blq/? (3.3.15)
we have
s=141 (3.3.16)
=55 3.

This will be useful later on.

3.3.2 A simple derivation of the N3/? behavior in ABJM theory

We can now study the thermodynamic limit of the partition function of ABJM theory. In this case, the
Hamiltonian appearing in the semiclassical formula (3.3.13)) is just given by the classical counterpart of

B-2.34),
Ha(g,p) = T(p) + U(q) = log (2 cosh g) +log (2 cosh g) . (3.3.17)

Here we have neglected the /i corrections appearing in Hyw. It is easy to show that the minimum energy
is

Ey =2log?2, (3.3.18)
which corresponds to the maximal eigenvalue of the density matrix

1
o= (3.3.19)
This is the semiclassical value given by the leading WKB approximation, and it will be corrected
quantum-mechanically. In the large E regime, the discrete spectrum “condenses" along a cut in the
complex plane, and g signals the endpoint of the cut.
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Figure 3.3: The Fermi surface (3.3.20) for ABJM theory in the ¢-p plane, for E =4 (left) and F = 100
(right). When the energy is large, the Fermi surface approaches the polygon (3.3.22]).

In order to proceed with the analysis of the thermodynamic limit, we should determine the Fermi

surface
Ha(g,p) = E (3.3.20)

controling the density of eigenvalues. We show the shape of this surface in Fig. for E = 4 (left)
and E = 100 (right). It is clear that in the thermodynamic limit, when F is large, the surface can be
approximated by considering the values of U(q), T'(p) for ¢, p large. In this regime we have

q p
v~ D g e, TR (3.3.21)

so that (3.3.20) is approximately given by
lq| + |p| = 2E, (3.3.22)

as it is manifest in the graphic on the right in Fig.|3.3] From (3.3.15)) and (3.3.16]) we deduce that

s=2. (3.3.23)
Since
Vol(E) ~ 8E?, (3.3.24)
the number of states is given by
2
E)~ ——F> 3.3.25
n(E)~ - (3:3.25)
By comparing with (3.3.7)), we find
2
C=—. 3.3.26
7 ( )
The equation (|3.3.11)) gives immediately
2k
F(N) ~ fTN?*/?. (3.3.27)

This is exactly the result found in the previous chapter using the 't Hooft expansion of the matrix model.
The derivation presented here is however completely elementary, and relies on basic notions of quantum
Statistical Mechanics: the 3/2 scaling of the number of degrees of freedom is nothing but the scaling of
the free energy of an ultrarelativistic gas of one-dimensional fermions in a linearly confining potential. No
matrix model techniques are needed. In this sense, our derivation is even simpler than the one presented
in [38], which required some detailed analysis of the eigenvalue interaction in the matrix integral.

We would like to emphasize that the above result provides the right large N behavior of the
system at finite k. This is because the true expansion parameter in the semiclassical expansion is h/F,
which is small for large E even at finite 4. This can be proved rigorously for some spectral problems
defined by kernels of the form [I31], and we will verify it in section by a detailed analysis of
the WKB expansion.
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3.3.3 Large N corrections

One advantage of the statistical-mechanical framework presented here is that it makes it possible to
compute corrections to the thermodynamic limit in a systematic way. To start the study of these
corrections, we now look at the thermodynamics of the Fermi gas of ABJM theory in the semiclassical
approximation, but taking into account the exact value of the volume of phase space (i.e. we go beyond the
polygonal approximation in ) As expected, this gives sub-leading and exponentially suppressed
corrections at large N.

The computation of the exact volume is equivalent to computing all the Z, exactly in the semiclassical
approximation, and resumming the resulting series . Using that

/Oo ( . S °(/2) (3.3.28)

I'(¢)
2 cosh %)
we find )
7y ~ ﬁzﬂ (3.3.29)
where dod 1_‘4“/ )
1 2
70 _ / P9 —tHa(ap) _ L , 3
¢ o o T2(0) (3:3:30)
Therefore,
1
I () ~ 1 Jo(n) (3.3.31)
where ,
e (=2)frie)2)
Tl = =33 T2(0)
=1 , , (3.3.32)
1 111 3 z z 3 3
= _z23F =, =, =1, —:—= | ——4F3(1,1,1,1 2
423 2<27272772516> 87'('24 3(37772 25516>

This function has a branch cut in the z-plane at (—oo, —4]. This is expected: indeed, from ([3.2.24)) there
should be a cut starting at
2= =4, (3.3.33)

indicating the condensation of eigenvalues for the one-particle density matrix. The function (3.3.32)) has
the following asymptotics for large u,

0%  p 2C(3)
372 ' 3

Jo() = + T3P (). (3.3.34)
The leading, cubic term in j, is the responsible for the behavior (3.3.27). The subleading term in x gives
a correction of order N'/2 to the leading behavior (3.3.27). The last, non-perturbative term involves an
infinite power series of exponentially small corrections in p. They have the structure,

= Z (aO,MQ +boep + 00’4) e 2tm, (3.3.35)
=1
Explicitly, one finds for the very first orders

JEP (1 ( —7r2+6u—6u2) 2 4
+o(,f ~6y

(25 — 6% — 66 — 367) e~

o (3.3.36)

The non-perturbative part of the grand potential leads to exponentially small corrections in IV in the
canonical free energy. In fact, using (3.3.10)) we find that, once evaluated at the saddle-point,

exp (—2u) ~ exp (—\/ﬁwkl/QNl/Q) . (3.3.37)
This is precisely the action for membrane instantons (3.1.3)) found in the previous chapter as large N

instantons of the matrix model in the 't Hooft expansion. We conclude that the exponentially small
corrections in p, which in this approach appear already in the semi-classical approximation, correspond
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in fact to non-perturbative corrections in the genus expansion, and should be identified as membrane
instanton contributions.

As mentioned before, the calculation of these exponentially small corrections to the grand-canonical
potential is equivalent to the exact calculation of the volume of classical phase space. To see
this, we notice that we can write this volume as a period of the one-form pdq along the curve

Vol(E) = 7{ pdg. (3.3.38)
He(q,p)=E

This period vanishes at the point £ = Ej. It turns out that its exact value is given by a Meijer function,

eE 2,3 QQE %a %, % 2
VO](E) = ?G373 TG 0’ O, 7% — 47=. (3339)

This leads to the following large E expansion of the number of states,

(E) = B8 1 + O(Ee™?E) + O(h) (3.3.40)
T T sk ° ! ~

where the first term agrees of course with the semiclassical calculation at large E done before. One can
then check that the expression (3.3.6)) for the grand-canonical potential reproduces (3.3.32)), once the
density obtained from (3.3.39) is used.

3.3.4 Relation to previous results

The semiclassical limit of the one-particle Hamiltonian turns out to be closely related to the planar limit
of ABJM theory studied in [5] [6] [§].
First of all, the semiclassical quantization of the one-dimensional problem leads to the Fermi surface

T(p)+U(q)=F (3.3.41)
which is in fact a curve in phase space. Let us now make the following change of variables,
r=1 + B, y =p+ i, (3.3.42)
2 2
which, up to an overall constant, preserves the form pdq. In terms of the exponentiated variables
X =e?/2P2 Yy = P, (3.3.43)
the Fermi surface (3.3.41)) reads
X2
Y45 - X2 +ikX —1=0, (3.3.44)
where
ir = ef. (3.3.45)

The curve is nothing but the spectral curve of the ABJM matrix model. The minimal
energy Ey given in corresponds to the conifold point k£ = 4i studied in detail in the previous
chapter. The volume of phase space, which as we remarked after 13.3.38: is a vanishing period at £ = FEj,
is actually proportional to the conifold period studied in section 2.13] Finally, the large energy limit,
in which the Fermi surface becomes a polygon, is nothing but the tropical limit of the spectral curve
studied in the previous chapter.

3.4 Quantum corrections

In the previous section we have recalled the semiclassical limit of ideal Fermi gases, and we have studied
in detail the case of ABJM theory. We now study the corrections to the semiclassical limit in a systematic
and general way. These corrections lead to a power series in A% o k2 for the grand-canonical partition
function. As we will see, only the first 2% correction contributes to the asymptotic series in 1/N of
the canonical free energy, up to an additive function of £ but independent of N. This means that we
can compute the full series of 1/N corrections to the original matrix model partition function, up to an
overall, N-independent constant. However, the exponentially small terms in p appearing in J(u) receive
corrections to all orders in A2
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3.4.1 Quantum-corrected Hamiltonian and Wigner—Kirkwood expansion

There are two sources of & corrections in the one-body problem appearing in our Fermi gas formulatlon
The first one appears already in the Hamlltoman H: when we compute H startmg from , the
non-commutativity of the operators in ) leads to O(h) corrections to . This ﬁrst source
of corrections is nicely encoded in the Wigner transform . Another source of corrections is due
to the standard semiclassical expansion of the density of eigenvalues. We now present a formalism to
treat in a systematic way both types of corrections. This formalism is a generalization of the standard
Wigner-Kirkwood % expansion [I32] 133] in quantum statistical mechanics, and it incorporates general,
h-dependent Hamiltonians. As in section [3.2.1] the formalism is most conveniently formulated in the
phase-space approach to quantization, and it has been developed in the context of many-body physics.
The most elegant presentation is due to Voros [134} [I35] (see also [136]).

Let H be the Hamiltonian of a one-particle, one-dimensional quantum system, and let Hyw be its
Wigner transform. We would like to compute systematically the i expansion of the canonical partition
function and of the density of states. Following [I35] we notice that it is possible to expand any function
f(H) of H around Hyy(q, p), which is a c-number. This gives,

= _f (H Hy(q, p))r- (3.4.1)
r>0

The semiclassical expansion of this object is obtained simply by evaluating its Wigner transform, and
we obtain

Hyw =Y % ™ (Hw) G, (3.4.2)
r>0
where -
Gr = [(H - Hw(q,p)) }W (3.4.3)

and the Wigner transform is evaluated at the same point ¢, p. Of course, one has
Go =1, G1 =0, (3.4.4)

and the quantities G, for r > 2 can be computed again by using (3.2.36)). They have an i expansion of
the form

Go= Y nmn"gM,  r>2 (3.4.5)

n>[42]

This means, in particular, that to any order in A2, only a finite number of G,’s are involved. One finds,
for the very first orders [135], [136],

B2 | 02Hy 02H O?Hy \°
Go=—— =53 53 — 550 ) | +O0R).

4 Jq Op 0qOp

w2 [ (9Hw\? 92 H OHw \ 2 82H &Hw OHw 0°H (3:46)
Gy = —— v V(=Y W WEEWE ZWH L o(r).

4 Oq Op> Op 0q? dq Op 0OqOp

One can then apply this method to compute the semiclassical expansion of any function of the Hamilto-
nian operator. For example, when applied to (3.3.2), one finds,

=1
W(E)w = 0(E — Hw) + > Fgr(s(T—l)(E — Hy), (3.4.7)
r=2
therefore
dqdp / dqdp 1
nE:/ 226,60 V(E — Hy). 3.4.8
(E) (o)< B ot Z a1 o ( w) ( )

When applied to the canonical density matrix at inverse temperature 3, one finds,

() = (i (f!)rgr> e (3.49)
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The standard Wigner-Kirkwood & expansion of the canonical partition function [132], 133] is just a
particular case of (3.4.9) when the Hamiltonian is
-2

= % +U(9). (3.4.10)

Let us now apply this formalism to our case. First of all, the quantum-corrected Hamiltonian is given
by a power series in & of the form,
Hy =Y W"H . (3.4.11)

n>0
At leading order we find of course the classical Hamiltonian (3.3.17]),
HY =T(p) + U(q), (3.4.12)

the O(h?) term is written down in (3.2.44)), and the O(A*) term can be found in (B.1)). The one-particle
canonical partition function can then be computed as a power series in A,

o0

— 1 (n)3-2n

7=+ nz::ozz h2n, (3.4.13)

where ded
70 — / 99p e, (3.4.14)

27

is the classical limit. The expansion is obtained by grouping h? corrections in the expression
I~ (=0" [dgdp, _

== Z . — e tHw, (3.4.15)

r>0

The power series in 7 for Z, leads to the following power series in k for J(u),

=7 Z T ()K", (3.4.16)

where

Jn(p) = —(2m)2n1 (3.4.17)

=1
As an illustration of the above, general considerations, we will now calculate the first, A2 correction
to the semiclassical result of ABJM theory obtained in section [3.3.3] Using the formulae above, we find

dgd %
7 = / 9dp _om, {gH%>+2g§1> g<1)}

=4/@®—“[mewww—$wwwww] (34.18)
€2

3
+ [t {0 @PT ) + U @O W] - U T 0}

27 24
To evaluate these coefficients, we need the integral appearing in (3.3.28)), as well as

oo 2 2 2
/ d tanh (5/2)@ _T (£/2) 74F (6/2+1)' (3.4.19)
—o0 (2cosh(£/2)) r'(¢) Il +2)
We then find,
2 2 4 2 74
Zél):i(%erl) D22+ DIE¢/2) (/2 +1) ¢~ T (6/2+1). (3.4.20)
487 AT (¢ +2)T'(¢) I2((+2) | 167 T2((+2)
From (3.4.20)) one can compute J1(z) in closed form. Let us introduce the function
33 22 22 35 2°
= 3f(1,1,1 — —3f(1,1,2
f(Z) 32<7a 72216) 243 2(77,2216) (3421>

+ é (—27rE (1) it 7r2>
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where F(k) is the complete elliptic integral of the second kind with modulus k. Then, one finds
B = o {f(Z) - (Za>2f(z>} . (3.4.22)
24 0z
The asymptotic expansion of the above function at large u is given by

f(z) — (zaaz) f(z)=p—2+0 (e ). (3.4.23)

Therefore, we find, at next-to-leading order in &, the following expression for the grand canonical potential
of ABJM theory,

2p° 1 k 2¢(3) k 2,2

J, ~ — + — -—+0 my). 3.4.24
aam(p) X s <3k + 24) + 2~ T OWe™) ( )
Notice that the non-perturbative corrections in p to (3.4.23) involve only even powers of z. This is
consistent with their interpretation as membrane instantons.

3.4.2 General structure of quantum corrections

As we mentioned above, we can compute the quantum corrections to J(u) either by working out the
corrections to the Z, integrals, or by working out the corrections to the function n(E). In order to
understand the general structure of these corrections for a Fermi gas, the second point of view is more
convenient. In this section we will analyze this general structure in detail, and we will make a precise
connection between the structure of n(F) and the expected Airy function behavior.

First of all, we have to understand more precisely the relationship between the structure of n(F) and
the structure of J(u). Let us write the density function n(F) in the form,

n(E) = CE? + ng + nup(E), (3.4.25)
where the last term has the following asymptotics at infinity,
Nup(E) = O(Be™ ), E — . (3.4.26)

We know from (3.3.40|) that this is indeed the case at leading order in k£ for ABJM theory and in the
next subsection we will show that quantum corrections do not spoil this behavior. Notice that, since all
eigenvalues of our Hamiltonian are positive, we must have

n(0) =0, (3.4.27)
therefore
Nnp(0) = —ny. (3.4.28)
If we now plug (3.4.25) in (3.3.6)) we find,
(o)
J(p) = /dEn’(E) log(1 + ze™ )
0 . (3.4.29)

= —2C Liz(—2) + u/dEn;p(E) — /dE ny, (E)E —i—/dE ny, (E)log(1 + e /z).
0 0 0

The second integral gives

/OO dEn,,(E) = —nnp(0) = no, (3.4.30)
0

where we used (3.4.28). The last term can be calculated as

Ny (E)

m, (3.4.31)

/ B, (E) log(1 + €7 /) = nolog(1 + 1/2) — / dE
0 0
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and both terms are non-perturbative in y. Indeed,

/dEL(E) ~ /dEEe_E — O (ne™). (3.4.32)

14 ze F 14 ze F
0

Then, by using the standard asymptotics of the trilogarithm

I
Liz(—z) = — % " GH +0 (™), (3.4.33)

we deduce the following asymptotic expansion of J(u) for large pu:

C
T(n) = 1%+ Bt A+ Jup(p), (3.4.34)
where ,
wC
B=not 5
) % (3.4.35)
A=-Tr'H = —/dEEn;p(E),
0
and
Jop(p) = O (pe ™). (3.4.36)

Notice that A is a non-trivial function of k, but it doesn’t depend on p. If we now plug this in ((3.2.14)),
we find immediately

Z(N) = C7 1A AL [CTV3(N = B)| + Zup(N), (34.37)

where the last term is non-perturbative in V.

We then see that, if we are able to derive the structural results (3.4.25)) and (3.4.26)) for the density
of states of a given theory, the conjecture for the M-theory expansion is proved. In fact, so far we
have not specified in which regime we are working in k. In practice, we have to work in an expansion in
k around k£ = 0. However, we expect that C' will only get contributions at leading order in &k (i.e. the
strict semiclassical limit), and that B will be only corrected at the next-to-leading order in k. We will
now verify this in ABJM theory. In contrast, the u-independent term A gets corrected at all orders in k.

3.4.3 Quantum corrections in ABJM theory

We now study the general structure of quantum corrections in ABJM theory, by using the strategy
explained above, i.e. by looking at the number of eigenvalues n(E). Our goal is to show that n(F)
has the structure (3.4.25)). This involves a somewhat detailed argument. Since not every reader might
go through it, we want to emphasize that the physics behind this argument is very simple. The WKB
expansion of the density of eigenvalues of a quantum system is in fact an expansion in

<h(§5> ’ . (3.4.38)

Therefore, if the leading order term in n(FE) is of the form CE?, the first quantum correction gives the
constant term in , and further terms in the WKB expansion do not correct the polynomial part
of n(E). They can only give exponentially small corrections in E. In the rest of this section, we will
verify that this qualitative argument is actually correct in the case of the one-body problem appearing
in ABJM theory.

Our starting point in the study of quantum corrections in ABJM theory is . As we know, there
are two sources of /i corrections in this formula. One is the quantum-corrected Hamiltonian, and the
other are the terms G, appearing in the generalized Wigner-Kirkwood expansion. We will consider first
the quantum corrections coming from Hwy, i.e. from the first term in . Since we have a symmetry
q — —q and p — —p in the problem, we can restrict ourselves to the case ¢ > 0 and p > 0. We want to
solve the equation

Hw(q,p) = E (3.4.39)
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Y
Y

qx q«

Figure 3.4: The regions I (left) and II (right) under the quantum curve Hw/(gq,p) = E in the positive
quadrant. The diagonal dashed line is the polygonal curve (3.3.22]).

in the limit £ — oo. This defines a “quantum curve" or “quantum Fermi surface," including explicit &

corrections. At leading order in E the curve is given by (3.3.22)), and the corresponding domain (in the
positive quadrant) has volume

Volo(E) = 2E2. (3.4.40)
One crucial ingredient in what follows is the fact that the function U(g) and its derivatives have the
following asymptotics as ¢ > 1:

—1 k+1
Ulg) = logZCosh% = g + Z %e_kq,

E>1
, 1 qg 1 k —kq
k>1
1
U'(q) = ———— = k(-1)Fte ke,
4cosh” £ =1

The same results hold for T'(p). Notice that, if we take a number large enough of derivatives of these
functions, they become exponentially suppressed at infinity. This will be eventually the source of the
simplifications at large F.

Let us now consider the point (gs«,p«) in the curve (3.4.39)), where

pe = E. (3.4.42)
It is easy to see from the explicit form of Hy that
¢ =E+0(") (3.4.43)

where the exponentially small corrections in E are themselves power series in #%. This point divides
the curve (3.4.39)) into two segments, and defines two regions for the fully corrected volume, as shown
in Fig. [3:4] Region I is defined as the region under the quantum curve with p > p,, while region II is
defined by g > ¢.. We have

Vol(E) = 4Vol(E) + 4Voly1 (E), (3.4.44)

where

q«(E) P« (E)
Voly (E) = / p(Byq)da,  Volu(E) = / A(E,p)dp — poq.. (3.4.45)
0 0

and p(E,q) and ¢(FE,p) are local solutions of Hyw(q,p) = E.
Let us first consider the curve bounding region I. Along this curve, p(q, E) > E, therefore exponential
terms in p in Hw are bounded by exponential terms in E. We can then write
1

T(p) = g +0( "), TE=5+0(@"), (3.4.46)

and
TM(p) =0 ("), n>2. (3.4.47)
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In the quantum corrections to the function Hyw we will have terms of the form (T®*)(p))", with k > 1.
Due to (]3.4.46[) and (]3.4.47[) and neglecting exponentially small corrections of the form O (e E) we
should keep only the terms (7”(p))™ with n > 1 (like the third term in the second line of é) But
these terms always multiply terms of the form U(zn)(q). We conclude that, on the curve bounding region
L

Hy = g +U(q) - —U” Z B2, U (q) + O (e F). (3.4.48)
n>1
The third term in this expression comes from the third term in the second line of (3.2.44)). The fourth
term comes from higher quantum corrections (see the first term in the last line of (B.2)) for an example
of such a term at order O(h*)). We can now solve for p along this curve,

p(E.q) =2E — q+ Ap(E, q), (3.4.49)
where ,
Ap(E,q) =q—2U(q) + %U”(q) =) e, UM (g) + O™ F). (3.4.50)
n>1

We calculate the volume of region I as follows,
Vol; = Volf + AVol;. (3.4.51)
The first term comes from the polygonal limit of the curve,

¢+ (E)

0 % (E)
Volj (E) = / (2E — q)dq = 2Eq.(E) — *2 . (3.4.52)
0
The second term comes from the corrections to the curve, and it is given by
7+ (E)
AVol(E) = [ Ap(E.)dg
0
7+ (E) 2 9+ (E) a«(E)
-2 / (V) - g) dg+5; / U"(q)dg — Y h*"c, / UCM(q) + 0 (Be™")
0 0 n>1 0 (3453)
- 72/ (U(q) - ?) + —/ ¢S e, /U<2”>(q) +0 (Be )
2 2
0 0 n>1
I B
= *E + @ + O (Ee )

In the last calculation we used that, up to non-perturbative terms in E, we can extend the integration
region to infinity, and also that

/U(2”>(q)dq = U V(o) UV (0) =0 forn>1. (3.4.54)
0

A similar calculation can be done for region II. We obtain, from the polygonal approximation of the
curve,

0 Pi(E)
Voliy(B) = 2Bp.(E) - 2 — p.(B)q.(B), (3.4.55)
while the corrections give,
2 h2
AVoly(E) = —% ~ % +0 (Be™"). (3.4.56)
Using that
p<(E) 4+ q.(E) =2E+ 0O (e”F) (3.4.57)
we finally get
4 2 2
Vol(B) =8B — 1 " o (Ee ). (3.4.58)
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We now consider the contribution from the quantum corrections to the density. In fact, these terms
only give non-perturbative corrections in E. Using that

0 — () = 00— p(B.) | PRI —5(q = gy [PREEL o)

one can always decompose an integral over the phase space as a sum of one-dimensional integrals in

regions I and I, as in (3.4.44)). For region I one can use again the expression (|3.4.48|) and the properties
(3.4.46)), (3.4.47). The only nontrivial term which gives an h? correction comes from Gz and gives,

‘Z*(E)
w2 o2 /dq 0Hw(q,p) 9°Hw(q,p) _
24 OF2 / ap 02 |pp(mg)
q+(E)
2 92
24 92 / dg [ Y 0*e, U2 (q) + O(e™F) | = O(Be™"). (3.4.60)
0 n>0

For higher order corrections everything that contains a term with

0"Hw (g, p)
—_— 1 3.4.61
o T ( )
or with o2 @)
Hw(q,p
3.4.62
is of order e~F. Since the derivatives 9, and 9, always come in pairs, the only terms possibly contributing
are of the form O (a.p)\"™ 0 (@.p) 5 @.p)
Hy(g,p) "™ 0" Hw(q,p " Hy(q,p -B
= @] 3.4.63
T (75 Jt) D) L o) (3:463)

i
where n; > 2,Vi. After integrating and applying 9" /OE" this gives a correction of order O(FEe~) by
the same reason.

We conclude that, to all orders in the A expansion,
_ Vol(E) _ 2E? 1 k

—F = = v —F
n(B) = ===+ O(BeP) = T — o S 4 O(Be "), (3.4.64)

Therefore, by using (3.4.34) and (3.4.35|) we find the expression

2u3 1 k
= — — 4+ — A W 4.
Tanni(0 = s 1 g+ 57 ) + AG) + Jugle) (3.4.69)
where -
Jnp(pt) = Z (ag,nuz +bgnp+ Cgm) 2n—8e—2tm, (3.4.66)
ln=1

It is not manifest from the above results that this series involves only even powers of =1, but we have
verified it to be the case for the first three orders in k, and we believe it is a general feature. Finally, it
follows from (3.4.64)) and (3.4.37)) that

1 k
Zapim(N) = C71/3eAR) Aj {0-1/3 (N 5 24” + Znp(N), (3.4.67)
where C' is given in (3.1.8) and Z,,(N) are exponentially suppressed corrections at large N. This
concludes our derivation of the Airy behavior for ABJM theory. The function A(k) can in principle be
determined, order by order in k, by computing the Z é"), resumming the resulting series, and expanding
at = 00, as we did in sections [3.3.3] and [3:4.1] One obtains,

Aty = ZB) kTR o) (3.4.68)

w2k 12 4320

A sketch of the computation leading to the third term of this expansion can be found in the Appendix
In principle one can also compute A(k) by using the representation (3.4.35]).




138 CHAPTER 3. FERMI GAS APPROACH

A Rep
- 2F
A
+ 2F
—2F 2F Regq
| | -
I T >

Figure 3.5: The Riemann surface of H(p,q) = E for ABJM theory for large E. The four interior tubes
form the limiting polygon of the Fermi surface.

3.4.4 Quantum-mechanical instantons as worldsheet instantons

One obvious question that one can ask at this point is the following: where are the worldsheet instantons
that one finds perturbatively in g in the 't Hooft expansion? We now give some preliminary
evidence that worldsheet instantons correspond to the quantum-mechanical instantons of the Hamiltonian
Hwy.

So far our focus has been in the perturbative corrections in 7, but one should expect generically non-
perturbative corrections due to instantons, of order exp(—1/k). To understand these quantum-mechanical
instantons in our problem, with a non-conventional Hamiltonian, we need a general, geometric approach
to non-perturbative WKB expansions, like the one proposed in [I37, [I38]. In this approach, instanton
contributions are obtained by looking at the complexified curve

H(q,p) =E (3.4.69)

where H(q,p) is the Hamiltonian of the model. Perturbative WKB expansions are associated to periods
of the above curve around “A-type" cycles, while non-perturbative corrections to the WKB method are
associated to “B-type" cycles. In the case of ABJM theory, the complexified curve is identical to the
spectral curve , after an appropriate choice of the variables. Its Riemann surface looks as shown
in the Fig. Let us introduce canonical coordinates ), P related to the ¢, p coordinates as

Q=q, P=p+q. (3.4.70)

This preserves the symplectic form. The coordinate P is chosen so that it has no monodromy along the
contour B. Then in the large E limit

2
n(E) ~ ﬁlh jéPdQ R %Vol{(qm) dpl+ gl < 2E} = % (3.4.71)
The instanton contribution is of order )
exp {711 ji PdQ} : (3.4.72)
where in the large E limit
f{ PdQ = 2F - 47ii + O(e™“F). (3.4.73)
B

Here we used that, in the interior of the upper-right tube, P = p + ¢ = 2E 4+ O(e~°F) for some constant
¢, and that the monodromy of () around the tube is 47i. The above period can be computed exactly
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with the results of section since the behavior (3.4.73) fixes it completely:

111 .3 B\ ef ,,/e2B| 111
PAQ = —2iePraFy (=, 2,51, 2 —— | — —Go3 [ —| 21272 4m?
Y{B @ =2ty 2(2’2’2’ 19 16> - 373<16 0,0, -3 )+ T (3.4.74)

= 8itE + O(e™2F).

In fact, after the identification (3.3.45)), this period is equal to —4A,, where A, is the strong coupling
instanton action computed in section For large energy, (3.4.74)) gives a contribution to the density
of states of order

exp [-4E/K] (3.4.75)

which becomes a contribution
exp [—4u/k] (3.4.76)

to the grand canonical potential, and a contribution

~ exp [f%m] (3.4.77)

to the canonical free energy. This is precisely the weight of a worldsheet instanton in ABJM
theory.

Quantum-mechanical instantons are of course invisible in the perturbative i expansion of Hyw and
in the Wigner-Kirkwood expansion, but they appear in the 't Hooft expansion. In fact, the 't Hooft
expansion of the canonical free energy

F(\ k) =Y K72 F,(\) (3.4.78)

920

leads to a genus expansion of the grand canonical potential of the form [1T9]

J ot Hooft (11, k) = Y k27297, (u/ k). (3.4.79)
920

Notice that, in the Fermi gas approach, only the perturbative part in p of J(11) can be written in this form
(13.4.79). The membrane instanton contributions and the function A(k) do not have the right functional
dependence in p/k to fit into the 't Hooft expansion, while the weight associated to a quantum-mechanical
instanton is again of the right form. In the case of ABJM theory, we see from that the
Fermi gas approach gives

\70(():74»74‘0 e

Ji(¢) = g +0 (e, (3.4.80)

J4(¢) =0 (6_44) ) g2

where ( = pu/k. From the point of view of the topological string, it follows from that the variable
¢ is essentially the period T at large radius, and a perturbative Fermi gas approach makes possible to
recover the leading, perturbative genus zero and genus one free energies of the topological string given
in (G113,

Finally, we should mention that there is an extra source of worldsheet instanton-like corrections. In
general, the exact representation and the saddle-point integral are only equivalent up
to exponentially small corrections in N. Since we are taking into account such corrections, we have to
be more careful here. The expression (3.2.13)) is equivalent to

Mo FiT
Z(N) = — / dpt exp [J(1) — uN], (3.4.81)

2’/Tl L—iT

where the integration contour is parallel to the imaginary axis, and p. is arbitrary. To apply the saddle-
point method, one chooses for pu, the saddle-point of the exponent, and then extends the integration
contour to infinity along the imaginary axis (this is what gives the Airy function behavior we have found
many times in this paper). As it is well-known, it is in this last step of extending the integration contour
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Figure 3.6: The Fermi surface for the three-node quiver with n, = (1,3, —4) in the ¢-p plane, for E =5
(left) and E = 500 (right). At large energy it approaches the polygon (3.5.1)).

that one introduces exponentially small errors in N. A rough estimate of these errors can be done as
follows. The saddle-point expansion involves integrating a Gaussian of the form

1 /
exp |5 (1= )" (1) | - (3.4.82)

The error in going to (3.2.14]) can then be estimated by evaluating this Gaussian at the true endpoints

in (3.4.81). This gives, by using the leading term in ((3.4.24)),
~ exp [—2u. /K] (3.4.83)

which is the square root of (3.4.76)). Therefore, these type of corrections should also be taken in account
when trying to extract information about worldsheet instantons.

3.5 More general Chern—Simons—matter theories

In this section we consider in detail more general CSM theories. We first study the thermodynamic limit
of necklace quivers, and derive a general formula for the large IV limit of their free energy which agrees
with the result obtained in [115] [IT6] by analyzing the matrix model. Then we extend the considerations
of section [3.4.3]to the general necklace CSM theories considered in section[3.2.2] For technical reasons we
restrict ourselves to theories whose Hamiltonian is Hermitian, i.e. whose free energy is real, and we show
that, with that assumption, the Airy behavior of the resummed 1/N expansion found in [23] is indeed
generic. These general considerations are then illustrated in detail in the case of the ABJM theory (i.e.
the two-node theory) with fundamental matter. Finally, we consider the massive theories of [I76], and
we derive the N%/3 behavior found in [42, [139] with our techniques.

3.5.1 Thermodynamic limit for general necklace quivers

In this section we study the general necklace quiver considered in subsection From ([3.2.55)) it
follows that, for large energy, the Fermi surface is defined by the polygonal equation

j—1
r- ()
i=1
As an example, we show in Fig. the classical Fermi surface (3.5.1)) at small and large energy, for

a three-node quiver with n, = (1,3, —4). By the by now familiar argument of the previous sections, the
number of eigenstates is given by the semiclassical formula (3.3.13) applied to the domain bounded by

(3.5.1). One finds,

r

>

Jj=1

r

Ny,
+(> o2 | lal =2E. (3.5.1)

Jj=1

n(E) ~ CE?, (3.5.2)
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j—1
i=1

and the variables y, z differ from p, ¢ in (3.5.1)) by rescaling. Once this constant has been determined,

the large N asymptotics of the free energy is given by (3.3.11))

where the constant C is given by

72C = Vol } (x,y) : Z
j=1

+ (D Ng | lal <1 (3.5.3)
j=1

2
F(N) ~ —5071/21\[3/2. (3.5.4)
In order to compute C, we notice that the right hand side of (3.5.3)) is the volume of a convex polygon

which can be easily calculated. Suppose for simplicity that Ny, = 0. Let us introduce new parameters
cj, related to k; in the following way

7j—1
Coy =c+ Y ki (3.5.5)
i=1

where c¢ is an auxiliary constant and o is a permutation chosen so that ¢; < ¢;41,Vi. Then
T
m2C = Vol (z,y) + > |y—cm[ <1p. (3.5.6)
j=1

Let us note that the ¢; differ by a permutation from the parameters g, introduced in [38] (where they
were defined in such a way that k, = ga+1 — ¢a). Notice also that the expression is explicitly
invariant under permutations of the c;. The inequality 22:1 ly — ¢jz| < 1 defines a convex hull of 2r
points (+xs, +ys) so that

Ys = CsTs, Z lys — cjazs| = 1. (3.5.7)
j=1
One finds
! G (3.5.8)
xs = T—7 ys = T—. . .
Zj:1|cs_cj| Zj:1|cs - ¢l

Then one can use the standard formula for the area of a convex hull to find

2 r |cs41 — € .
w=C SZ; (22:1 lcort — cj\) (Z;:I |cs — cj|> (3.5.9)

where as usual we use the convention c¢,4+1 = ¢;. Let us illustrate this formula by applying it to necklaces
with three and four nodes. For the necklace with three nodes (k1, ko, k3) we can assume, without loss of
generality, that

|01762| = |k3|, |62763| = |k1‘, ‘61763| = |k2‘ (3510)

Then
wC _ [kallka| + [kol ks| + [Rslka] (3.5.11)
2 (k| + k) (K| + [ks]) ([ks| + [a])

For the quiver with four nodes, let us assume without loss of generality that 2?21 ¢; = 0. Then an easy
computation gives

20 1 /1 1 1
o ( 44 01”3) (3.5.12)

2 32 c1 Cq +12 c3+cyq (es + 64)2

These formulae for the three and four-node quivers agree with the results first found in [38] (for the
four-node quiver, their formula is obtained by setting ¢; = g3, c2 = ¢1, c3 = g2, ¢4 = q4). In fact, the
above general result for the free energy of these CSM theories, involving the area of the polygon ,
has been derived in this form in [I15, [116] by refining the analysis of the matrix model done in [38]
(where a different, but equivalent general formula for the free energy was proposed). This class of CSM
theories is dual to M-theory on AdSs x X7, where X7 is an appropriate tri-Sasaki Einstein space [127].
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Therefore, the coefficient C should be proportional to the volume of the X; manifold, and one should

have
j—1
i=1

This is indeed the case, as it was proved in [I15].

We then see that the Fermi gas approach allows us to rederive the result for the large N energy
obtained in [IT5], but in a simpler way. The polygon appearing in the matrix model analysis of [I15] has
here a very simple interpretation: it is the large energy limit of the Fermi surface for the ideal Fermi gas.

Vol(X7)  w?C 1 o
Yols) = 3 —3 Y @v) 2

p
DNy |l <1y (3.5.13)
j=1 j=1

3.5.2 Airy function behavior for a class of CSM theories

We now extend the considerations of section [3.4.3] to more general necklace quivers with matter. In the
next subsection we apply the general considerations developed here to the case of ABJM theory with
matter.

Let us assume that the Wigner transform of the density matrix can be written in the form

pw(q,p) = exp, {—Hw} = e P1(@m) 4 o7 ®2(Qra) .. 4 o= P Qi) (3.5.14)

where
Qr = arq+brp (3.5.15)

for suitable ag, br, and the different Qi are given by linearly independent combinations of ¢, p. We will
also suppose that the functions ®; are real valued, even, and thatE|

0,(Q) =7lQ| + 09, Q—o00, >0 (3.5.16)

These assumptions are obviously true for the general necklace quivers considered in subsection [3.2.2] In
addition, we will suppose that Hy (g, p) is real. This corresponds to the case when the quantum operator
H is Hermitian. It should be possible to treat the general case, when H has complex eigenvalues, with
similar techniques, but we will not do it here.

As usual, the leading contribution to the number of states is given by the volume of a polygon:

=1

1 i )
n(E) ~ 5 Vol {(q,p) > ilar,q + br,pl < E} = CE2. (3.5.17)
Let
Ce={(¢,p) : Hw(p,q) = E} (3.5.18)
be the real curve describing the Fermi surface. One can always decompose Cg into patches Ur, U, so

that both Ur and Uy, contain one point where Qr = 0, U, is related by to Ug by reflection through the
center of the polygon, and

= E+ O0(e™°F). (3.5.19)
OUR, Uy,

m
Z Yilar,q + br,p

i=1

In Fig. [3-7 we depict the general structure of such decomposition. In the case of ABJM theory considered
in section [3.4.3] the boundaries of the regions I and II lying on the curve Cg are halves of the patches
Uy and Uy. A particular example of such a decomposition of the Fermi surface in regions is shown in
Fig.[3.10] in the case of ABJM theory with fundamental matter. We will now argue that, for each patch
Upg, the structure of corrections is essentially the same as in the ABJM case.

One can always choose

Pr = crp+drq (3.5.20)

so that
dQr ANdPr =dg Adp (3.5.21)

n what follows, the constant ¢ > 0 may have different values in different formulae.
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Figure 3.7: The black thick line depicts the Fermi surface (3.5.18). The green thin line depicts the
limiting polygon. The red thick dashes mark the boundaries of the patches Ug.

and such that, in the domain Uk, the Hamiltonian can be written as follows:

Hw(q.p) = BrPr+ Y. ®i(Qr)+>. > 1ol (Qr) + O(eF) (3.5.22)

i|R;=R r>04|R;,=R

where O(e™“F) denotes an estimate which is uniform in Uz. Without loss of generality one can assume
that Br > 0. Then in the domain Ug the solution to H‘(,f)(PR, Qr) = Hw(p,q) = E can be written as

PR(E,QR) = i E - Z 7i|QR| + APR(E,QR) (3523)
ﬂR i|R;=R
In this equation,
APg(E,Qr) = Ay Pr(Qr) + O(e™F), (3.5.24)

where A, denotes the perturbative part of the correction. It is given by

APPR(QR):*L ST (@Qr) — Qe+ >0 Y0 wr e (Qr) |, (3.5.25)

Pr i|Ri=R r>0§|R;=R

and satisfies the property,

ApPr(QR) = O (e*C‘QRI) , Qr — (3.5.26)
The property (3.5.19)) implies that
Vol {Hw(q,p) < E} = Vol {Z%|QR| < E} +2) " AVolg(E) + O(e™F) (3.5.27)
=1 R
where
AVO]R(E) = /APR(E,QR)dQR (3528)
Ur

From (3.5.24)) it follows that

AVolp(E) = / A, Pr(QR)AQR + O(eP). (3.5.29)
Ur
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Figure 3.8: Quiver for the two-node theory with fundamental matter.

By using ([3.5.26)), we can extend the integration region to infinity, up to non-perturbative corrections,
and we obtain

AVolr(E) = / ALPr(QR)AQR + O(e™F). (3.5.30)
Let us denote
T 212
ApVolg = /APPR(QR)dQR =—— / > (@ —|Qrl) dQR— —— Y oy (3531)
—00 700 i|R;=R 'L|R17R

Similarly to what happened in ABJM theory, there are no perturbative corrections to n(E) from higher
terms of the Wigner—Kirkwood expansion. Therefore we obtain

n(E) = CE? +ng + O(e™F) (3.5.32)
with i
= > A Volg. (3.5.33)
R

As was shown in subsection it then follows that the 1/N corrections are resummed to an Airy
function

Z(N) = C~Y3eA Ai [0—1/3(1\7 _ B)} 4 Zup(N) (3.5.34)
where )
B=ng+ CTW (3.5.35)

The above general argument gives an explicit algorithm to compute the constant (3.5.33). In the next
subsection we consider the example of the ABJM theory with matter as an illustration of this argument.

3.5.3 ABJM theory with fundamental matter

The ABJM theory with matter we will consider is described by a two-node quiver with equal number of
fundamentals in each node, see Fig. The density matrix of this theory is given by (3.2.57)):

pw = exp, {—Hw} = e U@/2 | o= ¥ (p+a) | o= T() 4 o= Y(p+a) 4 o—Ula)/2 (3.5.36)
where U(q), T(p) are given respectively in (3.2.30) and (3.2.31), and

t4q

U(p+q) = Ny logQCoshp (3.5.37)

The Wigner transform of the Hamiltonian has the following i expansion, which can be obtained with
the use of the Baker-Campbell-Hausdorff formula:

Hw (p,q) = Ha(p, q) + ;%U'(Q)2 U (p+q)+T"(p))

12
+ B0 @ )W o+ 9) - TV +0) + O ().

(=2 (p+q)* (T"(p) = 2U"(q)) + T'(p)* (2¥" (p+ q) + U"(q)) + 4T" (p)U" (9) ¥’ (p + q))

(3.5.38)
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Figure 3.9: The Fermi surface (3.5.18)) in the ¢-p plane for the ABJM theory with fundamental matter
and Ny =1, k=2, for E =5 (left) and E = 100 (right).

where the first term is the “classical” Hamiltonian2t
Ha(p,q) =T(p) +Ulq) +2¥(p +q). (3.5.39)

The function ¥ has an asymptotic behavior similar to that of T" and U:

v(Q) = %IQI +0(e9), Q> 1, (3.5.40)
where N
a=-~. (3.5.41)

Since Hyy is real, (3.5.36|) is a particular example of the general case (3.5.14) considered in the previous
subsection. We have three different local coordinates

Q1 =gq, Q2 =, Qs=p+q. (3.5.42)

For large energy the Fermi surface Hw (q,p) = E approaches a polygon given by

@ + L;| +alp+gq|=E, (3.5.43)
see Fig. Therefore, the leading contribution to the number of states is
1 lp| | gl 2
F)~ —Vol{ — + = E;=CE .5.44
n(E) 27ThV0{2+2+ap+q|< C (3.5.44)
where 201 )
+a
= —_— 3.5.45
m2k(1 4 2a)? ( )
It follows that Y
2 1420 4
F(N)~ ———nk N3/ 3.5.46
(V) ~ Gk (35.46)

which reproduces the result of [7, 38]. Notice that, as in the case of ABJM theory, the large energy limit
of the Fermi surface is closely related to the tropical limit of the spectral curve obtained in the previous
chapter.

Now let us compute the corrections according to the general scheme described in the previous sub-
section. The regions U, Uy for R = 1,2,3, as well as the lines Qg = 0, are shown in Fig. In the
domain U; the Hamiltonian can be written as

1 1
Hw(q,p) =p (a + 2) +U(q) + qo — @hz@a +1)2U"(q) + Z Rl U™ (g) + O(e™E).  (3.5.47)

n>1

2We use quotation marks because ¥ still contains k = h/(27).
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Therefore we can take o

Pi=pt—2 5.4
| p+1/2+aq (3.5.48)
and
APQ) =~ U@ - L - Liza 1 120(Q) + ST A UC(@Q) b, (3.5.49)
P 14 2« 2 48 ~ " ’
2 2 1 2
ApVoly = ——— (1 +20) (3.5.50)

3(1+2a) T
In the domain U we have,

1 1
Hw(q,p) = T(p) — pa — q (a + 2) + 56 (20 + 12R2T" (p) + Y W*"ep TP (p) + O(e™F),  (3.5.51)
n>1

therefore
«

Pp=—q——2
S Y

(3.5.52)

and

ApPa(Q2) = —7 +22a {T(Qz) - % + %h%m +1)2T"(Q,) + ; h%ciT(?”)(QQ)} . (3.5.53)

72 h2(1 + 20)
A,Voly = — - . 5.54
pVol2 = =5 o) 18 (8:5.54)

In the domain Us,

1
Hyw(q.p) = p/2= /2 +2¥ (p+9) + TPV (p+9) + Y 1 U (p+g) + O(e™*F).  (35.55)

n>1

Therefore

Py = 1% (3.5.56)
and
1
ApP3(Q3) = — (20(Q3) — a|Q3]) — 4—8h2\1ﬂ’ (Q3) = Y _ e wM(Qs), (3.5.57)
n>1
5 2
ApVols = —@h o (3.5.58)
Finally, we obtain
1 1 k
== AVolp = ————— + —(1-3 3.5.59
=g L Aol S+ 20) 21 (173 (8:5.:59)
Re{1,2,3}

and we conclude that the partition function is given by the Airy function
Z(N) = C~ /34 Ai [071/3( N B)} + Zup(N) (3.5.60)

with )
Cr 1 k
= — (1 —3a). 3.5.61
3~ 3oz T 21173 (3:5.61)
The above procedure can be repeated for other quivers with a Hermitian Hamiltonian in order to
determine the precise value of B. For example, for the four-node quiver with levels

B =ng+

(k, —2k, 2k, k), (3.5.62)
one finds 13 .
B=———+4+—. 5.
135k + 3 (3.5.63)

Clearly, it would be nice to have a close answer for the shift for a more general class of quivers (like
for example four node quivers with a Hermitian density matrix). In addition, it would be interesting to
compare the shifts (3.5.61)), (3.5.63) with a direct calculation from the M-theory/type IIA geometry, as
in [77, [78].
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p+qg=0

Figure 3.10: The regions Ug, Uy defined in section for the Fermi surface of ABJM theory with
matter. The dashed lines are defined by QQr = 0, where the different coordinates are given in (|3.5.42)).

3.5.4 The massive theory

The techniques developed in this paper can be also applied to a variant of ABJM theory in which the
Chern—Simons levels k1, ko do not add up to zero [I76]. We will denote

11 ir 11
27 = —— — — e 5.64
i e e (3.5.64)

so that the original ABJM theory is recovered when 6 = 0. Notice that 6 is in principle imaginary,
but it will be useful to Wick-rotate it to real values (see also [141]). The theory with k; + ko # 0 was
studied in [I76], where it was argued that a non-zero 6 corresponds to a non-zero Romans mass in type
ITA supergravity. For this reason, we will call this theory the “massive" theory. The massive theory was
further investigated in [I39], where it was found that its free energy scales with N as

F(N) =~ (ky + ko) N°/3, (3.5.65)

This scaling was reproduced in [42] from an analysis of the matrix model representing the partition
function,

Z(N., 0)

1 /(de avy Il [Qsmh( )} [2smh(”1 ”7)}26}{10[1 N

T N2 ) @2n)N 2n)N L, [2cosh(’“ VJ)]Q
(3.5.66)

The exact planar resolvent of this theory was found, in a somewhat implicit form, in [140]. The scaling
(3.5.65) can be also derived from this resolvent by using the techniques of [T41].

In order to apply the Fermi gas picture to this theory, we have to find an appropriate density matrix.
An elementary computation leads to

£ = % > (—1)6(0)/deHp(xi,xU(i);a). (3.5.67)

oESN

where )
plx1,29;0) = e 2U"(“)K(x1,x2;Q)e_EU"(“). (3.5.68)

Here, the one-body potential is given by

0
Uy(q) = log (2 cosh %) + §q2, (3.5.69)
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Figure 3.11: The Fermi surface (3.5.81)) in the ¢-P plane, for § = 1/10, k = 1, E = 50 (left) and E = 5000
(right). When the energy is large, the Fermi surface approaches the surface defined by (3.5.82)).

while the function K is given by
K(x1,29;0)

© gy 6, [6 i
:\/1+h292/4/oo4ﬂ_hcoshgexp{—2y —y|:2(CC1 +x2)+h(x1—sc2):|}

(3.5.70)

Although ([3.5.70)) is complicated, its Wigner transform is very simple,

Kw(q,p;0) = \/1+h262/4 e~ To(@r) (3.5.71)

where

0
Ty(q,p) = log (2 cosh ‘g) + §p2 + Opq, (3.5.72)
and of course
Kw(q,p;0) =e TP, (3.5.73)

The Wigner transform of the density matrix is then

pw(0) = \/1+ h202/4 e~ 2Us(0) 4 o= To(ap)  g=3U0(a) (3.5.74)

and defines the Hamiltonian of the theory through
pw (0) = e; W@, (3.5.75)

For § = 0 we recover the density matrix of ABJM theory .

We can now use the technology developed before to analyze the theory. We will content ourselves
with an analysis of the thermodynamic limit, which leads to a nice interpretation of the N/3 behavior
found in [42] T39]. We will also assume that

|60h| < 1, (3.5.76)
or equivalently, that
ki + ko
1. 3.5.77
| < ( )
In this limit we can safely ignore quantum corrections and just look at the classical Hamiltonian
0 , 1 6% h?
Ha(q, P;0) =U(q) + T (P —q) + 5 P" = Jlog {1+ —— |, (3.5.78)

where
P=p+q. (3.5.79)
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This linear change of variables preserves the volume form in phase space,

dg AdP =dg Adp. (3.5.80)
At large E the Fermi surface
Ha(q, P;0) = E (3.5.81)
becomes simply
0
FP +la=E, (3.5.82)

as we can see in Fig. Notice that, once 6 # 0, the equation defining the Fermi surface at large E has
a quadratic term in the new momentum coordinate P which dominates at large E. In other words, the
Fermi gas has now a non-relativistic dispersion relation, and this changes the scaling of the free energy.

Looking at (3.3.15)) we deduce that

s=3 (3.5.83)

therefore the free energy should scale now as N°/3, as found in [42, 139 We find
4 (VT 0 4 2
E)~ — dP (E— -P? ) = —/ ZE%2 3.5.84
nE)~ 55 < 2>37rh9 (8:5.84)
The free energy can now be computed from (|3.3.11)) and reads,

2/3
o ,
F(N) ~ % (3"/;) 61/3 N5/3, (3.5.85)

If we express this in terms of k; + ko we find,

35/3 i 02h2 1/3
F(N) ~ _mﬂe—?(lﬁ + k)13 (1 + ) No/3, (3.5.86)
Since we are assuming ([3.5.76), our result can be written as
3°/8 —ix 1/3 A75/3

which is precisely what [42] obtained. Notice that, in [42], this result was derived based on an assumption
on the behavior of the eigenvalues of the matrix model at large N, while here we have obtained it directly.
When the parameter §2h2 is not small, one has to take into account the quantum corrections to the
Hamiltonian, and the equation of the Fermi surface is modified. It would be interesting to study in more
detail the different regimes that can occur in this theory as we vary the coupling constants.

3The matrix model analyzed in [I19] displays the same scaling.
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Appendix

A  Harmonic analysis on S?

A.1 Maurer—Cartan forms

We will first introduce some results and conventions for the Lie algebra and the Maurer—Cartan forms.
The basis of a Lie algebra g satisfies

[Taa Tb] = fabcTc~ (Al)
If g € G is a generic element of G, one defines the Maurer—Cartan forms w, through the equation
g_ldg = ZTawaa (A2)
and they satisfy
1
dw, + ifabcwb Awe = 0. (A.3)
This is due to the identity
d(g'dg) + g 'dg A g 'dg = 0. (A.4)

Let us now specialize to SU(2). A basis for the Lie algebra is given by:

i

Ta = 50'(1. (A5)
Explicitly
if0 1 i /0 —i if1 0
The structure constants are
fabc = —€abc- (A?)
Any element of SU(2) can be written in the form
_ [ @« B 2 2 _
9= (5 d) . laP 18P =1 (A.5)
We parametrize this element as (see for example [207])
t t t t to — 1
al=cos X, |f|=sin L,  Amga=2F"  ppgg-TBTT (A.9)
2 2 2 2
where t; are the Euler angles and span the range
0<t <, 0 <ty <2m, -2 < t3 < 2m. (A.10)

The general element of SU(2) will then be given by

= u(ty,ta.t3) = cos(ty/2)elt2+13)/2  igin(t; /2)el(t2—ts)/2
g = ulh,toty) = isin(t1/2)el("t2H12)/2  cog(ty /2)ei(t2Hta)/2

(A.11)
= U(tQ, O, O)U(O, tl, O)U(O, 0, tg).
We then have s )
o oqg i dts + cos t1ditsy e "3 (dty + idtg sin ty
Q= g dg - 2 (eit3 (dtl — ldtQ sin tl) —dtg — COS tldtQ (A12)
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Therefore,
w1 =cos tzdt, + sin t3sin t1dis,

wo =sin t3dt; — cos t3sin t1dis, (A.13)
w3 = COS tldtg + dt3,
and one checks explicitly

1
dw, = §€abc Wp N\ We, (A14)

as it should be according to (A.3).

A.2 Metric and spin connection

The metric on SU(2) = S? is induced from the metric on C?

ds? = r? (d|a2 + |a*dArga?® + d|B)? + |6|2dArg52>, (A.15)
where r is the radius of the three-sphere. A simple calculation leads to
2
ds? = % <dt§ + dt2 4 dt3 4+ 2cos ty dtgdtg) : (A.16)
with inverse metric
4 1 0 0
G = = {0 csc? ¢ —cot t1 csc ty (A.17)
" 0 —cot ty cscty csc? ¢
and volume element 5
in ¢
(det G)/? = % (A.18)
The volume of S? is then
/ (det G)1/2dt1 dtg dt3 = 271'2 ’/‘3 (Alg)
SU(2)
which is the standard result. The only nonzero Christoffel symbols of this metric are
1 L. 2 3 1 3 2 1
F23 = 5 Slnt]7 FlS = F12 = _m, F13 = FIQ = 5 cot tl. (AQO)

We can use the Maurer—Cartan forms to analyze the differential geometry of S®. The dreibein of S?

is proportional to w,, and we have
r

€y = 3 (Wa),, - (A.21)
In terms of forms, we have
r
e = e dat = JWa- (A.22)
Indeed, one can explicitly check that
etetnay = G- (A.23)
The inverse vierbein is defined by
El = ngGHel, (A.24)
which can be used to define left-invariant vector fields
0
by =E'—. A.25
e (4.25)

Let us give their explicit expression in components:

2 0 sints 0 . 0
fp = —(costz— + —sintgcotty— |,

r 8t1 sint1 67752 8t3
2 0 costs O 0
ly = — [ sint3— — — tzcotty — A.26
2 T <Sln 36t1 sint1 8t2 +costs co 18t3) ’ ( )
20
lg=="—.
3 T‘atg
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Of course, they obey
e’ () = 6y, (A.27)

as well as the following commutation relations
2
[éa,fb} = —;6(15040 (A.28)
This can be checked by direct computation. If we now introduce the operators L, through
2%
0, = —lLa. (A.29)
r
we see that they satisfy the standard commutation relations of the SU(2) angular momentum operators:
[Laa Lb] = ieabch- (A30>
The spin connection w is characterized by
de® +wi Aeb =0. (A.31)
Imposing no torsion one finds the explicit expression,
W, = —Ef (9ue5 — Ff;uei) ) (A.32)

or, equivalently,
Ouel =T €5 — ehwp,. (A.33)
In our case we find )
w = —e% €. (A.34)
r

A.3 Laplace—Beltrami operator and scalar spherical harmonics

The scalar Laplacian on S? can be calculated in coordinates from the general formula

1 0 o
—Ap=—) — (\/det GGm"), A.35
¢ Vdet G ;L oz™ ox" ( )
or equivalently
— A= G" 0,0, — G*T'Y,0,. (A.36)
In this case it reads
4 [ 02 19) 02 02 0?
Y N — 2t — 2th=—=—2 — ). A.
2 (5‘t% + cot 1 ot + csc” 1 o83 + csc” 1 o3 csc t1 cot tq 81525'153) (A.37)

It is easy to check that it can be written, in terms of left-invariant vector fields, as
o S (A.38)
a

To see this, we write

OEY 0
2 _ "% nl% " a ~
Za:za = ZE EY3,0, + Z Byt (A.39)
The first term reproduces the first term in (A.36). We now use the identity
OuEy = Efwy, — TV, Ep. (A.40)

After contraction with E# and use of the explicit form of the spin connection, we see that only the second
term survives, which is indeed the second term in .
The Peter—Weyl theorem says that any square-integrable function on S* ~ SU(2) can be written as
a linear combination of
S, mn=1--,d; (A.41)
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where
Sj : SU(Q) — Mdjxdj (A42)

is the representation of spin j and dimension d;, and My, «q; are the inversible square matrices of rank
dj. The function S7*" is just the (m, n)-th entry of the matrix. The eigenvalues of the Laplacian might
be calculated immediately by noticing that, in terms of the SU(2) angular momentum operators, it reads

4
A = 72L2, (A.43)
and since the possible eigenvalues of L? are
L ) 1
we conclude that the eigenvalues of the Laplacian are of the form
4 .. . 1

Notice that the dependence on r is the expected one from dimensional analysis. The degeneracy of these
eigenvalues is
2 _ (o 2
dj = (2j+1) (A.46)

which is the dimension of the matrix Ma; xd,-

A.4 Vector spherical harmonics

The space of one-forms on S? can be decomposed in two different sets. One set is spanned by gradients
of S7"", and it is proportional to

S;nq(Ta)g."wa. (A.47)
The other set is spanned by the so-called vector spherical harmonics,

mn
R €:i17 m=1,---,dji%, n=1,~-~,d

see Appendix B of [205] for a useful summary of their properties. The ¢ = +1 corresponds to two linear
combinations of the w, which are independent from the one appearing in (A.47)). The vector spherical
harmonics are in the representation

1 1
j+ -] F = A.49
(ix5i%3) (A.49)
of SU(2) x SU(2). We will write them, as in [205], as V¢, where

a=(j,m,m' e), (A.50)

and we will regard them as one-forms. They satisfy the properties

dTVe =0,  *dV* = —€(2j + 1)V (A.51)
It follows that
xdxdVY = AV = (25 + 1)*Ve. (A.52)
Their degeneracy is
2dj+%dj7% =45(25 +2). (A.53)

A.5 Spinors
Using the dreibein, we define the “locally inertial" gamma matrices as
Ya = E#’YW (A54)

which satisfy the relations
{Fyaa Fyb} = 26ab7 h/aa "Yb] = 2i6abc7¢- (A55)
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The standard definition of a covariant derivative acting on a spinor is

1
p=0u+ "Yavs = O + Sw# *[Ya, W)- (A.56)
Using the commutation relations of the gamma matrices v, and the explicit expression for the spin
connection (A.34]) we find
v —a + eabcﬁabdeufyd (9 + 'U,’YC
4 2 (A.57)
=0 + gVM
It follows that the Dirac operator is
—1ip = —-iy"9,, + 3 = —iv*E*0, + 3 = —iv%, + i (A.58)
o et o “ o
Let us now introduce the spin operators
1
Sa = 5"}/&, (A59)
which satisfy the SU(2) algebra
[Sa, Sb} = ieachc. (A.60)
In terms of the S, and the SU(2) operators L,, the Dirac operator reads
1 3
—iE:T(4L-S+2>. (A.61)

The calculation of the spectrum of this operator is as in standard Quantum Mechanics: we introduce
the total angular momentum
J=L+S§S, (A.62)

so that
AL-S=2(J* - L*-8%). (A.63)

Since S corresponds to spin s = 1/2, and L to j, the possible eigenvalues of J are j + 1/2, and we
conclude that the eigenvalues of (A.61) are (we set r = 1)

1 1 . 2j + 32 for +
2 + = +-+1) - 1)) = 2 , A.64
((] 2) (] 2+ ) i+ )) {—2]'—% for —, ( )
with degeneracies
o, 1 , 2+ 1)(2j+1) for +
digr=(2(j+= 2j+1)= A.65
i+ < <‘7 2>) 2 +1) {2j(2j +1) for —. (A.65)

These can be written in a more compact form as

A=+ n—l—1 . df=nn+1), n=12--- A.66
n 2 n

B Quantum corrections in ABJM theory at order O(h?)

In this Appendix, we give some details on the computation of the order O(h*) corrections to the grand
canonical potential of ABJM theory, which confirm the general arguments of section
The Baker—Campbell-Hausdorff formula applied to (3.2.39)) gives

HVV( ) T+U+ % [ v[T, U]*]* 214 [U [T U] ] 3é0[[[[T U]*7 U]*’ U]*,T]*
_ 4%O[H[U,T]*,U]*,T]*,U] 3(150““(] T., T)s, T)s, Ul + 1;0[[[@ Ul.,T)., U, T). (B.1)
7 1
+ %[[[[T, Uls,Uls, Uls, Ul — %[[[[Q T, T, T)e, T + - -
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This leads to the next correction to the Wigner transform of the Hamiltonian

1

H = ST 0T U (@) - 55U @0 T

288
1

- 515 U @) U (@) (T"(0))” + o (T'0)* T () (0" (@))°

~ & U@ U @T DT () + 155 (T'0)* T )V (@)U (a)
7

+ 2 (U@) TO0) — =50 (T'(0) U a)

The computation of J(u) also involves the G, defined in (3.4.3) up to order O(hA*). Due to (3.4.5) only
the terms with r < 6 are needed. A long but straightforward calculation leads finally to

2 2

4320 2880

Jo(p) = (104 + 57 — 134p + 30p?) e + O (pPe™ ™). (B.3)

Notice that no polynomial in y is generated, as expected from the analysis in section

C Normalization of the ABJM matrix model

Here we shall fix the overall normalization of the matrix model. As explained in the beginning of
Section to fix the normalization we must fix the coefficient of the cosh in the denominator. This
term appears as a consequence of integrating out the matter hypermultiplets at one-loop. For general
supersymmetric Chern—Simons-matter theories, the contribution of a hypermultiplet in representation
R is given by [2]

log Zla] = log [ | 1:[1 <m> (C.1)

where p are the weights of the representation, and a is the element in the Cartan algebra given by

1
a’:%dlag(/’cla"'7/’(‘N17V17"'aVN2)- (CQ)
In [2] the one-loop determinant is evaluated up to a multiplicative constant,

Zla] = [ (C cosh (zp(a)))~*/2. (C.3)

p

The constant C' can be determined by setting a = 0 in (C.1)

1 o (n+1/2\"
_Z = . 4
2logC lognl:ll(nlm) (C.4)

This is a divergent constant, but as usual when considering determinants on compact manifolds, we can
compute it by using (-function regularization. Let us define

@@—i(wfy—@wa. (C.5)

n=1

The regularization of the quantity appearing in (C.4]) is then —(%(0). An elementary calculation shows
that

Cz(s) = = (2° = 1)((s) (C.6)

where ((s) is the standard Riemann zeta function. Therefore,

0= %2 ()

and C = 2.
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D Giant Wilson loops in Chern—Simons theory

Chern-Simons theory on S? is a particular case of the lens space matrix model when b = 1 and the
second cut collapses to zero size, i.e., t; = t, to = 0. It gives the leading behavior of the Wilson loop in
ABJM theory when A\ < A1, as discussed in Section [2:6]

Here we consider the behavior of the giant Wilson loops, those in high dimensional symmetric or
antisymmetric representations presented in Section [2.7.2} in this limit. In this case it is easy to calculate

explicitly the action ([2.7.35)), since the integral

g(Y)=— Y d;/// log(h(Y")), hY) = % [1 +Y+/(14Y)2— 4etY} (D.1)
0
can be obtained in closed form
g(v) =" — S0 (h(¥)) + log((¥)) (log (1 — e 'h(¥)) ~log(1 — A(Y))) D2)

— ng(h(Y)) + Lig (e_th(Y)) - Lig(e_t).

Here we used the dilogarithm identity

2

Lis(1 — z) = % — Lis(z) — log(z) log(1 — ). (D.3)
The solution of the saddle point equation (2.7.25) is obtained by setting in (2.7.33))
t t 1
v TR omi T2 (D-4)
and we find .
1— 6727“1/
YVi=- 1 _ e2mivtt (D-5)

The action (2.7.35)) is

n A, = —2wivlog(nYs) + g(Ys)
72 . ) (D.6)
= —2mivilogn — 2m2v? + 2rmivt + 3 + Lis (62”‘”_t) — Lis (eg’””) — Liy (e_t).

Notice that this expression is exact in t.

We can test in all details against a direct calculation of correlators. Indeed, the VEVs (Trp U)
for the Chern-Simons matrix model on S are proportional to quantum dimensions (see for example
[90]):

(TrrU) = ¢"r/2HUBN/2qim (R). (D.7)

In this equation,
q=e%, (D.8)

¢(R) is the number of boxes in R, and kg is the framing factor, given by
k=Y Li(li—2i+1), (D.9)

where [; are the lenghts of the rows in the diagrams. The quantum dimensions of the symmetric and
antisymmetric representations are given by
qnn(n—l)/4ent/2 n

[T —e g me=n), (D.10)

where
n

! =TI =g/ =gt O T —q7). (D.11)

i=1 i=1
At large n we rescale .
E = —, q_i = exp(—gsi) — e—27ri7]u§ (D12)
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so that
1 ! .
log([n]!) =~ — (—7‘(21/2 + 27ri171// d¢log(1 — 6_27“"”5)> . (D.13)
0

Gs

This gives the following contribution to the action
2 : 2 -
2 + 5~ Lip (e 2™) = p <7r21/2 — 2mivlogn + i Liy (627””)> . (D.14)

To derive the expression on the right hand side we used, for n = —1 the dilogarithm identity

772 2

The product in the numerator of both the symmetric and antisymmetric representations can be
written in a unified form as

1
2miny / d¢log(l — e fe™?™8) = i (Lig(e "?™) — Liz(e ")) . (D.16)
0
The prefactors in and (D.10]) contribute
n(=3m%v? + 2mivt). (D.17)

Together with (D.14]) and (D.16]) this exactly reproduces .

In the antisymmetric representation the result can also be written as

2

— 2miv(t + 2miv) + % + Lig(e™") — Lig(e 7t72™¥) — Liy(e*™). (D.18)

This expression agrees at leading order with the D6-brane calculation (2.7.21)) and should be the full
answer in the limit of Ao = 0. In this expression we see the expected symmetry [159]

ne N-—n (D.19)

which is
2miv > —t — 27iv. (D.20)

E Strongly coupled density of eigenvalues and tropical geometry

In this Appendix we rederive some of the results for the A" = 3 theory by using the approach of [3§],
and we compare it in detail to our tropical methods.

The starting point of [38] is an analysis of the ABJM matrix model in the ABJM slice, at
large N but fixed k, which corresponds to the strongly coupled limit of the theory. Let us see how this
is done, following closely the steps in [38]. The behaviour at large N of the equilibrium eigenvalues of
the matrix model is

,U,k:Nl/2.’Ek+i£k7 l/k:Nl/2.’Ek—iA€k, k:].,---7N, (E].)

where i, i are of order one at large N. At large NV the eigenvalues zy, {; become dense, so that

—]]\Cf — £€10,1] (E.2)
and they are described by the functions
dg
= . E.3
o) = ta) (E3)

It is shown in [38] that, when N is large, the free energy of the matrix model can be written as

_F = N3 [7’? / dz zp(x)0(x) + / do ()] (20()) — o~ ( / dz p(z) — 1)} L (Ba)
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Here, f(t) is a periodic function of ¢, with period 2w, and given by
f&)y=n*>—-*, te|-mn. (E.5)

The last term in (E.4) involves, as usual, a Lagrange multiplier m imposing the normalization of p(z).
Notice that our sign convention is opposite to the one chosen in [38]. Varying this functional w.r.t. p(x)
and /(x) one obtains the two equations

2rp(x) f'(20(x)) = —kz,
dmp(x) f (20(x)) = m — 2kxl(x), (E.6)
which are solved by
m m2kx

The support of p(z), £(z) is the interval [—x,,z.]. One fixes z, and m from the normalization of p and

by minimizing —F'. This gives
2 273
.= = = ) E.8
ro=mft m=2 (E8)

Evaluating the free energy for the functions and the values of ., m, one reproduces the
result of section [2.5 for the free energy.

The above results can be easily compared with our tropical analysis. The value of z, gives (up to a
factor N'/2) the position of the endpoint A, and it is in accord with the value of , since

A=NY2g,. (E.9)

The fact that the density p(x) is constant follows from our result for the tropical limit of the curve.
Indeed, the density of eigenvalues (normalized as to have an integral along the cut equal to one) is given
by the well-known formula

p(z) = 8Wiz)\discy(z) (E.10)

where discy(z) is the discontinuity of the curve through the cut [—A, A]. In our case this is just the
constant 2A, and it is given by the horizontal separation between the two diagonals in Fig.[2.9] Changing
variables from z = N2z to z we find indeed,

V2k
= — E.11
o) = Yo, (B11)
in precise agreement with the result of [38].
The inclusion of fundamental matter in the approach of [38] is straightforward. —F includes now the

extra term 32
N3/2N
S [ depl (E.12)

which is the large N limit of the operator in the exponential of (2.10.1)) (as in (2.10.27)). The new saddle
point equations are
2mp(x) f' (2(x)) = —k,

E.13
dmp(x) f (20(x)) = m — 2kal(x) — TNf|x], ( )
with solution | )
m — wNyf|x| kméx
= - J ) = ———m8M . E.14
o) im0 @) = S =N (E-14)
Normalization of the density and minimization of —F lead to
2 N

SV, e L NS

A straightforward calculation of —F reproduces ([2.8.9)).
Let us now compare this with the tropical approach. First of all, we have again the equality (E.9
between the endpoints of the cut in both approaches, involving now the value of =, obtained in (E.15
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and the value of A obtained in (2.11.37)). The density of eigenvalues in the theory with matter can be
11.26))

obtained from the planar resolvent (2.

1/2
() =~y dise (4p(2) + n(2)) (E.16)

where p is defined in (2.8.8)). From Fig. [2.11) and (2.11.33)) we read off immediately

1 1
idiscyp(z) =A-K, adiscym(z) =24 - K — |z, (E.17)
and we deduce
N1/2 12
pla) = T L+ WA = uNYal] (E.18)

Plugging in the value of A 7 we recover precisely the form of p(x) given in . This shows
explicitly that the piece-wise linear densities obtained with the method in [38] correspond to the tropical
curves obtained in this paper.

One advantage of the method of [38] is that it gives the large N limit of the free energy, at strong
coupling, without directly using the resolvent of the model. Therefore, this method is useful when the
resolvent is difficult to write down. If on the contrary one is interested in calculating the resolvent of the
model (to study for example weak coupling expansions), then the tropical approach developed in this
paper provides a powerful method to extract the strong coupling limit from the resolvent. In addition,
the method of [38] assumes as an ansatz the scaling of the eigenvalues, while the approach based on
studying the resolvent and its tropical limit provides a bona fide solution to the large N theory without
any further assumptions.

F Metric

In this appendix we follow the notations in [I03] (with the replacement xy — 2x). The metric on
AdS, x CP? is
L3
ds? = " (dshas, + 4dsdps) - (F.1)

For the AdS, part we may use the global Lorentzian metric
dsias, = — cosh® pdt® + dp? + sinh® p(d6? + sin® 0 dy?) . (F.2)

The metric on CP? can be written in terms of four complex projective coordinates z; as

4 2 4
4 Zzi dz;| , p2 = Z |Zz|2 . (F?))
=1 i=1

In the following we choose a specific representations in terms of angular coordinates (used also in
[197, [198]). We start by parametrizing S C C* as

4
1
dsips = 72 Z z;dz; —

Z1 = COS & cos — V1 ol (2p1+2x+()/4 , 23 = sin @ oS — U2 ol (2p2—2x+¢) /4 ,
2 2
9, 9y (F.4)
Zo = COS & sin — el(—2¢,1+2x+0)/4 7 24 = sin @ gin —2 el(—2¢2—2x+0) /4
2 2 2
The metric on S7 is then given by
2 1 2 2@ 192 | -2 2 22 Q9 L2 2
dsgr =1 da” + cos §(d191 + sin® ¥ de7) + sin §(d192 + sin® ¥o dy3)
L2 o _ 2, 1 2
+ sin 5 COs” 3 (2dx + cos ¥y dy — cos vz dpa)” + 1 (d¢+24)° |, (F.5)

A =cosady + cos? % cos ¥ dgy + sin? % cos ¥ des . (F.6)
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The angle ¢ appears only in the last term and if we drop it we end up with the metric on CP3
2 1 2 2 192 | -2 2 2@ 09 2 2
dsgps = 1 da” + cos §(d791 + sin® ¥ de7) + sin 5(d192 + sin® Yo dy3)
. g & 9 & 2
+ sin 5 cos 5(2dx + cos ¥y dpy — cos ¥y dps)”|.

The ranges of the angles are 0 < a, 91,92 < 7 and 0 < @1, 2, x < 27.
In addition to the metric, the supergravity background has the dilaton, and the 2-form and 4-form
field strengths from the Ramond-Ramond (RR) sector

3
20 _ L7

3 k
=3 hi= gL3 dQuas,, P =5 dA, (F.8)

Here dQaqs, is the volume form on AdS, and F, is proportional to the Kihler form on CP3.
To write down the general D-brane action in this background one also needs the potentials for these
forms. The one-form potential is, up to gauge transformations

Ci=-A, (F.9)
with A defined in (F.6)). It is easy to write down Cj, the three-form potential for Fy and Cj, its magnetic
dual, but they are not required for our calculation in Section

The relation between the parameters of the string background and of the field theory are (for o/ =1
and in the supergravity and tree-level limit)

L3 [2N

G Killing spinors
To write down the Killing spinors it is useful to start in 11-dimensions with the AdS, metric in (F.2)

and the S7 metric in (F.5).
We take the elfbeine (ignoring the factor of L3 /k)

1 1 1 1
eozicoshpdt, elzidp, 62:§sinhpd97 63:§sinhpsin0d1/),

1 1 1
et = Zda, ed = fcosgdﬁl, eb = *Singdﬁg,
2 2 2 2 2
;s 1 a . o
e’ =g cosgsing (COS Y1 dp; — cos s dpg + 2dx), (G.1)

1 1
e = 5cos%Sini% der, €= §Sin%8inﬁ2 dpa,

1
el = 1 (dC—i—QCOS2 %008191 dp; + 2 sin? %008192 dpo + 2cosadx> .

Killing spinor equation for this background comes from the supersymmetry transformation of the
gravitino

1 vApo v o 1 a
00, = De = 5z (F#’\p — 51T )FM,,C,E, Dye = e + i Yape. (G.2)
The 4-form corresponding to the AdS, x S” solution is Foypo = 6€urpo, Where the epsilon symbol is the
volume form on AdS, (so the indices take the values 0,1,2,3). Plugging this into the variation above

one finds the Killing spinor equation

D,e=AT se, nw=20,1,2,3

1, (G.3)
D“eziyfue, w=4,5---,910

where . runs over all 11 coordinates, and 4 = v%123. Note that small  have tangent-space indices while
capital I carry curved-space indices.
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The general solution to these equations is

e%(’?’m—’wu)e%(’Ws—’st)e%(779+'Y46)e—%’?’Yne—%Q’Ysse—%”Yue—%‘l’yegeg’v%e%’?’)’oeg’)'lze%’vzaeo = Mey,
(G.4)
where the &; are given by
_ 201 +2x+¢ _ 2p1+2x+(¢ _ 292 —2x+¢ =2 —2x+(
G=——"-"", o= —" "7, =—""7-"7"", o= —"7——"7—.
4 4 4
(G.5)

In €p is a constant 32-component spinor and the Dirac matrices were chosen such that 91234567895 =
1. A similar calculation in a different coordinate system was done in [I99].

To see which Killing spinors survive the orbifolding from M-theory to type IIA, we write the spinor
€0 in a basis which diagonalizes

iYy€0 = S1€0, ivs8€0 = S2¢€0 , ivareo = S3¢€0, ive9€0 = S4€ - (G.6)

All the s; take values +1 and by our conventions on the product of all the Dirac matrices, the number
of negative eigenvalues is even. Now consider a shift along the ( circle, which changes all the angles by
& — & + 0/4, the Killing spinors transform as

M€0 — Mei%(sl+82+53+s4)60 . (G?)

This transformation is a symmetry of the Killing spinor when two of the s; eigenvalues are positive and
two negative and not when they all have the same sign (unless ¢ is an integer multiple of 47). Note that
on S7 the radius of the ( circle is 87, so the Zj, orbifold of S7 is given by taking § = 87/k. The allowed
values of the s; are therefore

(+1, =), (1200, (+,_,—,+>,} (G.8)

(81782’83784) < {(_7+7+7_)? (_7+7_)+)? (_7_7+7+)

Each configuration represents four supercharges, so the orbifolding breaks 1/4 of the supercharges (except
for k =1,2) and leaves 24 unbroken supersymmetries.
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