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Abstract

Recently, Antoniadis, Konitopoulos and Savvidy introduced, in the context of the so-called extended
gauge theory, a procedure to construct background-free gauge invariants, using non-abelian gauge potentials
described by higher degree forms.

In this article it is shown that the extended invariants found by Antoniadis, Konitopoulos and Savvidy
can be constructed from an algebraic structure known as free differential algebra. In other words, we show
that the above mentioned non-abelian gauge theory, where the gauge fields are described by p-forms with
p > 2, can be obtained by gauging free differential algebras.
© 2017 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Higher gauge theory [1-8] is an extension of ordinary gauge theory, where the gauge poten-
tials and their gauge curvatures are higher degree forms. It is believed that higher gauge theories
describe the dynamics of higher dimensional extended objects thought to be the basic building
blocks of fundamental interactions.

The basic field of the abelian higher gauge theory, originated in supergravity is a p-form gauge
potential A, whose (p + 1)-form curvature is given by F = dA from which the Lagrangian and
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the action of the theory can be constructed. This abelian theory is known in the specialized
literature as p-form electrodynamics and it is endowed with a local gauge symmetry with the
transformation law A — A’ = A + dg for some (p — 1)-form .

The natural question is: does there exist a non-abelian higher gauge theory? To answer this
question it is interesting to remember that the points of a curve have a natural order and the
definition of the parallel transport along a given curve indeed makes use of this order. However,
for higher dimensional submanifolds such a canonical order is not available. This lack of natural
order led to C. Teitelboim in Ref. [9] to the formulation of a no-go theorem, ruling out the
existence of non-abelian gauge theories for extended objects.

Recent attempts to circumvent this theorem has been carried out in Refs. [1-8]. In particular,
in Refs. [1-4], were found invariants similar to the Pontryagin—Chern forms 7P,, in non-abelian
tensor gauge field theory, denoted by I'2,,4 ,, with p = 3,4, 6, 8. Since dI'2,, , = 0, we can write

Donyp = dQﬁ(Cz}:'S&Ié_l). In the same references were found explicit expressions for these invariants
in terms of higher order polynomials of the curvature forms. As with standard Chern—Simons

forms, the secondary forms C(Cz}fsxps_l) are background-free, quasi-invariant and only locally de-

fined (and therefore defined only up to boundary terms, (f(czlfs&’é_l) ~ Q(ngszzg_l) +do @rtr=2),

The purpose of this paper is to show that the invariants introduced in Refs. [1-4] can be
constructed from a gauged free differential algebra.

This paper is organized as follows: In Section 2, we briefly review the extended gauge the-
ory developed in Refs. [1-8]. In Section 3, we will make a short review about free differential
algebras and their gauging. Section 4 contains the results of the main objective of this work,
namely: to show that the algebraic structure known as free differential algebras (FDA), allows
to formulate a theory of non-abelian gauge with gauge fields described by p-forms with p > 2
and to prove that the extended invariants found in Refs. [1-4] can be constructed by gauging free
differential algebras. We finish in Section 5 with some final remarks and considerations on future
possible developments.

2. Chern-Simons—Antoniadis—Savvidy (ChSAS) forms
In this section we briefly review the extended gauge theory developed in Refs. [1-4].
2.1. Chern—Simons forms

The Pontryagin—Chern forms Pp,47 = (F ”“) satisfy the condition dPp,4, = 0, where
F = dA + A? is the 2-form field strength of the 1-form gauge field A. From the Poincaré
lemma, we know that locally there exists a (2n + 1)-form Cy,41 such that Ps,40 = dCoppy 1.
This (2n + 1)-form Cy;4 is called a Chern—Simons form which is quasi-invariant under gauge
transformations [10].

Using the Chern—Weil theorem we can find an explicit expression for the Chern—Simons
forms. In fact: let A and A be two one-form gauge connections on a fiber bundle over a
(2n + 1)-dimensional base manifold M, and let F(® and F( be the corresponding curvatures.
Then, the difference of Pontryagin—Chern forms is exact,

[FOT )= (0T ) =aT (A0, 40), 0

where
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1
7—(2n+1)(A(1)7 A(O)) =+ 1)/dt<®F,"), @
0

is called a transgression (2n + 1)-form, with @ = A — A® and A, = A® + ¢ ©. The 2-form
F; stands for the field-strength of the 1-form connection A,, F; =dA; + A;A,. Setting AD =0
and AV = A in (2), we obtain the well known Chern—Simons (2n + 1)-form

1
Cont1(A) =T V(A0 =+ 1) / dr{A(tdA + 17 A%)"). (3)
0

From the Chern—Weil theorem it is straightforward to show that under gauge transformations the
Chern—Simons forms are quasi-invariant. However, it is important to stress that since a connec-
tion cannot be globally set to zero unless the bundle (topology) is trivial, Chern—Simons forms
turn out to be only locally defined.

2.2. Non-abelian tensor gauge fields

The idea of extending the Yang—Mills fields to higher rank tensor gauge fields was used in
Refs. [1-4] to construct gauge invariant and metric independent forms in higher dimensions.
These forms are analogous to the Pontryagin—Chern forms in Yang—Mills gauge theory.

2.2.1. ChSAS forms in (2n + 2)-dimensions
The first series of exact (2n + 3)-forms is given by
2n+42

Panys = (F", F3) = d€6Y, “)
where F3 = dAs + [A, Az] is the 3-form field-strength tensor for the 2-rank gauge field
Ay = 1By, ® dx* Adx” = $B,,T, ® dx* A dx" and satisfy the Bianchi identities, DF3 +
[A2, F]=0. Under gauge transformations, the gauge potential A, and the corresponding curva-
ture transform as [1]

8A; =Dé&1 + [Az, &, )
§F3 =D(5A,) + [6A, As], (6)

where &) = £9T,, is a O-form gauge parameter and & =£9,, T, ® dx* is a 1-form gauge parame-
ter.

Using the Chern—Weil theorem, we can find an explicit expression for the Chern—Simons
form. In fact: Let A and AV be two gauge connection 1-forms, and let F© and F(1) be their
corresponding curvature 2-forms. Let Aéo) and A(zl) be two gauge connection 2-forms and let

F3(0) and F3(1) be their corresponding curvature 3-forms. Then, the difference ngl) 3 Fg)q) 4318

an exact form

s = Tonss = ([FOT V) = ([FOT" B2) = dT®+2 (40, 49 A0, 450), (1)
where
1
T(2n+2) (A(O)’ Ago); A(l), A;l)) :/dt(n<Fi1—l’ 0, F3I>+<Ftn» CD)), 8)

0

with @ = Agl) - Aéo), is what we call Antoniadis—Savvidy (AS) transgression form.
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Using the procedure followed in the case of Chern—Simons forms, we define the (2n +
2)-ChSAS form as
1

Q:(CZ:S—L_ES) = T(2n+2)(A» Az; 0, O) = / dt(nAFt”_l F3 + A2Ftn>
0
=(F", A2) + dgan 1. ©)

This result is analogous to the usual Chern—Simons form (3), but in even dimensions [8]. It is
interesting to notice that transgression forms (both, standard ones and the above generalization)
are defined globally on the spacetime basis manifold of the principal bundle and are off-shell
gauge invariant. Chern—Simons forms (both, standard ones and the AS generalization) are locally
defined and are off-shell gauge invariant only up to boundary terms (i.e., quasi-invariants).

2.2.2. ChSAS forms in (2n + 3)-dimensions
The second series of invariant forms is defined in 2n + 4 dimensions and is given by
Pavss = (£, Fi) = e (10

where the corresponding (2n + 3)-form Q(CZ}:'S';?S? is defined in terms of the 4-form Fy = dAs +

[A, A3z] field-strength tensor for the 3-rank gauge field A3. In fact, following the procedure shown
in the above subsection, we define the (2n + 3)-ChSAS form as

1
2n+3 —
e — / dt(nAF"'Fy + A3 F})
0
7

= 1,A3>~|—d(p2n+2. (11)

2.2.3. ChSAS forms in (2n + 5)-dimensions
The third series of exact (2n + 6)-forms is given by [4]
Eonte = (F", Fo)+n(F"™ ', F}) = e3> (12)

where the corresponding (2n + 5)-form Q(ng'sfg is defined in terms of the 6-form Fg = DAs +

[A3, Az] field-strength for the rank-5 gauge field As. As in subsection 2.2.1 we can now also
define the (2n + 5)-ChSAS form as

Corong = (F". As)+n(F"~' Fy, As). (13)

2.2.4. ChSAS forms in (2n + 7)-dimensions
The fourth series of invariant closed forms I'2,,+g in (2n 4 8) dimensions is given by [3]
Touss = (F", Fg)+ 3n(F"~", Fy, Fo)+n(n — D{F" 72, F?) = deGdd. (14)

where the corresponding (2n + 7)-form Q:(Czk:’SJrASS) is defined in terms of the 8-form Fg = DA7 +

3[A3, As] field-strength for the rank 7 gauge field A7. From (14) it is possible to find the called
(2n 4+ 7)-ChSAS form

CoER = (F", A7) +n(n — D(Fy, Fa, A3, F""2) 4 n(Fs, A3, F"~') 4 2n(Fy, As, F"71).
(15)
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3. Free differential algebras

In this section, we will make a short review on free differential algebras and their gauging
[11-14].

The dual formulation of Lie algebras provided by the Maurer—Cartan equations [13] can be
naturally extended to p-forms (p > 1). Let’s consider an arbitrary manifold M and a basis of
exterior forms {@A1 (D) @A) @A« (1’")} defined on M, labeled by the index A and by the
degree p of the form, which may be different for different values of A. This means that each p;
takes values 0, 1,2, ..., N, while i takes the values 1, 2, ..., n.

The external derivative d®4(P) can be expressed as a combination of the elements of the base,
which leads to write a generalized Maurer—Cartan equation of the following type [11-14]

N

1 4

AOMP) +3 7~ Ci ), @™ PV A A OB =0, (16)
n=1

where the coefficients Cgl(f 121)-4- B (py) AT€ called generalized structure constants. The symmetry

of these constants in the lower index is induced by the permutation of the forms ®4( in the
product wedge and are different from zero only if

pi+p+-+pn=p+1. (17)

Here, the number N is equal to pmax + 1, where pmax is the highest degree in the set {G)A(p)}.
One can say that Eq. (16) is a generalized Maurer—Cartan equation and that it describes a FDA if
and only if the integrability condition d>@4(”) = 0 follows automatically from (16). Explicitly,
the condition for (16) to be a FDA is given by

N
1
20AMP) _ _ = ~Ap) Bi(p1)
POND == 5 " —Cyl ), D1 D)
n,m=1
@Dl(ql) A A @Dm(Qm) A @BZ([’Z) A A @Bn(pn)
—0. (18)

This equation is just the analogue of the Jacobi identities of an ordinary Lie algebra. It is very
instructive to have a look at the most general form of a FDA as it emerges from theorems of
Sullivan. From Ref. [13] we know that: (i) a FDA is called “minimal algebra” when it is true
that Cg((gir h=0. This means that all forms appearing in the expansion of d®4(”) have at most
degree p, being the degree (p + 1) ruled out; (ii) a FDA is called a contractible algebra when
the only form appearing in the expansion of d®4(”) has degree (p + 1), namely

deAP) — @A(P+l), ie., deAP+h — . (19)

Sullivan’s fundamental theorem. The most general free differential algebra is the direct sum of
a contractible algebra with a minimal algebra.

3.1. Gauging free differential algebras

Physical applications of FDA require a generalization of the concepts of soft 1-forms and
curvatures introduced gauging of Maurer—Cartan equations [ 12—14].
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Let {AB1(PD AB2p2) AB:(Pn)} be a set of p-forms gauge potential, labeled by the index
B and by the degree p of the form, which may be different for different values of B. If we con-
sider the p-forms AZi(P)) as the gauge potentials of a FDA, in the same way as the components
A are the gauge potentials of an ordinary Lie algebra described by the ordinary Maurer—Cartan
equations, then the curvatures associated with the A% potentials are given by

N
1
A(p+1) _ 3 4 A(p) A(p) Bi(p1) B (pn)
FAWPTHD = dA2P +E ;CBI(PI)”'Bn(pn)A WP A oo A AP PR (20)

n=1

If we apply the exterior derivative to both sides of Eq. (20), we obtain a generalization of the
Bianchi identity [13]

N
VEAPHD —gpAvtD L3 @) B A B0 n L AP0 0, (21)

n=1

In complete analogy to what one does in ordinary group theory, we say that the left side of (21)
defines the covariant derivative V of an adjoint set of (p + 1)-forms. With this definition, the
Bianchi identity (21) just states that the covariant derivative of the curvature set FA?+D is zero
as it happens for ordinary groups.

4. Extended gauge theory and gauged FDA

Let us now consider the explicit form of the equations (20), (21). In the case of a minimal
FDA, the explicit form of equations (20), (21) for p =1,2,3,5,7,9, is given in Appendices A
and B respectively. Here we will list, using the nomenclature of Refs. [1-4], only the equations

we will use later. In fact, from (79) we can see that, if we restrict ourselves to the case of an

FDA whose structure constants satisfy the condition C g((g;rcr(;)l) = Cg‘c for any r < g, where

C gc correspond to the structure constants of a Lie algebra,' then the equations (78), (79) can be
written in the form (see Appendix A)

F=dA+ A%,
F3=dAz +[A, Az],
Fy=dAs +[A, As3],
1
Fs=dAs +[A, As] + E[A3’ Asl,
Fg =dA7 +[A, A7] +[A3, As],
1
Fio=dAg +[A, Ag] + [A3, A7] + E[AS,ASI (22)
In the same way, for the equation (80) we find (see Appendix B),
DF =0,

DF; +[A2, F1=0,
DF4+[A3, F1=0,

1 We will consider this condition in the rest of this paper.
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DFg + [A3, F4] +[As5, F1=0,
DFg +[A3, Fel +[As, F4] +[A7, F1=0,
DFjo + [A3, F3] + [As, Fel +[A7, F4]+[Ag, F1=0. (23)

It should be noted that equations (22) and (23) match those found in Refs. [1-4], except for
numerical coefficients. However, they coincide exactly after an appropriate transformation of the
gauge fields (see Appendix F).

4.1. Gauge transformations

Let {AB1(P0) 3 Ba-1(Pn-1)}) be a set (p — 1)-forms gauge parameters and let {AB1(PD) |
AB(P)} be a set of p-forms gauge potentials labeled by an index B and by the degree p. Under
a gauge transformation, the gauge potential transforms as

N
A(p+1) _ 31 A(p) A(p) Bi(p1) By (p2) By (pn)
SANIED = AN 5 T Cy I By AT P AT A AR 04)

n=1

In the case of a minimal FDA, the explicit form of equation (24) forn =2and p=1,2,3,5,7,9,
is given in Appendix C. From (83) we can see that

A =Dx,
8A2 =Dxry +[A2, A],
6A3 =DXy 4 [A3, A],
8As =DA4 + [A3, A2l + [As, AL,
3A7 =Dae + [A3, Aa] + [As, A2] + [A7, ],
8Ag =Dxg + [A3, Ael + [As, L] + [A7, A2l + [Ag, ). (25)

4.2. Gauge transformations for curvatures

Following the definition of the usual gauge theory, we have
SFAPTD = v (5441, (26)
so that
SFA(P+TD — V((SAA(p)) — d(SAA(p))

N
A(p) Bi(p1) By(p2) ... A ABa(pw)
+ D Caytom Batpa)--Ba(p A AA A N AP, 27)
n=1

In the case of a minimal FDA, the explicit form of equation (27) for p =1, ...,9 is given Ap-
A(g+r—1) _ CA

pendix D. When a FDA has structure constants that satisfy the condition C B(g)C(r) BC» WE

find that the equations (85) can be written in the form (see Appendix D),
SF =[F,A],
SFy=[F4, A] + [F, 221,
8Fs =[Fo, A1 + [Fa, A2l + [F, A4,
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8Fg =[Fg, Al + [Fo, A2l + [Fa, Aq] + [F, A6,
SF10 =[F10, Al + [F8, A2l + [Fe, Al + [Fa, A + [F, Ag]. (28)

The equations (25), (28) match those found in Refs. [1-4], after an appropriate redefinition of
the gauge fields (see Appendix F).

5. Extended invariants

In this section it is shown that the extended invariants found by Antoniadis and Savvidy in
Refs. [1-4] can be constructed from a gauged free differential algebra.

5.1. Chern—Pontryagin invariants

Let A = A°T, be a 1-form connection evaluated in the Lie algebra g of the group G and let
F = F°T, = dA + A? be its corresponding 2-form curvature. The Chern—Pontryagin topological
invariant in 2n 4 2 dimensions is given by [15]

Pana=(F A+ AF) = gapouay F A A FO41, (29)

where the bracket (- - -) is a symmetric multilinear form that represents an appropriately normal-
ized trace over the algebra defined by

8ay-any) = (Tals e Ta,,+1>- (30)
5.2. Generalized Chern—Pontryagin invariants

Let’s consider now the generalization of the Chern—Pontryagin topological invariant to the
case where Lie algebra g is replaced by a free differential algebra. Let {FB1(PD | FBur1(Pni1)y
be a set of p-forms field intensities. It is possible to construct topological invariants analogous to
the Chern—Pontryagin invariant as follows

75 — Z<F(P1) Ao A F(Pn+1)>
{pi}
= ZgBl(Pl)--~Bn+1(pn+1)FBl(pl) ARRRRA FBHl(an)v (31)
{pi}

where for each order of the form 75, the sum runs over all possible combinations.

5.2.1. Case p1+ -+ -+ pp+1=2n+2
If p1 + -+ pnt+1 = 2n + 2, the only possible choice is p; = - = p,4+1 =2. Then we find

P = 881(p1)-Ba(puiny FPV PV A - A F Pt (i)
= gBl(z)...BnH(z)FBl(z) Ao AFB1@
—(FO A AFO) = ([FO]™), (32)
Using the nomenclature used in Refs. [ [-4] we can write,
P =(F"t), (33)

which coincides with the usual Chern—Pontryagin invariant Py, 2.



P. Salgado, S. Salgado / Nuclear Physics B 926 (2018) 179-199 187

52.2. Case p1+---+ ppy1=2n+3
If p1 +--- 4+ pp+1 = 2n + 3 the only possible choice is p; =--+ = p, =2; pp41 = 3. Ac-
cording to the permutations law, there must exist #n + 1 terms of the form

831(2)---Bn(2)3,,+1(3)FBI(2) Ao A FBQ@ A pButi(3)
=(FO A AFDAFI)=([FP]", FP), (34)
so that, the corresponding extended Chern—Pontryagin invariant is given by
P=m+DFPA - AFPAFD) =+ DH(FP", FO). (35)
Using the nomenclature used in Refs. [1-4] we find
Ponts =(F", F3). (36)

Since dP2,43 = 0 we have P, 43 = d€@+2), Following the usual procedure we have

€D — (F", A2) + dp2ns1. (37)
These results coincide with the extended Chern—Pontryagin (2n + 3)-dimensional and with the
(2n+2)

(2n + 2)-Chern—-Simons forms Q:ChS AS found by Antoniadis and Savvidy in Refs. [1-3].

523. Case p1+---+ ppy1=2n+4
According to the permutations law, there must exist n 4 1 terms of the form

gBl(2)"'Bn(2)Bn+l(4)FBl(2) oA FB QD A pBu1(®)

—(FO n... A FO A FD) = ([FOT", F®), (38)
so that, the corresponding extended Chern—Pontryagin invariant is given by
P=+DFPA- AFPAFD) =@+ D([FP]", FW). (39)
Using the nomenclature used in Refs. [ [-4] we can write as
Ponta =(F", Fy). (40)
Since dPa,44 = 0 we have Pa, 14 = d€? 3 where
CmED — (F" A3) + dgonsa. 1)

These results coincides with the extended topological invariant and with the (2n + 3)-Chern—

Simons forms Q:(Czk?sfs) found in Refs. [1-3].

524. Case pr+---+ppy1=2n4+6
In this case we will choice two combinations which will be analyze separately.

5.24.1. Termwith py =---=p, =2 and p,+1 =6 In this case we have that, according to the
permutations law, there must exist n + 1 terms of the form
28125, 25,6 FFI @ A A FBQ A pBii(©
=(FON- AFDAFOV=([FOT", F©O), (42)
so that

751 =+ 1)(1:(2) A AFO A F(6)>= (n+ 1)<[F(2)]n, F(6)>. (43)
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5.2.4.2. Term with py =---=py—1 =2 and p, = py+1 =4 In this case we have that, accord-
ing to the law of permutations, there must exist n(n + 1)/2 terms of the form

8812)-By1 @By By F PP A A F 1@ A B\ B @)

=(FO A AFOAFD A FD) =([FO]" [FDT), (44)
so that
Py = 7”(”; Do [rep). (45)
This means that the corresponding extended Chern—Pontryagin invariant is given by
=P+ Pr= o+ D([FO], FO) 4 " ED et [pOP), (46)
which can be write as
—([FO1 O\ L Y p@1—1 (@72
P={[FOT FO) 2O (PGP @
Using the nomenclature used in Refs. [ 1-4] we can write
Pause =F", Fo)+ %(F"_l, FR). 48)

Now let us now prove that the expression (48) is, in addition to being gauge invariant, a closed
form. The variation of Py, 14 is given by

§Pon+e =n(F""',8F, Fo)+ (F", 8 Fe)

+ %(F"‘z,m FR)+ ("' Fu.6Fy). 49)

Introducing (28) into (49) we have
8Pante = ([Fa. Aal, F") + ([F. Aal, F") + n([F, A2), Fs, F"7")
= {([Fs. 22), F")+ n{[F, A2), Fa, F"~")} +([F. a4], F")
=0. (50)
Now let us show that (48) is a closed form. Taking the exterior derivative of P,,¢ we have
dPoy+6 = (DFs, F")+n(Fs, DF, F"~') + n(DFy, Fy, F""")

nn—1)

> (Ff,DF, F"72). 5D

Using (23) we have
dPoute = ([Fs, A3l, F") +([F, As), F")+n([F, A3, F4, F"')
={([Fs. A3], F")+n([F. A3], Fs, F"" ")} +([F, As], F"), (52)

and using the well known identity [16]

n
D o (=pl@tetdindo(ny [0, Al ..., An) =0, (53)
i=1

where each A; is a d;-form and @ is an arbitrary dg-form, we have
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dPan+6 =0, (54
which proves that the form P, ¢ is closed. This means that P,, ¢ = d€>"*> where, following

the usual procedure, we find

¢+ — (" As) + %(F4, Az, F"7 ')+ dgpya, (53)

5.2.5. Case p1 +---+ pn+1=2n+8
In this case we will choice three combinations which will be analyze separately.

5.2.5.1. Term with py = py =---= py—1 =2 and p, =8 Now we have according to the law
of permutations, n + 1 terms of the form

gBl(Z)mB,, (2)B,,+1(8)FBI(2) Ao A FBH(Z) A FBn+l(8)

= (F(z) A AFPD A F(B)) = ([F(z)]n, F(S)), (56)

so that
Pr=m+DFPA- AFOAF®) =+ D{[FP]", F®). (57)
5.2.5.2. Term with py =-+-=py—1 =2, py =4 and p,+1 =6 According to the law of per-

mutations, we have n(n + 1) terms of the form

851 (2B s @By 4B @ F 1O A A F Pt @ A pEn@ A p Bt (©

:(F(z) A AFD A F® A F(6>>=<[F(2)]"*1’ F@®. F(6)), (58)
so that

Pr=nn+ DFP A AFDAFDAFO)=nn+ 1)<[F(2)]"_1, FY FO) (59

5.2.5.3. Term with py =--- = pp—2 =2 and py—1 = p, = pn+1 =4 The permutations law
tells us that there are (n + 1)n(n — 1) /3! terms of the form

81 2)oBy 2@ By By By () FEID A oo A FBi2®) p FBiot@) B\ pBasi(4)

=(F(2) A AFODAFD A FD A F(4)>=([F(2)]n_2, [F(4)]3>, (60)
so that
Py = W(F@ Ao AFD A F@ A FG A p®)
_nn+ 13)'(11 - 1)([F(2)]n_2’ [FOT). 61

This means that the corresponding extended Chern—Pontryagin invariant is given by
P=Pi+P,+P;
=+ D([FOT, F®) +n(n+ D([FP]""", F®, FO)

Dn—-1 e
MDD ey [ @

which can be written as
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nn—1)

3!
that coincides, except for two numerical coefficients, with the topological invariant I'2,,4-g found
by Antoniadis and Savvidy in Refs. [1-3]. Using the nomenclature from these references, the
equation (63) takes the form

Panss = {[FOT FO) 4 nl[FO] 7, pO) 4 WD p@p=2 [p6F) 3

nn—1)
3!
Now let us prove that (64) is gauge invariant. The variation of P, 43 is given by
8Ponts = (8 Fs, F") +n(Fg, 8F, F" ') + n(8 Fy, Fo, F" ')
+n(Fy,8Fs, F"™') +n(n — V)(Fy, Fe, §F, F"?)
nn—1) nn—1){n-—2)
!

Ty R L FT T

Introducing (28) into (65) we find
8Pants = —{([Fe. 22], F")+ n{[F, A2], Fo, F"~ )}
- %{2(17(4), [Fa. 2a], "™+ (n = D([Fa, Aa), B2 F"2))

Ponss = (Fs, F")+n(Fy, F, F"~ ') + (Fj, F"2). (64)

(F2,8F, F"73). (65)

—{([F4 2a), F")+ n(Fa, [F, 7a), F* ")} +([F, A6, F")
=0. (66)
Let us now show that (64) is also a closed form. Taking the exterior derivative of P,,+g we have
dPauis = (DFs, F")+n(Fs, DF, F"~')+ n(DFy, Fs, F""")
+n({F4, DFg, F"~ ")+ n(n — 1)(Fy, Fo, DF, F"7%)

n 3n(n—1) nn—1)mn-2)

s (PP FL T+ 31

(F.DF, F"73). (67)
Using (23) we find
dPonts = ([Fs, A3], F") + ([F4, As], F")+([F, A7), F")
+n([F, A3, Fo, F"~ ')+ n(F4, [F4, A3], F"1)

nn—1)

+n(Fy, [F, As], F" 1)+ =

(LF4, A3), Ff, F"73), (68)
or equivalently
dPouts = {([Fe. A3, F") +n([F, A3], Fe, F"~ ')}
+ S {2(Fa [Fa Azl ')+ (0 = D([Fa. A3, 7))
+ {{[F4, As), F")+n(F4, [F, As), F"~ ")} +([F, A7), F"). (69)
Then using (53) we can see
AP yg =0, (70)

which proves that the form P,,4g is a closed form. This means that P,,4g = de2 7 where
@21+7 is given by
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nn—1) n

€(2n+7) =<Fn,A7)+ 3 (F4,F4,A3, Fn—2>+ 3(F6,A3,Fn_l)

2n _
+ ?(F4, As, F"™') + dgonss. (71)

The equations (48), (64), (55), (71) match those found in Refs. [1-4] after an appropriate
redefinition of the gauge fields (see Appendix F).

6. Concluding remarks

In this article we have shown that the so-called ChSAS invariants [1-4] can be constructed
from an algebraic structure known as gauged free differential algebra. The series of exact
(2n 4 p)-forms is given by

Pongs =de@ ) = (F" F3),
Ponts =de@3) = (F", Fa),

n
Pans = A€ = (F" Fe) + -

2
Ponts =dC@ D = (F" Fg)+n(F"~', Fy, Fe)+

<Fn—1 , Ff),

nn—1)
3!
where each F, 1 is a (g + 1)-form field-strength for the rank-g gauge field A, which depends
also on other gauge fields A, with r < ¢. The corresponding secondary (2n + p)-form ¢(2"+r)
are also defined in terms of such gauge fields in the following way
€MD = (F", As) + dp2n+1,

¢ = (F"| A3) + dgan2,

(F"2 F).

¢@n+5) _ (Fn, A5> + %(F4, Az, Fnil) + dg2n4,
€D = (P A7) + %(ﬂ, Fi, A3, ")+ Z(Fo, A3 F" )

2n 1
+ ?(th, As, F ) + de2nt6-

If we consider the n = 2 case in the definition of €2"+7) we find that the 11-dimensional ChSAS
form is given by

1 _ (g2 1 2 4
e =(F ,A7>+3(F4,F4,A3)+3(F6,A3,F)+3(F4,A5,F)~ (72)

From here we can see that the second term has the same form as a term that appears in the CJS
supergravity [17], whose action is given by

S = / Ly

M

1 ab i 4 a i< a T
= —ZR Eab+§wr(g)Dlﬂ+§ T —Zlﬁr v ealﬂr(ﬁ)‘(ﬂ
My

1 1 1
- 5F4*F4+(*F4+b)(F—a)+§ab— §A3F4F4, (73)
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where
1
Eal"'ar = m‘gal"'arar+l"ﬂDear+l e eaD’ (74)
1 aj a, [
Ly = —‘Fal...ane ceeea= -y Ty, (75)
n! 4
i -
bi= VTV, Fa=dAs, (76)

and the * symbol denotes the Hodge operator. In fact, if one sets the metric and gravitino field
to zero, 11 dimensional supergravity [17] is reduced to a Chern—Simons like theory based on a
three form A whose action is

S = / A3 F4Fy, amn
M

where Fy is a 4-form and M1 is an eleven dimensional manifold. This result allows us to conjec-
ture that it would be possible to construct a theory of 11-dimensional Chern—Simons supergravity
using a procedure similar to that shown in Ref. [8], which contains or ends at some limit in stan-
dard 11-dimensional supergravity theory [17].
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Appendix A

Consider now the explicit form of the equation (20) forn =2 and p=1,2,3,5,7,9

1
AQ2) _ A(l) 2 ~AD Bi(1) 4 By(1)
FA® =dat® 4 2 Cpll) gy APV AT,

FAG) — 4AAQ + CA(Z) AB](I)ABZ(z)’

B1(1)B2(2)
FA® —dAA®) 4 cp3) | ABDpBO)
FA® —dAd®) 4 cp®) | AR AR 4 %ng%wz@) ABI®) AB23)
FA® —dadD 4 cp® | ABOABD L A0 4B pBO),
FAUD Zga40) 4 cAO) | ABDARO) 4 cAO) A AB0)
. Toao  mies) ABS), (78)

2 “BIG)BS)

where from p = 3 we have considered only odd-order gauge fields. Note that we have considered

a FDA whose structure constants satisfy the condition C;‘g;rcr (:)1) for any r < q. These equations

can be written as



P. Salgado, S. Salgado / Nuclear Physics B 926 (2018) 179-199 193

R =aAf 4 SChAlAS,

Ft =dAS + CpoABAS,

F =dAL + CpoABAS,

F& =dA§ + Cpc AT AS + %CgcAng,
F{ =dA? + CacABAS 4 Ccp ABAS,

1
Fip =dAg + CpcATAG + Cpc AT AT + S Che AT AS. (79)
Appendix B

The explicit form of the equation (21)forn =2and p=1,2,3,5,7,9 s

AQ) _ _ ~A B1(2) 4 B2(1)
dFT7 = =Chayy I AT

dFAG® — _cAO® FBIQ 4B _ £AQ) FBI(3)ABZ<1),

Bi(1)B2(2) B1(2)Ba2(1)

dFA® = ) ) DA — Cp ) FO AR,

dFAO = —Cpll ) PP AR — Cp 0 o PO ARE
) FBO 4B,

AFA® = AT EBOARD AT B B
L CAm RO AR AT B g B,

GFAID = _CAO) B AR CAG) R 4B

RO RO ARG CAO) B 4B
_ Cl/;l((gg)Bz(l)FBI(IO)ABZ(I)’ (80)

where from p = 3 we have considered only odd-order gauge fields. These equations can be
written as

dFs' = —Chc AT Fy .

dF3A = —C§CA§F2C - CSCA?F3C’

dFf = —Cpc AT Fy — CpeATFY

dF = —CpoASFS — CpoASFS — CpoARFE,

dF{ = —CpcABFE — CpABFS — CRcABFE — CAABFE,
dF{y = —CocASFy — CycASFS — CycABFE — Cpc ASFS

—Cp-ABF,. (81)
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Appendix C

The explicit form of the equation (24) forn =2 and p=1,2,3,5,7,9 is given by
SAAD — 45 A0 + CA(O) ABI(I))\BZ(O)’

B1(1)B2(0)
SAAD — g AM 4 Cgl((ll))Bz(l)ABl(l))‘Bz(l) + Cgl(g)Bz(O)ABI(Z))‘Bz(O)’
SAAG) — 44D Cgl(?l))Bz(z)ABl(l))‘BZ(Z) + CQF%S))BZ(O)ABIG))‘BZ(O)’
SAAG) — H AW 4 Cgl(?l))Bz(zL)ABl(l))‘Bz@) + Cg](g)Bz(Z)ABIG))\'BZ(Z)

+ ChSmoA” V2O,

AT) _ 11 A6) A(6) B1 (1), Ba(76) A(6) B1(3)y B2(4)
SA =dx +CBI(1)32(6)A YA +C31(3)32(4)A S

A(6) B1(5)4 B2(2) A(6) B1(7) 4 B2(0)
TChmeA AT T Chp,0AT AT

AO) _ 33 A®) | A®) Bi(1); Bx®) | A®) B13))B2(6)
SA =dr +CBl(1)Bz(8)A A +CB1(3)32(6)A A

AG8) Bi(S), Ba(d) . A®) Bi(T), Ba@) | ~A®) B1(9) 5 Ba(0)
TCh @A AT+ Cpy AT AT+ Chigp,00AT AT
(82)

where from p = 3 we have considered only odd-order gauge fields. These equations can be
written as

SAP =dad 4+ Cp-ABAS,
SAS =da + Cp o ABAS + o ABAS,
SAL =dag 4+ CpcABAS +ChABAS,
SAS =drf + CheAPAS + CHoASAS + CpoABAS,
8AS =drd + CHoARAE + CpoASAS + CpcABAS + ChABAS,
SAY =dad + CpcAPAS + CocABAS +CcABAS + CpoABAS
+CpcABLS. (83)

Appendix D

The explicit form of the equation (27) forn =2 and p=1,2,3,5,7,9 is given by

AQ) _ A _ Ad A1) Bi(1) 4 B2(1)
SFA® =V (54401) =d(AADV) + Cp 1) 5, 1,041V AR D,

A4 _ AB)\ _ A3 AQ3) Bi(1) 4B>(3)
SFAW = V(AAD) =d(8A4D) + Cp il 3,84 D AP

AG) Bi(3) 4 Ba(D)
+Cp 38,104 AT,

SFA(G) — V(SAA(S)) — d(SAA(S)) + CA(S) SABI(I)ABz(S)

Bi(1)By(5)
A(5) Bi1(3) 4 B>(3) A(5) B1(5) 4 B2(1)
T Cp 38,304 AT+ Cigyi5), 1) AT AT

§FA®) = v (544D) =d(5447) + cAD SABID AB2(D)

Bi(1)By(7)
A7) Bi1(3) 4 B2(5) A(T) B1(5) 4 B2(3)
T Cp3)By(5)0 A" AT + g 5)p,3)8A7 T A

T C 84T P AR,
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8FA(10) — V((SAA(())) — d((SAA(‘))) + CA(9) SABI(I)A32(9)

BB 9)
+ Ch AT VAR

A©9) B1(5) 4B2(5) A©9) B1(7) 4 B2(3)
T Cy5)y5) AT AT+ Cp )y 3)8AT AT

A©9) Bi9) 4 Bl
+Cpy 05,1y SAT @ AR, (84)

where, from p = 3 we have considered only odd-order gauge fields. These equations can be
written as

SF =d(8A7) + CcATSAS,
SF =d(8A%) + CcABSAT + CpoABSAS,
SFL =d(8AS) + CucABSAS + ChoASSAS + ChcATSAS,
SFg =d(8A5) + CeABSAT + ChABSAS + CpoASSAS
+Cp-ABSAS,
SFiy =d(8A8) + CpcABSAS + Cp-ABSAS + CaoABSAS
+CpABSAS + Cp ABSAS. (85)

Appendix E
In this appendix we show that (85) correspond to homogeneous transformations.
E.1. Gauge transformation of the rank-2 field strength tensor F;

Introducing the first equations of (83) in the first equation of (85) we have
SF = CpodABAS — CocABAAS + CAcABAAS + CpoABCS AR

=CycdAPAS + CheAPCERATAL. (86)
Using the nomenclature of Refs. [1-4], this equation takes the form
§Fy =[dA; + A1A1, Aol = [F2, Aol (87)

E.2. Gauge transformation of the rank-4 field strength tensor Fy

Introducing the first and third equations of (83) in the second equation of (85), we have
SF{ = CpcdABAS — CpcABAAS + CpodARAS — CocARdAS
+CpcAB LS + CpABCS L ARAE + CoacABaLS
+ChcATCEpATA] + Cc AT CEpATAg
= CpcdATAS + CpcdATAG + Cc AT CEpAT Ay
+CpcABCS L ARAY 1 opABCC AR (88)
Using the nomenclature of Refs. [1-4], this equation takes the form
8Fy =[dAy, Aol + [dA3, Aol + [A3, [A1, Aol] + [A1, [A1. A2]] + A1, [A3, Ao
=[dA| + A1A1, A2] + [dAs + {A1 A3}, Ao
= [F2, A2] + [F4, Aol (39)
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E.3. Gauge transformation of the rank-4 field strength tensor Fg

Introducing the first, third and fifth equations of (83) in the third equation of (85), we have
SFE = CpedAPLAS — CpcARAAS + CpodASAS — CpoASdAS
+ CycdABLS — CpcABALS + CocABdAS + CacABCE L AEAE
+CheATdAS + CheAFCERATAS + Che A CEpATAS
+CheATdAS + CheATCERAT A, + Cpe AT CEpATA]
+Che AT CEpASA)
= CpcdATAS + CpedASAS + CRdASAS + CheARCEATA]
+Che AT CEpATA; + CReATCEpATAS + CheATCEpAT AL
+CpcAT CrrAS 1] + Che AT CERAS A
Using the nomenclature of Refs. [1-4] this equation takes the form
8Fs =[dAy, A4 + [dA3, A2] + [dAs, Aol + [As, [A1, Aol] + [A3. [A1, A2]]
+[A3,[A3, 2ol] + [A1, [A1, Aal] + [A1L [A3, A2]] + [A1L [As, 2o]],
so that
8Fs=[dA1 + A1A1, Al + [dAs +[A1, A3l ha] + [dAs +[A1, As] + %[A3, Az], xo]

=[F6, rol + [F4, 22] + [F2, A4l
E.4. Gauge transformation of the field strength tensor Fg
Introducing the first, third, fifth and seventh equations of (83) in the fourth equation of (85),
we have
SF = CpcdABAS + Cp-dABAS + CpdABIS + CpdABAS
+CheAT CEpATAG + CRcASCEpATAS + Che AT CEpATAG
+CcAf CEpAT AL +CcAf CEpATAS + Cc AS CEpASAG
+CheATCEpATAG + CReATCEpATAL + CheATCEpAS A,
+CpcABCS AR
Using the nomenclature of Refs. [1-4], this equation takes the form
8Fg =[dAy, Al + [dA3, A4l + [dAs, A2] 4 [dA7, Aol + [A7, [A1, Xo]]
+[As. [A1, 22]] + [As. [A3, Aol] + [As. [A1, A4]] + [A3. [A3, 22]]
+[A3,[As, hol] + [A1L [A1, A6l] + [A1L [A3, A4]] + [A1L [As, 22]]
+[A1, [A7, Xol],
so that

1
SFg=[dA| + A1A1, he] + [dA3 +[A1, A3], e + [dAs +[A1, As] + E[AL Aszl, )»2]

+ [dA7 + [A3, As] + [A1, A7), ko] = [F3, A1+ [Fs. A2] + [F4, A4l + [F, Ael.
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E.5. Gauge transformation of the field strength tensor Fyg

Introducing the first, third, fifth, seventh and ninth equations from (83) in the fifth equation of
(85) we have

SF{h = CacdABAS + CpdABAS + CocdABAS + CpodABAS
+ ChedAGAG + CheASCEpATAG + ChcAT CEpAT AL
+Cpe A7 CipATA] + CheAS CEpAT AL + CheAS CEpATAY
+CheAS CEpAS MG + CheATCEpATAG + Cie A CRpATA]
+CReAYCEpASAS + CpcAS CEpATA] + Chc AT CEpAT g
+Cpc AT CrpAS A + Cpc AT CErAS MY + Che AT CERAT A,
+Cpe AT CEpAG A
Using the nomenclature of Refs. [1-4], this equation takes the form
§F10=I[dA1, Ag]l +[dA3, Ae] + [dAs, A4] + [dA7, A2] + [dAg, A0]
+[Ag, [A1, ol] + [A7, [A1, A2]] + [A7. [A3, Aol + [As, [A1, A4]]
[A3,[A1, ]
[
[

+[As. [A3, 22]] + [As. [As, Aol + ]+ [A3. [A3, Aa]]
+[A3, [As, 221] + [A3. [A7, 20]] + [A1. [A1L A8]] + [A1. [A3, A6]]
+[A1. [As, Aal] + [A1. [A7, 22]] + [A1. [Ag, 20]].

so that

8Fio=[dA| + A Ay, gl + [dA3 + [A1, A3], ke ] + [dAs-l-[Al,As]-i- [A3,A3],?»4]
+ [dA7 + [A3, As] + [A1, A7), A2] + [dAg +[A1, Ag] + [A3, A7]

1
+ §[A5,A5],k0]

= [Fi0, Aol + [F8, A2] + [Fo, Mgl + [F4, A¢] + [F2, Ag].
Appendix F

It is interesting to note that the difference between the coefficients that accompany the terms of
equations (22), (23), (25), (28) of this article and the coefficients of the corresponding equations
of Refs. [1-4] can be understood as follows. Consider the FDA given by Eq. (16), which leads
to the definition of curvature given by Eq. (20). This last equation was restricted to the case
where the only nonzero structure constants are those with only two low indices. This means that
equations (16) and (20) take the form

1
A(p) | * ~AP) Bi(p1) Ba(p2) _
A0 + S Chpnmp® ™ A O =0, ©0)

1
A(p+1) _ 3 4A(p) 4 — ~A(D) Bi(p1) By(p2)
F =dA +2CBl(p1)Bz(pz)A NA . 91
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The next step is to consider that all the structure constants of the FDA (91) can be written in
terms of the structure constants C 3 5, of a Lie algebra. This allows us to write the Eq. (91) in
the form shown in equations (80) and (22).

We have seen that: (i) the generalized field strength tensors transform homogeneously and
(ii) the generalized Chern—Pontryagin invariants are polynomials in the fields strength tensors
and are invariant under gauged and diffeomorphism transformations. Since this invariance is
maintained under a linear redefinition of the tensor gauge fields it is direct to prove that the fields
strength tensor found in the Eqgs. (80) and (22) can be mapped into the field strength tensors
defined in Refs. [1-4]. In fact, defining the extended gauged fields of the following form

A—> A=A; Az —> Az =aA3; As — As=2aAs,
A7 —> A7 =6a°A7; Ag —> Ag =24a* A9, (92)
where a is an arbitrary number, we found that Eq. (80) takes the form
P = ddf 4 5CheATAS.
P = A3 + S ChcADAS,
F{ =aF{ =dA$ + Ch-ABAS,
FA =2a>F =dA2 + C AP AS + Cp - ABAS,
F{ =6a>F{ =dA} + CacAPAS +3Cp AR AS,
Fiy =24a*F{} = dA§ + Cyc ABAS +4C4 A AS + 305 ABAS, (93)
which can be written in the form
F=dA+ A%,
F3=dA; +[A, A,
Fy=dAs +[A, A3,
Fg=dAs +[A, As] + [A3, A3],
Fy =dA7 +[A, A7]1+3[As, As],
Fio=dAg + [A, Ag] + 4[A3, A7] + 3[As, As]. (94)

These equations coincide exactly with the equations (A2) of Ref. [3].

The equations (AS), (A1), and (A4) of Ref. [3] can be obtained in an analogous way. In fact,
taking into account that the transformations (92) induce in the field strengths and in the gauge
parameters the transformations

F=F, F4=aF4, Fﬁ:ZazFﬁ,

Fy = 6a° Fy, Fio=24a"Fyo, (95)
r= A, 5»4 =akg, ):6 = 2‘12)%’
rg = 6a3)»g, Ao = 2404)»1(), (96)

it is straightforward to find that the equations (23), (25), (28) take the form from Eqgs. (AS5), (A1),
and (A4) of Ref. [3]. In the same way we can see that, after using the Eqs. (92), (95), (96), the
Egs. (48), (64), (55), (71) take the form from Egs. (1.7), (1.8), (2.15) and (3.10) in Ref. [3].
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