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1 Introduction

The goal of this paper is to establish a relation between discrete global anomaly and multi-
boundary entanglement in topological quantum field theory. The former has been used to
classify symmetry-protected topological phases [1, 2]. The anomalies associated to discrete
symmetries are also very useful to detect phases of QCD in 3d and 4d [3-6]. It is well
known that ’t Hooft anomaly is powerful to constrain infrared dynamics. On the other
hand quantum entanglement is a natural quantity to characterize the long-range physics.
Moreover, both the entanglement and anomaly are pure quantum effects without classical
analogies. Therefore one might expect to build up some precise connection between the two.
In this paper we move a small initial step along this direction. Namely we have established
a concrete relation between the quantum entanglement and the discrete anomaly in certain
field theories. In particular the simplicity of topological field theories allows us to focus on
the global nature of both the entanglement and the anomaly without worrying about the
local interactions.

There has been a lot of interest to study entanglement in topological field theories.
The most popular observable is the topological entanglement entropy [7-9], which is as-
sociated to partitions in a single boundary of a Euclidean d-dimensional manifold where
the topological theories are living on. It is an interesting open question to understand the
possible patterns of entanglement that can arise in field theory. One might expect that



the entanglement encoded in wavefunctions is always a result of interactions through local
Hamiltonians. In fact, entanglement is a property encoding physics beyond locality.

Another way to study entanglement in field theories is to think about entanglement
between multi-boundaries. The computation becomes relatively simple in topological quan-
tum field theories. In Euclidean path integral formalism, the d-dimensional bulk path in-
tegral can be used to prepare the entanglement between different disconnected regions for
the boundary state.

The multi-boundary entanglement was first studied in AdS3/CFTs [10, 11], later in 3d
Chern-Simons theory where the entanglement structure of a link state was nicely connected
to the framing-independent link invariants [12, 13]. Recently the study of entanglement
structure was further carried out in Chern-Simons theories with generic gauge groups [14].}
It is therefore desirable to extract more physical information out of the large amount of
entanglement data, which is one of the motivations of this paper.

In the works [12-14] mentioned above, the Chern-Simons theory was placed on a 3-
manifold with a boundary consisting of n topologically linked tori. The Hilbert space is
the n-fold tensor product H®", where H is the Hilbert space of Chern-Simons theory on a
torus. In this paper, instead of studying the wavefunction in the entire H space consisting
of all integrable representations of the affine Lie algebra, we focus on a subspace spanned
by the symmetry generators of a discrete 1-form symmetry. We propose that the reduced
density matrix on such a subspace captures all the information about the anomaly of this
discrete symmetry.

Note added. While this paper was in completion, [25] appeared, where the invariant
boundary state conditions in WZW models coincide with our 3d anomaly free conditions.

2 Review of anomaly of discrete symmetry

Anomaly was originally discovered as the violation of a classical symmetry at the quantum
level, namely the ABJ anomaly [16, 17]. This can be interpreted as a 't Hooft anomaly.
The famous axial anomaly is an example of a 't Hooft anomaly for U(1)e, x U(1) 4 [18].
For a global symmetry G, the obstruction to be promoted to a gauge symmetry is called ’t
Hooft anomaly [19]. These anomalies are preserved along renormalization group flows. If
G is a connected Lie group, the 't Hooft anomaly is tightly constrained by Wess-Zumino
consistency conditions [20]. Furthermore, the mechanism of anomaly inflow implies that a
't Hooft anomaly in d space-time dimensions must be classified by possible Chern-Simons
actions in d + 1 dimensions. For finite G, Wess-Zumino consistency condition does not
apply, but we expect that the inflow mechanism still works. The topological actions in
d + 1 dimensions are classified by elements of the group H%?(BG,Z) [21]. For finite
G, we instead have H%*'(BG,U(1)), which also classifies bosonic SPT phase with global
symmetry G in d + 1 dimensions [1, 2].

Another way to see the anomaly is from the commutation relation of the generators of
G by noting that the symmetry G is only realized projectively [18, 22]. We will see from

See [15] for recent discussions on CS theory with non-compact group.



an example in later discussions that the generators x and y of Zj x Z; do not commute.
That is, the symmetry of the theory is a central extension of Zy x Zj.

For continuous symmetries, the 't Hooft anomalies are not affected by the RG flows and
therefore constrain the infrared dynamics. When the symmetries are spontaneously broken,
the anomalies give rise to Wess-Zumino-Witten terms in the low energy effective action.
This is usually called 't Hooft anomaly matching. Since there is no massless Goldstone
particles for the spontaneous breaking of discrete symmetries, one can only keep track of
the remaining unbroken symmetries in the IR and the UV and impose anomaly matching.

A higher (¢-form) symmetry is a global symmetry under which the charged operators
are of space-time dimension ¢ and the generators have co-dimension ¢+1 in space-time [23].
This can be contrasted with ordinary symmetries, where g = 0. The properties of ordinary
symmetries can be readily generalized to accommodate higher symmetries. In particular,
we will focus on the associated 't Hooft anomalies.

3d Chern-Simons theory is the simplest example where a higher form symmetry has a
't Hooft anomaly. We will closely follow [23] and review in this section the anomalies they
studied.

2.1 U(1)s

U(1)x Chern-Simons theory has a one-form Zj symmetry with the generators given by the
Wilson loops

Ug[W1] =exp (mj(l%VA) . g=e2mik (2.1)

withn =0,1,...,k-1. The charged operators are the same Wilson loops with the acting rule

2mimn

U [W]Uy[V]=e Uy[V], g=e*mnlk g = 2mimlk (2.2)

where W is a circle around V.? It is clear that the generators are charged under themselves,
which was interpreted as the appearance of a’t Hooft anomaly associated to Z.

It is of interest to note that in the construction of SET via field extension say in [2]
that embeds the topological order in a larger topological order, it is required that the
set of generators of the global symmetries correspond to Bosonic sectors in the extended
topological theory, with trivial mutual statistics. This readily matches with the criterion
for an anomaly free symmetry as described above.

2.2 SU(2),

Another example is SU(2); Chern Simons theory. There is a one-form Z5 symmetry

generated by the Wilson loop associated with the SU(2) representation with j = % The

charged operators are the various Wilson loops and the acting rule is

U, WU [V] = (DY Uy [V], (2.3)
with 7' = 0, %, ceey % The group element associated with the symmetry transformation
U._x[W]is g =-1. This is consistent with the expectation value of two linked loops in the

J=

IV

2Here we mean the linking number is 1.



representations j and j’ in S3. It is
[ 2 . (m(25+1)(25+1)
Siir= . 2.4
7 k+2 Sm( k+2 (24)

Si ;= (-1)%"S;r . (2.5)

For j = g one has

Now let us consider the action of the generator on itself

s .k
UiWIUp[V] = (-1)*Up[V], j'=j= 3 (2.6)
For odd k there is a ’t Hooft anomaly of Zy symmetry. Notice that this Zy symmetry

coincides with the center of the SU(2) gauge group.

2.3 SU(N)g

Similarly one can consider SU(N); Chern-Simons theory. This theory has a Zx one-form
symmetry. The generator U; is a Wilson loop with k£ boxes in a symmetric representation,
the other group elements U, are labeled by rectangular Young tableaux with nk boxes.
Again focus on the acting rule of the generators on themselves

—2mik

UL [W]U [V]=e "~ Ui[V], (2.7)

which indicates that for general k there is a 't Hooft anomaly except that &k is a multiple
of N.

Our observation is that the above anomaly can be directly seen from the linking en-
tanglement, which we will illustrate below.

3 Entanglement as measure of anomaly

Consider a 2-component link (such as Hopf link) inside S® in Chern-Simons theory with
gauge group G at level k, cut along a tube neighborhood of the link, then there are inside
part and outside part, the solid torus and link complement. The inside path integral over
solid torus with a Wilson loop insertion, which runs over all integrable representations of
affine algebra G}, provides a base of a Hilbert space. Since there are two inside parts, the
total Hilbert space is naturally given by the tensor product of the two. The wave function
of the state defined by the outside path integral in the basis just constructed is precisely
the usual link invariant [24]. By tracing out one of the sub Hilbert spaces, one can compute
the entanglement encoded in this wavefunction (so called multi-boundary entanglement).
This is what we call linking entanglement for short. In the following subsection we briefly
review the set up in [13]. All the other parts of this section are devoted to the study of the
precise relation between linking entanglement and discrete anomaly in different theories.



3.1 Linking entanglement

Consider Chern-Simons theory with gauge group G at level k, with action defined on
3-manifold

Scs[A] = ﬁ f

Tr(A/\dA+2A/\A/\A) . (3.1)
M 3

Consider states defined on n copies of T2, ¥,,. Then the Hilbert space is the n-fold tensor
product H®" as mentioned in the introduction. We construct states by performing the
Euclidean path integral of the theory on M with boundary OM = X,,. There could be
many options for M to satisfy this boundary condition, but we choose the link complement
of a n-component link in §® as our M following [13]. Then the path integral will produce
a state

L) e H®™ . (3.2)

To be specific, let us assign a basis for the Hilbert space ‘H and write

|L> = ' Z CL(jlv-")jn)ljlv'-'vaL)? (33)
J1yeesJn

where {|j)} can be prepared as the path integral of a solid torus with a Wilson line in the
integrable representations I; inserted along the non-contractible circle. As such, one can
write the coefficient in (3.3)

Cr(j1y--y9n) = {J1,- -5 JnlL) - (3.4)

This actually means that if we assign in S® the n-component link with Wilson lines in the
conjugate representation R} for the i-th component, the coefficient in (3.3) is nothing but
the expectation value of n Wilson lines

Lty dn) = (Wae (L1) ... Wy (L)), - (3.5)

By the above construction, we assign a quantum entanglement structure to a link in three-
sphere. With the wavefunction Cf,(ji,...,J,) at hand and also the total Hilbert space
factorized, one can explore the entanglement structure sufficiently.

For instance, one can bi-partition a link L as L = L™|L™ ™. The reduced density

matrix can be evaluated .

= T2y ot ENEL (3.6)

And the entanglement entropy is given by

S = _Ter+17-~~7Ln (plnp) N (37)

In most cases below, we will focus on Hopf link, where the wave function of the link state
is given by the modular S matrix

CHOpf(jlan) = Sj1,j2 . (38)



3.2 U(1)

We consider a 2-component link with linking number n, for U(1); Chern-Simons, the
entanglement entropy constructed as above is given by [13]

SEE:hl(ﬁ) . (39)
In the case of Hopf link n = 1, the entanglement entropy is Ink. We interpret the non-
vanishing of Sggr as the signal of the 't Hooft anomaly of Z, given that the symmetry
actions on operators is defined as (2.2). Notice that in the Abelian case the generators of
the Zj symmetry span the whole Hilbert space. One can generalize the symmetry defini-
tion (2.2) to the case with linking number n between W and V, then the faithful symmetry
becomes Zjgcq(kn)- The rank of the group precisely matches with the entanglement en-
tropy (3.9).

3.3 SU(2),

In the case of SU(2); Chern-Simons theory, the generators of Zy (Wilson loops) are the
spin 0 and spin % representations. We will first review the computation of the entanglement
entropy for the Hopf link state.

As mentioned before the state defined by the path integral on a 3-manifold with linked
torus boundaries has the wave function

Sjigs (k) = \/ 3 _2|_ 5 sin (W(le +k1—|)-(22j2 * 1)) , (3.10)

where j; and jo span 0, %, e g The reduced density matrix after integrating out Hs is
SS1 1
pjl]i(k)zm =md1ag(1,l,,1), (311)

where ﬁ is the normalization factor since the dimension is k + 1. To gain information of
the anomaly associated to the Zs symmetry, we instead consider a 2 x 2 small D(k) matrix
constructed from S}, ;, (k) with ji, jo span 0, %:

2 ) T 2 . m(k+1
Dll(k’):SOO:\,mSIH(m)’ DlQ(k):SOg: k+251n( (]{74_2)),

(3.12)
2 . (w(k+1) 2 (7(k+1)?
Doy (k) = = Doyo(k) = = .
21(F) Sgo k:+28m( k+2 )’ 22(F) S% k+28m( k+2

(3.13)
The reduced density matrix after tracing out Hs is®
DD?

x2(k) = ——— . 3.14

p2(F) = h bt B.1)

39, is the sub Hilbert space which spans representations 0, %



The von Neumann entropy of paxo(k) is
S = —tr (paxe In paxe) =log 2, (3.15)

only if k is odd and otherwise vanishes. We illustrate D(100) and D(101) as follows

() (i) ey [T
—5 SN\ =~5 =5 SIN | =~5
D(IOO) — Sin\g) Sin\(/i) : D(IOI) — 103 1 (103) 103 (103) ) (316)
102 102 Lsin(L) _ Lsin(L)
\/5_1 \/5_1 103 103 103 103

In the following we will consider more general CS theories of A, B,C and D types.

3.4 An_1n»2

We will first illustrate the process to find the anomaly free condition for SU(N); Chern-
Simons theory. SU(N); Chern-Simons theory has a Zy global symmetry. The integrable

representations are labeled by a set of non-negative integers, a = [ag,a1,...,an-1], where
(a1,...,an-1) are Dynkin labels. The integrability condition reads
¢ra1+--+on_1an_1 <k, (317)

where (é1,...,6n-1) = (1,...,1) are the comarks of su(N) algebra and k is the Chern-
Simons level. Suppose R; and Ry are two representations of SU(N). The element Sg, g,
of the modular S matrix is given by

L NW-1) N*%
SRy,R; = (-i) = - ___N-1 det [MRl,RQ] ) (3.18)
(k+N)z

where the matrix Mg, gr, is a N x N matrix whose element is defined as

2iTrQZ)}h [i]¢R2 []] ] .

(3.19)

MRth[iaj]:eXp[ L+ N

The indexed function ¢ has a total of N components and its i-th component for a repre-
sentation R is defined as

¢R[i]:ﬁ[i]—i—%+N;1,

i=1,...,N, (3.20)

where ¢[i] is the number of boxes in the i-th row of the reduced Young diagram of repre-
sentation R and ¢ is the total number of boxes (/[N] =0).

One can take the reduction of the large modular S matrix to a small N x N matrix,
where the row and column of the small matrix Dy spans the representations generating
the Zxn symmetry. Then one can evaluate the von Neumann entropy of a reduced density
matrix constructed from the small D matrix and find that

S =—tr (,ONxN lnpNxN) = 0, (3.21)

only if k is a multiple of NV and otherwise finite. This means that only when k is a multiple
of N, the theory is anomaly free. Here we should emphasize that the truncation method



here is only needed for SU(N > 2); theory and the U(1); theory as our first example is
beyond this pattern. There we do not need to truncate a modular matrix to diagnose
the anomaly because the symmetry Z;, spans the whole Hilbert space. We illustrate some
examples of Dyyn (k) and pyxn (k) as follows

1111 1050

1 |1-11-1 0101
Dya(k=2)= ——= : w(k=2)= 4741 3.22
axa ( )2\/61111 paxa( ) }10%0 ( )

1-11-1 0507

111 1 1000

1 i -1-i 0ioo
Dyxa(k=3) = «(k=3)=] 4 ; 2
axa(k=3)=cxf . | paxa(k = 3) 0010 (3.23)

1-i-14 000 %

300 300
pax3(k=1)=1030 [; p3x3(k=2)=1030 (3.24)

003 003

Notice that the 1-form symmetry group of SU(N); Chern-Simons theory coincides
with the center of the gauge group. This is because the outer automorphism group of
the affine Lie algebra is isomorphic to the center group.?* Therefore one can generalize
the discussion for A-type gauge group to other B,C, D, E types. This will give conditions
to justify whether there is 't Hooft anomaly for one-form symmetries in other types of
theories. Below we illustrate the details for By, Cn and Dy theories.

3-5 BN23

We will illustrate the process to find the anomaly free condition for SO(2N + 1) Chern-
Simons theory. SO(2N + 1); Chern-Simons theory has a Zs global symmetry. The inte-

grable representations are labeled by a set of non-negative integers, @ = [ag,a1,...,an],
where (ai,...,an) are Dynkin labels. The integrability condition reads
¢1a1+(f)2a2+~--+¢)]\70,]\[ Sk, (325)

where (¢1,¢2,...,0n-1,0n) = (1,2,...,2,1) are the comarks of so(2N + 1) algebra and k
is the Chern-Simons level. Suppose R; and Rs are two representations of SO(2N +1) with
Dynkin labels Ry = [a1,...,an] and Ry = [by,...,by]. The element Sg, g, of the modular
S matrix is given by

N(N-1) gN-1
SRiRy = (1) 2 ——————x det [Mp, r,] (3.26)
(E+2N-1)2
where the matrix Mg, gr, is N x N matrix whose element is defined as
1 = gin [ 2TOR: [1]0R, 7]
Mg, r,[i,]] =sm( k:+12N—21 . (3.27)

4For an explicit description of outer-automorphism groups of affine Lie algebras and the proof of this
isomorphism, see for instance section 14.2.1 and section 14.2.3 in the CFT book by Francesco, Mathieu and
Sénéchal.



The indexed function ¢ has a total N components and its i-th component for a represen-
tation R is defined as

2N +1
drli] =i —i+ 2+ Ci=1,....N, (3.28)
where ¢; is determined by Dynkin labels
N-1
&‘:Zan+a—N, €N=a—N. (329)
n=t 2 2

One can take the reduction of the large modular S matrix to a small 2 x2 matrix, where
the row and column of the small matrix span the representations generating Z, symmetry.
Then one obtains a reduced density matrix from the small D matrix and find that

S = —tr (pQXQ lnpzxg) =0, (330)

for any N >3 and any k. This means that the theories are always anomaly free.

3.6 CN22

We will illustrate the process to find the anomaly free condition for Sp(2N ) Chern-Simons
theory. Sp(2N)j Chern-Simons theory has a Z; global symmetry. The integrable represen-
tations are labeled by a set of non-negative integers, a = [ag,a1,...,ayn], where (a1, ...,an)
are Dynkin labels. The integrability condition reads

¢1a1+¢2a2+---+¢)NaN§k, (331)

where (¢1,¢2,...,6n) = (1,1,...,1) are the comarks of sp(2N) algebra and k is the Chern-
Simons level. Suppose R; and Ry are two representations of Sp(2N) with Dynkin labels

Ry =[a1,...,an] and Ry = [by,...,bny]. The element Sg, gr, of the modular S matrix is
given by
N(N-1) 2 %
Ski,R, = (-1)7 2 (m) det [Mp, r,] , (3.32)

where the matrix Mg, gr, is N x N matrix whose element is defined as

M) . (3.33)

M [ 7] = sin 22l

The indexed function ¢ has total N components and its i-th component for a representation
R is defined as
or[i]=ti—i+N+1, i=1,...,N, (3.34)

where /; is determined by Dynkin labels
bi=) an . (3.35)

One can take the reduction of the large modular S matrix to a small 2 x 2 matrix,
where the row and column of the small matrix span the representations generating the Zs



symmetry. Then one can obtain a reduced density matrix from the small D matrix and
find that

S =—tr (p2x2 lnpgxz) >0, (336)

only if NV is odd and also k is odd, but vanishes otherwise. This means that there is a ’t
Hooft anomaly only for the case where both N and k are odd.

3.7 DN24

We will illustrate the process to find the anomaly free condition for SO (2N ) Chern-Simons
theory. SO(2N); Chern-Simons theory has a Z, global symmetry when N is odd and a
Zo x Zg global symmetry when N is even. The integrable representations are labeled by
a set of non-negative integers, a = [ag,a1,...,an], where (aq,...,ayn) are Dynkin labels.
The integrability condition reads

</>1a1+¢2a2+---+¢NaN Sk, (337)

where (¢1,d2,...,0Nn-2,0n-1,0Nn) = (1,2,...,2,1,1) are the comarks of so(2N) algebra
and k is the Chern-Simons level. Suppose R; and Ry are two representations of SO(2N)
with Dynkin labels Ry = [a1,...,an] and Ry = [b1,...,byx]. The element Sg, g, of modular
S matrix is given by

N(N-1) oN-2

Spir,=(-1)" 2z m (det [Mp, g,] +i" det [Gr,.r,]) (3.38)
+ - 2

where the matrix Mg, r, and Gg, g, are N x N matrix whose element is defined as

271—€Z)R1 [i]QZ)RQ []]
k+2N -2

27T¢R1 [i]Qsz []]
k+2N -2

MR1,R2 [Zaj] = COS( ) ) GRLRQ [Zaj] = Sin( ) . (339)
The indexed function ¢ has total N components and its i-th component for a representation
R is defined as

¢R[i]:€i—i+N, i:1,...,N, (3.40)
where /; is determined by Dynkin labels

-2

N
+an- +an- —an-
li= ) an+ INTONTL gy = INTINEL gy = AN ANL (3.41)
n

= 2 ’ 2 ’ 2
One can take the reduction of the large modular S matrix to a small 4 x 4 matrix,
where the row and column of the small matrix span the representations generating Z, or

Zo x Zo symmetry. Then one can obtain a reduced density matrix from the small D matrix
and find that

S = —tr (,04><4 In p4><4) =0, (3.42)

only if k is even when N is even or k = 4Z when N is odd. This means that the theories are
anomaly free only for these two cases. We illustrate some examples of Dyx4(N, k) matrices

~10 -



and p4x4(N, k) matrices as follows

1 1 1 1
1 i1 2-v3|1111
Dya(N=5k=1)=|2 2 2 2. Dyy(N=5k=4)= . (3.43
axa( ) 1o 1 waa vl ERE Rl L
1 1 1 1
27272 2 1111
11 11 10014
1 |1-1-11 0llp
Dyxa(N =5,k=2)= —— . paa(N=5k=2)=| 44" 3.44
axa( ) 27| 12111 paxa( ) 011 (3.44)
11 11 10073
111 1
1 2 11 -1-1
Dyy(N=4,k=3)=— (QSin(l) +cos(z) —cos(—ﬂ)) X , (3.45)
9 18 9 9 1-11 -1
1-1-11
1000 1111
0loo 1 1111
(N=4,k=3)=]| 1% . Dya(N=4,k=2)= —— 3.46
Paxa( ) 0010 axa( )4\/5 1111 (3.46)
000 % 1111
1111 1111
1 1111 1111
Dyxa(N =6,k=2)= —— . Daa(N=6,k=4) = 3.47
ea VA RREE e A EREE (347)
1111 1111

4 Discussion

Now we discuss what the entropy we have constructed actually counts. As noted in some
examples we have discussed, the entropy actually counts how many symmetries are anoma-
lous. More precisely, the entropy is

S=1logD, (4.1)

where D is the rank of the anomalous group. Let us see a few examples. In the case of
SU(4) =2 CS theory (3.22), the one-form symmetry is Zy, but the entropy is S = log2 and
the eigenvalues of the 4 x 4 reduced density matrix is (%, %,0,0). This is because only a
subgroup Z, of Z4 is anomalous. The same thing happens for SO(10);-o CS theory (3.44).
One can therefore examine which subgroup of the global symmetry is anomalous by looking
at the entropy.

Another physical meaning of D in U(1); theory is the ground state degeneracy. Let
us explain by looking at the U(1); CS quantized on a torus. We refer to [26-28] for recent
reviews. The gauge invariant operators are Wilson loops. There are two different cycles
so there will be two different Wilson loop operators W, and W;. From the quantization
condition, W, ; must obey the algebra

W Wy = e r Wy W, . (4.2)

- 11 -



W, and W}, are the generators of a symmetry Zj x Z;. This commutation relation allows
us to see the anomaly since Z; x Zj, is only realized projectively. The actual symmetry is
a central extension of Zj x Z. This interpretation is useful to distinguish the anomaly we
are discussing from other types of anomaly (such as mixed anomalies).

One can immediately see that (4.2) can not be realized on a single vacuum [29, 30].
The minimal representation has dimension k , with the acting rules

Wali)=e®7|5), Wylj)=17+1), j=0,1,....,k-1. (4.3)

So the ground state degeneracy is k, which matches with the entropy we have constructed (3.9),
S = logk. It is interesting to ask which degrees of freedom could respect the 't Hooft
anomaly (of one-form symmetries) in non-abelian CS theories.

Acknowledgments

We are grateful for helpful discussions with Siddharth Dwivedi and Adar Sharon.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

References

. Chen, Z.-C. Gu, Z.-X. Liu and X.-G. Wen, Symmetry protected topological orders and the

1] X. Chen, Z.-C. Gu, Z.-X. Li d X.-G. Wen, S t tected topological ord d th
group cohomology of their symmetry group, Phys. Rev. B 87 (2013) 155114
[arXiv:1106.4772] [INSPIRE].

[2] L.-Y. Hung and X.-G. Wen, Quantized topological terms in weak-coupling gauge theories with
a global symmetry and their connection to symmetry-enriched topological phases, Phys. Rev.
B 87 (2013) 165107 [arXiv:1212.1827] [INSPIRE].

[3] D. Gaiotto, A. Kapustin, Z. Komargodski and N. Seiberg, Theta, Time Reversal and
Temperature, JHEP 05 (2017) 091 [arXiv:1703.00501] [INSPIRE].

[4] Z. Komargodski and N. Seiberg, A symmetry breaking scenario for QCDs, JHEP 01 (2018)
109 [arXiv:1706.08755] INSPIRE].

[5] J. Gomis, Z. Komargodski and N. Seiberg, Phases Of Adjoint QCDs And Dualities,
arXiv:1710.03258 [INSPIRE].

[6] D. Gaiotto, Z. Komargodski and N. Seiberg, Time-reversal breaking in QCDy, walls and
dualities in 2 + 1 dimensions, JHEP 01 (2018) 110 [arXiv:1708.06806] [INSPIRE].

[7] M. Levin and X.-G. Wen, Detecting Topological Order in a Ground State Wave Function,
Phys. Rev. Lett. 96 (2006) 110405 nSPIRE].

[8] S. Dong, E. Fradkin, R.G. Leigh and S. Nowling, Topological Entanglement Entropy in
Chern-Simons Theories and Quantum Hall Fluids, JHEP 05 (2008) 016 [arXiv:0802.3231]
[INSPIRE].

[9] A. Kitaev and J. Preskill, Topological entanglement entropy, Phys. Rev. Lett. 96 (2006)
110404 [hep-th/0510092] [INSPIRE].

[10] V. Balasubramanian, P. Hayden, A. Maloney, D. Marolf and S.F. Ross, Multiboundary
Wormholes and Holographic Entanglement, Class. Quant. Grav. 31 (2014) 185015
[arXiv:1406.2663] [INSPIRE].

- 12 —


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1103/PhysRevB.87.155114
https://arxiv.org/abs/1106.4772
https://inspirehep.net/search?p=find+EPRINT+arXiv:1106.4772
https://doi.org/10.1103/PhysRevB.87.165107
https://doi.org/10.1103/PhysRevB.87.165107
https://arxiv.org/abs/1212.1827
https://inspirehep.net/search?p=find+EPRINT+arXiv:1212.1827
https://doi.org/10.1007/JHEP05(2017)091
https://arxiv.org/abs/1703.00501
https://inspirehep.net/search?p=find+EPRINT+arXiv:1703.00501
https://doi.org/10.1007/JHEP01(2018)109
https://doi.org/10.1007/JHEP01(2018)109
https://arxiv.org/abs/1706.08755
https://inspirehep.net/search?p=find+EPRINT+arXiv:1706.08755
https://arxiv.org/abs/1710.03258
https://inspirehep.net/search?p=find+EPRINT+arXiv:1710.03258
https://doi.org/10.1007/JHEP01(2018)110
https://arxiv.org/abs/1708.06806
https://inspirehep.net/search?p=find+EPRINT+arXiv:1708.06806
https://doi.org/10.1103/PhysRevLett.96.110405
https://inspirehep.net/search?p=find+J+%22Phys.Rev.Lett.,96,110405%22
https://doi.org/10.1088/1126-6708/2008/05/016
https://arxiv.org/abs/0802.3231
https://inspirehep.net/search?p=find+EPRINT+arXiv:0802.3231
https://doi.org/10.1103/PhysRevLett.96.110404
https://doi.org/10.1103/PhysRevLett.96.110404
https://arxiv.org/abs/hep-th/0510092
https://inspirehep.net/search?p=find+EPRINT+hep-th/0510092
https://doi.org/10.1088/0264-9381/31/18/185015
https://arxiv.org/abs/1406.2663
https://inspirehep.net/search?p=find+EPRINT+arXiv:1406.2663

[11]
[12]

[13]

[14]

[15]

[16]

D. Marolf, H. Maxfield, A. Peach and S.F. Ross, Hot multiboundary wormholes from bipartite
entanglement, Class. Quant. Grav. 32 (2015) 215006 [arXiv:1506.04128] INSPIRE].

G. Salton, B. Swingle and M. Walter, Entanglement from Topology in Chern-Simons Theory,
Phys. Rev. D 95 (2017) 105007 [arXiv:1611.01516] [INSPTRE].

V. Balasubramanian, J.R. Fliss, R.G. Leigh and O. Parrikar, Multi-Boundary Entanglement
in Chern-Simons Theory and Link Invariants, JHEP 04 (2017) 061 [arXiv:1611.05460]
[INSPIRE].

S. Dwivedi, V.K. Singh, S. Dhara, P. Ramadevi, Y. Zhou and L.K. Joshi, Entanglement on
linked boundaries in Chern-Simons theory with generic gauge groups, JHEP 02 (2018) 163
[arXiv:1711.06474] [INSPIRE].

V. Balasubramanian, M. DeCross, J. Fliss, A. Kar, R.G. Leigh and O. Parrikar,
Entanglement Entropy and the Colored Jones Polynomial, arXiv:1801.01131 [INSPIRE].

J.S. Bell and R. Jackiw, A PCAC puzzle: ™ — vy in the o-model, Nuovo Cim. A 60 (1969)
47 [INSPIRE].

S.L. Adler, Azial vector vertex in spinor electrodynamics, Phys. Rev. 177 (1969) 2426
[INSPIRE].

A. Kapustin and R. Thorngren, Anomalies of discrete symmetries in three dimensions and
group cohomology, Phys. Rev. Lett. 112 (2014) 231602 [arXiv:1403.0617] [INSPIRE].

G. 't Hooft, Naturalness, chiral symmetry, and spontaneous chiral symmetry breaking, NATO
Sci. Ser. B 59 (1980) 135.

J. Wess and B. Zumino, Consequences of anomalous Ward identities, Phys. Lett. B 37
(1971) 95 [INSPIRE].

R. Dijkgraaf and E. Witten, Topological Gauge Theories and Group Cohomology, Commun.
Math. Phys. 129 (1990) 393 [INSPIRE].

A. Vishwanath and T. Senthil, Physics of three dimensional bosonic topological insulators:
Surface Deconfined Criticality and Quantized Magnetoelectric Effect, Phys. Rev. X 3 (2013)
011016 [arXiv:1209.3058] [INSPIRE].

D. Gaiotto, A. Kapustin, N. Seiberg and B. Willett, Generalized Global Symmetries, JHEP
02 (2015) 172 [arXiv:1412.5148] [INSPIRE].

E. Witten, Quantum Field Theory and the Jones Polynomial, Commun. Math. Phys. 121
(1989) 351 [INSPIRE].

T. Numasawa and S. Yamaguchi, Mized global anomalies and boundary conformal field
theories, arXiv:1712.09361 [INSPIRE].

E. Witten, Three Lectures On Topological Phases Of Matter, Riv. Nuovo Cim. 39 (2016) 313
[arXiv:1510.07698] INSPIRE].

D. Tong, http://www.damtp.cam.ac.uk/user/tong/qhe/five.pdf.

S. Sachdev, http://qpt.physics.harvard.edu/phys268/Lec9_Topology_and_Chern_Simons_
theories.pdf.

M. Sato, M. Kohmoto and Y.-S. Wu, Braid group, gauge invariance and topological order,
Phys. Rev. Lett. 97 (2006) 010601 [INSPIRE].

X.G. Wen and Q. Niu, Ground-state degeneracy of the fractional quantum Hall states in the
presence of a random potential and on high-genus Riemann surfaces, Phys. Rev. B 41 (1990)
9377 [INSPIRE].

~13 -


https://doi.org/10.1088/0264-9381/32/21/215006
https://arxiv.org/abs/1506.04128
https://inspirehep.net/search?p=find+EPRINT+arXiv:1506.04128
https://doi.org/10.1103/PhysRevD.95.105007
https://arxiv.org/abs/1611.01516
https://inspirehep.net/search?p=find+EPRINT+arXiv:1611.01516
https://doi.org/10.1007/JHEP04(2017)061
https://arxiv.org/abs/1611.05460
https://inspirehep.net/search?p=find+EPRINT+arXiv:1611.05460
https://doi.org/10.1007/JHEP02(2018)163
https://arxiv.org/abs/1711.06474
https://inspirehep.net/search?p=find+EPRINT+arXiv:1711.06474
https://arxiv.org/abs/1801.01131
https://inspirehep.net/search?p=find+EPRINT+arXiv:1801.01131
https://doi.org/10.1007/BF02823296
https://doi.org/10.1007/BF02823296
https://inspirehep.net/search?p=find+J+%22NuovoCim.,A60,47%22
https://doi.org/10.1103/PhysRev.177.2426
https://inspirehep.net/search?p=find+J+%22Phys.Rev.,177,2426%22
https://doi.org/10.1103/PhysRevLett.112.231602
https://arxiv.org/abs/1403.0617
https://inspirehep.net/search?p=find+EPRINT+arXiv:1403.0617
https://doi.org/10.1007/978-1-4684-7571-5_9
https://doi.org/10.1007/978-1-4684-7571-5_9
https://doi.org/10.1016/0370-2693(71)90582-X
https://doi.org/10.1016/0370-2693(71)90582-X
https://inspirehep.net/search?p=find+J+%22Phys.Lett.,B37,95%22
https://doi.org/10.1007/BF02096988
https://doi.org/10.1007/BF02096988
https://inspirehep.net/search?p=find+J+%22Comm.Math.Phys.,129,393%22
https://doi.org/10.1103/PhysRevX.3.011016
https://doi.org/10.1103/PhysRevX.3.011016
https://arxiv.org/abs/1209.3058
https://inspirehep.net/search?p=find+EPRINT+arXiv:1209.3058
https://doi.org/10.1007/JHEP02(2015)172
https://doi.org/10.1007/JHEP02(2015)172
https://arxiv.org/abs/1412.5148
https://inspirehep.net/search?p=find+EPRINT+arXiv:1412.5148
https://doi.org/10.1007/BF01217730
https://doi.org/10.1007/BF01217730
https://inspirehep.net/search?p=find+J+%22Comm.Math.Phys.,121,351%22
https://arxiv.org/abs/1712.09361
https://inspirehep.net/search?p=find+EPRINT+arXiv:1712.09361
https://doi.org/10.1393/ncr/i2016-10125-3
https://arxiv.org/abs/1510.07698
https://inspirehep.net/search?p=find+EPRINT+arXiv:1510.07698
http://www.damtp.cam.ac.uk/user/tong/qhe/five.pdf
http://qpt.physics.harvard.edu/phys268/Lec9_Topology_and_Chern_Simons_theories.pdf
http://qpt.physics.harvard.edu/phys268/Lec9_Topology_and_Chern_Simons_theories.pdf
https://doi.org/10.1103/PhysRevLett.97.010601
https://inspirehep.net/search?p=find+J+%22Phys.Rev.Lett.,97,010601%22
https://doi.org/10.1103/PhysRevB.41.9377
https://doi.org/10.1103/PhysRevB.41.9377
https://inspirehep.net/search?p=find+J+%22Phys.Rev.,B41,9377%22

	Introduction
	Review of anomaly of discrete symmetry
	U(1)(k)
	SU(2)(k)
	SU(N)(k)

	Entanglement as measure of anomaly
	Linking entanglement
	U(1)(k)
	SU(2)(k)
	A(N-1,N geq 2)
	B(N geq 3)
	C(N geq 2)
	D geq 4

	Discussion

