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1. IN TRODUCTION

T hroughout the h is to ry  o f  quantum  th eory , a ba ttle  has ra g ed  betw een  
the a m a teu rs  and p r o fe s s io n a l grou p  th e o r is ts . The a m a teu rs  have m a in ­
tained that every th in g  one n eeds in the th eory  o f  g rou p s  can  be  d is c o v e r e d  
by  the light o f  nature p ro v id e d  one know s how to m u ltip ly  two m a tr ic e s . In 
su p p ort o f  this c la im , they o f  c o u r s e , ju s t ifia b ly , poin t to the s u c c e s s e s  o f 
that p r in c e  o f am a teu rs  in this fie ld , D ira c , p a r t icu la r ly  with the sp in or  
r e p re se n ta tio n s  o f  the L oren tz  g rou p .

A s an am ateur m y s e lf , I s tro n g ly  b e lie v e  in the truth o f  the n o n -p r o -  
fe s s io n a lis t  c r e e d . I think perh aps  th e re  is  not m uch  one has to lea rn  in 
the way o f  m eth od o logy  fr o m  the grou p  th e o r is ts  ex cep t cau tion . But this 
d oes  not m ean  one shou ld  not b e  a w are  o f  the r ic h e s  w hich have been  a m a sse d  
o v e r  the c o u r s e  o f  y e a r s  p a r t icu la r ly  in  that m ost h igh ly  d ev e lop ed  o f  a ll 
m ath em atica l d is c ip lin e s  -  the th eory  o f  L ie  g rou p s .

M y le c tu r e s  then a re  an a m a te u r 's  attem pt to gath er som e  o f  the f a s c i ­
nating re su lts  fo r  co m p a ct  s im p le  L ie  g rou p s  w hich  a re  lik e ly  to be o f  p h y s i­
c a l in te re s t . I sh a ll state th e o re m s ; and with a p h y s ic is t 's  ty p ica l u n con cern  
r a r e ly , i f  e v e r , sh a ll I p r o v e  th ese . T hroughout, the em p h a sis  w ill be  to 
show  the c lo s e  s im ila r ity  o f  these g e n e ra l g rou p s with that m ost fa m ilia r  
o f  a ll g ro u p s , the grou p  o f ro ta tion s  in th ree  d im e n s io n s .

In 1951 I had the g ood  fortun e to lis ten  to P r o f .  R a ca h  le c tu re  on L ie  
g rou p s at P r in ce to n . A fte r  attending th ese le c tu r e s  I thought this is  r e a lly  
too h ard ; I cannot lea rn  th is; one is  h ard ly  e v e r  lik e ly  to need a ll this c o m ­
p lica te d  m a tte r . I w as co m p le te ly  w ron g . E leven  y e a r s  la ter  the w h eel has 
gone fu ll c y c le  and it is  m y  turn to le c tu re  on this s u b je c t . I am  su re  m any 
o f  you w ill fe e l  a fte r  th ese le c tu r e s  that a ll  this is  too  dam ned hard  and un­
p h y s ica l. The on ly  thing I can sa y  is : I do v e r y  m uch  hope and w ish  you do 
not have to lea rn  this beautifu l th eory  e lev en  y e a r s  too la te .

2. SOURCES

A  w ord  about the s o u r c e s  [ l ]  and the s ch e m e  I w ish  to fo llo w . T he ch ie f 
s o u r c e s  in this th eory  a re  the fa m ou s th esis  o f  C artan  in w hich m o st  o f  this 
su b je c t  was c re a te d  H erm ann W eyl and h is  c la s s ic a l  tex t  on " C la s s ic a l  
G ro u p s "  and R a ca h 's  P r in ce to n  le c tu r e s  [2 ]. H ow ev er , I b e lie v e  con cep tu ­
a lly  the m ost c o n c is e  ex is t in g  treatm en t o f  the su b je ct  is  in the w ork s o f  
DYNKIN [3 ], D yn k in 's  p a p er  has a m a g n ificen t appendix w hich  g iv e s  a r e ­
v iew  o f  the known re s u lts  and this appendix is  m y m a jo r  s o u r c e . F r o m  the 
poin t o f v iew  o f  a p h y s ic is t  w ork ing  on sy m m e try  p ro b le m s  p erh a p s the best
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r e fe r e n c e  is  to the re v ie w  p a p er o f BEH REN DS, L E E , FRO N SD A L and 
D R E ITLE IN  [4 ], I have ch eck ed  with L ee  that apparently  w hile these authors 
knew o f D yn k in 's  w ork  they did not have it a c c e s s ib le  when they w ere  w riting  
th e ir  re v ie w . Thus th e ir  trea tm en t o f the fu n dam en ta ls r e s e m b le s  C artan  and 
R acah  m o re  c lo s e ly  ra th er  than D ynkin. A nother e x ce lle n t  p a p er  fo r  p h y s i­
c is t s  is  SPEISER and TARSKI [5 ]. F o r  a fu lle r  ex p os it ion  o f D ynkin, r e f e r ­
en ce  m ay a ls o  b e  m ade to two Im p e r ia l C o lle g e  th eses  -  those o f  N E 'E M A N  
[ 6] and IONIDES [7].

3. DEFINITIONS

The gen era l theory o f L ie groups fo llow s c lo se ly  the pattern o f the one 
group we are  a ll thoroughly fam iliar with, the theory o f the three-dim en­
sional rotation group 0 3. It is indeed a m atter o f deep regret that the e le ­
m entary expositions o f this fam iliar case  do not em ploy the sam e term i­
nology as that o f the genera l theory. Half the conceptual d ifficu lties of the 
subject would sim ply disappear if this had consistently  been done in our 
undergraduate co u rse s . T o  illustrate and to anticipate notation we sum ­
m arize  known facts about the rotation group 0 3. (A ll statem ents made here 
w ill be form a lized  later. ) We know that this group is  com pletely  determ ined 
by three in fin itesim al gen erators:

J* = 1 /^2 ( J j ± i  J2), J3 

and their com m utation relations:

U\ J3] - f,  U\J3] ■ -J', = J3.

The com m utation relations tell us that
(i) The num ber o f operators (out of these three) which can be diago- 

nalized  is  one (J3). C all this num ber the "ran k " of the group. Thus the rank 
o f  P 3 = 1 .

(ii) C all the eigenvalues o f J3 ( i .e .  the magnetic quantum num bers) by 
the name " weights" .  The highest eigenvalues j o f J3 uniquely labels a re p ­
resentation. We shall ca ll this " the highest weight" .

(iii) The com m utation relations tell us (from  [.T, J3 ] = ± J3) that, i r r e ­
spective  o f what the weights a re , the d ifferen ce  o f two consecutive weights 
is  ± 1. These num bers ± 1 which are ch a ra cteristic  o f the comm utation r e ­
lations o f the group and not o f any particu lar representation  are called 
" ro o ts " .  In the subsequent general study o f L ie groups these three concepts, 
" rank" o f the group, " ro o ts "  o f the group and "w eights" (and particularly
the highest weight) w ill be gen era lized  and w ill play cru c ia l ro le s .

(iv) Another way o f labelling the representations o f 0 3 is  to use the op er­
ator J2. This operator com m utes with a ll other op era tors  and thus fo r  a 
given representation  equals a constant m ultiple o f unity. If j is the highest 
weight, J 2 = j( j  + 1) I, This operator is  ca lled  the " C asim ir o p e ra to r " . We 
shall find that the concept o f a general "C a s im ir  op era tor" is not as highly 
developed, and fo r  this reason  we shall treat this concept at an early  stage 
feection 5) and then not m ention it at a ll la ter.
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4. M ATHEM ATICAL PRELIMINARIES

4. 1. A group G is  a set o f elem ents a, b__  with a com position  law (multi­
p lication) such that the follow ing conditions are fu lfilled:

(i) if  a and b are elem ents o f the set, then a lso  the product c = ab be­
longs to the set,

(ii) the com position  is  a ssocia tive : a (b c) = (a b) c ,
(iii) the set contains a unit elem ent e such that a e  = ea = a,
(iv) to any elem ent a o f the set, there exists one and only one element 

a' 1 o f the set such that a' 1 a = a a"1 = e.
The definition o f a group does not im ply that the two elem ents ab and 

ba are  equal; i. e . , the com position  is not n ecessa r ily  com m utative. A group 
in which a ll elem ents com m ute is  ca lled  abelian .

A  sub-group  H o f a group G is  a su b -se t o f elem ents o f G, which again 
fu lfils  the group postu lates. G and the group consisting  o f the unit elem ent, 
e , are ca lled  triv ia l su b -grou ps o f G . A sub-group  N is ca lled  an invariant 
sub-group o f G if  fo r  any elem ent n o f N (neN), sns"1 is  again an elem ent
o f  N where s is any elem ent o f G (seG ).

A group is  ca lled  sim ple if it contains no non-triv ia l invariant sub-groups, 
except p oss ib ly  d iscre te  ones.

A group is ca lled  se m i-s im p le  if  it contains no non -triv ia l invariant 
abelian su b -grou ps, except p oss ib ly  d iscre te  ones.

4. 2. A  representation  o f a group G is  a mapping o f the group into a set of 
linear transform ations D o f a vector  space R such that

if  ab = c

then D(a) D(b) = D (c),

D(a_1) »• ET1 (a),

D(e) = I,

where I is  the unit operator.
A representation  is reducible  i f  it leaves a su b -sp ace  o f R invariant. 

Then every  transform ation  m atrix can be brought into form :

Ta  b '[
.0 D_

A representation  is  fully reducib le  if every  transform ation m atrix can 
be written as

' a  o "

_° D_

4 .3 . A  L ie group is a group whose elem ents fo rm  an analytic m anifold in 
such a way that the com position  ab = c is  an analytic mapping of the manifold 
G X G into G and the in verse  a -» a' 1 is  an analytic mapping o f G into G. A 
L ie  group can thus be view ed from  an a lgebra ic , topologica l o r  analytical
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point of view . The topologica l concepts o f im portance are connectedness, 
com pactness and invariant in tegra l on the group (see SPEISER and TARKSI 
[5 ]).

A group G is  com pact if  every  infinite sequence in G has a lim it point 
in G. F or  a com pact group one can define a finite total volum e which is in­
variant under the group.

F o r  exam ple, the group o f rotation in three dim ensions O 3 without r e ­
flection s is  a connected and com pact group. The prop er Lorentz group is 
connected but not com pact and the im proper Lorentz group is neither con ­
nected nor com pact.

The study o f sim ple groups is  im portant because every  sem i-sim p le  
connected group is  essen tia lly  a d irect product of sim ple groups, and any 
connected com pact L ie group is  essentia lly  a product o f a sem i-s im p le  and 
a on e-param eter (abelian) com pact group.

Ex. 0 4 5: 0 3 X 0 3 ; s im p le ; 0 4 sem i-s im p le .

The sym bol ~  means lo ca lly  isom orp h ic . F rom  now on we consider only 
sim ple com pact L ie groups.

5. SIMPLE COM PACT LIE GROUPS

So far as a physicist is con cern ed , a L ie group is a group of transfor­
mation o f variab les which depend analytically on a finite set of N param eters. 
The fundamental idea of L ie was to con sid er not the whole group but that 
part o f it which lies  c lo se  to the identity consisting  o f the so -ca lle d  infini­
tesim al transform ations. To form a lize  this, we have T heorem  I.

T heorem  1

E very  representation  o f a com pact L ie group is equivalent to a unitary 
representation  and is  fully redu cib le  (RACAH, WEYL [2]). Thus, since the 
m atrices  D(g) can be taken as unitary, they can be put into the form :

D = exp(ie“ Xa ),

where X„ are constant herm itian m atrices  (X* = Xa ), which are called infin­
itesim al generators o f the group. €a (a = 1, 2 . . . ,  N) are N rea l param eters 
on which the set o f transform ations D depend.

The group is ca lled  unim odular if  fo r  any D(S), det[D (s)] = 1.
Then tr X  = 0.

T heorem  2

Fundamental Theorfem o f Lie
The lo ca l structure o f a L ie group is com pletely  specified  by the com ­

mutation relations between the op era tors  XQ:

[Xa, Xfi] v C j B Xy ; a .ß .y  = 1 ,2 .......N, (5 .1 ),

where the coe ffic ien ts  C<£g which are independent of the representations of
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the group are num bers (called  the structure constants of the group). These 
num bers satisfy  two requ irem ents:

(a) antisym m etry in the two low er indices

(b)

^aß + Cya C§g + Cgy C$a -  0 .

Note that conditions (a) and (b) are  equivalent to the antisym m etry o f 
the Com m utator bracket [Xa, Xg] and the Jacobi identity:

[[X ^ X ß ], Xr] + [ [ X r, X j ,  x B] + [ [ x 8. x y] , x B] = 0.

R ew rite (b) in the form :

(Cejg (Cß)* -  (CBf6 (CJ y = c ‘ ß (Q )J . .

Thus, we have shown the follow ing:

T heorem  3
The N m a trices  Ca with m atrix  elem ents (Ca)y form  the so -ca lle d  regular 

o r  adjoint representation  o f the L ie  a lg eb ra * .
The p rob lem  o f c la ss ifica tion  o f L ie groups is the prob lem  of finding 

the num bers c 's  which satisfy  (a) and (b) and then o f finding N constant m a­
tr ices  which satisfy  the fundamental com m utation relation o f T heorem  1.
This p rob lem  was com plete ly  solved  by Cartan in 1913. B efore however 
we state C artan 's  resu lts , we fir s t  wish to reca st the fundamental com m u­
tation relation  (5. 1) in a "ca n on ica l"  form  and a lso  get over a number of 
auxiliary  resu lts  connected with C a sim ir  op era tors .

6 . CASIMIR OPERATORS

F rom  the structure constants we can define a m etric  tensor:

g = C8 C aa
S ( J K  ^ l l O i  ' - ' v ß  •

T heorem  4
The n ecessa ry  and su fficient condition fo r  a L ie group to be s e m i-s im ­

ple is  that

*  The set of N matrices Xa span a linear vector space over the field of complex numbers and define a 
Lie Algebra; the sum of two matrices is an element of the algebra and so is their commutator. Lie algebras 
and Lie groups possess a one-one correspondence, and it is possible to go freely from Lie groups to Lie algebras. 
The study of Lie algebras (first introduced by Weyl)is in effect the study of the infinitesimal aspect of Lie 
group theory. Even though it is galling to bring in a new concept (of a Lie algebra) at this stage, this ap­
parently improves the mathematical rigour of the statements made in these lectures!
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det tgjjyJ /  0 (Cartan).

Thus fo r  a sem i- sim ple group we can define an inverse m etric  such that

g ^ g  = ?  ■° ®yp p *

and we can use the m etric  tensors for  ra ising and low ering indices.
Now define an operator F = ga1,a1 X“ 1 x “ z. This is called  the C asim ir 

operator and has the property  that it com m utes with all the generators of 
the group:

If . x j  = ö .

The p ro o f o f the resu lt is triv ia l. The sign ificance of the C asim ir operator 
lies  in reca llin g  that by Schur's Lemma any operator which com m utes with 
all the generators of the group must be a multiple of the identity.

F or  Cfc this operator is the total angular momentum J2. One can define 
genera lized  C asim ir operators :

fl2 8, 8, «  a a
T7»n 1 4 p  /-I 1 V  1 v  * V  “* -  <-a !S! .... Coinj&n. X X  ..........X  .

It is  easy  to see that a ll these com m ute with X“ .
F o r  O3 a ll inequivalent irredu cib le  representations can be ch aracter­

ized  by giving different values o f X where A. I = J2. The question arises  if this 
is  true in general. Racah g ives the follow ing partial answ er: W rite the set 
{Jl1} defined by^-kI = F k . F or  sim ple groups if  the representation  D and(D_1)T 
are equivalent representations, then the set {AM gives an unequivocal ch arac­
terization  o f all the inequivalent representations.

7. CANONICAL FORMS OF THE COMMUTATION RELATIONS AND RANK 
OF A GROUP

T heorem  6 (P .Ion ides)
By a suitable ch o ice  o f linear com bination o f the X 's , the Cg^can be 

made antisym m etric in a ll three indices and pure im aginary; i . e .  one can 
w rite the com m utation re la tion s in the form :

[X *  Xg] = iijjgyXy,

with ljjgj, purely  antisym m etric and rea l.
In the usual theory o f angular m om entum , the firs t  step is to rew rite 

(the Ionides type of) com m utation re lations,

tJa- = i caßyJ r  * a , ß , 7 =  1 , 2 , 3 ,  ( 7 . 1 )

in the so -ca lle d  "can on ica l fo rm " . Defining the non-herm itian operators ,
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we rew rite  (7. 1) as

[J*. JJ  * ±

tJ+f JJ  a J3 •
(7.2)

T here are  two virtues o f this canonical form :
(1) If J3 is  diagonalized (J3 | m) = m |m ), we infer from  (7 .2 ) that the 

op era tors  J± act as "cre a t io n "  and "annihilation" operators .
(2) (7. 2) shows that the consecutive eigenvalues m o f J3 d iffer by ± 1. 

Our fir s t  task is to cast the com m utation relations (5. 1) in the "canonical 
f o r m " .

A ssum e that among the N gen era tors , there are £ which mutually com ­
mute and can thus be sim ultaneously diagonalized. This num ber & is called 
the rank, and we shall designate these £ (herm itian) operators as Ha, H2... 
...H |. (F or 0 3, £ -  \). T hese opera tors  have a d irect physical meaning since 
their eigenvalues fo r  any representation  provide us the quantum num bers.

Let us con sid er Hj, Hg__ Hf as the com ponents o f an i-d im en sion a l
op erator-va lued  v ecto r  H. The com ponents o f H c lea r ly  satisfy  the com ­
mutation relations:

[H j, Hjl = 0  fo r  i, j = 1 ,2 , ......

If the dim ension o f the a lgebra is  N (i. e. the num ber o f param eters o f the 
corresponding  group is N), we s t ill need (N - i )  elem ents to com plete a basis 
o f the a lgebra. A suitable ch o ice  of these is provided by the following:

T heorem  7
There exists a basis  o f the L ie a lgebra consisting  o f the elem ents Hj,

H2 .. ., Hf ; E±1, E±2 .. .E ±(N- t)/ 2 su ch th at the follow ing com m utation relations 
hold:

[H , Ea] = r (a ) Ea, (7 .3 )

[Ea,E .al = r  (a )  H , (7 .4 )

[Ea,E ß] * Na0Er fo r a ? (  - ß , (7 .5 )

withar, ß = ± 1, ± 2 , ... ± (N -£ )/2 . E 's  are non-herm itian m atrices and r (a) 
a re  rea l v e cto rs  in an I -d im ensional space . The r 's  are ca lled  roots o f the 
a lgebra; they have the property  that

r (a) ■ - r  ( - a ). (7 .6 )

C learly  the total num ber of the roots  is  (N -£) .
The sca la r  product appearing in (7 .4 ) is the usual Euclidean sca lar prod­

uct provided  the H 's are  chosen in such a way that the follow ing norm ali­
zation conditions hold:

E Tj (a) rj (a ) = R ; ij = 1, 2 ... 1 , (7 .7 )
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with an a rb itra ry  sca le  constant. F inally, a re  rea l num bers which are 
d ifferent from  ze ro  i f  and only if  r  (a)  + r  (ß ) is a lso  a root.

The roo ts , being essen tia lly  our old friends the structure constants, sp ec­
ify  com plete ly  the group (at least in the lo ca l sen se). They p ossess  a twin 
ro le  in the theory. F irst, as may be in ferred  from  (7. 3), the roots 
a re  the d iffe ren ces  o f the eigenvalues o f H. Second and m ore important 
fo r  our presen t pu rposes, the roots  allow  us to c la ss ify  Lie groups. In term s 
o f the roo ts  we can state C artan 's solution o f the prob lem  o f finding all sim ple 
L ie groups. The c ru c ia l theorem  here is Theorem  8 which lists further 
p rop erties  o f the roo ts  and in term s o f these gives a com plete classification  
o f L ie groups.

8. CLASSIFICATION OF LIE GROUPS

A root is  said to be positive  if  its firs t  non-vanishing component (in an 
arb itrary  basis) is  p ositive . A röot is  ca lled  sim ple if  it is a positive root 
and in addition it cannot be decom posed  into the sum o f two positive roots .

T h eorem  8
(i) F or  a sim ple group o f rank £ there exist £ sim ple roots  and they are 

a ll linearly  independent. (We shall ca ll the set o f sim ple roots  the ff-system .)
(ii) E very  positive  non -sim ple  root can be expressed  as a lineär com ­

bination £ R „ r (a)  where R a a re  non-negative in tegers. 
r(a)eir —

(iii), If r ( a )  and r((3) are  two sim ple roo ts , the angle 0^ between these 
can take only the follow ing values:

90° 120° 135° and 150°,

so  that 2 r (a )  • r  ( ß ) / r  (a)  • r  (a)  and 2 r  (a ) • r  (j3 )/r  (ß)  • r  (ß ) are both inte­
g e rs .

(iv) F or every  sim ple group, a ll the sim ple roots  either have the same 
length o r  their length ra tios  assum e sim ple values. M ore explicitly  one has

1 if 6 ^  120°

2 if 0 *  = 135°

3 if 9 ^ *  150».

If ®oa a 90°» the ratio  o f lengths is undeterm ined.

Dynkin diagram s
As we shall see  in a m om ent, the geom etrica l properties of the sim ple 

roots  in the ’’'-sy s te m  ch aracterize  in a unique manner the corresponding 
L ie groups. T h ere fore  it is m ost convenient to incorporate them in a sch e­
m atic diagram . These diagram s (the so -ca lle d  Schouten-Dynkin diagram s) 
are  drawn in F ig. 1.

F rom  T heorem  8, the lengths of the sim ple roots o f a given sim ple Lie 
group can assum e at m ost two different values. This fact together with the

r  (a)  |2
k W p  =
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CLASSICAL GROUPS

A. 0 - 0 ........... - 0 - 0

bi C H H > .......— - 0

ci C E » - # - # - ......

0 , ( l * 2 ) ^ X > - O - O - - ' ........- O

N=NUMBER OF 
PARAMETERS

I2 -t- 21 

2l2 +  l 

212 + 1

212-  I

EXCEPTIONAL GROUPS

g2 O K

0 - 0 - 1 52

E6 O —0 — ^ . 78

E| O - O - g - O - O - O 133

Es C K O g - O - O O - O 248

Fig. 1

Cartan solution of all possible single Lie groups.

p rop erties  about the angles enum erated above can be sym bolically  described  
by associating  with each sim ple root a sm all c ir c le . For the roots o f great­
est length the c ir c le  is  m arked in black. If the angle between two con secu ­
tive sim ple roots  is equal to 120°, 135° or 150“ , the corresponding c ir c le s  
are joined by sim ple, double or tr ip le  lines resp ective ly . If the angle is 90°, 
the c ir c le s  are not jo ined . F or  a group of rank i  there are I sim ple roots 
and therefore I c ir c le s  (black or white).

In term s o f these diagram s we give now the Cartan solution of all p o s ­
sib le sim ple L ie groups. B roadly these fall into two ca tegories : the so - 
ca lled  "c la s s ic a l grou ps" and the five "exceptional groups” .

T o anticipate we shall find that the c la ss ica l Lie groups are som e of 
the well known ob jects:

Af is the group o f unitary unim odular m atrices  in com plex space of 
(£ + 1) dim ensions (SUf+1).

Bt and Df are groups o f orthogonal transform ations (rotations) in real 
spaces o f 2,0 + 1 and 2£ dim ensions resp ective ly  (0 2C+1 and 0 2^.

C» is the group o f unitary m atrices  U in com plex space of 2i dim ensions 
which fu lfil the condition U J U = J where J is a non-singular antisym m et­
r ic  m atrix (the sym plectic  group)*.

*  Note from the Dynkin diagrams:

^  ° s >  isomorphic °  °  0 Aj

Also i- e- 0 6 SU4 .

(ii) C2 = 0  »  %  c r p  = b2

i. e. 0 5 % C2 .
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To take sim ple exam ples o f root structures:
F or I = 1 ( i .e .  group O3) there is just one sim ple root + 1. The space 

spanned by sim ple roots (the space) is {1} . F or 1 - 2 ,  the space is a plane, 
the relevant groups being

O----- O Two sim ple roots  o f equal length, and the 
angle between them is 120° .

B2: <)

C2: () •

G2: —()

Two sim ple ro o ts . Their length ratio is 2. 
The angle between them is  135°.

Two sim ple roots  with length ratio equal to 
3, and angle 150° .

is  s em i-s im p le , D2 ** A j X A2

Sum m arizing this section  then, from  the Dynkin diagram s we read o ff im ­
m ediately the rank £ o f the group, the lengths o f the sim ple roots and their 
mutual angles (and o f cou rse  the dim ensionality o f the Euclidean space 00 
spanned by these £ independent vectors)*»*  *. The sim ple roots  r ( l ) ,  
r  (2 ),____ r  (Ü), are given by the follow ing form ulae:

*  It is perhaps worthwhile to make the reminder at this stage that not all roots are simple. In fact the 
total number o f  roots is (N-jP ), the distinct ones being (N -f ) /2 in  virtue o f  r(a) = -  r[ -  a), a =  1 , 2 .. . . ,
The remaining (N-3{)/2 distinct non-simple roots can easily be constructed, and in Footnote * *  we give a 
complete ansatz for drawing a complete root diagram (for 1=2  for example in a plane; for f = 3 in {3} 
space and so on). Personnally, I consider these diagrams pointless. However, to satisfy current prejudice the 
root diagrams for A2. Bz and G2 are reproduced in Fig. 2.

b 2

N = 10 

Fig. 2

Root diagrams for A2,B2 and G2

* *  The following scheme incorporates all the requirements about angles and lengths of simples roots 
specified by the diagrams.

For Aq define the following vectors:

— 2 - j  + i
by the conditions

+ *1+1 = °-

& = & =.

^p- -A ,  q =  1,2........ t + i .
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r  ( i )  = Aj -  Aj+j , 

r ( f - l )  = ^ :t. 1-A { ,
(8. 1)

r (1) -  ^  -  X2.

o — o — o — o  — o
I J-l 1

F or  B{ : the s im ple roo t structure is as fo llow s:

r ( i ) =  A{J (This is  the sm allest root) 

r  (£-  1) = A j-j-A p , (8 .2 )

r  (1) = Aj -  Ag ,

where

“  ° -  p /  (8- 3)
3D------O--------- O

e i -1 i

F or  C{ : the sim ple roo ts  a re  given by:

r (£) 3 2 Aj , (This is  the greatest root.)

r  (-£-1) » A{. 1 - Af_2 , (8 .4 )

r (1) * A2 - Aj ,

n  w — •  — •
i i -1 i

where the A 's  satisfy  (8 .3 ).

F or  : the sim ple roots  a re  given by:

r  (ü) = ^ c - i + »

r ( i - i )  = Af . r  Af (8 .5 )

r  (1) = Ap - A2 

L i -2

c-i

The A 's sa tisfy  (8 .3 ). So m uch fo r  sim ple ro o ts . A ll roots  are given for the 
c la s s ic a l groups by the follow ing exp ression s:

Ai : £ P- V  p- «J3 J' 2........ i + 1
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B| : ± V  ‘ P' * m l - 2 ...........1
Ct : ± 2Xp , ±Xp ±Xq ; p ,q  * 1 ,2 ,........ i

D : ± X p ±Xq ; p ,q  = 1 ,2 , ............£.

Sim ilar exp ression s can be given fo r  the exceptional groups. A lso one 
can give a full corresp on d en ce  between the "can on ica l" expressions for the 
com m utation relations and the m ore  fam iliar manner in which one writes the 
com m utation relations for  the orthogonal, sym plectic groups, etc.

Thus, fo r  the orthogonal group in (2f + 1) dim ensions which leaves in­
variant the quadratic form

c xpx'p 
p=-f

one m ay w rite the in fin itesim al operators:

Xpq = " Xqp = XP 6X-<f '  ^  6X 'P  ’

with the com m utation relations:

^ i k '  ^ m r J  = ^ + m  ^ in  "  X im “  fy+m  ^kn "  fy+n ^km

where 5q = 1 if q = 0 and zero  otherw ise. These operators correspond to the 
E 's  and the H 's of B{ if  we mak-e the follow ing identifications:

^p-p = ^ p ’ ^±p±q ~  ^±Xp±\q. * o ±p -  ®±\p > P-Q"*

Sim ilar corresp on d en ce  can be stated for  A {, C t , D t etc. (R acah 's notes).

9. REPRESENTATIONS OF LIE GROUPS: WEIGHTS

9 .1 . Now we com e to physica lly  the m ost im portant prob lem  of all - the 
prob lem  o f finding representations of the group, i. e. the m atrices c o r r e ­
sponding to H and Ea.

C onsider a representation  o f dim ension (or degree) d. Since H2, Hj, .. 
, . ,H t are herm itian m a trices , and since they com m ute with each other, we 
can sim ultaneously diagonalize these. Let Im )1 be a sim ultaneous eigenket:

H Im )1 = m |m)>. (9.1)

Since H 1 s are d X d m a tr ices , the total num ber o f such eigenkets |m)> is  d.
The m_'s in Eq. (9. 1) are rea l num bers and are called  "w eights". They 

fo rm  i -d im ensional v e cto rs  in a Euclidean space fo r  whose basis one may 
take the n-sp a ce  o f the group (the space spanned by the i  sim ple roots). 
Sum m arizing, fo r  the ca se  o f a group o f rank I  and fo r  a given representa­
tion  o f d im ensionality d, there are

The ± signs are to be taken in 
arb itrary  com binations.
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£ : sim ple root v e cto rs

(N-3.Q/2 : distinct n on -sim p le  root v ectors

d weight v e cto rs  (provided we count each weight
vecto r  as many tim es as its m ultiplicity indi­
cates, the m ultip licity  being defined as the 
num ber o f independent eigenkets |m) c o r r e ­
sponding to a given weight m).

Note that root v e cto rs  are ch a ra cter is t ic  o f the group. They are rea lly  the 
structure constants. The weight v e cto rs  on the other hand are ch aracteristic 
o f the representation . T here are only i  lin early  independent roots (sim ple 
roo ts ). T here are also only i  lin early  independent weight v ectors . The sim ­
p lest (oblique axis) basis  fo r  the weight v ecto rs  is  that provided by the s im ­
ple root v e cto rs .

A ll this intertwining of weights and roots  is  exciting enough, but still 
further and the m ore  exciting resu lt com es when we look  fo r  the analogue 
of the resu lt in that all weights are either in tegers or half-integers. The 
analogous resu lt is  T heorem  9, which g ives the "com ponent" of any weight - 
ve cto r  along a s im ple ro o t -v e c to r .

T heorem  9
F or  every  weight m , the num ber m- r  (a)/r (a) - r  (a), where r  (ct)e.n, is 

an integer o r  a h a lf-in teger, ^  0.
T heorem  9 prov ides the ju stification  for  Dynkin's insistence on sim ple 

roots  as the p rim ary  entities on which a ll conceptual em phasis should be 
p laced . Dynkin ca re s  neither fo r  the non -sim ple  roots  nor for the weight 
v e c to rs . Given the s im ple roo ts , T heorem  9 tells us what the weights look 
like through the sim p lest p oss ib le  generalization  o f the fam iliar resu lts for 
the {3} rotation  group*. In this insistence on sim ple roots  possib ly  lies  the 
su periority  o f Dynkin's presentation of L ie group theory.

10. IRREDUCIBLE REPRESENTATIONS AND THEIR DIMENSIONALITY

Definition: A weight m is  said to be higher than m' if m -m ' has a p o s i­
tive num ber fo r  its fir s t  non-vanishing com ponent in an arb itrary  basis. The 
weight A which is higher than all the others is ca lled  the highest (or greatest] 
weight.

T heorem  10
A representation  is uniquely ch aracterized  by its highest weight A , and 

the highest weight always has m ultip licity  one. —

*  Earlier it was mentioned that roots are differences of weights.' The formal result is: If | n̂ >is an 
eigenket of H corresponding to a weight m, Ea |n£> is also an eigenket with weight m * The result fol­
lows from

[E„,H] =r(a)Ea .

Note the role of E  ̂ as a creation operator.
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T heorem  11
In ord er  that a vecto r  A be the highest weight ot som e irreducib le  rep ­

resentation , it is  n ecessa ry  and sufficient that ja, d e fin e d a s ja = A -r  (a)fr (a )-r(a ), 
is  a non-negative integer o r  half-in teger.

Thus to get the irred u cib le  representations o f any Lie group, we should 
m ark each c ir c le  in the Dynkin diagram  with a non-negative integer or half­
integer j a. These num bers ch aracterize  uniquely the irreducib le  representa­
tion with A as its highest weight, the "com ponents" A  - r  (a ) /r  (a)-  r  (a)  of
A being just (jj, j 2........). The dim ensionality o f this representation is given
by the follow ing theorem  o f Weyl:

W ey l's  T heorem : Theorem  12
Let E+be the system  o f a ll positive roots o f a sem i-s im p le  L ie algebra, 

and let an irred u cib le  representation  be uniquely ch aracterized  by the highest 
weight A . Then its dim ensionality d is given by the form ula:

If one w rites the v ecto rs  A and g in term s o f the auxiliary quantities X's 
prev iou sly  introduced in the third footnote o f  section  8,

The W eyl form ula above g ives the exp licit expression s listed  in Table I.
A s exam ples con sider som e o f the interesting physical ca ses , namely, 

the ca se  o f rank I = 2. In this ca se  the num ber o f com m uting m atrices in 
the a lgebra  is  two, and we can associa te  them, fo r  exam ple, with the third 
com ponent o f the isotop ic spin and the hypercharge. The only sim ple com ­
pact L ie  groups o f rank 2 are  A2, B2 , C2 and G2 . Any irreducib le  rep resen ­
tation o f these groups can be labelled by means o f two non-negative integers 
jj ,  j2. The form ulae for the dim ensionality given in Table I can be written 
exp licitly  in a sim ple way and is  shown in T able II.

F o r  instance, fo r  the sim p lest ch o ices  of the arrays jj , j 2 one gets the 
follow ing d im ensions:

A 2 : d (0 ,0 )=  1 : d (0 ,0) = 1 G2 : d (0 ,0 )=  1

where
S = 2 r_(fe£+ I  ^  •'

A n L i ^ ,

g = %  K

d (l , 0) = 3

d(0 ,| ) ■ 3

d (l , 0) * 6

d ( i , D »  8

d(l,-§) -  15 
d ( l ,  1) = 27

d ( i ,  0) = 4 

d (0 ,1) = 5 

d ( l ,  0) = 10 

d (0 ,1) = 14 

d ( i , i )  = 16

d (i , 0) = 7 

d (0 , i )  = 14 

d ( l ,  0) = 27



TAÖLfc 1

( j j 's  a re  n on -n eg a tiv e  in te g e rs  o r  h a lf- in te g e r s )

Group
N

number of 
parameters

Dynkin diagrams Dimension of the irred. represent. Expressions 
for f and g

A{ l2 + 21 it i t - 1 ii * ( 1 + apq) 
p. q ^

where 

fp " fq 
aP q = ^ — iL 

Sp " gq 

ß uu- fp+fq

8
*k = f  ff+i+ 2 H

f*+1=i7 i i V h

gk = T  + <*-k+1>

8 j+i = - « /2
Note f t + . . .  +fj +1 = 0

gp + gq

yP = fp/gp

2 f2 + t • n n ----------n
if i{ - i  Si

^(1+ yp)(i+apq)(i+epq) " fk = J* + 2i£ k M 
gk = (S-k + i)

c j 2 f2 + I
ij- i  ii - "

fk = 2 I ,  Si i=k

gk = (i-k + i)

D« 2{z - I • '" 'v .  ________ .
, °  J*-2 Si Jjj-1

£.(q + V (1 + V
" fk = j{-i +S{ + 2 Y  Si

f« = jf-i "S{- g* = ° -  gk= « -k fo r k ^ f -l

T he products here range over a ll possible values o f  p  and q; the indices denoted by distinct letters must have distinct values, 
and o f  a ll sets o f  values obtained from one another by permutations o f  indices only one must be chosen.
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TABLE II

Group
Number of 

parameters N
Dimension of the in. rep.

8 (J,) (J2) [Ji + J2]

10 -k Oi> 0 ,)  [Ji +J2] (21: +Ji)

G2 14 ■b (Ji) (J2) Oi +J2) [2J2 +JJ x
[312 + I,] [3JZ + 2Jj]

{ Note: Here Jt = (2j, + 1) and J2 = (2j2 + 1) }

T hese num bers d(j j, j2)* represen t the num ber o f p articles  which can be 
accom odated  in any given m ultiplet in physica l applications.

The adjoint (or regu lar) representation  R plays a very  important ro le  
in v ector  m eson  th eories . F or  the ca se  o f £ = 2, these representations are 
the follow ing:

: dR= d ( i , i ) =  8,

B2 (C2) :  dR = d ( l ,  0) = 10,

G2 : dR-  d (0 ,| ) = 14.

These groups, th e re fo re , can accom m odate 8, 10 and 14 vector  gauge m esons 
resp ective ly  if these m esons correspon d  to the adjoint representation.

11. COMPUTATION OF A L L  WEIGHTS OF A GIVEN IRREDUCIBLE 
REPRESENTATION

Notwithstanding the fact that the greatest weight uniquely ch aracterizes 
an irred u cib le  representation , it is im portant fo r  physical applications to 
be able to com pute a ll the weights o f an irredu cib le  representation. Later 
we shall construct weight diagram s for som e irredu cib le  representation of 
low dim ensionality fo r  the case  o f rank 2 groups (A^ B2, C2, G2). In con­
trast to the root d iagram s, the weight diagram s are d irectly  o f physical 
in terest.

An exp licit method to fa lcu la te  a ll the weights in term s of the highest i 
weight and the sim ple roots  is  given by the next theorem . We have learnt 
e a r lie r  that the roots  equal d ifferen ces o f weights.

*  I have introduced a small change of notation in the labelling of representations. Dynkin and Behrends
et al. label irreducible representations with numbers a,, a2.......a j where a, are (non-negative) integers. I
have used for labelling the numbers j , ,  j2.......jg where the j's are (non-negative) integers or half-integers.
The new notation possibly brings out still more the fact that a general Lie group of rank f is a simple "gener­
alization" of Oj and has C distinct "angular momenta" j , ,  j 2.......rather than just one (jj).
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Let A and W be the highest weight and the set of aH weights r e sp e c ­
tively  o f a given irred u cib le  representation.

An elem ent m eW  is  said to belong to the layer A ^  if it can be ob ­
tained by subtracting K sim ple roots  from  A . C learly  A(°) con sists only 
o f A , and

W = A {0) U A (1) U A < 21.......

Note that all the la y ers  are disjointed.

T heorem  13
E very  elem ent e A ®  can be expressed  as

in(k) = n # " 1) - r  ( a ),

w here m M  b A H )

and . ,r (a) e n -.

H ow ever, if  m ^ '1) belongs to AM  and r(a ) is  an arb itrary  sim ple root, the 
d ifferen ce  m(k' 1) - r (oJeA M  if and only if  the follow ing condition is  satisfied:

2 m ^ ' 1) ■ r  (a  ) / r  (or) • r  (a) +  Q  > 0,

w here the num ber Q is  defined by the requirem ents:

mf1*"1) + q r ( a )  eW  fo r  q <  Q, 

m^ ^ + q r  (a) eW  fo r  q = Q + 1.

Exam ple:

Perhaps the best way to show that the theorem  is  actuaUy quite harm less 
and sim ple in p ra ctice  is  to  construct the weights fo r  a sp ecific  case . Con­
sid er  the group A 2 SU3 fo r  which 1 = 2 .  The Dynkin diagram  is  O----- O.
The it-sp a ce  is  tw o-d im ensional; and if  we ca ll the roots  a and ß, the dia­
gram  te lls  us that their lengths are equal ( | a |2 = |j3 |2) and the angle b e ­
tween them is  1 2 0 ° so that

a • ß / a  • a = -  5 .

C onsider now the regu lar representation  , 5 ). The dim ensionality in 
this ca se  is  d = 8, so that the representation  could accom m odate 8 p a rtic les . 
The "com pon en ts” o f the highest weight A ( ie j j^  jß are given by

jet = A -  a_/a- a = i , (11.1)

h  = A - ß / ß - ß = ± . (H .2 )
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N oticing that a  and ß do not fo rm  an orthogonal b a sis , we find from  (11.1) 
and (11.2) that

A  = a + ß.

Now using T heorem  13, i f  we are given an arbitrary  weight M and we 
wish to know whether M -a  is  a p oss ib le  weight o r  not, we proceed  as f o l ­
low s:

W rite the se r ie s  M , M + a , M + 2 a , . . .  M + (Q +  1)<* where Q is  an 
in teger. The se r ie s  term inates fo r  a Q defined by the requirem ent that while 
M , M + a ,  , . . .M  + Q a  are weights, M + (Q + l ) a  is  not a weight. Now com ­
pute the num ber,

Q + M „ where M„ = 2 M • a/ a- a .

If M „ + Q > 0 , then M -a  is  a weight; otherw ise it is  not. In starting this 
p rocedu re  the cru cia l point to rem em ber is  that A + a where a is  a sim ple 
roo t is  n ever ä p oss ib le  weight.

C onsider now the ca se  when M = A . Since A + a  is  not a weight, Q = 0. 
Since

A a =A.-  a / a-  a = j a > 0 , (11.3)

we see from  (11.3) that A - a  is  indeed a weight. L ikew ise, since jß > 0,
A - ß is  a lso  a weight.

We can now start with (A - a )  and test if (A - a) - a  and (A - a )  - ß are p o s ­
sib le  weights o r  not. It is  easy to see that A - 2 a  is  not a weight, but A -a -ß  
is . P roceed in g  in this fash ion , we find that all p oss ib le  weights are given by 
the diagram  shown in F ig . 3.

A

A-2ä-2£

Fig. 3
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Notic e that the weight A - a -ß  is  o f  m u ltip licity  tw o. The diagram  does not 
further fan out, and we obtain a totality o f eight weights. W riting A = a + ß ,  
we have the fo llow ing system  of weights:

a + ß ,  a, ß,  0, 0, - ß ,  - a ,  - ( a + ß).  (11.4)

The m u ltip licities  are spindle-shaped: they in crease , com e to a maximum 
and d ecrea se  again. (The weight ze ro  has m ultiplicity tw o.) This is  a gen­
e ra l resu lt which w ill not be d iscu ssed  further.

_ j______i______i______i______i___ ,__
- 1 - ^ . 0  1  1 h

Fig- 4 

Euclidean diagrams

F ig .4 g ives the E uclidean diagram  of these weights. The two rings in 
the centre indicate the two z e ro  w eights. A tentative identification  o f the 
stable baryons with the appropriate weights has a lso  been made in the figure, 
provided  we identify

m 2 = (2 /NT3)U,

where m = (JJJ1) in a Euclidean basis .
F or  illustrative pu rposes, here are som e m ore  weight diagram s c o r ­

responding to the representations [4] shown in F ig. 5.
B efore  concluding this section  we state one im portant theorem  and make 

one final rem ark .

T heorem  14
F or the adjoint representation , the root v e cto rs  and the n on -zero  weight 

v ecto rs  co in cide . The weight ze ro  o ccu rs  with a m ultiplicity equal to the 
rank o f the group.

An illustration  o f this theorem  is  given by the weight diagram  of the 
( l .  I) representation  o f SU3 com puted ea r lie r  in this section . B ecause of
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Fig. 5

this rather rem arkable property  c lea r ly  the adjoint representation  has a 
greater cla im  to attention than any other.
R em ark

In 0 3, the eigenvalues of J3 (the weights) are non-degenerate fo r  any 
given representation  and hence su ffice  to label the representation. For gen­
era l L ie  g rou p s,' except fo r  the highest weight, all others may possess 
m ultip licities o f > 1 (com pare  the weight (0, 0) fo r  SU3 which has m ultiplicity 
2). If the m ultip licity  is  > 1 we need additional operators all commuting 
with each other and with the H 's ,  whose eigenvalues w ill enable us to r e -
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m ove the degeneracy  and label uniquely the e igenvectors of the f f s ,  belonging 
to the sam e given weight. (A  C asim ir operator which has the sam e eigen­
value fo r  all v e cto rs  o f a given representation  is  clea rly  u se less  for this 
pu rpose .) The num ber o f extra  opera tors  needed can be shown to equal (N- £ )/2-i 
= (N -3 i) /2 .  F or 0 3 , N = 3, f  = 1 so  that no extra operator is needed to cha­
ra c te r iz e  all the eigenkets o f J3 in a representation  specified  (uniquely) by 
the highest weight j. F or SU3 , how ever, N = 8, £ = 2 so that we need one 
m ore  operator besid es I3 and U to label uniquely the eigenkets of I3 and U.
It is  not hard to show that in this ca se  such an operator is given by ^2. For 
C2, (N -3 i) /2  = 2. Thus, even additional to (and U and I3 ), one m ore quan­
tum num ber is  needed to fo rm  a com plete  set o f com m uting observables.
F or  G2, (N -3 i) /2  = 4.

12. REDUCIBLE REPRESENTATIONS

Let us take stock  o f the situation. F or a physicist working in sym m etry 
p rob lem s, the in form ation  n ecessa ry  fo r  p rog ress  is the following:

(i) C lassifica tion  o f  irred u cib le  representation  fo r  a group o f rank £.
We p o sse ss  a com plete  solution o f this problem .

(ii) The eigenvalues o f the com m uting operators H 1, . . . . , H P. This is 
the sam e prob lem  as the problem  of determ ination o f weights. Again 
we p o s s e s s  a com plete  solution o f this.

(iii) D eterm ination o f the e x tra (N -3 l) /2  operators to enable a unique
la b e llin g  o f the eigenkets of H -p ____ H f . F or groups like A 2, B 2,
C2, D2 we know how to construct such operators but a general system ­
atic p roced u re  apparently is  not known.

(iv) The reduction  o f a redu cib le  representation  into the d irect sum of 
irred u cib le  represen tations. T here are two parts o f this problem : 
firs t , finding out which irred u cib le  representations make their ap­
pearance in this d irect sum; second , to find the C lebsch -G ordon  
coe ffic ien ts . T heorem  15 w ill g ive the procedu re  fo r  solving the 
f ir s t  p rob lem . The second  p rob lem  w ill be dealt with by Ruegg and 
G oldberg in th eir  le ctu res  fo r  som e specia l (fortunately fo r  the 
p h ysicist, extrem ely  im portant) ca ses . No general solution how­
ever ex ists.
F irst, som e obvious definitions:

K ronecker products
If R j , R2 , R3 are three lin ear spaces o f dim ensions m, n and mn r e ­

spectively , we shall say is  the K ronecker product o f R x and R 2 (Rg 
= R j X R 2) provided  to every  vecto r  f  : )> e R j ,  l ? 2 )> e R 2, there corresponds 
a v ecto r  | § 3 )> e R 3 (notation | ? 3 > = 5 1 X | ? 2_>) such that:

(i) The operation  |f j)> X |f 2 is  linear in each argument;
(ii) R3 is  spanned by v e c to rs  o f the fo rm  I S j )  X |?2 >̂ .
If ^2 and <j>2 are  linear representations o f a L ie a lgebra operating in R : 

and R 2, the representation  <f>3 defined in Rx X R 2 by the form ula,

* 3 f |fj > x  |«2> }  = f * 1 ^ » x  |s2 > + |5 i > x [ * 2 |s2> } f
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is  ca lled  the K ronecker product o f and <j>2 and w ill be denoted as

0 3 = <j>1 X 0 2 .

T heorem  15
(i) Addition o f weights

If A 0i is  the weight space of <j>x and A 0t is  the weight space of the 
representation  fa , then A^ = Ap + A<p .

(ii) If A a and A 2 are the greatest weights o f  ̂  and 02, the greatest
weight of <̂ 3 is  A j .+  A 9.

This th eorem  is  an obvious generalization  o f the addition theorem  for 
angular m om enta in 0 3 which we con sider in detail. If j j  and j 2 are the 
highest weights o f two irred u cib le  representations and 0 ( j2),the (r e ­
ducib le) product representation  has the highest weight jx + j 2 . A lso the 
totality o f its  weights is  given by

Weight -» Ji"*" J2-2 , ••• ’  ~ J r  2̂
m ulti­
p lic ity 1 . 2 3 , . . . ,  1

The m ultip licities are easily  deduced. F or exam ple, j j  + j2- l  a rises  in two 
ways: either as the sum j j  + (j2 - 1 ) o r  equally as the sum of the weights 
(ji -1 ) + j 2 . The usual p rocedu re  to find the irredu cib le  representations 
contained in 0 ( j j )  Xij> (j2) can be stated thus: Take away from  the totality 
o f weights those which belong to the representation  <j> (jx + j2 ). Among the 
rem aining weights o ccu rs  the weight j j  + j2- l  with unit m ultip licity . C learly 
this m ust be the highest weight o f the representation  0 ( j j+  j2 - l )  which 
th ere fore  m ust a lso  be contained in <j> ( jx ) X <j> (jg ). Taking away all the 
weights belonging to $ ( j i + j 2 " l )»  we next identify the occu rren ce  of 
<j> (jj + j2 - 2 ) in the d irect sum from  the fact that the highest weight left is 
(j2 + j2 - 2)- This p rocedu re  is  continued till we reach  0 ([ j i -  J2 |)- At this 
stage all weights are exhausted, lead ingtoth e in ference that

0 (ij)  x  <t> (i2) = «Mjj + j2) + (o1 + i 2- i ) + . . . . +  0 ( I j j -  j j ) .

The p roced u re  is  obviously  com pletely  general. Its only drawback is  that 
in ord er  to apply it we need to know all the weights. A sim p ler version  has 
been  developed  by Racah, Speiser and Ruegg where, if j x >  j2, one adds 
all weights belonging to the representation  <f>(j2 ) (i. e, j 2- l , . . . ,  - j 2 ) to the 
highest weight j j  o f <j>(j 1). F or  0 3, the resulting weights are clea rly  the high­
est weights o f the irred u cib le  representations contained in 0 ( j j )  X 0 ( j2). For 
the m ore  general ca se s  this sum may lead to a certain  num ber o f negative 
weights which certa in ly  cannot qualify as highest weights. These then have 
to be excluded, and the p roced u re  fo r  this is  explained in R uegg 1 s lecture.

Cartan com position
If and <j>2 are  two irred u cib le  representations, the K ronecker product 

$2 X <j>2 is  in general a redu cib le  representation. C onsider its greatest com -
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ponent, <l>1 X This is  an irred u cib le  representation  with the highest 
weight A j + Ag, The operation o f K ronecker m ultiplication  o f two irredu cib le  
representations follow ed  by the operation  o f isolating the greatest component 
lead to the form ation  o f a new irred u cib le  representation  (0j X <j>2 ) and is 
ca lled  the cartan  com position  of i r r educible representations.

Those irred u cib le  representations o f an algebra which cannot be obtained 
from  other irred u cib le  representations are called  basic  representations by 
Cartan. T hese representations are ch aracterized  by the fact that their high­
est weights cannot be split into the sum s o f two elem ents that are them selves 
highest w eights. C learly  a representation  <j> is  basic  if, and only if, all the 
labelling  num bers j1# j2, . . .,  j c are zero  except one which equals Thus 
every  sim ple a lgebra  o f rank S. has St basic  representations.

One can go further and show that all basic  representations them selves 
can be constituted from  a few  so -ca lle d  elem entary representations by 
K ronecker m ultip lications fo llow ed  by an antisym m etrization procedure 
which is  som ewhat fam ilia r  in ord inary tensor theory and w ill not be de­
scr ib ed  h ere in detail. F or  A j and B f there are just two elem entary r e p re ­
sentations. Cf has one elem entary representation  and Dc has three. One of 
the elem entary representations <j> o f A f is  rea lized  as the group S L (i+  1) of 
all m a trices  of o rd er  SL +1 with determ inant + 1, the other being given by

F or  Bt, one o f the elem entary representations is  obtained by considering 
the group 0 (2 St + 1) of all unim odular orthogonal transform ations o f the 
(2 i + l )  dim ensional space, while the second elem entary representation  is 
the s o -ca lle d  spinor representation . The realization  of the group Cf in the 
form  of the group Sp(2n) o f the sym plectic  m atrices  o f ord er 2 !  g ives its 
elem entary representation  , while fo r  Dc (St > 5) one elem entary rep resen ­
tation is  given by the group of unim odular orthogonal m atrices  o f order 21 
and in addition there are two distinct spinor representations. F or the e le ­
m entary representations o f the exceptional groups re feren ce  may be made to 
Dynkin.

This b r ie f descrip tion  o f the resu lts  in representation  theory does not 
even touch the p ra ctica l prob lem  of reduction of representation  in the man­
ner the ph ysicist wants it solved . F or  this we m ust fa ll back on our amateur 
m ethods, m ultiplying m a tr ices , sym m etrizing and antisym m etrizing tensor 
in d ices , though perhaps som ewhat em boldened by the knowledge that this 
is  a lso  the en tire , and when I say  entire - I mean entire, s tock -in -trad e  o f 
the p ro fess ion a l group th eorist.
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